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Abstract

This thesis adresses electric and magnetic noise and dissipation in magneto-
electronic nanostructures. Charge and spin current fluctuations are studied
in various nanosized metallic structures consisting of both ferromagnetic
and non-magnetic elements. The interplay between current and magnetiza-
tion fluctuations, and the relation of these fluctuations to the electric and
magnetic dissipation of energy, are considered. Special focus is on the en-
hancement of magnetization damping due to so-called spin pumping, which
is shown to be directly connected to thermal spin current fluctuations.

Two fundamental sources of current noise are considered: Thermal noise
and shot noise. Since a spin current polarized transverse to the magneti-
zation is absorbed in a ferromagnet, transverse spin current fluctuations
exert a fluctuating torque on the magnetization. This spin-transfer torque
causes significant magnetization fluctuations in nanoscale ferromagnets. In
single-domain ferromagnets in contact with normal electric conductors, the
spin-current induced magnetization noise is directly connected to the mag-
netization damping caused by spin pumping. In non-uniformly magnetized
ferromagnets, the spin-current induced magnetization noise is related to a
nonlocal tensor damping that reflects the spatial variation of the magneti-
zation. At low temperatures, spin current shot noise in the presence of an
applied bias is the dominant contribution to the magnetization noise.

In spin valves, two ferromagnets are separated by a thin normal metal
spacer. The interaction of the ferromagnets affects their magnetization noise
and damping, which are shown to vary with the relative magnetic orientation
of the ferromagnets. Due to giant magnetoresistance, the magnetization
fluctuations cause resistance noise. The resistance noise is identified as a
prominent source of electric noise at relatively high current densities. The
noise level can vary substantially with the relative magnetic orientation.
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Chapter 1

Introduction

The sound of heavy traffic downtown, bad radio reception, snow on the TV-
screen - there are many examples of noise in our everyday lives. By noise
then, we typically understand unwanted sound or disturbance. In physics
and electronics, on the other hand, noise refers specifically to the random
fluctuations or variations of observable quantities. For example, in a conduc-
tor, the current fluctuates due to thermally induced random movement of
the conducting electrons. Similarly, the magnetization in ferromagnets fluc-
tuates due to thermal variations of the direction of the microscopic atomic
magnetic moments.

Dissipation of energy is another fundamental property of physical sys-
tems. When a system is driven from its lowest energy equilibrium state
by some external perturbation, and then left alone, it will typically return
to equilibrium by dissipating energy - the system is damped. To sustain
motion in a damped system, a continuous input of energy is needed. For
example, a simple pendulum will inevitably stop in its equilibrium state -
hanging vertically - unless you give it a push once in a while.

In many cases, noise is unwanted. Transmitting information through a
wire, you don’t want electronic noise to obscure the signal. Reading infor-
mation from your magnetic hard disk, you want the small magnetic regions
representing the bits to be in stable states with only small fluctuations,
to ensure that the read-out is correct. However, in some cases, noise can
also be desirable. Writing to your magnetic hard disk, you need to be able
to switch the magnetic bits. Thermal fluctuations can aid in this process,
yielding faster switching. Similarly, damping may some times be desirable,
some times not. Strong damping of the magnetization aids in stabilizing the
state of the magnetic bits, making stored information less likely to degrade.
But strong damping also makes it harder to switch the bits in the writing
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2 Introduction

process.
Though not obvious, noise and damping are closely related. In fact, the

equilibrium noise (i.e., the fluctuations observed in the equilibrium state)
and the dissipation of energy in a physical system are just two sides of the
same coin. To understand this, let us as an example consider the Brownian
motion of small particles suspended in some liquid medium. Floating around
in the medium, the particles experience random impacts with the liquid
molecules due to the latters thermal motion. As a result, the particles move
in a random, irregular pattern. Suppose next that some external driving
force capable of moving the particles is applied. Due to impacts with the
liquid particles, such motion exhibits friction and hence is damped. Thus,
it is the same microscopic mechanism that is responsible for the damping of
the forced motion, as is responsible for the random motion in equilibrium.
This common origin suggests that the out-of equilibrium damping and the
equilibrium fluctuations are related. The relation is very general, and is
known as the fluctuation-dissipation theorem (FDT) [6, 7]. The FDT has
been successfully applied to a variety of systems.

As we have seen, both noise and damping are fundamental properties of
physical systems, and hence important for our understanding of nature. The
FDT tells us that the equilibrium noise of a system determines the damping,
and vice versa. Investigation of noise thus provides an alternative route to
gaining insight on the dissipative processes out of equilibrium. Electric
current noise in mesoscopic conductors [8] has drawn significant interest
in recent years, and serves as another example illustrating the FDT. In
equilibrium, the current noise, commonly known as Johnson-Nyquist noise
[9, 10], is proportional to the conductivity. The conductivity (or its inverse,
the resistivity) is a measure of the frictional force on the conducting electrons
when a voltage is applied. Hence, equilibrium noise and out-of-equilibrium
dissipation of energy are related.

The examples above show that the study of noise and damping is im-
portant both from a fundamental and technological point of view. This
thesis concerns the study of noise and damping in various magnetoelec-
tronic nanostructures. These are nano-sized structures with both electrical
and magnetic properties, typically consisting of various numbers of alternat-
ing magnetic and non-magnetic metallic layers. The combination of normal
metals with good conductivity, such as copper or silver, and ferromagnetic
metals with large magnetic moments, such as cobalt or iron, into a single
structure, has proved to lead to novel physical phenomena and technologi-
cal devices. Perhaps the best example is the hard disk read head presently
used in computers, which is based on an effect known as giant magnetore-
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sistance (GMR), to be discussed in the next chapter. In fact, in the last
two decades, research on magnetoelectronic structures and the phenomena
they show has grown into a field of its own known as magnetoelectronics or
spintronics. The researchers that discovered GMR were awarded the Nobel
prize in physics 2007.

Five papers form the basis of the thesis. Paper I reports on an exper-
imental study, while the other four papers are theoretical in nature. The
unifying theme is the interplay between electric current noise and mag-
netization noise, and the damping or dissipation of energy related to the
noise. In magnetoelectronic nanostructures, spin-polarized current noise
causes the magnetization in ferromagnets to fluctuate due to the so-called
spin-transfer torque. This effect is investigated in paper II for a single
uniform (monodomain) ferromagnet sandwiched by two normal metals. In
paper V, the same effect is studied in non-uniformly magnetized ferromag-
nets. The damping of the magnetization, which by the FDT is related to
the equilibrium magnetization noise, is also considered. Paper IV addresses
spin-polarized current noise in various kinds of ferromagnetic double-layers
with a normal metal spacer, i.e., so-called spin valves. The resulting magne-
tization noise and related damping are considered. Paper III, and also paper
IV, addresses resistance noise induced by magnetization noise in spin valves.
Paper I presents experimental work on magnetization damping, related to
the theoretical results of paper II. The paper discusses enhanced magnetiza-
tion damping in thin iron (Fe) layers connected to the non-magnetic metal
palladium (Pd). The enhancement of the damping is due to ”pumping” of
spins from the Fe layer to the Pd layer.

Before proceeding, a short survey of the scientific progress in the relevant
areas is in order. There has been [11, 12, 13, 14, 15] and is still [16, 17, 18]
a substantial amount of research on the nature of magnetization damping.
The so-called Gilbert damping constant, which parametrizes the magnetiza-
tion damping, was phenomenologically introduced in 1955 [11, 12]. Recently
Kohno et al. [16] and Skadsem et al. [17] investigated its microscopic origin,
while Gilmore et al. [18] used first principles to estimate its value in the
most common ferromagnetic metals Fe, Co and Ni. The Gilbert damping
in ferromagnets connected to a conducting environment has been shown to
be considerably enhanced as compared to the intrinsic damping in isolated
ferromagnets [19, 20, 21, 22]. With regards to the noise properties of mag-
netoelectronic nanostructures, a number of experimental and theoretical
studies have been carried out. Shot noise in hybrid ferromagnetic-normal
metal structures has been studied first by Bulka et al. [23], and subsequently
by many others [24, 25, 26, 27, 28]. The fluctuations of the order parameter
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in ferromagnets, such as Barkhausen noise due to irregular movement of
domain walls [29, 30], have been studied by the magnetism community for
a long time. Brown [31] analyzed the thermal fluctuations of the magne-
tization vector in small single-domain ferromagnets in 1963. The presence
of magnetization noise has been shown to be important for the process of
magnetization reversal [32, 33, 34, 35]. Thermally assisted depinning of a
narrow domain wall under a spin-polarized current has been observed [36],
and thermally-assisted current-driven domain wall motion has been stud-
ied theoretically [37, 38]. Resistance or voltage noise due to magnetization
fluctuations in spin valves has received attention lately [39, 40, 41, 42]. De-
spite this large body of work, the topic of electric and magnetic noise and
dissipation is far from exhausted.

The thesis is organized as follows. In the next chapter, some prelim-
inary concepts are reviewed. In Ch. 3, I explain the Landauer-Büttiker
theory of spin-dependent electron transport in mesoscopic magnetic and
non-magnetic conductors, with focus on spin current noise. In Ch. 4 I
sketch how the transport theory can be used to investigate current-induced
magnetization noise and damping in various magnetoelectronic nanostruc-
tures, the details of which are the subject of the papers. Finally, at the
very back, the papers are included. I emphasize that the following chapters
introduce and explain basic theory and concepts needed for the studies re-
ported in the papers. Only to a small extent do they rederive or restate the
calculations and results of the papers. It is my hope that the chapters are
an understandable and readable introduction to the papers.



Chapter 2

Preliminary concepts

In this chapter I will briefly review some concepts that are central to the
thesis.

2.1 Basic spintronic effects

In addition to its charge, the electron carries intrinsic angular momentum,
or spin. Discovered by the two Dutch physicists Goudsmit and Uhlenbeck
in 1925, the existence of the electron spin explained both the fine structure
in atomic spectra and the Zeemann effect, which at the time were not un-
derstood. The spin is a vector, but being a quantum mechanical property,
it is also quantized, and if measured it can only yield the value −1/2 or 1/2,
or ”up” or ”down”, in any direction.

A voltage across a conductor generates a current. Electrons propagate
through the conductor, resulting in a net transport of charge that may be
used to light your apartment or power your TV. The spin of the electrons
tag along for the ride, of course, but that’s usually it. While the charge
of the electron provides desired functionality, the spin typically does not.
Spintronics (spin-based electronics), or magnetoelectronics, is the name of

Figure 2.1: A spin current is a net flow of spin angular momentum, i.e., there
are for instance more spin-up electrons (red circles) than spin-down electrons (blue
circles) that propagate through the conductor.
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N NN N N NF F F F

a) parallel b) antiparallel

Figure 2.2: A simple explanation of GMR. Two thin ferromagnetic (F) films are
separated by a normal metal (N), forming a spin valve. The thick arrows indicate
the direction of magnetization in the ferromagnets. The ability of the electrons
to transmit through the system depends on their spin and the relative magnetic
orientation of the films. Red circles represent spin-up electrons, and blue circles
represent spin-down electrons (with spin quantization axis along the direction of
magnetization in the ferromagnets). The dotted lines indicate the ease at which the
electrons can propagate through the structure in the a) parallel and b) antiparallel
configurations.

a young technology that seeks to change just that [43, 44, 45, 46]. As the
name suggests, in spintronics one tries to use the electron spin in addition
to (or instead of) the charge in electronic appliances. In this context, a spin-
polarized current, or simply spin current, is an important quantity. A spin
current is a net flow of spin angular momentum, as sketched in Fig 2.1. In
ferromagnets, spin-up and spin-down electrons have different conductivities
due to the exchange splitting of the electron bands, resulting in a spin-
polarization of the current. As the spin is a property of the electron, a spin
current may be accompanied by a flow of charge, but not necessarily.

The field of spintronics started with the discovery of giant magnetore-
sistance (GMR) in 1988 [47, 48, 49, 50]. GMR is seen in structures of
alternating magnetic and non-magnetic normal metal layers, and is the de-
pendence of electric transport on the relative magnetization direction of the
magnetic layers. Today, GMR is the leading technology for read heads in
computer hard disks. To explain GMR, I refer to Fig. 2.2 showing a so-
called spin valve, i.e., two ferromagnetic layers separated by a normal metal
layer. An electric current is flowing left to right, perpendicular to the inter-
faces. In a), the ferromagnets are magnetized in parallel, while in b) they
are antiparallel. The ease at which the electrons can propagate through
the structure is not the same in the two frames, due to the spin-dependent
band structure of the ferromagnets. In a), spin-up electrons (red circles)
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N NF

Figure 2.3: A simple explanation of spin-transfer torque. A few electrons that
are spin-polarized in a direction differing from the direction of magnetization are
incident from a normal metal (N) on a ferromagnet (F). When the electrons en-
ter the magnetic field in the ferromagnet, their spins start precessing. The net
average result is a loss of the spin component polarized transverse to the magne-
tization, which by conservation of angular momentum is equivalent to a torque on
the ferromagnet.

can more easily propagate through than the spin-down ones (blue circles),
as illustrated by the dotted lines. In b), neither spin-up nor spin-down elec-
trons can easily propagate through. The overall effect is that the electrical
resistance is lower in the parallel configuration of a) than in the antiparallel
one of b). Albert Fert and Peter Grünberg were awarded the nobel prize
in physics in 2007 for this discovery [50]. Resistance noise caused by GMR
and fluctuating magnetizations in spin valves is considered in papers III and
IV.

GMR is a result of the effect that the ferromagnets have on the elec-
tric current. Reversely, a spin-polarized current flowing through a ferro-
magnet can affect the magnetization via the so-called spin transfer torque
[51, 52, 53, 54]. The torque is caused by the absorption of the vector compo-
nent of the spin current polarized transverse to the magnetization. The ab-
sorption happens on the length scale of the ferromagnetic coherence length
[55, 56, 57, 58], which in transition metals is only a couple of monolay-
ers. For an explanation of this effect, see Fig. 2.3 showing a few electrons
incident on a ferromagnet from a normal metal. These electrons are spin-
polarized in a direction differing from the direction of magnetization, and
their spins will therefore undergo precession when they enter the magnetic
field in the ferromagnet. The individual spins will typically precess on dif-
ferent length scales [59]. Averaging over all electrons, the net effect is a loss
of the spin component polarized transverse to the magnetization, as illus-
trated to the right in the figure. By conservation of angular momentum, this
implies a torque on the magnetization, that can cause the magnetization to
precess or even reverse direction. Spin-transfer torque and current-induced
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magnetization dynamics have generated a lot of interest over the last years
[60, 61, 62, 63, 64], and are central ingredients in this thesis. In several of the
papers, a fluctuating spin-transfer torque due to spin current fluctuations
is considered.

The spin valve in Fig. 2.2 is a so called current-perpendicular-to-the-
plane (CPP) spin valve. While it is easier to illustrate the GMR-effect in
such a spin valve, it is its close relative the current-in-the-plane (CIP) spin
valve which currently is used in hard disk read heads. CPP read heads are
believed to be a serious alternative to the current CIP ones in the future,
promising better performance. In this respect, understanding and control-
ling magnetization noise and damping in CPP-heads is important, and a
motivation for the work presented in this thesis. The noise properties of
CPP spin valves and CPP nanopillar multilayers are subject to much ongo-
ing research [41, 65, 42].

Magnetic random access memory (MRAM) is another spintronic device
that in the future might find its way into most personal computers. This
memory has the advantage over todays RAM that it is non-volatile [66].

2.2 Ferromagnetism

As we have seen, ferromagnets are essential elements in spintronics, and in
the work reported in this thesis. A brief introduction to ferromagnetism
and magnetization dynamics is therefore in order.

Due to the Pauli exclusion principle and the strong exchange interaction
between electron spins, some metals, such as iron, cobalt and nickel, exhibit
ferromagnetism [67]. Their atomic magnetic moments lign up in a common
direction, giving them a net magnetization even in the absence of applied
external fields. This spontaneous and permanent magnetization is used in a
variety of applications, from simple compass needles to advanced spintronic
devices such as GMR read heads and MRAM.

However, as a result of the magnetostatic dipolar interaction, all the
atomic magnetic moments in a ferromagnetic sample typically do not align
in the same direction. Instead, the ferromagnetic order is broken up into
domains, in which all atomic moments are aligned, but where different do-
mains are magnetized in different directions. The area between domains
over which the magnetization direction changes, is called a domain wall [64].
Other, more exotic, kinds of magnetic ordering are also possible. For exam-
ple, in the γ-phase of iron, the magnetization has been observed to form a
so-called spin spiral. Paper V considers magnetization noise and damping
in such non-uniformly magnetized ferromagnets. All the other papers focus
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Figure 2.4: A simple illustration of the basic features of the LLG equation. If
displaced from the equilibrium direction along Heff , the magnetization vector will
undergo damped precessional motion.

on ferromagnetic films that are sufficiently thin that the magnetization is
uniform, or single-domain. In such ferromagnets, the total magnetization is
just the algebraic sum of all the atomic moments, and the ferromagnets act
as giant magnetic molecules or macrospins [68].

The magnetization dynamics of single-domain ferromagnets is well de-
scribed by the Landau-Lifshitz-Gilbert (LLG) equation of motion [69, 11, 12]

dm
dt

= −γm×Heff + α0m×
dm
dt
, (2.1)

where m is the unit magnetization vector of the ferromagnet, γ is the gy-
romagnetic ratio, and Heff the effective magnetic field. Although mag-
netization is quantum mechanical in origin, this classical equation of mo-
tion has proved successful in describing the behaviour of ferromagnets [70].
The equation describes only transverse magnetization dynamics, since both
terms on the right hand side involves cross products in m. Longitudinal
changes in the magnetization, i.e., changes in the magnetization magni-
tude, are typically costly in energy, and are not considered in this thesis.
The effective field Heff can be obtained from an energy functional, and usu-
ally includes contributions both from internal anisotropy and demagnetizing
fields, externally applied fields, as well as dipolar and exchange coupling to
possible neighbouring ferromagnets. The second term on the right hand side
of the LLG equation describes damping of the magnetization motion. α0,
called the Gilbert damping constant [11, 12], parametrizes this dissipation
of energy. As noted in the previous chapter, the origin and nature of α0 is
an active area of research. Paper I presents experimental work on enhance-



10 Preliminary concepts

ment of the Gilbert damping due to so-called “spin pumping”[21, 22]. Fig.
2.4 illustrates the basic features of the LLG equation for the case where
an external perturbation has displaced the magnetization from its equilib-
rium direction along Heff . The first term on the right hand side of the
LLG equation is a torque, making the magnetization vector precess around
the direction of the effective magnetic field. The damping term causes the
precession to diminish and the magnetization vector to gradually approach
Heff - the lowest energy direction. Note that this is a somewhat simpli-
fied picture, in which Heff has been simply taken as a constant. The LLG
equation is used also to describe dynamics in non-uniform ferromagnets.

The LLG equation can be modified to take into account the spin-transfer
torque discussed in the previous section. By conservation of angular mo-
mentum, this gives an extra term γIabs

s /M on the right hand side, where
Iabs
s is the absorbed (vector) spin current, and M is the total magnetic mo-

ment of the ferromagnet. This modification of the LLG equation is used in
several of the papers.

The magnetization noise, or more precisely, the fluctuations of the mag-
netization vector, can be examined using the LLG equation and the fluctuation-
dissipation theorem. This is illustrated in the following section.

2.3 The fluctuation-dissipation theorem

The fluctuation-dissipation theorem (FDT) was first formulated by Callen
and Welton in 1951 [6]. However, the relation between fluctuations and
dissipation for e.g. Brownian motion and electric currents have been known
longer. Presentations of the FDT have been given by Landau and Lifshitz
[7] and by Morandi, Napoli and Ercolessi [71], and by White for magnetic
systems [72]. The usefulness of the FDT in investigating magnetization
noise and damping has been discussed lately [73, 74].

The FDT relates the equilibrium noise of physical systems to their re-
sponse to external perturbations. More precisely, the equilibrium fluctua-
tions of the physical quantity that characterizes the system are related to
the out-of-equilibrium dissipation of energy. Examples of this general con-
nection has already been given in terms of Brownian motion and electric
current noise. In this thesis, focus is on magnetic systems and magneti-
zation noise. In the following, I briefly present the FDT applied to such
systems, showing that the equilibrium magnetization fluctuations are re-
lated to the dissipative part of the magnetic susceptibility, i.e., the Gilbert
damping constant.

A single-domain ferromagnet may be characterized by its uniform unit
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magnetization vector m. The spontaneous equilibrium fluctuations at time
t are δm(t) = m(t)−〈m(t)〉, where the brackets denote statistical averaging
at equilibrium. The fluctuations are most conveniently analyzed in terms of
the correlator Sij(t− t′) = 〈δmi(t)δmj(t′)〉, where i and j denote Cartesian
components. Since we consider the equilibrium state of the system, Sij only
depends on the time difference t − t′. The classical FDT states that Sij is
related to the magnetic susceptibility:

Sij(t− t′) =
kBT

2πM

∫
dωe−iω(t−t′)χij(ω)− χ∗ji(ω)

iω
, (2.2)

where T is the temperature, M is the total magnetic moment of the ferro-
magnet, and χij(ω) is the ij-component of the (Fourier-transformed) mag-
netic susceptibility. Notice that the fluctuations vanish as T → 0. The sus-
ceptibility is defined by the linear magnetic response to an external magnetic
field h(ext)(t):

∆mi(t) =
∑

j

∫
dt′χij(t− t′)h(ext)

j (t′), (2.3)

where ∆m(t) is the change in magnetization caused by the field. The sus-
ceptibility can be evaluated with the aid of the LLG equation. Including
h(ext)(t) in Eq. (2.1), and then linearizing in the small quantities h(ext)(t)
and ∆m(t), yields

χ−1 =
1
γ

[
γ|Heff | − iωα0 iω

−iω γ|Heff | − iωα0

]
. (2.4)

The inverse susceptibility is here written in matrix (tensor) form in the
space (plane) orthogonal to the equilibrium magnetization direction. Note
that the effective field has been assumed magnetization independent, as was
done also in the explanation related to Fig. 2.4 in the previous section. This
simplification has no effect on the calculation of noise, since in this case only
the dissipative part of the susceptibility plays a role. Inserting the inverse
of Eq. (2.4) into Eq. (2.2) determines the equilibrium noise.

The spontaneous equilibrium fluctuations δm(t) may be regarded as
caused by a fictitious random magnetic field h(t) with zero mean. An
alternative form of the FDT can be derived in terms of the correlator
〈hi(t)hj(t′)〉 of this field. To this end, simply note that Eq. (2.3) implies
that δmi(ω) =

∑
j χij(ω)hj(ω), in Fourier space. Inverting this relation, it

follows from Eq. (2.2) that

〈hi(t)hj(t′)〉 =
kBT

2πM

∫
dωe−iω(t−t′) [χ−1

ji (ω)]∗ − χ−1
ij (ω)

iω
. (2.5)
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Inserting Eq. (2.4) into Eq. (2.5), then yields the well-known result [31]

〈hi(t)hj(t′)〉 =
2kBTα0

γM
δijδ(t− t′), (2.6)

where i and j denote components orthogonal to the equilibrium magne-
tization direction. This expression relates the equilibrium magnetization
fluctuations, given in terms of h, to the damping or dissipation of energy
in the ferromagnet. h may be explicitly included in Eq. (2.1) to give a
stochastic form of the LLG equation.

Papers II and V consider enhancement of the equilibrium magnetization
fluctuations in respectively uniform and non-uniform ferromagnets due to
thermal spin current fluctuations. The corresponding enhancement of the
damping is also considered, by using the theory described above. Guided
by the FDT, paper IV discusses in detail magnetization fluctuations and
damping as a function of the magnetic configuration in spin valves.



Chapter 3

Spin-dependent mesoscopic
electron transport

This thesis is concerned with nanosized or mesoscopic physical systems.
These systems are much smaller than macroscopic objects, but considerably
larger than individual atoms. With the demand for increasingly smaller yet
functional components in electronic appliances, such systems have become
very important. Recent advances in fabrication technology allow them to be
manufactured in a controlled way. One or more dimensions of a mesoscopic
system is in the nano-micron range, and as a result, quantum mechanics may
be important for understanding the system properties. It is thus appropri-
ate to take a quantum mechanical approach to electron transport in these
systems. This is commonly done by using the so-called Landauer-Büttiker
(LB) formalism [75, 8, 76].

In the following, the basics of the LB approach will be explained. Since
this thesis is concerned with magnetoelectronic nanostructures, the gen-
eralization of the formalism to spin-resolved transport is considered. The
formalism is the basis for the investigation of spin current fluctuations in the
papers. This chapter is divided into three sections. In the first, the LB the-
ory is introduced, following the presentation in Refs. [75] and [8]. Charge
and spin current fluctuations are then considered within this framework.
Magnetoelectronic circuit theory, a semiclassical formulation of the LB for-
malism convenient for treating layered ferromagnet-normal metal structures,
is briefly explained in the third section.

13
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sampleL Rlead lead

zL

xL

xR
yR

yL

zR

Figure 3.1: A mesoscopic sample (conductor) connected to two large reservoirs.
The narrow contacts, or leads, serve as electron waveguides. Local Cartesian co-
ordinate systems are defined in the leads such that positive x-direction is towards
the sample on both sides.

3.1 Transport as a scattering problem

The LB formalism constitutes a scattering approach to electric transport in
mesoscopic conductors. It is a quantum mechanical theory in which currents
are calculated in terms of probabilities for the electron states to transmit
through the conductor. The transmission probabilities are assumed to be
known from a quantum mechanical calculation. The theory, as it will be pre-
sented here, does not include interactions between the conducting electrons
(Coulomb interaction), or between electrons and phonons. It is restricted to
conductors small enough that scattering can be assumed elastic, implying
that electron transport is considered perfectly phase-coherent. The theory
is applicable to systems in the stationary regime. The current is calculated
using second quantized field operators, forming a many-particle theory in
which electrons can be created and destroyed. These operators incorporate
the Pauli principle so that the correct Fermi statistics are imposed on the
electrons.

I consider a mesoscopic sample or conductor, for example a thin metallic
film, as shown in Fig. 3.1. The sample is contacted to two terminals or
electrodes, labelled L (left) and R (right), by which a bias voltage across the
sample can be applied. The terminals are assumed to be large reservoirs in
(thermal) equilibrium, so that they are characterized by a common constant
temperature T and respective constant chemical potentials µL and µR. For
equilibrium to be achieved, scattering in the reservoirs must be inelastic, as
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opposed to the sample. The electron states at energy E in the reservoirs
are then occupied according to the Fermi-Dirac distribution function

fA(E) =
1

e(E−µA)/kBT + 1
, (3.1)

where A = L,R denotes reservoir. The reservoirs act as sources and sinks
of electrons. The energies of the emitted electrons are determined by the
Fermi-Dirac distribution in the reservoirs. As for absorption of electrons, the
reservoirs are assumed to be perfect sinks; any electron propagating from the
sample towards either reservoir is absorbed by the reservoir. As pictured in
Fig. 3.1, the contacts between the reservoirs and the sample are narrow, so
that the sample constitutes only a small perturbation of the reservoirs. This
justifies the assumption of equilibrium in the reservoirs. In the following,
the narrow ballistic contacts guiding electrons to and from the sample will
be called leads. The leads are in some sense just a convenient theoretical
invention in which the propagating electron states may be defined.

The sample is in this picture viewed as a scatterer limiting the transport
of electrons between the reservoirs. Electrons emitted from the reservoirs
are guided by the ballistic leads to the sample, where they may be reflected
or transmitted to the other reservoir. The electron states in the leads are
correspondingly divided into “incoming”and “outgoing”states, respectively
moving towards or away from the sample. These states do not mix, since
there is no scattering in the leads, and since the reservoirs are perfect sinks.
The conductance is completely determined by the reflection and transmis-
sion probabilites of the sample, which are conveniently expressed in terms
of a scattering matrix. The sample will in the following be taken to be a
metallic ferromagnet, and the reservoirs to be non-magnetic normal metals.
I will consider spin resolved electron transport through the ferromagnet.

The Hamiltonian in the leads are assumed to be separable, so that
the electron wave function can be decomposed into a longitudinal and a
transverse part. Longitudinal motion along the leads is free and hence
described by a plane wave, while motion transverse to the leads is gov-
erned by a confining potential and hence quantized. The electron states
are accordingly eikAmxAφAmα(yA, zA), where kAm is the continuous elec-
tron wave number for longitudinal motion, and φAmα(yA, zA) is the quan-
tized transverse wave function. The subscripts A and α denote respec-
tively lead (L,R) and spin (↑, ↓), m is a discrete index associated with the
quantized transverse motion, and xA, yA and zA are local Cartesian coor-
dinates in lead A, defined in Fig. 3.1. The energy of the electron states is
EAm(kAm) = EAm(0) + h̄2k2

Am/(2me), where the first term is the quantized



16 Spin-dependent mesoscopic electron transport

transverse energy independent of kAm, and the second term is the longitudi-
nal free-electron energy. me is the electron mass. The states φAmα(yA, zA)
will in the following be referred to as transverse channels. The total number
of channels participating in the propagation of electrons is finite, limited by
the energy the electrons possess as they enter the leads (the Fermi energy
in the reservoir).

As electrons in incoming states in the leads reach the sample, they can
either be reflected or transmitted to the other reservoir. This process is
described by scattering states. For an electron incident on the sample in
transverse channel m in the left lead, the scattering state is

ψLmα(rL) = eikLmxLφLmα(yL, zL)+
∑

nβ

√
vLm
vLn

sLLnmβαe
−ikLnxLφLnβ(yL, zL)

(3.2)
in the left lead, and

ψLmα(rR) =
∑

nβ

√
vLm
vRn

sRLnmβαe
−ikRnxRφRnβ(yR, zR), (3.3)

in the right lead. Eq. (3.2) consists of the incoming wave plus reflected
waves generated in all transverse channels in the left lead, while Eq. (3.3)
are the generated transmitted waves in all transverse channels in the right
lead. vLm = h̄kLm/me is the electron velocity in transverse channel m in
lead L, and sLLnmβα is an element of the scattering matrix of the sample, to
be further discussed later. This particular element describes the reflection
of an electron incident on the sample in state (m,α) in lead L to state (n, β)
in the same lead, propagating in the opposite direction. It is useful to note
here that the scattering matrix relates “current amplitudes”(square root of
velocity times wave amplitude) in the two leads, and not wave amplitudes.
This is convenient, since due to current conservation, the scattering matrix
is then unitary. This is also the reason why the carrier velocity appears in
the above expression for the scattering states.

The most general electron wave can be constructed as a superposition
of the above stationary scattering states:

Ψ(rL, rR, t) =
1√
2π

∑

Amα

∫
dkAmψAmαaAmαe

−iEAmt/h̄ (3.4)

where aAmα are the amplitudes of the basis states, and t is the time. The
next step is to let this general wave state become a field operator in the
language of second quantization. The procedure for this is as follows [75]:
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Figure 3.2: A thin ferromagnetic (F) film is sandwiched by normal metals (N).
Electric transport in the system is evaluated in terms of transmission probabilities
for the electron states, with the aid of second quantized annihilation and creation
operators. The operators shown in the figure are annihilation operators, with
the â-operators annihilating electrons moving towards the ferromagnet, and the
b̂-operators annihilating electrons moving away from the ferromagnet. Also shown
are the reflection and transmission matrices r = sLL, r

′ = sRR, t = sRL, t
′ = sLR

(see Eq. (3.5)).

Replace the amplitudes aAmα by operators âAmα that annihilate electrons
in incoming state (m,α) in lead A, with wave number kAm and energy EAm.
Introduce also adjoint operators â†Amα, which create electrons in incoming
state (m,α) in lead A. For convenience, change from a k-space integral
in Eq. (3.4) to an integral over energy. In this energy representation,
the annihilation and creation operators must be properly renormalized [75]:
âAmα → âAmα

√
h̄vAm and â†Amα → â†Amα

√
h̄vAm. Finally, introduce also

operators b̂Amα and b̂†Amα, which respectively annihilate and create elec-
trons in outgoing states (m,α) in lead A. These operators are defined by
their relation to the â-operators given by the scattering matrix. For the
annihilation operators, the relation reads (see Fig. 3.2)

(
b̂L
b̂R

)
=
(
sLL sLR
sRL sRR

)(
âL
âR

)
, (3.5)

where spin indices have been omitted for simplicity. The operators are
here written as vectors in the space spanned by the transverse channels,
while sRL, for instance, is the scattering submatrix in the same space for
electron transmission from the left side of the ferromagnet to the right.
A similar matrix relation holds for the creation operators. Including spin
indices, Eq. (3.5) reads b̂Amα =

∑
Bnβ sABmnαβ âAnβ, where A,B = L,R.

In the rest of the thesis, the following convention will be used: Whenever an
annihilation or creation operator or a scattering matrix element is written
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without transverse channel index, it is to be understood as a vector/matrix
in transverse channel space. On the other hand, if one of these ojects is
specified with such an index, it is to be understood as an element in this
space. For convenience, I define r ≡ sLL, r′ ≡ sRR, t ≡ sRL, t′ ≡ sLR for use
in the following (see Fig. 3.2).

With the aid of the annihilation and creation operators, spin resolved
field operators for each of the leads can be constructed from Eq. (3.4):

Ψ̂Aα(r, t) =
∑

m

∫
dEe−iEt/h̄

φAmα(y, z)√
hvAm(E)

×
[
âAmα(E)eikAmx + b̂Amα(E)e−ikAmx

]
(3.6)

and

Ψ̂†Aα(r, t) =
∑

m

∫
dEeiEt/h̄

φ∗Amα(y, z)√
hvAm(E)

×
[
â†Amα(E)e−ikAmx + b̂†Amα(E)eikAmx

]
, (3.7)

where I have suppressed the indices on the coordinates. The object of
interest for the study of charge and spin transport, the 2×2 current operator
in spin space, is readily found from these. In lead A, the operator reads (tilde
denotes a matrix in spin space)

˜̂
IA =

(
Î↑↑A Î↑↓A
Î↓↑A Î↓↓A

)
, (3.8)

with components

ÎαβA (x, t) =
h̄e

2ime

∫
dydz[Ψ̂†Aβ(r, t)

∂

∂x
Ψ̂Aα(r, t)−

(
∂

∂x
Ψ̂†Aβ(r, t)

)
Ψ̂Aα(r, t)].

(3.9)
Notice that this is the total current flowing in the longitudinal direction in
lead A. Inserting Eqs. (3.6) and (3.7) into Eq. (3.9) yields

ÎαβA (t) =
e

h

∫
dEdE′ei(E−E

′)t/h̄[â†Aβ(E)âAα(E′)− b̂†Aβ(E)b̂Aα(E′)]. (3.10)

In arriving at this simple form for the current, it has been assumed that the
energies E and E′ are close to each other, which is the case for observable
quantities such as average current and current noise [8]. In the following,
expressions are simplified by disregarding spin flip processes in the ferro-
magnet, and assuming that the ferromagnet is thicker than the magnetic
coherence length.
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The charge and spin currents Îc,A(t) and Îs,A(t) are given by

Îc,A(t) =
∑

α

ÎααA (t) (3.11)

and
Îs,A(t) = h̄/(2e)

∑

αβ

σαβ ÎβαA (t), (3.12)

where σ̃ = (σ̃x, σ̃y, σ̃z) is the vector of Pauli matrices. These expressions
give the instant currents at time t, and hence provide information on both
the time-averaged currents and the current fluctuations. Current fluctua-
tions, which is the focus of this thesis, are considered in the next section.
It is instructive to first consider the average currents. To do so, it is nec-
essary to evaluate quantum statistical averages of products of creation and
annihilation operators, i.e.,

〈a†Amα(E)aBnβ(E′)〉 = δABδmnδαβδ(E − E′)fA(E). (3.13)

The brackets should here be understood as a statistical average of the
quantum mechanical expectation value of the operator-product in a many-
particle state. Eq. (3.13) yields the result 〈Îc,L〉 = −〈Îc,R〉 = 〈Îc〉, i.e.,
charge current is conserved, as it should be. The value of the charge current
is

〈Îc(t)〉 = 〈Î↑↑(t)〉+ 〈Î↓↓(t)〉 =
1
e

∫
dE(G↑ +G↓)(fL − fR). (3.14)

Here

Gα =
e2

h
Tr(1− rαr†α) (3.15)

is the spin-dependent conductance of the ferromagnet, with the definition
rα = sLLα, and the trace is over transverse channel space. Since transport
involves only electrons around the Fermi level, and the scattering matrix
varies slowly with energy, the energy dependence of Gα can to a good ap-
proximation be neglected. Hence, Gα can be evaluated at the Fermi level
and taken outside the integral in Eq. (3.14). Noting that

∫
dEfA ≈ µA as

long as the temperature is not too high in the reservoirs, Eq. (3.14) then
takes the form of Ohm’s law: 〈Îc〉 = GV , where G = G↑+G↓ is the total con-
ductance, and V = (µL−µR)/e is the applied voltage. Hence, the quantum
mechanical LB formalism, appropriate for mesoscopic transport, reproduces
the classical Ohm’s law. But it also gives an explicit expression for the con-
ductance in terms of microscopic reflection and transmission probabilities.
These should be found from a quantum mechanical calculation.
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For the spin current it similarly follows that 〈Îs,L(t)〉 = −〈Îs,R(t)〉 =
〈Îs(t)〉, where

〈Îs(t)〉 =
mh̄

2e
(〈Î↑↑(t)〉 − 〈Î↓↓(t)〉) =

mh̄

2e2

∫
dE(G↑ −G↓)(fL − fR). (3.16)

m is the unit magnetization vector of the ferromagnet, that defines the spin
quantization axis. Hence, the spin current is collinear with the magneti-
zation, as expected. As discussed in Ch. 2, this does not give rise to a
spin-transfer torque on the ferromagnet. To get a non-collinear spin cur-
rent, and thus a spin-transfer torque, a layered structure with more than one
ferromagnet (such as a spin valve) is needed. It is also necessary that the
magnetizations of the ferromagnets are non-collinear. Magnetoelectronic
circuit theory, which is built on the above theory, is useful for treating such
problems, and is the topic of Sec. 3.3.

Unlike the average spin current, the fluctuations of the spin current can
in general be non-collinear to the magnetization, even for a system with
only one ferromagnet. This is investigated below.

3.2 Current fluctuations

Of special interest in this thesis are the fluctuations of the current from its
average value. Both charge and spin current fluctuations can be evaluated
within the framework presented in the previous section. Two fundamental
types of current noise will be considered in the following: Thermal noise
and shot noise. The first manifests itself as fluctuations in the occupation
numbers of the electron channels incident on the sample. It is caused by
thermal equilibrium fluctuations in the reservoirs, and scales with temper-
ature. Shot noise, as opposed to thermal noise, is an out-of-equilibrium
phenomenon. It is present when a voltage is applied across the sample,
and even at zero temperature. Shot noise is due to the discreteness of the
electron charge, and the probabilistic scattering of electrons as they are in-
cident on the sample. It scales with the applied voltage. Other sources of
noise include 1/f noise, diffusion noise, generation-recombination noise and
quantum noise [77]. Neither of these sources are considered here. In the
following, focus will be on low-frequency noise. In this limit, charge and
spin is conserved, not only on average, but instantaneously.

The charge current fluctuations in leadA are δÎc,A(t) = Îc,A(t)−〈Îc,A(t)〉,
where Îc,A(t) is the charge current at time t as defined in the previous
section. The spin current fluctuations are similarly δÎsi,A(t) = Îsi,A(t) −
〈Îsi,A(t)〉, where i (i = x, y or z) denotes the vector component of the spin
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current. The z-axis is chosen along the magnetization direction, and is the
spin quantization axis. Both the charge and spin current fluctuations are
most conveniently analyzed in terms of their respective correlation functions

Sc,AB(t− t′) = 〈δÎc,A(t)δÎc,B(t′)〉
= 〈Îc,A(t)Îc,B(t′)〉 − 〈Îc,A(t)〉〈Îc,B(t′)〉 (3.17)

and

Sij,AB(t− t′) = 〈δÎsi,A(t)δÎsj ,B(t′)〉
= 〈Îsi,A(t)Îsj ,B(t′)〉 − 〈Îsi,A(t)〉〈Îsj ,B(t′)〉. (3.18)

These correlators can be evaluated with the aid of the current operator in
the previous section. It is then necessary to evaluate the expectation value
of four annihilation and creation operators. This is done by noting that the
creation and annihilation operators obey the anticommutation relation

{â†Amα(E), âBnβ(E′)} = δABδmnδαβδ(E − E′). (3.19)

The anticommutator of two creation or two annihilation operators vanishes.
Similar relations hold also for the b̂-operators. From these relations and Eq.
(3.13) it follows that

〈â†Akα(E1)âBlβ(E2)â†Cmγ(E3)âDnδ(E4)〉
− 〈â†Akα(E1)âBlβ(E2)〉〈â†Cmγ(E3)âDnδ(E4)〉

= δADδBCδknδlmδαδδβγδ(E1 − E4)δ(E2 − E3)fA(E1)[1− fB(E2)], (3.20)

where the subscripts A,B,C,D denote leads, k, l,m, n denote transverse
channels, and α, β, γ, δ denote spin. The identity

∑

CD

Tr(s†ACαsADβs
†
BDβsBCα) = δABMA, (3.21)

which follows from the unitarity of the scattering matrix when spin flip
processes are disregarded, is also needed in the calculation of the current
fluctuations. Here the trace is over the space of the transverse channels,
and MA is the total number of channels in lead A.

In general, the total noise is not a simple superposition of pure thermal
noise and pure shot noise, but a complicated function of both temperature
and voltage. Still, it is convenient to treat the two noise sources indepen-
dently, as is done in the following.
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Thermal noise

Holding the reservoirs at the same chemical potential, i.e., fL = fR = f ,
while allowing the temperature to be finite, there will be no shot noise in the
system, only thermal equilibrium noise. Using Eqs. (3.20) and (3.21), and
noting that f(1 − f) = kBT (−∂f/∂E), the zero-frequency charge current
noise is

S
(th)
c,AA(ω = 0) =

∫
d(t− t′)S(th)

c,AA(t− t′)

= 2kBT (G↑ +G↓), (3.22)

where the superscript (th) emphasizes that these are thermally induced
fluctuations. The result for S(th)

c,AB(ω = 0), where B 6= A, differs from this
expression only by a minus sign, since positive current direction is defined
towards the ferromagnet on both sides, and charge current is conserved. Eq.
(3.22) is the well-known Johnson-Nyquist noise [8], related to the dissipation
of energy of the conducting electrons, i.e., the resistance, in accordance with
the FDT. Similarly, the zero-frequency thermal spin current noise is

S
(th)
ij,AB(ω = 0) =

∫
d(t− t′)S(th)

ij,AB(t− t′)

=
h̄kBT

8π

∑

αβ

σαβi σβαj Tr[2δAB − s†BAαsBAβ − s
†
ABβsABα],

(3.23)

where the scattering matrices should be evaluated at the Fermi energy. This
spin current correlator is studied in papers II and IV, and I refer to these
for further details. In particular, it is found that this correlator is non-
zero both for components collinear and non-collinear to the magnetization.
Hence, these spin current fluctuations can cause a fluctuating spin-transfer
torque on the magnetization, to be discussed in Ch. 4.

Shot noise

Allowing a bias µL − µR = eV between the reservoirs, shot noise will be
present. It is now convenient to take the temperature to be zero, so that
there is no thermally induced noise. The noise correlators are calculated
using Eq. (3.20), and the relations fA(1−fA) = 0 and

∫
dE(fL−fR)2 = e|V |

that hold at zero temperature. The zero-frequency charge current shot noise
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becomes [8]

S
(sh)
c,AA(ω = 0) =

∫
d(t− t′)S(sh)

c,AA(t− t′)

=
e3

h
|V |[Tr(r†↑r↑t

†
↑t↑) + Tr(r†↓r↓t

†
↓t↓)]. (3.24)

The scattering matrices should be evaluated at the Fermi energy, and rα =
sLLα and tα = sRLα. The superscript (sh) emphasizes that this is shot
noise. The result for S(sh)

c,AB(ω = 0), where B 6= A, differs from Eq. (3.24)
by a minus sign. Similarly, the zero-frequency spin shot noise is

S
(sh)
ij,AB(ω = 0) =

∫
d(t− t′)S(sh)

ij,AB(t− t′)

=
h̄

8π

∑

αβ

σαβi σβαj

∫
dE

∑

C 6=D
fC(1− fD)

×Tr[s†ACαsADβs
†
BDβsBCα]. (3.25)

The spin shot noise was studied in papers II and IV, and I refer to these
for further details. As for the thermal noise, this correlator is non-zero
for components non-collinear to the magnetization, implying a fluctuating
spin-transfer torque on the magnetization.

3.3 Magnetoelectronic circuit theory

So far I have been studying a single ferromagnetic film sandwiched by reser-
voirs (voltage sources). Experimentally and for device applications, fer-
romagnetic multilayers are however more interesting. Magnetoelectronic
circuit theory was developed by Brataas, Bauer and Nazarov [56, 57, 59] as
a tool to determine transport properties of magnetoelectronic multilayers.
This theory is a semiclassical formulation of the spin-resolved LB scattering
formalism presented in Sec. 3.1.

The idea of the magnetoelectronic circuit theory is to divide the system
into resistive elements (scatterers), nodes (low resistance interconnectors),
and reservoirs (voltage sources). The nodes and reservoirs are described by
distribution functions, and the current between them is calculated quantum
mechanically using the LB scattering theory. The system of interest here is
shown in Fig. 3.3. It is a spin valve, i.e., two ferromagnetic films F1 and F2

separated by a normal metal N . The ferromagnets are viewed as scatterers
and the sandwiched normal metal as a node. The outer normal metals L
(left) and R (right) are taken to be large reservoirs in thermal equilibrium,
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Figure 3.3: A spin valve with two ferromagnets F1 and F2 with unit magnetization
vectors m1 and m2, here shown in the parallel configuration m1 = m2. The
currents in the system are evaluated close to the interfaces, with positive directions
defined in the figure, using magnetoelectronic circuit theory.

characterized by Fermi-Dirac distribution functions fL = f(E − µL) and
fR = f(E − µR). Here µL and µR are the respective chemical potentials,
so that µL − µR = eV is the applied voltage. The ferromagnets limit the
current, and are characterized by scattering matrices, as introduced Sec
3.1. The node is a new circuit element, not present in the “traditional”LB
theory. For the magnetoelectronic circuit theory to be valid, the momentum
distribution of the electrons in the node must be approximately isotropic
and constant in space. This can be achieved by irregularities in the node’s
shape or impurity or disorder scattering, and is satisfied in most metallic
systems [59].

Due to the spin-dependent conductances of the ferromagnets, there can
be a non-zero spin potential (i.e., a potential difference for electrons with
opposite spin directions) in the node when a voltage is applied [59]. If
the magnetization vectors m1 and m2 of the respective ferromagnets are
collinear, i.e., parallel or antiparallel, the direction of this non-equilibrium
spin potential, or spin accumulation, is either along m1 or m2. The same
goes for the direction of polarization of a possible spin current flowing in the
system. If m1 and m2 are non-collinear, the situation is more complex and
interesting. In general, neither the spin current nor the spin accumulation is
then collinear with any of the magnetizations. It is in this case necessary to
adopt a 2×2 matrix representation in spin space for the potentials, currents,
and conductances. The node is hence in general characterized by both a
non-zero scalar (charge) distribution function fcN , and a non-zero vector
spin distribution function fsN , that may be combined into a semiclassical
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distribution matrix

f̃N = 1̃fcN + σ̃ · fsN =

(
f↑↑N f↑↓N
f↓↑N f↓↓N

)
, (3.26)

in 2 × 2 spin space. Here 1̃ is the unit matrix and σ̃ is the vector of the
Pauli matrices.

As in conventional circuit theory, Kirchhoff’s current law has a central
place in magnetoelectronic circuit theory. Disregarding spin flip processes in
the normal metal node, Kirchhoff’s “extended”law states that both charge
and spin currents are conserved in the node. The charge current is further-
more conserved throughout the entire system. The spin current, however, is
in general not, since in passing through a ferromagnet, the component po-
larized transverse to the magnetization is lost. This effect, described already
in Ch. 2, is the cause of the spin-transfer torque, and is due to the short
coherence length for transverse spin currents in ferromagnets. Because of
this, it is convenient to define local spin currents in four different places in
the spin valve shown in Fig. (3.3). The local currents are evaluated close
to the F|N-interfaces. Is,1L, for example, denotes the spin current evaluated
on the left side of ferromagnet F1, with positive current direction defined in
the figure.

The basic formalism needed to evaluate the charge and spin currents
has already been given in Sec. 3.1. The necessary object is Eq. (3.10),
which provides complete information on both charge and spin transport.
The calculation of average charge and spin currents involve the quantum
statistical average (3.13) of products of creation and annihilation operators
belonging to the outer normal metal reservoirs. In addition, the quantum
statistical average of products of creation and annihilation operators defined
in the middle normal metal node (N) is needed. The important ansatz in
magnetoelectronic circuit theory is that the latter average reads

〈a†Nmα(E)aNnβ(E′)〉 = δmnδ(E − E′)fβαN (E), (3.27)

where fβαN is defined in Eq. (3.26). This semiclassical ansatz states that the
expectation value of the number operator in the node can be equated to an
isotropic distribution function in spin space. The distribution function is
assumed independent of the transverse electron channels, analogous to the
Fermi-Dirac distribution functions in the reservoirs. The ansatz is satisfied
when the scattering of electron wave functions in the node is sufficiently
chaotic, as due to irregularities in the node’s shape or disorder scattering.
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It follows that the average charge current on e.g. the right side of ferro-
magnet F1 is [59]

〈Ic,1R〉 =
1
e

∫
dE{G↑1(fcN +fsN ·m1−fL)+G↓1(fcN−fsN ·m1−fL)} (3.28)

and the average spin current is [59]

〈Is,1R〉 =
h̄

2e2

∫
dE{m1[G↑1(fcN + fsN ·m1 − fL)

−G↓1(fcN − fsN ·m1 − fL)]

+2ReG↑↓1Rm1 × (fsN ×m1) + 2ImG↑↓1RfsN ×m1}. (3.29)

Here Gα1 is the spin-dependent conductance of F1 defined in the previous
section, which governs the charge current and the component of the spin
current collinear to the magnetization. The transverse, or “mixing”, con-
ductance [56]

G↑↓1R =
e2

h
Tr(1− r′↑r′†↓ ) (3.30)

can be understood as the conductance for the component of the spin current
transverse to the magnetization. Here r′α, defined in Sec. 3.1, is the spin-
dependent scattering matrix for electron reflection at the right interface of
F1. As transverse spin currents are quickly absorbed in ferromagnets, the
mixing conductance can be viewed as an interface conductance (resistance).
It is for this reason that it is necessary in Eq. (3.30) to denote on which
side (L or R) of the ferromagnet it is defined. In general, G↑↓1L may differ
from G↑↓1R. For convenience, a 2× 2 conductance matrix

G̃ =
(

G↑ G↑↓
G↓↑ G↓

)
, (3.31)

in spin space can be defined in terms of all the spin-resolved conductances.
It follows from Eq. (3.30) that G↓↑ = G∗↑↓.

To completely determine the currents, it remains to find the unknown
potential f̃N . This is done by invoking Kirchhoff’s current law for the normal
metal node:

〈Ic,1R〉+ 〈Ic,2L〉 = 0 (3.32)
〈Is,1R〉+ 〈Is,2L〉 = 0, (3.33)

where on both sides of the node, positive current direction is defined in the
direction away from it, see Fig. 3.3. From the first of these equations, and
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Eq. (3.28), the average charge current is [59]

〈Ic〉 =
GV

2

(
1− P 2 1− cosθ

1− cosθ + η + ηcosθ

)
. (3.34)

Note that there is no reference as to where in the spin valve this is evaluated,
since charge current is conserved throughout the system. The charge current
is a function of the relative orientation of the magnetizations m1 and m2,
given by the angle cos θ = m1 ·m2. It is for simplicity assumed here that the
ferromagnets have identical conductance parameters; G = G↑+G↓ is defined
as the total conductance of each of the ferromagnets, P = (G↑ −G↓)/G as
the polarization, and η = 2G↑↓/G as the relative mixing conductance. (It is
assumed that the left and right interfaces of the ferromagnets are identical,
i.e., G↑↓L = G↑↓R = G↑↓).

From Eqs. (3.29) and (3.33), the spin-transfer torque on each of the
ferromagnets can be found. The torque is due to the absorption of the
spin current component transverse to the magnetization. The component
collinear to the magnetization is not absorbed. Hence, the spin-transfer
torque on e.g F1 is simply given by τ 1 = 〈Is,1L〉+ 〈Is,1R〉, i.e., the difference
between the spin currents evaluated on the left and right sides. This yields
[59]

τ 1 = −m1 × (m1 ×m2)
Pη

sin2(θ/2) + η cos2(θ/2)
〈Ic〉
2
, (3.35)

where 〈Ic〉 is given above. Notice that the torque vanishes when the ferro-
magnets are collinear.

Magnetoelectronic circuit theory is used in paper IV, where electric and
magnetic noise in spin valves are considered. Current fluctuations rather
than average currents are the focus of this paper.
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Chapter 4

Current-induced
magnetization noise and
damping

In the previous chapter, a suitable description of charge and spin currents
in mesoscopic structures containing ferromagnetic elements was introduced.
This formalism will now be used to look at the interplay between spin cur-
rents and magnetization in such structures, with focus on spin-current in-
duced magnetization noise and damping . Two physical phenomena are
central: Spin-transfer torque and spin pumping. Through the spin-transfer
torque, spin current fluctuations in magnetoelectronic nanostructures cause
random fluctuations of the magnetization vector. This magnetization noise
can in turn lead to resistance noise, due to the GMR-effect. Spin pumping
can be viewed as the inverse effect of the spin-transfer torque. It is the
emission of spin angular momentum from a ferromagnet whose magneti-
zation vector changes in time, and can be shown to cause an appreciable
enhancement of the magnetization damping [52, 21, 22]. The LLG equa-
tion, discussed in Ch. 2, is useful for studying these effects. As explained in
Ch. 2, equilibrium magnetization noise and damping are closely connected.
This connection will be explored in the following.

This chapter is divided into three parts, corresponding to the different
systems that are considered in this thesis: i) Single monodomain ferro-
magnet, ii) spin valve, and iii) single non-uniform ferromagnet. In a mostly
qualitative manner, it describes the main ideas behind the research reported
in the papers, and states some of the main results.

29



30 Current-induced magnetization noise and damping

N F N

Figure 4.1: A single monodomain ferromagnet (F) sandwiched by normal metals
(N). The arrow indicates the direction of magnetization.

4.1 Single monodomain ferromagnet

It is natural to start with perhaps the simplest kind of structure that may
be called magnetoelectronic: A single nanoscale ferromagnet sandwiched by
normal metals, as shown in Fig. 4.1. This structure was already considered
in the context of transport in the previous chapter. The ferromagnet is as-
sumed to be sufficiently thin so that the internal exchange coupling renders
all atomic magnetic moments parallel [68]. The ferromagnet is then mon-
odomain and behaves like a giant magnetic moment, or macrospin, with
unit magnetization vector m.

Spin pumping and enhanced Gilbert damping

If the direction of the magnetization vector is changing in time (precesses)
due to, e.g., the action of an external driving field, a spin current can be
emitted from the ferromagnet into the surrounding normal metals [21]. This
out-of-equilibrium phenomenon has been termed spin pumping. The effect
can be analyzed within the LB mesoscopic transport formalism, although in
the form presented in Ch. 3, this formalism applies to systems with magne-
tization in static equilibrium. When the magnetization direction precesses,
the scattering matrix of the ferromagnet, which is an object in spin space,
becomes time-dependent. The response of the conducting electrons to this
variation can be calculated in the adiabatic approximation, since the pre-
cession period of the magnetization is typically several orders of magnitude
larger than the relevant time scale for electron transport [22]. This enables
the use of Eq. (3.10) to find corrections to Eqs. (3.28) and (3.29) linear
in the time-dependence of the scattering matrix. Tserkovnyak et al. [21]
found that for ferromagnets thicker than the magnetic coherence length,
the correction to the charge current is zero, while the correction to the spin
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current is

Ipump
s =

h̄

4π

(
Reg↑↓m× dm

dt

)
, (4.1)

where g↑↓ = hG↑↓e2 is the dimensionless mixing conductance, of which the
typically small imaginary part has been neglected. A precessing magneti-
zation hence causes a non-equilibrium flow of spins into the neighbouring
normal metals, but no flow of charge. Notice that this “pumped”spin cur-
rent is present also in the absence of applied voltage, as long as there is
some external perturbation causing a non-zero dm/dt.

The spin pumping is necessarily associated also with pumping of energy
out of the ferromagnet, and hence ferromagnetic relaxation [22]. By conser-
vation of angular momentum, emission of spins leads to a modification of
the LLG equation; an extra term γIpump

s /M , where M is the total magnetic
moment of the ferromagnet, must be included on the right hand side. This
is equivalent to an enhancement

α0 → α = α0 +
γ0h̄Reg↑↓

4πM
(4.2)

of the Gilbert damping constant. This expression is valid when the sur-
rounding environment is a perfect spin sink, such that the pumped spin
current never returns to the ferromagnet. The spin-pumping induced en-
hancement of the Gilbert damping has been verified by a number of ex-
periments [19, 20, 22, 1]. Paper I is one such experiment. It adresses spin
pumping from Fe to Pd, and the resulting enhancement of the Gilbert damp-
ing. Emphasis is on the attenuation of spin angular momentum in the Pd
layer [78], and the dependence of this process on the thickness of the layer.
The experimental technique used is ferromagnetic resonance (FMR), which
is the phenomenon of resonant absorption of the energy of a high-frequency
magnetic field in ferromagnetic substances [79, 80, 81]. The Gilbert damp-
ing is determined from the linewidth of the FMR absorption curve [19].

Spin-current induced magnetization noise

From Eqs. (3.23) and (3.25) in Ch. 3 it can be shown (see papers II,IV)
that spin current fluctuations polarized transverse to the magnetization are
absorbed in the ferromagnet, whereas those polarized collinear with the
magnetization are not. By angular momentum conservation, absorption of
fluctuating spin currents implies a random torque acting on the magnetiza-
tion. In paper II it is shown how this fluctuating spin-transfer torque results
in an increased level of magnetization noise in the ferromagnet. With the
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aid of the LLG equation, the noise is conveniently described by translating
the fluctuating torque into a fictitious random magnetic field h′(t), similar
to the field h(t) introduced in Ch. 2. The explicit fluctuations of the mag-
netization vector are then expressed by the response of the magnetization
to this field. It is shown that h′(t) = h(th)(t)+h(sh)(t), where h(th)(t) is due
to thermal spin current fluctuations, and h(sh)(t) is due to spin shot noise.
These two random fields are independent, and their respective correlation
functions are

〈h(th)
i (t)h(th)

j (t′)〉 = 2kBT
α′

γM
δijδ(t− t′), (4.3)

and

〈h(sh)
i (t)h(sh)

j (t′)〉 =
h̄

4π
e|V |
M2

δijδ(t− t′)[Tr(r↑r
†
↑t
′
↓t
′†
↓ ) + Tr(r′↓r

′†
↓ t↑t

†
↑)]. (4.4)

Here i and j denote Cartesian components, and

α′ =
γh̄Reg↑↓

4πM
(4.5)

coincides with the enhancement of the Gilbert damping constant due to spin
pumping. The relation between the equilibrium part of the noise h(th)(t)
and α′ is seen to be in perfect accordance with the FDT (see Ch. 2 or papers
II,IV). Hence, the thermal spin current noise is the noise process related to
the enhanced dissipation of energy by spin pumping, and calculating the
noise is an alternative route to finding the damping.

4.2 Spin valve

As noted earlier, spin valves, such as the one shown in Fig. 4.2, is of great
technological importance. Two single-domain ferromagnets are separated
by a thin normal metal layer, through which they can interact. A static
non-local exchange coupling is mediated by electrons through the normal
metal spacer [82], and a static dipolar coupling is caused by stray magnetic
fields. In addition, non-equilibrium spin currents between the ferromagnets
couple them dynamically [83, 22]. This is due to spin pumping from each
of the ferromagnets, that subsequently is absorbed by the other ferromag-
net as a spin-transfer torque, coupling the dynamics of the magnetizations.
Depending on the interlayer couplings, the ferromagnets may in the ground
state be oriented with their magnetizations either in parallel or antiparallel.
This is largely determined by the thickness of the middle normal metal. By
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F FN

Figure 4.2: A spin valve consisting of two ferromagnets (F) separated by a normal
metal (N). The arrows indicate that the spin valve is shown in the parallel magnetic
configuration.

pinning one of the layers, other magnetic configurations are also possible.
The configuration can be manipulated by external fields or electric currents
via the spin-transfer torque. Applying a sufficiently strong external field,
both magnetizations will be forced to point in the direction of the field,
irrespectively of the original configuration. In Fig. 4.2, the spin valve is in
the parallel configuration.

The magnetoelectronic circuit theory described in the previous chapter
is very useful for calculating spin currents and spin-transfer torque in spin
valves. Paper IV concerns spin current fluctuations and the resulting fluctu-
ating spin-transfer torque in spin valves. The induced magnetization noise
is calculated for various magnetic configurations, both for spin valves where
one ferromagnet is pinned and for spin valves where neither ferromagnet is
pinned. The FDT is used to find the Gilbert damping that is related to
the noise. It is shown that the noise and damping vary with the magnetic
configuration.

Paper III, and also paper IV, focuses on resistance noise induced by
magnetization fluctuations. Due to GMR, the resistance R is a function of
the angle θ between the magnetizations. When the direction of the magne-
tization vectors fluctuate, due to spin current fluctuations or thermal noise
processes intrinsic to the ferromagnets, θ and hence R fluctuate. The resis-
tance noise is characterized by the correlation function

SR(t− t′) = 〈∆R(t)∆R(t′)〉 (4.6)

where ∆R(t) = R(t) − 〈R(t)〉. Since the magnetization fluctuations typ-
ically are small, it is reasonable to calculate the resistance noise to their
lowest non-vanishing order. In paper III, the importance of the interac-
tions between the ferromagnets for the noise is emphasized. It turns out
that both the static dipolar and exchange couplings, as well as the dynamic
spin-exchange coupling, play major roles.
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Figure 4.3: An example of a non-uniform ferromagnet. The magnetization m(y)
rotates with wavelength λ in the yz-plane, forming a so-called spin spiral.

Resistance noise has received attention from experimenters lately [39, 84,
41, 42]. Smith and Arnett [39] demonstrated that resistance noise resulting
from thermal magnetization fluctuations in magnetoresistive read heads can
contribute to a significant portion of the heads total noise power. Covington
et al. [42] measured resistance noise in magnetoelectronic nanostructures
with up to 15 magnetic layers, finding a large difference in noise power
between the parallel and antiparallel magnetic configurations. In paper III
I connect my theoretical results to this latter experiment.

4.3 Single non-uniform ferromagnet

The single domain picture of ferromagnets is sound for sufficiently thin
ferromagnets. Larger ferromagnets typically consist of a number of regions
or domains, separated by domain walls. An exotic example of a non-uniform
ferromagnet is shown in Fig. 4.3. It is a so-called spin spiral with constant
pitch, which may be found in the γ-phase of iron [85] and in some rare earth
metals [86]. Half a wavelength of this structure may serve as a simple profile
of a domain wall.

In paper V, spin-current induced magnetization noise and damping in
non-uniformly magnetized ferromagnets are investigated. Central in this
work is the adiabatic spin-transfer torque, which is a transfer of spin an-
gular momentum from propagating electrons to the magnetization of the
ferromagnet. The transfer happens as the spin of the electrons adapt to
the changing magnetization direction. The magnetization is assumed to be
slowly varying on the scale of the magnetic coherence length. The torque
reads [64]

τ (y) = m(y)× [m(y)× dIs(y)/dy] (4.7)
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where m(y) is the magnetization, for simplicity assumed to be varying only
in the y-direction, and Is(y) = Ism(y) is the spin current, assumed to be
anywhere perfectly collinear with the magnetization. In paper V, it is shown
how spin current fluctuations lead to enhanced magnetization noise via this
torque. The current-induced magnetization noise is well described by intro-
ducing a random magnetic field, similar to the field introduced for single-
domain ferromagnets, but in the present case inhomogenous and anisotropic.
The FDT is used to relate the noise to the magnetization damping, which
in general is shown to be a nonlocal tensor. For illustration, the results are
applied to the spin spiral shown in Fig. 4.3.
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We have studied spin pumping in Pd/Fes001d ultrathin crystalline films prepared on GaAss001d by
ferromagnetic resonancesFMRd. FMR measurements show that the Pds001d overlayers lead to an
appreciable attenuation of the spin current, which was generated by the precessing magnetization of
Fe. Pd overlayers thicker than about 10 nm act as perfect spin sinks. It is argued that the loss of spin
coherence in Pd is caused by scattering with spin fluctuations. ©2005 American Institute of
Physics. fDOI: 10.1063/1.1853131g

I. INTRODUCTION

Tserkovnyaket al.1 showed that a precessing magnetiza-
tion can generate a spin current into an adjacent normal-
metal sNMd layer. The pumped spin current at the interface
between the ferromagneticsFMd layer and NM is given by

j spin=
q

4p
g↑↓n 3

]n

]t
, s1d

wheren is the unit vector along the magnetic momentM ,
andg↑↓ is the interface mixing conductance per unit area in
units of e2/h.1 For interfaces with some degree of diffuse
scatteringg↑↓ is close to the number of transverse channels in
NM, Sm,ndm,n, see Refs. 2–4. In simple metals with a spheri-
cal Fermi surface this sum is given by

g↑↓ =
kF

2

4p
< 0.85SN

2
D2/3

, s2d

wherekF is the Fermi wave vector andN is the density of
electrons in NM. Equations2d is valid in the limit that the
mean free path in the NM film is larger than its thickness. In
magnetic double layers FM1/NM/FM2 the spin current in-
jected by FM1 into NM can be absorbed by the ferromag-
netic layer FM2. The transverse component of the spin cur-
rent in NM is entirely absorbed at the NM/FM2 interface.5,6

Consequently, the spin current results in an interface Gilbert-
like damping for the ferromagnetic layer FM1. For small
precessional angles the spin currentj spin is almost entirely
transverse. For good spin sinks, the Gilbert damping is given
by the conservation of the total spin momentum and is equal
to

a = gq
g↑↓

4pMs

1

d1
, s3d

whereg is the gyromagnetic ratio,Ms is the saturation mag-
netization, andd1 is the thickness of the ferromagnetic layer

FM1. The inverse dependence of the Gilbert damping on the
film thickness clearly testifies to its interfacial origin. In this
case the layer FM1 acts as a spin pump and the layer
FM2 acts as a spin sink. The spin pump and spin sink
effects have been thoroughly quantitatively studied in
Au/Fe/Au/Fe/GaAss001d structures, see, e.g., Refs. 7 and
8. The quantitative comparison with spin pumping theory is
very good.8 The strength of spin pumping at RT was found to
be only 14% lower than that predicted by theory, and it was
in excellent agreement at He temperatures. This is an impor-
tant result. In magnetic double layer structures spin dynamics
studies can be carried out with a perfect spin sink, allowing
one to determine the full strength of spin pumping.

The spin pump effect can also be observed in single FM
films surrounded by NM layers, provided that the pumped
spin current is transported away from the FM/NM interface.
Interface damping was studied in NM/Py/NM sandwiches by
Mizukami et al.,9 where NM=Pt, Pd, Ta, and Cu. The NM
layers were 5 nm thick. No interface damping was observed
with the Ta and Cu layers. Tserkovnyaket al. explained the
lack of interface damping insTa,Cud /Py/sCu,Tad structures
by long spin-diffusion lengths in Cu and Ta. The 5-nm-thick
Cu and Ta do not provide effective spin sinks. However, a
substantial interface damping was observed in both the Pt
and Pd layers. The results by Mizukamiet al. were obtained
on samples prepared by sputtering. Since Pd and Pt have a
strong tendency to intermix with 3d transition elements it is
interesting to compare the results obtained from samples pre-
pared by sputtering with samples prepared by molecular-
beam epitaxysMBEd techniques. The purpose of this paper is
to study the spin pump effect in Pd overlayers using crystal-
line epitaxial Pd/Fes001d structures which were prepared by
MBE, where the intermixing between the Fe and Pd is
known to be minimal.10

II. SAMPLE GROWTH AND FMR MEASUREMENTS

Metallic nPd/16Fes001d films were grown on
GaAss001d by MBE using epi-ready GaAss001d semi-adElectronic mail: bheinric@sfu.ca
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insulating templates, see details in Ref. 11.n was between 3
and 200. The integers represent the number of monolayers
sML d. All films were covered with Au for protection in am-
bient conditions. Pd has a lattice mismatch of 4.4% with
respect to Fe and 4.9% with respect to Au, and therefore
samples with a sufficient thickness of Pd are affected by the
relaxation of lattice strain. The presence of a self-assembled
network of misfit dislocation half loops was observed by
plan view transmission electron microscopysTEMd.12 Above
a Pd thickness of 100 ML the network of self-assembled
misfit dislocations leads to strong two magnon scattering.
Therefore, the study of intrinsic damping had to be carried
out for the Pd films thinner than 100 MLs20 nmd.12 The
damping was investigated by ferromagnetic resonance
sFMRd at 24 and 36 GHz.

III. RESULTS AND DISCUSSION

The role of Pd in the propagation of a spin current was
investigated by monitoring the FMR linewidth as a function
of the Pd overlayer thickness innPd/16Fe/GaAss001d struc-
tures. The FMR linewidth has two contributions:sad the in-
trinsic Gilbert contribution corresponding to the Fe film bulk
damping andsbd the contribution from the pumped spin cur-
rent, which is dissipated in the Pd layer and thus contributes
to the Fe interface damping. The additional Gilbert damping
arising from spin pumping is shown in Fig. 1.

For comparison some results with Au, Ag, and Cu over-
layers are shown. Clearly, Pd is different than the noble met-
als. For the Pd layers thicker than 10 nms50 MLd the addi-
tional Gilbert damping saturates, i.e., Pd acts as a perfect
spin sink. For the Au, Ag, and Cu overlayers the contribution
from spin pumping remains so small that it is within the
accuracy of our FMR measurements. Au, Ag, and Cu in this
thickness range behave as spin accumulators, not spin sinks.
Spin pumping from the Fe layer increases the spin momen-
tum in Cu, Ag, and Au, and the resulting backflow of spin
current nearly compensates the spin pumping, resulting in a
zero interface current and a negligible additional damping.

In order to discuss the spin pumping contribution in Pd it
is informative to first estimate the momentum electron
mean free path. The sheet resistance of the two samples
20Au/50Pd/16Fe/GaAss001d and 20Au/16Fe/GaAss001d
was measured by means of the van der Pauw technique. The

sheet resistances were found to be 9.6V /h and 19.9V /h.
Since the Pd layer contributes in parallel to the overall sheet
resistance one can conclude that the sheet resistance for the
50-ML-thick Pd film is approximately 18.7V /h. This sheet
resistance leads to the resistivity%=18.2mV cm. This value
is about two times bigger than that of bulk Pd,rPd

bulk

=10.8mV cm.13 The measured resistivity allows one to esti-
mate the mean free pathlm using a simple formulasvalid
only for a spherical Fermi surfaced

1

r
=

e2Nlm

m* vF
, s4d

wheree is the elementary charge,m* is the electron effective
mass,N is the density of electrons, andvF is the Fermi ve-
locity. The number of conduction electronssG-centered elec-
tron sheetd per Pd atom was found to be 0.37.14 This results
in the carrier densityN=231015 cm−3. The effective mass
of the conduction electrons ism* ,2m, wherem is the free-
electron mass and the Fermi velocity is
vF=5.63107 cm/s.14 This results inlm.9 nm. One should
realize that the sheet resistance in the Pd thin film is mostly
determined by diffuse scattering at the interfaces. Therefore,
lm=9 nm significantly underestimates the mean free path in-
side the Pd film. A similar behavior was found for the Au
thin films grown on Fe/GaAss001d.15 Since the momentum
mean free path in our Pd overlayers is larger than the film
thicknesses the spin-diffusion theory16 is not applicable in
the interpretation of our results.

We will demonstrate below that the mean free spin de-
coherence length is less than the momentum mean free path
in our Pd samples. In this limit, the spin flow pumped by the
Fe layer is gradually attenuated in Pd before the momentum
of the electron is changed. The spin flow pumped by Fe into
Pd decays, preventing the net pumped spin momentum from
returning back to the Fe film after reflection at the outer Pd
interface. When the thickness of the sample is less than the
mean free path, the backflow of the spin current can thus be
described by

I s
back= I s

pumpe−2dPd
eff/ldec, s5d

wheredPd
eff is the effective thickness of the Pd film andldec is

the mean decoherence length.I s
pump is given by Eq.s1d. The

factor 2 in the exponent appears because the effective thick-
ness of the Pd film for the spin current making it back to Fe
is twice the film thickness. The effective Pd film thickness
dPd

eff is larger thandPd. The ratiodPd
eff /ldec can be estimated by

including the length of the electron path propagating under
an angleu with respect to the film normal. This calculation
includes only electrons at the Fermi surface participating in
spin pumping. For a spherical Fermi surface one can write

e−2dPd
eff/ldec=

1

pkF
2E

0

kF

2pkidkie−2dPd/cosuldec, s6d

where ki is the component of thek vector parallel to the
interface and cosu=f1−ski /kFd2g0.5. The net spin current
across the interface is then given by

FIG. 1. The additional Gilbert dampingaadd arising from spin pumping as a
function of the Pd film thickness. The Pd data are shown insPd. For com-
parison several points are shown for Aussd, Ag s.d, and Cus.d. The solid
line was obtained by fitting the Pd data using Eq.s8d. ldec was found to be
9 nm. 1 ML of Pd corresponds to 0.2 nm.
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I s = I s
pumps1 − e−2dPd

eff/ldecd, s7d

which leads to the enhanced Gilbert damping due to spin
pumping

aPd=
gqg↑↓

4pMsdFe
s1 − e−2dPd

eff/ldecd. s8d

The thickness dependence in Fig. 1 can be fit by two
independent parameters,g↑↓ and ldec. The resulting param-
eters areg↑↓=0.931015 cm−2 andldec=9 nm. When the Pd
layer is thicker than the momentum mean free path,
there might still be a backflow of electronIs

back/ Is
pump

,exps−2lm/ldecd. For lm=ldec gives Is
back/ Is

pump,0.1. The
backflow would lead to a smaller value of the measured spin
mixing conductance than that expected from the electron
band calculations. Realizing that the mean free path inside
the Pd layer is larger than the Pd layer thickness this correc-
tion is small in our samples.

From Eq.s2d one can estimate the spin mixing conduc-
tance, g↑↓=0.5 and 0.731015 cm−2 assuming
0.37G electrons/atom14 and 0.55s-p electrons/atom,17 re-
spectively. This is in reasonable agreement with the experi-
mentally required value of 0.931015 cm−2 considering that
the band structure of Pd is complex and Eq.s2d can be con-
sidered only a crude approximation. First-principles band
calculations are required to account for complexity of the Pd
band structure which can affect both the spin mixing conduc-
tance and Shavrin resistance.ldec is comparable to the mo-
mentum mean free path,lm=9 nm obtained from the crude
interpretation of the sheet resistance.

The mean free path of electrons in the Pd layer is larger,
see above; this implies that the spin decoherence happens on
the shorter length scale than the bulk momentum scattering.
A good exponential fit in Fig. 1 suggests that the interface
diffuse momentum scattering at the Pd/air interface does not
affect the spin decoherence in Pd. The spin current is ran-
domized mostly inside the Pd layer. Bulk Pd is known to
have strong spin electron-electron correlation effects having
a large Stoner enhancement factor resulting in enhanced
paramagnetic susceptibility compared to Ag, Au, and Cu.18

Associated local fluctuating magnetic momentssparamag-
nonsd are believed to make Pd suitable, under the right con-

ditions, for establishing a long-range ferromagnetic state.19

One can envision that paramagnons in Pd can lead to an
effective long-range decoherence of spin current. This means
that the direction of the pumped spin momentum gets ran-
domized by large spin fluctuations inside Pd; and, conse-
quently, the spin momentum backflow loses its net spin mo-
mentum and is unable to compensate the spin current
generated by spin pumping. The spin mixing conductance in
our samples is lower than that required to interpret the data
by Mizukami et al. Their measurements requireg↑↓=1.4
31015 cm−2 for 5-nm-thick Pd. This is by a factor of 1.6
bigger than that observed in our studies. The difference be-
tween these two experiments can be due to the difference in
sample preparation. The results by Mizukamiet al. suggest
that sputtering leads to an enhanced value ofg↑↓ and thus the
intermixing of FM and Pd increases the strength of spin
pumping.
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By scattering theory we show that spin current noise in normal electric conductors in contact with
nanoscale ferromagnets increases the magnetization noise by means of a fluctuating spin-transfer torque.
Johnson-Nyquist noise in the spin current is related to the increased Gilbert damping due to spin pumping,
in accordance with the fluctuation-dissipation theorem. Spin current shot noise in the presence of an
applied bias is the dominant contribution to the magnetization noise at low temperatures.

DOI: 10.1103/PhysRevLett.95.016601 PACS numbers: 72.70.+m, 72.25.Mk, 75.75.+a

Time-dependent fluctuations of observables (‘‘noise’’)
are a nuisance for the engineer, but also a fascinating
subject of study for the physicist. The thermal current
fluctuations in electric circuits, as well as the Poissonian
current fluctuations due to the discrete electron charge
emitted by hot cathodes, are classical textbook subjects.
The fluctuations of the order parameter in ferromagnets,
such as Barkhausen noise due to moving domain walls,
have been studied by the magnetism community for almost
a century. Recently, it has been discovered that electronic
noise is dramatically modified in nanostructures.
Theoretical predictions on the suppression of charge shot
noise in quantum devices have been confirmed experimen-
tally [1]. Spin current fluctuations, i.e., spin shot noise, is as
yet a purely theoretical concept [2]. In nanoscale magne-
tism, thermal noise plays an important role by activating
magnetization reversal of ferromagnetic clusters [3].
Charge shot noise in ferromagnetic spin valve devices
has been discussed as well [4,5]. Interesting new questions
have been raised by recent experimental studies on the
dynamics of nanoscale spin valves [6–8] in which electric
transport is affected by the magnetization direction of the
ferromagnetic elements. Central to these studies is the
spin-transfer torque exerted by a spin-polarized current
on the magnetization causing it to precess or even reverse
direction [9–11]. Covington et al. [8] interpreted the ob-
served dependence of noise spectra in nanopillar spin
valves on bias current direction in terms of this spin torque,
but a full consensus has not yet been reached [12].

In a normal metal the average current of net spin angular
momentum (spin current) vanishes, but its fluctuations are
finite. In this Letter we demonstrate that equilibrium and
nonequilibrium spin current noise in normal metals is
directly observable in hybrid ferromagnet-normal metal
structures: The noise exerts a fluctuating spin-transfer
torque on the magnetization vector causing an observable
magnetization noise. The theory of noise in magnetoelec-
tronic devices requires a consistent treatment of fluctua-
tions in the currents as well as the magnetization. We
demonstrate that thermal spin current fluctuations are in-
strumental for the spin-pumping-enhanced Gilbert damp-

ing in magnetic multilayers [13], and that spin shot noise
should be observable at low temperatures. The better
understanding of noise in ferromagnetic spin valves should
aid the development of next-generation magnetoelectronic
and magnetic memory devices.

The magnetization noise in isolated single-domain fer-
romagnets is well described by the Landau-Lifshitz-
Gilbert (LLG) equation of motion

dm
dt

� ��m� �Heff � h�0��t�� � �0m�
dm
dt

; (1)

where m is the unit magnetization vector, � the gyromag-
netic ratio, Heff the effective magnetic field, and �0 the
Gilbert damping constant. The stochastic torque m�

h�0��t� describes thermal agitation in terms of a random
field h�0��t� with zero average and a white noise correlation
function [14]

hh�0�
i �t�h�0�

j �t0�i � 2kBT
�0

�MsV
�ij��t� t0�: (2)

Here i and j are Cartesian components, kBT the thermal
energy, Ms the saturation magnetization, and V the vol-
ume of the ferromagnet. The magnetization noise depends
on the Gilbert damping �0 that parametrizes the dissipation
of magnetic energy in the ferromagnet. The relation be-
tween noise and damping is a corollary of the fluctuation-
dissipation theorem (FDT) [14].

In ferromagnets in contact with normal conductors,
fluctuating spin currents contribute to the magnetization
noise through the spin-transfer torque. The torque is caused
by the absorption of only that component of the spin
current that is polarized transverse to the magnetization.
This happens on the length scale of the magnetic coherence
length �c [15–17]. In transition metals, �c amounts to only
a couple of monolayers. A second ingredient needed to
understand the noise properties is the inverse effect of the
spin torque, often referred to as ‘‘spin pumping’’ [9,13]: a
ferromagnet with a changing magnetization direction in
contact with conductors emits a spin current. The loss of
angular momentum is equivalent to an enhancement of the
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Gilbert damping constant such that �0 ! �0 � �0 [13].
There is ample evidence that the enhancement �0, to be
explicitly defined later, can become much larger than �0

[18].
We consider hybrid structures of a ferromagnet (F) in

good electric contact with normal metals (N), such as an
NjFjN structure (Fig. 1), with an applied current or voltage
bias (a lateral structure in which the ferromagnet is on top
of the current carrying normal metal would also serve to
illustrate our ideas). At nonzero temperatures the (spin)
current through the interface(s), and thus the spin torque,
fluctuates. When a bias is applied, the spin current fluc-
tuates even at zero temperature giving spin shot noise. We
show in the following that the fluctuations of the magne-
tization vector due to thermal and shot noise can be de-
scribed by an effective random field h�t�. The thermal
magnetization noise is governed by the FDT, i.e., the
relation between the noise amplitude and the Gilbert damp-
ing is preserved, with the damping constant �0 ! �0 �
�0. In other words, the thermal spin current noise is iden-
tified as the microscopic process that ensures validity of the
FDT in the presence of spin pumping.

We use the Landauer-Büttiker (LB) scattering approach
[1] generalized to describe spin transport [4] for a thin
ferromagnetic film sandwiched by normal metals (Fig. 1).
The LB-approach evaluates current in terms of transmis-
sion probabilities for propagating electron states.
Assuming that the longitudinal (perpendicular to the F=N
interfaces) and transverse electronic motion in the normal
metal leads are separable, the �� component of the 2� 2
current operator in spin space at time t on the left side of
the ferromagnetic film reads [4]

Î ��
L �t� �

e
h

Z
dEdE0ei�E�E0�t=@�ay

L��E�aL��E
0�

� by
L��E�bL��E

0��: (3)

Here a�y�
L��E� and b�y�

L��E� are vectors in the space of trans-

verse modes (transverse motion is quantized) that annihi-
late (create) electrons with spin � and energy E in the left
lead moving towards or leaving the ferromagnet, respec-
tively. The scattering properties of the ferromagnet relates
the b operators to the a operators;

bL

bR

� �
�

sLL sLR
sRL sRR

� �
aL

aR

� �
(4)

where spin indices have been omitted for simplicity and
sRL, for instance, is the scattering matrix (in transverse
mode space) for electron transmission from the left side of
the ferromagnet to the right. The charge and spin currents
are Ic;L�t� � ��Î

��
L �t� and Is;L�t� �

�@=�2e�����̂
��Î��

L �t�, where �̂ is a vector of the Pauli
matrices. With the quantum mechanical expectation value
hay

Ln��E�aLm��E
0�i � �mn�����E� E0�f�E��L�,

where f is the Fermi-Dirac distribution and �L is the
chemical potential in the left normal metal, the average
charge and spin currents can be obtained [16]. The charge
current fluctuations on the left side of the ferromagnet are
given by the correlation function Sc;LL�t� t0� �
h	Ic;L�t�	Ic;L�t0�i, where 	Ic;L�t� � Ic;L�t� � hIc;L�t�i is
the fluctuation of the charge current from its average value.
Expressions are simplified in the following by assuming
that the normal metals are either very large or support
strong spin-flip scattering, such that a spin current emitted
by the ferromagnet never returns. We also assume that the
ferromagnet is thicker than the magnetic coherence length.
Furthermore, we disregard spin-flip processes in the ferro-
magnet, which is allowed when the spin-flip length is
longer than the coherence length. We assume that the
(noise) frequencies are much smaller than all relevant
energy scales; the temperature, the applied voltage, and
the exchange splitting in the ferromagnet. This assumption
is implicit in Eq. (2) and in adiabatic spin-pumping theory
[13], and is well justified up to ferromagnetic resonance
frequencies in the GHz regime. The average magnetization
direction is taken to be along the z axis.

Let us consider first the unbiased trilayer with zero
average current. At a temperature T � 0 the instant current
at time t does not vanish due to thermal fluctuations. The
zero frequency thermal charge current noise is found by
Fourier transforming the current correlation function. The
result is S�th�

c;LL�! � 0� � 2kBT�e
2=h��g" � g#�, where

g� � Tr�1� r�r
y
�� is the dimensionless spin-dependent

conductance. r� � sLL� should be evaluated at the Fermi
energy, and the trace is over the space of the transverse
modes. This is the well-known Johnson-Nyquist noise that
relates the dissipative element, i.e., the electric resistance,
to the noise, as required by the FDT.

More interesting is the correlation

Sij;KK0 �t� t0� � h	Isi;K�t�	Isj;K0 �t0�i (5)

between the i (vector) component (i � x; y, or z) of the

aL

F
bL bR

aR

N N

FIG. 1. The transport properties of a thin ferromagnet sand-
wiched between two large normal metals are evaluated using
annihilation and creation operators for the propagating electron
states (only annihilation operators are shown here). aL�R� and
bL�R� annihilate an incoming and outgoing electron in the left
(right) lead, respectively, and are related by the scattering
properties of the ferromagnet [see Eq. (4)].
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spin current on side K ( � L or R) and the j component
(j � x; y, or z) on side K0 ( � L or R). The zero-frequency
thermal spin current noise becomes

S�th�
ij;KK0 �

@kBT
8'

X
��

(̂��
i (̂��

j Tr�2�KK0 �Q��
KK0 �Q��

K0K�; (6)

where (i (i � x; y; z) denotes one of the Pauli matrices and
Q��

KK0 � sKK0�s
y
KK0� should be evaluated at the Fermi en-

ergy. The xx and yy components of the thermal spin current
noise, S�th�

xx;LL and S�th�
yy;LL, are governed by the real part of the

dimensionless mixing conductance [16] g"#
L � Tr�1�

r"r
y
# �. Furthermore, S�th�

xx;LL � S�th�
xx;LR (and similar for the

yy component) since the transverse spin current is not
conserved at the interface. By angular momentum conser-
vation, absorption of the fluctuating spin current implies
random torques acting on the magnetization. On the other
hand (in the absence of spin-flip scattering) S�th�

zz;LL � S�th�
zz;LR

since a spin current polarized parallel to the magnetization
is allowed to traverse the ferromagnet.

We now turn to the effect of the fluctuating torques on
the magnetization vector. To this end the LLG Eq. (1) must
be generalized by substituting dm=dt ! dm=dt�
�Is;abs=�MsV �, where MsV is the total magnetization of
the ferromagnet and Is;abs � Is;L � Is;R is the spin current
absorbed by the ferromagnet. (Note that on both sides of
the ferromagnet positive current direction is towards to
F=N interface; see Fig. 1.) The mean hIs;absi vanishes for
the single ferromagnet considered here, but the fluctuations
h�Is;abs�

2i do not. The thermal magnetization noise of the
isolated magnet is given by Eq. (2). Proceeding from
Eq. (6), we find the thermal fluctuations of the torque to
be of exactly the same form and therefore represented by a
new, statistically independent random field h�th��t� with
correlation function

hh�th�
i �t�h�th�

j �t0�i � 2kBT
�0

�MsV
�ij��t� t0�; (7)

where �0 is defined by

�0 �
�@Re�g"#

L � g"#
R�

4'MsV
(8)

and where i and j label axes perpendicular to the magne-
tization direction. The condition that the ferromagnet is
thicker than the coherence length allowed us to disregard
terms like Tr�t"t

y
# �, where t� � sRL�. The expression for �0

is identical to the enhancement of the Gilbert damping in
adiabatic spin-pumping theory [13]. We conclude that the
enhanced magnetization noise in NjFjN sandwiches can be
described by an effective random field h�t� � h�0��t� �
h�th��t�, associated with the enhanced Gilbert constant � �
�0 � �0. Basically, we extended the LLG with a
(Langevin) thermal agitation term given by h�th��t� to

capture the increased noise that, according to the FDT,
must exist in the presence of spin pumping. We proved
that the thermal spin current noise is the underlying micro-
scopic mechanism. Large magnetization noise is expected
in thin magnetic layers in which �0 dominates �0 [18]. The
small imaginary part of the mixing conductance does not
appear explicitly in Eq. (8). Via a renormalized gyromag-
netic ratio � [13], it affects h�0��t� and h�th��t� identically,
keeping the FDT intact.

The shot noise is most easily evaluated at zero tempera-
ture. Evaluating the zero-frequency charge shot noise we
find S�sh�

c;LL � S�sh�
c;LR, reflecting charge conservation. Using

Eq. (5) the zero-frequency spin shot noise at T � 0 is

S�sh�
ij;KK0 �

@

8'

X
��

(̂��
i (̂��

j

Z
dE

X
K00�K000

Tr�W��
KK0K00K000 �

� fK000 �1� fK00 �; (9)

where i; j � x or y, K00; K000 � L or R, and W��
KK0K00K000 �

sK0K000�s
y
KK000�sKK00�s

y
K0K00�. Nonconservation of the trans-

verse spin shot noise implies a fluctuating torque as above.
Using Eq. (9) we obtain the magnetization noise induced
by the spin shot noise,

hh�sh�
i �t�h�sh�

j �t0�i �
@

4'
ejVj

M2
sV

2
�ij��t� t0��Tr�r"r

y
" t

0
#t
0y
# �

� Tr�r0#r
0y
# t"t

y
" ��; (10)

where �L ��R � eV is the applied voltage and r� �
sLL�, r0� � sRR�, t� � sRL�, and t0� � sLR�. A number of
terms in the second sum in Eq. (9) have been disregarded
using the condition that the ferromagnet is thicker than the
coherence length. Equation (10) vanishes with the ex-
change splitting only if these terms are included.

In order to compare the shot noise, Eq. (10), with the
thermal noise, Eq. (7), we consider a symmetric NjFjN
structure (Fig. 1) with clean interfaces that conserve the
transverse momentum of scattering electrons. We adopt a
simple semiclassical approximation in which an incoming
electron is totally reflected when its kinetic energy is lower
than the potential barrier of the ferromagnet, and trans-
mitted with unit probability otherwise. In terms of the
exchange splitting 	U � U" �U#, where U"�#� is the po-
tential barrier for spin-up (down) electrons, the combina-
tion of scattering coefficients is simplified to

Tr �r"r
y
" t

0
#t
0y
# � � Tr�r0#r

0y
# t"t

y
" � � M

	U
EF

; (11)

where M is the number of transverse modes and EF the
Fermi energy in the normal metal. With Tr�r"r

y
# � � 0,

which usually holds for intermetallic interfaces, the mixing
conductance reduces to g"#

L � g"#
R � M. The condition for a

significant contribution of shot noise to the magnetization
noise can thus be written eV > kBTEF=	U. For
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	U � EF=5 and typical experimental voltage drops in
nanoscale spin valves this condition is T & 10 K. At low
temperatures we therefore predict an observable crossover
from thermal to shot noise dominated magnetization noise
as a function of the applied bias.

The effective random field h�t� is not directly observ-
able, but its correlation function is readily translated into
that of the magnetization vector m�t�. Linearizing the LLG
equation (including spin pumping) in terms of small devi-
ations 	m from the equilibrium direction ẑ, we obtain the
power spectrum of the x component of the magnetization
vector Sx�!� �

R
d�t� t0�ei!�t�t0�h	mx�t�	mx�t

0�i,

Sx�!� � 2�
�kBT

MsV

�
!2 �!2

y � �2!2

�!2 �!2
0 � �2!2�2 � �2!2�!x �!y�

2 ;

(12)

and similarly for the y component. Here shot noise has
been disregarded, � is the spin-pumping-enhanced Gilbert
constant, !0 �

������������!x!y
p is the ferromagnetic resonance

frequency, and !x and !y are determined by the leading
terms in the magnetic free energy expansion near equilib-
rium, where x and y are taken along the principal axes
transverse to z. Note that Eq. (12) is proportional to the
imaginary (dissipative) part of the transverse spin suscep-
tibility in accordance with the FDT. It therefore reflects
both the enhanced broadening of the ferromagnetic reso-
nance as well as the enhanced low-frequency magnetiza-
tion noise. Including shot noise increases the prefactor of
Eq. (12) with a bias dependent term.

Rebei and Simionato recently investigated magnetiza-
tion noise in ferromagnetic thin films using an sd model
[12], and found results similar to our Eq. (12). We believe
that our approach based on the scattering theory of trans-
port is more general and, not being based on a specific
model for the electronic structure, accessible to first-
principles calculations [19], and better suited to treat
more complicated devices. Also, Rebei and Simionato
did not attempt to evaluate the shot noise contribution to
the magnetization noise.

In conclusion, we demonstrate that the magnetization
noise in nanoscale ferromagnets is increased by contacting
with a conducting environment. The effect is explained by
the transfer of transverse spin current fluctuations in the
normal conductors to the ferromagnetic order parameter.
Both thermal and shot noise generate effective random
magnetic fields felt by the magnetization. The thermal
magnetization noise increases in the same way as the
Gilbert damping of the mean-field magnetization dynam-
ics, in accordance with the fluctuation-dissipation theorem.
Just like the spin-pumping induced broadening of the
ferromagnetic resonance, the low-frequency magnetization

noise is strongly enhanced in thin ferromagnetic films
covered by a few monolayers of a strong spin-flip scatter-
ing metal such as Pt. At easily accessible lower tempera-
tures the effect of shot noise dominates that of thermal
noise.
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part by the Research Council of Norway, NANOMAT
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Fluctuations of the magnetization in spin valves are shown to cause resistance noise that strongly depends on
the magnetic configuration. Assisted by the dynamic exchange interaction through the normal-metal spacer, the
electrical noise level of the antiparallel configuration can exceed that of the parallel one by an order of
magnitude, in agreement with recent experimental results.

DOI: 10.1103/PhysRevB.75.092405 PACS number�s�: 75.75.�a, 72.70.�m, 72.25.Mk

The dynamics of nanoscale spin valve pillars, in which
electric currents flow perpendicular to the interface planes
�CPP�, attracts much interest.1–3 The giant magnetoresistance
�GMR� of such pillars of ferromagnetic films separated by
normal metal makes them attractive as future read heads in
magnetic hard-disk drives. However, Covington et al.3 found
that the performance of CPP-GMR heads might be degraded
by enhanced low-frequency resistance noise. They ascribed
this effect to the spin-transfer torque, i.e., the torque exerted
by a spin polarized current on the magnetizations of the fer-
romagnetic layers.4–6 Rebei and Simionato,7 on the other
hand, favored micromagnetic disorder as an explanation.
More recently, electrical noise measurements have been car-
ried out on CPP nanopillar multilayers with up to 15 mag-
netic layers.8 Interestingly, the noise power was found to be
suppressed by more than an order of magnitude by aligning
the magnetizations from antiparallel to parallel in an external
magnetic field.

The noise properties of small metallic structures pose
challenges for theoretical physics9 to which ferromagnetism
adds a novel dimension.10–13 The thermal fluctuations of
single domain magnetic clusters have been described already
50 years ago by Brown.10 Recently, it has been shown that
by contacting a ferromagnet with a conducting environment,
the magnetization fluctuations are enhanced compared to the
bulk value.13 CPP spin valves offer an opportunity to detect
the enhanced magnetization noise electrically by the GMR
effect, but the new degree of freedom of a fluctuating detec-
tor magnetization complicates the picture in a nontrivial way.
The better understanding of the noise properties of CPP
nanopillar spin valves reported in the present Brief Report
should therefore be of interest for basic physics as well as for
applications.

In spin valves, two sources of thermal noise must be taken
into account: Direct agitation of the magnetizations due to
intrinsic processes10 and thermal spin-current fluctuations
outside the ferromagnets that affect the magnetizations by
means of the spin-transfer torque.13 Here, we disregard spin-
current shot noise, assuming a sufficiently small external cur-
rent bias. We calculate the magnetization noise for the par-
allel �P� and antiparallel �AP� magnetic configurations using
the stochastic equations of motion for the magnetization vec-
tors in the macrospin model. When the relative orientation
between the magnetizations fluctuates, so does, via the

GMR, the electrical resistance. We show that due to static
�exchange and dipolar� and dynamic �nonequilibrium spin-
exchange� couplings between the ferromagnets, the resis-
tance noise strongly depends on the magnetic configuration
and applied magnetic field.

The thermal agitation of the magnetizations is conve-
niently described by introducing stochastic magnetic fields
acting on the ferromagnets.10,13 The fluctuations of the mag-
netizations, and hence the resistance noise, can then be ex-
pressed by the transverse magnetic response �susceptibility�
of the magnetizations to these stochastic fields. The magnetic
response of spin coherent hybrid structures depends on static
and dynamic interactions between the magnetic elements,
and therefore differs strongly from that of bulk systems. In
spin valves, a static nonlocal exchange coupling is mediated
by electrons through the normal-metal spacer, and a static
dipolar coupling is caused by stray magnetic fields. Addition-
ally, each ferromagnet couples to an external magnetic field.
All these couplings affect the stability and response of the
magnetic ground state, and therefore the resistance noise, by
favoring either the P or AP configurations. For typical spacer
thicknesses considered here and in experiments,8 the nonlo-
cal exchange and dipolar couplings both favor the AP con-
figuration. Naturally, an external magnetic field favors and
stabilizes the P configuration. From these simple consider-
ations, we may expect already a dependence of the resistance
noise on the magnetic configuration and applied field. The
message of this Brief Report is that much more is going on,
however.

The dynamic interaction in spin valves is due to nonequi-
librium spin currents between the ferromagnets.14,15 A ferro-
magnet emits spins when its magnetization changes in time
�“spin pumping”�,16 which subsequently may be absorbed by
the other ferromagnet as a spin-transfer torque.14 This “dy-
namic exchange” couples the small-angle dynamics of the
magnetizations. The coupled dynamics may be analyzed in
terms of collective spin-wave-like modes15 that govern the
magnetic response, and hence the resistance noise. As we
will see, the mode that governs the resistance noise in the P
configuration is damped more than the respective AP mode.
We show that this leads to a substantial lowering of the re-
sistance noise level in the P configuration as compared to the
AP. As discussed below, and somewhat surprisingly, this
conclusion holds even though the stochastic noise fields are
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stronger for the P mode than for the AP mode.
The resistance noise induced by magnetization fluctua-

tions in spin valves is thus determined by the combined ef-
fects of the dynamic exchange coupling, static nonlocal ex-
change and dipolar couplings, and external magnetic field,
and as a result, varies substantially with the magnetic con-
figuration. In particular, we find that when the ferromagnets
are ordered antiparallel, the noise level can be much higher
than when they are parallel. Our results thus offer an expla-
nation of the experimental findings by Covington et al.8

We consider a spin valve as pictured in Fig. 1. Two fer-
romagnetic films with magnetizations m1�t� and m2�t�
�where t is the time� are separated by a thin normal-metal
spacer and connected to normal-metal reservoirs. Due to
thermal intrinsic and spin-current noise, the magnetizations
are subject to fluctuations �m1�t�=m1�t�− �m1� and �m2�t�
=m2�t�− �m2� from their time-averaged values. The ferro-
magnets are thicker than the magnetic coherence length so
that they perfectly absorb any incoming spin current polar-
ized transverse to the magnetization direction.17–19 Further-
more, spin-flip processes in the middle normal metal are dis-
regarded, which is usually allowed for CPP spin valves. The
ferromagnets can then effectively communicate by means of
the dynamic exchange coupling.14,15 The static nonlocal ex-
change and dipolar couplings can both be described by a
Heisenberg coupling −Jm1 ·m2, where J is the coupling
strength, favoring parallel �antiparallel� alignment when J
�0 �J�0�. We focus on the situation in which the externally
applied currents or voltages are sufficiently small to not af-
fect the device dynamics. For simplicity, we take the spin
valve to be symmetric �i.e., the two ferromagnets are identi-
cal� and consider only collinear magnetic configurations. As-
suming that the static coupling J is negative, the antiparallel
state is the ground state without applied external fields, while
the parallel state is achieved by applying a sufficiently strong
external magnetic field forcing the magnetizations to align.

The resistance noise is characterized by the correlation
function

S�t − t�� = ��R�t��R�t��� , �1�

where �R�t�=R�t�− �R�. The noise is caused by fluctuations
in the magnetizations via the dependence of the resistance
R�t� on the angle � between the magnetizations. Close to

collinear configurations, R�t� can be expanded in the small
fluctuations �m1�t� and �m2�t� as

R�m1�t� · m2�t�� � R�±1� �
1

2
��m��t��2� �R

� cos �
	

P/AP
,

�2�

where the upper �lower� signs hold for the P �AP� orienta-
tion, �m��t�=�m1�t���m2�t�, and the differential on the
right-hand side should be evaluated for m1 ·m2=cos �=1 �P�
or cos �=−1 �AP�. Equation �2� inserted into Eq. �1� ex-
presses the resistance noise in terms of the magnetization
fluctuations �m��t�. Assuming that the fluctuations are
Gaussian distributed,10 we can employ Wick’s theorem20 and
obtain

SP/AP�t − t�� =
1

2
� �R

� cos �
	

P/AP

2



i,j

Smi
�mj

�
2 �t − t�� , �3�

where Smi
−mj

−�t− t��= ��mi
−�t��mj

−�t���, Smi
+mj

+�t− t��
= ��mi

+�t��mj
+�t���, and the summation is over all Cartesian

components �i , j=x, y, or z�. Only the difference between the
magnetization vectors �m−�t� �the antisymmetric mode� in-
duces noise when the magnetizations are parallel, whereas
only the sum �m+�t� contributes when they are antiparallel.

The fluctuations �m��t� are the solutions of the stochastic
Landau-Lifshitz-Gilbert �LLG� equation of motion for the
magnetizations, which, when augmented to include thermal
spin-current noise, dynamic exchange coupling, and static
exchange and dipolar couplings, reads15

dmk

dt
= − mk � �	0ẑ + 	c�mk · x̂�x̂ + 	xml + 
hk�t��

+ ��0 + ���mk �
dmk

dt
− ��ml �

dml

dt
. �4�

Here, k , l=1,2 denotes ferromagnets 1 or 2, 	0ẑ=
H0,
where 
 is the gyromagnetic ratio and H0 an external field
applied along the z axis, 	x=
J /Msd parametrizes the static
couplings �d is the thickness of the ferromagnets and Ms the
saturation magnetization�, and �0 is the intrinsic Gilbert
damping constant. We have also included an in-plane aniso-
tropy field 	c�mk · x̂�x̂=
Hc along the x axis. ��m1�2�
�dm1�2� /dt is the �dimensionless� spin current emitted by
ferromagnet 1 �2� �Ref. 16� that is subsequently absorbed by
ferromagnet 2 �1�, giving rise to the dynamic exchange cou-
pling. The parameter ��= �
� Re g↑↓� / �8MsV� �Ref. 15�
governs the strength of the dynamic exchange coupling,
where g↑↓ is the dimensionless interface spin-mixing conduc-
tance �of which we have disregarded a small imaginary
part�,17 and V is the volume of a ferromagnet. If desired, spin
currents emitted to the outer normal-metal reservoirs can also
be included, simply by making the substitution �0→�0+��.
Finally, hk�t� is the effective time-dependent stochastic field
representing the thermal agitation of ferromagnet k. We write
hk�t�=hk

�0��t�+hk��t�, where hk
�0��t� describes the intrinsic ther-

mal noise and hk��t� describes the �statistically independent�
noise induced by spin current fluctuations via the spin-

FIG. 1. A spin valve consists of two ferromagnetic thin films F1

and F2 separated by a normal-metal spacer N and connected to
normal-metal reservoirs. The ferromagnets have magnetizations m1

and m2 �here in the parallel configuration�, the same thickness d,
and equal contact conductances.
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transfer torque.13 hk
�0��t� has zero average and a white noise

correlation function that satisfies the fluctuation-dissipation
theorem10 �FDT�:

�hk,i
�0��t�hk,j

�0��t��� = 2kBT
�0


MsV
�ij��t − t�� . �5�

Here, i and j are Cartesian components and kBT is the ther-
mal energy.

The spin-current-induced field hk��t� can be determined
using magnetoelectronic circuit theory17 and the results of
Ref. 13. Requiring conservation of charge and spin in the
normal-metal spacer11 and taking into account thermal fluc-
tuations of the distribution function in the same spacer,11 we
arrive at the following results:21 For collinear configurations,
the spin-current-induced noise field hk��t� is given by �com-
pare with Eq. �5��

�hk,i� �t�hk,j� �t��� = 2kBT
��


MsV
�ij��t − t�� . �6�

Here, k=1,2, and i and j label components perpendicular to
the magnetization direction. Furthermore, h1��t� and h2��t� are
not statistically independent,

�h1,i� �t�h2,i� �t��� = − �h1,i� �t�h1,i� �t��� , �7�

due to current conservation. In accordance with the FDT, the
total noise field hk�t�=hk

�0��t�+hk��t� is thus proportional to
the total damping �=�0+��, where �� is the enhancement
of the Gilbert damping due to emission of spin currents, as
defined above.

The anisotropy field and the negative exchange and/or
dipolar coupling �	x�0� align the ferromagnets antiparallel
along the x axis when the external field is turned off. Then,
mk�t�� ± x̂+�mk�t� for k=1,2, where �mk��mk,yŷ+�mk,zẑ
are the transverse fluctuations induced by the stochastic
noise fields. Linearizing the LLG equation in �mk, we can
evaluate the magnetization noise Smi

+mj
+�t− t�� using Eqs.

�5�–�7�, and find the resistance noise from Eq. �3�. A strong
external field enforces a parallel magnetic configuration. Dis-
regarding a sufficiently weak anisotropy field in this case,
mk�t�� ẑ+�mk�t�, where �mk��mk,xx̂+�mk,yŷ. This may be
used to find Smi

−mj
−�t− t�� and subsequently SP�t− t��.

The zero-frequency resistance noise SP/AP�	�=0�=� d�t
− t����R�t��R�t���P/AP thus becomes

SP/AP�0� =
2


�2
kBT

MsV
	2� �R

� cos �
	

P/AP

2 � d	 XP/AP, �8�

where

XP =
�	2 + �	t − 	c�2�2 + �	2 + 	t

2�2 + 2	2�2	t − 	c�2

2�t
−2�	2 − 	t�	t − 	c��2 + 	2�t

2�2	t − 	c�2�2

�9�

for the parallel configuration and

XAP = � 	2�t + 	c
2�0

�	2 + 	c�2	x − 	c��2 + 4	2�	x�0 − 	c��2	2

�10�

for the antiparallel configuration. Here, we set the external
field to zero for the antiparallel configuration and assume
small damping, ��1. The integration over frequency in Eq.
�8� reflects the quadratic dependence of the resistance noise
on the magnetization noise in the time domain �see Eq. �3��.
	t=	0+2	x and �t=�0+2�� �note the difference with �
=�0+��� are the frequency and damping of the antisymmet-
ric mode �m−�t� in the P configuration.15 The differential
�R /� cos �, as calculated by magnetoelectronic circuit
theory,17 depends only weakly on the magnetic config-
uration21 and is taken in the following to be a constant. The
ratio SAP/SP of the noise powers as a function of the static
coupling strength −J is shown in Fig. 2 for some values of
the applied external field in the parallel configuration. As
expected, the noise ratio increases with increasing external
field, since this field stabilizes the P configuration. It is also
easily understood that the noise ratio decreases with increas-
ing coupling strength, because the coupling stabilizes the AP
configuration while destabilizing the P configuration.

Figure 2 emphasizes the importance of including the dy-
namic exchange coupling. If disregarded, i.e., ��=0, the ra-
tio SAP/SP is substantially smaller. To understand this sur-
prising result, consider the derivation of the expressions for
SP and SAP: The noise SP is caused by the antisymmetric
mode �m−�t�=�m1�t�−�m2�t�, which, as can be seen from
Eq. �9�, is strongly damped by �t=�0+2��.15 The noise SAP
in the AP configuration, on the other hand, is caused by the
mode �m+�t�, which is relatively weakly damped. Since, ac-
cording to the FDT, a larger damping is associated with
stronger stochastic fields, the mode �m−�t� in P should be

FIG. 2. The ratio SAP/SP of the noise powers as a function of the
coupling strength −J, for some values of the applied external field
in the parallel configuration �in the antiparallel configuration, the
external field is zero�. The damping has been set to �0=0.01 and the
anisotropy field to 	c /
=10 Oe, with the experiments by Coving-
ton et al. �Ref. 8� in mind.

BRIEF REPORTS PHYSICAL REVIEW B 75, 092405 �2007�

092405-3



agitated stronger than the �m+�t� AP mode. At first sight, our
results for the effect of �� on the ratio SAP/SP thus seem to
violate the FDT. However, as emphasized above, the damp-
ing affects not only the stochastic fields but also the magnetic
response of the magnetization to these fields. Since the resis-
tance noise depends quadratically on the magnetization
noise and quartically on the linear-response function, a rela-
tively suppressed response of the antisymmetric P mode
turns out to be more important than the increased stochastic
fields. As a result, SP is significantly reduced as compared to
SAP when the dynamic exchange is included.

We conclude from Fig. 2 that, depending on parameters
such as the exchange coupling and the applied magnetic
field, the noise power can be much higher in the antiparallel
than in the parallel configuration, in agreement with the ex-
perimental results by Covington et al.8 on multilayer pillars.
In these experiments, the magnetizations reached the parallel

alignment for external magnetic field of �1500 Oe. Whereas
we treated spin valves with two ferromagnetic films, Coving-
ton et al. dealt with multilayers of 4–15 magnetic films.
However, the difference between the noise properties of bi-
layers and multilayers should be quite small, since the only
local structural difference is the number of neighboring fer-
romagnets. This assertion is supported by the experiments by
Covington et al. that did not reveal strong differences for
nanopillars with 4–15 layers.

We thank Mark Covington for sharing his results prior to
publication and Hans J. Skadsem for discussions. This work
was supported in part by the Research Council of Norway,
NANOMAT Grants No. 158518/143 and No. 158547/431
and the EU Commission FP6 NMP-3 project 505587-1
“SFINX.”
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Erratum: Resistance noise in spin valves [Phys. Rev. B 75, 092405 (2007)]
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(Dated: March 29, 2008)

PACS numbers: 75.75.+a, 72.70.+m, 72.25.Mk

The stochastic field correlator depends on the configuration. Eq. (7) is correct for the parallel configuration of the
spin valve. However, for the antiparallel configuration it should read

〈h′
1,i(t)h

′
2,i(t

′)〉 = 〈h′
1,i(t)h

′
1,i(t

′)〉.

Eq. (10) then becomes

XAP =
(

ω2α0 + ω2
cαt

[ω2 + ωc(2ωx − ωc)]2 + 4ω2(ωxα0 − ωcα)2

)2

,

which leads to quantitative changes in Fig. 2 as shown below. The qualitative conclusions of the paper remain
unaffected.
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The interplay between current and magnetization fluctuations in nanostructures with alternating
magnetic and non-magnetic layers is investigated. We use scattering theory and magnetoelectronic
circuit theory to calculate charge and spin current fluctuations. Via the spin-transfer torque, spin
current noise causes a significant enhancement of magnetization fluctuations. The equilibrium cur-
rent and magnetization noise are related to respectively the resistance and magnetization damping.
We demonstrate that calculation of the magnetization noise is a fruitful way of obtaining the magne-
tization damping. Special focus is on spin valves in which one of the ferromagnets is pinned, which
are systems frequently studied in experiments. We find that there is a difference in magnetization
noise and damping between the parallel, antiparallel and perpendicular magnetic configurations.
For the perpendicular configuration, the noise and damping are anisotropic. Due to giant magne-
toresistance (GMR), the magnetization fluctuations in spin valves induce resistance noise, which is
identified as a prominent source of electric noise at relatively high current densities. The resistance
noise is shown to vary considerably with the magnetic configuration, partly due to the dependence
of the GMR sensitivity on the configuration. The contribution from spin current fluctuations to
the resistance noise is shown to be significant. Resistance noise can be converted into voltage noise,
which is an experimentally accesible quantity that may be employed to verify our results.

PACS numbers: 72.70.+m, 72.25.Mk, 75.75.+a

I. INTRODUCTION

In magnetoelectronic nanostructures, integrated ferro-
magnetic elements produce new functionality. The inter-
play between magnetism and electricity in these struc-
tures shows great promise for device applications. Giant
magnetoresistance (GMR) is already the leading tech-
nology used for read heads in magnetic hard disk drives.
Considerable progress is made in research on possible fu-
ture applications, such as magnetic random access mem-
ory and spin based transistors. The performance of such
devices is amongst other factors determined by their elec-
tric and magnetic noise and dissipation of energy. A
thorough understanding of noise and dissipation is hence
essential.

The equilibrium voltage noise across conductors was
investigated by Johnson in 19281 and explained by
Nyquist2. The noise power was found to be directly pro-
portional to the electric dissipation, i.e., the resistance.
As electronic elements are made increasingly smaller, cur-
rent noise in mesoscopic conductors has gained a lot
of interest3. Following the birth of magnetoelectron-
ics, also the noise properties of hybrid non magnetic-
ferromagnetic structures, to which magnetization adds
a novel dimension, has received attention. In ferromag-
nets, a charge current is accompanied by a spin current,
i.e., a non-equilibrium flow of spin angular momentum.
Both charge and spin-polarized current noise in layered

structures of alternating ferromagnets and normal metals
have been investigated theoretically4–9.

The thermal fluctuations of the magnetization vector
in small single-domain ferromagnets were analyzed by
Brown in 196310. He introduced a stochastic field acting
on the magnetization to account for thermal agitation.
Lately, it has been shown that the magnetization noise
is increased in ferromagnetic films contacted to normal
metals11,12. This is due to spin current fluctuations orig-
inating in the external circuit, that are subsequently ab-
sorbed by the magnetization in the ferromagnet, hence
giving a fluctuating spin-transfer torque13–16 on it. The
presence of magnetization noise has been shown to be
important for the process of magnetization reversal17–20.

In ferromagnets, the magnetization vector may be ex-
cited from its equilibrium direction by an external mag-
netic field or an applied spin current. The process in
which it dissipates energy and returns to equilibrium is
usually parametrized by the Gilbert damping constant,
phenomenologically introduced in 195521,22. There is still
a substantial amount of research on the nature of this
damping. Recently Kohno et. al23 and Skadsem et. al24

investigated its microscopic origin, while Gilmore et. al25

used first principles to estimate the value of the Gilbert
constant in the most common ferromagnetic metals Fe,
Co and Ni. The Gilbert damping in ferromagnets con-
nected to a conducting environment has been shown to
be considerably enhanced as compared to the intrinsic
damping in isolated ferromagnets26,27.



2

Noise and dissipation are closely related. The
fluctuation-dissipation theorem (FDT)28,29 states that
there is a one-to-one correspondence between the equilib-
rium noise of a physical system, and the systems response
to external perturbations, i.e., its dissipation of energy.
Specifically, the equilibrium current noise in a conductor
is related to the resistance, as found and explained by
Johnson and Nyquist. Likewise, the equilibrium fluctua-
tions of the magnetization in ferromagnets is connected
to the Gilbert damping. The usefulness of the FDT in
investigating magnetization noise and damping has been
discussed lately30,31.

In the present paper, we investigate the interplay be-
tween current and magnetization noise in layered nano-
structures consisting of alternating magnetic and non-
magnetic films. The FDT is used to relate the equilib-
rium electric and magnetic noise to the corresponding
dissipation of energy, and we show that this yields correct
results for the resistance and Gilbert damping. Focus is
on magnetization noise caused by spin current fluctua-
tions via the spin-transfer torque. We start by reviewing
the noise in the simple system of a single mono-domain
ferromagnet sandwiched by normal metals11. We provide
an in-depth guide to the key results of Ref. 11, present-
ing technical details previously omitted. Both thermal
current noise, which is always present, and shot noise,
which requires an applied bias, are taken into account,
and the resulting magnetization noise and related Gilbert
damping are derived. We go on to consider spin valves,
i.e., two mono-domain ferromagnetic films separated by a
thin normal metal. We consider the experimentally rele-
vant case where one of the ferromagnets is pinned, as op-
posed to our work on spin valves in Ref. 32, in which both
ferromagnets were taken to be susceptible to fluctuations.
Magnetoelectronic circuit theory33–35 is used to calculate
the charge and spin current fluctuations, and the result-
ing magnetization noise and related Gilbert damping of
the free ferromagnet are found. The discussion is limited
to the parallel (P), antiparallel (AP) and perpendicular
(90o) magnetic configurations, and it is shown that the
magnetization noise and Gilbert damping differ in these
configurations. For the 90o configuration, the magneti-
zation noise and damping are anisotropic.

Direct measurement of magnetization fluctuations in
ferromagnets is a difficult task. Spin valves provide an
opportunity to indirectly measure magnetization noise
via resistance noise (or voltage noise), hence offering an
experimental check36,37 of our results. The magnetically
induced resistance noise is a result of GMR. We obtain
analytical expressions for the noise in both the P, AP
and 90o configurations. The role of the GMR sensitivity,
∂R/∂θ, where R is the resistance and θ is the relative an-
gle between the magnetizations, is explored. The depen-
dence of the sensitivity on θ leads to a sizeable difference
in resistance noise in the P, AP and 90o configurations.
The resistance noise can be converted into current noise,
and adds to the Johnson-Nyquist noise also present in
spin valves. It is a prominent contribution at relatively

high current densities36,37, and should be of importance
for the performance of spin valve read heads30. We show
that the contribution from spin current fluctuations to
the resistance noise is significant.

We end this paper by considering resistance noise in
the P and AP configurations for spin valves where neither
of the ferromagnets are pinned, but rather are identical.
As both ferromagnets now will fluctuate, interactions be-
tween them become very important. We point out that
depending on these interactions, there may be a large
difference in noise level between the P and AP configura-
tions. Our results for these spin valves include previously
presented results32 as a limiting case. In Ref. 32, the de-
magnetizing field inside the ferromagnets, which is due
to the intralayer magnetic dipolar interaction, was not
included, and the dependence of the GMR sensitivity on
θ was neglected.

The paper is organized as follows. We begin by re-
viewing the fluctuation-dissipation theorem, applied to
magnetic systems. In section III, the noise properties of
a single ferromagnetic thin film sandwiched by normal
metals is worked out in detail, emphasizing the relation
of the noise to the damping. Then, in section IV, we
consider current noise, magnetization noise, and magne-
tization damping in spin valves, and use the results to
calculate the resistance noise induced by GMR. In sec-
tion V we draw our conclusions.

II. FLUCTUATION-DISSIPATION THEOREM

The fluctuation-dissipation theorem (FDT) relates the
noise properties of physical systems in equilibrium to
their response when they are subject to external per-
turbations. More precisely, the equilibrium fluctuations
of the physical quantity that characterizes the system is
related to the out-of-equilibrium dissipation of energy.
For example, in an electric conductor, the fluctuations
in the electric current is related to the conductivity, as
shown and explained by Johnson and Nyquist1,2. Sim-
ilarly, in magnetic systems, the equilibrium fluctuations
in the magnetization are related to the dissipative part
of the magnetic susceptibility. In the following we briefly
describe the FDT applied to magnetic systems.

A single-domain ferromagnet may be characterized
by its uniform unit magnetization vector m. Its time-
dependent equilibrium fluctuations are described by the
correlator 〈δmi(t)δmj (t′)〉, where δmi(t) = mi(t) −
〈mi(t)〉. Here the brackets denote statistical averaging at
equilibrium, and i and j denote Cartesian components.
The classical FDT states that these fluctuations are re-
lated to the magnetic susceptibility:

〈δmi(t)δmj(t′)〉 =
kBT

2πMsV

∫
dωe−iω(t−t′)

×
χij(ω) − χ∗ji(ω)

iω
, (1)

where Ms is the saturation magnetization, T is the tem-
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perature, V is the volume of the ferromagnet, and χij(ω)
is the ij-component of the magnetic susceptibility (in
Fourier space). The susceptibility is defined by the lin-
ear causal magnetic response to an external driving field
H(dr)(t):

∆mi(t) =
∑

j

∫
dt′χij(t− t′)H(dr)

j (t′), (2)

where ∆mi(t) is the change in magnetization caused by
the driving field.

An alternative form of the FDT may be derived by
introducing a fictitious stochastic magnetic field h(0)(t)
with zero mean, and viewing the fluctuations as caused
by the action of this field. The properties and strength
of h(0)(t) is determined by demanding that it produces
the correct fluctuations δm(t). From Eq. (2) it follows
that δmi(ω) =

∑
j χij(ω)h(0)

j (ω) in Fourier space. In-
verting this relation, it follows that the correlator of the
stochastic field is

〈h(0)
i (t)h(0)

j (t′)〉 =
kBT

2πMsV

∫
dωe−iω(t−t′)

×
[χ−1

ji (ω)]∗ − χ−1
ij (ω)

iω
, (3)

where χ−1
ij (ω) is the ij-component of the Fourier trans-

formed inverse susceptibility. We will later make use of
this second version of the FDT.

III. SINGLE FERROMAGNET

The magnetization dynamics of an isolated single-
domain ferromagnet is well described by the Landau-
Lifshitz-Gilbert (LLG) equation21,38

dm
dt

= −γ0m×Heff + α0m×
dm
dt

, (4)

where γ0 is the gyromagnetic ratio, Heff the effective
magnetic field, and α0 the Gilbert damping constant.
The effective field includes internal anisotropy and de-
magnetizing fields, and any externally applied fields. The
equilibrium magnetization noise is given by Eq. (1),
where Eq. (4) may be used to evaluate the magnetic sus-
ceptibility. To find the susceptibility, first note that the
equilibrium direction of the magnetization is in the direc-
tion of the effective static field Heff . Next, let the weak
external driving field H(dr)(t) be applied transverse to
the equilibrium direction, modifying the LLG equation
by the substitution Heff → Heff + H(dr)(t). Then the
magnetization is excited from the equilibrium direction
m0 = Heff/|Heff | such that m(t) ≈ m0 + ∆m(t), where
the small change in magnetization ∆m(t) is perpendic-
ular to m0. Linearizing the LLG equation in ∆m(t) we
find the transverse inverse susceptibility tensor

χ−1 =
1
γ0

[
γ0Heff − iωα0 iω

−iω γ0Heff − iωα0

]
(5)

written in matrix/tensor form in the plane orthogonal to
m0. Note that we for simplicity have assumed that the
effective field Heff is a constant, although it in general
depends on the magnetization direction m. This simpli-
fication has no effect on the result of the calculation of
noise.

The LLG equation can explicitly describe both magne-
tization dynamics and noise, by including the stochastic
field h(0)(t) given by Eq. (FDT2) on the right hand side
so that Heff →Heff + h(0)(t). From Eqs. (3) and (5)10,

〈h(0)
i (t)h(0)

j (t′)〉 = 2kBT
α0

γ0MsV
δijδ(t− t′). (6)

This expression relates the equilibrium fluctuations of the
magnetization to its dissipative properties, the Gilbert
damping.

Eq. (4) with the stochastic field h(0)(t) included de-
scribes well the magnetization dynamics and noise of
a single-domain ferromagnet isolated from the outside
world. When the ferromagnet is contacted to a conduct-
ing environment, interesting new effects that modify both
the dynamics and noise come in to play. These effects are
considered in the following.

If the direction of the magnetization vector is chang-
ing in time due to, e.g., the action of an external driv-
ing field, spins can be emitted from the ferromagnet to
the surroundings26. For ferromagnets thicker than the
magnetic coherence length, this “pumped”spin current is
given by

Ipump
s =

h̄

4π

(
Reg↑↓m× dm

dt
− Img↑↓

dm
dt

)
, (7)

where the material parameter g↑↓ is the dimension-
less conductance for electrons with spin oriented per-
pendicular to the magnetization direction (the “mix-
ing conductance”)33–35. By conservation of angular mo-
mentum this leads to the appearance of an extra term
γIpump

s /(MsV ) on the right hand side of the LLG equa-
tion, which can be shown26 to be equivalent to a renor-
malization of the Gilbert damping and the gyromagnetic
ratio:

1
γ0
→ 1

γ
=

1
γ0

(
1− γ0h̄Img↑↓

4πMsV

)
, (8)

α0 → α =
γ

γ0

(
α0 +

γ0h̄Reg↑↓

4πMsV

)
. (9)

These expressions are valid when the surrounding envi-
ronment is a perfect spin sink, such that the pumped spin
current never returns to the ferromagnet. Since the imag-
inary part of the mixing conductance typically is small,
the renormalization of γ0 will hereafter be neglected.

The inverse effect of spin pumping is also important:
A spin-polarized current may exert a torque on the fer-
romagnet, leading to precessional motion of the mag-
netization, or even magnetization reversal. This spin-
transfer torque13–16 is due to the absorption of the com-
ponent of the spin current polarized transverse to the
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magnetization33,39. By conservation of angular momen-
tum, the LLG equation must be modified by including
a term −γ0Is,abs/(MsV ) on the right hand side, where
Is,abs is the absorbed spin current, to take this into
account. The absorption of spin angular momentum
happens on the length scale of the magnetic coherence
length33,39,40, which for transition metals is of the order
of a nanometer. In the following we shall only consider
ferromagnets thicker than this length, so that spin ab-
sorption is complete.

Recently we have shown11 that due to the spin-transfer
torque, the magnetization noise in magnetoelectronic
nanostructures can be considerably increased as com-
pared to an isolated ferromagnet. At elevated temper-
atures, thermal fluctuations in the spin current exert a
fluctuating torque on the magnetization, increasing the
noise. For a ferromagnet sandwiched by normal metals,
the enhancement of the noise is described by a stochastic
field h(th)(t) similar to the intrinsic field h(0)(t). h(th)(t)
has correlation function11

〈h(th)
i (t)h(th)

j (t′)〉 = 2kBT
α′

γMsV
δijδ(t− t′), (10)

where

α′ =
γh̄Reg↑↓

4πMsV
(11)

is the enhancement of the Gilbert damping due to spin
pumping (see Eq. (9)). Assuming h(0)(t) and h(th)(t) are
statistically independent, the total noise is thus given by
h(t) = h(0)(t) + h(th)(t). We know that the total damp-
ing is α = α0 + α′, and from Eqs. (6) and (10) we see
that the total noise is related to the total damping, in
agreement with the FDT. Hence, the thermal spin cur-
rent noise is the noise process related to the enhanced
dissipation of energy by spin pumping, and calculating
the noise is an alternative route to finding the damping.
In thin ferromagnetic films, α′ can be of the same order,
or larger than, α0

27. In the following subsections we will
give a detailed derivation of the result Eq. (10). We will
also evaluate the shot noise contribution to the magneti-
zation noise, which is important at low temperatures11 .
We may note here that Eq. (10) may be found also by
direct application of Eq. (3) to the LLG equation with
spin pumping included.

A. Scattering theory

The system at study is a thin ferromagnetic film con-
nected to two large normal metals through two leads, as
shown in Fig. 1. We assume that the normal metals
are perfect spin sinks and that the ferromagnet is thicker
than the magnetic coherence length, which in a simple
two-band ferromagnet reads λc = π/(k↑ − k↓), where
k↑(↓) is the spin-dependent Fermi wave vector. The nor-
mal metals are characterized by Fermi-Dirac distribution

a
L

F
b

L

b
R

a
R

N N

t

t’

r
r’

FIG. 1: A thin ferromagnetic (F) film is sandwiched by nor-
mal metals (N). The current fluctuations in the system are
evaluated in terms of transmission probabilities for the elec-
tron states, with the aid of second quantized annihilation
and creation operators. The operators shown in the figure
are annihilation operators, with the a-operators annihilat-
ing electrons moving towards the ferromagnet, and the b-
operators annihilating electrons moving away from the fer-
romagnet. Also shown are the reflection and transmission
matrices r, r′, t, t′ (see Eq. (14)), for simplicity without spin
indeces.

functions fL and fR and corresponding chemical poten-
tials µL and µR, where L and R refer to the left and
right sides. They are held at a common temperature T .
We use the Landauer-Büttiker (LB) scattering theory3 to
evaluate the spin current fluctuations, and then the LLG
equation to calculate the resulting magnetization noise.

The idea of the LB approach is to evaluate the current
from a microscopic viewpoint, in terms of transmission
probabilities for the electron states. The ferromagnetic
film is viewed as a scatterer, limiting the propagation
of electrons between the normal metals. The scattering
properties of the ferromagnet together with the occupa-
tion numbers in the normal metals determine the trans-
port properties of the system. Assuming that the trans-
verse and longitudinal motion in the leads are separa-
ble, the electron states are described by a continuos wave
vector for the longitudinal motion, and a discrete mode
index for the quantized transverse motion. Introducing
creation and annihilation operators, the LB formalism3,41

generalized to describe spin transport gives

Îαβ
A (t) =

e

h

∫
dEdE′ei(E−E′)t/h̄[a†Aβ(E)aAα(E′)

−b†Aβ(E)bAα(E′)]. (12)

for the αβ-component of the 2×2 current operator in spin
space at time t on side A (= L(left) or R(right)) of the
ferromagnetic film. Here a

(†)
Aα(E) and b

(†)
Aα(E) are vectors

in the space of the transverse modes that annihilate (cre-
ate) electrons with spin α and energy E in lead A moving
towards or away from the ferromagnet, respectively (see
Fig. 1). The a-operators are related to the b-operators
by the scattering properties of the ferromagnet:

bAα(E) =
∑

Bβ

sABαβ(E)aBβ (E), (13)



5

where sABαβ is the scattering submatrix in transverse
mode space for incoming electrons with spin β in lead
B (= L or R) scattered to outgoing states in lead A
with spin α. The summation is over B = L, R and over
spin β =↑, ↓. A similar relation holds for the creation
operators. Suppressing for simplicity spin indeces, Eq.
(13) can be written in the more transparent way (see
Fig. 1)

(
bL

bR

)
=

(
r t′

t r′

) (
aL

aR

)
, (14)

where r = sLL, r′ = sRR, t = sRL and t′ = sLR. In
the following we shall for simplicity disregard spin-flip
processes in the ferromagnet, so that sABαβ = sABαδαβ .
Due to current conservation, the scattering matrix de-
fined by Eq. (14) is unitary.

The charge and spin currents Ic,A(t) and Is,A(t) are
given by the current operator: Ic,A(t) =

∑
α Îαα

A (t)
and Is,A(t) = −h̄/(2e)

∑
αβ σ̂αβ Îβα

A (t), where σ̂ =
(σ̂x, σ̂y, σ̂z) is the vector of Pauli matrices. The av-
erage charge and spin currents are evaluated using
the quantum statistical average 〈a†Amα(E)aBnβ(E′)〉 =
δABδmnδαβδ(E − E′)fA(E) of the product of one cre-
ation and one annihilation operator. Here m and n de-
note transverse modes and fA = f(E−µA) is the Fermi-
Dirac distribution function in normal metal A, with µA

the chemical potential. The creation and annihilation op-
erators furthermore obey the anticommutation relation

{a†Amα(E), aBnβ(E′)} = δABδmnδαβδ(E −E′). (15)

The anticommutator of two creation or two annihilation
operators vanish. Similar relations hold for the b- opera-
tors. From these relations it follows that

〈a†Akα(E1)aBlβ (E2)a
†
Cmγ (E3)aDnδ(E4)〉

−〈a†Akα(E1)aBlβ (E2)〉〈a†Cmγ (E3)aDnδ(E4)〉
= δADδBCδknδlmδαδδβγ

×δ(E1 − E4)δ(E2 −E3)fA(E1)[1− fB(E2)], (16)

where the subscripts A, B, C, D denote leads, k, l, m, n
denote transverse channels, and α, β, γ, δ denote spin.
This expression will be needed in the calcuation of the
current fluctuations. We will also use the identity

∑

CD

Tr(s†ACαsADβs†BDβsBCα) = δABMA (17)

which follows from the unitarity of the scattering matrix.
Here the trace is over the space of the transverse modes,
and MA is the number of transverse modes in lead A.

The charge and spin current fluctuations are given by
the correlators

Sc,AB(t − t′) = 〈δIc,A(t)δIc,B(t′)〉 (18)

and

Sij,AB(t− t′) = 〈δIsi,A(t)δIsj ,B(t′)〉, (19)

respectively. Here δIc,A(t) = Ic,A(t) − 〈Ic,A(t)〉 is the
deviation of the charge current from its average value
in lead A at time t, and δIsi,A(t) is the deviation of the
vector component i (i = x, y or z) of the spin current. We
use a coordinate system for the spin current in which the
z-axis is along the magnetization direction, which defines
the spin quantization axis. Two fundamental types of
current noise will be considered in the following: Thermal
noise and shot noise. In general, the total noise is not
a simple superposition of pure thermal noise and pure
shot noise. Still, it is convenient to treat the two noise
sources independently, as is done in the following. We
will consider low-frequency noise.

B. Thermal current noise

At equilibrium fL = fR = f , and the average current
is zero. The fluctuations are however finite, due to the
non-zero temperature. Thermal current noise manifests
itself as fluctuations in the occupation numbers of the
electron channels incident on the sample. Using Eqs.
(12), (13), (16) and (17) we evaluate the zero frequency
noise S

(th)
c,AA(ω = 0) =

∫
d(t− t′)S(th)

c,AA(t− t′) and find

S
(th)
c,AA(ω = 0) =

2e2

h
kBT (g↑ + g↓), (20)

where gα = Tr(1 − r†αrα) is the spin-dependent dimen-
sionless conductance of the ferromagnet, to be evalu-
ated at the Fermi energy. The superscript (th) empha-
sizes that the fluctuations are due to thermal agitation,
and the trace is over the space of the transverse modes.
To arrive at this result we made use of the relation
f(1− f) = kBT (−∂f/∂E). The result for S

(th)
c,AB(ω = 0),

where B 6= A, differs from the above expression only by a
minus sign, since positive current direction is defined to-
wards the ferromagnet on both sides, and charge current
is conserved. Eq. (20) is the well-known expression for
Johnson-Nyquist noise, relating the equilibrium current
noise to the out-of-equilibrium dissipation of energy, in
accordance with the FDT.

The thermal spin current noise follows in a similar way.
The zero frequency noise becomes

S
(th)
ij,AB(0) =

h̄kBT

8π

∑

αβ

σαβ
i σβα

j Tr[2δAB

−s†BAαsBAβ − s†ABβsABα], (21)

where the scattering matrices should be evaluated at the
Fermi energy. From this we get e.g.

S
(th)
zz,AA =

h̄

4π
kBT (g↑ + g↓) (22)

for the correlator of the longitudinal (polarized parallel
with the magnetization) spin current components. Simi-
larly,

S
(th)
xx,AA = S

(th)
yy,AA =

h̄

4π
kBT (g↑↓A + g↓↑A ) (23)
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for the correlators of the transverse (polarized perpendic-
ular to the magnetization) spin current components. The
transverse (or “mixing”) conductance g↑↓A describes elec-
trons with spin polarization perpendicular to the mag-
netization propagating towards the interface on side A

of the ferromagnet. We have g↑↓L = Tr[1 − r↑(r↓)†] and
g↓↑L = (g↑↓L )∗, and g↑↓R = Tr[1− r′↑(r

′
↓)
†] and g↓↑R = (g↑↓R )∗.

We see that just like the charge current noise, Eq. (20),
the spin current noise obeys the FDT. The spin current
correlators are proportional to the conductances for the
respective spin current components. Note that S

(th)
zz,AA

only differs from S
(th)
c,AA by the factor h̄2/(2e)2, which is

the square of the conversion factor from charge to spin
currents.

For the cross correlations, we find e.g. S
(th)
zz,LR =

−S
(th)
zz,LL, reflecting that the component of the spin cur-

rent polarized parallel to the magnetization is conserved
in the ferromagnet. On the other hand, S

(th)
xx,LR =

S
(th)
yy,LR = 0, since the spin current components perpen-

dicular to the magnetization are absorbed over the length
scale of the ferromagnetic coherence length.

C. Shot noise

Shot noise, as opposed to thermal noise, is an out-of-
equilibrium phenomenon. It is present when a voltage is
applied across the sample (i.e., µL 6= µR), and even at
zero temperature. Shot noise is due to the discreteness
of the electron charge, and the probabilistic scattering of
electrons as they are incident on the sample. To evaluate
the shot noise, let µL − µR = eV with V the applied
voltage, and let the temperature be zero, so that there is
no thermal noise. We are here only concerned with the
current fluctuations, although in this case also the aver-
age charge current is non-zero. The average spin current
accompanying the average charge current does not exert
a torque on a single ferromagnet, since the spin current
is polarized along the direction of magnetization. Using
again Eqs. (12), (13), and (16) we find the well-known
result3

S
(sh)
c,AA(ω = 0) =

e3

h
|V |[Tr(r†↑r↑t

†
↑t↑) + Tr(r†↓r↓t

†
↓t↓)] (24)

for the correlator of the charge shot noise. Here the scat-
tering matrices should be evaluated at the Fermi energy,
and the superscript (sh) emphasizes that we are consider-
ing shot noise. We have used the relations fA(1−fA) = 0
and

∫
dE(fL−fR)2 = e|V |. The result for S

(sh)
c,AB(ω = 0),

where B 6= A, differs from Eq. (24) by a minus sign. Sim-
ilarly, we find

S
(sh)
ij,AB(ω = 0) =

h̄

8π

∑

αβ

σ̂αβ
i σ̂βα

j

∫
dE

∑

CD

fC (1− fD)

×Tr[s†ACαsADβs†BDβsBCα] (25)

for the spin current shot noise. As for the thermal
noise we find from this expression S

(sh)
zz,LR = −S

(sh)
zz,LL and

S
(th)
xx,LR = S

(th)
yy,LR = 0, reflecting that the component of

the spin current polarized parallel to the magnetization
is conserved in the ferromagnet, while the spin current
components perpendicular to the magnetization are ab-
sorbed.

D. Magnetization noise and damping

The absorption of transverse thermal spin current
noise and spin shot noise in the ferromagnet implies
a fluctuating spin-transfer torque on the magnetiza-
tion. The resulting increment of the magnetization
noise is calculated using Eq. (4), which by conserva-
tion of angular momentum is modified by the spin torque
−γ0Is,abs/(MsV ) in the presence of spin currents. Here
Is,abs = Is,L+Is,R is the (instantaneously) absorbed spin
current. (Recall that on both sides of the ferromagnet,
positive current direction is defined towards the mag-
net.) Since Is,abs is perpendicular to m, we may write
Is,abs = m×[m×Is,abs], such that the modified stochastic
LLG equation reads

dm
dt

= −γ0m× [Heff + h(0)(t)] + α0m×
dm
dt

+
γ0

MsV
m× [m× Is,abs]. (26)

In the present case, the average absorbed spin current
〈Is,abs〉 is zero, but the fluctuations δIs,abs(t) are finite.
We can thus define h(t) = −1/(MsV )m × δIs,abs(t) as
a stochastic ”magnetic” field describing the spin current
(thermal or shot) noise, analogous to the intrinsic noise
field h(0)(t). It follows that

〈hi(t)hi(t′)〉 =
1

M2
s V 2

∑

AB

Sjj,AB(t − t′) (27)

and

〈hi(t)hj(t′)〉 = − 1
M2

s V 2

∑

AB

Sji,AB(t− t′) (28)

for i, j = x, y; i 6= j. The component of the field par-
allel to the magnetization is of no interest, since it has
no effect on the magnetization. Assuming that the fre-
quency of the current noise is low compared to all relevant
energy scales (the temperature, applied voltage, and ex-
change splitting), we can approximate Sij,AB(t − t′) ≈
Sij,AB(ω = 0)δ(t − t′). Using Eq. (21) we then find the
already advertised result

〈h(th)
i (t)h(th)

j (t′)〉 = 2kBT
α′

γ0MsV
δijδ(t − t′) (29)

for the thermally induced spin current stochastic field.
Here i may equal j, and α′ = γ0h̄Re(g↑↓L +g↑↓R )/(4πMsV )
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is the spin-pumping enhancement of the Gilbert damp-
ing. From Eq. (3) we see that this result is in agree-
ment with the FDT, with the Gilbert damping given by
α = α0 + α′.

For the stochastic field describing the shot noise, we
similarly find

〈h(sh)
i (t)h(sh)

j (t′)〉 =
h̄

4π

e|V |
M2

s V 2
δijδ(t − t′)[Tr(r↑r

†
↑t
′
↓t
′†
↓ )

Tr(r′↓r
′†
↓ t↑t

†
↑)] (30)

using Eq. (25) and the unitarity of the scattering matrix.
For a simple model for the scattering coefficients, it has
been shown that the shot noise-induced stochastic field
may dominate the thermally induced one for typical ex-
perimental voltage drops in nanoscale spin valves at low
temperatures11. In the following we shall consider room
temperature, allowing us to neglect shot noise.

IV. SPIN VALVE

We now proceed to consider the noise properties of
spin valve nanopillars, i.e., two ferromagnets F1 and F2

with respective unit magnetization vectors m1 and m2

separated by a thin normal metal spacer N , as shown in
Fig. 2. We first assume that F2 is pinned, and hence
disregard any fluctuations of this ferromagnet. Later,
we will consider fluctuations also of this ferromagnet. In
experiments on spin valves, it is common to have one of
the ferromagnets pinned. The pinning can be achieved
by e.g. antiferromagnetically coupling the ferromagnet
to a third magnet, or by making it much bigger than the
other.

The magnetization noise in F1 is given by intrinsic
noise plus noise due to thermally fluctuating spin cur-
rents. The intrinsic noise is the same as for solitary fer-
romagnets, as considered in the previous section, and as
given by Eq. (6). The spin current induced noise on
the other hand, is affected by the presence of the second
ferromagnet, and so differs from that calculated in the
preceeding section. To evaluate the spin current noise,
we use magnetoelectronic circuit theory33–35. Requiring
charge and spin conservation in the middle normal metal,
the circuit theory enables us to consistently determine
the current fluctuations in the system.

Due to giant magnetoresistance (GMR), the fluctua-
tions of m1 cause resistance noise. While magnetization
noise is difficult to measure directly, it may be indirectly
measured through resistance noise. Resistance noise in
spin valves is hence an interesting quantity to consider,
that offers an experimental check of our results. Resis-
tance noise is also interesting from a fundamental view-
point, and may be important for the sensitivity of GMR
read heads for magnetic storage.

This section is organized as follows. First the mag-
netoelectronic circuit theory is introduced and used to
calculate the current noise in spin valves. Then the

F1

Is,1RIs,1L

L F2 RN

Is,2L Is,2R

m1 m2

z

x

y

FIG. 2: A spinvalve with two ferromagnets F1 and F2 with
unit magnetization vectors m1 and m2, here shown in the
parallel (P) configuration m1 = m2 = ẑ. The magnetization
of F2 is pinned. The currents in the system are evaluated
close to the interfaces, with positive directions defined in the
figure, using magnetoelectronic circuit theory.

spin current noise is translated into a stochastic field
that acts on F1, following the recipe in the Sec. III D.
The related Gilbert damping is found with the aid of
the FDT for both the parallel(P), antiparallel(AP) and
perpendicular(90o) magnetic configurations. Using the
LLG equation, we next calculate the explicit fluctuations
of the magnetization vector induced by the stochastic
field, and the resulting resistance noise. We end this sec-
tion by considering spin valves in which the ferromagnets
are identical and hence equally susceptible to fluctua-
tions.

A. Circuit theory

Magnetoelectronic circuit theory was developed by
Brataas, Bauer and Nazarov33–35 as a tool to deter-
mine transport properties of magnetoelectronic multilay-
ers, such as the spin valve shown in Fig. 2. The the-
ory is a semiclassical formulation of the spin-resolved LB
scattering formalism explained in Sec III A. The idea
of the theory is to divide the system at study into re-
sistive elements (scatterers), nodes (low resistance inter-
connectors), and reservoirs (voltage sources). The nodes
and reservoirs are characterized by distribution functions,
and the current between them is calculated quantum me-
chanically using LB scattering theory. We view the ferro-
magnets as scatterers, the sandwiched normal metal layer
as a node, and the outer normal metals L (left) and R
(right) as large reservoirs. The reservoirs are in thermal
equilibrium, and hence characterized by Fermi-Dirac dis-
tribution functions fL = f(E−µL) and fR = f(E−µR),
where µL and µR are the respective chemical potentials.
Depending on the relative orientation of the magnetiza-
tion vectors m1 and m2, there can be a non-equilibrium
accumulation of spins on the normal metal node. The
node is hence in general characterized by both a non-zero
scalar (charge) distribution function fcN , and a non-zero
vector spin distribution function fsN . For convenience,
fcN and fsN may be combined into a distribution matrix
f̂N = 1̂fcN + σ · fsN in 2 × 2 spin space, where 1̂ is the
unit matrix and σ is the vector of the Pauli matrices.
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As in the previous sections, the ferromagnets are as-
sumed thicker than the magnetic coherence length, and
spin-flip processes are disregarded in both the ferromag-
nets and the middle normal metal node. The node is
furthermore assumed to be sufficiently chaotic, so that
f̂N is isotropic and constant in space. As shown in Fig.
2, currents are evaluated close to the F|N-interfaces.

The average charge and spin currents follow from
Eq. (12). The important ansatz of magnetoelec-
tronic circuit theory is the quantum statistical average
〈a†Amα(E)aBnβ(E′)〉 = δABδmnδ(E − E′)fβα

A (E). Here
aBnβ is the annihilation operator for electrons propagat-
ing from normal metal A (A = L, R or N ) towards one
of the ferromagnets, and fβα

A is the βα-component of the
2 × 2 semiclassical distribution matrix f̂A in spin space
on normal metal A. For the reservoirs (A = L or R), we
simply have fβα

A = δβαf(E − µA). On e.g. the right side
of ferromagnet F1, the average charge current is34,35

〈Ic,1R〉 =
e

h

∫
dE{g↑1(fcN + fsN ·m1 − fL)

+g↓1(fcN − fsN ·m1 − fL)} (31)

and the average spin current

〈Is,1R〉 =
1
4π

∫
dE{m1[g

↑
1(fcN + fsN ·m1 − fL)

−g↓1(fcN − fsN ·m1 − fL)]

+2Reg↑↓1Rm1 × (fsN ×m1)

+2Img↑↓1RfsN ×m1}. (32)

Here gα
1 is the spin-dependent dimensionless conductance

of F1, and g↑↓1R is the mixing conductance of the inter-
face between F1 and the middle normal metal. The av-
erage charge and spin currents on the other side of F1

is easily deduced by recalling that the charge current
and the component of the spin current polarized along
the magnetization is conserved through the ferromag-
net, while the transverse spin current is absorbed. Hence
〈Ic,1L〉 = −〈Ic,1R〉 and

〈Is,1L〉 =
1
4π

∫
dE{m1[g

↑
1(fL − fcN − fsN ·m1)

−g↓1(fL − fcN + fsN ·m1)]. (33)

Similar expressions hold for the currents evaluated on
the left and right sides of F2. For simplicity we shall
in the following take the ferromagnets to have identical
conductance parameters.

Since spin-flip processes are disregarded, both charge
and spin are conserved on the middle normal metal node:

〈Ic,1R〉+ 〈Ic,2L〉 = 0 (34)
〈Is,1R〉+ 〈Is,2L〉 = 0 (35)

Eqs. (31)-(35) give four equations for the four unknown
components of the distribution matrix f̂N on the middle

normal metal node. Solving this set of equations and
then using again Eq. (31), yields 〈Ic,1L〉 = −〈Ic,1R〉 =
〈Ic,2L〉 = −〈Ic,2R〉 ≡ Ic = GvV , where V = (µL − µR)/e
is the applied voltage, and35

Gv =
e2g

2h

(
1− P 2 1− cosθ

1− cosθ + η + ηcosθ

)
(36)

is the conductance of the spin valve, that depends on the
angle θ = arccos(m1 ·m2). We have defined g = g↑ + g↓

as the total conductance of each of the ferromagnets, P =
(g↑ − g↓)/g as the polarization, and η = 2g↑↓/g as the
relative mixing conductance.

B. Current noise

We consider low-frequency current noise. In this limit,
charge and spin are instantaneously conserved on the nor-
mal metal node. This implies that also the charge and
spin current fluctuations are conserved:

∆Î1R(t) + ∆Î2L(t) = 0, (37)

where we have written the current fluctuations as a 2×2
matrix in spin space. ∆Î1R(t) = 1̂∆Ic,1R(t) − 2e/h̄σ ·
∆Is,1R(t) denotes the fluctuations in the lead to the right
of F1, with ∆Ic,1R(t) the charge current fluctuations and
∆Is,1R(t) the spin current fluctuations. As a result of
this conservation law, the distribution matrix f̂N on the
node must be fluctuating. The current fluctuations can
hence be written

∆Î1R(2L)(t) = δÎ1R(2L)(t) +
∂〈Î1R(2L)〉

∂f̂N

δf̂N (t), (38)

where δf̂N (t) are the fluctuations of the distribution
matrix. δÎ1R(2L)(t) are the intrinsic fluctuations when
δf̂N (t) = 0, coinciding with the fluctuations calculated
for single ferromagnets in the previous section. Expres-
sion (38) applies also to the current fluctuations evalu-
ated on the left side of ferromagnet F1 and the right side
of ferromagnet F2. In the following, we consider thermal
current noise, recalling from Sec. III D that for typical
voltage drops in spin valves, shot noise is only important
at low temperatures. We shall for simplicity limit our
discussion to the cases where the magnetizations are ori-
ented either parallel, antiparallel or perpendicular. Ex-
perimentally, these are the most relevant configurations.

Using Eqs. (31), (32), (37) and (38) together with the
results in Sec. III, we can evaluate the charge and spin
current fluctuations in the spin valve. The correlator of
the charge current fluctuations is given by the conduc-
tance (36):

∫
d(t− t′)〈∆Ic(t)∆Ic(t′)〉 = 2kBTGv(θ). (39)

In the low-frequency regime considered here, charge cur-
rent fluctuations are conserved in the ferromagnets as
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well as the normal metal node. There is hence no need
to specify where in the spin valve the fluctuations in the
above correlator are evaluated. The result holds for the
parallel, antiparallel, and perpendicular configurations,
as well as any other configuration, as dictated by the
FDT. Gv can easily be a factor of two larger in the par-
allel than in the antiparallel configuration, hence causing
a substantial difference in the noise levels. Later we will
see that via resistance noise, magnetization fluctuations
are an additional source of electric noise in spin valves.

The spin current correlator 〈∆Isi,A(t)∆Isj ,B(t′)〉,
where i and j denote Cartesian components and A(B) =
1L, 1R, 2L or 2R, is found in a similar manner. Although
the spin current fluctuations are conserved in the mid-
dle normal metal node, they are not in the ferromag-
nets, since the ferromagnets absorb transverse spin an-
gular momentum. Consequently, the spin current corre-
lator depends on where in the spin valve it is evaluated.
Rather than stating the explicit spin current correlators,
we shall proceed to evaluate the magnetization fluctua-
tions caused by the spin current noise.

C. Magnetization noise and damping

The current-induced stochastic field acting on F1 is
found with the recipe given in Sec. III D. In the fol-
lowing we give results valid in the parallel, antiparallel
or perpendicular configurations. By using the FDT, we
also find the related Gilbert damping in all three cases.

1. Parallel configuration

Let us start with the parallell magnetic configuration,
m1 ·m2 = 1. We find

〈h(th)
i (t)h(th)

j (t′)〉P = 2kBT
αsv

γ0MsV
δijδ(t − t′) (40)

for the thermal spin current-induced stochastic magnetic
field in ferromagnet F1 in this case. Here i, j label vector
components perpendicular to the magnetization,

αsv =
3γ0h̄Reg↑↓

8πMsV
, (41)

and the mixing conductance g↑↓ has been taken to be
the same for all four F|N-interfaces. In arriving at this
result, we have made explicit use of the assumption that
the middle normal metal node is chaotic, which explic-
itly means that 〈δIsi,1R(t)δIsj ,2L(t′)〉 = 0, i.e. there are
no correlations across the node. αsv can be shown by
the FDT to be the spin-pumping enhancement of the
Gilbert damping corresponding to the increased noise.
This is done by following the steps outlined for a single
ferromagnet, i.e., Eqs. (3)-(5). Note that for a ferro-
magnetic film in a spin valve, the effective field Heff in
the LLG equation includes contributions due to exchange

coupling to the second film. This has however no effect
on the stochastic field and Gilbert damping.

The above result coincides with the result (29) for the
single ferromagnet sandwiched by normal metals, with
the exception of a factor 3/4. The spin current-induced
enhancement of the magnetization noise and damping is
thus three quarters of what it is for a single ferromagnet.
We note that the enhancement of the damping may be
found also in a more direct way: Using Eqs. (7) and (32)
we can compute the net spin angular momentum leaving
each of the ferromagnets when the magnetizations are
slightly out of equilibrium, and by conservation of an-
gular momentum infer the corresponding enhancement
of the Gilbert damping constant. This yields the result
(41) as it should. The 3/4-suppression as compared to
single ferromagnets is due to the inability of the middle
normal metal node to absorb spin angular momentum.
Since the node is chaotic, it divides any incoming flow
of spin angular momentum in two, transmitting one half
and reflecting the other.

2. Antiparallel configuration

For the antiparallel configuration (m1 ·m2 = −1), we
find in the same way

〈h(th)
i (t)h(th)

j (t′)〉AP = 〈h(th)
i (t)h(th)

j (t′)〉P , (42)

i.e., the current-induced noise and damping is the same
in the AP and P configurations. In arriving at this result
we have neglected the small imaginary part of the mixing
conductance. Including it would give a small correction
to the damping parameter, as well as a renormalization
of the gyromagnetic ratio. The noise and damping would
then no longer be identical in the P and AP configura-
tions.

3. Perpendicular configuration

We assume for this configuration that F2 by some
means has been pinned along the x-direction, and that
the equilibrium direction of m1 is the z-axis. We then
find

〈h(th)
x (t)h(th)

x (t′)〉Perp = 2kBT
α′

xx

γ0MsV
δ(t − t′), (43)

〈h(th)
y (t)h(th)

y (t′)〉Perp = 2kBT
α′

yy

γ0MsV
δ(t − t′), (44)

where

α′
xx =

3γ0h̄Reg↑↓

8πMsV

α′
yy =

γ0h̄Reg↑↓

4πMsV

[
2− η(2− P 2 + 2η)

2(1 + η)(1 − P 2 + η)

]
(45)

by the FDT are the current-induced enhancement
of the Gilbert damping. The cross correlators
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〈h(th)
x (t)h(th)

y (t′)〉Perp = 〈h(th)
y (t)h(th)

x (t′)〉Perp = 0. The
enhancement of noise and damping in perpendicular spin
valves is hence anisotropic. To accomodate this, the
damping term in the LLG equation for F1 must be mod-
ified to m1×←→α dm1/dt, where the Gilbert damping is a
tensor (in the plane perpendicular to the magnetization):

←→α =
(

α0 + α′
xx 0

0 α0 + α′
yy

)
. (46)

Note that the damping tensor must be written inside the
cross product in the damping term to ensure that the
LLG equation preserves the length of the unit magneti-
zation vector.

D. Resistance noise

The intrinsic stochastic field h(0) plus the above calcu-
lated current-induced stochastic field h(th) describe the
total magnetization noise in F1. The explicit fluctuations
of the magnetization vector can be calculated using the
LLG equation, with these stochastic fields as input quan-
tities. Magnetization fluctuations in turn cause resis-
tance noise, due to the GMR-effect. GMR is the depen-
dence of the resistance on the relative angle of the magne-
tizations of the ferromagnetic films, i.e., the dot product
m1 ·m2. Resistance noise may be an important factor
for the sensitivity of GMR read heads37. Covington et
al.36 identified GMR-induced resistance noise as an im-
portant source of electric noise in current-perpendicular-
to-the-plane (CPP) spin valves. CPP spin valves are con-
sidered an alternative for the current-in-the-plane spin
valves currently used in GMR read heads. Resistance
noise is interesting also from a fundamental viewpoint.
We focus on the zero-frequency resistance noise

SR(ω = 0) =
∫

d(t− t′)〈∆R(t)∆R(t′)〉, (47)

where ∆R(t) are the random fluctuations of the resis-
tance at time t.

Resistance noise can be measured indirectly, via volt-
age or current noise. It is an out-of-equilibrium noise
source, that requires a non-zero voltage or current bias.
Assuming constant voltage bias, the resistance noise
translates into current noise. The current noise can
then be compared with the Johnson-Nyquist noise dis-
cussed in Sec IV B. It will be shown that at high cur-
rent densities, as e.g. those employed in experiments on
current-induced magnetization dynamics in spin valves,
the magnetization-induced noise can be the dominant
contribution to the electric noise. The high current densi-
ties considered are not so high that shot noise dominates
over Johnson-Nyquist noise, consistent with our assump-
tion that shot noise may be neglected.

In the following, the resistance noise in the parallel, an-
tiparallel and perpendicular configurations are derived.
Recall that the magnetization in ferromagnet F2 is as-
sumed pinned. The analysis of resistance noise in the

case of two fluctuating magnetizations is left for the next
section.

1. Parallel configuration

The total stochastic field in F1 cause fluctuations
δm1(t) = m1(t) − 〈m1〉 of the magnetization from its
time-averaged equilibrium value. For the parallel config-
uration 〈m1〉 = m2, such that the dot product of the
magnetizations is m1 ·m2 = 1− 1

2δm2
1. For small fluctu-

ations we can expand the resistance to first order in δm2
1,

giving

R(m1 ·m2) ≈ R(1)− 1
2
δm2

1

∂R(1)
∂ cos θ

, (48)

where cos θ = m1 ·m2, with θ the angle between the
magnetization directions. The resistance noise correlator
then becomes

〈∆R(t)∆R(t′)〉P = 〈R(t)R(t′)〉P − 〈R(t)〉P 〈R(t′)〉P

=
1
4

(
∂R(1)
∂cosθ

)2

[〈δm2
1(t)δm

2
1(t

′)〉P

−〈δm2
1(t)〉P 〈δm2

1(t
′)〉P ], (49)

where the brackets denote statistical averaging at the
equilibrium P configuration. Assuming that the fluc-
tuations of the magnetization vectors are gaussian dis-
tributed, we can employ Wick’s theorem42, which states
that fourth order moments of the fluctuations can be
evaluated in terms of the sum of products of second order
moments. We then arrive at

〈∆R(t)∆R(t′)〉P =
1
2

(
∂R(1)
∂cosθ

)2

×
∑

ij

〈δm1,i(t)δm1,j(t′)〉2P , (50)

where i and j denote Cartesian components. Since the
magnetization fluctuations are small, we may disregard
their longitudinal component. The summation can hence
be limited to the Cartesian components transverse to the
average magnetization. It remains to determine the cor-
relator of these fluctuations.

The derivative appearing in the above expression, i.e.,
the GMR sensitivity, is determined by magnetoelectronic
circuit theory. From Eq. (36) we find

∂R(1)
∂cosθ

= − hP 2

e2gη
, (51)

which is to be inserted in Eq. (50).
The correlator of the magnetization fluctuations in Eq.

(50) is found with the LLG equation. To this end, we
define a coordinate system as shown in Fig. 2 such that
the ferromagnetic films are in the xz-plane. The LLG
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equation reads

dm1

dt
= −γ0m1 × [Heff + h(t)] + (α0 + αsv)m1 ×

dm1

dt
,

(52)
where the effective field Heff includes internal anisotropy
and demagnetizing fields, any externally applied fields,
and in addition dipolar and exchange coupling to F2.
The total stochastic field h(t) = h(0)(t) + h(th)(t) in-
cludes both the intrinsic field h(0)(t) and the spin-current
induced field h(th)(t). h(0)(t) is the same as that for a sin-
gle ferromagnet (see section III) and independent of the
magnetic configuration of the spin valve, while h(th)(t)
was calculated in the previous section. α0 is the intrin-
sic Gilbert damping constant related to h(0)(t) by the
FDT, and αsv is the spin-pumping enhancement of the
damping related to h(th)(t). The effective field can in
general be written Heff = H0 + Ha + Hd + He, where
H0 is the external field, Ha is the in-plane anisotropy
field, Hd is the out-of-plane demagnetizing field, and He

represents both the dipolar and exchange fields. The ex-
ternal field and anisotropy field are both taken along the
z-axis. We parametrize these fields by writing γH0 = ω0ẑ
and γHa = ωa(m1 · ẑ)ẑ, defining the quantities ω0 and
ωa as measures of the strengths of these fields. The de-
magnetizing field is pointing out-of-plane, i.e. along the
y-axis, supressing out-of-plane components of the mag-
netization. We may therefore set γHd = −ωd(m1 · ŷ)ŷ,
where ωd gives the strength of this field. The dipolar
and exchange couplings may both be described by the
Heisenberg coupling energy −Jm1 ·m2, which favorizes
a parallel magnetic configuration if the coupling strength
J > 0 and an antiparallell if J < 0. This translates into
the field γHe = ωem2, where ωe = γJ/Msd.

The P configuration is reached by applying a suffi-
ciently strong external field, forcing 〈m1〉 to align along
the direction of the pinned m2, which we define as the
+z-direction. Linearizing the LLG equation in the trans-
verse fluctuations δm(t) ≈ δmx(t)x̂ + δmy(t)ŷ, we find
the magnetization noise correlator

〈δmi(t)δmj (t′)〉P =
γ0kBTα

πMsV

∫
dωe−iω(t−t′)Uij , (53)

by using the correlators for the stochastic fields. Here

Uxx =
[ω2 + (ωt + ωd)2]

[ω2 − ωt(ωt + ωd)]2 + ω2α2(2ωt + ωd)2
, (54)

Uxy =
−iω(2ωt + ωd)

[ω2 − ωt(ωt + ωd)]2 + ω2α2(2ωt + ωd)2
, (55)

Uyy =
(ω2 + ω2

t )
[ω2 − ωt(ωt + ωd)]2 + ω2α2(2ωt + ωd)2

, (56)

Uyx = −Zxy, (57)

and we have defined α = α0 + αsv and ωt = ω0 + ωa +
ωe. To arrive at the above expressions we have assumed
small damping, i.e., α2

0, α
2
sv � 1. For the zero-frequency

resistance noise SP (0) =
∫

d(t− t′)〈∆R(t)∆R(t′)〉P , Eq.

(53) inserted into Eq. (50) yields

SP (0) =
1
π

(
hP 2

e2gη

)2 (
γ0kBTα

MsV

)2

×
∫

dω(U2
xx + U2

yy − 2U2
xy). (58)

To gain insight into this rather complicated expression, it
is convenient to make some simplifications. Although the
demagnetizing field, which serves to stabilize the magne-
tization in the plane of the film, is important to get the
right magnitude of the noise, we can gain physical un-
derstanding by disregarding it. Setting ωd = 0, we find

SP (0) =
(

γ0kBT

MsV

)2 (
hP 2

e2gη

)2 1
ω3

t α
. (59)

Understandably, the resistance noise is greatly influenced
by ωt, the total strength of the external, anisotropy, dipo-
lar and exchange fields. Both the external and anisotropy
field stabilizes the magnetization, hence lowering the
noise. The dipolar and exchange field either stabilizes
or destabilizes the magnetization, depending on the sign
of the material specific coupling constant J . We note
also that the Gilbert damping plays a significant role for
the resistance noise. Even though the FDT tells us that
large damping gives large magnetization fluctuations, we
see from Eq. (59) that the resistance noise decreases
with increasing damping. This is because the damping
not only determines the noise, but also the magnetic re-
sponse to the internal and external fields. The latter
effect turns out to limit the resistance noise more than
the first effect enhances it. From this observation, we see
also the importance of including spin current noise and
spin pumping (i.e., the parameter αsv) in the calculation,
since αsv can be of the same order as α0

27.

Resistance noise is measured indirectly, either through
current or voltage noise. In our case, the external voltage
applied by the reservoirs is assumed to be a constant non-
fluctuating quantity. Hence, the resistance noise causes
measurable current noise. Converting resistance noise
to current noise follows easily from Ohms law. Com-
paring with the Johnson-Nyquist noise calculated in Sec.
IV B, we find that the magnetization-induced noise can
dominate at typical current densities applied in exper-
iments on current-induced magnetization dynamics in
spin valves. In making this comparison, which depends
on many material parameters, it is important to use Eq.
(58) and not Eq. (59), since the demagnetizing field has
a large effect on the magnitude of the magnetization-
induced noise. The magnetization-induced noise is most
prominent when the ferromagnets are small, since the
ratio of Johnson-Nyquist noise to magnetization-induced
noise scales with the volume of the ferromagnets.
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2. Antiparallel configuration

Assuming J < 0, the anisotropy field and the dipo-
lar and exchange couplings make the AP configuration
(〈m1〉 = −m2) the ground state when the external mag-
netic field is turned off. Following the recipe in the pre-
vious subsection, we find that the resistance noise in this
case is

〈∆R(t)∆R(t′)〉AP =
1
2

(
∂R(−1)
∂cosθ

)2

×
∑

ij

〈δm1,i(t)δm1,j(t′)〉2AP ,

(60)

where the GMR sensitivity

∂R(−1)
∂ cos θ

= − hP 2η

e2g(1− P 2)2
. (61)

Evaluating the magnetization noise correlators from Eq.
(52) linearized, the zero frequency resistance noise be-
comes

SAP (0) =
∫

d(t− t′)〈∆R(t)∆R(t′)〉AP

=
1
π

(
hP 2η

e2g(1 − P 2)2

)2 (
γ0kBTα

MsV

)2

×
∫

dω(V 2
xx + V 2

yy − 2V 2
xy), (62)

where Vij = Uij(ωt → ωs) with ωs = ωa − ωe (recall
that ωe < 0). To gain physical understanding of this
expression, we again disregard the demagnetizing field
and get

SAP (0) =
(

γ0kBT

MsV

)2 (
hP 2η

e2g(1 − P 2)2

)2 1
ω3

sα
. (63)

As expected, the resistance noise decreases with increas-
ing ωs. The anisotropy, dipolar and exchange fields sta-
bilizes the magnetization, with the dipolar and exchange
fields playing a role similar to that of the external field in
the P configuration. The Gilbert damping enters in the
same way as for the P configuration.

Comparing SP (0) with SAP (0), we see that the expres-
sion for the resistance noise in the P and AP configura-
tions are very similar, except for the prefactor due to the

GMR sensitivity. The value of the noise may be very dif-
ferent though, depending on the strength of the external
field in the P configuration, and the strength of the dipo-
lar and exchange fields. If we consider the special case
ωt = ωs,

SP

SAP
=

(1− P 2)4

η4
. (64)

For e.g. P = 0.5 and η = 1, this becomes ≈ 0.3, showing
that GMR sensitivity can induce a substantial difference
in noise level between the P and AP configurations. SAP

may be translated into current noise in the same manner
as SP .

3. Perpendicular configuration

Assuming that F2 is pinned in the x-direction, instead
of the z-direction, the perpendicular state 〈m1〉 ·m2 = 0
is realized. The average direction of F1 is dictated by
the anisotropy field to be along the z-axis, as explained
in the previous subsections. In the following we assume
that the geometry of the ferromagnets and the distance
between them are such that the interlayer exchange and
dipolar coupling are so weak that they may be neglected.
This simplification is convenient when analyzing the per-
pendicular configuration.

Expanding the resistance to first order in the fluctua-
tions δm1, we find in this case

〈∆R(t)∆R(t′)〉Perp =
(

∂R(0)
∂cosθ

)2

Perp

〈δm1x(t)δm1x(t′)〉.

(65)
The resistance noise in the perpendicular configuration
is hence second order in the magnetization fluctuations,
unlike the P and AP configurations, where the noise
is fourth order in the magnetization fluctuations. The
GMR sensitivity

∂R(0)
∂cosθ

= − 4hP 2η

e2g(1 + η − P 2)2
, (66)

with the aid of Eq. (36). Linearizing Eq. (52) and using
the correlators Eqs. (43) and (44) for the stochastic field
we find

〈δm1x(t)δm1x(t′)〉 =
γ0kBT

πMsV

∫
dωe−iω(t−t′) ω2(α0 + α′

yy) + (ωp + ωd)2(α0 + α′
xx)

[ω2 − ωp(ωp + ωd)]2 + ω2[ωp(2α0 + α′
xx + α′

yy) + ωd(α0 + α′
xx)]2

, (67)

where ωp = ω0+ωc. We then arrive at the zero-frequency resistance noise

SPerp(0) =
2γ0kBT

MsV

(
4hP 2η

e2g(1 + η − P 2)2

)2
α0 + α′

xx

ω2
p

.

(68)
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We see that this is quite different from the expressions
for the noise in the P and AP configurations. In partic-
ular, the damping appears here in the numerator. Note
also that the noise is independent of the demagnetizing
field. Depending on parameters, SPerp(0) can differ sub-
stantially from SP (0) and SAP (0). However SPerp(0) is
not necessarily much larger than SP (0) and SAP (0), as
one could expect from the fact that SPerp(0) is second
order in the magnetization fluctations, while SP (0) and
SAP (0) are fourth order. This is due to the fact that
〈δm1x(t)δm1x(t′)〉 is a rapidly varying function, so that
when integrated over, it yields a small result. This means
that in calculating the resistance noise in the perpendic-
ular configuration, we should include also the next order
term, proportional to 〈δm1x(t)δm1x(t′)〉2. However, the
prefactor of this term is typically much smaller than the
prefactor of the first order term, hence justifying neglect-
ing it.

E. Two identical ferromagnets

So far we have considered one of the ferromagnets to
be pinned. As a final remark on noise in spin valves, we

now take a look at the case where the ferromagnets are
identical and hence equally susceptible to fluctuations.
In the same manner as in the preceeding section, we cal-
culate the magnetization and resistance noise, focusing
now only on the P and AP configurations.

The fluctuations of F1 are δm1(t) = m1(t) − 〈m1〉
and those of F2 are δm2(t) = m2(t) − 〈m2〉. As be-
fore, we choose the z-axis so that the time-averaged
equilibrium values are 〈m1〉 = 〈m2〉 = ẑ for the par-
allel configuration, and 〈m1〉 = −〈m2〉 = ẑ for the
antiparallel. The dot product of the magnetizations is
m1 ·m2 = ±1∓ 1

2(δm∓)2, where the upper (lower) sign
holds for the P (AP) orientation and δm∓ = δm1∓δm2.
For small fluctuations, we can expand the resistance to
first order in (δm∓)2, finding

R(m1 ·m2) ≈ R(±) ∓ 1
2
(δm∓)2

∂R(±1)
∂(cosθ)

. (69)

The resistance noise is then

〈∆R(t)∆R(t′)〉P/AP = 〈R(t)R(t′)〉P/AP − 〈R(t)〉P/AP 〈R(t′)〉P/AP

=
1
4

(
∂R(±1)
∂cosθ

)2

[〈(δm∓)2(δm∓)2〉P/AP − 〈(δm∓)2〉P/AP 〈(δm∓)2〉P/AP ], (70)

which by employing Wick’s theorem becomes

〈∆R(t)∆R(t′)〉P/AP =
1
2

(
∂R(±1)
∂cosθ

)2

×
∑

ij

〈δm∓
i (t)δm∓

j (t′)〉2P/AP .

(71)

The GMR sensitivity was calculated in the preceeding
section, while the correlator of the magnetization fluctu-
ations remains to be determined.

Letting the subscripts k and l refer to ferromagnet 1
or 2, the LLG equation in this case reads

dmk

dt
= −γ0mk × [Heff + hk(t)]

+(α0 + αsv)mk ×
dmk

dt
+

αsv

3
ml ×

dml

dt
,

(72)

where the effective field Heff was described in the previ-
ous section, and is assumed equal for both ferromagnets.
The stochastic field is also the same as that given in the

previous section, but an additional effect must be taken
into account: Due to current conservation, the spin-
current induced part of the stochastic fields of the two
ferromagnets are not independent of each other. With
the spin current noise calculated in Sec. IV B, and fol-
lowing the recipe in section III D, we find

〈h(th)
1,i (t)h(th)

2,j (t′)〉P = −2kBT
αsv/3

γ0MsV
δijδ(t − t′) (73)

for the P configuration, and

〈h(th)
1,i (t)h(th)

2,j (t′)〉AP = 2kBT
αsv/3

γ0MsV
δijδ(t− t′). (74)

for the AP configuration (as before i, j label components
perpendicular to the magnetization direction). αsv is de-
fined in Eq. (41). Naturally, the intrinsic fields h(0)

1 and
h(0)

2 are independent of each other. The last term in the
LLG equation is the portion of the (dimensionless) spin
current pumped from ferromagnet l (see section III) that
is transmitted to, and subsequently absorbed by ferro-
magnet k. Since the normal metal node is chaotic, this
amounts to one third of the net total spin current pumped
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out of ferromagnet l. Both ferromagnets completely ab-
sorb any incoming spin currents polarized transverse to
their magnetizations, due to the assumption that they are
thicker than the magnetic coherence length. The mutual
spin pumping and following spin absorption between the
ferromagnets couple them dynamically in what is called
the dynamic spin-exchange coupling27,43. Naturally, this
coupling was not present in spin valves with one ferro-
magnet pinned.

Linearizing the Eq. (72) in δmk(t) we can now eval-
uate the desired magnetization noise correlators, to be
inserted in Eq. (71). For the zero-frequency resistance
noise SP/AP (0) =

∫
d(t − t′)〈∆R(t)∆R(t′)〉P/AP this

yields

SP (0) =
1
π

(
hP 2

e2gη

)2 (
2γ0kBT

MsV

)2

×
∫

dω(Z2
xx + Z2

yy − 2Z2
xy). (75)

for the P configuration, and

SAP (0) =
1
π

(
hP 2η

e2g(1 − P 2)2

)2 (
2γ0kBT

MsV

)2

×
∫

dω(X2
x + X2

y ) (76)

for the AP configuration. Here

Zxx =
αt[ω2 + (ωi + ωd)2]

[ω2 − ωi(ωi + ωd)]2 + ω2α2
t (2ωi + ωd)2

, (77)

Zxy =
−iωαt(2ωi + ωd)

[ω2 − ωi(ωi + ωd)]2 + ω2α2
t (2ωi + ωd)2

, (78)

Zyy =
αt(ω2 + ω2

i )
[ω2 − ωi(ωi + ωd)]2 + ω2α2

t (2ωi + ωd)2
, (79)

and

Xx =
ω2αs + (ωc + ωd)2αt

[ω2 + (ωc + ωd)(2ωe − ωc)]2 + ω2(2ωxαs − 2ωcα− ωdαt)2
, (80)

Xy =
ω2αs + ω2

cαt

[ω2 + ωc(2ωe − ωc − ωd)]2 + ω2(2ωxαs − 2ωcα− ωdαs)2
. (81)

For convenience, we have defined αs = α0+2αsv/3, αt =
α0 + 4αsv/3, α = α0 + αsv (note the difference between
α, αs and αt), and ωi = ω0 + ωa + 2ωx. To arrive at the
above expressions we have assumed small damping, i.e.,
α2

0, α
2
sv � 1.

Comparing with the results in the previous section, we
see that Eq. (75) is similar to Eq. (58), while Eq. (76)
differs considerably from Eq. (62). This is due to the
static dipolar and exchange couplings, and the dynamic
spin-exchange coupling, whose effects on the noise are
changed by the presence of the second fluctuating fer-
romagnet. In particular, the latter coupling causes the
Gilbert damping constant to enter Eqs. (75) and (76)
differently. It can be shown that Eq. (75) decreases with
the external field, and Eq. (76) decreases with the dipo-
lar and exchange coupling, as expected. It should be
noted that the noise level in general is higher when both
ferromagnets fluctuate, than when only one fluctuates.
Hence, comparing with Johnson-Nyquist noise, magneti-
cally induced resistance noise is even more important in
the present case.

There are, as we see from the above expressions, a
number of material parameters that determine the resis-
tance noise. Depending on these parameters, the noise
level in the P configuration can differ substantially from
that in the AP configuration. Note that Eq. (76) re-
produces the corresponding result of Ref. 32 when the
demagnetizing field is disregarded, i.e., when ωd → 0.

Eq. (75) reproduces the corresponding result of Ref. 32
when ωa → 0 and ωd → −ωa, since in this reference the
external field was taken perpendicular to the anisotropy
field. It was shown in Ref. 32 that the value of SP (0)
can differ considerably from SAP (0) in typical experi-
mental spin-valve setups. Furthermore, the importance
of the dynamic spin-exchange coupling on this difference
was pointed out. However, the role of the GMR sensi-
tivity on the noise was not explored. Here we point out
that the GMR sensitivity can cause a significant differ-
ence in noise between the P and AP configurations, as
shown in the previous section. We note also that it is
important to include the demagnetizing field to get the
right magnitude of the noise. Suppressing out-of-plane
deviations, the demagnetizing field serves to stabilize the
magnetizations, and hence lowering the resistance noise.
It acts however in the same way for both the P and AP
configurations, and is hence of less importance for the
comparison of SP (0) and SAP (0).

V. CONCLUSIONS

Using scattering theory and magnetoelectronic circuit
theory, we have demonstrated the effect of spin cur-
rent fluctuations on the magnetization in ferromagnetic
single- and double-layers. Via a fluctuating spin-transfer
torque, the current noise causes significantly enhanced
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magnetization noise, that in spin valves vary with the
magnetic configuration. The noise is related to the mag-
netization damping by the FDT, and can be experimen-
tally detected as resistance noise. The contribution from
spin current noise to resistance noise is considerable, and
may be an issue for the next generation magnetoresistive
spin valve read heads.
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In the presence of spatial variation of the magnetization direction, electric current noise causes a
fluctuating spin-transfer torque that increases the fluctuations of the ferromagnetic order parameter.
By the fluctuation-dissipation theorem, the equilibrium fluctuations are related to the magnetization
damping, which in inhomogeneous ferromagnets acquires a nonlocal tensor structure. In biased
ferromagnets, shot noise can become the dominant contribution to the magnetization noise at low
temperatures. Considering spin spirals as a simple example, we show that the current-induced noise
and damping is significant.

PACS numbers: 72.70.+m, 72.25.Mk, 75.75.+a

Electric currents induce magnetization dynamics in
ferromagnets. Three decades ago, Berger [1, 2] showed
that an electric current passing through a ferromagnetic
domain wall exerts a torque on the wall. The cause of
this spin-transfer torque is the reorientation of spin an-
gular momentum experienced by the electrons as they
adapt to the continually changing magnetization. Sub-
sequently, it was realized that the same effect may also
be present in magnetic multilayers [3]. In the latter case,
the torque may cause reversal of one of the layers, while
in the former, it may cause domain wall motion. The
early ideas have been confirmed both theoretically and
experimentally [4].

Recently, the importance of noise in current-induced
magnetization dynamics has drawn attention. Although
often noise is undesired, it may in some cases be quite
useful. Wetzels et al. [5] showed that current-induced
magnetization reversal of spin valves is substantially sped
up by an increased level of current noise. The noisy cur-
rent exerts a fluctuating torque on the magnetization [6].
Ravelosona et al. [7] reported observation of thermally
assisted depinning of a narrow domain wall under a cur-
rent. Thermally-assisted current-driven domain wall mo-
tion has also been studied theoretically [8, 9]. Motivated
by recent experiments, Duine et al. [9] derived finite-
temperature current-driven domain wall velocities.

The present paper addresses current-induced magneti-
zation noise in non-uniformly magnetized ferromagnets.
The spatial variation of the magnetization direction gives
rise to increased magnetization noise; by a fluctuating
spin-transfer torque, electric current noise causes fluc-
tuations of the magnetic order parameter. We take
into account both thermal current noise and shot noise,
and show that the resulting magnetization noise is well
represented by introducing fictitious stochastic magnetic
fields. By the fluctuation-dissipation theorem (FDT),
the thermal stochastic field is related to the dissipation
of energy, or damping, of the magnetization. The FDT
hence constitutes a simple and efficient way to evaluate

the damping, providing also a physical explanation in
terms of current noise and spin-transfer torque. Since the
correlator of the stochastic field in general is inhomoge-
nous and anisotropic, the damping is a nonlocal tensor.
As a simple and illuminating example we consider ferro-
magnetic spin spirals, for which the field correlator and
damping become spatially independent. It is shown that
for spirals with relatively short wavelength (∼ 20nm),
the current-induced noise and damping is substantial.
Since half a wavelength of a spin spiral can be consid-
ered as a simple model for a domain wall, this suggests
that current-induced magnetization noise and damping
should be an issue for narrow domain walls.

It is instructive to start with an introduction to the
FDT for uniform (single-domain) ferromagnetic systems,
characterized by a time-dependent unit magnetization
vector m(t) and magnetization magnitude Ms (the sat-
uration magnetization). The spontaneous equilibrium
noise of such macrospins is conveniently described by the
correlator Sij(t − t′) = 〈δmi(t)δmj(t′)〉, where δmi(t) =
mi(t) − 〈mi(t)〉 is the random deviation of the magne-
tization from the mean value at time t. The brackets
denote statistical averaging at equilibrium, while i and
j denote Cartesian components transverse to the equi-
librium (average) direction of magnetization. Applying
a weak external magnetic field h(ext)(t), the magnetiza-
tion can be excited from the equilibrium state. Assuming
linear response, the resulting change in magnetization is

∆mi(t) =
∑

j

∫
dt′χij(t − t′)h(ext)

j (t′), (1)

defining the magnetic susceptibility χij(t − t′) as the
causal response function. The FDT relates this suscepti-
bility to the equilibrium noise correlator [10]:

Sij(t− t′) =
kBT

MsV

∫
dωe−iω(t−t′) χij(ω)− χ∗

ji(ω)
i2πω

, (2)

where T is the temperature and V is the volume of the
ferromagnet.
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The spontaneous equilibrium fluctuations δm(t) may
be regarded to be caused by a fictitious random magnetic
field h(t) with zero mean. We can derive an alternative
form of the FDT in terms of the correlator 〈hi(t)hj(t′)〉.
To do so, simply note that Eq. (1) implies that δmi(ω) =∑

j χij(ω)hj(ω) in Fourier space. Inverting this relation,
it follows from Eq. (2) that

〈hi(t)hj(t′)〉 =
kBT

MsV

∫
dωe−iω(t−t′) [χ

−1
ji (ω)]∗ − χ−1

ij (ω)
i2πω

,

(3)
where χ−1

ji (ω) is the ji-component of the Fourier trans-
formed inverse susceptibility tensor.

The magnetic susceptibility can be found from the
Landau-Lifshitz-Gilbert (LLG) equation of motion. The
stochastic LLG equation describes magnetization dynam-
ics and noise in both uniform as well as non-uniform fer-
romagnets, and reads

dm
dt

= −γm × [Heff + h + h(ext)] + α0m×
dm
dt

. (4)

Here γ is the gyromagnetic ratio, Heff is an effective static
magnetic field determining the equilibrium state, h(t) is
the above random noise-field, h(ext)(t) is the weak excita-
tion introduced in Eq. (1), and α0 is the Gilbert damping
constant. Linearizing this equation in the magnetic re-
sponse to h(ext)(t), we find the inverse susceptibility

χ−1 =
1
γ

[
γ|Heff | − iωα0 iω

−iω γ|Heff | − iωα0

]
(5)

written in matrix (tensor) form in the plane normal to the
equilibrium magnetization direction. Note that the static
field has here been assumed local and magnetization in-
dependent. While not valid in most realistic situations,
this simple form for the effective field captures the key
physics of interest here, since only the dissipative part
of the susceptibility (the Gilbert damping term) affects
the noise. Inserting Eq. (5) into Eq. (3), we get the
well-known result [11]

〈hi(t)hj(t′)〉 =
2kBTα0

γMsV
δijδ(t− t′), (6)

where i and j denote components orthogonal to the equi-
librium magnetization direction. This expression relates
the equilibrium noise, in terms of h, to the damping or
dissipation of energy in the ferromagnet. It may be noted
that in thin ferromagnetic films in good electrical contact
with a metal, the equilibrium noise and corresponding
Gilbert damping has been shown to be substantially en-
hanced. This is due to the transfer of transverse spin cur-
rent fluctuations in the neighbouring metal to the mag-
netization [6, 12].

We now turn our attention to a more complex sys-
tem, i.e., a metallic ferromagnet whose direction of mag-
netization m is varying along some direction in space,

say, the y-axis. It is assumed that the spatial variation
is adiabatic, i.e., slow on the scale of the ferromagnetic
coherence length. The ferromagnet is furthermore as-
sumed to be translationally invariant in the x- and z-
directions, and its magnetization magnitude is taken to
be constant and equal to the saturation magnetization
Ms. In general, the dynamics and fluctuations of such
a magnetization texture depend on position. Due to the
spatial variation of the magnetization, longitudinal (i.e.,
polarized parallel with the magnetization) spin current
fluctuations transfer spin angular momentum to the fer-
romagnet. The resulting enhancement of the magnetiza-
tion noise is described by introducing a random magnetic
field, whose correlator is inhomogenous and anisotropic,
unlike Eq. (6). By the FDT, the correlator is related
to the magnetization damping, that acquires a nonlocal
tensor structure. In the following we make use of the fact
that the time scale of the fluctuations is much longer than
the time set by relevant energy scales, such as the tem-
perature, the applied voltage, and the exchange splitting,
as implicitly done already in Eq. (6). We shall disregard
spin-flip processes and the associated noise.

It is convenient to transform the magnetization tex-
ture to a rotated reference frame, defined in terms of the
equilibrium (average) magnetization direction m0(y) =
〈m(y, t)〉 of the texture. The three orthonormal unit
vectors spanning this position-dependent frame is v̂1 =
v̂2 × v̂3, v̂2 = (dm0/dy)/|dm0/dy| and v̂3 = m0. The
local gauge

U (y) =
[
v̂1(y) v̂2(y) v̂3(y)

]T
, (7)

transforms the magnetization, and hence the relevant
equations involving the magnetization, to this frame.
That is, Um0(y) ≡ m̃0 = ẑ, where the tilde indicates
a vector in the transformed frame. We note also that
U v̂1 = x̂ and U v̂2 = ŷ, and that U is orthogonal, i.e.,
U−1 = UT = [v̂1 v̂2 v̂3].

We consider a charge current I flowing through the
ferromagnet along the y-axis. Assuming that the equi-
librium magnetization direction m0(y) changes adiabat-
ically, the electrons spins align with the changing mag-
netization direction when propagating through the tex-
ture. The spin current is then anywhere longitudinal, and
hence given by Is(y) = Ism0(y). The alignment of the
electrons spins causes a torque τ (y) = −dIs(y)/dy on the
ferromagnet. Since dIs(y)/dy is perpendicular to m0(y),
the torque can be written τ (y) = m0(y) × [m0(y) ×
dIs(y)/dy], or τ̃ (y) = Uτ (y) = m̃0 × [m̃0 × UdIs(y)/dy]
in the transformed representation. When I = 0, which
we will take in the following, τ̃ = 0, on average. How-
ever, at T 6= 0 thermal fluctuations of the spin current
result in a fluctuating spin-transfer torque

∆τ̃ (y, t) = ∆Is(t)m̃0 × [m̃0 × U
dm0(y)

dy
], (8)
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where ∆Is(t) are the time-dependent spin current fluctu-
ations with zero mean, propagating along the y-direction.

The action of the fluctuating torque on the magnetiza-
tion is described by the LLG equation if we, by conserva-
tion of angular momentum, add the term −γ∆τ/(MsA)
on the right hand side. Here A is the cross section
(in the xz-plane) of the ferromagnet. Linearizing and
transforming the LLG equation to the rotated reference
frame, it is seen that the fluctuating torque (8) can
be represented by a random magnetic field h̃′(y, t) =
∆Is(t)/MsA)[m̃0 ×Udm0(y)/dy], analogous to h(t) dis-
cussed above. Using Eq. (7)

h̃′(y, t) = −∆Is(t)
MsA

∣∣∣∣
dm0(y)

dy

∣∣∣∣ x̂, (9)

i.e., the (transformed) current-induced random field
points in the x-direction.

The longitudinal spin current fluctuations ∆Is(t) can
be found by Landauer-Büttiker scattering theory [6, 13].
Disregarding spin-flip processes, the spin-up and spin-
down electrons flow in different and independent chan-
nels. In the low-frequency regime, in which charge is in-
stantly conserved, longitudinal spin current fluctuations
are perfectly correlated throughout the entire ferromag-
net. This applies also to ferromagnets in which the mag-
netization changes adiabatically in space and time [4].
Hence, the thermal spin current fluctuations are given
by [6, 13]

〈∆Is(t)∆Is(t′)〉 =
h̄2

(2e)2
2kBT (G↑ + G↓)δ(t − t′), (10)

where G↑(↓) is the conductance for electrons with the spin
aligned (anti)parallel with the magnetization. This ex-
pression is simply the Johnson-Nyquist noise generalized
to spin currents [6]. We find from Eqs. (9) and (10)

〈h̃′x(y, t)h̃′x(y′, t′)〉 =
2kBTβxx(y, y′)

γMsV
δ(t − t′) (11)

for the correlator of the current induced random field.
Here we have defined

βxx(y, y′) =
γh̄2σ

4e2Ms

∣∣∣∣
dm0(y)

dy

∣∣∣∣
∣∣∣∣
dm0(y′)

dy

∣∣∣∣ (12)

with σ = (G↑ + G↓)L/A the total conductivity. Recall
that h̃′y(t) = h̃′z(t) = 0. Eqs. (11) and (12) describes the
nonlocal and anisotropic magnetization noise due to ther-
mal current fluctuations in adiabatic non-uniform ferro-
magnets. The noise vanishes with the spatial variation of
the magnetization vanishes. The random field is spatially
correlated throughout the ferromagnet, as a consequence
of Eq. (10).

According to the FDT, the thermal noise is related to
the magnetization damping. Since the noise correlator

x
y

z

l/2

q

FIG. 1: An example of a non-uniform ferromagnet. The mag-
netization rotates with wavelength λ in the yz-plane, forming
a spin spiral.

(11) is inhomogeneous and anisotropic, the correspond-
ing damping must in general be a nonlocal tensor. To
evaluate the damping, we hence need the spatially re-
solved version of the FDT, which reads

〈δm̃i(y, t)δm̃j(y′, t′)〉 =
kBT

2πMsA

∫
dωe−iω(t−t′)

×χij(y, y′, ω)− χ∗
ji(y

′, y, ω)
iω

,

(13)

in the transformed representation. Here δm̃(y, t) =
Uδm(y, t) = δmx(y, t)x̂ + δmy(y, t)ŷ, and the suscep-
tibility is defined by

∆m̃i(y, t) =
∑

j

∫ ∫
dy′dt′χij(y, y′, t− t′)h̃(ext)

j (y′, t′).

(14)
This is analogous to Eq. (1), but with the external
field and magnetic excitations transformed: h̃

(ext)
j (y, t) =

Uh
(ext)
j (y, t) and ∆m̃(y, t) = U∆m(y, t). The suscepti-

bility in the rotated reference frame differs from Eq. (5)
and has to be determined. It may be noted that it is
straightforward to generalize Eqs. (13) and (14) to the
case of general three-dimensional dynamics.

We may substitute h̃
(ext)
j (y′, t′)→ h̃

′
j(y′, t′) in Eq. (14)

to find the explicit fluctuations of the magnetization vec-
tor caused by the spin-transfer torque. Combining this
expression with Eqs. (13) and (11), we arrive at an im-
plicit integral equation for the unknown susceptibility.
The nonlocal tensor damping can then be inferred from
the susceptibility. Instead of finding a numerical solution
for an arbitrary texture, we consider here a ferromagnetic
spin spiral as shown in Fig. 1, for which the description of
magnetization noise can be mapped onto the macrospin
problem. A simple analytical result can then be found,
allowing for a comparison with Eq. (6), and hence an
estimate of the relative strength and importance of the
current-induced noise and damping.

Spin spirals can be found in some rare earth metals
[14] and in the γ-phase of iron [15], and are described by
m0(y) = [0, sinθ(y), cosθ(y)], where θ(y) = 2πy/λ = qy,
with λ the wavelength of the spiral. Then dm0(y)/dy =



4

[0, cos θ(y),− sin θ(y)] so that |dm0(y)/dy| = q. As em-
phasized earlier, our theory is applicable when the wave-
length is much larger than the magnetic coherence length.
For transition metal ferromagnets, the coherence length
is of the order of a few ångström. From Eq. (12) we
find βxx = γh̄2σq2/(4e2Ms). The current-induced noise
correlator (11) for spin spirals is hence homogeneous,

〈h̃′x(t)h̃′x(t′)〉 = 2kBTβxx

γMsV
δ(t − t′), (15)

similar to Eq. (6), but anisotropic. The problem of relat-
ing noise to damping in terms of the FDT can therefore
be mapped exactly onto the macrospin problem: The
transformation (7) can be used to show that equations
analogous to Eqs. (1)-(6) are valid for the spin spiral,
when analyzed in the rotated reference frame. It is then
seen that the damping term corresponding to Eq. (15) is

m̃×←→β dm̃
dt

(16)

in the transformed representation. Here
←→
β =

diag{βxx, 0} is the 2 × 2 tensor Gilbert damping in
the xy-plane. Hence, βxx is the enhancement of the
Gilbert damping caused by the spatial variation of the
magnetization and the spin-transfer torque. Due to its
anisotropic nature,

←→
β is inside the cross product in Eq.

(16), in this way ensuring that the LLG equation pre-
serves the length of the unit magnetization vector m̃.

To get a feeling for the significance of the current-
induced noise and damping, we evaluate

←→
β numerically

for a spin spiral with wavelength 20 nm, and compare
with α0. Taking parameter values for α0, Ms, and σ
from Refs. [16–19], we find βxx ≈ 5α0 for Fe (with
α0 = 0.002), and βxx ≈ 4α0 for Co (with α0 = 0.005).
Hence, current-induced noise and damping in spin spirals
can be substantial. Considering half a wavelength of the
spin spiral as a simple domain wall profile, these results
furthermore suggest that a significant current-induced
magnetization noise and damping should be expected in
narrow domain walls in typical transition metal ferro-
magnets. This should have consequences for both field-
and current-induced domain wall depinning and motion,
in which magnetization noise and damping play central
roles [7, 9, 20]. An increased level of magnetization noise
should aid wall depinning. Recent theoretical and exper-
imental advances suggest that the velocity of a current-
driven wall is inversely proportional to the Gilbert damp-
ing [4]. The increased noise and the tensor nature of the
Gilbert damping should be taken into account in micro-
magnetic simulations.

So far we have only considered thermal current noise;
let us finally turn to shot noise. With the voltage V
across the ferromagnet turned on, a nonzero current I
flows in the y-direction. Disregarding spin-flip processes,

the resulting spin current shot noise is [6, 13]

〈∆I(sh)
s (t)∆I(sh)

s (t′)〉 =
h̄2

(2e)2
eV FGδ(t− t′) (17)

at zero temperature. Here the superscript (sh) empha-
sizes that we are now looking at shot noise. The Fano
factor F is between 0 and 1 for non-interacting electrons
[21]. If the length of the metal exceeds the electron-
phonon scattering length λep, shot noise vanishes [13, 21].
λep is strongly temperature dependent, and can at low
temperatures exceed one micron in metals. To find the
contribution from shot noise to the magnetization noise,
simply replace Eq. (10) with Eq. (17) in the above cal-
culation of the random-field correlator. In experiments
on current-induced domain wall motion [4], typical ap-
plied current densities are about j = 108 A/cm2. At low
temperatures, the ratio of shot noise to thermal current
noise, eV F/2kBT , can then exceed unity for long (but
not longer than λep) ferromagnetic (e.g. Fe) wires. Shot
noise can hence be expected to be the dominant contri-
bution to the magnetization noise at low temperatures.

In summary, we have calculated current-induced mag-
netization noise and damping in non-uniform ferromag-
nets. Taking into account both thermal and shot noise,
we evaluated the fluctuating spin-transfer torque on the
magnetization. The resulting magnetization noise was
calculated in terms of a random magnetic field. Employ-
ing the FDT, the corresponding enhanced Gilbert damp-
ing was identified for spin spirals.
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and 158547/431, and EC Contract IST-033749 “Dyna-
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