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Abstract

We explain the physical basis of a very simple hierarchical model for small globular proteins
with water interactions. The water is supposed to accesses the protein interior in an “all-or-none”
manner during the unfolding of the protein chain. As a consequence of this mechanism (somewhat
speculative), the model exhibits fundamental aspects of protein thermodynamics, as cold and
warm unfolding of the polypeptide chain. Decreasing the temperature below the cold unfolding
the protein folds again. Accordingly, the heat capacity has three characteristic peaks. The cold
and warm unfolding has a sharpness close to a two-state system, while the cold folding yields a
less sharp transition. Interestingly, the entropy of the protein chain drives both the cold folding
and the warm unfolding. c© 2001 Elsevier Science B.V. All rights reserved.

PACS: 05.70.Jk; 87.14.Ee; 87.15.Cc; 87.10.+e

Keywords: Protein folding; Hydrophobicity; Phase transition

1. Introduction

In order to have a precise function in the biological “machinery”, it is important for
proteins to have an unique conformation at physiological temperatures. This is termed
the native (folded) state. An=nsen [1] proved in his famous experiment with ribonucle-
ase the important fact that the folding of the polypeptide chain is thermodynamically
determined.
One simpli=ed view of protein folding is that the protein is supposed to follow a

speci=c folding pathway of conformations in the Gibbs free energy landscape [2–9].
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Fig. 1. Schematic illustration of the heat capacity around an unfolding transition showing the parameters
in the van’t HoG enthalpy relation (Eq. (1)). Tc is the transition temperature, Q (area of the peak) is the
released energy (latent heat) and HC is the peak height of the transition.

This is a picture of a folding protein that is forced to follow a speci=c “path” of
successive conformational steps of increasing structural order. We will use this pathway
assumption in this paper.
A protein in physiological environments (pH, ionic strength, etc.) and temperatures

is packed in a very compact way. An increase of the temperature will eventually
denaturate (unfold) the protein. Other ways to unfold the protein are for instance to
change the pressure, denaturant concentration or the pH. The fact that proteins also
unfold at low temperatures, termed as cold unfolding [10,11], makes the system very
unusual. A major diJculty in experiments of cold unfolding is that the temperature is
around and below the freezing point of water. In a frozen aqueous solution, one cannot
observe any conformational transitions [12].
A general feature on small globular proteins is that they thermodynamically seems

to unfold in an “all-or-none” manner. This means that they unfold cooperatively with-
out noticeable intermediates [13–18], with a deviation from a two-state system not
exceeding 5%. The deviation from a single macroscopic system can be explained by
the presence of unstable intermediates [8,14,19]. It is worth noting that all these exper-
iments have been done only for the warm unfolding. The occurrence of intermediate
states in larger proteins [2,3,20] is not a contradiction to the two-state behavior in the
experiments in Refs. [13–18], because the latter only consider small globular proteins.
The van’t HoG enthalpy relation (for heat of reaction) [14,21]

HH = �kBT 2
c
HC
Q

(1)

is a powerful way to quantify the sharpness of a smoothed out =rst-order phase transi-
tion. As shown in Fig. 1, Tc is the transition temperature (at the middle of the peak),
Q which is the same as HH (no pressure) is the released energy (latent heat), and HC
is the peak height of the transition. � is a dimensionless proportionality factor, and kB

is the Boltzmann constant. For a given HH and Q, then the value of � is inversely
proportional to HC. In this respect a smaller � corresponds to a sharper transition.
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In this article we will explain the physical basis of a protein model that reformulates
the water interactions proposed in earlier models by Hansen et al. [5,6] and Bakk
et al. [8,9]. We will compare thermodynamical quantities, as the heat capacity, to
experiments. The protein is also investigated in a temperature region below accessible
experimental data.

2. Modeling the protein

2.1. The polypeptide chain

The polypeptide chain is modeled as in earlier articles by Hansen et al. [5–7] and
Bakk et al. [8,9], where the protein is supposed to follow a pathway as described in
Section 1. The protein is equipped with N contacts. As a very simple assumption we
say that all contacts contribute equally with respect to energy and entropy. Due to
the fact that a protein is a complex three-dimensional system, a folded contact likely
has non-local interactions with respect to the amino acid sequence in the polypeptide
chain. A weakness in the model is that it has no distinct conformational information
for speci=c proteins within the contacts. However, in this work we want to investigate
aspects of the mechanism for protein folding. In this respect the generality of the model
is an advantage.
We parameterize the protein in a way analogous to Zwanzig [22], where we assign

binary variables �i ∈ {0; 1} describing an open and closed contact i, respectively. The
pathway implies the constraint

�i¿�i+1 ; (2)

because a folded contact i is not assumed to unfold when a contact j ¿ i is folded. This
means that it is diJcult to unfold a part of the protein within an already larger folded
structure. In order to implement this into a Hamiltonian we introduce a second set of
binary variables �i ∈ {1;−B}, and B� 1. The state B is assumed to have a degeneracy
f− 1. Thus, for a system of N contacts the chain–chain Hamiltonian becomes

Hc =−�0
N∑

i=1

�i�i ; (3)

and �0 is the energy gain to fold one contact [23,24]. From the constrains in Eq. (2)
and requiring for simplicity B → ∞, the Hamiltonian in Eq. (3) can be reformulated by
the transformation �i=’1’2 · · ·’i, where ’j ∈{0; 1} are binary variables. In particular
�1 =’1. The value �i =0 means an unfolded contact, while �i =1 is equivalent to a
folded contact. The product term meets the assumption about a folding pathway. Thus,
Eq. (3) becomes

Hc =−�0(�1 + �1�2 + · · ·+ �1�2 · · ·�N ) : (4)

All open contacts will “Oap” freely due to zero energy cost (see Eq. (4)). Having in
mind the degeneracy f − 1 of the state B of the �i-variable, each open contact has a
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degeneracy f. The parameter f is interpreted as the relative increase in the degrees
of freedom for an unfolded contact compared to a folded contact.
We note that the chain–chain Hamiltonian emerges from a very simple model, even

simpler than the already simple pathway models by Zwanzig [22], Micheletti et al.
[25], Galzitskaya and Finkelstein [26], and Muñoz and Eaton [27] applied to study
diGerent aspects of protein folding. However, none of these consider the heat capacity
aspect, and in particular the phenomena of cold and warm unfolding. The latter seems
to be connected closely to the water interactions [10], as discussed below.

2.2. Water interactions

Interactions between water and protein surface are important. Proteins are during the
evolution “designed” to interact with water, simply because they are exposed to water
in vivo. Makhatadze and Privalov [28] state that in sum, hydration eGects destabilize
the native state, and decreasing temperature implies increasing destabilizing action.
The water that accesses the exposed hydrophobic protein interior during unfolding is
supposed to obtain an “ice-like” structure around the apolar surfaces [29]. Hence, this
structured water will both decrease the entropy and the energy compared to “free”
water [30], and thus impacts the thermodynamics of the system.
Hansen et al. [5,6] proposed a simple model where each water molecule associated

to a contact was represented by a “ladder” of g equidistant energies,

!i =




−�w + (g − 1)� ;
...
−�w + 2� ;
−�w + � ;
−�w ;

(5)

which we will also apply in the model considered in this text. The interpretation of !i

is the energy diGerence between a “frozen” water molecule, associated to the unfolded
parts of the protein, and a “free” water molecule in the bulk.
The observable states in a small globular protein is either the unfolded (�1=0), with

water bound to the surface that uncovers during unfolding of the protein, or the folded
state (�1 · · ·�N = 1) with no water in the protein interior. No intermediate states are
thermodynamically detected for small globular proteins [31]. Hence, one cannot know
for sure how the water enters the protein interior during the unfolding. Hansen et al.
[5,6] and Bakk et al. [8,9] have earlier only considered that the amount of water
interactions increase in proportion to the number of unfolded contacts, and with that the
contact energy of the chain. In this paper we study, as a more speculative assumption,
the case when a macroscopic contribution of water enters the protein surface when the
last contact is unfolded.
We note that Eq. (5) is the quantized energy levels of a magnetic dipole in an

external =eld. In the continuum limit where g → ∞ (with g� =nite), a classical mag-
netic dipole in an external =eld is obtained, and this again is analogous to an electrical
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dipole in an external electrical =eld. The dipolar water molecules are, in addition to
water–water interactions, exposed to an electrical =eld from the permanent, and induced
charges on the protein surface. Thus, Eq. (5) is a eGective representation of that.
By using the same notation as in Eq. (4), we propose the Hamiltonian that corre-

sponds with the water–protein interactions

Hw = (1− �1�2 · · ·�N )(!1 + !2 + · · ·+ !M ) ; (6)

where M is the number of water molecules. The folded protein is a highly ordered
and dense packed structure where no water can access the interior. Due to Eq. (4),
unfolding of the last contact (�N =0) implies a less dense packing of the protein, and
the cavities are now supposed to be big enough to let water access the interior of the
protein. The next step, unfolding of contact N − 1, implies likely an even lesser dense
packing, and allows more water in the protein interior. We assume in this work that the
water entering upon unfolding of contact N−1 will not interact with the protein surface,
because it is then regarded as a second layer containing “free water”. Cohn and Edsall
[32] state that roughly a monolayer of water is bounded to the protein, implying that
the protein is only interacting with the =rst monolayer, thus the second, and third, etc.,
water layers, successively entering the protein during unfolding, are regarded as bulk
water. Thus, according to the latter possible (but somewhat speculative) explanation of
how the water accesses the apolar interior of the protein, unfolding of contacts i¡N
does not contribute energy to the water Hamiltonian (Hw) and consequently not to the
thermodynamics.

2.3. The statistical framework

The system Hamiltonian (H) describing both chain-speci=c energy (Hc) and water
interactions (Hw) is

H=Hc +Hw =−�0(�1 + �1�2 · · ·+ �1�2 · · ·�N )

+ (1− �1�2 · · ·�N )(!1 + !2 + · · ·+ !M ) : (7)

Let now Zi be term number i in the partition function which corresponds with folding
of all contacts 6i (pathway assumption), thus

Zi = fN−iei�0�
(
e�w� 1− e−g��

1− e−��

)M

(i¡N ) : (8)

� ≡ 1=T is a rescaled inverse absolute temperature in which the Boltzmann constant is
absorbed. Z0 is the term where all contacts are zero, i.e., a complete unfolded protein,
while ZN corresponds with a folded protein. The factor fN−i in Eq. (8) are the chain
speci=c degrees of freedom deliberated from the N − i unfolded contacts. ei�0� is the
Boltzmann factor from i contact energies −�0. The last term in brackets is simply the
sum over all distinct levels in one water molecule raised to the power of the number
of independent water molecules M bound to the unfolded parts of the protein. We
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assume that ��� 1 (i.e., g → ∞), which is equal to an in=nite small level spacing in
Eq. (5). A =rst-order Taylor expansion of the denominator in Eq. (8), yields

Zi = fN
(
e�w�

��

)M

ei(�0�−ln f) (i¡N ) ; (9)

assuming 1 − e−g�� ≈ 1 when g→∞. The last term in the partition function (ZN )
corresponds with a complete folded protein, where there are gM degrees of freedom
from M unbound water molecules and N contact energies −�0, yielding

ZN = gM eN�0� : (10)

By summing up the Zi terms in Eqs. (9) and (10), we obtain the partition function
for the protein

Z =
N∑

i=0

Zi = fNgM

[(
ae��

�

)M
1− rN

1− r
+ rN

]
; (11)

where r ≡ e�−ln f, a ≡ �0=(g�) and � ≡ �w=�0. The inverse temperature is rescaled
by �0� → �. The parameter � in Eq. (11) measures the strength of the water inter-
actions relative to the chain contact energy. Thus, � may be interpreted as an e6ective
chemical potential. Changing � may mean to add denaturants, change pH or salt
concentration, etc.
The order parameter n in this system measures the degree of folding, i.e., the mean

number of folded contacts divided by N

n=
∑N

i=0 iZi

Z
=

1
N

(ae��=�)M ((N − 1)rN+1 − NrN + r)=(1− r)2 + NrN

(ae��=�)M (1− rN )=(1− r) + rN
:

(12)

n=0 corresponds with an unfolded protein, while n=1 is a completely folded protein.

3. Calculations and discussion

The heat capacity is C = �2@2(ln Z)=@�2. Fig. 2 shows a typical plot of the heat
capacity C(T ) with three peaks (numbered 1–3 from left). These characteristic peaks
correspond with three critical transition temperatures: T1, T2 and T3, measuring the
temperatures at the respective peak maxima. The corresponding order parameter n(T )
in Fig. 3, calculated from Eq. (12), indicates that the protein is essentially folded at
T ¡T1 and T2 ¡T ¡T3, while the protein is nearly unfolded at T1 ¡T ¡T2 and
T ¿T3. From this picture it is reasonable to state that the physiological temperature
interval is between peaks 2 and 3. Accordingly, with reference to this temperature
region, we call peak 1 for cold folding and peaks 2 and 3, respectively, for cold and
warm unfolding. Peaks 2 and 3 are both observed in experiments [10,11], and they are
also seen in the model of Hansen et al. [5,6] and Bakk et al. [8,9]. The model in this
work has, in addition to the cold and warm unfolding, the peculiarity of cold folding.
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Fig. 2. Heat capacity C(T ). Parameters chosen: a = 0:077, � = 3:3, f = 2, and N = M = 200, exhibiting
three peaks. With reference to the temperature region between peaks 2 and 3 (physiological temperatures)
we call the transitions: (1) cold folding; (2) cold unfolding; and (3) warm unfolding.

Fig. 3. Order parameter n(T ) corresponding with Fig. 2, describing the degree of folding. Parameters are
chosen equivalent to Fig. 2. n = 0 corresponds with an unfolded protein while n = 1 is interpreted as a
completely folded protein.

Experiments on cold unfolding are very diJcult because most proteins unfold below
the freezing point of water. Chen and Chellman [11] and Privalov et al. [33] have
all done experiments where the cold unfolding temperature is elevated by denaturants,
but denaturants make the interpretation of the data very diJcult. However, Privalov
[10] did experiments in super-cooled water, which is easier to interpret. Unfortunately,
he was not able to detect the sharpness of the cold unfolding, and not at all the heat
capacity below the cold unfolding. This means that our model may predict a cold
folding transition at a temperature below the cold unfolding transition.
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At temperatures below the cold folding (T → 0) analysis of the model gives n=0:99,
i.e., only the last contact is unfolded, and corresponds to the global energy minimum.
From Fig. 2 it is seen that T1 = 1:5. In Eq. (11) the critical r ≡ e1=T−ln f = 1, which
implies T1 =1=ln 2≈ 1:44 when f=2. Hence, this is nothing but an initiated transition
of the chain entropy. An increase of the temperature from T1 takes the protein through
a nearly unfolded state, whereupon the protein folds again at T2 =1:8. The temperature
is now so high that the energy of water (Eq. (5)) is small (thermal exited) compared
to the chain contact energy �0, thus the protein prefers to fold again. Further increase
of the temperature causes warm unfolding at T3 = 3:0, because then the entropy of the
chain again dominates the Gibbs free energy. It is interesting to note that the entropy
of the chain causes two transitions, both cold folding and warm unfolding.
We now turn our interest to the sharpness of the transitions, i.e., the value of the

parameter � in the van’t HoG enthalpy relation (Eq. (1)). For M = 200, � = 4:0 both
for the cold and warm unfolding. This means that the protein is thermodynamically
regarded as a two-state system that folds in an “all-or-none” manner. Privalov [14]
measured � = 4:0 for the warm unfolding. As far as we know there are no experi-
ments on the sharpness of the cold unfolding, but Privalov [10] indicates a sharpness
for the cold unfolding as well, which agrees with our model. The cold folding tran-
sition has a sharpness � = 12:0. This value is typical for a transition where one has
small energy=entropy diGerences between the folded=unfolded states and the interme-
diate states. Remember that the “folded” state for T ¡T1 is actually the =rst contact
unfolded. Thus, the unfolding will essential depend on the polypeptide chain with the
Hamiltonian in Eq. (4), which can be shown to correspond with a sharpness � = 12:0
[8,19].
The consequence of a decreased � is increasing separation between the cold and

warm unfolding, as seen in Fig. 4. This makes sense. A smaller � is equivalent to
a relatively smaller �w compared to �0 (see Eq. (11)), i.e., it is less favorable for
the protein interior to bind water. The consequence is that the protein prefers to be
folded in a larger temperature interval, in which the water is expelled to the bulk.
However, the transition temperature T1 is not changed because this transition is given
by the value T1 =1=lnf. It is also seen that a smaller � is qualitatively equivalent to a
smaller a.
An increase in M is the same as a decrease in N , because then the water becomes

more important relative to the chain, and allows a broader separation between T2 and
T3. The broader separation is also seen for decreasing f, because this is equivalent to
a larger M . Further increase of � will eventually merge peaks 1 and 2. It is interesting
to note that � = 4 for the merged peaks, because then the transition of the M water
molecules is energetically dominated, which causes the transition at T2 (Fig. 2). Conse-
quently, the cold folding transition is not very robust against change in the parameters.
In order to possibly reveal experimentally such a mechanism, the measurements must
be more reliable at=below the cold unfolding transition.
In sum, the qualitative change from Fig. 3 to Fig. 4, by a decreasing �, is also

obtained by a decrease of a, f or N or an increase of M .
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Fig. 4. Heat capacity where the eGective chemical potential is � = 3:2, slightly decreased from the value in
Fig. 2 (�=3:3). All other parameters are chosen as in Fig. 2. The qualitative picture is a broader separation
between T2 and T3 compared to Fig. 2.

Finally, we note that a slightly reformulated version of the model seems to be in
very good qualitatively correspondence with experiments on heat capacity exhibiting
cold and warm unfolding [34].

4. Summary

We have, in this work, studied a hierarchical protein model with water interactions.
The model is based on earlier models by Hansen et al. [5,6] and Bakk et al. [8,9].
In contrast to these similar models, where the water amount was supposed to increase
linearly to the degree of unfolding of the polypeptide chain, we have, as a more
speculative assumption, studied the situation where a macroscopic amount of water
access the protein interior during unfolding of the last contact.
With reference to physiological temperatures we =nd that the protein exhibits cold

and warm unfolding transitions, which is an experimental fact to small globular proteins
[10,11]. These transitions are associated by a sharpness indicating, from a thermody-
namical point of view, a two-state system which is also experimentally established
[13–18]. Decreasing the temperature further below the cold unfolding region the pro-
tein folds again (cold folding). This folding, caused by the chain entropy, has a less
sharp transition. In sum, the model exhibits three unfolding=folding transitions. The
cold folding transition seems not to be very robust against a parameter change, in
contrast to the cold and warm unfolding.
It is interesting to note that both the cold and the warm unfolding is due to the

polypeptide chain entropy.
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Abstract

The contribution of the hydration heat capacity upon solvation of apolar molecules is derived
by applying equilibrium statistical mechanics on a simple model, which we compare to experi-
mental data on the linear alkanes: methane, ethane, and propane, and to the aromatic compounds:
benzene and toluene. The model is based on a microscopic consideration, where we assign an
eGective bending energy of the hydrogen bonds between the water molecules in the solvation
shell around the solute molecule. Thus, we assume that the hydrophobicity is only connected to
forces between the water molecules in the solvation shell, and not to forces between the apolar
molecule and the surrounding water. We =nd that the model, by =tting the parameters, corre-
sponds well to the experimental data. The proportionality of the heat capacity versus surface
area is also discussed. c© 2002 Elsevier Science B.V. All rights reserved.

Keywords: Apolar molecule; Hydrophobicity; Hydrogen bond; Heat capacity

1. Introduction

The thermodynamics related to aqueous solvation of apolar molecules is of interest
in various respects. E.g., in recent years there has been a rapidly growing amount of
protein research. The understanding of water interactions upon unfolding of proteins
seems to be important in order to understand their stability in general [1–4], besides
the more speci=c feature of cold and warm unfolding of small globular proteins
[5–13]. Thus, the understanding of the thermodynamics related to solvation of smaller
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molecules may be bene=cial in order to understand and predict the structure and sta-
bility of large biomolecules [14].
In this work we want to study of the pure hydration eGect upon solvation of small

apolar molecules. It is known from experiments that the heat capacity change upon
aqueous dissolution of apolar molecules from the gaseous state is positive and propor-
tional to the density of solute molecules [15], and that this change is decreasing with
increasing temperature [16]. It is also known that the solution of an apolar substance
in water, at room temperature, is associated with a negative entropy change, which
decreases in absolute value with increasing temperature [17]. The hydration eGect of
an apolar molecule has traditionally been regarded as a gradual melting of some kind
of ordered “ice-like” shell around these compounds [18].
In order to explain the anomalous heat capacity increment of solvation of apolar

substances, we were inspired by the distorted hydrogen bond model introduced by
Pople [19,20]. By applying statistical mechanics on a simpli=ed model we can cal-
culate its heat capacity and compare it to experimental data on methane, ethane, and
propane from Naghibi et al. [21,22], and on benzene and toluene from Makhatadze and
Privalov [23].

2. Theoretical

Solvation of a molecule in water is a complex process that includes formation of a
cavity in water, and there are interactions between the water molecules and the solute
molecule. Due to these interactions the water molecules are rearranged around the
inserted molecule [24,25].
This work is based upon the simple assumption of considering the solvation shell

around the solute molecule as an “ice-shell” formation, due to Frank and Evans [18],
i.e., an increased number of hydrogen bonds compared to bulk water. We emphasize
that this, which is meant to be an eGective description of apolar solvation, may be in
contrast to recent advances in techniques applied on the structural behavior of apolar
solvation. Especially, we note high intensity neutron scattering [26–29] and X-ray ab-
sorption spectroscopy investigations [30–32], where there seems to be no evidence for
signi;cant increase of the internal water interactions around apolar solutes. However,
in this work we will nevertheless conceptually use a kind of “ice-shell” analogy that
enhance formation of hydrogen bonds compared to bulk water, since the reduction of
both enthalphy [33,34] and entropy [35,36] seems to be well established upon apolar
solvation.
We de=ne here the excess energy (HE), as the energy diGerence between a hydrogen

bond in the “ice-shell” around the apolar molecules, and “free” bulk water. The excess
energy is assumed to be independent of the intrinsic properties of the solute itself [37].
HE is negative and is supposed to be of the size of breaking a hydrogen bond in water
(5:5 kJ mol−1) [37,38]. In order to estimate the energy of a hydrogen bond, we use the
distorted hydrogen bond model introduced by Pople [19,20]. Water has four localized
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orbitals, and to =rst approximation we may regard the bending of the hydrogen bonds
to be independent of each other. So in a simpli=ed model each hydrogen bond can
then be considered to act in a way similar to an electric =eld that directs a dipolar
moment. Another way to consider this is that the rectifying eGect of the apolar surface,
together with the hydrogen bonds acts like an eGective electric =eld upon the dipole
moment of a water molecule. With this latter simpli=cation, the breaking of hydrogen
bond is modeled as a dipole moment that rotates in an electric =eld. This model is the
same as the classical Heisenberg [39] model for a magnetic moment. With this, the
energy for one rotator or hydrogen bond becomes

E(#)=− � cos# ; (1)

where � is a bending distortion constant. The angle # is the polar angle of orientation.
The partition function that follows from Eq. (1) is

Z =
∫ 2%

0
d’

∫ %

0
d# sin #e−E(#)=(kBT )

=
4%T
b

sinh(b=T ) ; (2)

where b= �=kB (kB is the Boltzmann constant) and ’ is the azimuthal angle. This
yields the internal energy per mole of solute:

U = aT 2 @
@T

(ln Z)= a[T − b coth(b=T )] : (3)

Here a=NHNAkB =NHR, where NH is the number of hydrogen bonds per solute
molecule, NA is Avogadro’s number, and R=8:314 J K−1 mol−1 is the molar gas con-
stant. From Eq. (3) we obtain the speci=c heat change upon apolar solvation per mole
solute molecules:

HC =
@U
@T

= a

[
1−

(
b

T sinh(b=T )

)2
]
: (4)

Experimentally one measures the bending distortion constant �H per mole which we
will identify with � in the model above. Thus we have b= �H=R.
One can note since this model is a classical one, the speci=c heat stays non-zero as

T → 0. However, we assume that this is appropriate in our case as only temperatures
above the melting point of ice are considered. Also trying to take quantum eGects
into account would complicate solution of our model—which is a simpli=cation of
reality anyway. On the other hand, quantum eGects are important at low temperatures
as is the case with respect to rotations and vibrations of molecules. One should also
keep in mind that the hydrogen atom is the lightest element such that one may not
rule out noticeable quantum eGects, even at room temperature, before more careful
investigations are performed. The two-state model may thus act as a very simpli=ed
model of such quantization [23,37,40,41,50], which we believe is of less relevance of
the temperatures considered here for apolar surfaces.
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The parameter b in Eq. (4) contains the bending constant �H, which is actually a
measure of the energy of breaking 1 mol of hydrogen bonds in ice and transfering
them to “unbound” water. Gill et al. [37] points out that this is not the same en-
ergy as to fully break 1 mol of hydrogen bonds and “transfer them into vacuum”,
because an “unbound” water molecule will still interact with its neighbors, but with
a weaker coupling compared to ice. NYemethy and Scheraga [38] have estimated this
value to �H =5:5 kJ mol−1, which is substantially lower than the widely quoted value
18:8 kJ mol−1 for breaking a hydrogen bond proposed by Pauling [42].

3. Results and discussion

We now want to compare Eq. (4) with experimental data for the hydration heat
capacity of several small apolar molecules. All these data are based upon the de=nition
that the heat capacity change is the diGerence in the heat capacity of the solute in its
ideal gaseous phase and its water soluted phase, i.e., the Ben-Naim de=nition [43].
In Fig. 1 we plot the experimental data on methane, ethane, and propane from

Naghibi et al. [21,22], and in Fig. 2 on benzene and toluene from Makhatadze and
Privalov [23]. The continuous lines are based upon best =t of the parameters a and
b in Eq. (4). All the parameters used in the plots are listed in Tables 1 and 2. The
theoretical lines are clearly within the error-estimates, which is satisfactory in view of
the simplicity of the model.
From Eq. (3) one sees that a is proportional to the number of hydrogen bonds.

Naghibi et al. [21,22], and Makhatadze and Privalov [23] all conclude in that it is
only the =rst solvation shell that is responsible for the large contribution to the heat
capacity upon solvation of apolar substances. In order to check this in our model we
simply investigate the fraction

)=
a
A

; (5)

where A is the accessible surface area for the water molecules which we take from
Hermann [44]. Apparently from Table 1 the deviation from ) ≈ 2:0 J K−1mol−1 ZA

−2

is quite small for methane, propane, benzene, and toluene, while ethane has a dis-
tinct deviation from this value. This trend repeats for the parameter b where methane,
propane, benzene, and toluene are all around b=600 K. Again ethane deviates distinct
from this value. Note that b=600 K corresponds to �H =5:0 kJ mol−1, close to the
estimated value from NYemethy and Scheraga for breaking 1 mol of hydrogen bonds in
ice and transfer them to bulk water [38].
In Fig. 1 we also present a plot based upon choosing a =xed value b=600 K where-

upon a is adjusted accordingly (dashed line). The corresponding values for a and )
are listed in Table 2. The best =t b-values for benzene and toluene are both very
close to b=600 K, as seen when comparing Tables 1 and 2, and are accordingly not
drawn. Methane and propane are both within the error-estimates, which is not the case
for ethane. Thus, we cannot from our model conclude for these apolar molecules that
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Fig. 1. Experimental data from Naghibi et al. [21,22] on the aqueous solvation contribution to the heat
capacity for the linear alkanes ethane, methane, and propane as function of the absolute temperature. The
continuous lines are best =t of the parameters a and b in Eq. 4, while the dashed lines correspond to best
=t of parameters a with parameter b =xed to 600 K. The parameter values are listed in Tables 1 and 2.
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Fig. 2. Experimental data from Makhatadze and Privalov [23] on the aqueous solvation contribution to the
heat capacity for the aromatic hydrocarbons benzene and toluene as function of the absolute temperature.
The continuous lines are the best =t of the parameters a and b in Eq. (4). Values of the parameters are
listed in Table 1.

Table 1
Best =t of the parameters a and b in Eq. (4) that correspond to the
continuous lines in Figs. 1 and 2a

Solute a b A )
(J K−1 mol−1) (K) ( ZA2) (J K−1 mol−1 ZA−2)

Methane 319.2 559.1 152.4 2.10
Ethane 1047.5 286.9 191.5 5.47
Propane 415.8 667.7 223.4 1.86
Benzene 403.8 612.9 240.7 1.68
Toluene 513.5 599.0 273.9 1.87

aA is the accessible surface area [44] and ) is de=ned in Eq. (5).
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Table 2
Parameter b is =xed to 600 K and parameter a is obtained by a corre-
sponding best =t, due to Eq. (4)a

Solute a )
(J K−1 mol−1) (J K−1 mol−1 ZA−2)

Methane 298.6 1.96
Ethane 389.5 2.03
Propane 455.7 2.04
Benzene 417.2 1.73
Toluene 512.8 1.87

aThe value of b and the ones for a correspond to the dashed lines in
Fig. 1.

there exists a “universal” coupling constant �H in water. The reason for this is not
clear to us, but apolar solvation can for instance be sensible to surface geometry. This
may possibly explain the irregular values of the parameters for ethane compared to the
other four molecules examined. In this context one can look at, e.g., cyclohexane which
has a cost in free energy 5:2 kJ mol−1 when put into water from vapor at 25◦C, while
hexane has a cost of 10:7 kJ mol−1 [45]. This amounts to a free energy per unit surface
area accessible to water of 20 J mol−1 ZA

−2
for cyclohexane versus 36 J mol−1 ZA

−2
for

hexane. This particular example indicates that the hydrophobic eGect is sensitive to sur-
face geometry. Thus, the conclusion that thermodynamical quantities upon solvation of
apolar compounds are proportional to water accessible surface area [46–49], regardless
of the surface geometry, is at best approximate.
Gill et al. [37], and Makhatadze and Privalov [23] consider a two-state model which

they =t to experimental data of apolar solvation. They conclude that the relatively good
correspondence between experiments and their theory seems to support the view that
water molecules in the solvation shell behave almost independently. This latter feature
is common to our viewpoint. Although a two-state model has a more correct behavior
in the T → 0 limit, as discussed in Section 2, we cannot see that a two-state model
has a more direct connection to the molecular basis of the problem at the temperatures
considered here. In this respect we =nd our model more satisfactory, which is also
supported by a better =t to the experimental data including the slight curvature as seen
in Figs. 1 and 2.
Nevertheless, Sharp and Madan [40] conclude that various qualitative eGects of apolar

(also polar) solution can be satisfactorily reproduced by a two-state model. On the other
hand their Monte Carlo simulations on a water network model reveal a more complex
behavior than provided by the two-state picture.

4. Conclusion

We have investigated a new model on the microscopic level for the excess heat ca-
pacity of aqueous solvation of the apolar substances methane, ethane, propane, benzene,
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and toluene. In the model we apply the energy of a hydrogen bond in the “ice-shell”
around the solvated apolar molecule, which models the excess energy of solvation
compared to bulk water, by using a hydrogen bond distortion model introduced by
Pople [19].
The heat capacity is calculated by means of equilibrium statistical mechanics and

the model =ts experimental data well for all the proteins considered. One notes from
Table 1 that the energy parameter b for bending hydrogen bonds is nearly the same
for all substances except for ethane. As discussed in Section 3 this may be related to
surface geometry, but otherwise the reason for the latter deviation is not clear.
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Two-state protein model with water interactions: Influence of temperature
on the intrinsic viscosity of myoglobin
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We describe a single-domain protein as a two-state system with water interactions. Around the unfolded
apolar parts of the protein we incorporate the hydration effect by introducing hydrogen bonds between the
water molecules in order to mimic the ‘‘icelike’’ shell structure. Intrinsic viscosity, proportional to the effective
hydrodynamic volume, for sperm whale metmyoglobin is assigned from experimental data in the folded and in
the denaturated state. By weighing statistically the two states against the degree of folding, we express the total
intrinsic viscosity. The temperature dependence of the intrinsic viscosity, for different chemical potentials, is in
good correspondence with experimental data
P. L. Privalovet al., J. Mol. Biol. 190, 487 �1986��. Cold and
warm unfolding, common to small globular proteins, is also a result of the model.
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I. INTRODUCTION

Proteins are macromolecules consisting of thousands of
atoms. Despite their complexity, Privalov and Khechinash-
vili 
1� showed by a van’t Hoff analysis that several small
globular proteins (�200 residues� are nearly a two-state sys-
tem, i.e., either the protein is thermodynamically stable in the
folded �native� state, or it is stable in the unfolded�denatur-
ated� conformation.

Proteins are in a compact native state around physiologi-
cal temperatures and natural chemical environments. An in-
crease of the temperature denaturates the protein, which is
quite intuitive from a physical point of view, e.g., thinking
about thermal expansion of materials. But, what is rather
surprising is that some proteins lose their stability at sub-
physiological temperatures
2–4�. This is called cold dena-
turation.

In this work we apply a simple two-state description for a
protein, which is a reformulated version of a model proposed
by Hansenet al. 
5� and Bakket al. 
6,7�. In the denaturated
state water is allowed to access the unfolded regions of the
protein. The water molecules in this hydration shell are as-
signed a bending energy in order to mimic the ‘‘frozen’’
structure around an apolar surface
8�. By means of statistical
mechanics we calculate an order parameter, which we apply
in an expression for theintrinsic viscosity�IV �. The IV is
proportional to the effective hydrodynamic volume of a mac-
romolecule
9�, and isnot equivalent to theinternal viscosity,
where the latter describes a resistance to extension or com-
pression of a macromolecule
10�. Finally we compare the
model with experimental data from Privalovet al. on sperm
whale myoglobin
3�.

II. PROTEIN MODEL

To first approximation, a small single-domain globular
protein may be regarded as a two-state macroscopic system

1,11�. However, as shown in Ref.
6� the folding of such a

protein can be regarded as a multiple process, i.e., a hierar-
chical folding of M contacts
12�, and still be a two-state
system from a thermodynamical point of view. Analogous to
Zwanzig 
13� we assign binary variables� j��0,1� corre-
sponding to an open�unfolded� and closed�folded� contactj,
respectively. The hierarchical folding implies the constraint

� j��k , k� j �1�

simply because contactj�k cannot unfold whilek is folded.
This can further be parametrized by a second set of binary
variables� j��1,
B�. The� j variables may be interpreted as
a simplified representation of the dihedral angles
9� with
only two ‘‘angles’’ accessible at each contact. Let� be the
energy gain to fold one contact
14�, and let the binary vari-
able� j��1,
C� distinguish between the fully folded state
(�M�1) and the intermediate states (� j �M�
C), respec-
tively. The enthalpy for contact thus becomes

Ec�
 i �� i� i� i , �2�

when the unfolded enthalpy is set to zero.
In the two-state limit the intermediate states are unstable,

i.e., C→�. For simplicity we assumeB→�, thus the chain-
chain enthalpy in Eq.�2� effectively becomes

Ei
c�
 i �c , i ��0,1�, �3�

which corresponds to the native state (i �1) and the dena-
turated state (i �0) for the complete protein. The protein
contact energy�c is simply the sum ofM contact energies�,
i.e., �c�M�.

For simplicity we assume that the denaturated state hasgc
chain-related degrees of freedom compared to the thermody-
namically unique native state of zero entropy. The present
two-state model fulfills the van’t Hoff enthalpy relation as
shown in Ref.
6�, which is also experimentally established
for several globular proteins, myoglobin included
1�. As for
�c in Eq. �3� gc varies little with respect to the temperature

15�, thus we assumegc is independent of the temperature.

Solvation of a molecule in water, in analogy to protein
unfolding, is a complex affair. It includes a cavity formation*Electronic address: Audun.Bakk@phys.ntnu.no
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in water, interactions between water molecules and the sur-
face of the solute molecule, and finally a rearrangement of
the water around the solute molecule
16�. In this work we
will only consider the latter effect.

Proteins consist of apolar1 as well as polar surfaces
17�.
As a simplification, we will in this work only consider the
hydration effect upon unfolding around the exposed apolar
parts of the protein. It is known from solvation of apolar
substances in water that the hydration contribution to the
entropy is negative, moreover, it decreases in absolute value
for increasing temperature
18�. Frank and Evans
8� attrib-
uted this to a gradual melting of an ‘‘ice shell’’ around the
apolar molecules. In analogy to this, we regard the water in
the solvation shell around the unfolded apolar parts of the
protein as hydrogen bonded (HB), while upon folding this
water is expelled to the bulk, and is there regarded as a
‘‘non-hydrogen-bonded liquid’’
19�.

Inspired by Pople
20,21� we define an effective bending
energy of one individual hydrogen bond in the solvation
shell

Ei
HB����
�1
 i ��HB cos�, ��
0,��. �4�

The polar angle� is the bending or distortion of a hydrogen
bond as illustrated in Fig. 1. One sees from Eq.�4� that it is
enthalpically favorable to let water access the unfolded apo-
lar protein surfaces�i.e., i �0), otherwise, if water is ex-
pelled to the bulk we put this enthalpy to zero.�HB is a
bending distortion constant and is supposed to be of the size
of breaking one mole of hydrogen bonds and transferring
them to bulk water. Ne´methy and Scheraga
19� estimated
5.5 kJ/mol for this constant, which we will apply in this
work. Water molecules in the bulk will also have internal
interactions, but with a weaker coupling compared to ice.
Thus, the value from Ne´methy and Scheraga is substantially
lower than the widely quoted value 18.8 kJ/mol for breaking
one mole of hydrogen bonds and transferring them to
vacuum as proposed by Pauling
22�. Each individual water
molecule expelled to the bulk is assigned a degeneracygw in
order to take into account the entropy loss of solvated water


18�. Let N be the effective number of hydrogen bonds in the
solvation shell around the apolar surfaces of the unfolded
protein. Thus, the total degeneracy of the protein isg1�gw

N

in the folded state due to the water degrees of freedom, while
the degeneracy of the unfolded state isg0�gc due to the
chain flexibility. This yields a degeneracy corresponding to
statei

gi�gc
1
 igw

Ni . �5�

The Hamiltonian for the protein is simply the sum of
chain-chain enthalpies
see Eq.�3�� and protein-water inter-
actions
see Eq.�4��

Hi����Ei
c	Ei

HB���, �6�

whereupon the canonical partition function becomes

Z��
i �0

1

gie

Ei

c/(RT)� �
0

�

d� sin�e
Ei
HB(�)/(RT)� N

�gc�2RT

�HB
sinh��HB /�RT���N

	gw
Ne�c /(RT)2N

�2Ngw
Ne�c /(RT)�r 	1���

i �0

1

Zi . �7�

R�8.31 J/(K mol) is the molar gas constant,T is the abso-
lute temperature, and the functionr is defined as

r�
aTe
�/Tsinh�b/T��N, �8�

where a�Rgc
1/N/(�HBgw), ���c /(NR), and b��HB /R.

The power ofN in Eq. �7� is due to theN hydrogen bonds
that are supposed to act individually. This is a coarse simpli-
fication because ice is supposed to have long-range order

21�.

In Sec. III below, which concerns the intrinsic viscosity,
we will need a quantity or a measure of the degree of fold-
ing. Thus, we define an order parameter2 n for the system.
According to the previous notation wherei �0 andi �1 cor-
responds to a denaturated and a native protein, respectively,
we weigh the two states by the corresponding Boltzmann
weightsZi defined in Eq.�7�. The order parameter becomes

n�

�
i �0

1

iZi

�
i �0

1

Zi

�
1

r 	1
. �9�

Up to this point the model is general, only restricted to
single-domain�small� proteins exhibiting two states. For
positive values ofa and b, which is valid throughout this
work, r �0 is a consequence for all temperatures. Moreover,

1Apolar means that the molecule exhibits no permanent dipole
moment, as opposed topolar.

2Order parameterin physics is equivalent toreaction coordinate,
commonly used in chemistry and protein literature.

FIG. 1. Schematic illustration of two water molecules (A andB)
between which a hydrogen bond is bent an angle�. Only two of the
four orbitals, where the polarity is indicated by�	 and �
 , are
shown for each molecule. The hydrogen bonds are meant to mimic
the ‘‘icelike’’ structure of water around the unfolded apolar regions
of the protein.
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the order parameter has the following limits: limr→0n�1
and limr→�n�0. Thus, we have constructed an order param-
eter confined to the intervaln�
0,1�, which statistically de-
scribes the degree of folding.

III. INTRINSIC VISCOSITY

We now have the ‘‘machinery’’ to describe the IV. First
we will calculate IV separately in the native and denaturated
state. By quantifying the population of the two states by the
order parameter
see Eq.�9��, we are finally able to express
the total IV for myoglobin as a sum of native and denatur-
ational IV weighed against the degree of folding.

IV is in general defined as
24�


��� lim
c→0

��
�

c�
, �10�

which is the limit of zero concentrationc of the reduced
viscosity
25�. �� is the macroscopic viscosity�water	 pro-
tein�, � is the viscosity of pure solvent�water�, andc is the
protein concentration. For a fixed conformation IV is inde-
pendent of the solution. However, the conformation will
strongly depend on the solution, e.g.,pH. Thus, in this re-
spect IV will implicitly depend upon the solution, as dis-
cussed further in Sec. IV.

It can be shown that IV for a compact macromolecule of
arbitrary shape can be written by heuristic means as
24�


��1� �V̄p	�V̄w�, �11�

where is the Simha factor containing all the shape depen-
dence,V̄p and V̄w�1.0 cm3/g are the partial specific vol-
umes of protein and pure water, respectively, and� is the
hydration ratio. From Eq.�11� one sees that IV can be re-
garded as an effective measure of the size of a macromol-
ecule. In this work we study sperm whale metmyoglobin that
has the following data:V̄p�0.75 cm3/g 
9�,  �2.8 and�
�0.35 
24�. Thus, according to Eq.�11�, IV for myoglobin
in the nativestate�1� is


��1�3.1 cm3/g, �12�

i.e., independent of temperature. The data, leading to Eq.
�12�, is measured at 20 °C. However, to first approximation
we assume that Eq.�12� is valid at all temperatures.

IV in the denaturated state is a bit more complicated,
where wemay regard the protein as a random coil
26,27�.
Flory 
28� proposed


��Flory�
!�r 2�3/2

M
�13�

for the intrinsic viscosity of a non-free-draining coil.!
�3.62�1021 is a universal constant,�r 2� is the mean-square
end-to-end distance, andM is the molecular weight. Accord-
ing to the data from Privalovet al. 
3� there seems to be a
pronounced temperature dependence of IV in the denaturated
state�see upper curve in Fig. 2�. Moreover, it is known that

facilitation of rotational degrees of freedom in the backbone
will cause a decrease of the dimension
27,29�, hence,�r 2�
decreases with increase in temperature, as well. Thus, ac-
cording to Eq.�13�, the IV also decreases. In order to incor-
porate the latter effect, we do a linear regression of data on
unfolded myoglobin.3 This implies the following
temperature4 dependent expression on IV ofdenaturated
myoglobin


��0�23.6
0.11T cm3/g. �14�

At 25 °C 
��0�20.9 cm3/g, noteworthily close to the value
20.1 cm3/g from Tanford
26� obtained in 6 M guanidinium
HCl.

From the calculated IV of native and denaturated myoglo-
bin in Eqs. �12� and �14�, respectively, we weigh the two
states by the order parameter defined in Eq.�9�. We put
native IV proportional to the degree offolding, n, and dena-
turational IV proportional to the degree ofunfolding, (1

n), whereupon the total IV becomes


�� tot�
��1n	
��0�1
n�. �15�

The two states, folded and unfolded protein, correspond to
the limits limn→1
�� tot�
��1 and limn→0
�� tot�
��0, re-
spectively. The order parametern depends both on the tem-
perature and on the chemical environments, as discussed in
the section below.

IV. CALCULATIONS AND DISCUSSION

It seems to be reasonable to only incorporate hydration
effect of the first solvation shell
30,23�, according to Cohn
and Edsall
31� who state that roughly one monolayer of

3Experimental data from Privalovet al. 
3�.
4Temperature here and in Figs. 2 and 3 in units of °C.

FIG. 2. Temperature dependence of myoglobin intrinsic viscos-
ity at different chemical potentials�. The curves are based upon
Eq. �15� wherea�2.59�10
3 K
1 and b�662 K 
19�. �1 cor-
responds to a denaturated protein, while�4 corresponds to the na-
tive state in the horizontal region between
10 °C and 80 °C. Ex-
perimental�expt.� data at variouspH�s from Privalovet al. 
3�.
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water around apolar molecules is required to explain hydro-
dynamic data.

If we use an estimated value 8.4�103 Å 2 for the differ-
ence of the accessible surface area of the denaturated and the
native apolar parts of myoglobin
15�, together with an esti-
mated value 9 Å2 for the effective surface area of one water
molecule
23�, it is roughly 930 water molecules around the
unfolded apolar regions of a myoglobin molecule in the first
solvation shell. Let it be effectively one hydrogen bond per
water molecule that forms or makes the ‘‘freezing action’’ in
the hydration shell, thusN�930 in Eq. �8�. Note that the
latter number is theexcessnumber of hydrogen bonds in the
solvation shell compared to bulk water. Thus,N is not a very
fundamental constant, merely a rough estimate. The esti-
mated value of�HB�5.5 kJ/mol
19� implies b�662 K in
Eq. �8�.

Consequently, only two parameters remain ‘‘adjustable’’
in the protein model
see Eq.�7�� and thus in
�� tot 
see Eq.
�15��, namely,a and�. It is likely to believe that a change in
the parameter� is equivalent to a change in the chemical
environments (pH, denaturant concentration, etc.�, because
� is proportional to the chain-chain contact enthalpy�c ,
which reasonably depends upon, e.g.,pH. On the other hand,
the parametera contains chain and water entropies in addi-
tion to the hydrogen-bond-bending constant�HB , which are
presumably more stable parameters upon a change in the
chemical environment compared to�. Thus, we call the ef-
fective parameter� the chemical potential.

In Fig. 2 we plot the intrinsic viscosity vs temperature for
different � and compare them to experimental data from
Privalov et al. 
3�. The curve corresponding to�1 exhibits
the characteristic temperature dependence of an unfolded
protein. In Fig. 3, where the corresponding order parameter
vs temperature is plotted, one sees that�1 corresponds to
n�0 for all T, i.e., it is only
��0 that contributes to
�� tot .
This is nothing but the temperature dependent intrinsic vis-
cosity of a free-draining coil expressed in Eq.�14�. We note
that the assumption of linear dependence on denaturational

IV in Eq. �14� is a good approximation to experimental data.
The curve corresponding to�4 in Fig. 2 is horizontal in a

broad temperature range from approximately 0 °C to 60 °C.
This corresponds ton�1 as seen in Fig. 3. Thus,
�� tot

→
��1 implying a native protein in this temperature region,
and is in fairly good correspondence to experimental data.
However, in the experiments there seems to be a slight de-
crease of IV in the region discussed, probably due to a melt-
ing of the native structure analogous to the denaturational
IV.

The curves�2 and�3 in Fig. 3 have both maximan�1,
thus only afraction of the proteins are native. Here we note
that an intermediate value of the order parameter, let us say
n�0.8, doesnot mean that the protein is partly folded, but
meansstatistically that 80% of an ensemble of proteins are
folded, while 20% are unfolded. Actually, the curves corre-
sponding to�2 and�3 is a crucial test of the validity of the
model, because the corresponding experimental data clearly
deviates from a straight line, as a consequence of the mixture
of native and denaturated proteins that contribute to different
intrinsic viscosities. In sum, our model seems to resemble the
experimental data quite well.

The curve corresponding to�4 in Fig. 2 exhibits the char-
acteristic temperature dependence of cold and warm destabi-
lization. This is better seen in Fig. 3, where�4 corresponds
to a native protein in an intermediate region around physi-
ological temperatures (
10 ° –80 °C), while it is denaturated
outside this temperature region. Cold and warm unfolding is
a common feature to small globular proteins
4,3,32�. The
specific values of the chemical potential are all around�
�375 K, which corresponds to�c�2900 kJ/mol
see Eq.
�8��. It is interesting to compare this to the estimated values
from Makhatadze and Privalov
15� on enthalpies of internal
interactions�N

UH int�7600 kJ/mol, where van der Waals’s
�vdW� interactions contribute�N

UHvdW�1200 kJ/mol and
hydrogen bonding contributes�N

UHHB�6400 kJ/mol. The
latter three values are nearly constant between 5 °C and
100 °C. It is reasonable that�N

UHHB��c��N
UHvdW, because

in addition to disruption of the internal van der Waals’s
bonds the broken internal hydrogen bonds are likely to partly
reappear as water-protein interactions. The latter enthalphy
contribution is only partly because the specific water struc-
ture determines the possible hydrogen bond combinations
towards the protein surface.

In a future expansion of the model it may be interesting to
look at the apparent decreasing dimensionality with increas-
ing temperature for both native and denaturational IV, which
is more expressed for the latter. This may be attributed to a
gradual melting of the structure due to some excitement of
soft vibrational modes implying an effective smaller dimen-
sion 
17�. If we were able to incorporate such interactions in
the protein model, the parameter fit onto
��0 and
��1 may
then turn out to be redundant—resulting in a more complete
model.

To the author’s knowledge regarding experiments on the
temperature dependence of the IV, myoglobin is the only
studied protein over such a broad temperature range and in
different chemical environments as in Ref.
3�. Thus, we

FIG. 3. Temperature dependence of the order parameter n de-
fined in Eq. �9�. All parameters correspond to Fig. 2. The order
parameter measures the degree of folding. Thus, for�1 the protein
is folded around physiological temperatures (30 °C), while for�
��4 the protein is denaturated at all temperatures. Note thatn is
decreasing with decreasing�.
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hope that the present paper may stimulate experimental work
on IV for other proteins, especially those that exhibit cold
unfolding, in order to check the generality of the model.

V. SUMMARY

Single-domain proteins have thermodynamically two
stable states, the native and the denaturated
1,11�. We apply
a two-state description and incorporate the hydration effect
upon unfolding by a model that mimics the ‘‘icelike’’ shell
around the unfolded apolar surfaces as an increased number
of hydrogen bonds compared to bulk water. By means of
equilibrium statistical mechanics we calculate an order pa-
rameter�reaction coordinate� for the system, measuring the
degree of folding.

In order to express the IV we do a linear fit onto experi-
mental data on myoglobin of native and denaturational IV,
respectively. The total IV for the native state is supposed to

be linearly dependent on the order parameter and propor-
tional to the degree of unfolding for the denaturated state.

The total IV exhibits good correspondence with experi-
mental data from Privalovet al. 
3�. For large chemical po-
tentials the protein is native around physiological tempera-
tures (30 °C), whereupon it becomes unstable at lower as
well as higher temperatures. Cold and warm destabilizing
action, common to small globular proteins, is a consequence
of the model.
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Abstract

We study theoretically the thermodynamics, over a broad temperature range (5–125
◦
C), related

to hydrated water upon protein unfolding. The hydration eGect is modeled as interacting dipoles
in an external =eld, mimicking the inOuence from the unfolded surfaces on the surrounding
water compared to bulk water. The heat capacity change upon hydration is compared with
experimental data from Privalov and Makhatadze on four diGerent proteins: myoglobin, lysozyme,
cytochrome c and ribonuclease. Despite the simplicity of the model, it yields good correspondence
with experiments. With some interest we note that the eGective coupling constants are the same
for myoglobin, lysozyme, and cytochrome c, although they are slightly diGerent for ribonuclease.
c© 2002 Elsevier Science B.V. All rights reserved.
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1. Introduction

Proteins consist of 20 diGerent amino acids with a great diversity with regard to size,
polarity and charge. The understanding of water interactions seems to be important in
order to understand protein folding in general, and the special feature of cold unfolding
of several small globular proteins in particular [1–9].
We in the present work will represent the energy diGerence between the unfolded

and folded interior, with regard to the water, by mimicking additional hydrogen bonds
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from which we calculate the hydration heat capacity change upon protein unfolding.
A justi=cation of the model is the ability for water molecules to form an “ice-like”
shell (“iceberg” in the terminology of Frank and Evans [10]) around apolar surfaces
and thus create more hydrogen bonds. Reduction of both enthalpy [11–14] and entropy
[15,16] upon apolar hydration seems to be well established [17].
However, the protein interior that becomes hydrated upon unfolding also consists

of surfaces that has polarity, which means that the surface has permanent dipoles and
charges. The heat capacity change upon purely polar hydration becomes surprisingly
negative [18,19]. For apolar surfaces experiments show that the hydration contribution
to the heat capacity upon solvation is positive. Also for proteins where part of the
surface is polar this heat capacity is positive. Thus, for simplicity we will in this work
use the apolar “ice-like” shell picture to make an eGective model for the hydration
eGect upon protein unfolding. In this way, we may neglect some crucial features of
polar solvation.
Finally, we apply equilibrium statistical mechanics to the model and calculate the

hydration heat capacity increment, which we compare with experimental data from
Privalov and Makhatadze [19] on four diGerent proteins.

2. Hydration upon protein unfolding

We will use a re=ned version of a model =rst proposed by Hansen et al. [7,20,21].
The model studied here was applied by Bakk et al. [22] on a complete protein folding
model, but they did not study the hydration eGect separately. In this work we will
study speci=cally this hydration upon protein unfolding.
Protein unfolding involves a cavity formation in water with a rearrangement of the

water molecules surrounding the unfolded protein [23,24]. When estimating the sol-
vation energy of exposing the interior of a protein to water, one has to calculate the
energy diGerence between hydrated water, associated with the protein, and bulk water
[19]. More precisely, the hydration is de=ned as the transfer of a solute from a =xed
position in the ideal gas phase to a =xed position in the solvent [25], i.e., water in the
present case.
In the solvation shell around the unfolded surfaces of the protein there will be forces

that tend to orient the water molecules relative to these surfaces. Frank and Evans
[10] introduced the term “iceberg” to describe the apparent “freezing” of the water
molecules in the solvation shell around apolar molecules. This eGective description is
substantiated by the experimental fact that both enthalpy [11–14] and entropy [15,16]
decreases upon apolar hydration.
In order to model the eGect upon unfolding of a protein we use a simple model

which we expect contains crucial physical features of apolar solvation. Thus, we model
the water molecules as classical electric dipoles (which are not directly related to the
actual dipole moments of water). In an electric =eld ”, a dipole moment s has an
energy E =−” · s. Assuming |s|= 1 for simplicity, we have

E =−� cos# ; (1)
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where # is the angle between ” and s. The �=|”|, which is a bending distortion constant,
represents directional forces and the angle # represents orientations or bendings relative
to the preferred direction for each water molecule. Eq. (1) is the hydration model used
in the works by Bakk and HHye [26] and by Bakk [27], and it extends the interpretation
of the hydration model applied by Hansen et al. [7,20] and Bakk et al. [28,29].
The idea of representing the solvent by dipoles in protein folding was introduced by

Warshel and Levitt [30], and later in applications by, Russell and Warshel [31], Fan
et al. [32], and Avbelj [33].
Evaluating the speci=c heat based on the energy of Eq. (1), one easily =nds that

it decreases monotonically. Among the proteins studied in the present case there is a
weak maximum according to experiments. Thus, in addition to the energy due to the
external =eld [see Eq. (1)] we will add a coupling term to model pair interactions
between the water molecules. First of all, pair interactions of some kind are always
present, but an additional reason to include them in the present case is the possibility
to induce a maximum in the speci=c heat. The physical reason behind this is that
such interactions eGectively adds to the =eld � of Eq. (1). This added =eld increases
when the temperature is lowered. This again eGectively leads to a “compression” of
the temperature scale in some intermediate region in which a maximum in the speci=c
heat can be created, as we actually =nd below in our results.
Between each pair of water molecules i and j there is thus a pair interaction

Eij =−Jij si · sj ; (2)

where Jij is the coupling constant and si is the “dipole moment” of water molecule
i. In a mean ;eld solution [34,35] the interaction in Eq. (2) acts like an additional
electric =eld that adds to � in Eq. (1) to obtain an eGective =eld of magnitude �e. In
this way, the combination of Eqs. (1) and (2) for each water molecule results in the
eGective energy

Ee(#) =−�e cos#+ 1
2bm

2 ; (3)

where �e = � + bm with b =
∑

j Jij, and m = 〈cos#〉 is the average dipole moment.
Note that the sum over the values of Jij (which becomes a spatial integral) are here
not further speci=ed as only the parameter b counts. E.g., the water molecules may or
may not be on a lattice. Also note the addition of the 1

2bm
2 term in Eq. (3). This term

compensates the double counting of pair interactions in Eq. (2) when the mean =eld
is evaluated [22,36].
Now for N such dipoles per protein the partition function for the total hydration

contribution upon protein unfolding becomes

Z =

[∫ 2%

0
d’

∫ %

0
d# sin # exp(−�Ee(#))

]N

=
[
Ze exp

(
−1
2

�bm2
)]N

; (4)

where

Ze =
4% sinh(��e)

��e
; (5)
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with � = (kBT )−1. Note that the free energy F is related to the partition function by
ln Z = −�F . From this the average dipole moment m = 〈cos#〉 is obtained as (� is
constant)

m=
1
N
9 ln Z
9(��) =

9 ln Ze

9(��e)
9�e
9� +

9(−1=2 bm2)
9m

9m
9� ; (6)

which yields

m=
9 ln Ze

9(��e)
= coth

( �e
RT

)
− RT

�e
; (7)

when the gas constant R is introduced to replace Boltzmann’s constant kB such that
here and below � and b becomes energies per mole.
The internal energy is now obtained as U =−9 ln Z=9� (� is constant) such that the

total hydration heat capacity change per mole of proteins is (kB → R)

HC =
9U
9T =

1
RT 2

92
9�2 ln Z : (8)

We note that using mean =eld to this problem is an approximation. However, mean
=eld is relative accurate and widely employed (away from critical points) [34,35,37].
In our case, the resulting parameter b is also an adjustable parameter, thus the mean
=eld in itself should not introduce inaccuracies of importance in the present case. The
largest uncertainty is expected to be the accuracy of the simpli=ed model itself, that
is used to represent a much more complex system into which one wants to obtain
increased insight.

3. Discussion

We want to compare the heat capacity change upon unfolding solvation of the pro-
tein interior with experiments. The proteins considered are myoglobin (Mb), lysozyme
(Lys), cytochrome c (Cyt), and ribonuclease (Rns) which we compare with experi-
mental data from Privalov and Makhatadze [19] on the hydration contribution to the
heat capacity change upon protein unfolding.
The hydration heat capacity change is shown in Fig. 1, and the parameter =t to the

experimental data agrees quite well with these data. The heat capacity has a maximum
around 25◦C for Mb, Lys, and Cyt, while this maximum is shifted to around 50◦C
for Rns. Also in Table 1 a similar relation is reOected. With some interest we note
from Table 1 that both the “electric =eld” constant � and the coupling constant b are
essentially the same for all of the four proteins, but there is a small deviation for Rns.
This small deviation for Rns reOects itself in the ratios between accessible polar and

total surface area (reported from Makhatadze and Privalov [38]), HAp=HAt , which are
almost equivalent for Mb, Lys, and Cyt, while this ratio is signi=cantly larger for Rns.
Hence, in this respect the parameters � and b may be regarded as eGective ones for the
combined eGect of apolar and polar surfaces as discussed in Section 1. Furthermore,
the classi=cation of apolar and polar surfaces is not very accurate in itself.
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Fig. 1. The hydration heat capacity change upon unfolding of four diGerent proteins. Theory is given by the
continuous curves. Experimental data are from Privalov and Makhatadze [19]. Parameters, used to =t the
experimental data are listed in Table 1.

Table 1
Parameters, according to Eqs. (1), (3), (4), and (8), used in Fig. 1 for the =tting to the experimental heat
capacity hydration data from Privalov and Makhatadze [19]a

Protein � b N HAt HAp=HAt

(kJ mol−1) (kJ mol−1) ( ZA2) (%)

Mb 2.05 8.2 1240 18250 36.5
Lys 2.05 8.2 800 14090 39.2
Cyt 2.05 8.2 740 11830 38.2
Rns 2.00 9.0 500 13300 44.8

aThe diGerence in water accessible surface area between the unfolded and the folded protein HAt is
obtained from Makhatadze and Privalov [38]. HAp=HAt is the ratio between the polar and total accessible
surface area.

Since Rns diGers a bit from the other three proteins considered, this may reOect
its larger fraction of polar surfaces which then also can aGect qualitative properties.
Our model is more like an eGective one for a mixed polar and apolar surface. Thus
features speci=c for polar surfaces are not properly taken into account, but are more
or less taken into account by adjusting available parameters. E.g., our present model
may seem to give too small curvature on Fig. 1 for Rns. A reason for this may be
the negligence of quantization, which will lower the speci=c heat and thus increase its
curvature for decreasing temperatures. The polar (ionic) forces are relatively strong and
the hydrogen atom is light, which both favor quantum eGects. Earlier applications of a
two-level system [28,39,40] for this kind of problem can thus reOect such quantization.

4. Conclusion

We have proposed a thermodynamical model for the hydration of the protein interior
that becomes exposed to water upon unfolding. To our knowledge this is the =rst model
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studied and compared to experimental protein data on the pure hydration heat capacity
increment over such broad temperature range (5–125◦C).

Hydration is modeled in an “ice-like” shell analogy, where the water molecules are
represented by interacting dipoles in an external =eld. Compared with experimental data
from Privalov and Makhatadze [19] for the four proteins myoglobin (Mb), lysozyme
(Lys), cytochrome c (Cyt), and ribonuclease (Rns) the model =ts quite well. The
speci=c values of the =eld coupling constant � and dipole coupling constant b [see
Eq. (4)] are the same for Mb, Lys, and Cyt, while it is slightly diGerent for Rns.
In a more re=ned model it can be necessary to distinguish between apolar and polar

parts of protein surfaces. E.g., experimentally one =nds that the heat capacity change
is negative for hydration of purely polar surfaces [18,19], in contrast to the apolar
surfaces where this heat capacity change is positive.
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We study a synthetic clay suspension of laponite at different particle and NaCl concentrations by measuring
stationary shear viscosity and transient electrically induced birefringence�TEB�. On one hand the viscosity
data are consistent with the particles being spheres and the particles being associated with large amount bound
water. On the other hand the viscosity data are also consistent with the particles being asymmetric, consistent
with single laponite platelets associated with a very few monolayers of water. We analyze the TEB data by
employing two different models of aggregate size�effective hydrodynamic radius� distribution:�1� bidisperse
model and�2� log-normal distributed model. Both models fit, in the same manner, fairly well to the experi-
mental TEB data and they indicate that the suspension consists of polydisperse particles. The models also
appear to confirm that the aggregates increase in size vs increasing ionic strength. The smallest particles at low
salt concentrations seem to be monomers and oligomers.
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I. INTRODUCTION

Laponite
1–4� is a widely studied synthetic clay that be-
longs to the family of swelling 2:1 clays
5�. All dehydrated
clays have a layered silicate mesostructure. The 2:1 clays�or
smectites� thus consist of 1 nm thick and charged�negative
surface charge and a smaller positive edge charge� meso-
sheets, which in the dehydrated state stack�like decks of
cards� by sharing charge-compensating cations. Laponite is a
particularly interesting model system because of the merely
monodisperse size of the colloidal platelets�25–30 nm di-
ameter, see Fig. 1�. This is different from natural and other
synthetic clays, which in general have a polydisperse distri-
bution of micrometer sized platelets. Introductions describ-
ing the crystallographic structures and providing precise
definitions of both natural and synthetic clays, including
laponite �a synthetic hectorite�, may be found in several
books
5,6�.

The addition of salt-containing water to these mesoscopic
platelet systems gives rise to interesting colloidal dispersion
‘‘phase’’ diagrams. Four separate regions�phases� of physi-
cal complexity have been suggested from experimental ob-
servations of clay-electrolyte-concentration diagrams of
laponite: isotropic liquid�IL �, isotropic gel�IG�, nematic gel,
and flocculation
2�.

Traditional theory of Derjaguin, Landau, Verwey, and
Overbeek
7,8�, where both van der Waals and double-layer
forces are considered, provides the simplest available model

capable of describing this complex behavior. Transitions and
aggregate structures within stable phases may thus be dis-
cussed in terms of an interaction potential between indi-
vidual platelets. This is achieved by adding the electrolyte-
independent van der Waals attraction and the double-layer
repulsion as characterized by an electrolyte-concentration-
dependent Debye screening length
9�. The sum of these two
forces yields different local potential minima, with regard to
platelet-platelet interactions, which may be changed by vary-
ing the ionic strength.

The IL phase is a suspension of Brownian particles, and is
made up of single platelets and/or larger aggregates of sev-
eral laponite platelets suspended in water. The size and com-
pactness of these aggregates may depend on electrolyte con-
centration via the Debye screening length. The aggregates in
this phase are, in general, too small to scatter visible light
appreciably, thus yielding a transparent liquid with a viscos-
ity that may be changed by varying the salt-clay concentra-
tion. This phase can be made birefringent by applying high
electric fields, as will be evident from the present work. At
low concentrations the liquid seems to be Newtonian,
whereas upon approaching the IL-IG line the IL phase can
display non-Newtonian and thixotropic behavior. The aggre-
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FIG. 1. Schematic illustration that shows the geometry and di-
mensions of a laponite platelet. The surface charges are indicated by
negative charges��� and smaller positive charges�	� at the edges.
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gate structure becomes a gel when the clay concentration
becomes sufficiently large
4�, possibly signaling a glass
transition
10�.

In the present paper we report on experimental studies of
laponite samples within the low clay-concentration regime,
i.e., in the IL phase. We study samples at different clay and
NaCl concentrations by means of two techniques, viscome-
try, thus measuring the effective hydrodynamic volume of
the suspended particles, and by transient electric induced bi-
refringence�TEB� measurements, thus obtaining information
about rotational diffusion. Combining our data from these
two techniques we attempt to extract information about
shape and size distribution of the laponite aggregates in the
IL phase. The TEB technique is widely used in studying the
rotational motion of macromolecules in solution
11�, and
has also been used for studying natural clays
12�.

The goal of the present study is twofold:�1� extract infor-
mation about aggregate volumes and shapes in laponite sus-
pensions, and�2� investigate the possibilities and limitations
of using TEB measurements combined with viscometry in
order to characterize such complex colloid aggregate sys-
tems.

The paper is organized as follows: Section II gives a short
introduction to intrinsic viscosity and in Sec. III we discuss
some general aspects of rotational diffusion and birefrin-
gence. In Sec. IV we present the sample preparation and the
experimental setup, and in Sec. V we discuss the experimen-
tal data from the viscosity and the TEB measurements in
view of two different models with regard to the distribution
of the aggregate sizes. Section VI is a summary.

II. INTRINSIC VISCOSITY OF RIGID PARTICLES

The intrinsic viscosityis defined as
13�


��� lim
c→0

� rel
1

c
, �1�

wherec is the laponite concentration, and the relative viscos-
ity equals

� rel�
��

�
, �2�

where�� is the macroscopic viscosity�water and laponite�
and� is the water viscosity. Eq.�2� can be linearized to

� rel�1	
��c, �3�

which obviously has the correct limit of zero laponite con-
centration, where� rel�1.

It can be shown that
�� for a compact macromolecule or
aggregate of arbitrary shape can be described by the heuristic
expression
13,14�


��� ��V̄1	V̄2�, �4�

where is the dimensionless Simha factor containing all the
shape dependence. The parametersV̄1 andV̄2 are the partial
specific volumes of water�1.0 cm3/g� and solute, respec-

tively. The V̄2 is the change in solution volume per unit
solute mass added, at the limit of zero solute concentration.
The� is the hydration ratio i.e.,� grams of bound water per
gram solute�aggregate�.

The Simha factor in Eq.�4� equals 2.5 for a sphere and
increases with increasing asymmetry, i.e., �2.5. For the
Laponite used in this present studyV̄2�0.37 cm3/g. A
change in
�� can then arise as the result of a change in ,
changed hydration factor�, or a combination of such
changes. However, if the particle geometry is known, andV̄1

and V̄2 in Eq. �4� are known, the intrinsic viscosity is thus
implicitly a measure of the hydration of the particles�aggre-
gates�.

It should be noted that it is not possible to determine the
size of the particles only from a intrinsic viscosity measure-
ment. For example, a mixture of spheres with different sizes
will give the same
�� as a monodisperse solution of spheres,
provided that the hydration ratios of the spheres in the two
cases are the same.

III. BIREFRINGENCE OF RIGID PARTICLES

When no external forces influence the orientation of the
particles, they will be randomly oriented and in thermody-
namic equilibrium. If the particles for some reason have a
specific orientation at a given time, thermal�Brownian� mo-
tion will make the system decay to this equilibrium. It can be
shown that the birefringence relaxation time of a dilute so-
lution of identical particles, can have as many as five relax-
ation times
15�. All these decay times are known functions
of the rotational mobility tensor
15,16�, but for most particle
geometries it is not possible, using experimental data, to ob-
tain reliable estimates of more than two decay times.

In the analysis of the TEB data we will restrict ourselves
to models with geometries that makes it adequate to use only
one decay time. To induce the birefringence it is common to
use electric field pulses that are rectangular as function of
time, but in order to analyze the properties of the particle
electric dipoles it is also useful to employ double pulses
where the electric field of the second pulse is reversed rela-
tive to the first pulse
17,18�.

In the case when the system is dominated by two distinct
types of particles, i.e., abidispersemodel, each type of par-
ticles may have its own relaxation time. The birefringence
signal at timet can then be described by

�n� t �

�n�0�
�a1 exp� 


t

"1
�	a2 exp� 


t

"2
� , �5�

where�n(0) is the birefringence at timet�0, anda1 anda2
represent the relative contribution to the total birefringence
from each of the two particle types, respectively. This model
is used in Sec. V B. However, Eq.�5� can also be interpreted
as representing a system of monodisperse anisotropic par-
ticles for which the five relaxation times of the particles is
reduced to two times because of the particle symmetry.

For a rigid body, with one axis of rotational symmetry, the
birefringence relaxation time is given by"�(6D (rot))
1
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15,16�, whereD (rot) is the macroscopic rotational diffusion
coefficient. The Nernst-Einstein relation
19�, valid for dilute
solutions, relatesD (rot) to the rotational friction tensor# (rot)


20�

D �rot��
kBT

#�rot� , �6�

where kB is the Boltzmann constant andT is the absolute
temperature. The rotational friction for a sphere of radiusr s

equals#s
(rot)�8��r s

3 
13�, where� is the viscosity of water.
This yields a birefringence relaxation time

"�
#�rot�

6kBT
�

4��

3kBT
r s

3. �7�

Equation�7� relates the birefringence relaxation time to the
effective hydrodynamic radius for rotation of a sphere.

IV. EXPERIMENT

A. Sample preparation

Laponite RD powder as purchased from Laporte Absor-
bents�UK�, was added to NaCl containing water. ThepH in
the salt-water was adjusted to 10 before addition of laponite
powder in order to prevent decomposition of the platelets
themselves
2,21�. The samples were then stirred for two
days, using a magnetic stirrer, before each sample was placed
in a sample tube. Small sample portions were then taken
from the tubes and the experiments reported here were per-
formed. All investigated samples were 1–1.5 months old,
with two exceptions. Samples AA and AB discussed below
were both 6 months old.

It is important to note that laponite suspensions are known
to show slow long-term aging effects
22�. This is probably
due to decomposition of individual platelets, and thereby dis-
integration of the aggregates, when the suspension samples
are not sealed from air. Such scaling was not carried out for
the present samples. The effect of aging is, therefore, ex-
pected to be significant for the aggregates characterized here.
Nevertheless, our samples were prepared and stored in a re-
peatable manner.

The present samples were not filtered, as was done and
emphasized recently by Nicolai and Cocard
21� for their
light scattering studies. Our samples could thus contain some
large impurities reported in some cases to dominate static
light scattering experiments
21�, but both TEB and viscosity
measurements are less sensitive to such impurities than static
light scattering.

B. Viscometer

The viscosity was measured using a rotational coni-
cylindrical viscometer�CONTRAVES Low Shear 30� with a
Couettegeometry, which consists of a static rod, measuring
the torque, in a concentric rotating cup filled with the sus-
pension. For a further introduction to the instrumental setup
and the theoretical aspects of the rheology, see e.g., Van
Wazer et al. 
23�. The temperature in the suspension was
fixed to 20 °C throughout the experiment by a thermostat
�Haake D8�. The torque signal from the rod was sampled and
transformed to viscosity by a instrumentation data program
�LABVIEW � 
24�.

C. TEB setup

The setup for the TEB instrument is shown in Fig. 2. The
light source is an argon laser�Omnichrome 543-AF� oper-
ated at wavelength 488 nm. The monochromatic light is po-
larized at an angle of 45°, relative to the electric field, and
passes through the Kerr cell where the sample is located. In
the Kerr cell the aggregates are exposed to a pulsed electric
field in the horizontal direction�see Fig. 2�. The distance
between the parallel electrodes is 4 mm. The optical anisot-
ropy caused by the electric field makes the light exiting the
Kerr cell, temporally, elliptically polarized.

When the principal axis of the analyzer is oriented per-
pendicular to the polarizer, the light intensity measured by
the photomultiplicator�PM� is proportional to the square of
the birefringence�n �quadratic detection�. The PM voltage
is displayed on a digital storage oscilloscope�Tektronix TDS
620�.

FIG. 2. Schematic illustration of the TEB experimental setup.
Brief description in Sec. IV C; for further details see, e.g., Refs.

17,18,25�.

FIG. 3. Relative viscosity
see Eq.�2�� vs laponite weight con-
centration at three different NaCl concentrations. The concentration
parameterc is weight laponite per unit volume of water. The
straight line corresponds to a linear least-squares fit of the linear
interval of the relative viscosity� rel�1	0.23c.
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The temperature in the Kerr cell was fixed to 20 °C
throughout the experiment by a thermostat�Haake D8�. Dur-
ing the experiment the temperature was checked by a plati-
num thermometer. The temperature rise was found to be
about 0.8 °C after a typical series of six pulses with 0.25 ms
pulse length, 2.5 s intervals, and using an applied voltage of
850 V.

For further technical details on TEB experiments see Ref.

17,18,25�.

V. DISCUSSION

A. Viscosity

In Fig. 3 we plot the relative viscosity
see Eq.�2�� vs the
laponite concentration for three different NaCl concentra-
tions �0, 0.1, and 1.0 mM�. At low laponite concentrations
(c�8 mg/ml) one sees a typical linear dependence of the
relative viscosity, while for large Laponite concentrations
(c�8 mg/ml) it raises abruptly. The latter is possibly due to
a onset of gelation of the clay suspension
2�. In the linear
regime we do a linear least-squares fit, where the inclination
of the relative viscosity equals the intrinsic viscosity
see Eq.
�3��. We thus obtain
���23�1 cm3/g for 0 and 0.1 mM

NaCl�, and 
���26�3 cm3/g for 1.0 mM 
NaCl�. As the
difference is small between the various salt concentrations
we obtain the value


���23�1 cm3/g, �8�

based upon the linear part of the relative viscosity data at all
salt concentrations.

We may define a critical particle concentrationc* where
there is one platelet per cube with side lengths that equals 25
nm, i.e., the diameter of a laponite platelet, and these cubes
occupy the entire volume. This yieldsc*
85 mg/ml. In the
present experiments the largest Laponite concentration is 8
mg/ml, i.e.,c�c* .

One difficulty associated with using Eq.�4� is that we do
not know the value of�, because the hydration depends of
the geometry of the associated particles. This association will

again depend upon the laponite concentration and the ionic
strength of the solution. Figure 4 gives examples of different
models of particle association. The ‘‘house of cards’’ con-
figuration in Fig. 4�d� has likely a large� compared to, e.g.,
the single platelets in Fig. 4�a�.

Assuming a spherical shape of the aggregates, the Simha
factor  in Eq. �4� equals 2.5, as stated in Sec. II. Inserting


���23 cm3/g,  �2.5, V̄1�1.0 cm3/g, and V̄2
�0.37 cm3/g into Eq. �4�, yields a hydration ratio��8.8,
i.e., 8.8 g of water per gram of laponite platelets. The lapo-
nite platelet has a density 2.7 g/cm3, thus��8.8 yields that
the hydrated water volume, associated to each laponite plate-
let, is on average approximately 24 times the volume of a
platelet. In other words, the viscosity experiment, based upon
a spherical geometry of the aggregates, shows that aggre-
gates are associated with a large amount of water. The latter
may indicate a kind of ‘‘house of card’’
5� association of the
platelets, as shown in Fig. 4�d�, but we stress that this con-
clusion may be an artifact due to the assumed spherical shape
of the aggregates.

In light of the measured intrinsic viscosity
��
�23 cm3/g 
see Eq.�8��, it is interesting to compare this to
that of an aggregate system where each plateleton average
occupies a cylindrical volume with diameter and height
equivalent to its own volume, i.e., 25 nm. This means that
one laponite platelet�see Fig. 1� is associated with a water
volume that is 24 times its own volume, which is the same
estimate as obtained from the spherical approximation used
above.

However, the source of the intrinsic viscosity described
by Eq.�4� may also be an asymmetric shape of the particles,
which will give a larger Simha factor
13� and consequently
a smaller hydration ratio� in Eq. �4�. Thus, asymmetry im-
plies a more dense packing of the aggregates compared to
spherical aggregates, when a constant intrinsic viscosity is
assumed.

Assuming an asymmetric particle shape is further moti-
vated by, e.g., Avery and Ramsay
26�, Rosta and von
Gunten
27�, and Nicolay and Cocard
21� who concluded
that the smallest particles in a laponite suspension were
monomers
21,26� and/or oligomers
21,27�. In this respect it
is interesting to investigate the maximum asymmetry that is
reconcilable with a ‘‘realistic’’ minimum of hydration. We
assume a monolayer of water molecules with thickness 2.5 Å
around each laponite platelet, independent of whether it is
single or in an aggregate. This gives a hydration ratio�
�0.2. Inserting this��0.2 into Eq. �4� implies a Simha
factor  �40, which corresponds to an axial ratio 25 for an
oblate ellipsoid
13�. This is interesting because an axial ratio
25 is approximately the ratio between the diameter and thick-
ness of a single laponite platelet, which indeed can be ap-
proximated by an oblate ellipsoid.

Thus, the viscosity experiment does not exclude the pos-
sibility that the suspension consists of oblate particles that
have axial ratios up to around 25, e.g., laponite monomers.

B. Bidisperse model „model 1…
The experimental TEB data for four different samples are

shown in Fig. 5. It is assumed that the fluctuations of the data

FIG. 4. Schematic examples of different models of laponite par-
ticle association. The different models shown are�a� dispersed sus-
pension that consists of noninteracting single laponite platelets,�b�
noninteracting stacks of platelets,�c� interacting stacks of platelets,
and�d� ‘‘house of cards’’ configuration. For a further discussion of
the different models see, e.g., van Olphen
5�.
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in the TEB experiment are the a result of instrument noise,
and not intrinsic to the samples. One source of error is the
PM tube with an absolute error of�0.05 V. This will make
the analysis for large times, where the relaxation signal is
small, uncertain. The error estimates of the least-squares fit
for the bidisperse model and log-normal model are presented
in Table I and II, respectively.

The simplest possible fit to the TEB data is obtained by
using two exponential functions with different birefringence
decay times as in Eq.�5�. The two relaxation times"1 and
"2 , correspond to two effective hydrodynamic radiir 1 and
r 2 , respectively. We have assumed a spherical aggregate ge-
ometry. The relation between" andr for a sphere is given in
Eq. �7�. The obtained parameter estimates are presented in
Table I. We find that increase of the salt concentration results
in longer relaxation times, as seen in Table I.

We note from Table I that the standard deviation is small,
despite the relatively large instrument error. This is probably
due to the large amount of data available for each sample.
However, samples numbers 28 and 29 exhibit a large stan-
dard deviation of the parameterr 2 , but note that the corre-
sponding amplitudesa2 are small.

We now look at the shortest relaxation times at low salt
concentrations (
NaCl��0.1 mM). For spherical particles
this corresponds to a mean value�r 1��23 nm. It would be
interesting to calculate the corresponding size of a particle
with an axial ratio that corresponds to a hydrated laponite
platelet. If we assume one monolayer of water with thickness
2.5 Å attached to the platelet with diameter 25 nm and height
1 nm, this corresponds to an hydration axial ratiop
17.
Employing data given in Ref.
13� we find that the diameter

of this particle is about 30 nm if we assume the shape to be
that of an oblate ellipsoid.

By doing the same analysis as in the previous paragraph
and usingp�25, which was the largest possible asymmetry
calculated from the viscosity experiment, we also get a di-
ameter around 30 nm. Thus, from the viscosity experiment
together with the fit of the bidisperse model to the TEB data
we may conclude that the smallest particles in the suspension
have diameters in the range 20–35 nm, and that the diameter
increases with increasing asymmetry of the particles. If we
further assume that the individual platelets do not decom-
pose, we conclude that the smallest particles at low salt con-
tent are individual platelets as Avery and Ramsay
26�, and
Nicolay and Cocard
21� concluded.

It is interesting to note that the effective hydrodynamic
radius for the smallest aggregates are approximately one half
of the larger ones for the corresponding pairs, i.e.,r 2 /r 1


2 in Table I. This means that we have some small aggre-
gates and some large aggregates. Figure 5 shows the param-
eter fitting for some of the sample data. The fit is satisfactory
in view of the simplicity of the model. However, it is more
realistic to expect adistribution of the particle sizes. In the
next section we will show that the TEB data also can be
approximated by a log-normal distribution.

C. Log-normal distributed model „model 2…
The exponential fits in the preceding section suggest that

there may be a broad distribution of the colloid particle size
for some of the samples. Next we, therefore, tried to fit the
TEB data, with regard to the size of the aggregates, onto a

FIG. 5. Birefringence vs timet for four differ-
ent samples. The experimental data are fitted by
studying two different models: the bidisperse
model in Sec. V B and the log-normal model in
Sec. V C. The corresponding parameters are
listed in Tables I and II. Note that for the inserted
plots the axis of the birefringence is logarithmic,
while the t-axis is linear.
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Gaussian distribution, but we found that this did not work
well in general. However, we found that the TEB data fit
well onto a log-normal distribution, with regard to the radius
of the aggregates. The log-normal probability distribution of
a quantityr, with meanr s , and standard deviation$ reads

p�r ��
1

�2�$r
exp� 


ln2 �r /r s�

2$2 � , �9�

which is asymmetric and has a longer tail than the normal
distribution, as shown in Fig. 6. It should also be noted that
the Gaussian distribution is somewhat unphysical in light of
a probability larger than zero forr �0, in contrast to the
log-normal distribution that is only defined forr�0.

The log-normal distribution was fitted to the square root
of the voltage from the PM, which is proportional to the
birefringence�n(t), wheret is the time. When we assume

an exponential decay of the birefringence, aggregate radiusr,
and relaxation time"s , the birefringence reads

�n� t ���
0

�

dr p�r �e
t/"s, �10�

and "s is the birefringence relaxation time for a sphere�s�.
The "s is given by letting"→"s in Eq. �7�.

The parameter fit is presented in Table II, from which it is
clear that we have in general, a broad particle size distribu-
tion, i.e., large standard deviations$. In Fig. 5 we see that
the log-normal approximation is almost equivalent to the
bidisperse model for these samples, with regard to the fit to
the TEB data.

An interesting observation was that for sample number
39, an applied Kerr cell voltage of 850 V for 0.5 ms was not
enough to align the aggregates, because the birefringence
signal seemed not to be saturated att�0, i.e., when the elec-
tric field was switched off. If we applied the same voltage for
1.5 ms the birefringence amplitude became saturated att
�0. However, the relaxation birefringence signal�after t
�0� associated with a pulse length of 1.5 ms applied to
sample number 39 appears to be almost equivalent to the
birefringence signal associated with a pulse length of 0.5 ms.
Nevertheless, it would in a future experiment be interesting
to investigate the samples using different applied voltages
and pulse lengths, which effectively can act as a particle
filter.

It is worth noting that the log-normal distribution has also
been applied to describe the polydispersity of the diameters
of magnetic cores in ferrofluids
28�. Furthermore, Ivanov

29� showed that the continuous behavior of this particle
distribution can be substituted by a bidisperse model, when
the majority of the particles have the smaller radius.

One source of error in the experiments reported here is
that we do not know whether the rotational motion of the
aggregates in the Couette geometry deform the aggregates
permanently, and thus giving rise to another configuration
than before the experiment. In future experiments it would
be interesting to first test the samples in the TEB device,
whereupon one should measure the viscosity, and finally put
the sample back into the TEB device in order to check the
influence of the flow on the aggregates in the viscometer. It
might also be interesting to check flow induced birefringence
in order to investigate the latter effect.

The log-normal distribution for four different samples is
drawn in Fig. 6, all showing the characteristic long tail. Be-
cause these distributions yielded the best fit to the TEB data,
this may tell us that the samples have some large aggregates
that make the distribution asymmetric compared to a Gauss-
ian distribution
21�. In Fig. 6 we also see the effect of a
relatively small standard deviation for sample numberAA
($�0.24), where in this particular case the log-normal dis-
tribution could be approximated by a normal distribution. We
note for the log-normal distributed model, as for the bidis-
perse model, that for some of the samples the fit to experi-
mental data for long times is only fair. Thus, we cannot rule
out the presence of some large particles which we are not
able to account for within our present models.

TABLE I. Parameters associated with the various samples when
a sum of two exponential decays is used�model 1�. Parameters" i

and r i are the corresponding pairs of the relaxation times and the
effective hydrodynamic radii, respectively,a2 /a1 is the amplitude
ratio of the birefringence,r m is the weighted mean ofr 1 and r 2 , c
equals mass laponite per unit volume of water, and
NaCl� is the
salt concentration. The standard deviation�SD� is written as�SD.

Sample
"1

��s�
r 1

�nm�
"2

��s�
r 2

�nm� a2 /a1

r m

�nm�
c

�mg/ml�

NaCl�
(mM)

21 3.8 16 55 37 1.3 28 1.0 0
�1 �2

20 2.4 13 40 33 1.4 25 1.5 0
�1 �1

18 2.5 13 50 36 0.67 22 2.5 0
�1 �2

11 68 40 240 62 1.5 53 6.0 0
�2 �2

41 24 29 320 68 0.58 43 8.0 0
�1 �2

30 55 37 200 58 3.2 53 1.0 0.1
�7 �3

29 14 25 1010 99 0.20 37 1.5 0.1
�1 �20

28 8.2 20 850 94 0.11 18 2.0 0.1
�1 �94

27 2.3 13 59 39 0.35 20 2.5 0.1
�1 �3

AB 29 30 390 72 2.1 58 2.5 0.5
�2 �2

39 97 46 1170 100 0.85 71 1.0 1.0
�2 �2

38 57 37 790 92 0.58 57 1.5 1.0
�1 �3

37 82 43 650 86 1.7 70 2.0 1.0
�1 �1

AA 140 52 680 88 1.8 75 2.5 4.0
�3 �1
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The large standard deviation seen in Table II indicates that
we have a polydisperse particle size distribution. This is sub-
stantiated by a look at the amplitude ratios in Table I, which
fluctuates around 1 and where the corresponding pairs of
radii have a ratio around 2. Thus, we come to the same
conclusion as Nicolay and Cocard
21� in their static and
dynamic light scattering experiments, i.e., that the laponite
particles are polydisperse. Here we note that Rosta and von
Gunten
27� come to the opposite conclusion, i.e., that the
suspension is more or less monodisperse.

VI. SUMMARY AND CONCLUSION

We study a laponite clay suspension at different laponite
and salt concentrations by shear viscometry and by TEB
measurements. This is to the authors’ knowledge the first
reported TEB study of laponite. Two different models of the
distribution of the aggregate sizes are considered:�1� bidis-

perse model and�2� log-normal distributed model.
The viscosity data show, when assuming that the aggre-

gates are spherical, that we have a ‘‘house of cards’’
5�
association of the laponite platelets, i.e., the aggregates are
associated with a large amount of hydrated water. However,
the viscosity data may also be interpreted as being due to
asymmetrical aggregates with a smaller hydration ratio than
the spherical aggregates. In this respect we show that it is
possible to interpret the viscosity data as oblate ellipsoidal

FIG. 7. Effective hydrodynamic radius for the log-normal dis-
tributed model of the aggregate sizes in the upper plot, and the
effective hydrodynamic radius for the bidisperse model associated
with the two relaxation times"1 and"2 in the lower plot. Data from
Tables I and II are used. The experimental data points with ‘‘�’’
correspond to samplesAA and AB, which were 6 months old, as
stated in Sec. IV A.

TABLE II. Parameters associated with the log-normal distribution�model 2�. Parameterr s is the mean
value of the effective hydrodynamic radius, with a standard deviation$. Parametersc and 
NaCl� are
explained in Table I. The standard deviation�SD� is written as�SD.

Sample
r s

�nm� $
c

�mg/ml�

NaCl�
(mM)

21 24�2 0.71�0.09 1.0 0
20 23�1 0.65�0.06 1.5 0
18 17�1 0.73�0.03 2.5 0
11 52�1 0.23�0.01 6.0 0
41 33�2 0.70�0.05 8.0 0
30 53�1 0.18�0.03 1.0 0.1
29 32�4 0.7�0.1 1.5 0.1
28 27�4 0.9�0.2 2.0 0.1
27 14�1 0.72�0.04 2.5 0.1
AB 61�2 0.61�0.08 2.5 0.5
39 80�5 0.7�0.1 1.0 1.0
38 56�1 0.44�0.02 1.5 1.0
37 71�1 0.46�0.02 2.0 1.0
AA 75�1 0.24�0.02 2.5 4.0

FIG. 6. Log-normal distribution of the samples that correspond
to Fig. 5, wherer is the effective hydrodynamic radius of the ag-
gregates. The distribution has been normalized to unity.
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particles with an asymmetry up to 25, e.g., single laponite
platelets.

The two models were fitted to experimental data obtained
using TEB technique, and the models seem to fit the experi-
mental data fairly well in most cases. This means, for the
samples studied, that the simplistic bidisperse model is al-
most equivalent to the log-normal distribution. Most of the
samples show, in view of the log-normal model, that we have
a broad particle size distribution. This is the same conclusion
as Nicolay and Cocard
21�, and the opposite of Rosta and
von Gunten
27�, who performed light scattering experi-
ments. However, from the available data it cannot be ruled
out that the apparent lack of fits, for some long time tails,
may suggest a particle size distribution that includes some
larger laponite aggregates that cannot be covered within our
present models.

Both models show that the aggregates increase in size,
from a hydrodynamic point of view, when the salt concen-
tration is increased, as seen in Fig. 7. Furthermore, our
present experiments do not confirm or rule out the possibility
of a correlation between particle size and laponite concentra-
tion. The smallest particles in the suspensions consist of only
one or a very few laponite platelets at low salt concentra-
tions, as also Avery and Ramsay
26�, Rosta and von Gunten


27�, and Nicolay and Cocard
21� concluded.
Finally we note that the present laponite samples were not

made, filtered, or stored�scaled from air� in the same con-
trolled manner as recent light scattering studies by Nicolai
and Cocard
21�.

In a future work it would be important to prepare the
samples in a different way and also to study other synthetic
clay suspensions such as fluorohectorite. In light of the broad
asymmetric tails of the log-normal distribution for most of
the samples reported here, it would be of considerable inter-
est and importance to study suspension samples for which
the large aggregates are filtered out successively.
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