


5.8. DISCUSSION

5.8 Discussion

In the previous section we found that the bound on the Higgs mass from an
absolute stability requirement is gauge dependent, as shown in figure 5.8. This
means that for a given Higgs mass, determining if the potential has a minimum
for large field values will not be a gauge invariant statement, as we found in figure
5.10. This observation is merely an identification of a problem with the current
method of analyzing the Standard Model by extrapolating the effective potential
up to the Planck scale, as used most recently by Buttazzo et al. [7]. We think
this problem deserves some attention and further analysis should attempt to find
a gauge independent procedure for determining the stability of the Standard
Model.

To solve this problem of gauge dependence, the most natural place to start
looking for a solution is analyzing the results found in the previous section.

While it is true that the Higgs mass bound we found was gauge dependent, the
fact that the curve in figure 5.9 is flat for large £ is very interesting. Compared to
a proper calculation of the Higgs mass bound, one can imagine that our current
procedure is inconsistent in some way for small &, and this is what is giving us
the gauge dependence we are seeing in figure 5.8. Fixing such an inconsistency
might give us a gauge independent bound on the Higgs mass. It is also possible
for the flat region we are seeing to be an inconsistent artifact of our current
calculation, and that the Higgs mass bound really should be growing without an
upper bound. The latter scenario would leave us with the conclusion that the
current procedure really is meaningless in terms of analyzing the stability of the
Standard Model. This is all speculation and the resolution might be something
completely different we have yet not thought about. We will attempt to answer
these questions in future work.

One remarkable feature of figure 5.12, 5.13 and 5.14 is the observation that

for a fixed value of the Higgs mass, the points ¢ where )&f) (¢) = 0 for different
values of £ are almost equal. We say almost equal because we know from figure
5.10 that they do not actually cross the ¢ axis at exactly the same point, which
is why we found the Higgs mass bound to be gauge dependent in the first place.
However, looking at figure 5.12, 5.13 and 5.14 it is hard to imagine that this is
happening by pure accident.

Based on these findings, we speculate if there might something gauge invariant
about the point where )\S;f) = 0, or at least a gauge invariant property related
to this observation. If one can formally find such a gauge invariant property,
we will have a formal proof showing that the absolute stability bound is gauge
independent since we computed the Higgs mass bound by finding the limiting
value when /\gf) > 0. It is very plausible that some of the gauge artifacts we are
seeing in the Higgs mass bound are effects due to the fact that we are working
to a fixed loop order in the effective potential, beta functions and threshold

126



CHAPTER 5. THE STANDARD MODEL

corrections. Seeing how the gauge dependence on the Higgs mass bound changes
by adding in higher order effects might give an indication on what the resolution
to this problem is.

We know from section 3.3.3.1 of one formal condition related to the gauge
dependence of the effective potentials. In eq. (3.110) we found the Nielsen
identity

Ve OVerr

where C(¢) is defined in eq. (3.108). However, we do not see at this point how
this applies to our calculation. The application of this identity is typically that
at the minimum of the potential

§

(5.49)

OVeg 0 — ga‘/eff
¢ .

% | =0, (5.50)

and this interpreted as saying that the effective potential at the minimum is gauge
independent. However, by comparing to the plots in the previous section it is
not clear how this enters our calculation since we observe both a change in the
value of the effective potential at the minimum, and a change in the location of
the minimum. We will again note that these effects might be artifacts from not
including higher order contributions, and we are aware of the fact that the Nielsen
identity must be satisfied order by order in perturbation theory as described by
Nielsen [58].

We would again like to review how we in massless scalar QED with symmetry
breaking by radiative corrections was able to predict a gauge independent scalar
to vector mass ratio from the gauge dependent effective potential in section 4.2.3.
By renormalizing the effective potential at the minumum, Coleman and Weinberg
[15] found A = O(e*), and by only keeping the terms to leading order in e the
scalar to vector mass ratio came out gauge invariant. It is possible that such a
procedure can be performed to find the bound on the Higgs mass, but due to
the numerical solutions it is difficult to such a calculation at this stage. Instead
of trying to solve the problem in the Standard Model, it might be possible to
construct a simpler theory with the same features that can be solved analytically
to address these questions.
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Chapter 6

Summary, Conclusion and
Outlook

6.1 Summary

In this thesis, we have studied the gauge dependence of the Standard Model
effective potential and how it relates to the Higgs mass bound derived from
requiring stability of the Standard Model vacuum.

We have presented a detailed derivation of the 1PI effective action includ-
ing different approaches for computing the effective potential. We found the
background field method together with the path integral particularly useful and
applied it throughout chapter 4 and 5.

Before studying the Standard Model, we used the Abelian Higgs model to
learn how to work with the gauge dependent 1-loop effective potential. We mod-
ified Jackiw’s [13] functional method of computing the gauge-dependent effective
potential, and with our method we computed the 1-loop effective potential in
basically one step, with the same amount of work with or without kinetic mixing
in the Lagrangian.

In the Abelian Higgs model, we also performed a detailed comparison of differ-
ent ways of gauge fixing. We considered Lq¢ = —i(@lﬁlu)Q7 Lot = —2%(%% +
Cedr¢p2)? and Ly = —2—15 (OuA, + evgs)®. The second and third gauge fixing
Lagrangians are chosen to cancel the kinetic mixing, but we showed that the
third one does not work as intended when using the background field method
since v is different from the background field.

Motivated by the analysis in chapter 5 on the Higgs mass bound, we used the
beta functions and anomalous dimension of the Higgs boson to find the resummed
effective potential valid up to the Planck scale for massless scalar QED. We did
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a numerical comparison of the different effective quartic couplings and saw that
the ¢é-dependence was significant for scale dependence of the effective potential,
but most of the effect came from the field strength renormalization.

We have also taken the massless limit of the Abelian Higgs model to study
some historically important calculations relating to spontaneous symmetry break-
ing generated by radiative corrections. We reproduced the 1-loop gauge-invariant
scalar-to-vector mass ratio, and we believe this knowledge might be useful in at-
tempting to solve the problem of the gauge dependence found in the Higgs mass
bound.

With the complete analysis for the Abelian Higgs model, we extended the cal-
culation of the 1-loop effective potential with gauge dependence to the Standard
Model. Using the 3-loop beta functions and the 2-loop threshold corrections, we
found the resummed Standard Model effective potential.

We reproduced the most recent Higgs mass bound by Buttazzo et al. [7],
my > 129.6GeV for absolute stability using the 2-loop effective quartic coupling,
and we used the same analysis on our gauge-dependent 1-loop effective potential.

6.2 Conclusions and Outlook

We have computed the Higgs mass bound for different values of the gauge pa-
rameter £ using the same procedure that Buttazzo et al. [7] used in the Landau
gauge. The main result from this thesis is that we are seeing a gauge dependence
on this bound. We found a variation in the Higgs mass bound of 0.1GeV varying
when ¢ from 0 to 50. We also found that the bound plateaus for roughly & > 100.
We find the plateau to be very interesting, and we will investigate these results
further in future work.

There are basically two kinds of future work to be done on this analysis
of the gauge dependence of the Higgs mass bound. First, there are multiple
improvements that can be made on our current analysis. We want to go back
and check that all the approximations are valid, and see how big the effects are.
These approximations include dropping the mass terms in the effective potential
and ignoring the imaginary part of the effective potential when A < 0. We also
want to improve the numerical solutions and get better control over the numerical
errors. Quantifying the errors beyond the standard Mathematica [75] accuracy
will be very important. Since the £-dependence is small, even small numerical
errors can affect our result, and we want to make sure that the effects that we
see are not numerical artifacts of any sort.

Future work also includes adding new calculations to our analysis. We want to
add in the metastability bound and compute the gauge dependence of this bound
as well. Understanding the metastability bound also involves understanding new
theoretical concepts, and this might take some time to accomplish. It would also
be interesting to compute the effective potential with a different gauge fixing
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function, for example, one that cancels the kinetic mixing, and see how sensitive
the Higgs mass bound is to &, and then compare this to our current gauge fixing
functions.

A problem with the Standard Model calculations is that we are in many of
cases forced to solve the differential equations numerically. So in the future we
will be interested in writing down simple toy models with the right properties so
we can analyze the gauge dependence analytically.

Eventually, the goal is to formulate gauge-invariant stability and metastability
bounds for the resummed potential.
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Appendix A

Gaussian Integrals

In this appendix we will calculate Gaussian integrals in a range of different con-
texts. We start with the basic one dimensional case and go on to do multiple
dimensions with both real, complex and Grassmann variables [80, 31].

A.1 Gaussian Integral in 1 dimension

Consider the integral

> 1 2
I:/ dyxe= 20" T, (A1)

— 00

where a and J are some real constants. The first step is to complete the square
and then we shift + — = + %

\ (A.2)

1 2 ° ) _lgr
IT=—e= dx'e 2% |
va o
1

where we have changed variables to &' = y/ax in the last step giving the 7 in
front. To compute the integral we use the following trick

oo 2 oo 0 )
{/ dze%zﬂ :/ dx/ dye~ 2@ +v%)
o0 oo Jooo (A3)
2

o0 1
= 27r/ drre” 2" =27
0
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where we have changed from Cartesian to radial coordinates. In conclusion we

find
7= / dpe—tost iz — 2T 82 (A.4)
oo a

A.2 Gaussian Integral in n dimensions

Let z, and J, be n dimensional vectors and M, be a n x n dimensional real and
symmetric matrix. We want to perform the n dimensional Gaussian integral

_ /dn$e—%1a,Mab$b+JaIa. (A5)

Since My, is real and symmetric we can always diagonalize it, i.e. find an or-
thonormal matrix P such that Pa? MpeP.q = dgdqq Where d,, are the eigenvalues
of M,,. Now choose a new set of coordinates y, = Pgblxb. Changing coordinates
doesn’t change the measure since d¥ = |DetP~!|d"x = d"x, where we have used
that the absolute value of the determinant of an orthonormal matrix is one. We
find

I _ /d7bye—%yada6abyb+JaPabyb_ (AG)

We see that we can now separate this integral into a product of one dimen-
sional Gaussian integrals.

I — H/dyze_%dzyf"l‘(tjap(”ﬁh. (A.?)

Using equation (A.4) we find

2m UaPan)®
T = HM T o=, (A.8)

To simplify this, we want to write the result in terms of the original matrices
and vectors. First, note that the product of the eigenvalues d; is equal to the
determinant of the original matrix My, so we can write [ [, d; = detM. Second,
remember that P, "My P.q = do0,4 has an equivalent expression for the inverse
of the matrix P, Mb_cchd = d;'644. Rewriting this in terms of the inverse
matrix we find M a_bl = Pud; 1Pi;1. Now we can simplify the exponential in eq.
(A.8)

He(Ja;’im) —e 1JaPaid;1Pt;1Jb :e%JaM{:leb,

(A.9)
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where we have used that P is orthonormal such that Pa_b1 = Pg; = Ppg.
In conclusion we find

27‘()" 1 -1
T = dn —Le,Moypzp+Jaz, — ( 5Ja M, Jb. A.10
/ ve s det]\/[62 ’ ( )

A.3 Gaussian Integral over complex coordinates

Let a € R, J € C and consider the integral
7= /dzdz*e—azz*+Jz*+J*Z. (A.11)

We change coordinates to = and y in the normal way z = x + iy, and we define
J = J, +iJy. Changing the coordinates we get a Jacobian factor that is equal
to 2. The integral becomes

T = 2/dmdyefa(:c2+y2)+2Jla:+2Jyy

—9 dxefaa: +2J£m/dyefay2+2‘]yy

(A.12)
/12 4]2 [ Q7 472
=2 27 76 4"‘
JI*
oM 22
a
where we have used the result from eq. (A.4). In conclusion
1= /dzdz*e_““*”z*“*z =9 et (A.13)
a

A.4 Gaussian Integral over multiple complex co-
ordinates

Let H;; be a n x n dimensional Hermitian matrix, z; € C for ¢ = 1,2,...,n, and
consider the Gaussian integral

I= / drzdrzt e Mgzt tliz (A.14)

Since H is a Hermitian matrix, we know that we can diagonalize it as H;; =
Pikdkéklpl;l where P is unitary (PT = P71) and dj, € R are the eigenvalues of
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H. We change coordinates to w € C such that z; = P;;w;. The integral becomes

— /dnzdnz*e—w:djéijw]+(] P* wj S4+J] Pijw;
— H/dzldz* —dijw;wi+(J; Pj)w! +(J Pji)w;

_HQTF ']kP’“d ']j

_ (27T> eJ;H;j J;
detH

where we have used that Hi d; = detH and H k_ l=p,L T PJf In conclusion

(A.15)

— - 27() b k=1 g
_ A" zd™ 2% e % Hijzj+Jiz;+J;zi _ ( JpH " Jj A16
/ zd"z"e degt e ( )

A.5 Gaussian Integral over Grassmann Variables

In this section we will compute the Gaussian integral over Grassmann variables.
Since Grassmann variables are very different from numbers we usually deal with,
we will start by reviewing some of the basic properties.

A.5.1 Properties of Grassmann Variables

We define a set of n Grassmann variables 6;, i = 1,2, ..., n that satisfy
{Qi, QJ} = 0, [m,&i] = 0, (A].?)

where x is a normal c-number. We want to define a function of Grassmann vari-
ables, and then we want to define differentiation and integration of this function.
Any function of Grassmann variables can be defined in terms of its Taylor series.
For simplicity let’s consider the case where we only have two Grassmann numbers
7 and 6. Since they satisfy

=0, =0, no=—-0n, (A.18)
the most general function can be written as
f(n,0) =a+bn+ch+don (A.19)

where a,b,c,d € C. For n Grassmann variables we need %(n2 +n + 2) complex

numbers to define the most general function. We define differentiation of a c-

number and Grassmann number to satisfy
da 0 db;
do; 7 db;

=0y (A.20)
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If we are differentiating a product of Grassmann variables, we must remember to
include a minus sign when ﬁk passes a Grassmann variable to make the definition
take into account the anticommuting nature of the Grassmann variables. For the
case of two variables, we find

d(0:0;)  do; do

= = 0= = 0,04, — 0051 A21
oy dog 7 e, 1T ik (A-21)

Integration is defined to be exactly the same as differentiation,
/d@ia = 0, /d@ﬁj = 6ij7 /d@z(ﬁﬁj) = 0]‘. (A22)

To calculate the Gaussian integral, we will need to know how to integrate over
multiple variables. Consider the integral

I= / A0y, d0p_y - - dO>d0, [0:,0;, -+ 0;,] . (A.23)

This integral can only be nonzero if for every df; there is one 6; among the 0;,

(and only one since 67 = 0). If we relabel two neighboring indices 6;,6;,,, we

must get an overall minus sign since they are Grassmann variables. We conclude
that the result must be the totally antisymmetric and the result is

7= /d&nden_l s d92d91 [Qilﬁiz L 9in] = €i1in i (A24)

Note that the ordering is consistent with the ordering convention [ dndffn = 1
and the fact that €q93...,, = 1.
A.5.1.1 Ordering of Grassmann variables
We will now prove the general ordering result
017202 0 = (=1) 2" Dy 00205+ 0,y (A.25)
using induction. Let’s check it for n = 3.
m01m202m303 = 1 (—n201)(—n362)03 = —n11213016203, (A.26)

so it is correct for n = 3 since (—1)%3(3*1) = —1. Now we assume that the result
is true for n = j — 1, and we want to check the result for n = j. We start with
the expression with j fs and ns and note that the only thing missing is moving
n; past j — 1 0s giving a factor of (—1)771,

My 0y = [(~1) 30Dy 1005 | g
= (—1)30DG2DHGD [ ][0y 0;_10;] (A.27)
= (_1)§J(1—1) (1 mj—1ny] [0+ 0;-105] .
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We could also have ordered the final result with decreasing n. It’s easy to see
that we get the same result. Reordering 7y ---n, — mpn---m1 can at most give
an overall minus sign. But since we also will reorder the fs, the overall sign will
always cancel. In conclusion we have

In(n—1)

mbin20z - by = (—1) mne - Npb102---0,

1 (A.28)
= (_1)§n(n_1)77n77n—1 e 771971071—1 e 91

A.5.1.2 Complex Grassmann Variables

Sometimes we want to consider complex Grassmann variables. We do this in the
same way as with c-numbers, we define

0701+i02 9*791—1‘92

- \/§ Y - \/i 9
where 61 and 65 are real Grassmann variables. With this definition we can treat
0 and 0* as independent complex variables.

(A.29)

A.5.2 Gaussian Integral

We will now compute the Gaussian integral over Grassmann variables 6; and 07
fori=1,2,...n

7= / dord; - - - b df, e b A% (A.30)

where A;; = —A;; insures that the exponent is a real number. We Taylor ex-
pand the exponential and realize that the only term that will contribute is the
%(—0;{141‘]‘0]')”. This is the only term that will have one and only one copy of
every 0; and 0. We find

1 * * * *
I= m/deldel O d6, (=07 Agyj, 05) - (=07 Ay 05)

_1)»
- n,) /[d9fd91"'d92d97z] (07,0, -+ 07,05, ) Airjy - Aij

_1)*
- [ a0 avzan, o) (07, 07,0, -0,) A A,

n! (A.31)
(=1 e e
- ’n,' dan ’ dal 97;1 ’ .97;71, d@n : .delejl : 9]71 Ailjl : .Ain]'n
1
= Eeiliw'-in€i1j2-~~jnAi1j1 . -Ainjn
=detA
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Here’s an explanation of what we have done. Between line 1 and 2 have collected
the n minus signs out to the front. From line 2 to 3 we have used eq. (A.28) twice
to reorder the dfs,df*s, s and 0*s into the desired order. Simplifying the overall
minus signs we find (—1)"(—1)z7(=1(—1)zn(r=1) = (—1)”2. To get from line 3
to 4 we have moved the df),, - --df; past 07 ---0; . This gives another factor of
(=1)"". Between line 4 and 5 we have used (—1)2"" = 1 and used eq. (A.24) twice
to perform the integrals. Finally we have recognized the well known formula for
the determinant of a matrix in terms of the Levi-Civita symbols.
We conclude that

7= / dO;df; - - - do7d, e % A% = det A. (A.32)
Adding in linear terms in the exponential, we find [80]

7= / A07dfy - - - 7 dO, et Asla+si0iEmbi — miAL G ot A, (A.33)

A.6 Gaussian Integrals over Fields

In this section we want to evaluate Gaussian integrals over fields. Consider a
real field @,, a real current J,(x) and a real symmetric matrix M,(z — y) in the
integral

7= /D¢ei5[¢] — /D¢e—z‘fd“xd“y%«ba(x)M(w(a:—y)qsb(y)Hfd‘*xJa(x)d)a(x). (A.34)

We will put our system in a finite size box of volume L3T = Vy, and we will later
take the limit of infinite volume later. We expand the field, matrix and current
in a Fourier series

1 ikx
= Z 74¢a(k)e )
ZV ab(k)e* ==y, (A.35)
= Z 7']a(k)eikxa
- Va
where k = 27 (%, %), and n = (n,7) is an integer vector. The condition that
¢(z) and J(z) are real give ¢p(k) = gi)*( k) and J(k) = J*(—k), and My (z —

y) being real and symmetric (Mgp(x — y) = Mpa(y — x)) gives that My (k) is
Hermitian My, (k) = Mlb(k).l

!To be more specific, being real gives May(k) = M, (—k) and being symmetric gives
Mgy (k) = Mo (—k), which together gives that M, (k) is Hermitian.
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Using the Fourier series, we can rewrite the first term in the action as

_/d4:1:d4 3 Z ¢a )¢b( ) ikmeip(xfy)eiqy
kpq
Z % (p)¢n(q ) /d%emk“’)i/d4yeiy(qu)
k,p,q Vi V4

Z ~¢a(— () w(k),
(A.36)

where we have used that v% [ d*zei**+P) = 5, . The second term becomes

S[¢a]2 /d4IZJ z:v (p+k)
— 74 Z 5 (Ja(R)da(—k) + Ja(—k)¢a(k))
k

(A.37)

Due to the symmetry between k£ > 0 and & < 0 we can restrict the sum to
only positive k. We find

Z bal— () w (k)

—Z 5 Pa(—k[) Mas(|E[)Pn(|K]) +Z = Pa(|k]) Mab(—[k[)p(—|k])

k>0 k<0

+ %() ab(0)¢5(0)

(A.38)
72 ~a(—|E]) May(|E]) (] +Z b (— 1)) Moa (|| a |KI)
k>0 k<0
+ ¢a(> ab(0)¢5(0)
=" Gal(—k) Map (k)1 (k) + qba() ab(0)65(0),
k>0

where we have used that M,,(k) = My.(—k) between line 1 and 2, and we
relabeled a <+ b in the second term in going from line 2 to 3. We have also
removed the absolute sign in the last line since we are only summing over positive
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k. Doing the same procedure to eq. (A.37) we can write the action as

S18) = 3 (=% (k) M () () + T2 (k) ba (k) + Ja (k)65 ()]

Vi 0 ) (A.39)
- m(ba(o)Mab(o)(bb(O) + 74Ja(0)¢a(0)»

where we have used ¢, (k) = ¢%(—k) and J,(k) = J¥(—k). The measure D¢, is
now defined as

Do = H d"¢(k) d"¢*(k) d”d)(U)%

m m ; A.40
550 27TV4)2 27TV4)2 (27TV4) ( )
and we find
7= / Deei Sl
10 / d"(k)d™o*( )e{w:uw b (k) o (k) + 2482 6, (k) + 222 67 ( >}
k>0 (2mVy)"
oL / 0" §(0)e 7 2 (O Man(©)80(0)+ 5.0 (0)60 (0)
(27TV4)2
(A.41)

_ H L 2my)" o3 T M (R) T (k)
0 (2mVy)™ det M (k)
1 n (2mVy) % o Ja ()M (0)16(0)
(27TV4)7 det M (0)

H e T RM R L g (0)M ) (0)7,(0)
detM(k;) det M (0)

where we have used eq. (A.16) and eq. (A.6) to perform the integrals.
Since Myp(k) = Mpo(—k) we must have detM (k) = detM (—k), and we see
that we can write

1 1 1
k[[odetM(k) detM H \/detM k) \/detM (0) H \/det M (k)

k<0 k>0
_ H — o2 > In detM (k)
. \/detM(k‘)
(A.42)
We can similarly write
H evia ()M, (k) Jo(k) o vy Ja(0)M1(0) 75 (0) _ evi o J;(k)M;bl(k)Jb(k). (A.43)

k>0

143



A.6. GAUSSIAN INTEGRALS OVER FIELDS

Putting everything together, we find
/queis[dﬂ _ oY ndetM (k) 3 3T, Ja ()M () Jo (k) (A.44)

Taking the limit L — oo, T — oo, the sum over k£ becomes an integral
4
S = Vi %. The final result is

4 4 _
[ Doctsil et  ERIOMERD(
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Appendix B

Method of Characteristics

In this appendix we will review the method of characteristics that is used in
section 3.3.2.2 to find the resummed effective potential using RGE.

The method of characteristics [81] is a technique used to solve partial dif-
ferential equations (PDE). The idea is to rewrite the PDE in terms of ordinary
differential equations (ODE) that in general are easier to solve.

Consider the PDE

ou ou
a(lli,yﬂl)% + b(zvyvu)% = C(l‘,yﬂt) (Bl)

where u = u(z,y). We want to parametrize x and y in terms of a new parameter
t,ie. x = z(t), y = y(t) and v = u(z(t),y(t)). Differentiating v with respect to
t we find using the chain rule

du(z(t),y(t)) . Ou .Ou
— iy +9— (B.2)

where & = 4 and § = dt This is remarkably similar to eq. (B.1), and we get

exactly this equation if we choose to define

& = a(a(t), y(t), u(z(t),y(t))),
g = b(a(t), y(t), u(x(t), y(t))), (B-3)
u=c(x(t),yt), u(z(t),y(t))).
(

To verify this we see by explicit calculation that eq.

dula(t),y(t) _  ou , ,0u

dt ox ﬁiy

B.2) becomes

= c(a(t), y(1), u(z(t), y(?)))- (B.4)

Now consider a surface S = {(z,y,u(x,y))} in R®. The normal vector at each
point (z,y) is N(z,y) = [uz(z,v), uy(z,y), —1]. Let V(z,y) = [a(z,y), b(z,y), c(z, y)],
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and note that eq. (B.1) can be written as V(z,y) - N(z,y) = 0. We conclude
that V(x,y) is always in the tangent plane to the surface S. Since a(x,y), b(z,y)
and c(z, y) are given we know V (z,y) ¥(z,y) € R%. We now want to construct S
from V to find our solution u(x,y).

Consider the curve C = [x(t), y(t), u(x(t),y(t))] € R? that is parametrized by
t € R. The tangent vector to a curve is described by the derivative with respect
to t, and in our case we see by eq. (B.3) that this vector is Ve(z(t),y(t)) =
[a(z(t),y(¢)),b(z(t),y(t)), c(x(t),y(t))]. In other words, we can construct the
curve by solving the systems of ODEs in eq. (B.3), which are sometimes re-
ferred to as the characteristic equations for eq. (B.1). The curve C is called the
characteristic curve for our PDE in eq. (B.1).

To form the surface S, we simply take the union of the characteristic curves.
One way this is done, is to specify an initial curve that is non-parallel to the
characteristic curve. If we know the value along this curve we have enough
information to describe the whole surface S, and we can find u(z,y). To illustrate
the method of characteristics, let’s do a couple of examples.

B.1 Examples
B.1.1 Example 1
Let w = u(x,y) and consider the PDE
Uy + kuy =0 (B.5)
with the initial condition

u(0,y) = sin(y), (B.6)

where the subscript means partial derivative, e.g. u, = g—g. Following the method
described above we parametrize © = z(t), y = y(¢t). The characteristic equations

are

1,
y =k, (B.7)
u =0.
The solution is
z(t) =t + ¢y,
y(t) = kt + ca, (B.8)
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y—kxr=co—kcy

Figure B.1: Plot of one characteristic line projected into the z — y plane.

Note that u(z(t),y(t)) is constant along the characteristic line. We can eliminate
t from these equations and we find

y—kr =co — key. (B.9)

A sketch of one characteristic line can be seen in figure B.1. Since we know that
at along the y-axis the value of u(0,y) = siny, we can find the value of ¢z for
a specific curve where the line crosses the y-axis. For this characteristic line we
find using the initial condition that

u(0,y) = sin(y) = sin(ce — ke1) = 3, (B.10)

and sin(ce—keq) = sin(y—kx) is the value of u(x, y) along this whole characteristic
line. In fact, we can do this for any characteristic and we find

u(z,y) = sin(y — kx) (B.11)

B.1.2 Example 2

In this example we will take a slightly different approach to solving the PDE. We
will look at the method of characteristics as a method of changing coordinates
from (z,y) to (t,s). Since t and s are independent, the derivation of the charac-
teristic equations follow in exactly the same way as before, just making the total
derivatives with respect to t into partial derivatives. Consider the PDE

Uy + kuy = byu (B.12)
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with the initial condition

u(0,y) = f(y), (B.13)

where f(y) is a general function. Let © = x(t, s), y = y(t, s) and the characteristic
equations are

ox

o

Jy

i B.14
Y, (B.14)
ou

% =bxu.

The solution is

x(t,s) =t+ c1(s),
y(t, s) = kt + ca(s),

) (B.15)
u(t, s) = cs(s)exp thZ + bey (s)t}

where we had to first solve for x(s,t) and put that back in to the differential

equation for u(t, s) to solve. We now have the freedom to choose s in whatever

way we like as long as the coordinate transformation is invertible. We will make

a choice such that the initial condition in (¢, s, u(t, s))coordinates is (0, s, f(s)).

This gives

z(0,8) =0+ c1(s) =0,
y(0,5) =0+ ca(s) = s,
u(0, 8) = c3(s) = f(s).

(B.16)

Having fixed the functions ¢;(s) we have x = ¢t and y = kt + s. Expressing u in
(z,y) coordinates we find

u(z, y) = exp Bbx?} Fly— k) (B.17)

which is the solution to our PDE with the initial condition «(0,y) = f(y).
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Appendix C

Standard Model Beta
Functions

In this appendix we list the beta functions used in chapter 5. The beta function
for a coupling g;(i) is defined as

u%gi(u) = By (95(1)), (C.1)

where ,, (9;(1t)) in general depends on other couplings g;(r). We will list the
beta functions as

By =BWY + B + B 4. (C.2)

where the subscript stands for the loop order where the contribution comes from.
For simplicity we will drop the y dependence and just write g; for g;(u). All
values are given using the MS subtraction scheme.

The beta functions 81, 8, 8, 857, By, Bia s B, 852, By and ;7
are taken from [77]. The three loop results [35(;?), /j’g) and Bg) are taken from

[82]. The three loop results for 55\3) and Bg’) are from [83] and note that this is
only known in the limit g1, g2 — 0. All the results for the anomalous dimension
for Higgs vy are from [78].
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