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Summary The paper provides a simple and analytical method which can be used to give
estimates of the wave-induced bottom shear stress for very rough beds and mud beds in shallow
water based on wind statistics in deep water. This is exemplified by using long-term wind statistics
from the northern North Sea, and by providing examples representing realistic field conditions.
Based on, for example, global wind statistics, the present results can be used to make estimates
of the bottom shear stress in shallow water.
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are often required, in which the bottom shear stress repre-
sents an important component in finite water depths. In
estuarine and coastal zones, at shallow and intermediate
water depths, the water particle movements induced by
surface waves have a strong effect in the entire water column
from the surface to the bottom of the sea. The flow in this
region is generally induced by surface waves and currents,
where the bottom wave boundary layer is a thin flow region at
the seabed dominated by friction arising from the bottom
roughness. The wave boundary layer flow determines the
bottom shear stress, which affects, e.g. the sediment trans-
port and assessment of the stability of scour protections in
the marine environment. The boundary layer flow regime is
most commonly rough turbulent, although the flow regime
over mud beds is mostly laminar and smooth turbulent
depending on the bottom sediments and wave activity.
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The rough turbulent flow regime considered here corre-
sponds to very rough beds. The results in this flow regime are
relevant for assessing, e.g. the stability of scour protection in
the coastal environment for relative large stone sizes com-
pared to the near-bed random wave activity.

Laminar flow near mud beds, where clays and silt are
referred to as mud, is of practical interest. The movement of
mud within coastal and estuarine waters might have large
economical and ecological impact in the development of new
engineering works and maintenance of existing installations,
e.g. related to necessary routine dredging required for ports'
accessibility to shipping. The capability to predict the move-
ment of the mud is also essential to understand the distribu-
tion of certain pollutants adsorbed to mud, as cohesive
sediments are often contaminated. It appears that organic
(polychlorinated biphenyl (PCBs), etc.) pollutants adhere
easily to the clay particles and organic materials of the
sediments. The results for laminar flow are relevant for
assessing erosion and deposition of mud beneath random
waves.

Further details on the background and complexity of the
flow, as well as reviews of the problems are found in the
textbooks of, e.g. Nielsen (1992), Fredsøe and Deigaard
(1992), Soulsby (1997), Whitehouse et al. (2000), Winterwerp
and van Kesteren (2004).

The purpose of this study is to demonstrate how wind
statistics in deep water can be used to provide the wave-
induced bottom shear stress in shallow water. Results are
given for the bottom shear stress beneath random surface
waves at beds with very large roughness and for laminar flow
applied to mud beds, and are primarily based on the previous
work by Myrhaug and Holmedal (2010) who provided the
seabed shear stress spectrum for very rough beds and for
laminar flow. Examples of results representing realistic field
conditions are given.

2. Bottom shear stress beneath random
waves in shallow water

2.1. Spectrum of bottom shear stress

Following Myrhaug and Holmedal (2010) (hereafter referred
to as MH10) the bottom shear stress spectrum for laminar
flow in shallow water (kh � 1) is obtained as (see Eq. (A12) in
the Appendix)

Sðt=rÞðt=rÞðv; hÞ ¼ nfv
3

ðkhÞ2
v2h
2g

SzzðvÞ: (1)

Here t is the bottom shear stress, r is the fluid density, v is
the cyclic wave frequency, h is the water depth, nf is the
kinematic viscosity of the fluid, k is the wave number deter-
mined from the dispersion relationship v2 = gk tanhkh which
in shallow water reduces to v2 = k2gh, g is the acceleration
due to gravity, and Szz(v) is the deep water wave spectrum.

The bottom shear stress spectrum for rough turbulent flow
over a bed with very large roughness in shallow water is
obtained as (see Eq. (A16) in the Appendix)

Sðt=rÞðt=rÞðv; hÞ ¼ c2z20v
4

4ðkhÞ2
v2h
2g

SzzðvÞ: (2)
Here z0 is the average bottom roughness, and c is a constant
with the two values 9 and 18 reflecting that c depends
strongly on the geometry of the large roughness elements
(see the Appendix for more details). The first term on the
right hand side of Eqs. (1) and (2) represents the square of the
magnitude of the transfer function between the bottom
shear stress t/r and the free surface elevation z; the second
term represents the depth correction factor in shallow water,
i.e. a correction factor which is used to transform the
deep water wave spectrum Szz(v) to shallow water (see
the Appendix for more details).

By substituting k2 = v2/gh, Eqs. (1) and (2) are rearranged,
respectively, to

Sðt=rÞðt=rÞðv; hÞ ¼ 1
2
nfv

3SzzðvÞ; laminar; (3)

Sðt=rÞðt=rÞðv; hÞ ¼ 1
8
ðcz0Þ2v4SzzðvÞ; rough: (4)

Thus the shear stress spectra in shallow water are given in
terms of the deep water wave spectrum, and it should be
noted that the dependence on the water depth disappears.
Overall this is a consequence of transforming the waves from
deep to shallow water and using the bed shear stress for
laminar flow (Eqs. (A3) and (A8)) and for very rough beds
(Eqs. (A3) and (A13)).

2.2. Laminar flow

The zeroth spectral moment of the bottom shear stress
spectrum for laminar flow is obtained from Eq. (3) as

m0t=r ¼
Z1
0

Sðt=rÞðt=rÞðv; hÞdv ¼ nf

2
m3; (5)

where m3 is the third wave spectral moment in deep water,
i.e. the nth spectral moment of the deep water wave spec-
trum is defined as

mn ¼
Z1
0

vnSzzðvÞdv; n ¼ 0; 1; 2; 3; 4; . . . (6)

Thus, from Eq. (5) the significant value of the bottom
shear stress height is obtained as

Hst=r ¼ 4
ffiffiffiffiffiffiffiffiffiffiffiffi
m0t=r

p ¼ 2
ffiffiffiffiffiffiffiffiffiffiffiffiffi
2nfm3

q
: (7)

2.3. Very rough beds

The zeroth spectral moment of the bottom shear stress
spectrum for very rough beds is obtained from Eq. (4) as

m0t=r ¼ 1
8
ðcz0Þ2m4; (8)

where m4 is the fourth spectral moment of the wave spec-
trum in deep water defined in Eq. (6). The most common
model wave spectra are proportional to v�5 for large v, and
thus m4 does not exist. However, m4 can be expressed in
terms of the spectral moments m0, m1 and m2, and the
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spectral bandwidth parameters e and n are given in terms of
the spectral moments of the deep water wave spectrum as
(see e.g. Tucker and Pitt, 2001)

e2 ¼ 1� m2
2

m0m4
; (9)

n2 ¼ m0m2

m2
1

�1: (10)

For a narrow-band wave process n = e/2 (Longuet-Higgins,
1975), which gives

m4 ¼ m2
1m

2
2

m0ð5m2
1�4m0m2Þ

: (11)

Thus, from Eq. (8) the significant value of the bottom
shear stress height is obtained as

Hst=r ¼ 4
ffiffiffiffiffiffiffiffiffiffiffiffi
m0t=r

p ¼
ffiffiffi
2

p
cz0

ffiffiffiffiffiffi
m4

p
; (12)

where m4 is given in Eq. (11).

3. Examples of results for a Phillips wave
spectrum and wind statistics in deep water

Two examples are included to illustrate the applicability of
the results for practical purposes using data typical for field
conditions: a water depth with h = 3 m consisting of very
rough beds with bed roughness z0 = 0.0094 m representative
for cobble according to Soulsby (1997, Fig. 4), and mud beds
with median grain diameter d50 = 0.03 mm representative of
medium silt according to Soulsby (1997, Fig. 4).

First, the common features of the two examples will be
described. Examples of results are given by choosing the
Phillips deep water wave spectrum for which analytical
expressions can be obtained (see e.g. Holthuijsen, 2007;
Tucker and Pitt, 2001)

SðvÞ ¼ a
g2

v5 ; v � vp ¼ g
U10

; (13)

where a = 0.0081 is the Phillips constant, vp is the spectral
peak frequency, and U10 is the mean wind speed at the 10 m
elevation above the sea surface. By using the definition of the
spectral moments in Eq. (6) it follows that the significant
wave height in deep water is

Hs ¼ 4
ffiffiffiffiffiffi
m0

p ¼ 2
ffiffiffi
a

p g
v2
p
: (14)

Then it follows from Eqs. (11) and (12) for very rough beds
that

Hst=r ¼ 2
ffiffiffi
a

p
gcz0; rough: (15)

Moreover, for laminar flow it follows from Eq. (7) that

Hst=r ¼ 2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2nfagU10

q
; laminar: (16)

Furthermore, the Phillips spectrum transformed to shal-
low water becomes

Szzðv; hÞ ¼ v2h
2g

SzzðvÞ ¼ a
gh
2v3 ; v � vp ¼ g

U10
; (17)
which gives the following significant wave height in shallow
water:

Hsh ¼ 4
ffiffiffiffiffiffiffiffi
m0h

p ¼ 2
ffiffiffiffiffiffiffiffi
agh

p
vp

; shallow water; (18)

where m0h ¼ R1
0 Szzðv; hÞdv:

It is noted that for very rough beds (Eq. (15)) Hst/r is
independent of U10, while for laminar flow (Eq. (16)) Hst/r

depends on U10. Consequently, the results for laminar flow
can be obtained from available wind statistics for an ocean
area, e.g. from a long-term distribution of U10.

Different parametric models for the cumulative distribu-
tion function (cdf) or the probability density function ( pdf)
of U10 are given in the literature, see e.g. a recent review in
Bitner-Gregersen (2015). In the present example the cdf of
U10 given by Johannessen et al. (2001) is used to demonstrate
the application of the results. This cdf is based on wind
measurements covering the years 1973—1999 from the north-
ern North Sea. The database consists of composite measure-
ments from the Brent, Troll, Statfjord and Gullfaks fields as
well as the weather ship Stevenson. Model data from the
Norwegian hindcast archive (WINCH, gridpoint 1415) have
been filled in for periods where measured data were missing.
Thus a 25-year-long continuous time series has been used
(see Johannessen et al., 2001 for more details), upon which
the cdf of the 1-h values of U10 is described by the two-
parameter Weibull model

PðU10Þ ¼ 1�exp � U10

u

� �b
" #

; U10 � 0; (19)

with the Weibull parameters:

u ¼ 8:426; b ¼ 1:708: (20)

Now the long-term statistics of Hst/r for laminar flow can
be derived by using this cdf of U10. Statistical quantities of
interest are, e.g. the expected value of Hst/r, E[Hst/r], and
the variance of Hst/r, Var[Hst/r], which for laminar flow will
be proportional to E½U1=2

10 � and Var½U1=2
10 �, respectively. This

requires calculation of E½Un
10�, which for a Weibull distributed

quantity is given by (Bury, 1975)

E½Un
10� ¼ unG 1 þ n

b

� �
; (21)

where G is the gamma function, and n is a real number.
Furthermore (Bury, 1975):

Var½Un
10� ¼ E½U2n

10 ��ðE½Un
10�Þ2: (22)

Moreover, the results are further exemplified by the deep
water wave conditions corresponding to the expected value
of U10, i.e. given by E[U10] = 7.5 m s�1 according to Eqs. (20)
and (21). Based on this it follows that:

� spectral peak frequency vp = g/E[U10] = 1.308 rad s�1, cor-
responding to the spectral peak period Tp = 2p/vp = 4.8 s,

� significant wave height in deep water, Hs ¼ 2
ffiffiffi
a

p
g=v2

p ¼
1:03 m,

� significant wave height in shallow water,
Hsh ¼ 2

ffiffiffiffiffiffiffiffi
agh

p
=vp ¼ 0:75 m,

� kp from the shallow water dispersion relationship corre-
sponding to vp; kp ¼ vp=

ffiffiffiffiffiffi
gh

p
¼ 0:241 rad m�1,
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� peak near-bed orbital displacement amplitude,
Ap = Hsh/(2kph) = 0.52 m.

3.1. Example 1: Very rough beds

Now it follows that

� Ap/z0 = 55 < 300, i.e. being in the range of the data of
both Myrhaug et al. (2001) and Dixen et al. (2008) (see the
Appendix and MH10 for more details). Thus both c = 9 and
c = 18 are used in this example for very rough beds.

Then it follows from Eq. (15) that

Hst=r ¼ 2
ffiffiffi
a

p
gz0

9
18

�
¼ 0:15 m2 s�2

0:30 m2 s�2 :

�
(23)

The critical shear stress for movement of the bottom
material is given by Soulsby (1997) as

t

r

� �
c
¼ 0:055ðs�1Þg d50; (24)

where s = 2.65 is the sediment density to fluid density ratio
taken as for quartz sand and d50 = 12z0. This example gives
(t/r)c = 0.10 m2 s�2, showing that the bottom material will
be exposed to erosion for both values of c. However, in
other cases it might be that the two values of c will give
different results. In such cases the user has to make the
best jugdement based on the location and situation con-
sidered.

3.2. Example 2: Mud beds

The given flow conditions are:

� density of water, r = 1027 kg m�3,
� kinematic viscosity of water at temperature 108C and
salinity 35%, vf = 1.36 � 10�6 m2 s�1.

Now it follows that:

� the wave Reynolds number, Re ¼ UpAp=nf ¼ vpA2
p=nf ¼

2:6�105, i.e. the flow is in the laminar flow regime
Re 9 3 � 105 (Soulsby, 1997) and Up = vpAp.

Then it follows from Eqs. (16), (20) and (21) that

E½Hst=r� ¼ 2
ffiffiffiffiffiffiffiffiffiffiffiffi
2nfag

q
E½U1=2

10 � ¼ 0:00243 m2 s�2; (25)

and from Eqs. (16), (20), (21) and (22) that the standard
deviation (equal to the square root of the variance) of Hst/r is

s½Hst=r� ¼ 2
ffiffiffiffiffiffiffiffiffiffiffiffi
2nfag

q
s½U1=2

10 � ¼ 0:00079 m2 s�2: (26)

Thus the interval corresponding to the mean value
� one standard deviation is given by (0.00164 m2 s�2,
0.00322 m2 s�2).

By following the examples in Whitehouse et al. (2000) (i.e.
example 4.2 for erosion and example 8.1 for deposition), the
critical bottom shear stress for erosion is te = 0.197 N m�2

and for deposition it is td = 0.08 N m�2. Thus it follows that
te/r = 0.00019 m2 s�2 and td/r = 0.000078 m2 s�2, showing
that the bed is exposed to erosion for this flow condition.
In general, mud beds exhibit cohesive properties and the
details of the flow can only be understood by including a
number of complex transport mechanisms; see e.g. White-
house et al. (2000) and Winterwerp and van Kesteren (2004)
for further details. The flow over muds is not necessarily
laminar, but will depend on the wave Reynolds number Re,
which can be large enough corresponding to turbulent flow
over smooth (or mud) beds, i.e. Re 0 3 � 105. Furthermore,
the results in Fredsøe and Deigaard (1992, Fig. 2.13) can be
used to distinguish between laminar and turbulent flow for
different combinations of grain size and Reynolds number.
Further details including formulas which can be used for
practical purposes are given in Soulsby (1997, Ch. 4.5).

4. Comments

Finally some comments are given on the present method
versus common practice in coastal engineering. For calculat-
ing bottom shear stress for random waves in shallow water
common practice would be to start from available data on
joint statistics of Hs and Tp within directional sectors at a
nearby offshore location; then to transform these by using a
wave simulation model to obtain joint statistics of Hs and Tp at
the relevant location; then to use this information as input for
calculating the bottom shear stress. Alternatively, this paper
provides a simple analytical method giving first estimates of
random wave-induced bottom shear stress for very rough beds
and mud beds from observed deep water sea surface wind
statistics with an example based on in situ data obtained from
the Northern North Sea. The Phillips deep water wave fre-
quency spectrum is used to relate wind to waves together with
the narrow-band and shallow water assumptions. Thus an
analytical estimate of the associated bottom shear stresses
is obtained. The narrow-band assumption is justified since the
waves with the frequencies close to the spectral peak fre-
quency are the most energetic contributing to the bed shear
stresses in shallow water. Such simple methods are useful to
be able to quickly make estimates which can be used for
comparison and verification of more complete computational
methods, as well as in situations when time and access to
computational resources are limited (under e.g. field condi-
tions). Moreover, it might also serve as a first inexpensive
estimate of the quantities of interest before eventually apply-
ing more work-intensive computational tools.

5. Summary and conclusions

A simple analytical method which can be used to give esti-
mates of the random wave-induced bottom shear stress for
very rough beds and mud beds in shallow water based on wind
conditions in deep water is provided. Results are exemplified
by using long-term wind statistics from the northern North
Sea and by giving examples representing realistic field con-
ditions. The example calculations demonstrate that the sea
bottom material will be exposed to erosion both for very
rough beds and mud beds. The results should represent a
useful tool for assessment of, e.g. the stability of scour
protections in coastal environments where the stone size
is large compared to the near-bed wave activity, as well as
assessment of erosion and deposition of mud. The method
should also represent a useful representation of the bottom
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shear stress often required in operational estuarine, coastal
and ocean circulation models based on, for example, avail-
able global wind statistics.
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Appendix. Spectrum of seabed shear
stresses in shallow water

Here a brief summary of the theoretical background from
MH10 is given.

Consider an oscillatory wave boundary layer flow where
the motion is horizontally uniform in the direction along the
seabed. By using complex notation the free stream velocity
outside the wave boundary layer is

uðtÞ ¼ Ueivt; (A1)

where U is the near-bed orbital velocity amplitude, t is the
time, v is the cyclic wave frequency, and i = (�1)1/2 is the
complex unity. The seabed shear stress is

tðtÞ ¼ tmeiðvtþ’Þ; (A2)

where w is the phase angle between t(t) and u(t), and tm is
the maximum seabed shear stress given by

tm

r
¼ 1

2
fwU

2; (A3)

where r is the fluid density and fw is the wave friction factor.
Now u(t) can be expressed in terms of the free surface

elevation z(t) as:

uðtÞ ¼ vzðtÞ
sinh kh

; zðtÞ ¼ zAe
ivt; (A4)

where zA is the wave amplitude, h is the water depth, and k is
the wave number determined from the dispersion relation-
ship for linear waves as given in Section 2.1. From Eqs. (A1)
and (A4) it follows that

U ¼ vzA
sinh kh

: (A5)

The wave spectrum in finite water, Szz(v, h), can be
obtained by multiplying the deep water wave spectrum,
Szz(v), with a depth correction factor, C(v, h), as

Szzðv; hÞ ¼ Cðv; hÞSzzðvÞ: (A6)

In shallow water (kh � 1) (Holthuijsen, 2007, Section
8.3.2)

Cðv; hÞ ¼ v2h
2g

: (A7)

First, using laminar flow as a reference case, the wave
friction factor and the phase angle are given as, respectively,

fw ¼ 2Re�0:5; Re ¼ UA
nf

; (A8)
’ ¼ p

4
: (A9)

Here Re is the Reynolds number associated with the wave
motion, A = U/v, and nf is the kinematic viscosity of the fluid.
By using Eqs. (A1), (A3), (A4), (A8) and (A9), Eq. (A2) takes
the form

tðtÞ
r

¼
ffiffiffiffiffiffiffiffi
nfv

p
v

sinh kh
zAe

iðvtþðp=4ÞÞ: (A10)

Then the Response Amplitude Operator (RAO) = ratio be-
tween the amplitude of the seabed shear stress, t(t)/r, and
the amplitude of the free surface elevation, z(t), in shallow
water is obtained as (i.e. corresponding to the magnitude of
the transfer function)

RAO ¼ ðnfvÞ1=2v
kh

: (A11)

Thus the seabed shear stress spectrum for laminar flow is
given as

Sðt=rÞðt=rÞðv; hÞ ¼ nfv
3

ðkhÞ2
v2h
2g

SzzðvÞ: (A12)

For rough turbulent flow the transfer function between
the free surface elevation and the seabed shear stress at beds
with very large roughness can be found analytically. In this
roughness regime the wave friction factor is given as

fw ¼ c
A
z0

� ��1

; (A13)

where c is a constant. This variation of fw was found by Sleath
(1984) and Dixen et al. (2008) based on theoretical consider-
ations; Myrhaug et al. (2001) and Dixen et al. (2008) found
experimental evidence of this behaviour based on laboratory
tests. The data used by Myrhaug et al. (2001) were in the
range 1 9 A/z0 9 300 with a bed roughness of nominal 1.0 cm
diameter granite chippings. The Dixen et al. (2008) data were
in the range 20 9 A/z0 9 90 with a bed roughness using two
kinds of stones as well as ping-pong balls. Myrhaug et al.
(2001) found that c = 18. Dixen et al. (2008) proposed the
friction factor fw ¼ 4:86ðA=z0Þ�0:8 obtained as best fit to data
in the range 6 < A/z0 < 300 (based on their own data plus
other data; see Fig. 14 in their paper). However, by consider-
ing the scatter of the data in the range 6 < A/z0 < 90, the
difference between using this friction factor or Eq. (A13) with
c = 9 is not significant. Thus a friction factor proportional to
(A/z0)

�1 is used here to serve the purpose of demonstrating
how this can be used to determine the seabed shear stress
spectrum for very rough beds. The two different values of
c (i.e. 9 and 18) suggest that c might depend strongly on the
geometry of the large roughness elements. The phase angle,
w, is not known for the Myrhaug et al. (2001) data; w was found
to be in the range 19—238 for the Dixen et al. (2008) data.
Further details are given in MH10.

By combining Eqs. (A1), (A3), (A4), A = U/v and (A13),
Eq. (A2) takes the form of

tðtÞ
r

¼ cz0v2

2sinh kh
zAe

iðvtþ’Þ; (A14)

and the RAO between the free surface elevation and the
seabed shear stress in shallow water is obtained as
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RAO ¼ cz0v2

2kh
: (A15)

Thus the seabed shear stress spectrum for rough turbulent
flow over a bed with very large roughness is given as

Sðt=rÞðt=rÞðv; hÞ ¼ c2z20v
4

4ðkhÞ2
v2h
2g

SzzðvÞ: (A16)

It should be noted that only the waves with wavelengths
longer than approximately two times the water depth will
give wave activity at the seabed. Thus, by using the deep
water dispersion relationship v2 = gk, this means that the
waves at the seabed have frequencies below (pg h�1)1/2.
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