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GLOBAL DISSIPATIVE SOLUTIONS OF THE
TWO-COMPONENT CAMASSA-HOLM SYSTEM FOR INITIAL
DATA WITH NONVANISHING ASYMPTOTICS

KATRIN GRUNERT, HELGE HOLDEN, AND XAVIER RAYNAUD

ABSTRACT. We show existence of a global weak dissipative solution of the
Cauchy problem for the two-component Camassa—Holm (2CH) system on the
line with nonvanishing and distinct spatial asymptotics. The influence from
the second component in the 2CH system on the regularity of the solution, and,
in particular, the consequences for wave breaking, is discussed. Furthermore,
the interplay between dissipative and conservative solutions is treated.

1. INTRODUCTION

We show existence of a weak global dissipative solution of the Cauchy problem
for the two-component Camassa—Holm (2CH) system with arbitrary x € R and
1 € (0,00), given by

(1.1a) Ut — Uty + KUy + BUly — 2Uglyy — Wgay + Npps =0,
(1.1b) pt + (up)z =0,

with initial data u|;—¢p = ug and p|t—¢9 = po. The initial data may have nonvanishing
limits at infinity, that is,

(1.2) IEI:EOO up(x) = utoo and IEIEOO P0(Z) = poo-

The 2CH system was first analyzed by Constantin and Ivanov [14]. Global exis-
tence, well-posedness and blow-up conditions have been further studied in a Sobolev
setting in [16] [I7] and in Besov spaces in [I8]. The scalar CH equation (i.e., with
p identically equal to zero), was introduced and studied by Camassa and Holm in
the fundamental paper [5], see also [6], and its analysis has been pervasive.

The CH equation possesses many intriguing properties. Here we concentrate on
global solutions for the Cauchy problem on the line. The challenge is that the CH
equation experiences blow-up in finite time, even for smooth initial data, in the sense
that the H{ . norm of the solution remains finite while u, blows up. Continuation
of the solution past blow-up is intricate. It has turned out to be two distinct
ways to continue the solution past blow-up, denoted conservative and dissipative
solutions, respectively. Conservative solutions are associated with preservation of
the H' norm, while dissipative solutions are characterized by a sudden drop in H'!
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norm at blow-up. This dichotomy has consequences for the well-posedness of the
initial value problem as the two solutions coincide prior to blow-up. Here we focus
on the dissipative case.

Three features are novel in this paper: First of all we include distinct and non-
vanishing asymptotics of the initial data, and hence of the solution, at infinity.
Since prior work has been on solutions in H!, this has considerable consequences
for the analysis. Secondly, we extend previous results for the CH equation to the
2CH system. It is not at all clear a priori that the highly tailored construction
for the CH equation extends to the 2CH system. Finally, we greatly simplify the
analysis of two of us [32] even in the scalar case of the CH equation with van-
ishing asymptotics. One advantage of the present approach is that we can use
the same change of variables as in the conservative case, in contrast to the ap-
proach chosen in [32]. We reformulate the 2CH system in terms of Lagrangian
coordinates, and in this respect it relates to [3 4, BT} 32 20] for the CH equation.
Previous work on the CH equation, covering also the periodic case, includes, e.g.,
10, [T, (12} (13, 15, [34), 35, 17, 8, 19, 29, 23]. See also [25].

The intricate problems regarding wave breaking can best be exemplified in the
context of multipeakon solutions of the CH equation with k = 0. For reasons of
brevity, and since this example has been discussed in detail in [32], we omit the
discussion here. For additional theory on multipeakons, see [11 2, 33, 27, [30].

The continuation of the solution past wave breaking has been studied both in
the conservative [3, [BI] and dissipative [4, [32] case. In both cases the approach
has been to reformulate the partial differential equation as a system of Banach
space-valued ordinary differential equations, and we follow that approach here. A
different approach, based on vanishing viscosity, has been advocated in [34] [35].

If we for a moment assume vanishing asymptotics, the dichotomy can be further
understood if one considers the associated energy, that is, the H' norm of the
solution u for the CH equation. In the case of a symmetric antipeakon-peakon
collision, the H' norm is constant prior to wave breaking. At collision time it
vanishes, and remains zero for dissipative solutions, while returning to the previous
value in the conservative case. Thus we need to keep the information about the
energy in the conservative case and this is handled by augmenting the solution
with the energy. More precisely, we consider as solution the pair (u,u) where
u is a Radon measure with absolute continuous part g, = u2dz. This allows for
energy concentration in terms of Dirac masses, while keeping the information about
the energy. On the other hand, in the dissipative case, energy is not preserved,
rather it is strictly decreasing at wave breaking. The extension from scalar CH
equation to the two-component 2CH system follows by augmenting the Lagrangian
reformulation by an additional variable.

Let us now turn to a more detailed description of the results in this paper. First
we observe that we can put £ = 0 and 5 = 1 since if (u, p) solves (1), then (v, )
with v(t,z) = u(t,x — kt/2) + /2 and 7(t,x) = \/Np(t,x — kt/2) will solve
with kK = 0 and n = 1. Note that this only applies since we allow for non decaying
initial data at infinity. Furthermore, we assume that u_., = 0. We reformulate the
2CH system as

up + uty, + P, =0,
Pt + (up)w = 07
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P—P,=u’+ %ui + %pz.
Next we introduce the characteristics y(t,§), that is, the solution of y:(t,£) =
u(t,y(t,€)) for a given u and initial data y(0,¢). The Lagrangian velocity is given
by U(t, &) = u(t,y(t,€)). Aslong as y(t, ) remains strictly increasing as a function
of &, the solution remains smooth, and, in particular, conservative and dissipa-
tive solutions coincide. Thus we introduce the time for wave breaking, or energy
dissipation, by

07 if y{(()? f) = Oa
sup{t € Ry | ye(t',§) > 0 for all 0 <t' <t}, otherwise.

(1.3)  7(§) = {

We can rewrite the full 2CH system as a system of ordinary differential equations.
First define

h=u2 o yye + p* © yye,

where p = p+ k with p € L?*(R) and u = @ + cy with 4 € H}(R). In addition,
U = @oy. The function y is a smooth increasing function that vanishes for large
negative arguments and equals one for large positive arguments.

Next we find that the system obeys the following system of ordinary differential
equations

yp=U, U =-Q(X),
Yre = X{r(©)>t1Us,

1 1 .
Ute = X{r(6)>1} (2h + (U* + 5k = P(X))ye + kr) :

1
he = Xir(e)>032(U% + §k2 — P(X))Ug,

Tt = X{r(e)>t} (—kUe),
¢ =0,
ke =0,

where P(X) — U? — 1k? and Q(X) are given by and (3.18), respectively
(observe the subtle modifications in the dissipative case compared with and
, respectively). Introduce ¢ and w for ye and Uy, respectively. We find that
X = (U,c,q,w,h,7,k) satisfies the system X; = X{r(e)>t}F(X). The function
X takes values in a specific Banach space V, see . This system poses two
challenges: First of all, due to wave breaking, the right-hand side is discontinuous,
and thus existence and uniqueness of solutions cannot follow the standard path.
This is the key difficulty compared with the conservative case. Secondly, the system
possesses a number of additional constraints in order to be consistent with the
original Eulerian formulation. For example, we need to make sure that ¢ = ye
and w = Ug are satisfied for positive t. We will also need y¢h = Ug + 72, This
is secured by only using initial data from a carefully selected set that makes sure
that all additional requirements are preserved for the solution. The set is denoted
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G and is given in Definition 3.2} A key result is the proof of global existence
of a solution, X (t) = S;(Xp) with initial data Xy, in the Lagrangian variables,
Theorem Next we have to analyze stability of the solution in Lagrangian
coordinates. The problem here is to identify a metric that separates conservative
solutions (say X¢(t)) and dissipative solutions (say X“(¢)) near wave breaking. The
key is the behavior of the derivative of the characteristics, ye. At wave breaking ye
vanishes. For dissipative solutions y¢ remains constant for all later times, while for
the conservative solutions it becomes positive immediately after. For conservative
solutions, the metric is induced by the Euclidean norm of the Banach space V. For
dissipative solutions, we need a metric which in addition can separate X% and X¢
after collision. Indeed, if we denote by t. the collision time, the distance between
X4t +€,&) and X(t. + ¢, &) with respect with this metric has to be big, for any
€ > 0. This is taken care of by the introduction of a function g in Definition|3.1} and
the corresponding metric dg in Definition The metric yields the flow Lipschitz
continuous in the sense that

(L4) de(X (), X(D) < Cr(M)[{ 1], tE<T,

for initial data in the set B, given by , see Lemma

Having obtained the solution in Lagrangian coordinates, the next task is to
transfer the solution back to Eulerian variables (u,p). Here we are confronted
with relabeling issue; there are several distinct solutions in Lagrangian variables
corresponding to one and the same Eulerian functions (u, p). This is the reminiscent
of the fact that there are many distinct ways to parametrize the graph of a given
function. We identify the functions that give the same Eulerian solution, and show
that the semigroup in Lagrangian coordinates respects the relabeling in the sense
that Si(X o f) = Si(X) o f where S; denotes the semigroup of solutions and f
denotes the label. We define, for any ¢ such that = = y(€) (cf. Theorem [5.11)),

u(z) = U(E),
1= yx(h(§) d§),
p(x) dr = yu(7(§) ),
p(x) =k + p().

We measure the distance between two Eulerian solutions by their corresponding
Lagrangian distance, see (6.1]).

The interplay between dissipative and conservative solutions is interesting. As
shown in [I4] 22] a positive density pg regularizes the function u. If pg is positive
on the whole line, no wave breaking will take place, and conservative and dissi-
pative solutions coincide. On the other hand, if pq is identically zero, then u will
satisfy the scalar CH equation, and we will have wave breaking generically. A local
version of this result is that if py is positive on an interval, then the solution will
remain regular, i.e., no wave breaking will take place in the interval bounded by
the corresponding characteristics. In [22] we have shown that one can obtain con-
servative solutions of the CH equation by considering solutions of the 2CH system
with positive density p. If one lets the initial density approach zero appropriately,
then the solution u will converge to the conservative solution of the CH equation.
However, we do show continuity results for dissipative solutions of the 2CH system,
cf. Lemmas [Z.3] and [C.4l These results are discussed in Section [7}
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2. EULERIAN SETTING

We consider the Cauchy problem for the two component Camassa—Holm system
with arbitrary £ € R and n € (0, 00), given by

(2.1a) Ut — Uty + KUy + JUUy — 2UzpUpy — Ulgyy + NPpe = 0,
(2.1b) pi + (up)s = 0,
with initial data u|i—g = ug and pl=o = po. We are interested in global solutions
for initial data ug with nonvanishing and possibly distinct limits at infinity, that is,

(2.2) Ikr_noo uo(x) =u_oe and Ili)n;o w0 (2) = Ugo-

Furthermore we assume that the initial density has equal asymptotics which need
not to be zero, that is,

(2.3) lim po(x) = poo-

r—+oo

More precisely, we introduce the spaces

(2.4)

Hoo(R) = {v € Hyoo(R) | v(2) = 9(2)+v_coX(—2)+vocX(2), ¥ € H'(R), v200 € R},
where x denotes a smooth partition function with support in [0,00) such that
x(z)=1for z > 1 and x'(x) > 0 for z € R, and

(2.5) Lionst(R) = {g € Lioe(R) | 9(2) = goo + §(2), g € L*(R), go € R}.
Subsequently, we will assume that
(26) up € HOO(R)7 po € Lgonst(R)'

Introducing the mapping I, from H!(R) x R? into HL _(R) given by

L@, e0)(2) = () + c_x(~2) + cxx(x)
for any (u,c_,cy) € HY(R) x R?, yields that any initial condition ug € Hu(R) is
defined by an element in H!(R) x R? through the mapping I,. Hence we see that
H(R) is the image of H'(R) x R? by I, that is, Hy(R) = I, (H'(R) x R?). The
linear mapping I, is injective. We equip Hoo(R) with the norm

(2.7) lell g, = Nl + le- + fet]

where w = I, (4, c—,c4). Then Ho(R) is a Banach space. Given another partition
function ¥, we define the mapping (@,é_,¢y) = ¥(u,c_,cy) from HY(R) x R? to
HY(R)xR?asé_ =c_, ¢, =cy and

(2.8) u(z) = a(x) + e (x(—2) = X(=2)) + cx(x(2) — X(@))-
The linear mapping ¥ is a continuous bijection. Since
I, =130V,

we can see that the definition of the Banach space Ho(R) does not depend on the
choice of the partition function x. The norm defined by for different partition
functions x are all equivalent.

Similarly, one can associate to any element p € L2 (R) the unique pair (p, k) €
L?(R) x R through the mapping J from L?(R) x R to L2 . (R) which is defined as

const
(2.9) J(p, k) =p+k.



6 K. GRUNERT, H. HOLDEN, AND X. RAYNAUD

In fact J is bijective from L?(R) xR to L2,
with the norm

(2.10) loll 2

const

(R), which allows us to equip L2, . (R)

const

= [Ipll 2 + |,

where we decomposed p according to p = J(p, k). Thus L2
the norm defined in (2.10]) is a Banach space.
Note that for smooth solutions, we have the following conservation law

(R) together with

(2.11) (u® +uf +np?)s + (u(w? +ul +1p*))e = (u° + ku? = 2Pu),.
Moreover, if (u(t, z), p(t,z)) is a solutions of the two-component Camassa—Holm

system (2.1)), then, for any constant o € R we easily find that

(2.12) v(t,z) =u(t,zr —at)+«, and 7(t,x) = np(t,z— at),

solves the two-component Camassa—Holm system with x replaced by x — 2« and
n = 1. Therefore, without loss of generality, we assume in what follows, that
lim, o ug(xz) = 0 and n = 1. In addition, we only consider the case k = 0 as one
can make the same conclusions for k£ # 0 with slight modifications.

3. LAGRANGIAN SETTING

In this section we will introduce the set of Lagrangian coordinates we want to
work with and the corresponding Banach spaces.

3.1. Reformulation of the 2CH system in Lagrangian coordinates. The
2CH system with x = 0 can be rewritten as the following systenﬂ

(3.1a) Uy + vy, + Py =0,
(3.10) po+ (up)e =0,

1 1
(3.1c) P — P, =u®+ 51& + §p2,

where P — u? — %kz and P, are given by
(3.2)
1
P(t,z) — u*(t,z) — §k2 = —2cx(z)u(t,z) — @?(t, x)

1 1 1
+ = / e 172 (2ex i + u? + —u? + =p% + kp)(t, 2)dz
2 Jp 2 2

1
+3 / el #2¢? (2 + ') (2)dz,
R

and
(33) Pult,z) = 2¢"xx (x)
1 1 1
~3 / sgn (z — z)e 1*=*(2exa + u® + §ui + 5/32 + kp)(t,2)dz
R

1

o / sgn (z — 2)e1*7#12e2 (2 4+ xx"')(2)dz=.
R

1For k nonzero (3.1c) is simply replaced by P — Pry = u? + ku + %ug + %pQ.
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A close inspection of P.(t,x), like in [21], reveals that the asymptotic behavior
has to be preserved. Thus we write here and later

(3.4) u(t,z) = a(t,z) +cx(x), u<€ HY(R),
and
(3.5) o(t,x) = p(t,x) +k, pe L*R).

Until wave breaking occurs for the first time every dissipative solution coin-
cides with the conservative one, and hence they can be described in the same way.
Therefore we summarize the derivation of the Lagrangian coordinates and the corre-
sponding system of ordinary differential equations, which describe the conservative
solutions here. For details we refer to [22]. Afterwards, in the next subsection, we
will adapt the system describing the time evolution to the dissipative case.

Define the characteristics y(t, £) as the solution of

for a given y(0,£). The Lagrangian velocity is given by U(t,§) = u(t, y(¢,&)) and
we find using (3.1a)) that

(3.7) Ui(t,§) = —Q(t,€),
where Q(t,€) = P, (t,€) is given by
(3.8)

Q(t,€) = 2 x(y(t, €)X (y(t,€))

o 1
sgn (¢ — n)e” MO0 ED 2ex 0 yUye + Tye + Sh+ k7) (¢, 0)dny

—

N~ N -

/R sgn (€ — n)e” WEO=YEMI262 (V2 33" (y(t, 1) )ye (£, m)dn

where we have introduced

(39) h(t’ 5) = ui (t’ y(t7 f))yf(tv 6) + /72 (t7 y(tv 6))yf (ta f)a
(310) T(t, 6) = p(t,y(t, 6))y§(t>£)a

(3.11) U(t,€) = U(t,€) + ex(y(t, ),

and

(3'12) T‘(t,f) = ’F(t,f) + kiyg(t,f).

The time evolution of h(t,§) is given by

(313) h(1,€) = 20%(1,€) + 5K — P(t,)Ue(t,),
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where, slightly abusing the notation, P(t,&) — U2(t,&) — k% = P(t,y(t,£)) —
U2(t,&) — %kQ is given by
(3.14)

P(t,&) = U(t,6) — %kQ
= —2cx(y(t,€)U(t,€) — U(t,€)

1 — - 1
+ 3 / e~ WOVt 9y 0 yUye 4+ Uye + §h + k) (t,n)dn
R

1 [ e
+3 / e WO Ml (32 4 xx") (y (¢, m))ye (t, 1) dn.
R

Last but not least, according to (3.1b)), r(¢,&) is preserved with respect to time,
ie, ry =0.

3.2. Necessary adaptations for dissipative solutions. Wave breaking for the
2CH system means that u, becomes unbounded, which is equivalent, in the La-
grangian setting, to saying that ye becomes zero. Let therefore 7(§) be the first
time when y¢ (¢, &) vanishes, i.e.,

0, if y¢(0,8) =0,
(3.15)  7(£) = / / 6(0,€)
sup{t € Ry | ye(¢',€) >0 for all 0 <t < t}, otherwise,

where Ry = [0,00). The dissipative solutions will then be described through the
solutions of the following system of ordinary differential equations

(3163) Yt = U’ Ut = _Q(X)7
(3.16b) Yt.e = X{r(©)>1)Uss
1 1
(3.16¢) Upe = X{r(€)>t} (2h + (U2 + 5]62 — P(X))yg + k’F) ,
1
(316d) ht = X{T(§)>t}2(U2 + 5]432 - P(X))Ug,
(3.168) Tt = X{r(¢&)>t} (—kUg) s
(3.16f) ¢ =0,
(3.16g) k; =0,

where P(X) — U? — k? and Q(X) are given by (observe the subtle modifications
in the dissipative case compared with (3.14]) and (3.8]), respectively)
(3.17)

P(tvf) - UQ(t7£) - %kz

— —2ex(y(t, )T (1,€) — T(,)

1

~ ~ 1
4= / e~y —y(.n)] (2ex 0 yUye + U2yE + —h + kF)(t,n)dn
2 Jr(m>t 2

1 [ e
+3 /R e WM (N 3" (y(t, 1)) ye (¢, m)

and
(3.18)

Q(t, &) = 2" x(y(t, )X (y(t. €))
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1

o 1
-z / sgn (€ — n)e WEO=VED 90y 0 yUye + Uy + ~h + k7)(t, n)dn
2 Jrmy>t 2

1 e
T3 /ngn (€ — n)e WEO=EMIRE2 (N2 4y (y(t,m))ye (¢, m)dn,

respectively. (The integrals over the real line in (3.17) and (3.18) could be replaced
by 7(n) > t since ye(t,n) = 0 outside this domain.)
We introduce the following notation for the Banach spaces we will often use. Let

E = L*(R) N L>(R),

together with the norm

1Az = 1A 1ge + A1 e

and

W = L*(R) x L*(R) x L*(R) x L*(R),

W=ExExEFExE,

V = L>(R) x L*(R) x L*(R) x L*(R) x L*(R) x L*(R) x L*(R) x L>=(R),
(3.19)

V=L*R)x ExL®R)x ExExExEx L*®R).

For any function f € C([0,7T], B) for T > 0 and B a normed space, we denote

T
1flls 5 = / IF(t pdt  and  [[flp = sup [If(E )y
0 t€[0,T)

Definition 3.1. Forx = (1, 29, ¥3, 74, T5, Tg, T7, 13) € R®, we define the functions
91,92, 9" RS - R by

g1(x) = |z5| + 2|zr2s| + 224,
g2(x) = x4+ 26
and
o s = {2 e
where )y is the set where g1 < go, x5 is negative, and x7 + rgry = 0, thus
QO = {x € R®| |z5| 4 2|lzrws| + 224 < 24 + 16, x5 <0, and x7 + x324 = 0}.

Furthermore, we will split up 2§ as follows. Qg is the complement of 4 restricted
to the set where x7 + xgxy = 0, that is,

Q= QN {zr € R® | z7 + zgz4 = 0},
and Qg is the set of all points such that x7 + xgxy # 0, that is,
Q3 = {.T S ]RS | T7 + XT8T4 # O}
Note the following obvious relations:
QN =0, 2 NQs =0, QN3 =0,
(3.21) 5
Q1 UQUQ3 =R®.

See Figure [I.I] As long as we are working in Lagrangian coordinates we will
identify © = (21, x2, T3, &4, 5, Ts, T7, xg) With X = (y, U, ¢, ye, Ue, h, 7, k).
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Definition 3.2. The set G consists of all (¢,U, h,r) such that

(3.22a) X =(¢U,c, (e, Ue, h,7, k) €V,
(3.22b) 9(y,U,c,ye, Ug,h, 7, k) — 1 € E,
(3.22¢) ye > 0,h > 0 almost everywhere,
(3.224) lim ¢(€) =0,

(3.22¢) " i_ N € L (R),

(3.22f) yeh = UEQ + 72 almost everywhere,

where we denote y(£) = (&) +&.

The condition (3.22d)) will be valid as long as the solutions exist since in that
case we must have lime_, o U(t,£) = 0 by construction. In addition it should be
noted that, due to the definition of g(X), (3.22b) is valid for any X that satisfies

(B:224).

Making the identifications y¢ = ¢ and w = Ug, we obtain

(323&) Yt = Ua U= _Q(X)7
(3.23b) Gt = X{r(€)>t} W,
1 1

1
(3.23d) he = Xir(e)>y2(U% + 51& — P(X))w,
(3.23¢) Tt = X{r(e)>t) (—kw),
(3.23f) ¢ =0,
(3.23g) k=0,

where P(X) — U? — 1k? and Q(X) are given by
P(tvg) - U2(t7£) - %k2
= _2CX(y(tv f))(](t, g) - U2 (tv g)
1

- — 1
(3.24) + = / e~ WOVt (9ex 0 yUq + TU2q + =h + kF)(t,1)dn
2 T(n)>t 2

1 — —
Jri/]Re ly(t,€) y(t’n)‘QCZ(XQ+XX,/)(y(t77]))q(t,’r])d17

and
Q(t,€) =23 x(y(t, )X (y(t,€))
1 Vel —y ()]
5 /T - sgn (£ —n)e
(3.25) x (2ex oyUq+ U?q + %h + k7)(t,n)dn

1 _ _
—5 /ngn (& — n)e” WEO=vEDIoE (V2 4\ ") (y(t,m))g(t, n)dn,

respectively.
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The definition of 7 given by (after replacing y¢ by the corresponding
variable ¢) is not appropriate for ¢ € C([0,T], L*°(R)), and, in addition, it is not
clear from this definition whether 7 is measurable or not. That is why we replace
this definition by the following one. Let {¢;}5°, be a dense countable subset of

[0,T]. Define
1
A = {geR a(ti € >—}.
Ylerio=,
The sets A; are measurable for all ¢, and we have A, C A; for t < t'. We consider
a dyadic partition of the interval [0,7] (that is, for each n, we consider the set
{27T}2",) and set

i T
() =) 5 Xin(6)
i=0
where X; , is the indicator function of the set Ay—n;p \ Ay-—n(;1)r. The function 77
is by construction measurable. One can check that 77() is increasing with respect

to n, it is also bounded by T'. Hence, we can define
= 1. n
7(§) = lim 7°(¢),
and 7 is a measurable function. The next lemma gives the main property of 7.

Lemma 3.3. If, for every £ € R, q(t,£&) is positive and continuous with respect to
time, then

0, if ye(0,€) = 0,
(3.26) T(&) = / / if e ( .6)
sup{t € Ry | ye(t',&) > 0 for all 0 <t' <t}, otherwise,

that is, we retrieve the definition (3.15)).

Proof. (From [32].) We denote by 7(&) the right-hand side of (3.26)), and we want
to prove that 7 = 7. We claim that

(3.27)  for all t < 7(&), we have £ € A, and for all ¢ > 7(£), we have £ ¢ A;.

If t < 7(£), then infy 4 q(t',§) > 0 because g is continuous in time and positive.
Hence, there exists an n such that infycpqq(t',§) > E’ and we find that £ €
N, <t {5 eR|q(t;, &) > 1} in order that £ € A;. If t > 7(§), then there exists a
sequence t;x) of elements in the dense family {t;} of [0, 7] such that t;;) <7 <t
and limy, o0 ;1) = 7. Since g(t,§) is continuous, limy,_ q(ti(k),f) =q(7(£),§) =0
and for any integer n > 0, there exists a k such q(t;x),§) < and tik) < t. Hence,
forany n >0, § ¢, <, {5 €R|q(t;,&) > 1} and therefore & ¢ Ai. When 7(§) >
0, for any n > 0, there exists 0 <4 < 2™ — 1 such that 27T < 7 < 27"(; + 1)T.
From (3.27), we infer that £ € Ay—n;7 \ Ag—n(iy1)r. Hence, 77(&) = 27T, so that

E) — o <) <O +

2 2n
Letting n tend to infinity, we conclude that 7(£) = 7(£). If 7(£) = 0, then £ ¢ A,
for all t > 0 and 7(§) = 0 for all n. Hence, 7(§) = 7(¢) = 0. O

So far we have identified ¢ with y.. However, y¢ does not decay fast enough
at infinity to belong to L*(R), but y¢ — 1 = (¢ will be in L?(R) and we therefore
introduce v = ¢ — 1. In the case of conservative solutions, we know that Q(X) and
P(X) — U? — 1k? are Lipschitz continuous on bounded sets and that Q(X) and
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P(X)—U? — 1k? can be bounded by a constant depending on the bounded set. A
slightly different result is true when describing dissipative solutions. Let
(3.28)

By ={X eV ||X|y <M, qgh=w*+7, ¢>0,and h >0 a.ec.}.

L
qg+h|

Remark 3.4. According to our system of ordinary differential equations ([3.23)) it
seems natural to impose for the solution space that if wave breaking occurs, then the
functions q, w, h, and 7 should remain unchanged afterwards, that means q(t, &) =
0, w(t,&) =0, and 7(t,€) = 0 for all t > 7(&) and h(t,&) = h(7(£),£). Moreover,
also the asymptotic behavior is preserved, i.e., c(t) = ¢(0) and k(t) = k(0). In
what follows we will always assume that these properties are fulfilled for any X €
C([0,T), Byr) without stating it explicitly.

In addition it should be pointed out that for any X € C([0,T], Bys) the set of
all points which enjoy wave breaking within a finite time interval [0, 7] is bounded,
since

(3.29)
h

meas({§ € R | ¢(T,§) = 0}) < /]R m(T’ §)ds < ‘q(T)—th(T)

where C'(M) denotes some constant only depending on M.

Lemma 3.5. (i) For all X € C([0,T], By), we have

1Al < C(M),
LOO

(3.30) QU+ | PO0) - 02 = 302 <can
L¥E
for a constant C(M) which only depends on M.
(ii) For any X and X in C([0,T], Bar), we have
% 2 1,5 Sy 2 Lio
|ex) - a®) sy PO U= gk) — (PO =02 =3B |
(3.31) < C(M)(THX—X‘ -
[ Oxn @t + [ 1l Oxn(@a)de).
where
(3.32)

|x = %[, ==l +] T =T+l +la—al,s

= @l 2 + [0 = Dxrersnxizosa]| , + 17 = e + 1k = Bl

Here C(M) denotes a constant which only depends on M.

Proof. We will only establish the estimates for P(X) — U? — 1k? as the ones for
Q(X) can be obtained using the same methods with only slight modifications. The
main tool for proving the stated estimates will be Young’s inequality which we
recall here for the sake of completeness. For any f € LP(R) and g € LY(R) with
1<p,q,r < oo, we have

1

1 1
3.33 Fralpr <l llglpe, i 14===+=
(3.33) 1> gl < [fllzs llgll cTo
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(i): Let f(€) = xqe>ope . Then we have
e*((t@)
o

N
(f * [X{r(e)>ye* (2ex o yUq + UPq + Fh+HEIDEE)
LEE

Mellige o

IN

_ _ 1
(f * [X{re)>nre* (2ex o yUq + UPq + ih + k7)) (¢, )

1
2 LPE

- 1
< O 11 + [1£11 ) eg(QCXOqu+U2q+§h+kf)

< C(M).
Similarly, it follows that
e$(5:6)

2

Lo L?

< o(M).

) T T
(Ixre<ore®] * [xqrey>tpe ¢ (2ex o yUq + U?q + §h + k7)) (£, €)
LEE

Analogously one can investigate the other integral term. Indeed, since y(§) = £ +
¢(&), we have & = y(&) —((€). The support of x’ is contained in [0, 1] and this means
that the support of x’oy is contained in the set {£ € R | 0 < y(&) < 1}. Inserting this

into £ = y(£) — (&), we get that supp(x'oy) C {{ € R | —[|¢l[pe <€ < 1+([Cll e }-
Using that we obtain

/ SR Il
I 0 y(t, )| = / (¥ 0 )2(t, ) < X% / dc
—I¢(t, )l oo —I¢(t, )l oo

(3.34) < C(M),

together with the fact that a similar estimate holds for the L?(R)-norm of yoyx” oy.
It follows immediately that U? and cy o yU both belong to L?(R) and that they
can be bounded by a constant only depending on M. This finishes the proof of the
first part.

(#): The only term which cannot be investigated like in (¢) is given by the
integral term with domain of integration {¢ | 7(£) > t}. Let f(&) = x{eso1e” ¢ as
before, and write z = eC%h +e¢(2cx o yUq + U?q + k7). Then we can write

Fx(Xr©>02 = Xgre>02) = [ (Xr©>aX(r©<m@) (2 = 2)
+ o ((Xr©>6 — X{r©>0)X{r©) <7} )
(3.35) + o (Xro>0Xrozrey (2 — 2))
+ o ((Xqr©>6 = X{r©>0)X{r© 27} 2)-

We estimate each of these terms separately. The first and the third term are similar,
thus we only treat the first one. We obtain

1 * (Xir© >y X @) <2@1 (2 = D)1 g < IFlls + 11 22) [Ixro s Xr© >0 (2 = 2)|) L
< O(M) HX _X

"
The second term can be treated in much the same way as the fourth one. We have
(Xr©>1) — X ©>)X(r©<7(©) = ~X{r(©<i<i(e)}- Introduce 2 = z; + 2, with

z1 = e $h and 23 = e(2cx o yUq + U?q + k7). Then
£ % (Oetr@=1 = Xer@>0)X4m© <73 2) | 1 i
< > (= xr@<e<ren @)l 11 o
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< CM)(IFllpoe +1f11z2)

) é,;‘
‘X{T(E)SKT(&)}G Lir

(&) _
<C(M / / h(t, &)X (r(e)<t<7(e)} (§)dt) dE

after applying Fubini’s theorem in the last step, which is possible since the set of
points which enjoy wave breaking within the time interval [0, T is bounded. Finally

1] * ((Xgre>1y = Xr©>0) Xm0 <7} 22) ||
<|F % (= Xpre<t<r@n22) |
< (F g+ 1F 1 z2) [ gre)<e<rey 22l L
<C(M HX{T(g)<t<T(g)}€ (2ex 050 (q— @) + U(q — @) + k(7 — 73))’

L2
<OoM HX XH
0

To show the short-time existence of solutions we will use an iteration argu-
ment for the following system of ordinary differential equations. Denote generically
(¢,U,c,q,w, h,7,k) by X and (q,w,h,7) by Z, thus X = ((,U, ¢, Z, k). Then we
define the mapping

P:C([0,T],V) - C(0,T],V)
as follows: Given X in C([0,T], Bas), we can compute P(X)—U? — 1k? and Q(X)
using and (3.25). Then X = P(X) is given as the modified solution with
X (0) = X(0) of the following system of ordinary differential equations

(3.36&) ft (t’ 5) = 0<t’ 5)7 Ut(t7 5) = _Q(X>(t’ g)v
(3.36b)  q:(t,&) = w(t, ),

(336c)  @lt,6) = 06,6+ (U(4,8) + 5K — POO(LO)(E) + koF(t,),

(336d)  Fu(t,€) = 2AU%(1,€) + 5K — P(X)(t,E)id(r, ),
(3366) ;t (ta 6) = 7k0ﬁ)(t7 E)a

(3.36f) & =0,

(3.36g) k= 0.

Next, we modify X as follows: Determine the function 7(¢) according to (3.15)
(with X replaced by ) Subsequently, we modify the function X by setting

(3.37a) q(t,€) = q(7(£), €), w(t, &) = w(7(£),€),
(337)  h(t&) = h(F(),©), F(L€) = F(7(€). ), 1= 7(E).
Observe that the first two components of X, given by (3.36al), remain unmodified.
We write Z, = Xt F'(X )Z. Thus we set Z(t, &) = Z(7(€),€) for t > 7(£). We
will in the following, to keep the notation reasonably simple, often write X for the
vector (¢, U,v,w, h,r), or even (y,U,v,w, h,r), and correspondingly for X.

We will frequently consider the following spaces. For X = ((,U, ¢, q,w, h,7, k)
and Z = (q,w, h,T), we define

121w = vl 2 + lwll 2 + Al L2 + 1722
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121w = llvllg + lwllg + 1Az + 17l g
Xy = 11Kl oo + [T 2+ lel + Nlvll o + el o + 12l o + (1712 + 1K1,
XNy = lISlzoe + 1Tl g + lel + 0l g + lwll g + 12l g + 17l + IK]-

The following set
(3.38)

Ki—y ={§ ER

L0 (€) 2 17, wn(€) <0, and 7o(€)+Hhoan(€) = 0}, 7€ [0 ]

will play a key role in the context of wave breaking. (For a motivation on the set
K1—~, please see the paragraph before Lemma [3.11}) In particular, we have that

1 1 1
s L |
1 =7 Jr g+ ho 1—=71g +ho

and therefore the set x;_, has finite measure if we choose v € [0, %}, and, in
particular, meas(ki_~) < C(M).

(3.39) meas(K1—-)

(§)d¢ <

1holl
LOO

Lemma 3.6. Given X € quMO Jiorf‘ome constant My, given X = (¢, U,v,w, h,r) €
C([0,T], Bar), we denote by X = (¢,U, 9,0, h,7) = P(X) with initial data Xo. Let
M = ||Q(X)||L§.9Loo + ||P(X) = U? = 3k2|| oo o + Mo. Then the following state-

T

ments hold:
(i) For all t and almost all £
(3.40) §(t,€) >0, h(t,&) >0,
and
(3.41) Gh = w* + 7.

Thus, §(t,€) = 0 implies w(t,&) = 0 and 7(t,£) = 0. We recall the notation
G=10+1.
(i) We have

1 y 1
(3.42) H =, || <2eCMOT || ——|
Cj + h Lo qo + hO Loo
and
(3.43) |@+my, | <2699 Jlgo + holl -

for all t € [0,T] and a constant C(M) which depends only on M. In particular,
G + h remains bounded strictly away from zero.

(iti) There exists a v € (0,%) depending only on M and T such that if £ € k1_,
then X (t,€) € Qi for all t € [0,T], q%ﬁ(t,f) is a decreasing function and (t,¢)
is an increasing function with respect to time, and therefore we have

/lI]..
G+h

wWo w q qo0

3.44 —(t,£) <0 and 0< =(t,¢&) < .
Ba) @) < .0 9 < @
In addition for v sufficiently small, depending only on M and T, we have
(3.45) Ky C{EER|0ST(E) < T}

(iv) Moreover, for any given v € (0,1), there exists T > 0 such that
(3.46) {EeR|0<F(E)<T} C R~
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Proof. (i) Since Xy € G, equations ([3.40) and (3.41]) hold for almost every £ € R
at ¢ = 0. We consider such a ¢ and will drop it in the notation. From (3.36]), we
have, on the one hand,

~ ~ ~ ~ 1
(Gh); = Geh + Ghy = wh + 2(U? + 5/@2 — P(X))gw,
and, on the other hand,
- - - 1
(@ + %)y = 2y + 277y = wh + 2(U% + Sk* = P(X))qu.

Thus, (§h — w? — 72); = 0, and since §(0)h(0) = ©2(0) + 72(0), we have G(t)h(t) =
w2 (t) + 72(t) for all t € [0,7]. We have proved (3.41)). From the definition of 7,
we have that ¢(t) > 0 on [0,7(£)) and by the definition of ¢, we have ¢(t) = 0 for
t > 7(£). Hence, G(t) > 0 for t > 0. From (3.41)), it follows that, for ¢t € [0,7()),
h(t) = #(t) and therefore h(t) > 0. By continuity (with respect to time) of ,
we have h(7(€)) > 0 and, since the variable does not change for ¢ > 7(£), we have
h(t) > 0 for all t > 0.

(ii) We consider a fixed £ that we suppress in the notation. We denote the

Euclidean norm of Z = (§,®, k,7) by ’Z’Q — (@ + @ + B2 + 7)1/2. Since Z; =
F(X)Z, we have

d - _ - . dZ s .
%IZ\QQ=—2|Z|24Z-%:—2\Z|24Z-F(X)Z
< C(M)|Z]57,

for a constant C(M) which depends only M. Applying Gronwall’s lemma, we

R L =2
obtain ‘Z(t)‘2 < eCONT ‘Z(O)‘2 . Hence,

(3.47) L p<ectr 1
@ +w?+h24r2 0 qg +wg + hg + 75

Using ([3.41)), we have

q~2+w2+52+7§2:q~2+qﬁ+ﬁ2
Hence, (3.47)) yields
L < L (t) < ccont___ L _gconr__ 1
G+h)? "~ @+gh+h2 T @ + qoho + b3 ~ (g0 + ho)?
The second claim can be shown similarly.
(#ii) Let us consider a given § € k1. We are going to determine an upper

bound on 7 depending only on M and T such that the conclusions of (i) hold.
For « small enough we have Xy(§) € ©; as otherwise g(Xo(&)) = qo(§) + ho(§) and

__9(Xo(©) _ —wo(§) — 2koTo(§) + 240()
20(&) + ho(&) (&) + ho(E)
would lead to a contradiction since |ko| < Mp.

We claim that there exists a constant (M, T) depending only on M and T such
that for all v < ~v(M,T), £ €R, and t € [0,T7,

< (1 +2lkol)v + 27

(3.48) ©_(t€) <~ and @(t,€) = 0 implies G(t, &) = 0
q+h
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and
(3.49) q_f (t,€) < y fniplis (qf B>t (t,€) >

We consider a ﬁxed & E R and suppress it in the notation. If w( ) = 0, then
(3.41) yields G(t)h(t) = 72(t) = k§q*(t), where we used that k(t) = k(0) = ko and
F(t) = —k(t)q(t ) = —koq( ). Thus either ¢(¢) = 0 or h(t) = k3G(t). Assume that

— _ ht) 12 4)
G(t) # 0, then h(t) = k2G(t). Hence 1 — < FORAD kg 0T thD S < O(M,T)y,
and we are led to a contradiction if we choose v small enough. Hence, ¢(t) = 0,
and we have proved (3.48).

q
T (t) <+, we have

@ 1 1 1. § F
3.50 =) =+ U+ k> - P(X) - = — + k _
630 (5), =g+ R - P - R
~2
— QU2+ k2 —2P(X) 1) —
( (0 +1) =
) B
> ocorn L -t - corn 2
2 q+h qg+h (G+ h)?
> _cur,m—L.
2 q+h
1 _
Z§_C(M7T)7a

where we used that k(t) = k(0) = ko and 7(t) = —k(t)
we allow for a redefinition of C(M,T).) By choosing 7y

get, ( +h) >0, and we have proved ([3.49 .

For any v < v(M,T), we consider a given ¢ in k1—~ and again suppress it in the
notation. We define

= —koq(t). (Recall that
,T) < (40(M,T))7 L, we

q(t)
(

to = sup{t € [0,7] | —~ =(t') < 2y and (t') < 0 for all # < t).

Let us prove that tg = 7. Assume the opposite, that is, tg < 7. Then, we have
_ n — q q

- h(to) = 2y or w(tg) = 0. We have (‘5+’_‘)t < 0 on [0, ] 5 (1)

is decreasmg on this interval. Hence, (ﬂ_ (to) < Py (0) < v, and therefore we

q
must have w(tp) = 0. Then, (3.48)) implies G(t9) = 0, and therefore ty = 7, which
contradicts our assumption. From (3.50), we get, for + sufficiently small,

either

w

——(7) >
qg+h q+h

(0) +C(M,T)7,

and therefore 7 < (\IQT) By taking ~ small enough we can impose 7 < T, which

proves (3.45). It is clear from that _ is increasing. Assume that X (t,¢)
leaves €2y for some t. Then, we get

() + h(t 5(8)] + 2 ko (t)| + 2q(t

q(t) + h(t) q(t) + h(t)

and, by taking v small enough, we are led to a contradiction.
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(iv) Without loss of generality we assume T < 1. From (iii) we know that there
exists a 7' only depending on M and T such that for £ € k1_/, X(¢,£) € Q1 and

in particular we have that the function qiﬁ is decreasing and qih is an increasing

function both with respect to time on [0,7]. Let ¥ < min(y,v’). We consider a
fixed £ € R such that 7(£) < T (which means implicitly 7#(¢) = 0 for all ¢), but
& & K1—5. Let us introduce

(3.51) to =inf{t € [0,7) | = E(f) >1—7and w(t) <0 foralltelt7)}
q+

Since w(7) = %E(%) > 0 and @(7) = §(7) = 7(7) = 0, the definition of ¢ is
Well—posed when 7 > 0, and we have t; < 7. By assumption to > 0 and w(ty) = 0
or riJrLﬁ(tO) = 1—%. We cannot have w(ty) = 0, since it would imply, see (3.48]),

that §(top) = 0 and therefore {y = 7 which is not possible. Thus we must have
h

—_(tg) = 1 — % and in particular —-(tq) = 7. According to the choice of 7 we

q+h B g+h"
have that qia (t) <7 for all t >ty and qia (t) is increasing. Then we have
0 1 1 1 q r
(25) =5+ U+ 5k = P(X) = 5)—= + ko ——
g+h/t 2 2 2°G+h Gg+h
-2
— (U + k% — 2P(X) + 1) ———
( X))
1 ) -
> - - o, 1)
2 q+h
1 _
ZifC(MvT);%
which yields for 0 <tg <t <1
w w 1 — _
S 2 )+ (1) (G~ OO, 1))

Sin(ie qi}ib (to) = —t/”y(Al —7), we choose T' such that 0 > —/5(1 —7) + T(5 —
C(M,1)5). Thus t}ukjfl (T') # 0 and therefore all points which enjoy wave breaking
before T' are contained in K1—5, since any point entering x1_5 at a later time cannot
reach the origin within the time interval [0, 7] according to the last estimate. [

Lemma 3.7. Given M > 0, there exists T and M such that for all T < T and any
initial data Xo € G N B, P is a mapping from C([0,T], By;) to C([0,T], Byz).

Proof. To simplify the notation, we will generically denote by K (M) and C(M)
increasing functions of M and M, respectively. Without loss of generality, we
assume T < 1.

Let X € C([0,T], By;) for a value of M that will be determined at the end as
a function of M. We assume without loss of generality M > M. Let X = P(X).
From Lemma we have

(3.52) QXI5 < C(M), HP(X)_UQ_;H
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Since U; = —Q(X) and Uy = Uy + cox © 9o, we get

17] ... <100l + TIQEOl e 1 < M +TC().
T

We use that U = U + cox oy to deduce that

(3.53) HﬁHLW < K(M) +TC(M).
Since, ¢ = U, we get
(3.54) HgH <|l¢oll e + T HUHL%OLOO < M +TC(M).

LgLee
Moreover, (775 =—Q(X) —cox' o gU, we have
2]

(3.55) LyFL? i
<K(M)+TC(M),
by (3.34).

From (3.36)), by the Minkowsky inequality for integrals, we get

@560) 0, < lonlle + [ 1ale )l

(3.56b) [[6(t, )l < llwoll + T HP(X) vt L

LPE

. /Ot (2] + HU2+;k2P<x>

+ kol (¥, )l )t

1o(

L E

[, )l g dt’,

(3.56¢) Hin(t, )HE < [lhollg +2 Ot s

1
U? + 51@2 - P(X)

t
(3.56d) [|7(t, )l g < lI7oll +/0 Kol [[@(t', )|l dt’.
These inequalities imply that
(3.57) HZ(t, -)HW < K(M) + TC(M) + C(M / HZ L,
and, applying Gronwall’s inequality yields
(3.58) HZHLwW (K(M) + TC(M))eCENT.

Gathering (3.53)), (3.54)), (3.55)), and (3.58)), we get

(3.59) HXHL«:V < (K(M) + TC(M))eCNT.

From (3.42)) we get

< K(M)eCNT,

=

19

< [Ooll + TUR N +leol [T, . I 0 Fl15e2)
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Thus we finally obtain

1
G+h

< (K (M) + TC(M))eCMT

(3.60) HXH
Lge Lo

|
LEV

for some constants K (M) and C(M) that only depend on M and M, respec-
tively. We now set M = 2K (M). Then we can choose T so small that (K (M) +

C(M)T)eCUDT < 2/ (M) = M and therefore HXH 4 H <M. O
LV Gthllpge oo

Given Xo € G N Byy, there exists M which depends only on M such that P is a
mapping from C([0,T], By;) to C([0,T], By;) for T small enough. Therefore we set

(3.61) Im(P) ={P(X)| X € C([0,T], Bsi;)}
We define the discontinuity residual as

08 = [ ([ hOxeen @ [ heOxeen @)

Here it should be noted that I'(X, X ) describes the distance between 7 and 7 as
the following estimate shows,

T

L "Wt €)dt < C(NT)(r — 7) < C(3) ( / "t 6t + /

7

(q(t,€) — a1, {))dt) .

According to Lemma we have,

82) Jloco - Qu),, , + (o0 - 02— 1) - (e - 02 3|
gO(M)(THX—X‘L%cVJrF(X,X))

In the next lemma we establish some estimates for I'(X, X), T'(P(X), P(X)) and
a quasi-contraction property for P.

Lemma 3.8. Given X, X € Im(P) and v € (0, 1) there exists T > 0 depending
on M such that the following inequalities hold

(i)
(3.63) (X, X) < C(I) HX - X(

v’
(ii)
(3.64)

T(P(X),P(X)) < C(I) (T(HP(X) - P(X)Hm;v + HX — X’

o) HTET))

(ii)

(3.65) |Px) - P(X)

HL?V < (i) (THX—X" +F(X,X)>,

L?V

where C(M) denotes some constant which only depends on M.
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Proof. Denote by Xy = P(X) and X, = P(X). Given v > 0 we know from
Lemma (iv) that there exists T small enough such that {€ € R | »(¢) <
T or 75(§) < T} C K1 and we consider such T'. Without loss of generality we can
assume T' < 1 and v < y(M, 1).

() Let us now consider { € k1_- such that 7(§) # 7(£). Without loss of
generality we assume (&) < 7(€). At time t = 0, X and X coincide and therefore we
cannot have 7(£) = 0 because it would imply 7(£) = 0. Hence 0 < 7(§) < 7(¢) < T.
Since X(t,€) and X (t,€) both belong to the Tm(P) and ¢ € k;_.,, we get that

(t f) X (t,€) € O and especially w(t, §) < 0 and @(t,§) < 0. Thus we get from

(336), if X = P(X), that for t € [7(¢),7(£)],
(3:66) 0= (66 = a(r(©).6)+ 5 [ At
+ / t(Uz + %1%2 — P(X)§(t', &)dt' + / t ko (¢, €)dt!

< C(M) and q(t,£) = w(t,§) = 7(t,§) = 0

Thus, since Hﬁz + %ch —- P(X)

‘L%OE

for t > 7(£), we have

(3.67) ;/T h(t, €)dt
< —a(r() / ((t, ) + (1, )t
< w(r(§),6) —w(r(§),6) + TC(M)(lla = dll oo oo + 17 = 7ll e o)
SC(M)‘

A similar inequality holds for 0 < 7(¢) < 7(£) < T Since meas(r1-~) < C(M) and
the only points that contribute to the integral are contained in ., we get

(X, X) = / ( / "R ) v <r (E)d + / "R )i <ry (€)d) d

<cun|x-x|| .
LEV

(i) We denote Xo = P(X) and X = P(X). Let us now consider & € #;_,, such
that (&) # 72(£). Without loss of generality we assume 75(£) < 72(£). At time
t =0, X, and X, coincide and therefore we cannot have 7 (&) = 0 because it would
imply 72(€) = 0. Hence 0 < 79(€) < 7o(€) < T. Since X(t,€) and X(t,€) both
belong to the Im(P) and § € k1, we get that X»(t, &), X, (t, &) € Q1 and especially
wa(t, &) <0 and wa(t,£) < 0. Thus we get from that for ¢ € [12(§), 72(&)],

(368) 0> ’wg(t f) = UJQ TQ / hg v §

t

/ (0% + 5 = PEOWAE it + [ ke )d

2
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since ko(t) = ko = k(t) for all t. From (3.36), we get following (3.67)

/ " ha(t,€) < 2(wn(m, €) — tn(m, €)) + () / a2 — B(€) + |72 — Rl (1,6t
(3.69) < 2 |wa(12, &) — Wa(T2,&)| + C(M)T(||g2 — §2HL§:>L0<> + |72 — 732”1:;9];00)»

where we used that wa(72,£) = 0, We(72,&) < 0, and ¢2(t,&) = 72(t,&) = 0 for
t € [12(€),72(€)]. A corresponding inequality holds for the case 72(§) < 72(£). We

have, using again (3.36) on the interval [0, 72(&)],
(3.70)

un(ra,§) — a(rm 1 < 5 [ Iha = al(t, it + kol [ Ira = Fal(t. )
+/O (U + %k% - P(X))— (U + %kﬁ — P(X)llga2l(t, €)dt
+ [7107 4 58 = POz - @l
1 [m -
< 5/0 [hs — hal(t, €)dt
+CON) [ (la2 = l(1.6) + [ra = 7o .l

+C(M)y H (U?+ lkg - P(X)) - (0% + lkg — P(X))

LLE

<o HX2 - %

L°°V
+C(MpT(X, X),

where we used that 22— < v and ¢z = (q2 + h2) 25 < C(M)y.

#i1) First we estimate ||Zy — Z2 For £ € k{_., we have Zy,; =
1— s

} ] LEW(k{_,)
F(X)Zy and Zyy = F(X)Zy for all t € [0,T]. Hence

dt’

(F(X) - F(X)) Zo(t,

(3.71) H(Zz ~ Z)(t, ')HW(K;,Q < /Ot ')Hv‘v(m;,g

t
+/ F(X)(Zy — Zo)(t', )| . dt’.
[ |r -z )me,n

We have, since ko(t) = k(t) = ko = k(t) = ko(t) for all ¢,

(F(X) = F(2)) 22 = (0, (U7 + 34 — P(X) — (07 + 5 — P(X))ax,
2(U% + G4~ P(X)) — (07 + 5 — P(X))ws,0),
and therefore
(3.72)
H PN, | < O | @2+ 54 - PO0) - 02+ 34 - POD)|
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Applying Gronwall’s lemma to (3.71)), as HF(X) < O(M), we get

HL%OLOC

(3.73) H22 - ZQH o < O(M) H(F(X) - F(X))Zg‘ b
Hence, we get by (3.72) that
(3.74)
7 o 2 _1 2\ ) _ 772 _1 2
HZ2 2 I 7)) ”(P(X) U — SkE) — (P(X) = 02 = SH3) s

Thus, we have by (3.62)) that

(3.75) HZ2 - 22’ (X, X)).

<cunelx -

LEW(k§_,) LV

To estimate HZZ — , we fix { € k1—, and assume without loss of

2 L%}W(Iil_‘y) 5
generality that 0 < m(£) < 72(§) < T. From Lemma we have that —22-

is
G2+ha

positive decreasing and q% is negative decreasing so that
2 2

(3.76) |G2(t,€)| < C(M) |g2(72,€)| and |w2(t, )] < C(M) [da(72, )
for t € [12(§),T], and therefore

(3.77) 1G2(t, &) — q2(t,&)| < C(M) |G2(72,€) — q2(72,€)]|

and

(3.78) | (t, &) — wa(t, )| < C(M) [a(7s,€) — wa(7a, 6

for ¢t € [12(£),T] because ga(t,£) = wa(t,&) = 0 for t € [r(€),T]. Since Fo(t,€) +
koga2(t,€) = 0, we know that sign(72(t,£)) = —sign(ko), and therefore 75 (¢, &) =
—kota(t, &) implies that |Fo(t, £)| decreases on [r2(€), T]. Thus
(3.79)  |7Fa(t, )| < [Fa(m2,8)| and  |Fa(t, &) — 7a(t,§)| < |Fa(T2, &) — Ta(T2, &)
for all t € [12(£), T since T2(t,&) = 0 for all t € [2(§),T]. For t € [2(§),T], we
have hy; = 2(U? + $k3 — P(X))ig and hy; = 0. Hence,

(0

e = ha) (7, €)| + COMT [(12 = wa) (72, )],

from (3.78). For t € [0,72(€)], we have Zy; = F(X)Zy and Zy; = F(X)Zy. We
proceed as in the previous step and in the same way as we obtained (3.73)), we now
obtain

(3.80) ‘(h2 ~ ho)(t,€) ‘ <

(22 = 22)(2, )] < COD) |(F(X) = FER)Zs |, |
Li L
and, after using (3.72)) together with -, we get
(3.81) (Ze — Zo) (2, €)| < C(W)(T HX XH 1 T(X, X)).
Combining (3.77)), (3.78)), (3.79)), (3.80) and (3.81)), we get
(3.82) (Zs = Z2)(1,6)| < C(M +T(X, X))
LV

for all t € [0,7]. Since meas(r1--) < C(M ) 2)) implies
(3.83) HZ2 A < C(M)(T HX X

+I'(X, X)).

LV

L%’W(filfw)
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Combining (3.75) and , we get

(3.84) sz - Zg‘ <ot +T(X, X)).
T
From (3.364)), we obtain
(3.85)
U, — U <H X) — X‘ c r'(x, X)),
jo2 -] ... < [ex) - e, < (X, X))
and
(3.86)
|le-&| . <7|a-0af| <o r(X, X))
L Loe L Lo
Combining the last two inequalities yields
3.87 ’U—(?H <C(M T‘X—f( r(X, X
(3.87) =Gl = con oy FTX))
Finally from ([3.36al) we get
(3.88) ‘UQ—IZH <o ‘X—f(‘ 4 T(X, X)).
L¥L LEV
Thus adding up (3.84), (3.86), (3.87), and (3.88) we have that
(3.89) ‘XQ—XZ’ <o ’X—f(‘ 1 I(X, X)).
LFEV LFEVv
]

Theorem 3.9 (Short time solution). For any initial data Xo = (yo, Uy, ho,70) € G,
there exists a time T' > 0 such that there exists a unique solution X = (y, U, h,r) €
C([0,T),V) of (3.16) with X(0) = Xo. Moreover X(t) € G for allt € [0,T].

Proof. In order to prove the existence and uniqueness of the solution we use an
iteration argument. Therefore we set X, 11 = P(X,) and X,,(0) = X, for all
n € N. This implies that X,, for n =1,2,... belongs to Im(P). We have

[ Xnt1 — XnHL;?V < C(M) (T ([ X — Xn—1||L%°\7 + F(Xan—l))
< OO (T(1X0 = Xl v + 1 Xnms = Xucallzv)
AT (X1, X))
< CMNT +7)(I1Xn = Xn-1llpser + 1 Xn-1 = Xn-oll ey )
where we used Lemma [3.8] Hence, for 7' and 7 small enough, we have
[ Xns1 = Xnllpeep < i(HXn — Xn-illpgey + 1 Xn-1 — Xnallpep)  forn>2.

Summation over all n > 2 on the left-hand side then yields

N 1 N-1 N-2
ZHXn+1_Xn”L Z O 1 X1 — X, Leew + > X1 — Xn lLeev)
n=2 n=1 n=0

and
N

1
5 D 1 Xns1 = Xall gy < 1% = Xollzp + 1Xe = Xl gy
n=0
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independently on N. Since || X,+1 —Xn||L%c‘7 > 0 for all n € N, the series
oo o 1 Xng1 — Xl LoV is increasing, bounded from above and hence convergent.
In particular,

m—1 0o

||Xm - XnHL%O\‘/ < Z ||Xz'+1 - XiHL;OV < Z ||Xi+1 - Xi”L;SV )
and therefore {X,,}2° ; is a Cauchy sequence and tends to a unique limit X (¢). The
continuity of P in LV follows from and (3.65)). Hence, we obtain that X (t)
is not only unique but also a fix point of the mapping P to the initial condition Xj.
It is left to prove that Us = w and ye = ¢. Recall that Q(X) is defined via
and Q(X) is differentiable if and only if y is differentiable. A formal computation
gives us that

(3.90)
1 1
Qe(X) = X(re>ny (= 5h = (U + Sk* = P(X))g — kT)
_ 1
+ <2c2(x’2 +xX") () + 2cx o yU +U? —U? — §k2 + P(X)) (ye — q),

and Q¢ € L ([0,1] x R) if ¢¢ = y¢ — 1 € L*(R) N L>=(R). In addition, as q(t,&) =
X{r(e)>}(§)q(t, §) and w(t, &) = X{r(e)>e (§w(t, §), we have
(3.91a) (¢ = ye)r = (w —Ug),

(3.91b) (w—Ug)e = (2¢*(x* + xx")(v)
o 1
+2cxoylU+U? - U? — §k2 + P(X)) (ye — q).
This means in particular if go = yo,¢ and wo = Up ¢, that

g =we)(t, g+ l(w=Ue)(& )l g

< () / (Il = ge)(#', g + 1w = Ue)(E, ) )t

and thus using Gronwall’s inequality yields that ye = ¢ and Us = w.

Let us prove that X(¢t) € G for all t. From (3.40) and (3.41)), we get ¢(¢,&) >
0, h(t,€) > 0 and gh = w? + 72 for all ¢ and almost all £ and therefore, since

Us = w and y¢ = g, the conditions (3.22d) and are fulfilled. Since ((t,¢) =
¢(0,6) + fg U(t,€) dt, we obtain by the Lebesgue dominated convergence theorem
that lime_,_ o ((¢,£) = 0 because U(t,§) = U(¢,€) for £ < — ||§||L%0Lx and U €
H'(R). Hence, since in addition X (t) € By, X (t) fulfills all the conditions listed

in (3.22) and X (¢) € G. O
Remark 3.10. The set G N By is closed with respect to the topology of V.. We
have

Yet = UE?

1
he = 2(U? + §k3 — P(X))Ug,

and
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T_t = _kOUfa

forall§ € R andt € Ry, since Ug(t,£) =0 fort > 7(§). This means in particular,
that ye, 7, and h are differentiable almost everywhere with respect to time (in the
classical sense).

We have that (¢, U, (¢, Ug, h, ) is a fixed point of P, and the results of Lemma

hold for X = X = (¢,U,Ce, Ug, h,r). Since this lemma is going to be used exten-
sively we rewrite it for the fixed point solution X. For this purpose, we redefine

By and Kq—-, see and (3.38), as

eV Xty + | <o,
with X = (C, U, Cg,U&,h,T),
(3 92)
1
K1 {g eER | (f) Z 1- e UO,S(&) S 07 and To(g) = O}a S [Oa 5}

Yo,¢ + ho
Note that every condition imposed on points { € ki1, is motivated by what is
known about wave breaking. If wave breaking occurs at some time ¢, energy is
concentrated on sets of measure zero in Eulerian coordinates, which correspond to
the sets where ysﬁ(tb,f) = 1 in Lagrangian coordinates. Furthermore, it is well-
known that wave breaking in the context of the 2CH system means that the spatial
derivative becomes unbounded from below and hence U (¢,§) < 0for ¢, —3d <t <1,
for such points, see [14, 25]. Finally, it has been shown in [22] Theorem 6.1] that
wave breaking within finite time can only occur at points £ where r(§) = 0.
Recall that g(X) denotes g(y, U, ¢, ye, Ug, h, 7, k). Lemmarewrites as follows.

Lemma 3.11. Let My be a constant, and consider initial data Xo € G N By, -
Denote the solution of 1) with nitial data Xo by X = (¢,U,{,Ue, h,r) €
C([0,T),Bp). Introduce M = ||Q(X)HL?LOC + ||P(X) + 2K2 — + M.

Then the following statements hold:

g e

(i) We have
1 v 1
(3.93) H t, )| <2efMTH__—__|I |
Ye + h Loo Yo,e + hO Lo
and
(3.94) (g + 2)(¢, )l oo < 26“CDT lyo g + holl o

for allt €]0,T] and a constant C(M) which depends on M.
(iii) There exists a y € (0, 3) dependmg only on M and T such that zf§ € Ki—n,

then X (t,£) € Qq for allt € [O,T], e e
s an increasing function, both with respect to time, and therefore we have

(t,€) is a decreasing function and =5 5 (,6)

(395 —2% (< Y 1 ey<0 and 0< Y ()< P (o).

Yo,e + ho ye +h Tye+h 7T T yoe + ho
In addition, for v sufficiently small, depending only on M and T, we have
(3.96) Ki—y C{EeR|0<T(E) < T}

(iv) Moreover, for any given v € (0, %), there exists T > 0 such that
(3.97) {EeR|0<T(E) < T} C R~
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To prove global existence of the solution we will use the estimate contained in
the following lemma.

Lemma 3.12. Given My > 0 and Ty > 0, there exists a constant M which only
depends on My and Ty such that, for any Xo = (yo,Uo, ho,70) € Bu,, we have
X(t) € By for allt € [0,T], where X (t) denotes the short time solution on [0,T]
with T < Ty given by Theorem 3.9 for initial data Xo.

Proof. To simplify the notation we will generically denote by C' constants which
only depend on Y, ¢g, and kg, and by C(Mjy, Tp) constants which in addition depend
on MO and To.

Let us introduce

5= /RUng dé + [|hl] 1 -

Since h > 0 and h = UZ +7 — h(¢, we have [|h|, = [ hd§ < oo. We can estimate

the HUHiw as follows:
1
o) =2 [ Ucdy

IS & _
:2/ UUgdr]—Q/ cUxX' o yye dn

— 00

~ U2 ~
S/ (U2y5+i) d77+2/ [cU|X" o yye dn
{nlye (n)>0} Ye R
< / (T2ye + h) dn+2C |0,
{nlye(n)>0}

<2420 |0,

where we used that y¢ () = 0 implies Ug () = 0 and therefore in the first integral in
the second line the integrand is zero whenever y¢(§) = 0. Thus it suffices to integrate
over {n € R | ye(n) > 0}N{n < &} which justifies the subsequent estimate. Finally,

inserting that HUHLOQ < i ’UHiw + C, we get

(3.99) 105 <2z +C.
From (3.14), we get
(3.100) IP(X)|[ e < CL+E+[|U]7) < C(L+3).

Similarly one obtains
(3.101) 1R < C(1+5).
We can now compute the derivative of ¥.. From (3.16) we get

dx _ _
= :/ZUUtyg d5+/U2y5t d§+/ht de¢
dt R R R

= / 2U(—Q(X) — cUx' o y)ye d¢ +/ U?Ug d€ + / 2(U? + %kQ — P(X))Ug dé¢
R R R
=A; + Ay + As.
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Note that we can put the time derivative under the integral, since y¢ and h are dif-
ferentiable almost everywhere with respect to time (cf. Remark|3.10]). We estimate
each of these integrals separately. Thus

Ay = —2/RQ(X)Uy5d€ - 2/]R (cUX" o yye + Ux o yx' o yye) dE
< _2/ P(X)elde +CS +C |0, .
R
< 2/ P(X)Tedé + CS +C |0, .
R
after integration by parts in the last step, since P(X)¢ = Q(X)ye. Thus
Ay = / 020 de + / CT2(x o y)yede
R R
= / cU?(X' o y)yedé < CX.
R
Furthermore
Ay = 2/ U?Ued¢ + / k2Uedé — 2/ P(X)Ued¢ — 2c/ P(X)x o yyedé
R R R R
= —2/ P(X)Uedé — 20/ P(X)x o yyedé + ;cg + k¢
R R
< —2/ P(X)Uedé +C | P(X)]| 1 + C.
R
Finally, by adding these estimates, we get
ax _

= < CE+C+C|U| e + ClIPX)| 1o

<Cs+C+C|U|3. +CIPX)|
<C¥+C,

by (3.99) and (3.100). Hence, Gronwall’s lemma implies that max;c[o,7,) 2(t) can
be bounded by some constant only depending on My and Tj. Using now (13.99)),
(3:100), and (3.101)), we immediately obtain that the same is true for ||U(t, -)

|P(t, )| oo, and ||Q(t, - )|l e With t € [0,Tp]. From (3.16]), we obtain that

Loo?

(3.102) 1C(€)] < 160, 6)] + / U, €)| e,

and hence also ||((t, - )|/« can be bounded on [0, Tp] by a constant only depending
on MO and To.

Applying Young’s inequality to (3.17) and (3.18) and following the proof of
Lemma [3.5] we get

(3.103)
(oo - 02— G|+ ool
< C(Mo, Tp)

+ C(Mo, To) ([|U(L, )| 2 + ICe(ts Iz + AL g2 + 17 g2 )-
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Let

a(t) = (|, )| . +I¢et, Mgz + 1Ue(t, s + 118G e + 17 e
then

(3.104) a(t) < a(0) + C(My, Ty) + C(Mo, Th) /O ().

Hence Gronwall’s lemma gives us a(t) < C(Moy,Tp).
Similarly, one can show that

[Ce (s M poo + U oo + IR e +17(E )l oo < C(Mo, To).

It remains to prove that H can be bounded by some constant de-

_1

Ye +h HL%O oo
pending on My and Ty, but this follows immediately form (3.93]). This completes
the proof. O

We can now prove global existence of solutions.

Theorem 3.13 (Global solution). For any initial data Xo = (yo, Uo, ho,70) € G,
there exists a unique global solution X = (y,U,h,7) € C(R4+,G) of (3.16) with
X(0) = Xo.

Proof. By assumption Xy € G, and therefore there exists a constant My such that
Xo € Bpy,. By Theorem there exists a T' > 0 such that we can find a unique
short time solution X (¢) € G on [0,T]. Moreover, according to Lemma the
length of the time interval for which the solution exists and is unique, is linked to

Mpy. Thus we can only find a unique global solution if || X (¢)||y + ﬁ does
not blow up within a finite time interval, but this follows from Lemma O
4. STABILITY OF SOLUTIONS

Definition 4.1. The mapping dg: G X G — R,
41 dr(X, X :HX—XH H X) - X‘ X, X),
@) (X X) L o0 -]+ e )

for X, X € G defines a metric on G. The function H(X,X) is defined as follows
(4.2)

1, if meas({€ eR | (r(§) =0 and 7(£) #0)
K(X,X) = or (r(§) #0 and #(§) =0)}) > 0,
0, otherwise.
In what follows we will denote
d:REXR® =Ry, d(X,X)=|Z-2Z|+]9(X)—g(X)| + (X, X),

with

1, if (r=0and#0)or (r#0and7=0),

0, otherwise.

(4.3) UX,X) = {

Here it should be noted that for any two solutions X and X of the 2CH system,
k(X, X) and (X, X) are independent of time, since 7, = 0 and 7 = 0.
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FIGURE 1. The various regions, cf. Definition and (4.4)).

4.1. Necessary estimates. Denote

(4.4) Q_ ={z cR® |25 <0and z; + g2y = 0},
. Q. = {2 €R®| x5 >0 and x7 + xgx4 = 0}.

Note that Q_ UQy = Q; UQs = {z € R® | 27 + 2524 = 0} (cf. Definition . See
Figure [£.1]

Lemma 4.2. The restrictions of g to Qo, Qs, and Q_ are Lipschitz on bounded
sets. More precisely,

(45) 9(X) — (X)) < €Q1) (12~ 21 + (Il + 7) ke~ 7]

for any X, X in QN By, X, X in Q3 N By, or X, X inQ_ N Bj;.

Proof. The cases when both X, X e, X, X €Q,, and X, X € Qg are straight-
forward. Let us consider the case ~when X € Ql and X € Qs N Q_, that is,
—Ue — 2k7 + 2ye < ye + h and ye + h < —Ug — 2k7 + 27, respectively. We have
(4.6)

19(X) = g(X)| = | = Ug — 2k7 + 2y¢ — G — h|
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< |ye — Te| + |h — h| + h + Ue + 2k7 — ¢
< |ye — Ge| + |h — b + h + Ug + 2k — ye — h — Ug — 2k7 + §¢
< CM)(|Z = Z| + (I + [F]) |k = KI).
0

Lemma 4.3. Given M > 0, there exist M > 0, T > 0 and 6 > 0 which depend
only on M such that for any & € R satisfying d(Xo(§), Xo(£)) < d, we have
(4.7)

9(X(5:6) = (X6, 9)| = COD) (124, = Z(.€)| + (7€) + 7. DIk — Fl)

for all t € [0,T] where X(t) and X (t) are the solutions to (3.16) with initial data
Xo and X belonging to Byy.

Proof. Without loss of generality we assume T" < 1. We already know that there
exists M only depending on M such that X (t), X(t) € By for all t € [0,1]. We
consider ¢ € R such that d(X(€), Xo(€)) < 0 for a § that we are going to determine.
For simplicity we drop ¢ in the notation from now on. Since X (¢) and X (t) are
solutions of , we see that due to Lemma the estimate (4.7]) will be proved
if we can show that either X (¢) and X (t) belong to Q_, X (t) and X (t) belong to
Qy, or X (t) and X (t) belong to Q.

If X € Q3 and Xo € Qf = @, UQy, by ([3), we have d(Xo, Xo) > 1. Thus by
choosing § < %, we impose that either Xo, Xy € Q3 or Xo, Xy € Qf. In addition,
since r(t) = r(0) and 7(¢t) = 7(0), we can conclude that points which initially lie
inside 3 will remain in Qg3 for all times and points starting outside {23 can never
enter Q3.

Hence in order to verify the claim it is left to show that either X (¢) and X (t)
belong to Qs or X (t) and X (t) belong to Q_. To this end denote by Qg and Qg the
following sets (cf. Figure

Qo = {x € R® | 2|z7as| + 24 < 6, 5 < 0 and x7 + 2524 = 0},
Qo = Q2 \ Q.

We will distinguish three cases:

(i) Xo and X, in Qp: Since Qy C Q_, we infer that X, and X, belong to Q_.
Hence X (t) and X (t) will satisfy as long as both X(¢) and X (t) belong to
Q_. Let us prove that X(¢) (and, in the same way, X(t)) for T small enough
remains in Q_. Denote by to the first time when X (¢) leaves Q_. By continuity
we must have Ug(tg) = 0. Since r(t) = r(0) = 0 for all ¢ in [0,T7], it implies
Ye(to)h(to) = 7 (to) = kgyZ (to), by and the definition (3.12) of 7(¢). Hence,
as the origin belongs to Q_, either ye(to) = 0 or h(to) = k@ye(to). Points reaching
the origin remain there, that is, if ye(t) = Ue(t) = 7(t) = 0 for t = to then it
remains true for ¢ > to. Hence we infer that, ye(to) # 0 and h(to) = kiye(to).
Let z(t) = ye(t) — 2koT(t) — h(t). We have, by assumption, z(0) < 0, because
Xo € Qo and 7(0) = —koye(0). Using that #(to) = —koye(to) and h(to) = kdye(to),
2(to) = ye(to) — 2ko7(to) — h(to) = ye(to) + k§ye(to) = ye(to) + h(to) > 7. On the
other hand we can compute z; and we obtain z; < C; (M) for some constant Cy (M)
only depending on M and therefore on M. Thus z(t) < z(0) + C1(M)T. Hence if

we choose T small enough, that means T < (MC(M))~1, we obtain z(tg) < ﬁ,

(4.8)
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which is a contradiction and we have proved that X (¢) remains in Q_. Similarly
one proves that X (t) remains in Q_

(i) Xo € Qp and Xo € Qo: Flrst of all we want to make sure that . holds
at time ¢ = 0. According to Lemma [£.2] this will be the case if we can prove that
d(XO,X'O) < & implies either X, Xy € Q_ or Xo, Xo € Q. If Xy € Q, then
holds since Xo € Qp C s.

If Xy §§ Q,, we have X, € Q; so that Xo € Q_. Assume that X, ¢ Q_. Then
Upe — Upe| < & implies |Upe| < 8 and |Upe| < 6, as Upe and Up ¢ have 0pp051te
signs. Since X € Qp, we have yo ¢ — 2ko7o < ho which implies using (3.22f]) that

Yo.e — 2koToyo.c =Yg ¢ + 275 < Ug e + 7.
Thus yo ¢ < 0, |Fo| < 0 and we have

1 _

2‘]€07‘0| 2y0’§ Z M C(M)(S
Taking 6 sufficiently small, we are led to a contradiction. Hence X, € Q_.

We have already seen in (i) that we can choose T so small that X (¢) remains in
Q_ fort € [0,T)]. Let us denote 3(t) = gi¢(t) — 2ko7(t) —h(t). For z as defined in (4),
we have z(0) < 0. Hence 2(0) < 2(0)+[2(0) = 2(0)] < |yg(0) = ¢ (0)|+|h(0) = h(0)|+
|7(0)||ko— k0\+|ko||r( )—7(0)| and therefore Z(0) < C(M)§. Let us now consider the
first time ¢ when X (to) leaves Q_. Again, as in (i), we obtain that h(to) = k3 e (to)
and Z(tg) > 7. In addition we know Z(tg) < Zo + C(M)T < C(M)(6 + T), which
leads to a contradlctlon if we choose T and ¢ small enough.

(#ii) Xo and X, in Qo: In this case, since Qo C Qs, X and X, belong to Q5.
We have z(0) > 0. Let us prove that X (¢) (and, in the same way, X (t)) for T small
enough remains in {25. Note that because the origin is a repulsive point, solutions
cannot reach the origin from within Q. This means in particular that X (¢) can
only leave 9 if it starts in Q_ N Qo or after entering Q_ N Q5. Therefore we
assume without loss of generality Xy € _ N Qs. Denote by tg the first time when
X (t) leaves Qy. Then we must have |Ug(to)| + 2|koT|(to) + 2ue(to) = ye(to) + h(to)
which gives Ug(to) = ye(to) — 2kor(to) — h(to) = 2(to). Hence we obtain after some
computations using the latter equation together with and 7(to) +kye (to) =0

(4.9) 8> g(Xo) — g(Xo) > Go.e + ho —

that —z(tg) = yfit/“;;;hk(g()) > 1\7[\/51+41\712' Moreover, —z(tg) < —z(0) + Cy(M)T

which implies — 4 < ¥l thlo) < o (M)T, which leads to a contradiction
M /5441012 V/5+4k3

if we choose T' small enough. We have thus proved that X () remains in Q, and

the same result holds for X (t). O

A close look at the proof of the last lemma shows that d is only turning up in
(#) and can be bounded by a constant only depending on M. Hence, Lemma
can be extended to the following lemma.

Lemma 4.4. Given M > 0 and T > 0, then the solutions X (t) and X (t) with
indtial data Xo and Xy in By, respectively, belong to By for t € [0,T]. For all
t € [0,T] there exist T € [0,T] and § positive dependmg on M and independent of
t, such that for any &€ € R satisfying d(X (t,£), X (t,€)) < &, we have

(4.10)  |g(X(t,€)) = 9(X(t, )] < C(M)(1Z(t,€) = Z(£,€)| + (|7] + |F]) |k — &|)
for allt € [t,t+T|N[0,T].
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The next lemma shows why the function g is so important and why we choose
exactly the metric dr instead of the norm || - |||, we used in the last section.

Lemma 4.5. Given M > 0 and T > 0, then the solutions X (t) and X (t) with
wmitial data Xo and Xo in By, respectively, belong to By and we have for any
¢ € R the following estimates:

(i) If 7(§) <t <ta < 7(§)
(4.11)

ta -
/ Rt €)dt < |Ue(tr, €) — Ue(t, )|

t1

+ () / (1Z(6,6) — Z(4,6)] + (X (1,€)) — g(X(1.€))dt.

(i) If 7(§) < t1 <tz < 7(§)
(4.12)

t2 ~
/ Wt E)dt < |Ue(tr,€) — Ue(t, )|

ty

+ (i) / (1Z(4,6) — Z(,6)] + [9(X(1.€)) — g(X(t.€))t,

t1
for a constant C(M) depending only on M.

Proof. We assume without loss of generality 7(§) < 7(£). We distinguish three
cases.

(4) If X(t,€) € Q3 for t € [t1,ta], we know g(X) = §c + h and g(X) = 0 on [t1, to]
because ye(t) = Ug(t) = 7#(t) = 0 so that X (¢,&) € ;. Thus we get

(1.13) | R < [ lo(X0) - (Xt ¢l

t1 t1

As already pointed out several times before, X (t) remains in Qg for all times if it
starts in €.

It is left to show what happens if X (t,&) € Qf for all times. The result will
follow from the following two estimates.
(i) If X (t,€) € Q for t € [t1,ta], we know g(X) = Je + h and g(X) = 0 on [t1,ta].
Hence we have

(4.14) / R €)dt < / (X (t,€)) — g(X(1.€))]dt.

ta
1 t1

(i) TIf X (t9,€) € Q_, we know that Ug(ta,€) < 0. Thus (3.16) implies that

1 ty - -
QAim@ﬁ:m@@—%mﬂ
- / s SR = P(X)ge(t, )it / " k(e €yt

t1 t1
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Since Ug(t2,€) < 0 and Ug(t,€) = ye(t,&) = 7(t,€) = 0 for all t € [t1, t2], we get

1 [tz -
5 €t < U, - O, )

ta

+ () / e (t.€) — Ge(t,©)\dt + C(IT) / 7(t,€) — 7(t,€)|dr.

t1 t1

In general X (t,€) ¢ Q_, does not imply that X(t,€) € Q, for all t € [t;, ).
Therefore we define t3 as

ts = inf{t € [t1,t2] | X (¢, &) € Q4 for all ¢’ > ¢}.

Then, X(t,€) € Q4 for all t € [t3,t2] and Ug(ts,€) < 0 so that the general case is
proved by combining the cases () and (). O

4.2. Stability results.

Theorem 4.6. Given M > 0 there exist constants T <1 and K depending only
on M such that for any initial data Xo and Xg in By

(4.15) s[up7] dr(X (1), X (t)) < Kdg(Xo, Xo).
te[0,T

Proof. We assume without loss of generality 7' < 1. We already know that there
exists M only depending on M (since T' < 1) such that X (¢) and X (¢) belong to
By for all t € [0,T]. Let us introduce for the moment the following metric

(X X) =y = Gl + |00, +le -

4.16
(10 +||z- 2 s TR H + o) - g(X)HL%OLz 4 R(X, ).
Then
(4.17) de(X (1), X(t)) < dp(X,X), tel0,T].
This means in particular that the theorem is proved once we show that
(4.18) dp(X,X) < Kdr(Xo, Xo).
We estimate each of the terms in . First, we want to show that

Ly (pxy -0 - L

(4.19) HQ(X) fQ(X')] 2 2

+ H(P(X) ~-U? -

1
Ly E LLE

< C(M)(dr(Xo, Xo) + Tdr(X, X)).

To this end we first observe that by following closely the proof of Lemma [3.5| one
can show that

(420) | Q(x) - Q)

+ H(P(X) —-U? -

LLE

< C(1)(Tdz (X, X)

+/R(/ ﬁ(t75)X{?(£)>r(5)}dt+[ Bt )X (r(y(0)) ) € )
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The first step towards proving the claim is to estimate properly the integral term
on the right-hand side. Applying Lemma [£.5] yields

(4.21) /R</ E(tvf)X{?(£)>T(£)}dt+[ h(t,é)X{r(£)>%(5)}dt> d§
< /R (Ue(r,€) — Ue(r,6)|Xgrery + |Ue (7,6) — Ue(F ) [xrry

weon [ | " (2,6 - 21,0
190X (:€) — gL (X(rery + Xiror))dtde
< [ 0e(r&) = Te(r. &)y + IUS(7.€) = Te(F O lxgrcn €
+ C(M)T ((meas(k1-))"/? + (meas(k1-,))"/?) dr (X, X),

where we in the last step used that T is chosen so small that all points such
that 7(§) < T or 7(§) < T belong to ki1— U Ri1_,. This is possible according

to Lemma (iv).
Fix £ € R such that 0

t () < 7(&) < T. Then Ugy = Sh+ (U* + k% —
P(X))ye + k7 and Ue y =

<T
%ﬁ + (0% + %1;2 — P(X))§e + k7 for t € [0,7(€)]. Hence
(4.22)

Ue(7(£),€) = Ue(7(€),6)]
B 1 7 B
<IUe0.6) = Te0. O]+ 5 [ Ih=he.a
0
T(£) 1 - 1~ -
[ g = POO) = (07 5E = PEO) e,
0
T(§) —y 1o, B ~
[0 5 PO e — el )
7(©) . O
+ [ =i+ | =R o
< [Ue(0.€) ~ U(0.€)]
T(§) - N -
+C(M)/ \Z — Z|(t, €)dt + C(NI)T|k —
0

+~C(M)

’(U2 + %1& ~-P(X)) - (0% + %fcz - P(X))

LLE
< |Ue(0,€) — Ue(0,€)]|

B 7(&) 5 3 B
4 C(M)/0 \Z = Z|(t, €)dt + C(ND)T|k — K

+C (M) (Tde (X, X)

e
+/ (/ h(t, €)X 17 ()>r(e)y dt
E Jre)
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7(€)
+/(€) h(t,S)X{T(§)>f(g)}dt)d€)-

Here we used that for £ € k1_., we have ye(t,&) = (ye(t, &) + h(t, f))%
M~. In the last estimate we applied ([4.20). For the case 0 < 7(¢) < 7(¢) < T,

a similar treatment as in (4.22) yields an estimate of the same form with every 7
replaced by 7 and vice versa. Inserting this estimate and the estimate (4.22) into
(4.21) implies, since meas(ii_~), meas(k1—,) < C(M), that
(423) (1- VC(M))/R (/ h(t, €)X (7()> ()t +[ h(t,é)X{r(g)ﬁ(g)}dt) dg

< C(M)(dr(Xo, Xo) 4+ Tdr(X, X)).
Choosing v small enough we find that

(4.24) /R</ ﬁ(t,§)X{%(g)>T(g)}dt+/ h(tvg)x{‘r(f)>7~'(§)}dt>d§

< C(M)(dr(Xo, Xo) + Tdr(X, X)),

and especially

1 ~ - 1-
@2) e -e@)|,, H RGN
M)(dr(Xo, Xo) + Tdr(X, X)),
which is .

We now return to the proof of (4.18), where we carefully investigate all terms
in dr (X, X) separately using (4.25). The equations U; — Uy = Q(X) — Q(X) and
Uo = Uy + cx o yo imply

(4.20) ||t ) =0 )| < [vo-0of _ +] @0 -e)]

LLE
< |[vo = G|, + 1) (X0, £o) + Tda(X, X))
< C(M)(dr(Xo, Xo) + Tda(X, X)),
and y; — § = U — U yields
(420) ) =3t )l < llvo — doll e +T U =0
< O(M)(dr(Xo, Xo) + Tdr(X, X)).
Since U; = —Q(X) —ex’ oyU and ﬁt = —Q(X)—é& o §U, after combining ,

- ) and -7 we obtain

(4.28) HU — U, .)HL2 < C(M)(dg(Xo, Xo) + Td (X, X)).

Lo Lo

To estimate ‘

we split R into two sets. Let us introduce N’ = k1_, U

fi1_~. For £ € N¢, we have Z; = F(X)Z and Z; = F(X)Z for all t € [0,T]. Thus
Zy—Z; = (F(X) - F(X))Z + F(X)(Z - Z), and

|z =2 7~ 2
w

i e
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L lhrn-rna o,
JrHF(~ )(Z = 2)( H We) )dt/'

We get after applying Gronwall’s lemma

(4.29) H(z ~ ), ')wac)

<ot (HZO 4|+ /Ot

for t € [0,T]. By definition,
(F(X) - F(X))Z

(F(X) = F(X))Z(t', - )wac) dt/)

= (0, (U? + %kQ —P(X)-U?- 11%2 + P(X))ye + (k — k)T,
2(U2+%k2 _P(X) - k2+P( ))Ue, — (k—fc)Ug).

Moreover, ye, Ug, and 7 are bounded by some constants only depending on M and
”FHL%CL2 + HU§”L§>§>L2 < C(M)v so that,

|(Fex) - F(X))Z|

M) H (U + %k:Z —-P(X)) - (U* + %1%2 — P(X))

LLE
+ C(M)T|k — k|,
and hence
(4.30)
|2 =2, ., < COD 20— 20|, + 71k~ )
+C(M) H (U? + %kQ ~ P(X)) — (0% + %122 ~ P(X)) .

< C(M)(dr(Xo, Xo) + Tdr(X, X)).

For £ € N, we assume without loss of generality 0 < 7(£) < 7(§) < T. Recall
that meas(k1_,) < C(M) and meas(k1_,) < C(M) and hence meas(N) < C(M).
For t € [r,7], we have Z(t,&) = Z(7,€) and Z; = F(X)Z. Thus

%(2 L2 = F(XVZ = F(X)(Z - 2)+ F(X)Z,
and after applying Gronwall’s lemma we obtain

(4.31)

(432)  |Z(.€) — 2(t.6) < COI)(1Z(r.€) — Z(r,€)| + / F(X)Z(t,€)|dr)

< CON)(|Z(r.€) — Z(r€)| + 1 / h(r,€)d’)

for t € [r,7]. In particular,
(4.33)

7(&) 7(&) 7(&) B (&) _
/ W(r(€).€)dt = / h(t,€)dt = / (h(t,€) — h(t, €))dt + / (. €)dt

7(€) 7(&) 7(€)
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< CO)(|Ue(r(6), €) — Ue(r(€).€)]

7(£) ~ -
+ [ 1269 = 26,01+ 190X 9) oK.t

where we used Lemma in the last step, and we get
(4.34)

12(,€) - 2(,9)| < COD) (12(7(€),€) — 2(7(€).€)]
7(8) - -
+ o (209 = 2.9+ lgX(1.0) - g(X (W €

when t € [1,7]. For t < 7(€), we have Z, = F(X)Z and Z, = F(X)Z, so that we
obtain after applying Gronwall’s lemma once more

(4.35)
1Z(r(6),6) = Z(r(€). )| < CUN(1Z(0,8) - 20,8)| +||(F(X) - F(X)Z| , )
< O(M)(12(0,€) — 2(0,€)| + dr(Xo, Xo) + Tdr(X, X)).

Finally, combining (4.34) and (4.35) we end up with
(4.36)

1Z(t,€) — Z(t,€)| < C(M)(12(0,€) — Z(0,)]

(&) . -
+/(£) (12(t,8) = Z(t', Ol + [g(X (¥, ) — g(X(t',§)))dt!

+ dr(Xo, Xo) + Tdr(X, X’)), teo,7).

Integrating (4.36]) over the bounded domain A and applying Minkowski’s inequality
for integrals, then yields

(4.37) HZ(t, - Z(t, -)HW(N) < O(M)(dg (X0, Xo) + Tda(X, X)).
Adding up and , we have
(4.38) Hz 2|, <C0D)(d(Xo, Xo) + Tdz(X, X)).

T

Finally, it is left to estimate Hg(X(t, ) — g(X(t, ))H ,- We have to distinguish
L

several cases and therefore we introduce the set

I={¢eR[Xo(£), Xo(€)) = 0}.
(i) If € € I, we can choose ¢ < % depending on T and M as in Lemma If ¢ is such
(I7(t, O + |7, E) DIk — k[). On the other hand, if £ is such that d(Xo(¢), Xo(£)) >
6, we have |g(X(t,€)) — g(X(t,6))| < C(M)*Felep=o @ since |g(X(t.£))| and
|g(X (t,€))| can be bounded by a constant only depending on M. Thus we get that,
since § only depends on M,

(4.39) |g(X(t,€)) — g(X(t,€))|
< CM)(12(t,€) = Z(E| + (7] + 7))k — k| + d(Xo(€), Xo(£)))-
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Note that since t(Xo(€), Xo(€)) = 0 by assumption, d(X(€), Xo(€)) is square inte-
grable on I. Hence

(4.40)
lo(x(t ) - (Xt )|

ey < O (|70 -7 ')HW’LdR(XO’Xo))

< C(M)(dg(Xo, Xo) + Tdr(X, X)).
(i) If L(X0(£), Xo(£)) = 1, either X(t,€) € Qp or X(t,£) € @y and X (t,€) € Q3
(or the symmetric case where either X (¢,&) € Q5 or X (¢, §) € Q1 and X(t,€) € Q3).

Ifilf(t,ﬁl)le o, then g(X (£,€)) = ye(t,€) +h(t,€) and g(X (¢,€)) = Fe(,€) +h(t, ),
ana we nave

|9(X(£,€)) — g(X (&, )] < lye(t, €) — Ge(t. )| + [(t,€) — h(t,€)].
If X(t,€) € Qy, we know that d(Xo(€), Xo(€)) > 1 and hence
l9(X(2,€)) — 9(X(t,€))| < C(M)d(Xo(&), Xo(€))-
Since the set 2; has finite measure, we get
(4.41)

Jox ) —g(xet, )

< Z(t ZtH dx(Xo, X
ey S OO 1)( |2, (t )| +da (X0, %))

< O(M)(dr(Xo, Xo) + Tdr(X, X)).
Combining ([#.27), (4.28), (4.38)), (4.40), and yields
(4.42) dr (X, X) < C(M)(dr(Xo, Xo) + Tdr(X, X)),

which implies, if we choose T' small enough, that
(4.43) dg(X, X) < C(M)dg (X0, Xo).
This finishes the proof. U

Theorem 4.7. Given M > 0 and T > 0, then the solutions X (t) and X (t) with
initial data X, and X, respectzvely, in By, belong to By fort € [0,T]. For any
given t € [0,T), there exist K and T depending on M and independent of t, such
that

(4.44) sup  da(X (1), X (1)) < Kdu(X (D), X (D).

te[t,E+T)N[0,T]

Proof. A close inspection of the proof of Theorem shows that all our estimates
use upper bounds, and hence we can replace the constants therein depending on M
by the M in the statement of the present theorem. Since X (t) belongs to By; for
all t € [0, 7], we can apply Lemma[3.11] (iv) which tells us that for any initial time
t we can find for any v a time interval such that all points enjoying wave breaking
are contained in x1—- and this time interval is independent of the initial time t.
Hence, after this observation we can follow the proof of Theorem O

Theorem 4.8. For any time T > 0 there exists a constant K only depending on
M and T such that

(4.45) ol dr(X (t), X (t)) < Kdr(Xo, Xo)
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for any solutions X (t) and X (t) in By, t € [0,T], with initial data Xo and X,
respectively, in Byy.

Proof. There exists M only depending on M and T such that X () and X (¢) belong
to By for all ¢ € [0,T], cf. Theorem From the short time stability result
Theorem we know that there exist constantb K and T depending only on M
such that

(4.46) da(X (), X (1)) < Kda(X(1), X (D))

for any ¢t € [0,T] N [t,£ + T]. To obtain global stability we therefore split up the
interval [0, T into smaller time intervals where the last inequality is valid. For any
T > 0 there exists N € N such that 7' < (N +1)T and accordingly we define ty = 0,
t1 =T, .., ty = NT, and tyy1 = T. Hence dr(X(t),X(t)) < Kdp(X(t;), X (t;))
for all ¢t € [ti7 t;+1], due to the last lemma. Hence we finally obtain

(4.47) dr(X (), X (1)) < KNTldr(Xo, Xo),

which proves the claim. O

In addition to the last stability result, one can also show the Lipschitz continuity
of every solution with respect to time.

Lemma 4.9. Given M > 0 and T > 0, then we have for any solution X (t) with
initial data Xy € Byy,

(4.48) dr(X (), X (1)) < Cr(M) |t —t|, t<T,
for a constant Cp(M) which only depends on M and T.

Proof. We already know that for any 7' > 0, we have | X (¢, - ) ||y +|lg(X (¢, -)) — 1| 12
for t € [0,T], can be bounded by some constant Cr (M) depending on M and T.
Then we have

(4492) (1€t ) — C(E e < / WU, e dt’ < C(M)[E 1,
(4.49b) [|U(t, ) = U(E )], < /||f )t ) —ex oy, U, )| . dt!
< Cr(M)|t —t|,

(4.49¢) [|Z(t, ) — Z(¢, )llw S/t_ IF(X)(t, )Z(, )|lpe dt’ < Cr(M)[E -t
Hence
(4.50) [X(¢, ) = X (& Iy < Cr(M)[t -t

It remains to estimate ||g(X (¢,)) — g(X (¢,&))|| ;2. If for agiven & € R, X (¢,€) €
Q; and X(1,€) € Qy, we have

(4.51) l9(X(t,€)) — g(X(£,9)| = /t lg14(X (¥, €))ldt’,

where, slightly abusing the notation, g1+ denotes the time derivative of —Ug —2k7+
2ye. Similarly if X (¢,&) € Qf and X (¢,&) € Qf, we get

(4.52) l9(X(t,€)) — 9(X(£,6))| = /t |g24(X (¥, €))ldt’,
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where g, denotes the time derivative of ye + h. If X(¢,€) € Q4 and X(¢,§) € Qf
(the case X (t,£) € Qf, X(1,€) € Q; can be treated in much the same way), we can
find a £ € (Z,t) such that g1 (X(£,€)) = g2(X (¢,€)) and therefore

(4.53)
9(X(5,6) — g(X(EE)] < 01 (X(£.6)) — gu(X(E )] + 02X (E,€)) — g2(X(£.6)
/mu tékﬁ+/wu (t',€))dt

géwuaw4m+wuww4mw.

Since [|g1,¢(X (¢, -))|l 2 and [|g2,:(X (¢, -))|| 2, can be uniformly bounded by a con-

stant Cr (M) for all t’ € [t, t], we get after using (4.51))-(4.53) together with applying
Minkowski’s inequality for integrals, that

@MHMX@O%-(t€Hp</Wmt Wl + lgae(XE, ) o dt
< Cr(M)fE -1

5. FROM EULERIAN TO LAGRANGIAN VARIABLES AND VICE VERSA

So far the derivation of our system of ordinary differential equations in
Lagrangian coordinates is only valid for initial data wg in Eulerian coordinates,
where no concentration of mass takes place. However, it is well known that in the
case of conservative solutions, concentration of mass is linked to wave breaking.
Since our description of dissipative solutions in Lagrangian variables until wave
breaking occurs, coincides with the one used in [22] for conservative solutions, one
might hope that the sets of Eulerian and Lagrangian coordinates can be described in
much the same way, and that the mappings from Eulerian to Lagrangian coordinates
and vice versa can be defined using the same ideas. It turns out that we can do
so. For the sake of completeness we summarize these results here. We start by
introducing the set of Eulerian and Lagrangian coordinates together with the set of
relabeling functions which allows us to identify equivalence classes in the Lagrangian
variables.

Definition 5.1 (Eulerian coordinates). The set D is composed of all triplets (u, p, )
such that uw € Ho o(R), p € L%, (R) and p is a positive finite Radon measure
whose absolutely continuous part, pae, satisfies

(5.1) fac = (uf + p?) da.

Definition 5.2 (Relabeling functions). We denote by G the subgroup of the group
of homeomorphisms from R to R such that

(5.2a) f—1d and f~* —1d both belong to W (R),
(5.2b) fe — 1 belongs to L*(R),

where Id denotes the identity function. Given k > 0, we denote by G, the subset
of G defined by

(5.3) Ge={feG|If -y +||f" =1d]| )1 <5}
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Definition 5.3 (Lagrangian coordinates). The subsets F and F,. of G are defined
as

Fo.={X=(w,Uh,r)eG|y+ He G},
and

F={X=wUhr)eg|y+H e G},
where H (t,£) is defined by

3 .
H(1,€) = / (. )dE.

Note that H(t,&) is finite, since from (3.22f]), we have h = Ug + 7% — (¢h and
therefore h € L'(R). In addition it should be pointed out that the condition on

y + H is closely linked to H ygﬁ H as the following lemma shows.
LOO

Lemma 5.4 ([31, Lemma 3.2]). Let k > 0. If f belongs to G, then 1/(1+ k) <
fe <14 K almost everywhere. Conversely, if f is absolutely continuous, f —1d €
WL(R), f satisfies and there exists d > 1 such that 1/d < fe < d almost
everywhere, then f € G, for some k depending only on d and || f —Id|| 1. -

An immediate consequence of (3.22h) is therefore the following result.
Lemma 5.5. The space G is preserved by the governing equations (3.16)).

For the sake of simplicity, for any X = (y,U, h,r) € F and any function f € G,
we denote (yo f,Uo f,ho ffe,roffe) by Xof.

Proposition 5.6. The map from G x F to F given by (f, X) — X o f defines an
action of the group G on F.

Since G is acting on F, we can consider the quotient space F/G of F with respect
to the action of the group G. The equivalence relation on F is defined as follows:
For any X, X’ € F, we say that X and X’ are equivalent if there exists a relabeling
function f € G such that X’ = X o f. We denote by II(X) = [X] the projection of
F into the quotient space F /G, and introduce the mapping I': F — Fy given by

INX)=Xo(y+H)*
for any X = (y,U,h,r) € F. We have I'(X) = X when X € Fy. It is not hard

to prove that I' is invariant under the action of G, that is, I'(X o f) = I'(X) for
any X € F and f € G. Hence, there corresponds to I' a mapping I' from the
quotient space F/G to Fy given by I'([X]) = I'(X) where [X] € F/G denotes the
equivalence class of X € F. For any X € Fy, we have T' o I[(X) = I'(X) = X.
Hence, I' o |7z, =1d|#,- Any topology defined on Fy is naturally transported into
F /G by this isomorphism. We equip Fo with the metric induced by the E-norm,
e, dr (X, X’) =dr(X,X’) for all X, X’ € Fy. Since Fy is closed in F, this metric
is complete. We define the metric on F/G as

dr/c([X], [X']) = de(T'(X),T(X")),

for any [X],[X’'] € F/G. Then, F/G is isometrically isomorphic with Fy and the
metric dr /g is complete. As in [31], we can prove the following lemma.

Lemma 5.7. Given a > 0. The restriction of I' to F, is a continuous mapping

from Fq to Fy.
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Remark 5.8. The mapping I' is not continuous from F to Fy. The spaces Fy
were precisely introduced in order to make the mapping I' continuous.

We denote by S: F x [0,00) — F the continuous semigroup which to any initial
data Xy € F associates the solution X (¢) of the system of differential equations
(3.16]) at time ¢. As indicated earlier, the two-component Camassa—Holm system
is invariant with respect to relabeling. More precisely, using our terminology, we
have the following result.

Theorem 5.9. For any t > 0, the mapping Si: F — F is G-equivariant, that is,

(5.4) Si(X o f) =5(X)of
for any X € F and f € G. Hence, the mapping Sy from F/G to F/G given by
Si([X]) = [S:X]

is well-defined. It generates a continuous semigroup.

We have the following diagram:

(5.5) Fo—2-F/G

|

]:a St

]

Fo—2 F/G

Next we describe the correspondence between Eulerian coordinates (functions
in D) and Lagrangian coordinates (functions in /G). In order to do so, we have
to take into account the fact that the set D allows the energy density to have a
singular part and a positive amount of energy can concentrate on a set of Lebesgue
measure zero.

We first define the mapping L from D to Fy which to any initial data in D
associates an initial data for the equivalent system in Fy.

Theorem 5.10. For any (u, p,u) in D, let

(5.6a) y(€) = sup{y | p((—o0,y)) +y <&},
(5.6b) h(€) =1 — ye(6),

(5.6¢) U(€) = uoy(f),

(5.6d) (&) = poy(§)ye(§).

Then (y,U, h,r) € Fo. We denote by L: D — Fy the mapping which to any element
(u, p, ) € D associates X = (y,U, h,r) € Fy given by (5.6).

On the other hand, to any element in F there corresponds a unique element in
D which is given by the mapping M defined below.

Theorem 5.11. Given any element X = (y,U,h,r) € F. Then, the measure
yu(F(€) d€) is absolutely continuous, and we define (u, p, ) as follows, for any &
such that x = y(§),

(5.7a) u(x) = U(8),
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(5.7Db) p =y (h(§) ),
(5.7¢) plx) de = yu(7(§) dE),
(5.7d) p(z) =k + p(x).

We have that (u, p, 1) belongs to D. We denote by M : F — D the mapping which
to any X in F associates the element (u, p, ) € D as given by (5.7). In particular,
the mapping M is invariant under relabeling.

Finally, one has to declare the connection between the equivalence classes in
Lagrangian coordinates and the set of Eulerian coordinates.

Theorem 5.12. The mappings M and L are invertible. We have
LoM =1dr/g and Mo L =1dp.

6. CONTINUOUS SEMIGROUP OF SOLUTIONS

In the last section we defined the connection between Eulerian and Lagrangian
coordinates, which is the main tool when defining weak solutions of the 2CH sys-
tem. Also stability results will heavily depend on this relation since we want to
measure distances between solutions of the 2CH system by measuring the distance
in Lagrangian coordinates rather than in Eulerian coordinates.

Accordingly, we define T; as

T, =MoS;olL.

The metric dp is defined as

(6.1) dp((ur, p1, 1), (uz;, p2, p2)) = dry (L(uy, p1, ), L(uz, pa, pz))-
Definition 6.1. Assume that u: [0,00) x R = R and p: [0,00) x R — R satisfy
(i) 1 € Li5,((0,00), Hoo(R)) and p € L% ([0, 00), LZone (R)),

loc loc const

(ii) the equations
(6.2) //[o,oo)xR [— u(t, ) e (t, x) + (ult, 2)uy(t, x) + Py(t, x))o(t, x)} dxdt

:Au@@m&mM»
(6.3)
//[o )xR {(P(t,x)—u2(t,x)_%ui(t’15)_%92(75795))(?(75’33)4‘&(75’ z)¢a(t, x)]dmdt =0

and
(6.4)

//[0 xR [— p(t,x)pe(t, ) — u(t,x)p(t,x)qu(t,x)]dxdt = / p(0,2)6(0, z)dz,

R

hold for all ¢ € C§°([0,00) x R). Then we say that (u, p) is a weak global solution
of the two-component Camassa—Holm system.

Theorem 6.2. The mapping T; is a continuous semigroup of solutions with respect
to the metric dp. Given any initial data (uo, po, po) € D, let (ult, - ), p(t, -), u(t, -)) =
T (uo, po, o). Then (u, p) is a weak solution to (3.16) and (u, p, ) is a weak solu-
tion to

(6.5) (W + A+ p* = )i + (u(@? + p+ p? = p%))e = (u® = 2Pu),.
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The function

(6.6) Pt) = /R dult,z) — /]R (W2 (t,2) + *(t, 2))de

which is an increasing function, equals the amount of energy that has concentrated
at sets of measure zero up to time t. Moreover, for everyt € [0,00), we clearly have

(6.7) /R(ui(t,x)—|—,52(t,x))dx:/Rd,uac(t,x) S/Rd/i(t,x).

Remark 6.3. (i) Equation is also valid in the conservative case, cf. |22
Thm. 5.2]. However, note that there is a difference in the definition of the quantity
P in the two cases.

(i) An example that illustrates this theorem is given by the symmetric peakon-—
antipeakon collision in case of the CH equation. Consider the case of n = 2 in
and let p1(0) = —p2(0), and ¢1(0) = —q2(0) < 0. Then the solution w will vanish
pointwise at a collision time t* when q1(t*) = q2(t*), that is, u(t*,z) = 0 for all
x € R. At time t = t*, the total energy, u(R), has concentrated at the origin. Using
our mapping from Fulerian to Lagrangian coordinates, we obtain after collision, that
is, fort > t*, that ye(t,£) =1 for £ € R\ [0, u(R)] and ye(t,£) = 0 for £ € [0, u(R)].
Going back from Lagrangian to Eulerian coordinates we have u(t,z) = 0, while the
whole energy still is concentrated at the origin.

Proof. Recall that P(t,z) — u?(t,z) — $k? is defined by (3.2) and since meas({z €
R [ p(t, {x}) # 0}) = 0, we get
(6.8)

P(t,z) — u(t,z) — %k2

— —2ex(@)(t,x) — @(t, )
1

v /
{z€R|u(t,{z})=0}

1
+ 3 / e 177212e2 (2 4+ xx")(2)dz.
R

Thus setting = y(¢,¢) and performing the change of variables z = y(t,n) yields
that P(t,§) —U?(t,&) — 3k* = P(t,y(t, &) —u?(t,y(t,§)) — $k? coincides with (3.17).
Similar considerations yield that Q(t,£) = P, (t,y(t, €)) coincides with (3.18).

We will only prove and here since and can be shown in

much the same way. Using the change of variables x = y(t,&) and Us = ug, o yye
we get

(6.9) //nth(M)t + uug @) (t, x)dxdt

1 1
ezl (2exu + a? + Eui + 552 +kp)(t, 2)dz

B //R LCUBe(t Oanlt,y(t,©)) + UUet et y(t, £)))dedt

- / / (CUnlt @yt D)
U2y (1, )6 (41, ) + UUE(t, €)S(1 y (1, £)))dedt
_ / Uye(0,€)6(0, (0, ))dé — / / Que (1, €)6 (1, y(t, €))dedt
R R, xR
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- /R (0, 2)6(0, ) d — / /R | Pt

Note that we do not have to restrict the domain in Lagrangian coordinates to
Ry x {& € R| ye(t,&) # 0}, since the integrand vanishes whenever y¢(t,&) = 0, and
therefore integrating in addition over the set Ry x {& € R | ye(¢,€) = 0} has no
influence on the value of the integral.

We now turn to the proof of , which is equivalent to showing

(6.10) (u? + p+ k2 + 2kp); + (u(u? + p+ k? + 2kp)), = (u® — 2Pu),,

in the sense of distributions. Using the change of variables = y(t,£) and Ug =
Uy © YYe We get

(6.11

)
//R+ xR u?¢y(t, x)dxdt

-/ / (0058, = 626,16, DU (1 U1, e, e
=[] 0 Omet.9) + 200 U Ot )0t (e )i
- // U3(t7 §)¢E(t, y(t7 f))dfdt
Ry xR
== [[ W0V - 209 Oue(t. Dot y(t. et
- // U (t,€)e (t, y(t, €))dédt
Ry xR
— u?(t, x)ug(t, x 2)dadt — Vot 2
! //R*XR (el ajott e //R+XR (t, 2)¢s (t, @) dwdt

N //R+ . 20 (t, &) Pe(t, §)o(t, y(t,§))dEdt.

Next
(6.12)

//RM]R bt (t, x)dp(t, v)dt = /A+XR¢t(t,y(t7§))h(t7§)d€dt
B //R @ty = dalt,y(t, )t IR E)dsdt

- // el )00ttt E)dedt = // U(t,E)h(t, &) b (t,y(t, €))dEdt
Ry xR R, Xk
= 7//111{ RQ(UQ(t,f) + %kﬁ — P(t,6))Ue(t, ) p(t, y(t, €))dédt
_// U(t,&)h(t, &) (t,y(t,&))dédt
R4 xR

=— // 2(u? + 1/62 — P)(t,x)uy (t, x)p(t, x)dxdt
Ry xR 2
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- / / w(t, @) (t, 2)dpa(t, ).
Ry xR
Since k(t) = k(0) we get

(6.13) // k2 (t, x)dxdt = 0.
R+ xR
Finally

(6.14)

/ / 2%t ) du(t, x)dxdt
Ry xR
_ / / 2k (t, €)bu(t, y(t, £))dédt
]R+><R

- // 2 OISy )i = dalty(t U . Oldgdt

- // O (1, €)1, y (1, €))dedt — / / O (, €YU (1,€) b (1, (1, €))dE
R4 xR Ry xR

— [[ 2evdw ooty e~ [[ okpt.opult, ) b, 0)dud
R4 xR Ry xR

_ / / W2, €) e (£, y(t, €))dedt — / / Wt 2)u(t, 2) b (. 2)dadlt
Ry xR R4 xR

-/ /R 2Rl 0)oults ) et J[ oottt a)ote.daar

R+ xR

Adding up the equalities (6.11)—(6.14)) proves (6.10)).
As far as (6.7]) is concerned, we observe that

/(ui + %) (t,x)dx = / (u? 4 p°)(t,x)dx = / h(t,€)d¢
R {w€R|u(t,{z})=0} {E€R ye (£,6)#0}
< [ nie.d¢ = [ dutt,a)aa.
R R
O

7. STABILITY WITH RESPECT TO THE INITIAL DATA

Already in [22] we showed that p has a regularizing effect and that wave breaking
is closely linked to the initial value of p. In particular, we showed that discontinuities
travel at finite speed although the 2CH system has an infinite speed of propagation,
see [26]. Moreover, we obtained that wave breaking can only occur at points x which
satisfy po(x) = 0. For completeness and to motivate assumptions that were made
throughout this paper, we recall this result here.

Given (u,p, ) € D, p € N and an open set I, we say that (u, p, ) is p-regular
on an open set [ if

u € WP(I), pe WP=1°(I) and jic = pon I.
By notation, we set W%°(I) = L>(I).
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Theorem 7.1. [22] Theorem 6.1] We consider the initial data (ug, po, tto). Assume
that (uo, po, o) is p-regular on a given interval (xg,x1) and

(7.1) po(z)? >e¢>0

for x € (xg,x1). Then, for any t € Ry, (u,p,u)(t,-) is p-regular on the interval

(y(t, &0), y(t,&1)), where & and & satisfy y(0,&) = zo and y(0,&1) = 1 and are
defined as

o =sup{¢ € R | y(0,€) <o} and & = inf{§ € R | y(0,€) > 21}

In the case of conservative solutions we have been able to prove in [22] Theo-
rem 6.3] that any conservative solution (u, 1) of the CH equation with initial data
(uo, po) such that 119 = pig ac can be approximated by smooth conservative solutions
(Uny Py pir) Of the 2CH system with p,,(0,2) # 0 for all z € R. Observe that the
approximate solutions of the 2CH system do not experience wave breaking.

In the context of dissipative solutions we cannot hope that we can approximate
dissipative solutions of the CH equation by solutions of the 2CH system which do
not enjoy wave breaking according to the definition of our metric in Lagrangian
coordinates. This is illustrated in Figure [2] Note that, in [22], we show the regu-
larizing effect of strictly positive p. This effect is also present in the example shown
in the figure because, for strictly positive pg, dissipative and conservative solutions
coincide and the second solution (dashed line) is C*°(R). However, po is small
and we also have numerical errors, so that the solution appears as if it contains
peaks. In that way, it looks very much like the conservative solution of the scalar
CH equation with initial data ug. The numerical scheme used to compute these
solutions is an adaptation of the scheme studied in [9] and the code is available at
[24).

Lemma 7.2. Given (u,p) € Hpoo(R) x L2 o
following vector
(7.2) Xe(@) = (2, (@), ¢, 1, uz(2), 13 (2) + p*(2), p(x), k),
then for g as in Deﬁm’tion we have g(X.(-)) — 1 € LY(R) and the following
holds:

(i) Given two elements (u1, p1) and (uz, p2) in Hooo(R) x L2«
(7.3)

meas({z € R | (p1(z) =0 and p2(z) # 0) or (p1(z) # 0 and p2(z) =0)}) =0,
then

(R), let us denote by X.(z) the

(R) such that

(7.4) lg(u1, p1) — g(ug, p2)llpr < C(llure —uzzll 2 + 191 = p2llL2),

where C' denotes a constant dependent on the L2(R)—n0rm of U1 g, Uz, P1, and pa.
(ii) Given any sequence (un, pp) in Ho oo (R)x L2, (R) which converges to (u, p)
in Hooo(R) x L2, (R) such that for alln € N,

const

meas({z € R | (po(z) =0 and p,(z) # 0) or (po(z) # 0 and p,(z) =0)}) =0,
then g(un, pn) — 1 converges to g(u, p) — 1 in L*(R).

Proof. We will only prove (4) since (7) is an immediate consequence of (7). We will
have to consider different cases and therefore we introduce the following sets:

0 = {z € R Jug(2)] +2/kp(2)| + 2 < 1+ ui(x) + p°(2), uz(x) < 0, and p(z) = 0},
Qo ={z R |1+ up(2) + p*(2) < |ue(@)] + 2/kp(2)] + 2, ux(2) < 0, and p(x) = 0},
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Qo = {z e R| 1+ ui(x) + p*(x) < |uz(2)| + 2|kp(x)| + 2,0 < ug(z), and p(z) = 0},
Qow = {z € R | Jug ()| + 2kp(x)| + 2 < 1+ u?(x) + p*(x),0 < uz(z), and p(z) = 0},
Q5 = {z € R | plx) £ 0},

Note that Qo U Qo U Qo = Qy. In addition we will denote the sets which
correspond to (u1, p1) and (ug, p2) by superscripts 1 and 2, respectively.
Observe that we have by the definition of ; for x € Q% i = 1,2, since 0 = p;+k;,

which implies that |u; o(z)| > 1 for ¢ = 1,2 and therefore
(7.5) meas({z € Q1}) + meas({z € QF}) < ||luy, I||L2 < 0.

(i) If 2 € Q° N QP = I3, then

l9(u1, p1)(x) — g(uz, p2)(2)|
= |(u1,2 + u2,2) (U120 — U2.2)(x) + (P1 + P2)(P1 — p2)(z)].
Thus, using the Cauchy—-Schwarz inequality, we obtain
(7.6)

; lg(u1, p1)(x) — g(uz, p2)(x)|dx

+ (o1l gz + 1920l 2) [|P1 = P2l 2 -

< (lvrellpe + lluzellp2) lure =
(i1) If x € Q1 N Q% = I, then we have
l9(u1, p1) (@) — g(uz, p2) ()] = |(u2,2 — ur.2) (@) + 2(p1 + p2)(P1 — p2)()],

and accordingly

(7.7)

1 lg(uy, p1)(z) — g(uz, p2)(z)|dx

< [ o = ua )@l + 2012 + el s = ol
2
< meas(l3)"? [Jus +2(llprll > + o2l 22) lor — P2l 2

< (lurellpe +lluzellp2) e = w2ell e + 201011 L2 + 172l L2) 151 = P2l L2
using (735).
(1) = € (N Q3_) U (Q_NQ32) = I3: Without loss of generality, we assume
x € Q1 NQ3_ (the other case follows similarly). Then,

lg(u1, p1)(x) — g(uz, p2)(x )I

= | —ura(z) + 277 (2) + 2= 1 — v} . (x) — 5 ()]

<|(ui, - um)( )+ (0 = p3) ()| + |—ud o (2) — wra(2) + pi (@) +1
=, — w3 ) (@) + (7 — 73) ()] + ui () +ure(2) — Pi(z) — 1
<(ui x = u3L)(@) + (71 = 3)(@)]

+u J( ) + u10(2) — pi(x) — 1+1+ﬁ§($) — up0(2) — u3 . ()
< 2|(uf o —u3 ) (@)] + 21(PF = 73)(@)] + ur.a(2) — uza(2)],
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and hence, using ([7.5)), we obtain
(7.8)

’ lg(u1, p1)(x) — g(uz, p2)(v)|dz

<3(llurell e + lluzell ) lur,e = w2l + 201P1 2 + P2l 2) 121 = P2ll 22 -
(iv) z € (Q} NO3,) U (D, NQF) = I;: Without loss of generality, we assume
z € Q1 NQ3, (the other case follows similarly). By assumption we have —uy ,(z)+
20t (2) +2 < 1+ ui,(2) + pi(z) and 1+ w3, () + p3(2) < uza(x) + 295(2) +2,
which implies that either
0 < g(u1, p1)(x) — g(uz, p2)(x)

= —u1a(2) + 201 (2) +2 = 1 - u3 ,(2) — p3(2)

< (Ul —u3,) (@) + (PT — p3) ()

< (U2 + uze) (U1 e — u2.2)(@) + (P2 + p2)(P1 — p2) (%),

or

0 < g(uz, p2)(x) — g(u1, p1)(x)
= L+ uz,(2) + p3(2) +ure(w) — 2 (z) - 2
< Uz,0(2) + 203(2) + w10 (z) — 263 (2)
< (ug,e — ur,0) (@) +2(p1 + p2) (P2 — 1) (@),
where we used in the last step that 0 < —uy ,(x) since z € Q1. Thus applying
yields
(7.9)

’ lg(u1, p1)(x) — g(uz, p2)(x)|dz

< (Jurellpe + luzellp2) ur.e —uzellp2 + 20101l L2 + 122l L2) 151 — P2ll L2 -
(v) z € (I NQ3,) U (Q, NQ2) = I5: Without loss of generality, we assume
z € Q{ NQ3, (the other case follows similarly). By assumption we have —u; ,(z) +
2p1(2) +2 < 1+ uf,(2) + pi() and upe(z) +2p5(x) +2 < 14 u3 ,(2) + p3(2),
which implies that either
0 < g(u1, p1)(x) — g(uz, p2)(x)

< —ura(2) + 277 (2) +2 = 13, (2) — p3(x)

< (uf, —u3,)(@) + (PT — P3)(w)

= (u1e +uze)(U1,e — u2,2) () + (P1 + p2)(P1 — P2)(2),

or

0 < g(uz, p2)(z) — g(u1, p1)(z)
=1+u3 . (2) + p3(2) + ur0(2) — 21(z) — 2
<uj ,(x) + py(z) — pi ()
< U p(u2,s — u1,e) (@) + (P1 + p2)(p2 — p1)(z),
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where we used in the last step that 0 < —uj yus (). Thus we get
(7.10

)
/I g, 1) = gz, po)) (0] do

< (lurallpe + lluzell o) lure — vzl + (192l L2 + P20l 2) 192 — P2l L2 -
Finally adding (7.6)—(7.10)), we end up with (7.4)). O

Lemma 7.3. Given a sequence (un,pn) in Hooo(R) x L2 o
to (u, p) in Hooo(R) x L2 (R) such that for alln € N,

const

meas({z € R | (po(x) =0 and p,(z) # 0) or (po(x) # 0 and p,(x) =0)}) =0,
then (un, pn, (uz , + p3)dx) converges to (u, p, (u2 + p®)dx) in D.

(R) which converges

Proof. First of all note that according to Lemma the function g(X.,) — 1 con-
verges to g(X.) — 1 in L*(R). Since the set of Eulerian and Lagrangian coordinates
and the mappings between them coincide with the ones used in [22], one can prove
everything as in [22, Lemma 6.4], except g(X,) — g(X) € L*(R). Thus we will
only show that g(X,,) — g(X) in L3(R).

Let X, = (Yn,Un,hn,m) and X = (y,U, h,7) be the representatives in Fy
given by of L(tn, pn, (up . + p3)dx) and L(u, p, (u3 + p*)dz), respectively and
assume that X,, — X in V. Abbreviate by b, = u. , + pp and b = u} + p* and
note that b, — b in L*(R). Since the measures (u2 , + p2)dax and (u2 + p*)dz are
purely absolutely continuous, we obtain that y¢(£) > 0 almost everywhere and in
particular

1 1
(7.11) Ye

— and ype=——
boy+1 N0 UmET g oy T

This implies in particular that g, o ynyne¢ = 9(Xen) © YnYne = 9(X,) almost
everywhere and g o yye 1= g(X.) o yye = ¢g(X) almost everywhere so that

(7.12)
9(Xn) = 9(X) = gn © YnYn.c — g ° yye
=(gnoyn(boy+1)—goy(bnoyn +1))Yeyn.e
= (9n O Yn — 9O Y)Yeln.g
+ (90 0 Y60y = bn oY) + (90 © Y — 9 ©Y)bn © Yn) Yeln -

We will study the first term on the right-hand side in detail and explain afterwards
how the other terms can be treated similarly. We have
(713)  (9no¥Un — 9°Y)YeUng = (9n — 9) © YnYeUn,e + (90 Yn — 9 ° Y)YeUn.c-
Using now the change of variables « = y,,(£), since y¢(§) < 1, we get

(7.14) 1(gn = 9) 0 yn¥eyn.ellzr < 1(gn — 9) o Ynmellpr < llgn — gl -
Since g € L'(R), we can find to any € > 0 a continuous function [ with compact
support such that ||g — || ;. < £/3. Hence we can decompose the second term on
the right-hand side of ([7.13)) into
(715)  (9oyn —goY)Yeyne = (90 Yn — Lo Yn)Yeyn.e

+(loyn —loy)yeyne + oy —goy)yeyn.e-
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By arguing as in ([7.14)), one can show that

2
(7.16) 1g o yn = Lo yn)yeynellps +11(goy —Loy)yeynells < 3.
Moreover, since y, — y in L°(R) and [ is continuous with compact support, we
obtain by applying the Lebesgue dominated convergence theorem, that oy, — loy
in L'(R) and thus we can choose n big enough so that

(7.17) IToyn —loy)yeynell < llloyn —loyll. <

w | m

Hence, we get that ||[(g 0 yn — g0 Y)Yeyn.ell < € so that
(7.18) Jim [[(goyn = 9o y)yeynel = 0.

As far as the second term on the right-hand side of is concerned, we observe
that g, oynyne < 2(ye+h) =2 and b, 0y, < h <1, so that we can follow the same
procedures as for the first term. Thus we finally obtain g(X,,) — g(X) in L'(R)
and since g(X,,) <2 and g(X) < 2 this implies g(X,) — g(X) in L*(R). O

Lemma 7.4. Let (un, pn, pin) be a sequence in D that converges to (u,p, ) in D.
Then

*

up, = u in L2 (R), Pn — P, k, -k eR,

*

fin = 1, 9(Xen) = g(Xe),
where X, and X, are defined by (7.2)), for (un, pn, pn) and (u, p, 1), respectively.

Proof. Since the set of Eulerian and Lagrangian coordinates and the mappings
between them coincide with the ones used in [22], one can prove everything as in
[22] Lemma 6.4] except for g(X..,,) — g(X.), which we will prove now.

We denote by X,, = (yn,Un, hn,7n) and X = (y,U, h,r) the representative of
L(tn, pn, ttn) and L(u, p, 1) given by . By weak-star convergence we mean that

(7.19) i [ g(X.)odo = [ g(X.)odo

n—oo R R

for all continuous functions with compact support. It follows from (3.20]), that
ye(§) = 0 implies that g(X (£)) = 0 and therefore

/R o(X. )b = /R o(X.)pdz

- / 9(X)$ 0 ydt = / 9(X) o y.
{EER|y#0} R

Similarly one obtains that fR 9(Xen)pdr = fR 9(X,)¢ o ypd€. Since y, — y in
L>(R) and y — Id € L*(R), the support of ¢ oy, is contained in some compact
set which can be chosen independently of n and, from Lebesgue’s dominated con-
vergence theorem, we have ¢ oy, — ¢oy in L?(R). Hence, since g(X,,) — g(X) in
L2(R),

(7.20)

(7.21) tim [ g(X,)00 unds = [ g(X)6 0 yde.
R R

n—oo

Combining all the equalities we obtained so far yields (7.19)). (I
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FIGURE 2. Computed dissipative solutions for initial data ug(z) =
ae*ﬁx(x —1)(z+1) and po(z) = ge=®/10 for £ = 0 (solid line)
and € = 0.01 (dashed line). The figures display the function u only.
When ¢ = 0, the function u solves the dissipative CH equation as
p will remain identically zero. In the case with € > 0, the fact that
po is strictly positive implies that no dissipation of energy takes
place. In contrast, in the case ¢ = 0, dissipation starts occurring
between the times ¢; and t5. Prior to that, pg is so small that we
cannot see the difference between the two solutions. However, the
solutions look very different for ¢ > ¢4, after the first solution has
experienced dissipation. This example show that the semigroup of
dissipative solution is not continuous with respect to p in a stan-
dard sense. This fact is reflected in the construction of our metric,
which completely separates initial data for which py vanishes and
initial data for which pg is strictly positive in the same region.
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