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Preface

This master thesis has been carried out at The Department of Chemistry at The Nor-
wegian University of Science and Technology. The important aspects concerning the
Polymer Electrolyte Membrane Fuel Cell, more commonly known as Proton Exchange
Membrane Fuel Cell (PEMFC), have been studied in two separate parts.

Part 1 of the thesis is an introduction about PEMCF and hydrogen technology, as
well as how this can be used in the human society, which is given before the in depth
study begins. Each part covers essential study that can further help understanding and
enhance the fuel cell technology. A simulation model has been established for each part,
where part 2 is a combination of experimental results and validation of the simulation
model. Part 3 is more in depth study of the Proton Exchange Membrane Fuel Cell by
use of the simulation model.

As far as I know this is the first study with finding the absorption enthalpy between liq-
uid water and Sigracet layers, along with establishing a more robust model for simulating
the Proton Exchange Membrane Fuel Cell, based on non-equilibrium thermodynamics,
compared to previously simulation models.

I would like to thank my supervisor Signe Kjelstrup for outstanding help and encour-
agement in the process of writing this thesis. I would like to thank Odne S. Burheim
for giving valuable advices and general help, along with being helpful enough to read
through an earlier edition and help sorting out errors along the way. I would also like to
thank Bjørnar Holsetstuen and Oskari Oksanen for proofreading my thesis. Thank you
for your feedback and support.
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Abstract

Research in the Proton Exchange Membrane Fuel Cell (PEMFC) is important to
get an efficient fuel cell that can be used as an energy carrier, for example in the
transport sector. Understanding the different phenomena and variations in temper-
ature, heat and other quantities is critical. Non-equilibrium thermodynamics is used
to establish a 1-dimensional model for transport processes in a Nafion membrane
system consisting of heat and mass transport, and for a PEM fuel cell with heat and
transport of mass and charge.

The Nafion membrane in part 2 is coated with a Sigracet layer of either GDL10AA
without Teflon or with GDL10BA with 5 % Teflon. Outside of these layers is liquid
water. The absorption enthalpy between liquid water and the Sigracet layer has
been found by combining experimental data with the established simulation model.
For GDL10AA without Teflon this absorption enthalpy ranges from -460 J/mol to
-3380 J/mol for mean temperatures of 30 oC and 75 oC respectively. For GDL10BA
with Teflon this absorption enthalpy ranges from 1150 J/mol to 7850 J/mol for mean
temperatures of 30 oC and 75 oC respectively. The heat capacity value of water, cs

p,
for Sigracet GDL10AA and GDL10BA was found to be 10 J/K mol and 223 J/K
mol respectively. The effect on the absorption enthalpy and the sign and value of
the water flux by changing the temperature and material properties is studied. This
study has found that the heat conductivities play a minor role when it comes to
transport of water compared to the diffusion constant of the Nafion membrane and
the Sigracet layers.

A simulation model is established for the PEM Fuel Cell in part 3. Only variations
in quantities along one dimension is considered. Non-equilibrium thermodynamics is
used to properly describe heat and transport of mass and charge. The system has a
Nafion membrane coated with a Sigracet layer of GDL10AA without Teflon at both
ends. Outside of these layers are water vapor with hydrogen at one side and oxygen
at the other. Case studies such as the reversible limit is studied in detail to confirm
the accuracy and validity of the simulation model. Profiles of temperature, chemical
composition, water content, measurable heat flux, electrical potential and entropy
production are found by use of the simulation model for various current densities.
A polarization curve by plotting the cell potential for different current densities is
found. Additionally study and a sensitivity analysis for the PEM fuel cell are carried
out to fully understand transport processes and the effects from material properties.
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Sammendrag

Forskning innenfor Polymer Elektrolytt Membrane brenselcelle (PEMFC) er viktig for å
f̊a en effektiv brenselcelle som kan brukes som en energibærer, som for eksempel i trans-
portsektoren. Fors̊aelse for de ulike fenomenene og variasjonene i temperatur, varme og
andre egenskaper er kritisk. Ikke-likevekts termodynamikk er brukt for å etablere en
1-dimensjonal modell for transportprosesser i et Nafionmembran system best̊aende av
varme og massetransport, og for en PEM brenselcelle med varme og transport av masse
og ladning.

Nafionmembranen i del 2 er dekket med et Sigracetlag p̊a begge sider av typen GDL10AA
uten Teflon eller GDL10BA med 5 % Teflon. Vann i væskefase finnes p̊a begge sider
utenfor disse lagene. Absorbsjonsentalpien mellom flytende vann og Sigracetlagene har
blitt funnet ved hjelp eksperimentelle data og den etablerte simuleringsmodellen. For
Sigracet GDL10AA uten Teflon s̊a ble denne absorbsjonstentalpien funnet til å ligge fra
- 460 J/mol til -3380 J/mol for middeltemperaturer 30 oC and 75 oC respektivt. For
Sigracet GDL10BA med Teflon s̊a ble denne absorbsjonstentalpien funnet til å ligge fra
1150 J/mol til 7850 J/mol for middeltemperaturer 30 oC and 75 oC respektivt. Effekten
p̊a absorbsjonsentalpien og fortegn og verdi for vannfluksen ved forandring i temperatur
og materielle egenskaper er studert i detalje.

En simuleringsmodell for PEMFC i del 3 er etablert. Kun variasjoner i en dimensjon
er tatt med. Ikke-likevekts termodyamikk er brukt for å beskrive varme og transport
av masse og ladning. Dette systemet har en Nafionmembran dekket med Sigracetlag
av typen GDL10AA uten Teflon p̊a begge sider. Utenfor disse lagene er det vanndamp
sammen med hydrogen p̊a den ene siden og oksygen p̊a den andre siden. Det reversible
tilfellet n̊ar strømtettheten g̊ar mot null er studert i detalje for å sammenligne med kjente
verdier og erfaring for en brenselcelle ved reversible betingelser. Dette styrker modellen
og kan si noe om hvor bra treffsikkerhet resultatene har. Temperatur, kjemisk sam-
mensetning, vanninnhold, m̊albar varmefluks, elektrisk potensial og entropiproduksjon
er funnet ved hjelp av simuleringsmodellen for varierende strømtettheter. En polarisas-
jonskurve ved å plotte cellepotensialet for ulike strømtettherer er funnet. I tillegg er en
sensitivitetstest gjort for PEMFC for å videre forst̊a transportprosessene og effekter fra
materielle egenskaper.
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1 Part 1 - PEM Fuel Cell: The energetic, environmental
and sustainable society and the challenges it represents

Alternative energy sources are sought to replace the traditional energy sources in the
society today. Not only because of environmental aspects, but also due to todays energy
sources limit. Oil, coal and natural gas are some of the main energy sources that we
are using today. According to a study of Beretta[1] 77.8 % of the primary energy
consumption came from fossil fuel in 2004 (32.8 % oil , 21.1 % natural gas, 24.1 % coal).
The study further emphasize how the global energy consumption has doubled the last
three decades, and how the demand for energy is still increasing rapidly. This can be
viewed in Figure 1.0.1 which shows the worlds energy consumption from 1820 up to
2012.

Figure 1.0.1: Worlds energy consumption from 1820 up to 2012[2].

Fossil fuel sources will not always be available for the human society, as the reservoirs
will be depleted at some point or made inaccessible. It is necessary to develop new ways
of replacing these energy sources to get an energetic, environmental and sustainable
society. Continuing using fossil fuel can some day destroy the society as we it know
today, if the trend of increased energy consumption of fossil fuel is followed. A study by
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Dincer[3] shows how the fuel cell technology and hydrogen can be one possible solution
to these issues. His work highlights the importance of the topic and show how fuel cell
technology can help achieve a better environment and sustainability. However, Dincer
emphasize an important aspect, namely that hydrogen cannot simply be produced from a
mine or a well. Considerable energy is consumed in the extraction process, which means
that hydrogen should properly be considered an energy carrier rather than an energy
source according to Dincer. An interesting solution to this is to use more renewable
energy sources, such as solar, wind, hydro, tides, waves and geothermal heat. The sun
is the source of many of these renewable energy sources and the sun alone produce
10 000 times more energy[4] than what the society needs today. In other words, we
do not have an energy crisis, but rather a logistic problem with respect to having the
right energy form in right content and time. The renewable energy sources have to be
considered unstable or highly dependent on the surroundings when compared to energy
sources such as fossil fuel. For instance, the power delivered from a solar power plant
varies in an uncontrollable fashion during day time and does not work during night time.
This means that the society can not depend on these energy sources at all times due
to these limitations. However, if renewable energy is combined with the technology of
hydrogen and fuel cells, then we reach an interesting solution. Renewable energy sources
can be used in the extraction process of hydrogen, where hydrogen can be stored and
considered as the energy carrier in respect to the study of Dincer[3]. Stored hydrogen
can be considered as a fuel in the same way fossil fuel is, and it has many possible
applications, for example in the transport sector. 50 % of the oil today is used in the
transport sector[4], and hydrogen technology should be considered as a good alternative.
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Figure 1.0.2: Picture of a wind farm. Wind is one of the many renewable energy sources
that is a possibility of being used in the extraction process of hydrogen. Illustration taken
from Green Living , Alternative Energy: Wind Electricity[5].

A fuel cell is a device that converts the chemical energy from fuel into electricity through
a chemical reaction with oxygen or another oxidizing agent. The concept of the fuel cell
has been known since early 19th century[6]. However, it is in the recent years that the
fuel cell has received more attention with respect to research and the important aspect
with regards to alternative energy sources. Among the types of fuel cells the Polymer
Electrolye Membrane Fuel Cell, more commonly known as Proton Exchange Membrane
Fuel Cell (PEMFC) or PEM Fuel Cell, is receiving most attention for automotive and
small stationary applications. PEM fuel cells convert the chemical energy from hydrogen
into electricity through a chemical reaction with oxygen. The processes of mass and heat
transfer, electrochemical reactions, and ionic and electronic transport are all important
to get a full understanding of the fuel cell. Knowledge of these transport phenomena
and processes are essential for getting a high efficient working fuel cell with the correct
operating temperatures, fuel amount, efficient heat exchange and other relevant system
settings or properties.

Research on new types of the PEM fuel cell is currently in the spotlight. An example
is the newly developed High Temperature PEM Fuel Cell by Global Energy Innovation
(GBI)[7], see Figure 1.0.3. This PEM fuel cell has an operating temperature of 160 oC
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to 180 oC, which is higher than the regular fuel cell that traditionally operates at 70
oC to 80 oC. GBI claims that high temperature PEM fuel cells are more cost-effective,
efficient and reliable than conventional low temperature fuel cell systems. Simulation
modeling is one option to see what possibilities and limits that exists for the PEM fuel
cell, along with how to obtain the efficiency that is required for the fuel cell to be viable
as an energy carrier.

Figure 1.0.3: Example of a High Temperature PEM Fuel Cell developed by Global Energy
Innovation, the illustration is taken from the open website of GBI[7].

Several papers have been published with simulation models for the PEM fuel cell. Weber
and Newman[8] explain various methods for simulation and modeling of the PEM fuel
cell along with the different types of transport. Kjelstrup and Røsjorde[9] and Vie et
al.[10] show how non-equilibrium can be used to efficiently simulate the fuel cell, and
extract essential information about temperature, mole fraction, heat flux and electri-
cal potential variations in the cell. It is important that processes such as the surface
reactions taking place in the electrodes and water transport through a membrane are
well understood, so that the model is robust and able to fully reflect a working fuel cell.
Knowledge about how to construct an efficient fuel cell can be withdrawn from good sim-
ulation models with accurate material properties, as well as in depth knowledge about
the behavior of water, oxygen and hydrogen fluxes and other transport phenomena in
the fuel cell. In depth studies and research regarding the PEM fuel cell, ranging from
the basic electrochemical reactions to the more complex surface adsorption processes
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and similar phenomena, are the key essences when it comes to the future of an efficient
PEM fuel cell. The work of Bautista-Rodŕıuez et al.[11] highlights the limits for reach-
ing a high efficient PEM fuel cell as mass transport and kinetic phenomena. According
to them these are: 1) electrochemical kinetics, where the oxygen reduction reaction is
the main problem, 2) mass transport phenomena such as transport (conduction) and
diffusion of chemical species, species dissolution and conductivity of ionic species and
electron transport, 3) as well as the product management to the outside of the cell. It is
especially emphasized that water management gets difficult at higher current densities
and it is highlighted as the main cause of diminished functionality in the PEM fuel cell
at these conditions. This originates from transport barriers, which causes the liquid
water trapped in the pores of electrodes. These transport barriers cause dead spots on
the active area of the electrodes by reducing the effective reaction area, thus lowering
the efficiency.

Temperature control, material aging and water management are some of the main topics
that represent the challenges in todays fuel cell society. Scientific work on these parts
would prove useful to further enhance existing and upcoming simulation models. Several
papers[12,13,14] have studied and highlighted the important aspect about non-isothermal
PEM fuel cells. Similar study with regards to the non-isothermal model is done with
respect to heat effects and the contribution from these effects[15,16]. Knowledge about
the temperature distribution and effects in the PEM fuel cell is both important for the
performance due to kinetics and due to degradation rates which are exacerbated by high
temperatures. The durability of the PEM fuel cell is related to efficiency and economi-
cal costs, and material aging is therefore an important aspect that needs considerations.
The study from Burheim et al.[17] show the importance and effects material aging rep-
resents. Water management is widely known to be essential for cell performance and
efficiency. The work of Bautista-Rodŕıuez et al.[11], as mentioned earlier, claims this
to be one of the most important aspects that needs attention in todays scientific work.
Other studies[18,19] agree on the importance of water management and the effects it
has on the PEM fuel cell and the efficiency. They address the key challenges as ”dry-
out” and ”flooding”. ”Dryout” is caused by membrane dehydration and occurs mainly
on the anode side and causes low proton conductivity. ”Flooding” happens when there
is excessive water generated by the electrode reaction, and it is rapidly condensed in

5



the cathode electrode. When this occurs, the open pores in the catalyst layer and gas
diffusion layer are filled with liquid water, and oxygen cannot be supplied to the reaction
sites. These two phenomena are critical barriers for high efficiency and power density.

The proton exchange membrane fuel cell is still in the early years and there are much
work to be done before we can hope to replace fossil fuel with renewable energy sources
and hydrogen as an energy carrier. As Dincer[3] highlighted in his study, we face another
challenge when it comes to the extraction process of hydrogen, which is an expensive
procedure with regards to both economy and energy considerations. The infrastructures
in the world would also have to adapt to using hydrogen as a fuel instead of relying on
oil and gas, which will take time. All these features are expensive and it is therefore
important that knowledge about the PEM fuel cell is studied in depth to get cheaper
and more efficient devices. A hope for the future is to achieve these goals to obtain an
energetic, environmental and sustainable society based on scientific work behind simu-
lation models and experimental results. One possible use of the PEM fuel cell is in a
car, which replaces the traditional gasoline motor, see Figure 1.0.4.

Figure 1.0.4: A car is one of many possible applications for the proton exchange membrane
fuel cell. A hydrogen tank is required as the fuel instead of traditional gasoline. The benefits
of using hydrogen instead of gasoline are many, but the most obvious one is perhaps the
lack of climate gases and other gases that affect the environment. Water is the only waste
product being produced by the PEM fuel cell. The illustration is taken from Wikipedias page
on fuel cells[20]
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This paper is dedicated to focus on some of the main topics that represents the challenges
concerning the proton exchange membrane (PEM) fuel cell. This work has been divided
into two separate parts, where each part deals with different aspects with regards to
the PEM fuel cell. The first part studies water transport through the Nafion membrane
and how the material properties of Sigracet GDL layers, which are porous transport
layers, are affecting the water flux. This is done in a simulation model where variations
is limited to exist in one dimension and transport of charge is not included. This work
is done to find out how the Sigracet layers can affect the water transport as well as to
establish the difference in enthalpy between liquid water and Sigracet. This is important
for understanding how transport of water in the PEM fuel cell can be modeled with
respect to Sigracet layers and how the water flux can be affected. The second part is
about establishing a model for the PEM fuel cell for variations in one dimension, such
as temperature, mole fraction, heat flux, electrical potential and entropy production.
Sigracet layers of GDL10AA type are used as the anode and cathode electrodes, and in
depth study with respect to the properties of these layers and the Nafion membrane is
done. This work is important because of the previously mentioned aspects with regards
to temperature control, water management and details with regards to heat fluxes.
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2 Part 2 - Membrane system with heat and transport of
mass

2.1 Introduction

Theory of irreversible thermodynamics is used to properly describe the fluxes and forces
in a proton exchange membrane fuel cell system, as the system is not in equilibrium. In
the PEM fuel cell there are three fluxes: heat, mass and charge. This results in a system
with three main driving forces and three coupled forces. It is consequently useful to first
study a simplified system with only heat and mass flux. The system is also reduced to
variations in one dimension to further simplify the equations and the calculations.

To optimize the efficiency of a fuel cell, it is important to be have knowledge about
water management and transport of water through the membrane and porous transport
layers. This part focuses on water transport through a Nafion membrane coated with
Sigracet layers, and how material properties of these layers can affect the transport of
water. Experiments have been done with such a membrane system, consisting of a Nafion
membrane surrounded by Sigracet layers and a water bath at each side of the layers.
This work is done by Akyalcin[21], and personal communication with him has been done
to provide the data and information about the material properties and experimental
values. The water flux in this system has been measured with a temperature difference
as the only driving force. The experiments have been done with a temperature difference
of 3 oC , 5 oC and 10 oC and with a mean temperature in the system ranging from 30
oC to 75 oC. The results from the experiments show a shift in the sign of the water
flux when different Sigracet layers were used. Sigracet GDL10AA without teflon gave a
negative water flux, while Sigracet GDL10BA with 5 % Teflon gave a positive water flux.

Water is being transported as a result of a temperature gradient, where the sign of
the flux appears to be dependent on the Sigracet layers material properties, which can
be observed from the experimental results done by Akyalcin[21]. The experiments have
a positive water flux for Sigracet GDL10BA and a negative water flux for Sigracet
GDL10AA. It is therefore of interest to further study the difference in material proper-
ties of these Sigracet layers with respect to the water flux. The aim of this study is to
establish a model that can describe these experimental observations based on a combi-
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nation of equations from irreversible thermodynamics and data from the experimental
results. Based on the work of Glavatskiy et al.[22,23] this behavior can be simulated
using non-equilibrium thermodynamics. The final aim of this paper is to use the model
to find the unknown absorption enthalpies going from liquid water into the Sigracet layer
with varying mean temperatures inside the membrane cell system and type of Sigracet
layer.

Some of the material properties of the Nafion membrane, and both the types of Sigracet
layers, are known from earlier research done by Burheim et al. [24,25]. The heat conduc-
tivity is the main result from these papers, and these results are used in the simulations.
The mass diffusion constant for water inside the Nafion membrane is known from Vil-
laluenga et al.[26], while the diffusivity constant for water inside Sigracet is estimated
by use of the diffusion constant for water.

This part of the thesis will initially give a theoretical description of the fluxes in a
membrane system, with equations for fluxes and forces from theory of irreversible ther-
modynamics. The equations required to describe an inhomogeneous system were recently
developed by Kjelstup et. al.[27,28] and give more complicated, but also more robust,
expressions for the heat and mass fluxes.
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2.2 Theory

The theoretical approach in this section is built on the non-equilibrium thermodynam-
ics of Kjelstrup et al.[27,28] and the procedure of Glaviatsky et al.[22,23] unless stated
otherwise.

The transport of water with concentration c, in mol/m3 dry membrane, through a homo-
geneous membrane can be described by the total heat flux Jq and the mass flux Jm = cv

where v is the velocity of water. The energy fluxes satisfy the conservation equations
∂c/∂t = −∇Jm and ∂ce/∂t = −∇Jq where e is the total energy per mol. Since the
fluxes in the system are very small, there is little kinetic energy and the total energy is
approximately equal to the internal energy u. For the stationary state, Jm and Jq are
constant throughout the system. In the case of experiments, the total heat flux Jq is
not measured directly. Instead the measurable heat flux is being used, J ′q = Jq −HJm,
where H is the partial molar enthalpy of the moving content.

The complete non-equilibrium thermodynamic description requires the expression for
the entropy produced in a non-equilibrium system per unit of time in a given volume,
i.e. the entropy production σ. The entropy production is given by Equation (2.1) and
the linear flux-force relations for the measurable heat flux and the mass flux are given for
the membrane in Equations (2.2) and (2.3). This entropy production refers to an exper-
imental setup in a system where the measurable heat flux, J ′q , is used. However, as seen
later in the calculations part, the total heat flux is used in an equivalent representation.

σ = J ′q
∂

∂x

( 1
T

)
+ Jm

(
− 1
T

∂µm,T
∂x

)
(2.1)

J
′
q = lqq

∂

∂x

( 1
T

)
+ lqµ

(
− 1
T

∂

∂x
µT

)
(2.2)

Jm = lµq
∂

∂x

( 1
T

)
+ lµµ

(
− 1
T

∂

∂x
µT

)
(2.3)

A heterogeneous system, as shown in Figure 2.2.1, consists of one Nafion membrane
with two Sigracet layers. The a and c part of the system is a water bath where the
temperature is constant equal to Ta and Tc. The temperature in part a is always higher
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Figure 2.2.1: A sketch of the system where the different regions in the system are divided
into a, sa, m, sc and c. The two liquid water bulk phases are indicated with a and c, the two
Sigracet layers are indicated with sa and sc and the Nafion membrane is indicated with m.

than the temperature in part c, ranging from 3 K to 10 K in difference. sa and sc are
the two Sigracet layers and the m indicates the Nafion membrane. In the heterogeneous
system considered there exists a jump in the temperature and the chemical potential
across these layers of Sigracet and over the membrane.

According to the second law of thermodynamics, σ is always positive, thus the relations
between Jm, Jq, T and µ can be found. The general flux equations for two different
fluxes and two different driving forces (X1 and X2) are given in Equations (2.4) and
(2.5).

J1 = l11X1 + l12X2 (2.4)

J2 = l21X1 + l22X2 (2.5)

A combination of Equations (2.4) and (2.5) gives the expression in Equation (2.6).

J1 =
(
l11 −

l12l21
l22

)
X1 + l12

l22
J2 (2.6)
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By inserting J ′q and Jm instead of J1 and J2, the expression in Equation (2.7) is obtained.
The driving force X1 is given in Equation (2.2). The forces are assumed to be linear
across the distance d.

J
′
q = 1

T 2

(
lqq −

l2mq
lmm

)
∆T
d

+ lmq
lmm

Jm (2.7)

By doing a similar operation for the mass flux, an equivalent equation is obtained for
the Jm in Equation (2.8).

Jm = 1
T

(
lmm −

l2mq
lqq

)
∆µ
d

+ lmq
lqq

J ′q (2.8)

The conductivity coefficients lmm, lmq and lqq are given from Equations (2.9), (2.10) and
(2.11).

λµ = −
(

J
′
q

∂T/∂x

)
∂µ/∂x=0

= 1
T 2 lqq (2.9)

q∗ =
(
J
′
q

J1

)
dT=0

= lqm
lmm

(2.10)

J1 = −lmm
1
T

∂µ1,T
∂x

= −lmm
1
T

∂µ1,T
∂c1

∂c1
∂x

= −D1,2
∂c1
∂x

(2.11)

Where λ, q∗ and D are the measurable coefficients in a experimental setting.

Inserting Equations (2.9), (2.10) and (2.11) into Equation (2.7) we obtain Equation
(2.12). In this equation all the conductivity coefficients are replaced by the material
properties D, λ and ∂µT /∂c.

J
′
q = −λ∆T

d
− (q∗)2D

T∂µ/∂cT

∆T
d
− q∗D

∂µT /∂c

∆µT
d

(2.12)
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The same operation for the mass flux by inserting Equations (2.9), (2.10) and (2.11) into
Equation (2.8) equals Equation (2.13).

Jm = − q∗D

T∂µ/∂cT

∆T
d
− D

∂µT /∂c

∆µT
d

(2.13)

d is the thickness of the layer, λ is the thermal conductivity of the layer, D is the diffu-
sion coefficient and q∗ is the heat of transfer. The heat of transfer is defined as the ratio
between the heat flux and the molar flux when the temperature gradient is zero. This
coefficient expresses the coupling of heat and mass transfer.

Similar equations are valid for the jumps across the membrane and Sigracet layers. The
conductances characterize the corresponding region (sa, m and sc) and may depend on
the temperature and other local properties. Although these quantities may vary across
the membrane and the Sigracet layers, one can assume that they are constant and equal
to their average values, because we are interested in magnitude of jumps. In the fur-
ther analytical description the variation of all the properties across the membrane and
Sigracet layers is neglected.

The Sigracet layer can be viewed as a surface with a thickness δ. In order to com-
pare surface and bulk resistivities, one can divide their ratio by the thickness of the
surface, as shown in Equation (2.14).

rs,i = kiδri (2.14)

In this equation rs,i is the resistivity in the surface i, while ri is the resistivity for the
bulk phase i. ki is a coefficient between these two quantities, and it is assumed to be
equal to 1. The parameters used for the Sigracet layer in this model is the parameters
for the Sigracet surface with the surface thickness δ taken into consideration.

The term ∂µmT /∂c for the Nafion membrane can be related to the water content χ
through the expression in Equation (2.15):
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∂µmT
∂c

= RTMm

ρma∂χ/∂aMH2O
(2.15)

The water content χ can be found using Equation (2.16)[28]:

χ = 0.043 + 17.81a− 39.85a2 + 36.0a3, 0 < a < 1 (2.16)

χ = 14 + 1.4(a− 1), 1 ≤ a < 3

The term ∂µsT /∂c for the Sigracet layer is given in Equation (2.17):

∂µsT
∂c

= RT

cs
(2.17)

It can be shown [28] that the heat of transfer is proportional to the enthalpy of absorption
between two layers, ∆Habs, as an approximation. This relation is given in Equation
(2.18). This heat of transfer is the heat going through the surface as defined in Equation
(2.10), see Appendix B for figure.

q∗ = −k∆Habs (2.18)

The k value is a given constant for the membrane and layers in use. The k value can vary
from -1 to 1. Appendix B shows how these k-values can be approximated and shows the
calculations for the k-values used in this simulation.

The partial molar enthalpy, H, depends on the water interactions with the surroundings.
In the bulk phases the water enthalpy can be given as H i = clpT , where clp is the heat
capacity for the liquid phase of water. In the membrane area the water is subjected to
strong interactions with the membrane. ∆fHH2O,l for liquid water is used at T 0 = 298
K as a reference for the enthalpy of water in all regions of the system. The enthalpy of
water in the bulk phases a and c is then be given by Equation (2.19). The enthalpy of
water for the Sigracet layers is given in Equation (2.20)

H i = ∆fHH2O,l + clp(T i − T o) (2.19)
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Hs = ∆fHH2O,l + clp(T s − T o) + ∆Habs(T s) (2.20)

∆Habs is the difference in enthalpy between water in bulk phase and in a Sigracet layer,
as shown in Equation (2.21).

∆Habs = Hs −H l (2.21)

The index i indicates bulk phase a or c of liquid water. T i is the temperature in this region
and T o is the reference temperature of 298 K. The index s indicates either the sa or the
sc Sigracet layer. The absorption enthalpy going from Sigracet to the Nafion membrane
is approximated to be equal to the absorption enthalpy from water to Sigracet, but with
the opposite sign. In other words the enthalpy of the membrane is equal to the water
enthalpy in the bulk phases if one does not take the small temperature difference into
consideration, Ha = Hm = Hc. This assumption is based on the work of Reucroft[29].
His work states that the enthalpy of the Nafion membrane is equal to that of liquid water,
as long as the water content inside the membrane is high. As the water activity at both
sides, a and c, for the liquid water phase is equal to 1, then it is assumed that the water
content inside the membrane is high enough for this approximation. The enthalpy of
the Sigracet layer Hs is expected to differ for the two different types of Sigracet as they
have different material properties and structure. The absorption enthalpy will therefore
be different with respect to different Sigracet type. A diagram of the enthalpy change in
the system is given for a positive and negative absorption enthalpy in Figure 2.2.2 and
Figure 2.2.3 respectively.

When the absorption enthalpy is found, it is then possible to find the heat capacity
for water inside the Sigracet layer, csp. A ∆cp value can be found by using Equation
(2.22). This ∆cp can then be related to the heat capacity of water in Sigracet by use of
Equation (2.23).

∆cp = ∆∆Habs

∆T (2.22)

15



csp = ∆cp + clp (2.23)

∆T is the temperature difference of the mean temperature (Tm) in the system, ∆∆Habs

is the difference in absorption enthalpy for the mean temperature difference and clp is
the heat capacity of liquid water (75 J/K mol)[6].

Figure 2.2.2: A sketch of the partial enthalpy of water in the different layers of the system
going from bulk phase a from the left to the bulk phase c to the right. A positive absorption
enthalpy is shown for an average temperature in one experiment. The jump from zero up to
the upper value is equal to the absorption enthalpy between liquid water and Sigracet layer
∆Habs. This sketch has used the assumption of Ha = Hm = Hc.
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Figure 2.2.3: A sketch of the partial enthalpy of water in the different layers of the system
going from bulk phase a from the left to the bulk phase c to the right. A negative absorption
enthalpy is shown for an average temperature in one experiment. The jump from zero down
to the lower value is equal to the absorption enthalpy between liquid water and Sigracet layer
∆Habs. This sketch has used the assumption of Ha = Hm = Hc.
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2.3 System properties

2.3.1 Experimental setup and results

The experimental setup is described after personal communication with Akyalcin[21],
which is the person who has performed the experiments. The experiments on the water
flux is done in a Nafion membrane system with two types of Sigracet layers attached at
each surface of the membrane. Outside of each Sigracet layer there is a water bath with
constant temperature. The water bath on the a side holds a higher temperature than the
temperature in the c side water bath, T a>T c. The temperatures in these water baths
are set in such a way that the mean temperature in the system, Tm, has a temperature
of 30 oC, 45 oC, 60 oC and 75 oC. Apart from this, the temperature difference between
a and c is set to be either 3 oC, 5 oC or 10 oC, which makes a total of 12 experiments for
each Sigracet type. For each experiment the water flux from water bath a to water bath
c is measured. The results of this is given in the table in Appendix A. It is of interest to
find the properties of the materials for a given temperature. The measured water flux
value for each mean temperature is plotted against the temperature difference in the
experiment. This gives four curves with three points each for Sigracet GDL10AA and
the same amount for Sigracet GDL10BA. The slope of this curve is then found by using
regression of the three points for each mean temperature. See the figure in Appendix
A for the these regression curves and points. The slope of these curves corresponds to
the mean temperatures used in the respective experiments, and will be used along with
equations to make a model to find the unknown material property of the absorption
enthalpy for the Sigracet types.

2.3.2 Material properties and general constant

All material properties are taken from Non-Equillibium Thermodynamics by Kjelstrup
and Bedaux[28] unless stated otherwise. In these calculations the following constants
have been used: The universal gas constant R = 8.314 J/K mol and the molar mass
of water Mw = 0.018 kg/mol. For the Nafion membrane the following constants have
been used: Thickness of the Nafion membrane, dm = 192 µm, which is taken from per-
sonal communication with Akyalcin[21] after his experiments. Molecular weight of the
membrane Mm = 1.1 kg/mol, density of the membrane ρm = 1640 kg/m3 (dry mem-
brane is used), the thickness used for the membranes dm=192 µm, thermal conductivity
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λm=0.229 W/m K which is taken from the work of Burheim et al.[24] and diffusion
constant Dm=8.05 · 10−9 m2/s which is taken from the work of Villaluenga[26]. As
mentioned in the theory, k-coefficients for calculating the heat of transfer with absorp-
tion enthalpy can be approximated by use of the materials heat conductivities. This has
been done in Appendix B. This approximation gives three different k-coefficients for each
surface in the membrane system for each Sigracet type. The following k-coefficients have
been used for GDL10AA: kl,s= 0.58 for the surface between liquid water and Sigracet
layer sa, ks,m = 0.65 for the surface between Sigracet layer sa and the membrane, km,s
= 0.35 for the surface between the membrane and Sigracet layer sc. The following k-
coefficients have been used for GDL10BA: kl,s = 0.64 for the surface between liquid
water and Sigracet layer sa, ks,m = 0.59 for the surface between Sigracet layer sa and
the membrane, km,s = 0.41 for the surface between the membrane and Sigracet layer sc.

For the Sigracet layer the following constants have been used: The thickness of the
layer, ds=248 µm, which is taken from personal communication with Akyalcin[21] after
his experiments. The diffusion constant has been estimated to be 10 times the size of
water self diffusion[30], Ds= 2.3· 10−8 m2/s. The water concentration inside the Sigracet
layers are approximated to be 0.4 times the concentration of pure water. The porosity
of the Sigracet material is found to be around 80 % [25], but it is assumed that the
resistance for water is higher such that the water concentration is lower than what 80
% porosity would indicate. The thermal conductivity for GDL10AA and GDL10BA
sigracet layer are λs=0.42 W/m K and λs=0.33 W/m K respectively[25]. As mentioned
in the theory section the properties of the Sigracet can be viewed as properties of the
Sigracet as a surface multiplied with the surface thickness. The parameters for the sur-
face Sigracet would then be λss=1700 W/m2 K for GDL10AA and λss=1300 W/m2 K for
GDL10BA. The diffusion constant for the surface would be equal to Ds

s= 9.3· 10−5 m/s.

Material properties and general constant used in the simulation are given in Table 2.3.1.
All references that have been used for the properties are given, except for the calculated
and estimated properties.
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Table 2.3.1: System properties used in the simulation.

System property Value
dm 192 µm[21]
ds 248 µm[21]
Mm 1.1 kg/mol[27]
Mw 0.018 kg/mol[27]
ρm 1940 kg/m3[27]
λm 0.229 W/m K [24]

λs(GDL10AA) 0.42 W/m K [25]
λs(GDL10BA) 0.33 W/m K [25]
λss(GDL10AA) 1700 W/m2 K
λss(GDL10BA) 1300 W/m2 K

Dm 8.05 · 10−9 m2/s[26]
Ds 2.3 · 10−8 m2/s
Ds
s 9.3 · 10−5 m/s

kl,s(GDL10AA) 0.58
ks,m(GDL10AA) 0.65
km,s(GDL10AA) 0.35
kl,s(GDL10BA) 0.64
ks,m(GDL10BA) 0.59
km,s(GDL10BA) 0.41

R 8.314 J/K mol[27]
clp 75 J/K mol[27]

∆fHH2O -285 kJ/mol[27]
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2.4 Solution procedure

2.4.1 Case studies

The activity of liquid water in the a and c bulk phase are both set to 1 and the tempera-
tures in these two regions are different, Ta 6= Tc. The difference in temperature between
a and c, ∆T , is set as 3 K, 5 K or 10 K. The temperature difference between these two
bulk phases will produce a mass transport in the system. As previously mentioned, the
heat flux and the mass flux are calculated due to a assumed linear temperature drop
in system. The jumps of the temperature inside each layer are calculated with the use
of Equations (2.25) and Equation (2.26) using constant mass flux and heat flux. The
temperature drop inside the membrane system is 10 K at maximum, and since this drop
is relatively small then a mean temperature, Tm=(T a+T c)/2, is used in the system. The
simulation has been done with four mean temperatures Tm = 30oC, Tm = 45oC, Tm =
60oC and Tm = 75oC. The parameters used in the simulation are considered unaffected
by the temperature change, except for the enthalpies which is the unknown quantities
in this simulation. There will be one unknown value for each mean temperature and for
each type of Sigracet layer.

2.4.2 Equations and model

The entropy production used for this system involves the total heat flux instead of the
measurable heat flux that was shown in the theory. This entropy production is shown
in Equation (2.24). All the flux equations are derived from this entropy production.

σ = Jq∆
( 1
T

)
− Jm∆

(
µ

T

)
(2.24)

The advantage of using the total heat flux and the mass flux as variables in the solution
procedure, is that analytical solutions can be found for the profiles of the driving forces
across the membrane. As mentioned in theory the measurable heat flux J ′q is connected
to the total heat flux Jq by the relation of J ′q = Jq −HJm. Furthermore, resistance of
the whole layer will be used rather than specific local conductivities. The advantage of
using resistances instead of specific local conductivities is that all layers are placed in
series, which makes the resistance of the whole system simply a sum of resistances of
separate layers. In other words this equals a sum of resistances of Sigracet layes sa and
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sc, in addition to the Nafion membrane m.

Using this choice of variables, the flux Equations (2.12) and (2.13) take the form of
Equations (2.25) and (2.26) for each layer in the system.

∆ 1
T

= rqqJq + rqmJm (2.25)

−∆(µ
T

) = rmqJq + rmmJm (2.26)

The resistances rij are related to constants and the measurable quantities as shown in
Equations (2.27), (2.28) and (2.29). The procedure of finding these resistances results
from the flux Equations (2.12) and (2.13). According to the Onsager reciprocal relations
the coupling coefficients rmq and rmq are equal, and rmq will from now on be used for
both of them.

rqq = d

χT 2 (2.27)

rmq = −(q∗ +H) d

χT 2 (2.28)

rmm = (q∗ +H)2 d

χT 2 + d

TD

∂µT
∂c

(2.29)

The parameters of these resistances are the same as before, d is the thickness of the
layer, λ is the thermal conductivity, T is the temperature, q∗ is the heat of transfer, H
is the partial specific enthalpy of water in the layer and D is the diffusion constant.

Each part of the system, Nafion membrane and Sigracet layer, has a set of resistances
rs, and rm. Since the fluxes are equal over the whole system then the jumps of 1

T and µ
T ,
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given by Equations (2.25) and (2.26), can be added to get Equations (2.30) and (2.31)
for the jumps of 1

T and µ
T over the whole system.

1
T c
− 1
T a

= RqqJq +RmqJm (2.30)

−µ
c

T c
+ µa

T a
= RmqJq +RmmJm (2.31)

Where Rij is the sum of all resistances in the system as given in Equation (2.32).

Rij = rs1ij + rmij + rs2ij (2.32)

∆µT is more convenient to use instead of ∆(µ/T ) since it is directly related to measurable
properties such as the pressure or activity. These two quantities are related through the
thermodynamic relation given in Equation (2.33)

∆µ

T
= ∆µT

T
+H∆ 1

T
(2.33)

As the activity in both a and c bulk phase are equal to 1, then the quantity ∆µT is zero,
and only the H∆(1/T ) term is used in this system. By combining Equation (2.30) and
(2.31), and using the expression for ∆(µ/T ) above, then the fluxes can be written as
done in Equation (2.34) and (2.35).

Jm = −H(Tm)Rqq +Rmq
<

∆ 1
T

(2.34)

Jq = H(Tm)Rmq +Rmm
<

∆ 1
T

(2.35)

The < is related to the resistances Rij as given in Equation (3.28).

< = RmmRqq −R2
mq (2.36)
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2.4.3 Matlab procedure

All calculations are done in the software program Matrix Laboratory (MatLab) where
a loop of different absorption enthalpy is used to give the same results with simulations
as with experiments. See Appendix E for full MatLab code. As mentioned earlier, all
parameters apart from the absorption enthalpy, are considered unaffected by tempera-
ture and thus set as a constant. In the experimental data, four mean temperatures, Tm

= 30 oC, 45 oC, 60 oC and 75 oC were used for the two different Sigracet layer types.
Each of this mean temperature is an independent simulation, which gives a correspond-
ing absorption enthalpy as a result. Inside the loop with different absorption enthalpies
the program starts with calculating the resistivity, Ri,j , for the mean temperature as
input parameter. The program then proceeds to calculate the mass and heat flux based
on the resistivities and the temperature difference. The results from the experiments is
the slope Jw/∆T . The value of the temperature difference used in the simulations is
therefore not too important, as it is assumed that the slope is a constant value. The
experiments have used 3 oC, 5 oC and 10 oC as the temperature difference, and found
the average of these results. The simulation model however needs just one tempera-
ture difference to find the mass and heat flux, so 3 oC is chosen for all the simulation
calculations. When the simulation loop finds the matching result for the Jw/∆T result
from the experiments, then the corresponding absorption enthalpy is found for this mean
temperature. This procedure is repeated for all 4 mean temperatures for both Sigracet
types. The graphical solution of this is given in the results section.
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2.5 Results

The absorption enthalpy of water when going from liquid state into the Sigracet layer was
found by a graphical solution. The simulated water flux value divided by the tempera-
ture difference is plotted for various absorption enthalpies. The constant experimental
value of water flux divided by temperature difference is plotted in the same figure. It
is the intersection between these two graphs that gives the absorption enthalpy in the
x-axis for the corresponding mean temperature. A graphical representation for the dif-
ferent mean temperatures of the results is given in Figure 2.5.1, Figure 2.5.2, Figure
2.5.3 and Figure 2.5.4 for Sigracet GDL10AA without Teflon. A similar graphical rep-
resentation for the different mean temperatures for Sigracet GDL10BA layers is given
in Figure 2.5.5, Figure 2.5.6, Figure 2.5.7 and Figure 2.5.8. The resulting values for the
absorption enthalpy, after the intersection in the figures, are given in Table 2.5.1 and
Table 2.5.2 for GDL10AA and GDL10BA respectively. An example of the temperature
profile inside the membrane and the Sigracet layers is shown for GDL10AA, Tm=30 oC
in Figure 2.5.9. The csp values for each Sigracet layer have been given in Table 2.5.3.

Figure 2.5.1: Experimental value of Jw/∆T plotted against simulated values for different
∆Habs for Tm= 30 oC for Sigracet GDL10AA layers. The intersection between the experi-
mental line and the simulated line gives the absorption enthalpy for this mean temperature
equal to -460 J/mol.
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Figure 2.5.2: Experimental value of Jw/∆T plotted against simulated values for different
∆Habs for Tm= 45 oC for Sigracet GDL10AA layers. The intersection between the experi-
mental line and the simulated line gives the absorption enthalpy for this mean temperature
equal to -1140 J/mol.

Figure 2.5.3: Experimental value of Jw/∆T plotted against simulated values for different
∆Habs for Tm= 60 oC for Sigracet GDL10AA layers. The intersection between the experi-
mental line and the simulated line gives the absorption enthalpy for this mean temperature
equal to -2230 J/mol.
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Figure 2.5.4: Experimental value of Jw/∆T plotted against simulated values for different
∆Habs for Tm= 75 oC for Sigracet GDL10AA layers. The intersection between the experi-
mental line and the simulated line gives the absorption enthalpy for this mean temperature
equal to -3380 J/mol.

Figure 2.5.5: Experimental value of Jw/∆T plotted against simulated values for different
∆Habs for Tm= 30 oC for Sigracet GDL10BA layers. The intersection between the experi-
mental line and the simulated line gives the absorption enthalpy for this mean temperature
equal to 1120 J/mol.
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Figure 2.5.6: Experimental value of Jw/∆T plotted against simulated values for different
∆Habs for Tm= 45 oC for Sigracet GDL10BA layers. The intersection between the experi-
mental line and the simulated line gives the absorption enthalpy for this mean temperature
equal to 1800 J/mol.

Figure 2.5.7: Experimental value of Jw/∆T plotted against simulated values for different
∆Habs for Tm= 60 oC for Sigracet GDL10BA layers. The intersection between the experi-
mental line and the simulated line gives the absorption enthalpy for this mean temperature
equal to 4380 J/mol.
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Figure 2.5.8: Experimental value of Jw/∆T plotted against simulated values for different
∆Habs for Tm= 75 oC for Sigracet GDL10BA layers. The intersection between the experi-
mental line and the simulated line gives the absorption enthalpy for this mean temperature
equal to 7780 J/mol.

Figure 2.5.9: The temperature jumps in the system for Tm=30 oC for GDL10AA, starting
from water bath a at the left side and going through the sigracet layers and membrane to the
water bath c on the right side. The dashed vertical lines indicates where the Sigracet layers
and the membrane start and stop.
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Table 2.5.1: Experimental flux values for GDL10AA Sigracet layer without Teflon and the
corresponding simulated absorption enthalpy value for the different mean temperatures.

Tm(oC) Experimental value, Jm/∆T / mol/m2 s K ∆Habs / J/mol
30 -2.8·10−4 -460
45 -6.0·10−4 -1140
60 -1.1·10−3 -2230
75 -1.5·10−3 -3380

Table 2.5.2: Experimental flux values for GDL10BA Sigracet layer with 5 % Teflon and
the corresponding simulated absorption enthalpy value for the different mean temperatures.

Tm(oC) Experimental value, Jm/∆T / mol/m2 s K ∆Habs / J/mol
30 5.7·10−4 1120
45 8.4·10−4 1800
60 1.9·10−3 4380
75 3.1·10−3 7780

Table 2.5.3: Heat capacity values for water inside Sigracet GDL10AA and GDL10BA, cs
p.

Sigracet type csp / J/K mol
GDL10AA 10
GDL10BA 223
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2.6 Discussion

2.6.1 Absorption enthalpy for Sigracet layer with and without teflon

The experiments have shown that it is possible to change the sign and value of the wa-
ter flux by using Sigracet layers with different material properties. It now seems that
we have a model to explain the observations. The GDL10AA Sigracet layer without
Teflon had a negative absorption enthalpy, ∆Habs, ranging from -460 J/mol to -3380
J/mol. The difference between absorption enthalpy for each mean temperature is in-
creasing when the mean temperature is increasing. The largest difference in absorption
enthalpy value is for the difference between mean temperatures of 60 oC and 75 oC with
a difference value -1150 J/mol. The lowest difference in absorption enthalpy value is for
the difference between mean temperatures of 30 oC and 45 oC with a difference value
-680 J/mol. The difference is almost twice as large for the higher mean temperatures
than for the lower ones. This trend of increase in the difference could be explained by
temperature effects in the materials which so far have been unaccounted for. Another
possible solution to the variations is the effect temperature has on water. The vapor
pressure of water is increasing and the viscosity is decreasing[31] when the temperature
is increasing. Including these effects may explain the variations as the mean tempera-
ture in the system is increasing. The variation in difference in absorption enthalpies for
varying mean temperature is neglected, which results in a cp value for water inside the
Sigracet layer equal to 10 J/K mol. The resulting value is positive and the validity of
this value will discussed in a later subsection.

The GDL10BA Sigracet layer with Teflon had a positive absorption enthalpy, ∆Habs,
ranging from 1120 J/mol to 7780 J/mol. The effect with increasing difference between ab-
sorption enthalpies for higher mean temperatures is also present for this type of Sigracet
layer. The largest difference in absorption enthalpy value is for the difference between
mean temperatures of 60 oC and 75 oC with a difference value 3400 J/mol. The lowest
difference in absorption enthalpy value is for the difference between mean temperatures
of 30 oC and 45 oC with a difference value 680 J/mol. The difference is five times larger
for the higher temperatures than for the lower ones. The absorption enthalpy increases
greatly for the last two mean temperatures, compared to the difference for the smaller
temperatures. This could perhaps be explained in the same manner as for the Sigracet
layer without teflon with respect to temperature effects. Temperature effects for the
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material properties of both Sigracet and Nafion membrane are neglected and this could
provide the increase in absorption enthalpy which is present in the experimental results.
Temperature effects in the water can also be one explanation for causing the variations,
as explained for the Sigracet GDL10AA type. Other temperature effects not mentioned
may also be present. This can affect the absorption enthalpy between liquid water and
Sigracet, and research on these effects would prove useful for the model. The varia-
tion in difference in absorption enthalpies for varying mean temperature is neglected,
which results in a cp value for water inside the Sigracet layer equal to 223 J/K mol. The
resulting value is positive and the validity of this value will discussed in a later subsection.

It is apparent that the temperature effect is greater for GDL10BA with Teflon then
for GDL10AA without Teflon by looking at the absorption enthalpy differences between
the mean temperatures. The numeric value of the difference between absorption en-
thalpy between the mean temperatures is larger for Sigracet GDL10AA than for Sigracet
GDL10BA. The experimental values increase greatly for Sigracet GDL10BA after the
mean temperature reaches 60 oC. This trend is not happening for Sigracet GDL10AA,
which could indicate the Sigracet GDL10BA type to have some other temperature effects
that is not present in the Sigracet type GDL10AA. One possibility is that the Teflon
enhances some of the material properties, which obviously would not be present in the
Sigracet GDL10AA type without Teflon. There may also be other changes in the Nafion
membrane and the Sigracet layers caused by the temperature, such as alterations in heat
conductivity and in diffusion constant. The reason for suspecting this comes from the
fact that increase in mean temperature indeed has an effect on the absorption enthalpy
increase in the experiments, even for the Sigracet type without Teflon. It is essen-
tial for future experiments to try to establish these temperature effects on the material
properties, such as heat conductivity and diffusion constant, to get more accurate results.

The study of Burheim et al.[17] shows how aging affects porous transport layers con-
taining PTFE (Teflon). They found that aging of the porous transport layers resulted
in lower contact angles, in other words became less hydrophobic, and the PTFE content
was found to decrease. In response to this effect, the thermal conductivity of the layers
containing water increased with ageing time. This is an interesting result that can be
compared to the study done in this part. A decrease in PTFE and increase in conduc-
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tivity would decrease the enthalpy values in the membrane system. This scientific result
added with the water transport results for the different Sigracet layers in our simula-
tion model makes this an important aspect when trying to build an efficient fuel cell.
Further study on the effect from ageing on the enthalpy values would provide essential
information and knowledge to the simulation model and fuel cells in general.

2.6.2 Sensitivity analysis

Different values for the diffusion constant and heat conductivity for the Sigracet layer
and the Nafion membrane have been used in the simulation to see how a change in them
affects the flux value. The motivation for this came from the apparent temperature
effect on the mass flux for the Sigracet layers for higher mean temperatures. It became
apparent from the simulation that a change in the heat conductivity had little, if any,
effect on the mass flux value. Note that this is from changing the heat conductivity
alone and holding everything else constant. The k-coefficients used to find the heat of
transfer are strongly dependent on the heat conductivities and changing them would give
different results. However, if the k-coefficients are set as constant, while still changing
the heat conductivities, then the heat conductivity had to be increased with a factor of
100 or higher to even see an effect. This result was the same for either of the Sigracet
type heat conductivities and the membrane heat conductivity. If the k-coefficients used
to calculate the heat of transfer is changed along with the heat conductivities then this
has a larger impact on the result. Changing the heat conductivities with a factor of 100
would give approximately a 10 % change in the results. The diffusion constant however,
had a rather large impact on the flux value. A factor of 1.5 or 2 gave a noticeable
change. In the simulation the impact caused by the change in the diffusion constant of
the Sigracet was dominant, and in comparison the effect the change in diffusion con-
stant of the membrane had to simulation outcome was only minimal. However, even
this had more significant effect in simulation than any of the changes made in the heat
conductivities. This means that the Sigracet layer must have a greater resistance when
it comes to mass diffusion when compared to the membrane in order to explain the data.
It also means that the value of the diffusion constant plays a greater role in deciding the
mass flux compared to the heat conductivities. In other words, the water flux through
the system is heavily diffusion controlled and changes in the diffusion constant have a
large impact on the result. Having a correct diffusion constant for this model is there-
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fore important for more accurate results; especially the Sigracet diffusion constant is of
the utmost importance for the model whenever the mass flux results have problematic
fluctuations, and a precise result is needed. The heat conductivities plays a minor role,
and are not too important for the result of this model.

2.6.3 k-value approximation

The assumption used to calculate the heat of transfer k-coefficients may give a different
result from using real values, but a sensitive analysis on this matter shows that changing
these k-coefficients have small impact on the result of the absorption enthalpy. Initially
an assumption of 0.5 for all k-values was used instead of the current used values. Using
a value of 0.5 for all k-coefficients gave results that are 5 % to 10 % different from the
results reported in this paper. The difference is not large, and one can therefore con-
clude that the approximation used in this report is good enough for this model as the
effect from the heat of transfer coefficient is not too important for the final result. The
sign of the k-coefficients are all positive, which means that the heat of transfer going
through the surfaces between the layers are all with the opposite sign of the absorption
enthalpy between the layer. The heat of transfer will therefore be dependent on the sign
of the absorption enthalpy, which depends on the type of the Sigracet layer and in which
surface it goes through.

2.6.4 Reasonability of the simulated values

The csp values for both GDL10AA and GDL10BA are positive, and are thus physically
possible. Initially the results gave a negative heat capacity value for GDL10AA when
using a smaller diffusion constant for the Sigracet layer than approximately 8·10−9 m2/s.
This diffusion constant was originally set as the self diffusion constant for water[30],
which is 2.3 ·10−9 m2/s. However, this gave a negative value for the heat capacity, which
could imply that the diffusion constant was a not a correct estimation or some of the
other parameters were badly estimated or wrong. The diffusion constant for water in
the Sigracet layer is one of the biggest uncertainties in this simulation as there are no
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experiments to back up the estimated value. Experimental results and study on the heat
capacity of water and absorption enthalpies when going into different types of Sigracet
layers would prove useful for the validity of this simulation model. It would also provide
better knowledge about how water transport is behaving inside the Sigracet layers.
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2.7 Conclusion

Theory of irreversible thermodynamics is used to properly describe the fluxes and forces
in a Nafion membrane system consisting of outer Sigracet layers. A simulation model
for heat and transport of water through the system is established, where variations is
restricted to be in one dimension. Knowledge about how water transport and heat be-
have in these porous transport layers is essential for creating an efficient proton exchange
membrane fuel cell. The absorption enthalpy going from liquid water into the Sigracet
layer is found for two types of Sigracet, GDL10AA without Teflon and GDL10BA with
5 % Teflon. Flux value data from experiments in this membrane cell system has been
used to find these enthalpy values corresponding to different mean temperatures in the
cell. For GDL10AA without Teflon this absorption enthalpy ranges from -550 J/mol
to -3750 J/mol for mean temperatures of 30 oC and 75 oC respectively. For GDL10BA
with Teflon this absorption enthalpy ranges from 1150 J/mol to 7850 J/mol for mean
temperatures of 30 oC and 75 oC respectively. The heat capacity value of water, csp,
for Sigracet GDL10AA and GDL10BA were found to be 10 J/K mol and 223 J/K mol
respectively.

Through the simulations it has been found that the heat conductivities play a minor
role for the mass flux for this system and changing values for either the membrane or
the Sigracet layer gave an insignificant change in the mass flux. The transport of wa-
ter is much more dependent on the mass diffusion constant and changing this value for
either the membrane or the Sigracet layer makes a relatively huge change in the mass
flux. Further study about the diffusion constant of water in Sigracet and Nafion would
be essential for the simulation model and its accuracy.
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2.8 Nomenclature

Symbol Units Description
a − Activity
c mol/m3 Concentration
clp J/K mol Heat capacity for liquid water
csp J/K mol Heat capacity for water in a Sigracet layer
∆Habs J/mol absorption enthalpy of liquid water into Sigracet
∆fHH2O,l kJ/mol Enthalpy of formation of liquid water
D m2/s Mass diffusion coefficient
d m Thickness
e J/mol Total energy
H J/mol Partial molar enthalpy
Jm mol/m2 s Mass flux of water
Jq J/m2 s Total heat flux
J
′
q J/m2 s Measurable heat flux
k − Ratio used between heat of transfer and absorption enthalpy
λ W/m K Thermal conductivity
lqq J K/m s Heat coefficient
lµq mol K/m s Mass and heat coupling coefficient
lµµ mol2 K/J m s Mass coefficient
Mm kg/mol Molar mass of membrane
Mw kg/mol Molar mass of water
µ J/mol Chemical potential
< m4 s2/K2 mol2 Ratio of resistivities
ρm kg/m3 Density of membrane
R J/K mol Universal gas constant
Rqq m2 s/K Sum of heat resistivity over all layers
Rmq m2 s/K mol Sum of heat and mass coupling resistivity over all layers
Rmm m2 s J/ K mol2 Sum of mass resistivity over all layers
rqq m2 s/K J Heat resistivity
rmq m2 s/K mol Heat and mass coupling resistivity
rmm m2 s J/ K mol2 mass resistivity
σ J/K mol Entropy production
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T K Temperature
T o K Temperature of standard state
t s Time
u J/mol Internal energy
q∗ J/mol Heat of transfer
χ kg H2O/kg mem-

brane
Water content

Xi varies Driving force
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3 Part 3 - Proton Exchange Membrane Fuel Cell with heat
and transport of mass and charge

3.1 Introduction

Knowledge about temperature control, transport processes and similar phenomena as-
sociated with the Proton Exchange Membrane(PEM) fuel cell is important for the de-
veloping of new and better fuel cells with high efficiency. This part is a study on the
variations in temperature, heat and other important quantities for the PEM fuel cell
as well as describing the various phenomenas occurring in the different segments and
surfaces. In depth study on the material properties and how they affect the fuel cell is
an important study that is needed to properly create efficient fuel cells, and it is also
included in this part.

The non-isothermal polymer electrolyte fuel cell has been studied by Kjelstrup and
Røsjorde [1] and Vie et al.[2]. Similar studies have shown how the heat production is
a large quantity and varies with the electric current[3]. Other studies have shown how
the temperature is varying across the fuel cell as a result of the heat flux[4]. It is of
interest to establish a model that can explain these variations and how they are affected
by material properties.

Theory of irreversible thermodynamics is used to properly describe the transport pro-
cesses taking place in a Proton Exchange Membrane fuel cell. In this fuel cell there
are three fluxes: heat, mass and charge. This results in a system with three main driv-
ing forces and three coupled forces. The system is reduced to have variations in only
one dimension to further simplify the equations and the calculations. It is important to
know how the temperature, electrical potential, heat flux and chemical composition vary
through the fuel cell to get a complete understanding of the system. This knowledge
can be used to build more efficient fuel cells. For instance, knowledge about the heat
flux will contribute to improve the efficiency of the heat exchanger. Another example
is knowledge about temperature variations and temperature control, which can help to
determine the correct operating temperature for the fuel cell. An example of a typical
PEM fuel cell is given in Figure 3.1.1.
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Figure 3.1.1: Simple schematic of the PEM fuel cell with mass transport of hydrogen,
oxygen and water given with arrows. Electrons are transferred from the anode to the cathode
along the shown line.

This work is based on the paper on local and total entropy production and heat and water
fluxes in a 1-dimensional polymer electrolyte fuel cell by S. Kjelstrup and A. Røsjorde[1]
and the theoretical approach on non-equilibrium thermodynamics by S. Kjelstrup and
D. Bedaux[5].

To establish a model for such a fuel cell, the cell is divided into five subsections, where
each part has a set of equations derived from irreversible thermodynamics. These sub-
sections are the anode backing and cathode backing, made of Sigracet GDL10AA. In
the middle of these two backings is a Nafion membrane. Additionally, it is convenient
to add surfaces between the Nafion membrane and the anode and cathode backing. The
surfaces are regarded as independent segments of the fuel cell. It is in these two surfaces
the electrochemical reactions take place, and it is important to include these two surfaces
in order to satisfy both the total energy and entropy balance.

The model of this fuel cell has a finite set of independent differential equations, energy-
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and entropy balances, and therefore a set of boundary conditions is needed to fully ex-
plain the behavior inside the cell. In this paper, these conditions are all given at the
beginning of the anode backing. These boundary conditions are the temperature, mole
fraction of water, heat flux and electrical potential. These boundary conditions can be
changed accordingly to what is more appropriate for the user of the model. Here they
are, however, set as T 0 = 330 K, xw = p∗w/ptot, J0

q = 1000 W/m2 and φ0 = 0 V. Both
the mole fraction of water and the electrical potential are as per definition, while the
temperature is a parameter that can be changed to what one prefer. The initial heat
flux value is just a guess and will be corrected in the program by the use of the total
energy balance in the cell. The unknown profiles in the cell are found by integrating the
differential equations and energy balance for each segment in the cell.
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3.2 Theory

The theory is taken from Non-Equilibrium Thermodynamics for Heterogeneous Systems
by S. Kjelstrup and D. Bedeaux[5] and Non-Equilibrium Thermodynamics for Engineers
by S. Kjelstrup et al.[6] unless stated otherwise in the text. A Proton Exchange Mem-
brane (PEM) fuel cell converts hydrogen and oxygen to water and produce electric work.
The anode and cathode surface reactions are given in Equations (3.1) and (3.2).

1
2H2(g)→ H+ + e− (3.1)

1
4O2(g) +H+ + e− → 1

2H2O(l) (3.2)

Since the gases are humid then tmw moles of water is transferred through the membrane
per mole of protons transferred. The overall cell reaction is given in Equation (3.3).

1
2H2(g) + 1

4O2(g) + tmwH2O(l)→
(
tmw + 1

2

)
H2O(l) (3.3)

When there is no current density, in other words when j→ 0 A/m2, then the fuel cell goes
to the limit of being a reversible electrochemical cell. In this special case the maximum
cell potential, which is the potential difference between the anode and cathode, will be
equal to the standard cell potential E0

cell. This quantity can be calculated from using
an oxidation-reduction table, or it can be calculated from the Gibbs free energy, ∆nG

through the relation given in Equation (3.4).

E0
cell = −∆nG

nF
(3.4)

In this equation n is the mole of electrons transfered, which in the case of Equation (3.3)
is equal to one, and F is Faraday’s constant. Gibb’s free energy is related to enthalpy
and entropy through the relation given in Equation (3.5).

∆nG = ∆nH − T∆nS (3.5)
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∆nH is the enthalpy change for Equation (3.3), ∆nS is the entropy change for Equation
(3.3) and T is the temperature of the system. Using these relations makes it possible to
calculate the cell potential of an electrochemical cell under reversible conditions as long
as the thermodynamic properties are known. It is the main method for calculating the
cell potential for an electrochemical cell at reversible conditions. This is however not
the case when dealing with a typical fuel cell, where there is transport of heat, mass and
charge under irreversible conditions. In order to get a full understanding of this fuel cell
under irreversible conditions it is necessary to apply non-equilibrium thermodynamics
in combination with transport equations and energy balances.This will from now on the
be the main scope of the theoretical approach.

The maximum work done by the PEM fuel cell, Wideal, can be calculated from knowing
the thermodynamic data of the process at temperature T and pressure p. The maximum
work is given in Equation (3.6).

−Wideal = ∆nH − T0∆nS (3.6)

∆nH is the enthalpy change for the electrochemical reaction at temperature T and
pressure p. ∆nS is the entropy change for the electrochemical reaction at temperature
T and pressure p. T0 is the temperature of the surroundings. The PEM fuel cell dissipates
much of the potential work as heat when a current is drawn from the cell. This lost
work is the entropy production times the surrounding temperature T0, and is given in
Equation (3.7).

dWlost

dt
= T0

dSirr
dt

= T0
d

dt
(∆S0 + ∆nS) (3.7)

dSirr/dt is the total entropy production in the fuel cell and ∆S0 is the entropy change in
the surroundings. The lost work is zero in the reversible limit, as the entropy production
is zero. The lost work varies with the electric current density that is drawn from the
cell. Even at moderate current densities, the cell’s potential is halved and the power
reduced accordingly.
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The cell can be divided into five subsystems: anode and cathode electrode surfaces,
anode and cathode backing and membrane. A schematic of this system is given in Fig-
ure 3.2.1.

Figure 3.2.1: Schematic of the fuel cell where a is the Sigracet anode backing, c is the
Sigracet cathode backing, m is the Nafion membrane and s are the surfaces. The electro-
chemical reactions takes place at the surfaces, while the anode and cathode backing have a
transport of hydrogen and oxygen to the surface. Protons are transported through the Nafion
membrane.

The total entropy production in the fuel cell can be divided into local entropy production
in the three bulk phases and the two surfaces. This local entropy production is given in
Equations (3.8), (3.11) and (3.10) for anode, cathode and membrane respectively.

σa = J
′a
q

d

dx

( 1
T

)
− JaD

1
T

dµw,T
dx

− j 1
T

dφ

dx
(3.8)

Where the JaD in this equation is a inter-diffusion flux of water and hydrogen, given in
Equation (3.9).
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JaD =
(
Jw
xw
− JH2

xH2

)
xw (3.9)

There is only a water flux through the membrane:

σm = J
′m
m

d

dx

( 1
T

)
− Jmw

1
T

dµw,T
dx

− j 1
T

dφ

dx
(3.10)

σc = J
′c
q

d

dx

( 1
T

)
− Jcw

1
T

dµw,T
dx

− JcO2

1
T

dµO2,T

dx
− JcN2

1
T

dµN2,T

dx
− j 1

T

dφ

dx
(3.11)

The flux of nitrogen in the cathode backing is zero and the chemical potential gradient
of water can be assumed to be zero. The only mass flux that is left is the flux of O2.
The entropy production in the cathode backing for this system can then be expressed
as done in Equation (3.12).

σm = J
′
q

d

dx

( 1
T

)
− JcO2

1
T

dµO2,T

dx
− j 1

T

dφ

dx
(3.12)

The linear flux-force relations in the system can be given as done in Equations (3.13),
(3.14) and (3.15).

J
′
q = lqq

d

dx

( 1
T

)
− lqµ

1
T

dµT
dx
− lqφ

1
T

dφ

dx
(3.13)

J = lµq
d

dx

( 1
T

)
− lµµ

1
T

dµT
dx
− lµφ

1
T

dφ

dx
(3.14)

j = lφq
d

dx

( 1
T

)
− lφµ

1
T

dµT
dx
− lφφ

1
T

dφ

dx
(3.15)

Here J is the mass flux of either oxygen, hydrogen or water and µT is either µO2,T or
µw,T . The lij are phenomenological coefficients. The set of equations can be written
by eliminating the electrical potential gradient as done in Equations (3.16), (3.17) and
(3.18).
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J
′
q = Lqq

d

dx

( 1
T

)
− Lqµ

1
T

dµT
dx

+ lqφ
lφφ

j (3.16)

J = Lµq
d

dx

( 1
T

)
− Lµµ

1
T

dµT
dx

+ lqφ
lφφ

j (3.17)

j = lφq
d

dx

( 1
T

)
− lφµ

1
T

dµT
dx
− lφφ

1
T

dφ

dx
(3.18)

The Lij coefficients are related by Equation (3.19).

Lij = lij −
lφiljφ
lφφ

(3.19)

The transport transference coefficient can be given as done in Equation (3.20).

Lij =
(

J

j/F

)
dµt=0,dT=0

= F
lµφ
lφφ

(3.20)

The Peltier coefficient is given in Equation (3.21).

π =
(
J
′
q

j/F

)
dµt=0,dT=0

= F
lqφ
lφφ

(3.21)

The measurable heat of transfer is given in Equation (3.22).

q∗ =
(
J
′
q

J

)
j=0,dT=0

= Lqµ
Lµµ

(3.22)

By using the definitions of these coefficients into the flux equations in Equations (3.16),
(3.17) and (3.18) while introducing the gradient of chemical potential dµT /dx, into the
heat flux, then these flux equations can be written as done in Equations (3.23), (3.24)
and (3.25).

dT

dx
= − 1

λ

(
J
′
q − q∗

(
J − t j

F

)
− π j

F

)
(3.23)
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dµT
dx

= −q
∗

T

dT

dx
− 1
Lµµ

(
J − t j

F

)
(3.24)

dφ

dx
= − π

TF

dT

dx
− t

F

dµT
dx
− rj (3.25)

Here the thermal conductivity λ, the mass transfer coefficient Lµµ and the electrical
resistivity r are given in Equations (3.26), (3.27) and (3.28).

λ = Lqq
T 2 − (q∗)2Lµµ

T 2 (3.26)

lµµ = Dx

RT
(3.27)

r = T

lφφ
(3.28)

D is the diffusion constant, x is the mole fraction and R is the universal gas constant.

Each section of the PEM fuel cell is described in detail and the expressions in Equa-
tions (3.23), (3.24) and (3.25) will be given for each section. The catalyst surface of
anode/membrane and membrane/cathode will be explained in detail after the theory
and transport equations for the three bulk phases have been given. The surfaces in this
model is treated as shown in Figure 3.2.2, where i is into the surface, and o is out of the
surface. For the anode surface, the anode backing is the i index while the membrane
is the o index. For the cathode surface, the membrane is the i index while the cathode
backing is the o index. In the calculations the jumps between each index and surface is
calculated separately, and this will be covered in the later subsection.
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Figure 3.2.2: The surface is divided and treated as two separated parts, i,s and s,o, where
i is the index for into the surface and o is the index for out of the surface.

3.2.1 Anode backing

The anode backing has transport of heat, water, hydrogen and charge. Hydrogen and
water are transported in the pores of the backing at a constant pressure p while the heat
and charge are transported in the solid material of the backing. The chemical potential
of water, µw is given in Equation (3.29).

µw = µ0
w +RT ln xw

x∗w
(3.29)

In this equation xw is the mole fraction of water, x∗w is the mole fraction of water at
saturation and µ0

w is the chemical potential when xw = x∗w. The mole fraction of water
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at saturation, x∗w is found by p∗w/ppot. The saturation pressure of water has been found
by Mench[7] which is given in Equation (3.30).

p∗w = −2846.4+411.24(T −273.15)−10.554(T −273.15)2 +0.16636(T −273.15)3 (3.30)

By introducing Equation (3.29) into Equations (3.23), (3.24) and (3.25), they can be
rewritten as shown in Equations (3.31), (3.32) and (3.33).

dT

dx
= − 1

λa

(
J
′,a
q − q∗,a

(
JaD − taD

j

F

)
− πa j

F

)
(3.31)

dxw
dx

= −q
∗,axw
RT 2

dT

dx
− 1
DwH

(
JaD − taD

j

F

)
(3.32)

dφ

dx
= − πa

TF

dT

dx
− taDRT

Fxw

dxw
dx
− raj (3.33)

The energy balance is given in Equation (3.34).

d

dx
Ju = d

dx
J
′,a
q + j

dφ

dx
+ JH2

dHH2

dx
+ Jaw

dHw

dx
= 0 (3.34)

Here Ju is the constant energy flux through the backing. The dHi/dx is given in Equation
(3.35). It is assumed that the gas component i follow the ideal gas law.

dHi

dx
= cp,i

dT

dx
(3.35)

The Peltier coefficient, πa is given in Equation (3.36). The heat of transfer, q∗,a, is given
in Equation (3.37).

πa = −T (0.5SH2 + S∗e−) (3.36)

q∗,a = −TSaw (3.37)
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3.2.2 Membrane

Inside the membrane there is transport of water, heat and charge. The transport equa-
tions over the membrane is given in Equations (3.38), (3.39) and (3.40).

dT

dx
= − 1

λm

(
J
′,m
q − q∗,m

(
Jmw − tmw

j

F

)
− πm j

F

)
(3.38)

dµw,T
dx

= −q
∗,m

T

dT

dx
− 1
Lmµµ

(
Jmw − tmw

j

F

)
(3.39)

dφ

dx
= − π

m

TF

dT

dx
− tmw
F

dµw,T
dx

− rmj (3.40)

Lmµµ is related to the concentration of water and diffusion constant through Equation
(3.41).

Lmµµ = Dm
w

cw
RT

(3.41)

Dm
w is the diffusion constant of water inside the membrane, and the water concentration,

cw, can be related to the water content χ through Equation (3.42). The water content
inside the Nafion membrane is found by Springer et al.[9] to follow Equation (3.43).

cw = χρm
Mm

(3.42)

χ = 0.043 + 17.81a− 39.85a2 + 36.0a3, 0 < a < 1 (3.43)

χ = 14 + 1.4(a− 1), 1 ≤ a < 3

χ = 16.8 a ≥ 3

ρ is the density of the membrane, Mm is the molar mass of the membrane and aw is the
activity of water inside the membrane. This activity is calculated from its definition,
aw = pw/p

∗
w. By introducing dχ/dx with (dχ/daw)(dawdx) into the transport equations,

then these differential equations can be written as done in Equation (3.44), (3.45) and
(3.46).
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dT

dx
= − 1

λm

(
J
′,m
q − q∗,m

(
Jmw − tmw

j

F

)
− πm j

F

)
(3.44)

daw
dx

= − q∗,mχ

(dχ/daw)RT
dT

dx
− (Jmw − tmw j/F )Mm

(dχ/daw)ρDm
w

(3.45)

dφ

dx
= − π

m

TF

dT

dx
− tmwRT

Faw

daw
dx
− rmj (3.46)

The electrical resistivity rm is found by Springer et al.[9] and is given in Equation (3.47).

(rm)−1 = exp

(
1268

( 1
303 −

1
T

))
(0.5139χ− 0.326) (3.47)

The energy conservation in the membrane is given in Equation (3.48).

d

dx
Ju = d

dx
(J ′,mq + jφm + Jmw H

m
w ) = 0 (3.48)

The Peltier coefficient, πm is given in Equation (3.49). The heat of transfer, q∗,m, is
given in Equation (3.50).

πm = T (S∗H+ − tmwSmw ) (3.49)

q∗,m = −TSmw (3.50)

3.2.3 Cathode backing

In the cathode backing there is transport of oxygen, water, heat and charge. The flux
equations for the cathode backing are given in Equations (3.51), (3.52) and (3.53). The
coupling between oxygen an other gas fluxes is neglected in these equations.

dT

dx
= − 1

λc

(
J
′,c
q − πc

j

F

)
(3.51)

dxO2

dx
= j

4FDON
(3.52)
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dφ

dx
= − πc

TF

dT

dx
− RT

4FxO2

dxO2

dx
− rcj (3.53)

The energy conservation in the cathode backing is given in Equation (3.54).

d

dx
Ju = d

dx
(J ′,cq + jφc + JcwH

c
w + JcO2H

c
O2 = 0 (3.54)

The Peltier coefficient, πc, and the heat of transfer, q∗,c, are given in Equations (3.55)
and (3.56).

πc = T

(
0.25SO2 − S∗e −

(
Jaw
j/F

+ 0.5
)
Scw

)
(3.55)

q∗,c = −TScw (3.56)

3.2.4 Anode surface

At the anode catalyst surface the enthalpy of hydrogen is converted into energy and heat.
Additionally there is a change in the enthalpy of water as it goes from vapor state to
condensed state in the membrane which releases heat. The conversion of energy across
this phase boundary is given in Equation (3.57)

Ju = J
′,a
q + jφa + JH2HH2 + JawH

a
w = J

′,m
q + jφm + Jmw H

m
w (3.57)

The entropy production of the electrode surface between the anode phase and the mem-
brane phase is given in Equation (3.58).

σa,m = J
′,a
q ∆a,s

1
T

+J ′,mq ∆s,m
1
T
−Jaw

1
T s

∆a,sµw,T−Jmw ∆s,mµw,T−j
1
T s

(
∆a,mφ+ ∆nG

s

F
+ ∆g,T

vgF

)
(3.58)

By dividing the surface into two segments, (a,s) and (s,m) which are the two segments
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shown in Figure 3.2.2, then the equations can be divided into two separate parts as
well. The equations of transport that derive from this entropy production is given in
Equations (3.59), (3.60), (3.61), (3.62) and (3.63).

∆a,sT = −
J
′,a
q

λsa
+ q∗,a

λsa

(
Jw − tw

j

F

)
+ πa

j

λsaF
(3.59)

∆s,mT = −
J
′,m
q

λsm
+ q∗,m

λsm

(
Jw − tw

j

F

)
+ πm

j

λsmF
(3.60)

∆a,sµw,T = − q∗,a

T a,m
∆a,sT −

Jw − tw j
F

Lsµµ
(3.61)

∆s,mµw,T = − q
∗,m

Tm,a
∆s,mT −

Jw − tw j
F

Lsµµ
(3.62)

∆φeff = − πa

T a,mF
∆a,sT −

πm

Tm,aF
∆s,mT −

tw
F

∆a,mµw,T − rsj (3.63)

The electrochemical reaction takes place at the surface, and the reaction at stationary
state is equal to jF. One can assume that there is equilibrium for adsorption of hydrogen
at the surface. This means that the reaction of Gibbs energy in the surface can be
expressed by thermodynamic properties. This way of expression the Gibbs energy along
with the relation between ∆a,mφeff and ∆a,mφ are given in Equations (3.64), (3.65) and
(3.66). The overpotential in the anode surface is neglected.

∆a,mφeff = ∆a,mφ+ ∆nG
s,a

F
+ ∆µH2,T (T s,a)

2F (3.64)

∆a,mφeff = ∆a,mφ−
1

2F (µsH2 −∆a,sµH2,T (T s,a)) (3.65)

∆a,mφeff = ∆a,mφ−
1

2F (HH2 − T s,aSH2) (3.66)
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3.2.5 Cathode surface

At the cathode catalyst surface, oxygen reacts with the protons and forms water. The
energy conservation at this surface is given in Equation (3.67).

Ju = J
′,m
q + jφm + Jmw H

m
w = J

′,c
q + jφc + JcwH

c
w + JO2HO2 (3.67)

The entropy production of the electrode surface between the cathode phase and the
membrane phase is given in Equation (3.68).

σm,c = J
′,m
q ∆m,s

1
T

+J ′,cq ∆s,c
1
T
−Jmw

1
T s

∆m,sµw,T−Jcw∆s,cµw,T−j
1
T s

(
∆m,cφ+ ∆nG

s

F
+ ∆g,T

vgF

)
(3.68)

By dividing the surface into two segments, (m,s) and (s,c) which are the two segments
shown in Figure 3.2.2, then the equations can be divided into two separate parts as
well. The equations of transport that derive from this entropy production is given in
Equations (3.69), (3.70), (3.71), (3.72) and (3.73).

∆m,sT = −
J
′,m
q

λsm
+ q∗,m

λsm

(
Jmw − tmw

j

F

)
+ πm

j

λsmF
(3.69)

∆s,cT = −
J
′,c
q

λsc
+ q∗,c

λsc

(
Jcw − tcw

j

F

)
+ πc

j

λscF
(3.70)

∆m,sµw,T = − q
∗,m

Tm,c
∆m,sT −

Jmw − tmw
j
F

Lmµµ
(3.71)

∆s,cµw,T = − q∗,c

T c,m
∆s,cT −

Jcw − tcw
j
F

Lsµµ
(3.72)

∆φeff = 1
F

(
− πm

Tm,c
∆m,sT −

πc

T c,m
∆s,cT − tcw∆m,sµw,T − tcw∆s,cµw,T − rsj

)
− ηc

(3.73)

In the last equation there is an overpotential, ηc, that comes from the resistance of the
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activated electrochemical reaction taking place at the oxygen electrode. The value of the
cathode overpotential was determined by Vie and Kjelstrup [2] and is given in Equation
(3.74).

ηc = 2RT
F

ln j

j0 (3.74)

The exchange current density for oxygen in air is j0 = 2.5 · 10−3 A/m2. It is assumed
that there is equilibrium for the adsorption of oxygen at the surface. The reaction
Gibbs energy in the surface can then be expressed by thermodynamics properties of the
gas. This expression is given along with the relation between ∆m,cφeff and ∆m,cφ in
Equations (3.75) and (3.76).

∆m,cφeff = ∆m,cφ+ DeltanG
s,c

F
+ ∆µO2,T (T s,c)

4F (3.75)

∆m,cφeff = ∆m,cφ+ 1
2F (Hc

w − T s,cScw)− 1
4F (HO2 − T s,cSO2) (3.76)

3.2.6 Total energy and entropy balance

The total energy balance in the system can be given as the energy coming into the anode
backing and out of the cathode backing. This balance is given in Equation (3.77).

J
′,a
q + JH2HH2 + JawH

a
w + jφa = J

′,c
q + JO2HO2 + JcwH

c
w + jφc (3.77)

The entropy production for a unit cross-sectional area of the cell can be found by in-
tegrating over the local entropy contributions from all the five subsystems, given in
Equation (3.78).

dSirr
dt

= Ω
(∫ a,m

0,a
σadx+ σs,a +

∫ m,c

a,m
σmdx+ σs,c +

∫ 0,c

c,m
σcdx

)
(3.78)

In this equation, Ω is the cross sectional area of the cell. The entropy production has to be
larger or equal to zero, dSirr/dt ≥ 0, otherwise it will be thermodynamically impossible,
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as it violates the second law of thermodynamics, rendering the model useless. The total
entropy balance for the whole cell, which is an equivalent way of finding the entropy
production, is given in Equation (3.79).

dSirr
dt

= (Jcs − Jas )Ω (3.79)

The entropy flux Js is given in Equation (3.80).

Js =
J
′
q

T
+
∑
i

JiSi (3.80)

Si is the partial molar entropy of component i and Ji is the mass flux of component i.
By inserting these fluxes into the total entropy production gives Equation (3.81) and
can be rewritten as Equation (3.82) using knowledge about the mass fluxes.

1
Ω
dSirr
dt

=
(
J
′,c
q

T c
+ JcwS

c
w + JO2SO2

)
−
(
J
′,a
q

T a
+ JawS

a
w + JH2SH2

)
(3.81)

1
Ω
dSirr
dt

=
J
′,c
q

T c
−
J
′,a
q

T a
+ j

F

(1
2(Scw − SH2)− 1

4SO2

)
+ Jaw(Scw − Saw) (3.82)
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3.3 System properties

3.3.1 General parameters

Through the simulation a set of general constants is used. These constants are the
universal gas constant, R, which is equal to 8.314 J/K mol[5] and Faradays constant, F ,
equal to 96500 C/mol[5]. These parameters are given in Table 3.3.1.

Table 3.3.1: General constants used in the simulation.

Property Value
R 8.314 J/K mol[5]
F 96500 C/mol[5]

3.3.2 Properties of anode and cathode backing

The thickness of the anode and cathode backing in this simulation is 246 µm, to reflect
the similar system size for the membrane system in part 2. The pressure of hydrogen,
pH2 in the anode backing is set to 1 bar in the anode backing, while the pressure of
oxygen, pO2 is set to 0.21 bar in the cathode backing. Similar, the mole fraction of
oxygen in the end of the cathode backing, xO2 is set to 0.21, which is the mole fraction
of oxygen in air. The temperature at the start of the anode backing, T a, is set to be
330 K. The material properties of the anode and cathode backing is that of Sigracet
GDL10AA. The heat conductivity for this Sigracet type is λa = λc = 0.42 W/m K[10].
The effective binary diffusion constants used is DwH = DON , is set as 5·10−5 m2/s.[5].
The electrical resistance, ra = rc is set as 10−4 ohm m[8]. The combined water and
hydrogen transference number taD is set as 0. These parameters are given in Table 3.3.2.
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Table 3.3.2: Material properties of the anode and cathode backing.

Property Value
da 246 µm
dc 246 µm

λa(GDL10AA) 0.42 W/mK[10]
λc(GDL10AA) 0.42 W/mK[10]

DwH 5·10−5 m2/s[5]
DON 5·10−5 m2/s[5]
ra 10−4 ohm m[8]
rc 10−4 ohm m[8]
taD 0

3.3.3 Properties of anode and cathode surface.

The heat conductivity in both surfaces, λsa = λsc, are calculated by dividing the heat con-
ductivity for the anode and cathode backing by the thickness. This is equal to λsa = λsc

= 1700 W/m2 K. Vie[12] determined the thermal conductivity of the catalyst surface to
be equal to 1000 W/K m2 for a similar model, but without coupling terms. This exper-
imental value is in close agreement with the estimated value used in this simulation and
provide some validity to the thermal conductivity used for the surface. The electrical
resistance, ras = rcs, is set as 7.2·10−6 ohm m2[5]. It is assumed that the temperature
difference from the anode surface and into the membrane, ∆s,mT is negligible. The
temperature difference between the membrane and the cathode surface, ∆m,sT is also
neglected. It is also assumed that there is equilibrium of water over the surfaces, which
results in a neglect of the difference in chemical potential over the surfaces. This simpli-
fies the calculation and the need of estimating properties at the surface. All parameters
for the surfaces are given in Table 3.3.3.
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Table 3.3.3: Material properties of the anode and cathode surface.

Property Value
λas(GDL10AA) 1700 W/m2 K
λcs(GDL10AA) 1700 W/m2 K

ras 7.2 · 10−6 ohm m2[5]
rcs 7.2 · 10−6 ohm m2[5]

∆s,mT 0 K
∆m,sT 0 K
∆a,mµw 0 J/mol
∆m,cµw 0 J/mol

3.3.4 Properties of Nafion membrane

The properties of the membrane is that of the Nafion membrane. The thickness of the
membrane in this simulation is 192 µm, to reflect the similar system size for the mem-
brane system in part 2. The thermal conductivity, λm, is found to be varying with
the water content inside the Nafion membrane by Burheim et al. [11]. They found the
thermal conductivity to vary as λm = (0.177 + 3.7 · 10−3χ) W/m K, where χ is the
water content per sulphonic group. The diffusion of water inside the Nafion membrane
is found by Villaluenga[13], Dm, is 8.05 ·10−8 m2/s. The density of the dry membrane,
ρm is 1640 kg/m3[5]. The molar mass of the membrane, Mm, and water, Mw, is 1.1
kg/mol[5] and 0.018 kg/mol respectively[5]. These parameters are given in Table 3.3.4.
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Table 3.3.4: Material properties of the Nafion membrane.

Property Value
dm 192 µm
λm 0.177 + 3.7 · 10−3χ[11]
Dm 8.05 · 10−8 m2/s[13]
ρm 1640 kg/m3[5]
Mm 1.1 kg/mol[5]
Mw 0.018 kg/mol[5]
tmw 1.2[5]

3.3.5 Enthalpy and entropy values

The entropy values used in this simulation is calculated using Equation (3.83), while the
entropy is calculated from using Equation (3.84). It is assumed that the components
follow the ideal gas law.

Hj
i = ∆fH

0
i + cpi(T j − T 0) (3.83)

Sji = S0
i + cpi ln T

j

T 0 −R ln p

p0 (3.84)

∆fH
0
i is the standard formation enthalpy of component i, Hj

i is the partial molar en-
thalpy of component i in position j, S0

i is the standard entropy of component i, Sji is
the partial molar entropy of component i in position j and cpi is the heat capacity of
component i. T j is the temperature at position j and T 0 is the standard temperature,
equal to 298 K, p is the pressure and p0 is the standard pressure of 1 bar. These are
the standard enthalpies used for the calculation[5]: ∆fH

0
H2

= 0 kJ/mol, ∆fH
0
O2

= 0 kJ/-
mol, ∆fH

0
H2O(l)= -285 kJ/mol and ∆fH

0
H2O(g)= -242 kJ/mol. These are the standard

entropies used for the calculation: S0
H2

= 131 J/K mol, S0
O2

= 205 J/K mol, S0
H2O(l)= 70

J/K mol, S0
H2O(g)= 189 J/K mol, SH+= 192 J/K mol[14]. The transported entropy of

the electrons in carbon, Se− , has been found by Hansen et al.[15] to be close to -2 J/K
mol for the temperature used in this simulation. It is assumed that the heat capacity
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values for each component are independent of the temperature. These are the heat ca-
pacities used for the calculation: cpH2

= 29 J/K mol, cpO2
= 29 J/K mol, clpH2O

= 75 J/K
mol, cgpH2O

= 34 J/K mol and cpH+ = 21 J/K mol. All the values are given in Table 3.3.5.

Table 3.3.5: Standard enthalpy, entropy and heat capacity values for T=298 K.

Component i Hi / kJ/mol Si / J/Kmol cpi / J/Kmol
H2O(g) -242 189 34
H2O(l) -285 70 75
H2 0 131 29
O2 0 205 29
H+ - 192 21
e− - -2 -

3.3.6 Fluxes

The current density, j, is a constant value through the system. This value can be changed
accordingly to the users wish, and it is set as 200 A/m2, 500 A/m2, 1000 A/m2 and
5000 A/m2 in this experiment. The measurable heat flux, J ′q is changing through out
the whole system, and is dependable on the system settings overall. The hydrogen flux
and oxygen flux are constant in the anode and cathode backing, and originate from
the current density at stationary state. These fluxes can be calculated by the use of
Equations (3.85) and (3.86) for hydrogen and oxygen respectively.

JH2 = j

2F (3.85)

JO2 = − j

4F (3.86)

The water flux in the anode backing and the membrane is assumed to be equal, Jaw = Jmw ,
while the water flux in the cathode is given from the total water balance in the cell in
Equation (3.87). It is assumed that these water fluxes are constant in the fuel cell.
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Jcw = Jaw + j

2F (3.87)

The oxygen and hydrogen flux are given in Table 3.3.6 for the corresponding current den-
sities used in the simulation. The water fluxes are dependent on the system as a whole,
and can not be calculated directly. A section will show how this is done in the simulation.

Table 3.3.6: Fluxes of hydrogen and oxygen for various current density.

Ji j / A/m2 Flux value / mol/m2 s
JH2 200 0.0010
JH2 500 0.0026
JH2 1000 0.0052
JH2 5000 0.026
JO2 200 - 0.00052
JO2 500 - 0.0013
JO2 1000 - 0.0026
JO2 5000 - 0.013

3.3.7 Boundary conditions

The differential equations requires a set of boundary conditions for them to be solv-
able. These boundary conditions are all at the start of the anode backing, and these
are the temperature, mole fraction of water, measurable heat flux, electrical potential
and entropy production. The temperature is a choice that can be changed accordingly
to what is more appropriate for the real system being simulated. For this simulation
a temperature of 330 K is used. The mole fraction of water is defined as the ratio of
saturated water pressure and the total pressure, where the total pressure in the anode
backing is set as 1 bar. The saturated water pressure is determined by the temperature,
so the choice of the temperature also affects the boundary condition of mole fraction
of water. The electrical potential is set as 0 V after definition of the electrochemical
reaction at the anode surface. Since this is the start of the system then there is no accu-
mulated entropy production and this is thus set as 0 W/K m2. The boundary condition

65



of measurable heat flux is determined by the total energy balance, but there is an initial
guess of 1000 W/m2. The correct boundary condition for the measurable heat flux is
then given after the total energy balance has been calculated. The boundary conditions
for the different current densities are given in Table 3.3.7, where the boundary condition
for the measurable heat flux is taken from the MatLab simulation after iterating over
the total energy balance in the cell.

Table 3.3.7: Boundary conditions at the anode for various current densities.

Boundary condition quantity j / A/m2 Value
T 200 330 K
T 500 330 K
T 1000 330 K
T 5000 330 K
xw 200 0.168
xw 500 0.168
xw 1000 0.168
xw 5000 0.168
J
′
q 200 703.2 W/m2

J
′
q 500 1532 W/m2

J
′
q 1000 2532 W/m2

J
′
q 5000 5026 W/m2

φ 200 0 V
φ 500 0 V
φ 1000 0 V
φ 5000 0 V
σ 200 0 W/K m2

σ 500 0 W/K m2

σ 1000 0 W/K m2

σ 5000 0 W/K m2
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3.4 Solution procedure

3.4.1 Transport equations, boundary conditions and initial settings

All calculations are done in the software program Matrix Laboratory (MatLab), see
Appendix F for the complete code of the simulation. The subroutines Jw.m and activ-
ity.m, and the method to find the water activity at the start of the Nafion membrane,
are made with permission from the work of Kjelstrup and Røsjorde [1,14]. The main
program master3.m stores the constants which are used in the calculation along with
calling on the subroutine that is doing the main calculation and feeding it with input
parameters. The subroutine that is doing the main calculation is called Transport.m.

Each segment; anode backing, membrane and cathode backing, has three differential
equations and one energy balance. This makes it possible to have four independent
unknowns in the system, which in this case is temperature, mole fraction or chemical
potential, measurable heat flux and electrical potential. The entropy production depends
on the differential equations of the temperature, mole fraction and electrical potential,
and can be found after they have been solved.

Each segment is an independent subroutine which is called on by the subroutine trans-
port.m to calculate these four independent unknowns as well as the entropy production
through the whole segment. The differential equations and the energy balance give the
derivatives of these five quantities in one direction, x-axis of the cell, and it is therefore
needed to use a differential solver to get the values at each point on the x-axis. This
is done in MatLab, which has a in built function called ode15s. ode15s is an ordinary
differential equation subroutine that is designed specifically to deal with stiff differential
systems of equations. This subroutine requires an input, one for each differential equa-
tion that is being solved. This works as the boundary conditions in the segment that
is being calculated. For instance, the input parameters of the ode solver for the anode
backing is the start parameters which are defined for this given system. Each of the
four quantities need one boundary condition. For the anode backing this is T = 330 K,
xw = p∗w/ptot, J

′,a
q = J

′,a0
q and φa = 0 V. The measurable heat flux is not known when

the simulation starts, so this value has to be estimated in the beginning. J ′,a0
q = 1000

W/m2 is used as an initial estimation. The correct boundary value of the measurable
heat flux is found by iterating the whole calculation with the total energy balance over
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the cell. The entropy production requires a boundary condition as well, and this is 0
W/m2 K as it is in the start of the system.

3.4.2 Finding the correct water flux

The simulation model starts with finding the water flux in the system. To find this water
flux an estimation of the value of the water flux is needed along with the measurable
heat flux in the anode backing. First the heat flux equation through the anode backing
is integrated to find the temperature at the end of the anode backing. Then the sat-
uration pressure of water gas is calculated for this temperature using Equation (3.30).
Then the mole fraction of water at the end of the anode backing is found by integrating
the Stefan-Maxwell equation through the anode backing. With this mole fraction the
activity of water is calculated at the end of the anode backing. Using this water activity
gives the water content from Equation (3.43). The water activity at the end of the
membrane is known to be aw = 1, which gives a water content of 14 molecules of H2O

per sulphonic group.[9]. It is then possible to calculate the water flux from the difference
in water content. This routine now ends with a new value for the water flux, and the
whole process can repeated. The correct water flux is found by using the embedded
fsolve function in MatLab, which iterates the subroutine until the difference between the
previous water flux result and the newest water flux result is close to zero. When this
iteration is done then the correct water flux, corresponding to the input parameter of the
measurable heat flux, is found. The effect from the temperature difference is neglected
while finding the correct water flux. This will effect the results somewhat, especially
for higher current densities, such that the water content inside the membrane can be
slightly lower than the real value for higher current densities. It is assumed that this
assumption is valid enough to get satisfactorily accurate results none the less.

3.4.3 Local and total entropy production

When the correct measurable heat flux is found by iterating the program, and the corre-
sponding water flux is found, then all subroutines of the segments are called to calculate
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the temperature, mole fraction or chemical potential, measurable heat flux and electrical
potential profiles. With the correct profiles through the cell then the local entropy pro-
duction can be found in each segment by using the equations in the theory section. The
local entropy production in the surfaces is found by using the equations for the respective
surface directly as these are not differential equations. An integration of the local entropy
production over the anode backing, membrane and cathode backing is needed to find the
accumulated entropy production. To do this the subroutine ode15s is once again used
to solve these ordinary differential equations and give the local entropy production at
each point along the x-axis of the segment. A summation of the integrated local entropy
productions from the segments along with the local entropy productions in the surfaces
should be equal to the calculated entropy production from the total entropy production
in the cell. This is a good test for the validity of the model and the simulation. The
profiles for the local entropy productions are calculated from the differential equations
using the ode15s solver, while the sum of the local entropy productions given in the
results is calculated by using trapezoidal numerical integration. This method is consid-
ered more accurate when trying to find the sum of differentials, while the ode15s solver
may give less accuracy due to having less numerical points. However, the trapezoidal
numerical integration is not able to find profiles from a differential equation, which is
why the ode15s solver is used. It is expected to be a small variation in numerical value
for the endpoint in the cathode backing and the numerical result from the trapezoidal
numerical integration.
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3.5 Results

The results are divided into each specific case and given in their own subsection. For
a complete set of results for the four main cases with different current densities, see
Appendix D for figures.

3.5.1 Water flux

The water flux is found by using the procedure described in the section for solution
procedure. The water fluxes of the anode and the cathode backing are given in Table
3.5.1 for the different current densities. The effective water transport number in the
anode and the cathode backing is given in Figures 3.5.1 and 3.5.2 respectively.

Table 3.5.1: Water flux of the anode and cathode backing for various current densities.

Current density / A/m2 Jaw / mol/m2 s Jcw / mol/m2 s
200 7.7 ·10−4 0.0018
500 0.0017 0.0043
1000 0.0027 0.0079
5000 0.0059 0.032

Figure 3.5.1: Effective water transport number in the anode backing Ja
w/(j/F ) plotted for

various current densities.
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Figure 3.5.2: Effective water transport number in the cathode backing Jc
w/(j/F ) plotted

for various current densities.

3.5.2 Heat flux

As a validity check of the model the measurable heat flux divided by j/F is calculated
for all varying current densities. This is done for the measurable heat flux at the start
of the anode backing and at the end of the cathode backing. These results are given in
Figures 3.5.3 and 3.5.4 for the anode backing and cathode backing respectively.

Figure 3.5.3: Measurable heat flux at the start of the anode backing dividing by j/F for
various current densities.
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Figure 3.5.4: Measurable heat flux at the end of the cathode backing dividing by j/F for
various current densities.

3.5.3 Limit when the current density goes to 0 A/m2 - reversible case

A special case when j → 0 A/m2 was done to see if the results match results for a re-
versible electrochemical cell. This is a validity check for the model, and matching results
is a good result which makes the model more trustworthy. The difference in enthalpy,
entropy and Gibbs free energy for the reaction in Equation (3.3) along with the standard
cell potential are given in Table 3.5.2. Thermodynamic data of the components, along
with Equations (3.83) and (3.84), are used to calculate the enthalpy and entropy differ-
ences in this cell reaction. Equations (3.5) and (3.4) are used to calculate the Gibbs free
energy and standard cell potential respectively. The temperature difference in the cell
in this special case is neglected, as can be seen in Figure 3.5.5, and the temperature is
thus set as 330 K for all calculations. The electrical potential profile for this special case
is given in Figure 3.5.6. The measurable heat flux profile is given in Figure 3.5.7. The
accumulated entropy production is given in Figure 3.5.8.
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Figure 3.5.5: Temperature profile in the cell when j → 0 A/m2.

Figure 3.5.6: Electrical potential profile in the cell when j → 0 A/m2.
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Figure 3.5.7: Measurable heat flux profile in the cell when j → 0 A/m2. Heat is going into
the anode backing and out of the cathode backing.

Figure 3.5.8: Accumulated entropy profile in the cell when j → 0 A/m2.
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Table 3.5.2: ∆nH, ∆nS, ∆nG and ∆V for T=330 K for the reversible case when the
current density goes to zero.

Thermodynamic quantity Value
∆nH -241 kJ/mol
∆nS -26 J/K mol
∆nG -113 kJ/mol
E0
cell 1.17 V
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3.5.4 Results for the fuel cell for j = 200 A/m2

The profiles in each segment of the fuel cell for temperature, composition, electrical
potential and heat flux are given in Figures 3.5.9, 3.5.10, 3.5.11 and 3.5.12 respectively
for j = 200 A/m2. The water content inside the membrane is given in Figure 3.5.13.
The accumulated entropy production profile through the cell is given in Figure 3.5.14.

Figure 3.5.9: Temperature profile in the cell for j = 200 A/m2, where T=330 K at the
start of the anode backing is set.

Figure 3.5.10: Mole fraction profile in the cell for j = 200 A/m2, for water at the left side
and oxygen at the right side.

76



Figure 3.5.11: Electrical potential profile in the cell for j = 200 A/m2, φa = 0 V at the
start of the anode backing due to definition.

Figure 3.5.12: Measurable heat flux profile in the cell for j = 200 A/m2. Heat is going
into the anode backing and out of the cathode backing.
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Figure 3.5.13: Water content profile in the cell for j = 200 A/m2.

Figure 3.5.14: Accumulated entropy production profile for j = 200 A/m2.
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3.5.5 Results for the fuel cell for j = 500 A/m2

The profiles in each segment of the fuel cell for temperature, composition, electrical
potential and heat flux are given in Figures 3.5.15, 3.5.16, 3.5.17 and 3.5.18 respectively
for j = 500 A/m2. The water content inside the membrane is given in Figure 3.5.19.
The accumulated entropy production profile through the cell is given in Figure 3.5.20.

Figure 3.5.15: Temperature profile in the cell for j = 500 A/m2, where T=330 K at the
start of the anode backing is set.

Figure 3.5.16: Mole fraction profile in the cell for j = 500 A/m2, for water at the left side
and oxygen at the right side.
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Figure 3.5.17: Electrical potential profile in the cell for j = 500 A/m2, φa = 0 V at the
start of the anode backing due to definition.

Figure 3.5.18: Measurable heat flux profile in the cell for j = 500 A/m2. Heat is going
into the anode backing and out of the cathode backing.
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Figure 3.5.19: Water content profile in the cell for j = 500 A/m2.

Figure 3.5.20: Accumulated entropy production profile in the cell for j = 500 A/m2.
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3.5.6 Results for the fuel cell for j = 1000 A/m2

The profiles in each segment of the fuel cell temperature, composition, electrical potential
and heat flux are given in Figures 3.5.21, 3.5.22, 3.5.23 and 3.5.24 respectively for j =
1000 A/m2. The water content inside the membrane is given in Figure 3.5.25. The
accumulated entropy production profile through the cell is given in Figure 3.5.26.

Figure 3.5.21: Temperature profile in the cell for j = 1000 A/m2, where T=330 K at the
start of the anode backing is set.

Figure 3.5.22: Mole fraction profile in the cell for j = 1000 A/m2, for water at the left
side and oxygen at the right side.

82



Figure 3.5.23: Electrical potential profile in the cell for j = 1000 A/m2, φa = 0 V at the
start of the anode backing due to definition.

Figure 3.5.24: Measurable heat flux profile in the cell for j = 1000 A/m2. Heat is going
into the anode backing and out of the cathode backing.
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Figure 3.5.25: Water content profile in the cell for j = 1000 A/m2.

Figure 3.5.26: Accumulated entropy production profile in the cell for j = 1000 A/m2.

3.5.7 Results for the fuel cell for j = 5000 A/m2

The profiles in each segment of the fuel cell for temperature, composition, electrical
potential and heat flux are given in Figures 3.5.27, 3.5.28, 3.5.29 and 3.5.30 respectively
for j = 5000 A/m2. The water content inside the membrane is given in Figure 3.5.31.
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The accumulated entropy production profile through the cell is given in Figure 3.5.32.
The entropy production for all the current densities is given in Table 3.5.3.

Figure 3.5.27: Temperature profile in the cell for j = 5000 A/m2, where T=330 K at the
start of the anode backing is set.

Figure 3.5.28: Mole fraction profile in the cell for j = 5000 A/m2, for water at the left
side and oxygen at the right side.
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Figure 3.5.29: Electrical potential profile in the cell for j = 5000 A/m2, φa = 0 V at the
start of the anode backing due to definition.

Figure 3.5.30: Measurable heat flux profile in the cell for j = 5000 A/m2. Heat is going
into the anode backing and out of the cathode backing.
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Figure 3.5.31: Water content profile in the cell for j = 5000 A/m2.

Figure 3.5.32: Accumulated entropy production profile in the cell for j = 5000 A/m2.

Table 3.5.3: Entropy production from total entropy balance and sum of segments

j / A/m2 Total entropy production, dSirr
dt Sum local entropy production, dSirr

dt

200 0.298 W/K m2 0.397 W/K m2

500 0.881 W/K m2 1.09 W/K m2

1000 2.02 W/K m2 2.34 W/K m2

5000 13.8 W/K m2 14.7 W/K m2
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3.5.8 Polarization profile

The polarization profile have been found by plotting the electrode potential between the
anode and the cathode for varying current densities. This profile is given in Figure 3.5.33.

Figure 3.5.33: Polarization curve for various current densities. The temperature at the
anode backing is set as T = 330 K.
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3.6 Discussion

3.6.1 Water flux

As can be seen in Figures 3.5.1 and 3.5.2 the effective water transport number reaches a
finite value when the current density goes to zero. A value of 0.1 A/m2 is used because
of implications with setting the value equal to zero, which makes the MatLab program to
stop. There is a jump in value when the current density reaches zero, but this jump does
not increase if the current density is set even lower than 0.1 A/m2. This value for the
anode backing corresponds to the reversible limit and it should be close to the value for
the water transport number in the membrane, tmw = 1.2. The effective water transport
number for the anode backing reaches a value very close to 1.2 when the current density
reaches zero. The effective water transport number for the cathode backing is 0.5 higher
than for the anode backing in the reversible limit, which is as expected from theory. The
result for the effective water transport number is a good validity check for the simulation
model with respect to accuracy and correctness. It is also an interesting result which
shows the effective water transport number to decrease significantly as soon as a current
is being drawn from the fuel cell. The drop in value as soon as a current is being drawn
in the cell is unexplained. But one possible reason can be the resistances affecting the
value for the water flux as soon as a current is drawn.

3.6.2 Measurable heat flux

It is apparent from the curves in Figures 3.5.3 and 3.5.4 that something is happening
when the current density goes to zero, as the values are dropping asymptoticly when
reaching very low current densities. This may originate from the way MatLab is calcu-
lating the heat flux with iterating over the total energy balance. For current densities
close to zero it may be that the solution procedure is not optimal when trying to solve
the functions, and small variations or assumptions may affect the measurable heat flux
significantly. According to theory, the limit of J ′,iq /(j/F ) when the current density goes
to zero is equal to the case of dT = 0 and dµ = 0. Equation (3.21) shows that this limit
equals the Peltier coefficient in segment i to the corresponding measurable heat flux in
segment i. The limit when the current density goes to zero in Figures 3.5.3 and 3.5.4
should then equal the Peltier coefficient calculated in the simulation for temperature T
= 330 K. The Peltier coefficient in both the anode and cathode backing is always nega-
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tive regardless of the system. This can be seen from Equations (3.36) and (3.55). The
entropy of the hydrogen gas is always positive and larger than the entropy of electrons,
which results in a negative Peltier coefficient for the anode backing. It is a bit harder
to see what the sign is for the cathode backing. The term (Jaw/(j/F ) + 0.5) is always
0.5 or higher, which then gives a higher negative value from the term with the entropy
of water compared to the term with the entropy of oxygen. This results in a negative
value for the Peltier coefficient in the cathode backing as well. This implies that the
limit value in the graphical solution should also be a negative value for both the anode
and cathode backing. The curves are indeed going down to a negative value if one set
the current density low enough, but it never reaches a finite value due to the calculation
problems MatLab has at this limit. It is therefore impossible to predict what the limit
value in these figures would approach, but it is possible to assume that the limit would
reach a negative value as the curves are dropping. However, there will not be a finite
value due to the problematic solution when the limit of current density reaches zero.
The simulation program may need some changes in the future when this limit is reached
to avoid these problems and get accurate results for the measurable heat flux close to
zero current density.

3.6.3 Special case when current density goes to zero

The electrical potential plot in Figure 3.5.6 in the result section shows a cell potential of
roughly 1.15 V for the reversible case when the current density goes to zero. This is very
close to the calculated standard potential of the cell at 330 K, which has a value of 1.17
V. The fact that these are so close to each other is a good indication of the model being
accurate and the results are in agreement with theory. The system is almost isothermal
as can be seen in Figure 3.5.5 and constant temperature, T = 330 K, is then safely
used for the calculation of Gibbs energy. The small difference between the theoretical
calculated cell potential and the simulated cell potential is 0.02 V, a difference that can
be caused by numerous reasons. The main reason is most likely due to how the solution
procedure works with not being able to set j=0 A/m2 as this stops the program and
cause problems when dividing with zero. When this solution was found, a very small
current density of 0.1 A/m2 was used to ensure that the program did not fall into the
region where it would have problems with finishing the calculation. The measurable
heat flux profile for the reversible case is given in Figure 3.5.7 and this profile shows a
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positive value for all segments, which means that heat is going into the anode backing
and out of the cathode backing. The heat that is going out of the cathode backing
is higher than the loss in the anode backing, which results in the fuel cell producing
heat to the surroundings in overall. This is in agreement with theory. In the reversible
limit ∆S0 + ∆nS = 0, which means that ∆S0 > 0 since ∆nS < 0. This means that
there is a positive heat effect to the surroundings during reversible conditions, which is
in agreement with the results. Earlier studies have shown fuel cells to produce heat to
the surroundings[3] from both the anode and cathode backing. An explanation as to
why this is not happening here, may originate from the previously mentioned problems
the program has with finding the correct solution for very low current densities and a
small difference in the cell potential. The heat flux could be close to zero in the case
of no current density, and small fluctuations around zero is expected when the solution
procedure reaches a limit value such as the current density going to zero. The profile
of the entropy production in Figure 3.5.8 is very close to what one would expect for
the reversible case. The entropy production is zero in all segments and approximately
zero in the cathode backing. The reason for the small jump at the cathode backing
originates from the fact that 0.1 A/m2 is used, which then contributes somewhat to the
overpotential. This results is in agreement with the reversible theoretical limit where
the total entropy production, dSirr/dt, is equal to 0 W/K m2.

3.6.4 Temperature profiles

Knowledge about the temperature profiles inside the fuel cell is important because this
may effect the material properties and overall efficiency of the fuel cell. The model deals
with temperature independent properties, but it is possible to extend the simulation
model to include temperature effects if the temperature jumps are significant. The tem-
perature is dropping for all four values of current density, with the largest temperature
being at the start of the anode backing and the lowest temperature being at the end
of the cathode backing. This is in agreement with the work from Vie and Kjelstrup[2],
where they observed that the anode was slightly hotter than the cathode at stationary
state operation of a polymer electrolyte fuel cell with one Nafion 115 membrane. It is
apparent from the profiles that higher current density leads to a higher temperature
drop over the fuel cell. This can be seen with the temperature dropping from 330 K to
approximately 310 K for j = 5000 A/m2, which is a temperature difference of 20 K. The
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lowest current density, j = 200 A/m2, gives a temperature drop from 330 K to approxi-
mately 327.5 K, which is a temperature difference of 2.5 K. The temperature difference
for current density equal to 200 A/m2 is small enough that temperature effects in ma-
terial properties can be neglected. For higher current densities, such as j = 5000 A/m2,
it may be important to include these temperature differences in the material properties,
to get a more accurate simulation model.

The differential equations (3.31), (3.44) and (3.51) for the temperature in the differ-
ent segments, and the figures in the result section, indicate that the dominating term
is the term with the measurable heat flux when it comes to determination of the tem-
perature gradient at lower current density. This term will contribute negatively to the
temperature gradient for positive values of the measurable heat flux, and positively when
the measurable heat flux is negative. The Peltier effect will always contribute negatively
to the temperature gradient in the anode and cathode backing, while the membrane will
have a positive contribution. This is due to the Peltier coefficient always being nega-
tive for the anode and cathode backing, and almost always positive for the membrane.
This was explained in detail in the previous section for the anode and cathode backing,
and similar explanation is valid for the membrane. From Equation (3.49) one can see
that the term with the entropy of the protons is always larger than the term with the
entropy of water, except for very high temperatures, which then results in a positive
Peltier coefficient for all reasonable temperatures. From the differential equations it is
clear that the peltier effect will contribute more at higher current densities as the term is
linearly dependent of the current density. The coupled term with the mass flux is small
compared to the effect form the measurable heat flux and and the Peltier effect and will
therefore have close to zero contribution to the temperature gradient. The heat flux
results show positive values for all the cases, and it is therefore possible to conclude that
the temperature will always drop in the anode and cathode backing of the fuel cell. The
higher the current density the larger the drops will be. The membrane will in most cases
have a temperature drop as well, according to the results, but the Peltier effect will be
the determinative term with higher current densities over 5000 A/m2. This will result
in the temperature increasing or varying non-linearly in the membrane if the current
density is high enough. This was tested with the simulation model and current densities
higher than 15 000 A/m2 gave clear contributions of the Peltier effect to the temperature
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inside the membrane. This trend was especially visible if the boundary temperature of
the anode backing was lowered from T = 330 K to a lower temperature. In this test,
the temperature profile became curved and had a peak in the middle of the membrane
segment. This test showed how important temperature control is for the PEM fuel cell,
and changing the operating temperature clearly affects the system. If the system had
two constant temperatures instead of just one, which is the boundary condition at the
anode backing, then the overall results would be different, and it would be of interest to
study this in future simulations.

3.6.5 Water and oxygen profiles

The transport number for water in the Nafion membrane, tmw , is equal to 1.2. 1.2 moles
of water is transported from the anode backing and into the membrane per 0.5 moles
of hydrogen according to the stoichiometry. This implies that more water is drawn to
the end of the anode backing and through the anode surface than hydrogen per second.
With a constant pressure, this means that hydrogen accumulates in front of the anode
surface. The mole fraction profiles of water in the anode backing support this theoretical
approach with the mole fraction dropping down all the way from the start of the anode
backing and to the anode surface for all current densities used. Hydrogen is also being
drawn to anode surface and reacts according to the electrochemical reaction in Equation
(3.1). Oxygen is being transported through the cathode backing and to the cathode
surface where the electrochemical reaction in Equation (3.2) is occurring. The oxygen
starts at a mole fraction of 0.21 at the right side of the cathode backing, equal to the
mole fraction in air, and drops down the closer to the cathode surface one is. This is in
agreement with the theoretical approach. Both the mole fraction of oxygen and water
has an increasing drop with increased current density.

These results are found by assuming fixed porosity and no clogging of the pores by
water. A study has been done on these effects[16] and it has been found that the effects
may influence the access of oxygen. This should be included in the future for more
accurate results as it may affect the results when trying to model a real fuel cell.
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3.6.6 Electrical potential profiles

The anode backing and cathode backing have approximately no variation in electrical
potential, as can be seen in the electrical potential profiles in the result section. This is
the case for all four current densities used. The differential equations (3.33) and (3.53)
for the electrical potential can explain this. The main reason for this originates from
the low electrical resistance in the anode and cathode backing, along with the small
gradients in these segments. Both the temperature gradient and mole fraction gradient
are small in these sections, the highest being the temperature gradient in the anode and
cathode backing for j = 5000 A/m2. This is still not large enough to get a variation in
the electrical potential when inserted into the equations due to the anode and cathode
electrical resistances being small.

The membrane shows an increasing variation in electrical potential as the current density
is increasing. The lowest current density, j = 200 A/m2, is almost not visible, while the
higher current densities shows a clear drop in electrical potential going from the anode
side of the membrane to the cathode side. This is due to the ohmic resistance term of
Equation (3.46). The electrical resistance coefficient, rm is varying with respect to the
water content, as shown in the theory section, and this parameter is larger than the
electrical resistance in the anode and cathode backing. This is the main reason we get
an electrical potential drop over the membrane. For j = 5000 A/m2 the profile shows
a non linear drop in the membrane, and this originates from the membrane’s electrical
resistance not being linear with respect to the water content and the fact that the water
content varies more for higher current densities than for lower. The last term of Equa-
tion (3.46) has a linear dependency of the current density, and it is thus expected to see
an increase in electrical potential difference for increasing current density, in accordance
to the obtained results.

The anode surface has an electrical potential drop of close to 0.2 V for all four cases
of current densities. The drop is slightly larger for higher current densities, but this
difference is small compared to the value of 0.2 V. The potential drop occurring at the
anode surface can be as a result of the disappearance of hydrogen due to electrochemical
reaction taking place. Similar we have a jump in electrical potential at the cathode
surface which is a result of the electrochemical reaction taking place at the surface with

94



Gibbs energy being converted to electrical energy. The jump is decreasing for increasing
current density and this can be explained by the overpotential being larger for increased
current density.

The difference in electrical potential at the start of the anode backing and the end
of the cathode backing is the cell potential, which can be related to electrical energy. It
is evident from looking at the profiles for the varying current densities that increasing the
current density also decrease the cell potential and therefore also decrease the potential
work that is obtainable from the fuel cell. The main reason for this is the increasing
effect of the overpotential at the cathode surface when the current density is increasing,
which can be seen in Equations (3.73) and (3.74).

3.6.7 Measurable heat flux profiles

Knowing how the measurable heat flux varies through the fuel cell is important for the
design of the heat exchanger in the system. If the measurable heat flux is very large for
a given system of the fuel cell then considerations need to be done to properly assure
enough transport of heat in or out of the fuel cell. The measurable heat flux profiles are
almost identical in behavior, but vary in value for the four different current densities.
The measurable heat flux is constant through the anode backing and the cathode back-
ing. The reason for this result originates from the energy balance in these segments;
Equations (3.34) and (3.54). There is little enthalpy difference in these segments due to
small temperature gradients and there is no variation in electrical potential which results
in little change in the heat flux. There is a small difference in the heat flux over the
Nafion membrane, which is increasing for increased current density. The single reason
for this variation is the variation in electrical potential for higher current densities, which
contributes with the term j(dφ/dx). Since the electrical potential gradient is negative
then it is clear from Equation (3.48) that the measurable heat flux has to increase to
maintain the energy balance in the membrane, which we can see in the heat flux profiles.
There is a very small change in enthalpies in the membrane due to low temperature
gradients, which then has close to zero contribution to the energy balance.

The heat flux is changing in a non linear way in the membrane for higher current densi-
ties such as 5000 A/m2. The reason for this non-linearity is a result from the non linear
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increase in electrical resistance in the membrane as the water content is changing. The
change in water content is small at lower current densities when compared to higher
current densities such as 5000 A/m2. Which means the non-linear profile will only start
to appear for higher current densities, and it will be more apparent as the current den-
sity increases. The largest variations in the heat flux for all current densities happens at
the electrode surfaces. The main reasons for this is the electrochemical reactions taking
place, as well as phase change of water.

Heat is going into the anode backing, and out of the cathode backing in the four cases
of current densities.. The heat going out of the cathode backing is higher than what
is coming into the anode backing, and the fuel cell is then producing heat, which is as
expected. The heat flux is increasing with increased current density, which originates
from the energy balances in the system. The temperature gradient is negative in all
segments for the four current densities used in this simulation. The electrical potential
gradient is also negative in all segments. By looking at the energy balances it is then
clear that the measurable heat flux has to increase to compensate for this energy loss.
The enthalpy of the start of the membrane is more negative than the enthalpy at the
end of the anode backing, due to phase change in water going from gas to liquid. Ad-
ditionally there is a jump in the electrical potential in the cathode surface. This jump
is too small when compared to the change in enthalpy, which means that the cathode
surface has an energy loss. This energy loss has to be compensated by an increase in
the measurable heat flux, which results in the jump in measurable heat flux in the an-
ode surface. The enthalpy at the start of the cathode backing is less negative than the
enthalpy at the end of the membrane, due to phase change in water going from liquid
to gas. However, the water flux in the cathode backing is higher than the water flux
in the membrane, which results in a more negative term in the energy balance at the
start of the cathode backing. Additionally there is a jump in the electrical potential in
the cathode surface. The cathode surface then has two energy losses, similar as for the
anode surface, which have to be compensated by an increase in the measurable heat flux.

The heat coming into the anode backing is as of now not yet accounted for, and earlier
studies have shown the anode backing to produce heat to the surroundings[1]. There
is however a difference in the system for this model and previously made models where
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only one temperature is kept constant, which is the anode backing temperature of T =
330 K. It is therefore not possible to compare this model directly with other simulation
results. This difference in system settings is expected to be the main reason for the
difference from other simulation results. It would be interesting to see if the results
from this model could match the results from earlier experiments if the cathode backing
temperature also was controlled and set as constant. This is something that would be
important to do in future work as it could be a good test for the validity of the model.

3.6.8 Entropy production

The entropy production increases with increasing electrical current j, as can be seen in
the figures in the results section. The profiles are almost identical in behavior with there
being very little entropy production in the anode and cathode backing. This can be
understood from Equations (3.8) and (3.12). Since the gradients are small in the anode
and cathode backing, then there is little contribution to the entropy production as well.
The membrane has a bit more noticeable increase in the entropy production, and this is
increasing as the current density goes up. The entropy production in Equation (3.10) is
dependent on the gradient of the electrical potential, and it is therefore understandable
that there is an increasing entropy production in the membrane for increased current
density. The gradient of the electrical potential will be more negative the larger the
current density is, so the entropy production increase is expected. There is very little
entropy production in the anode surface for all four cases, while almost all entropy pro-
duction in the fuel cell happens in the cathode surface. One of the main reasons for this
energy loss in the cathode surface is the overpotential, but the ohmic resistances may
also play a role in the entropy production.

The results from the accumulated entropy production calculated from integrating the
local entropy production in each segment of the cell, which is shown in the Table 3.5.3 in
the results section, is close in value to the entropy production calculated from the total
entropy balance of the system in and out of the cell. This is an indication of the system
being in agreement with the physical laws and it appears to be an accurate model for
this 1-dimensional simplified PEM fuel cell. It appears that higher current densities give
a smaller variation in difference of the two ways to calculate the entropy production, but
this may be coincidental as there are too few results to back this up further. Further
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study on the variations for various current density could provide important information
as to which regions of the current density the model is accurate and which regions it may
be less accurate. The variation between the two ways of calculating the entropy produc-
tion may come from the assumptions that is done in the simulation model. Especially
is the assumptions done for the surfaces of anode and cathode of interest, and getting
better knowledge about would be important for the model. This may also explain the
variations in accuracy of the calculated entropy production for various current densities.
Higher current densities may in fact make the assumptions more correct, as the ohmic
resistance term, which is linear in current density, starts to be more dominant. This
would make the neglected temperature differences in the model less important.

3.6.9 Polarization profile

The polarization curves in Figure 3.5.33 shows how the cell potential in the fuel cell
is decreasing with increasing current density. The main reason for this decrease is the
increase in ohmic loss as current density is increasing. As the current density goes to zero
the cell potential goes to the theoretical limit value at the reversible case, which equals
1.17 V for T = 330 K. This a good indication of the model being in agreement with
earlier known results and theory. Comparing this result to other polarizations curves
show this curve to decrease faster than what is expected. However, study has been done
on how the proton exchange membrane fuel cell is affected by the operating temperature,
pressure and stoichiometric ratio. This study is done by Bhatt et al.[17]. This study
shows how lowering the operating temperature in the fuel cell leads to lower cell potential
for all current densities. The polarization curve for 333 K as the operating temperature
is shown in their results. To compare this with the results in this simulation model one
has to use a mean temperature in the simulated fuel cell. The operating temperature
would be close to T = 320 K if one takes an estimate for the current densities from 0
A/m2 to 5000 A/m2. The curve for T = 333 K from the work of Bhatt et al. is close
to the simulated curve in our results, but it is still higher. If the trend is followed as
Bhatt et al. suggest then the simulated results with an operating temperature of 320 K
could match experimental results. There may still be variations between this simulated
result and experimental results as a consequence of only holding the anode backing
temperature constant. It is usually normal to hold the cathode backing temperature
constant as well, and this may affect the simulation results so that they differ from
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experimental results. A test of increasing the operating temperature was done, which
indeed resulted in higher values for the polarization curve, as predicted by the study of
Bhatt et al.[17]. The neglect of the anode overpotential in the simulation model may
also affect the results somewhat compared to experimental results.

3.6.10 Sensitivity analysis

A sensitivity analysis was performed to get a clear picture of what parameters may in-
fluence the results when changed. It became evident that changing material parameters
such as the heat conductivity or mass diffusion constant had an impact on the result.
For instance, changing the heat conductivity in the anode and the cathode backing to
1 W/m K changed the temperature drop in the membrane significantly and thus made
the temperature difference between the anode backing and the cathode backing larger.
Increasing the heat conductivity also increased the measurable heat flux in all the seg-
ments in the cell, but the difference in value between the anode and cathode backing
remained approximately the same.

The diffusion constant of water inside membrane was decreased with a factor of 1000
to see how this affected the results. This changed the results dramatically for some of
the profiles. The temperature gradients changed in all segments of the cell. The gra-
dients were now positive instead of negative, which resulted in a temperature increase
in all segments of the cell. For instance was there a difference of approximately 10
K down from the anode backing to the cathode backing for j = 1000 A/m2 when the
diffusion constant was equal to 8.05 · 10−8 m2/s. With the new diffusion constant the
temperature difference was 14 K up from the anode backing to the cathode backing.
This is a difference of 24 K. The measurable heat flux also changes sign with the new
diffusion constant. Heat was coming out of the anode backing and into the cathode
backing, which is the reversed situation to the results obtained for the regular value
of diffusion constant. The entropy production has increased with the decrease in the
diffusion constant, especially for higher current densities. For the current density of j =
1000 A/m2 the accumulated entropy production of the end of the cathode backing was
almost twice as large as for the smaller diffusion constant. One possible explanation for
this can be the increase in resistance for the mass diffusion through the Nafion mem-
brane. This would result in a higher energy loss in the membrane due to mass transport.

99



It is not only the material properties that are affecting the results, but also input param-
ets, such as the temperature at the start of the anode backing, which shows how sensitive
the simulation of the PEM fuel cell is with respect to system variations. By lowering the
start temperature down to 300 K gave completely different results. The temperature in
the fuel cell was increasing for almost all values of current density, while the measurable
heat flux was negative in all segments. The electrical potential became very low with
this temperature, which is in agreement with the experiments done by Bhatt et. al[17],
where lowering the temperature would lower the fuel cells potential. The electrical po-
tential became as low as under 0 V for some current densities, which indicates that this
temperature would be too low as an operating temperature. The work of Balasubrama-
nian et al.[18] shows that most PEM fuel cell to have an optimal working temperature
between 50 oC and 90 oC (323 K and 363 K). However, they are emphasizing that the
working conditions for the fuel cell differ in different surroundings and settings. They
further focus on the important aspect of a mathematical simulation model that takes
the surroundings of PEM fuel cell into consideration to get an accurate and efficient
working temperature.

It is apparent that the change in the material properties are significant for the results.
Temperature may change sign and value after what type of heat conductivity and mass
diffusion constant that is used. More importantly, the entropy production is also af-
fected by change in the material properties and the change is as much as a factor of 2
times as high when the diffusion constant in the membrane was lowered a factor of 1000.
The diffusion constant of water has been studied in other papers[19] where the result is
different from the one obtained by Villaluenga et al.[13]. It is therefore not given what
the real diffusion constant for water in the Nafion membrane is, if looking at different
results. The model predicts that changing the material properties can give different
results, and it is then important to have accurate material properties if the results are
to reflect a real PEM fuel cell. More study on the material properties, and not just the
known quantities, but also the estimated ones, is essential to get a more robust model
that can give more accurate results.
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3.6.11 Reasonability of the assumptions for the surfaces

As can be seen in Appendix C, the assumption of ∆m,sT = 0 K and ∆s,mT = 0 K may not
be correct. By doing some estimations, and using the results for the approximated model,
made it possible to get a value for the jump between the surface and the membrane. This
was - 1.5 K for current density equal to 500 A/m2. This is larger than the temperature
difference in the anode surface in Figure 3.5.15, which then would indicate that the
temperature difference between the surface and the membrane should not be neglected.
It is important to take notice that the measurable heat flux in the membrane is taken
from the result when the temperature difference was neglected, and it is safe to assume
that the heat flux would be different if this assumption was not made. It is still a
result worth of mentioning, as it is apparent that the temperature difference between
the membrane and surface should not be neglected, and it would enhance the model
if further study was done on the surface and its behavior. A test was performed with
inserting the calculated properties into the equations related to the anode and cathode
surface. The results shows the effect of including the temperature drop between the
surface and the membrane to have the largest effect for smaller current densities. The
current density of 1000 A/m2 was almost not effected at all, apart from temperature
changes. The validity check with the difference between the total entropy production
and the sum of the integrated local entropy production was not better when this was
taken into consideration, so it is clear that this assumption may not be the main reason
for the difference. The assumption with no variations in the chemical potential in the
surfaces may be of more importance to the variations in the entropy production. To
estimate this value further knowledge is needed for the surfaces to get an accurate value.
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3.7 Conclusion

Theory of irreversible thermodynamics is used to describe the fluxes and forces in a
Proton Exchange Membrane fuel cell. The system is reduced to only have variations
in one dimension for simplicity and keeping the equations and simulation model on a
basic level. The system consists of heat and transport of mass and charge. A simulation
model has been established which gives profiles in temperature, mole fraction of com-
ponents, electrical potential, measurable heat flux and entropy production in the anode
and cathode backing, membrane and in the surfaces between each segment. Results
from plotting the effective transport number of water in the anode and cathode backing
provided information that further backs up the robustness and accuracy of the model.
The plotting of the effective water transport number did also provide information about
the validity of the model, as the effective water transport reached the theoretical limit
1.2 in the anode backing when the current density went to zero. This is in agreement
with theory.

Four cases of different current densities have been studied in detail, j = 200 A/m2,
j = 500 A/m2, j = 1000 A/m2 and j = 5000 A/m2 along with a theoretical approach
when the current density goes to zero and we get a reversible fuel cell. The entropy
production is calculated with summation of the integrated local entropy production and
from the total entropy balance in the cell. The values are in agreement with each other,
but there is a little difference which may originate from assumptions, especially from the
calculations in the surfaces. Higher current densities seem to have more accurate results
when it comes to entropy production, and this may originate from the assumptions be-
ing less important as the terms where the current density is included start to be more
dominant.

The sensitivity analysis shows that having accurate knowledge about material prop-
erties is important to get a robust model that can predict better and more accurate
results. Changing the mass diffusion constant inside the Nafion membrane or the heat
conductivity in the anode and cathode backing gave different results, and some of the
gradients changed sign and value. Similar sensitivity result for the assumptions in the
surfaces gave an indication that the temperature difference between the surface and the
membrane may not be close to zero as earlier expected. A calculation done with esti-
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mated parameters from the results made this temperature difference larger than what
was originally found for the surfaces. Further study on the material properties and es-
pecially on the behavior in the surface would be crucial to get a more robust model and
more accurate results.
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3.8 Nomenclature

Symbol Units Description
aw − Water activity
χ molecules H2O per sul-

fonic site
Water content in the membrane

cw mol/m3 Water concentration
∆nG kJ/mol Gibbs energy change at temperature T and pressure p for reac-

tion n
∆nH kJ/mol Enthalpy change at temperature T pressure p for reaction n
∆nS J/K mol Entropy change at temperature T pressure p for reaction n
Dj m2/s Diffusion constant of component j
dm m Membrane thickness
ds m Anode and cathode backing thickness
dSirr/dt W/m2 K Total entropy production
E0
cell V Maximum cell potential at temperature T in the reversible limit

Ecell V Cell potential at temperature T
F C/mol Faradays constant
Hi kJ/mol Entropy of component i
J ij mol/m2s Mass flux of component j in segment i
J
′,0
q W/m2 Start measurable heat flux in the anode backing
J
′
q W/m2 Measurable heat flux
Ju W/m2 Energy flux
j A/m2 Current density
j0 A/m2 Exchange current density of oxygen in air
λi W/m K Thermal conductivity of segment i
λsi W/m2 K Thermal conductivity of surface segment i
Lij varies Transport transference coefficient
lqq W/m Phenomenological coefficient
lqµ mol K/m s Phenomenological coefficient
lqφ C K/m s Phenomenological coefficient
lµq mol K/m s Phenomenological coefficient
lφq C K/m s Phenomenological coefficient
lµµ mol2 K/J m s Phenomenological coefficient
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lµφ mol K/V m s Phenomenological coefficient
lφµ mol K/V m s Phenomenological coefficient
lφφ C K/V m s Phenomenological coefficient
Mm kg/mol Molar mass of the membrane
µi,T kJ/mol Chemical potential of component i at temperature T
n mol Moles of electrons transported per reaction n
Ω m2 Cross-sectional area
πi J/mol Peltier heat of segment i
φ0 V Start electrical potential in the anode backing
φeff V Effective electrical potential
φ V Electrical potential
p Pa Pressure
p∗w Pa Saturated pressure of water
qi,∗ J/mol Measurable heat of transfer of segment i
ρm kg/m3 Membrane density
R J/K mol Universal gas constant
ri Ω m Electrical resistance of segment i
rs Ω m2 Electrical resistance of the surface
Si J/K mol Entropy of component i
σi W/K m2 Local entropy production in segment i
T K Temperature
T 0 K Start temperature in the anode backing
tmw − Transport number of water in the membrane
Wideal kJ/mol Maximum work
dWlost/dt W/m2 Lost work
xi − Mole fraction of component i
x0
w − Start mole fraction of water in the anode backing
x∗w − Mole fraction of saturated water
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A Experimental data

Figure A.0.1: Experimental data from the work of Akyalcin on water transport in a Nafion
membrane system with heat and transport of water.
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Figure A.0.2: Experimental data from the work of Akyalcin on water transport plotted
against the temperature difference.
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B Calculations of k-coefficient for heat of transfer

The k-coefficient used in the simulation to find the heat of transfer is calculated for each
layer in the membrane cell system by using an approximation based on Equation 8.27 in
[28]. This equation is calculating the heat of transfer through a surface s, which can be
shown in Figure 16 where i is into the surface and o is out of the surface. For instance
would the heat of transfer going through the surface between the bulk phase at the left
and the Sigracet layer at the left be given by the heat resistivity at the i index side (bulk
phase) and the o index side (Sigracet layer).

Figure B.0.3: The surface s between two layers, where i is into the surface and o is out
of the surface. There are three surfaces used in this system, one between the bulk phase and
the Sigracet layer, one between the Sigracet layer and the Nafion membrane and one between
the Nafion membrane and the other Sigracet layer.

This approximation for the k-coefficient is given in Equation (B.1). Equation (B.3) is
the same approximation, but with inserted thermal conductivity.

k =
riqq

riqq + roqq
(B.1)
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k =
1
λi

1
λi + 1

λo

(B.2)

In these equations i refers to into the surface, while o refers to out of the surface, as shown
in Figure 16. Below is calculations of the k-coefficients for GDL10AA and GDL10BA.
The first three equations shows the calculations for GDL10AA for the surface between
liquid water and Sigracet layer sa, the surface between Sigracet layer sa and membrane
and the surface between the membrane and Sigracet layer sc respectively. The last three
equations shows the calculations for GDL10BA for the surface between liquid water and
Sigracet layer sa, the surface between Sigracet layer sa and membrane and the surface
between the membrane and Sigracet layer sc respectively. In these equations, l refers to
the bulk phase, s to a Sigracet phase and m refers to the Nafion membrane. The heat
conductivity of water, λl is equal to 0.58 W/m K[32].

kl,s(GDL10AA) =
1

0.42
1

0.42 + 1
0.58

= 0.58 (B.3)

ks,m(GDL10AA) =
1

0.229
1

0.229 + 1
0.42

= 0.65 (B.4)

km,s(GDL10AA) =
1

0.42
1

0.42 + 1
0.229

= 0.35 (B.5)

kl,s(GDL10BA) =
1

0.33
1

0.33 + 1
0.58

= 0.64 (B.6)

ks,m(GDL10BA) =
1

0.229
1

0.229 + 1
0.33

= 0.59 (B.7)
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km,s(GDL10BA) =
1

0.33
1

0.33 + 1
0.229

= 0.41 (B.8)
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C Estimation of difference in chemical potential and tem-
perature at the surface

In the model temperature differences is neglected when going from the anode surface
to the membrane, and from the membrane to the cathode surface. In this appendix an
estimation of the difference will be shown, where the surface parameters are estimated.
This calculation is done on the surface between the anode backing and the membrane
for j = 500 A/m2 The equations for the difference in temperature taken from the theory
section and is given in Equations (C.1) and (C.2).

∆a,sT = −
J
′,a
q

λsa
+ q∗,a

λsa

(
Jw − tw

j

F

)
+ πa

j

λsaF
(C.1)

∆m,sT = −
J
′,m
q

λsm
+ q∗,m

λsm

(
Jmw − tmw

j

F

)
+ πm

j

λsmF
(C.2)

From the graphical representation of the results one can withdraw information of the
measurable heat fluxes. These quantities are roughly: J ′,mq = 1955 W/m2 at the an-
ode surface and J

′,m
q = 1960 W/m2 at the cathode surface. It is assumed that the

temperature difference from the surface to the membrane is zero, but it is possible to
calculate this difference if one estimate the surface parameter λsm. One can assume that
this parameter can be estimated in the same way as for the anode surface heat conduc-
tivity, dividing the membrane heat conductivity with the membrane thickness. Doing
this results in an estimated value of λsm = 1190 W/m K. The value of λm is taken from
the program at the anode surface. The peltier effect is given in the theory section, and
calculation of this at the given temperature at the anode surface, which is estimated to
be 329 K from Figure 2, gives πm = 2041 J/mol. The temperature at the cathode side
of the surface is estimated to be 325 K, which gives gives πm = 2185 J/mol. The heat
of transfer, q∗,m is found in the theory section, and calculation of this at these given
temperatures gives q∗,m = -25449 J/mol and q∗,m = -25072 J/mol for the anode and
cathode surface respectively. The calculated water flux in this simulation is equal to
Jmw =Jaw = 0.0019 mol/m2s, extracted from Table X. Inserted in Equations (C.1) and
(C.2) gives the following calculation:
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∆s,mT = −1955
1190 + −25449

1190

(
0.0019− 1.2 500

96485

)
+ 2041 500

1190 · 96485 = −1.5K (C.3)

∆s,mT = −1960
1190 + −25072

1190

(
0.0019− 1.2 500

96485

)
+ 2185 500

1190 · 96485 = −1.5K (C.4)

From these calculations the estimated temperature drop between the surface and the
membrane at the anode side is -1.5 K and the estimated temperature drop between the
surface and the membrane at the cathode side is -1.5 K.
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D Collected results for all current densities

This Appendix has figures with collected results for all current densities plotted in the
same figures.

Figure D.0.4: The temperature profiles in the system for j = 200 A/m2, j = 500 A/m2, j
= 1000 A/m2 and j = 5000 A/m2.
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Figure D.0.5: The electrical potential profiles in the system for j = 200 A/m2, j = 500
A/m2, j = 1000 A/m2 and j = 5000 A/m2.

Figure D.0.6: The measurable heat flux profiles in the system for j = 200 A/m2, j = 500
A/m2, j = 1000 A/m2 and j = 5000 A/m2.
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Figure D.0.7: The accumulated entropy production in the system for j = 200 A/m2, j =
500 A/m2, j = 1000 A/m2 and j = 5000 A/m2.
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E MatLab scripts for Part 2

1 %−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−
2 % Cac lu la t e t ranspor t trough the membrane
3 %−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−
4 f unc t i on Master ( )
5 %
6

7 %%Main program with cons tant s and f o r loop f o r i t e r a t i n g on the adsorpt ion
8 %%enthalpy .
9

10

11 c l c ;
12 c l e a r a l l ;
13 c l o s e a l l ;
14 g l o b a l Const ;
15

16 avector = [ ] ;
17 hvector = [ ] ;
18

19 f o r i = 1:500
20

21 % membrane/ l i q u i d cons tant s
22

23 %Const . absH1 = −50+i ∗50 ;
24 %[ J/mol ] % water absorpt ion in to s i g r a c e t enthalpy
25 Const . absH1 = −460;
26 %[ J/mol ] % water absorpt ion in to s i g r a c e t enthalpy
27 Const . absH2 = 0 ;
28 %[ J/mol ] % enthalpy d i f f e r e n c e from membrane and l i q u i d water
29

30 Const .R = 8 . 3 1 4 ;
31 %[ J /(K mol ) ] % u n i v e r s a l gas constant
32 Const .dm = 192E−6;
33 %[m ] % membrane t h i c k n e s s
34 Const . ds = 246E−6;
35 %[m ] % S i g r a c e t t h i c k n e s s
36 Const .Lm = 0 . 2 2 9 ;
37 %[ W/(K m) ] % membrane conduc t i v i ty
38 Const . LsAA = 0 . 4 2 ;
39 %[ W/(K m) ] % S i g r a c e t 10AA conduc t i v i ty
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40 %Const . LsAA = 0 . 3 3 ;
41 %[ W/(K m) ] % S i g r a c e t 10BA conduc t i v i ty
42 Const .Lw = 0 . 5 8 ;
43 %[ W/(K m) ] % Water conduc t i v i ty
44 Const .Dm = 8.05E−9;
45 %[ mˆ2/ s ] % membrane d i f f u s i o n c o e f f i c i e n t
46 Const . Ds = 2 .3E−8;
47 %[ mˆ2/ s ] % S i g r a c e t d i f f u s i o n c o e f f i c i e n t
48 %ro = 1970 ;
49 %[ kg/mˆ3 ] % membrane dens i ty , wet
50 ro = 1640 ;
51 %[ kg/mˆ3 ] % membrane dens i ty , dry
52 Mm = 1 . 1 ;
53 %[ kg/mol ] % membrane molar mass
54 Const .mm = Mm/ ro ;
55 %[mˆ3/mol ] % membrane concent ra t i on
56 Const .Mw = 0 . 0 1 8 ;
57 %[ kg/mol ] % water molar mass
58 Const . dfH = −285000;
59 %[ J/mol ] % water l i q u i d enthalpy o f format ion
60 Const . cm = 75 ;
61 %[ J /(K mol ) ] % water l i q u i d heat capac i ty
62 Const . Tq = 298 ;
63 %[K ] % r e f e r e n c e temperature
64

65 Ta = 3 0 4 . 5 ; %[K] Temperature in bath a 30 oC
66 Tc = 3 0 1 . 5 ; %[K] Temperature in bath c 30 oC
67

68 %Ta = 3 1 9 . 5 ; %[K] Temperature in bath a 45 oC
69 %Tc = 3 1 6 . 5 ; %[K] Temperature in bath c 45 oC
70

71 %Ta = 3 3 4 . 5 ; %[K] Temperature in bath a 60 oC
72 %Tc = 3 3 1 . 5 ; %[K] Temperature in bath c 60 oC
73

74 %Ta = 3 4 9 . 5 ; %[K] Temperature in bath a 75 oC
75 %Tc = 3 4 6 . 5 ; %[K] Temperature in bath c 75 oC
76

77 P = 1e5 ; %[ Pa ] Pressure
78

79 [T, muT, Je , Jm] = TransportP (Ta , Tc , P ) ;
80
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81 x = [ 0 , Const . ds , Const . ds+Const .dm, Const . ds+Const .dm+Const . ds ] ;
82

83 dT = Ta−Tc ;
84 a = Jm/dT;
85

86 avector = [ avector a ] ;
87 hvector = [ hvector Const . absH1 ] ;
88

89 %f i g u r e ( ’ Units ’ , ’ p i x e l s ’ , . . .
90 %’ Pos i t ion ’ , [ 100 100 500 3 7 5 ] ) ;
91 %hold on
92 %TFit = l i n e (x ,T) ;
93 %x f i t 1 = l i n e ( [ x (2 ) x ( 2 ) ] , [T(4 ) T( 1 ) ] ) ;
94 %x f i t 2 = l i n e ( [ x (3 ) x ( 3 ) ] , [T(4 ) T( 1 ) ] ) ;
95 %hXLabel = x l a b e l ( ’ d / m’ ) ;
96 %hYLabel = y l a b e l ( ’T / K’ ) ;
97 %s e t ( TFit , . . .
98 %’ LineWidth ’ , 4 ) ;
99 %s e t ( x f i t 1 , . . .

100 %’ Color ’ , ’ k ’ , . . .
101 %’ LineSty le ’ , ’−−’ , . . .
102 %’ LineWidth ’ , 4 ) ;
103 %s e t ( x f i t 2 , . . .
104 %’ Color ’ , ’ k ’ , . . .
105 %’ LineSty le ’ , ’−−’ , . . .
106 %’ LineWidth ’ , 4 ) ;
107

108

109 %xlim ( [ 0 x ( 4 ) ] )
110 %ylim ( [T(4) T( 1 ) ] )
111

112 %hLegend = legend ( . . .
113 %[ TFit , x f i t 1 ] , . . .
114 %’ Simulated f l u x c o e f f i c i e n t va lue s from MatLab ’ , . . .
115 %’ Experimental f l u x c o e f f i c i e n t value ’ , . . .
116 %’ loca t i on ’ , ’ NorthWest ’ ) ;
117

118

119 %s e t ( gca , . . .
120 %’FontName ’ , ’ He lvet i ca ’ , . . .
121 %’ FontSize ’ , 4 5 )
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122 % s e t ( [ hXLabel , hYLabel ] , . . .
123 %’FontName ’ , ’ AvantGarde ’ ) ;
124 %s e t ( hLegend , . . .
125 %’ FontSize ’ , 30 ) ;
126 %s e t ( [ hXLabel , hYLabel ] , . . .
127 %’ FontSize ’ , 55 ) ;
128

129 %s e t ( gca , . . .
130 %’Box ’ , ’ o f f ’ , . . .
131 %’ TickDir ’ , ’ out ’ , . . .
132 %’ TickLength ’ , [ . 0 4 . 0 4 ] , . . .
133 %’ XMinorTick ’ , ’ on ’ , . . .
134 %’ YMinorTick ’ , ’ on ’ , . . .
135 %’ YGrid ’ , ’ on ’ , . . .
136 %’ XColor ’ , [ . 3 . 3 . 3 ] , . . .
137 %’ YColor ’ , [ . 3 . 3 . 3 ] , . . .
138 %’ LineWidth ’ , 1 ) ;
139

140 %Experimental water f lux , d iv ided with the molar mass o f water to
141 %get the un i t mol/mˆ2 s
142

143 a = −5.032e−6/Const .Mw;
144 b = −1.084e−5/Const .Mw;
145 c = −1.94e−5/Const .Mw;
146 d = −2.692e−5/Const .Mw;
147 e = 1.034 e−5/Const .Mw;
148 f = 1 .52 e−5/Const .Mw;
149 g = 3.387 e−5/Const .Mw;
150 h = 5.502 e−5/Const .Mw;
151

152 x = [ ] ;
153

154 f o r j = 1 :1 : 10000
155 ny = −1+j ∗1 ;
156 x = [ x ny ] ;
157 y ( j ) = h ;
158 end
159

160 end
161

162 %%P lo t t i n g o f the s imulated mass f l u x from d i f f e r e n t adsorpt ion
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163 %%enthalpy va lue s with exper imenta l mass f l u x .
164

165 f i g u r e ( ’ Units ’ , ’ p i x e l s ’ , . . .
166 ’ Po s i t i on ’ , [ 100 100 500 3 7 5 ] ) ;
167 hold on ;
168 hFit = l i n e ( hvector , avector ) ;
169 expFit = l i n e (x , y ) ;
170 hXLabel = x l a b e l ( ’ \ i t {\DeltaH {abs }} \rm{/ J/mol} ’ ) ;
171 hYLabel = y l a b e l ( ’ \ i t { J {w}/\DeltaT} \rm{/ mol/mˆ{2} s K} ’

) ;
172 s e t ( hFit , . . .
173 ’ LineWidth ’ , 4 ) ;
174 s e t ( expFit , . . .
175 ’ Color ’ , ’ r ’ , . . .
176 ’ L ineSty l e ’ , ’−− ’ , . . .
177 ’ LineWidth ’ , 4 ) ;
178

179 hLegend = legend ( . . .
180 [ hFit , expFit ] , . . .
181 ’ Simulated va lue s from MatLab ’ , . . .
182 ’ Experimental va lue ’ , . . .
183 ’ l o c a t i o n ’ , ’ NorthWest ’ ) ;
184

185 xlim ( [ 6800 8200 ] )
186 ylim ( [ 0 . 0 0 2 4 0 . 0 0 3 6 ] )
187

188 s e t ( gca , . . .
189 ’FontName ’ , ’ He lve t i ca ’ , . . .
190 ’ FontSize ’ , 45)
191 s e t ( [ hXLabel , hYLabel ] , . . .
192 ’FontName ’ , ’ AvantGarde ’ ) ;
193 s e t ( hLegend , . . .
194 ’ FontSize ’ , 30 ) ;
195 s e t ( [ hXLabel , hYLabel ] , . . .
196 ’ FontSize ’ , 45 ) ;
197

198 s e t ( gca , . . .
199 ’Box ’ , ’ o f f ’ , . . .
200 ’ TickDir ’ , ’ out ’ , . . .
201 ’ TickLength ’ , [ . 0 4 . 0 4 ] , . . .
202 ’ XMinorTick ’ , ’ on ’ , . . .
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203 ’ YMinorTick ’ , ’ on ’ , . . .
204 ’ YGrid ’ , ’ on ’ , . . .
205 ’ XColor ’ , [ . 3 . 3 . 3 ] , . . .
206 ’ YColor ’ , [ . 3 . 3 . 3 ] , . . .
207 ’ LineWidth ’ , 1 ) ;
208

209

210 end
211

212

213

214

215 % a {a}=a {c}
216 %This i s the main program f o r c a l c u l a t i o n the mass and heat f l u x through
217 %the membrane c e l l system .
218 f unc t i on [T, muT, Je , Jm] = TransportP (Ta , Tc , Pa)
219 %
220

221 g l o b a l Const ;
222

223 Tm = (Ta + Tc) / 2 ;
224 %The pre s su r e i s r e a l l y not needed as t h i s i s a system with l i q u i d
225 %water and the r e s i s t i v i t i e s are dependable on the p r e s s u r e .
226 Pc = Pa ;
227 am = 1 ;
228

229 Rqq = rqq s (Ta) + rqq m (Tm) + rqq s (Tc ) ;
230 Rmq = rmq s1 (Ta) + rmq m(Tm) + rmq s2 (Tc ) ;
231 Rmm = rmm s1 (Ta) + rmm m(Tm,am) + rmm s2 (Tc ) ;
232 R = Rmm∗Rqq − Rmq∗Rmq;
233

234

235 dT = 1/Tc−1/Ta ;
236 Jm = −dT ∗(Hg(Tm)∗Rqq + Rmq)/R;
237 Je = +dT ∗(Hg(Tm)∗Rmq + Rmm)/R;
238 dT sa = Je∗ rqq s (Ta) + Jm∗ rmq s1 (Ta ) ;
239 dT mm = Je∗rqq m (Tm) + Jm∗rmq m(Tm) ;
240 dT sc = Je∗ rqq s (Tc) + Jm∗ rmq s2 (Tc ) ;
241 dmuT sa = − Je∗ rmq s1 (Ta) − Jm∗rmm s1 (Ta ) ;
242 dmuT mm = − Je∗rmq m(Tm) − Jm∗rmm m(Tm,am) ;
243 dmuT sc = − Je∗ rmq s2 (Tc) − Jm∗rmm s2 (Tc ) ;
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244

245

246 T = [ Ta , 1/(1/Ta + dT sa ) , 1/(1/Ta + dT sa + dT mm ) , . . .
247 1/(1/Ta + dT sa + dT mm + dT sc ) ] ;
248 muT = [ 0 , dmuT sa , dmuT sa + dmuT mm, dmuT sa + dmuT mm + dmuT sc ] ;
249

250

251 %
252 end
253

254 %−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−
255 % R e s i s t i v i t i e s , c a l c u l a t i o n f o r r {qq } , r {mq} and r {mm} f o r S i g r a c e t
256 % l a y e r s and membrane .
257 %−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−
258

259

260 f unc t i on r = rqq m (T)
261 g l o b a l Const ;
262 r = Const .dm/Const .Lm. /T. /T;
263 end
264

265 f unc t i on r = rqq s (T)
266 g l o b a l Const ;
267 r = Const . ds/Const . LsAA. /T. /T;
268 end
269

270

271 f unc t i on r = rmq m(T)
272 g l o b a l Const ;
273 k = (1/ Const .Lm)/( (1/ Const .Lm)+(1/ Const . LsAA ) ) ;
274 h = k∗( Const . absH1−Const . absH2 ) + Hg(T)+Const . absH2 ;
275 r = − h∗Const .dm/Const .Lm. /T. /T;
276 end
277

278 f unc t i on r = rmq s1 (T)
279 g l o b a l Const ;
280 k = (1/ Const . LsAA)/( (1/ Const .Lw)+(1/ Const . LsAA ) ) ;
281 h = −k∗Const . absH1 + Hg(T)+Const . absH1 ;
282 r = − h∗Const . ds/Const . LsAA. /T. /T;
283 end
284
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285 f unc t i on r = rmq s2 (T)
286 g l o b a l Const ;
287 k = (1/ Const . LsAA)/( (1/ Const .Lm)+(1/ Const . LsAA ) ) ;
288 h = −k∗( Const . absH1−Const . absH2 ) + Hg(T)+Const . absH1 ;
289 r = − h∗Const . ds/Const . LsAA. /T. /T;
290 end
291

292 f unc t i on r = rmm m(T, a )
293 g l o b a l Const ;
294 k = (1/ Const .Lm)/( (1/ Const .Lm)+(1/ Const . LsAA ) ) ;
295 h = k∗( Const . absH1−Const . absH2 ) + Hg(T)+Const . absH2 ;
296 mu = Const .R∗T∗Const .mm. / a . / Xia ( a ) ;
297 r = h .ˆ2∗Const .dm/Const .Lm. /T. /T + mu∗Const .dm/Const .Dm. /T;
298 end
299

300 f unc t i on r = rmm s1 (T)
301 g l o b a l Const ;
302 k = (1/ Const . LsAA)/( (1/ Const .Lw)+(1/ Const . LsAA ) ) ;
303 h = −k∗Const . absH1 + Hg(T)+Const . absH1 ;
304 mu = Const .R∗T/22240;
305 r = h .ˆ2∗Const . ds/Const . LsAA. /T. /T + mu∗Const . ds/Const . Ds . /T;
306 end
307

308 f unc t i on r = rmm s2 (T)
309 g l o b a l Const ;
310 k = (1/ Const . LsAA)/( (1/ Const .Lm)+(1/ Const . LsAA ) ) ;
311 h = −k∗( Const . absH1−Const . absH2 ) + Hg(T)+Const . absH1 ;
312 mu = Const .R∗T/22240;
313 r = h .ˆ2∗Const . ds/Const . LsAA. /T. /T + mu∗Const . ds/Const . Ds . /T;
314 end
315

316

317

318 %−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−
319 % Table f u n c t i o n s
320 %−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−
321

322 % enthalpy o f gas
323 f unc t i on r = Hg(T)
324 %
325 g l o b a l Const ;
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326 r = Const . dfH + Const . cm∗(T−Const . Tq ) ;
327 %r = Const . dfH ;
328 %
329 end
330

331 % membrane water content
332 f unc t i on x i = Xi ( a )
333 %
334 i f ( l ength ( a ) == 1)
335 %
336 i f ( a<0)
337 x i = 0 . 0 0 4 3 ;
338 e l s e i f ( a<1)
339 x i = 0.043 + 17.81∗ a − 39 .85∗ a .ˆ2 + 36.0∗ a . ˆ 3 ;
340 e l s e i f ( a<3)
341 %xi = 14 + 1 . 4∗ ( a−1);
342 x i = 16 .8 − 2 .8∗ exp(−(a−1)/0 .0607) ;
343 e l s e
344 x i = 1 6 . 8 ;
345 end
346 %xi = 14 + 1 . 4∗ ( a−1);
347 %xi = 0.0043 + 17.81∗ a − 39 .85∗ a .ˆ2 + 36.0∗ a . ˆ 3 ;
348 %
349 e l s e
350 %
351 %cannot use x i = Xi ( a ) s i n c e the re i s check ing o f the
352 %value o f each a i n s i d e x i
353 x i = ones ( s i z e ( a ) ) ;
354 f o r i =1: l ength ( a )
355 x i ( i ) = Xi ( a ( i ) ) ;
356 end
357 %
358 end
359 %
360 end
361

362 % membrane water content d e r i v a t i v e
363 f unc t i on x i = Xia ( a )
364 %
365 i f ( l ength ( a ) == 1)
366 %
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367 i f ( a<0)
368 x i = 0 ;
369 e l s e i f ( a<1)
370 x i = 17 .81 − 2∗39.85∗ a + 3∗36.0∗ a . ˆ 2 ;
371 e l s e i f ( a<3)
372 %xi = 1 . 4 ;
373 x i = 2 .8/0 .0607∗ exp(−(a−1)/0 .0607) ;
374 e l s e
375 x i = 0 ;
376 end
377 %xi = 1 . 4 ;
378 %xi = 17.81 − 2∗39.85∗ a + 3∗36.0∗ a . ˆ 2 ;
379 %
380 e l s e
381 %
382 %cannot use x i = Xi ( a ) s i n c e the re i s check ing o f the
383 %value o f each a i n s i d e x i
384 x i = ones ( s i z e ( a ) ) ;
385 f o r i =1: l ength ( a )
386 x i ( i ) = Xia ( a ( i ) ) ;
387 end
388 %
389 end
390 %
391 end
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F MatLab scripts for Part 3

1 %−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−
2 % MAIN PROGRAM! Al l m a t e r i e l p r o p e r t i e s and cons tant s used in
3 %the s imu la t i on i s l i s t e d in the s t r i n g Const . Three cur rent
4 %d e n s i t i e s are used , 200 , 500 , 1000 and 5000 A/mˆ2 which g i v e s 4
5 %s e t s o f r e s u l t s .
6 %−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−
7 f unc t i on Master3 ( )
8

9 c l c ;
10 c l e a r a l l ;
11 c l o s e a l l ;
12 g l o b a l Const ;
13

14 phi = [ ] ;
15 Jqja = [ ] ;
16 Jqjc = [ ] ;
17 Jwaj = [ ] ;
18 Jwcj = [ ] ;
19

20 j = [200 500 1000 5 0 0 0 ] ;
21 %[A/mˆ2 ] % Current dens i ty
22

23 f o r i = 1 : l ength ( j )
24 Const . j = j ( i ) ;
25

26 %General cons tant s used in the s imu la t i on
27

28 Const .R = 8 . 3 1 4 ;
29 %[ J /(K mol ) ] % u n i v e r s a l gas constant
30 Const .F = 96500 ;
31 %[C/mol ] % Faradays constant
32 Const . Tq = 298 ;
33 %[K ] % r e f e r e n c e temperature
34 Const . p = 1.013 e5 ;
35 %[ Pa ] % Standard pr e s su r e
36

37

38 %Mater i e l p r o p e r t i e s o f the Nafion membrane
39
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40 Const .dm = 192E−6;
41 %[m ] % membrane t h i c k n e s s
42 Const .Dm = 8.05E−8;
43 %[ mˆ2/ s ] % membrane d i f f u s i o n c o e f f i c i e n t
44 Const . rodry = 1640 ;
45 %[ kg/mˆ3 ] % membrane dens i ty dry
46 Const .Mm = 1 . 1 ;
47 %[ kg/mol ] % membrane molar mass
48 Const .Mw = 0 . 0 1 8 ;
49 %[ kg/mol ] % water molar mass
50 Const . twm = 1 . 2 ;
51 %[ U n i t l e s s ] % Transport number o f water
52

53

54 %Mater i e l p r o p e r t i e s o f the anode and cathode backing
55

56 Const . ds = 246E−6;
57 %[m ] % S i g r a c e t t h i c k n e s s
58 Const . LsAA = 0 . 4 2 ;
59 %[ W/(K m) ] % S i g r a c e t 10AA conduc t i v i ty
60 %Const . LsAA = 0 . 3 3 ;
61 %[ W/(K m) ] % S i g r a c e t 10BA conduc t i v i ty
62 Const . rac = 1e−4;
63 %[ ohm m) ] %E l e c t r i c a l r e s i s t a n c e in anode/ cathode
64 Const .Dwh = 5e−5;
65 %[ mˆ2/ s ) ] %Binar d i f f u s i o n o f hydrogen and water
66 Const .DON = 5e−5;
67 %[ mˆ2/ s ) ] %Binar d i f f u s i o n o f oxygen and n i t rogen
68 Const . xO20 = 0 . 2 1 ;
69 %[ u n i t l e s s ] %Mole f r a c t i o n o f oxygen at the end o f
70 % the cathode backing
71

72

73 %Mater i e l p r o p e r t i e s o f the Anode and Cathode s u r f a c e
74

75 Const . Ls = 1710 ;
76 %[ W/(K mˆ2) ] % Sur face 10AA conduc t i v i ty
77 %Const . Ls = 1300 ;
78 %[ W/(K mˆ2) ] % Sur face 10BA conduc t i v i ty
79 Const . r s = 7 .2 e−6;
80 %[ ohm mˆ2 ] %E l e c t r i c a l r e s i s t a n c e
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81 Const . tad = 0 ;
82 %[ U n i t l e s s ] % Combined t ranspor t number o f water and
83 % hydrogen in the anode backing
84

85

86

87 %%Fluxes%%
88

89 Const . j 0 = 2 .5 e−3;
90 %[A/mˆ2 ] % Exchange cur rent dens i ty
91 Const . JH2 = Const . j /(2∗Const .F ) ;
92 %[ kg/mˆ s s ] % Hydrogen gas f l u x
93 Const . JO2 = −Const . j /(4∗Const .F ) ;
94 %[ kg/mˆ s s ] % Oxygen gas f l u x
95

96

97 %%Enta lph ie s and e n t r o p i e s%%
98

99 Const .Hwm = −285e3 ;
100 %[ J/mol ] %Entalphy f o r l i q u i d water
101 Const .Swm = 70 ;
102 %[ J/K mol ] %Entropy f o r l i q u i d water
103 Const . cpw = 75 ;
104 %[ J/K mol ] %Cp f o r l i q u i d water
105 Const . Hwgas = −242e3 ;
106 %[ J/mol ] %Entalphy f o r gas water
107 Const . Swgas = 189 ;
108 %[ J/K mol ] %Entropy f o r gas water
109 Const . cpwgas = 34 ;
110 %[ J/K mol ] %Cp f o r gas water
111 Const . Sh = 192 ;
112 %[ J/K mol ] %Entropy f o r protons (H+)
113 Const . cpH = 21 ;
114 %[ J/K mol ] %Cp f o r protons (H+)
115 Const . Se = −2;
116 %[ J/K mol ] %Entropy f o r e l e c t r o n s
117 Const . Sh2 = 131 ;
118 %[ J/K mol ] %Entropy f o r H2 ( g )
119 Const . cph2 = 29 ;
120 %[ J/K mol ] %Cp f o r H2 ( g )
121 Const . So2 = 205 ;

130



122 %[ J/K mol ] %Entropy f o r O2 ( g )
123 Const . cpo2 = 29 ;
124 %[ J/K mol ] %Cp f o r O2 ( g )
125 Const . Hwvap = Const . Hwgas−Const .Hwm;
126 %[ J/K mol ] %Vapor izat ion enthalpy o f water
127

128

129 %S t a r t i n g parameters
130

131 Const . T0 = 330 ;
132 %[K] %Temperature o f the s t a r t at the anode backing
133 Jq0 = 1000 ;
134 %[W/mˆ2 ] %I n i t i a l heat f l u x guess
135

136 opt ions = opt imset ( ’ Display ’ , ’ i t e r ’ ) ;
137

138

139 %S t a r t i n g the s imu la t i on
140

141 [X, FVAL, EXITFLAG] = f s o l v e ( ’ Transport ’ , Jq0 , opt ions , 0 ) ;
142

143 [ res , phic , Jqa , Jqc , Jwa , Jwc , Xvector , Yvector ] = Transport (X, 1 ) ;
144

145

146 %Making the v e c t o r s f o r p l o t t i n g the p r o f i l e s in the same p lo t
147

148 phi = [ phi , phic ] ;
149 Jqa = Jqa /( Const . j /Const .F ) ;
150 Jqc = Jqc /( Const . j /Const .F ) ;
151 Jwaj1 = Jwa/( Const . j /Const .F ) ;
152 Jwcj1 = Jwc/( Const . j /Const .F ) ;
153 Jqja = [ Jqja , Jqa ] ;
154 Jqjc = [ Jqjc , Jqc ] ;
155 Jwaj = [ Jwaj , Jwaj1 ] ;
156 Jwcj = [ Jwcj , Jwcj1 ] ;
157

158 Temp ( : , i ) = Yvector ( : , 1 ) ;
159 phi2 ( : , i ) = Yvector ( : , 2 ) ;
160 x ( : , i ) = Yvector ( : , 3 ) ;
161 Jq ( : , i ) = Yvector ( : , 4 ) ;
162 S ( : , i ) = Yvector ( : , 5 ) ;
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163

164 Thickness ( : , i ) = Xvector ( : , 1 ) ;
165

166

167 end
168

169

170 %Pl o t t i ng the Temperatures
171

172 f i g u r e ( ’ Units ’ , ’ p i x e l s ’ , . . .
173 ’ Po s i t i on ’ , [ 100 100 500 3 7 5 ] ) ;
174 hold on
175 myfit1 = l i n e ( Thickness ( : , 1 ) , Temp ( : , 1 ) ) ;
176 myfit2 = l i n e ( Thickness ( : , 2 ) , Temp ( : , 2 ) ) ;
177 myfit3 = l i n e ( Thickness ( : , 3 ) , Temp ( : , 3 ) ) ;
178 myfit4 = l i n e ( Thickness ( : , 4 ) , Temp ( : , 4 ) ) ;
179 hXLabel = x l a b e l ( ’ \ i t {d} \rm{/ m} ’ ) ;
180 hYLabel = y l a b e l ( ’ \ i t {T} \rm{/ K} ’ ) ;
181 xlim ( [ 0 Thickness ( end , end ) ] )
182 ylim ( [ Temp( end , 4 ) 3 4 0 ] )
183 s e t ( myf it1 , . . .
184 ’ LineWidth ’ , 4 ) ;
185 s e t ( myf it2 , . . .
186 ’ LineWidth ’ , 4 , . . .
187 ’ Color ’ , ’ r ’ ) ;
188 s e t ( myf it3 , . . .
189 ’ LineWidth ’ , 4 , . . .
190 ’ Color ’ , ’ g ’ ) ;
191 s e t ( myf it4 , . . .
192 ’ LineWidth ’ , 4 , . . .
193 ’ Color ’ , ’ k ’ ) ;
194

195

196

197 hLegend = legend ( . . .
198 [ myfit1 , myfit2 , myfit3 , myf it4 ] , . . .
199 ’ Current dens i ty o f 200 \rm{A/mˆ{2}} ’ , . . .
200 ’ Current dens i ty o f 500 \rm{A/mˆ{2}} ’ , . . .
201 ’ Current dens i ty o f 1000 \rm{A/mˆ{2}} ’ , . . .
202 ’ Current dens i ty o f 5000 \rm{A/mˆ{2}} ’ , . . .
203 ’ l o c a t i o n ’ , ’ NorthWest ’ ) ;
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204

205 s e t ( gca , . . .
206 ’FontName ’ , ’ He lve t i ca ’ , . . .
207 ’ FontSize ’ , 4 5 ) ;
208 s e t ( [ hXLabel , hYLabel ] , . . .
209 ’FontName ’ , ’ AvantGarde ’ ) ;
210 s e t ( hLegend , . . .
211 ’ FontSize ’ , 30 ) ;
212 s e t ( [ hXLabel , hYLabel ] , . . .
213 ’ FontSize ’ , 45 ) ;
214

215 s e t ( gca , . . .
216 ’Box ’ , ’ o f f ’ , . . .
217 ’ TickDir ’ , ’ out ’ , . . .
218 ’ TickLength ’ , [ . 0 4 . 0 4 ] , . . .
219 ’ XMinorTick ’ , ’ on ’ , . . .
220 ’ YMinorTick ’ , ’ on ’ , . . .
221 ’ YGrid ’ , ’ on ’ , . . .
222 ’ XColor ’ , [ . 3 . 3 . 3 ] , . . .
223 ’ YColor ’ , [ . 3 . 3 . 3 ] , . . .
224 ’ LineWidth ’ , 1 ) ;
225

226

227 %Pl o t t i ng the phi
228

229 f i g u r e ( ’ Units ’ , ’ p i x e l s ’ , . . .
230 ’ Po s i t i on ’ , [ 100 100 500 3 7 5 ] ) ;
231 hold on
232 myfit1 = l i n e ( Thickness ( : , 1 ) , phi2 ( : , 1 ) ) ;
233 myfit2 = l i n e ( Thickness ( : , 2 ) , phi2 ( : , 2 ) ) ;
234 myfit3 = l i n e ( Thickness ( : , 3 ) , phi2 ( : , 3 ) ) ;
235 myfit4 = l i n e ( Thickness ( : , 4 ) , phi2 ( : , 4 ) ) ;
236 hXLabel = x l a b e l ( ’ \ i t {d} \rm{/ m} ’ ) ;
237 hYLabel = y l a b e l ( ’ \ i t {\ phi } \rm{/ V} ’ ) ;
238 xlim ( [ 0 Thickness ( end , end ) ] )
239 ylim ([−0.6 0 . 8 ] )
240 s e t ( myf it1 , . . .
241 ’ LineWidth ’ , 4 ) ;
242 s e t ( myf it2 , . . .
243 ’ LineWidth ’ , 4 , . . .
244 ’ Color ’ , ’ r ’ ) ;
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245 s e t ( myf it3 , . . .
246 ’ LineWidth ’ , 4 , . . .
247 ’ Color ’ , ’ g ’ ) ;
248 s e t ( myf it4 , . . .
249 ’ LineWidth ’ , 4 , . . .
250 ’ Color ’ , ’ k ’ ) ;
251

252

253

254 hLegend = legend ( . . .
255 [ myfit1 , myfit2 , myfit3 , myf it4 ] , . . .
256 ’ Current dens i ty o f 200 \rm{A/mˆ{2}} ’ , . . .
257 ’ Current dens i ty o f 500 \rm{A/mˆ{2}} ’ , . . .
258 ’ Current dens i ty o f 1000 \rm{A/mˆ{2}} ’ , . . .
259 ’ Current dens i ty o f 5000 \rm{A/mˆ{2}} ’ , . . .
260 ’ l o c a t i o n ’ , ’ NorthWest ’ ) ;
261

262 s e t ( gca , . . .
263 ’FontName ’ , ’ He lve t i ca ’ , . . .
264 ’ FontSize ’ , 4 5 ) ;
265 s e t ( [ hXLabel , hYLabel ] , . . .
266 ’FontName ’ , ’ AvantGarde ’ ) ;
267 s e t ( hLegend , . . .
268 ’ FontSize ’ , 30 ) ;
269 s e t ( [ hXLabel , hYLabel ] , . . .
270 ’ FontSize ’ , 45 ) ;
271

272 s e t ( gca , . . .
273 ’Box ’ , ’ o f f ’ , . . .
274 ’ TickDir ’ , ’ out ’ , . . .
275 ’ TickLength ’ , [ . 0 4 . 0 4 ] , . . .
276 ’ XMinorTick ’ , ’ on ’ , . . .
277 ’ YMinorTick ’ , ’ on ’ , . . .
278 ’ YGrid ’ , ’ on ’ , . . .
279 ’ XColor ’ , [ . 3 . 3 . 3 ] , . . .
280 ’ YColor ’ , [ . 3 . 3 . 3 ] , . . .
281 ’ LineWidth ’ , 1 ) ;
282

283

284 %Pl o t t i ng the mole f r a c t i o n
285
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286 f i g u r e ( ’ Units ’ , ’ p i x e l s ’ , . . .
287 ’ Po s i t i on ’ , [ 100 100 500 3 7 5 ] ) ;
288 hold on
289 myfit1 = l i n e ( [ Thickness (1 , 1 ) Thickness ( 4 0 , 1 ) ] , [ x ( 1 , 1 ) x ( 4 0 , 1 ) ] ) ;
290 myfit2 = l i n e ( [ Thickness (1 , 2 ) Thickness ( 4 0 , 2 ) ] , [ x ( 1 , 1 ) x ( 4 0 , 2 ) ] ) ;
291 myfit3 = l i n e ( [ Thickness (1 , 3 ) Thickness ( 4 0 , 3 ) ] , [ x ( 1 , 1 ) x ( 4 0 , 3 ) ] ) ;
292 myfit4 = l i n e ( [ Thickness (1 , 4 ) Thickness ( 4 0 , 4 ) ] , [ x ( 1 , 1 ) x ( 4 0 , 4 ) ] ) ;
293 myfit5 = l i n e ( [ Thickness (41 ,1 ) Thickness ( end , 1 ) ] , [ x (41 ,1 ) x ( end , 1 ) ] ) ;
294 myfit6 = l i n e ( [ Thickness (41 ,2 ) Thickness ( end , 2 ) ] , [ x (41 ,1 ) x ( end , 2 ) ] ) ;
295 myfit7 = l i n e ( [ Thickness (41 ,3 ) Thickness ( end , 3 ) ] , [ x (41 ,1 ) x ( end , 3 ) ] ) ;
296 myfit8 = l i n e ( [ Thickness (41 ,4 ) Thickness ( end , 4 ) ] , [ x (41 ,1 ) x ( end , 4 ) ] ) ;
297 hXLabel = x l a b e l ( ’ \ i t {d} \rm{/ m} ’ ) ;
298 hYLabel = y l a b e l ( ’ \ i t {x} ’ ) ;
299 xlim ( [ 0 Thickness ( end , end ) ] )
300 ylim ( [ 0 . 1 1 0 . 2 1 ] )
301 s e t ( myf it1 , . . .
302 ’ LineWidth ’ , 4 ) ;
303 s e t ( myf it2 , . . .
304 ’ LineWidth ’ , 4 , . . .
305 ’ Color ’ , ’ r ’ ) ;
306 s e t ( myf it3 , . . .
307 ’ LineWidth ’ , 4 , . . .
308 ’ Color ’ , ’ g ’ ) ;
309 s e t ( myf it4 , . . .
310 ’ LineWidth ’ , 4 , . . .
311 ’ Color ’ , ’ k ’ ) ;
312 s e t ( myf it5 , . . .
313 ’ LineWidth ’ , 4 ) ;
314 s e t ( myf it6 , . . .
315 ’ LineWidth ’ , 4 , . . .
316 ’ Color ’ , ’ r ’ ) ;
317 s e t ( myf it7 , . . .
318 ’ LineWidth ’ , 4 , . . .
319 ’ Color ’ , ’ g ’ ) ;
320 s e t ( myf it8 , . . .
321 ’ LineWidth ’ , 4 , . . .
322 ’ Color ’ , ’ k ’ ) ;
323

324

325

326 hLegend = legend ( . . .
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327 [ myfit1 , myfit2 , myfit3 , myf it4 ] , . . .
328 ’ Current dens i ty o f 200 \rm{A/mˆ{2}} ’ , . . .
329 ’ Current dens i ty o f 500 \rm{A/mˆ{2}} ’ , . . .
330 ’ Current dens i ty o f 1000 \rm{A/mˆ{2}} ’ , . . .
331 ’ Current dens i ty o f 5000 \rm{A/mˆ{2}} ’ , . . .
332 ’ l o c a t i o n ’ , ’ NorthWest ’ ) ;
333

334 s e t ( gca , . . .
335 ’FontName ’ , ’ He lve t i ca ’ , . . .
336 ’ FontSize ’ , 4 5 ) ;
337 s e t ( [ hXLabel , hYLabel ] , . . .
338 ’FontName ’ , ’ AvantGarde ’ ) ;
339 s e t ( hLegend , . . .
340 ’ FontSize ’ , 30 ) ;
341 s e t ( [ hXLabel , hYLabel ] , . . .
342 ’ FontSize ’ , 45 ) ;
343

344 s e t ( gca , . . .
345 ’Box ’ , ’ o f f ’ , . . .
346 ’ TickDir ’ , ’ out ’ , . . .
347 ’ TickLength ’ , [ . 0 4 . 0 4 ] , . . .
348 ’ XMinorTick ’ , ’ on ’ , . . .
349 ’ YMinorTick ’ , ’ on ’ , . . .
350 ’ YGrid ’ , ’ on ’ , . . .
351 ’ XColor ’ , [ . 3 . 3 . 3 ] , . . .
352 ’ YColor ’ , [ . 3 . 3 . 3 ] , . . .
353 ’ LineWidth ’ , 1 ) ;
354

355

356 %Pl o t t i ng the measurable heat f l u x
357

358 f i g u r e ( ’ Units ’ , ’ p i x e l s ’ , . . .
359 ’ Po s i t i on ’ , [ 100 100 500 3 7 5 ] ) ;
360 hold on
361 myfit1 = l i n e ( Thickness ( : , 1 ) , Jq ( : , 1 ) ) ;
362 myfit2 = l i n e ( Thickness ( : , 2 ) , Jq ( : , 2 ) ) ;
363 myfit3 = l i n e ( Thickness ( : , 3 ) , Jq ( : , 3 ) ) ;
364 myfit4 = l i n e ( Thickness ( : , 4 ) , Jq ( : , 4 ) ) ;
365 hXLabel = x l a b e l ( ’ \ i t {d} \rm{/ m} ’ ) ;
366 hYLabel = y l a b e l ( ’ \ i t { J {q}ˆ{ ‘}} \rm{/ W/mˆ{2}} ’ ) ;
367 xlim ( [ 0 Thickness ( end , end ) ] )
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368 ylim ([−5000 13000 ] )
369 s e t ( myf it1 , . . .
370 ’ LineWidth ’ , 4 ) ;
371 s e t ( myf it2 , . . .
372 ’ LineWidth ’ , 4 , . . .
373 ’ Color ’ , ’ r ’ ) ;
374 s e t ( myf it3 , . . .
375 ’ LineWidth ’ , 4 , . . .
376 ’ Color ’ , ’ g ’ ) ;
377 s e t ( myf it4 , . . .
378 ’ LineWidth ’ , 4 , . . .
379 ’ Color ’ , ’ k ’ ) ;
380

381

382

383 hLegend = legend ( . . .
384 [ myfit1 , myfit2 , myfit3 , myf it4 ] , . . .
385 ’ Current dens i ty o f 200 \rm{A/mˆ{2}} ’ , . . .
386 ’ Current dens i ty o f 500 \rm{A/mˆ{2}} ’ , . . .
387 ’ Current dens i ty o f 1000 \rm{A/mˆ{2}} ’ , . . .
388 ’ Current dens i ty o f 5000 \rm{A/mˆ{2}} ’ , . . .
389 ’ l o c a t i o n ’ , ’ NorthWest ’ ) ;
390

391 s e t ( gca , . . .
392 ’FontName ’ , ’ He lve t i ca ’ , . . .
393 ’ FontSize ’ , 4 5 ) ;
394 s e t ( [ hXLabel , hYLabel ] , . . .
395 ’FontName ’ , ’ AvantGarde ’ ) ;
396 s e t ( hLegend , . . .
397 ’ FontSize ’ , 30 ) ;
398 s e t ( [ hXLabel , hYLabel ] , . . .
399 ’ FontSize ’ , 45 ) ;
400

401 s e t ( gca , . . .
402 ’Box ’ , ’ o f f ’ , . . .
403 ’ TickDir ’ , ’ out ’ , . . .
404 ’ TickLength ’ , [ . 0 4 . 0 4 ] , . . .
405 ’ XMinorTick ’ , ’ on ’ , . . .
406 ’ YMinorTick ’ , ’ on ’ , . . .
407 ’ YGrid ’ , ’ on ’ , . . .
408 ’ XColor ’ , [ . 3 . 3 . 3 ] , . . .
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409 ’ YColor ’ , [ . 3 . 3 . 3 ] , . . .
410 ’ LineWidth ’ , 1 ) ;
411

412

413 %Pl o t t i ng entropy product ion
414

415 f i g u r e ( ’ Units ’ , ’ p i x e l s ’ , . . .
416 ’ Po s i t i on ’ , [ 100 100 500 3 7 5 ] ) ;
417 hold on
418 myfit1 = l i n e ( Thickness ( : , 1 ) , S ( : , 1 ) ) ;
419 myfit2 = l i n e ( Thickness ( : , 2 ) , S ( : , 2 ) ) ;
420 myfit3 = l i n e ( Thickness ( : , 3 ) , S ( : , 3 ) ) ;
421 myfit4 = l i n e ( Thickness ( : , 4 ) , S ( : , 4 ) ) ;
422 hXLabel = x l a b e l ( ’ \ i t {d} \rm{/ m} ’ ) ;
423 hYLabel = y l a b e l ( ’ \ i t {\ sigma} \rm{/ W/mˆ{2}K} ’ ) ;
424 xlim ( [ 0 Thickness ( end , end ) ] )
425 ylim ( [ 0 2 5 ] )
426 s e t ( myf it1 , . . .
427 ’ LineWidth ’ , 4 ) ;
428 s e t ( myf it2 , . . .
429 ’ LineWidth ’ , 4 , . . .
430 ’ Color ’ , ’ r ’ ) ;
431 s e t ( myf it3 , . . .
432 ’ LineWidth ’ , 4 , . . .
433 ’ Color ’ , ’ g ’ ) ;
434 s e t ( myf it4 , . . .
435 ’ LineWidth ’ , 4 , . . .
436 ’ Color ’ , ’ k ’ ) ;
437

438

439

440 hLegend = legend ( . . .
441 [ myfit1 , myfit2 , myfit3 , myf it4 ] , . . .
442 ’ Current dens i ty o f 200 \rm{A/mˆ{2}} ’ , . . .
443 ’ Current dens i ty o f 500 \rm{A/mˆ{2}} ’ , . . .
444 ’ Current dens i ty o f 1000 \rm{A/mˆ{2}} ’ , . . .
445 ’ Current dens i ty o f 5000 \rm{A/mˆ{2}} ’ , . . .
446 ’ l o c a t i o n ’ , ’ NorthWest ’ ) ;
447

448 s e t ( gca , . . .
449 ’FontName ’ , ’ He lve t i ca ’ , . . .
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450 ’ FontSize ’ , 4 5 ) ;
451 s e t ( [ hXLabel , hYLabel ] , . . .
452 ’FontName ’ , ’ AvantGarde ’ ) ;
453 s e t ( hLegend , . . .
454 ’ FontSize ’ , 30 ) ;
455 s e t ( [ hXLabel , hYLabel ] , . . .
456 ’ FontSize ’ , 45 ) ;
457

458 s e t ( gca , . . .
459 ’Box ’ , ’ o f f ’ , . . .
460 ’ TickDir ’ , ’ out ’ , . . .
461 ’ TickLength ’ , [ . 0 4 . 0 4 ] , . . .
462 ’ XMinorTick ’ , ’ on ’ , . . .
463 ’ YMinorTick ’ , ’ on ’ , . . .
464 ’ YGrid ’ , ’ on ’ , . . .
465 ’ XColor ’ , [ . 3 . 3 . 3 ] , . . .
466 ’ YColor ’ , [ . 3 . 3 . 3 ] , . . .
467 ’ LineWidth ’ , 1 ) ;
468

469

470

471 %Pl o t t i ng the p o l a r i z a t i o n curve
472

473 f i g u r e ( ’ Units ’ , ’ p i x e l s ’ , . . .
474 ’ Po s i t i on ’ , [ 100 100 500 3 7 5 ] ) ;
475 hold on
476 myfit1 = l i n e ( j , phi ) ;
477 myfit2 = l i n e ( [ 0 j ( end ) ] , . . .
478 [ 1 . 1 7 1 . 1 7 ] ) ;
479 hXLabel = x l a b e l ( ’ \ i t { j } \rm{/ A/mˆ{2}} ’ ) ;
480 hYLabel = y l a b e l ( ’ \ i t {E { c e l l }} \rm{/ V} ’ ) ;
481 s e t ( myf it1 , . . .
482 ’ LineWidth ’ , 4 ) ;
483 s e t ( myf it2 , . . .
484 ’ LineWidth ’ , 4 , . . .
485 ’ Color ’ , ’ r ’ ) ;
486

487

488

489 hLegend = legend ( . . .
490 [ myfit1 , myf it2 ] , . . .
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491 ’ Ce l l p o t e n t i a l from s imu la t i on ’ , . . .
492 ’ T h e o r e t i c a l c e l l p o t e n t i a l in the r e v e r s i b l e l i m i t ’ , . . .
493 ’ l o c a t i o n ’ , ’ NorthWest ’ ) ;
494

495 s e t ( gca , . . .
496 ’FontName ’ , ’ He lve t i ca ’ , . . .
497 ’ FontSize ’ , 4 5 ) ;
498 s e t ( [ hXLabel , hYLabel ] , . . .
499 ’FontName ’ , ’ AvantGarde ’ ) ;
500 s e t ( hLegend , . . .
501 ’ FontSize ’ , 30 ) ;
502 s e t ( [ hXLabel , hYLabel ] , . . .
503 ’ FontSize ’ , 45 ) ;
504

505 s e t ( gca , . . .
506 ’Box ’ , ’ o f f ’ , . . .
507 ’ TickDir ’ , ’ out ’ , . . .
508 ’ TickLength ’ , [ . 0 4 . 0 4 ] , . . .
509 ’ XMinorTick ’ , ’ on ’ , . . .
510 ’ YMinorTick ’ , ’ on ’ , . . .
511 ’ YGrid ’ , ’ on ’ , . . .
512 ’ XColor ’ , [ . 3 . 3 . 3 ] , . . .
513 ’ YColor ’ , [ . 3 . 3 . 3 ] , . . .
514 ’ LineWidth ’ , 1 ) ;
515

516

517

518 %Pl o t t i ng the heat f l u x d iv ided by j /F
519

520 f i g u r e ( ’ Units ’ , ’ p i x e l s ’ , . . .
521 ’ Po s i t i on ’ , [ 100 100 500 3 7 5 ] ) ;
522 hold on
523 myfit1 = l i n e ( j , Jqja ) ;
524 myfit2 = [ ] ;
525 hXLabel = x l a b e l ( ’ \ i t { j } \rm{/ A/mˆ{2}} ’ ) ;
526 hYLabel = y l a b e l ( ’ \ i t { J {q }ˆ{ ‘ , a }/( j /F)} \rm{/ J/mol} ’

) ;
527 s e t ( myf it1 , . . .
528 ’ LineWidth ’ , 4 ) ;
529 s e t ( myf it2 , . . .
530 ’ LineWidth ’ , 4 ) ;
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531

532 s e t ( gca , . . .
533 ’FontName ’ , ’ He lve t i ca ’ , . . .
534 ’ FontSize ’ , 4 5 ) ;
535 s e t ( [ hXLabel , hYLabel ] , . . .
536 ’FontName ’ , ’ AvantGarde ’ ) ;
537 s e t ( [ hXLabel , hYLabel ] , . . .
538 ’ FontSize ’ , 45 ) ;
539

540 s e t ( gca , . . .
541 ’Box ’ , ’ o f f ’ , . . .
542 ’ TickDir ’ , ’ out ’ , . . .
543 ’ TickLength ’ , [ . 0 4 . 0 4 ] , . . .
544 ’ XMinorTick ’ , ’ on ’ , . . .
545 ’ YMinorTick ’ , ’ on ’ , . . .
546 ’ YGrid ’ , ’ on ’ , . . .
547 ’ XColor ’ , [ . 3 . 3 . 3 ] , . . .
548 ’ YColor ’ , [ . 3 . 3 . 3 ] , . . .
549 ’ LineWidth ’ , 1 ) ;
550

551

552

553

554 %Pl o t t i ng the heat f l u x d iv ided by j /F
555

556 f i g u r e ( ’ Units ’ , ’ p i x e l s ’ , . . .
557 ’ Po s i t i on ’ , [ 100 100 500 3 7 5 ] ) ;
558 hold on
559 myfit1 = l i n e ( j , Jq jc ) ;
560 myfit2 = [ ] ;
561 hXLabel = x l a b e l ( ’ \ i t { j } \rm{/ A/mˆ{2}} ’ ) ;
562 hYLabel = y l a b e l ( ’ \ i t { J {q }ˆ{ ‘ , c }/( j /F)} \rm{/ J/mol} ’

) ;
563 s e t ( myf it1 , . . .
564 ’ LineWidth ’ , 4 ) ;
565 s e t ( myf it2 , . . .
566 ’ LineWidth ’ , 4 ) ;
567

568

569 s e t ( gca , . . .
570 ’FontName ’ , ’ He lve t i ca ’ , . . .
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571 ’ FontSize ’ , 4 5 ) ;
572 s e t ( [ hXLabel , hYLabel ] , . . .
573 ’FontName ’ , ’ AvantGarde ’ ) ;
574 s e t ( [ hXLabel , hYLabel ] , . . .
575 ’ FontSize ’ , 45 ) ;
576

577 s e t ( gca , . . .
578 ’Box ’ , ’ o f f ’ , . . .
579 ’ TickDir ’ , ’ out ’ , . . .
580 ’ TickLength ’ , [ . 0 4 . 0 4 ] , . . .
581 ’ XMinorTick ’ , ’ on ’ , . . .
582 ’ YMinorTick ’ , ’ on ’ , . . .
583 ’ YGrid ’ , ’ on ’ , . . .
584 ’ XColor ’ , [ . 3 . 3 . 3 ] , . . .
585 ’ YColor ’ , [ . 3 . 3 . 3 ] , . . .
586 ’ LineWidth ’ , 1 ) ;
587

588

589 %Pl o t t i ng the mass f l u x d iv ided by j /F
590

591 f i g u r e ( ’ Units ’ , ’ p i x e l s ’ , . . .
592 ’ Po s i t i on ’ , [ 100 100 500 3 7 5 ] ) ;
593 hold on
594 myfit1 = l i n e ( j , Jwaj ) ;
595 myfit2 = [ ] ;
596 hXLabel = x l a b e l ( ’ \ i t { j } \rm{/ A/mˆ{2}} ’ ) ;
597 hYLabel = y l a b e l ( ’ \ i t { J {w}ˆ{a }/( j /F)} ’ ) ;
598 s e t ( myf it1 , . . .
599 ’ LineWidth ’ , 4 ) ;
600 s e t ( myf it2 , . . .
601 ’ LineWidth ’ , 4 ) ;
602

603 s e t ( gca , . . .
604 ’FontName ’ , ’ He lve t i ca ’ , . . .
605 ’ FontSize ’ , 4 5 ) ;
606 s e t ( [ hXLabel , hYLabel ] , . . .
607 ’FontName ’ , ’ AvantGarde ’ ) ;
608 s e t ( [ hXLabel , hYLabel ] , . . .
609 ’ FontSize ’ , 45 ) ;
610

611 s e t ( gca , . . .
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612 ’Box ’ , ’ o f f ’ , . . .
613 ’ TickDir ’ , ’ out ’ , . . .
614 ’ TickLength ’ , [ . 0 4 . 0 4 ] , . . .
615 ’ XMinorTick ’ , ’ on ’ , . . .
616 ’ YMinorTick ’ , ’ on ’ , . . .
617 ’ YGrid ’ , ’ on ’ , . . .
618 ’ XColor ’ , [ . 3 . 3 . 3 ] , . . .
619 ’ YColor ’ , [ . 3 . 3 . 3 ] , . . .
620 ’ LineWidth ’ , 1 ) ;
621

622 %Pl o t t i ng the mass f l u x d iv ided by j /F
623

624 f i g u r e ( ’ Units ’ , ’ p i x e l s ’ , . . .
625 ’ Po s i t i on ’ , [ 100 100 500 3 7 5 ] ) ;
626 hold on
627 myfit1 = l i n e ( j , Jwcj ) ;
628 myfit2 = [ ] ;
629 hXLabel = x l a b e l ( ’ \ i t { j } \rm{/ A/mˆ{2}} ’ ) ;
630 hYLabel = y l a b e l ( ’ \ i t { J {w}ˆ{ c }/( j /F)} ’ ) ;
631 s e t ( myf it1 , . . .
632 ’ LineWidth ’ , 4 ) ;
633 s e t ( myf it2 , . . .
634 ’ LineWidth ’ , 4 ) ;
635

636

637

638 s e t ( gca , . . .
639 ’FontName ’ , ’ He lve t i ca ’ , . . .
640 ’ FontSize ’ , 4 5 ) ;
641 s e t ( [ hXLabel , hYLabel ] , . . .
642 ’FontName ’ , ’ AvantGarde ’ ) ;
643 s e t ( [ hXLabel , hYLabel ] , . . .
644 ’ FontSize ’ , 45 ) ;
645

646 s e t ( gca , . . .
647 ’Box ’ , ’ o f f ’ , . . .
648 ’ TickDir ’ , ’ out ’ , . . .
649 ’ TickLength ’ , [ . 0 4 . 0 4 ] , . . .
650 ’ XMinorTick ’ , ’ on ’ , . . .
651 ’ YMinorTick ’ , ’ on ’ , . . .
652 ’ YGrid ’ , ’ on ’ , . . .
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653 ’ XColor ’ , [ . 3 . 3 . 3 ] , . . .
654 ’ YColor ’ , [ . 3 . 3 . 3 ] , . . .
655 ’ LineWidth ’ , 1 ) ;
656

657 end
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1 %−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−
2 % Main subrout ine that c a l l s on the sma l l e r subrout ine o f
3 % each segment in the f u e l c e l l . P l o t t i ng the p r o f i l e s
4 % in the end o f the code .
5 %−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−
6

7 f unc t i on [ res , phic , Jqa , Jqc , Jwa , Jwc , Xvector , Yvector ] = Transport ( Jqa , p l o t )
8

9

10 g l o b a l Const ;
11

12 Jqa0 = Jqa ;
13

14 %Finding the c o r r e c t water f l u x f o r the g iven heat f l u x
15 [ Jw0 , res , EXITFLAG] = f z e r o ( ’Jw ’ , 0 , [ ] , Jqa0 ) ;
16

17 i f EXITFLAG ˜= 1
18 e r r o r ( ’No appropr ia t e va lue o f Jw found ’ )
19 end
20

21 Const .Jwm = Jw0 ;
22

23 Const . Jwa = Const .Jwm;
24 Jwa = Const . Jwa ;
25 %[ kg/mˆ s s ] % Water f l u x in anode and membrane
26 Const . Jwc = Const . Jwa + Const . j /(2∗Const .F ) ;
27 Jwc = Const . Jwc ;
28 %[ kg/mˆ s s ] % Water f l u x in catode
29 Const . twc = ( ( Const . Jwa/( Const . j /Const .F) ) + 0 . 5 ) ;
30 twc = Const . twc ;
31 %[ U n i t l e s s ] % Transport number f o r water in the cathode
32

33 %Calcu la t ing the s a t u r a t i o n p r s e s u r e and mole f r a c t i o n o f
34 %water at the s t a r t o f the anode backing
35 pw = ps ( Const . T0 ) ;
36 xw0 = pw/( Const . p ) ;
37

38 %D e f i n i t i o n o f the h a l f c e l l p o t e n t i a l o f hydrogen and
39 %zero entropy at the s t a r t o f the anode backing
40 phi0 = 0 ;
41 s0 = 0 ;
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42

43 %Boundary c o n d i t i o n s at the s t a r t o f the anode backing
44 ya0 = [ Const . T0 , phi0 , xw0 , Jqa0 , s0 ] ;
45

46 %Length o f the d i f f e r e n t segments in the f u e l c e l l
47 xanode = l i n s p a c e (0 , Const . ds , 4 0 ) ;
48 xmembrane = l i n s p a c e ( Const . ds , Const . ds+Const .dm, 4 0 ) ;
49 xcathode = l i n s p a c e ( Const . ds+Const .dm, Const . ds ∗2 + . . .
50 Const .dm, 4 0 ) ;
51

52 %Calcu la t ing the v a r i a t i o n s o f the unknown parameters in the
53 %anode backing
54 [ Xanode , Yanode ] = ode15s ( ’ anode ’ , xanode , ya0 ) ;
55

56 %Calcu la t ing the jumps o f the unknown parameters in the
57 %anode s u r f a c e
58 [ Yanodesurf , dS ( 2 ) ] = anodesur f ( Yanode ( end , : ) ) ;
59

60 %Procedure to f i n d the a c t i v i t y at the s t a r t o f the membrane
61 lambda2 = 14 ;
62

63 lambda1 = lambda2 − ( ( Const . twm∗( Const . j /Const .F) − . . .
64 Const .Jwm)∗Const .Mm/( Const .Dm∗Const . rodry ) )∗Const .dm;
65

66 a1 = a c t i v i t y ( lambda1 ) ;
67

68 f o r i = 1 : l ength ( a1 )
69 i f a1 ( i ) < 1
70 a = a1 ( i ) ;
71 end
72 end
73

74 %Boundary c o n d i t i o n s at the s t a r t o f the membrane
75 Tm0 = Yanodesurf ( 1 ) ;
76 phim0 = Yanodesurf ( 2 ) ;
77 am0 = a ;
78 Jqm0 = Yanodesurf ( 3 ) ;
79 sm0 = Yanode ( end ,5)+dS ( 2 ) ;
80

81 ym0 = [Tm0, phim0 , am0 , Jqm0 , sm0 ] ;
82
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83 %Calcu la t ing the v a r i a t i o n s o f the unknown parameters in the
84 %membrane
85 [ Xmembrane , Ymembrane ] = ode15s ( ’membrane ’ , xmembrane , ym0 ) ;
86

87 f o r k = 1 : l ength (Xmembrane)
88 ch i ( k ) = Xi (Ymembrane(k , 3 ) ) ;
89 end
90

91 %Calcu la t ing the jumps o f the unknown parameters in the
92 %cathode s u r f a c e
93 [ Ycatodesurf , dS ( 4 ) ] = cathodesur f (Ymembrane( end , : ) ) ;
94

95 %Boundary c o n d i t i o n s at the s t a r t o f the cathode
96 Tc0 = Ycatodesur f ( 1 ) ;
97 phic0 = Ycatodesur f ( 2 ) ;
98 Jqc0 = Ycatodesur f ( 3 ) ;
99 xO20 = Const . xO20 − Const . j /(4∗Const .F∗Const .DON)∗Const . ds ;

100 sc0 = Ymembrane( end ,5)+dS ( 4 ) ;
101

102 yc0 = [ Tc0 , phic0 , xO20 , Jqc0 , sc0 ] ;
103

104 %Calcu la t ing the v a r i a t i o n s o f the unknown parameters in the
105 %cathode
106 [ Xcathode , Ycatode ] = ode15s ( ’ Cathode ’ , xcathode , yc0 ) ;
107

108 Tc = Ycatode ( end , 1 ) ;
109 phic = Ycatode ( end , 2 ) ;
110 Jqc = Ycatode ( end , 4 ) ;
111

112 %%%%Total energy balance%%%%%%
113

114 Ein = Const . JH2∗( Const . cph2 ∗( Const . T0−Const . Tq ) ) + . . .
115 Const . Jwa∗( Const . Hwgas+Const . cpwgas ∗ . . .
116 ( Const . T0−Const . Tq))+Jqa0 ;
117

118 Eut = Const . JO2∗( Const . cpo2 ∗(Tc−Const . Tq))+Const . Jwc ∗ . . .
119 ( Const . Hwgas+Const . cpwgas ∗(Tc−Const . Tq))+ Jqc + . . .
120 Const . j ∗phic ;
121

122 r e s (1 ) = Eut − Ein ;
123
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124 %%%%%%%%%%ENTROPY%%%%%%%%%%%%%%
125

126 f o r i = 1 : l ength ( Xanode )
127 [ extra , sigma1 ( i ) ] = anode ( Xanode ( i ) , Yanode ( i , : ) ) ;
128 end
129 dS (1) = trapz ( Xanode , sigma1 )∗ ( Const . ds ) ;
130

131 f o r i = 1 : l ength (Xmembrane)
132 [ extra , sigma2 ( i ) ] = membrane (Xmembrane( i ) , . . .
133 Ymembrane( i , : ) ) ;
134 end
135 dS (3) = trapz (Xmembrane , sigma2 )∗ ( Const . ds+Const .dm) ;
136

137 f o r i = 1 : l ength ( Xcathode )
138 [ extra , sigma3 ( i ) ] = Cathode ( Xcathode ( i ) , Ycatode ( i , : ) ) ;
139 end
140 dS (5) = trapz ( Xcathode , sigma3 )∗ (2∗Const . ds+Const .dm) ;
141

142 dStot = sum(dS ) ;
143

144 Xvector = [ Xanode ; Xmembrane ; Xcathode ] ;
145 Yvector = [ Yanode ; Ymembrane ; Ycatode ] ;
146

147

148

149

150 %%%%%%%%%%%%%%%%%%TOTAL ENTROPY BALANCE%%%%%%%%%%%
151

152 Swc = Const . Swgas+Const . cpwgas∗ l og (Tc/Const . Tq ) ;
153 SO2 = Const . So2+Const . cpo2∗ l og (Tc/Const . Tq)−Const .R∗ l og ( 0 . 2 1 ) ;
154 Swa = Const . Swgas+Const . cpwgas∗ l og ( Const . T0/Const . Tq ) ;
155 SH2 = Const . Sh2+Const . cph2∗ l og ( Const . T0/Const . Tq ) ;
156

157 dStota l = ( Jqc/Tc)−(Jqa0/Const . T0)+(Const . j /Const .F ) ∗ . . .
158 ( 0 . 5∗ ( Swc−SH2)−0.25∗SO2)+Const . Jwa∗(Swc−Swa ) ;
159

160 r e s (2 ) = dStota l − dStot ;
161

162

163

164
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165 i f p l o t == 1
166

167 %Pl o t t i ng the temperature p r o f i l e through each segment
168

169 f i g u r e ( ’ Units ’ , ’ p i x e l s ’ , . . .
170 ’ Po s i t i on ’ , [ 100 100 500 3 7 5 ] ) ;
171 hold on
172 myfit1 = l i n e ( Xanode , Yanode ( : , 1 ) ) ;
173 myfit2 = l i n e ( [ Xanode ( end ) Xanode ( end ) ] , . . .
174 [ Yanode ( end , 1 ) Yanodesurf ( 1 ) ] ) ;
175 myfit3 = l i n e (Xmembrane , Ymembrane ( : , 1 ) ) ;
176 myfit4 = l i n e ( [ Xmembrane( end ) Xmembrane( end ) ] , . . .
177 [ Ymembrane( end , 1 ) Ycatodesur f ( 1 ) ] ) ;
178 myfit5 = l i n e ( Xcathode , Ycatode ( : , 1 ) ) ;
179 hXLabel = x l a b e l ( ’ \ i t {d} \rm{/ m} ’ ) ;
180 hYLabel = y l a b e l ( ’ \ i t {T} \rm{/ K} ’ ) ;
181 xlim ( [ 0 xcathode ( end ) ] )
182 s e t ( myf it1 , . . .
183 ’ LineWidth ’ , 4 ) ;
184 s e t ( myf it2 , . . .
185 ’ LineWidth ’ , 4 ) ;
186 s e t ( myf it3 , . . .
187 ’ LineWidth ’ , 4 ) ;
188 s e t ( myf it4 , . . .
189 ’ LineWidth ’ , 4 ) ;
190 s e t ( myf it5 , . . .
191 ’ LineWidth ’ , 4 ) ;
192

193

194 s e t ( gca , . . .
195 ’FontName ’ , ’ He lve t i ca ’ , . . .
196 ’ FontSize ’ , 4 5 ) ;
197 s e t ( [ hXLabel , hYLabel ] , . . .
198 ’FontName ’ , ’ AvantGarde ’ ) ;
199 s e t ( [ hXLabel , hYLabel ] , . . .
200 ’ FontSize ’ , 45 ) ;
201

202

203 s e t ( gca , . . .
204 ’Box ’ , ’ o f f ’ , . . .
205 ’ TickDir ’ , ’ out ’ , . . .
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206 ’ TickLength ’ , [ . 0 4 . 0 4 ] , . . .
207 ’ XMinorTick ’ , ’ on ’ , . . .
208 ’ YMinorTick ’ , ’ on ’ , . . .
209 ’ YGrid ’ , ’ on ’ , . . .
210 ’ XColor ’ , [ . 3 . 3 . 3 ] , . . .
211 ’ YColor ’ , [ . 3 . 3 . 3 ] , . . .
212 ’ LineWidth ’ , 1 ) ;
213

214

215

216 %Pl o t t i ng the mole f r a c t i o n p r o f i l e through anode and
217 %cathode backing
218

219 f i g u r e ( ’ Units ’ , ’ p i x e l s ’ , . . .
220 ’ Po s i t i on ’ , [ 100 100 500 3 7 5 ] ) ;
221 hold on
222 myfit1 = l i n e ( Xanode , Yanode ( : , 3 ) ) ;
223 myfit2 = l i n e ( Xcathode , Ycatode ( : , 3 ) ) ;
224 hXLabel = x l a b e l ( ’ \ i t {d} \rm{/ m} ’ ) ;
225 hYLabel = y l a b e l ( ’ \ i t {x} ’ ) ;
226 xlim ( [ 0 xcathode ( end ) ] )
227 s e t ( myf it1 , . . .
228 ’ LineWidth ’ , 4 ) ;
229 s e t ( myf it2 , . . .
230 ’ LineWidth ’ , 4 ) ;
231

232 s e t ( gca , . . .
233 ’FontName ’ , ’ He lve t i ca ’ , . . .
234 ’ FontSize ’ , 4 5 ) ;
235 s e t ( [ hXLabel , hYLabel ] , . . .
236 ’FontName ’ , ’ AvantGarde ’ ) ;
237 s e t ( [ hXLabel , hYLabel ] , . . .
238 ’ FontSize ’ , 45 ) ;
239

240 s e t ( gca , . . .
241 ’Box ’ , ’ o f f ’ , . . .
242 ’ TickDir ’ , ’ out ’ , . . .
243 ’ TickLength ’ , [ . 0 4 . 0 4 ] , . . .
244 ’ XMinorTick ’ , ’ on ’ , . . .
245 ’ YMinorTick ’ , ’ on ’ , . . .
246 ’ YGrid ’ , ’ on ’ , . . .
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247 ’ XColor ’ , [ . 3 . 3 . 3 ] , . . .
248 ’ YColor ’ , [ . 3 . 3 . 3 ] , . . .
249 ’ LineWidth ’ , 1 ) ;
250

251

252

253 %Pl o t t i ng the e l e c t r i c a l p o t e n t i a l p r o f i l e through each segment
254

255 f i g u r e ( ’ Units ’ , ’ p i x e l s ’ , . . .
256 ’ Po s i t i on ’ , [ 100 100 500 3 7 5 ] ) ;
257 hold on
258 myfit1 = l i n e ( Xanode , Yanode ( : , 2 ) ) ;
259 myfit2 = l i n e ( [ Xanode ( end ) Xanode ( end ) ] , . . .
260 [ Yanode ( end , 2 ) Yanodesurf ( 2 ) ] ) ;
261 myfit3 = l i n e (Xmembrane , Ymembrane ( : , 2 ) ) ;
262 myfit4 = l i n e ( [ Xmembrane( end ) Xmembrane( end ) ] , . . .
263 [ Ymembrane( end , 2 ) Ycatodesur f ( 2 ) ] ) ;
264 myfit5 = l i n e ( Xcathode , Ycatode ( : , 2 ) ) ;
265 hXLabel = x l a b e l ( ’ \ i t {d} \rm{/ m} ’ ) ;
266 hYLabel = y l a b e l ( ’ \ i t {\ phi } \rm{/ V} ’ ) ;
267 xlim ( [ 0 xcathode ( end ) ] )
268 s e t ( myf it1 , . . .
269 ’ LineWidth ’ , 4 ) ;
270 s e t ( myf it2 , . . .
271 ’ LineWidth ’ , 4 ) ;
272 s e t ( myf it3 , . . .
273 ’ LineWidth ’ , 4 ) ;
274 s e t ( myf it4 , . . .
275 ’ LineWidth ’ , 4 ) ;
276 s e t ( myf it5 , . . .
277 ’ LineWidth ’ , 4 ) ;
278

279

280 s e t ( gca , . . .
281 ’FontName ’ , ’ He lve t i ca ’ , . . .
282 ’ FontSize ’ , 4 5 ) ;
283 s e t ( [ hXLabel , hYLabel ] , . . .
284 ’FontName ’ , ’ AvantGarde ’ ) ;
285 s e t ( [ hXLabel , hYLabel ] , . . .
286 ’ FontSize ’ , 45 ) ;
287
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288 s e t ( gca , . . .
289 ’Box ’ , ’ o f f ’ , . . .
290 ’ TickDir ’ , ’ out ’ , . . .
291 ’ TickLength ’ , [ . 0 4 . 0 4 ] , . . .
292 ’ XMinorTick ’ , ’ on ’ , . . .
293 ’ YMinorTick ’ , ’ on ’ , . . .
294 ’ YGrid ’ , ’ on ’ , . . .
295 ’ XColor ’ , [ . 3 . 3 . 3 ] , . . .
296 ’ YColor ’ , [ . 3 . 3 . 3 ] , . . .
297 ’ LineWidth ’ , 1 ) ;
298

299

300 %Pl o t t i ng the heat f l u x p r o f i l e through each segment
301

302 f i g u r e ( ’ Units ’ , ’ p i x e l s ’ , . . .
303 ’ Po s i t i on ’ , [ 100 100 500 3 7 5 ] ) ;
304 hold on
305 myfit1 = l i n e ( Xanode , Yanode ( : , 4 ) ) ;
306 myfit2 = l i n e ( [ Xanode ( end ) Xanode ( end ) ] , . . .
307 [ Yanode ( end , 4 ) Yanodesurf ( 3 ) ] ) ;
308 myfit3 = l i n e (Xmembrane , Ymembrane ( : , 4 ) ) ;
309 myfit4 = l i n e ( [ Xmembrane( end ) Xmembrane( end ) ] , . . .
310 [ Ymembrane( end , 4 ) Ycatodesur f ( 3 ) ] ) ;
311 myfit5 = l i n e ( Xcathode , Ycatode ( : , 4 ) ) ;
312 hXLabel = x l a b e l ( ’ \ i t {d} \rm{/ m} ’ ) ;
313 hYLabel = y l a b e l ( ’ \ i t { J {q}ˆ{ ť }} \rm{/ W/mˆ{2}} ’ ) ;
314 xlim ( [ 0 xcathode ( end ) ] )
315 s e t ( myf it1 , . . .
316 ’ LineWidth ’ , 4 ) ;
317 s e t ( myf it2 , . . .
318 ’ LineWidth ’ , 4 ) ;
319 s e t ( myf it3 , . . .
320 ’ LineWidth ’ , 4 ) ;
321 s e t ( myf it4 , . . .
322 ’ LineWidth ’ , 4 ) ;
323 s e t ( myf it5 , . . .
324 ’ LineWidth ’ , 4 ) ;
325

326 s e t ( gca , . . .
327 ’FontName ’ , ’ He lve t i ca ’ , . . .
328 ’ FontSize ’ , 5 0 ) ;
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329 s e t ( [ hXLabel , hYLabel ] , . . .
330 ’FontName ’ , ’ AvantGarde ’ ) ;
331 s e t ( [ hXLabel , hYLabel ] , . . .
332 ’ FontSize ’ , 45 ) ;
333

334 s e t ( gca , . . .
335 ’Box ’ , ’ o f f ’ , . . .
336 ’ TickDir ’ , ’ out ’ , . . .
337 ’ TickLength ’ , [ . 0 4 . 0 4 ] , . . .
338 ’ XMinorTick ’ , ’ on ’ , . . .
339 ’ YMinorTick ’ , ’ on ’ , . . .
340 ’ YGrid ’ , ’ on ’ , . . .
341 ’ XColor ’ , [ . 3 . 3 . 3 ] , . . .
342 ’ YColor ’ , [ . 3 . 3 . 3 ] , . . .
343 ’ LineWidth ’ , 1 ) ;
344

345

346 %Pl o t t i ng the accumulated entropy product ion p r o f i l e
347 %through each segment
348

349 f i g u r e ( ’ Units ’ , ’ p i x e l s ’ , . . .
350 ’ Po s i t i on ’ , [ 100 100 500 3 7 5 ] ) ;
351 hold on
352 myfit1 = l i n e ( Xanode , Yanode ( : , 5 ) ) ;
353 myfit2 = l i n e ( [ Xanode ( end ) Xanode ( end ) ] , . . .
354 [ Yanode ( end , 5 ) Ymembrane ( 1 , 5 ) ] ) ;
355 myfit3 = l i n e (Xmembrane , Ymembrane ( : , 5 ) ) ;
356 myfit4 = l i n e ( [ xmembrane ( end ) Xmembrane( end ) ] , . . .
357 [ Ymembrane( end , 5 ) Ycatode ( 1 , 5 ) ] ) ;
358 myfit5 = l i n e ( Xcathode , Ycatode ( : , 5 ) ) ;
359 hXLabel = x l a b e l ( ’ \ i t {d} \rm{/ m} ’ ) ;
360 hYLabel = y l a b e l ( ’ \ i t {\ sigma} \rm{/ W/K mˆ{2}} ’ ) ;
361 xlim ( [ 0 xcathode ( end ) ] )
362 s e t ( myf it1 , . . .
363 ’ LineWidth ’ , 4 ) ;
364 s e t ( myf it2 , . . .
365 ’ LineWidth ’ , 4 ) ;
366 s e t ( myf it3 , . . .
367 ’ LineWidth ’ , 4 ) ;
368 s e t ( myf it4 , . . .
369 ’ LineWidth ’ , 4 ) ;
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370 s e t ( myf it5 , . . .
371 ’ LineWidth ’ , 4 ) ;
372

373 s e t ( gca , . . .
374 ’FontName ’ , ’ He lve t i ca ’ , . . .
375 ’ FontSize ’ , 5 0 ) ;
376 s e t ( [ hXLabel , hYLabel ] , . . .
377 ’FontName ’ , ’ AvantGarde ’ ) ;
378 s e t ( [ hXLabel , hYLabel ] , . . .
379 ’ FontSize ’ , 45 ) ;
380

381 s e t ( gca , . . .
382 ’Box ’ , ’ o f f ’ , . . .
383 ’ TickDir ’ , ’ out ’ , . . .
384 ’ TickLength ’ , [ . 0 4 . 0 4 ] , . . .
385 ’ XMinorTick ’ , ’ on ’ , . . .
386 ’ YMinorTick ’ , ’ on ’ , . . .
387 ’ YGrid ’ , ’ on ’ , . . .
388 ’ XColor ’ , [ . 3 . 3 . 3 ] , . . .
389 ’ YColor ’ , [ . 3 . 3 . 3 ] , . . .
390 ’ LineWidth ’ , 1 ) ;
391

392

393

394 %Pl o t t i ng the water content in the membrane
395

396 f i g u r e ( ’ Units ’ , ’ p i x e l s ’ , . . .
397 ’ Po s i t i on ’ , [ 100 100 500 3 7 5 ] ) ;
398 hold on
399 myfit1 = l i n e (Xmembrane , ch i ) ;
400 hXLabel = x l a b e l ( ’ \ i t {d} \rm{/ m} ’ ) ;
401 hYLabel = y l a b e l ( ’ \ i t {\ ch i } \rm{/ H {2}O per s u l f o n i c s i t e } ’

) ;
402 xlim ( [ Xanode ( end ) , Xmembrane( end ) ] )
403 s e t ( myf it1 , . . .
404 ’ LineWidth ’ , 4 ) ;
405

406

407 s e t ( gca , . . .
408 ’FontName ’ , ’ He lve t i ca ’ , . . .
409 ’ FontSize ’ , 5 0 ) ;
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410 s e t ( [ hXLabel , hYLabel ] , . . .
411 ’FontName ’ , ’ AvantGarde ’ ) ;
412 s e t ( [ hXLabel , hYLabel ] , . . .
413 ’ FontSize ’ , 45 ) ;
414

415

416 s e t ( gca , . . .
417 ’Box ’ , ’ o f f ’ , . . .
418 ’ TickDir ’ , ’ out ’ , . . .
419 ’ TickLength ’ , [ . 0 4 . 0 4 ] , . . .
420 ’ XMinorTick ’ , ’ on ’ , . . .
421 ’ YMinorTick ’ , ’ on ’ , . . .
422 ’ YGrid ’ , ’ on ’ , . . .
423 ’ XColor ’ , [ . 3 . 3 . 3 ] , . . .
424 ’ YColor ’ , [ . 3 . 3 . 3 ] , . . .
425 ’ LineWidth ’ , 1 ) ;
426

427

428 end
429

430 end
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1 %%%%%%%%%%%%%%ANODE%%%%%%%%%%%%%%%%%%%%%%%%%%%%%
2

3 f unc t i on [ dy , Sigma ] = anode (x , y )
4

5 g l o b a l Const
6

7 T = y ( 1 ) ;
8 phi = y ( 2 ) ;
9 xw = y ( 3 ) ;

10 Jq = y ( 4 ) ;
11 sigma = y ( 5 ) ;
12

13 %The parameters used in the c a l c u l a t i o n s f o r the anode backing
14 xH2 = 1−xw ;
15 Jda = ( ( Const . Jwa/xw)−(Const . JH2/xH2) )∗xw ;
16 Sh2 = Const . Sh2 + Const . cph2∗ l og (T/Const . Tq ) ;
17 Se = −2;
18 Swg = Const . Swgas + Const . cpwgas∗ l og (T/Const . Tq ) ;
19 p e l t a = T∗(−0.5∗Sh2−Se ) ;
20 qa = −T∗Swg ;
21

22 %The d i f f e r e n t i a l equat ions in the anode backing
23 dTdx = −(1/Const . LsAA)∗ ( Jq − qa ∗( Jda − Const . tad ∗ . . .
24 ( Const . j /Const .F))− p e l t a ∗( Const . j /Const .F ) ) ;
25 dxwdx = −((qa∗xw)/( Const .R∗T∗T))∗dTdx − (1/ Const .Dwh ) ∗ . . .
26 ( Jda−Const . tad ∗( Const . j /Const .F ) ) ;
27 dphidx = −( p e l t a /(T∗Const .F) )∗dTdx−((Const . tad∗Const .R∗T ) / . . .
28 ( Const .F∗xw))∗dxwdx−Const . rac ∗Const . j ;
29 dJqdx = −Const . j ∗dphidx−Const . JH2∗Const . cph2∗dTdx−Const . Jwa ∗ . . .
30 Const . cpwgas∗dTdx ;
31

32 dsigmadx = −(Jq /(T∗T))∗dTdx−Const .R∗Jda ∗(1/xw)∗dxwdx−Const . j ∗ . . .
33 (1/T)∗ dphidx ;
34

35 dy = [ dTdx
36 dphidx
37 dxwdx
38 dJqdx
39 dsigmadx ] ;
40

41 i f nargout > 1
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42 Sigma = −(Jq /(T∗T))∗dTdx−Const .R∗Jda ∗(1/xw)∗dxwdx−Const . j ∗ . . .
43 (1/T)∗ dphidx ;
44 end
45

46 end
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1 %%%%%%%%%%%%ANODE SURFACE CALCULATION%%%%%%%%%%%%%%%
2

3 f unc t i on [ Ys , Sigma ] = anodesur f ( Ystart )
4

5 g l o b a l Const
6

7 Tas = Ystart ( 1 ) ;
8 phias = Ystart ( 2 ) ;
9 xwas = Ystart ( 3 ) ;

10 Jqas = Ystart ( 4 ) ;
11

12 %Parameters used in the c a l c u l a t i o n o f the anode s u r f a c e
13 Hh2 = Const . cph2 ∗( Tas−Const . Tq ) ;
14 Hw = Const . Hwgas+Const . cpwgas ∗( Tas−Const . Tq ) ;
15 Sh2 = Const . Sh2 + Const . cph2∗ l og ( Tas/Const . Tq ) ;
16 p e l t a = Tas∗(−0.5∗Sh2−Const . Se ) ;
17 qa = − Tas∗( Const . Swgas+Const . cpwgas∗ l og ( Tas/Const . Tq ) ) ;
18 Hwm = Const .Hwm+Const . cpw∗( Tas−Const . Tq ) ;
19 qm = − Tas∗( Const .Swm+Const . cpw∗ l og ( Tas/Const . Tq ) ) ;
20 Swm = Const .Swm + Const . cpw∗ l og ( Tas/Const . Tq ) ;
21 Shm = Const . Sh + Const . cpH∗ l og ( Tas/Const . Tq ) ;
22

23 DeltaG = −(Hh2−Tas∗Sh2 ) ;
24

25

26 %Temperature drops
27 DeltaasT = (−Jqas+qa ∗( Const . Jwa−Const . twm∗Const . j /Const .F ) + . . .
28 p e l t a ∗Const . j /Const .F)/ Const . Ls ;
29 DeltasmT = 0 ; %Assumption
30

31 %E l e c t r i c a l p o t e n t i a l drop
32 D e l t a p h i e f f = −( p e l t a /( Tas∗Const .F) )∗DeltaasT−Const . r s ∗Const . j ;
33 Deltaphi = D e l t a p h i e f f + (1/(2∗Const .F) )∗ ( Hh2−Tas∗Sh2 ) ;
34

35 Hwvap = Const . Hwvap + ( Const . cpwgas − Const . cpw )∗ ( Tas−Const . Tq ) ;
36

37 %Energy balance
38 Jqm = Jqas − Const . j ∗Deltaphi + Const .Jwm∗Hwvap+Const . JH2∗Hh2 ;
39

40 %Output va lue s at the anode s u r f a c e
41 Ts = Tas + DeltaasT ;
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42 Tsm = Ts + DeltasmT ;
43 phim = phias + Deltaphi ;
44

45 Sigma = Jqas ∗ ( (1/ Ts)−(1/Tas))−( Const . j /Ts )∗ D e l t a p h i e f f ;
46

47 Ys = [Tsm phim Jqm ] ;
48

49 end
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1 %%%%%%%%%%MEMBRANE CALCULATION%%%%%%%%%%%%%%%
2

3 f unc t i on [ dy , Sigma ] = membrane (x , y )
4

5 g l o b a l Const
6

7 T = y ( 1 ) ;
8 phi = y ( 2 ) ;
9 a = y ( 3 ) ;

10 Jqm = y ( 4 ) ;
11 sigmam = y ( 5 ) ;
12

13 %Parameters that are used in the membrane c a l c u l a t i o n
14 Swm = Const .Swm + Const . cpw∗ l og (T/Const . Tq ) ;
15 Sh = Const . Sh+Const . cpH∗ l og (T/Const . Tq ) ;
16 peltm = T∗(Sh − Const . twm∗Swm) ;
17 qm = −T∗Swm;
18 rm = 1/( exp (1268∗((1/303)−(1/T) )∗ ( 0 . 5 1 3 9∗Xi ( a ) −0 .326 ) ) ) ;
19 Lm = 0.177+3.7 e−3∗Xi ( a ) ;
20

21 %D i f f e r e n t i a l equat ions in the membrane
22 dTdx = −(Jqm/Lm)+(qm/Lm)∗ ( Const .Jwm−Const . twm ∗ . . .
23 ( Const . j /Const .F))+ peltm∗Const . j /(Lm∗Const .F ) ;
24 dadx = −(Const .Jwm−Const . j ∗( Const . twm/Const .F) )∗Const .Mm/ . . .
25 ( Xia ( a )∗Const . rodry ∗Const .Dm) ;
26 dphidx = −(peltm /(T∗Const .F) )∗dTdx−((Const . twm∗Const .R∗T ) / . . .
27 ( Const .F∗a ) )∗ dadx−rm∗Const . j ;
28 dJqdx = −Const . j ∗dphidx−Const .Jwm∗Const . cpw∗dTdx ;
29

30 dsigmadx = −(Jqm/(T∗T))∗dTdx−Const .R∗Const .Jwm∗(1/ a ) ∗ . . .
31 dadx−Const . j ∗(1/T)∗ dphidx ;
32

33 dy = [ dTdx
34 dphidx
35 dadx
36 dJqdx
37 dsigmadx ] ;
38

39 i f nargout > 1
40 Sigma = −(Jqm/(T∗T))∗dTdx−Const .R∗Const .Jwm∗(1/ a ) ∗ . . .
41 dadx−Const . j ∗(1/T)∗ dphidx ;
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42 end
43

44 end
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1 %%%%%%%%%%%%CATHODE SURFACE CALCULATION%%%%%%%%%%%%%%%
2

3 f unc t i on [ Yout , Sigma ] =cathodesur f ( Yin )
4

5 g l o b a l Const
6

7 Tms = Yin ( 1 ) ;
8 phim = Yin ( 2 ) ;
9 awm = Yin ( 3 ) ;

10 Jqm = Yin ( 4 ) ;
11

12 %Parameters used in the cathode s u r f a c e c a l c u l a t i o n
13 Swc = Const . Swgas + Const . cpwgas∗ l og (Tms/Const . Tq ) ;
14 Swm = Const .Swm + Const . cpw∗ l og (Tms/Const . Tq ) ;
15 Sh = Const . Sh +Const . cpH∗ l og (Tms/Const . Tq ) ;
16 SO2 = Const . So2 + Const . cpo2∗ l og (Tms/Const . Tq)−Const .R∗ l og ( 0 . 2 1 ) ;
17 p i c = Tms∗ (0 . 25∗SO2−Const . Se−((Const . Jwa/( Const . j /Const .F))+0.5)∗Swc ) ;
18 qc = −Tms∗Swc ;
19

20 DeltaG = (1/(2∗Const .F) )∗ ( Const . Hwgas+Const . cpwgas ∗ . . .
21 (Tms−Const . Tq)−Tms∗( Const . Swgas+Const . cpwgas ∗ . . .
22 l og (Tms/Const . Tq)))−(1/(4∗Const .F) )∗ ( Const . cpo2 ∗ . . .
23 (Tms−Const . Tq)−Tms∗Const . cpo2∗ l og (Tms/Const . Tq ) ) ;
24 Overpot = (2∗Const .R∗Tms/Const .F)∗ l og ( Const . j /Const . j 0 ) ;
25

26

27 %Calcu la t i on part to f i n d the measurable heat f l u x in the cathode
28 %backing at the s u r f a c e
29 Energy = Jqm+Const .Jwm∗Const .Hwm−Const . Jwc∗Const . Hwgas−Const . JO2 ∗ . . .
30 Const . cpo2 ∗(Tms−Const . Tq ) ;
31

32 Energy2 = Energy−Const . j ∗(−Overpot+(1/Const .F)∗((− p i c /Tms ) ∗ . . .
33 (−1/Const . Ls)∗(−qc ∗( Const . Jwc−Const . twc ∗( Const . j /Const .F))− p i c ∗ . . .
34 ( Const . j /Const .F ) ) . . .
35 −Const . r s ∗Const . j )−DeltaG ) ;
36

37 Energy3 = 1−(1/Const .F)∗ ( p i c /Tms)∗ (1/ Const . Ls ) ;
38

39 Jqc = Energy2/Energy3 ;
40

41 %Temperature drop in the cathode s u r f a c e
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42 DeltascT = −(1/Const . Ls )∗ ( Jqc−qc ∗( Const . Jwc−Const . twc ∗ . . .
43 ( Const . j /Const .F))− p i c ∗Const . j /( Const .F ) ) ;
44

45 DeltamsT = 0 ; %Assumption
46 Ts = Tms + DeltamsT ;
47 Tsc = Ts+DeltascT ;
48

49 %E l e c t r i c a l p o t e n t i a l drop in the cathode s u r f a c e
50 D e l t a p h i e f f = (1/ Const .F)∗(−( p i c /Tsc )∗DeltascT−Const . r s ∗Const . j ) − . . .
51 Overpot ;
52 Deltaphi = De l t a p h i e f f−DeltaG ;
53

54 phic = phim+Deltaphi ;
55

56 Yout = [ Tsc phic Jqc ] ;
57

58 Sigma = Jqc ∗ ( (1/ Tsc)−(1/Tms))−Const . j ∗(1/Tms)∗ D e l t a p h i e f f ;
59

60 end
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1 %%%%%%%%%%%%%%CATHODE%%%%%%%%%%%%%%%%%%%%%%%%%%%%%
2

3 f unc t i on [ dy , Sigma ] = Cathode (x , y )
4

5 g l o b a l Const
6

7

8 T = y ( 1 ) ;
9 phi = y ( 2 ) ;

10 xO2 = y ( 3 ) ;
11 Jq = y ( 4 ) ;
12 sigmac = y ( 5 ) ;
13

14

15 Swc = Const . Swgas + Const . cpwgas∗ l og (T/Const . Tq ) ;
16 qc = −T∗Swc ;
17 Hwc = Const . Hwgas + Const . cpwgas ∗(T−Const . Tq ) ;
18 Ho2 = Const . cpo2 ∗(T−Const . Tq ) ;
19 SO2 = Const . So2 + Const . cpo2∗ l og (T/Const . Tq)−Const .R∗ l og ( 0 . 2 1 ) ;
20 p e l t c = T∗ (0 . 25∗SO2−Const . Se−((Const . Jwa/( Const . j /Const .F ) ) + . . .
21 0 . 5 )∗Swc ) ;
22

23

24 dTdx = −(1/Const . LsAA)∗ ( Jq − p e l t c ∗( Const . j /Const .F ) ) ;
25 dxO2dx = Const . j /(4∗Const .F∗Const .DON) ;
26 dphidx = (−p e l t c /(T∗Const .F) )∗dTdx−((Const .R∗T ) / . . .
27 (4∗Const .F∗xO2))∗dxO2dx−Const . rac ∗Const . j ;
28 dJqdx = −Const . j ∗dphidx−Const . Jwc∗Const . cpw∗dTdx−Const . JO2 ∗ . . .
29 Const . cpo2∗dTdx ;
30

31 dsigmadx = −(Jq /(T∗T))∗dTdx−Const . JO2∗(1/T)∗Const .R∗(1/xO2 ) ∗ . . .
32 dxO2dx−Const . j ∗(1/T)∗ dphidx ;
33

34 dy = [ dTdx
35 dphidx
36 dxO2dx
37 dJqdx
38 dsigmadx ] ;
39

40 i f nargout > 1
41 Sigma = −(Jq /(T∗T))∗dTdx−Const . JO2∗(1/T)∗Const .R∗(1/xO2 ) ∗ . . .
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42 dxO2dx−Const . j ∗(1/T)∗ dphidx ;
43 end
44

45 end
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1 %%%%%%Finding the c o r r e c t water f l u x in the anode backing /membrane
2

3 f unc t i on r e s = Jw(Jw0 , Jq0 )
4

5 g l o b a l Const
6

7 %Parameters used in the c a l c u l a t i o n
8 pw = ps ( Const . T0 ) ;
9 xw0 = pw/( Const . p ) ;

10 Sh2 = Const . Sh2 + Const . cph2∗ l og ( Const . T0/Const . Tq ) ;
11 Se = −2;
12 Swg = Const . Swgas + Const . cpwgas∗ l og ( Const . T0/Const . Tq ) ;
13 p e l t a = Const . T0∗(−0.5∗Sh2−Se ) ;
14 qa = −Const . T0∗Swg ;
15

16 %Finding the temperature at the end o f the anode backing
17 T1 = (((−Jq0 + p e l t a ∗( Const . j /Const .F)+qa∗Jw0)∗Const . ds ) / . . .
18 Const . LsAA) + Const . T0 ;
19

20 %Saturat ion pr e s su r e at temperature T1
21 Psat1 = ps (T1 ) ;
22

23 %Mole f r a c t i o n o f water at the end o f the anode backing
24 xw1 = xw0 − (Jw0∗Const . ds/Const .Dwh) ;
25

26 %Activty at the end o f the anode backing
27 a1 = Const . p∗xw1/ Psat1 ;
28

29 %Water content at the a c t i v i t y a1
30 lambda1 = Xi ( a1 ) ;
31

32 lambda2 = 14 ;
33

34 Jwm = −(Const .Dm∗Const . rodry /Const .Mm)∗ ( lambda2 − lambda1 ) / . . .
35 Const .dm+Const . twm∗( Const . j /Const .F ) ;
36

37 r e s = Jw0 − Jwm;
38

39 end
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1 %Finding the a c t i v i t y from known water content
2

3 f unc t i on a = a c t i v i t y ( lambda )
4

5 i f lambda < 0
6 di sp ( ’Lambda i s negat ive ! ’ )
7 pause
8 end
9 i f lambda > 16 .8

10 di sp ( ’Lambda i s too l a r g e ! ’ )
11 pause
12 end
13

14 poly = [ 3 6 . 0 − 39 .85 17 .81 (0 . 043 − lambda ) ] ;
15 r = r o o t s ( poly ) ;
16 a = [ ] ;
17 f o r i = 1 : l ength ( r )
18 i f imag ( r ( i ) ) == 0
19 a = [ a ; r ( i ) ] ;
20 end
21 end
22

23 i f a > 1
24 a = ( lambda − 14)/1 .4 + 1 ;
25 i f ( a < 1) | ( a > 3)
26 di sp ( ’No p h y s i c a l a c t i v i t y found ) ’ )
27 pause
28 end
29 end
30 end
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1 % Finding the s a t u r a t i o n pr e s su r e at temperature T
2 f unc t i on f = ps (T)
3 %
4 f = −2846.4 + 411 .24∗ (T−273.15) − 10 .554∗ (T−273.15) .ˆ2 + . . .
5 0 .16636∗ (T−273 .15 ) . ˆ3 ;
6 %
7 end
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1 % membrane water content
2 f unc t i on x i = Xi ( a )
3 %
4 i f ( l ength ( a ) == 1)
5 %
6

7 i f ( a<1)
8 x i = 0.043 + 17.81∗ a − 39 .85∗ a .ˆ2 + 36.0∗ a . ˆ 3 ;
9 e l s e i f ( a<3)

10 x i = 14 + 1 . 4∗ ( a−1);
11 e l s e
12 x i = 1 6 . 8 ;
13 end
14 e l s e
15 %
16 %cannot use x i = Xi ( a ) s i n c e the re i s check ing o f the
17 %value o f each a i n s i d e x i ???
18 x i = ones ( s i z e ( a ) ) ;
19 f o r i =1: l ength ( a )
20 x i ( i ) = Xi ( a ( i ) ) ;
21 end
22 %
23 end
24 %
25 end
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1

2

3 % membrane water content d e r i v a t i v e
4 f unc t i on x i = Xia ( a )
5 %
6 i f ( l ength ( a ) == 1)
7 %
8 i f ( a<0)
9 x i = 0 ;

10 e l s e i f ( a<1)
11 x i = 17 .81 − 2∗39.85∗ a + 3∗36.0∗ a . ˆ 2 ;
12 e l s e i f ( a<3)
13 x i = 1 . 4 ;
14 e l s e
15 x i = 0 ;
16 end
17 %xi = 1 . 4 ;
18 %xi = 17.81 − 2∗39.85∗ a + 3∗36.0∗ a . ˆ 2 ;
19 %
20 e l s e
21 %
22 %cannot use x i = Xi ( a ) s i n c e the re i s check ing o f the
23 %value o f each a i n s i d e x i ???
24 x i = ones ( s i z e ( a ) ) ;
25 f o r i =1: l ength ( a )
26 x i ( i ) = Xia ( a ( i ) ) ;
27 end
28 %
29 end
30 %
31 end
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