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Abstract

We study the steady solutions of a generalized Whitham equation
N+ 3%7}% + Lyn, = 0, where L,, is the nonlocal Fourier multiplier op-
erator given by the symbol m,(§) = (tanh&/€)® for s € (0, 1), for which
we investigate whether a similar local and global theory is available as
for the Whitham equation, which is the case s = % Using functional
analysis, we prove that there is a curve of small amplitude sinusoidal

¢ and these waves may

waves bifurcating at wave speed ¢ = (tanh(1))
be extended to large ones by global bifurcation. In our quest to un-
derstand the regularity of a possible highest wave for this generalized
equation, we study the regularity of waves along the global bifurcation
curve. We find that any highest wave of the generalized equation is a-
Holder continuous and has Holder regularity C* for 0 < a < s < 1, and
a+ s < 1. In addition, we study the properties of the symbol m(¢),
and the corresponding integral kernel. In view of the fact that some
arguments were quite technical, we perform a brief background study
of Banach algebras, Holder and Schwartz spaces, Fréchet differentia-
bility, completely monotone functions, the implicit function theorem

on Banach spaces, and Fourier series.
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Preface

This thesis marks the end of the two years master’s degree programme
in "Mathematical Sciences” at The Norwegian University of Science
and Technology (NTNU) in Trondheim, within the specialization Anal-
ysis (Differential Equations). The thesis was performed throughout my
4™ semester of the master, spring 2017, at the Department of Math-
ematical Sciences under the Faculty of Information Technology and
Electrical Engineering.

The thesis, which is an add up to the work of my supervisor M.
Ehrnstrom, deals with the study of the generalized Whitham equation
for which we investigate whether a similar local and global theory is
available as for the Whitham equation, which is the case s = % (see
[1]). Tt is assumed from the reader only a basic knowledge of functional

analysis, partial differential equations and Fourier analysis.

The thesis is structured as follows:
Section 1 introduces the Whitham’s equation as a non-local model
for a shallow water wave, for capturing the balance between linear
dispersion and nonlinear effects. We next review some research on the
Whitham equation and then present the contribution of this thesis.
Section 2 recalls some facts about Banach algebras, Holder and Schwartz
spaces, Fréchet differentiability, Completely monotone and Stieltjes
functions, and The implicit function theorem which will appear fre-
quently throughout the various sections.
Section 3 begins with the study of Fourier series of periodic functions
and its convergence, differentiability, decay and convolution properties.
It then gives a summary of the concept of Carleson-Hunt theorem
and also briefly treats the Fourier transform on R and other spaces.
The section ends with an introduction of Fourier multipliers on Holder

spaces.
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Section 4 is devoted to the study of the generalized Whitham inte-
gral kernel K (z) = ms(x). It specifically gives the monotonicity and
limiting properties of the generalized Whitham symbol. The section
ends with some discussions about the convolution operator L,,.
Section 5 provides a prove of the existence of periodic traveling waves
and then introduces the local bifurcation theory which will be extended
to the global continuous curves of solutions in the next section. The
approach in this section and the next section follows closely that of
12, 3].

Section 6 contains the main part of this thesis, where we investi-
gate the global bifurcation for the generalized Whitham equation by
an extension to the local bifurcation. It also gives some analysis of
the uniform convergence of solution and also the characterization of

blow-up.

A Ghanaian proverb reads ”Knowledge is like a Baobab tree, one
person’s arms cannot encompass it”. That is, it takes several arms held
together to encompass it. In my quest for knowledge, I am privileged
to have met many excellent persons who in diverse ways held my hand
in the process. My primary debt of gratitude goes to God as my source
of strength and spiritual guide. I am also grateful to the Norwegian
government for granting me the opportunity and also providing funds
for my studies.

I further wish to express my deepest and sincere gratitude to my
adviser Professor Mats Ehrnstrom, whose expertise, understanding,
generous guidance and support made it possible for me to work on
such a topic. I am also grateful to my parents and family for their love
and support during my studies, and lastly I thank the many excellent
professors and students at NTNU whom I have learned much from

during my time in Trondheim.
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1 Introduction

Waves on the surface of the ocean are a dramatic and beautiful phe-
nomena that impact every aspect of life on the planet [4]. The be-
haviour of water waves and the propagation characteristics of light
and sound are familiar from everyday experience. Wave motion is one
of the broadest scientific subjects and unusual in that it can be stud-
ied at any technical level. One important area of study is the traveling
water waves (the class of travelling waves which move progressively in
one direction with fixed speed and shape).

In most times, the steady waves repeat themselves periodically,
leading to periodic traveling waves. The bifurcation theory on the
other hand is one of the methods used in proving the existence of
such periodic traveling waves. Of particular interest is how the lo-
cal bifurcation curves of solutions (that is the 2m-periodic, smooth,
travelling-wave solutions) to the Whitham equation is extended to the

global continuous curves of solutions.

1.1 Whitham’s model equation

The water wave equations pose severe challenges for rigorous analysis,
modeling, and numerical simulation, from a mathematical viewpoint.
Although water waves have intrigued mankind for thousands of years,
it was not until the middle of the nineteenth century that the mod-
ern theory appeared, principally in the work of Stokes. The nineteenth
century also produced useful models for tidal waves, solitary waves, the
Korteweg—de Vries (KdV) equation, the Boussinesq models for shallow
water waves, the Kelvin—Helmholtz instability, Cauchy—Poisson circu-
lar waves, Gerstner’s rotational waves, Stokes’ model for the highest
wave, and Kelvin’s model for ship wakes [5].

The Korteweg-de Vries equation (KdV) was introduced in 1895 to



2 1.1 Whitham’s model equation

model the behavior of long waves on shallow water in close agreement
with the observations of J. S. Russell [6]. The KdV model admits soli-
tary waves which present soliton interaction: two solitary waves keep
their shape and size after interaction although the ultimate position of
each wave has been affected by the nonlinear interaction [7]. KdV has
a bi-Hamiltonian structure which permits to obtain very precise infor-
mation about the structure of the equation by the inverse scattering
method, the equation being integrable [8]. The main challenge of the
KdV equation was that it could not describe the breaking of the wave.

In 1967, a British-born American mathematician, G.B. Whitham
proposed in [9] a non-local shallow water wave model for capturing the
balance between linear dispersion and nonlinear effects, so that one
would have smooth periodic and solitary waves, but also the features of
wave breaking and surface singularities. Whitham [7] emphasized that
the breaking phenomena is one of the most intriguing long-standing
problems of water wave theory, and since the KdV equation can not
describe breaking, he suggested the model

3 ¢,

77t+§h—07777x+Kh0*77x:0 (1.1)

known as the Whitham equation. This equation combines a generic
non-linear quadratic term with the exact linear dispersion relation for

surface water waves on finite depth. Here, the kernel

Kh Z./T"_I(Cho) (12)

o

is the inverse Fourier transform of the phase speed

(€)= ,/gta“gﬂ (13)

for the linearized water-wave problem; the constants g, h, and c, =
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V/gh, denote, respectively, the gravitational constant of acceleration,
the undisturbed water depth, and the limiting long-wave speed. The
function n(t,z) describes the deflection of the fluid surface from the
rest position at a point x at time ¢ [7].

The Whitham equation (1.1) with the kernel (1.2) has some very
interesting mathematical features. That is, it is generically non-local,
making pointwise estimates difficult. Moreover, ¢, (§) has slow decay,
and the kernel K, is singular (it blows up at z = 0). This makes
the Whitham equation in some important respects different from many
other equations of the form (1.1) [3]. Whitham’s actual motivation was
to find a model that could feature the breaking of waves (wave breaking
in this context describes a situation in which the spatial derivative of
the function 77 becomes unbounded in finite time, while 7 itself remains
bounded). Another interest was wave peaking which means that, a
wave forms a sharp crest or peak, such as a stagnation point in the full
water-wave problem [2, 10].

The Whitham equation captures the peaking phenomenon of the
Stokes waves for the full water-wave problem. Interest in breaking,
peaking and other phenomena connected with (1.1) has spawned a
large amount of mathematical work. The monograph by Naumkin and

Shishmarev [11] is devoted entirely to equations like (1.1).

1.2 A review of some research on the Whitham

equation

A lot of research has being done on water wave models. Of particular
interest is the Whitham equation as a model for water waves. Some
highlights of the analytical and numerical research advancements of
the Whitham equation are been introduce in this section.

Early years after Whitham [7, 9] introduced the Whitham equa-

tion, Gabov [12] and Zaitsev [13] made some studies on this equa-
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tion. The monograph by Naumkin and Shishmarev [11] in the year
1994 is devoted entirely to the analysis of (1.1) for a mixture of ker-
nels and also provided an affirmative answer to the question of wave
breaking. In recent years, Hur [14] also dealt with the issue of wave
breaking of bounded solutions with unbounded derivatives. Together
with Tao [10], they show wave breaking for the Whitham equation
in a range of fractional dispersion. Hur and Johnson [15] also show
that periodic traveling waves with sufficiently small amplitudes of the
Whitham equation are spectrally unstable to long-wavelengths pertur-
bations if the wave number is greater than a critical value, bearing out

the Benjamin-Feir instability of Stokes waves.

Borluk et al. [16] investigated the simulation properties of the
Whitham equation as a model for waves at the surface of a body of
fluid. They found out that the periodic traveling-waves solutions of
the Whitham equation are good approximations to solutions of the
full free-surface water wave problem. This was as a results of the com-
parison of numerical solutions of the Whitham equation to numerical
approximations of solutions of the full Euler free-surface water-wave

problem.

Ehrnstrom and Kalisch [2] in 2009 proved that there exist small-
amplitude periodic traveling waves with sub-critical speeds and as the
period of these traveling waves tends to infinity, their velocities ap-
proach the limiting long-wave speed ¢,. They further shown that there
can be no solitary waves with velocities much greater than ¢,. Again
after performing some numerical analysis, it was proven that there is
a periodic wave of greatest height ~ 0.642h,. In 2013, Ehrnstrom and
Kalisch [3] proved the existence of a global bifurcation branch of 27-
periodic, smooth, traveling-wave solutions of the Whitham equation.
Furthermore [3] showed that the solutions converge uniformly to a so-

lution of Holder regularity o € (0, 1), except possibly at the highest
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crest point (where o < 1).

The kernel K}, of the Whitham equation has not thoroughly be-
ing understood. In 2009, [2] features the integrability of this kernel
in certain LP spaces and smoothness away from the origin. However,
in a very recent time Ehrnstrém and Wahlén [1] provided an explicit
representation formula for it and again shown that the integral ker-
nel is completely monotone on the interval (0,00) and also analytic
with exponential decay away from the origin. They further proved
the existence of a highest, cusped periodic traveling wave using the
global bifurcation theory. Again, they found that the solution is P-
periodic, even and strictly increasing on the interval ( —%, 0), satisfying
¢(0) = &. The solution is furthermore smooth away from any crest,
and obtains its optimal Holder regularity C %(]R) exactly at the crest,

thereby resolving Whitham’s conjecture.

The paper [17] identified a scaling regime in which the Whitham
equation can be derived from the Hamiltonian theory of surface wa-
ter waves. After integrating the Whitham equation numerically, they
shown that the equation gives a close approximation of inviscid free
surface dynamics as described by the Euler equations. They then
concluded that in a wide parameter range of amplitudes and wave-
lengths, the Whitham equation performs on par with or better than
the Korteweg-de Vries (KdV) equation, the Benjamin Bona Mahony
(BBM) equation and the Padé model.

Sanford et al. [18] focused on the stability of solutions in view
of [2]. The numerical results presented in [18] suggest that all large-
amplitude solutions are unstable, while small-amplitude solutions with
large enough wavelength L are stable. Additionally, [18] proved that
the periodic solutions with wavelength smaller than a certain cut-off
period always exhibit modulational instability. However, the cut-off

2

wavelength is characterized by kh, = 1.145, where k = =F is the wave
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number and h, is the mean fluid depth. The works by Benjamin and
Hasselmann [19] also presented a detailed stability analysis for wave
trains on water of arbitrary depth h,, and calculated that small am-
plitude periodic traveling waves are unstable if the fundamental wave
number k satisfies kh, > 1.363.

The Periodic traveling waves to the KdV do not exhibit this prop-
erty but are spectrally stable [20]. Bronski and Johnson [21] also in-
vestigated the spectral stability of a family of periodic standing wave

solutions to the generalized KdV equation.

1.3 The work at hand

The existence of smooth, small-amplitude, periodic traveling-wave so-
lutions and their properties was established and numerically investi-
gated by Ehrnstrom and Kalisch [2]. In years later, they again in
[3] worked on the steady solutions of the Whitham equation (that is
traveling-wave solutions characterized by a constant speed and shape).
They proved that the Whitham solutions are all smooth and subcriti-

cal, and that they converge uniformly to a wave of C*-regularity, o < %

In this present work, we consider a general version of the Whitham
equation defined in (1.1), (1.2) and (1.3). That is taking g, h, ~ 1, we

have the generalized Whitham equation to be

3¢,

We then define the generalized Whitham symbol as

ma(€) = Ro(6) = (t”;hg) L 0<s<l, (15)
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whilst we have the generalized Whitham kernel defined by
— 1 T
Ki(w) = 7 m@) = o= [ mi©esas. (10)
R

The aim of this thesis is to study the generalized Whitham equation
(1.4) and to see if a similar local and global theory is available as
for the Whitham equation with s = 1 (see [1]). As one goal, we
wanted to understand the regularity of a possible highest wave for the
generalized equation (1.4). Although some steps in this direction have
been achieved, the time frame of this master’s thesis have not made a

complete theory possible.

In our way towards this goal, however we have studied and inves-
tigated the symbol my(§) and its Fourier transform using the theory
of Stieltjes and completely monotone functions. It is also shown that
any subset of solutions in the global branch contains a sequence which
converges uniformly to some solution of Hélder class C* for a € (0, s).
This required a study of Banach algebras, Holder spaces, Fréchet dif-
ferentiability, implicit function theorem in Banach spaces, and the bi-

furcation theory.

The bifurcation curve of the solution to the generalized Whitham
equation is found to be a subcritical pitchfork bifurcation, which is of
the same kind as the one described in [3]. The uniform convergence
of the sequence of solutions is proved for the case where a € (0,s)
(s is defined in (1.5)) satisfy o + s < 1. The case where s = 3 and
o < 1 is already included in [3, 1]. In the general case, when ¢ < 2y,
it is found that the Whitham solution is a-Hoélder continuous and has
Holder regularity C for 0 < v < s < 1 required that a +s < 1. It is
also proved that if ¢ < 2 uniformly on R, then the solution is smooth

with all its derivatives bounded.

In addition, we deal with the existence of periodic traveling waves
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as proved by Ehrnstrom and Kalisch [2]. The local bifurcation theo-
rem is studied and later extended to the global continuous curves of
solutions in relation to the generalized Whitham equation in the very
last section. Another object of study is the convolution operator L,
of the generalized Whitham equation which we find to be a symmetric
bounded linear operator. In view of this, we introduce Fourier series
and transform since some of the arguments were quite technical.
References for borrowed materials and proofs are provided through-
out the text. Some results in Sections 2 and 3 are stated without proofs
and specific references, since they are standard. The proofs in Sections
4,5 and 6 are the author’s own adaptions of the ones in [1, 2, 3], where
the generalized Whitham equation, kernel and symbol have been taken

into consideration.



2 Preliminaries

In this section we review some spaces and fundamental tools from
real and functional analysis which are necessary in providing a firm
base for the rest of the discussion. It must be noted that the various
tools are not given in detailed but only a brief summary of what is
actually needed for the discussion. We begin with Banach algebras,
Holder and Schwartz spaces. Next follows a general overview of Fréchet
differentiability, completely monotone and Stieltjes functions. We then
end the section with the introduction to the concept of the implicit
function theorem.

The results in this section are mostly stated without proofs and
specific references. The monograph by Marcoux [22] contains details
on Banach algebra whilst we can find the remaining topics by the works
of Buffoni and Toland [23], Miller and Samko [24], Shilling, Song and
Vondracek [25] and Royster [26].

Throughout the various sections, the standard notation of mathe-
matical analysis is used. For 1 < p < oo, the space LP({2) is the set
of measurable real-valued functions of a real variable whose p* powers
are Lebesgue integrable over a subset Q C R. If f € LP(2), its norm

is given by
Hf”ip(g) = | |fPPdz. (2.1)
Q

The space L>(£2) consists of all measurable, essentially bounded func-

tions with norm

[fll= () == ess sup,eql f(2)]. (2.2)

2.1 Banach algebras

If we consider B as a Banach space over C. We then say that B

is a Banach algebra if there exists an operation from B x B to B,
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(z,y) — zy, such that for all x,y and z in B and « in C, we have

(xy)z = x(yz) the operation is associative,

(ax +y)z = axz + yz

z(ax +y) = azx + 2y the operation is bilinear,
lzyll < |lz||||ly]] the norm is sub-multiplicative.
In [22], the set (C(X), || ||ls) of continuous functions on a com-

pact Hausdorff space X, becomes a Banach algebra under pointwise

multiplication of functions. That is, for f,g € (C(X), || ||«), We set
(fg)(z) = f(z)g(zx) for all z € X.

Remark 2.1. C(X) = {f: X — C; f is continuous}.

If Y is being considered as a Banach space, then according to [27]
the set of continuous linear maps, L(Y), from Y to itself is a non-

commutative Banach algebra under composition.

2.2 Holder and Schwartz spaces

Holder spaces are basic in areas of functional analysis relevant to solv-
ing partial differential equations and in dynamical systems. The Holder

space with the Holder norm is a Banach space [28].

Definition 2.1 (Holder space). The space consisting of functions sat-

isfying a Hélder condition (i.e for c¢,a > 0 such that

[f(x) = f(y)| < clw =yl (2.3)

for all x and y in the domain of a real or complex-valued function f

on d-dimensional Euclidean space) is called a Hélder space.
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The Hélder space C*(§2), where Q is an open subset of some Eu-
clidean space and k£ > 0 an integer, consist of functions on €2 having
continuous derivatives up to order k and such that the k' partial
derivative are Holder continuous with exponent «, where 0 < o < 1.

If © is open and bounded, then we can say that the Holder space
C*2(Q) consists of all functions, u € C*(Q) for which the norm

lullona@ = Y 1D ullo@ + Y [D"ulcoam) (2.4)

[vI<k [v|=k

is finite. We note that If 0 < o < 3 and €2 is bounded, then the Holder
space C?(Q) is compactly embedded to C%(€2).

Remark 2.2. If Q is open and bounded, then C**(Q) is a Banach

space with respect to the norm ||- ||gr.a.

Definition 2.2 (Schwartz space). The Schwartz space /' (R™) or space
of rapidly decreasing functions on R™ is the topological vector space of
functions f : R"™ — C such that f € C*(R") and z°0°f(z) — 0 as

|z| = oo for every pair of multi-indices o, B € 7.

If a, 8 € Z7 and f € /(R") then we have the family of semi-norms
of f to be

1 fllas = sup 2207 f (). (2.5)

z€R™

The Schwartz space is a Fréchet space which have the property that
the Fourier transform is a linear isomorphism, .(R") — . (R"), and
if f € Z(R") then f is uniformly continuous on R. The Schwartz
space also have the property that if f,g € .#(R"), then fg € #(R")
and also if 1 < p < oo, then . (R") C LP(R") [29].

We next briefly discuss the Fréchet derivative and also refer the

reader to [30, 31] for a detailed presentation.
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2.3 Fréchet differentiability

Fréchet derivative is a derivative which is defined on the Banach Spaces.
It extends the idea of the derivative from real-valued functions of one
real variable to functions on Banach spaces. The Fréchet derivative has
applications to nonlinear problems throughout mathematical analysis
and physical sciences, particularly to the calculus of variations and

much of nonlinear analysis and nonlinear functional analysis [31].

Definition 2.3 (Fréchet derivative). If we have a function f, which
s defined to be an open subset of U of a Banach space X 1into the
Banach space Y. We say f is Fréchet differentiable at x € U if there
18 a bounded and linear operator T : X — Y such that
th) —
lim LEE I = S@) (2.6)

t—0 t

18 uniform for every h € Sx. The operator T is called the Fréchet

derivative of f at x.

Conversely, if we set th =y and if ¢ — 0 then y — 0. Therefore by
this changes, we have f : X +— Y to be Fréchet differentiable at x € U
if

It y) — @) = Ty

y=0 lyllx

=0 (2.7)

for all y € X.

We have from [23] that a Fréchet derivative belongs to neither X
nor Y, but rather is a bounded linear operator from X to Y (To say
that cos xg is the derivative at xy of the function f : R +— R given by
f(z) = sinz means only that df[x¢]z = zcosxzy for all z € R). In
practice, one can consider & f(z + ty)|—o = D f[z](y) for z,y € X and
t € R, where the left hand side is defined as the Gateaux derivative.
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2.4 Completely monotone and Stieltjes functions

In this section, we present our exposition with a brief survey and anal-
ysis of completely monotone and Stieltjes functions. The reader is

recommended to read [25, 32, 33| for a more detailed analysis.

Definition 2.4 (Completely monotonic function). A function f is
completely monotone on [0,00) if it is continuous on [0,00), infinitely
differentiable on (0,00) and also satisfies

dk
(—1)’“ﬁ (t) >0, fort>0andk=0,1,2,.... (2.8)

According to [24], if f(t) and g(t) are completely monotone, then
af(t)+ Bg(t), where a and § are non-negative constants, and f(t)g(t)
are also completely monotone. It is also proven that, if h(t) is non-
negative function with a completely monotonic derivative, then f[h(t)]
is also completely monotone.

There exist limits of f*) as t — 0 for any k > 0; if those limits
are finite then f can be extended to [0, +00) and (2.8) will also hold
for t = 0 (with strict inequality for all k). Limits at zero need not be
finite, as in f(t) = %, for example. It is clearly seen, that

Jim fH () =0 (2.9)
for all & > 1. The limit of f(¢) at +o0o must be finite and if it is
non-zero, then it has to be positive (for example, f(t) =1+ e ).

It is known (Bernstein’s Theorem) that f is completely monotonic

if and only if .
F0) = [ e (s (2.10)
0

where 4 is a non-negative measure on [0,00) such that the integral

converges for all ¢ > 0. For a proof of this results, see Schilling and
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Vondracek [25]. A consequence of Bernstein’s theorem is that if f is
completely monotone, then (2.8) holds with strict inequality for every

t and every k, unless f is identically constant.

Remark 2.3. Note that the measure p in (2.10) is finite if and only
of
lim f(t) < oc.

t—0
Definition 2.5 (Stieltjes function). A function f : (0,00) — [0, 00) is
said to be a (non-negative) Stieltjes function if it admits a representa-
tion

f(t):%+6+/(0 )H%du@) t>0),  (211)

where o and 3 are non-negative constants and p 1s a positive measure
on [0,00) such that

/(O )(1 + 5) " tdu(s) < oo (2.12)

Remark 2.4. We note from [1] that, if f has a finite limit at the

du(s)
t

over, B = limy_,, f(t). The fact that Stieljes functions are completely

origin, then o« = 0 and f(o 00) < oo by Fatou’s lemma. More-

monotone is proved in [25].

The integral appearing in (2.11) is called the Stieltjes transform
of the measure u. It is apparent that by the dominated convergence
theorem the Stieltjes function is completely monotone on (0, c0), thus
it is a subclass of the completely monotonic function, but we must
also note that not every completely monotone function is a Stieltjes

function.

Theorem 2.5. In [[25], Theorem 2.2/, it is given that Stieltjes func-
tions are completely monotone. A completely monotone function is a

Stieltjes function if and only if the measure p in (2.10) is absolutely
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continuous on (0,00) and its Radon-Nikodym derivative is completely

monotone.

It turns out from [1], that any Stieltjes function has an analytic
extension to the cut complex plane C\(—o0,0]. This property gives
a complete characterization of the class of Stieltjes functions. Let
C,={2€C:Qmz>0and C_={z€ C:Qmz <0}.

Theorem 2.6. [[25], Corollary 7.4] Let f be a positive function on
(0,00). Then f is a Stieltjes function if and only if the limit lim;_,q f(t)
exist in [0,00] and f extends analytically to C\(—o0, 0] such that Sm z
-Smf(z) <0.

Remark 2.7. From [1] we note that, positive constant functions are
examples of Stieltjes functions. It follows easily by basic properties of
analytic functions that a non constant Stieltjes function maps C, to C_.
We also note that if f is not identically 0, then 1/f(z) is a Nevan-
linna function (A complex function which is an analytic function on
the open upper half-plane and has non-negative imaginary part). The

corresponding function 1/ f(t) is then a complete Bernstein function by

[25].

Lemma 2.8. [[1], Lemma 2.12] If f is a Stieltjes function, then so is
f* for any s € (0,1].

We end the section by giving a brief explanation about the implicit

function theorem and also refer the reader to [23, 26] for details.

2.5 The implicit function theorem

In mathematics, more specifically in multivariable calculus, the implicit
function theorem is a tool that allows relations to be converted to

functions of several real variables.
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Theorem 2.9 (Implicit function theorem). Suppose X, Y and Z are
Banach spaces and H is an open subset of Xx Y, such that the mapping
f: H— Z is continuously Fréchet differentiable on H. If (x,,y,) € H,
f(z0,Y0) = 0 and Y 5 y — 9f(x0,9,)(0,y) is a Banach space iso-
morphism from Y onto Z, then there exist an open subset U C X and
V C Y such that x, € U and y, € V and a continuously Fréchet differ-
entiable function g : U — V such that f(z,g(x)) =0 and f(xz,y) =0
if and only if y = g(x), for all (z,y) € Ux V.

Remark 2.10. Note H = {(x,g(z)) : (x,y) € Ux V}.

In practice, if we consider a function f: R3> — R (with continuous
partial derivatives) given by f(z,y, z) = 2% +y?+ 22 — 1. Suppose that
(%o, Yo, 20) 1s a point satisfying f(z,, Yo, 20) = 0 and %(mo,yo, 2,) # 0
but z, # 1,—1 and y, # 1,—1. In this case there is an open disk
M C R? containing (,,%,) and an open interval N C R containing z,
with the property that if (x,y) € M then there is a unique element of
N for which f(x,y,g(x,y)) = 0.

In other words, there is a function g : M — N so that z = g(x,y)
or, we solve for z in terms of the variables x and y. We say that
equation f(x,y,z) = 0 has implicitly defined z as a function of x and
y. In such a case, we are able to explicitly solve for z, for if x > 0 and
y > 0, then 2z = g(x,y) = /1 — 22 — y2 (Note that the function g is
differentiable).

On the other hand, if we were to have chosen x, = 1 and y, = 1,
then we would not be able to find such a function g defined on an open
interval containing 1, for some values of x and y would of necessity be

sent to two different values of z.

Remark 2.11. z = g(z,y) is differentiable with the derivative given

by
dg _ Of 0f dg of of

—==/== and ——=-—--/=-

oxr 0z’ 0z oy oy’ 0z
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3 Fourier Series and Transform on R

In the year 1807, the French mathematician and physicist, Fourier
made an astonishing discovery through his deep analytical investiga-
tions into the partial differential equations modeling heat propagation
in bodies. Fourier introduced the series for the purpose of solving the
heat equation in metal plate and also investigated the decomposition
of a periodic function f into a countable sum of sines and cosines [34],
that is

S 2 2
flz) = % + Zan cos ( ana:) + by, sin ( anx) (3.1a)

n=1

or

fla) =3 cie 7" (3.1b)

neZ

where p is the period of f and ¢, is given by
1 p —2minx
Cp = —/ f(x)e  » dz. (3.2)
PJ-p

In using the orthogonality properties of sine and cosine, he found
simple formulas for the coefficients a,, a,,b, and ¢, and then applied
the techniques in the analysis of the heat equation with periodic bound-
ary conditions. The infinite sum of the right hand side expressed in

(3.1a) and (3.1b) are known as the Fourier series representation of f.

Fourier analysis is an essential component of much of modern ap-
plied (and pure) mathematics. It forms an exceptionally powerful
analytic tool for solving a broad range of linear partial differential
equations and it is also applicable in the field of physics, engineering,

biology, finance, among others. Many modern technological advances,
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including television, music CDs and DVDs, cell phones, movies, com-
puter graphics, image processing, and fingerprint analysis and stor-
age, are, in one way or another, founded on the many ramifications of

Fourier theory [35].

We begin our discussion by introduction Fourier series in Section
3.1. Section 3.2, introduces the periodic functions and extensions and
in Section 3.3, we explore some fundamental properties of Fourier series
related to convergence, differentiation, decay and convolution. Section
3.4 next gives the concept of Carleson-Hunt theorem on Fourier series.
In Section 3.5, we discuss the Fourier transform on L'(R), L?(R) and
the Schwartz space .’(R) and finally we end with Section 3.6, which
gives a brief summary about certain properties of the Fourier multiplier

operators given by classical symbols.

The results in the various sections are mostly stated without proofs
and specific references. The works by Cajori [34], Olver [35], Bogges
and Narcowich [36], Zygmund [37], Jersboe and Mejlbro [38], Strichartz

[39], and Amann [40] covers all topics in this section.

3.1 Fourier series

The preceding section served to motivate the development of Fourier
series as a tool for solving partial differential equations. Our immediate
goal is to give a brief discussion about the Fourier series. A more

detailed discussion can be found in [36, 35].

The coefficients of the full range Fourier series representation of f
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on (—p,p) in (3.1a) is defined by

1 P
a, = ]—?/_p f(z)dz, (3.3a)

1 [P 2mnx
an—]—?/pf(x)cos( ) )dx (n=1,2,3,...), (3.3b)

1 [? . (2mnx B
bn—z—o/pf(x)sm< p )dx (n=1,2,3,...). (3.3c)

If f is 2p-periodic then the series in (3.1a) is a representation of f.
Fourier series is used in representing a given periodic function f(z) in
terms of cosine and sine functions. Calculation of a Fourier series boils
down to computing the coefficients a,, a, and b, and a firm graps of
integration by parts is required to compute these calculations success-

fully.

In applications, it is found that most function are defined on a half-
range interval (0,p) and the 2p-periodic extension of f can be defined
to be an odd function or an even function. Fourier series could still be
used to represent such functions defined on half-range intervals. The
function f can be extended periodically with period p after which, the
extended function can be represented by Fourier series which in general

involves both sine and cosine terms.

Remark 3.1. One of the draw backs in Fourier series is that in order
for a function to have a Fourier series representation, the function
must be periodic. A function f is odd if f(—x) = —f(x) and even if
f(=z) = f(x) for all .

We next discuss the periodic functions and extensions of the Fourier

series.
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3.2 Periodic functions and extensions

Periodic functions are used throughout science to describe oscillations,

waves and other phenomena that exhibit periodicity.

Definition 3.1 (Periodic functions). A function f is periodic with
period 2p if

f(z) = f(z +2p) (3.4)
for all x.

The most important examples are the trigonometric functions, which

repeat over intervals of 27 radians.

Theorem 3.2. If f(z) = f(z + p) is periodic then f(x) = f(x + 2p)

1s also pertodic.

Proof of Theorem 3.2. 1If we let y = x + p then,

flx+2p)=fly+p) = fly) = flx+p) = f(z)

Hence, for any integer n, f(z +np) = f(z) for all z. O

The smallest positive number p for which (3.4) holds is called the
fundamental period or simply the period of f.

Remark 3.3. If f and g are periodic functions with period p then
af(x) + Bg(x) and f(x)g(x) are also periodic with period p, where
a and 8 are constants. The function f(x) = ¢, where c is a constant

18 also a periodic function.

All periodic functions are fully determined on [0, p) or any half-open

interval of length p. For example,

/t - f(a)de = /O " F@)da (3.5)

for any t € R.



3.2 Periodic functions and extensions 21

Definition 3.2 (Periodic convolution). The p-periodic convolution fx,

g between two p-periodic functions f and g is given by
p
frpg= / f(x =y)g(y)dy. (3.6)
0

Theorem 3.4. Let f be a function with a well-defined periodic sum-

mation fs, where

folw) = fla+kp). (3.7)

k=—oc0
If g is any other function for which the convolution fs*, g exists, then

the convolution fs *, g is periodic.

Proof of Theorem 3./.
fsxpg= / fsx = y)g(y)dy

t+(k+1)p
= > /t folz = y)g(y)dy

k=—o0 Y tTkp

Yy y+kp

o'} t+p
= > /t fs(x —y —kp)g(y + kp)dy

k=—o0

= /th [fs(w -y)

fs(x—y—kp) = fs(x—y) by periodicity and from (3.7), we can defined

o0

> gly+ kp)}

k=—o00

the function g by

o0

9:y) = > gly+kp).

k=—o00
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Hence, from (3.5) we conclude that

fs*pg= /Op fs(x —y)gs(y)-

]

Definition 3.3 (Periodic extensions). If f is any function defined in
the interval (—p,p| or [—p,p) then 2p-periodic extension of f denoted
f is defined by

2 fla) if x € (—p,p] orx € [-p,p)
flx)=4q". '
f(z+2p) otherwise .

Theorem 3.5. [[35], Lemma 3.4] If f(x) is any function defined for
—m < x < m, then there is a unique 2m-periodic function f, known

as the 2m-periodic extension of f, that satisfies f(x) = f(z) for all

—rm<zx<T.

One can see [35] for a detailed prove. The construction of the
periodic extension in Theorem 3.5, uses the value f(m) at the right
endpoint and requires f(—n) = f(r) = f(n).

Alternatively. one could require f(7) = f(—x) = f(—n), which, if
f(=m) # f(m), leads to a slightly different 27-periodic extension of the

function. There is no, a priori reason to prefer one over the other [35].

Remark 3.6. A Fourier series can converge only to a 2m-periodic

function.

3.3 Convergence, differentiability, decay and con-

volution

The convergence, differentiation, decay and convolution of the Fourier

series is briefly examine in this subsection and a more detailed discus-
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sion is presented in [36].

The convergence of Fourier series is somewhat important in the
study of Fourier analysis. If we consider a 27-periodic function which
is integrable on the interval [—m, 7], then the Fourier coefficient defined
in (3.2) can be redefined as

1 (" ;
Cn =5 /_Tr flz)e " dx. (3.8)

In a more careful investigation of convergence, the partial sums of

Fourier series defined by

@)=Y cud™ (3.9)

is needed.

Definition 3.4 (Dirichlet kernel). The function

_sin(N + §)z

T
Sln2

N
Dy(x) = Z cne™ (3.10)
n=—N

15 called the Dirichlet kernel.

The Fourier partial sum of f(x) can be expressed through the
Dirichlet kernel:

ful@) = 5= [ Dlo—)rwdy

— 5 | Datste -y

Theorem 3.7 (Riemann-Lebesgue Lemma). If f € L'(—m,7) is a
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piecewise continuous function on the interval —m < x < 7. Then

1

Cp = f( Je "™ dx — 0 asn — +oo.
o

Proof of Theorem 3.7.

Cp = % /_7r f(x)e ™ dg
L —inz —in
—cn:%/_wf(x)e e dx
= S /7T f(x)e’m(z’%)d:c
T —T

1 7r
e e~ g
= o / + Doy
T .
—4re, = [ ( +n) f(y)}e ™y

47T!cn|§/_ f(y+2) f(y)’dy

— 0asn — too.

s
yf—>$—5

]

Theorem 3.8 (Uniform convergence). A sequence of the partial sums
{fn(2)} is said to be uniformly convergent to the function f(x), if the

speed of convergence of the partial sums fy(x) does not depend on x.

We say that the Fourier series of a function f(x) converges uni-

formly to this function if

lim | max [f(x)— fy(z)|| =0. (3.11)

N—oo | z€[—m,7]
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Lemma 3.9. The Fourier series of a 2w-periodic continuous and piece-

wise smooth function converges uniformly.

Theorem 3.10 (Convergence in L?-norm). The space L*(—m, ) is

formed by those functions for which

/ | (2)2dz < oo. (3.12)
We will say that a function f(x) is square-integrable if it belongs to the

space L?. If a function f(z) is square-integrable, then
lim —/ f(z) — f()2dz = 0. (3.13)
That is the partial sums fy(x) converge to f(x) in the norm L.

Remark 3.11. The uniform convergence implies L*-convergence. But

the opposite is not true.

Under appropriate hypotheses, if a series of functions converges,
then one will be able to integrate or differentiate it term by term, and
the resulting series should converge to the integral or derivative of the

original sum [35].

Theorem 3.12 (Differentiation of Fourier series). If f(xz) defined in
(3.1a) and (3.1b) has a piecewise C* and continuous 27 —periodic ex-
tension, then its Fourier series can be differentiated term by term, to

produce the Fourier series for its derivative

f'(z) ~ i[n b, cos(nx) — na,sin(nx)] = i inc,e™ . (3.14)

Theorem 3.13 (Differentiation of Fourier transform). If we differen-
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tiate the basic inverse Fourier transform formula

1 * i€z
f@ﬁ=;§i/wf@ﬁ5%' (3.15)

with respect to x, we obtain

/ _L OOZ'A ik
f@)ﬁﬁ/;fﬂﬂfdé (3.16)

The resulting integral is itself in the form of an inverse Fourier
transform, namely of i k f (&), which immediately implies the following

key result.

Proposition 3.14. The Fourier transform of the derivative f'(x) of a

function is obtained by multiplication of its Fourier transform by i&:

Flf(z)] =i f(&). (3.17)

Similarly, the Fourier transform of the product function xf(x) is ob-
tained by differentiating the Fourier transform of f(x):
df

Flz f(x)] = Zd_f' (3.18)

Corollary 3.15. The Fourier transform of f™ () is (i€)"f(€).

The smoothness of the function f(x) is manifested in the rate of
decay of its Fourier transform f(¢). The Fourier transform of a (nice)
function must decay to zero at large frequencies: f(£) — 0 as |¢] — oo
(This result can be viewed as the Fourier transform version of the
Riemann— Lebesgue Lemma 3.7). If the n'* derivative f(z) is also
a reasonable function, then its Fourier transform ]7(7)(5) = (i6)"f(€)
must go to zero as |{] — oo. This requires that f (€) go to zero more

rapidly than |£|™". Thus, the smoother f(z), the more rapid the decay
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of its Fourier transform. As a general rule of thumb, local features of
f(x), such as smoothness, are manifested by global features of f (€),
such as the rate of decay for large |£|. The Symmetry Principle implies
that the reverse is also true: global features of f(z) correspond to local
features of f (£). For instance, the degree of smoothness of f (&) governs
the rate of decay of f(x) as x — 400 [35].

Uniform convergence of the Fourier series requires at the very least

that the Fourier coefficients goes to zero : ¢, — 0 as n — £oo.

Theorem 3.16 (Decay). [[35], Theorem 3.31] Let 0 < k € Z. If the
Fourier coefficient of f(x) satisfy

> InfMea| < oo, (3.19)

n=—oo

then the Fourier series (3.1b) converges uniformly to a k-times contin-
uously differentiable function f(:c) € C*, which is the 2m-periodic ex-
tension of f(x). Furthermore, for any 0 <1 < k, the l-times differenti-

ated Fourier series converges uniformly to the corresponding derivative
fO(x).
If the Fourier coefficients go to zero faster than any power of n,

e.g., exponentially fast, then the function is infinitely differentiable.

Analyticity is more delicate, and we refer the reader to [37] for details.

Theorem 3.17 (Convolution theorem). If f,g € L'(R), then
frg=Vorfg. (3.:20)
If additionally f,§ € L*(R), then
frg=v2rf*3g. (3.21)

Thus (3.20) and (3.21) hold for all f,g € S(R). Moreover, if f,g €



28 3.4 The Carleson-Hunt theorem on Fourier series

L*(R), then

frg=V2rFNfq) and  fg=V2rfxg

3.4 The Carleson-Hunt theorem on Fourier series

Carleson-Hunt theorem is a fundamental result in mathematical anal-
ysis establishing the pointwise (Lebesgue) almost everywhere conver-
gence of Fourier series of L? functions for p € (1, 00) [38]. If we consider

the Fourier coefficients on 2p-periodic functions on R defined by

/ flz)e " d (3.22)

We write

@)~ =S e (3.23)

2p ne”

to indicate that, under certain conditions on f, this infinite trigono-
metric series converges to f pointwise, uniformly, or in norm. For
example [2], if f € LP(—p,p), p > 1, then the Carleson-Hunt theorem
[38] guarantees that the series converges to f(z) almost everywhere.

If, in addition, f(x) is an even function, the series can be written as

fx) ~ —fo an cos (nm)

where the prime indicates that the first term of the sum is multiplied
by 1/2.

We next examine the the Fourier transform on the spaces L' (R), L*(R)
and .(R).
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3.5 The Fourier transform on L'(R), L?*(R) and the
Schwartz space .7 (R)

The extension of the Fourier calculus to the entire real line leads nat-
urally to the Fourier transform, a powerful mathematical tool for the

analysis of aperiodic functions.

Theorem 3.18 (Fourier transform formula). The Fourier transform

N

F(f) = f of an aperiodic function f is defined by
f6) = <= [ fa)e e (324)
= — x)e x. .
V2m Jr
Theorem 3.19 (Fourier inversion formula). If both f, fe LY(R), then

1 £ i€x
) = = /R f(&)eicede (3.25)

for almost everywhere x € R.

Remark 3.20. [t is not always the case thatf is integrable whenever f
is. Butif f € L*(R), with f, f' and f" in L*(R), we do have f € L*(R).

Lemma 3.21. If f € L'(R), then |f(£)| < = f ()1

Proof of lemma 3.21.

FO1=| 5= [ st
1 > —i€x
< E/wwmue |da
1 o0
= ﬁ/wv(l’ﬂdx

1
= \/—2—7T|\f($)“L1-
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Lemma 3.22. If f,, — f in L', then f, — f in L.

Proof of Lemma 3.22.

76— 7(6)] = ' e | o) = stahe s

< m / Fula) = F(o)]e|da
m / fule) — f(x)|da

= — n xTr) — €T 1
— 0 as n — oo by assumption. O

Lemma 3.23. f({) — 0 as || — oo by the Riemann-Lebesque Lemma
3.7.

Remark 3.24. f(€) is uniformly continuous in R [30].

Theorem 3.25 (Parseval’s theorem). If f belongs to L*|—n, 7|, then
SRT AT EEE N 2
> 1w = 5= [ 1) (3.20

Theorem 3.26 (Plancherel’s theorem). The Fourier transform e-

tends uniquely to a unitary operator F : I*(R) — L*(R). That is

(f. ) 2w = (2 9) 2wy (3.27)

for all f,g € L*(R).

Proposition 3.27. If f € L'(R), f € L*(R) and also if f is as defind
n (3.24), then | fll 2 = || fll2-

Remark 3.28. Fourier transforms on L'(R) and L*(R) coincide on
LY(R) N L*(R).
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The Fourier transform is a linear isomorphism F : ./ (R) — .7 (R),
and if f € (R) then f is uniformly continuous on R. If f and g
belongs to the class . (R) of rapidly decreasing functions, then f/@, f
and ¢ all exist in .#’(R) (the tempered distributions). The space of
tempered distributions .#’(R) is defined as the (continuous) dual of
the Schwartz space.”(R). We refer the reader to [39] for a precise
details on the Fourier transform on . and also the Fourier transform
of tempered distribution.

Finally, we end the section with a brief discussion of Fourier mul-

tipliers on Hélder spaces.

3.6 Fourier multipliers on Holder spaces

We introduce a brief summary of certain properties of the Fourier mul-
tiplier operators, given by classical symbols for the purpose of our
analysis. We refer the reader to [40, 39] for a more detailed argument.

A smooth, real-valued function g on R is said to be in the symbol
class §™ if for some constant ¢ > 0 and any non-negative integer k,

the estimate
0Fg(&)] < c(1 4™ (3.28)

holds. If o > 0 is real, we may consider those functions in L? such that

/ (1+ [€)°1a(6)|2de (3.20)

is finite to define the Sobolev space H2.

Remark 3.29. Notice that since 1 < (1+[€|?)® the finiteness of this in-
tegral implies [ |£(€)[2d€ < 0o which implies f € L? by the Plancherel

theorem.
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4 The Generalized Whitham Kernel

In this section, we discuss the generalized Whitham kernel and its prop-
erties. We will first review the monotonicity property of the generalized
Whitham kernel and next discuss the limit property of the generalized
Whitham symbol. We then finally end the section with some discus-
sion on the convolution operator L,, of the generalized Whitham kernel.
One should note that not all theorems are proved, hence we refer the
reader to the necessary reference for a detailed proof.

Whitham [9] introduced the Whitham equation (1.1) after recog-
nizing the problems of the Korteweg-de Vries (KdV) equation (a model
equation for water waves). The equation was introduced with the ker-
nel defined in (1.2). A more precise details about the Whitham kernel
(1.2) is presented in [1, 2].

In our discussion we will consider g, h, ~ 1 in (1.3) and examine
the generalized Whitham kernel defined by

— 1 1T
Ki(w) = FHm©)) = 5 [ mi@eae (@)
T JR
where m(€) is the generalized Whitham symbol for which we will
define as
A tanh &)
ms(§) = K(§) = < az 5) : 0<s<l (4.2)

4.1 Monotonicity property of the generalized
Whitham kernel

Our aim is to show that the generalized Whitham symbol (4.2) be-
longs to the class of completely monotone functions. A more general
theory can be found in the monograph [25], although we only skew the

discussion to the generalized Whitham symbol.
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The generalized Whitham symbol can be represented as m (&) =
F(€2), where

fA) = (%) : A>0and 0<s<1. (4.3)

It is clearly seen that f(\) is positive on the interval (0,00) and also
has a finite limit as A — 0. That is

hva )
-1 ()

i sinh v\ 1 ’
= lim .
VA coshv\

I sinh v\ . 1 ’
= 1m - 111
A—0 \/X A—0 COSh \/X

=1< 0.

Theorem 4.1. [[1], Proposition 2.20] Let g and f be two functions
satisfying g(&) = f(€?). Then g is the Fourier transform of an even,
integrable and completely monotone function if and only if fis Stieltjes
with limy o f(A) < oo and limy_,, f(A) = 0.

Proof of Theorem j.1. See [1], Proposition 2.20 for proof. O
Proposition 4.2. (h()))® is a Stieljes function for any s € (0,1).

Proof of Proposition 4.2. We can observe that the function f in (4.3)
has a limit 0 as A — oo and 1 as A — 0 (see Section 4.2). It is then
left to show that f is a Stieltjes function and to proof this we consider

a function h which is defined by

h(\) = <%) A>0. (4.4)
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and f(A\) = (h(M\))®. It is noted that the reciprocal of h())

VA

A —
tanh v\

is positive on (0, 00) with the finite limit 1 as A — 0, and extends to
an analytic function on C\(—o0, 0] if we let v/A denote the principal
branch of the square root. It also maps C, to C,. By a straightforward

calculation it can be shown that

N z S zcosh z
Jm(tanhz) Jm( sinh z >
:%m<z(e +e?) (e —e?)

=) e-er)

Sm z(2sinh(2Re z) + 2isin(2Jm z))

’6'2 _ efz‘2
2
= ﬁ(gm zsinh(2Re z) — Re zsin(2Jm z))
eZ — e*Z
4
> ﬁ(gmz%ez — RezQqm z)
eZ _ e*Z

=0

when Re z, Sm z > 0 from which it follows that Sm(v/A/ tanh v/A) > 0
when Sm A > 0. This implies that A — tanh+/\/v/X satisfies the
conditions of Theorem 2.6 and Remark 2.7, hence the function h is a

Stieltjes function. In agreement with Lemma 2.8, we can then say that
(h(X))® = f(X) is a Stieltjes function. O
Remark 4.3. [t must be noted that sinh(z) = —isin(iz), sinhz >

z and sinz < z, for z > 0.

The generalized Whitham kernel K(x) in (4.1) is completely mono-
tone on (0,00). In particular, it is positive, strictly decreasing and

strictly convex for x > 0 as proved by [1].
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Ehrnstrom and Wahlén remarked in [1] that an alternative ap-
proach to obtaining the positivity and monotonicity properties of the
Whitham kernel is to study the functions —xD, K (z) and #?D?K (x).
And that these functions are regular at the origin and one can show
that their Fourier transforms D¢(§my(€)) and DZ(£%ms(€)), respec-

tively, are positive definite.

4.2 Limit property of the generalized Whitham
symbol

Limits are essential to mathematical analysis in general and are used
to define continuity, derivatives and integrals. We will in this section
examine the limit properties of the generalized Whitham symbol and

kernel.

It is clearly seen that the function m,(£) in (4.2) is real analytic,
even and strictly decreasing on (0, 00). The generalized Whitham sym-

bol takes the following limits:

lim my(§) = lim (tanh§>

£—0 £—0

_ [y sinh & ! 1 ’
— o § £50 cosh &
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lim mg(§) = lim (tar;hf)

i sinh & 1 ’
= lim .
£—00 & coshé

poosinhe ’
= im - lim
oo £ g—oocoshé

=0

since limg_,, 1\ cosh ¢ rapidly turns to 0. This also holds by Lemma
3.23. Consequently,

/OO Ku(x)do = 1. (4.5)

Proof of (4.5). If f € LY(R), then

/R f()dz = £(0) = / foye| s

/RKS(:E)dx _ K, (0) = <t““;h5>s‘£0 _ 1.

We can therefore deduce from the proof of (4.5) that

st (429}

Thus, it can be shown that K, € L'(R) in the following way. Since

= 1.
L (R)

the function mg(&) is analytic, the inverse Fourier transform has rapid
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decay. Thus, splitting the integral according to

1Kl = / K (2)|da

:/ K, (2)|dz +/ K, (2)|de

jal<1 ja]>1

it is plain that K, has finite L'(R)-norm. In fact, this argument es-
tablishes more generally that K, € LP(R) for 1 < p < 2, [2].

Remark 4.4. We note that the smooth and even function mg(§) is in-
creasing in (—oo,0) and decreasing in (0,00), reaching its global maz-
imum of unit size at & = 0. As || — o0, it vanishes with the rate

€.

We finally in the next section briefly discuss some properties of
the convolution operator and also examine how it acts on periodic

functions.

4.3 The convolution operator L,

The convolution operator from the Whitham map is much needed in
our bifurcation analysis and it is necessary that we know it properties.
We refer the reader to [2, 12, 13] for more details. We define the
convolution operator by

L, =K, *. (4.6)

Theorem 4.5 (Bounded linear operator). L., is a bounded linear op-
erator on L*(R), if for f € L*(R) then ||Ly fllr2m) < ||l z2m)-

Proof of Theorem 4.5. In applying Theorems 3.26 and 3.17, we have
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that

| L fll 2@y = IF (L)l 22wy
||/ tanh £,
_M 5)f@
<N Fllzew)
= || fllz2w)

L2(R)

Theorem 4.6 (Symmetric bounded linear operator). The operator
Ly, is symmetric on L*(R); if f,g € L*(R), then (Luf,9)2®) =
(f, Lwg)r2(w)-

Proof of Theorem /.6. We apply Theorem 3.26 and also suppose f, g €
L*(R), then we have that

(Lwf), F(9))2m)
/fwf Jde
—A(Wfﬂf@<>s

= (f, Lwg) L2(m)-

( wl g)L2(R)

It follows that L,, is a symmetric bounded linear operator on the space
L*(R). ]

We next discuss how the convolution operator acts on periodic func-
tions. If f € L*°(R) is periodic and even and that since K is in L'(R),
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then by Theorem 3.4 we can write the integral

/ T Koy = Y / Ky — y + 2np) £ (9)dy

n=—oo
[e.9]

_ /( 3 Ks(x—y+2np))f(y)dy

—-p n=—oo

The definition T'(z) shows that it is 2p-periodic, even and contin-
uous on [—p,p]\{0} by (3.7). It is proved by Ehrnstrom and Kalisch
n [2] that T'(z) belongs to LP(—p, p), for 1 < p < 2 using Minkowski’s
inequality. Therefore, according to Carleson-Hunt theorem [38], T'(x)
can be approximated pointwise by its Fourier series. Thus from Section

3.4, we have

RPN
T(x)= I_?Z/Tn Ccos (%) a.e., (4.7)

n=0

where the Fourier coefficients of T" are given by

fn:/ K(x + 2kp)e S dr

Pr=—co

x— x+ 2kp

z(z+2kp)n7'r
= Z / K(x + 2kp)e dx

k=—o00

:/K o
:f(( )
P
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One can observe that the periodic problem is given by the same mul-

tiplier as the problem at hand, hence we have the representation
Lyf =Ksx f(z)

e, ; ~

== Z'fnTn coS (w)
P p

LS (o ().
p = p p

We will now in the next section discuss the local bifurcation for the

Whitham equation which will later be extended to the global continu-

ous curves of solutions in Section 6.
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5 Local Bifurcation for the Whitham Equa-

tion

In this section, we will discuss the local bifurcation in relation to
the Whitham equation by first investigating the existence of travel-
ing waves. The section is then ended with a discussion of the local
bifurcation theory (the reader is referred to [3, 2] for a more detailed

work).

The solution of the Whitham equation is defind on the space C¢,.,,
a € (0,1), that is the space of even and a-Hélder continuous real-
valued functions on the unit circle S. We also take into consideration
that the convolution operator (4.6) is a bounded linear operator (The-
orem 4.5) on C%..(S) — C&ES(S) for a + s ¢ Z. Bifurcation theory
is the mathematical study of changes in the qualitative or topologi-
cal structure of a given family, such as the integral curves of a family
of vector fields, and the solutions of a family of differential equations
[41, 42].

Most commonly applied to the mathematical study of dynamical
systems, a bifurcation occurs when a small smooth change made to
the parameter values (the bifurcation parameters) of a system causes
a sudden 'qualitative’ or topological change in its behaviour. Bifurca-
tions occur in both continuous systems (described by ODE’s or PDE’s)
and discrete systems (described by maps). Two main principal classes

are known as the local and global bifurcation [43].

5.1 Existence of periodic traveling waves

In considering steady solutions with the propagation speed ¢ > 0 of a

right-going traveling wave, we make the usual ansatz n(z,t) = p(z —
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ct). Using this form, the equation (1.4) transforms into

3¢,
— e + g F Kk =0 (5.1)

which may be integrated to

3¢,

P Kxp =5 (5.2)

—co+
for some real constant 5. For solutions ¢ € LQ(R), it appears that the
convolution K * ¢ is in L?(R) since K, is in L*(R) as shown in Section
4.3. Therefore, the left-hand side must vanish as |z| — oo, and we
shall consider the only case for which g = 0 [2]. The scalings %@ —
and iKs — K then yield the normalised equation

— e+ >+ Kixp=0 (5.3)

where p := ¢\¢, is the non-dimensional wave speed.

Alternatively, we can also consider the scalings ‘%gp —  which
yields the normalised equation
5 1

We refer reader to the Crandall-Rabinowitz bifurcation theorem [2, 44]
for details on the following theorem and lemma. The proof of the

theorem is an adaption of the one in [2], but for general s € (0,1).

Theorem 5.1. For a given p > 0 and a given depth h, ~ 1, there exists
a local bifurcation curve of, 2p-periodic, even and continuous solutions
of the weak Whitham equation (5.4). Those solutions are perturbations

in the direction of cos(mz/p), and their wave speed at the bifurcation
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point is determined by the full dispersion relation

o = (ZMY (5.5)

™

In particular, as p — oo we have ¢* — 1.
Here and elsewhere, D, is the Frechet derivative with respect to c.

Lemma 5.2. Let W be a Banach algebra, ¢ € I := (0,1) a parameter,
and let L : W — W be the Fréchet derivative at O with respect to u of
the Whitham map

1
uru— -Kgxu—u® = F(u,c). (5.6)
c

Suppose that L and D.L exist and are continuous from W — W, and
that for some ¢* € I the following conditions hold:

(i) dim ker(L) =1;

(ii)) W = ker(L) ® ran(L);
(iii) (D.L)ker(L)Nran(L) = 0.
Then there exist € > 0 and a continuous bifurcation curve {(cx, ¢x) :
|k| < e} with cxlu—o = c*, such that g is the vanishing solution of

(5.4), and {px}tx s a family of nontrivial solutions with corresponding

wave speeds {¢,}y. Moreover, we have
dist(x, ker(L)) = o(k) in W. (5.7)

Proof of Theorem 5.1. We begin the proof by first defining the Fréchet
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derivatives £ and D.L:

1
L=D,F(0,c) =1— -Kg*
c
1
D.L = D.D,F(0,c) = — K *.
c
In search for a traveling solution we consider first the linearized equa-

tion

£¢:¢—%KS*¢:0. (5.8)

For ¢» € L*>(R), the Fourier transform of L is given by

U
b= KD
A R
:w_EKs¢

This makes sense in the settings of distributions (see [39]).

If ¢ > 1, we have that @E(f) =0 for all &; If ¢ = 1 implies z@(f) =0
for all € # 0. The support of 1 is then define by supp(s) C {0}
which also implies that ¢ is a linear combination of do, 90,00, - - . and
that Fdp = 1 , hence ¢ = constant; and if ¢ < 1, then there exist
+¢, such that ¢ = (tanh&,/&,)* and ¥(€) = 0 for all £ # +£,. The
support of 1 is then define by supp(lﬁ) C {£¢&,} which also implies
that ¢ = acos(&,x) for a € R.

In summary, the nontrivial even solutions of the linear problem are
thus given by
U(r) =« if ¢=1,
Y(z) = acos(§x) ife< 1.

(5.9)
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We note that the constant solutions different from zero are nonphysical,
hence we get rid of it in this analysis. The speed ¢ > 0 will be our
bifurcation parameter as we fix the depth h, ~ 1 and half wavelength
p > 0 for the purpose of finding even periodic small amplitude solutions
by bifurcating from a curve of trivial flows. It is then clear from (5.9)

that, in any real linear space of 2p-periodic and even functions,
dim ker(£) =1

if and only if & = n7/p, n € Z* [2]. We have a unique ¢ as in (5.5), if

we settle for the lowest mode by taking n = 1.

We now introduce the commuting Banach algebra

W= { Zun os( > sl ::%Z’|ﬂn|<oo}.

= (5.10)
as we look for even, continuous and periodic solutions [see Section 3.4].
One much note that each member of W is uniformly continuous on all
of R. We then consider the Whitham equation as a continuous map
(5.6) from W to itself. We have at the very end of Section 4.3 that
the periodic problem is given by the same multiplier as the problem at
hand. As such,

Lu = {1—1[(3*}11
c

=u——-K;xu
c

1 & 11 .
== E "4, cos (@) S ——— "4, T, cos <m>
— p

AE (- a)ee()
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Hence

1 — 1,
Lu ~ — Z'ﬁn (1 — —Tn> cos (@) (5.11)
P> ¢ p
holds almost everywhere on [—p, p|. By Theorem 3.7 (Riemann-Lebesgue
lemma), T, = 0asn — oo, which implies that the right-hand side is

in W, hence continuous, and by the definition of the norm in (5.10) we
have that

n=0
1 — 1.
SE(-)
pn:O ¢
1 — 1.
== Vi) |1 = =T,
pn=0 ¢
1 ~ )\ 1 —
< (1 + —max{Tn})— ||
cn pn:O

1 .
= (1 + - maX{Tn}> |||

so that £ : W — W is continuous. Since also the left-hand side is
continuous, (5.11) is an equality, which in its turn implies that the full

nonlinear Whitham map

1
ursu— ~Kyxu—u? = Lu—u’ (5.12)
c

is a continuous endomorphism on W, since this is an algebra. The fact

that ker(L) = spang(cos(mx/p)) corresponds to

Ty =T(1) = K, <5> - (M)s =c (5.13a)

P ™
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and

T(n)#c for n#1. (5.13b)

To show that codim ran(L£) is one dimensional, we consider a given
u € W. Take u* € W with u*(1) = 0, and u*(n) = a(n) for n # 1.
Then the function

- () o

n=0

is well defined and belongs to W (this can be seen from Section 4.3,
but it also follows the Riemann-Lebesgue lemma in combination with
(5.13)). From (5.11), we can rewrite v(z) by

v(z) = L7 (). (5.15)
Consequently,
R nmw
u(z) = = u(n)cos | —
0= > it (")
I,  1- %T(n) (mr:p) u(1) (7?$>
= - u(n) ——cos | —— ——=cos [ —
p = 1 - 17(n) p p p
a7 A i(1
= 1Z’u*(n) : (n) cos (mrx) + a(l) cos (E)
p = 1— 17(n) p p p

so that W = ker(L) & ran(L). The derivative with respect to the

bifurcation parameter c is

1
(D L)u = = K * . (5.16)

c2
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Hence, by the same arguments as above, we have that

nmx

(DeL)u = LQ i "i(n)T(n) cos <—) (5.17)

pc p

n=0

is bounded as a map on W, that is ||(D.L)ull < (5 max,, {T'(n)})||ul|.

In particular,
(D L)ker(L) Nran(L) = ker(£) Nran(L) = 0. (5.18)

O

5.2 Local bifurcation theory

Local bifurcation occurs when a parameter change causes the stability
of an equilibrium (or fixed point) to change [41]. Let C2..(S),a €
(0,1) denote the space of even and a-Hélder continuous real-valued
functions on the unit circle S. The Whitham symbol in (4.2) is consid-
ered as a generic non-local smoothing operator in the form of a Fourier

multiplier, that is

_ (tanh¢ 5< 1 - 1
0= (U¢5) S g WL 6w

We can then say that m belongs to the symbol class S™*(R) and there-

fore its estimate is given by

11

k < ~ ) 2
et = gt ™ e 20
Remark 5.3. We must also note that
tanh & < 1 1 (5.21)

& S1+e T Gt
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To illustrate how the analysis used for the Whitham equation can
be applied to a larger class of equation, a local bifurcation is performed
for the Whitham equation.

We shall make use of ([3], Theorem 3.1), which we state in a form
suitable for our purposes. The proof of Theorem 5.4 is almost the same
as the one in [3], but we discard the KdV equation and only consider

the generalized Whitham equation (1.4).

Theorem 5.4 (Functional-analytic formulation). For a fix o and p >
0, the solutions in C<.,.(S) of the Whitham equation (5.3), coincide

even

with the kernel of an analytic operator F : C% . (S) X Rsg — C2 .. (S)

given by
F(p, 1) = p — Lup + N(p) (5.22)

where L., is bounded linear and compact and the non-linear opera-
tor N(p) has zero linear part, meaning that D,N|[0,u] = 0. Thus
D,NI0, p1] is Fredholm of index 0.

Remark 5.5. The operators L and N are independent of .

Proof of Theorem 5.4. We first consider the Whitham equation (5.3)
and defined L,, as in (4.6). C<.,.(S) is a sub-algebra of the Wiener

even

algebra of 2m-periodic functions with absolutely converging Fourier
series [45]. Hence for f € C% .. (S) and from (3.1a) we have that

flz) = Zak cos(kx) and Z |lag| < oco.
k=0 k=0

Now, from (4.6) we have

Luf(z) = K, % f(2) (5.23)

S (tar]lghk’ ) cos(k). (5.24)

k=0

o0
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The Fourier multiplier symbol in the above expression belongs to the
symbol class S7*(R) as shown in (5.19) and L, f is bounded linear
operator on C%_ (S) — C%t5(S) for a + s ¢ Z. That is from (3.29),

even even

(5.19) and (5.21) we have that

Lo e / (EaF) ()P + [€P)de

B tanh €\ ° . . |° N
—/( 5 )f(é) (14 J¢])de
fe) o

< [ 0+ e

N fe o
/—(1+|5|) (14 [¢])de

/|f 2(1 4 [¢)nvde

= |f’HO‘*5(R)'

Since L,, : H** — H" is continuous implies that L, : H* — H**s
is also continuous, hence L, is invertible with bounded linear inverse
:Cos(S) — €2, (S). Due to the compactness of the embedding

EvVEN even

CB (S) — C9..(S), 5 > «, the operator is compact on C . (S). We

even even even

then define the mapping L,, : C2,.,,(S) x Ry — C2.,.(S) by

even

Fu(o, 1) == pp — Lytp — 2, (5.25)

where F,, is analytic. We also have F,,(0, ;) = 0, and the linearization
D,F,[0,pu] = pp — Ly, is Fredholm of index 0. O

We restate ([3], Corollary 3.2) as we consider the general s € (0,1).
The proof is almost the same as the one in [3], hence we refer the reader

to the exact reference for proof.

Proposition 5.6. For each integer k > 1, there ezist uy, := (tanh(k)/k)*
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and a local, analytic curve

&= (p(e); 1(€)) € Cien(S) x (0,1)

of nontrivial 2w /k-periodic Whitham solutions with D.p(0) = cos(kx)
that bifurcates from the trivial solution curve i — (0,1) at (¢(0), u(0)) =
(0, ug). In a neighborhood of the bifurcation point (0, py) these are all
(S) x (0,1), and there are
no other bifurcation points u > 0, # 1, for solutions in C2 ., (S).

even

nontrivial solutions of F,(¢, ) =0 in C2,
At p = 1 the trivial solution curve p +— (0, u) intersects the curve
= (u—1, 1) of constant solutions p = u — 1; together these consti-
(S) in a neighborhood of (p, 1) = (0,1).

tute all solutions in C¢, .,

Proof of Proposition 5.6. See Corollary 3.2 [3] for proof. O

We finally in the next section discuss the global bifurcation for the

Whitham equation.
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6 Global Bifurcation for the Whitham Equa-
tion

In this final section we study the global bifurcation for the Whitham
equation (1.1) and some properties along the bifurcation branch (Uni-
form convergence and the characterization of blow-up).

The sections are being structured as follows. In Section 6.1 we
discuss the boundedness and smoothness of the Whitham solution,
while Section 6.2 discusses the global bifurcation theory. Section 6.3
next introduces the Lyapunov-Schmidt reduction theory in relation to
the global bifurcation of the Whitham equation. Section 6.4 proceeds
by establishing the bifurcation formulas and finally in Section 6.5, we
discuss the properties along the bifurcation Branch.

The discussions in this chapter follows a similar pattern as pre-
sented by Ehrnstréom and Kalisch in [3]. In this present discussion we

consider the generalized Whitham symbol described in (4.2) instead of

K(€) =/ tar;hg (6.1)

as defined in [3]. The theorems in this section are true for the convo-

lution operator L,,, which maps C® into C*** for a + s & Z, but for

simplicity we will assume o + s < 1 where a < s.

6.1 Boundedness and smoothness of the Whitham

solution

Global bifurcations occur when ‘larger’ invariant sets, such as periodic
orbits, collide with equilibria. This causes changes in the topology
of the trajectories in the phase space which cannot be confined to a

small neighbourhood, as is the case with local bifurcations. In fact, the
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changes in topology extend out to an arbitrarily large distance (hence
‘global’) [42].

Let F,, be the Whitham operator from Theorem 5.4, defined by
(5.24) and (5.25). With

U= {(so,u) € 0o (S) X (0,1) < g} (6.2)

we let
S=A{(g,n) €U : Fy(p, p) =0} (6.3)

be our set of solutions (we refer reader to [1] for a detailed proof of the
choice of U and 5.

The Lemmas 6.1, 6.2 and 6.3 follows strictly with few details added
to the ones found in ([3], Section 4). We also assume that these lemmas

are true for the generalized Whitham equation.

Lemma 6.1 (L*™-bound). Let u > 0. Any bounded Whitham solution
satisfies
lplloo < g+ (| Luoll £zoo(s)) (6.4)

where L(X) denotes the Banach algebra of bounded linear operators on

a Banach space X.

Proof of Lemma 6.1. From pp — L, — ¢? = 0 we have that
o = | — Luw

< plp| + [ Loy
< plop] + || Lol czoe ) 1] so-

We take the supremum and divide by [|¢||e, then we have (6.4). O

Lemma 6.2 (Fredholm). The Fréchet derivative D,Fy,[p, 1] is a Fred-
holm operator of index O for all (¢, ) € U.
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Proof of Lemma 6.2. We have
DyFylp, ] = (n — 2¢)id — Ly,

and, for any given (p, ) € U, that (u—2p)id € Li(C2

even

(S)). In view
of that L,, is compact on C*(S), the operator D, F,[¢p, p1] is Fredholm.
The linearization D,F,[0, i) has Fredholm index zero along the trivial

solution curve; we have
T (1 — 279)id — Ly, € C([0,1], L(C*(S)),

and since the index is continuous in the operator-norm topology, it

follows that it is zero also at (¢, p1). O

Lemma 6.3. Whenever (o,p) € S the function ¢ is smooth, and
bounded and closed sets of S are compact in CS,,.(S) x (0,1).

even

Proof of Lemma 6.3. We write the Whitham equation (5.3) in the form

p\*  p
S
(p-5) =4 - tu

where we have ¢ to be

@ZFWMWZg—(ﬁ—LWJ? (6.5)

The mapping L,, is bounded and linear C*(S) — C***(S) (proof of
Theorem 5.4), and x — /7 is real analytic for x > 0. Consequently, if

we let

V= {(gp,u) € C(S) x (0,1) : 'MZQ > ngo},

then F is real analytic V — C*5(S). The space C*T5(S) is relatively
compact in C*(S), whence F maps bounded subsets of V into pre-

compact sets. We may then prove:
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(i) (Smoothness). For any ¢ € S there exists a constant R; such
that supp < R; < /2. Since ¢ is a fixed point of F'(, 1) we have
(p, ) € V. A straightforward induction argument reveals that
p € C(S).

(ii) (Compactness). Let K C S be bounded and closed in the
C(S) x R-topology. Then K C V, and {p: (p,p) € K} = FK
is pre-compact in C*(S). Any sequence {(¢;, ;) };>1 C K thus
converges to a pair (¢, i) in the C*(S) x R-topology. The fact
that K is closed implies that (g, 19) € K, whence K is compact.

]

We next introduce the concept of global bifurcation in relation to
the Whitham equation.

6.2 Global bifurcation theory

We shall make use of the global one-dimensional branches theorem
([23], Theorem 9.1.1), which we state in the form suitable for our pur-

poses.

Theorem 6.4 (Global bifurcation). Suppose (0, 1) € U and F,,(0, u) =
0 for all p € R. If also the Lemmas 6.2 and 6.3 hold then, the local bi-
furcation curves € — (p(e), pu(€)) of solutions to the Whitham equation
from Proposition 5.6 extend to global continuous curves of solutions
Rsg — S, with S as in (6.3). One of the following alternatives holds:

(i) |(¢(e)]lcars) — 00 ase — oo.
(ii) (¢(€), pu(e)) approaches the boundary of S as € tend to oco.

(#ii) The functione — (p(g), u(e)) is T-periodic, for someT € (0, 00).
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We can rely on Lemma 6.2 and 6.3 and show that, for ¢ > 0 taken
to be sufficiently small, u(e) is not identically equal to a constant; that
is if any of the derivatives ;(*)(0) # 0. In our case it turns out that
£1(0) = 0, however one can show that ji(0) # 0.

We apply the Lyapunov-Schmidt reduction in other to establish
this. In other to discuss the Lyapunov-Schmidt reduction and the bi-
furcation formulas in the next two sections we first defind some equa-
tions that are suitable for our purposes. Let p* := p; be the bifurcation

point from Proposition 5.6 and let

©*(x) = cos(z). (6.6)

Let furthermore

M := { > " aycos(kz) € (J‘“(S)}, (6.7)

kA1
and
N :=ker(D,F,|0, 1*]) = span(y*). (6.8)

Then C2_.(S) = M @ N and we can use the canonical embedding

even

C*(S) = L*(S) to define a continuous projection

nl P = <§07 ()0*>L2(S)S0*7 (69)
with '
(U, v) 2@y = — /uv dx. (6.10)
T Js

6.3 Lyapunov-Schmidt reduction

The Lyapunov-Schmidt procedure is a method for reducing the ques-
tion of existence of solutions to an infinite-dimensional equation, locally

in a neighbourhood of a known solution, to an equivalent one involving
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an equation in finite dimensions, quite commonly (though not always)

in just two dimensions [23].

Theorem 6.5 (Lyapunov-Schmidt Reduction [44]). There exist a neigh-
borhood O x'Y C U around (0, ;*) in which the problem

Fylp, 1) =0 (6.11)

18 equivalent to that

D(ep”, p) == UF,(ep™ + ¥(ep”, 1), 1) = 0 (6.12)

for functions ¢ € C*(OnxY, M), ® € C*(OnyxY,N), and Oy C N

an open neighborhood of the zero function in N. One has
®(0, u*)

(0, ")
Dy (0, 1)

Y

0
0,
0

Y

and solving the finite-dimensional problem (6.12) provides a solution

¢ =cp" +P(ep”, 1) (6.13)
of the infinite-dimensional problem (6.11).

We next discuss the concept of bifurcation formulas in relation to

the solution curve (bifurcation curve) of the Whitham equation.

6.4 Bifurcation formulas

The shape of the bifurcation curve follows from the bifurcation for-
mulas. If D2 F,[0, u*](¢*, ¢*) & R(D,Fy[0,4*]), the number £1(0) is

nonzero, and the bifurcation is called transcritical (see Figure 1).
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However, if D2 F,[0, u*|(¢*, ¢*) € R(D,F,0,1*]) then £(0) and
the local shape of the curve is determined by ji(0). Now, if 4(0) < 0,
the bifurcation is subcritical, and if ((0) > 0, it is supercritical. In

both cases the diagram is referred to as a pitchfork bifurcation (see

A >
BEREm P aRRRIAN:

transcritical subcritical supercritical

Figure 1).

Figure 1: An illustration of the pitchfork bifurcation.

The bifurcation formulas in ([3], Theorem 4.6) is modified with

general s € (0,1). The proof is also an adaption of the one in [3].

Theorem 6.6 (Bifurcation Formulas). Let

" = (tanh(1))",
1
C’1 - /.L* _ 17

and

1
(=)

The main bifurcation curve (k = 1) for the Whitham equation found

Cy =
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in Proposition 5.6 satisfies
1
¢(e) = ecos(x) + &2 <§C’1 + O cos(2x)> + 0(?), (6.14)

and
p(e) = p* + (0L + Ca) + O(%), (6.15)

in C%..(S) x (0,1) ase — 0. In particular, ji(0) < 0 and Proposition

even

5.6 describes a subcritical pitchfork bifurcation.

Proof of Theorem 6.6. The analysis for p is perform first, followed by
that of . It is known that € — pu(e) is analytic at ¢ = 0 and that
1(0) = p*, however it remains to show that /1(0) = 0 and also to deter-
mine ji(0). We refer to [[44], Section 1.6] for the bifurcation formulas
used in this proof. We have that

D3 Ful0, 1] (¢", ¢") = =20,
2 *] ok *
D3, Ful0, p*p* = ¢,
and the value of /1(0) may be explicitly calculated as

a(0) = - LPe 01l ) e _,
2 (D2, Ful0, 1*]9*) 12(s) ’

since

/COS3(1‘) dxr = 0.
S

Moreover, when f1(0) = 0 one has that

. 1 <Dg3;gogoq)[07 :U’*](Qp*a 90*7 QO*)a 90*>L2(S)
ji(0) = —= e . (6.16)
3 (D2, Fu]0, p*]p*) 2(s)

Since D2, F,[0, u*] = id we find that the denominator is of unit size.
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One calculates

D, @[, ple* = LUD,Fy,[e + (o, 1), p(¢" + Db (@, 1)),

D2, ®[p, ul(¢", ¢")
=1L D2 Fule+v(p, 1), pl(@* + Dto(, p)*, " + Dyip(p, 1) ¢")
+ 1D, Fylp + ¥(e, 1), n] D} 0le, pl(9*, "),

and, in view of that F), is quadratic in ¢,

D}, @, ul(¢*, ", ")
=31L D2 F,[p + ¥, 1), 1) (¢" + Dptb(i0, p)™, D20, 1l (0", ¢%))
+ LD, Fulp + ¥(e, ), n] D) 00, pl(9*, 0", ).

Applying the form of D,F,, together with that

Y(0, 1*) = Dyy[0, ¥l = 0
one finds that

3 * * * *\ *: 3 * * * *
Do @10, (9", %, ") = L (i — L) D, 1[0, 7] (907, 07, %)
(6.17)

We have ran(p*id — L,,) = M, so that II(p*id — L,,) = 0. We thus need
to determine ©*D? 1[0, u*](0*, ¢*). Since D F,[0, ] = pid — Ly, is

an isomorphism on M, it is possible (see again [[44] Section 1.6]) to
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: 2 * * *
rewrite D7 [0, u*](¢*, ¢*) as

)
€ ©
S
=
=
=
%
3
\.*
©
N
I
|
T
A
S
=
=
.
\/\.1
o
|
E
T
S
A
&
=
=
%
3
\.*
©
N

= (D Fu[0, 1*]) 7 (2 cos?(x))

— (D Fy[0, 1) (1 + cos(2e))
1 N cos(2x)

=1 e <M>

(6.18)

After multiplication with cos(x) this equals
3
C(:sixi N cost(xi(g) . cos(t :ch)(Q) .
ot e () 2 - ()

In view of (6.16) and (6.17) the coefficient in front of cos(z) equals

1i1(0). All taken into consideration, we obtain (6.15) via a Maclaurin

series, and one easily checks that ji(0) < 0.

To prove (6.14), we make use of the formula

p(e) = ep™ +Y(ep”, u(e)) (6.19)

from the Lyapunov-Schmidt reduction (cf. Theorem 6.5). We already
know that ¢(0) = 0 and $(0) = cos(z), so it remains to calculate ¢(0).
It follows from (6.19) that

$(e) =D3 [0, 1] (", ¢*) + 2D [0, 1] (0", 2(0))
+ D200, 11(41(0), 2(0)) 4+ Dyu[0, 1*142(0).

Since ¢(0, u) = 0 where 9 exists, we have D,1(0, 1*) = 0. Combining
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this with £(0) = 0 one finds that

$(0) = D,[0, p] (cos(x), cos(x)),
so that the proposition now follows from (6.18). [

Remark 6.7. We note that

Qg
o W — <tan2(k))

We next discuss some properties along the bifurcation branch of
the Whitham equation.

(" — L)~ Z ay cos(kx) = s cos(kzx).

6.5 Properties along the bifurcation branch

In considering a sequence of Whitham solutions (¢, tt,) € S where
tn € (0,1), then Lemma 6.1 implies that ¢, is uniformly bounded in
C(S). That is

lollze < lluelloo + Ll @llelloo = (1l + Dol

so that (¢,), is bounded whenever (i), is bounded. We know that
the kernel K, of the Whitham equation is integrable and continuous
almost everywhere, hence we can claim that any uniformly bounded
sequence of Whitham solutions (i.e in L, (IR)) is equicontinuous (Proof
of Theorem 4.1, [2]). The Arzela-Ascoli Lemma can be applied to
conclude that a subsequence of ¢, converges in C(S), when dealing

with periodic solutions.

Theorem 6.8 (Uniform Convergence). Any sequence of Whitham so-
lutions (pn, itn) € S has a subsequence which converges uniformly to a

solution . If p < 2u uniformly on R, then the solution is smooth with
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all its derivatives bounded. If ¢ attains the value §, then the solution

1s a-Holder continuous for 0 < a < s with a + s < 1.

Proof of Theorem 6.8. We know from the proof of Theorem 5.4 that
L, maps C*(S) into C***(S) for a« + s € Z and «a, s € (0,1), we see
from (6.5) that ¢ € C%(S) wherever 2¢ # p. On the other hand, when

¢(z) = & we have

a+s

<Clr—y|l 2.

This means that if L, is a-Holder continuous at z, then ¢ is a-Holder
continuous at the same point. If ¢ € C*(S) then L, € C*™ and
¢ has Holder regularity 3(o + s) at z. In view of that 1(a + s) >
a for a < s, this shows that for any such «, the function ¢ has the
corresponding Holder regularity at x = 0. In particular if we choose
a=0and s = % then by repeating the argument one can show that

Y € C'z wherever 2p # u, and @ € C'1. Now the estimate
|Lup(x) — Lup(y)| < |z —y|*™ (6.20)

if o +s<1lands < 3 implies @ < 5. Thus ¢ € C*(S) for all o < 3.
We next establish an argument for o + s = 1 for s € (1,1). As-
suming s > % and also considering ¢ € C*, we have (6.20) when the
same argument for s < % is used. From the proof of Theorem 5.4 the
solution ¢ is even and it maximum is attained at 0 (Proposition 5.6).
This implies that L, is also even and it maximum is attained at 0.
That is if L, € C' then (L,p)'(0) = 0. Now L,p € C'*lats=b
implies that (L,p) € C*™~!and (L,p) € C', in applying the mean
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value theorem (Remark 6.9) at = 0, we have that
1 ats)l
[Lup(0) = Lup(y)]2 < [y|**)z

Hence for ¢ € C* implies |¢(0) — ¢(y)| < |y|*, for all & < s since we

considered o+ s = 1 for s € (3,1).

We will now prove that if ¢ < £ uniformly on R, then ¢ € C*(R)
and all of it derivatives are uniformly bounded on R. Assuming that
n

¢ < 5 uniformly on R and we have the operator L, which maps

C*(R) into C*T*(R) and L*(R) C C°(R) into C*(R) C L>*(R). We

note from the proof of Lemma 6.3 that

2 3
~ v 0
wZF@w%=§—(——Lw>'

That is the Nemytskii operator

maps C*(R) N L*>(R) into itself for v < %2 and a > 0 (see Theorem
2.87, [46] and note that C*(R) = By, where we take p = ¢ = oo in
our analysis). Now all the three mappings are continuous and since

¢ < &, it follows that L, ¢ < “TQ, and therefore

Lo = 5= (G = Lup) ] o lo = Lug] : C*R) N L¥(R) = C°F(R)
for all a < 0. Hence, the equality
2 1

2
=2 (= L,
¥ 1 4 ¥

guarantees that ¢ € C*°(R) with uniformly bounded derivatives as
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long as ¢ € L>(R). O

Remark 6.9. The mean value theorem holds, if a function f is contin-
uous on the closed interval [z,y| and differentiable on the open interval

(x,y), then there exist a point & in (x,y) such that

[f(@) = f)l = [z = yl[f'(0) = f(OI, for f/(0) =0.
If f € CY™ implies f' € C* and f € C*, and also if |y| > |z| then

|f(z) = f)] = |z = yllf'(0) = (&)
< |z —yllg*

< |z —ylly|®.

Now at the point x = 0, we have that
1£(0) = f(y)l < lyl'F.

The proof of Theorem 6.10 is an adaption of the one in [3], but
with general s € (0,1).

Theorem 6.10 (Characterization of Blow-up). Alternative (i) in The-
orem 0.4 can happen only if

hmmﬁﬁ<%?—¢@m0:0. (6.21)

e—o00 xzER

In particular, alternative (i) implies alternative (ii).

Proof of Theorem 6.10. Assume that

lim inf inf <@ — o(z; 5)) > 6,

e—o0o0 z€R
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for some 0 > 0. Any such solution of the Whitham equation satisfies

Since L, is continuous C*(S) — C*™*(S) and the family {¢(e)}. is
uniformly bounded in C*(S) (cf. Lemma 6.1), it follows that {¢(e)}.
is uniformly bounded in C**5(S) too. Now if we take @ = 0, then
Ly : C°(S) — C*(S) is also continuous and hence ¢ € C* which also
implies that ¢ € C** for k € Z and ks < 1. Therefore we have that

lo(e)llca) < COF,  ae(0,1),

for some constant C' depending only on L,,. It must be noted that p is

bounded and that ||p(e)||ceas) — 00 is possible only if (6.21) holds. [

p(e) is bounded and hence according to Theorem 6.8, there is a
subsequence (y,, )r which converges uniformly to a solution ¢, as k —
oo. If we consider p, as the wave speed associated to ¢,, then by the
nodal properties of ¢y, , it follows that ,(0) = & and ¢ € C*(S). The
solution of the Whitham equation (5.3) is even, strictly increasing on

(—m,0), smooth on S, and has Hélder regularity 1(a + s) at .
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