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Abstract 7 

Forecasts and trends indicate an increase in marine operations in polar waters. The design of 8 

new ships for severe polar conditions is usually solved via theoretical considerations that are 9 

combined with previous experience and engineering judgment. A deeper understanding of the 10 

theoretical considerations that underlie rule-based formulations is required for designing safe 11 

and efficient structures. This paper focuses on the assumptions that are hidden in the ice load 12 

formulations of the International Association of Classification Societies (IACS) Unified 13 

Requirements for Polar Ships (IACS 2011) and of the Russian Maritime Register of Shipping 14 

(RMRS) Rules for the Classification and Construction of Sea-going Ships (RMRS 2014), 15 

particularly the Daley ice load model and the Kurdyumov and Kheisin hydrodynamic model 16 

for ice crushing. A qualitative comparison of the two models is presented. The assumptions 17 

that underlie rule-based ice loads in the bow area are placed in the context of current 18 

understanding of ice-structure interaction process. The comparison of the models 19 

demonstrates that the underlying assumptions regarding the pressure-area relationship, ice 20 

edge spalling characteristics, dynamic viscosity and strength of the crushed ice are the most 21 

important assumptions, although they are highly contentious.  22 



1. Introduction 23 

Marine operations and maritime transportation are extending into polar waters. The ice loads 24 

on fixed and floating structures are not fully understood, but empirical estimates are abundant 25 

in existing offshore standards and ship rules. In the context of ice loads, accumulated 26 

experience and engineering judgment have become essential components of the design 27 

process. Engineers are often faced with situations in which the adequate experience does not 28 

exist. Hence, to design safe and robust structures, a deeper understanding of the scientific 29 

basis for rule-based ice load formulations is required. To achieve this goal, there is a need to 30 

clarify the basis of the rule formulations. For example, Russia is considered to be the most 31 

experienced nation with respect to ship operations in polar waters (Barents 2020, 2009). 32 

However, the scientific basis for ice load formulations of the Russian Maritime Register of 33 

Shipping (RMRS) Rules for the Classification and Construction of Sea-going Ships (RMRS 34 

2014) is difficult to find, and it is often criticized outside of Russia; refer the discussion on 35 

design ice pressures in Riska (2011). The International Association of Classification Societies 36 

(IACS) Unified Requirements for Polar Ships have been gradually accepted by the industry as 37 

a design standard for vessels that operate in polar waters. However, only a few people are 38 

aware of the assumptions behind rationale of IACS ice loads.  39 

This paper discusses the ice load models that were used to determine the IACS and RMRS 40 

rules, which are the Daley model for an oblique collision with a floating ice edge and the 41 

Kurdyumov and Kheisin hydrodynamic model (HDM) of ice crushing during a hull-ice 42 

contact. In the context of current understanding of ice-structure interaction process, a 43 

qualitative comparison of these models is presented. 44 

This paper does not address the background of the important Finnish-Swedish Ice Class Rules 45 

(FSICR), and the discussions refer only to deterministic design formulations. Riska and 46 



Kämäräinen (2011) performed a comprehensive overview of the principles that underlie the 47 

FSICR. A probabilistic approach to design was presented by Kaldasaun and Kujala (2011) for 48 

ships that navigate in the Baltic Sea and by Ralph and Jordaan (2013) for Arctic ships; 49 

interested readers are referred to those papers for details.   50 

 51 

2. Background 52 

A system of equations is used to determine the actual scantling requirements (e.g., plating and 53 

frames) for different ice loads. Table 1 presents a comparison of the IACS and RMRS ice 54 

loads and requirements for transversely framed shell plating.  55 

Table 1. Rule formulae of the IACS Unified Requirements and the RMRS Rules. 56 

Rule  IACS (Sec. I2.3) RMRS (Vol. 1 Pt. 2 Sec. 3.10.3.2) 

Ice 

pressure in 

the bow 

sub-region 

[ ] 14.03.0222.022.0 MARCFCFfaMPap Dc ⋅⋅⋅⋅=  [ ] 17.0
12500kPa Mvap m ⋅⋅⋅=  

Load patch 

height (m) 
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ts is the corrosion and abrasion allowance; ts is in the 

range of 2.0 – 7.0 mm depending on three factors: 

hull area, ice class and the presence/absence of an 

effective coating system.  
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ts is the corrosion and abrasion 

allowance; ts=0.75T∙u, where T is the 

planned ship life, in years; u is the annual 

reduction of shell plating thickness as a 



result of corrosion, wear and abrasion; u 

depends on the hull region and ice class 

and is in the range of 0.2 – 0.7 mm/year.  

M is the vessel displacement (kilotons); σy is the yield stress of the material (MPa) which is determined in 57 

accordance with the IACS and RMRS rules; s is the frame spacing (m). In the RMRS formulae, a1 and C1 are ice 58 

class factors in the ranges of 0.36−7.9 and 0.38−0.64, respectively, and vm and um are hull shape factors, which 59 

depend on the location of the sub-region considered and the hull configuration parameters in this sub-region. In 60 

the IACS rules, CDc and CFD are ice class factors, i.e., CDc = (1.80−17.69) is the crushing failure factor and CFD 61 

= (1.11–2.01) is the load patch dimensions factor; PPF is the pressure peak factor, where PPF = (1.8–s) ≥ 1.2; 62 

AR is the load patch aspect ratio; fa is the hull shape factor (fa ≤ 0.6), which accounts for the bending failure of 63 

ice and depends on ice properties, the location of the sub-region and the hull angles in the sub-region. 64 

 65 

Table 1 indicates that the plate thickness requirements in both the IACS and RMRS rules are 66 

based on the plastic bending behavior of the plates; refer to Daley et al. (2001) for details. The 67 

IACS and RMRS rules adopt the conventional roof-top-type mechanism model and rigid-68 

plastic analysis of a partially loaded rectangular plate, where the load patch has dimensions of 69 

width (s) and height (b). 70 

The focus of this study will be placed on the ice load models that underlie the ice load 71 

formulations in the IACS Unified Requirements and RMRS Rules (i.e., the ice pressure in the 72 

bow sub-region and the load patch height). A discussion regarding the model and assumptions 73 

that underlie shell plating requirements can be found in Hong and Amdahl (2007). 74 

 75 

2.1 IACS ice load model  76 

 77 



This section describes the methodology used to determine the ice load formulation of the 78 

IACS Unified Requirements (Sec. I2.3).  79 

 80 

Notation  81 

IACSp  IACS’ ice crushing pressure 

crp  ice crushing pressure in accordance with Sanderson’s pressure-area 

relationship  

IACSb  height of the load patch  

oP  ice strength factor in Sanderson’s pressure-area relationship 

redAA,  nominal and reduced contact area, respectively 

nM  ship’s mass accounting for the direction of the collision 

nV  ship’s speed at the moment of impact, along the collision normal 

β  normal frame angle which is measured in accordance with IACS (I2.3.2.1) 

ϕ  ice edge opening angle 

AR  aspect ratio 

ih  ice thickness 

iσ  ice flexural strength  

IACSw , W width of the load patch 



ex exponent in Sanderson’s pressure-area relationship  

QIACS ice crushing force at the end of the interaction 

qIACS line load of IACS 

wex characteristic of ice edge spalling 

 82 

For ships that operate in Arctic and Antarctic waters, the design scenario is a glancing impact 83 

on the bow with an ice floe of infinite mass (Figure 1a). Ice crushing loads are characterized 84 

by an average pressure (pIACS) that is uniformly distributed over a rectangular load patch of 85 

height (bIACS) and width (wIACS) (Equations 1a‒1c).  86 

 

 

 

 

(a) impact against an ice floe with an 

angular edge (Daley, 2000) 

 

(b) impact against an ice floe with a 

rounded edge 

Figure 1. Design scenarios in the (a) IACS Unified Requirements and (b) RMRS Rules. 87 
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 89 

These formulae are based only on the crushing failure of ice. The loads are governed by the 90 

available kinetic energy. A single load value (QIACS = pIACS·bIACS·wIACS) at the end of the 91 

interaction is considered; this value corresponds to the maximum hull-ice contact area that is 92 

developed. The method assumes that a ship-ice collision has a short duration, such that the 93 

six-degrees-of-freedom (6 DOF) problem can be modeled by an equivalent 1-DOF model in 94 

which all motions between the ship and the ice are normal to the ship’s side at the collision 95 

point. Frictional forces are disregarded. An energy-based approach proposed by Popov et al. 96 

(1967) is adopted for the ice load. The kinetic energy of the ship is equated to the ice-crushing 97 

energy, which is determined by integrating the ice force over the penetration depth. The ice 98 

force is calculated by integrating the ice crushing pressure (pcr) over the nominal contact area 99 

(A). A Sanderson-type process pressure-area relationship is assumed (Sanderson, 1988): 100 

 101 

ex
ocr APp = , (2a) 

or in its alternative formulation: 102 



ex

ocr
A
APp 





=

0

, (2b) 

 103 

where A0 is the reference contact area (A0=1.0 m2), Po is the ice strength factor, and the 104 

exponent ex is a constant (ex<0), i.e., the average pressure decreases with the nominal 105 

(projected) contact area. 106 

For an angular ice floe, the nominal contact area (A) is triangular-shaped. To simplify the 107 

calculations, a rectangular contact area (load patch) with the same aspect ratio (AR) is used. 108 

The effect of local ice edge fractures (spalls) is treated by assuming a reduction in the size of 109 

the nominal contact area while maintaining a constant aspect ratio and total force. This 110 

reduction in size is given by the following equation: 111 

 112 

wex

wex

red
AR

AA −= 1 , where )sin()2/tan(2 βϕ ⋅⋅=AR . (3) 

 113 

At the end of the collision, i.e., when all kinetic energy is dissipated by ice deformation, the 114 

ice crushing pressure (pIACS), height (bIACS) and width (wIACS) of the load patch are given by 115 

Equations 1a‒1c.  116 

Furthermore, it is argued that the ice crushing force (and thus the average pressure) cannot 117 

exceed the force (average pressure) required to cause the ice to fail because of bending; 118 

hence, the values of pIACS, bIACS and wIACS are restricted to be less than some fixed values that 119 

are determined from the bearing capacity of an infinite ice plate under a concentrated load. In 120 

this context, two additional ice parameters are introduced, i.e., the ice flexural strength (σf ) 121 



and ice thickness (hi). Accounting for bending ice failure, Equations 1a and 1b can be 122 

rewritten as: 123 

 124 

14.0
21 ),,(),,,,,( nifno MhfwexVPexfp ⋅⋅= σββϕ  and (4a) 

25.0
43 ),,(),,,,,( nifno MhfwexVPexfb ⋅⋅= σββϕ . (4b) 

 125 

Here, the terms f1 and f3 represent contributions due to ice crushing along the line of collision 126 

(Equations 1a and 1b), and f2 and f4 account for ice failure due to bending, i.e., f2(β, σf, hi) < 127 

1.0 and f4(β, σf, hi) < 1.0. When f2 = f4 = 1.0, only ice crushing is considered. The calculated 128 

pressure and the load height are functions of the ice geometry and its mechanical 129 

characteristics (i.e., φ, hi , ex, wex, Po and σf ), the geometry of the vessel, and its speed and 130 

mass (i.e., β, Vn, and Mn). The subscript n indicates a reduced value that accounts for the 131 

orientation of the collision. 132 

The IACS approach assigns a characteristic value to φ, ex, and wex (φ = 150°, ex = –0.1 and 133 

wex = 0.7), whereas the ship speed, ice thickness and ice strength parameters (V, hi , Po and σf) 134 

are assumed to be ice class dependent. Each class factor is developed from values for ice 135 

strength characteristics and ship speeds, whereas the ice constants (ex and wex) are included 136 

in the exponents of the terms within the expression for design ice pressure and for design load 137 

height, respectively; see Table 1. Consequently, for each ice class, the design loads, pressure 138 

and size of the load patch are functions of the hull angles and vessel displacement. The ice 139 

class factors (e.g., crushing ice factor CFC=P0
0.36∙V 1.28) are selected to give values that are 140 

consistent with the range of desired class requirements for strength (i.e., PC1 should require 141 

plate and framing dimensions consistent with the highest Arctic ice classes in service).  142 



2.2 RMRS ice load model  143 

The RMRS rules originate from rules suggested during the late 19th century and beginning of 144 

the 20th century. Since then, ice load calculation methods have evolved; see Kalenchuk and 145 

Kulesh (2010) for details. However, it is believed that this ice load model has not been 146 

described in the publicly available literature (IMO, 2014). This section presents an overview 147 

of the scientific basis for the RMRS ice load formulations (RMRS Vol. 1 Pt. 2 Sec. 3.10). A 148 

closed-form solution that links the rule-based ice loads and physics is given in the Appendix. 149 

The overview is based on the following literature and focuses on loads due to ice crushing 150 

failure: 151 

1) The solution by Kurdyumov and Kheisin (1974) and Kurdyumov et al. (1980) for 152 

an impact against a large ice floe with a rounded ice edge.  153 

2) The solution by Kurdyumov and Kheisin (1976) for an impact between an ice wall 154 

and a spherically shaped indenter. 155 

3) The description of a methodology for the ice-strengthening requirements for ice-156 

going vessels given in Appolonov et al. (1996). 157 

4) The description of modifications proposed for the Kurdyumov and Kheisin 158 

hydrodynamic model of ice crushing (Appolonov et al., 2002 and Appolonov et 159 

al., 2011). 160 

Note that the work of Kurdyumov and Kheisin (1976) is often referred to in the context of 161 

ship design, (although the solution presented therein is not for the RMRS design scenario). 162 

Instead, their model is for indentation into an ice wall by a spherically-shaped indenter. An 163 

impact against an ice floe with a rounded edge (the RMRS scenario) was solved by 164 

Kurdyumov and Kheisin (1974) and Kurdyumov et al. (1980), although these works are rarely 165 

referenced outside Russia. 166 



 167 

Notation 168 

zyx uuu ,,  velocity components of crushed ice particles in the intermediate layer 

µ  dynamic viscosity of crushed ice in the intermediate layer  

)(tupn  penetration speed (ice crushing speed) in the direction of indentation 

),( txh  thickness of the intermediate layer 

effbxx /=  dimensionless coordinate [ ]1;1−∈x  

effbbsp /0=  coefficient accounting for edge spalling effects 

A  contact area 

nM  ship’s mass accounting for the direction of the collision 

nV  ship’s speed at the moment of impact, accounting for the orientation of the 

collision 

a2  width of the contact area 

02bc =  height of the contact area  

aνν =  dimensionless coordinate [ ]1;1−∈ν  

ζ  penetration depth measured along the direction of indentation 

ap ap = (6μkp
3)5/24, the ice strength factor 

bHDM load height in accordance with the HDM 



qHDM line load in accordance with the HDM 

b0 half-height of the contact zone 

beff effective half-height of the contact zone 

kp, n parameters of the relationship between the ice pressure and the thickness of 

the crushed layer  

M ship displacement 

V ship forward speed at the moment of impact 

QHDM total contact force along the line of collision, in accordance with the HDM  

R ice floe radius 

β frame angle which is measured in accordance with Figure 2 

pHDM ice crushing pressure in accordance with the HDM 

 169 

The approach presented in Kurdyumov and Kheisin (1974, 1976) and Kurdyumov et al. 170 

(1980) is often referred to as the Kurdyumov-Kheisin model or HDM for a solid body impact 171 

against ice (Likhomanov et al., 1998 and Appolonov et al., 2011). The RMRS ice pressure 172 

formulation is based on this methodology (Appolonov et al., 1996). 173 

The method addresses the loads that act on the hull during impact with a large ice floe with a 174 

rounded edge (Figure 1b). The energy-based approach of Popov et al. (1967) is adopted for 175 

the ice load. The kinetic energy of the ship is equated to the crushing energy of the ice, which 176 

is determined by integrating the ice force over the penetration depth. The ice force is 177 

calculated by integrating the ice crushing pressure (pHDM) over the contact area (A) and 178 



accounts for ice edge spalling effects. In contrast with the IACS formulation, the pressure is 179 

determined by assuming that there is an intermediate layer of crushed ice between the hull and 180 

the solid (undamaged) ice (Figure 2). The pressure is proportional to the thickness of the 181 

intermediate layer (h):  182 

 183 

n
pHDM txhktxp ),(),( ⋅= . (5) 

 184 

 185 

Figure 2. Illustration of ice edge crushing for contact between a ship’s side and ice, in 186 

accordance with the Kurdyumov and Kheisin model. 187 

The model treats the intermediate layer as an incompressible viscous fluid, and simplified 188 

Navier-Stokes equations are used to derive the ice pressure. Frictional forces between the 189 

ship’s side and the crushed layer are disregarded. The solution becomes 190 
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 192 

where the penetration speed (upn) is determined from energy balance and accounts for ice 193 

edge spalling effects: 194 
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 196 

where J1 and J2 are numerical factors that account for ice edge spalling effects and hull-ice 197 

contact shape deviations from a rectangle, i.e.,  198 
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 201 

The pressure (Equation 6) varies over the contact area, with a maximum at the center of the 202 

contact area. At a certain penetration depth, the maximum pressure has a peak (ppeak). The 203 

model of Kurdyumov and Kheisin assumes a linear relationship between the pressure and 204 



thickness of the crushed layer (n=1 in Equation 5). Accounting for bending (or buckling of 205 

ice), ppeak can be written as follows: 206 

 207 

( ) ( ) ppppeak fFRaMVp 12
1

6
1

24
13

2)(662.0 −= , (8) 

 208 

where Fp is a hull shape factor and fb is a pressure-limiting factor. The constant 0.662 209 

accounts for spalling of ice edges (sp=1.06). 210 

The load height (bHDM) is determined from the condition upn = 0 and accounts for the 211 

geometry of the hull-ice contact and spalling of ice edges: 212 

 213 

( ) ( ) ( ) ( ) bbpHDM fFRaMVb 6
1

5
2

3
1

12
7

2344.1 −−= . (9) 

 214 

Here, Fb is a hull shape factor and fb is a height-limiting factor. Both Fp and Fb (Equation 8 215 

and 9) account for the eccentricity of the impact and are derived using the methodology 216 

described in Popov et al. (1967) and in Daley (2000). The limiting factors fb and fp (fp < 1.0 217 

and fp < 1.0) account for bending (or buckling) ice failure at lower load levels. 218 

Analogous to Equations 4a and 4b, Equations 8 and 9 can be rewritten as functions of the ice 219 

floe geometry, mechanical properties of the crushed layer, ship speed and vessel 220 

displacement:  221 

 222 



17.0
21 ),,(),,,,,( nifnppeak MhgspVkRgp ⋅⋅= σββµ and  (10a) 

33.0
43 ),,(),,,,,,( nifnpHDM MhgspVkRgb ⋅⋅= σββµ . (10b) 

 223 

Note that the exponents of Mn in Equations 10a and 10b (see also Table 1, Column “RMRS”) 224 

are strictly valid for n = 1.0 (see Equation 5). The design pressure and size of the load patch 225 

(Table 1) are functions of the hull angles in the considered sub-region and the vessel 226 

displacement. Fp (Equation 8) is approximated by the shape factor vm (Table 1), and Fb 227 

(Equation 9) is approximated by um. Each RMRS class factor (i.e., a1 and C1) is developed 228 

from the values for ice parameters (i.e., R, μ, kp, sp, σf, and hi) and the ship’s forward speed at 229 

the moment of impact; operational experience is used to determine these values. These values 230 

and the explicit model that links the class factors to the ice parameters are not included in the 231 

scientific documentation of the rules (i.e., Appolonov et al., 1996). 232 

3 Discussion  233 

This section has rigorously a scientific objective. We have considered the rationale of IACS 234 

and RMRS ice loads and also the specific assumptions underlying the Daley and Kurdyumov-235 

Kheisin models of ice crushing. 236 

It should be acknowledged that the two rules share much in common. In both rules, the 237 

requirements of shell plating thickness are based on a loading event (i.e., a glancing impact 238 

with an ice edge) that begins with ship-ice edge contact over a small area, and continues with 239 

growing contact area until the entire structural grillage is loaded to its design condition. Both 240 

rules use ice pressures to develop a formulation for ice collision force and adopt the energy 241 

principles proposed by Popov et al. (1967). 242 



The advantage of the IACS overall framework is that a detailed derivation of the design loads 243 

can be found in the literature, along with the list of assumptions for linking the ice class 244 

factors to physical values, such as the ice flexural strength and ice thickness; see Daley (2000) 245 

for more details. The RMRS design formulae can be difficult to understand because explicit 246 

relationships between the physical parameters and class factors are not available in the open 247 

literature. However, a qualitative comparison of the IACS and RMRS approaches can be 248 

made (see Section 3.4).  249 

We are still a long way from being able to formulate ship rules strictly from theory. The 250 

Daley model and the Kurdyumov and Kheisin model for calculating ice crushing pressures 251 

lack some physical realism, thus making their use difficult outside the application range of the 252 

rules. The drawback of these models is that some unsupported assumptions are introduced 253 

(e.g., the dynamic viscosity, pressure distribution over the contact area, characteristics of ice 254 

edge spalling and a relationship between the crushed layer thickness and the pressure). Within 255 

this context, it is interesting to evaluate the assumptions that underlie the ice crushing models 256 

based on the current understanding of the ice-structure interaction process and to test the 257 

sensitivity of the results for both models with respect to uncertainties in the input values.  258 

3.1 Assumptions regarding the pressure-area relationship and ice pressure distribution 259 

3.1.1 Daley’s load model and the IACS Unified Requirements 260 

Equation 2a (or 2b) implies that the average pressure over the full contact area (or nominal 261 

area) always decreases with increasing nominal contact area. This trend of decreasing 262 

pressure with increasing contact area has been accepted by the international ice engineering 263 

community. Several explanations for the pressure-area relationship (Equation 2a) have been 264 

offered. For details, see Kim and Schulson (2015), Palmer and Sanderson (1991), Palmer et 265 

al. (2009), Sanderson (1988) and Schulson and Duval (2009). However, the hypothesis that 266 



the average pressure depends primarily on the contact area is not universally accepted 267 

(Dempsey et al., 2001; Timco and Sudom, 2013). Factors other than the area, such as the ice 268 

type, loading rate (or ice penetration speed), aspect ratio, surrounding ice extent, and ice 269 

failure mode, may influence the average pressure. A comprehensive analysis of experimental 270 

data from structures in ice-covered waters (Timco and Sudom, 2013) has demonstrated that in 271 

many cases, these factors are more important than the area itself. For example, the coefficient 272 

Po and the exponent ex are functions of the ice failure mode and loading rate (Timco and 273 

Sudom, 2013), and there exists a functional relationship between the coefficient Po and the 274 

radius of the indenter (Kim and Schulson, 2015). 275 

The pressure in Equations 2a (or 2b) is a function of many variables (i.e., not only the contact 276 

area), although these variables (e.g., ice type and floe size) are contained in Po (or ex) and 277 

define a single design point for each ice class. P0 (Equation 2b) is a class-dependent 278 

parameter that shall be understood as the ice pressure over 1.0 m2. The exponent ex is always 279 

–0.1 (Daley, 2000).  280 

The constant ex is ‒0.1 for all ice classes. This assumption implies that there is a knowledge 281 

gap. Why is ex assumed to be independent of the vessel speed, which varies for different ice 282 

classes? One may speculate that during an impact, the interaction speed will vary from Vn to 283 

0.0, whereas the nominal contact area will increase. The exponent ex will also vary during an 284 

impact. For example, at the beginning of the interaction at speeds near Vn (Vn is large enough 285 

to impart brittle behavior), brittle failure mechanisms (which are governed by crack initiation, 286 

growth and interaction) will dominate; the average pressure over the nominal area will 287 

decrease with increasing nominal area (pcr ~ Aex, where –0.7 ≤ ex < 0). At the end of an 288 

impact (the ship’s speed is approximately 0.0), ductile behavior (which is governed by a 289 

combination of mechanisms, including recrystallization, grain boundary sliding, and 290 

dislocation creep) will dominate. Correspondingly, the crushing pressure will be nearly 291 



constant and independent of area (pcr ~ A0), and Sanderson’s pressure-area relationship no 292 

longer applies. 293 

 294 

3.1.2 Kurdyumov-Kheisin’s HDM and the RMRS Rules 295 

The HDM accounts for a non-uniform pressure distribution over the full global ice contact 296 

area, assuming a linear proportionality between the pressure and intermediate-layer thickness 297 

(n = 1 in Equation 5). The dynamic viscosity (μ) and proportionality constant (kp) are 298 

required. These two parameters are often combined into a single ice crushing factor ap = 299 

(6μkp
3)5/24 with a unit of Pa5/6∙(s/m3)5/24. The value of this factor cannot be measured directly; 300 

instead, the value is back-calculated from tests. The value ranges between ap ≈ (133∙103‒301 

424∙103) Pa5/6∙(s/m3)5/24 for freshwater spring ice and ap ≈ (510∙103‒909∙103) Pa5/6∙(s/m3)5/24 302 

for winter freshwater lake ice (Tunik, 1987). Figure 2 shows the contact geometry and 303 

pressure distribution over the height of the hull-ice contact zone. The pressure was calculated 304 

using Equation 6 for various values of n. Note that n = 1.0 is used in the HDM/RMRS 305 

analytical procedure for determining ice loads in the bow region. 306 
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Figure 2. The HDM: (a) schematics of the impact problem and (b) calculated local 307 

distributions of the pressure along x for b0 = 1.0 m. 308 

 309 

The calculated pressure profiles are symmetric and attain maxima at the center of the contact 310 

region (x/beff  = 0). The pressures vanish at x = ±b0. 311 

There are two drawbacks to the HDM. The first drawback is that the pressure maximum is 312 

less pronounced than that in the measured pressure data; see, e.g., Daley’s (2004) schematic 313 

representation of pressure distributions over a contact height. Many experimental observations 314 

and measurements during brittle ice crushing (Jordaan, 2001 and Sodhi, 2001) indicate a 315 

common feature: the presence of localized high-contact-pressure zones or line-line zones 316 

(Joensuu and Riska 1989). Observations and measurements suggest a bell-shaped pressure 317 

profile, whereas the HDM model predicts a parabolic pressure distribution (Figure 2b). The 318 

second drawback is the assumption of a direct proportionality between the pressure and 319 

intermediate layer thickness, i.e., n = 1.0 (Equation 5). Experimental evidence suggests that 320 

the pressure in the contact zone has a pronounced maximum in the direct contact area, which 321 

is relatively narrow compared with the nominal (projected) contact area. The maximum 322 

pressure occurs in areas in which the intermediate layer is thin, although the HDM assumes 323 

otherwise.  324 

These two drawbacks have been recognized; consequently, several modifications to the HDM 325 

have been proposed. For additional details, refer to Appolonov et al. (2002) (in Russian) or 326 

Appolonov et al. (2011) (in English). One of the suggested modifications is to replace 327 

Equation 5 (which conflicts with experimental data) by a system of additional conditions that 328 

account for the actual characteristics of the pressure pattern’s maximum. Another proposal is 329 

to introduce an effective contact area; the pressures are considered constant within this area 330 



and zero otherwise. The latter proposal has been supported by comparisons with experimental 331 

data. It should be noted that for the modified versions of the HDM, closed-form solutions 332 

have not been provided in the open literature. This fact limits the practical use of the proposed 333 

modifications. 334 

3.2 Ice spalling assumptions 335 

Both the IACS and HDM/RMRS approaches account for ice edge spalling that occurs during 336 

brittle crushing. In the IACS approach, ice edge spalling is treated by reducing the size of the 337 

load patch (Equation 3) while maintaining a constant force and aspect ratio. Scant reasoning 338 

behind the selected value for wex has been provided. Below, it is demonstrated that the 339 

assumption of a constant value for wex (i.e., 0.7) in Equation 3 has a substantial effect on the 340 

ice pressure values.  341 

To account for edge spalling in the HDM, a spalling factor sp = b0/beff (sp > 1.0) is introduced. 342 

The expression for the line load (qHDM) as a function of the penetration depth (ζ ) is  343 

[ ] ∫∫ −= →−= −∈⋅=

2

22

2

11,22
0 ),()(),()( xdxsppqdxxbpq HDMHDM

b

xxbx
HDMHDM

eff

eff ζζζζ . (11) 

Details of the derivation and an illustration, which shows the geometry of the impact problem, 344 

can be found in the Appendix. Note that a value of sp = 1.06 is used in the HDM. An 345 

empirically based value of sp = (1.05‒1.08) was reported in Kurdyumov and Kheisin (1976) 346 

for the case of a solid ball impacting an ice wall. There are limited experimental data for ship-347 

shaped structures that could be used to further assess the physical plausibility of the chosen 348 

constants (i.e., sp and wex). For the IACS and HDM/RMRS design scenarios, no explicit 349 

validations of wex and sp are available in the open literature; thus, experiments should be 350 

conducted to improve the basis for these constants.  351 



In summary, the ice load models underlying the IACS and RMRS rules include three 352 

parameters that are not well known, i.e., Po, ex and wex in the IACS rules and n, ap = f(kp, μ), 353 

and sp in the HDM/RMRS approach. In the IACS and RMRS rules, these parameters were 354 

selected based on the existing operational experience to yield a sufficiently safe and robust 355 

vessel, i.e. to give the requirements that are consistent with the range of desired strength 356 

requirements. When the experience is limited, or when one decides to use the ice load models 357 

outside the application range of the ship rules, it will be necessary to test the sensitivity of the 358 

results of both methods to uncertainties in the input values. 359 

3.3 Ramifications of the IACS and RMRS assumptions 360 

Ice crushing occurs at the edge that contacts a ship’s side. As the penetration depth increases, 361 

the crushing force increases until failure due to bending. A closed-form solution that accounts 362 

for the combination of ice crushing and flexural failure does not exist. For simplicity, we limit 363 

the discussion to ice crushing failure because in both methods (the IACS and HDM/RMRS 364 

approaches), the highest ice pressures are associated with ice crushing failure.  365 

Figures 3 and 4 present the results of a sensitivity study for the Daley model of ice crushing 366 

(used to develop the IACS rules) and the Kurdyumov and Kheisin HDM (used to develop the 367 

RMRS rules), respectively. In the calculations, the vessel displacement (Mn) was kept 368 

constant and equal to 10 kilotons. Only one parameter was varied at a time.  369 

The maximum and minimum values for a varying parameter were determined based on 370 

available experimental and analytical data and engineering judgment. For example, regarding 371 

the ice floe opening angle (φ), Popov et al. (1967) calculated the magnitude of φ by assuming 372 

the dimensions of the segments that were broken off by the icebreaker. Their calculations 373 

indicated that φ can vary over a wide range, from 45° to 145°; average values between 90° 374 



and 100° were recommended for calculations. In the IACS approach, φ =150° is used. In this 375 

context, a sensitivity study for φ = 90‒150° was performed. 376 

 377 

Figure 3. Effect of physical parameters on the ice pressure calculated using the Daley model 378 

of ice crushing. 379 

Figures 3 and 4 show that the values of the exponent in the Sanderson pressure-area 380 

relationship (ex), spalling characteristic (wex) and ice strength factor (ap) are the most 381 

important assumptions (especially wex and ap). Unfortunately, these parameters are the most 382 

uncertain. This result clearly indicates a knowledge gap that must be addressed in the future. 383 

 384 

The results from Daley’s model (Figure 3) indicate a slight decrease in the ice crushing 385 

pressure with decreasing normal frame angles. This finding is the opposite of what one would 386 



expect during brittle crushing, i.e., an increase in local pressure values for steeper frame 387 

angles. Steeper frame angles will typically correspond to smaller aspect ratios and larger 388 

nominal contact areas at the end of the interaction, assuming that ship-ice interaction is 389 

governed by a Sanderson’s pressure-area relationship and that the force is limited by available 390 

kinetic energy. When the nominal contact area increases, the pressure in high-pressure zones 391 

also increases. The same effect of ice thickness is also observed during brittle crushing 392 

(Dempsey et al., 2001).  393 

The discussion above refers to the brittle ice crushing failure mode. The actual design 394 

values are limited by ice failure due to out-of-plane bending and are inversely proportional to 395 

the frame angle. For larger angles, ice fails because of bending at lower load levels, in 396 

agreement with observations of full-scale ship-ice interactions.  397 

 398 



Figure 4. Effect of physical parameters on the HDM/RMRS pressure. 399 

 400 

3.4 A qualitative comparison between the IACS and HDM/RMRS ice crushing loads 401 

Figure 5 shows the evolution of the impact force, ice pressure and line load as a function of 402 

the penetration depth. These forces are generated by crushing failure of an ice floe with a 403 

rounded edge (the HDM/RMRS load model in Section 2.2) and a wedge-shaped ice edge (the 404 

IACS load model in Section 2.1). Table 2 provides a comparison between the two models, 405 

and Table 3 presents the results of the sensitivity study in Section 3.3. 406 

 407 
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Figure 5. Load-penetration relationships determined according to the IACS load model 409 

(Section 2.1) and to the HDM/RMRS model (Section 2.2): Q/Qmax is the normalized total 410 

force, q/qmax is the normalized line load, p/pmax is the normalized ice pressure, and ζ/ζmax is the 411 

normalized penetration depth. 412 

 413 

As can be observed from Figure 5, QIACS, qIACS and pIACS increase with penetration depth in the 414 

IACS calculations and attain their maximum values at the end of an impact, i.e., when ζ = 415 

ζmax. In the IACS approach, a single load value at the end of an interaction (ζ = ζmax) is 416 

considered when deriving the ice pressure (Equation 1a) and load patch size (Equations 1b 417 

and 1c). Expressions for calculating the impact duration were not provided in Daley (2000). 418 

In the HDM/RMRS formulation, the maximum values are reached before a vessel comes to a 419 

complete stop. The maximum penetration depth (ζmax) can be determined from Equation 7 by 420 

setting upn = 0 (refer to the Appendix for details). The peak pressure (Equation 8) is reached 421 

before the maximum force is attained. The expression for calculating the impact duration is 422 

provided in Kurdyumov and Kheisin (1974). The normalized parameters pHDM/pmax, qHDM/qmax 423 

and QHDM/Qmax as functions of t/tmax (tmax is the duration of the impact) resemble those in 424 

Figure 5, although there is a slight shift to the left. The shape of the HDM total force and time 425 

histories resembles that measured experimentally during collisions with ice. It is also realistic 426 

that the HDM pressure at the center of the contact area, i.e., )0,0( == νxpHDM  increases with 427 

increasing penetration depth. 428 

Figure 5 indicates that )0,0( == νxpHDM  begins descending towards zero after reaching a 429 

peak (ppeak). The extent of this decrease is debatable because at this stage, the indentation 430 

speed is almost zero and the nominal contact area is large; and thus, the ice response can be 431 



macroscopically ductile and governed by compressive ice strength. This means that 432 

)0,0( == νxpHDM  will not necessarily decrease but will rather be nearly constant.  433 

Table 2. Functional dependencies of the ice crushing pressure and load height. 434 

Parameter IACS HDM/RMRS 

Ice pressure (p) 14.0*****
1 ),,,,,( nnoIACS MwexVPexfp ⋅= βϕ  17.0*****

1 ),,,,,( nnppeak MspVnaRgp ⋅= β  

Load height (b) 25.0*****
2 ),,,,,( nnoIACS MwexVPexfb ⋅= βϕ  33.0*****

2 ),,,,,( nnpHDM MspVnaRgb ⋅= β  

Asterisk symbol denotes factors for which ship owners or operators have no choice in what value to use 435 

Table 2 demonstrates similarities and differences between the IACS and HDM/RMRS 436 

formulations for the ice crushing pressure and load height. Both rules specify a particular 437 

design scenario (i.e., an oblique impact with a large ice floe) as the design basis and use the 438 

energy-based approach proposed by Popov et al. (1967) to calculate ice loads. Each rule set 439 

assumes that the ice pressure and the load height are a function of the following parameters: 440 

− Ice geometry, i.e., the floe angle in the IACS approach and floe radius in the HDM. 441 

− Ice mechanical characteristics: in the IACS approach, these characteristics are the 442 

exponent in the Sanderson pressure-area relationship (ex), the spalling parameter (wex) 443 

and the ice strength factor (Po). In the HDM, these characteristics are ap and n, where 444 

ap depends on the dynamic viscosity of the crushed ice in the intermediate layer (μ) 445 

and a proportionality constant between the layer and the ice pressure (kp). 446 

− Parameters of the vessel, i.e., the ship speed at the moment of impact, ship mass (i.e., 447 

ship displacement) and hull shape. 448 

 449 



Note the similarities and differences between the exponents of the vessel displacement. 450 

Despite the fact that the IACS and RMRS rules are based on completely different sets of 451 

assumptions, the functional dependencies of the pressure and load height on the vessel 452 

displacement are remarkably similar. The RMRS formulation has a slightly stronger 453 

dependency of the pressure and the load height on the vessel displacement, i.e., 454 

 455 

2.1M
p
p

IACS

RMRS ∝  and 3.1M
b
b

IACS

RMRS ∝ . (12) 

 456 

The main difference between the two approaches is that the IACS pressure is the pressure 457 

averaged over the design load patch area, whereas the RMRS pressure is the maximum 458 

pressure at the center of the loaded area. The IACS approach utilizes the Sanderson empirical 459 

pressure-area relationship, in which the average pressure decreases with increasing nominal 460 

contact area, whereas the RMRS approach assumes an intermediate crushed layer and uses the 461 

simplified Navier-Stokes equations to determine the pressure.  462 

Table 3. Qualitative results of a sensitivity study. 463 

Daley’s model of ice 

crushing (used by 

IACS) 

Kurdyumov and Kheisin HDM (used by 

RMRS, n=1.0) 

Effect 

Ice 

crushing 

pressure 

Effect 

Impact 

duration/maximum 

penetration 

Ice 

crushing 

pressure 

speed Vn↑ ↑ speed Vn↑ ↑ ↑ 



floe angle 

φ↑ 
↑ 

floe radius 

R↑ 
↓ ↓ 

frame 

angle β↓ 
↓ 

frame angle 

β↓ 
↓ ↑ 

spalling 

wex↑ 
↓ spalling sp↑ ↑ ↑ 

ice 

exponent 

ex↑ 

↓ 

dynamic 

viscosity of 

the 

intermediate 

layer μ↑ 

↓ ↑ 

ice 

‘strength’ 

Po↑ 

↑ 

crushed 

layer 

strength kp↑ 

↓ ↑ 

 464 

Table 3 indicates that some of the results obtained by both models in the presence of 465 

uncertainty in the input parameters show similar trends (e.g., an increase in ice crushing 466 

pressures with increasing impact velocities), whereas some are debatable. For example, refer 467 

to the effect of the frame angle that was discussed in Section 3.3. Other important (or 468 

debatable) effects are related to the floe radius and the ice spalling parameter, which are 469 

discussed in more detail below. 470 

Effect of the floe radius 471 



The HDM predicts the opposite of what one would expect, i.e., an increase in ice pressure for 472 

ice floes with larger radii. Consider two impacts, one with an ice floe with radius Rs and 473 

another with Rl > Rs. If the speed of impact is large enough to impart brittle ice behavior, the 474 

pressure is expected to be higher for the larger floe because the ice in the middle of the 475 

contact zone is more confined. This notion is analogous to the effect of ice thickness during 476 

brittle crushing (Dempsey et al., 2001), i.e., as ice thickens, the peak pressures observed in 477 

high-pressure zones increase.  478 

The maximum penetration distance (and impact duration) becomes shorter with increasing 479 

floe radius (Table 3), which is physically plausible because the confined ice (in the case of 480 

larger radius ice floes) can dissipate more energy during crushing, thereby resulting in shorter 481 

impact times. 482 

Effect of ice spalling  483 

The ice spalling constant (wex) is the most influential parameter in the Daley model of ice 484 

crushing. Higher wex values correspond to larger reductions in the contact area (Equation 3) 485 

and larger volumes of ice that brake off from the floe edge. In the IACS rules, this parameter 486 

is set to 0.7; a value of 1.0 would indicate no spalling. Figure 3 demonstrates that by varying 487 

wex between 0.5 and 1.0, pressure values that range from 1 to 12 MPa can be obtained. The 488 

lowest value was obtained for wex = 1.0, and the ice pressure increased with decreasing wex. 489 

From a physical perspective, this wex effect corresponds to a situation in which the pressure 490 

in the crushed and extruding ice adds a confining stress on the solid ice (high-pressure zone), 491 

thereby increasing the pressure in this high-pressure zone (Daley et al., 1998). In this context, 492 

the pressure determined using Equation 3 can be interpreted as the average pressure that 493 

accounts for direct hull-ice contact (or high-pressure zones) and contact with the crushed ice, 494 



where the crushed ice can extend from a high-pressure zone to the edge of the nominal 495 

contact area. 496 

In the HDM, the parameter sp > 1 indicates ice spalling. Larger sp values are indicative of 497 

larger spalls (i.e., smaller actual contact areas). When sp = 1, no spalling occurs. In the RMRS 498 

approach, the spalling parameter has a larger value with a larger reduction in the contact area, 499 

which is the opposite case for the IACS approach. In accordance with the above discussion 500 

regarding wex, the ice pressure is expected to be higher for larger sp values, which is the case 501 

in the present model. 502 

In summary, the HDM model predicts the temporal evolution of the impact force (pressure) 503 

during impact and considers the peak pressure for design, whereas the IACS method 504 

considers a single value at the end of an interaction, i.e., when the maximum contact area has 505 

been attained. The sensitivity study demonstrated that wex and ap are the most important 506 

parameters in the context of calculating ice pressures. For the IACS design scenario, no 507 

validation of wex is given, and experiments should be conducted to determine the best value 508 

for this constant and its influence on the designed ice pressures. Additionally, to clarify some 509 

of the concerns raised in this study, it is necessary to have detailed background information 510 

for the RMRS approach (RMRS, 2014) that explicitly links the ice class factors to physical 511 

parameters. 512 

4 Conclusions and implications  513 

This paper discussed the methodology and underlying assumptions behind ice load 514 

formulations in the IACS and RMRS rules from a rigorously scientific perspective. The 515 

discussion was limited to ice crushing failure and deterministic solutions. In particular, 516 

Daley’s ice load model and the Kurdyumov and Kheisin hydrodynamic model of ice crushing 517 

were used. The assumptions that underlie rule-based ice loads were placed in the context of 518 



current understanding of ice-structure interaction process, and the sensitivity of the results 519 

obtained using both methods to uncertainties in the input values was determined. A qualitative 520 

comparison between the two methodologies was presented. The main results are highlighted 521 

below. 522 

• The advantage of the IACS approach is that it is relatively easy to understand. 523 

Moreover, a detailed derivation of the designed ice loads and a list of the underlying 524 

assumptions can be readily found in the literature. 525 

• A complete understanding of the RMRS method and its assumptions remains 526 

challenging because the transition between the impact conditions, ice properties and 527 

class factors is neither straightforward nor clarified in the available scientific 528 

literature. Many important parameters, such as the ice geometry, ice mechanical 529 

characteristics, and vessel speed, are hidden in the class factors. 530 

• The drawback of the ice load calculations with the Daley model and with the 531 

hydrodynamic model of ice crushing is that a few unsupported assumptions need be 532 

made. Each model includes three parameters that are not well known. In Daley’s 533 

approach, these parameters are the ice pressure factor (Po), the exponent in the 534 

Sanderson pressure-area relationship (ex), and the ice spalling parameter (wex), 535 

whereas in the hydrodynamic model, these parameters are the linear dependence 536 

between the crushed layer thickness and pressure (n = 1.0), the characteristics of the 537 

ice strength ap (i.e., kp and μ) and the ice spalling coefficient (sp). 538 

• The assumed values of wex and ap are the most important assumptions. Unfortunately, 539 

these values are also the most uncertain. This result clearly indicates a knowledge gap 540 

that must be addressed in the future. 541 



• Further studies with the hydrodynamic model are needed to elucidate whether it is 542 

possible to improve the model by including a different relationship between the 543 

pressure and the crushed layer thickness. 544 

The information presented in this paper may help deepen our understanding of the scientific 545 

basis for rule-based ice loads. This improved understanding may be used for the development 546 

of calculation methodologies for scenarios that are not covered by the rule requirements (e.g., 547 

an ice floe hitting a floating or fixed structure, such as a drillship or floating production, 548 

storage and offloading unit). 549 
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Appendix 654 

Analytical solutions for the case of a glancing impact on a bow are available in the literature 655 

(Daley, 1999; Kurdyumov and Kheisin, 1974 and 1984; Kurdyumov et al., 1980; Popov et al., 656 

1967). This section presents a step-by-step solution for a ship bow hitting a large ice floe with 657 

a rounded ice edge. 658 

 659 

Ship-ice interaction model: governing equations 660 

Consider a ship that is moving at speed V and impacting a stationary ice edge with in-plane 661 

radius R. The collision occurs at point ‘O’ and results in a normal force Q along the collision 662 

line Oy; see a side view in Figure A1. This problem was first treated by Popov et al. (1967) 663 

and was later re-examined (Kurdyumov and Kheisin, 1974; Kurdyumov et al., 1980). The 664 

coordinate system and notation used in Kurdyumov and Kheisin (1974) and Kurdyumov et al. 665 

(1980) are used here with minor changes. 666 

The collision can be modeled as if point O is a single mass M that corresponds to the ship 667 

mass (displacement). Motion occurs only in a plane normal to the ship’s side at the collision 668 

point. This collision model was first developed by Popov et al. (1967) and includes a 669 

transformation of M and V into a reduced mass along the line of the collision, i.e., Mn = M/C0 670 

(where C0 is the reduction coefficient) and velocity Vn = V∙l (where l is the direction cosine), 671 

which is a projection of the ship’s speed in the direction of the outward normal to the surface 672 

of the hull at the collision point. The ship’s side is assumed to be rigid; only deformations of 673 

the ice are considered. The kinetic energy of the ship (reduced toward the line of impact) is 674 

dissipated via crushing of the ice edge. For the ship-ice floe system, the equation of motion is 675 

as follows: 676 
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 677 

where the first term is the derivative of the ship’s kinetic energy with respect to position ζ and 678 

the second term is the total contact force, which is defined as the integral of the contact 679 

pressure p distributed over the nominal contact area A. The force depends on the geometry of 680 

the ice floe and the ship’s depth of penetration into the ice (ζ).  681 

To determine the ice pressure, the model assumes that there is an intermediate layer of 682 

crushed ice between the ship’s side and the solid (undamaged) ice. This intermediate layer has 683 

a finite thickness (h) and is treated as an incompressible viscous medium. Its behavior is 684 

described using the simplified Navier-Stokes equations: 685 
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 687 

where ρ and μ are the density and dynamic viscosity of the medium, respectively, t is time, ui 688 

represents the velocity components of the flow, p is the pressure, and fi represents the 689 

components of the body forces. The flow is symmetric relative to axis Oy and is mainly 690 

directed along axis Ox because the thickness of the layer is small. 691 



 692 

Figure A1. Contact geometry during an oblique collision with a rounded ice edge. 693 

 694 

Equation A1 can be further simplified to the following: 695 
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 696 

Equations A1a and A1b are valid if the following assumptions are made: 697 

1.1 The body forces with components fi are neglected. 698 

1.2 The flow is parallel to the walls:  699 

 700 

0=yu . 701 

 702 



1.3 The variation of the pressure across the layer thickness is negligibly small: 703 

0=
∂
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y
p . 704 

1.4 There is no flow in the ν direction: 705 

0=νu . 706 

1.5 The flow is fully developed, i.e., there is no change in the profile in the stream-707 

wise direction: 708 
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1.6 The intermediate-layer is an incompressible and homogeneous media, which 710 

implies that 711 
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 712 

Ice failure is associated with the formation of two discontinuity surfaces, a penetration 713 

surface and a fracture surface. The penetration surface is defined by y = 0 and is the surface 714 

along the ship’s side that moves at speed uy = upn and penetrates the ice (upn is the penetration 715 

speed). The fracture surface is defined by y = h(x) and is the surface along one side at which 716 

the ice is still an elastic body. A lubricating water layer is considered at y = 0 with a friction 717 

coefficient of 0.03‒0.06 (Budnevich and Deryagin, 1952 via Popov et al. 1967). Shear 718 

stresses at this boundary are disregarded; the boundary conditions for Equations A1a and A1b 719 

are 720 
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 723 

Equations A1a ‒ A1c contain no parameters that characterize the mechanical properties of 724 

solid ice; instead, only a single parameter, the dynamic viscosity of the crushed ice in the 725 

intermediate layer (μ), is used. When solving Equations A1a ‒ A1c, the following pressure 726 

distribution p(x, t) over the thickness of the intermediate layer h(x, t) is assumed: 727 

 728 
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 729 

where kp and n are empirical coefficients. This assumption introduces two parameters that 730 

characterize the crushed ice (i.e., kp and n). A linear relationship between p and h (i.e., n = 1) 731 

is assumed in Kurdyumov and Kheisin (1974, 1976), Kurdyumov et al. (1980) and RMRS.  732 

 733 

Solving Equations A1a ‒ A1c with the assumption defined by Equation A2 yields a basic 734 

relationship that relates the principal variables (i.e., the instantaneous pressure p on the 735 

indenter’s surface at a point with coordinate x and instantaneous ship speed upn) and three ice 736 

parameters (i.e., μ, kp and n):  737 
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where b0 is the half-height of the hull-ice contact zone (see a side view in Figure A1). 740 

 741 

Detailed derivation of A3 742 

We begin with determining ux from Equation A1a: 743 
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 746 

The constants of integration can be determined from the boundary conditions (Pt. 1.7 and Pt. 747 

1.8): 748 
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The velocity profile is 752 
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Next, from Equation A1c we find uy: 755 
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(a)Alternatively, Equation A4 can be derived first – by determining ux from (Equation A1a); next – by introducing the expressions of the 

horizontal flux 3
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and the mass conservation: pnu
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equation into the equation of mass conservation.  

 

The constant of integration B1 can be determined from the boundary conditions (Pt. 1.8): 762 
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The velocity profile along y-direction is 765 
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 768 

Taking into account Pt. 1.7 (i.e., uy(y=0) =upn) yields a differential equation that relates the 769 

pressure (p) and the crushed layer thickness (h): 770 
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Substituting Equation A2 into Equation A4 results in the following:  773 
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Equation A5 can be rearranged to yield the following: 774 
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Using substitution, the following equation is obtained: 778 
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 789 

Determine C1 and C2 by accounting for the lack of a pressure gradient at x = 0 and p = 0 at 790 

x=b0: 791 
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Here, the following transformations are introduced: 799 
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 800 

where x is a dimensionless coordinate and sp is the ice spalling parameter that accounts for 801 

the reduction in the height of the hull-ice contact area. 802 

 803 

The final expressions for the ice impact load parameters, such as the impact force, pressure, 804 

depth of penetration, maximum load height, and their histories are determined by solving 805 

Equation A0. upn is found by substituting Equations A3 and A6 into Equation A0. The 806 

substitution yields 807 
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Here, c and a represent the dimensions of the nominal contact area (Figure A1) and 810 
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When small penetrations are considered (ηmax << R), c and a can be approximated as 814 
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The expression for c accounts for the deviation of the contact shape from a rectangle toward a 818 

parabolic segment, where 
a
νν = , [ ]1;1−∈ν  is the normalized out-of-plane coordinate (see 819 

Figure A1). Substituting the expressions for a and c into Equation A7 and using ,0=ζ820 

0and == ∫
A
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 827 



 

Here, J1 and J2 are numerical factors that account for ice edge spalling effects and deviations 828 

of the contact shape from a rectangle: 829 
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Equations A3 and A8 represent a generalization of the results of Kurdyumov and Kheisin 832 

(1974). If n = 1, Equations A3 and A8 are the same as those of Kurdyumov and Kheisin 833 

(1974), i.e., 834 
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 838 

Final expressions for the ice impact load parameters 839 

The final expressions for the ice impact load parameters are presented below for the case in 840 

which n = 1. The line load (q) is given by 841 

 842 



 

( ) ( ) ( )∫∫ −==
−

1

0

4
1

222
3

04
1

32
3

2

62 xdxspbkupdxq ppn

beff

µα . (A11) 

 843 

The total contact force is given by 844 
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At a certain penetration depth, the maximum pressure, which is the pressure at the center of 847 

the load patch ( 0== xν ), has a peak (ppeak). The solution for ppeak is given by 848 
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The solution for the maximum line load is given by 856 
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The solution for the maximum contact force is given by 862 
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The maximum penetration depth is determined from Equation A10 by setting upn = 0. The 866 

solution becomes 867 
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Using the transformation 870 
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where 
maxζ
ζζ =  is the relative penetration depth, Equations A9, A11 and A12 can be 872 

rewritten as 873 
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Equations A14 ‒ A16 are valid if the load that is required to break the ice by bending, Qb, (or 877 

buckling, Qe) exceeds Qmax. If min{Qb, Qe} ≤ Qmax, then ice failure begins before the 878 

maximum penetration is reached; hence, the ship will maintain a certain speed, upn/Vn = k. By 879 

reworking Equations A14 ‒ A16 in terms of the parameter k, the following relationships are 880 

obtained: 881 
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For practical applications of these expressions, the following compact form, in which sp = 886 

1.06, is often used to estimate the ice loads on ship structures: 887 
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The maximum height of the hull-ice contact is 891 
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Here, the impact location is represented by x/L (where x is the distance from the forward 892 

perpendicular to the collision point and L is the ship length), and the following parameters are 893 

introduced: 894 
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 895 

Here, ap is the ice strength factor, l is the direction cosine, Co is the mass reduction coefficient 896 

defined according to Popov et al. (1967) or Daley (2000), β is the frame angle, R is the radius 897 

of the ice edge, V is the forward velocity at the moment of impact, M is the mass of the vessel 898 

(displacement), and fp (fp ≤ 1.0) is a coefficient that accounts for the bending and buckling 899 

failure of ice. When fp = 1.0, only ice crushing is considered.  900 
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