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Sammendrag

Denne oppgaven omhandler vannbglgeproblemet. Vi bruker lokal bifurkasjonste-
ori til & etablere eksistens av reisende og periodiske lgsninger av Eulerligningene
med vortisitet og liten amplitude. Tilneemingen vi bruker baserer seg pa den
til Ehrnstrom, Escher og Wahlén [6], der hovedforskjellen er at vi bruker nye
bifurkasjonsparametere. Vi bifurkerer bade fra en éndimensjonal og en todimen-
sjonal kjerne, der den todimensjonale bifurkasjonen gir opphav til bglger med flere
bglgetopper og -daler i hver minimale periode. Vi gir ogsa et nytt og elementaert
bevis av Fredholm-egenskapen til den elliptiske differensialoperatoren assosiert med
vannbglgeproblemet. Videre undersgker vi deriverte av bifurkasjonskurven, og gir
et nytt resultat for det tilhgrende linesere problemet.



Abstract

This thesis is concerned with the water wave problem. Using local bifurcation we
establish small-amplitude steady and periodic solutions of the Euler equations with
vorticity. Our approach is based on that of Ehrnstrom, Escher and Wahlén [6], the
main difference being that we use new bifurcation parameters. The bifurcation is
done both from a one-dimensional and a two-dimensional kernel, the latter bifur-
cation giving rise to waves having more than one crest in each minimal period. We
also give a novel and rudimentary proof of a key lemma establishing the Fredholm
property of the elliptic operator associated with the water wave problem. Further-
more, we investigate derivatives of the bifurcation curve, and present a new result
for the corresponding linear problem.
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1 Overview of sets and function spaces

k1S
N

N
Xy
Xo
X

Y

The one-dimensional sphere of radius £~ 1.

The set of positive integers.
The set of nonnegative integers.

The function space C%2 (k~!S,R).

even

The function space C2 (5, R).

per,even

The function space X; x Xs.
The function space C12 (k'S R).

even

The function space C9 (5, R).

per,even

The function space Y7 X Ys.

The function space {qb € CZL vven (Q,R) : Gls=0 = 0}.
The function space X; x Xo.

For a function T': X — Y, the set {x € X : T'(x) = 0}.
The a function T': X — Y, the set {T'(z) : z € X}.



2 Introduction

2.1 Previous work

The steady water wave problem concerns the flow of an inviscid fluid of uniform
density, uniformly translating in the horizontal direction, subject to the external
forces of gravity, surface tension, or both. This reduces to studying the Euler
equations (see (2.1) below). In our case, we consider only pure gravity waves. The
mathematical study of steady water waves has until recently focused on irrotational
flow, i.e. flows with a curl-free velocity field. See Groves [14] for a general overview
of this theory. There are however many naturally occurring situations in which
it is necessary to take vorticity into account. Examples are running water with
nonuniform velocity, and any region where the wind is blowing along a water
surface.

Already in 1802 Gerstner [11] constructed an explicit example of a periodic
traveling wave on water of infinite depth with a particular nonzero vorticity. In
1934 Dubreil-Jacotin [4], using a power series approach, constructed steady, pe-
riodic small-amplitude solutions with a general vorticity distribution. In 2004
Constantin and Strauss [2], using a modern functional-analytic framework, were
the first to construct large-amplitude rotational waves. They applied global bi-
furcation theory to prove the existence of a connected solution set of exact pure
gravity waves over a flat bottom, with vorticity encoded in a large class of admissi-
ble vorticity functions v, depending only on the stream function of the flow. This
breakthrough allows for the identification of new types of waves solving the Euler
equations exactly, and paved the way for a new branch of research studying the
properties of waves with nonzero vorticity.

One direction of study is to allow for waves with a non-uniform background
flow, something that is excluded in the analysis in [2]. Some papers in this direction
are [6, 19, 9, 8]. The paper [19] by Wahlén is concerned with the case where the
vorticity function v is a constant, while [6] considered the wider class of affine
vorticity functions. As an effect of vorticity, these papers established the existence
of waves with critical layers—a connected part of the fluid domain consisting only
of closed streamlines—a feature not encountered in the earlier mathematical study
of rotational flows, and never for irrotational flows.

2.2 The work at hand

This thesis is based on the paper [6] by Ehrnstrom, Escher and Wahlén, which
reformulates the water wave problem in the setting of functional analysis, and then
uses local bifurcation theory to prove existence of solutions. This technique exploits
the fact that there are some obvious trivial solutions to the Euler equations, namely
that of laminar flows which are uniform in the horizontal direction with a flat
surface. Bifurcation theory allows us to study solutions which are sufficiently close



(in a sense made precise later) to a trivial solution, and deduce various properties
of these solutions.

The main novelty of our approach compared to that of [6] is that bifurcations
are performed using a different parameter, which presents a new technical difficulty
we call the orthogonality condition (Lemma 5.3). We also give detailed proofs of
some claims made in [6], but never proved in that paper, and give a new proof of
the Fredholm property of the linearized operator (Theorem 4.6) valid in a larger
function class than previous work. In section 5.3 we present a situation where we
can give a local classification of all solutions of the water wave problem in a given
function space. In section 7 we present a new result for the linearized problem,
showing that, with the right choice of parameters, the kernel of the linear problem
can have any specified finite dimension. This parallels a result in [7]. In section 8
we compute the values of certain derivatives in the Lyapunov-Schmidt reduction,
which elicit new information about the nature of our solution curves.

Any proposition which is taken directly from existing literature, and whose
proof is either omitted, or for which our supplied proof does not contain any new
ideas, has been clearly marked with the relevant reference. All other results are
novel contributions by the author.

2.3 The governing equations

We now present the equations governing the propagation of pure gravity waves
on water. Gravity is assumed to be the only external force acting on the water,
and so we are neglecting effects of e.g. surface tension. We stipulate that the
bottom of the domain is flat, and we choose the origin to lie at the bottom. We
use a Cartesian coordinate system oriented so that the z-axis is horizontal, the
y-axis points vertically upwards, and direct the z-axis so as to give a right-handed
orthogonal coordinate system. The bottom is therefore given by the equation
y = 0. In its undisturbed state with no waves, the equation of the flat surface is
given by y = d for some d > 0. In the presence of waves, we define the function 7,
such that the free surface is given! by y = d + n,(t, 7, 2).

In the mathematical treatment of steady waves, it is physically realistic to
treat water as having constant density [16], and, at least for gravity waves, as
being inviscid [3]. The governing equations for inviscid fluid motion are the Euler
equations, and in the case of an incompressible fluid, they take the form

V-u, =0,

2.1
p(0r +uy - V)u, = =VP, + 1 (2.1)

expressing conservation of mass and conservation of momentum, respectively, in
the domain 0 < y < d-+14(t, z, z) during some period of time. Here p is the density
of the fluid, u, is the velocity field, P, is the pressure and f = (0, —pg,0) is the
sum of external force densities. The functions u, and P, are functions of ¢, x, y

1The subscript * is only a device for not mixing up function definitions at a later stage.



and z, and since 7, is a priori unknown, the domain (i.e. the form of the body of
water) is also a priori unknown.

We now supply (2.1) with boundary conditions. First, we require that water
does not penetrate the flat bed, which is the same as demanding that the flow at
the bottom is tangential:

v, =0 ony=0. (2.2)

Second, we require that a water particle with coordinates (x(t),y(t), z(t)) which is
on the surface at time ¢, i.e. y(t) = 0. (¢, z(t), y(t)), will stay on the surface for all
times. This is equivalent to demanding y(t) = £n.(t,z(t), 2(t)), giving rise to
the boundary condition

Ve = ()t + () aths + (1) 2 ony =d+n(t z,z2). (2.3)

Third, we impose the condition that the pressure at the surface is equal to the
(constant) atmospheric pressure,

P=Pim ony=d+n.tx,z). (2.4)

As we will see, equation (2.4) has the effect of decoupling the motion of water from
the motion of the overlying air.

To tackle (2.1)—(2.4), we need to make some simplifying assumptions. First, we
reduce from three spatial dimensions to two: We assume that the motion is iden-
tical on any line parallel to the z-axis, and that the direction of wave propagation
is along the z-axis. This is reasonable since the motion of most waves propagating
on the surface of the sea or in a channel is close to identical in any direction par-
allel to the crest line. Second we restrict our search for solutions to that of steady
waves, also called traveling waves, traveling with a given constant speed ¢ > 0.
This entails that all functions involved have a space-time dependence of the form
(z — ct,y), which allows us to eliminate time from the problem. We can therefore
write u,(t, z,y, 2) = (u(x — ct,y),v(x — ct,y),0), where u and v are the horizontal
and vertical velocity components. Similarly, we can write n,(t, z,2) = n(x — ct)
and Py (t,z,y,z) = P(x — ct,y) for some functions n and P. With these simplifi-
cations, and by normalizing the density p to 1, which amounts to scaling P and g
by the constant factor p, the equations (2.1) reduce to

Uy + vy =0, (2.5)
(u — Q)uy +vuy = —Py, (2.6)
(u—c)vy +vvy = =Py — g, (2.7)
Vg — Uy =W (2.8)

which are to hold for all points in Q, = {(z,y) € R* : 0 < y < d+n(z)}. Here
we have also introduced the vorticity w = v, — u,, which we include as a separate
equation since we will be looking for solutions where w takes a specific form. The
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boundary conditions (2.2)—(2.4) become

v=0 ony =0, (2.9)
v=(u—c)n, ony=d+n(x), (2.10)
P=Pim ony=d-+n(x). (2.11)

The time ¢ and the spatial dimension z is at this point eliminated from our analysis,
while the interpretation of our new coordinates (x,y) is as being measured along
a coordinate system traveling in the direction of propagation with speed c¢. The
last simplification is that we will only be searching for periodic waves, and so we
introduce the wave number x > 0, and stipulate that all functions involved be
27 /k-periodic in the z-variable.

2.4 Stream function formulation

We now reformulate the water wave problem (2.5)—(2.11) in terms of a potential
¥, called the relative stream function. We will largely follow the approach of [5].
From mass conservation (2.5), stating that (u,v) is a divergence-free vector field,
under the assumption that €2, is simply connected we know that there exists a
function ¥ having the properties

Yo =-v, YPy=u-—c (2.12)

That €2, is simply connected is essentially equivalent to the assumption n > —d.
This means that no waves are so large that the bottom y = 0 is exposed directly
to the air. Equation (2.8) now becomes

AY = —w.

Also observe that the condition (2.9) can be reformulated as v, = 0 at y = 0, and
so 1) is constant on the bottom. Furthermore, since

%1/1(%, d+n(x)) = Yo (x,d +1(x)) + by (2, d+ n(2))n.(z)
= —v(z,d+n(z)) + (u(z,d +n(z)) - c)n.(z),

we see that surface condition (2.10) is precisely the statement that 1) is constant
along the surface.
Observe that equations (2.6) and (2.7) can be written in the form

(v-V)-v=-VP-V(gy),

where we have introduced v = (u — ¢, v,0). Using the identity (v-V)v = V(v -
v) — v x (V x v), we get

VP =-V(3v-v+gy)+vx(Vxv). (2.13)

5



A small calculation yields

vx (Vxv)=(u—cv,0)x(0,0,w) = (vw, —(u—c)w,0) = (Y A,y A1), 0).
(2.14)
If we take the curl of (2.13) we therefore get (¢, A¢),; — (Y A¢), = 0, which can
be simplified to
{6, Ag} =0,

where we have introduced the Poisson bracket {f, ¢} = fy 9z — fzgy-
By differentiating the boundary condition P(z,d + n(z)) = Patm, we get

Py +n.Py =0
— (u —c)uz +vuy + 1Nz ((u— c)vg +vvy +9) =0
= (u—cJuz + vy +1:((u— Juy +ovvy) + (v + M (u — ¢))Jw = —gny
= (=0 +0°)e + 3na((u = ¢)® +0%)y = —gna
(2.15)

which after integration is equivalent to the nonlinear surface condition (2.21).
%‘Vw?-}-gn:constant ony=d+n(z).

Observe finally that ¢ is 27 /k-periodic in the horizontal variable. To see this,
first recall that ¥, = —v, and so

zo+27 /K
(o +2m/x,y) — D(ao,y) = / o(s,y) ds (2.16)

Zo

The y-derivative of the integral in (2.16) is 0, which is a consequence of v, = —u,
coupled with the 27 /k-periodicity of u. Using that v|,—9 = 0, we conclude that
1/)(1‘0 + 27‘-/‘%7 y) - 1/}(.%0, y) =0.

Proposition 2.1. [5/ (Stream function formulation) Givenn e C3,.(R) and
u,v € C2,,.(Q,) (where the subscript per denotes horizontal 2m /k-periodicity) the
steady water-wave problem (2.5)—(2.11) is equivalent to the stream function for-

mulation

A = —w in Qp, (2.17)

{, Ay} =0 in §y, (2.18)

Y =mg on y=0, (2.19)

v =m on y=d+n(x), (2.20)

3V +gn=Q on y=d+i(), (2:21)

Jor ¢ € C3..(y), and some constants mg, my and Q.

Proof. We have already shown that the steady water wave problem implies the
stream function formulation, and we now prove the converse. Given a ) € C’Scr(Qn)
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define u — ¢ = ¢, and v = —tp,. Then u,v € C3,(9,), and the calculation
preceding this proposition makes it clear that mass conservation (2.5), the bottom
condition (2.9) and the surface condition (2.10) all hold. What remains is how to
define P, and show that conservation of momentum (2.6) and (2.7) as well as the
pressure condition (2.11) hold.

Recall that (2.6) and (2.7) is equivalent to
VP:*V(%V'V+gy)+VX(VXV), v = (1y, —1,,0).

We can use this to define P (up to a constant) if the curl of the right hand side is
0, which as we have seen holds due to (2.18). Furthermore, the nonlinear surface
condition (2.21) coupled with the computation (2.15) show that P is constant and
at the surface, and since P up to is only defined up to a constant, we can arrange
it so that P = Pyt on y = d + n(z). O

2.5 The vorticity function

We now show that under the condition u < ¢, there exists a function with the
property that w(z,y) = v(¢(x,y)) throughout the fluid. v is called the vorticity
function, and is a measure of the strength of the vorticity. The assumption v <
c is supported by empirical evidence: For wave patterns not near the breaking
state, the propagation speed c of the surface wave is considerably higher than the
horizontal velocity u of individual water particles [16].

Lemma 2.2. [2] (Existence of a vorticity function.) Suppose u < c. Then
there exists a function v such that w(z,y) = y((x,y)) for all (x,y) € Q).

Proof. Since 9, = u—c < 0, we see that ¢(z,y) is strictly decreasing as a function
of y for fixed z. This implies the existence of a (bijective) coordinate transforma-
tion

g=z, p=-—y).
In particular it is possible to write the vorticity as a function of ¢ and p, i.e.
w = w(q,p). To prove the lemma, it suffices to show that dyw = 0 throughout the
fluid. First note that?

Wz = Wq + WpPy = Wq — Wy,
wy = wppy = —wp(u —¢),

and therefore v

=w, — , 2.22
Wq =W c—u ( )

where we used that ¢ — u is never 0 by assumption. Note that
wg =0 = (u = c)wgy +vwy =0 = {, Ay} =0,
and the latter equation is just (2.18). O

2We use the usual convention that partials indicate which coordinates we consider w to depend
on.



We will as announced assume ~ to be affine; i.e. w = a4+ §, where a # 0 and
d are real constants. In this case {1, Ay} = 0 is trivially satisfied. Making the
shift ¢ — &/« +— 9 and the corresponding shifts of mg and my, we can assume that
v is linear: w = . By also redefining gn + 7, the stream function formulation

reduces to _
7/1:595 + wyy = aw mn Qna

PYp=myg on y=0,
(2.23)
Y=my on y=d+n(x),

VPP +n=Q on y=d+n(z),

Seeing as solutions of (2.23) induces solutions of the water wave problem also when
1y = u — ¢ < 0 is not satisfied, and we therefore drop this assumption. In fact,
some of the solutions we find will satisfy v > ¢ at some points, and these will
therefore not be covered by the general existence theory of rotational waves in
Constantin and Strauss [2]. Furthermore, (2.23) makes sense also for less regular
function spaces than specified in Proposition 2.1, and we will therefore allow for
less regular (but still classical) solutions. See section 4.



3 Background material

We now record some mathematical machinery this thesis relies upon. The treat-
ment will be minimalistic. In this chapter only, X and Y will denote arbitrary
Banach spaces over R, and not the special spaces given on the Notation page.

3.1 Calculus in Banach spaces

We now review the general facts about differential calculus in Banach spaces. Given
two Banach spaces X and Y, by L(X,Y) we mean the bounded linear operators
from X to Y, which is a Banach space with norm

”THL(X,Y): sup ||T'(z)lly -
2l x <1

x>

Fréchet Derivatives. Given an open set U C X and a function F': U = Y,
we say that F' is Fréchet differentiable at xo € U if there exists A € L(X,Y) such
that

|F(wo + h) — Flao) — Ahlly

im =0.
1]l —0 IRl x

If such an operator exists, it is unique and is called the Fréchet derivative of F
at 9. We write A = DF(x), and sometimes A = DF[zg] when we want to
emphasize that the dependence on z is not (necessarily) linear. Furthermore, we
say that I is Fréchet differentiable on U if it is Fréchet differentiable at every point
of U. Just as in the Euclidean case, Fréchet differentiability implies continuity.

It is readily seen from the definition that the Fréchet derivative of a sum of two
functions is the sum of the Fréchet derivatives. A not so immediate consequence
is the following.

Lemma 3.1. [1] (The chain rule) Let X, Y, Z be Banach spaces, U C X,V CY
open sets and suppose that F : U =Y and G : V — Z are such that F(U) C V,
and that DF[xo] and DG[F (xg)] exist. Then D(G o F)[zo] exists and

D(G o F)[zo] = DG[F(z0)] o DF ).

We will often use the following corollary to the Chain Rule: If T: Y — Z and
H : W — X are bounded linear operators, then D(T o F)[z] = T o DF[z] and
D(F o H)[z] = DF[H(x)]. A more general result is the following:

Lemma 3.2. Let A be an open set in a Banach space W, and suppose that T :
A— L(X,)Y) and L: A — L(Y, Z) are differentiable. Then also G : A — L(X, Z)
given by G(X) = L(X) o T(X) is differentiable, with

DG[A = DAL[N o T(A) + L(A) o DyTIN.



Proof. Rearranging terms and applying the triangle inequality, we obtain the es-
timate

LA+ h) o T(A+h) = LX) o T(A) = (DAL[AJh) 0 T(A) = LX) o (DT[N, x, )
< LA+ R) = L) = DAL Ly 2 T px v

LA+ W) v,z IT A+ ) = T(A) = DAT ARl 1o x vy

FILA+h) = L Ly, 2y IPAT AR L x vy -

and so dividing by ||A||y;, and letting h — 0, the limit is 0, which proves Lemma
3.2. O

We will often be interested in finding the Fréchet derivative of an operator
A = f(NT, where f is some real-valued function and T is a bounded linear
operator not depending on A. In this special case, the above lemma gives the
derivative f/(A)T. See also Corollary 3.4.

The next lemma is an analogue of the mean value theorem in the Euclidean
setting.

Lemma 3.3. [1/ (The mean value theorem.) Let X and Y be Banach spaces,
U C X a an open and convex set, and let F : U — Y be Fréchet differentiable at
each point of U with

sup{[| DF [z ;(xy) : ® € U} = M < o0.
Then, for all x1,x5 € U,
[F(z1) — F(z2)lly <M [la1 — 22l -

Higher order derivatives. If F' is Fréchet differentiable on an open set
U, then higher order Fréchet derivatives can be defined in the obvious manner.
Note that if D?F[xq] exists it will be an element of L(X, L(X,Y)), and similarly
D3F|xo] will be an element of L(X, L(X,L(X,Y))). It thus seems that D* F[x]
is an element of a complicated space, but turns out that it has a simpler and more
useful characterization, which we now discuss.

Let n € N. A mapping m : X" — Y is said to be a multilinear operator, in this
case n-linear, if it is linear in each variable separately, i.e. for all k € {1,...,n}
and fixed z; € X, j # k, the map

x> m(Ty, ..., Th_1,%, Tht1,---,2Tpn) 1S linear in x.
It is called a bounded and symmetric multilinear operator if also
[m|l = sup{[lm(z1, 2, ..., 2n)[| : [lza]l ... lznl <1} < oo (3.1)

and
m(x1,. .., 2Zn) = M(Tr(1), ..., Tr(y)) forall e S,.

10



where S, is the symmetric group of order n. Let M (X,Y) denote the set
of all bounded and symmetric multilinear operators from X™ to Y, where we let
Mg, (X,Y) =Y. With the norm (3.1), M2 (X,Y) becomes a Banach space.

Suppose that D?F[xg] € L(X,L(X,Y)) exists, and let z1,22 € X. Then
D?F[zo]zy € L(X,Y) and D?Fl[xg](z1,72) € Y. We will also use the notation
D?F|xglx1wy for D?Flxg](x1,72). It can be proven that the map (xq,12)
D?*F [xo]x122 is a bounded and symmetric 2-linear operator. With this identifi-
cation, we more generally have that, if the k’th Fréchet derivative of F exists at
o, then D*Flzo] € ME, (X,Y). The notation || D*F[x]|| will always mean the
ME, (X, Y)-norm.

If we combine the chain rule with Lemma 3.2, we get a formula for the second
derivative of a composition:

Corollary 3.4. [1] Let X and Y be Banach spaces, and U C X, V C Y open
sets. Suppose that F : U — Y and G : V — Z are twice differentiable and that
F(U)CV. Then

D2(F o G)[g] = D*F[G/(w0))(DGlwo], DGl]) + DF[G (o) D*Clao).
We also have the following generalization to a classical theorem from calculus.

Theorem 3.5. [1] (Taylor’s Theorem.) Let X be a Banach space with U C X
open and conver. Let F € C"(U,Y), for somen € N, and x,z9 € U. Then if
we define

| —

!DkF[xo}(x - :ro)k,

X

Ry(z,20) = Flz) = Y
k=0
we have that

o = zol™ | D" Fltag + (1 — t)z]]|.

R, €, T < —
|| ( 0)” (7’L+ 1)' 0<t<1

Analytic operators. The operators we will be working with have Fréchet
derivatives of all orders where they are defined. They will moreover by analytic, a
concept we now define. We say that a function F': X — Y is analytic at zg € X
if there exists a number r > 0 and a sequence ayg, a1, as, . . . of bounded, symmetric
multilinear operators a,, € MZ, (X,Y), such that for all  with ||z — z¢||y <7,

sym
we have
> lanll lz = zoll < 00, and F(z) =Y an(z — z0)". (3.2)
n=0 n=0

In that case, it can be shown that F has Fréchet derivatives of all orders, that
F is analytic at all points « with ||z — zg|| < r, and that we in fact have a, =
L D"F[zo]. In particular observe that if we are able to represent F' by a sum of
the form (3.2), we will be able to find D"F[xg|(x — o)™ for any n. This will be
utilized in chapter 8.1.

11



The implicit function theorem. Due to its central role in this thesis, we
include a proof of the implicit function theorem in a Banach space setting. We
prove a version which gives quantitative bounds on the domain of existence for the
implicit function. The approach is based on notes by C. Liverani [17]. Given an
element xy € X and a 6 > 0, we will use the standard notation

Bs(zg) ={x € X : ||z — x| < 8}, Bs(zog) = {x € X : ||lx — x| < 5}
First recall the following elementary result.
Lemma 3.6. [1] (Neumann series) Let T € L(X,X), where X is a Banach
space. If ||[I —T|| < 1, then T~ exists and is given by the Neumann series

T = i([ —T).

Jj=0

Remark 3.7. Lemma 3.6 in particular shows that T — T, as an operator from
the set of invertible bounded linear operators into itself, is analytic at I.

Theorem 3.8. (Quantitative implicit function theorem). Let X, Y and Z
be Banach spaces, U X V. C X XY an open subset, and (xo,yo) € U x V. Let
also F € CK(U x V,Z) for some k € N, such that F(xq,yo) = 0 and the partial
derivative D, F[zo,yo] € L(X,Z) a homeomorphism'. Choose 0 < § < 1 such that

1
sup ||], (DmF[xo,yo])*leF[x,y]H <3
(z,9)EVs

where Vs = Bs(wg) x Bs(yo) C U x V. (Such a § exists due to the continuity of
D.,F.) Define

Ks= sup [DyFlzyll, M =||(DsFlwo,]) |,
(z,9)€V;s
and set 6; = min(d, (2M K;)~16). Then there exists a ¢ € C*(Bs, (yo), X) such
that all solutions of the equation F'(x,y) = 0 in the open set S = Bs(xo) X Bs, (yo)
are given by {(¢(y), y) - y € Bs, (yo)}-
Proof. Define © : Bs(xo) x Bs, (yo) — X by

O(z,y) = & — (DxF[zo,y0]) "' F(z,y),

and observe that ©(z,y) = x if and only if F(z,y) = 0. For all (z,y), (2',y') €
Bs(zo) x Bs, (y0), we have the estimate

16(x,y) — O, ¥l < [1O(x,y) — O, y)ll + 6", y) — O, )

< sup || = (D2Flxo,y0]) "' DuFlz,yl| llz — 2|
(z,y)EVs (3 3)

+M sup [|DyFlz,ylllly -yl
(z,y)€Vs

<3 lle =2+ ME;s |y -y

1See also Remark 3.9.
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From this estimate, we conclude the following;:

i. By letting (2/,y’) = (zo,y0) and using that MKsd; < §/2, we see that
10(z,y) — ol < 6.

ii. By letting y =3/, we find that ©(-,y) is a contraction: ||©(x,y) — O(z',y)|| <
3 llz = 2|
3 :

It follows that ©(-,%) is a contraction mapping from Bs(z) into itself. Appealing
to the contraction mapping theorem, we find that there exists a unique function

¢ : Bs(xo) = Bs,(yo) such that O(¢(y),y) = ¢(y), equivalently F(¢(y),y) = 0.
Since the inequality ||O(z,y) — x0|| < § is strict, we find that ¢ actually maps into
the open ball Bs(zg), and thus by restricting ¢ to the open ball Bs, (yo), we have
established everything in the theorem except the regularity of ¢.

First observe that ¢ is Lipschitz continuous, since by setting = = ¢(y) and
' = ¢(y') in (3.3) we get

o(y) — o)l < 3 lo(y) — W) + MKs ||y — /||,

Consequently, using the differentiability of F' we must have

F(o(y+h),y+h)=F(¢(y), y) =D Fo(y), yl(¢(y+h)—d(y)) =Dy Flé(y), ylh = o(h),

and since F(¢(y + h),y + h) = F(¢(y),y) = 0, we can multiply both sides with
(D, F[¢(y),y]) ~'—which exists by Lemma 3.6—to get

d(y+h) — o(y) + (Do Flo(y),y)) " Dy Flo(y), ylh = o(h).

Hence ¢ is differentiable, with

D¢(y) = —(DuFd(y),y]) "' Dy F6(y), ). (3.4)
Due to the formula (3.4), it is a consequence of the chain rule that ¢ is of class C*
if I is of class C*. O

Remark 3.9. By the bounded inverse theorem, if Dy Flxo,y0] € L(X, Z) is bijec-
tive then it is also a homeomorphism.

3.2 Holder spaces over compact sets

Let X and Y be Banach spaces. Let {2 be an open subset of X which is precompact,
i.e. the closure €2 is compact. Given a nonnegative integer k, let Ck@, Y') be the
set of functions u which are k times continuously differentiable on €2, i.e. Diy :
Q — M, (Q,Y) can be continuously extended to Q, j = 0,1,...k. C*(Q,Y) is
a Banach space with norm

k
||UHck(ﬁ,Y) = Z sup ||Dju[95]H :
j=0 €N

13



If one identifies D7u with its continuous extension to €2, then we of course have
SUP,cn HDJUH = Sup,cq HDjuH. With this identification, we also see that D :
Q — Y is uniformly continuous, j = 0,1, ...k. This follows from the general fact
that continuous functions with domain a compact set are uniformly continuous.
We moreover define C=°(Q,Y) = N2, C*(Q,Y).

Given a nonnegative integer k and a 8 € (0,1), we define the Holder space
C*B(Q,Y) as the set

CHAQY) = {ue CHQ,Y): [D"u|p.q < oo},

where

kulz] — D*u
[D*u)gq = sup | D*uf] — D*uly]|

, (3.5)
z,YEQ, vy (Rl

CckB (©,Y) is becomes a Banach spaces when equipped with the norm
k
”u”Ckﬁ(ﬁ,Y) = HUHck(ﬁ,y) + [D"ulgsa.

If one identifies D*u with its continuous extension to Q, then we can let the
supremum in (3.5) range over z,y € Q, x # y.

Lemma 3.10. Let X be a Banach space, and suppose that Q2 C X is open, pre-
compact and convez. If u € C1(Q,Y), then u € C%P(Q) for any B € (0,1).

Proof. By the mean value theorem, we have

[ul0 = Jute) = wlw)llxe (Sup Du[x]”) diam ()" < co.
EASY)

syeazy o —yl”
]

Lemma 3.11. Let X, Y and Z be Banach spaces. Let Qx C X, Qy CY be open,
precompact and conver. If g € C*P(Qx,Y), f € C*P(Qy,Z) and g(Qx) C Qy,
then foge C?*P(Qx, 7).

Proof. We have that

D*(f o g)[z] = D?f[g(x))(Dglx], Dg[z]) + D f[g(x)] D?g[x],

and by rearranging terms and applying the triangle inequality, we find

|D?(f o g)[a1] — D*(f o g)[aa] ||

< |[(D?flg(21)] = D? flg(a2)])(Dg[z1], Dgla1]) || (

+ || D? flg(z2)]((Dglx1], Dgla1]) — (Dglxs], Dglxa)))|| (

+ || Dflg(a1)](D?glw1] — D?gls)) || (I11)
+|[(Dflg(z1)] = Dflg(x2)]) D glzs]| (

14



We now estimate the terms (I)-(IV). Using the notation HDjuHOC = sup,, || DIu(x)
and using the mean value theorem we find that

(1) < || D*flg(w1)] = D* flg(@)]|| [ Dglaa]|* < [D*f5 1Dg 1257 |1 — 22]”,

|,

(IT) = | D? flg(z2)]((Dglx1] — Dglxs), Dgla1]) + (Dg[x2), Dgla1] — Dglaa))) ||
< 2||D?*f|| . IDgllo I1Dgla1] — Dyglzs]ll o, < 2{|D*f|| D9l |1 D9l llz1 — 22,

(I1I) < ||IDfl. [Dgls 21 — 22|,

(V) < [D* £l (D% 1Dl o N1 — 2]l

Since all terms are bounded by a constant times ||z, — $2||ﬁ , the proof is complete.
O

3.3 Fredholm operators and the Lyapunov-Schmidt
reduction

Given two Banach spaces X and Y, a bounded linear operator 7' : X — Y is called
a Fredholm operator if it satifies

i) dim (kerT) < oo,
ii) codim (ranT') < oo,
iii) ranT is closed in Y.

Here codim(ranT") = dim(coker T'), where coker (T') is the quotient space Y/ ran(T).
The integer dim (ker T') — codim (ranT) is called the Fredholm index of T. The
condition #4¢) in the definition of a Fredholm operator is customary to include, but
is redundant as it follows from conditions ) and éi). Recalling that any finite-
dimensional subspace of a Banach space is closed, the redundancy of condition 4ii)
follows from condition #i) coupled with the following proposition.

Proposition 3.12. Let X and Y be Banach spaces, and T € L(X,Y) an operator
such that Y =ranT & C for some closed subspace C CY. Then ranT is closed.

Proof. Since ker T is closed also X/ker T is Banach space, and so by replacing T
with the induced map from this quotient space, we can without loss of generality
assume that 7T is injective. Introduce the operator S : X @ C — Y defined by
S(z,¢) = T(x) + c. Tt is clear that S is linear, injective and surjective, and also
bounded since S(z,¢) < ||T|| ||| +|lell < max(1, |T]])(||=]|+]lc|]). By the bounded
inverse theorem, we have that T is a homeomorphism. Since X @ {0} is closed in
X, it follows that ranT = S(X @ {0}) is closed in Y. O

We will also need the following two results.
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Proposition 3.13. Let X = Cy & Cy where X is a Banach space and Cy,Cs are
closed subspaces. Then the projection I1; : X — Cy is bounded.

Proof. CyxCy is a Banach space with the norm [|(z1, 22) [l ¢, x o, = 171l x + /|22l x -
Define S : C1 x Co — X by S(x1,22) = z1 + 2. S is linear, bijective, and by
the triangle inequality also bounded. Applying the bounded inverse theorem we
conclude that, for all (z1,22) € C1 x Cq, we have ||z1| + ||z2] < M ||z1 + 23] for
some M > 0, and so in particular [|z1|| < M ||z1 + x2]|. Thus II; is bounded. [

Proposition 3.14 (Folland [10]). For any finite dimensional subspace F of a
Banach X, there exists a closed subspace C C X such that X = F & C.

Let us now return to the setting of the implicit function theorem:

X,Y, Z are Banach spaces, UxVCXxYis open,

o (3.6)
FeCMUxV,Z), F(xo,y0) =0,

While we in the implicit function theorem assumed that D, F(zg,yo) is a home-
omorphism, the Lyapunov-Schmidt reduction can be seen as a generalization of
the implicit function theorem to the case where D, F[xo,yo] is a (not necessarily
invertible) Fredholm operator. If D, F[zg,yo] is Fredholm, we can invoke propo-
sitions 3.13 and 3.14 to define the closed subspaces Xy C X and Zy C Z such
that

X=N&X,, Y=R&2, (3.7)

where N = ker D, F[xo,y0] and R = ranD, F[xy, yo], with corresponding bounded
projections

IIy : X — N parallel to Xy, N = ker D, F|xo, y0],

(3.8)
Iz, : Z — Zy parallel to R, R =ranD,Fx, yol,

Note that both IIx and IIz, project onto finite-dimensional subspaces.

Theorem 3.15 (Kielhdfer [15]). (Lyapunov-Schmidt reduction) Assume (3.6)
and that D, F[xo,yo] is a Fredholm operator. Define the spaces N, Xo, R, Zy and
projections U, Iz, according to (3.7) and (3.8). There is a neighborhood U xV C
U x V of (x0,y0) such that the problem

F(z,y) =0 for (r,y) eUxV
s equivalent to the problem
D(uy,y) =0 for (ug,y) €U, XV, (3.9)

where U, is an open subset of U N N (which is finite-dimensional), and & €
Ck(U, x V,Zy). A formula for ® is given in (3.12) below.
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Proof. Note that the problem F'(x,y) = 0 can be written

Oz, F (Myz+ (I —Oy)x,y) =0, (3.10)
(I —Tz,)F (Uyz+ (I —Tly)z,y) = 0. (3.11

Choose an open neighborhood U, C N containing IIyx¢ and an open neighbor-
hood W C Xy containing (I —y)xo such that U, + W C U. Choose also any
neighborhood V' C V of yy. Define the function G : U, x W x V — R given by

G(u*,w,y) = (I - HZO)F(U* + way)

Because F(xg,y0) = 0 we also have G(IInzo, (I — IIn)zo,y0) = 0. Further-
more, by our choice of the spaces we see that D,,G(IIyzo, (I — Iy)xo,y0) =
(I =Tlz,)D.F (x0,90) : Xo — R is bijective. Applying the implicit function theo-
rem then yields

G(tg,w,y) =0 for (us,w,y) EU, x W xV
if and only if w = ¥ (us,y),

for some ¢ € CF(U, x V,W). (According to the implicit function theorem, we
might need to shrink U,, W and V, but we retain the notation.)

We have now solved (3.11) locally. Define U = U, + W, and & : U, x V — Z
by

(I)(U*,y) = HZOF (u* + w(u*’y)ay) :

Then
F(z,y)=0 for (z,y) eUxV

is by (3.10) and (3.11) equivalent to there being some u, € U, such that
T =1up +P(us,y) and D(uy,y) = Uz F (us + ¥(us,y),y) = 0. (3.12)

O

Remark 3.16. IfY is finite dimensional, then (3.9) is a finite dimensional prob-
lem, and is equivalent to a set of dim Zy (nonlinear) equations in dim N + dimY
real variables. The main difficulty with solving the system ®(u.,y) = 0 is that
¥ is only known implicitly, as the unique function satisfying (I — Ilz,)F (ux +
1#(“*7 y)a y) =0.

Corollary 3.17 (Kielhofer [15]). In the terminology of the proof of Theorem 3.15,
we have that

Y(IInzo,y0) = (I — IIn)wo, (3.13)
Dy, Yv(IInwo,y0) =0 € L(N, Xo), Dy, ®(Mnzo,y0) =0 € L(N,Zp). (3.14)
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Proof. The property (3.13) is immediate from the definition of .
Differentiating the identity (I —IIz,)F (us + 1 (tx, y),y) = 0 with respect to uy
gives, for all (us,y) € Uy x V,

(I - HZO)DIF[U’* + w<u*’y)ay](IN + Du*¢(u*7y)) =0

Evaluating at (us,y) = (IIyzo,yo) and using the fact that N is the kernel of
D, Flxzg, yo], we get

(I - HZO)DxF[Z'Oa yO]Du*QZJ(HNan yO) =0.

Because D, ¥(IIyxg,yo) maps into X, which is complementary to N, and (I —
Iz,)D.Flxo,v0]|x, 18 a bijection, we get that D, ¢ (IIyzo,y) = 0. From the
formula @ (uy,y) = Uz, F(us + (U, y),y) it then follows that

Dy, ®(Ilnwo,yo) = Uz, Dy Flxo, yol|(IN + Dy, (N0, y0)) = 0,

because R = ran D, F[xq, yo] is in the kernel of Tz, . O

18



4  The functional-analytic setting

We recall the problem of interest

Yow + Py = ap in Q,, (4.1a)
5IVOP+n=0Q on S, (4.1b)
Y =my on B, (4.1c)

Y =m on S, (4.1d)

where the interior €, the bottom B and the surface S are subsets of R? given by

Q= A{(z,y): 0 <y <1+n(x)},
B={(z,y):y=0}, S={(z,y):y=1+n()}

We let « in (4.1a) be an arbitrary negative constant!. We will be looking for solu-
tions n € CZ5,(k7'S,R) and ¢ € CZf . .,(Q2,.R) of (4.1), where the subscripts
signify that we are in the subspace? of functions which are 2 /k-periodic and even
in the horizontal variable, and 27 /k-periodic functions are identified with func-
tions on the scaled unit circle K~ 'S. The Holder exponent 3 € (0,1) and the wave

number k > 0 are fixed, but arbitrary constants.

Remark 4.1. All steady water waves known to exist are horizontally symmetric.
See e.g. [7], which shows that the converse always holds: symmetric waves are
steady waves. Our goal is not to prove the existence of nonsymmetric waves, and
so in this thesis we impose symmetry from the start by assuming that waves are
even in the horizontal variable.

4.1 Trivial solutions and the flattening transform

Trivial solutions. The solutions of problem (4.1) we construct are perturbations
of laminar flows in which the velocity field is horizontal but depth-dependent.
These are the trivial solutions of (4.1) in the sense that n = 0 and (x,y) is
independent of z. By integrating equation (4.1a), we see that the trivial solutions
take the form

Yo (y; ph, o, A) = pcos (|a\1/2(y -1+ /\) , A ER, (4.2)

with corresponding @ = Q(u, a, A), mo = mo(p, o, A) and mq = mq (p, a, A) deter-
mined from equations (4.1b), (4.1c) and (4.1d) as

p*lafsin®(\)
2

If o > 0 then two-dimensional bifurcation is not possible, see [6].
2This is a closed subspace, and is therefore itself a Banach space.

Q(Ma «, /\) = ) mO(Ma «, /\) = MCOS()‘ - |a|1/2)a ml(,ua /\) = MCOS()‘)'
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We will find nontrivial solutions of (4.1) for certain combinations of u, « and A,
corresponding to some particular values of @), my and my. For technical reasons
which we will elucidate later (see Appendix A), it is assumed that

(¥0), (1) = —ulal/2 sin(X) # 0. (4.3)

As in (4.3), we will often omit the dependence on p,« and A in the notation for
¥, and write ¥ (y) instead of ¥g(y, p, a, A).

The flattening transform. The main difficulty with the system (4.1) is that
it is a free-boundary problem, which entails that the domain is a priori unknown.
This can, however, be remedied by the change of variables

G:QWMA(%1+%WQ, (4.4)

giving a bijection from the sets 2,,, B and S onto

Q={(z,s):5€0,1]}, B={(z,s):s=0}, S={(z,8):s=1},

respectively, where we have introduced Q = {(z, s) : s € (0,1)}. The map G is well-
defined if n > —1. Under this assumption, and recalling that n € C%2 ('S, R),

even

both G and its inverse G~!(x,s) = (x, (1 + n(x))s) are of class C*#. If we let

P(x,s) = Y(x,y), where s = y/(1 + n(z)), straightforward differentiation gives
that

Yz = &m _ 87717/15, - (1[& B Snzws> SN (&m B Snz¢s> 7

1+n 1409/ 1479 147

and

_ s o = e
Ltg” 7 (L2

Yy

where 1 and its derivatives are evaluated at (x,y), 7 is evaluated at x, and 1& and
its derivatives are evaluated at (x,y/(1 4 n(z))). Inserting these expressions into
equations (4.1a) and (4.1b), we get

N R 2
VA TANEYE) - i
2<¢z—1+n> +2<1+77> +n—-Q=0 on S,

) ) ) (4.5)
0 SNz ts STz b SN YPs Pss a LA
(ww‘1+n>x_1+n<¢”_1+n>s+(1+n)2_w_0 "

Let £((n,),A) denote the vector consisting of the left hand sides of equations
(4.5). We then have
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Lemma 4.2 ([6]). When minn > —1 the steady water-wave problem (4.1) in the
given function classes, is equivalent to the transformed problem

E((n,B),0) =0, () € CL (S, R)x {Q € C2 e R) : Plumo = mo, sz = ma |

and E((0, 1[)), A) =0 for solutions )= 1[)(5) independent of the horizontal variable
if and only if (s) = ho(s).

Proof. Under the assumption that 7 > —1, we have as mentioned that G given by
(4.4) is a diffeomorphism of class C?#. Since compositions of maps of class C?#
are again of class C27, we see that ¢ and ¢» = ) o G~1 are both of class C2# if
one of them is. Moreover, from the form of G we also see that both ¢ and 1[) are
even and 27 /k-periodic in the horizontal variable if one of them is.

The equivalence of the problem (4.1) for (1, 1) and the equation £((n, ), A) = 0
for (n, z/A)) thus follows from the calculations preceding this lemma, and the fact that
we in the transformed problem have incorporated the boundary conditions (4.1c)
and (4.1d) directly into the function space. When we insert 7 = 0 and ¢ = t(s)
into the second equation of (4.5), we end up with the same equation that deter-
mined g in the non-transformed problem. Thus the trivial, z-independent solu-

tions of £((0,¢), A) = 0 are the same for the original problem and the transformed
problem, namely s +— 1g(s). O

4.2 The linearized problem

We want to linearize the problem around a trivial solution 1. We therefore
introduce ¥ = ¥y + ¢, and the spaces

X =X x Xz = O28 (x71S,R) x {¢3 OB (QLR): Plso = dlsr = 0}

even per,even

and _
Y =Y, x Yy =CLE (k7'S,R) x C¥ (Q,R).

even per,even

To capture our assumptions, it is convenient to define the subsets

O={(n,¢) € X :minn > —1},
and, to enforce the assumptions o < 0 and (4.3), the set

U={(,a,\) €R®: 1 #0,a < 0,sin(\) # 0}.

From now on we will use the abbreviation w = (n,¢) for elements of X, and
elements of U will be written A = (u,a, \). We now define the operator F :
OxU—Y by

Flw, A) = & (0, v0(s ) + ),A)
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or, written out component-wise (and remembering that g, = 0),

A 2 AN\ 2
1 A STz (1/)05 + (bs) ("bOs + d)s)
Fi(w,A) = 9 Gz — T + W +1—Q(A), (4.6)
s=1
N 512 (Yos + Qgs) SNz T 512 (Yos + Qge)
-F2(waA)—<¢a: T+7 )m 1+n<¢x 1+7 )s (47)
% - O‘(wOSS + (ZAS),

where 19 = o(-;A). Note that the codomains of F; and Fy are Y; and Y3,
respectively. It is not immediately obvious that F given by (4.6) and (4.7) really
does map O x U into Y, but now we justify this. Since the order of the highest
derivative of n and ¢ appearing in JF; and JF, is one and two, respectively, we
must have that F(O x U) € CYP (k1S R) x C# (0, R). Moreover, due to the way
the derivatives appear in (4.6) and (4.7), we see that F (-, A) preserves horizontal
periodicity and evenness; in other words, if 7 and ¢ are T-periodic and even in the
horizontal variable, then this is also true for Fi((n, ¢), A) and Fa((n, ¢), A).

Lemma 4.3 ([6]). The problem F(w,A) = 0, (w,A) € O x U is equivalent to
problem (4.1), and F((0,¢),A) = 0 for ¢ = ¢(s) if and only if $ = 0. Moreover
FelC=®(0xU,Y).

Proof. That F(n,¢) = 0, (1,¢) € O is equivalent to problem (4.1) follows from
the definition of F and Lemma 4.2. That F € C*(O xU,Y) follows from the fact
that compositions of smooth maps are smooth, using that g € C*(R x U,R),

that F depends polynomially on n and gﬁ and its partial derivatives, and that F is
a rational function in 1 +7 > 0. O

Linearization. We obtain the linearized problem by taking the Fréchet deriva-
tive of F = (F1,F2) at the point w = 0. As shown in section 8.1, we have that

Dy F1 (O,A)w = |:w05¢§s - (%5)277 + 77} o1’ (48)

D Fo(0,A)w = (02 + 0% — a)(ﬁ — 5V0sNze — 290557 (4.9)
Define
Ko = {6 € e @B 160 =0f, X ={(n¢)exixKa}.
Then we have the set inclusions Xs C f(Q and X C X C Y. We will typically use
the symbol ¢ to denote an element in X5. From this point onward we start relying

on the assumption (4.3) that ps(1) # 0.
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Proposition 4.4 ([6]). (The T isomorphism.) The bounded linear operator
T(A): Xo — X given by

_ 7¢|S:1 . S%s
T = (-2t o o).y (4.10)

is an isomorphism of normed spaces, i.e. it is bijective and has a bounded inverse.
Define L(A) = Dy F(0,A)T(A) : Xo =Y. Then

L(A)) = ([wws - <¢oss n wt) ¢] @ oz)gb) RS

Proof. From the definition (4.10) of 7(A), it is clear that it preserves horizontal
evenness and 27 /k-peridocity. That T(A) is bounded follows readily from the
definition of the C™#-norms, and linearity is clear. One can verify that its inverse
is given by . .

(T(A) ™" (1.9) = & — stbosm, (4.12)
which also is seen to be linear and bounded.

Let us now show (4.11). To prove the equality in the first component, we use
(4.8) and (4.10) to calculate

D, F1(0,A)T (Ao

= | (0 - =) 2 (-2 ) + (i) |
= :wws — (Yos + 5%0ss)Pls=1 + Y0sls=1 — lftt(_ll)} 1

_ :¢05¢s - (woss + 1;)) 4 B

To prove the equality in the second component of (4.11), we recall that ¢g(s; A) =
peos (Jalt/?(s — 1) + A) and a < 0, and compute

(02402 =) (T(A) ™" (0, )
= (07 + 07 — @)(¢ — stbosm)
= (ai + 852 - Ck)(]g - (SQZ}OSnzx) - (21/}0557’ - 5¢0555n) -« (S¢Os77)

= Dwf2(07 A)(U, ¢)

Introducing the notation L£;(A) = D,,F;(0,A) o T, j = 1,2, we thus find that
Lo(A) = (02 4+ 82 — «). This concludes the proof. O

We introduce the complex parameter

bo— Variz = VOtR, et k=0,
i iv]a+ k2| a+k?<0.
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We will soon be dealing with the functions cosh(6s) and sinh(fs) /6y, of s, which
are real-valued functions of s:

cosh(fys), a+k%>0,

cosh(fys) = )
cos(|6k|), a+k*<0,

sinh(fgs) sinh(0xs)/0r, a+k? >0,
O sin(|6xs)/|0x], a+ k> <0.

In the case 8 = 0 we interpret cosh(6ys) as 1 and sinh(6xs)/0y as s.
The following lemma is stated, but not proved, in [6].

Lemma 4.5 ([6]). Let A € U. A basis for ker L(A) is given by {¢r}kers, where

cos(kx) sinh(0xs)/0k, O # 0,

ou(,5) = {cos(kx)s, 0, =0,

and M is the set of all k € kN for which

1

O coth(0y) = ——5—
k coth(6) u262 sin®(\)

+ 6o cot(A). (4.14)

Furthermore, M is finite.

Proof. Suppose that ¢ € X5 is such that £(A)¢ = 0. Since for each s € [0, 1], the
function ¢(-, s) is 27 /k-periodic, even and of class C*#, we know that we have the
Fourier expansion

2 27 /K
= 2// o(x, s) cos(nkx) dz,
/K Jo
(4.15)
and that for each fixed s, the series is uniformly convergent in x. The fact that

L2(A)¢p = 0 implies fozﬂ/ﬁ(éﬁm + ¢ss — ag)(w, s) cos(nkx) dz = 0, and using that

¢ € X5 we deduce that

o(x,s) = %ao(s) + ) an(s) cos(nkz),  an(s)

n=1

nss(s) — (a+ (nk)?)an(s) =0, s¢€(0,1), n € Np. (4.16)

Using the fact that ¢(-,0) = 0 (by definition of X5), and the fact that £;(A)p = 0,
we get the boundary conditions

1
an(O) = O7 ’(/Jos(l)ans(l) — (wOSS(l) + ’1/)0(]_)) an(l) = 0, n e No. (417)
i.e. a Dirichlet condition at the bottom, and a Robin condition at the top. Now,
the general solution of (4.16) is

sinh(6,,, )

an(s) = A, cosh(0,,.8) + By 2 ,

AnaBn GR, n € Ny.
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Note that {cosh(f,x$),sinh(6,,5)/0ns} is a solution basis of (4.16) even in the
case a + (nk)? = 0.

Incorporating the Dirichlet boundary condition yields that A, = 0, and the
Robin boundary condition then reduces to

(wosu)cosh(em) - (ms(l) + w[:(l)) Sin};ff“) B, =0. (4.18)

Observe that if the coefficient in front of B, in (4.18) is nonzero, then we must
have B, = 0 and therefore a,, = 0. If the coefficient is zero, then we can only
conclude that a,(s) = By, sinh(0,x5) /0, for some B,, € R. Suppose now that the
coefficient is zero, i.e. that

Yos(1) cosh(0) — (d)oss(l) 1 ) sinh(6,.,;)

N Z/}Os(l) enn

Note that if (4.19) holds, then sinh(6,,)/0,. # 0; otherwise (4.19) would imply
that cosh(6,,) = sinh(é,,,) = 0, which is not possible. Thus (4.19) is equivalent to

_ /(/}Oss(]-) 1

=0. (4.19)

0, coth(0,,.) = + . 4.20
o) =20+ a0 20
Recalling that 1o(s; A) = pcos(fp(s — 1) + ), we find
Pos(1;A) = —pfosin(A),  toss(1;A) = —pbg cos(N),
and thus (4.20) is equivalent to
1
O cOth(Or) = ———5— + b cot(A), 4.21
COo ( ) /11203 sinz(/\) =+ bp co ( ) ( )

where 0, coth(6,,) is naturally interpreted as 1 in the case 6, = 0.

Define now the set M be the set of k € N satisfying (4.21). We claim that
M is finite. This is a consequence of the following three facts: that the right hand
side of (4.21) is independent of n, that there are only finitely many n € N for
which o + (nk)? < 0, and that for a + (nk)? > 0 the function n — 6, coth(6,.)
is strictly increasing.

We have thus deduced that if ¢ € ker L(A), then ¢ can be represented by the

finite sum
sinh(6,,.)

oz, s) = Z BnT cos(kx). (4.22)

nk€M
Since also each function ¢y (z,s) = %cos(kx) is easily verified to be in
ker L(A) for k € M, we have proved Lemma 4.5. O

The following result is stated, but not proved, in [6].
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Theorem 4.6 ([6]). For each A € U, the operator L(A) is Fredholm with index 0.
Let Z = {(ny,¢) : ¢ € ker L(A)} C X C Y. The range of L(A) is the orthogonal
complement of Z in'Y with respect to the inner product

(b o), = [ mmaes [ [ aibsazas b ev

Let Wy, = (Mg, dr) for k € M, where ¢, and M are as in Lemma 4.5. The
projection Iz 1 Y — Z parallel to ran L(A) is then given by

Myw= Y (0, Buly g (4.23)
keM ”wkHY

Proof. That (Y, (-, -)y) is an inner product space follows from the fact that L?(x 'S, R)

and LZ(Q, R) are inner product spaces. Observe that we can decompose Y into a
direct sum in two ways, namely

Y = ran £(A) @ coker L(A) = ran £(A) © ran L(A)*.

If we are able to show that Z = {(n4, ) : ¢ € ker £L(A)} is the orthogonal comple-
ment of ran £(A) in (Y, (-, -)y), elementary considerations allows us to conclude

dim (coker £(A)) = dim (ran L(A)F) = dim (Z) = dim (ker £(A)),

proving that £(A) is a Fredholm operator of index 0.
To show that Z = ran £(A)L in (Y, (-, -)y ), let (no,¢o) be an arbitrary but
fixed element of ran £(A)*+ C Y. Recalling the definition of £(A),

1

ﬁ(A)(b = <|:'(/)Os¢s - (’(/)Oss + wi
Os

)45J@+f—w@.

we see that (10, ¢o) has to satisfy the following identity for all ¢ € X,

27 /K 1
0 :/0 |:1/}Os¢)s - (1/}055 + ¢Os) ¢:| - o dw

1 p27/k
4 /O /0 60(G0n + bos — ) da ds.

(4.24)

In particular, for all ¢ € X, that has support not intersecting the boundary lines
s =0 and s = 1, we have that

1 pr27/k
/ / ¢0(Pua + bss — ag) dads = 0, (4.25)
o Jo
and we will use this to deduce properties of ¢g.
First, we claim that (4.25) also holds for an arbitrary ¢ € C2°(Rx (0,1),R). To
see this, we first show that (4.25) holds if ¢ is any element of C2°((0,27/k) x (0, 1).
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Indeed, defining ¢(z,s) = H(@(n/k — z,8) + ¢(7/k + x,5)), we can use partial
integration and the symmetry-properties of ¢g to deduce that

1 p27/k 1 p27/k 5 5
/ / 60(us + bos — ad) dzds = / / S0(bur + Bes — ad) dz ds,
0 0 0 0

but since q~5 can be periodically extended to an element of X5, both of these integrals
have to be zero. A similar symmetry-trick allows us extend this to ¢ € C°(R x
(0,1),R), and we therefore conclude that ¢g solves (02 + 92 —a)pg = 0 in R x (0,1)
in the sense of distribution. By interior elliptic regularity (Folland [10, p. 327])
we conclude that ¢y € Y N C>(Q), and moreover

Lo(A)po = (024 0? —a)pp =0  in Q. (4.26)

For s € [0,1] and = € R, we have the Fourier expansion

2
- 21/k

0o 27 /K
do(x,s) = %ao(s)—l—z an(s) cos(nkx), an(s) /0 oo(x, s) cos(nkx) dz,

where for each s the series converges in L?(x 'S, R) (Holder continuity even implies
pointwise convergence, but we will not need this fact). In the same manner as the
proof of Lemma 4.5, we find

Unss(8) — (a+ (nk)?)an(s) =0 for s€(0,1), a,(0)=0
for all n € Ny. This entails that

sinh(6,,,.s)

an(s) = By 2 ,

s €10,1], (4.27)
where B,, € R. Define now the family of sequences

3j0 o0
A (s) = ( <1) (nn)la;m(s)) ., s€l0,1], I,me N, (4.28)

2
n=0

where § is the Kronecker delta. For s € (0,1), A]"(s) is the sequence of Fourier
coefficients of 9L.0™¢y(+, s), modulo a sign. In particular, from Parseval’s theorem
we have

||aalr:8;n¢0('aS)HLQ(H—lS)R) = ||A?1(S)||L2(NO,R)7 s € (Oa 1)

Observe now from (4.27) that for all m, s — |a§m)(s)\ is strictly increasing for
s > 0, and therefore we have A"(0) € L*(Np,R) and lim, o A7 (s) = A"(0) for
all nonnegative integers [ and m. Using dominated convergence (in L?(Np,R))
and Parseval’s theorem, we see in particular that lims o ¢o(-, s) and limg o ¢os(+, s)
exist in L%(k~!S,R), with the former limit being 0. This will now be utilized.
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Given any € € (0,1/2), we have the equalities

/:_E /:W/K 60(Pra + bss — adp) dads

l—e p27/k
== / / (¢Ox¢x + ¢Os¢s - a¢0¢) dx ds

0

27 /K

+/ ([¢0¢s]s:175 - [¢0¢s]s:g) dx
0

l—e p27/k
:/ / (¢Ox:c + ¢Oss - Ol¢0)¢ dzxds
€ 0

27 /K

+/0 ([¢O¢S - ¢Os¢]s:175 - [¢0¢5 - Cb()sgb]s:g) dz

27 /K
:A ([QSOQSG - QSOsqﬂszl—e - [¢0¢s - ¢Os¢]s:e) dz

where in the last line we used (4.26). Taking the limit € | 0, we get the equality

1 pr27/k 27 /K . 27 /K
A A ¢O(¢zx+¢ss_a¢) drds = /(; [¢0¢s]s:1 dx_lli%‘/o [¢Os¢]s:17€ dLU,

where we used that lim o ¢(-, s) = limgjo ¢o(+,s) = 0, and that limg | ¢os(-, s) and
limg)o A(-, s) exist, the limits being taken in L?(x~'S,R). We have therefore shown
that (4.24) is equivalent to

27 /K

27 /K
lm [ [Gosdles do = /0 [($omo + 60)bs]ser d

otl /o
27 /K 1 q
- /0 |:(w0.ss + w()g) ¢:| 521770 x

for all ¢ € X,. In the special case ¢(z,s) = g(s)p(z) for functions z — ¢(z) in
C2%8 (k7 'S,R) and s + g(s) in C*°([0, 1], R) with g(0) = 0, (4.29) reduces to

even

(4.29)

27 /K

R 27 /K R
g(1) lim [P0s0)s=0 dz = ¢'(1) / [(Wono + ¢d0)Pls=1 dx

a1 /o 0

27 /K R
79(1)/0 |:(7/}055 + w](-)) ¢:| Mo dz.
S s=1

Here we used that lim, 44 fOQW/N[qSOSQAﬁ]s:U dz exists® for all ¢ € CZ8 (k1S,R),

even

which is needed to pull out g(1) from the limit on the left hand side of (4.30).

(4.30)

3This can be established by choosing g such that g(s) = 1 for s > 1/2, and appealing to
(4.29).
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Letting g(s) = s(s—1) in (4.30), and using the fact that g(1) = 0 and ¢'(1) =1
while ¢ is arbitrary, we conclude that [; 2n/ "[(pomo + qi)o)qg]szl dz = 0, which due to
the continuity of (gno + ¢¢) and the arbitrariness of ¢A> implies

Gol,1) = —lsfé)). (4.31)

In particular, this shows that ¢g|s=; is of class C*#. Letting g(s) = s, (4.30)
reduces to

2r /K R 27/ K 1 .
lim [¢05]5:g’¢ dz = _/ |:w058 + :| 770¢d30 (432)
0 11)05 s=1

otl Jy

showing that, as o 1 1, ¢os (-, o) converges to — (1/)035(1) + m) No(+) in the sense
of distributions.

We now show that lim, 411 ¢os(-,0) actually converges in L?(k~'S,R), which
is equivalent to the limit lim,+1 A}(c) existing in L?(Np, R). First we show that
Aj(1) = (Bj cosh(b;))52, € L*(No,R). To see why this is true, first choose N so
that n > N implies 0, € R; it is sufficient to show that

> BleP < o, (4.33)

To this purpose, we will use the fact that ¢g|s—; is of class C1#, implying that
boz|s=1 € L2(k7S,R). Applying Parseval’s theorem again we find that

2
Z (gg) B2 sinh*(6,,,.) < oo,

n=N nkKk

and therefore also Y 7 92) B2e%n~ < co. Noting that

kn)? 1 _
(02) - 1+ a(kn)—2 =1+0(n7?) as n — oo,

we conclude that (4.33) is true, and consequently that A}(1) € L2 (Ng,R). Due to
the monotonicity of s ~ |a}(s)| we find that | A§(s HL2 Mo E) S < || A§( )HLQ(NO R)
for s € (0,1), and since lims4+1 A}(s) = A}(1) pointwise (i.e. component-wise),
dominated convergence ensures that also limg41 Ad(s) = A}(1) in L?(Ng, R), and
applying Parseval we therefore also get

ll}rll ¢os(x,0) fao )+ Z a,, (1) cos(nkx) in L?(k™'S,R). (4.34)

n=1

29



Having established L?(k~1S, R)-convergence of lim, +1 ¢os(-, o), (4.32) and (4.31)
show that

) 1
i o(r:0) = = () 55 )

_ [ Hoss(1) 1
- (woosu) " o, 1)2> $o(@, 1) (4.35)

(
Yoss(1 1 1 S
N < w003<(1)) " wm(l)?) (2%(1) " ;an(l)cos(m)> |

equalities also here meant as between elements of L?(k~!S,R). Combining (4.34)
and (4.35), and using that elements of L?(k~1S,R) are equal precisely when their
Fourier coefficients are equal, we once again end up with the condition

/ _ 1/)053(1)
“(”<w4n+wan9

an(l), n e NQ.

Repeating the argument in the proof of Lemma 4.5, we find that only finitely many
functions s — a,(s) are nonzero, with ¢ given by the representation (4.22). Thus
we have the regularity ¢y € X», and moreover that ¢y € ker £(A). Furthermore,
(4.31) shows that ng = T2(A)¢o. Thus

(M0, ¢o0) € Z,

showing that ran £(A)+ C Z. Conversely, we alo have the inclusion Z C ran £(A)*:
Given (19, ¢o) € Z, ¢ is smooth and therefore the statement (1o, ¢o) € ker L(A)*
is equivalent to (4.29), which by direct substitution is easily seen to hold for each
basis function (14, ,¢x) € Z. Thus we indeed have the equality

Z =ran L:(A)L.

Lastly, we prove the formula for the projection II;. Clearly {¢x }rens is a basis
for ker L(A), and we need only to show that it is orthogonal, i.e. that

<1I)k“ ’lf)kj>y =0 for kz 75 k’j.
Recalling the formula

_ dk(z,1) _ sinh(6y)
Mo (7) = =0 D) Bedos(D)
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we get, for k; # kj,

27 /K 1 p2n/k
(i) = [ mn ot [ b, aras
0

sinh (0, ) sinh(0y, )) /2”/“
cos(k;x) cos(k;x) dx
Or; Ok ;05 (1)? 0 (hiz) cos(k;z)

/1 sinh(0y, s) sinh (0, s)

_|_

27/ Kk
/ cos(kiz) cos(kjx) daeds
0
=0.
O

Remark 4.7. Our proof of Theorem 4.6 is valid even in the case = 0, where
we identify C*°(Q) = C?(Q). The reason for having 8 > 0 is that traditional
proofs of the Fredholm property of the elliptic operator associated with the water
wave problem rely on so-called Schauder estimates (see e.g. [12, 2, 18]), which are
invalid in the C?°-setting.

Corollary 4.8. Given A € U, the operator D, F(0,A) is a Fredholm operator of
indez 0.

Proof. Since L(A) = D, F (0, A)T(A) and T (A) is an isomorphism, we get
dim (ker D,, F(0,A)) = dim (ker L(A))
and
dim (ran D,, F(0,A)) = dim (ran L(A)) .
O

Remark 4.9. In appendiz A we show that if Yos(1;A) =0, i.e. if A ¢ U, then
D, F(0,A) is not a Fredholm operator.

The bifurcation results in chapters 5 and 6 are valid under the assumption
that ker £(A) is respectively one- and two-dimensional. This corresponds to the
cardinality of the set M in Lemma 4.5 being one or two. We now record some
results on the kernel equation (4.14), which in particular show that it is indeed
possible to choose A € U such that dim(ker £(A)) is one or two.

Lemma 4.10 ([6]). (Bifurcation kernels.) Let k1,k2 € kN and A € U.

(i) For every a and any ki there are pn and A such that the kernel equation (4.14)
holds for at least k = ky. The points « for which there exist A\ and p such
that equation (4.14) holds for more than one k € kN are isolated.

(ii) For any \ with cot(\) < 0, and any pair ki, ke with k3 > k% + 972 /4, there
are a € (—k3, —k? — 72) and p such that (4.14) holds for k = ky, ke and for
no other k > k1.
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(iii) For any ki,ks such that k3 > k} + 372 and k3 — k? ¢ (2Z + 1)n?, there
are a < —k3,  and X such that the kernel equation (4.14) holds at least for
k =k, ks.

Remark 4.11. [t follows from (i) that we can get a kernel which is one-dimensional.
Moreover, if we choose k1 = k in (ii), we get a kernel which is two-dimensional.

Proof. Let r(p, ., \) = 1/ (262 sin®(\)) + 6 cot(\) denote the right hand side of
the kernel equation. For fixed o and A such that cot(\) < 0, observe that we have

ran 7(p, a, \) = (0 cot(A),0) D Ry,
u#0

Introducing the positive parameter ¢ = ||, we study the function

Vt—k2cot (VE—K?), t>k? (the trigonometric regime),
I(t,k) = ¢ VE> —tcoth (VK2 —t), k*>t (the hyperbolic regime),
1 t=k?,

)

i.e. the left hand side of the kernel equation. Letting l;.;(z) = xcot(x) and
Ihyp(x) = 2 coth(z), we find that

cosh(z) sinh(z) — x
sinh?(x)

cos(z)sin(z) —

4 (z coth(x)) =

>0 0<
d,’L‘ ) x’

4 (zcot(z)) =

<0, 0<x¢nN.
dz

sin? ()
It follows that (¢, k) is strictly increasing in k and strictly decreasing in ¢, which of

course does not apply across the singularities vt — k? € 7N in the trigonometric
regime. Moreover, we have that

lim Iy (2) = 00 for a € {z*,(2m)",(3m)*", ...},
Tr—ra
lim ly,.(z) = —o0 forae {n,(27)",(37)7,...},
r—a

xlggo Ihyp(z) = o0.
The functions l¢; and Iy, are plotted in Figure 4.1.

Having established these elementary properties of I, we now prove (i). Given
any o < 0 and any k1 € kN one can choose i and A such that ki solves the kernel
equation: first choose A such that 6p cot(\) < I(]a|, k1), and then decrease p such
that the right hand side r(u, @, \) equals I(«, k1).

Next we show the second part of (i), namely that the values of « for which
the kernel equation holds simultaneously for two different values of k are isolated.
To this end, we first establish the following weaker, preliminary result: given two
wave numbers k1 and ko, the values of a for which the kernel equation is satisfied
for both k; and ko are isolated. We therefore fix some ¢y € R, and suppose that
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I (-x) 1,.(x)

Figure 4.1: A plot showing l;,;(z) for > 0, and lpy,(—2) for < 0.

[(to, k1) = U(to, ko) for some k; < ky. Note that due to the monotonicity of i(¢, k)
for k% > t, we must have that ¢ty > k?. To prove the preliminary result, it suffices
to show that there is an open interval containing t¢, in which the only zero of the
function f(t) = I(t, k1) — I(t, ko) is to. We split the analysis into three cases:

Case I: k3 < to. Then locally about tg we have f(t) = \/t — k? cot (\/t — k;f) —
V/t — k2 cot (\/ t— k%) Since f is an analytic real-valued function of a real vari-

able, either f has isolated zeros, or f is identically zero*. To show that f is not

identically zero, we compute
(1 + cot? ( t— k2>)
cot (\ /t — k%) (

—gmm (et (Vi-9)

(t—k%)ﬂcot(ﬂ) (t — k2) ﬁcot(ﬁ)

2(t — k3)(t — k3)

(tg—kf)(tg—kg)(cotz( tg—kg)——cotz(\/fifﬁ?)>

2(t — K3)(t — k3)

cot( t— kf)

fi(t) = W= i

w\»—‘

l\')\)—\

+

4Suppose namely that there was a strictly monotone sequence (7, )n converging to tg with
f(mm) = 0 for all n. By applying the mean value theorem repeatedly, we conclude that there
is a strictly monotone sequence (7),)n also converging to to with f/(7}) = 0 for all n, and by
continuity f’(to) = 0. By induction, we conclude that f(")(tg) = 0 for all m, so by analyticity
f is zero in a whole neighborhood about tg.
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If f(t) = 0, the expression for the derivative can be simplified to

/ (k2 — k2)lys (\/t - k%) (i («/t - k’f’) ~1)
fit)= 2= k) : (4.36)

Since Iy <\/~ — k%) is locally strictly decreasing, f’(t) can not be zero for all ¢ in

a neighborhood of ty. Thus f is not locally identically zero, and so by analyticity
its zeros are isolated.
Case II: k% <ty < k3. We now let

f(t) = mcot <\/t - k:%) - \/kg — tcoth (@) ,

for which

e
+M_ 1 (1+coth2( ’“5_0)

2\/k3 —t 2

_ (k- t)\/t — k} cot(\/t — k?) + (t — k2)\/k3 — tcoth(y/k3 — t)
(t — k2)(k2 — 1) (coth2(\/k§ ~ 1) + cot? (VI — k%))

2(k3 — t)(t — k3)

If f(t) =0, the expression for the derivative can be simplified to

(k3 — k) lors ( t— k%) (1 —liri (\/t - k%))

2t — k3)(t — ki)

f'(t) =

We can now repeat the argument following (4.36) in Case I, and conclude that f
has isolated zeros.

Case III: tg = k3. In this case f(t) = I(t, k1) — l(t, k2) must be given by a
piecewise defined formula near t,. However, a straightforward computation shows
that

d 1
&l(tvkl)h:to = 755
and d )
&l(t7k2)|t:to =3

and thus f’(t9) = —1/6 in this case, showing that ¢y has to be an isolated zero of

I
We now define, for an arbitrary ¢ty € R, the finite set St.;(t9) = {k € kKN :

k* —ty < 0}, i.e. the set of all k’s such that (to, k) is in the trigonometric regime.
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We know that if I(tg, k;) = I(to, k;), then the smaller of k; and k; has to be in
Stri(to). Due to the continuity of [, the monotonicity of [ in the hyperbolic domain,
and the preliminary result just proved, we know that for each k; € Sy.;(to) there
is an &; > 0 such that

0<|t—t0| <ég; — l(t,k)#l(t,ki) V ke kN

Letting
€= min ¢
ki €Stri(to)
we find that, for all ¢ with 0 < |t —to| < €, we have I(t, k;) # (t, k;) for all distinct
k;, k; € kN. This concludes the proof of (i).
To prove (ii), choose A such that cot(A\) < 0 and any pair ki, ke € kN with
k% > k? + 972 /4, and consider the set I of ¢t = |a| such that

2
m<t—ki< <327T> and rangerl(t, k1) = (1,00). (4.37)

Due to the monotonicity of [ with respect to k, the only possible k > k; such that
I(t,k) = I(t, k1), must belong to the hyperbolic regime ¢ — k? < 0, and there is at
most one such k for a given ¢t. Figure 1 should help make this clearer. Note now
that if ¢ fulfills (4.37), then since k3 > k% + 972/4 we have k3 — ¢ > 0. Since, in

that case,
1 < I(t,kg) = 1/ k2 — tcoth (\/kg — t) < ko coth(ks),

while [(¢,k1) spans (1,00) as t spans I, there must by the intermediate value
theorem exist t* € I such that [(¢*, k1) = I(t*, k2). We then choose A and p such
that r(u, —t*,\) = I(t*, k1). This proves (ii).

We now prove (iii). Choose ki, ko such that ko > k% + 372 and k3 — k? ¢
(2Z + 1)m%. Since we are interested in o < —k3, we study ¢t > k2, i.e. (¢,k) in the
hyperbolic regime. By assumption, there exists a unique n € N such that

(2n + 1)7? < k3 — ki < (2n + 3)72.
This implies that
(41212 < k2 -k + 0’12 <k2 k2 4+ (n+ 1)1 < (n+2)%r% (4.38)
On the interval I = (k% + n?7% k3 + (n + 1)27?), the function h(-, ko) spans R.

Inequalites (4.38) show that, over I, h(-, ki) spans a bounded set, namely the
interval (a, b) where

a = /k3 — k? + n272 coth(k3 — k? + n’n?)

b= \/k‘§ — k2 + (n+1)2n2 coth(\/kg —k? + (n+1)%272).
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By the intermediate value theorem, we must therefore have that I(to, k1) = I(to, k2)
for some tq € (k3 +n%n? k3 +(n+1)272). Since to > k3, we get by setting a = —t
that o < —k3, and thus the proof of part (iii) is finished by choosing y and A such
that I(|a|, k1) = r(p, o, A). O

4.3 The Lyapunov-Schmidt reduction

Recall that £(A) maps from X5 to Y. Let A* denote a triple (u*, a*, \*) such that
L(A*) holds with nontrivial kernel, say with basis {¢7,...,¢),}. Let X > w} =
T(A*)¢5, 5 =1,...,n. Since D, F(0,A*) is Fredholm, we know from section 3.3
that there exists a closed subspace Xy C X, and a decomposition of X into the
direct sum X = ker D, F(0,A*) @& Xy. In our particular setting, we can even give
an explicit characterization of X, which we now do. First, recall from Proposition
4.6 that we can decompose Y into the direct sum

Y =Z @ran L(AY),

where Z = span{(ny:, ¢})}j_;. Since X C Y, the decomposition of ¥ induces the
decomposition

X=7Z& (ranﬁ(A*) QX) .
Define now the map R : X — X by

R(n,¢) = (n,é— Swm'l) :

tos(1)
Note that R is a surjection, being the composition of the bijection
(id, T(A")): X1 x X = X1 x X, (1,0) = (n, T(A*)9)
and the surjection
(id,m2) : X1 x X — X3 x X, (n1, (M2, @) = (n1,9)-

Observe furthermore that R(n,¢) € ker D, F(0,A*) if and only if (n,¢) € Z.
Letting Xop = R (ran LA*)N X), it follows that we can write X a sum of sub-

spaces, namely X = ker D, F(0,A*) + Xy. This sum is also direct, because if
w € ker D, F(0,A*) N X, then R~} (w) C Z Nran L(A*) = {0}.

X =ker D, F(0,A") ® Xo.
Moreover, as a consequence Proposition 3.12, X is closed.

Applying the Lyapunov-Schmidt reduction, Theorem 3.15 and Corollary 3.17,
we obtain the following lemma.
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Lemma 4.12. There exist open neighborhoods N of 0 in ker D, F(0, A*), M of 0
in Xo, and U’ of A* in R3, and a unique function v : N x U — M such that

Fw,A)=0  forweN+M,Aeld,

if and only if w = w* + Y(w*, A) and w* = tiwi + -+ + tywl € N solves the
finite-dimensional problem

b(t,A) =0 forteV, Aeld, (4.39)
in which
O(t,A) =TzF(w,A) and V={teR":twi+ -+t ,w, € N}
(Since N is open, V contains a small ball in R™ centered at 0.) The function ¥

has the following properties: ¢ € C® (N x U, M), ¥(0,A) = 0 for all A € U,
and Dy (0, A*) = 0.
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D Omne-dimensional bifurcation

We show that a curve of nontrivial solutions bifurcates from a point (0, A*) € X xU
where the kernel of D,,F(0,A*) is one-dimensional, given that A* satisfies an
additional technical condition. We also we use the one-dimensional bifurcation
result to give a local classification of all solutions near a trivial solution having an
associated one-dimensional kernel.

5.1 Preliminaries

Lemma 5.1. Suppose that ¢; € ker L(A), where ¢; = ¢y, is the basis function
given by the formula (4.5). Then if w; = (ng,,¢;) is the corresponding basis
function of Z, we have

. sinh(0y, 2
where
p— 0o cos(\)By.. coth(fy..) + pb? sin(\) + COS()‘)] £0
= 1/}05(1) Koo k?j k‘]‘ H 0 lueo Sin2(>\) .
Moreover,
- ﬂ2|01|3/2
<D>\£(A)¢j7 wj>y =0 <= cot())= -G

Remark 5.2. Observe that, for a given A, the quantity A is independent of kj,
in the sense that it has the same value for all k; such that (k;, A) solves the kernel
equation. This obervation will be important in chapter 6, when we invoke this
lemma in the proof of the two-dimensional bifurcation result.

Proof. First we list formulas for some derivatives of 1y(s, A) = pcos(fp(s—1)+A),
namely
Pos(s,A) = —puBosin(fp(s — 1) + N),
Yosa(s, A) = —pby cos(fp(s — 1) + N), (5.2)

Yossa(s, ) = ,uﬂg sin(fp(s — 1) + \).

Recall that £(A) = ([%sas - (1/)033 n f) id] IR aid). Using the

remark following Lemma 3.2, we know that the Frechet derivative D AL(A) can be
computed by formal differentiation with respect to A, i.e.

DyL(A) = <|:1/}05>\as - (lﬁo‘esA - %25/\> id] ,O) . (5.3)
z/}OS s=1
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Thus, using that ¢;(x,s) = cos(kjz)sinh(fy,s)/0x; and the formulas (5.2), we find
DAL(M)o;(x, )

- <[—,u90 cos(A) cosh(by,) — (MQ(Q) sin(A) +

uezc;sifl/;)()\) ) Sin];ifkj ) ] cos(k;x), 0>
cos(\) ) sinh(6y,)

6o sin?(\) O

J

= ([— <M90 cos(A)0y, coth(,) + pbg sin(A) +

_ (_ Apos(1) Sinh(okj)

™ ij

Jostizo.0)

cos(kjz), 0) )

where we from the first to the second line divided by sinh(6y;)/0k;, which is nonzero
since (k;, A) satisfies the kernel equation (4.14). Since w; = (n4,, ®;), we also need
to recall that )

_¢j(x,1) _ cos(kyx) sinh(by,)

1) = =T T T e O

Now,
27 /K 1 p27/k
(DAL(A)gj, W)y = / (DAL(A)@j)1ng, da + / / (DAL(A)gj)2 ¢; dxds
0 0 0

. 2 Lon/k
_ A (s1nh(9kj)) /2 /% cos?(kjx) d
0

ij ™
_a (sinh(ekj))2 .
Ox,;
The inner product is zero if and only if A =0, i.e. if
5( A
0 = by cos(\)By, coth(6y,) + bz sin(\) + % (5.4)
10p sin”(\)
1
<= 0Opcoth(fr) = —bptan(A) - ———. 5.5
k CO ( k') 0 a’n( ) ,LI/290 Sln2()\) ( )

From (5.4) to (5.5) we divided with p, 6y and cos(\). That u and 6y are nonzero
follows from the assumption A € /. Moreover, note that cos(A) = 0 will by (5.4)
imply that pfysin(\) = 0, which is not possible again due to the fact that A € Y.
Thus all divisions are justified. We can now combine the kernel equation with
(5.5) to deduce that

1 1
0o cot(A) + ——5— = —bOp tan(\) — ——5—
beot(A) + (1262 sin”(\) o tan(}) 163 sin®(\)
2
<~ tan(A t(\) = ———-5—
an(A) + cot(A) RO SEO)
2 cos()\)
1= S
T T aP s
3/2
< cot(A) = —m.

2
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Let us from now on call
cot(N) = —p?|a)*/? /2 (5.6)

the orthogonality condition. We now show that if the orthogonality condition holds
for some A € U, then it is possible to rechoose p and A such that the right hand
side r(u, a, \) of the kernel equation remains unchanged, while the orthogonality
condition fails. Recall the definition

r(p,a, ) = + 6y cot(N).

1262 sin?(\)
Lemma 5.3. Suppose that A = (u,«, \) € U is such that the orthogonality condi-
tion (5.6) holds. Then there are fi,& € R with A = (i, a, \) € U such that

~ _ ﬂ2|a|3/2
(g, a,\) =r(p,a,\) and cot(\) # ——

Proof. First observe that since

-2

0 ’ a)‘ = T 29 . 9\
b (1, @, 2) u362 sin®(\)

#0,

there is an open rectangle I; x Iy centered in (u*, \*) and a unique function p :
Iy — I such that r(u(N),a*, \) = r(u*, a*, A*) for all A € Iy. We will show that
there exists A € I, such that

cot(N) # —p(X)?63 /2.

Assuming the contrary, we get the explicit expression p(\) = sgn(u*)4/2| cot(\)]/6;.
Using cot(\) = —u(X)2603/2 to eliminate A from the right hand side of the kernel
equation, we end up with

. 44+ pu(N)*5 1
(), o, A) = 492/5()?)20 D) 3#0\)27
0

(5.7)
which by our assumptions and the definition of A — u(\) should be the constant
r(p*,a*, A*) for all A\ € I,. However, note that for fixed 6y the expression (5.7)
is not a constant function over any interval for u()). For if (4 + 2%65)/(40322) —
0322 /2 = C, then also 4 + 2405 — 4C022% — 203x* = 0, which by the fundamental
theorem of algebra can not hold over a whole interval in z for fixed . Since u(A) =
sgn(u*)/2| cot(N)|/05 obviously is continuous and not the constant function u*,
we finally arrive at a contradiction. Thus we see that, it is in fact possible to
choose (u,\) arbitrarily close to (u*, A*) such that r(u,a*, \) = r(pu*, o, A*),
while cot(A\) # —u()\)263 /2. O
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5.2 The one-dimensional bifurcation result

The following result is essentially an application of the famous Crandall-Rabinowitz
bifurcation theorem (see e.g. Kielhofer [15]). To clarify the proof of the two-
dimensional bifurcation in the next section, we will nonetheless spell out the details
of the proof.

Theorem 5.4 ([6]). Suppose that A* € U is such that ker L(A*) =1, so that
ker D, F(0,A") = span{w*},

where w* = T (A*)¢y for the unique k € kN such that (A*, k) satisfies the kernel
equation (4.14). Suppose furthermore that we have the non-orthogonality condition

*\2| % |3/2
cot(A\*) % (5.8)
Then there exists a C>-curve of small-amplitude nontrivial solutions {(w(t), A(t)) :
0<|t| <e} of

‘F(wvﬂ*a Oé*, A) = 07
in O x R, passing through (w(0),A(0)) = (0, \*), with
w(t) = tw* + O(t?) in O ast— 0. (5.9)

In a neighborhood of (0,\*) in O x R, these are the only nontrivial solutions of
(5.9). For small enough |t| > 0, the surface profile of W(t) has minimal period
27 /k, has one crest and one trough per minimal period, and is strictly monotone
between crest and trough.

Proof. Using the terminology from section 4.3, we know that there exists a neigh-
borhood of (0, A*) € O x R for which the equation F(w, u*, a*, A) = 0 is equivalent
to ®(t, u*,a*,\) = 0, where t € R. Since the range of ®, Z, in our case is one-
dimensional, we find

D(t,A) = 1 (t, A)w™,

where 0* = (ng,,¢r) € Z C Y, and ®; is a smooth real-valued function. From
Lemma 4.12 we know that we have the identity ®(0,A) = 0, and therefore also
®1(0,A) = 0. Hence we can write

By (1, A) = /;i(@l(tz7A))dz
= t/1(<1>1t)(tz, A)dz
_ it ),
where we have defined ¥(¢,A) = fol ®14(tz,A) dz. For t # 0 the equations ®; =0

and ¥ = 0 are equivalent, whence to prove the theorem we need only concern
ourselves with zeros of W.
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We want to apply the implicit function theorem to ¥. We start by showing
that Wy (0, A*) # 0. Now, by definition of ¥ we find

Uy (0,A%) = @442 (0,A7), (5.10)
and from the formula ®(t,A) = &4 (¢, A)w*, we get
D140 (0, A*)0™ = Pyp (0, A"), (5.11)
By definition of ® we see that

D4(t, A) = 0y (Uz F(tw” + ¢ (tw", A), A))
=Tz D, F(tw" + (tw*, A), A)(w* + , (tw™, A)w™)
and so by evaluating in ¢t = 0, and using the properties of 1) listed in Lemma 4.12,

we find
D,(0,A) =T zD,F(0,A)(w* + 10, (0, A)w™). (5.12)

Furthermore we have
D40 (0,A) = 0\ (I1z Dy, F(O, A)(w™ + 1, (0, A)w™))
=z D2\ F(0,A)(w* + 1y, (tw*, A)) + Doy F (0, A)thyr (w*, A),
and so by evaluating in A = A*, and using that Z is the orthogonal complement
of ran D,, F (0, A*), we get
@4, (0,A%) = Mz D2, F(0, A\)w*
(D2, F(0,A")w*, o)

v o (5.13)

)

—
o [ly

where we in the second line used the formula (4.23) for the projection IIz. Thus
we see from (5.11) that ®14)(0, A*) equals the coefficient of @w* in (5.13). Going
back to (5.10) we therefore see that Uy (0, A*) # 0 if and only if

(DEAF(0,A")w*, @*), #0.

Now, by definition of £ we have D, F(0, A)w* = L(A)oT (A)~tw*, so using Lemma
3.2 we find

D2,F(0,A" " = DAL(N)éx + L(A7) o Dy (T(A7) )

The second term is in ran £(A*), which is the orthogonal complement of Z. Thus
U, (0,A*) # 0 if and only if (Dy\L(A*)¢g, w*)y # 0, and the latter holds true due
to Lemma 5.1 and the non-orthogonality assumption (5.8).

We now show that ¥(0,A*) = 0. To see this, observe first that ¥(0,A) =
0¢®1(0,A), and since ®(¢, A) = @4 (¢, A)w*, it suffices to show that ;P(0,A*) =0
This follows from (5.12) evaluated in A = A*, and once again using that Z is the
orthogonal complement of ran D,, F (0, A*).
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Finally, since ¥(0,A*) = 0 and 9\¥(0,A*) # 0, we can invoke the implicit
function theorem, and deduce that there exists an € > 0, a C"*°-function A : (—¢,¢)
with A(0) = A* such that (¢, u*, @, A(t)) = 0, and since (¢, A) = tU(¢, A)w*, we
have

F(tw* +Y[tw*, u*, o, AXt)], 1%, 2, X\(t)) =0 forall 0 < |t| <e,

or in the notation of Theorem 5.4, W(t) = tw* + Y(tw*, u*,a*, A(t)). It follows
that

W(t) = w* + by, (tw*, u*, o, N(1))w* 4 P (tw™, 1, o, N(£))A(t),
and we can conclude, using the properties of ¥ given in Lemma 4.12; that w(0) = 0
and w(0) = w*. Consequently,

w(t) = tw* + O(t?).

Letting w(t) = (7(t), #(t)) we now prove that, for small enough [¢| > 0, the sur-
face profiles 7j(t) have one crest and one trough per minimal period, and are strictly
monotone between crest and trough. First recall that w* = (71 (A*)¢x, T2(A*)dk),

where
_(bk(.’lf, 1) _ Sll’lh(ek)
Yos(1)  Okibos(l)

Ti(A") 1 = ng, () =

We know that

cos(kx).

[17(t) — tng, [l o= < Kt

for small enough |¢|. In the following we consider ¢t > 0; the analysis for ¢ < 0 is
similar. For a given € > 0, we define the open sets

Ii(e) = {z € R: |y, ()] > €}, Le) ={z e R: |nj, ()] > €}

Since 7, is simply a scaled cosine, it is possible to choose ¢ such that I;(gp) U
I5(g9) =R. Then for t < g9/ K we have

sgn ((t)'(x)) = sgn (15, (2)),  for = € Ii(eo),
and
sgn (7(t)" (z)) = sgn (n}, (z)) , for x € Ir(ep).

It follows that 7j(¢)" will have alternating signs on each neighboring connected com-
ponent of I1, while 77(¢)" will have alternating signs on each connected component
of Ir. Tt follows that the minimal period of 7(t) is the same as for z — cos(kz),
i.e. 27 /k. Moreover, over the course of one minimal period each of 7j(¢)" and 7(t)’
have exactly two zeros, with all four zeros distinct. In other words, 7j(¢) has one
local minimum and one local maximum per period whenever 0 < ¢t < g¢/K. O

Remark 5.5. As shown in Theorem 4.6 in [6], there is an analogous version of
Theorem 5.4 where one instead of A uses p as the bifurcation parameter, but without
any non-orthogonality restriction. We have not been able to determine whether the
two resulting bifurcation curves consist of the same solutions of F(w,A) = 0.
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5.3 Local classification of solutions

Everything in this section is original.

Using Theorem 5.4, we now classify all solutions in a neighborhood of (0, A*) €
X x U for any A* for which ker D,,F(0,A*) is one-dimensional and the non-
orthogonality condition cot(\*) # —(u*)?|a*[3/2 /2 is fulfilled. This can be achieved
by several careful applications of the implicit function theorem. The details are as
follows. Suppose that we have a one-dimensional kernel with wavenumber k, i.e.

ker D, F (0, A*) = span{¢y}. For this fixed k, define
1

K (1, o, \) = O coth(fy) — —————

— g cot(N).

We then have K (p*,a*, A\*) =0, and

SIH(Q)\) i 90
p262sin*(\)  sin?(\)’

K (1, , \) = (5.14)

which is zero if and only if
1203
cot(\) = 5
which is not true at A = A* by assumption.

By applying the Lyapunov-Schmidt reduction we obtain a neighborhood B(A*)x
Up(A*) of (0, A*) in which the equation F(w, A) is equivalent to a finite-dimensional
equation ®(¢,A) = 0. Since we are assuming that (5.14) is nonzero at A = A*,
the implicit function theorem guarantees that there is a neighborhood of A* and
a unique function (u, ) — A(u, o) satisfying

K(:ua «, /\(,ua Oé)) =0,

for (u,a) close to (u*,a*), and moreover (u,a) — A(p,«) is of class C°. Let
C C R3 denote the graph of (1, ) — A(i, ). Using the fact that the values of «
for which dim ker D,, F(0,A) > 1 form an isolated set, we can assume, by possibly
shrinking ¢/(A*), that all A € C NU(A*) are such that dimker £(A) = 1, implying
that in fact ker L(A) = span{¢y}. By possibly shrinking U/(A*) further, we can
assume that the non-orthogonality condition is satisfied for each A € U(A*), which
therefore allows us to invoke Theorem 5.4 at each A € CNU(A*). In other words,
for all A € CNU(A*) we get a solution curve bifurcating out of the point. As A
varies, we therefore get a smooth two-dimensional sheet S of bifurcating solution
curves.

We now argue that, locally, the sheet S comprises all solutions. For each
A € CNU(A*), applying Theorem 5.4 yields a uniqueness-domain

UA) ={(w',p,a,N) € X xUNY) : [[w'] < r(A), [N = Al <r(A)},

such that the only nontrivial solutions (w’, \') € X xR of F(w', p, , ') = 0 lying

in the set U(A) are given by the solution curve {(w(t; A), A(t;A)), 0 < |t] < e(A)}
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from Theorem 5.4. Using the quantitative version of the implicit function theorem,
we can assume that r(A) is continuous, and subsequently—by possibly shrinking
U(A*)—that r(A) is equal to a constant ro > 0 on U(A*). Consider now the set
A C X x U defined by

A= {(w,pya,h): (p,a,X) € COUANY), |h— A <rg and ||w|| < 7o}

From its definition it is clear that A is an open set, and that all solutions of
F(w,A) = 0 in A are given by the two-dimensional sheet of solutions curves
obtained by letting A € C NU(A*) and applying Theorem 5.4. See also Figure 5.1.

A

ka
Figure 5.1: In this illustration, #(A*) C R3 is a ball centered in A* (light grey),
and C is a portion of a plane (dark grey). Since we can assume that the uniqueness-

domain has uniform size for all A € C, all solutions of F(w, A) = 0 near (0, A*) are
obtained by applying Theorem 5.4 at each dark grey point.
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0 Two-dimensional bifurcation

6.1 Preliminaries

In this chapter we will in addition to A also be using « as a bifurcation parameter,
and so we are eventually going to need the analogue of Lemma 5.1 for the parameter
a. To avoid lengthy calculations, we will prove a version giving us only what is
needed for carrying out the proof of the two-dimensional bifurcation result.

Lemma 6.1. Suppose that ¢; € ker L(A), where ¢; = ¢y, is the basis function
given by the formula (4.5). Then if w; = (ng,,d;) is the corresponding basis
function of Z, we have

(Dal(Mdy, )y = B (“h“)”) T f(ky),

O,
where
. 2
—r 1/105a(1)] (smh(ﬁk,))
B=—— sa(1)0k, cot(0k.) — Yossa(l) + i ’
Tor(D) [0 (108, €0t(08,) ~Yinsa(1) + 250 | (5
0y, . —cosh (0}, .) sinh(0y )
72 7 i G #0,
f(ky) = 2 O; b 7
_% ij =0.

Remark: For a given A, we see that the quantity B is independent of k;.

Proof. Recall that £(A) = ([%sas - (%58 n ﬁ) id} 0402 - aid). Using

S=

the remark following Lemma 3.2, we know that the Fréchet derivative D, L(A) can
be computed by formal differentiation with respect to «a, giving

DOUC(A) = <|:’(/}Osaas - (’(/}Ossa - 12?;&) 1d:| y 1d> .
Os s=1

Thus, using that ¢;(z, s) = cos(k;x) sinh(0,s)/0y,, we find

Do L(A)¢;(, 5)
= <w05a(1) COS(ekj) - ('(/)Ossa(l)

_ ¢0sa(1)> sinh (0, ) _sinh(ekjs)
wOs(l)Q gk. ’ 01@

J

) costia).

J

Recalling that

inh(6
ng,; (x) = —W cos(k;jx),
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we find
27 /K
| 0at@om, ds
0

[%sa( )0k, coth(6r, ) — Yossa (1) + EZZZL(YSQ)} (sinlgifkj)>2

@bOS( )

_B (smh(@kj))2 .
Ok,

Moreover,

1 p27/k
/0 | (Dat)o20; dsds

1 p2n/k
// (j)j dzds
o Jo
27 /K 1 . 2
/ cos? (kjz)dx - / (smh(@ks)) dx
0 0 O
2
:—w/ (smh(&m)) e
0 O

T wsinh(20y) _ x 9%; _COSh(ekj ) sinh(OkJ ) 0 0
202 T a8 — 2 7 , O #
i

1
. O, =0,

o

and thus fo Qﬂ/ﬂ (DaL(A)pj)2 ¢jdads = f(k;). This concludes the proof.
O

Lemma 6.2. Let k > 0, and let ki, ky € kN with ko/k1 ¢ N. Then given a
function f : R — R which is continuous, 2w /ki-periodic and even, we have that

2 () cos(kax) dar = 0.

Proof. The Fourier series of f converges to f in L?, and thus it suffices to show
that f%/ﬁcos (nkyiz) cos(kex)dz = 0 for all n € Ny. Using exponential notation,

we find
27 /K
/ cos(nkyx) cos(kex) dz
0

2n /K
:1/ / (ei(nlirkz)w_’_ei(fnkrrkg):p_’_ei(nk17k2)z_’_efi(nkr%kg)a:) da
4 0

=0.
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Suppose that we have a two-dimensional kernel, ker £L(A*) = span{¢x,, bk, },
with ¢, given by formula (4.5). Again, we want to find solutions of F(w,A) =0
in the vicinity of (0, A*). In the analysis of this problem, we will be able to utilize
the one-dimensional bifurcation result, coupled with the fact that our discussion
so far is valid for arbitrary wave numbers k. From now on, we let X (%1) denote the
subset of X which consists of functions which are 27 /k;-periodic in the horizontal
variable, and we will in the same manner superscript with (k;) all spaces and
operators which one gets by instead of operating with the wave number x, one uses
the wave number k; (€ xN). Let O%*1) and O*2) be the subspaces of O consisting
of functions which are respectively 27/k; and 27 /ke-periodic in the horizontal
variable. Then F*2) (= F|y,)) is well-defined, and the kernel of D,,F*2)(0, A)
is one-dimensional, spanned by ¢,. Using the classification from section 5.3, we
obtain the set S¥2) of all solutions of F(w,A) = 0 in a neighborhood of (0, A*)
in X(*2) x ¢/, Similarly, under the condition® ky/k; ¢ N, the kernel of F*1) is
spanned by ¢y, , and we obtain the set S*1) of all solutions of F(w,A) = 0 in a
neighborhood of (0, A*) in X (k1) x 14, In this section we prove a two-dimensional
bifurcation result, which shows that there are solutions of F(w, A) = 0 near (0, A*)
which are neither in X *1) x ¢/ nor X*2) x 1.

In the one-dimensional bifurcation result, Theorem 5.4, we fixed p = p* and
«a = o, and used A\ as a bifurcation parameter. When the kernel is two-dimensional
we need two bifurcation parameters, which we will take to be o and A, and hence
we will be looking for solutions of the equation

Flw, p* a,X) =0. (6.1)
Let, for j = 1,2, Sl(jij) denote all (w,u,,\) € S*i) where p = p*, ie. the

near-zero solutions of equation (6.1) which are horizontally 27 /k;-periodic.

6.2 The two-dimensional bifurcation result

Theorem 6.3 ([6]). Suppose that we have a two-dimensional kernel
ker D'Luf(ov A*) = Span{T(A*)¢k17T(A*)¢k2}u kla kl € KN) kl < kQa
that the non-orthogonality condition

*\2| % (3/2
cot(\*) # —% (6.2)
is fulfilled, and define

a = le COth(@kl) = 0k2 CO'Eh(@kZ)7 (63)

i.e. the left hand side of the kernel equation. Furthermore, assume either that
a ¢ {0,1}, or that Ok, =0 (in which case a =1).

1Unless this condition is fulfilled, any 27/ ka-periodic function will be 27 /kq-periodic as well.
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(i) If ka/k1 ¢ N, there exists a smooth sheet of small-amplitude nontrivial solu-
tions,

Smixed = {(ﬁ(tl,t2)7a(t1,tz),X(tl,tg)) 0< ‘tll, |t2| < E}

of (6.1) in O xR xR, passing through (w(0,0),@(0,0), A(0,0)) = (0,a*,A*),
with
W(ty,ta) = tiw} + towh + O(t3 +t3). (6.4)

In a neighborhood of (0,a*,\*) in O x R x R the set S™ired Sl(jil) U Sg?)
contains all nontrivial solutions of (6.1).

(ii) Let 6 > 0. If ko/ki € N, there exists a smooth sheet of small-amplitude
nontrivial solutions

Ss = {(@(r,v),a(r,v), A\(r,v)) : 0 < r < &,d < |v]| <7 — 4}

of (6.1) in O x R?, passing through (@(O,v),a(o,v),X(O,v)) = (0,a*, \%),
with
w(r,v) = rcos(v)w} + rsin(v)w; + O(r?). (6.5)

In a neighborhood of (0,a*,\*) in O x R? the union SsU SLEQ) contains all
nontrivial solutions of (6.1) such that 6 < |v] < m — ¢, where r cos(v)w; +
rsin(v)w} is the projection of W(r,v) on ker D, F (0, A*) parallel to X.

Proof. The start is the same as in the one-dimensional bifurcation: Define w} =
(n¢kj7¢kj)? and recall that Z = span{w},w}} and X = ker D,,F(0,A*) & Xp.
Applying the Lyapunov-Schmidt reduction, we get the existence of a smooth
defined in a neighborhood of (0,A*) in ker D,, F(0,A*) x U with codomain Xj,
and a neighborhood of (0,A*) in X x I/ in which the equation F(w,A) = 0 is
equivalent to ®(t1,t2,A) = 0, where

O(t1,t2,A) = Iz F(tiw] + taw; + Y(tiw] + taws, A), A). (6.6)

Let II; and Il denote the projection onto span{wj} and span{w3}, respectively.
Then 11z = II; + Iy, and we have

Hl‘b(tl,tQ,A) = (I)l(tth,A)’LZ))f and Hz(b(tl,tg,A) = @2(t17t27A)ﬁ); (67)

for some smooth, real-valued functions ®; and ®5. The equation ®(t1,%2,A) =0
can be rewritten as

(I)l(tthvA) = Oa

6.8
Dy(ty,te,A) =0. (6.8)

This is a system of two equations in five unknowns, all of which are real numbers.
Note that we have the trivial solution (0,0, A) for all A € U’; this follows from the
fact that ¢(0,A) =0 and F(0,A) =0 for all A e U/".
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Let us first consider case (i), where ko/k1 ¢ Z. We then claim that

@1(07t27A) = 0, for all tg,A,

6.9
Dy(t1,0,A) =0, for all ¢1, A. (6:9)

We now show that ®; (0,25, A) = 0. Using that ker D, F(¥2)(0, A*) = span{w}}, an
application of the Lyapunov-Schmidt reduction in X *2) yields a unique function
1, with codomain X(g]”) satisfying

for all ¢ in a neighborhood of 0 € R (recall that 1, is defined as the unique function
satisfying (6.10)). Due to the 27 /ky-periodicity of F(twj + 1. (tw3, A), A), coupled
with the formula for the projection ITy, which involves integrating against cos(kqx),
we can use Lemma 6.2 to conclude that

T F(twh + 1, (twh, A), A) = 0 (6.11)

as well. Thus (6.10) holds with I —II5 replaced with I —IIz, and so by uniqueness
of 1, we must have (-, A)| x ) = Px(-, A) (where in this equality we might have
to shrink the domain of one of the functions). Recalling the definition of ®;, we
thus see that formula (6.11) is equivalent to the identity ®1(0,t2,A) = 0. The
second identity in (6.9) is proven by a similar argument.

Using (6.9) we find that

1 1

d

@1(t1,t27A):/ E@l(zthtg,A)dZ:tl/ ath)1(2t1,t2,A)dZ7
0 0

and a similar identity holds for ®5. Defining

1
Uy (t1, 1, A) = / (0, ®1)(2t1, t2, A) dz,
0 (6.12)

1
\I/Q(tl,t27A):/ (3t2<1>2)(t1,zt2,/\)dz,
0

we therefore have ®; = ¢;¥;, and thus for t; # 0, j = 1,2, ®,(t1,t2,A) = 0 is
equivalent to ¥, (t1,t2,A) = 0.

There are four possibilities. The case t1,t5 = 0 reduces to trivial solutions.
When ¢t; = 0 but 2 # 0 the system reduces to ®2(0,¢2,A) = 0, the solutions

of which are given by? Sﬁ?); when to = 0 but t; # 0 we get solutions which lie

in ngl). The remaining case is where we allow both ¢; and ¢3 to be nonzero,
which amounts to investigating the solutions of Wy (¢, t2, A) = ¥o(t1,t2,A) =0 in
a neighborhood of (0,0, A*).

2This amounts to saying that towl + P (tawl, A) is in X (¥2) which is true since the argument
following (6.10) shows that ¥ (tow}, A) € X (k2).
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We claim that ¥,(0,0,A*) = ¥5(0,0,A*) = 0. First note that ¥;(0,0,A*) =
0:,®(0,0,A*), j = 1,2. Furthermore, observe that from the definition (6.6) of ®,
we get
Oy, B(ty, t2, A*)
= Uz Dy F(tiw] + taws + P (t1w] + taws, A*), A*) (w] + y (frw] + taws, A" )w}),
and so evaluating in (¢1,%2) = (0,0), and using that IIz D, F(0,A*) = 0, we find

5tj(I>(t1, tQ, A*) = O
If we can in addition prove that the matrix

ONT1(0,0,A%)  9xWo(0,0,A%)
0o W1 (0,0,A%)  9aWs(0,0,A%)

is invertible, we can apply the implicit function theorem, which will prove (i)
(except for the asymptotic formula (6.4) for small (¢1,2), which follows by a first
order Taylor expansion in the same way as in the proof of the one-dimensional
bifurcation). To this purpose, note that (6.12) yields

90 1(0,0, A) = 9, x®1 (0,0, A),

and, by doing a similar computation as in the proof of the one-dimensional bifur-
cation, we get
O, 06 ®1(0,0, A*) =TI, D2, F (0, A*)w}.

By using the formula for the projection, we have
<D%U)\]:(O’A*)w’lk, 711{>

)
||w1||Y

1, D? , (0,0, A*)w} = Y

As we have already seen, using that by definition D, F(0,A) = L(A)T(A)~! we
have
DinF (0,0, A% wi = DAL(AT) g, + LIAT)DAT(A") " H.

Since the last term is in ran £(A*) C ker IT;, we conclude that

<D>\[’(A*)¢k17 U~7T>Y )

2
a7 lly

O\U1(0,0,A") =

Similar arguments show that

<D>\‘C(A*)¢)k2a QIJS>Y

9xT5(0,0,A%) = =
21y

)

and
Do L(A*) by, , 0
aa\Ifj(o,07A*)=< (A1), vy il
1@y
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It follows that

det O\¥1(0,0,A%)  0x¥2(0,0,A")
0aP1(0,0,A*) 0,%2(0,0,A*)

B (DAL(A*)Pry, 07)y  (DAL(A")br,, W3)y

= Cdet A .
<D(¥‘C( )d’ku w1>Y <D(Y‘£( )¢k27 w2>Y

where C = ||} H;Q |l H;2 # 0. The inner products appearing in the determinant

have already been computed in Lemmas 5.1 and 6.1, namely

inh(6, )\ ?
(DALMY, 7)., = A (Sm@i’“)) |

sinh(fy,)

2
(DalW)n )y = B (T2 ) 1105

J

where A and B do not depend on j, A # 0 due to our explicit assumption (6.2),
and
1—a~?! coshz(ek,)
T 0, #0,
fu) =42 7 b7 (6.13)
Ox; = 0.

Here we have rewritten the expression for f(k;) given in Lemma 6.1, using the
quantity a ¢ {0,1} introduced in (6.3). Using elementary properties of determi-
nants, we can thus make the following calculation.

o ((PUEO )00, )y (DL, )y
(Dal(A)k;, 0T)y  (Dal(A")r,, @3)y
A (sinh(0k1)>2 A (sinh(0k2)>2

le 9k2

= det i 2
B(smgffh) 10k B () )

Slnh(9k1 sinh (0, ) 2
= Adet 9’“1 ( Oka )
f(k2)
. 2
) <(S‘“};<H’”> f(ke) = (”2(9’“)) f(krl)) :
k1 k2

3

To show that the quantity in the parentheses is nonzero”, we split the analysis up

into cases, and refer to (6.13).

3If a = 0, we have kJQ +a <0, cosh(fx;) = 0 and f(k;) = 7r/(20,%j), j = 1,2. This implies

that the quantity in the parantheses is zero.
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Case 1. Assume that k7 + o < 0 and k3 + o < 0. Recalling the definition (6.3)
of a and the representations (4.13), we find

_ Sin2(|9/€1 |) E(—l) l1—a! COS2(|97€2|) - Sin2(|9k2|) E(_ )1 —a! COSQ(lalﬁ D
0,2 2 [ZNE |0k, * 2 |0k, |2
—1
™ a . . .
SCINENE [sin? (0, |)(a — cos®(|6k, |) — sin® (|0, |) (a — sin®(|6x, |))]
ma Ya—-1 . .
= 29k|(29k3 (sin?(|Ok,|) — sin®(|6k, |)) # 0.

(6.14)
To see that the quantity sin?(|0y, |)—sin® (|6, |) is nonzero, first note that sin(|0y,|) #
0 follows from the fact that 0y, # 0 and the kernel equation. We can then deduce
the contradiction
sin®(|0x,|) — sin®(|0x,)) =0 = cot? (|0, |) = cot (|0, )
= |9k1|2C0t2(|9k1|) # |9k2|200t2(‘9k2|)'

Case 1I. Assume that k? +« < 0 and k3+a = 0. Then a = 1, sinh(6y,) /0, = 1
and we compute

k2

sin” (|0, |) s o 1— 11 cos(|64, |)
Pl ( 3) W 2( ) |0k, |2
sin®(|60k,|) ¢/ « T
|0k, 2 ( 3) + 20m 2 (10K, 1)
7 sin? (|0, ])
AE #0.

Case 1I1. Assume that k? + o < 0 and k3 + « > 0. Then we have

(SO iy, (SR g

O, ks
sin®(|0k,|) 71— a"cosh®(|0k,])  sinh®(|0k,|) 7 1 —a~tcos?(|0k,])
TP 2 BuP P 20T Bp
m sin® (|0, |) - fSiHhQ(l%l)aq
2 |0, |26k |? 2 |0k, 216k, |?

= ga_l(a — 1) (sin® (|6, |) + sinh®(|0x,])) # 0.

(a — 1 —sinh®(|0x,])) + (a — 1+ sin®(|6k,]))

This concludes the proof of part (¢).
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We now prove part (ii), dealing with the case ka/k; € N. Defining ®; and @,
in the same way as before by (6.7), we still have

(131(0, tg, A) = O7 for all tQ, A.

We introduce ¥; with the same definition as before, but now using polar coordi-
nates*:

1
\Ill(r,v,A):/ O, @1 (21 cos(v), rsin(v), A) dz.
0

As before, ®; = 0 is equivalent to ¥; = 0 for ¢t; # 0. As for @5, we can still use
the identity ®5(0,0,A) = 0, and we redefine ¥y as

\:[12(7“, v, A)

= /o [0, P2 (27 cos(v), zrsin(v), A) cos(v) + O, Pa(zr cos(v), zrsin(v), A) sin(v)] dz.

(6.15)
We then have that ®o(r, v, A) = r¥s(r,v, A), as a consequence of the Fundamental
Theorem of Calculus and the fact that the integrand in (6.15) equals

(1/r)0,@2(zr cos(v), zrsin(v), A).

The solutions of ®(0,%2,A) = 0 near (0,A*) all lie in Sl(j?). When ¢; # 0,
also r # 0, and we have that ®(¢;,¢3,A) = 0 is equivalent to the problem
(U (r,v,A), ¥y (r,v,A)) = 0, which we now consider. We have that ¥;(0,v,A) =
Py (0,v,A) =0 for all A. As before, we find that
<D)\‘C(A*)¢k?17 UNJT>Y

2
@7 Iy
Daﬁ(A*)d’ku wT>y

2
w7 1y

8,\\111(0, v, A*) =

)

a1 (0,0, A) =

To find the derivatives of ¥y, first note that
\U5(0,v,A%) = 0, 0xP2(0,0, A*) cos(v) + 01,0 P2(0,0, A*) sin(v).

Using the formula

Oy, 00®2(0,0,A%) = L D2\ F(0, A" )w, j=1,2,
and the formula for the projection, we get that
F(0,A*) w
11, D2, F(0,0, A*)w! _ (i D)y . j=1,2.

||w2||y

4To clarify the notation: here d¢, ®1(2r cos(v), zrsin(v), A) means the partial derivative of ®;
with respect to the first variable, evaluated at (zr cos(v), zrsin(v), A).
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As we have already seen, using that by definition D, F(0,A) = L(A)T(A)~! we
find

D \F(0,0,A")wj = DAL(A") ¢, + LIA)DAT(A*) wy, =12
Since the last term is in ran £L(A*) C kerIIz, we conclude that

(DAL(A")bry, B3)y (DAL(A")ppy, W3)y

MVU3(0,v,A") = — os(v) + o sin(v)
@51y @51y
_ <D)\£(A ~)¢k227 w2>Y sin(v).
@3y

Here we used that (DxL(A*)¢y,, W3), = 0 due to the formula (5.3) for DxL(A*) ¢y,

showing that its z-dependence is cos(kix), together with the fact that wi =

(nmj , ¢x;) has x-dependence cos(koz), and trigonometric orthogonality in L2
Similary, we find

(DaL(A) b, W3)y
iR
_ <D0¢‘C(A*)¢k27 w§>Y Sin(U)

a2

0aP2(0,v,A") = e sin(v)
2lly

os(v) +

where the inner product (Do L(A*)¢y,, W3)y is 0 once again due to trigonometric
orthogonality in L2.
Thus

det 8)\\111(()’1}’/\*) aA\I’Q(07U7A*)
NN 001 (0,0, A7) 9aW2(0,v, A%)

_ Csin(v) det <<DA£(A*)¢>1€1, WY)y  (DAL(A*)br,, 03)y ) ,

<D04‘C(A*)¢k17 'LDT>Y <Da£(A*)¢k2ﬂ w;>Y )

where C' = ||} ||)_,2 |05 ||{,2 We can therefore apply the implicit function theorem
under the assumptions of Theorem 6.3 as long as sin(v) # 0.
Since (t1,t2) = (rcos(v),rsin(v)), the asymptotic formula (6.5) for small r
follows in the same way as in the one-dimensional bifurcation.
O

Remark 6.4. In case (i) the wave profiles of W(t1,t2) have multiple crests and
troughs per minimal period. This follows from the fact that W(t1,t2) = tywi +
tows + O(t?), coupled with an analysis of the wave profiles similar as in the proof
one-dimensional bifurcation result; the point being that W(t1,ta) is approzimately
a sum of the form Aj cos(kiz) + Ag cos(kex).
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7 Kernels of arbitrary dimension

We now address a question raised in [6]: does there exist values of the parameters
A such that ker D,, F(0,A) is at least three-dimensional? By also letting the wave
number vary, this question was answered affirmatively in [9], which showed that
there exist wave numbers x and parameters A such that ker D,, (0, A) is at least
three-dimensional, and also that parameters can be chosen so as to make it exactly
three-dimensional. We here take a different approach. We will show that if xk =
/2, then for any integer N > 1 one can choose A such that ker D, F(0,A) is
N-dimensional. Moreover, we find a dense subset of K of R with the property
that if kK € K, one can choose A such that ker D,,F(0,A) has arbitrarily high
dimension. Although at this in one sense is a stronger result than the one in
[9], our method has other limitations, which we will also discuss. Everything in
chapter 7 is original.
Let us formulate the problem. We want to determine x > 0, t > 0 and a € R
such that the equation
0 coth(6y) = a (7.1)

has several solutions k¥ € xkN. For any a € R and a < 0, we can always choose p, A
so that the right hand side r(u, o, A) of the kernel equation equals a. We look for
solutions with a = 0, and thus search for x > 0 and ¢ > 0 such that

VisR € (N_;)W.

for k € kN. Writing k = m&, this can be reformulated as determining «,¢ > 0

such that the equation
1
Vi—m2k2 = (n - ) T (7.2)

2

holds for several k € kN. We now rewrite (7.2) in the form

9 1\° 72 t 9
m +(n2) == (m,n) € N= (7.3)

We first consider the case k = 7/2.

Lemma 7.1. For k = ©/2 and any N € N, there exists A € U such that

dim ker D,, F(0,A) = N.

Proof. Letting k = 7/2 in equation (7.3), we get the problem
ﬂ
w2’

m? + (2n—1)% = (m,n) € N2,

By choosing t so that H = 4t/n? is an integer, we have reduced the problem to
showing that there exists H € N so that

m>+(2n—1)>=H
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has exactly N solutions (m,n) € N2, This is shown in e.g. [13]. More precisely,
we have that given any » € N and prime p € 4N + 1, the number of ways to
write p?"~! as a sum of two squares of positive integers equals r. (In each of these
representations, exactly one of the squares will be an odd number.)

O

The result for k = 7/2 can be partially generalized in the following way.

Proposition 7.2. Let
K:{W—r:r,SGN, r odd}.
2s

For k € K and N € N, there exists A € U such that dimker D, F(0,A) > N.
Proof. Letting k = T~ in (7.3), we get

4 2
r?m? + s2(2n —1)* = %t, (m,n) € N2,
0
By Lemma 7.1, we know that we can choose H € N such that the equation a?+b% =
H has N solutions (a1,b1),...,(an,by) € N x N, where we can assume that the
b;’s are odd. Defining ¢, m; and n; by
4s® 2.2 = 5 i
?t:rsH, and m; = sa;, 2n; —1=rb;, j=1...N

we see that (m;,n;), j =1,... N all solve

452

r?m? + s2(2n — 1) = —t, (m,n) € N.
T

O

Let us illustrate this and give an example of a four-dimensional kernel. If we
let kK = 7/2 and choose H = 5125 (i.e. t = 512572 /4), then since

5125 = 30% + 652 = 342 + 632 = 542 4+ 472 = 70% 4 152,
we have obtained a four-dimensional kernel. In other words, letting

512572
t =

k=m/2, T

we have
cot(y/t — (mk)?) =0 for m = 30, 34, 54, 70.

(Note that this method gives explicit values of &, ¢, and the wavenumbers k = mk.)

Having found values of k and A for which the linearized problem D,,F(0,A) =
0 has solution space of arbitrarily high dimension, it is natural to ask whether
these give rise to solutions of the full nonlinear problem F(w,A) = 0. The two
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bifurcation results we have established, Theorem 5.4 and Theorem 6.3, deal with
the cases where the kernel is precisely one- and two-dimensional, respectively.
However, by the trick described in section 6.1, we may be able to choose a higher
wave-number ' such that, after restriction to X (“l), the kernel is one- or two-
dimensional. Since a = 0 for our solutions, we can in any case not use the two-
dimensional bifurcation result, and this also excludes the possibility bifurcation
from kernels of higher dimensions. But the one-dimensional bifurcation result can
indeed by restricting to the wave-numbers k; in the kernel for which there are no
other k; such that k;|k;, as in our example of a four-dimensional kernel.

In contrast, the paper [9] establishes a three-dimensional kernel where a > 1,
and subsequently proves a three-dimensional bifurcation result, using &, p and «
as bifurcation parameters. We also remark that an obstacle for high-dimensional
bifurcation results is that there are only four parameters to the problem, namely .,
a, A and k. Since for each dimension of the kernel one more parameter is required,
one needs to be able to vary other parameters than just the four at our disposal.
This may be remedied by e.g. including effects of surface tension.
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8 Further properties of the solution curve

In this section we investigate derivatives of the bifurcation curve. Everything in
section 8 is original, although the proofs of Propositions 8.1 and 8.5 are inspired
by similar calculations in the book by Kielhofer [15].

8.1 Analytic series expansion of F

For a given A € U, we will now show that F(w, A) is analytic at w = 0, and find
a corresponding analytic series expansion. We use this to find explicit expressions
for the derivatives DI F (0, A)w™, n =0,1,2,3.

First, we perform the differentiations in the definition (4.6) of F; and the
definition (4.7) of F», which yields

(00 8\ " (e 6)”

1 N STz 0s + @s 0s + Ps

]—'1(11},1\)25 ¢w—ﬁ +W +n—Q(A)
1 29 Séznx (1/}05 + és) (1 + 3277925) (1/}(%5 + 21/105(;55 + qu)

(where we use the convention that in the expression for F, all functions of s are
tacitly assumed to be evaluated at s = 1) and

+ w — a(Yoss + 9)
e — Snm(lﬁosg fi; e Psx Snggz;oj ;) ;bs) B 15_?77 'y
L S (Yos + és()l++s;;7§(woss + ¢s) N ¢(01++n<);52 oo +
e — Snm(woS zrl qi)n;r My sz

L 257 (Yos + 6s) z(f:g; 1)(toss + dss) o+ B
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For ||n|lx < 1, we have that

o=l =0t =) ()7,
+1 :

7=0
1 o0
=1 -m43 =P+ =D (=1,
T n+ 307 —4n ;)J( )

where the sums converge absolutely norm-wise in X. Inserting these expansions
into the definitions of F1 (-, A) and Fa(:, A), we see—by referring to the definition
of analyticity at a point given in section 3.1, and the subsequent remarks—that
F(-,A) is analytic at 0, and moreover that we can deduce explicit expressions for
D7 F(0,A)w™. The derivatives to the third order can be read off the following
Taylor expansions:

fl (wa A)

P . 4
=582 = shumu (o + &) (1 =0+ 0% + 07 + O(Inl"))

(U )R+ 20o0sds +32) (1204 307 — 4 + Ol + 1~ Q)
= — Y0sn + Yosbs + 1

+ 30— st0sute + SR+ 58+ SR — Wosden

+ 500sGaNan) — 50uTlebs — 205,1° + Bbosdan’® — I — SPYGIEN + UG bs

+O([lw]").

and

Fo(w, A)
=620 — 5 (1w (s + 0) + 20 ) (1= +0* +5° + O(n]"))
(2572 (Wos + 65) + (5202 + 1) (Woss + Bss) ) (1= 20+ 30 — i + O]
— a(toss + )
=(02 + 0% — Q)¢ — YoM — 2¥0ss7
+ 5P0sTaaT] = STwaPs — 25Nabse + (25%0s + 5790ss)15 + 300ssn” — 26asn
— P08z’ + SNawhs + 2800 Gsa) — 451005020 + 250205 — 25%05sn2N + 5702 Pss

- 41/10557733 + qgss772
+O(]|w]*).
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8.2 The one-dimensional bifurcation curve

Recall Theorem 5.4, where we established the existence of a solution curve ¢ +—
(w(t), A(t)) such that F(w(t), u*,a*, A(t)) = 0. We already know that w(0) = w*,
but one may ask if it is possible to determine the higher order behavior of w at
zero, say to the second order, which amounts to finding w(t). To consider this
question, let us return to the expression for w we found in the one-dimensional
bifurcation result Theorem 5.4, namely

W(t) = w* + Ypw* + PaA(t),

where v, and ¢, are evaluated at (tw*, u*, a*, A\(t)), and ker D,, F (0, A*) = span {w*}.
Another differentiation yields

This expression can be simplified. In view of Lemma 4.12, we have that ¢(0, A) = 0
for all A in an open set about A*, and thus ¢, (0, A*) and ¢, (0, A*) are zero. We
furthermore claim that A\(0) = 0, so that, in fact, W(0) = thy., (0, A*)(w*)?.

Proposition 8.1. In the one-dimensional bifurcation result Theorem 5.4, we have
A(0) = 0.

Proof. We use the terminology from the proof of Theorem 5.4. Recall the defini-
tions
D(t,A) =Mz F(tw* + Y(tw*, A), A), O(t,A) = &4 (t, Mw™,
1
U(t,A) = / (0:P1)(tz,A)dz.
0

We showed that Uy (0,A*) # 0, and that ¥(¢, p*, a*,\(t)) = 0 for ¢ € (—¢,¢).
Differentiating U (¢, u*, o*, A(t)) = 0 and evaluating at ¢t = 0 yields

U, (0,A")

(0, + W0, ADAO0) =0, e A0) = —GrET.

We are thus faced with the task of showing that ¥,(0,A*) = 0. Now,
! 1
U, (t,A) = / (02®1)(tz,A)zdz, andso W,(0,A*)= 5(@2@1)(0,/&*).
0

Moreover, 92®1 (t, A\)w* = 9?®(t, A), and we find that

Op®(t, A) =TIz D F(tw* 4 (tw*, A), A)(w* 4 1, (tw*, A)w*),
D2D(t, A) =Tz Dy F(tw* + 1 (tw*, A), A)(w* 4 1y (tw*, A)w*)?
HIz Dy F(tw* + (tw*, A), A) (o (tw*, A) (w*)?).
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Since ker Il = ranD,, F(0,A*) we get IIzD,,F(0,A*) = 0, and using the proper-
ties of ¢ given in Lemma 4.12 thus yields that 02®(t, A*) = I1z Dy, F (0, A*)(w*)?2.
Recalling the formula for the projection 11z, we find

(Do F(0, A%)(w*)2, @%),,

\I/t((),A*) :O — 2
[~ Iy

=0.

Here @* = (14, , ¢x), where ¢y, is as the unique function satisfying w* = T (A*) ¢y,
where T(A) : Xo — X is the isomorphism from Proposition 4.4. We thus have to
show that the inner product in the numerator is zero. Recalling that

¢r(z,s) = cos(kx) sin(bxs) /0,

we get
Prls=1 505Dk |s=1 )
A = (- _ 270sviels=l
T( )(bk ( 1/109(1) 9 ¢k 1/)03(1) (8 1)
_ cos(kz) ( sinh(fy) sinh(fys)  stos(s) sinh(@k)) '
Yos(1)0r" O Yos(1)05 ’

Letting w* = (n, QAS), we see from (8.1) that both 7 and $ are separable functions,
with z-dependence cos(kz). We have

Doy Fr(0, M) (w*)* =03 — 25056110 + 305,07 + 62 + 5™ — 0.,
Dy Fo (0, A%) (w*)* =25057aa) — 25Naw s — 457w + (45005 + 25°Poss )17
+ 690557 — Ass).
Since each term is bilinear in w*, each term in both of the above expressions

will have an z-dependence of the form sin®(kx) cos’(kx) where a 4+ b = 2. Since
W = (Ng,,, Pr), we see that when computing the inner product

27 /K
(DuwwF(0,A")(w*)?, &%), = /0 (DawwF1(0, A)(w*)?) ny, da

1 p2n/k
D A *\2
+/0 /0 (DwwF2(0, ) (w*)?) ¢p, dz ds,

we will be integrating terms whose x-dependence is sin®(kz) cos®(kz) where a+b =

3. But since fO%/F" sin®(kx) cos®(kz) dr = 0 whenever a + b is odd, we conclude
that
(DuwwF(0,A")(w*)?, @*), = 0. (8.2)

O

Remark 8.2. Since the proof only depended on the fact that the inner prod-
uct (Do F (0, A%)(w*)?, u~)*>Y is 0, we conclude that in the version of the one-
dimensional bifurcation result when one uses p as the bifurcation parameter, we

also have [(0) = 0.
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Corollary 8.3. In the one-dimensional bifurcation curve from Theorem 5.4, we
have

E(O) - www (07 A*)(w*)Q

We now derive a more explicit expression for 1., (0, A*)(w*)?. To do this, we
will use the defining identity for ¢, namely that it is the unique function defined
in a neighborhood of (0, A*) € X x U mapping into Xq satisfying

(I —IIz)F(tw" +¥(tw*,A),A) = 0.

Differentiating this identity with respect to t gives

(I —IIz) Dy F(tw* + ¥(tw*, A), A)(w* + by, (tw™, A)w™) = 0,
and taking yet another ¢-derivative yields

(I = Iz) Dy F(tw* + 9(tw*, A), A) (w* + vy (tw*, A)w*)?

+(I = Hz) Dy F(tw* 4+ (tw*, A), A) by (tw*, A)(w*)? = 0.

From this it follows that
Dy F(0, A" (0, A*) (w*)? = =Dy F (0, A*) (w*)?, (8.3)

where we can remove the projections I — II since equation (8.2) establishes that
Doy F (0, A*)(w*)? € ran D, F(0, A*) (recall that Z = span {&*} is the orthogonal
complement of ran £(A*)), in addition to the fact that kerII; = ran D,, F(0, A*).
Note that since D,,F(0,A*)|x, is invertible and 1y, (0, A*)(w*)? € Xo, equation
(8.3) determines 1y, (0, A*)(w*)? uniquely.

To solve for 1., (0, A)(w*)? using (8.3), we first give an explicit expression for
Do F (0, A*)(w*)?. Recalling that

w = A 7¢k|S:1 . SwOSQSk‘s:l
(777@5) < wOS(l) 7¢k w05<1) > (8 4)
_ cos(ka) (_ sinh(fy) sinh(fxs) B s10s(s) sinh(ﬂk)> '
Yos(1)0r” O 0s(1)0k ’
we find
D3, F1(0,A)(w*)?
= {(é)x)2 - 23¢Osnzcdgaf + ((ﬁs)2 - 4¢03(Jgs77 + 31/)33772} 1
. 2
=0-0+ (cosh(ek) — (05(1) +0:i(;}i)ss((11))) Slnh(ek)> cos” (kx)
(Y05 (1) + thoss(1)) sinh () sinh(f)
— dhos(1) (Cosh(ﬁk) - B0 (L) ) (— 9k¢03(1)> cos? (k)

+3 (Smgie’“)f cos?(kx)
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and

Doy Fa (0, A*) (w*)?
:25w09nzr77 - 2577xr¢§s - 4577£¢;sr + (451/)05 + 252@[)055)7@ + 6"/)055772 - 4&3577

250004 (5) (— ;]j;("(’;)) ) T ) cos? (k)

(30 ) (e - CEEERE) (ot
~to (grinty) (commons) - (P IR ) i
+(4st0s(8) + 251055 (5)) (— ;22(9(,1)) ) 2 k? sin? (k)

+6%0us (5) ( ;kf;(g(% ) " cos? (k)

4 st - EREGEG) (i) e

Note that because of the identities

1 1 1
cos(2kx), cos?(kx) = = + = cos(2kz),

1
.2

ka) = -
sin®(kx) 5 515

2

we can write Dy F2(0, A)(w*)? = fo(s) + fa(s) cos(2kx). Introduce the function
¢ € Xo by ¢ = T(A*) "1y (0, A*)(w*)2. Then the equation (8.3) can be written

LA = =Dy F(0, A*) (w*)?. (8.5)

Furthermore,

‘C(A*)C = <|:'¢Os<s - (¢083 + 1;) C:| ,(6f + 852 - OZ*)C) y
Os s=1

and we will therefore consider the inhomogeneous Helmholtz equation
(02 + 02 — a*)( = =Dy F2(0, A¥) (w")*.
The function ¢ must take the form
C(x, s) = ap(s) + aa(s) cos(2kx),

and so we have that

(02 + 0% — ) (ap(s) + az(s) cos(2kx)) = [af (s) — aag(s)]

+ [a5(s) — (4k* + a)ao(s)] cos(2kz).
(8.6)
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We are thus left with two ordinary, linear differential equations of second order for
ao and aq, for which we already have identified the corresponding homogeneous
solution basis. We can therefore obtain the inhomogeneous solution using variation
of parameters. Let

uf"(s) = cosh(Oxs) uy'(s) = sinh(0mis)/Omk, m=0,2, (8.7)

with the usual interpretations in the case 6,,; = 0. Then {u]",u3'} is a solution
basis for the homogeneous equation a!’,(s) — (mk? + @)a,,(s) = 0. Since the
Wronskian of the basis (8.7) equals 1, the well-known variation of parameters-
formula in this case becomes,

ap(s) = Ar(s)ui(s) + Br(s)ua(s), as(s) = Arr(s)ur(s) + Brr(s)us(s),

where
Arts) = = [ ua(s) ) ds, Bi(s) = [ ur(9)fo(s)ds,
Arr(s) = —/U2(5)f2(5) ds, Byi(s) :/Ul(s)f2(5) ds.

and the two constants of integration are determined by the conditions (|s—o = 0
(giving ap(0) = a2(0) = 0) and L1(A*)¢ = — D,y F1(0, A*)(w*)?. These integrals
are possible to solve by elementary—but arduous—antidifferentiation. We will
content ourselves with the following result:

Proposition 8.4. We have that w(0) = T(A)¢, where
C(x, 8) = ap(s) + aa(s) cos(2kz).

Furthermore ag(0) = a2(0) = 0, and ag(s) and as(s) are both nonzero polynomials
of degree at most four in the expressions s, cos(fp(s — 1) + A), sin(6p(s — 1) +
A), sin(fxs), cos(0xs), where in each term the power of s is at most two, the powers
of cos(fp(s — 1) + N), sin(6p(s — 1) + A) sum to at most one, and the powers of
sin(fgs), cos(0rs) sum to at most two.

Proof. Everything has been proved except the description of ag and ag. This
follows from the fact that trigonometric and hyperbolic function can be written in
exponential form, together with the fact that [ s7e?® ds = p(s)e®® + C, where p is
a complex polynomial of degree j. O

8.3 The two-dimensional bifurcation curve

Proposition 8.5. In case (i) of the two-dimensional bifurcation result Theorem
6.3, we have
Va(0,0) = (0,0), VA(0,0) = (0,0). (8.8)
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Proof. We use the terminology in the proof of Theorem 6.3. Recall the definitions
D(t1,t2, A) = Mz F(trwy + tawy + P(tiw] + taws, A), A),

I ®(t1,ta, A) = D1(t1,t2,A), TLa®(t1,ta, A) = Po(t1,t2, A),

1 1
\111(t1,t2,A) = / (8t1‘1)1)(2t1,t2,1\) dZ, qf2(t1,t2,A) = / (atzq)g)(tl,ZtQ,A) dz.
0 0
We showed the local identities
‘Ill(th t27 M*a a(th t2); )\(th t2)) = 0; \IIQ(tla t27 /L*a a(tla t2)7 )‘(th t2)) = 07

which, by differentiating with respect to ¢;, j = 1,2, and evaluating at (¢1,t2) =
(0,0), yield the equalities
O, ¥1(0,0,A™) + 9, ¥1(0,0, A*)cw, (0,0) + 0¥ (0,0, A*) A\, (0,0) = 0,

8.9
9y, W5(0,0, A%) + 0a W5 (0,0, A%)ay, (0,0) + 8y T2 (0,0, A*) A, (0,0) = 0, (8.9)

and

91, W1 (0,0, A%) + 0 W1 (0,0, A*)axy, (0,0) + 8T (0,0, A*) A, (0,0) = 0,

8.10
0, U2(0,0,A™) 4+ 0, P2(0,0, A*)art,(0,0) + 05 P2(0,0, A*) A, (0,0) =0 (8.10)

Equations (8.9) and (8.10) form a system of linear equations for the four quantites
contained in the two vectors Va(0,0) and VA(0,0), and because we have also

shown that 5 A 5 A
det AU1(0,0,A%)  0\U2(0,0,A%) £,
0aV1(0,0,A%) 0,¥2(0,0,A")

it suffices—for the purpose of proving (8.8)—to show that the first order partial
derivatives of ¥y(-,-,A*) and Wa(:,-,A*) vanish at (0,0). We will focus on the
function ¥4, as the calculations for ¥y are the same. We have that

1
O W1(0,0,4%) = 5 (0, @1)(0,0,4%), 9, W1(0,0,A%) = (9,91, @1)(0,0,A"),

and furthermore

O, P1(t1, ta, A) =I1; D, F(tw] + tws + Y (tw] + tws, A), A)(w] + ¥, (tw] + tws, A)w?),

8?1‘I)1(O,A*) :HlDu;w‘F(O7A*)(wT)27
atlatZ(I)l(O,A*) :Hlwa]:(O?A*)(wIw;)

Using the formula for the projection, we find

_ (Duwn 7 (0, A) (w})?, @)
B [

(DuwwF (0, A") (wi)(w3), wi)y

)
||w1Hy

Y

)

Wi, (0, A%) = T Dy F(0, A*) (w])?

Wit,4, (0, A7) = T Doy F (0, A7) (w7) (w3) =
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By the same argument we employed in the proof of (8.2) we find that the first inner
product is zero. The second inner product can be reduced to a linear combination

of integrals of the form fOZTr/H exp (i(01k1 + 62ka + 03ky)z) do where §; € {—1,1},
j =1,2,3, which are all zero because ko/k1 # 2. O

Remark 8.6. In the version of the two dimensional bifurcation result using « and
W as bifurcation parameters [6], one can prove the analogue of Proposition 8.5.

In the two-dimensional bifurcation result Theorem 6.3 we have the solution
curve

W(ty, ta) = tw] + tawh + Y(tiw] + tows, p*, a(ty, t2), A(t1, ta)).
This implies that
Wy, (t1, t2) = WY + Y] + Yo, + PaAs,,
and

wtltz (tlu tZ) = 'wwww}lkw; + wwawfatg + 7/fw>\wfxt2
+ Vawlit, W + Voot Oty + Vari, Aty + Vality 1y
+ PrwAt, W3 + Vrade, Wy + Uaade A, + Uity

Using Proposition 8.5 and the fact that (0, A) = 0 for all A near A*, we conclude
that Wi, +,(0,0) = e (0, A*)wiw3. Doing similar derivations for the two other
second derivatives, we find that

Wt 1,(0,0) = (0, A*) (w])?, Wy 1,(0,0) = o (0, A) (w3)?,
Wt 1,(0,0) = Y (0, A")wiws.
In the same way we proved (8.3), we can show that
Dy F(0, A )P (0, A" )w;w; = — Doy F (0, A" )w; w3, i,7 € {1,2}.

We have not pursued an explicit expression for www(O,A*)w;‘wj, although we
suspect that an argument along the lines of section 8.2 is possible.

67



A On the Fredholm property of the lin-
earized problem

In Corollary 4.8 we established that if A € U, then D, F(0,A) is a Fredholm
operator of index 0; we now show that D,,F (0, A) is not Fredholm if A £ U, i.e. if
1os(1; A) = 0. This is stated, but not proved, in [6]. Referring to (4.8) and (4.9),
we see that when 1os(1; A) =0, Dy, F(0,A) : X — Y is given by

Dwfl(oa A)(na (5) =1

Dwf?(ou A)(’L (;AS) = (a:% + 85 - O[)(;AS — 5Y0sNwz — 2¥0ss7-

In this case however, the codimension of ran D,, F (0, A) is not finite, and therefore
D, F(0,A) is not Fredholm. To see this, first observe that ran D,,1(0,A) =Y; D

Xj. Recalling that
X, =C2P(k7IS,R), Y =CB(k7IS,R),  Be(0,1),

even even

we see that it suffices to find an infinite family of linearly independent functions
{fn} in Y1 \ X;. We give a constructive proof of this fact.

Proposition A.1. Let g € (0,1). Forn=1,2,3,..., define f, : R =R by

1
Then fp, € X1 \Y1 and {fn}nen is linearly independent.
Proof. We readily find that f,, is differentiable, with

cos(nkz)| cos(nkz)|?.

f! () = sin(nkz)| cos(nkz)|? sgn(cos(nkz)).

To see that f; is Holder continuous of order S, note that f! is smooth away from

the zeros of x — cos(nkz). Moreover, if cos(nkzg) = 0, then by the mean-value
theorem we have

[fn(@o +R) = fi(wo)| = |fn(xo + h)| = |sin(nk(zo + h))|| sin(nkio)|”|h]”

for some Zg between xg and z¢ + h. Thus f/ is Holder continuous of order 3, but
not for any higher index 8’ > . Consequently, f, € Y1 \ X;.

To show linear independence, it suffices to show that for n > 1, f,, is not a
linear combination of fi, fo,..., fn_1. Lemma 6.2 shows that

27 /K
/ fm(2) cos(nkz) dz = 0, m=1,2,...n—1,
0

and so if f,, is a linear combination of fi, fo,..., fn_1 then we must also have
[ ) costone) L [ costumae
fn(z) cos(nkx)de = 7/ cos(nkx dx =0,
0 (ne)(1+8) Jo
which is clearly not the case. Thus {f, }nen is linearly independent. O

68



References

(1]

2]

13l

4]

5]

[6]

7]

18]

19]

[10]

[11]

[12]

[13]

[14]

B. Buffoni and J. Toland. Analytic theory of global bifurcation. Princeton
University Press, 2003.

A. Constantin and W. Strauss. Exact steady periodic water waves with vor-
ticity. Communications on Pure and Applied Mathematics, Vol. 57 (2004), pp.
481-527

G. D. Crapper. Introduction to water waves. Ellis Horwood Series: Mathe-
matics and Its Applications. Ellis Horwood, Chichester; Halsted Press, New
York, 1984.

M.-L. Dubreil-Jacotin. Sur la détermination rigoureuse des ondes permanentes
périodiques d’ampleur finie. Journal de Mathématiques Pures et Appliquées,
Vol. 13 (1934), 217-291.

M. Ehrnstrém, J. Escher and G. Villari. Steady water waves with multiple
critical layers: Interior Dynamics. Journal of Mathematical Fluid Mechanics,
Vol. 14 (2012), 407-419.

M. Ehrnstrém, J. Escher and E. Wahlén. Steady water waves with multiple
critial layers. SIAM Journal on Mathematical Analysis, Vol. 43 (2011), pp.
1436-1456.

M. Ehrnstrém, H. Holden and X. Raynaud. Symmetric waves are traveling
waves. International Mathematics Research Notices, 2009, pp. 4578-4596,

M. Ehrnstrom and G. Villari. Linear water waves with vorticity: Rotational
features and particle paths. Dynamics of Continuous, Discrete and Impulsive
Systems. Series A: Mathematical Analysis, Vol. 14 (2007).

M. Ehrnstrom and E. Wahlén. Trimodal steady waves. arXiv:1311.0036.

G. B. Folland, Real analysis: Modern techniques and their applications (sec-
ond edition). John Wiley and Sons Inc., New York 1999.

F. Gerstner. Theorie der Wellen samt einer daraus abgeleiteten Theorie der
Deichprofile. Annals of Physics, Vol. 2 (1809), pp. 412-445.

D. Gilbarg and N. S. Trudinger. Elliptic partial differential equations of second
order (corrected 3rd printing of the 1998 edition). Springer 2013.

E. Grosswald. Representations of integers as sums of squares. Springer-Verlag,
New York, 1985.

M. D. Groves. Steady water waves. Journal of Nonlinear Mathematical
Physics, Vol. 43 (2004), pp. 435—460.

69



[15] H. Kielhofer. Bifurcation theory: An introdution with applications to partial
differential equations (second edition). Springer 2011.

[16] J. Lighthill. Waves in Fluids. Cambridge University Press, Cambridge 1978.

[17] C. Liverani. Course notes in dynamical systems. Retrieved from http://www.
mat.uniroma2.it/~liverani/SysDyni12/sd.html (accessed 26/7-2014).

[18] E. Wahlén. Steady periodic capillary-gravity waves with vorticity. STAM Jour-
nal on Mathematical Analysis, Vol. 38 (2006), pp. 921-943.

[19] E. Wahlén. Steady water waves with a critical layer. Journal of Differential
Equations, Vol. 246 (2009), pp. 2468-2483.

70



