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Summary

This research is part of a study of autonomous tugboats. The study is a cooperation
between two students, but the projects are separate. The common goal for the
study is to develop a working prototype of an autonomous tugboat swarm. In this
part of the study, algorithms for planning the shortest paths for the tugboats have
been developed.

A literature review has been conducted to find the best algorithms and frame-
work for the path planning system. The environment has been simplified by using
a road map approach called "visibility graph”. The shortest path within this graph
is found by using A* search algorithm. This will give the shortest path within the
non-simplified environment, if one exist.

Algorithms from external libraries have been adjusted to fit the tugboat frame-
work. Some additional algorithms have also been developed, for instance a new
method to find paths around a ship in real-time, only knowing its dimensions,
position and orientation.

In addition, a speed-up and memory saving version of the shortest path algo-
rithm has been developed, by calculating all shortest paths to and from all points
offline. The speed-up was measured in five different test environments, and was
measured to be on average 12.3 times faster than ordinary A* search in a visibil-
ity graph. The speed-up becomes even more impressive as the complexity of the
environment increases.

The path planning system and communication has been implemented using the
"Robot Operating System”. This system has been tested successfully on a physical
test setup.

The physical test setup is a starting-point for future research of autonomous
tugboats. With this setup, the development in the study can be conducted using
a bottom-up approach. Rather than starting off by creating a system seeming to
perfect in theory, this setup can be used for rapid testing of smaller features.
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Sammendrag

Denne forskningen er en del at et studie om autonome taubater. Studiet er et
samarbeid mellom to studenter, men med adskilte oppgaver. Studiets felles mél er
a lage en fungerende prototype av en sverm autonome taubater.

I denne delen av studiet har det blitt utviklet algoritmer for a finne batenes
korteste rute fra start til mal.

Prosjektet startet med et omfattende litteratursgk. Basert pa funn er det
foreslatt ulike algoritmer og rammeverk for ruteplanleggingssystemet. Det ble tatt
et valg om a forenkle sgkedomenet ved & bruke en type "road map”-graf kalt "Vis-
ibility graph”. Sgkealgoritmen A* er blitt brukt for & finne korteste rute innenfor
denne grafen. Dersom det finnes en rute fra start til mal vil den ogsa veere den
korteste ruten i det faktiske miljget.

Noen algoritmer er funnet i eksterne bibliotek for sa & ha blitt tilpasset ram-
meverket for dette systemet. Algoritmer har ogsa blitt utviklet fra bunnen av. For
eksempel er det utviklet en mate & finne ruter rundt et skip i sanntid, ved & kun
ha kjennskap til skipets dimensjoner, posisjon og orientering. Det har ogséa blitt
utviklet en ny metode for a finne korteste vei i en type "road map”-graf. Meto-
den bruker mindre minne enn lignende metoder, og er sveert rask. En testkjoring
er gjennomfert i fem ulike miljger. Gjennomsnittlig fart ble malt til & veere 12.3
ganger raskere enn et sammenlignbart sgk ved bruk av A*. Forbedringen blir enda
mer imponerende nar kompleksiteten i miljget gker.

Ruteplanleggingssystemet har blitt implementert i kommunikasjonsrammever-
ket "Robot Operating System”. Systemet har blitt testet pa et fysisk testoppsett
med stor suksess. Testoppsettet er et startpunkt for videre forskning innenfor
studiet om autonome taubater. Ved a bruke testoppsettet kan taubéatene utvikles
med en "bottom-up” tilneerming. I stedet for & lage et system som er tilsynela-
tende perfekt i teorien, kan testoppsettet brukes til hyppige og raske tester av
mindre funksjonaliteter.
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Chapter

Introduction to Path Planning of
Swarm Tugboats

Imagine a vessel aiming to dock in a crowded harbor. The ship usually operates
on the open sea several months at the time, so it is not built for doing precise
manoeuvres. The future goal is for the captain to call for assistance, and just
relax.

A swarm of tugboats will shortly surround the ship. The tugboats are au-
tonomous, meaning thay can sense and manoeuvre in the environment without
human input. They have planned their own path to the ship.

Using only their sensors, the individual tugs can calculate how much force
they should apply to keep the ship on track to the designated goal. This is done
without the need of an external master system coordinating the tugs, or even
tugboat-tughoat communication.

This is a typical scenario of how the tugboats this study is aiming to make, will
operate.

This study of autonomous tugboats is conducted together with Sondre Midt-
skogen, but the projects are separate. Midtskogen is a master student, writing a
master thesis in product development.

The study of autonomous tugboats was initialized by TrollLABS at the De-
partment of Mechanical and Industrial Engineering (NTNU). It is meant to be a
contribution to the study of autonomous boats in Trondheim. Midtskogen has been
working on the study from its beginning, the fall of 2016.

Midtskogens goal is to create a working proof of concept on a physical test setup.
He wanted to create a platform, which is possible to use for rapid testing, aiming
for the ultimate goal of a autonomous tug swarm. This project will contribute to
making the test setup work, and take path planning some steps further.

Summarizing the vision of the path planning system, the tugboats,

1. should minimize the communication between each other and with a master
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system
2. should plan their own routes and replan them when necessary

3. should always choose the quickest path

The approaches to path planning used in this study, are chosen with the future
goals in mind, as explained in each chapter. Nonetheless, the tug prototype in this
study is very limited, with only one, simple load cell as sensor, and no GPS.

Communication is required to a great extent, even for making the physical test
setup work. In addition, the tugs will not be able to detect collision until they
have already collided. This conflicts with the first two goals described above, but
the system made is a working prototype, and is only meant to lay a foundation for
future work on this study.

1.1 Problem Description and Scope

The working problem descriptiong has been the following:
Develop route planning for a swarm of tugboats. This includes:

e Planning route

e Speeding up existing guidance algorithms

e Creating system interface

e Implementing algorithms on physical test setup

After a period of literature research, the scope was defined to be the following:

o Researching for and developing an algorithm to find shortest path on Eu-
clidean distance in a closed environment.

o Planning movements of tugs, using the shortest path algorithm. X tugs will
move to Y (< X) positions in the shortest time possible, without colliding
with each other.

e Speed up the algorithm to search for shortest path within a road map.

¢ Finding and implementing an appropriate interface between this system, the
control system and a physical test setup, together with Midtskogen.

o Implementing a waypoint generator on the physical test setup.

o This project will not consider the problem of avoiding unknown objects, like
other boats




1.2 Why the Title and Problem Description Changed

Figure 1.1: Tug prototype

1.2 Why the Title and Problem Description Changed

The title and problem description were created before hardly any research were
done, and before knowing how limited the tugboats were.

The old title was: "Onboard Guidance of Autonomous Swarm Tugboats”. The
problem description was the same as above, except for the removal of the word
“onboard”.

The ultimate goal is for the tugs to plan and execute every movement on their
own, with as little explicit communication with the rest of the system as possible.
The tugs are not equipped with a GPS, and their small processors are not able
to run the required algorithms. In other words, they are not ready to plan for
themselves, onboard.

1.3 Previous Work

In Midtskogens pre-master, he did a concept study of how to do automated ship
docking using autonomous tugboats. Simultaneously with this path planning re-
search, he has created physical prototypes and the control system for the tugs.

The physical prototype of the tugs can be seen in Figure 1.1. The tug has a
weight cell in front, to measure pressure. It has one thruster on each side, powered
with batteries.

In addition to the tugs, he has made a physical setup to test the tugs in. This
is a paddling pool, with a system for wireless communication.

To compensate for the tugs’ absence of GPS, their positions will be calculated
using a top-view camera and computer vision.
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1.4 Outline

This thesis is organized as follows: The three following chapters each represents
a feature in itself. Theory, justification of chosen methods and description of new
methods are all included in each chapter. Chapters 2 and 3 are about the first
problem description "planning route”. Chapter 2 also includes "speeding up existing
guidance algorithms”. Chapter 4 is about "creating system interface”.

Chapter 5 describes the process of solving the last point in the problem descrip-
tion, "implementing algorithms on physical test setup”.

In Chapter 6, the suggested solution for all four points in the problem de-
scription will be tested, evaluated and discussed. A conclusion of the system as a
whole is given in Chapter 7, before suggesting how to move forward in the study
of autonomous tugboats in Chapter 8.




Chapter

Path Planning

Path planning is the work of finding a route from a start position to an end po-
sition. The goal is to find an optimal, collision-free route of some cost function,
automatically. In this chapter, the optimal route is the shortest route on Euclidean
distance. Therefore, the term ”shortest path” refers to the shortest, collision-free
path on Euclidean distance.

The chapter will start off by classifying path planning techniques which have
been considered and evaluated, based on a literature study. At the end of each
section, the reason for choosing certain techniques and simplifications are explained.
Further, a brief description of the architecture of the path planning program is
given.

The two following sections will elaborate further on two important features
which chosen as a result of the literature study.

From section 2.4 and onwards, new algorithms and methods are presented. A
speed-up for the use of A* search is presented. Further, a tool for visualizing
calculated paths on a map is shown. The following section presents a way of
avoiding collisions with a ship which changes position during run time. The final
section will present a graphical user interface tool for creating environments.

2.1 Classification of Path Planning Techniques

Path planning techniques can in general be distinguished between global and local
path planning. A combination of the two is often called hybrid path planning. It
is assumed that the goal’s location is known and stationary.

2.1.1 Global Path Planning

Global path planning utilize domain-specific knowledge, such as maps, and plans
a route from start to a predefined goal based on this information. This should be
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Figure 2.1: Voroni diagram (Dong (2008))

done in an optimal or close to optimal way, on one or more parameters, such as
time. The global plan will avoid static objects.

From literature, efficient global path planning techniques can be divided into
optimization methods and heuristic search methods (Liu et al. (2015)).

Optimization Methods can optimize paths on advanced characteristics, such
as fuel saving, weather conditions and danger level (Niu et al. (2016)). These
algorithms are typically computational expensive, and therefore not suited for real
time applications.

Heuristic search methods are characterized by the use of a heuristic search
function within a discrete grid (Campbell et al. (2012)). Heuristic search strategies
are often called informed search strategies, as they use some information beyond
the what is defined in the actual problem definition (Russell and Norvig (2014)).
By using knowledge about the domain, the search can be guided in a more efficient
way than blind search. A good choice of heuristics is vital for the search method
to be robust and efficient (Signifredi et al. (2015)).

The boats can travel anywhere on the surface of the water giving a two-
dimensional search space for finding routes. To search though every possible route
in this space will be very time consuming. Most of the possible routes will never
even be an optimal path, and can safely be removed from the search space for speed
purposes.

Tugboats belong to one harbor, and they will only travel within a fixed area.
Within this area, there are known static objects. This implies that path planning
calculations avoiding static objects can be done in advance.

To reduce the search space to one dimension, a road map approach (Niu et al.
(2016)) can be used. This type of approach will find a set of traversable roads,
which can be searched.

Two road map approaches were considered. The first one is called Voroni dia-
gram (Wu et al. (2013)) and an illustration of the method is shown in Figure 2.1.
The method creates a road map by maximizing the distance from every obstacle.
In the figure, the green areas are obstacles, the red lines makes up a road map, and
the shaded areas from black to white illustrates how far from an obstacles the area
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(a) Visibility graph (b) Blue: Shortest collision-free path

is.

The other considered approach is visibility graphs. A visibility graph is a graph
with nodes placed on every corner of all obstacles and edges connecting the nodes,
which can see each other (i.e. a straight line can be drawn between them) (Lozano-
Pérez and Wesley (1979)). Figure 2.2a shows an example.

To find a collision-free path between any two points in the environment, the
visibility graph is extended to include the start and end points as new nodes, as
illustrated in Figure 2.2b. The purple lines are extensions to the original visibility
graph, and the blue line is the shortest path.

It is possible to use Visibility graphs to find optimal paths on Euclidean dis-
tance. This is a great foundation for finding the shortest path on time. Dubins
(1957) stated that "The shortest path (minimum time) between two configurations
(x,y, ¥) of a craft moving at constant speed U is a path formed by straight lines
and circular arc segments.” The straight lines can be the ones found in a visibility
graph.

A Voroni diagram can be calculated in O(nlogn) time, which is better than
visibility graphs time of O(n?) (Niu et al. (2016)). As the environemnt is known,
this calculation is only done once, and can even be done offline, where calculation
speed is no issue. The Voroni diagram is not optimal, like the visibility graph.
Because of its optimality and the fact that speed is unimportant, the choice was
made to use visibility graphs in this study. The visibility graph library used is
made by Obermeyer and Contributors (2008).

2.1.2 Local Path Planning

Local path planning is path planning where the boat (or any robot) moves in
an unknown or dynamic environment, and the algorithm reacts to obstacles or
changes in the environment (Buniyamin et al. (2011)). Changes can be noticed
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by for instance sensors or cameras on the boat. By using local path planning, a
new route to avoid the obstacles is created. Local path planning is also known as
Obstacle Detection and Avoidance (ODA). (Zhuang et al. (2011)).

2.1.3 Hybrid Path Planning

An autonomous system with only local or only global planning is infeasible in the
real world. Usually, an combined approach, often called hybrid planning, is used.
Global and local planning are often structured in two different layers, when using
a hybrid architecture.

It is chosen to implement a layered structure in this study, as this is done
successfully in many papers (Larson et al. (2006), Casalino et al. (2009), Svec and
Gupta (2012)). The global layer will provide an optimal path given the static
objects. The local layer, will provide routes to avoid colliding in dynamic obstacles
which positions are known.

A layered structure makes it possible to implement extra layers at a later stage,
and still make use the planning in other layers.

2.2 Searching for Shortest Path: A* algorithm

Shortest path from start to end points is found by searching through vertices in
the systems visibility graph using the best-first search algorithm, A* (Russell and
Norvig (2014)), with the Euclidean distances from point to point as costs.

A* is a very popular search algorithm in the robotics community (Blaich et al.
(2012), Jouandeau and Yan (2012), Casalino et al. (2009)), as it is very efficient.
In each node, A* adds the accumulated cost from the start node to an estimated
cost of reaching the goal node. By doing this, A* tends to focus its search to the
most relevant nodes in the search graph (Maren et al. (2001)). The algorithm will
create an optimal shortest path on distance if the heuristics are admissible (Niu
et al. (2016)).

An admissible heuristic, is an heuristic that never overestimates the cost to reach
the goal (Russell and Norvig (2014)). Euclidean distance is a heuristic with this
property. The algorithm is also complete, meaning, it will always find a solution if
one exist (Russell and Norvig (2014)).

2.3 Safety Margin

The path planning algorithm that will be used, will plan a route from point to
point, neglecting the fact that boats have a certain dimension. A widely used
technique to add area to the robots planned for, is to rather enlarge the obstacles
(Erdmann and Lozano-Perez (1986)). The area around the obstacles must be a
boat radius to compensate. In addition to the compensation, extra safety margin
around obstacles should in general be added. In Figure 2.3a, the boats radius is r
and the extra safety margin is s. The observant reader will notice that the safety
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- .

(a) Safety margin =1 + s (b) Tug starts inside a safety area

Figure 2.3: Working with safety areas

(a) No safety margin (b) Small safety margin (c) Large safety margin

Figure 2.4: A simple environment with different safety margins

margin should be rounded on obstacle corners, if it was true that it was a constant
distance from the obstacle. Nevertheless, they are made as corners on purpose, as
the A* algorithm searches through vertices. A rounded corner would have to be
simplified to one or more vertices at a later stage, anyway.

Adding safety margin (and boat compensation) can be done in the path planning
program. A function in the environment class use "The Clipper library” (Johnson
(2014)) to expand all obstacles with a constant value. See Figure 2.4. Notice how
the polygons merge if the safety margins overlap (Figure 2.4c).

Tugs may start or end within safety margins. For instance, they have to be
close to the dock while docking a ship. To make the distance travelled inside a
safety zone minimized, the shortest path algorithm adds the closest point outside
the safety zone to the shortest path, as seen in Figure 2.3b.
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2.4 Reduce Online Calculations: All-pairs Short-
est Path

One way to reduce online computation time, is to calculate the shortest path be-
tween all vertices in the environment offline. In Figure 2.2b, they are the grey
paths. The shortest paths between all obstacle vertices are precalculated by search-
ing though the gray lines and the solution is saved in a look-up table. The look-up
table method is inspired by the conference paper, Guzman et al. (2005).

2.4.1 ”Go-via” matrix

Take a look at Figure 2.5. Figure 2.5b is the all-pairs shortest path matrix (or
look-up table) of the environment in Figure 2.5a. A matrix entry, m(row,col),
represents which vertex to visit next, when making a path from row to col. That
is why it is chosen to call the matrix the "go-via” matrix. An example of use of
the ”go-via” matrix follows.

The goal is to find the shortest path between vertex b and vertex 1, and the
procedure goes like this:

1. Look up m(b,1), to find ¢
2. Look up m(c,1), to find k
3. Look up m(k,l), to find 1
4. Look up m(l,1), to find 1
5. Join the path: b —- ¢ — k — 1

In adition the the APSP matrix, another matrix with the shortest path lengths
between all vertices in the environment is made. Looking up distances in such a
matrix makes the algorithm avoid repeatedly calculations of the same distances.

2.4.2 Algorithm Extension

Start and finish points are rarely on the vertices. The shortest path between any
two points is found by a few extra calculations.

For the start and end points, all distances between the points and the vertices
within their respectively visibility polygon must be found. In Figure 2.6, these
vertices are the orange points within the yellow area, representing the visibility
polygon of the black point.

The distance calculations within the visibility polygon have to be done regard-
less of search method used within a road map approach.

Finding the shortest path between any two points, is done by following the
pseudocode in Algorithm 1. In the algorithm, apsp is a function which use the ”go-
via” matrix to find the shortest path between the two vertices in the argument.

10
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(a) Environment with labels on vertices (b) ”Go-via”-matrix

Figure 2.5: All-pairs shortest path.

Figure 2.6: The visibility polygon of a point is the area the point can see in the envi-
ronment. The visibility polygon of the black point is the yellow area
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Algorithm 1: Finding shortest path using APSP
Data: apsp, apsp-cost s, f, visGraphS, visGraphF
Result: Shortest path from s to f
for each v in visGraphS do

for each w in visGraphF do
cost = dist(s,v) + apsp-cost(v,w) + dist(w,f)
if cost < currentLowestCost then
L currentLowestCost = cost

currentBestVertices = (v,w)

return (s - apsp(currentBestVertices) - f)

2.4.3 Advantages of Suggested APSP

There are several advantages of the suggested APSP method. First of all, after it
has been calculated for the first time, it is very efficient to find shortest path in
a known environment. It is also efficient to replan a route in real time, to avoid
dynamic obstacles, like other boats.

The novice way to store the shortest path from all to all points, is keep the all
the points of every possible path in memory. In comparison to this method, the
suggested method is very memory saving, and therefore highly scalable. This is
because the suggested method only stores the next point in the shortest path to
any point.

2.5 Visualizing Calculated Routes

The easiest way to verify if the algorithms return the expected paths is by visual-
izing them.

A modified version of Clipperlibs SVG builder was made for rapid visualization.
The original SVG builder made an SVG (scalable vector graphics) image a set of
polygons. The modified version adds an optional number of polylines, which is
a set of waypoints, making up a piecewise linear curve. An example is shown in
Figure 2.3b.

2.6 Local Replanning Around Ship

The ship is the only dynamic obstacle in this simplified tug world. Tugs must be
able to plan routes around it.

A scenario is to move one tug or several tugs from start to goal or formation
around a ship. By assuming the ship stays still in a known position for one scenario,
it could be added to the global planner as a static object. By doing so, the visibility
graph would have to be calculated for each scenario. Calculating the visibility graph
repeatedly is inefficient, and by doing so, the fact that the environment is known

12



2.6 Local Replanning Around Ship

(0.0) X

‘%‘%

%,
0%

YV

Figure 2.7: Ships position (x,y), orientation 0, length and width

is unutilized. The system would not even tolerate that the ship had moved during
the scenario.

In this system, a ships position and orientation can be found. Its dimensions,
width and length, is known. This information is used to do local planning around
the ship. A ships position is given as its geometric midpoint in x,y-coordinates in
the world coordinate system with (0,0) in the top left corner. Its orientation is an
angle between —m and 7, where its nose is pointing to the right at an angle of zero
(Figure 2.7).

The ship is simplified to be a rectangle in the x,y-plane. This simplification is
sufficient for many ship types. Given its orientation, position, width and length,
it is possible to pinpoint the space occupied by the ship in the water, by following
Algorithm 2.

The last line in the algorithm may need some extra explanation. T(z,y) is a
matrix which translates a point by x and y, by doing matrix multiplication on the
column vector of the point. R(#) is another matrix, which rotates the a point by
0 degrees in a clockwise direction (counter clockwise in an "L”-shaped coordinate
system) around the origin, (0, 0). To rotate a point around any other point but
the origin, a translation to the origin and an inverse translation must be done
respectively before and after the rotation is done. This is exactly what is done
in Algorithm 2. Merging all four column vectors to a single matrix, will yield
the same result in matrix multiplication as multiplying column by column. The
area of the ship is defined by its four corners, so all internal points will follow the
transformation. See Figure 2.8.

When a tug is heading towards its second to last waypoint, it will calculate
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Figure 2.8: How to rotate a ship around its own mid point

Algorithm 2: Pinpointing ship in world coordinates

Data: orientation (), position (x,y), length (1), width (w), ship (empty 2x4
matrix)

Result: The four corners of the ship in world coordinates

ship(0) = (x-1/2, y - w/2)

ship(1l) = (x-1/2, y + w/2)

ship(2) = (x +1/2,y + w/2)

ship(3) = (x + 1/2, y - w/2)

ship := T(z,y) * R(f) * T(—x,—y) * ship

14
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(a) (b)

Figure 2.9: How a line between two points can intersect the ship

which new waypoints to add to its path in order to avoid colliding with the ship.
Following Algorithm 3 will add the waypoints, giving the shortest path around the
ship possible, at the time of calculation.

Figure 2.9 shows how lines can intersect the ship. Lines can also intersect the
ship equivalent from other directions. Using Algorithm 3, the following result would
be evident for Figure 2.9:

Fig. | Start | Goal | Vertex added | Comments

(a) | S Gl a Common vertex of lines da & ab

(a) | S G2 a&b Calc. length of path S-a-b-G2 & S-d-c-G2
(a) | S G3 d Common vertex of lines ad & dc

(b) | S Gl a Common vertex of lines da & ab

(b) | S G2 c Common vertex of lines dc & cb

Algorithm 3: Planning shortest path around a ship

check intersections between line from start-goal (SG-line) and all four edges
of ship.
if SG-line intersects two adjacent edges then
| add common point of the two edges to path
else if SG-line intersects two opposite edges then
| calculate and choose shortest path around ship
else
| do not replan

The suggested replanning algorithm has an constant asymptotic upper bound
(O(1)), much more efficient than recalculating visibility graph (O(n?)).

The algorithm for finding the shortest path around a ship does not take the
environment into account. It assumes that a boat is free to move on either side of
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the ship at any time. This is typically true for a ship outide of a harbor, but of
course, not the case if the ship is too close to an obstacle or environment borders.

2.7 Creating the Environment

The proposed algorithms of this study requires environments defined by points
marking vertices of obstacles. The program will read text files in the following
format.

The first lines contain the four x,y-coordinates representing the outer boundary,
listed counter clockwise in an "L”-shaped coordinate system. The following lines
contain coordinates which represents obstacles, split by empty lines shifts. They
are listed clockwise. The following list would create a 150x100px environment
containing one rectangular shaped obstacle.

0,0
150,0
150,100
0,100

40,40
40,60
70,60
70,40

Simple environments like this can be made manually, but making larger envi-
ronments is quite tricky to make. This is why a graphical program, hereby called
Environment Creator is made.

Environment Creator loads a chosen image of a map and displays it on screen.
The user mark a rectangular outer boundary (marking where the tugs are allowed
to move), by using the mouse to click on the bottom left and top right of the
allowed area, followed by the enter button. A red rectangle marking the outer
boundary will appear. The program can easily be extended to allow other shapes
than a rectangle as outer boundary, but it is not necessary, as will soon become
obvious.

Further, the user can mark obstacles by clicking around them in clockwise or
counter clockwise direction. Red circles will appear at each point marked, as well
as lines marking the polygon after the user has pressed enter. An example of the
the harbor in Trondheim is shown in Figure 2.10.

A harbor usually has docks and other large obstacles reaching beyond the al-
lowed area. These can be marked in the same way as other obstacles, but with edge
points outside the allowed area. This is why only a rectangular outer boundary is
needed, as one can mark shapes on the edges simulating restricted areas.

The environment coordinates are saved to a text file, where the coordinates are
pixels of the image. The number of pixels in the image is known, and so will the
size of the area the map image covers be. From this, a scale between pixels and
meters can easily be calculated.
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AULITH anna 330 [ " 14000 format AY lggence] UtmiPdalz: 0082077 NORGE [jBILDER

Kaanfinatsysam

Figure 2.10: Trondheim harbor (Norge i bilder (2016))

In the test setup, a birds-eye photo image of the environment was taken. This
is image is equivalent to a satellite photo or a map in a real harbor.
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Chapter

Planning Paths and Motion in a
Swarm Context

The previous chapter presented a method for planning optimal paths on Euclidean
distance for one tug. The optimal routes of single robots are not necessarily the
best combined plan, nor even always feasible. This chapter will elucidate the main
decisions made in moving from one to many tugs. Since the tugs are uniform and
work together, they are referred to as a swarm.

A single robot is free to move as long as it avoids static objects, invariant of
time. More robots in the system requires planning in time, as two robots cannot
be at the same place at the same time. Path planning as a function of time is
often called motion planning. Section 3.1 will briefly describe the main way of
distinguishing between different motion planning approaches.

Path and motion planning algorithms are often explored in a context where
start and target positions are given. In this study, the tugs are not aware of where
to go next until a master system will notify them. How to choose which tugs to
assign to which target is described in section 3.2.

It has been discovered that the tugs will never cross on the edges of a road map,
given some conditions. This will be derived in the last section, before describing
how this fact has been taken into use in motion planning.

3.1 Motion Planning Approaches

When not only the path, but the trajectory of robots are planned, it is referred to
as motion planning. The field of motion planning is often categorized as centralized
planning and decoupled planning, denoting the amount of autonomy in planning.
It is worth noting that there are various approaches along the spectrum of the two
extremes (van den Berg and Overmars (2005)).
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3.1.1 Centralized Planning

Centralized systems treats all robots as one composite robot, and typically planes
within the combined search space of all robots. One robot, or a master system is
responsible for the coordination of all robots. In theory, centralized systems will
find a solution, if one exists.

3.1.2 Decoupled Planning

In decoupled planning, each robot is responsible for planning its own routes, ignor-
ing the existence of other robots. This can be done using ordinary path planning
techniques presented in chapter 2, followed by a process for resolving conflicts
(Bennewitz et al. (2002)).

Resolving can be done in numerous ways, including ”prioritized planning”
(van den Berg and Overmars (2005)). In this approach, the robots are given dif-
ferent priorities. The robots are planned for in descending prioritization, avoiding
static objects and treating the already planned for robots as dynamic objects.

If there are n tugs, there are n factorial ways to make prioritizing schemes. It is
too costly to test all schemes (Azarm and Schmidt (1996)), so searching algorithms
is commonly used to find possible solutions (Maren et al. (2001)).

Planning trajectories before they are executed, often require the duration of
subsections of the paths to be known in advance. A subsection can be an edge of
a road map, or a constant distance in other methods. This duration may be hard
to estimate.

3.1.3 Choosing Approach

Centralized planners are complete, but complexity grows exponentially to the num-
ber of robots. Decoupled approaches are not complete, but highly scalable. The
choice between centralized and decentralized approaches is usually determined by
the tradeoff between computation time complexity and the amount of completeness
lost (LaValle and Hutchinson (1998)). In this study, there are yet two arguments
to decide on method.

The future goal of this study is to make intelligent tugs, not an intelligent
system to control tugs. Another goal is to bring the necessary communication to a
minimum. For those reasons a decoupled approach should be chosen in the future.

Because of the limited amount of sensors on the prototype tugs, the tugs will
use the communication media to a large degree. The processors on the tugs are also
very limited, and would not be able to run path plannings algorithms. Therefore
a centralized system was chosen.

3.2 Preliminary Decision Making

The goal is to plan the motion of several identical robots, given a set of goal
locations. The goals are not preassigned to robots. The only requirement to fill
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3.2 Preliminary Decision Making

Figure 3.1: The green tugs are the three closest to the red points mid point. They are
chosen as the best set of tugs, and sent to the next algorithm (target assignment)

that each goal with an unique robot. This is called a permutation invariant multi-
agent motion planning problem Yu and Lavalle (2013).

There may be more robots than goals, so the algorithm will choose which robots
to use. There can not be more goals than robots.

3.2.1 Selecting Closest Tugs

It is assumed that there will always be an equal amount or more available tugs
than requested positions to be filled (goals). The only way to find the perfect set
of tugs, is to calculate the shortest paths for all available tugs to all goals, which
can be quite time consuming.

In a harbor scenario, tugs will in general be requested to surround a ship. An
approximation of the best set of tugs to assign is given as the set of tugs with the
shortest Euclidean distance to the mid point of the requested goals. An example
can be seen in Figure 3.1. The mid point of N goals is calculated as the centre of
mass:

(xmidvymid) = %Z(xzayz) (3-1)
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Figure 3.2: MUNKRES speed

3.2.2 Target Assignment

The "assignment problem” can be used to minimize the sum of path lengths for a
set of permutation invariant tugs. Given n workers, n tasks, and the costs of each
worker doing each task, the assignment problem is to assign each task to a worker,
in the combined cheapest way possible. One way to solve this problem is by using
the Kuhn-Munkres (KM) algorithm (Munkres (1957)). A implementation of the
KM algorithm written by John Weaver (www.saebyn.info) is used in this study.

When the number of tugs and goals are the same, the KM algorithm is used
to assign goal locations to tugs. The tugs are the workers, and the length of their
shortest path to all finish points are the costs.

the KM algorithm has O(n3) efficiency, which is large, and should in general be
avoided. However, n, being the number of tugs going to a set of end locations, is
usually small, not ever bigger than six in the physical prototype. Figure 3.2 shows
the average time of five runs of the KM algorithm with an increasing number of
tugs, from 1 to 10. Note that the time varies from 85.8 to 93.6 milliseconds. This is
only a 9.1% increase in run time, on 10 times as many tugs. By this, it is concluded
that the part of KM giving the asymptotic speed of O(n?) is not expensive for small
n, it is rather the overhead cost.

The suggested algorithms for can be used in the future, even though communi-
cation should be held to a minimum. There will always be need for communication
to inform when a ship requires assistance. The master system could use KM be-
fore to assign goal points to the tugs. The tugs would search for shortest paths
in identical, internal road maps, and would therefore still minimize the total path
distance.
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3.3 Motion Planning Method

A method for planning the motion of a group of robots has been developed. Given
that they plan routes within the same road map, it is possible to avoid collision
without robot-robot communication. The first section will prove that paths of
robots would never cross, if they had no area. The next section will explain how to
use the proof can be used, even though robots have a certain size. The last section
will explain an efficient way to plan the motion of several tugs, using the proof.

3.3.1 Paths Will Never Cross

This study use a road map based approach with the line-of-sight (LOS) method.
This means that possible paths will always consist of straight lines from node to
node, defined on a road map.

This section will prove why the tugs only need to be coordinated on the nodes of
the road map graph, and not on the edges. This requires paths to be are combined
so that the total distance travelled by the tugs are minimized, and that a tug can
be planned for as a point (no area). A solution to cope with the last requirement
will be discussed later.

Figure 3.3a will be used as illustration, but the proof is valid for any crossing,
straight lines of a path. By the triangle inequality (Khamsi and Kirk (2011)),

llac]l < [lae]l + [lec]| (3-2)

and

1bd]] < [|bel| + [led] (3-3)

If the routes cross, the total sum of the paths lengths is

L = ([laell + lled][) + (ljbell + [lecl]) (3-4)
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Which is the same length as if they switch end point when crossing at e,

L= ([laell + llec]l) + (l[bell + [led]]) (3.5)

By adding both sides equation 3.2 and 3.3, and acknowledge that the right side
is equal to the right side of equation 3.5,

L > Jlac|| + [|bd] (3.6)

which implies that crossing never gives the shortest path combined.

By the triangle equality, it can also be shown that one path’s goal point will
never be on another path. This is a special case of the previous evidence. This
will be shown by using Figure 3.3b, and showing that paths bg; and ags combined
always are shorter than or equal to the length of bd and ae combined.

lae]| < [laga| (3.7)
[[bd]| < [bell + [led]| = [lbel| = [[bd]| — [[ed]| (3.8)
(laell + lledl)) + llbell = (llaell + lledl]) + [[bd]| — lled]| (3.9)
which simplifies to
(laell + lledl]) + [[bell = [laell + [|bd]| (3.10)

The two sides of Equation 3.10 are only equal if e = d. Two tugs having the
same goal is never the case, and it is therefore correct to say one paths goal point
will never be on another path.

The inequalities derived in 3.6 and 3.10 are very important in the algorithm
implemented. They imply that if an optimal resource assigner, like the Kuhn-
Munkres algorithm, is used, the paths will never cross. However, they might, and
will often meet in the same waypoint. Therefore, when planning the tugs motion
in time, it is only checked for collision in waypoints.

Another interesting fact is that two tugs will never meet in two different points,
unless the two points are connected with the shortest path of both tugs. This is
the case since the tugs will always choose the same path between two points, as
they use the same shortest path algorithm. This fact is not used in the current
planning algorithm, but could be used to reduce the number of waypoints to check
for collision.

3.3.2 From Point to Area

Tugs do, of course, have an area, so some adjustments have to be done in order to
use the planning method suggested above. The adjustments are easiest explained
by explaining Figure 3.4.

Figure 3.4a shows a close-up of an environment. The gray areas are obstacles
with unspecified safety zones. A predefined range around each vertex is marked in
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(a) Scenario 1 (b) Scenario 2

(¢) Scenario 3 (d) Scenario 4

Figure 3.4: Scenarios where the tugs area will matter
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red. If a point is within another points range, tugs cannot occupy them both at
once. The points cannot be planned for at the same time, avoiding collision in that
area. In the figure, w2 and wb are within each others range, and so are w3 and w4.

In the two next scenarios, an obstacles point (Figure 3.4d) or edge (Figure 3.4c)
is close to another objects edge. The solution to this problem could be to add an
extra dummy point on the other objects edge, and plan for this point as if it was
an ordinary vertex. The two scenarios are not taken care of in the implemented
algorithm. In the harbor scenario in the physical prototype test, scenario 1 and 2
will never occur.

The final scenario (Figure 3.4b), illustrates two tugs on two close points on
either a start or goal location. The scenario is not realistic in a start scenario, as
the start points are always the position the tugs are already in, and they cannot
start on top of each other. In theory, the goal positions could be like this, but it is
assumed that the control algorithm never asks for this.

3.3.3 Planning Movements

The novice way to plan for several robots is to send one robot at the time and wait
for it to finish. The tugs would never collide, and it would fulfill the objective of the
shortest path algorithms, which has been to minimize the path length. However,
this objective was only chosen to be a good starting point for the real objective;
minimizing total completion time.

It was proved in section 3.3.1 that tugs’ path never will cross, but they might
merge into the same path for many waypoints. This is often the case when the
tugs are located far away, but at the same side of the ship, and are requested to
surround it.

In order to avoid collision in or close to the waypoints (as if the green and blue
tug in Figure 3.4b were heading for the same waypoint before colliding), only one
tug can head towards a waypoint at the time. The other tug(s) must wait on its
previous waypoint(s) until the occupying tug has moved on.

This method only checks for collisions with other tugs once per waypoint, rather
than for every movement of all tugs. This saves a lot of computation time. It is
also avoids tug-tug explicit communication, which is an objective for the future.
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Tug Communication

With the vision of future autonomous tugs in mind, this chapter will discuss what
type of communication should be used.

Coordinating the robots require some kind of communication, either implicit
or explicit. Section 4.1 will explain the difference between the two communication
methods, discuss how the system communicates today, and how they should com-
municate when the tugs become more independent. By taking the limitations of
the current physical prototype into account, a type of communication is suggested.

Further, core features and rationale for choosing the communication framework,
The Robot Operating System, is given.

Finally, a framework for testing the communication interface is presented. It is
a simulation, which is also used to visualize how tugs interact.

4.1 Communication: Explicit or Implicit

Some sort of communication is crucial for any system consisting of more than one
robot to work. Communication may be divided into explicit and implicit com-
munication (Doriya et al. (2015)). Communication is explicit if a communication
media is used to broadcast or unicast messages (Yan et al. (2013)). Messages can,
for instance, be position and orientation information. This is the most researched
type of communication.

The other type of communication is implicit. If robots use implicit communica-
tion, they find information from the other robots in the system via the environment
or sensors (Yan et al. (2013)).

Communication via the environment is generally inspired by nature. For exam-
ple, ants in a colony looking for food leaves odorous chemicals in trails leading to
good food sources. Other ants will then know where to go by looking for chemicals
in the environment (Dorigo et al. (2008)).

Sensor communication is to use sensors to perceive change in the environment
to, for example, calculate the position of other robots (Yan et al. (2013)).
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Explicit communication is accurate, but it often requires a reliable communi-
cation system to work. An error in communication media may in extreme cases
lead to system failure and collisions. In addition, the communication load on the
system will increase as the number of robots increases (Yan et al. (2013)).

Using implicit communication, on the other hand, the environment information
will not be as accurate as when using an explicit pattern. However, the stability,
reliability and fault tolerance are better (Yan et al. (2013)).

Applying a combination of the two communication methods is often a good
choice. In the future, explicit communication should be used only in the very
beginning of a mission. The tugs must know where to position themselves around a
ship, and where to push the ship to. When those two points are known, only implicit
communication should be used. The tugs will know how to position themselves by
sensing necessary information from the environment, and will work as a swarm
towards a common goal.

For the prototype in this study, only explicit communication is used. Again,
this is because the tugs do not have sensors to obtain sufficient information about
the environment to avoid collisions.

4.2 The Robot Operating System

As stated earlier, this study of autonomous tugboats is a cooperation between two
students, but the two projects are quite independent. In this project, paths are
created and waypoints sent. One of the goals for the other project is to control the
tugs to these waypoints. In order to keep the projects independent, some interfaces
had to be made before starting. It was chosen to use The Robot Operating System
framework (ROS) for this purpose. First, a short introduction to some important
ROS components will be given, followed by some evaluation of why ROS is chosen.

4.2.1 ROS Communication System

The Robot Operating System (ROS) is an open-source framework for developing
robot software. One of ROS’ core components is its communication model. The
main concepts will be described.

A ROS node is an executable file within a ROS package, which performs com-
putation, and communicates with other nodes using a ROS client library (Under-
standing ROS Nodes (2016) Nodes (2012)).

A node can advertise that it will publish messages to a certain topic. These
published messages will be broadcasted, and available for all other nodes in the
system. The nodes which wants to "read” these messages, subscribes to the topic.

A node can also advertise a service. A service node receives pair of messages,
one for the request and one for the reply. It executes its service and responds in the
reply message, which is sent back to the requesting node (Services (2012)). This is
similar to normal function calls across nodes.
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4.2.2 Evaluating ROS

A resource conflict may occur if several robots try to use the same communication
media (Yan et al. (2013)). This is not a problem with ROS. ROS can also handle
some communication errors. For instance, ROS is used to publish the position of
the tugs 24 times per seconds. If a tug misses one of these messages, it will not
break down, because it assumes the last published message is still valid. Gerkey and
Matari¢ (2002) summarizes why a publish/subscribe paradigm is good for robot
systems:

"Robots can move in and out of communication range, the communication
system itself can drop messages, and the robots can experience many different
failures. In order to tolerate these dynamics, the communication layer should
never address robots by name. Instead, robots should communicate anonymously
through broadcast means.”

The tools and libraries of ROS make communication efficient and easy, and it
can run across multiple computers. It is widely used in the robot community, and
is well documented online.

ROS is a type of explicit communication, as discussed in section 4.1. Unlike
many other explicit communication systems, ROS can handle less reliable commu-
nication.

Interfacing in the ROS framework is straightforward. It does not matter what
a ROS node looks like or what it does, as long as it advertises topics of the correct
predefined messages. This is perfect for this study, as the control system is totally
separated from the path planning system for most of the study.

Another great feature with this type of interfacing, is its’ flexibility for changes.
For instance, the positions of the tugs in the physical prototype is given by a
computer vision system. In a real harbor, position would probably be given by
a GPS. As long as the GPS coordinates are translated to the predefined ROS
messages, the path planning system wouldn’t have to change anything.

With a system of stand alone components it is easy to add new functionality
without editing old components. This may be important if the study of autonomous
tugboats is continued by other students in the future.

4.3 Simulation

In order to know how motion planning and communication will work, without
testing it in the real world, a simulation tool was made. The simulation tool must
imitate the real world, including a time dimension.

4.3.1 Simulation Tool: Gazebo

Gazebo is a popular program used for simulation and visualization of robots using
ROS (Koenig and Howard (2004)). ROS can be integrated with Gazebo through a
set of interfaces, meaning a robot can be simulated using only ROS messages.

29



Chapter 4. Tug Communication

Gazebo has a service to provide position and orientation (pose) for robots, which
is needed for the motion planner to work. A node for translating the messages from
gazebo format to the format used in the control system was made.

Dummy nodes publishing other necessary messages was made, like the one
publishing goal points to surround the ship.

Two screen shots of Gazebo in action can bee seen in Figure 4.1. The tugs are
modelled as tall, orange boxes. They are not cylinders as the prototypes are, to
make it easy to see their orientation. It should be noted that the simulation is a
simplified version of the real world. The tugs move in a constant speed, and exactly
to the requested positions. The simulation tool was used only as a means to test
the ROS interface and executing trajectories.

4.3.2 Rationale for Simulation Tool

It was desirable to do testing and simulation with as little modification of the
original code as possible. One of the advantages with ROS is that it is easy to test
without the need of modifications. A ROS node communicates with other nodes
through predefined and broadcasted messages. Nodes are normally not aware of
who they are communicating with. Messages needed can therefore easily be faked
by a simulator, making nodes execute, just as in a real scenario.

In addition to a simulation, it was chosen to visualize the motion of the tugs.
A visualization is highly useful for rapid testing, as it can present information fast,
and in an intuitive way. For instance, it is much easier to acquire insight of two
tugs relative position with a live image of them, rather than coordinates printed
on a screen.
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(a) Gazebo top view

(b) Gazebo side view

Figure 4.1: Gazebo simulation and visualization tool. Videos of simulation can be seen
by following the instructions of Figure 6.3b
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Chapter

Implementing Algorithms on a
Physical Test setup

This chapter will go through the process of implementing the path planning system
on a physical test setup. It will start off by presenting the physical test setup, and
explaining how the path planning system communicates both internally and with
the external system. The external system refers to the physical test setup and
control system, which are Midtskogens work.

Thereafter the first meeting point between the control algorithms and path
planning algorithms will be described. Further, it will explain some challenges of
moving from a simulation and into the real world. The next section will summarize
some benefits of programming in the workshop. The last section explains why the
use of visualization was so important.

5.1 Physical Test Setup

The test setup is a pool with a 2x3 meter timber frame marking the environment.
It is shown in Figure 5.1a. The floating plastic box is the ship. Figure 5.1b shows
the same environment, but with the addition of two timber obstacles. The green
and white objects are tugs. A closeup image of a tug is shown in Figure 1.1.

The environment is monitored by a camera. Both the ship and the tugs have
unique ArUco markers (Garrido-Jurado et al. (2014)) on top. The markers are de-
tected through the camera by using the computer vision library OpenCV (Bradski
(2000)), calculated the markers pose.

5.2 Communication System

An illustration of the communication system is shown in Figure 5.2. The green
boxes are Midtskogens responsibility and are regarded as black boxes by this sys-
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(b) Environment with obstacles

Figure 5.1: Test setup
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Figure 5.2: Communication diagram
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tem. The ellipses represents ROS nodes. The "tugX”-nodes are meant to illustrate
an arbitrary number of tugs. All nodes with arrows pointing into the shape sur-
rounding them are communicating with each tug individually.

An arrow represents a topic or a service. An arrow points at a node which
subscribes to a topic or uses a service advertised by the node in the other end.
Which topic or service it subscribes to is indicated along the arrow.

The grey node and service are not yet tested in the physical test setup, but is
a part of the communication in the simulation program.

5.3 Combining Two Separate Projects

By deciding using ROS (Section 4.2), the interface between the path planning
system, OpenCV and the control system should be clear. The same message def-
initions were used, and the two systems published from the topics agreed upon.
This resulted in a more or less pain-free compilation of the combined code.

That being said, both systems had assumptions regarding each other, resulting
in several problems when trying to run the combined system for the first time.
Some issues only made the tugs act a bit clumsy. For instance, the two systems
assumed opposite angles when referring to the orientation of the ship and tugs.
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Other problems were fatal, like the timing of at which point the path planning
system and the control system switched responsibility of the tugs.

5.4 Simulation vs. Real World

In the simplified simulation of the system (Section 4.3), the tugs moved directly
to their assigned waypoints, went directly to the next waypoint without changing
speed, and stopped instantly upon arrival. None of the messages were lost by com-
munication errors with the tugs, and the simulation system sent messages needed
by the path planning system at the exact right time. This is not how the real world
works. The following will provide some examples of how the initial path planning
system did not cope with the real world.

The communication were not as reliable as assumed. It became very clear
after having observed the radio transceivers used in the physical test setup in
Figure 5.3. Every time the red light flashed, like on the transceiver on the right,
a communication error occurred. For a five minute testrun, it was measured that
14% of all message were dropped. The path planning program sometimes relied on
a specific message, for the whole system to work. For instance, the program would
not start at all, until position messages of all initiated tugs were received. This is
still the case.

Sometimes the position system on the physical test setup believed it detected
tugs that did not exist. This confused the path planning system, which wanted to
combine the tugs in an optimal way every time a new tug was added to the system.

The tugs did not move in a straight line, as they did in simulation. This was
expected, and taken into account in some aspects of the path planning system.
However, the irregular movement of the tugs created problems far beyond those
anticipated.

In simulation, the goal points for the tugs did not change once they were set. In
the test setup, they changed every second. Often just by millimeters, but still, they
changed. Because of this, the path planning algorithm updated the combined best
path for the new goal points every second. First, the combining algorithm is the
most expensive algorithm of the path planning system, and use of it should be kept
to a minimum. More important, the tugs need some time to change directions, so
a frequent change in waypoints make them act "wobbly”.

The fact that the goal points could change after they were set, was handled to
some degree. With a real ship, it was assumed that the maximum movement a
ship would make until the tugs arrived, were not big enough to affect the route,
other than the section between the last waypoint and the goal point. This turned
out to be a poor assumption in the physical test setup. The ”ship” moved much
more than expected, without updating the tugs routes.
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Figure 5.3: Radio transceivers

5.5 Programming in the Workshop

Most of the implementation of the path planning program on the physical test
setup, were done by a computer, right next to the setup in the workshop. This
made it possible to test the code consecutively.

All the main algorithms were created before the physical test setup and control
algorithms were finished. This was due to the fact that the test setup was not
ready at the desired point in time. For that reason, only changes in the code
regarding communication were done in the workshop. It became clear that some of
the algorithms developed, were only clever in theory. For instance, if a tug starts
inside a safety area, the system will provide the tug with a waypoint just outside
the area. The tug will quickly drift back into the safety area, since its control
system is not perfect. This scenario and more real world issues, will be elaborated
in the Result chapter.

5.6 The Importance of Visualization

When testing the algorithms on the tugs in the pool it was sometimes hard to
identify what caused the unexpected behaviour of the tugs. Could it be errors
the control system? Did the tug run out of battery? Did the tug receive the
wrong waypoint? Even though ROS makes it possible to monitor all messages
going through the system, the messages are mostly just numbers, like coordinates,
or boat speed. It was hard to find meaningful information from this, especially in
real-time.

Midtskogen eventually created arrows, pointing towards the current published
waypoints, on the live image. An example can be seen in Figure 5.4a The visual-
ization was extremely helpful when debugging.

The angle issue regarding the orientation of ship (section 5.3) was realized after
creating a visualization of how the path planning around ship system "saw” the
ship. As shown in Figure 5.4b, the system pinpointed the ship in the opposite
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rotation (about the horizontal axis) of its actual orientation.
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5.6 The Importance of Visualization

(a) Visualization of waypoints

(b) Opposite orientation angle

Figure 5.4: Visualization on live videos
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Chapter

Results and Discussion

Some results from tests executed by the implemented system will be presented.

Finding the shortest routes were tested by drawing the found routes on the cor-
responding map, and inspecting them. This is presented in the first section. Some
of the experiences from testing the ship collision avoidance planner are discussed.

In section two, the efficiency of the speed-up of the search algorithm has been
measured. It is compared to two other algorithms by running them in environments
of various sizes.

In the following section, the motion planning algorithm is tested. By simulating
a scenario of six tugs in Gazebo, it was observed how the tugs interact with each
other. The simulation has made it possible to test the system interface before
connecting to the real control system.

Eventually, the chapter will lead to a review of a successful demo on a physical
test platform, with Kongsberg Maritime in the audience.

6.1 Route Planning

The route planning system gives the shortest path under certain conditions. The
conditions will be presented and discussed, and some results from running the
algorithms are illustrated.

6.1.1 Finding Shortest Path in a Static Environment

Shortest, collision free path on Euclidean distance between two points is found
every time the algorithm is run, as long as the following preconditions are fulfilled:

e An environment defined by four corner x,y-points.

¢ Obstacles are defined by sets of x,y-points making up a piecewise linear poly-
gon. The first point connects with the last.
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(a) Without safety margin (b) With safety margin

Figure 6.1: Shortest path on an environment with few obstacles

e The environment is static.

o The width and/or length (in meters) of the environment is known (for calcu-
lating scale).

e The start and end point must be points outside the obstacles, yet they can
be within the obstacles safety area.

e The size of the object to plan a path for, like radius of the tug.
¢ No dynamic objects, other than the tugs and the ship.

The output of the algorithm is a polyline. The polylines points were printed on
screen and drawn and an SVG image together with the environment (section 2.5).
Visual inspection was done to confirm the routes were valid, and they also seemed
to be the shortest. The algorithms are tested on the following two environments:

1. An environment with a high density of obstacles

2. An environment with few obstacles

The first environment is made to substantiate that the algorithm will provide
the shortest path on any environment. A harbor is not likely to have a number of
obstacles randomly placed. The second environment is created to be more similar
a real harbor. The results of running the shortest path algorithm in the two
environments are shown in Figure 6.2 and 6.1.

6.1.2 Route Around Ship

It has been developed a simple and fast algorithm to find route around a ship. The
algorithm runs in a constant speed. It has been implemented as a ROS service
node.
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6.1 Route Planning

(a) Without safety margin (b) With safety margin

Figure 6.2: Shortest path on an environment with many obstacles

[=]

(a) Physical test setup: (b) Gazebo  Simula- (¢) Two tugs in an en-
Five tugs in formation tion: Two tugs interacting vironment with obstacles
(youtu.be/3ic82NUy_6w) (youtu.be/HSPQWyEtiXg) (youtu.be/yal7_CQ_8XI)

Figure 6.3: Scan QR code with a QR code reader app on a smart phone to see videos.
The app will open the YouTube links in the sub captions of the three codes.
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The algorithm works perfectly when the ship is in an area of an environment
without obstacles or other tugs. The route planner does not take obstacles or outer
boundary into consideration, so it fails if the ship is close to either.

The algorithm does not take other tugs into consideration when planning route
for one tug. In the physical test setup, this sometimes caused the tugs to collide
when they came close to the ship. However, no group planning were implemented
in the test setup. This problem will be taken care of in the motion planning
algorithm implemented and tested in simulation. A successful formation can be
seen by scanning the QR code in Figure 6.3a.

6.2 Speed Up Guidance Algorithm

It was chosen to speed up of the main task of this study, which is to find the
shortest path in real-time.

The first step towards increasing speed, was to calculate the visibility graph
of the environment only once, not on every inquiry. This was possible without
reducing the quality of the path, as the tugs are always operating in the same
environment.

The second improvement was to calculate the shortest path between all the
vertices in the environment in advance. This will not reduce the quality of the
path, either. The paths are still the same, just precalculated.

To summarize, the following methods have been tested:

1. Calculating visibility graph repeatedly and search using A* searching algo-
rithm

2. Precalculate visibility graph and search with A*

3. Precalculate all-pair-shortest path, and only search through the start and
goal points’ visibility polygons

The methods will be referred to as method 1, method 2 and method 3, respec-
tively.

To quantify the improvements of the two speed-ups, the methods have been
tested in five different environments, with an increasing number of nodes. The
environments were constructed by using Environment Creator (2.7) and making a
set of obstacles with a predetermined number of points. Start and end point were
chosen to be set far from each other. Images of the environments with the shortest
path can be found in appendix B.

Tee methods has been tested on a PC with IntelA§ Xeon(R) CPU E3-1271
v3 @ 3.60GHz x 8, with an dedicated Gallium 0.4 on NVE7 graphics card. The
computation times of three different methods can be found in Table 6.1. Figure
6.4 shows graphs of the same computation times.
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Figure 6.4: Computation times of three different methods

Table 6.1: Computation times of three different methods

Vertices in total | Time (1) [ms] | Time (2) [ms] | Time (3) [ms]
10 5.792 0.366 0.096
20 19.66 1.559 0.258
50 97.75 6.340 1.553
100 400.1 26.97 4.833
200 1819 112.2 5.150
| Average | 468.5 | 29.49 | 2.378 \

As shown in Figure 6.4a, the first method is exponential, and not scalable at
all, hence the reason why it was chosen to be improved.

Figure 6.4b shows a close up of method 2 and 3. It is clear that an increasing
number of vertices increases the computation time of method 2. The final, and best
method in for all environments, is method 3. It increases slowly in the number of
vertices, mostly because the start and goal point has more vertices in their visibility
polygons.

For the five environment tested, method 3 is 197 times faster than method 1
on average. Method 3 is on average 12.3 times faster than method 2. Both are
impressive numbers in theory, but in reality, only the difference between method
1 and 3 is noticeable. Even though method 3 is 12.3 faster than method 2, the
difference between them are only milliseconds. However, for N tugs in the system,
the shortest path algorithm will run N times every time a tug is connected or
disconnected to the system. If the system had 200 vertices, only nine tugs are
needed for the execution time to reach 1 second, before the time of the Kuhn-
Munkres algorithm is added. This would be noticeable and even problematic in
real time.

The speed-up of precalculating all-pairs shortest path (method 3) is remarkable,
and is obviously chosen for use in the final system.
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6.3 Simulation: System Interface and Tug Inter-
action

The interface was tested in a simulation before it was tested in the physical test
setup. The following scenario was tested. Of six randomly placed tugs, four tugs
had to fill four locations around a imaginary ship. These positions was not known
until run time. The scenario was tested in the environments in Figure 6.1a.

The result of the simulation was as expected. Three tugs went towards their
best calculated next waypoint. One tug waited until its waypoint was available.
When the waiting tug started, it did not stop until it had reached its goal. All tugs
followed their path. None of the tugs paths crossed, nor did they collide.

Two of the tugs had four of the same waypoints. A 27 second video of the two
tugs can be seen by scanning the QR code in Figure 6.3b. One of the tugs wait for
the other tug, as expected. The distance between the start point and first waypoint
of the tug starting in (0,0) is the longest of all waypoint-waypoint distances. The
tug had to wait for such a long distance, and that is why it never reached the
other tug. The suggested motion planning approach (only one tug approaching a
waypoint at a time) seems to be a sturdy solution in simulation.

6.4 Physical Test Set-up: A Successful Demo

8th of June, 2017, a demo was held at the workshop at MTP Glgshaugen. Espen
Strange from Kongsberg Marine, supervisor Martin Steinert, and some students
interested in the study, were present.

In the first scenario, five tugs were in the pool. Four were requested to surround
the ship, one on each side. Keep in mind that the ship is a floating plastic box.
The environment was empty, i.e. without obstacles. Only the outer boundary was
framed. Initially, the ship was located at approx the center of the environment.
The tugs all chose the point closest to them, as expected. The tugs which had
to move towards one side of the ship, went via the corner giving the shortest
path. After the arrival of two tugs, the system released these tugs to the control
system, as expected. The two remaining tugs were released to the control system
consecutively as they arrived.

In the second scenario, the path planning algorithms were tested to a greater
extent. The ship was removed, but two obstacles were added to the environment.
See Figure 6.5. Two tugs were placed in one side of the environment. At run time,
the tugs were requested to move towards two points on the opposite side of the
environment. This required the system to plan routes based on its internal map of
the environment, and release waypoints at the right time.

The tugs moved from start to goal as expected. However, there are three issues
that need to be addressed. First, the tugs sometimes overshoots when trying to
reach a waypoint. Since they did not pass the waypoints’ acceptance radius, they
have to turn around and go back. This occurs even though they are on their way
to the next waypoint when they overshoot.
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The second issue is that the tugs tend to collide a lot. This occurs when they
are approaching the same waypoint. In Figure 6.5a, this is an obvious problem in
the beginning (left in image). This issue is addressed in the simulation code, but
time did not allow it to be implemented on the physical test setup before the demo.
Even though it was not implemented, it was demonstrated that collision avoidance
algorithms are needed. Also it seems only to allow one tug to move to a waypoint
at the time to be a good solution.

The final issue regards how to handle points within safety margins of the ob-
stacles. As seen in Figure 6.5a, the tugs are bouncing back and fourth into the
safety margin in the start phase. Every time they are inside, they receive a new
waypoint just outside the safety margin. This leaves no room for drifting when
heading towards the next waypoint, and hence, it recalculates its route every time
it drifts back. A solution to this problem could be to give a waypoint further from
the safety margin from the very beginning. Figure 6.5b shows a test-run where the
tugs did not drift into the safety margin. The demonstration was unfortunately
not caught on tape, but a successful test-run can be seen by scanning the QR code
in Figure 6.3c.

Despite the addressed issues, the demonstration went really well. As seen in
Appendix A, Kongsberg was very interested and impressed by it. The tugs com-
pleted their given tasks, although in a kind of clumsy manner. Discovering the
issues presented above so quickly is ezactly why the physical test setup is great for
rapid testing of code.
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(a) Path at demo

(b) Path of tugs outside of safety margin

Figure 6.5: Paths of two test runs
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Chapter

Conclusions

The main goal of this study was to research for and develop algorithms for path
planning, and ultimately implementing them on a physical test set-up. The fol-
lowing will highlight the most important features of the system, and illustrate how
the results contribute towards further development in this study of autonomous
tugboats or other similar researches.

An optimal algorithm for finding the shortest path in an environment of ob-
stacles has been developed. The algorithm uses the A* search algorithm in a
visibility graph. Within the visibility graph of an environment, the shortest path
on Euclidean distance is guaranteed to be found, if such a path exists. This char-
acteristic is provided at the expense of the smoothness of the path. The large angle
between the waypoints cause the tugs to make abrupt movements.

In the tugboatsAt environment, a harbor, the position of the static obstacles will
be known beforehand. This is taken advantage of in the path planning algorithm,
by creating a special type of look-up table of aAlJall-to-allaAl shortest path. This
look-up table is inspired by literature, but new in the context of a road map-
approach, and the way it saves memory'. The look-up table might be used in any
road map-approach. This is of value to other researchers, and makes it easy to
replace the visibility graph in the future.

A new and effective way to find the shortest path around a ship, is presented.
In this study, the ship had to be simplified to a four-sided rectangle, and its po-
sition and orientation had to be known. This low-cost method worked well in the
obstacle-free scenario of the physical test set-up. In the scenario with obstacles, the
algorithm chose paths intersecting with obstacles. The method should be extended
to include an intersection test with environment obstacles and outer boundary.

The fact that the paths of two robots (of zero size) will never cross has been
proved, provided they both follow the shortest, combined road map-approach path.
Methods to account for the robot having a certain size have also been suggested.

Making use of this proof, a method to execute trajectories for a group of tugs

Ito the best of the authors knowledge
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has been developed, which makes it possible to avoid robot-robot communication
completely. The method checks for waypoint occupation before releasing the way-
point, rather than constantly checking for robot-robot collision. This results in
an efficient and scalable method. The method has been tested successfully in a
simulation.

Finally, the path planning system has been implemented on a physical test
set-up. The test set-up will be of great advantage in further development of au-
tonomous tugboats. It is low-cost, easy to use, and makes it possible to test new
features on a daily basis. By doing rapid and continuous tests, issues typically
found in real life systems can become evident at an early stage.
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Chapter

Outlook

The path planning algorithms implemented are not suited for a real harbor. First
and foremost, obstacle detection and avoidance is needed in order to avoid collision
with other boats or dynamic obstacles. The tugs would need more sensors in order
to implement a working ODA.

The tugs would have to follow the rules of the sea. Boats are, for instance,
required to pass other boats in a certain manner.

The tugs created in the future is not necessarily disk-shaped.

In order to still use a safety margin to account for the size of the tugs, the safety
margin must be half of the largest dimension, not the radius. This will probably
increase the safety area. A large safety area may cause areas to merge. Paths in
between would not be found, even though the ship would be able to pass by moving
with a certain orientation.

At at this point, paths are calculated by a master. The path planning system is
made so that they could plan their own path if they had a more powerful processor.
Tugs should be able to do path calculations onboard in the future.

The paths calculated sometimes require the tugs to do sharp turns. This is
mainly because of the way the visibility graphs are created, but also due to how
the tugs move out of safety areas.

There are other existing road map approaches which are smoother than the
visibility graph. For instance, a hybrid between the Voroni diagram and visibility
graph, called the Voroni-visibility diagram (Wein et al. (2007)). By using this
approach, the guarantee of finding the shortest path on Euclidean distance is no
longer valid. However, it might give quicker paths, since smoother paths are easier
for the tugs to execute. In order to implement a Voroni-visibility diagram, the tugs
must be able to follow paths, not only follow waypoints, as they currently do. This
is a task for the control system.

Another solution which might work with the current control system, is illus-
trated in Figure 8.1. The red points and lines represents the path around an ob-
stacle. In order to make the path smoother, it is possible to add more waypoints,
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Figure 8.1: Add waypoints for a smoother path

for instance, by adding the green points to the original path.

A working method for planning routes for tugs is presented, but a method to
plan for a ship is also needed in the near future. Many principles from this system
might be used, but it needs to be extended. For instance, the ship is probably not
disk-shaped, and the same modifications as for tugs with a different shape, has to
be done.

In addition, the ship orientation must in some cases be planned for. For in-
stance, when docking the ships’ long side against a dock, it needs to turn before
reaching its final waypoint.
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Appendix A

Feedback from Kongsberg Maritime

An email from Espen Strange (Kongsberg Maritime) regarding the live demo 8th

of june 2017.
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Gmail - Autonomous Tugs Project 09.06.2017, 11.53

™M Gmail

Autonomous Tugs Project

Espen Strange <espen.strange@km.kongsberg.com> 9. juni 2017 kl. 11:51
Til: Sondre Neess Midtskogen <sondrenm@stud.ntnu.no>, Rebecca Cox <rebcoxx@gmail.com>
Kopi: Martin Steinert <martin.steinert@ntnu.no>, Arne Rinnan <arne.rinnan@km.kongsberg.com>

Hei Sondre og Rebecca!

Thank you for a very interesting demonstration of the swarm based autonomous tug bots and the test setup that
you have developed. The project has taken a very interesting approach in terms of using swarm based behavior in
autonomous tug bot operation and at the same time keeping system complexity to a necessary minimum. In terms
of an actual operation | think you have worked on solutions to tackle several relevant aspects such as bot
positioning, navigation, obstacle avoidance and distribution of bots around the vessel. You have also run into
unforeseen problems and behavior which is of interest in further iteration. You have also demonstrated what
seems to be a very efficient test setup where changes can be quickly implemented and tested allowing for very
fast iterative development and at the same time provide a platform for deeper learning and research. | found this
project results so far very interesting for both actual development and further research into the field of autonomy -
well done!

Med vennlig hilsen / Best regards,

Espen Strange
Senior Designer
Products and Services

Kongsberg Maritime

Phone +47 33 03 20 00
Mobile +47 48 08 46 59
espen.strange@km.kongsberg.com

www.kongsberg.com

CONFIDENTIALITY

This communication (including the e-mail and its ts) contains KO ir ion that may be proprietary,

https://mail.google. il/u/0/?ui=2&ik 8196d97! i inb h=15c8c43f3c6cdae7&siml=15c8c43f3cbcdae7 Side 1av 2




Appendix B

Figures
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(a) Environment with 10 vertices

(b) Environment with 20 vertices

(¢) Environment with 50 vertices
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(d) Environment with 100 vertices

(e) Environment with 200 vertices

Figure B.1: Testing environments with shortest path
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Appendix

Code

The code is sorted on ROS packages. The packages are:

o Master

o Geometry

e Search

¢ Coordination

o Tug Gazebo
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}
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{
‘Tur8rew £1oJes T UYITM AUSWUOITAUS KQTQITISTA UINSI
}
(ut3rew” £}oFes”Sey JUSWUOITAUS) JFT

}

1SUO0D () JUSWUOITAUS AJTQITISTA: : JUSWUOITAUR FUSWUOATAUF: : AATQTTISTA ISUOD

{
{
¢()ezIs  quemuOITAUS UT sjurod uinjex
}
asT®
{
¢ ()ezTs  “urdxew L3eyes YITA JUSWUOITAUS UT sautod uiniax
}
(utSxew £1oJes” sey JUSWUOITAUS) JT

}

3suod Av.ﬂu S QUSWUOITAUY .—umﬁm._”md”d
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}
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}
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urbuavw fy2fos ppy//
‘0o gesyzgreddrrn: :qrTxeddrTH

}

(ut8xew sTqnop)utdrem £19JeS QURISUOD ppe: : JUOWUOITAUY PTOA

{
{
¢ ([T]sysed dweq)soeq ysnd-qno~ sysed
{([T]suaed dweq)ysed esiensx
}

(T++ ¢()ozIs'syzed dwey > T {0 = T 3UT) I0F

f([0]ut” syaed)soeq ysnd-ano~sysed
¢ (ppouengayd: :qraeddrT) ‘sysed dwea ‘uorgoesaequrlod::qrireddrT))eqnoexy-xeddrTo
‘syred dwea syaed::qrIxeddrTH
{
¢ (enxa ‘g3oelqngad: :qrraeddrT) ‘[T]ur syaed)ysedppy  roddrTo
}

(T++ mnvaHm.mﬁlmQPMQ > T T = T 3UT) I0J

f(enay ‘drrpad::qrixeddrry ¢ [0]ut syzed)yredppy - aeddrTo
‘xeddr1o xoddrTn::qrTxeddrTH
}
(ano~syzedy syjed::qrreddri)
‘ut”syzedy sysed::qrireddi))Lrepunoq Ieqno qsurele dITO: :USWUOITAUY PTOA

{
{
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}
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‘(Cuortsde)prTea sT  utSiew £18JeS UYITM QUSWUOITAUS KQTQITISTA

¢ (Cut8xeuw £qoFes UITAT qUOWUOITAUS AJTQTITTSTA
‘Tut3rew £reFes yatm sysed)quewuorTAuUS AQTQTTISTA 03~ 3I9AUOD

{
‘([T]zsureddwea)sioeq ysnd: "utSrew £rsFes Yyt sysed
¢ ([T]zsyaedduwe)yred esisnax

}

(T++ ¢()eozTs'gsyieddweq > T {0 = T QuT) I0OF

$([0] syaed)xoeq ysnd: "urdaew LqsJes yatm syzed
fuvpunoq 421n0//

¢ (ppouengayd: :qrreddrT) ‘gsyreddwen ‘uorqgdesaequrlod::qrireddrT))eqnoexy-reddrTo
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{
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}
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f(enay ‘drrpad::qriaeddrry ¢ [0] sysed)yiedppy zeddrro
‘xoddr1o xoddrTn::qrTxeddrTH
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}
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}
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}
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{
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}
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}
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{
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{
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}
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{
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}
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}
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‘ano xew £ ‘anoTuTtw £ ‘Ind Xew X ‘Ind UTW X qUT
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{
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(T++ f()ezrs'syzed > T ] = T 3UT) IOF
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}
(sautod 8nap <autod ‘aur>deuw::pas
‘sygedy sysed: :qrTreddr) 2suos)qstT zutod 8ny~egepdn: :qUSWUOITAUY PTOA

{
{
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{(eToy ‘[T]syaed)eToy oa yaed
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}
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¢ (FUSWUOITAUD weq yae Iepunoq Ieqmno 189S
¢ ‘dweq yged)Lxepunoq” -

f(Cxew £ ‘Tutw x)qurodaur: :qrrreddrr))oeq ysnd-dweq ysed
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f(Cutw £ ‘Tutw x)qurodaur: :qrTreddrT))oeq ysnd-dwesq ysed
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{
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}

147



f(yrnd~3saguoys ‘ysrurf uvis ‘(S1yix))Yivd 3S2240YS
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{
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fOUIW: : <3UT>S]TWIT OTISUWNU: : P1S = TBA XBU
{
fuiniex
}
((/A, == ®3RUTPIOOD || ¥, == ©3BUIPIOOD) ) IT

}
(Tea utwp urt
‘TeA” xewy 3uUT
€99RUTPIOOD IBYD
‘ygedy yaed: :qrrreddr) asuoo)yszed UT UTW PUR XPW PUTF: :JUSWUOITAUY PTOA
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fonIq uIngyax

f{()esoTo s3T
¢ (Bdysoeq ysnd-3dd (0 < ()ezrs-3d) It
{
f(((eTe28 % X) (quro::qr1aeddrT))
‘(oTe2s * X) (quro::qriTaeddrT)))autodaur: :qrTreddrT))oeq ysnd-3d
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SO L qutodf ()x-qurtod)ated eyew: :pas)de pr 01 91BRUTIPIOOD UINISI
}
Lxq

}

1suod (qutody qutod::A3TQTTISTA ISUOD)PT PUTF: :JUSWUOITAUY JUT

{
{
{
fqUaIIND = TeA Xeu
}
(TeA XBW < QUSIIND) JT OST®
{

fquerind = TeA UTW

}

(TeA UuTw > qQUaIIND) JT

{
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}

asT®

{
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}
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}
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fquaxand Jut
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}
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}
(T++ fQOpPue =i T {()ur8eq = T J03eIL9AT::<juTOd‘qur>dew: :p3s) IoF

}

(e8uex qeoTF)eduer UTYITM squtod MJIew: : JUSWUOITAUY PTOA
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{

}

(zautody qurod 3suod ‘jjutody JUIOJ 2SUOD)SOURLSIP USTPSTONS 3BOTE

‘1-"xew £ = qno~xew £
7+ utw £ = qno utw £
f7-"xew X N0~ Xew X
I+ UIW X = 94NO UTW X
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{

}
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{
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}
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}
(yzed qseqxoysy oUTTATOd 1SUOD
‘oweUSTTF SUTIAS::P3S 1SUO0D)IAS™ S JUOWUOITAUS OARS: : QUSWUOITAUY PTOA

{

{ (fuump ‘oweusTTI)3ASTSBTQUOWUOITAUS OABS
¢ fuump euTTATOd
}

(eweUSTTI JUTIIS: :P3S 2SU0D)ZAS™ SB JUSWUOITAUS OABS: : JUOWUOITAUY PTOA

{
{
{

¢ (puooes<-[x)qurod esoTo ppe -’ puoses<-I

}
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{
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}
(0<()@zTs" [T]sysed asejroys) JT
}
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¢ (Tsyged) syredppy ‘- Sas
{

¢ (CutSxeuw £qeyes yatm~syred)syiredppy - Sas
}
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(pt 3utod) "pr 3utod

(PT 2y

{

f(puawuodrnud)uobhiod A11712921510 290240/ /
¢ (A autod(eTqnop) )L aes
¢ (X qutod(eTqnop))x 3es

}
(pt qutod QUT ‘QUSWUOITAUSY JUSWUOITAUY 2suod ‘qurody qurodaul: :qrIraddIT) 2suod)qutod: :qutod
{
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}
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{
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¢ (X qutod(eTqnop))x 3es
}

(pt autod) "prt autod : (pt autod jur ‘qurtody jurodaul::qrTieddi) 3suoo)qurod: :qurtod
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{

{9STeF uanjlax osTo

{
{onIq uaniyex
}
(L xeyzo == ()£<-sTUu3 33 ()X I8Y30 == ()X<-STUI) IT
}
9SU0D (I9YG0%x AUTOJ 3SU0D)==109eI8dO0::qUTOJ TOOq
{
{STU3x uUIngex
$()SeoTaI9A OTQTISTA I9YQ0 = ~S8DTAI9A OTQTISTAL-STIU]
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{STUZ*x UINILI
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}
(194305 3UTOd 3SuU0d)=I0qeIado: :qUTOdR IUTOJ
{
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}
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{
¢ (ad)xoeq ysnd - squrod esoTd

}
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}
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{
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}
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}
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}
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{
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}
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‘UOT3RD0T 9013 YDIROS ' OpOU JQUSIIND = UOTIRDOT o013 yodiess gusred pTTYD
T = XOpUT X93I8A 'PTTIUD
(2 ‘Ysrurf QUBWUOLLINUD ‘UDLD]LYD ‘OPOU FUDLUNIG ‘P12YO83)P12Y2 Yov230//
}
( [T]eTqTSTA 3Ie3S )IT
}
(++T ¢ ()ozTs quawuoxTAus ul saqutod > T {0=T peudTisun)ioy
$2017420 JUBWUOLLAUD 4200 d001//
}
( ()ozTs quemWuOITAUS UT squrod == XOpUT X07JI0A 9pOU AUeIIND )JT
14D2S 07 SPu0dsaddod pou”quadsnd f1//
{()TIes D UBIPTTIYD
(U24p11Yy2 23ndwod) apou quaLund puvdryg//

{
{yeaI1q
f{onIq = punoj uoTanyos
}
( T + ()9zTIs quaWUOITAUS UT s3auTtod == XOPUT X99IS9A'9POU JUSIIND )IT

(ysrurf 07 spuodsads0d apou FuaLund [1) 2303s 1vob uof 22YyD//
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‘0 = 08703273500 pojRUTISS " PTTIYD
$( USTUTF ¢ [XOPUT X91IS9A'9POU JUSIIND]AUSUWUOITAUS UT squtod )oTaseanay +
SWOD 03 3S0D°'9POU JUSOIIND = SWOD 03 3SO0D "PTIYD

‘UOT3ROO0T 9013 YDIRSS OpPOU QUOIIND = UOTIRDIOT o011 yoaess quexed pTTYD
qurod yswuirf// T + ()9ZTS JUSWUOITAUS UT siquTod = XopuT Xo3IoA PTIYD
}
( [ XepuTl X®3J8A'8pou quUeIInd ]8TqISTA YSTUTT )IT
2192520 s1 yswurfl [1 5oayd//
{
{

{
£( PITU® )¥oeq ysnd' USIPTTYUD

$( YSTUTF ‘[T]3USWUOITAUS UT sjurtod )DT3seinsy = 03 0373500 polemwrdss pTIyD

¢( [T]auswuoiTAuUS uT sjutod
¢ [XOpUT X93JI9A°9pOU JUSIIND] JUSWUOITAUS UT squrod )DTaseiney +
QWO0D 03 3S0D°9POU JUSIIND = dWOD 03 3S0D°PTIYD

‘UOT1RD0T 9013 YDIRSS ' OpPOU JULSIIND = UOTJROOT o011 yoaess quexed pTTYD
T = XOpUT X93JI9A PTIYUD

i ‘ysrurf “QUGWUOLLAUD ‘UDUDP]LYD ‘OPOU FUDLLNIG ‘P12YO83)P12Y2 YoD1ID//
}
(£repunoq~I93n0 WO ST [T]jusWuUOITAUS UT sjutod 37 ([T]IUSWUOITAUS UT sjutod
)OTQISTA ST’ [XOPUT X92I9A 9POU JUSIIND] JUSWUOITAUS Ul sautod )JT
}
( T =i XOpuUT X81I8A'8pouU quUaIInNd )JIT
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f()pue’-- = UOTQeDOT 88171 ydIedas<-(()pue L--)
$( I3T ULIPTIYOx )¥oeq ysnd-J
I 2243 YouDas 0% P1iYd pPpPyV//

}
( Pe3TSTA ApeeITR PTTUD| )JT
{
{
{yeaxq
‘NIl = POlTSTA Apesl[e pPTTYD
{111 ] = UOT3ROOT 9813 YOIRSS<-I3T USIPTIYD
}
( XOpuTl X®3JI89A<-IQT ] == XOPUT X83I8AL-IQT USIPTIYD )IT
}

( ++1317 L
fQpuel =i I3T L
fQQur8eq- ] = I3T [ I0QBISIT: :<OPON UYied 1S91I0YS>ASIT: :pas )IoJ
(I 2247 Youwas ur buryoo] Aq) pazisin ua2q Apvaulp svy 2102S pl1y2 [1 %02vyD//

‘osTeI = pPoaTISTA ApeaITe pPTTIYD

( ++I3T USIPTTYD
f()pue uLIPTIYD =i I3T USIPTTIYD
¢ ()ur8eq - UsIPTTYD

= JI3T USIPTIYD I03eISAT: :<8PON Ured 23S91I0YS>I01D8A::PaS )IOT

U24P12Yd SS2004d//

{

{
£( PTTUY® )¥oeq ysnd-ueIpTTyd
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{
$( IAT USIPTIYOx )IISSUT '
}
( Pe3TSTA ApReITR PTTUD| )IT
{
$( IAT USIPTTIYOx )IISSUT '
{
{
feoaq
$( 13T )eseae'h
}
( XepuTl X®31JI9A<-IQT () == XOPUT X831I8A<-IQT USIPTTYD )IT
}
(++I3T°D
fQpueh =i13T D
fQur8eqdh = IIT P I01BISIT: :<OPON Uled 1S91I0YS>19S: :pas)IoF
0 a2vpdn//
{9WOD 03 3S00<-JI3T USIPTIYD = OUWOD 03 3S0D<-UOTIBOOT o813 UYOIRSS<-I3T USIPTTUD
D1Dp 2502 220pdn puv//
‘U0T3ed07 o013 yoaess aqusred<-I3T USIPTIYD =
UOTIeD0T 9013 YdIeas qusied<-UOTIROOT 0013 UOIRSS<-IAT USIPTIYD
2947 YouDaS Ul 423u20d QUUDA 20941DIL//
}

( ®WOD7 037 3500<-I3T USIPTTYD
< 8WO0D~ 03 3S02<-UOT3ROO0T 013 UDIRD9S<-IJT USIPTTIYD )IT ©STe
{
$( IAT USIPTTIYOx )IISSUT '
f()pus’-- = UOTQBOOT 88J3 YdIess<-I4T USIPTTYD

{
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( ()9ZTS QUSWUOITAUS UT siurod > XOpUT X91I9A<-IJT 9ORIINOER] )IT
}
( enxq )eTIUM

‘qurodfemx quUTOd 2SUO0D

‘U0T3eD0T 9013 yYdIess qusied: opou 3USIIND
= I3T odoeIl¥OB(q IO03RISIT::<OPON Uled 3S93I0UYS>ISIT: :Pas
f( ystury )¥oeq ysnd-qndiano yaed 3seqioys

Audmsgouﬂ>gm|nﬂuwpnﬁom@ <QUTOJ>I0309A: :P3S 2SUOD
‘USTUT ) JUTOd 3SUOD

‘qIe3S® JUTOd 23SUOD

‘opou qUeIINdy OPON Uled 31Se3I0YUg

‘andano yged aseqroysy ourTLTod)yared 3ONI]SUODSI: :YdOIROS IBAS Y PTOA

‘qndano yaed 3seqI0YsS uUINSI
{9TqISTA USTUTF [] ©38Tep
feTqTSTA 2IRAS [] @38Tep
Ruowaw 224f//
{
{ (quswuoxTAUS Ul squrod ‘YsSTUT]

‘a1eas ‘epou quarand ‘qndino yaed aseqioys)yied qonizsuodsex
}
( punoy uwotqanios )IT
U019IN70S U20023Y//

{
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¢ ()esxenax-andano yqed aserioys

‘UOT3eD0T o013 yYdieos gquered<-I3T ooRIQ¥ORq = I3T ©0RIIYNOBR(Q
{
f{yeaaq
}
( 0 == ®W0D 037 3800<-I3T ®deI3¥deq )IT
{
¢ (autodfenx)xoeq ysnd-qndyno yred qseqI0ys
}

( "uortsde < ( aurodfemx
‘I T -(O°zTs andano yaed 3seqxoys ]andano yzed 3seqIOoys )OT3SeINSY pue

0 < ()eozTs-andyno yjed 3sesioys )jIT
quvpunpad g0u [f1 x234d0 PDY//
{

‘q1eqsy = qurtodAenm
}
9ZTS ' QUOWUOITAUS UT squrtod == XOpUT X931I9A<-IQT ©deIaydoeq )IT OST®

O )

{

¢ [ XOpUT X91I9A<-I3T ©O5BIFNOEBQ ]IUSWUOITAUS Ul sautody = jqurodiem

}

{
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¢()esoro qndano eTT}
¢LU\STTJ 02 uwe3aTam yaed gseqroys sated TTy, >> IN0D::pas

{
£au\y >> andanoTertz
{
‘0w >> [[1[1]dsde >> andano~eT1s
}
(C++ ¢Qozts [1]dsde > [ o = [ qur) I07%
}

(++T ¢()ozrs'dsde > T {0 = T qur) I0F
¢ (,2x2° yared gseqroys sated TTe,) uado-qndinoTerTr
‘andqno oTTJI wWeex3sJO: :pais

}

(dsdep <<quUT>I0900A::P1S>I0900A::PlS )OTTF 01 03Tam: :yjed asearoys sated Ty proa

{
f("dsdn)a11f 092 @222um//
¢(Tgdsde ‘aue)zTsautod TTe wWoxz ysed Teuwrado putry
¢ (aus)squtod Tre woxy ysed Temrado pury = ~dsde
}
(Auey quammuoxTAuy )yjed gsejroyssited TTy::yjed 3sejroys sited TTY
}

3n] eoedsesuweu

nS3WLY, 2PNIOUTH
JW03U4SS, 2PNIOULH
,ddy - yind gsa340ys survd 110 6Ny, 2PNIOULH

ddo yjyed-3sajioys-sared-[[e-3nj

186



qurod pua// ‘puodes<-[
qurod 2413S// ‘PUODSS<-T)YDIESS Ieqs” Y
}
asT®
{
‘0 = [a] [e]xe3xan” TewTqdo
}
(a==®) 7IT
}
(C++
fOpusaus =i [
f(Our8eq-aus = [ 103ereqT::<jurod‘qur>dew: :p3s) IoF

‘0 = q qut

(T++
‘Opus-aus =j T
f()ur8eq-Aus = T JI09BISAT: :<juTOod‘qur>deuw: :p3s) IoJ
‘{0 = ® quT

‘duweq yaed aseqioys ouUTTATOd
{
$(()U AUS)<QUT>I0QDDA: :pAS = [T]x92x0A  Tewrado

}

(T++ fQuraue > T {0 = T 3UT) JIOF

f(Ou-aus)xeqren” Tewrddo <<JUT>I03D9A: :PIS>I0]DDA: (PIS
}
(ruep quemuoitTauy )sautod Tre woxj ysed Tewrado pury::yszed aseqroys sated Ty
<<QUT>I0FDOA: :PIS>I0]DDA: 1 PIS
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}

(T++ ‘()pus-aus =i T Mﬁuﬂﬁmwn.>qw =1 Hopmhwpﬁ““quﬁom.pqﬂvmmauuvpmv IOF

¢ ()aeoTo dsde
‘dweq yaed aseqioys ouUTTATOd
<<vin~0b <oy ‘wouf>urvd>dow //
}
(dsden <aut ‘<autr‘quisated::pas>deuw: :pas
‘AU JUSWUOITAUY
)Yz sautod TTe woxy yaed Tewrado pury::yjed aseqroys sited Ty proa

{
‘xoq10A” Tewrado uinigex
{
[, )
{
C+4+q
{
{
{1- = [q] [®]xe3xen” TewTado
}
osT®
{
fOpt- [1]dmes yged aseqaoys = [q] [e]xesien” Teurado
3
(0 < ()ozts dwea yjed 3sejaoys) JT

¢ (Cuotrtsde
‘dweq"yaed 3seq10US
¢()saurtod-aus
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{
{
{
)XBW: : <8TQMOP>SATWIT OTIsuwnu: :pas ‘saqutod yo xrted)<eTqnop‘<aut‘qur>iTed::pas>ated: :pas)aiesur’ sisod dsde
((1- ‘sautod yo ated)<aut‘<qurfqur>ated: :pas>ated: :pas)jxesut-dsde
}
asTe
{
$((OUyadueT - dweq yred aseqaoys ‘siutod yo ared)<erqnop‘<iur‘qur>ared::pas>ated: :pas)iresut’ sqsod dsde
SCOPT [1]dwes yred gseqroys ‘sautod yo arted)<qur<aur‘qursated::pas>ated: :pas)iresut-dsde
}
(0 < ()ozts-dweq yjed 9seqroys) JT
{(Cuotrtsde
‘dweq"yaed 3seq10ys
¢ ()sautod-aus
qurod pua// ‘puodes<-[
qur0d 7413S// ‘PUODSS<-T)YdIeSsS Iels”y§
}
esTe
{
(00 ‘sautod o ated)<eTqunop‘<aut‘qur>ated: :pas>ated: ipas)qaesur-~sqsoo dsde
$((0 ‘sautod yo ared)<autr‘<qur‘qur>ared: :pas>ated: :pas)aresut-dsde
}
(3sa13<-[ == 38ITI<-T) IT
f(asaty<-L ‘asaty<-1)sautod yo ated <qurfqur>arted::pas
}
(C++ fQpuse-aus = [ {()utdeq-aue = [ I03eI09T::<quTOod‘qur>dew: :pas) I0J
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(yasuat

(uotgequstIo aTqnop ‘ad prup jqurod 3suoo)esouw: :dIysTpunoie” 9inoy pProA

{
‘dwsq uanaex
{
{
(10 Tqew drys)¥oeq ysnd-dumeq
}
(C++ fz > [ f0 = [ aur) 707
}
(T++ % > T {0 = T 3uT) I0F
‘dueq <eTQNOP>I0300A: 1 P3S
}
()sxourod~drys: :dIys” punoIe 91noy <oTqNOP>I0JDOA: :P3S
{
{(Tarew drys ‘uotrgejustro)drys ejelox
f(Tqew drys ‘ysSueT ‘YIpTM ‘UOTIRAUSTIO ‘ uoTaTsod)sIouiods 93eTNOTED
{(7°7)<P T eTqnop>XTasey: :ue3Td = ~aew drIys
£(1-°000T-°000T-)3utod = ~uoratsod
{0 = UOT3e]lUSTIO
}

oTqnop ‘yapIm oTqnop ‘uorzejusTio oTqnop)drys punore eqnoy: :drys punoie” eqnoy

}

3n] eoedseureu
<ddy - drys punouv 23n04 " bng> 2PNIOULH

ddo-diys-punoJae-ajnoa-3njy
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‘0°C/UIPTA = UIPTA FTey oTqnop
£0'z/uaBueT = yaBuel FTRYU oTqnOp
fOL2d7ptm = £ sTqnop

fOx1d ptum X oTqnop

(reu drysy <%‘z‘oTqnop>XTIje|: :us3Ty
‘ya8ueT eTqnop
‘yapTm oTqnop
‘U0T1RAUSTIO STQNOP
‘ad"pTupy quTOod 2SUOD)sIeUIOD ejeTnoTed: :dIYs punoie eqnoy proa

{
‘oT8ue = TUOT}RIUSTIIO
‘qew dTUS*JSURIL410IxZSURIY = JewW dIys
$(O)L-Tuwotatsod ¢ ()x-Tuorarsod)gsuerl <z ‘eTqnop>uoTieIsUBRI]: :us3TH
sébururugon b13y1y :0qol// ¢(TUOTIBIUSTIO - oT3UR)30I <OTQNOP>(JZUOTIRA0Y: :UsSTH
$(OL Tuotatsod- ‘()x'Tuoratrsod-)[suerl <z ‘eTqnop>uoTieISURIL: :USITH
}

(3w dTysy <% ‘7 eoTqnop>xtIjel: :uslty ‘oTSue sTqnop)drys egejox::dIys punoIe e9qnoy pIoA

mﬁ|pma|mﬁ£m “QOﬁPMPﬁoHHonHlemPMPOH

‘Tqew drysxJe = ~qew dIys

‘9d7ptu = "uotgtsod

f (TSuel) Je PZoOUTIJY: :uslStTH

$(OL Tuwotatsod - ()Lrad7ptw ‘()x - Tuwotatsod - ()x ad pTw)SueI] pPZUOTIRTSURI]: :uUSSTH
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2S1M 32070423UN0D 4O 32012 // 7 :T i(0 < TeA) uInlex

4D3U2702 // {0 wingel (O == TeA) IT

OLD - Ofx) x (Oxd - Ox'b)

- (Oxb - Ox'2) x (Oh'd - OAD) = Tea 3ur

‘vynwsof moraq fo spivyap uof //
/S7U20d-PoUaPLO-£-U029DIUD L0 /b0 * SRR 6U0 [SY226 "mmm//:d39Yy 228 //

}

(I3 autod 9suod ‘by qurod 3suod ‘dy quUTO4 1sSuUOD)UOTIRIUSTIO: :dTYS pUNOIR ©1N0Y JUT
251M3D079422UN0Y <—— & //

25UMY001) <-— [ //

4D2ULY02 BuD 4 PpUD b ‘d <—— 0 //
sanion buimopqof suunyad uorgounf ayl //
‘(4 ‘b ‘d) 727dr47 pasdpuo fo u0r3DIUDLUO DPULS OL //

‘YIPTAT ITEY
‘ysBueT” FTRY

‘YIpTAT ITRY
‘ya8uet” 3TeY

‘YIpTATITRY
{y38usT” FTeY

fyIpTATITRY
‘ya8uet” 3TeY

(e
(€

(c
(¢4

¢
¢

(0
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‘1)qew drys
‘0)aeu drys

‘1)aew drys
‘0)aew drys

‘1)sew drys
‘0)aew drys

‘1)aew drys
‘0)aew drys

{
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{

((z ‘OL zautod - (OL-1autod)mod + (z ‘()x-zgautod - ()x-73urod)mod)qibs uwingex
}
(zautody qurod 3suod ‘jjutody jurod 2suU02)asIp::dIys punoie einoy oTqnop
{

{osTer uanjax

{

{ONIq uInjlex

}

(0 =i €0 3% ¢O =i 10) IT

‘(1b ‘gb ‘zd)yuorarequetio = o qur

¢(1d ‘gb ‘gzd)uoraequetio = go qur

‘(gb ‘1b ‘1jd)uorirejustio = go 3ur

‘(zd ‘1b ‘1d)uorrejqustio = o 3uT

{

{osTeJ uInjex

}

(¢b == 1b || gd == 1b || gb == 1d || gd == 1d) IT

awps 2Y3 110 a4v hAayz uaym 3daxza//

‘sour] burssoud anrb uznau 171m spurodpua bu01309SUIIUT//
}

(zbn autod asuoo ‘gdy jurod 3suod
‘1bp autod asuwoo ‘7dy jurod 3suos)ssoxd”op::dIys punoxe 93noy Tooq
‘g09su2qur ,gbhgd, puv //
,Thrd, quswbas 2ur] [1 anu3 suuniad 30y uoriounf urvw Yl //

{
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{
f(ustury ‘axeas ‘[1+1]drys ‘[r]dIys)ssoid op = [T]UOTID9SISJUT
}
(T++ % > T 0 = T 3UT) I0F
{ [FJuoTadesIequT ToOq

$(1- ‘(0°1) 3ew dtys ‘(0°0) 3ew drys)autod = [p]dryus
{
f(1- ‘(rf1) gew drys ‘(1°0) 3ew drys)sutod = [T]drUs
}
(T++ ‘% > T ‘0 = T 3ur) IOF
{[g]1dTus 3utod
‘oqnox aurTATOd

}

(USTUTF 2UTOd ‘3Ie3S 3UTOd)eqnoi 3seq::drys punore o3noy ourTLTod

{XOpUT UIW JUSIIND UINJOI

{
{
$[T]2STIT = UTW qUSIIND
T = XOpul UTW 3USIIND
}
(utw quexInd > [T]1STIT) IT
}
(T++ % > T T = T 3uT) IOF
¢[0]2STT = UTIW QUSIIND ©TQNOP
{0 = XOpul UIW JqUeIIND JUT

{

}

([¥]3STT oTqnop)xepur jquamweTe utw: :dIYs punoIe 93noy Jur
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+

+

+

([r]dtus
([z]drus
([o1dtys

([e]dtus

¢ ([e1dtus)soeq ysnd-eqnox
‘([0]dtys)soeq ysnd-sinox
}(0 == 3sa9q)7IT

{ (SeATIRUIS]TR)XOPUT JULWST® UTW = 989q JUT

f(ustuty ‘[1]drUs)3stTp

‘[z]1dtus)astp + ([2]dTUs ‘3Je3s)asSTp = [g]SoATjeuirsjTe
f(ustuty ‘[¢]drys)3stp

‘[1]dtus)astp + ([1]dIys ‘3Ie1s)aSTP = [Z]SeATIRUISLTR
f(ustury ‘[o]dTUs)astp

‘[e]dtys)astp + ([c]dTUS ‘2Ie1S)QSTP = [[]SOATIRUILATE
f(ustury ‘[c]drUs)astp

‘[o]dtys)astp + ([0]dTys ‘aIeasS)aSTP = [(Q]SeATIRUILATE

{[7]seAT3euIslTR OTQNOP

3

([z]uoTaoesI93UT 3% [0]UOTIDOSIORUT) JT OST®
{

{99nox uanjyex
}
(z > SuoT3D®SISQUT Wnu) IT
{

{

{++SUOTQ1D9SISQUT WNU

¥

([T]uoTr3ioesIequr) JIT
}
(T++ ‘% > T {0 = T 3UuT) JOJ
{0 = SUOT]DOSISAIUT WNU 3JUT
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+

+

+

+

([e1dtus
([z1dtys
([0]dtus

([r1drys

{ (SOATIRUISITR)XOPUT JUSWOTS UTW = 3S8q 3JUT

f(ustuty ‘[¢]drys)3sTp
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f(ustury ‘[zldrus)astp
‘[e]dtys)astp + ([c]dTUS ‘31Ie1S)QSTP = [g]SOATIRUILATE
f(ystuty ‘[0]dryus)asTp
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‘[o]dtys)astp + ([0]dTUS 3Ie1S)QSTP = [0]SOATIRUILITE
{[F]seATaeUIL]TR OTqNOp
}
([g]uoTaoesI®qUT %% [[]UOTIDOSISIUT) JT OST®
{
{
f([1]dtus)soeq ysnd-eqnox
‘([z]dtus)soeq ysnd-sqnox
}
(€ == 1389Q)JT osTe
{
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}
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{
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‘([e]dtys)soeq ysnd-sinox
}(T == 3s9Q)JT °sT®
{
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}
([z]uoT309sI89qUT BB [J]UOTIOSSISIUT) FT OSTO
{
f([1]dtus)yoeq ysnd-eqnox
}
([T]uoTao9sI9qUT %% [0]UOTIDOSISIUT) IT
}
esTe
{
{
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¢ ([z]dtys)soeq ysnd-sqnox
}
(¢ == 3Seq)JIT esTe
{
¢ ([z]dtus)soeq ysnd-eqnox
¢ ([e]dtus)soeq ysnd-sqnox
}
(Z == 3Seq)JIT osTe
{
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‘([1]dtus)soeq ysnd-sinox
}
(T == 3Seq)JT osTe
{
‘([11dtus)soeq ysnd-e3nox
‘([0]dtus)soeq ysnd-sinox
}
(0 == 3s8Q) 7T
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}
([0]UOT3D9SI8QUT BB [£]UOTIDSSISIUT) FT OSTO
{
‘([e1dtus)oeq ysnd-e3nox
}
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{
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(0 < 3IB3S XOpUT) IT
{ (quswuoITAUS ‘ QIRAS)UTIIew LqoJes urylrTm qurod = 3IBQSTXOpUT QUL

‘fIeas e 03 qutod pus <jurod>Iad peJeys: :pas
f1eqs e o3 qutod qIe3s <aqutod>Iad peIeys: :pas

{

fuinasx

}

((2USeWUOITAUS ‘pUS ‘qIe1S)PTITRA oJe squrod pue pue 1JIeqsi)IT

‘qurtod puooes quUTod
‘qurodT3seT 01 pPUODSS UTIO]
}
(yaed asejaoysy SUTTATOd ‘PpuS®p 3UTOJ ISUOD
€QIe]S) QUTOJ 3SUOD ‘QUOWUOITAUSR JUSWUOITAUY: :3nl)yjed 3seqioyg::yszed 1se3Ioysg

}

3n] eoedsesuweu

Raowaw, apnpoury
uSIUWLY, DPNIOULH
2 @dy ‘y3vd~3s2340Yys bNY, 2PNIOULH

ddo-yjed-9seyaoys-3ny

199



{

¢ (PUS) <1UTOJ>PoIRYS o¥elW: :pas = Ieqs e 09 qurtod pus

}
asTe
{
¢ (qutod 9seT 017 PUODSS) <QUTOJ>PoTeyYsS ofewW: :p3s = Jeas e 03 qurod pus
}
(0 < pue xXepur) IT
{
¢ (3Ie18)<3UTOJ>PoIRYS OyeW: :P3s = Ieas e o3 qurod qIels
}
asTe
{
mApﬁﬁom|ﬁﬁoommvApmﬁomvﬁmhmswloxman”@pw = Jeas e o3 qutod qIeas
}

(0 < 3IB3S XOpUT) IT
‘70°'0 = uoltsds aTqnOp

‘Ipue: :pas >> 3urod aSeT 03 PUODSES >> IN0D: :pPas
{ (FusWUOITAUS ‘[pue” xopur] urdrew AjeoJes YlTM JUSWUOITAUS KJTQITISTA ' JUSWUOITAUD
‘pus) Lrepunoq uo qutod ejeTnoTed = jurod 1seT 01 puUOISS
‘Ipus: :pas >> PuUd XOpuUT >> , ©[d0easqo Jo urlxew £LqeJes UTYLTM qurtod pus, >> 3NOD: :pas
}
(0 < pue xopur) IT
¢ (JuswuoITAUS ‘pus)urdaew Lgeyes uryitm qutod = pus XepuUT UL

{

! (FUSWUOITAUD

200



‘yaed 9seqroys sated T[Tey Suriis::pas gsuod)yred 3seqioys::yred 3seiioysg

¢ ()s3soo~dsde 303 yzed aseqroys saited TTe = ~sisod dsde

‘Oz xtazew dsde 303 yjed aseqioysTsated TTe = “gdsde

¢ Oxtagew dsde 988 yjzed 9seqroys sited TTe = ~dsde

¢ (qusuwuoxtaus)yjyed aseqaoys sated TTe yszed gseqroys sated TTYy
}

(1USWUOITAUSYR AUeWUOITAUY)Ysed 1seqI0Yg: :yred 3seqI0Yg

{
{
¢ ()oszenax-yjed aserioys
¢ (2xeas)¥oeq ysnd-ysed aserioys
¢ ()osaenax-ysed 31selIoys
}
(3138 =i [0]uszed aseirxoys pue ( < ()ozIs'yszed 3seqroys) JT

{
¢ (pus)yoeq ysnd-yred qseqI0ys

}
(pue =i [T-()ozTs'yszed 3sezroys]yszed 3sezioys pue ( < ()ozIs 'yjed 3se3ioys) Jr

¢ (uortsde

‘yaed aseqxoys

¢ ()saqurtod- quUaWUOITAUS

‘1e3is e 03 qurod puex
‘reqs e 09 qurod aIeasx)ydsIeOS IBAS’Y

201




(0 < 3IB3S XOpUT) IT
mApﬁmEGOHH>nw“pHMpmvqﬁwhms|%pmwdm|nﬁnpﬁs|pﬁﬁo& = 3JIe3s XOpuTr JuTl

‘qurtod puooes jqurod
‘qurod 3seT 03 puUODSS UTO]

‘ur8rew epIrsino qurod pus <3UTOd>I3d paoIeys: :pas
‘ut8xeu LysJes eprisano qurod 3Iels <jurod>xad peieys: :pas

{
{oSTeI uanjyax
}
((2UsWUOITAUS ‘pUS ‘qIe1S)PTITRA oJe squrod pue pue 1Ieqsi)IT
}
(1USWUOITAUSR JUSWUOITAUY
‘yaed aseqaoysy ourTATod
‘puspn qUTOd 3SUOD
‘a1eqsy qurTod asuod)ysed qseqIoys ejeTNOTED: :yred 3seqIoyg T0Oq

{
{
{Tpue: :pas >> yred 3sesroys sited [Te® >> , :OTTF PesI 10U PTNOD, >> IN0D::P3s
}
((yaed aseqaoys sated TTe)oTTF pPeSI;) IT
‘Tpue: :pas >> yzed aseaxoys sited TIe >> , O[T Juipesy, >> 3IN0D: :pP3s
}

A JUBSWUOITAUSZ JUSWUOITAUY

202



{fo

¢ (PuU®) <3UTOJ>PoOIRYS oyel: : P1s

¢ (qutod 1SBT 017 pUODSS)<QUTOJ>POTRYS OYeW: : PIs

{ (1Ie18)<JUTOd>PpoTeys oyew: :pas = urdrew

¢ (autod puooes)<1UTOd>paIeys oxel: :pas = urdIew

{ (QuswuoITAUS ‘pus)uTSIeU Loyes”

ut8rew eprsino qurod puse

}
asT®
{
= ut8xew eprsano qurtod pus
}
(0 < pus xXepur) IT
{
fqoFes opTSano qurod 3xeas
}
esT®
{
fqoFes eoprsano qurod 3xeas

}
(0 < 3IB3S XOpUTL) IT

‘1000 = uortsde eTqnop

{

‘Tpus: :pas >> qurod aseT 01 pPUOISOS >> 1NOD: :pas
¢ (JUSWUOITAUS ¢ [pus xopur] uUTr3Iew A319yes YiTA JUSWUOITAUS AJTQTITISTA’ JUSWUOITAUS
‘pus) Lrepunoq uo qutod eje[noTed = jurod 1seT 01 puUOISS

}
(0 < pus”xa8pur) IT
UTY1TMA qurod = PUS XOPUI qUT

{

puo 2qfivw :0poy// ¢ (FUSWUOITAUS ‘[1Iels xoputl] urtSrew L1oFes YiaTM JUSWUOITAUS AJTQTITTSTA ' JUSWUOITAUS
‘qrxeas)Lrepunoq uo qurod ejeTnoTed = jurod puoodes

203



‘yyed aseaxoysy ourTLTod

‘pusxn 3UTOd 23SUOD

‘qIeq8® QUIOJ 2SUO0D
vnﬁwhms|%p®melwvﬁwpd0|£pmm|pmopho£m|mPMHdoHMU“naummlpmwpnonm Tooq

{
‘((z ‘Ofzad - O£ 1ad)nod + (z ‘(Oxrzad - (Ox-1ad)mod)qabs uingex

}
(zadn qutod asuoo ‘71ady 3uUTOd 2SU0D)3S0D STQNOP

{

{30 uangax

{
¢ ()oszenax-yjed aserioys
¢ (2xeas)¥oeq ysnd-yred aserioys
¢ ()esienax-ysed aserioys

}
(3138 =i [0]uszed aseirxoys pue ( < ()ozIs'yszed 3seqroys) JT
{
{ (pus)yoeq ysnd-yred qseqI0ys
}
(pue =i [T-()ozTs 'yred aseaioys]yszed 1serroys pue ( < ()ozIs yred 1seqroys) JT

{ (IUBDWUOITAUD

‘gaed aseqaoys

‘ur8aew eprsqno qurod puex

‘ut8aeu Aaeoges eprsano qurtod 3IeaSk
yurSxew £1oyes epIsino yred 1S91I0YS 99BINOTED = YO T0Oq

{

204



¢ PT)1USWUOITAUS ‘PUD)IS0D ‘pr)<orqunop‘aur>ited: :pas)yoeq ysnd pus woIJ S31S0D
CC(pD) ) ) )
‘{[T]pus s8oTQIeA ©TQISTA = PT UL
}
(T++ {()®ZTS'pus S8OTQISA STQISTA > T {(Q = T qUT) I0T
{
¢ PT)QUSWUOITAUS €3Ie3S)1S0D ‘pr)<orqnopqur>ated: :pas)yoeq ysnd:qIeqs WOIF S3S0D
(CC(PT) ) ) )
¢{[T]axe3s se0TQIoA ©TQISTA = PT UL
}
(T++ {()®zTs-3Ie]S S80TQI8A ©TQTISTA > T {0 = T QUT) IOT
uobfipod Az11292s2n Rqan2902dsau//
422Y7 ur sjurod 11D 07 szurod Pu2 PuD 24D3S Wouf 2502 29DIND1DD//

{pus WOIJ S1S0D0 <<dOTqnop ‘3ur>ited::p3sS>I03D9A: :p3S
f9I1e1S8 WOIF S1S0D <<OTQNOPp ‘qUT>ITed: :p1S>I03D0A: :pas

{

{ONIq uanjlex

¢ (pus)oeq ysnd-yred qseqx0ys

¢ (axeas)¥oeq ysnd-yjed aserioys
}

((pue)oTqISTA ST 3IB3S) JT
£()SeDT1I9A 9TQTSTA PUS = PUS S8OTJIOA OTQISTA <JUT>IO0QDSA: :P3S
£ ()S90T3I9A STQISTA 3IRAS = 3IB3S SOOTIIOA O©TQTISTA <JUT>JI03D9A: :P3sS

O
MAVHMmHo.npmm|pmmuHonm
fOuobhi10d 2212921820 3403s = da"3up3s uobRlod R1212q2524: :R2292 TS24/
‘oniy = yaed pITeRA TOOq

A JUSWUOITAUSZ JUSWUOITAUY

205



£1S00 qUAIIND = 3S0D 3S8MOT
{PT pue = pus 3s9q
‘PT 3Ie3S = 31IRB1S 1S9q

}

(35007388MOT > 3S0D0™ qUeIIND) IT

‘puooes- [[]pus woIF s1S00 +
((pT pus ‘pr axeas)arted oxew::pis)ie’ sisod dsde +
puooas - [T]3Ie3S WOII S350 = 350D JUSIIND STQNOP
}
(punoz ysed) 3t

{ (IUBWUOITAUD
‘Teuxejur ysed qsejIoys ‘pr pue ‘pr areas)yszed 9seqIoys 3oeI}X® = punoy yzed Tooq

‘Teuxsjutr yjed 3se3xoys SUTTATOd

fasxty’ [[]pue woxy~s3s0d = PI pus qur

¥

(C++ ¢()ozTIs pus moxy sasod > [ {o = [ qur) 107

pua fiq ua2s squrod 11D 07 24D3S wWouf u23S Fu20d FUBUUND Wouf YIDd 2S2940YS PULL//

f3SITF° [T]3Ie3S WOIF S3S0D = PT 3Ie3S JUT
}
(T++ ¢()9zTs'qIe]S WOIF S3800 > T {(Q = T 3UT) IOJ
24025 Rq ueas sjqurod 11p ybnouyy dooT//
{I- = pus as8q Aqut
{7- = 3Xe3s 3seq 3ur
$()XeW: : <dTQNOP>SATWIT OTISUWNU: :PIS = 3S0D 1SSMOT ©TQNOP

206



¢ ((PT 3xeas)quamuoiTAus)¥oeq ysnd - yred qseqroys
¢ () xeoTo yared aseqioys
}
(1USWUOITAUSYR USWUOITAUY
‘yaed aseaxoysy ourTLTod
‘PT USTUTF 2uUT
‘pt axeas aur)yjed gseqroys joeIgxe: :yjed 3sesioyg Tooq

{

foSTeF uaniyax

{
{onI] uInjex
¢ (pua)yoeq ysnd-yyed 3soqI0ys
{

{([T]TRuUIsauT yaed aseaioys)yoeq ysnd-ysed 3seqIoys

}

(T++ ¢()ozIs Teursjur yzed 3seqioys > T {0 = T 3UTL) JOF

¢ (JUSWUOITAUS ‘Teursqur yaed 1seiIoys ‘pus 3soq “uHMPm|pmm£vnpmm|PwouHonm|pUMHuxm
‘Teuxsqur yzed qseixoys ouUTTATOd
¢ (3xeas)¥oeq ysnd-yzed aseqroys

}

(T- < pus 1seq pue [- < 3Ie31S 188q) IT

punof s2 yod o [1//

{
{

207



{(PWRUSTTIF)SFT WedI]SFT: :p3s

}
(eweusTTI® SUTIIS::p1S 3SUOD)STTF peal: :yjed 1se3ioyg T00q

{
{9NIq uaIniex
{
{
f{9sTeF uInjex
¢ () xeeT2 yaed aseqioys
}

(T- == ¥X®3I8A 1Xd8U) JT

f[(pT ysTury ‘xeoqxen” asxad)ared eoyew::pas] gdsde = xejienTqxou
fXo1I9A” 9X8U = Xd8qJI0A asad

¢ ((x91I9A7 1X0U) QUSWUOITAUS) ¥oeq ysnd - yred aserioys

}

(T2q420 n2ud// (0 =i X93I9A”3XOU) OTTYM

‘0 = x931xea”adad jutr
{

{oSTeF uanjyax

¢ ()aeaTo yared 3seqioys
}

(T- == X®3I8A™ 3X8u) IT

‘[(PT USTUITI ‘ptr axeas)ared oyew::pas] gdsde = xeqiea™qxeou quT
25420047 07 SUL0d 2U0W J0U 24D DU2YL//
upY3 ‘pr 34m3s 03 1onba s 21 [T 31810 03 T2IUAN 1SULA//

208



(C++

}

f(ezis [1] dsde > [ {o = [ qur) I0g

}

(T++ ¢()ozts "dsde > T {0 = T aur) I0%

f()esoTo"s3T

{
{(pT)¥oeq ysnd- ()goeq- dsde
{
‘yeaaq
}
((PT << s8)i)IT
‘pT qurt
{
{(z ‘om)pesx-ss
}
A_ == Uv %H
f()feed-ss = o IeYD
}
(T) oTTUM

¢ (ouUTT)ss weeI3sSUTIIS: :pP3s
£ (()<aur>109059A: :pas)¥oeq ysnd- “dsde

{

}

((PUTT ‘sFT)ouTT3e8::pas) oTTyUM

‘() aeaTo “dsde
‘outrT Surxas::pas
{9sTeJ uIniex (SyTi) IT

209



(FUSWUOITAUSY FUSWUOITAUY: : 3N 3SUOD
‘qutody qurod asuod)urSxew Ajeyes urylrtm qurod::yjzed 1seqI0oYS JUT

{
{oNIq uaIniax
{
{
‘{esTey uinjex
}
(0<([T] syaed-quemuoitaus ‘qrTIaddrITo ysTUTF)uoSATOJUIZUTOd: :qTTIoddTIT)) IT
{
fosTeF uanjax
}
(0<([T] syared-queumuoxtaus ‘qrireddrTo qxels)ucl8LTodquIaurod: :qrTreddrT)) IT
}
fiuvpunoq u23mo sv [0] yvd// (T++ ¢()ozIs' syjed-juewmuoITaus > T ] = T JUT) IOF
SO L ystutry)punox ¢ (()x-ystury)punox)qriraddrTo ystur jurodaul: :qrixaddrT)
$((O L axeas)punox ¢ (()x'axers)punox)qririeddrToareas aqurodaul: :qrixaddrT)
}

(FUSWUOITAUSR FUSWUOITAUY: :3NJ, 3SU0D

‘YSTUTFR JUTOJ 23SUOD
‘qI1898% JQUTOJ 2SUOD)PTTRA oI squrod pus pue qreas::yjed 3se3ioyg Tooq

{

{onIq uIniax
{
{Ipue: :p3s >> 3N0d: :p3s

{
0w >> [[1[1]7dsde >> qnoo::p3as

210



¢ (outT ‘qurod)jusw8esTeutr 03 1s8sod qurod = 1S97I0YS JUSIIND
£(0 ‘[0]eTOoU ‘[T-()UureToy]oTOY)euUTT Juswdeg ourT: :A3TQTTISTA
}
(¢ ([0]°Tou)LxepUNOq JI03N0 U0 ST qurod-Aue
pue ([1-()u-eToy]oToy)Lrepunoq I1eqno uo sT jurtod-aus )j) IT

¢ ()Xeuw: :<oTqNOp>S3TWIT OTISWNU: : P3S = 9OUBLSIP 2S03JI0YS STqNOp
fqueIInd qUIOd
£1891J0YS qUSIIND UTOJ

(AUSR JUSWUOITAUZ: :SNL 1SU0D
‘oToyn uoBATod: :L3TQTTISTA 2SUOD

‘qutody 3urtod 3suod)Lrepunoq uo jurod ejernoTes::yjed 3se3I0YS IUTOJ

{0 uIniex
{

{

(T uanjisx
}
(0<([T] ut3xrew £3oFyes yaTA~ syszed  JUSWUOITAUS

‘qrraeddrTo qutod)uo3LToqurjurod: :qr1raddIT)) IT
}
(T++ f()ozTs  urdxew Ljoyes yiTA syjed: quewWUOITAUS > T ¢] = T 3UT) IOJ
$((O L qutod)ypunox ¢ (()x qurod)punox)qriraeddrio qutod aurtodiul: :qrIxeddrT)
{

{0 uanjgax

}

(0 == ()ozTs' urdxew K1soJes YiTA syjed’qUeWUOITAUS) JT

{

}

211



¢ (ad)qutod uinigex
¢ (outT)oquo uotryoaload-qurod = 9d qurod: :£3TqTIISTA

}
(eutTT® uewdeg ourT: :A3TQTTISTA 1SUOD

‘qurody 3urod 3suUOD)juswWSes eUTT 03 3sosoTd qurod: :yjed 3sejaoys 3utod

{

fqd uaniex uinjex

f(aus ¢ ()L-3sezroysTquexand ¢ ()X-1se3I0ys querand)id uUINel 3UTOd

{
{
{
f9STp = 90URASTIP 31S93I0US
fQUaIIND = 3S9QI0YS JUSIIND
f1pua::p3s >> 1s1p >> , ‘221 bnyy, >> noo::pis//
}
(eoueqsIp 2s92I0YsS > 4SIP) IT
¢ (quexind ‘qurod)esuelsIp = 4STP STQNOP
¢ (outT ‘qurod)quswBes euT 03 3s8soTd jurod = JUSIAND
£(0 ‘[T+T]oTOY ‘[T]eTOU)euTT 3uewdeg out::£ITQTIISTA
}

(( ([T+1]°oToY)L1epunoq Ieqno uo ST qurod-Aus
pue ([T]eoToy)Lrepunoq xeqno uo st qurod-aue )j) IT

3

(T++ f7-(QU'eTOY > T {0 = T 3UT) I0F

{

¢ (2se3I0ys quexand ‘qurod)eoueasTp: :£1TQTTISTA = 9OUR]SIP 3S92I0US

212



213



£((L8°06T)3utod:
f((0LTC0LT)FUTOd:
£((0BT“0ZT)3uTOd:
£((08T‘0g)3utod:

:£a1qTITSTA)MoRq ysnd-uotanros yred 3seqioys
:£q1qTITSTA) MoRq ysnd-uotqnros yred qseqioys
:£a1qTITSTA) MoRq ysnd-uotqnros yared 3seqioys
:£q1qTITSTA) ¥oRq ysnd-uotqnros yaed 3seqIoys
‘uotqnros yzed 3se3roys SUITATOJ: :LAITQTITISTIA

¢ (1891 yred 3seqx0ys
‘USTUTF ‘93Ie]S ‘qUOWUOITAUS Sni)ssed ysed 3seqroys yjed gseqioyg: :3nf

MAPQwEdOHH>Qo|mzP ‘18 ‘06T)USTUTF qurtod: :8nL
{ (FuswuoITAUS SN] ‘08T ‘0g)3IIeas QUTOd: :3nL

‘9899 yaed aseqaoys ourTATod: :8n]

$(T0°0 ‘0°T f,2X7 QUOWUOITAUS 1§97, ) IUSWUOITAUS SN] JUSWUOITAUY: : Jn],

3

(ut8xepLioJegoN ‘aSeIUtedlselIous)LSAL
34038 HIVd ISHIYOHS//

<Y YIow> IPNIOULH

<y 1s296/95996> 2pniouly

4 Ady - drys "punouv "23no4 "bng, 2pnIOULY

2 ddy y3vd~ys2340Yys NG, 2PNIOULH

2 ddy - quawuournua “bny /Ruqowoab, 2pnIoOuULY
ddo-sys27 //

ddo-ys9)y

191 €'¢'D

214



¢ ((auswuoITAUS 8na ‘9Tz ‘. HEe)aurod: :8ny)xoeq ysnd-uorinios yred asesioys
{ ((auswuoITAUS 8na ‘9Tz ‘9.T)aurod: :8ny)xoeq ysnd-uorinios yred 3sesioys
{ ((auswuoITAUS 8na ¢/c7 ‘0ZT)auUTod: :8ny)¥oeq ysnd-uorinios yred asesioys
¢ ((3usWUOITAUS 8n3 ‘00z 9z)3utod: :8nr)xoeq ysnd-uoranyos yred 1s93I0YS

¢ ((3uswWuUOITAUS 8n3 ‘08T ‘9z)aurod: :9nr)¥oeq ysnd-uorinyos yred 1s92I0YS

¢ ((3usWUOITAUS 8N ‘08T ‘0g)IuTod: :8nr)¥oeq ysnd-uoranyos yred 1s91I0YS
‘uotqnros yaed 3seqI0ys SUITATOJ: :3n]

MApmmplapmmlpmoPHoam
‘USTUTF ‘9Je3s ‘JUSWUOITAUS Jn3)sserd yjed 3sezroys yred 3se2I0yUg: :Inj

{ (UBWUOITAUS 8N ‘0gZ ‘LFE)USTUTI aurod: :3ny
{ (QuswuOITAUS 8N3 ‘08T ‘0g)3IIRAS JUTOd::3nj]
‘qseq yaed aseqaoys ourTATod: :8ny

{ (Fp)utdaiew £1oFes  qUR]SUOD PPR’ JUSWUOITAUS JN3

(T0°0 “0°T ¢,2%¥3  JUSWUOITAUS 1S97,) 1USWUOITAUS JNY JUSWUOITAUF: :3nJ

}
(ut87elA1eFRSUTYITNUSTUTJPUYITRIS ‘3S8LUIRJ3IS93I0US) ISHL

{
{
f(OL [T]uotantos yred aseaxoys ¢ ()L°[T]2se3 ysred aseqxoys)hd” LYASSY
f(Ox [T]uotantos ysed aseaioys ¢ ()x'[T]2se3 yaed 3seqIoys)hd LYASSY
}

(T++ mAumNHm.nOHuﬂHom|npmm|pmproqm > T {0 = T 3ur) I0%

f(()ezts uotqnros yred aseqioys ¢ ()ozTs'1seq yired 3seqxoys)hd” IUASSY

215



}
(9SRDTRTATIL ‘1S91U3ed3s931I0US)ISHL

{
$(0 ¢()ezTs 3se3 yzed 3serroys)hd IHASSY

¢ (1891 yred aseqx0ys
‘USTUTF ‘93IelS ‘JUOWUOITAUS Snia)sseyd ysed 3seqroys yjed gsesioyg: :3njf

mﬁpnwEGOHﬂ>ﬁo|MSP ‘08T ‘.LFE)USTUTT qurod: :8nL
{ (FuswuoITAUS JN3 ‘08T ‘0g)3IIeas UTOd: :3nL
fqseq yaed aseqaoys ourTATod: :8n]

{(79)ut8aew £19JeS qURISUOD ppe’ JUSWUOITAUS JnJ
(71070 “0°T “,3¥X1 JUSWUOITAUS 9S97,) JUSWUOITAUS JNJ JUSWUOITAUT: :3n]
}
(43edPTTRAON ‘3S581U3Bd1591107S)ISHL
{
{
f(OL [T]uotantos yred aseaaoys ¢ ()L'[1]2se1 yared aseqxoys)hd LYASSY
(% [T]uotanTos ysed aseaioys ¢ ()x'[T]2se3 ysed 1seqxoys)hd LYASSY
}
(T++ ¢()ozTIs uorqnros yjed 3sejxoys > T {0 = T 3UT) JOF

f(()ezTis uotqnros yred aseqioys ¢ ()ezTs'1se1 yired 1seqxoys)Pd” IUASSY

{ ((auswuoITAuUS 8na ‘0gz ‘LHE)aurod: :8ny)¥oeq ysnd-uorqnios yred a1sesioys

216



¢ AO ¢ AVON..HW . PW@PI.&PMQIPW@PHOQWV GMIHﬁmmm<

mﬁpmoplnpwglpmwpuogm
‘USTUTI ‘3Ie1s ‘JUSWUOITAUS Sni)ssed yszed 1seirroys yjed 4seqroys:

mﬁpﬂmaﬁOHﬁ>ﬁw|wdp ‘08T ‘.PE)UYSTUTF JUTOd:
MAPQmEﬂOHH>Qm|wﬂP ‘0GT ‘06)3IelS JUTO(:

‘qseq yaed aseqroys oUTITATOd:

$(T0°0 ‘0°1T n=pxp.pnmEqOHﬂ>nw|pmwp=vpQwEQOHH>Qw|msp JUOWUOITAUL: ©

:8ngp

:8ngp
:8ngp
:8ng,

Sng

}

(9T2e1SqQOPTISUIIUTOJITIRIS ‘1S8IYlIeJ3S93I0YS) ISAL

S(OfLrustury ‘()£ [1]2s93 yred aseqr0ys)Pa LYASSY
f(Oxrystury ‘()x’ [1]2se3 yred 1se310YS) Y IYIASSY
f(OLaxeas ‘()£ [0]asea yaed aserIoys)ha” IYASSY
f(Ox axeas ‘()x-[0]asea yaed aseqIoys)hd IYASSY

mmpmwp|apmglpmwpho£m
‘USTUTF ‘9Iels ‘qULWUOITAUS Sniy)sseyd ysed 3seiqioys yjed 4seqaoys:

MAPQoEdOHH>Qo|sz ‘08T ‘0Z)UYSTUTF QUTOJ:
umpgmsnouﬂ>Qw|Mﬁp ‘08T ‘0g)3Iels JuUTO(d:

‘9809 yaed aseqroys oUTTATO]:

$(10°0 ‘0°7 n:Pxp.pquﬁOHﬁ>ﬁm|pm®p=vpnwaﬁonﬁ>ﬂ®|wdp JUSWUOITAUL :

:8ngp
:8ng,
:8ng,
:8ngp

:8ngp

{

217



{(79)ur8aew L19FeS qURISUOD ppe’ JUSWUOITAUS

$(10°0 ‘0°°7 n:pxp.pnmEnOHﬁ>qw|pmwp=vpQwadonﬁ>n®|m9p JUSWUOITAUT : ©

Sna

3n1
}

(Y3edPTTRAONUIBJISOIIOYSSITRITTY ‘3S91U3edaS93110YUS)ISAL

{

£ ((OyaBusT - uoranros yzed 3serroys ‘()YaBue-3sey yied 1se3IoUs)TT IYASSY

¢ ((ruswmoxTAus 3ny ¢.8°06T)auUTod: :8n1)yoeq ysnd-uorqnros yred 31seqioys
{ ((qusuwuoITAUS 3Ny ‘0LT0LT)AUTOd: :3n])¥oeq ysnd-uorqnios yjed 3sesioys
¢ ((auswuoxTAuUS 8na ‘0BT ‘07T)3uUTod: :8nr)Moeq ysnd-uorinros yjed 1seqioys
¢ ((3UBWUOATAUS SN2 0QT ‘0g)3uTod: :8n1)¥oeq ysnd-uorinros yred 3sesroys

‘uoranros yzed 3se3I0oys SUTTATOd::

{ (AuewuOITAUS 3N
‘q9g9q yaed 1seqI0US

Sng

‘USTUTT “thuwvnpmm|pmophoam|mPMHdoHMU.mmMHolzummlpmeHoam

mApnosqouﬁ>Qm|MSpvwme0|npmmlpmmpHogw yaed aseaxoyg

¢ (QusWUOITAUS 8NY ‘8 ‘0BT)YSTUTI JUTOJ:
{ (QuswuoITAUS 8Na ‘08T ‘0g)2IIeAS QUTIOJ:

‘qseq yaed aseqroys oUTTATOd:

$(T0°0 ‘0°1T n=pr.pnmEqOHﬂ>nw|pmwp=vpQwEdomﬂ>nwlmsp JUOWUOITAUL: ©

c:8ng

:8ngp
:8ngp

:8ng,

3ng
¥

(ut3relL10FRSONYIRJISOIIOUSSITRITTY ‘3S0LUIRdIS91I0US) ISAL

218



(T++ f()®zTs uoTIqnios > T {Q = T 3UT)
¢, ‘UOTANTOS, >> 3N0d::

{ (FUSWUOITAUS SN] ‘YSTUTF ‘3Ieqs)oqnox 3soq dIys punoIe 93noI = UOTINTOS SUTTATOJ:

¢ (AUBWUOITAUS 3N ‘G ‘.)YSTUTF QUTOd:
{ (QuamuoITAUS 8na QT ‘HT)3IBAS QUTIOJ:

‘(% ‘z ‘z/1d W)drys punore eqnox drys punore eqnoy:
{ (quswwoITAUS 3Na ‘QT ‘0T1)2d pPTW JUTOJ:

$(T0°0 “0°T ¢,2%¥3  JUSWUOITAUS 1S97,)USWUOITAUS INJ JUSWUOITAUY:

}

I0J
pas

:8ng,

:8ngp
:8ngp

:8ng,
:8ng,

:8ngp

}

(1uswedeTd1o01I0o ‘qso1dTySpunoiyelnoy) ISAL

pu2 HIVd ISALYOHS//

(0 “()ezts aseq yjed aseqxoys) P IUASSY

¢ (JusuuoITAUS 3Ny ‘3seq yzed 3seqioys

‘ystuty ‘g3xess)yzed 3sejioys ejeTnoTes ssed yjed 3se3Ioys = 0 Tooq

mApﬁmEGOHH>nm|wdpvmmmﬁolnpmm|pmmpnoqm yaed aseaxoyg: :

umpgmsnouﬂ>Qw|Mﬁp ‘e ‘OFE)YSTUTF JUTOJd::
mApnwEdoyﬁ>nmlm:p €) ‘z)3xels 3urod::

‘qseq yaed aseqaoys oUTTATOd: :

gng

Sng
3ng,

gng

{

219



$()SLSIL TIV NAY uxniex
¢ (a8xe ‘o8xep)assleTSoonatur: :Jurlses

(A8xesx ITeyd ‘08Ie JUI)UTEUW

f{Tpue: :pas >> [T]UOTANTOS >> 3NOD: :p3as

qut

220



ddo syjed-uSisse-8nj e
ddy-syjed-uSsse3ng e

SYUOIUO))

UOIeUIpI00)  F°D

221



¢ (zautody jutod 3suod ‘Taurody JQUTO 3SUOD)SOURLSTP URSPTIONS ©TqNOP
roqeatad
{ (PUSWUOITAUSR JUSWUOITAUT
‘gqd " Teodn <autod ‘aur>dew: :pas
‘s8n3y <3eog>I0400A: :p3s)yred 1503I0YS POUTQqWOD UO UFTSSE T0Oq
{(JUSWUOITAUSY JUSWUOITAUY
‘gqd " Teodn <3UTOJ>I0300A: :P3S 2SUOD
‘s8nay <aeog ‘qur>deuw: :pas)yred 4seqIoys pouUTqUWOD U0 UITSSE TOOq

{
¢ (quswuoxTAUS) <y3red aseqIoyg>porIeys oveuw: :pas = I11d epou yaed 1seqI0US
( ) S
}
(FUSWUOITAUS JuUamUOITAUY)syred udissy
:ot1qnd

3

syzed u8tssy sseyo

3

3n] eoedseueu

2 ddy y3nd~752940YS "HNY /YOUDIS, 2PNIOULY
2 @dy quawuournus “bny /Augowoab, 2pn1oULH
. ddy-qvoq~bny/Rugawoab, apniouly

WY T SOUNUNU /] DULD T, DPN]OULH

SHIVd NOISSV DAL 2urfop#
SHIVd NOISSV onl fopulrg

ddy-syjed-u3isse-3nj)
opnpur  T'HD

222



SHIVd NOISSV dnL// {ipua#

{
{

‘19d " epou yaed qseaxoys <yied aseaaoyg>iad peIeys: :pas
¢ (JUSWUOITAUSY JUSWUOITAUR
‘gqd Teody <3UTOJ>I03D0A: :PIS 3SUOD

‘s8n1y <3eog>I10199A: :pis)udTsse Tooq

223



‘s8n3y <aeog>Io0qoea::pas)uldrsse: :syjed udrssy Tooq
‘pasn gou aup Royy [1 409090 wouf sbny sanowsu uoryounf syl :S90//
}
3n1 eoedseuwreu
WY SO4/SO0L, 2DPN]OULH
,ddy -syivd ubrssp™bny, opNIoULH

/%

VSN LOST-TITE0 VW ‘uoisog ‘0gg 231ng ‘2o01d 21dwd] 6G ‘ Oul ‘UOLIDPUNOS  *
auvmyfog 294 2Yg 072 222um ‘gou [1 fwvuboud sryy yzim buolv %

25U2D2T 211qQnd 1042udH ANH 2y fo Adodo D paniadad 2aDY PINOYS MOL  *

*

*S71D29D 940W LOJ 2SUIDLT O11QNd 1DLIUDH ANDH  *

2Y31 298 HSOdYNd YVINOIIY¥Vd V YOA SSANIIA 40 ALITIGVINVHOUAW  *

Jo Rauvuuvm parqdwr 2y wana gnoyzwm ‘AINVYYVM ANV INOHLIM 3nQ  *
‘infasn 2q 77wm 22 20y3 2doy Y3 ul PagnqrLysip st wvsboud syl  x

*

‘uorsuan 42907 Auv (uorzdo unoh 72v) *

40 ‘2SU2217T Y7 [0 Z U0LSLIN UIYLLD fU0LIDPUNOY 24DMEL0S 234 Y]  *

fiq paysr1qnd sv 2Su217T 217QNd 1DLOUBH NNH Y3 [O SWLD] Y] LIPUN 2T *
fifipow uo/puv 271 22MQr42S1Pa4 uDD nof fauvmyfos 2a4f s1 wouboud sIYJ *
*

Toy 1222Q2Y LT0Z (2) 1ybrufidopy  x

ya01Lvuy avISsouryy GI0Z (2) 2ybrufidoy  x

420020 uYyor Looe (2) ybiufidop %

*/

ddo-syyed-uSisse-Sny
WS TTD

224



{
{OnJq uanjyex
¢ (ds)yaed res<-q9s980TD
¢ (JUBWUOITAUD
‘ds
‘[0]sad Te08
¢ ()uotarsod qe8<-qsesoTo)yred 3seqioys ejeInoTes<-13d epou yjed aselioys
‘ds surTLT0d
{
{
‘{8naxy = 3sesoTO
}
(eoue3sTp 3s8s0Td > ([0]s2d Teo8 ¢ ()uorarsod 388<-3nj3)eouersTp UESPITONS) IT
}
(8na++ f()pue-s8ny = Sn3 ¢ ()ur8eq-s8ny = 3n3 I07BILSAT: :<IBOG>I0IDOA: :P3S) IOF
£ ([0]sad Te03
‘(uotarsod 988 [p]S8N])00UR]STIP URSPTITONS = 9OUBASTIP 3S9SOTD STqNOp
{[0]SSnay = 3S8SOTO% 3eOg
}

(0<()®zTs s8n3 37

{¢osTeI uwinjexfTpus::pas >> ,sfny ueys sTeol o8I0, >> INOD:

T == ()oz1s's3d Teod) Jr
:pas} (STOOU < SMmoIu) JT

¢()ezTs's8ny = sTodouU 3uT

¢ ()ezrs s3d Teo8 = smoiu juUT

(FUSWUOITAUSR FUSWUOITAUY
‘g9d"Te08% <3UTOJ>I03D8A: (P3S 2SUOD

225



(T-- f0=<T {]-()®ZTS'OTqeAOWdI = T 3UT) IOFT

¢ (xoput xew)yoeq ysnd-sTqesomsx

{0 = [Xepul Xew]sedUe]ISIpP

{(2STp Xew ‘sS8OURASTIP)SOURISTP: :PIS = XOpUT Xew 3uT

¢ (SMOIU+S8OURASTP ‘S80URASTIP)IUSWSTS XBUW: :P3S = 4STP XBUWx ©TQNOP

{

}

(++T fonowsx 03" s8ny3 u > T {0 = T 2UT)IOJ

{9TQRAOWSI <QUT>I0QDOA: :PaS
fSMOJIU-STOOU = oAOWSI 03~ s8ny u jqur

‘(autod ptum ‘()uorarsod 308 [1]s3n])e0UR]STP URSPTITONS = [T]S8OUBRASIP

{

}

(T++ fsmou > T {(Q = T 3JUT) IOJ

¢ [SmoJu] SeOUelSTP ©TqNOP

¢ (sToou/A ums ‘sToou/x ums)aurod pTw JuUTOJ

‘O£ [1]s3d Te08 =+ £ ums
fOx [1t]s3d Te08 =+ X ums

{

}

(T++ {STOOouU > T {0 = T 3UT) IOF
‘o=L"uns eTqnop {p= X WNS 8TqnNOP

‘Tpue: :pas >> ,s8n3 asesoo Sursooy) -sTeoS ueyas s8ny 810, >> IN0D: :pPas

}

(sToou > smoiu) JT

226



( 0 == (Too‘Mox)qew 380D ) IT
}
( ++T02 ¢ sTOOU > TOD { ( = TOD 3UT ) IOF
{0 = 3UNOOMOX 3UT

3

( ++MOX ! sMOJU > MOXI ! () = MOX 3UT ) IOJ

¢ (3BW 4S0D)0ATOS U
‘W <9TqNOP>SoIfUNY

{
{
fOUuaSust-dwea ds = ([‘T)3ew 3so0d
¢ (JUBWUOITAUD
‘dusq"ds
‘[[]sad 1e03
‘(uotatsod 103 [T]s8n3)ysed 3seqioys eqeTnoTes<-13d epou yjed 3seqiaoys
}
(C4++ ¢sToou > [ ¢p = [ aur) 103
}

(T++ fsmoIu > T {0 = T 3UT) IOF
‘dusq~ds sutrTLTOd

¢ (STOOU ‘SMOJU)JBW 3S0D <BTINOP>XTIIC|

{

fsmoau = STOOU

{

‘([T]oTqerowax+ ()utdeq - s3ny)esers  s3ng

}

227



( ++MOX ! sMOJU > MOXI ! () = MOX 3uUT ) IOF
‘zrugow pangos fAvrdsiq //

{
{
fosTeJ uaniax
{Ipus: :pas >> , PoyUd3IRU USSQ OABRY 3BY] SMOI ,
>> JUNODTOD >> , Sey , >> T[0D >> , uunyo), >> IIed::p3s
}
( T =i 3unod1od ) JIT
{
{
{4++7UNODTOD
}
( 0 == (To2‘mox)qew 180D ) IT
}
( ++MOX ! sSMOJU > MOXI ! () = MOX 3UT ) JOF
{0 = 3UNODTOD JuUT
}
( ++T02 ¢ sSTOOU > TOD ¢ ( = TOD 3uUT ) IOF
{
{
f{osTer uanjax
{Ipus: :pas >> , "peydleW USSQ SARY 3BYJ SUUNTOD ,
>> 3UNOdOMOX >> , SBY , >> MoX >> , MOY, >> IIdD::p3s
}
( T =i junoomox ) JT
{

{++qUNOOMOI

228



}
(T++ f)pue-sdny =i 1T {()ur8eq-sdny = T J03eILAT::<jeOg ‘qur>dew::pis) JIoF
¢s8ny dweq <3eO0g>I0300A: 1p3S

(JUSWUOITAUSY JUSWUOITAUY
‘gq9d Te08% <3UTOJ>JI02D00A: :PIS 3SUOD
‘s8nay <aeog ‘aur>deuw: :pas)yred qseqaoys peurqumod uo uldrsse::syjed ulrssy Tooq

{

{onIq uInisx

{Tpus: :p3s >> 3N0d::p3s
{
{Ipue: :pas >> 3N0O::pas
{
{
¢ (yaed)yzed ges - [Mmox]s3ng
{ (FUBWUOITAUD
‘yaed
¢ [To2]sad Te03
”AVQOﬂpﬂwom|pmm.ﬁBOHgmmzpvmemlpwwphonwlwpmﬁsoHmoAlupmlovonlnpmm|pwophonw
‘yged sutTLTod
}
(0 == (T02‘Mmox)jqew 4S0D) IT
S0y >> (TooMoI)qeW 2S00 >> QNOD: :p3as
$(2)UIPTA 3NOD: 1 p3S
}
( ++T02 ¢ STOOU > TOD { ( = TOD 3UT ) IOF
‘osTeI = peuueTd 8nay Tooq
}

229



{

‘((z ‘OL zautod - ()L-1autod)mod + (z ‘()x-gautod - ()x-7aurod)mod)qibs uinjex
}
(zautody qurod 3suod ‘yqutody JUTO4 1SUOD)8OURISTP UESPITONS::syjed udrssy oTqnop
{

¢ (quswuoxtTAaue ‘sautod pue ‘s3njy)ulrsse

{

¢ (puooes<-1)¥oeq ysnd-syutod pus

}

(T++ ¢(Qpue-sad Te08 =j T {()ur8eq-sad Teod = T I03eI89T::<qutod‘qur>dew: :pas) I0F

‘squrod pus <3UTOJ>I0ADOA: :P3S
}

(JUSWUOITAUSY JUSWUOITAUY
‘gqd"Te08% <qutoq ‘autr>dew: :pas
‘s8nay <3eog>I01o9A: :pas)yred gseqroys paurquod uo ulrsse::syred udrssy Tooq

{
{0 uanaax
{
f(QOuzed 3e8<-T)yzed 3es’ [()PT<-T]s8n3
}
(T++ MAvao.wmnp|mep =i T mmvnﬁmwn.mm5p|mswp = T I03RISIT: :<3ROG>IOJDOA: :pP3S) IOFT

¢ (qusuuoxtaus ‘sad Teol ‘s8ny dwej)uSisse = 3o Tooq

{

¢ (puodoes<-1)¥oeq ysnd-sfny dweq

{

230



ddo zoysiqnd-ssndAem o
ddo 1eysiqnd-oje)s—38ny e
ddomeysiqnd-dnyreis—sng e
ddo-reysiqnd-uoryeoorany e
ddo-10yeroua8-jurod-1e03 e

SYUOIUO))

oqazen) 3ny, <D

231



(8sum

RILJISUON: :

}

(A81E%% JTEyd ‘D8IE qUI)UTEW JUT

{

{}(x00% o8ueI”FO 4NO::pP31S 3SUOD)TYD3ED

{

¢ (qIIopIo<-Jsmw)osers - squrodlen

}
%

3

qurodfepresT): : TOI3U0D qe0q3Nng 3suod)iurodien” 1esTd OeqITED PTOA

{

¢squrodfem <qutodhepm::Toxjuoo qeoqlny ‘qur>deuw: :pas

3

eoedseureu

<burugs> apnioury
<Y SO0U/SOU> 2PNIOULH
<Yy abvyovd/sou> apniouLH

44 purodhvy/q049u00 "2D0QbNY, 2DPNIOULH
Y 2u20dRDMUDD1D/1047U%0D " 2D0QbNY, 2PNIOULY
2 @dy - quawuournua “bny /Auqowoab, 2pnIouULY

ddo-10yerausl3-jurod-1eo3

2as  T°g°D

232



f((pad
f((gad
f((zd
f((1ad

‘a1 y3d) <autodfey:
‘a1 ead)<qurodfep:
‘a1 zad)<aurodfey:
‘ar-7ad)<qurodfepy:

:ToIxqu0d 3eO0Qq3ny
:Toxauod 3eoq8ny
:ToIqu0> 3e0Qq3N]
:T0IqU0D qe0q3NYg

‘qur>ated: :pas)ixssur - sjutodien
‘qui>ated: :pas)ixesur - sjutodien
‘qui>ated: :pas)qxesur - squtodien
‘qui>ated: :pas)qresur - squtodien

tgz1T = £-93d
fG.e°7 = X pad
‘9% = aI-vad

‘pad qurodfepy: :Toxjuoo qeoq3na

fgz 1 = £-gad

‘7z = x-gad

fge = qI-gad

‘gad jurtodfepy: :Toxjuoo” 3eoq3ny

‘5.1 = £-gad
‘gz = x"gad
fzz = q1-gad

¢zad autodfepy: :Toxquoo” 3eoq3ny

tgz9°T = £-13d

‘7z = x'12d

11 = ar-1d

‘12d qutod£ep: :Tox3uoo qeoqdnay

¢ (autodfen”xesTo " ¥oRqTTED ‘07 ,3urodfeyIesTo,)doqIIOSqNS U = POATIIE NS I9qTIOSqNS: :SOX
£(0z ‘.asenbeyaurodfen,)<rutodfep: : Toxjguos qeoq3ni>esTirospe u = Teod qnd I9YSITqNd: :sO0X

‘U oTpuRHSPON: :SOX

{(nI03eI10u3 squrod Te0Z, ‘ABxe ‘03IR)qTUT::SOX

233



{0 uinjex
fQurtds::sox

{
¢ ()edougurds: :sox
¢ ()deaTs erex doot
{
¢ (puooes<-1d)ystTand - Teo3 qnd
}
(ad++
¢ (pus-squtodfen =i ad
¢ (Our8eq-sjutodfen = 9d 10gexeqT::<qutodfep: :ToIquod qeoqdny ‘qur>dew::pis) IoF
}
(()¥o::s01) oTTUM
{(z)ore1 dooT oqerY::sox

234



M:U._”.HOS: =

¢ (Hut8eq-"s3ny

‘3sw esod esodieoyg: :T0I3u0d q3e0q3N]
¢ (93eysTepowyal8) TTed " AXs osod

}
Lxq

sureu £qTque oATqeTeI" 1senbei:eqeasTopowyss
{()I13s7 o puodes<-3ny = sweu [opou- isenbei-eqeisTepouwsl

(8na++
f()pue-"sSny = 3nq
8na xogersqT::<Burays::pis ‘qur>dew: :p3s) I0F

‘oqeqsTopowleld ©3el1gTOPONIOY: : s3sw” oqozel

}

()esod™3n3 eqepdn proa

¢Ts8ny <Butaas::pas‘aurs>dew: :pas
‘“soweu 3n3 <SUTIYS: :PIS>I0QDOA: :PAS
‘qnd xeyYsSITQnJ: :s0X

‘axs”esod QUSTTNHOOTAIDS: :SOX

<burugs>

<Y SOL/SOL>

<Yy abvsyond/sou>

<Y 2113G512pP0N12H/Sbsw"0qazvb>

«Y " pur0dhvy/1049u00 "200QbNY,
4y 2504100g/1043%U02 "200QbNY,,
2 ddy " squvgsuod “bny /uagsouw,

apniouLy
2pN]oULH
2pn1ouLH
2PNYOULH

2PNYOULH
2pN]oULH
2pn1ouLH

ddo-aeysijqnd-uorjeso[-3nj}

235



¢ (,92e1s Topow 188/0qeze3/,)<934e1STOPO[I9D: : STsW 0qozeI>qUsTTYIOTAISS ‘opou = AIs asod

£(0z ‘.osod,)<ssodreog: : T0I3U0D Fe0q3nl>oSTlIa9ApE 9pou = qnd
‘opou oTPURHOPON: :SOI

{
(44T
{((eureu ‘pr 8n3)<Burags::pas ‘qursated::pas)iaesur’ sSna
f(pT 8na ¢ ()aas oremeu ‘, osod ystrqnd o Apeex ‘py pT yaTM sY 3nl,)0ANI SOY
$£,0, - [T++]A8xex = pr Sn3 jut
{[1]a81e = sweu JuTils::p3s
}

(0818 > T) oTIUM
{7 = T gut
¢(,ToyusTTqnd uUOTqeO0T 3N9, ‘ASIe ‘D3IR)QTUT::SOX

3

(A81E%% TEUD ‘D8IE QUT)UTEW JUT

{

{
¢ (()I3s o puodes<-8n3 ¢,sY 3noqe oFur esod pury jouue),)YOHyd SOY

}

(" *)yoaed

{
¢ (8sw esod)ystiqnd-qnd
{gTv0S/L uotaTsod - esod - esuodssi-eqeasTopomiald = £-3sw esod
{gTvDS/x uotaTsod - esod - esuodsei-ejeqsTopomiald = x 3sw esod
f18ITJ<-8n3 = QI 8sw esod

{

236



‘0 uIngex
{
¢ ()deeTs eaex doot
¢ ()osod™3n3 eqepdn
}
(()¥o::s01) oTTYM
{(z1)°o3ea1 dooT egey::sox

237



}
(()¥o::s01) OTTUM
£(g°0)e3rex dooT @3ey::sox

‘9 = eaep-g3su

‘98suw gaurpn: :s8sw pas
‘g = ejep-g3su

‘g8sw gaurn: :s8sw pas
'y = eyep-pIsuw

‘p3sw gaurn: :s8sw pas
‘e = eaep-gSsu
‘e8sw gauln: :s8sw pas
‘7 = ejep-g3su
‘z8sw gaurn::s8sw pas
‘7 = eaep-Ssu
¢18sw gaurpn::s8sw pas

‘0z ‘,dnaxeas,)<gaulf::sdsw pas>esTireape u = Teod qnd IeysITqnd: :sox

‘U oTpPURHOPON: :SOI
¢ (yxoystrqnd dnjreds™8ny, ‘a8re ‘o8ie)qTuT::sox

3

(A81E%% TEUD ‘D8IE QUI)UTEW JUT

WU 8IuUIN/sbswTpss, apniouLy
<Y S0U/SOL> DPNIOULH
2 2bvyond/sou, apnioury

ddo-aoysiyqnd-dnyrels-3njy

238



{0 uinjex

¢ ()eougurds: :sox
¢ ()deaTs erex doot

¢ (93sw)yst1qnd - Te03 qnd
¢ (g8sw)ystrqnd- Te03 qnd
¢ (F8sw)ystrqnd- Te03 qnd
¢ (g8sw)ystTqnd- Te03 qnd
¢ (g3sw)yst1qnd- Te03 qnd
¢ (13sw)yst1qnd- Te03 qnd

{

239



‘oweu 8ny = oweu Topou-asenbei-ejeasTepowisl

‘oqeqsTopowyald 91e1STOPO[1eY: : s3sw” oqozeld

}

()esod™8n3 egepdn proa

{

f((z° (f-uotatsod- d-£-uotqTrsod-zd))mod + (z¢(x uorarsod-yd-x-uorarsod-zd))mod)qibs uinqex

}

(zd eosod: :s8sw”L1rewos8 ‘1d osod::s3sw L£xjewosl)eouelsTp 308 oTqnNOP

¢Teo8 qusxand os0d: :sIsw Li1jowosl
{pT 8n3 aurt

‘owreu”8ny SuTIls::pas

‘axs”esod QUSTTNOOTAISG: :SOI
‘osod 8na esod: :s8su L1gewosl
‘qnd~egqeas IoysTIqnd: :SOI

<UDDLYSS>

<Y S0U/SOL>

<Y "Yiow>

<Y g40903/ /sbsw fugowoab>

<y gswmi/sbsuRizawoab>

<Yy asod/sbsw fugowoab>

<Y 21D3G512p0j/Sbsw"0qazvb>

<Y 2903512poN12n/sbsw0qazvb>

4y purodhivy/q049u00 "200QbNY,

2PNOULH
2PNOULH
2PNOULH
apnouLy
apn1ouUL#
2PNOULH
2PNOULH
2PNOULH

2pN1oULY

ddo-aoysijqnd-oje)s—3nj

240



‘A<-8sw = peads eTqnop
$,PTIOM, = SWRIJ ©OUSIDFOI SwW o3els
‘owreu”8ny = oweu Topou’Isw oqels
‘8sw”eqeas o3e1gTOPOR: :s8sw ogozed
‘Ssw Ten asTM]: :s8su Axjewosel

}

(PT78n3 == qI<-8sw) IT

}
(8swp 134asuo): :qurodfep: : Torquod qe0qdngy asuod)qurodfem”yoeqired pIoa

{
¢ (8su™egeas)ystTqnd-qnd eqeqs
‘osod 8n3 = esod-3suw e3ess
‘{sw 1A = 3STM] - 3sw e3ess
¢ ()osod™3n3 egepdn
£ 1esutrT Ssuw Tea
X' IedUTT Isu ToA

‘0
‘0

¢, PTIOM, = BWeIJ eoUSIDFOI'ISW ©9e3S
‘owreu” 8n3 = oweu Topou’Isuw o3e]S
‘3sw e3els ©1e18TOPOK:  sSsw oqezed
‘Ssw Ten asTM]: :s8sw Axzewosl

}

()Sutaow doas prtoa

{

‘£ -uotqtsod-esod-esuodsex:ojelsTopoussd £ uotqtrsod-esod 8na
‘x uotqtrsod-osod esuodsex-ojeisTopoursd = x-uorarsod-esod 3na

¢ (93eysTepowal8) TTed ' AIS” osod

241



¢ ()Butaow doas

¢ ()esod 8na " eqepdn

pa1opdn s1 1Dob qua4und [ yo2yo// {()eouguids::sox
¢ ()deaTs egex doot

payopdn s1 (wob quadund [1 yo2yo// ¢ ()eduguids::sox
{ (8su egeas)ystiqnd-qnd eqeqs

‘osod™8nq = esod:8sw eqeqs
‘gsw TeA = 3STM]-Ssw eaeas

‘0 = z'IeoUulT Ssw Tea
{qsuoo wmrou/L peadsikpeads = £-r1esoutry’3sw Tea
{9suoo mIou/x posdsipeads = X IesuTT Jsuw Toa

$((z‘L£ poads)mod+ (zx poads)mod)aribs = gsuoo wiou oTqnop
¢ (L-uotatsodresod™8ny - L-uotarsod:Teo3 querino) = L psads oTqnop
¢ (x'uotarsod-esod™8ny - x-uotrarsod:Teo3 querind) = x peads oTqnop

{

}

9D0URISTO] ©0URASTIP < (Teo8 ausxano ‘esod Jny)eoueastp 1e8)eTTym
( )

¢ (¥)o3ex dooT e3ey::SO

I

¢ ()esod 3na eqepdn

‘f<-8suw = L -uotqtrsod- Teo8 qusexind
‘x<-8suw = x'uotyrsod- Teo8 jqueIINd

fG'0) = 9OURISTO]L ©OURASIP OTQNOP

242



£(00T ‘,o2®1s  Tepow 38s/0qeze3/,)<92e1STOPO|: : S8su” oqeze3>esTjIoape - opou = qnd ojeqs

¢ (qutodfen oeqTTed ‘07 °,2utodfem,)<jurodfep::Torjuod” 3e0q3ni>9qTIOSqNS OpouU = Te03 qns I9qTIOSqNG: :SOI
f(g)daa1s //

f(Oesod"bny 220pdn //

¢ (,o23e2s Tepow 2388/0qeze3/,)<93e1STOPONIoN: : SSSW 0qozeS>qUSTTYOOTAISS *9poU = AIS osod

£ ((0)suwTl)pueis

fo=F-uorg2s0d 1006 " QUUUND fO=T U0272250d 1D0b QUILUND//

{
{7- uwangex ¢ (,Ie8equr ue oq o3 jueumSBre I Sniy pesu,)YOoUHd SOY
}
(" ")uyogeo
{
£,0, - [2]a8xex = pT 3ng
}
£1q

{[7]281e = sweu 3na
‘{¢{7- urnjex ! (,rusunSIe SB (I PUR SWRU 3N PooU,)UQUHH SOH}(E =i d28Ie) IT
‘opou STPURHOPON: :SOI

f(nIoystrqnd eqeas™3ng, ‘a8re ‘53Ie)4TUT: :SOI
}(ABIe 4%IBUYD ‘DO8IE QUI)UTRW 3UT

243



{0 uanjyax

fQurtds::sox

{

244



(8swy 13d4asuo): :qurodfepmresT): :

¢ (,s8nidLem, ‘aA8xe ‘o8xe)qTUT::SOX

}

(A8xexx Jeyd ‘08Ie QUI)UTRW 3UT

{
{
{

¢ ([T]e2ep dwel)xoeq ysnd-esep-Isw sSnydLen

3

(PT =i [T]eaep-dwel) JT

}

(T++ f()ozTIs'eaep-'dwey > T {0 = T JuUT) I0F
¢ ()xesTo eyep-Isw sInydLen
‘Fsus8nydfen = dweq AeIIYTITNNQIUIN: :sIsw pas

‘qr8na<-8su =

‘Ssu”s8nrdLen LexxyraTnNgaIuUIN: :
<y Avusyry1npgruIn/sbsupys>
<Y S04/SOL>

<y obvsyond/sou>

2 Y qur0dRvMUD21)/7047U0D 9DOQbNY,

pPT autr

}

ToIxjuod 3eoq8ny 3suoo)ijurodfepIesTd ¥OeqITED PTIOA

s8su pas
2PN OULH
2PNOULH

2PN OULH

2pN1oULY

ddo-aoysiiqnd-sSndAem

245



{0 uanjax
fQurtds::sox

{

¢ ()eougurds: :sox

¢ ()deaTs erex doot

¢ (8su”s8nidLlem)ystrand-qnd
b

(()¥0::so0x) oTTUM
{(1)o2e1"dooT o9®rY::sox

£(9)¥oeq ysnd-eqep-Isw s3nydien
¢ (g)¥oeq ysnd-eqep-Isu sSnrdLen
¢ (¥)%oeq ysnd-eqep Isu sSnrdLen
f(e)yoeq ysnd-eqep-3sw sSnidLen
¢ (2)%oeq ysnd-eqep-Isw s3nydLen
f(1)¥oeq ysnd-eqep-Isw s3nidLen

mAuqﬁom>m3HMoHU|xom£HHmU ‘0z ¢, autodfepqresTd,)eqTIOSqNsS U = QNS I9QTIOSQNG: :SOI

$(0z ‘.s8nrdfen,)<AfeiIyTaTnN8IUIN: :S8sw pas>asTiaospe u = qnd IeYsSITqnd: :SOI
‘U STpPuUeHOpON: :SOIX

246



247



	Summary
	Sammendrag
	Table of Contents
	List of Figures
	Abbreviations
	Introduction to Path Planning of Swarm Tugboats
	Problem Description and Scope
	Why the Title and Problem Description Changed
	Previous Work
	Outline

	Path Planning
	Classification of Path Planning Techniques
	Global Path Planning
	Local Path Planning
	Hybrid Path Planning

	Searching for Shortest Path: A* algorithm
	Safety Margin
	Reduce Online Calculations: All-pairs Shortest Path
	"Go-via" matrix
	Algorithm Extension
	Advantages of Suggested APSP

	Visualizing Calculated Routes
	Local Replanning Around Ship
	Creating the Environment

	Planning Paths and Motion in a Swarm Context
	Motion Planning Approaches
	Centralized Planning
	Decoupled Planning
	Choosing Approach

	Preliminary Decision Making
	Selecting Closest Tugs
	Target Assignment

	Motion Planning Method
	Paths Will Never Cross
	From Point to Area
	Planning Movements


	Tug Communication
	Communication: Explicit or Implicit
	The Robot Operating System
	ROS Communication System
	Evaluating ROS

	Simulation
	Simulation Tool: Gazebo
	Rationale for Simulation Tool


	Implementing Algorithms on a Physical Test setup
	Physical Test Setup
	Communication System
	Combining Two Separate Projects
	Simulation vs. Real World
	Programming in the Workshop
	The Importance of Visualization

	Results and Discussion
	Route Planning
	Finding Shortest Path in a Static Environment
	Route Around Ship

	Speed Up Guidance Algorithm
	Simulation: System Interface and Tug Interaction
	Physical Test Set-up: A Successful Demo

	Conclusions
	Outlook
	Bibliography
	Appendix
	Feedback from Kongsberg Maritime
	Figures
	Code
	Master
	include
	src
	test

	Geometry
	include
	src
	test

	Search
	include
	src
	test

	Coordination
	include
	src

	Tug Gazebo
	src



