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Abstract 

There is a general scepticism regarding the use of lightweight aggregate concrete (LWAC) for structural 

applications. This concern is attached to the more brittle post-peak material behaviour and smoother crack 

surfaces of these concretes compared to normal density concrete (NWC). In this research, the post-peak 

material behaviour and the force transfer across cracks were considered to be unimportant, regardless of the 

weight of the concrete. The working hypothesis was that the three key material characteristics that generally 

dictate the ultimate response of concrete structures are: the large effect small secondary stresses have on 

compressive strength; the abrupt increase of transverse expansion at a stage close to, but not beyond, the 

peak stress level; and the rapid unloading of the material beyond the peak stress level. It follows from these 

features, that the strength, and especially the ductility, of structural concrete members depend on the local 

triaxial stress conditions that inevitably develop in the compressive zone just prior to failure, rather than on 

stress-redistributions due to post-peak material characteristics, as is commonly believed. In the verification 

process, results from experimental programmes reported in the literature were carefully examined using 

three-dimensional nonlinear finite element analysis. The somewhat lower ductility of LWAC members with 

decreasing density can be explained by a lower degree of stress triaxiality in the compressive zone compared 

to NWC. This seems to be a result of the often quite modest transverse expansion of LWAC concretes prior 

to failure and linked to a limited degree of microcracking within the material. Nevertheless, the load-carrying 

capacity of LWAC members is often similar to that of corresponding NWC members. The high strength-to-

weight ratio of LWAC compared to conventional concrete means that increased use of the material would be 

both economical and environmentally friendly. A better understanding of the ultimate behaviour of LWAC 

in compression and bending can help increase the use of LWAC in structural applications. 
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1 Introduction 

Lightweight aggregate concrete (LWAC) has been used as a construction material for many decades, 

normally with the aim of reducing the dead weight of structures. This allows the dimensions of the 

foundations of buildings to be reduced in areas with low bearing capacities, inertia actions are reduced in 

seismic regions, and it is easier to handle and transport precast elements. In large and advanced structures, 

such as high-rise buildings, bridges and offshore structures, it has been applied with great success [1-5]. Yet, 

even with the major advantage of its reduced weight and high strength-to-weight ratio compared to 

conventional concrete, the use of LWAC is still limited as a mainstream construction material in the building 

industry.  

 

The finite-element (FE) approach is a numerical method which can be used to assess the deformational and 

strength response for any geometry, boundary conditions and material during the entire loading history of a 

structure. It can be used in the design of new structures, especially those with complex geometries, or as an 

inexpensive alternative to experiments for the development of innovative and efficient building products and 

more accurate design rules, because it allows for a multitude of tests to be carried out numerically, with only 

a small number of laboratory tests needed to check the theoretical findings. These areas of application, 

however, have rarely been appreciated for concrete. The reason for this is at least two-fold. Firstly, concrete 

behaviour is often ‘tuned’ to specific types of structure, in which the material parameters must be ‘retuned’ 

depending on the problem type. Secondly, different analysts often obtain widely differing results when 

modelling the same structure using FE code due to the uncertainty connected with many of the material 

parameters going into the analysis [6-8]. This is awkward, since knowing the answer beforehand is almost a 

prerequisite for the success of the calculations. There are two main reasons for this lack of generality and 

objectivity when the FE method is applied to concrete structures. Firstly, the material models employed by 

many analysts do not realistically describe concrete as a material, and secondly, cracking of concrete can 

lead to numerical instabilities in the analysis if adequate precautions are not taken. In this respect, it is 

interesting to note that remarkably good numerical results have been reported when a brittle triaxial material 

model is used that takes into account the increased transverse expansion of the concrete prior to failure [9]. 

Unfortunately, anyone familiar with FE modelling of concrete structures knows that the common line of 



 

 

action is to use uniaxial models in which the post-peak material behaviour is characterised by a gradual loss 

of load-carrying capacity. Moreover, when triaxial material data actually are implemented in these models, it 

is normally without a proper description of the abrupt transverse expansion of the concrete prior to failure, 

which is what actually gives rise to the triaxial stress conditions in the structure. 

 

The majority of concrete researchers do not accept the assertion that concrete is a fully brittle material. 

Instead they rely heavily on the description of the post-peak behaviour of the concrete at the material level. 

In this respect, it is important to remember that the FE method works by breaking the structure into a finite 

number of elements, so that its overall deformational and strength response for arbitrary boundary conditions 

can be calculated through mathematical equations related to the behaviour of each individual element. What 

is needed, therefore, is a mathematical description of the response of a representative element of the material 

under well-defined states of stress. This means that the material data must have been established independent 

of any effects from the testing equipment. The neglect of this requirement is probably the main reason for the 

lack of a proper understanding of concrete at both the material and the structural level. If this is true, this 

must inevitably hamper the development of rational design rules and generally valid FE models for concrete. 

To make a leap forward in structural concrete research, it was therefore considered to be of crucial 

importance to first evaluate whether concrete really behaves as it is assumed to do, both as a material and in 

a structure. 

 

Many consider the major disadvantage of LWAC to be its brittleness in compression at the material level 

compared to normal density concrete. The requirement of adequate strength, which can easily be fulfilled 

with lightweight concrete, is not the only design criterion, because adequate ductility is essential for safety in 

overload situations [10-13]. Ductility is of great importance in the redistribution of forces, and is also a major 

consideration in the design of structures in seismic areas.  It is possible to achieve ductile structures by 

adjusting reinforcement ratios and proper detailing. However, some structures, e.g. large offshore shell 

concrete structures, are often heavily reinforced to satisfy other criteria than ultimate capacity. In such cases 

the brittle behaviour of concrete needs to be considered. The assumed limited post-peak behaviour of LWAC 

can help explain the limited use of the material, and requests for energy dissipation and/or controlled 

behaviour after peak load can therefore exclude LWAC as the preferred material. The main objective of this 



 

 

research was to increase our understanding of the ultimate response of LWAC members in compression and 

bending [14].The background was that the common explanations for the differences between LWAC and 

NWC were not entirely satisfactory. Very often the experimental results seemed to be in conflict with the 

current way of thinking [15]. The hypothesis underlying this study was that the three key material 

characteristics that generally determine the ultimate response of concrete structures are: the large effect small 

secondary stresses have on the compressive strength; the abrupt increase of the transverse expansion at a 

stage close to, but not beyond, the peak stress level; and the rapid unloading of the material beyond the peak 

stress level. It follows from these features that the strength, and especially the ductility, of structural concrete 

members depend on local triaxial stress conditions that inevitably develop in the compressive zone prior to 

failure, rather than on stress-redistributions due to post-peak material characteristics, as is commonly 

believed. This hypothesis has previously been used with success to explain and predict the behaviour of 

NWC members in the ultimate limit state [16, 17]. This research aimed to find out whether it can be used to 

explain the experimental results that seem to be in conflict with the current theoretical understanding of the 

ultimate response of LWAC members. So the main goal of this work was to investigate the explanatory 

power of the alternative hypothesis when applied to LWAC. In this respect, a large variety of experimental 

data reported in the literature were examined. Existing triaxial strength data were used as the basis for the 

development of a novel failure criterion taking into account the density of the concrete. Finally, a three-

dimensional nonlinear FE model with the proposed failure criterion was developed for the verification of the 

hypothesis. 

 

2 Fundamental behaviour of concrete at material level  

2.1 Underlying reasons for the differences between LWAC and NWC 

Aggregates make up the highest volume fraction in a concrete. The primary reason for mixing aggregate with 

cement paste is to reduce the cost of the material, since aggregates are cheaper than cement. Moreover, 

aggregates reduce shrinkage and creep, give better volume stability in the concrete, and enhance its 

durability. In NWC, the strength of the aggregate is rarely a problem, and the properties of the aggregates 

therefore do not determine the performance of the concrete. The lower overall density of LWAC is achieved 



 

 

by replacing the conventional gravel aggregates with lighter and, therefore, softer and weaker types. So the 

aggregates in LWAC are more prone to affect the performance of the concrete, and will in many cases 

become the decisive factor. The porous nature of the lightweight particles means that the cement paste tends 

to penetrate inside the aggregates, resulting in little or no transition zone between the component phases. So 

what primarily sets LWAC apart from NWC is: a lighter, softer and weaker aggregate compared to the 

mortar, combined with an often higher bond strength between these two components. 

 

Concrete can be separated into two classes determined by the properties of the two components, aggregate 

and mortar [18]. In the first class of concretes, including ordinary NWC and some lightweight concretes, the 

concrete composite can be considered as a two-phase material in which stiffer and stronger particles are 

embedded in a softer and weaker matrix. The short-term strength is a function of the strength of the mortar 

only, which predominantly depends on the water-cement ratio of the mix and the strength of the cement. In 

the second class of concretes, where softer and weaker particles are embedded in a stronger and stiffer 

matrix, the influence of the aggregates on the strength must be taken into account. The effect of the 

aggregates on the overall compressive concrete strength can be evaluated by comparing the relationship 

between the strength of the mortar and the strength of the concrete made with this mortar, as illustrated in 

Figure 1. 

 

 

Fig. 1. Relationship between the strength of the mortar and of LWAC made with the same mortar. 

 



 

 

Up to a certain limit, the compressive strength of the concrete will be governed by the compressive strength 

of the mortar. The limit marks the shift from what can be defined as a class one to a class two concrete. 

Below the limit strength, a lightweight concrete behaves in the same way as an ordinary concrete. However, 

above the limit strength, the stress distribution within the concrete will be different due to the inversion of 

the stiffness characteristics of the component phases, with the mortar now sustaining a greater part of the 

load as illustrated in Figure 2. The final failure of the class two concretes will be initiated by the splitting of 

the aggregates, as a result of their lower strength and the effect of the tensile stress concentrations now being 

located immediately above and below the aggregate particles. When the tensile stress concentrations exceed 

the strain-energy capacity of the material in these regions, microcracks propagate into the mortar. More 

external load can be applied to the concrete only if the stress that can no longer be transferred across the 

crack can be redistributed. If the bond between the aggregate and the cement-mortar is strong enough, the 

diverted stress can be taken up by the aggregate. This is why the propagation of microcracks into the mortar 

increases the stress to be taken up by the aggregate, which eventually fails by splitting when its tensile 

strength is exceeded. Concrete made of a certain type of aggregate can be made progressively stronger by 

increasing the strength of the mortar. However, increasing the strength of the mortar can only compensate for 

the weakness of the aggregate up to a certain limit depending on the tensile strength of the aggregate. This 

strength value is referred to as the ceiling strength of the concrete. 

 

  

Fig. 2. Internal stress transfer in concrete under a compressive load [19]. 

 



 

 

An important implication of the above reasoning is that there is no clear-cut division between NWC and 

LWAC, and the best indication of the anticipated concrete behaviour seems to be given by the relationship 

between the relative strength and stiffness characteristics of the component phases of the particular concrete 

mix. 

2.2 Concrete in uniaxial compression 

It is widely believed that knowledge of the complete stress-strain curve under uniaxial compression, i.e. 

including the descending branch, is essential for structural analysis [20]. The descending branch is often 

termed the softening branch and describes the specimen’s gradual loss of load-carrying capacity after the 

peak load for increasing deformation. When the softening branch is steep, the specimen is said to behave in a 

brittle manner, whereas when the softening branch is nearly horizontal, the specimen is said to exhibit a 

nearly ductile behaviour. Figure 3 shows examples of stress-strain relationships for use in non-linear 

structural analysis according to Eurocode 2 (EC2) [21]. NWC is assumed to exhibit rather ductile behaviour, 

while LWAC is assumed to suffer a completely brittle failure regardless of its composition. This implies a 

sharp distinction between NWC and LWAC. This is unfortunate because it might prevent the use of quite 

straightforward lightweight mixes, e.g. using a strong lightweight aggregate to compose a concrete of 

relatively modest strength. For such mixes, it is hardly at all justifiable to treat LWAC as a different material. 

The highly linear stress-strain behaviour up to failure for LWAC is a result of little or no microcracking. 

 

 
 

Fig. 3. Stress-strain relationship for non-linear structural analysis for NWC and LWAC according to 

Eurocode 2. 

 

 

The complete stress-strain curve under uniaxial compression can be established from deformation-controlled 

tests when an energy-absorbing ‘stiff’ testing machine is used. Normally, tests are performed on cylindrical 



 

 

specimens that are twice as long as their diameter and loaded through rigid steel plates. At a stage close to 

but not beyond the peak stress level, visible cracks form in the direction of the applied load. These cracks 

will be limited to the central section of the specimen due to the confining stress in the end sections. The void 

formation caused by the cracks will therefore lead to a highly incompatible lateral deformation profile over 

the height of the specimen. As a response, internal forces develop which act so as to restrain the expansion of 

the central zone and, in contrast, increase the expansion of the end zones. The expanding forces eventually 

overcome the confining stress in the end zones, and when the strength criterion of the concrete in 

compression/tension is met, the cracks propagate into the specimen ends and trigger the ultimate collapse. 

This means that only the ascending portion of the stress-strain curve up to the minimum-volume level 

describes the deformational behaviour of an element of concrete under a well-defined state of stress. Tests 

where attempts have been made to reduce the friction between the loading plates and the specimen, 

demonstrate that the steepness of the descending branch increases as a function of the efficiency of the 

friction-reducing measures [22]. This effect can be clearly seen in Figure 4. 

 

 

Fig. 4. Load-deformation relationships established from cylindrical specimens, for various amounts of 

boundary restraint [23]. 

 

A great deal of the scepticism about the use of LWAC for structural applications is concerned with the 

steepness of the descending portion of the stress-strain curve in compression. However, according to the 

foregoing, the post-peak behaviour of any concrete should be described with a 90 degree slope of the 

descending portion of the stress-strain curve, irrespective of its composition. The various strain-softening 



 

 

branches that can be measured in the laboratory can be explained by the various sizes of the triaxially 

confined end zones. The depth of these zones will depend on the size, distribution and volume percentage of 

aggregate, and the stiffness of the aggregate relative to that of the mortar. For a fine-grained mix where the 

stiffness characteristics of the aggregate and the mortar are close together, the distance from the loaded 

boundaries required to ensure a nearly-uniform state of uniaxial compression will be smaller than that of a 

coarse-grained mix with incompatible stiffness characteristics of the component phases . For mixes where 

the stiffness characteristics of the component phases are brought closer together, either by decreasing the 

stiffness of the aggregate (LWAC) or by increasing the stiffness of the mortar, this means that the triaxially 

confined end zones will become smaller. Since it is the restraint from the end zones that gives rise to the 

post-peak behaviour, this will result in a downward shift of the descending portion of the stress-strain curves 

for these concretes.  

 

2.3 Concrete under multiaxial states of stress 

It is well known that confinement increases the ductility of concrete as well as enhancing its strength. 

Moreover, an active confinement from external stresses is more effective than a passive confinement 

mobilised by an opposing transverse deformation from the Poisson effect. Numerous researchers have 

investigated the confinement effect in concrete, both experimentally and theoretically [24-26]. This paper 

emphasises the effect of local triaxial stresses that inevitably develop in the compressive zone just prior to 

failure in the strength and especially the ductility of structural concrete members. This requires a proper 

description of concrete under multiaxial states of stress combined with a proper description of the increase of 

the transverse expansion of concrete close to the peak stress level [9]. 

 

Multiaxial material data can be obtained either by loading cubes between dry steel plates, lubricated steel 

plates, brush plates, or fluid cushions, or by adding a fluid pressure test to the standard uniaxial cylinder test. 

An international test programme found that the lateral boundary constraint was the main influence on the 

specimen behaviour [27]. This means that loading techniques that do not aim to eliminate shear stresses on 

the specimen surface should be disregarded altogether, i.e. dry rigid steel plates should not be used. The 

triaxial cylinder test is probably the best to use, because the deformational response can readily be obtained 

from strain gauges mounted onto the central zone subjected to a well-defined triaxial state of stress up to the 



 

 

minimum-volume level. The only drawback is that two of the principal stresses must at all times be equal, 

but this will rarely be an issue. A uniform strain in the contact zone of the loading device and the specimen is 

preferable, because what is sought is the overall response of specimens which are sufficiently large to 

represent the average properties of what is really a heterogeneous mix. 

 

A typical failure surface in the principal stress space is shown in Figure 5. In the axi-symmetric stress plane, 

the strengths are limited by an upper compression meridian and a lower tension meridian. It is interesting to 

note that complete stress-strain curves can be measured in the triaxial ‘compression’ tests, but not in the 

triaxial ‘extension’ tests [28]. This is believed to be a result of the different orientation of the crack 

propagation process in the two cases. Cracks always propagate in the direction of the maximum principal 

compressive stress and will therefore be orientated in the axial and transverse directions in these two cases 

respectively. 

   

 



 

 

Fig. 5. Typical failure surfaces in the principal stress, axi-symmetric and deviatoric plane. 

 

The response under multiaxial states of stress can be divided into three parts: the change in volume due to 

hydrostatic loading; the change of shape due to deviatoric loading; the change in volume due to deviatoric 

loading. In constitutive modelling of multiaxial states of stress, therefore, it is convenient to use an 

octahedral formulation. The octahedral coordinates are defined by a vector on the hydrostatic axis, , a 

vector in the deviatoric plane, , and the rotational variable on the deviatoric plane, , defined by: 

 3
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where I1 is the first invariant of the stress tensor and J2 and J3 are the second and third invariants of the 

deviatoric part of the stress tensor. Moreover, as an alternative to represent the failure criterion in the 

principal stress space, the octahedral stress space is often used as a coordinate system. The hydrostatic and 

deviatoric components of the stress tensor are then expressed in terms of the normal octahedral stress 0 and 

the shear octahedral stress 0, which are defined as: 

 0 0,    
3 3

 
     (2) 

Since concrete can be considered to be isotropic before the failure surface appears, i.e. sixfold symmetry of 

the failure surface can be assumed, the strength data from these load paths is sufficient to fully define the 

deviatoric plane. If such strength data can be determined for an adequate number of hydrostatic stress levels, 

mathematical expressions for the entire failure surface can be derived. The meridians represent the 

intersection curves between the failure surface and a plane containing the hydrostatic axis with  being 

constant. The state of stress on the meridians has two equal principal stresses. On the compressive meridian 

(º), they are greater than the third, on the tensile meridian (º) they are smaller.  

 

The advantage of adopting an octahedral formulation of the material data is that the same relationships can 

be used to express uniaxial, biaxial and triaxial concrete behaviour, i.e. the material model can be used to 

describe the behaviour of concrete under generalised states of stress [29]. The strength and constitutive 

relationships are obtained directly by fitting curves to material data from multiaxial tests. Obviously, this 

requires a lot of testing at the material level. For concrete, however, this seems to be the best option because, 



 

 

as stated in the CEB-FIP state-of-the-art report on finite-element modelling of reinforced concrete structures 

[6], ‘concrete is a complex and stubborn material that sometimes refuses to act according to accepted rules of 

mechanics’. So it can be argued that empirically fitted curves are preferable to the classical continuum 

mechanics formulations, because the latter seem to be too much of a straightjacket for the mathematical 

descriptions and do not seem to provide a sound theoretical foundation for the material behaviour. 

 

3 Alternative explanation for the failure of RC members 

3.1 Characteristic types of ultimate behaviour 

The most common way of investigating the behaviour of reinforced concrete (RC) members in bending is by 

loading simply supported beams symmetrically about the mid-section using two point-loads (four-point 

bending). This test method combines two test conditions: constant moment in the central section, and 

combined shear and flexure in the two end sections. Whether the moment capacity attained, Mc, reaches the 

full flexural capacity, Mf, of a given beam, depends on the amount of flexural reinforcement and on the ratio 

between the length of the shear span, a, and the effective depth of the beam d. The behaviour of beams 

without shear reinforcement can be divided into four distinct types depending on the a/d ratio, as illustrated 

in Figure 6. 

  

Fig. 6. Characteristic types of ultimate behaviour for beams without transverse reinforcement [30]. 

 



 

 

The non-flexural types of failure, apart from those associated with loss of anchorage or bearing failure in 

regions of point loads (which are usually prevented by proper detailing), are collectively referred to in the 

literature as shear failures (also in this paper). The reason for this is that they generally occur only if there is 

a shear force present, and they are normally characterised by diagonal cracks in the shear spans. Nonetheless, 

this term is somewhat misleading, since it gives the false impression that failure occurs when the shear stress 

exceeds the shear capacity of the concrete at a critical cross-section. That this is not the case was pointed out 

by P.M. Ferguson as long ago as 1952 [31], when he conclusively demonstrated that the shear stress at 

failure very much depends on the a/d ratio. 

 

The response of the beams in Figure 6 beams forms a comb-like structure in which the uncracked concrete in 

compression forms the backbone of the comb. The hypothesis of this paper is that the four types of ultimate 

behaviour can be explained by the stress conditions in the compressive backbone of the beams, denoted by 

the compressive force path (CFP) [32], see Figure 7. Failure of the CFP is most likely due to development of 

secondary tensile stresses. Such stresses may develop for a variety of reasons, the main ones being related to 

changes in the direction of the CFP, the varying intensity of the compressive stress field along the CFP, bond 

failure, or stress concentrations at the tips of inclined cracks. 

 

Fig. 7. The compressive force path. 

 

Type I failures typically have a flexural crack in the middle portion of the beam that penetrates deep into the 

compressive zone. This intensifies the compressive stress and increases the transverse expansion in a 

localised region of the CFP, which for equilibrium and compatibility reasons results in longitudinal splitting 

of the adjacent concrete when the strength of the concrete in a compression-tension-tension zone is 

exceeded. This type of failure is typical for a/d ratios greater than 5 and will be of the desired flexural type. 

 



 

 

Type II failures are characterised by the flexural crack closest to the support turning into an inclined crack 

which immediately propagates nearly horizontally into the compressive zone towards the point load. The 

crack might also propagate along the tensile reinforcement towards the support, destroying the bond. This 

might lead to an anchorage failure. These effects result in a sharpening in the kink of the CFP in the region 

of the tip of the inclined crack, which for equilibrium reasons produces a tensile stress resultant. This tends 

to pull the compressive zone apart between the tip of the inclined crack and the top face of the beam. 

Another cause of the near horizontal splitting of the compressive zone might be the large tensile stresses that 

act at the tip of the inclined crack. Moreover, a local loss of bond between the flexural reinforcement and the 

concrete can also induce tensile stresses in the CFP, because the new equilibrium condition then requires the 

nearby flexural crack to lengthen, which boosts the compressive stress in a localised region of the CFP, 

which as a response induces tensile stresses in the adjacent regions. These types of failure are typical for a/d 

ratios between 2 and 5 and will not be of the desired flexural type. 

 

Type III failures have a deep inclined crack that initiates at the bottom face near the support and propagates 

towards the point load. Unlike the inclined crack characterising Type II behaviour, this does not lead to 

immediate failure. Instead, further load can be applied until the concrete adjacent to the tip of the inclined 

crack splits in the longitudinal direction as a response to the large transverse expansion of the highly stressed 

region above the crack tip. This kind of failure is typical for a/d ratios between 1 and 2 and will be of the 

undesired non-flexural type, because the inclined crack penetrates deeper into the compressive zone than the 

flexural crack causing Type I failure. The full flexural capacity of the beam can be obtained by locating 

transverse reinforcement in the region of the shear span.  

 

Type IV failures are characterised by an inclined crack that initiates within the beam web almost half way 

between the load and support and at a load level well below the load-carrying capacity. This crack 

propagates simultaneously towards the load point and the support with increasing load and eventually causes 

failure due to a sudden extension of the crack in both directions. This kind of failure is typical for a/d ratios 

below 1 and is brittle, although the full load-carrying capacity is normally achieved. For larger beam sizes, 

failure can instead be caused by inclined cracks penetrating deep into the compressive zone in the middle 

portion of the beam. The failure mechanism here is the same as for the Type III behaviour, but the failure 



 

 

will be flexural because the cracks do not propagate any deeper than the flexural cracks characterising Type I 

behaviour. 

 

The above description of various types of failure is based on tests of NWC members. The question remains 

whether LWAC members act in a similar manner. This question is examined in the following for failure 

Types I, II and III, by carefully investigating experimental data from the literature. 

 

3.2 Flexural failure 

The behaviour of slender RC beams subjected to gradually increasing load is thought to be well known, but 

an alternative explanation based on the properties of concrete under multiaxial stress may better describe the 

behaviour observed. Figure 8 shows a typical cracking pattern for a flexure failure. At a load level close to 

failure, there is a dramatic increase in the compressive stress in localised regions above the bending cracks, 

partly due to the increase in load, but mainly as a result of the reduced area of the compressive zone. The 

concrete in these regions will therefore expand far more than the concrete in the adjacent regions. This is a 

result of the distinct increase in the Poisson’s ratio of the concrete as failure is approached. Strain 

compatibility and static equilibrium then require confining stresses in the highly stressed regions and tensile 

stresses in the adjacent regions which do the restraining. This must inevitably influence the response of the 

beam, since the compressive load-carrying capacity of concrete is extremely sensitive to even small 

secondary stresses. Compressive stresses increase the load-carrying capacity considerably, while tensile 

stresses have a dramatic and opposite effect. This means that the development of secondary stresses allows 

for bending stresses far in excess of the uniaxial strength in regions above deep cracks at the expense of the 

strength of the concrete in adjacent regions.  

 

Fig. 8. Typical flexural failure of an RC beam. 



 

 

The large strains that can be measured on the compressive face of a flexural RC member seem therefore to 

be a result of the development of compressive stresses in excess of the uniaxial strength rather than stress 

redistributions due to post-peak stress-strain characteristics, as is commonly believed. The fact that the 

compressive zone shows no visible sign of distress until the moment of structural collapse strongly supports 

this claim. If the stress conditions in the compressive zone really were uniaxial during the entire loading 

range, cracks would be expected to occur in the beam’s top face when the strain in the axial direction 

exceeds 0.002, which is the typical strain level at cracking in uniaxial cylinder tests. Instead, the formation of 

longitudinal cracks occurs at the moment of structural collapse in the zones adjacent to the deepest flexural 

crack, as illustrated in Figure 8, which is highly suggestive of a tensile failure in these regions. Concrete 

crushing is then merely a post-failure phenomenon caused by the loss of restraint previously provided by the 

adjacent concrete. 

 

In view of the above, the ductility of bending RC members should depend on the local triaxial stress 

conditions that develop in the compressive zone just prior to failure. A high degree of stress triaxiality in the 

compressive zone will result in large local compressive strains that form local ‘hinges’ that can account for 

the overall ductility of the member. The often limited ductility of LWAC members seems therefore to be due 

to a low degree of stress triaxiality in the member due to a smaller transverse expansion of the concrete prior 

to failure. For LWAC mixes close to or at the ceiling strength, it can also be supposed that concrete crushing 

of the highly-stressed region above the deepest crack precedes tensile splitting of the adjacent regions, as a 

result of the smaller triaxial strength gain for these types of mixes. 

 

To support the above argumentation, strain distributions from an experimental programme found in the 

literature [33] were investigated. The programme included simply supported NWC and LWAC beams, both 

under-reinforced and over-reinforced, and subjected to four-point loading with an a/d ratio of 5. Figure 9 

shows the longitudinal compressive strains on the top surface of the constant moment region for some of the 

beams tested. This shows that the localisation of strains took place in regions above deep flexural cracks just 

prior to failure at about 90% of the load-carrying capacity of the beam. This is fully in agreement with the 

failure mechanism put forward above, where local triaxial stress conditions and therefore large local strains 



 

 

are expected to develop above deep cracks. The localisation of strains in the compressive zone of bending 

RC members prior to failure is generally acknowledged by the research community, but it is normally 

associated with the post-peak stress-strain characteristics of the material. Figure 9 also shows that the strain 

concentrations in the compressive zone were generally less pronounced for the over-reinforced beams, 

especially for the LWAC beam. This is probably a result of the limited degree of stress triaxiality in these 

members due to a low bending moment gradient and a small transversal expansion of the concrete prior to 

failure. 

 

 

  

Fig. 9. Longitudinal compressive strain profile [33]. 

 



 

 

This means that no experimental uniaxial stress-strain curve can realistically describe the response of the 

concrete in the compressive zone as failure is approached, for the simple reason that the stress conditions in 

the compressive zone will then no longer be uniaxial. The effort put into measuring the post-peak branches 

of the stress-strain curves may therefore very well be wasted, since these parts of the curves can at best only 

provide indirect information about the expected material response. Nonetheless, empirically-fitted uniaxial 

models seem to be the only practical method for carrying out simple hand-calculations, and these models are 

able to predict the behaviour of standard members very well. However, FE analyses should be aimed at 

achieving a material description that captures all the essential features governing the structural response, 

which, in the case of concrete, means taking the triaxial effects adequately into account. 

 

The test programme also measured the transversal strain on the top face of the beams and in cylinder tests. 

Figure 10 presents typical relationships found between longitudinal and transversal strains. It shows that, for 

a given longitudinal compressive strain, the corresponding transversal tensile strain is higher for the over-

reinforced beams than for the under-reinforced ones. This means that the restraint of the highly stressed 

regions is less in the former case. This seems to reflect the fact that the curvature of the over-reinforced 

beams is smaller – an effect that has been found to significantly decrease the degree of stress triaxiality in the 

compressive zone. 

 

 

Fig. 10. Relationship between longitudinal and transversal strain [33]. 

 



 

 

Strain data from the beam tests revealed very high curvatures in the ‘plastic’ regions above deep flexural 

cracks prior to failure. The large curvatures in these regions seemed to result in a relatively large vertical 

component in the longitudinal compressive force, whose effect on the concrete behaviour could not be 

neglected. The low degree of stress triaxiality in the compressive zone of the over-reinforced beams may 

therefore be a result of a low beam-bending curvature. Moreover, the compressive zone will be larger in 

these beams. This means that the variation in the transverse expansion along the beam axis will be less 

pronounced, which also seems to result in a lower restraint of the highly-stressed regions and therefore a 

lower degree of stress triaxiality in the compressive zone. 

 

Figure 10 also compares the beam strains with typical axial strain-lateral strain relationship obtained from 

standard uniaxial cylinder tests. The two distinct portions of the cylinder test curve correspond to the 

ascending and the descending branches of the axial stress-axial strain and axial stress-lateral strain curves 

respectively. This comparison demonstrates quite conclusively that while the ascending portion of the stress-

strain curve describes the deformational behaviour of an element of concrete in the compressive zone of a 

bending RC member fairly well, the descending portion does not. The reason for this must be the triaxial 

stress conditions that develop in the compressive zone prior to failure. 

 

3.3 Non-flexural failure 

There is still no generally accepted rational theory for predicting the strengths of RC members that suffer 

non-flexural failure. It is commonly believed that the shear capacity of RC members without stirrups is made 

up of contributions from the uncracked concrete in the compressive zone, aggregate interlock, and the dowel 

action of the flexural reinforcement crossing the cracks. According to tests by Fenwick and Paulay, the size 

of these contributions can be taken as approximately 20% for the uncracked concrete in the compressive 

zone, 20% for the dowel action, and 60% for the aggregate interlock [34]. However, there are several 

arguments indicating a negligible contribution from the two latter mechanisms. These arguments can be 

summarised as follows: 

1. The conviction that aggregate interlock makes the most significant contribution to the ‘shear’ 

capacity is, to a large degree, based on the tests by Fenwick and Paulay [34]. In these tests, pre-



 

 

formed cracks were cast into RC beams below the neutral axis by pre-inserting sheet metal strips in 

the forms. This was done to eliminate the transfer of forces across the cracks. Since this reduced the 

load-carrying capacities of the beams by about 30% compared to similar beams without pre-formed 

cracks, it was concluded that the contribution from aggregate interlock had to be responsible. 

However, numerical simulations, where the effect of aggregate interlock has been neglected, have 

indicated that the mere introduction of pre-formed cracks might cause the load-carrying capacity to 

decrease by a similar amount. This puts the conclusion from the work of Fenwick and Paulay and 

other similar experiments into question. 

2. The contributions from aggregate interlock and dowel action can only be effected by shear 

deformation of the crack surfaces. This contradicts the fundamental crack mechanism of concrete. 

Cracks propagate in the direction of the maximum principal compressive stress and open up in the 

orthogonal direction. This means that no significant shear deformations between the crack surfaces 

are likely before failure. 

3. The contribution from aggregate interlock is only relevant after the concrete in the compressive zone 

has cracked, because the stiff compressive zone before cracking is likely to sustain the entire shear 

force. The contribution from aggregate interlock must therefore be negligible as long as the 

compressive zone remains uncracked. This means that the contributions of the uncracked concrete 

and the aggregate interlock cannot be added together. 

4. According to Reinhardt and Walraven, aggregate interlock is ineffective after the crack width 

exceeds about 1mm [35]. However, ‘shear’ tests of RC beams without transverse reinforcement have 

shown that the load-carrying capacity can increase significantly even after crack widths greatly 

exceed 1mm [36]. 

5. The cracked surfaces are smoother in LWAC members than in NWC members. This means that if 

aggregate interlock really was the main contributor to the ‘shear’ resistance, we would expect that 

the load-carrying capacity of lightweight ‘shear’ beams would be poor. However, the load-carrying 

capacity of such members is often as good, nearly as good, or even better than that of their normal-

weight counterparts [37]. 

6. Reinforced concrete T-beams with a web width significantly smaller than that generally considered 

to provide adequate shear resistance can still achieve full flexural capacity [36].  



 

 

7. The contribution from dowel action must be a function of the stiffness and therefore the diameter of 

the steel bars. However, ‘shear’ tests of RC beams where the diameters of the steel bars have been 

varied, while the total cross-sectional area and the centre of gravity of the bars has been kept 

constant, have not shown any reduction in load-carrying capacity with decreasing bar diameter [38]. 

 

From the above reasoning, it can be concluded that the uncracked concrete in the compressive zone is the 

main contributor to the ‘shear’ capacity of RC members, with the mechanisms of aggregate interlock and 

dowel action being small enough to be neglected. This explains why the shear stresses increase considerably 

in cross-sections above deep cracks when cracks penetrate deep into the compressive zone. However, the 

compressive zone does not suffer any visible signs of distress until the moment of structural collapse, even 

when the cracks penetrate very deeply into the compressive zone. This can be explained by the triaxial 

stresses that inevitably develop above deep cracks. The vertical component of the triaxial stress state will 

counteract the tensile stresses in the compressive zone. This allows for shear stresses far above those 

normally expected to be sustained by the compressive zone. 

 

From the description of failure types in Section 3.1, the load-carrying capacity of LWAC and NWC 

members can be expected to be rather similar in most cases. This is because RC members are very much 

prone to fail by violation of the strength criterion of the concrete in the compressive/tensile regions of the 

compressive force path, for which the differences are assumed not to be substantial. However, the load-

carrying capacity of heavily reinforced Type III beams made of low density concrete can be expected to be 

low. This is due to the degree of stress triaxiality, which tends to decrease with decreasing density with a 

corresponding decrease in triaxial compressive strength, so that regions above deep cracks might fail 

prematurely due to concrete crushing. This will be most critical for the Type III beams, because the inclined 

cracks then tend to penetrate very deeply into the compressive zone at a load level well below that 

corresponding to the yielding of the flexural reinforcement. 

 

Results from tests on RC members made of LWAC that were carried out at SINTEF [39, 40] were used to 

evaluate the above hypothesis. The results were also compared to results from similar tests of NWC beams 



 

 

conducted at the University of Toronto [41]. The Toronto tests were studied over a wide range of a/d ratios, 

and the ‘shear valleys’ in Figure 6 were found to be almost independent of the strength of the concrete. 

 

Figures 11 and 12 compare the ‘shear valleys’ from the Toronto tests with 1.88 and 2.80% steel with the 

relative strengths of the SINTEF beams with 1.8 and 3.0% of steel respectively. These steel percentages are 

similar enough to provide an adequate comparison, and this seems to show that the working hypothesis is 

correct. For the Type II failures, where the strength of the concrete in compression/tension or the steel-

concrete bond strength is considered to be important, no alarming differences can be seen. In fact in many 

cases, the LWAC beams perform better than their normal-weight counterparts. Perhaps this was due to a 

better bond between the concrete and the reinforcement, since this tends to influence the stress conditions in 

compressive zone in the region above. However, in the case of the Type III failures, the relative strength of 

the LWAC beams, especially the heavily reinforced ones with the lowest density, falls below that of their 

normal-weight counterparts. This means that the flexural reinforcement is far from having reached its yield 

strain when the load-carrying capacity of the beams is reached. This means that it would be very difficult to 

achieve a ductile beam failure in these cases. It would necessarily require a large amount of additional 

transverse steel, whose weight would necessarily cancel out a substantial part of the weight saving from the 

reduced density of the concrete.  

 

As a last remark, it should be noted that the above reasoning does not shake the validity of current design 

rules, since these are concerned with the inclined cracking load and not the ultimate load-carrying capacity of 

the members. But it might have some consequence for the ductility of RC members under possible overload 

conditions, such as earthquakes. 

 



 

 

 

Fig. 11. Relative beam strengths for various a/d ratios for 1.8% longitudinal reinforcement compared to 

Kani’s valley [41]. 

 

 

Fig. 12. Relative beam strengths for various a/d ratios for 3.0% longitudinal reinforcement compared to 

Kani’s valley [41]. 

 



 

 

4 Material model for NLFEA 

4.1 Constitutive relation 

As part of the verification and exploratory process to get a better understanding of the behaviour of LWAC, 

nonlinear finite element analyses (NLFEA) were carried out. The working hypothesis in this research 

focused on the importance on the triaxial stress conditions in compressive zones and the rapid unloading of 

the material beyond the peak stress level. The present work was therefore based on a brittle fully triaxial 

material model for concrete in order to describe the non-linear deformational response to an increasing state 

of stress. This model has previously been implemented in a smeared, non-orthogonal, fixed cracking 

framework by several authors [17, 42, 43]. The material model was derived by curve-fitting of deformational 

data from axi-symmetric tests. It is based on the following assumptions: 

 Under hydrostatic stress (o), concrete only develops hydrostatic strains (oh). 

 Under deviatoric stress (o), concrete develops both deviatoric (o) and hydrostatic strains (od). 

 The deviatoric stress-strain relationships (o − o) are independent of the hydrostatic stress applied. 

 The influence of the rotational variable  is negligible. 

According to these assumptions, the stress-strain relations can be written in the following form: 
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where id(o,o,fc) is an equivalent hydrostatic stress that accounts for the coupling between deviatoric stress 

and hydrostatic strain, and Ks(o,fc) and Gs(o,fc) are the secant bulk and shear moduli when this coupling is 

ignored. Expressions for Ks, Gs, and id were derived by curve-fitting of uniaxial, biaxial and triaxial data, 

and can be found in [44]. The material model defined by Equations 3 and 4 deviates from isotropic nonlinear 

elasticity only by the hydrostatic correction term. The constitutive relation describing the state of strain 

corresponding to any state of stress is therefore equivalent to the following relationship in global directions: 
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where ij is the Kronecker delta, and Es(o,o, fc) and νs(o,o, fc) are the Young’s modulus and Poisson’s ratio 

from the standard elastic expressions. 

 

4.2 Density-dependent octahedral failure criterion 

In its original form, the failure criterion in the constitutive relation described in the previous section was 

valid for NWC and given for the compressive meridian (º) and the extension meridian (º) as: 
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Furthermore, the meridians for any  intermediate between 0º and 60º can be described by the interpolating 

function according to William and Warnke [45]. So, assuming sixfold symmetry, i.e. isotropic behaviour, 

once the variations of oc and oe, with o have been determined, the entire failure surface is defined. 

 

The validity of the criterion was extended by proposing a density-dependent failure criterion for LWAC. A 

full description and derivation of this criterion can be found in [14, 46]. The derivation was based on strength 

data from a test programme for concretes of varying densities [47]. The following modification is proposed 

for the k-factors in Equations 6 and 7, making them functions of the density of the concrete  through second 

degree polynomial expressions: 
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Figure 13 shows normalised failure envelopes in the axisymmetric stress plane and the corresponding 

complete failure surfaces in the three-dimensional stress space. Normalised results usually lead to strength 

data that tend to fall onto a single curve. This is a very convenient feature, since it allows the failure 

envelopes to be individually expressed as a function of fc. However, as the density of the concrete decreases, 

the envelopes deviate toward the hydrostatic axis. So, to capture the behaviour of lightweight concretes, the 

effect of the increased porosity of the aggregates must be part of the failure criterion. To close the surfaces in 

tension, the tensile hydrostatic stress is limited to 0.05fc. As the figure shows, the shape of the failure surface 

in the deviatoric plane changes from almost triangular for low hydrostatic stresses to approximately circular 

with increasing hydrostatic pressure. This means that the state of stress at failure become less dependent on 

the rotational variable . This is probably due to the strength being limited by the compressibility of the 

aggregate. This is confirmed in Figure 14, where the failure envelopes are compared to strength data from a 

test programme in the octahedral stress plane [47]. This kind of representation shows that the compressive 

meridian and the tensile meridian of the failure surface generally do not coincide, with the tensile meridian 

normally being closer to the hydrostatic axis. This indicates that the strength of concrete is not merely a 

function of the state of stress at failure (; ), but also depends on the load path taken to reach that 

particular combination of stresses. However, the envelopes tend toward a single curve as the hydrostatic 

stress component increases and the density of the concrete decreases. 

 



 

 

  

Fig. 13. Failure envelopes in the axisymmetric stress plane according to the proposed density-dependent 

octahedral expressions and the corresponding complete failure surfaces. 

 



 

 

Fig. 14. Comparison of strength data with the proposed density-dependent failure criterion. 

 

4.3 Cracking 

Crack formation in the material model is represented by setting the modulus of elasticity to zero 

perpendicular to the crack plane and by reducing the shear modulus of the cracked Gauss point to a small 

value. This type of crack modelling, by altering the stiffness of the Gauss points, is referred to as smeared 

cracking, since the effect of cracking will be smeared over the entire region corresponding to the Gauss point 

for which the cracking criterion is exceeded. As argued in Section 3.3, the effect of aggregate interlock on 

the shear resistance is considered to be negligible. So, it would be more realistic to set the shear moduli of 

cracked concrete to zero. However, this would almost certainly lead to numerical instability in a brittle 

model. The shear modulus across the planes of the cracks was therefore defined by multiplying the 

uncracked values by a constant shear retention factor equal to 0.1. This value was considered to be large 

enough to promote stable numerical analyses, while at the same time being small enough to represent a 

nearly negligible effect from aggregate interlock on the load-carrying capacity. 

 

5 Indications for triaxial failure and brittle material behaviour 

The alleged difference in the ultimate limit state behaviour of NWC and LWAC structures is usually 

ascribed to the following features. Firstly, cracks tend to run through rather than around the aggregates in 

LWAC. This results in fewer contact points between the cracked surfaces and is therefore deemed to affect 

the forces that can be transferred across cracks through aggregate interlock. Secondly, the descending portion 

of the stress-strain curves in deformation-controlled tests is steeper for LWAC specimens than for NWC. 

Yet, despite these alleged differences in material behaviour, similar structural forms made of concretes with 

varying densities but the same compressive strength exhibit a similar or a nearly similar response. At least, 

this is the case in the upper density range for which most tests have been conducted. So, it seemed worth 

examining whether the working hypothesis in this research can better explain the seemingly surprising 

results. Three topics were picked out for further investigation: the shear resistance of beams with transverse 

reinforcement; the relationship between flexural and direct tensile strength; and the ductility of eccentrically 

loaded concrete prisms. The arguments are backed up by numerical results from nonlinear FE analyses using 



 

 

the material model described in Section 4. It is important to emphasise that the concrete finite elements were 

never made smaller than 2-3 times the maximum size of the aggregate in the mix. This was because the 

material characteristics in the numerical model are derived from specimens which are sufficiently large to 

represent average properties of what is really a heterogeneous mix. 

 

5.1 Shear resistance of beams with transversal reinforcement 

In design codes, the assessment of shear resistance in concrete beams requiring transverse reinforcement has 

invariably been based on truss analogy. The diagonal struts are often allowed to rotate down to angles at 

20º. This small strut inclination activates a larger number of stirrups and therefore increases the shear 

resistance. The feasibility of the concrete struts rotating to such low angles depends on the redistribution 

capacity in the web and should therefore be a function of the effect of aggregate interlock and the steepness 

of the descending portion of the stress-strain curve in compression (or more precisely, in combined 

compression and tension). So, according to the variable strut inclination method, the rotational capacity of 

the concrete struts for beams made of LWAC would be expected to be significantly lower than that of their 

NWC counterparts. However, this does not accord with experimental results, where hardly any difference in 

behaviour is observed [37]. This has been explained by the irregular shape of the cracks in the lightweight 

members where, despite their broken aggregates, alternative contact points between the crack surfaces are 

considered to be able to develop. This might be a plausible explanation. However, if aggregate interlock is as 

important as it is claimed to be, at least some difference in behaviour would be expected to occur as a result 

of the distinct reduction in contact points between the crack surfaces. Furthermore, no explanation has been 

put forward to explain the lack of influence of the increased steepness of the descending portion of the stress-

strain curve in compression. 

 

In contrast, according to the hypothesis of this research, both the load-carrying capacity and the failure 

mechanism of an RC beam at its ultimate state are related to the region containing the compressive force 

path that develops due to bending, along which the applied load is also assumed to be transferred to the 

supports. So, the uncracked concrete in the compressive zone is considered to be the sole contributor to the 

shear resistance of the beam. The neglect of the effects of aggregate interlock and dowel action, which are 



 

 

normally assumed to be vital for shear resistance, is deemed to be compensated for by the development of 

triaxial stress conditions in localised regions above deep cracks. This delays the development of tensile 

stresses caused by the shear forces. The degree of shear force required to cause failure in the compressive 

zone will therefore be significantly higher than that corresponding to the plane stress conditions that current 

design methodology assumes prevail in the beam. So, if the actual triaxial stress conditions that inevitably 

develop at the ultimate limit state are taken into account, it can be argued that the uncracked concrete in the 

compressive zone is able to sustain both the compressive force from bending and the total shear force, even 

though the depth of this zone may become very small. Failure of the beam should therefore be expected to be 

associated with the stress conditions in the region of the path along which the compressive force is 

transferred to the supports. 

 

As explained in Section 3.1, failure of RC members has invariably been found to be caused by the 

development of tensile stresses in the region of the CFP. The reason for adding additional reinforcement to 

the beam is therefore to help the concrete combat these stresses. The aim of the design is to delay the failure 

of the CFP until the flexural reinforcement has been allowed to yield. LWAC members in the normal 

strength and density range should not be expected to display any marked differences in shear behaviour, 

because the strength in compression-tension-tension is likely to become the controlling factor and only small 

differences are expected here. So, although the degree of stress triaxiality and the triaxial compressive 

strength is considered to be lower for LWAC, these effects are not considered to be serious enough to turn 

the highly stressed compressive regions above deep cracks into the critical ones. This is a direct result of 

concrete’s extreme sensitivity to tensile stresses. However, one should be aware that this might change for 

mixes close to or at the ceiling strength. 

 

To support the hypothesis in this research, numerical analyses were carried out on beams taken from a test 

programme conducted by Walraven and Al-Zubi [37]. The aim of their test programme was to investigate 

whether the variable strut inclination method could also be applied with LWAC members. The beams were 

subjected to four-point bending with a free span of 5m, and the distance between the point loads was 1.6m. 

The beams analysed were reinforced by 6φ25 in two layers as tensile reinforcement, φ10 with spacing 



 

 

108mm as transverse reinforcement, and 6φ12 as compressive reinforcement. The dimensions of the cross-

section and finite element model are given in Figure 15. Only a quarter of the beams were modelled with 

three-dimensional brick elements, due to the relevant symmetries. During testing all beams were considered 

to fail by crushing of the web before the yield strain of the flexural reinforcement was attained. 

 

Fig. 15. Cross-section of beam and FE model. 

 

Table 1 presents the experimental and numerical results for the beams with different types of aggregate. The 

main aim of the numerical study was to investigate whether the beams could carry the applied load without 

the aid of aggregate interlock, strain-softening, and dowel action. This seems to be possible, since the 

experimental and numerical results nearly coincide even though these effects were neglected in the analyses. 

Furthermore, the crack patterns in Figure 16 for the mid-breadth plane of the beam with Lytag as aggregate 

show that the structural collapse was triggered by the vertical splitting of the previously uncracked concrete 

in the compressive zone. A stabilised crack pattern developed at approximately 50% of the failure load. This 

means that it was the development of secondary tensile stresses in the compressive zone that was responsible 

for the failure. The failure criterion under fully compressive stress states was the only factor that varied with 

the density of the concrete, so the only input parameter governing the numerical response was the uniaxial 

cylinder strength. This is consistent with the experimental results in Table 1, where the ultimate load-

carrying capacity seems to be merely a function the strength of the concrete. 

 

Table 1: 



 

 

Experimental and numerical results  

Aggregate type Density 

(kg/m3) 

 fcube 

(MPa) 

fsplit 

(MPa) 

 

 

Pexp 

(kN) 

Pnum 

(kN) 

Pexp/ Pnum 

 

Gravel 2370  30.9 2.46  470 490 0.96 

Aerdelite 2095  25.3 1.95  482 410 1.18 

Lytag 1938  31.5 2.43  481 490 0.98 

Liapor 1728  31.5 2.43  541 590 0.92 

 

 

It was claimed above that it is the splitting of the compressive flange that most likely leads to the failure of 

the beams. The crushing of the web must then be a post-failure phenomenon, caused by the loss of strength 

and stiffness previously provided by the flange. If this is true, the main task of the designer should be to 

prevent the compressive flange from collapsing before the flexural reinforcement has been allowed to yield. 

In this respect, hoop-flange reinforcement was found to play an important role, since it delayed the 

occurrence of the vertical splitting cracks. As a final remark, it should be emphasised that the numerical 

analyses are not considered to provide an absolute proof for the above claim. For this, experimental tests 

especially tailored to the above numerical findings will be needed. 

 

Fig. 16. Crack pattern and deflected geometry for a beam with Lytag in the numerical study. 

 



 

 

5.2 Relationship between flexural and direct tensile strength 

The flexural tensile strength of concrete is greater than its direct tensile strength. This has frequently been 

attributed to a gradual loss of load-carrying capacity of the concrete at the material level when the direct 

tensile strength at the most stressed fibre has been exceeded [48]. According to this model, the relationship 

between flexural and direct tensile strength should depend on the brittleness of the concrete over a 

characteristic length given by the expression: 
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where GF is the fracture energy consumed during formation of a true stress free crack, E is the dynamic 

modulus of elasticity, and ft is the direct tensile strength. The fracture energy is associated with the area 

under the descending portion of the stress-strain curve in tension. So, LWAC or high-strength NWC, which 

tend to fail in a brittle manner, should be expected to have a low flexural-to-direct-tensile-strength ratio. 

However, experimental tests have shown that these concretes, despite their considerably smaller 

characteristic lengths, exhibit similar or even higher flexural-to-direct tensile-strength ratios than those of 

ordinary concretes [49]. This has been related to differences in the general shape of the descending branch of 

the stress-strain curves in tension. According to these curves, a greater part of the fracture energy is 

consumed at smaller crack widths for LWAC than for NWC. Since the stress transfer at small crack widths is 

considered to be the main contributor to the overall stress redistribution capacity of the concrete in a 

structure, this has been accepted as an adequate explanation for what at first sight seemed like contradictory 

experimental and theoretical results. 

 

However, it does not seem necessary to invoke the notion of tensile strain-softening to explain why the 

flexural tensile strength is greater than the direct tensile strength. When a plain concrete member is simply 

loaded with a transverse load until it breaks, the initiation of cracking at the extreme tensile fibre 

immediately leads to the failure of the specimen. So the fact that the flexural tensile strength corresponding 

to the breaking load tends to be higher than the direct tensile strength can be explained by the weakest link 

theory. Localised weaknesses inevitably develop in a heterogeneous material like concrete. In a three-point 

bend test only the extreme fibres in the cross section beneath the point load are at the greatest stress, while in 

a direct tensile test all fibres are at the same stress and failure will be initiated when the weakest fibre reaches 



 

 

its limiting tensile stress. Furthermore, this statistical size effect also explains the approx. 20% lower flexural 

strength found in four-point beam bending tests than in three-point beam bending tests, since in the former 

all cross sections between the point loads will be critical. Moreover, the high degree of brittleness in concrete 

is connected with a minimum amount of microcracking within the material. The result is a more linear stress-

strain behaviour, which tends to move the resultant of the internal actions closer to the extreme fibres and 

therefore increases the beam’s bending resistance. So it is not surprising that the flexural-to-direct-tensile-

strength ratio for concretes suffering highly brittle failures increases rather than decreases as predicted by the 

tensile strain-softening models. 

 

The purpose of the kind of three-point bend test depicted in Figure 17 is to measure the amount of energy 

absorbed in the fracture zone when the beam is broken into two halves [50]. This energy is further divided by 

the fracture area to obtain the fracture energy. This is a fracture mechanics parameter which is deemed to 

describe the ability of concrete to resist cracking. An inverse analysis must then be performed to obtain the 

descending portion of the uniaxial stress-strain curve in tension for use in numerical analyses. 

 

 

Fig. 17. Three-point bend test in a notched beam. 

 

Alternatively, the fracture energy GF and the descending portion of the stress-strain curve can be obtained 

directly from uniaxial tensile tests. However, it is very difficult to control the fracture in these tests, since the 

stiffness of the testing machine must at all times be greater than the steepest slope of the descending branch 

[51]. This is a very strict requirement that is unlikely to hold for concrete in a structure. The same argument 

can therefore be applied to the three-point bend test, since this is only an easier way of creating the stiff 



 

 

testing environment needed to control the fracture (the large deflection of the beams makes it easy to obtain 

stable tests for testing machines that use position control). 

 

Regardless of the above reasoning, there is also another feature calling into question the possibility of 

considering GF a material property: the fracture energy obtained with the procedure proposed by RILEM TC-

50 sometimes increases by more than 50% when the size of the specimen is increased three times [52]. This 

can either be an artefact of the test method or an intrinsic size effect of GF. If the latter is true, the fracture 

energy cannot be considered a material property. Guinea, Planas and Elices [53-55] set out to systematically 

explore all possible sources of energy dissipation, apart from that of the fracture itself, which were not taken 

into account by the RILEM recommendation. They found several size-dependent sources of energy 

dissipation (non-ideal boundary conditions, energy dissipation in the bulk of the specimen, etc.), and they 

estimated the corresponding dissipated energy. After taking into account the estimated energy corrections, 

32% was still missing from any real-size independent GF value. However, they showed that if the energy 

corresponding to the tail of the load-deflection curve was taken into account, an almost constant GF value 

was obtained regardless of the size of the specimen. This saved the fracture energy parameter as a material 

property and improved confidence in modelling concrete as a cohesive material. 

 

The tail of the load deflection curve cannot be measured in the RILEM tests, because, to keep things simple, 

the effect of the weight of the beam on fracture is not compensated for. Instead, the tests are stopped at a 

certain stage and the remaining dissipated energy neglected. Alternatively, the weight of the beam can be 

compensated for and the tests controlled up to absolute breakage of the specimen. In the last part of such 

tests, the crack penetrates very deeply into the compressive zone. Despite this, the beam can still carry the 

decreasing load. This is normally attributed to further resistance in the opening of the crack. However, at this 

advanced stage of cracking, it seems more likely that the specimen carries the load by arch action. The 

compressive zone is able to sustain high compressive stresses due to the triaxial stress condition that 

develops in the highly-stressed region above the deep crack. Moreover, it has been demonstrated that, 

although the friction in the rolling support is not high for most of the test, it becomes very high for small 

normal loads [54]. So, in the late stage of bending, the conditions are very well-suited for the specimen to 



 

 

carry the load as a three-hinged arch. If this is the case, the tail of the load-deflection curve cannot be used to 

save fracture energy as a material parameter. 

 

To demonstrate the possible arch effect, a simple illustrative numerical analysis was carried out for a 

100x100x800mm plain concrete beam with fc = 25MPa. The supports were restrained and the beam was 

loaded at mid-span in steps of 1kN until failure. This analysis should not be seen as an attempt to simulate an 

actual three-point bend test, but merely as a demonstration of a plain concrete beam’s ability to carry a 

transverse load by arch action if sufficient lateral restraint is able to develop. The main result from the 

analysis is presented in Figure 18. The red and blue orientated lines are the maximum principal tensile and 

compressive stresses respectively, while the black orientated lines represent the cracks. The first flexural 

crack occurs at 2kN and extends in the next load step. From this stage on, however, the crack does not 

propagate any further into the beam. This is because the load is transferred directly to the supports by a 

straight thrust line and it is very hard for the crack to progress into the triaxially confined compressive zone. 

In load step 10, the dilation of the highly-stressed region has induced large tensile stresses in the adjacent 

concrete, which cause the beam to fail in the next load step. The results demonstrate that the specimen is 

fully capable of behaving like a three-hinged arch as long as the necessary lateral restraint can be provided 

by friction. Since the highly-stressed region above the crack is not likely to fail, the specimen will be able to 

carry the external load by arch action even if the compressive zone is very small. 



 

 

 

Fig. 18. Principal stresses and crack pattern in a plain concrete beam. 

 

 

 

5.3 Eccentrically loaded concrete specimens 

The compressive strain in the extreme fibre of plain concrete prisms increases with an increasing degree of 

eccentricity in loading. This increase in ductility is commonly believed to be related to an upward shift of the 



 

 

descending branch of the stress-strain curve in compression for increasing strain gradients. This research did 

not cover compressive strain-softening characteristics at the material level, but relies on the triaxiality of the 

compression zone of the structure, which governs its overall strength and ductility. LWAC members are 

expected to exhibit fewer triaxial effects near failure than NWC members and will therefore tend to behave 

in a more brittle manner. A good measure for the expected triaxiality and therefore ductility of the concrete is 

given by the percentage of inelastic to elastic strain at failure. 

 

 100%cu el

el

D
 




    (9) 

 

where cu is the compressive strain in the concrete at peak stress and el is the elastic part of the strain. The D-

ratio describes how much the stress-strain curve deviates from linearity and reflects the extent of 

microcracking within the material before the peak load level is attained. Microcracking is known to influence 

concrete behaviour positively, by reducing the likelihood of sudden failures caused by splitting along steel 

bars or spalling of concrete cover. Moreover, it determines the triaxiality of the member and therefore its 

ductility. 

 

The results of an experimental programme conducted by Markeset and Hansen were used to investigate the 

above hypothesis [49]. Table 2 gives the maximum sustained load and the corresponding compressive strain 

in the extreme fibre for plain 125x175x600mm rectangular concrete prisms with an increasing degree of 

eccentricity in loading (e/h = 0/0.056/0.167), see Figure 19. The aim of the experimental programme was to 

investigate how material brittleness affects structural ductility. Concrete mixes with varying brittleness as 

defined by their characteristic lengths were obtained by using various types of aggregates and cement and 

silica contents. Special concern was attached to the behaviour of the LWACs, which were expected to 

exhibit highly brittle structural behaviour in accordance with their characteristic length brittleness measure, 

which is related to the post-peak stress-strain characteristics of the concrete. However, as has been repeatedly 

demonstrated in this chapter, there are again no dramatic differences between NWC and LWAC structures, 

despite the latter’s poor post-peak behaviour at the material level.  



 

 

 

Table 2: 

Experimental and numerical results  

Aggregate  

type 

Density 

(kg/m3) 

 fc 

(MPa) 

Ec 

(GPa) 

 

 

e/h Pexp 

(kN) 

c,max 

(‰) 

Pnum 

(kN) 

Pexp/ Pnum 

 

D 

(%) 

Liapor 8 2040 

 

86.8 30.5  

0 

0.056 

0.167 

1900 

1580 

1136 

3.12 

3.41 

3.55 

1881 

1477 

1028 

1.01 

1.07 

1.11 

9.6 

Gneiss 2470 

 

81.4 35.7  

0 

0.056 

0.167 

1780 

1518 

1108 

2.61 

2.97 

3.16 

1722 

1411 

984 

1.00 

1.08 

1.13 

14.5 

Basalt 2570 

 

89.0 43.1  

0 

0.056 

0.167 

1947 

1674 

1228 

2.72 

3.31 

3.45 

1947 

1509 

1050 

1.00 

1.11 

1.17 

31.7 

Quartzite 2442 

 

86.5 40.2  

0 

0.056 

0.167 

1892 

1640 

1132 

2.47 

2.81 

2.84 

1881 

1477 

1017 

1.01 

1.11 

1.11 

14.8 

 

 

 

Fig. 19. Idealised stress distribution and finite element mesh for the three load cases. 

 

The results given in Figure 20 show that there are almost no differences in the relative decrease in strength at 

failure for the various mixes. On the other hand, there is a mild difference in the relative increase in strain, 

this being greatest for the Basalt concrete, somewhat less for the Gneiss/granite and Quartzite concrete, and 

slightly lower again for the Liapor concrete. However, this is just what should be expected from the D-ratios, 

which express the expected triaxiality and therefor ductility in the structure. By simply multiplying the 



 

 

concentric strain at failure by a factor corresponding to the D-ratio, strain values equal to 3.42, 2.99, 3.58 and 

2.83‰ are obtained for the various concretes, which corresponds surprisingly well with the observed 

eccentric strains. 

 

 

  

Fig. 20. Decrease in relative strength and increase in relative strain at failure. 

 

Table 2 compares numerical results from plane stress analyses with the maximum loads obtained in the 

experimental test program. The eccentrically loaded prisms failed due to vertical cracks that initiated in the 

most stressed corner, see Figure 21. The numerical results agree with the experimental results. The 

somewhat lower maximum sustained loads in the analyses may be because the prisms were subjected to an 

applied load in the analyses, but an applied displacement in the experiments. It is interesting to note that 

eccentrically loaded prisms tend to collapse due to a flexural failure in their central zone in a manner akin to 

that of RC beams. So, the same arguments used to explain the structural ductility of RC beams in flexure can 

be used to explain the large strains measured on the compressive face of plain concrete prisms under 

eccentric loading. 



 

 

 

Fig. 21. Typical development of crack pattern and deformed shape for eccentrically loaded prisms. 

 

 

6 Conclusions 

The main hypothesis of this research was that the key material features that generally dictate concrete 

structural behaviour in the ultimate limit state are: 

1. The large effect small secondary stresses have on the strength of concrete: compressive stresses 

increase the load-carrying capacity in the main direction considerably, while tensile stresses have a 

dramatic opposite effect. 

2. The abrupt increase of the transverse expansion of concrete at a stage close to the peak stress level, 

i.e. the rapid increase of Poisson’s ratio as failure is approached.  

3. The rapid unloading of concrete beyond the peak stress level, i.e. the brittle fracture of concrete at 

the material level. 

It follows from these features that the ductility of structural members arises from local triaxial stress 

conditions that develop within the compressive zone prior to failure rather than from stress-redistributions 

due to a gradual decay of load-carrying capacity at the material level, as is commonly believed. The higher 

the triaxial stress at a critical cross-section, the larger the corresponding strains and the larger the resulting 



 

 

ductility of the structure. Since these stresses develop just prior to failure, it is mainly the ductility that will 

be affected, not so much the maximum load-carrying capacity of the member.  

 

This means that the difference between NWC and LWAC should not be sought in the post-peak material 

characteristics, as is the usual line of action, but rather in the degree of stress triaxiality in the compressive 

zone. This explains why the ductility of LWAC members tends to decrease somewhat (owing to a smaller 

degree of stress triaxility in the member as a result of a smaller transverse expansion of the concrete prior to 

failure which is linked to a limited degree of microcracking within the material), while the load-carrying 

capacity is often similar to that of corresponding NWC members. When characterising different concretes it 

is important to realise that the type of aggregate has a large influence upon the bond between aggregate and 

mortar and plays an important role in the distribution of the internal stresses in the concrete. In some cases, 

this factor is more important than the density of the aggregate. 
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Figure captions 

 
Fig. 1. Relationship between the strength of the mortar and of LWAC made with the same mortar. 

Fig. 2. Internal stress transfer in concrete under a compressive load [19]. 

Fig. 3. Stress-strain relationship for non-linear structural analysis for NWC and LWAC according to 

Eurocode 2. 

Fig. 4. Load-deformation relationships established from cylindrical specimens, for various amounts of 

boundary restraint [23]. 

Fig. 5. Typical failure surfaces in the principal stress, axi-symmetric and deviatoric plane. 

Fig. 6. Characteristic types of ultimate behaviour for beams without transverse reinforcement [30]. 

Fig. 7. The compressive force path. 

Fig. 8. Typical flexural failure of an RC beam. 

Fig. 9. Longitudinal compressive strain profile [33]. 

Fig. 10. Relationship between longitudinal and transversal strain [33]. 

Fig. 11. Relative beam strengths for various a/d ratios for 1.8% longitudinal reinforcement compared to 

Kani’s valley [41]. 

Fig. 12. Relative beam strengths for various a/d ratios for 3.0% longitudinal reinforcement compared to 

Kani’s valley [41]. 

Fig. 13. Failure envelopes in the axisymmetric stress plane according to the proposed density-dependent 

octahedral expressions and the corresponding complete failure surfaces. 

Fig. 14. Comparison of strength data with the proposed density-dependent failure criterion. 

Fig. 15. Cross-section of beam and FE model. 

Fig. 16. Crack pattern and deflected geometry for a beam with Lytag in the numerical study. 

Fig. 17. Three-point bend test in a notched beam. 

Fig. 18. Principal stresses and crack pattern in a plain concrete beam. 

Fig. 19. Idealised stress distribution and finite element mesh for the three load cases. 

Fig. 20. Decrease in relative strength and increase in relative strain at failure. 

Fig. 21. Typical development of crack pattern and deformed shape for eccentrically loaded prisms. 


