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Abstract: This paper presents a passivity based formation control strategy for multiple
unmanned aerial vehicles (UAVs) cooperatively carrying a suspended load. The control strategy
we propose consists of an internal feedback control law for each UAV and a formation control
law that regulates the relative position between each UAV. We show that under this control
strategy the interconnected system has a continuum of equilibria and prove stability for all
equilibrium points where the cables supporting the suspended load are in tension.
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1. INTRODUCTION

We consider multiple UAVs, specifically multicopters,
transporting a suspended payload as in Figure 1. Many
potential applications for this have been proposed, includ-
ing package delivery and transportation, fire extinguish-
ing, and geo-surveying and mine detection as in Bisgaard
(2008); Mellinger et al. (2013).

Using multiple UAVs for this task is advantageous because
it provides a higher load carrying capacity as well as
having better control over the position and orientation
of the suspended load. This is especially important in
applications like geo-surveying where it is necessary to
maintain the suspended load at a certain orientation
relative to the ground. A multiple UAV configuration also
reduces the effect of disturbances like wind on the motion
of the suspended load. This is especially important for
search and rescue or rendezvous operations as in Bernard
et al. (2011) where precise position control is necessary.

Cooperative control of multiple UAVs carrying a sus-
pended load has been studied under different scenarios.
For example, Mellinger et al. (2013); Michael et al. (2011)
assume external cameras are available to provide accurate
position measurements of the UAVs and the payload,
which limits the applicability of these approaches for large
scale, outdoor environments. Alternatively, in Klausen
et al. (2014); Maza et al. (2009); Bernard and Kondak
(2009); Bernard et al. (2011) sensors onboard the UAVs
are used to measure the relative positions of the UAVs and
the payload, and use only these measurements to maintain
a constant formation.

Fig. 1. Multiple UAVs carrying a suspended load.

In this paper we assume that the UAVs only measure
their relative positions and not the position of the sus-
pended load. We treat each UAV and the suspended load
as individual subsystems and propose a passivity based
formation control strategy similar to that in Arcak (2007);
Bai et al. (2011) to stabilize the interconnected system. For
each UAV we propose an internal control law rendering
the system output strictly passive between the input, the
force from the cables and formation control law, and the
output, the velocity error. The formation control law can
be interpreted as virtual springs between the UAVs, and
the connection between the UAVs and the suspended load
is modeled as a physical spring representing the cable. We



extend the framework in Bai et al. (2011) to allow for the
suspended load and compensate for its effect on the UAVs.

First, we model the dynamics of the UAVs, suspended
load, and cables between the UAVs and the load. Then,
in Section 3 we propose an internal feedback control law
for each UAV and a formation control law that regulates
the relative position between each UAV. In Section 4 we
show that the interconnected system has a continuum of
equilibria and prove stability for all equilibrium points
where the cables supporting the suspended load are in
tension. Finally, we present simulation results using the
proposed control strategy for a system with 3 UAVs.

1.1 Preliminaries

In order to prove stability of this system we decompose it
into subsystems and characterize the input-output prop-
erties of each individual subsystem by showing they are
equilibrium independent dissipative (EID) Hines et al.
(2011); Biirger et al. (2014). Consider a system of the form

o(t) = flx(t),u®)  y@) =h(z),ut) (1)
where there exists a nonempty set X C R" such that
for each z € X there exists a unique u € R™ satisfying
f(z,a)=0.

Definition 1. The system (1) is EID on an open set D C
R™ with respect to a supply rate w if there exists a

nonnegative storage function V : D x D — R such that
V(z,z) =0 and

V(e,z) £ V,V(2,2) fz,u) Swlw—u,y—-7) (2

for all z € D, u € R™ and for all Z € D and u that satisfy
f(&,u) = 0 where y = h(z,u) and § = h(Z, u).

This definition ensures dissipativity with respect to any
possible equilibrium point rather than a particular point.
This is advantageous for compositional analysis, since the
equilibrium of an interconnected system may be hard to
compute.

Furthermore, a system is equilibrium independent passive
if it is EID with respect to the supply rate

wlu—a,y-9) =@u-a)(y -9
and it is equilibrium independent output strictly passive if
it is EID with respect to the supply rate
wu—a,y-9) =u-a)(y-9) —ey—-9" (y-9
with € > 0.

2. SYSTEM DYNAMICS

We consider N UAVs that are cooperatively carrying a
suspended load. The desired formation of the UAVs and
the load in the z—y plane are represented by an undirected
graph as in Figure 2. We let n; € R3, 4 = 1,..., N and
nN+1 be the position of the UAVs and the suspended load,
respectively.

For each dotted edge ¢ = 1,...,T in the graph between
UAVs we assign one vertex to be the head if it is clockwise
from the other vertex. Therefore, for the configuration in
Figure 2 vertex 1 is the head and vertex 2 is the tail along
edge 1. Solid edges £ = T + 1,..., FE represent the cable
between the UAV and the load. We assign the UAV vertex

Fig. 2. Undirected graph of UAVs (1,2,3) and the sus-
pended load 4.

to be the head and the load vertex the tail. The incidence
matrix, given by

1 if vertex ¢ is the head of edge ¢
M; = { —1 if vertex i is the tail of edge £ (3)
0 otherwise,

will be used to characterize the interconnection topology.

Along each edge ¢ = 1,...,FE we define the relative
position as 74(t) := n;(t) — n;(t) € R where ¢ and j
correspond to the head and tail vertices, respectively, of
the /-th edge.

Since the input and output of the UAVs and the suspended
load is in three dimensions the matrix D = M ® I3
maps the position of the UAVs to the relative positions
re(t) € R? along each edge £ =1,..., F by

r=DTn. (4)

As an example for the formation described in Figure 1 we
have

1 0—-11 0 O

-1 1 0 0 1 O

M=149_11 0 0 1

0 0 0 —-1-1-1

and

1 m — 12
2 T2 — 13
:3 :DTn: 773:771
4 n —"4
s T2 — M4
76 3 — M4

The dynamics of each UAV are described by point mass
models, as in Mahony et al. (2012); Klausen et al. (2014),
of the form

m0;(t) = —mug + uk (t) + 7i(t) i=1,...,N (5
with state v;(t) € R3, control input 7;(t) € R?, mass m;,
and acceleration due to gravity g € R3. The force applied
to the UAV through the cable connected to the suspended
load is uF(t) € R3. For each UAV an internal feedback
controller will be used to compensate for this unknown
force.

The dynamics of the suspended load are
mpoN+1(t) = —mrg + un41(t) (6)

with state vx,1(t) € R3 mass myz, acceleration due to
gravity g, and input ux1(t) € R? which is the sum of the
forces applied to the load by the UAVs through the cables.



The edges ¢ = 1,...,T between UAVs do not represent
a physical connection so in Section 3.2 a control law is
proposed that acts as virtual springs oriented along the
edges between the UAVs. The edges { = T 4+ 1,...,F
between the UAVs and the load represent a flexible cable.
The force transferred along this cable is modeled by a
function hy : R® — R? which takes the form

hmw=ammmﬁmw (7)

where we assume o, : Ry — R is strictly increasing and
onto for £ =T+1, ..., E. This function can be interpreted
as a spring acting between the UAV and the suspended
load.

3. CONTROL STRATEGY

In this section, we describe an internal feedback control
for each UAV that renders it EID and compensates for the
vertical force applied to it by the suspended load. Then, a
formation control strategy is presented that regulates the
relative position of the UAVs in the z, y, and z coordinates
independently.

3.1 Internal Feedback Control

We propose a passivity based design where the internal
feedback for each UAV is
7i(t) = mag + 0" —wi(t) = 0:(6) +ul (1) (8)
where m;g compensates for the effect of gravity on the
UAV, v? is the desired velocity of the formation, and uf is
the formation control force which will regulate the relative
positions of the UAVs as described in Section 3.2. The
component 0;(t) is updated by
0i(t) = vi(t) —v*  5;(0) = (9)
where §; is an estimate of the bias force applied to each
UAV. The purpose of § is to compensate for the vertical

force applied to each UAV by the suspended load as well
as compensate for other unmodeled bias forces like wind.

With this control strategy the UAV dynamics are

. 10
0i(t) = vi(t) — v (10)
where u; = uf + uZL is the sum of the formation control
force uf and the force from the suspended load uF. In

Section 4 we show that this choice of 7 guarantees that
the system (10) is equilibrium independent output strictly
passive from the input u; to the output v;.

3.2 Formation Control

The interconnected system can be represented as the block
diagram in Figure 3. The X; subsystems mapping u;
to v; are the UAV (i = 1,...,N) and suspended load
(i = N + 1) subsystems and the A, subsystems mapping
we to ye = h(r) for £ =1,..., F are the edge subsystems.

As depicted in Figure 3 we express the edge subsystems as
7.”5 = Wy
Yo = he(re)

where w £ D Tv is the input to the edge subsystems and y
is the output. For the edges ¢ = 1,...,T the functions hy

(11)
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Fig. 3. Block diagram of the vehicle platoon dynamics.

characterize the formation control strategy, while for the
edges £ = T + 1,..., F they model the cable connecting
the UAVs and the suspended load.

The formation control strategy, which requires measure-
ment of the relative positions of the UAVs, is described by
the functions hy : R3 — R3 of the form

oy (r7)
UZ(’I’Z) (12)
oy (r7)

for each edge £ =1,...,T between UAVs. Similarly to (7)
we assume that o7, 0,07 : R — R are strictly increasing
and onto for £ = 1,...,T. This control law can be inter-
preted as three virtual springs for each edge connecting
UAVs that act independently in each coordinate.

The input to the UAVs is then
hl (’I"l)

hg(?"g) =

u=—-D (13)

he(re)
where hy are given by (12) for £ =1,...,T and by (7) for
{=T+1,...,E. Therefore, the input applied to the i-th
subsystem is
E
u; ==Y Dihy(re) (14)
=1
which depends only on locally available measurements
because D;; # 0 only when vertex 7 is the head or tail
of edge /.

4. STABILITY ANALYSIS

We analyze the stability properties of the system and
proposed control laws using a compositional approach.
Specifically, for each subsystem (i.e. UAV, load, or edge)
we find a storage function certifying that it is EID.
From these storage functions we then obtain a Lyapunov
function for the interconnected system.

For each UAV i = 1,... N, described by (10), the storage

function
- N mg 2, 1 T2
Si(vi, Ui, 03, 0;) = 7”%‘ —ull* + §H5i — 4l (15)

certifies equilibrium independent output strict passivity
since

Si(vhqj’i,(siag’i)
= (’U,’ — @i)T(—Ui + vt — 0; + Uz) + (51 — SZ)T(M — vd)
= —|lvi — Bil|* + (vs — ﬁi)—r(ui — ;)
where we have used 7; = v® and 4; = &; in the second
equality.



For the suspended load, described by (6), the storage
function

~ m B
SL(UN4+1,0N41) = 7LHUN+1 — N4 (16)

can be used to show that it is equilibrium independent
passive since

SL(UNH, On41) = (v — 77N+1)T(—ng +un41)
= (on41 — Ong1) (U1 — Unga)
where Uy = mrg.

For each edge ¢ = 1,...,T, described by (11) with the
control strategy in (12), the storage function is

R = [ " (ha(€) — he(r))dc

Te

(17)

Y [ 6 - irpac

-
ie{w,y,z}" "¢

where the second equality holds since the curl of hy in (12)
is zero implying path independence of the integral. The
storage function Ry is zero for r; = 7, and strictly positive
for all 7y # 7¢ since of, o}, and o} are strictly increasing
and onto for £ = 1,...,T. This storage function certifies
each subsystem is equilibrium independent passive since

. op(r) —of (i)

Ry(re,7e) = [0’?(7”5) - 03(77?)1 wy

oy (ry) — o7 (77)
= (he(re) = he(Fe)) " (we — @p)

where w, = 0.

For each edge £ =T +1,..., E, described by (11) and (7),
the storage function is

lIrell iT(r,—7
Ra(re,7e) = /| o0 )T as)
e
Clearly, Ry(7¢,T¢) = 0 and by calculating the Hessian of Ry
we can show that it is positive definite in a neighborhood
of 7.

The gradient of the storage function is

_ Te _ Te
vr R 5 = T T
Re(re,70) Ue(IIWH)HWH Ue(IITeH)HW”
= he(re) — he(Te)
and the Hessian is
H,,Ry(r¢,7¢)
ry
(et
_ ol ;) (W(HWH)) T
lI7ell " [7ell !
ae([lrell) ( , Uz(||7”5||)> I
= ————Is+ | oplllrel)) — — Tor
||T€|| 3 l(” ”) ||T€H TZ—TZ 4

where I,, € R™"*" is the identity matrix. Note that the
Hessian is the sum of a scaled identity matrix and a rank
one matrix. Therefore, the eigenvalues of the Hessian are

ou(llrel)
[[7ell
with multiplicity 2 and

2D+ (o) - 24 — o

el [l7ell

with multiplicity 1. Thus, if

or(||7ell) > 0 and oy ([|7]]) >0 (19)

then the Hessian is positive definite at 7, which implies
that Ry(re,7¢) > 0 for all r; # 7y in a neighborhood of
7¢. The first condition, ay(]|7¢||) > 0, holds whenever the
spring is in tension and the second condition, o} (||7||) > 0,
always holds since oy is increasing.

The Lie derivative of this storage function is

Ry(re, 7o) = (he(re) — he(Fe)) " (we — we)

where wy = 0. Therefore, this storage function certifies the
edge subsystems are equilibrium independent passive in a
neighborhood of 7 for any 7, satisfying o, (||7¢||) > 0.

In order to characterize the equilibrium points of the sys-
tem we must consider configurations with specific numbers
of UAVs. For example with N = 2, the set of equilibria
of the interconnected system in Figure 3 with the UAV,
edge, and load subsystems described by (10), (11), and (6)
respectively, is given by

v=vifori=1,...,3
mrpg = ha(F2) + h3(Fs3)

5 | M2 = T3) = ho(r
hi(r2 —73) — h3(73)

where the geometric relation 71 = 7o — 73 is used in the
last equation. Since the functions h1, ..., h3 are increasing
and onto in each coordinate there exists a unique § for
all values of 75 and 73. Therefore, there is an equilibrium
point for any ro and r3 satisfying mpg = ha(rz) + hs(rs).
For configurations with N > 2 UAVs the set of equilibria
€ is of a similar form and is a continuum of points.

Theorem 2. Any equilibrium point (v,6,7) € & of the
interconnected system in Figure 3 that satisfies oy (||7¢||) >
0for {=T+1,...,F is stable.

Proof: By combining the subsystem storage functions (15)-
(18) we get the candidate Lyapunov function

N
V(’U,(S,T) = ZSi(vi,@i,éi,Si) (20)
=1
E
+ SL(vns1,0n41) + 3 Re(re, 7).
/=1

for any equilibrium point (v,4,7) € €. By the definitions
of the subsystem storage functions V(7,0,7) = 0 and
V' is positive definite in v, d§, and r, for £ = 1,...,T.
Furthermore, since oy(||7¢]]) > 0 for £ = T+ 1,...,E
then there will exist an open set R containing 7, such that
V(9,9,7) = 0 and V(1,0,r) > 0 for any {r, € R | r¢ #
Fofor £=T+1,...,1}.

The Lie derivative of V is



V(v,6,7)

N
=" (i = will* + (vi — 5) T (s — ;)
=1
+ (UN+1 — 5N+1)T(UN+1 —UN41)
E

+) (he(re) = he(e)) T (we — 1)
=1

N

B _Z lvi = oi* + (v =) " (u— )

+ (h(r) = h(r) " (w — )

where the third inequality follows from uw = —Dh(r) and
w = D Tv. Hence, any equilibrium point (7,4, 7) satisfying
oo(||Fel]) >0 for ¢ =T +1,..., E is stable. [

Remark 3. The assumption that o¢(||7]|) > 0 for £ =T +
1,..., E is not restrictive because it is only true when the
cables between the UAVs and the load are in tension. This
condition is expected in normal operation and desired so
that there is no slack in the cables.

5. APPLICATION EXAMPLE

As an example, consider the configuration in Figure 2 with
N = 3 UAVs carrying the suspended load. Let each UAV
have a mass m = 2 kg, and the load have mass my = 3 kg.
In addition to the reaction force from the load, the UAVs
are also affected by a constant wind in the z-direction with
a magnitude of 4 m/s.

For N = 3, a fully connected graph between all UAVs

consists of three links and the resulting control incidence
matrix M, is given by

1 0 -1

M, = [—1 1 0]

0 -1 1

(21)

Suppose we want the three UAVs to form a triangle with
each side having length A € R. We let n¢ € R3 for
i =1,..., N represent the desired positions of the UAVs

and assume that
0
nf = |f)] .
0

Then a set of possible desired positions of the UAVs are
described by

A A)/2
ng=10| and n{=|\/A2—-A2/22
0 0
The desired relative positions rf € R? are then given by
d d
g v |
ry | = (Me®13) |y (22)
d d
r3 3

We then design hy as described in Section 3.2. Specifically,
we choose the formation control feedback function h, for
£=1,...,T to be

hg(?"[) = k(’r‘g - rg) (23)

with k = 8. Since k is positive hy is strictly increasing and
onto.

Note that without the suspended load the relative posi-
tions 7 of the UAVs would converge to the desired relative
positions rg. However, the force from the suspended load
will pull the UAVs slightly closer together, so the equilib-
rium 7y for the links between the UAVs will be slightly
different from 7.

The force between the load and the UAVs are modeled by
Hooke’s law as

oe(llrell) = y(llrell = Le) (24)

for{=T+1,...,FE, where L, = 2 is the nominal length
of the wire at link ¢. The wires are modeled as relatively
stiff springs with v = 100.

6. RESULTS

We let the initial positions of the UAVs be

0 3 0
77?=H7 nS=M, ng = 1]7
0 0 0

the desired formation be given by (22) with A = 2, and

the desired velocity be v? = [0 0 O}T. The results of
the simulation can be seen in Figures 4-7. The relative
movements of the three UAVs can be seen in Figure 4,
where the star represents the initial position, and the
UAV drawing is the final position. As can be seen, they
approach the desired relative formation, and the velocity
error |v;(t) — ve(t)| converges to zero in Figure 5. From
Figure 6 we see that the distance between the UAVs
converge to a constant value, but as expected, it is slightly
less than A.

Figure 7 shows estimates of the load mass and wind bias,
which converge to the true values. The estimated load mass
is calculated by summing the z-components of §;, while the
estimated wind bias is the average of the xy-components.

Relative movements

5

55
N

6
6.5

UAV 1

UAV 2

UAV 3

y 15 X

Fig. 4. Position of the three UAVs and the suspended load.



Velocity Error
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Fig. 5. The velocity error relative to the desired velocity
v? for each UAV.
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Fig. 6. Distance between each UAV.

Load Mass and Wind Estimate
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Fig. 7. Load and bias estimates, as calculated from the
integral terms §; of each UAV.

7. CONCLUSION

In this paper, passivity-based control design was applied to
a system of multiple UAVs carrying a suspended load. The
proposed control strategy regulates the relative position
between the UAVs and compensates for the vertical force
applied by the suspended load. We prove that the equilib-
rium points of the system when the cables are in tension

are stable and provide simulation results demonstrating
the performance of the control strategy.
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