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Figure 5.10: A table of the ‘spatial’ distance between the points in the maximal
layer of Cy35, represented as a heat map. The layer contains 1040 points. Incidentally,
this is exactly the same number as in the second layer of figure 5.8, but there’s a
subtle difference in what is meant by a ‘layer’ here: In the histograms shown in
figures 5.4-5.6 and 5.8, points are assigned a ‘layer’ according to the length of their
longest past chain—‘layer 0’ contains all points which have no past links, ‘layer 1’
contains all points with no past chains longer than 1, and so on. The ‘maximal layer’
shown in this figure, however, is simply the set of points which have no future links;
hence, a point which is in ‘layer 1’ in figure 5.8, will be part of the ‘maximal layer’
shown in this figure as long as it does not precedes the one point in the third layer
of figure 5.8! (The ‘minimal layer’ of figure 5.9 is defined in a similar manner, but
here the definitions actually coincide). Again, the presence of infinitely ‘spatially’
separated points strongly suggests that Cys5 consists of several smaller disconnected
causets.

(totally ordered) points. The composition of the ten largest subsets is listed in
table 5.1. The geometry of the largest of these subsets will be further explored
in section 5.2.2.
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Table 5.1: The ten largest causally isolated subsets of Cdy35 and their composition.

Group Points in total ...in minimal layer ...in maximal layer
0 1750 850 899
1 11 6 5
2 6 3 3
3 5 2 3
4 5 2 3
5 5 3 2
6 4 2 2
7 4 1 3
8 4 1 3
9 4 2 2

General remarks

Destructively evolving causets of increasing size revealed, unsurprisingly, that
larger initial causets results in smaller minimal ordering fractions. Moreover,
all of the minimal causets had roughly half of the points of the totally ordered
causet that they where made from, but this number was seen to vary quite a
bit depending upon the initial seed. However, as only two sets with 4000 or
more initial points were sampled, it is unknown whether a ‘better’ seed would
have produced a causet with ~ 3000 points, and if so, how this set would
have looked.

Considering the structure of the destructively evolved causets, present
results indicate that they indeed seem to be practically or exactly two-layered,
a lonely point like the one in figure 5.8 showing up in roughly every other
set. The situation shown in table 5.1 is especially typical—I have found no
exceptions so far: A clear majority of the causet points are gathered into one
relatively large causally connected subset, while the remaining points form a
collection of several small subsets consisting only of a handful of points each.
In terms of a cross section of a continuous, classical spacetime, the resulting
picture seems to somewhat resemble that of a big ‘soap bubble’ surrounded
by several significantly smaller ones.

5.2.2 A closer look at the largest simulated subset

Using the analytical tools described in section 4.3.1 on the largest subset of
C4)s5, figures 5.11 and 5.12 are obtained. From the first figure one sees that
the subset is relatively spatially dense—the great majority of the points is
packed together within a ‘sphere’ 10 length units in diameter, and none are
further separated than 14 length units (this last fact can also be inferred from
figures 5.9 and 5.10). This might also explain the large standard deviations
seen in figure ?77.
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Figure 5.11: The points of the largest causally connected subset of Cy35 distributed
according to the length of their longest minimal connected antichain. In (a),
the distribution of the points in the minimal layer is shown, while (b) gives the
distribution for the maximal layer. As can be seen using the identification indicated
by figure 4.3a, the minimal center shell has 26 points, while the maximal center
shell has 7, less than one third of the points in its corresponding shell in the layer
below it. Interestingly, the ‘diameter’ of the minimal layer is less than that of the
maximal. The overall shell distribution is also markedly different.

For a d-dimensional sphere in ordinary, continuous Euclidean geometry
there exists a natural correlation between the longest distance to another point
of the sphere and radial position within the sphere (figure 4.3a). Employing the
same identification on the discrete anticonnected points shown in figure 5.11,
one sees that the points of the minimal layer are more gathered in the
innermost shells than the points of the maximal layer. In fact, the minimal
layer has one less shell than the maximal layer.

Figure 5.12a shows the distance distribution of an average point in the
center shell in the minimal layer, while figure 5.12b shows the corresponding
distribution for an average point in the maximal layer. There is some clear
discrepancies between the shell distributions implied by figure 5.12 and those
implied by figure 5.11.

It is unknown how these graphs compare to a ‘general’ causet obtained by
use of destructive dynamics. Preliminary results obtained from looking at the
average distance distributions in the extremal layers of the causet as a whole,
suggest that the statistics shown in figures 5.11 and 5.12 are likely to vary
quite a lot from one causet to another.
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Figure 5.12: Average ‘spatial’ radial distribution for the points in the two extremal
center shells of the largest causally connected subset of Cys5. Similarly to figure 5.11,
(a) shows the distribution for the minimal layer, while (b) shows the same statistics
for the maximal layer. The shell distribution seen by an average point in the central
shells are markedly ‘skewed’ compared with the overall ‘objective’ distributions seen

in figure 5.11a,b.
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Chapter 6

Analysis

6.1 Naive dynamics

The results listed in section 5.1 suggests that naive dynamics is unable to
escape the entropy problem revealed by the Kleitman—Rothschild theorem.
Although only two of the six analyzed sets have exactly three layers, and only
one of them have a layer distribution somewhat resembling that given in the
theorem, all the simulations result in an average ordering fraction which is in
the ballpark of that suggested by the theorem. Hence, naive dynamics seem
unlikely to result in causets resembling classical four dimensional spacetime.
In any case, it is clear that the naive dynamical scheme quickly becomes
impractical when trying to simulate causets of a physically interesting size—
even a rather modest sized set with 64 points require millions of simulation
cycles to approach something resembling an equilibrium, and a causet only
twice as big does not thermalise even after two and a half billion cycles!

6.1.1 Comparing with the results of Henson et al.

Despite the slight difference in implementation, the results are also in general
agreement with those of Henson et al. [13]. This provides another argument
for suspecting that naive dynamics in general leads to the creation of three-
layered Kleitman—Rothschild-type sets, as the main goal of Henson et al. was
to find a lower bound of when the asymptotic behavior of the theorem kicks
in.

Among other things, Henson et al. find that thermalised causets with close
to 30 points have an average height of about 4.5. This is in good agreement
with figure 5.4, which shows the layer structure of the two resulting 32-point
causets after the evolution shown in figure 5.1. For causets with 64 points
Henson et al. finds an average height slightly larger than 3, while causets
with 80 or more points have an average height which is very close to 3. This
is more or less in agreement with figures 5.5 and 5.6, but while the results of
Henson et al. are obtained trough averaging a large sampling of thermalised
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causets, figures 5.5 and 5.6 only gives two isolated examples, and in the case
of figure 5.6 the causets are not even thermalised!

When it comes to the mean ordering fractions, a small deviation from the
results of Henson et al. is seen, but it is most pronounced for the smallest
causet. Henson et al. finds a mean order fraction slightly less than 35 % for
causets with 32 points, which is significantly lower than the (39.3 £1.4) % in
figure 5.1. For sets with 64 points, Henson et al. finds an average ordering
fraction of approximately 34 %. This is within the standard derivation of the
average calculated in figure 5.2. Finally, for causets with 80 points, Henson et
al. gets virtually the same average as they did for 64 points. This is slightly
above the average found in figure 5.3, but given that the causets of this figure
does not reach thermalisation, it is unknown to what degree this estimate
reflects the actual average of the thermalised sets.

6.1.2 Stability

The code which produced the evolution shown in figure 5.7 required the causet
to always remain an Alexandrov interval. This is different from the present
definition of the naive dynamical scheme, which considers all causets with a set
number of points, regardless of type. However, any causet can be transformed
into an Alexandrov interval by adding two points: one point which precedes
all the other points, and one which is preceded by all the others. Hence, there
is no reason to suspect that the present code is not equally stable as the one
that produced figure 5.7, and the apparent equilibriums of figures 5.1 and 5.2
are therefore likely to be very robust.

Armed with the combined insight of the Kleitman—Rothschild theorem
and figure 3.3, it is also possible to find theoretical reasons for why naive
dynamics ought to have a robust three-layered equilibrium for ‘sufficiently
large’ causets. It is also possible to see why this equilibrium is harder to reach
for larger sets, effectively branching of into several semi-equilibriums as the
number of points increases.

Given an initially totally disordered causet, the situation shown in figure 3.3
gets less and less likely to occur as more and more layers are added to the
set. This is provided that the layers are not simply ‘stacked’ on top of each
other, consisting only of a disconnected ensemble of totally ordered subsets of
approximately the same hight. However, as order relations are added randomly,
this very special configuration is extremely unlikely to occur, at least if the
causet is sufficiently large. Figure 3.3 does not prevent the formation of a
two-layered causet from an initially (‘one-layered’) totally disordered set, but
once the causet gets sufficiently causally it makes higher layers progressively
more unlikely to be created. Thus a sufficiently large causet will get almost
completely stuck already at approximately two layers. Reaching a hight of
four layers will be practically impossible. This effect can be seen in practice
already for 80 points by comparing figures 5.3 and 5.6.

What then about an initially totally ordered causet? The principle illus-
trated in figure 3.3 will make the initial disordering of the causet tend to
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happen through growing ‘vertical’ tears (cf. figure 3.2a,b). This will slowly
decrease the height of the causet, but as more and more ordering relations are
removed, the likelihood of figure 3.3 working in the opposite direction—adding
a relation rather than removing one—will increase. Hence the reduction of
layers will not continue in perpetuity. The Kleitman—Rothschild theorem
suggests that the eventual balance point should be reached somewhere near
an approximately three-layered causet.
Hence both of the evolutions seen in figure 5.3 are explained.

6.2 Destructive dynamics

Destructive dynamics appear to lead to the production of an approximately
two-layered causets, but the resulting causets are not a causally connected
whole, but rather a collection of several smaller, isolated subsets. Most of the
subsets are very small, consisting only of a handful of points, but one of the
subsets are significantly greater than the others, consisting of well over half
of all the points in the total causet.

Considering how the destructive dynamical scheme is defined, it should
be no surprise that the resulting causet is highly disordered. The scheme
minimizes the ordering fraction as measured when completely causally isolated
points are ignored. Hence, the presence of several small causally isolated
subsets is just as one would expect, and the two-layeredness is also, at least on
a superficial level, not surprising. Moreover, when starting from an initially
totally ordered causet, it is at least somewhat natural to assume that a larger,
main subset remains for quite a while as the causet gets disordered and
gradually broken up into smaller subsets, given that order relations are only
allowed to be removed if they do not change others by transitivity. What
the results reveal, then, is the overall point of balance at which the ordering
fraction is thus minimized.

Assuming a causet with n points, the removal of an ordering relation which
does not causally isolate any points leads to the ordering fraction decreasing by
2/n(n — 1)—see equation (2.7). If, on the other hand, one point gets causally
isolated, the ordering fraction increases with a factor of 14+ (2—n/R)/(n—2),
where R is the number of order relations before the removal happened. This
factor must be greater than or equal to one, since the fact that points gets
removed if they are causally isolated requires R > n/2 =— 2 —n/R > 0.
Given this, it is easy to see that if the removal causes two points to get causally
isolated, the ordering fraction increases even more. This can only happen if
there are isolated subsets consisting of only two points, something which is
bound to eventually happen as smaller subsets gets isolated from the main
causet.

Thus, there should be a point in the evolution where the combined likeli-
hood of an increase in the ordering fraction due to the destruction of isolated
two-point fragments or the removal of single nearly-isolated points overcomes
the likelihood of continued decrease due to the removal of ‘safe’ order rela-
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tions from the larger subsets. What the results therefore reveals is that this
happens at a time where the main subset is still vastly larger than the isolated
fragments, but not before all of the subsets have become nearly perfectly
two-layered. Moreover, roughly half of the initial points are removed before
this tipping point is reached.

While certainly an interesting result by itself, its greater significance seems
somewhat moot, especially considering how little geometrical structure seem
present in the resulting causet, even when restricted only to the main causally
connected subset.

This is revealed from a comparison between figures 5.11 and 5.12. The
points appear relatively tightly knit, but the differences between the two
different distributions indicate a complicated and distinctly discrete net of
anticonnections. The layers appears to have a somewhat well-defined center,
but the distributions give no clear indication of dimension or other geometrical
features. Additionally, the differences between the two extremal layers are
rather pronounced if the causet should be seen as a ‘purely spatial’ cross
section of spacetime.
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Chapter 7

Closing remarks

It is well known that hindsight is 20/20. In retrospect, the results obtained

by the simulations done as part of this thesis might seem rather intuitive.

However, intuition is not always a reliable guide on the path to knowledge, so

even if the broader conclusions drawn here might not seem so surprising after

the fact, this does not in it self makes the journey worthless or pointless.
Where does the road go from here?

7.1 Possible code improvements

As was pointed out in section 5.2, the definition of anticonnected points used
presently does not necessarily correspond to whether or not said points have
a shared order relation, something which leads to a somewhat incomplete and
unclear relation to the spatial distances present in the continuum limit.
Although this was partly remedied by the use of the relation matrix to
provide the division into causally connected subsets, this could be completely
remedied by redefining what a connected antichain is—see figure 7.1.

7.2 Regarding the continued hunt for physically sensible
dynamics

From the theoretical discussion in section 6.1.2, it follows that the requirement
of only changing one order relation at a time should probably be abandoned.
However, the results of Henson et al., obtained by partly abandoning this re-
quirement, shows that merely allowing for the possibility that several relations
be changed simultaneously is not enough to combat the power of figure 3.3.
It therefore seems plausible that the changing of only one order relation at
a time should be more forbidden than encouraged in order to arrive at a
physically meaningful causet.
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a b c

Figure 7.1: Using the definition of connected antichains given in section 2.2,
there’s no connected antichain between a and b, even though they both precede
d. A natural extension would be to say that a and b are anticonnected through
a minimal connected antichain of length 2. Likewise, a and ¢ could be said to be
anticonnected with a distance of 3. Alternatively, one could take the minimal sum of
the maximal chains connecting two causally unrelated points together as the length
of the connected antichain between the two points. Then, the ‘spatial’ distance
between a and b would be 4, and the distance between a and ¢ 6.
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Appendix A

C++ code used

The attached code utilizes parts of the C++11 standard library, and will most
likely not compile if older C++ standards are used.

A.1 Core structures

A.1.1 The ‘Narray’ class template

Since Narray is a class template, all implementations are in the header file.
Hence there is no accompanying source file.

Header file

#ifndef NARRAY_H_INCLUDED
#define NARRAY_H_INCLUDED

#include <utility>

template<class T>
class Narray({
private:
T theArray;
int L; // The length of the array, i.e. the part of it which has
data.
int L_max; // The allocated, maximum length of the array.
public:
Narray () ;
Narray (const int N);
Narray (const int N, const int length);
Narray (const Narray<T>& other);
void initialize();
~Narray () ;
bool is_valid() const;
void allocate (const int length);
int length() const;
int allocated_length() const;
void push_back (T element);
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void erase(const int i); //

already exists.

T& operator[] (const int 1i);
}i

/% Implementations. */

template<class T>
Narray<T>::Narray () {
initialize();

template<class T>
Narray<T>::Narray (const int N) {
L = 0;
if (N<1) {
theArray = 0;
L_max = 0;
lelse(
theArray = new T[N]{};
L_max = N;

template<class T>
Narray<T>::Narray (const int N,
L = length;
theArray = new T[N]{};
IL_max = Nj;

template<class T>

if (other.is_valid()) {
L = other.L;
L_max = other.lL_max;
theArray = new T[L_max]
for (int i=0; i<L; ++1i){

}
}else(
initialize();

template<class T>

void Narray<T>::initialize () {
theArray = 0;
L_max = 0;
L = 0;

60

Erases element 1i.

void erase_element (T element); // Erases the given element if
possible.
bool contains_element (T element); // Checks if the given element

void erase_all(); // Sets L=0; doesn’t actually delete stuff.
Narray<T>& operator= (Narray<T> rhs);

const int length) {

Narray<T>::Narray (const Narray<T>& other) {

{};

theArray[i] = other.theArrayl[i];




A.1 Core structures

template<class T>
Narray<T>::~Narray () {

delete [] theArray;
theArray = 0;

L = 0;

L_max = 0;

template<class T>
bool Narray<T>::is_valid() const{
return L_max!=0 && theArray!=0;

template<class T>
void Narray<T>::allocate(const int length) {
Narray<T> temp (+this) ;
delete [] theArray;
theArray = 0;
L_max = length;
theArray = new T[L_max]{};

int 1 = 0;

while (i<temp.L && i<L_max) {
theArray[i] = temp.theArrayl[i];
++1;

}

L = 1i;

template<class T>
int Narray<T>::length() const{
return L;

template<class T>
int Narray<T>::allocated_length() const{
return IL_max;

template<class T>

void Narray<T>::push_back (T element) {
theArray[L] = element;
++L;

template<class T>
void Narray<T>::erase(const int i) {
theArray[i] = theArray[L-1];

/* Note: The member-function "erase_element" only deletes the
first instance of the given element, and must therefore be
revoked several times in order to deal with duplicates.

*/

template<class T>

void Narray<T>::erase_element (T element) {
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int 1 = 0;
while (i<L) {
if (theArray[i]==element) {
erase (i) ;
break;
}else(
++1;

template<class T>
bool Narray<T>::contains_element (T element) {

int 1 = 0;
while (i<L) {
if (theArray[i]==element) {
return true;
}else({
++1;

}
return false; // If this point is reached, the element is not in
Narray.

template<class T>
void Narray<T>::erase_all () {
L = 0;

template<class T>

Narray<T>& Narray<T>::operator=(Narray<T> rhs) {
std::swap (L, rhs.L);
std::swap (L_max, rhs.L_max);
std::swap(theArray, rhs.theArray);
return xthis;

template<class T>
T& Narray<T>::operator[] (const int i) {
return theArray([i];

#endif // NARRAY H_ INCLUDED

A.1.2 The ‘Event’ class
Header file

#ifndef EVENT_H_INCLUDED
#define EVENT_H_INCLUDED

#include <iostream>
#include "narray.h"
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class Event{
private:
int N; // Total # of events (in the World). Must be >0.
public:
int id; // Identifier. Must be >=0 and <N, in accordance with
array-indexes.
Narray<int> up_links; // Realized "upwards" links. Initially
empty.
Narray<int> down_links; // Realized "downwards" links. Initially
empty.
/% End of public variables. #*/
Event () ;
Event (const int n, const int N_max); // n = ID, N_max = # events
in total.
Event (const Event& other);
void set_N(int new_N);
bool up_linked(const int id_b);
bool down_linked(const int id_b);
void up_link (const int id_b);
void down_link (const int id_b);
Event& operator=(Event rhs);
friend std::ostream& operator << (std::ostream& os, Eventé& a);

bi

#endif // EVENT H_ INCLUDED

Source file

#include "event.h"
#include "narray.h"
#include <iostream>
#include <utility>

using std::cout;
using std::endl;
using std::ostream;
using std::swap;

Event: :Event () {
N = 0;
id = 0;
up_links.initialize();
down_links.initialize();

Event::Event (const int n, const int N_max) {
N = N_max;
id = n;
up_links.allocate (N);
down_links.allocate (N);

Event::Event (const Eventé& other) {
N = other.N;
id = other.id;
up_links = other.up_links;
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down_links = other.down_links;

void Event::set_N(int new_N) {
N = new_N;
up_links.allocate (N);
down_links.allocate (N);

/+ Note: The member functions "up_linked" and "down_linked" only
returns TRUE 1if the corresponding lists for a actually contains
b. Hence, they can not be used to check whether a and b ought
to be linked (e.g. a.up_linked(b) cannot be used to check
whether there’s any point c¢ such that a<c<b).

*/
bool Event::up_linked(const int id_b){ // Implies a < b.
for (int i=0; i<up_links.length(); ++1i) {
if (up_links[i] == id_b) {

return true;
}
}
return false;

}

bool Event::down_linked(const int id_b){ // Implies b < a.
for (int i=0; i<down_links.length(); ++1i) {
if (down_links[i] == 1id_b) {
return true;

}

return false;

void Event::up_link (const int id_Db) {
bool in_a = false;
for (int i1=0; i<up_links.length(); ++1i) {
if (up_links[i]==1id_b) {
in_a = true;
break;

}
if(!'in_a) {
up_links.push_back (id_b);

void Event::down_link (const int id_Db) {
bool in_a = false;
for (int i=0; i<down_links.length(); ++1i) {
if (down_links[i]==1id_Db) {
in_a = true;
break;

}

if(!in_a){
down_links.push_back (id_b);
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Event& Event::operator=(Event rhs) {
swap (N, rhs.N) ;
swap (id, rhs.id) ;
swap (up_links, rhs.up_links) ;
swap (down_links, rhs.down_1links);
return xthis;

ostream& operator << (ostream& os, Eventé& a) {

os << a.id;

os << "\t|";

for (int i=0; i<a.up_links.length(); ++1i){
os << a.up_links[i] << " ";

}

os << "\t|";

for (int i=0; i<a.down_links.length(); ++i) {
os << a.down_links[i] << " ";

}

return os;

A.1.3 The ‘Transition’ class
Header file

#ifndef TRANSITION_H_INCLUDED
#define TRANSITION_H_INCLUDED

class Transition{
public:

bool order;

int id_a;

int id_b;

Transition();

Transition (const bool add_link, const int a_id, const int b_id);
}i

#endif // TRANSITION_H_INCLUDED

Source file

#include "transition.h"

Transition::Transition () :order (false), id_a(0), id_b(0) {
// Intentionally left empty.

Transition::Transition (const bool add_link, const int a_id, const int
b_id) {
order = add_link;
id_a = a_id;
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id_b = b_id;

A.1.4 The ‘World’ class
Header file

#ifndef WORLD_H_INCLUDED
#define WORLD_H_INCLUDED

#include <iostream>
#include <string>
#include "narray.h"
#include "event.h"
#include "transition.h"

class World{
friend class Worldview;
private:
Narray<Event> the_World;
int N; // Total # of events (in the World). Must be >0.
int N_active; // active N used by dismantle functions and f().
int N_links; // Total # of (up/down) links.
Narray<Transition> possible_transitions;
Narray<int> iterator_list; // iteration list used by the
dismantle-functions and f (). Note that 1 = iterator_list[i+1]
always gives next value of 1.
int+* order_table; // Table over the orderings between a and b.
/% Utility functions of different kinds. =/

void create_missing_ links(const int id_a); // Links all events 1in
a’s lists to a.
void delink_ordered_pair (const int id_a, const int id_b); //

Assumes a<b. Does NOT update il and Na!
void uplink (const int id_a, const int id_b); // Makes a<b. Does
NOT update il and Na!
void transition (Transition T); // Does NOT update
possible transitions!
bool h_link_allowed(const int id_a, const int id_b); // Checks if
a<b is allowed, given al!=b, al<b, bl<a.
void update_il_and_Na(); // Updates N_active and iterator_list.
int count_up_links () ;

public:
std::string id;
World (const int sum_events); // sum events = total # of events.

Must be >0.
World(std::string filename); // file-type should NOT be included!
World (World& other);

~World();
void order(); // Initializes causet to f=100%.
void disorder(); // Initializes causet to f=0%.

bool a_precedes_b(const int id_a, const int id_Db);

bool a_precedes_b_reqg(const int id_a, const int id_b);

bool b_precedes_a_reqg(const int id_a, const int id_b);

void evolve_and_save (const uint_fast64_t seed, const
uint_fast64_t steps, const uint_fast64_t step_length, const
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uint_fast64_t save_interval); // Uses naive dynamics to
evolve the causet.
uint_fast32_t dismantle_and_record(const uint_fast64_t seed,
const uint_fast32_t save_interval); // Removes links until no
events are left. Returns the # of steps needed to reach
f min.
void dismantle_and_save (const uint_fast64_t seed, const
uint_fast32_t save_step, const uint_fast32_t save_interval);
void set_id(std::string unique_id);
void update_possible_transitions();
double f(); // Returns the ordering fraction f relative N_active.
double f_N(); // Returns the ordering fraction f relative N.
void print_order_table();
void save_order_table (const std::string post_id); // file-type
should NOT be included!
void save_to_file(const std::string post_id); // file-type should
NOT be included!
friend std::ostream& operator << (std::ostream& os, World& w);

#endif // WORLD_H_ INCLUDED

Source file

#include "world.h"
#include "transition.h"
#include "event.h"
#include "narray.h"
#include <iostream>
#include <fstream>
#include <sstream>
#include <string>
#include <random>
#include <cmath>
#include <stdlib.h>

using std::cout;

using std::endl;

using std::ostream;

using std::ofstream;

using std::ifstream;

using std::stringstream;

using std::string;

using std::mt19937_64;

using std::uniform _real_distribution;
using std::abs;

World: :World(const int sum_events) {

N = sum_events;
N_active = N;
the_World.allocate (N);
iterator_list.allocate (N+1);
possible_transitions.allocate (N«N); // More than ever needed.
for (int i=0; i<N; ++1i) {
the_World.push_back (Event (i, N));
iterator_list.push_back(i);
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if (i>0) {
the_World[i-1].up_links.push_back(i);
the_World[i] .down_links.push_back (i-1);

}
iterator_list.push_back (N);
order_table = new int« [N];

order_table[0] = new int [N*N];
for (int i=1; i<N; 1i++) {
order_table[i] = order_table[i-1] + N;

}
for (int i=0; i<N; ++1i) {
for (int j=0; Jj<N; ++7){

if (§>1) {
order_table[i] []j] = 1;
}else if (i==7) {
order_table[i] [j] = 0;
lelse(
order_table[i][]j] = -1;
}
}
}
set_id("");
N_links = count_up_links();

update_possible_transitions();

World::World(string filename) {
id = filename;
filename += ".world";
string input = "";
ifstream file (filename.c_str());
if(file.is_open()) {
getline(file, input);
N = atoi(input.c_str());
N_active = N;
the_World.allocate (N);
iterator_list.allocate (N+1);
possible_transitions.allocate (N*N); // More than ever needed.
for (int i=0; i<N; ++1){
the_World.push_back (Event (i, N));
iterator_list.push_back(i);
}
iterator_list.push_back (N);
int 1 = 0;
int id_ b = -1;
for (int id_a=0; id_a<N; ++id_a) {
getline(file, input);
1 = atoi(input.c_str());
for (int j=0; j<1; ++73){
getline(file, input) ;
id_b = atoi(input.c_str());
the_World[id_a] .up_links.push_back (id_b);
the_World[id_b] .down_links.push_back (id_a);

}

file.close();
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order_table = new int«*[N];
order_table[0] = new int [N*N];
for (int i=1; i<N; i++){
order_table[i] = order_table[i-1] + N;
}
for (int i=0; 1i<N; ++1) {
for (int j=0; j<N; ++3) {
if (a_precedes_b_req(i, j)){
order_table[i] []j]=1;
}else if (b_precedes_a_reqg(i, j)) {
order_table[i] [j]=-1;
lelse(
order_table[i] []]1=0;

}
update_il_and_Na();
update_possible_transitions();

N_links = count_up_links();
}else(
cout << "ERROR: Couldn’t open " << filename << endl;

World: :World(World& other) {
N = other.N;
iterator_list.allocate (N+1);
possible_transitions.allocate (N«xN) ;
id = other.id;
the_World = other.the_World;
order_table = new int«[N];

order_table[0] = new int [NxN];
for (int i=1; i<N; 1i++){
order_table[i] = order_table[i-1] + N;

}
for (int i=0; i<N; ++1){
iterator_list.push_back(i);
for (int j=0; J<N; ++7) {
if (a_precedes_b_req(i, 3)) {
order_table[i][j]=1;
}else if (b_precedes_a_req(i, j)){
order_table[i] [§]=-1;
lelse(
order_table[i] [§]1=0;

}

iterator_list.push_back (N);
update_il_and_Na () ;
update_possible_transitions();
N_1links = count_up_links();

World::~World() {

delete [] order_table[0];
order_table[0] = 0;
delete [] order_table;
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order_table = 0;

void World::order () {
iterator_list.erase_all();
N_active = N;
for (int i=0; i<N; ++1i) {
the_World[i] .up_links.erase_all();
the_World[i].down_links.erase_all();
iterator_list.push_back(i);
if (1i>0) {
the_World[i-1].up_links.push_back(i);
the_World[i] .down_links.push_back (i-1);
}
for (int j=0; Jj<N; ++7){

if(3>1) ¢

order_table[i] [j] = 1;
}else if (i==7) {

order_table[i] [j] = 0;
lelse(

order_table[i] [j] = -1;

}
iterator_list.push_back (N);
N_1links = count_up_links();

void World::disorder () {
for (int i=0; i<N; ++1i) {
the_World[i] .up_links.erase_all();
the_World[i] .down_links.erase_all();
for (int j=0; Jj<N; ++3){
order_table[i] []j]=0;

}
update_possible_transitions();
update_1il_and_Na () ;

N_links = 0;

bool World::h_link_allowed(const int id_a, const int id_Db) {
Narray<int>& a_d = the_World[id_a].down_links;
Narray<int>& b_u = the_World[id_b].up_links;
for (int j=0; dj<a_d.length(); ++73){
if (order_tablel[a_dI[j]l][id_Db]l!=1) {
return false;
}
}
for (int j=0; Jj<b_u.length(); ++7j){
if (order_table[id_al[b_ulj]l]!=1){
return false;
}
}
return true; // If all tests above are passed, this is the
conclusion.
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void World::create_missing_links (const int id_a) {
Narray<int> *a = &the_World[id_a] .up_links;
for (int i=0; i< (xa).length(); ++1i){
Event& ¢ = the_World[ (xa) [i]];
if (!c.down_linked(id_a)) {
c.down_link (id_a);

}
a = &the_World[id_a] .down_links;
for (int i=0; i< (wxa).length(); ++1i){
Event& ¢ = the_World[ (xa) [i]];
if(!c.up_linked(id_a)) {
c.up_link (id_a);
++N_1links;

/#* Note: The following member-function is NOT a simple table-
lookup! It’s purpose is to determine whether there’s a chain
of links connecting a and b, specially 1if the order_table
already states that a<b (Thus, it might be used to "fill in"
"missing links").

*/

bool World::a_precedes_b(const int id_a, const int id_b) {
if (id_a==id_Db) {

// Intentionally left empty. This is simply a time-saver.
}else(
Narray<int>& a = the_World[id_a].up_links;
Narray<int>& b = the World[id _Db].down_links;
for (int i=0; i<a.length(); ++i) {
for (int j=0; j<b.length(); ++7){
if(a[i]==id_b || b[jl==id_a) {
return true;
}
else{
if (order_tablela[i]][id_bl==1) {
return true;
}else if (order_table[id_al[b[jll==1){
return true;

}

return false;

/#* Note: The following member-function checks whether a<b using
the up-links lists, and can thus be used to check part of the
consistency of the order_table.

*/

bool World::a_precedes_b_reqg(const int id_a, const int id_b) {
bool precedes = false;

if(id_a == id_Db) {
// Intentionally left empty. This is simply a time-saver.
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telse({
Narray<int>& a = the_World[id_a] .up_links;
for (int i=0; i<a.length(); ++1i) {
if(a[i] == id_Db) {
return true;
lelse(
precedes = a_precedes_b_reqg(ali], id_b);

if (precedes) {
return true;

}

return precedes;

/* Note: The following member-function checks whether a>b using
the down—-1links lists, and can thus be used to check part of
the consistency of the order_table.

*/

bool World::b_precedes_a_reqg(const int id_a, const int id_b) {
bool succeed = false;

if(id_a == id_b) {
// Intentionally left empty. This is simply a time-saver.
lelse(
Narray<int>& a = the_World[id_a].down_links;
for (int i=0; i<a.length(); ++1i) {
if(a[i] == id_Db) {
return true;
lelse(
succeed = b_precedes_a_reqg(ali], id_b);

if (succeed) {
return true;

}

return succeed;

}

/* Note: The following member—-function assumes a<b.

*/

void World::delink_ordered_pair (const int id_a, const int id_b) {
Event& a = the_World[id_a];
Event& b = the_World[id Db];
// Start actual code. Above just for readability.

order_table[id_a] [id_b] = 0;

order_table[id_b][id_a] = 0;

a.up_links.erase_element (id_b) ;

—-N_1links;

for (int i=0; i<b.up_links.length(); ++1i) {
if (!a_precedes_b(id_a, b.up_links[i])){

a.up_link (b.up_links[i]);
the_World[b.up_links[i]].down_1link (id_a);
++N_1links;
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b.down_links.erase_element (id_a);
for (int i=0; i<a.down_links.length(); ++i) {
if (!a_precedes_b(a.down_links[i], id_b)) {
b.down_link (a.down_links[i]);
the_World[a.down_links[i]].up_link (id_Db);
++N_1links;

void World::uplink(const int id_a, const int id_b) {
Event& a = the_World[id_a];
Event& b = the_World[id Db];
// Start actual code. Above just for readability.
a.up_link (id_Db);
b.down_link (id_a);
order_table[id_a] [id_b] = 1;
order_table[id_b][id_a] = -1;
++N_1links;
// Deletion of illegal links upwards from a or downwards from b.
for (int i=0; i<b.up_links.length(); ++1i) {
for (int j=0; j<a.up_links.length(); ++7){
if(a.up_links[j]l==b.up_links[i]) {
Event& c¢ = the_World[a.up_links[3j]];
c.down_links.erase_element (id_a);
a.up_links.erase (J);
—-N_1links;

}
for (int i=0; i<a.down_links.length(); ++i) {
for (int j=0; j<b.down_links.length(); ++3) {
if (b.down_links[jl==a.down_links[i]) {

Event& c = the_World[b.down_links[j]];
c.up_links.erase_element (id_b) ;
b.down_links.erase(7j);
—--N_1links;

void World::evolve_and_save (const uint_fast64_t seed, const

uint_fast64_t steps, const uint_fast64_t step_length, const
uint_fast64_t save_interval) {
mt19937_64 gen(seed); // Random number generator.
uniform_real_distribution<double> rand_double (0, 1);
stringstream post_id;
post_id << ".f";
int f_value = 100xf_N();
if (f_value < 10) {

post_id << "00";
lelse if (f_value < 100) {

post_id << "0";

}

post_id << f_value << " (seed" << seed << ")c" << steps << " (" <<

step_length << ")";
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string datafile_name = id + post_id.str () + ".txt";
string savefile_post_id = post_id.str();
double f_min = £_N();
double f_max = f_min;
Narray<double> temp (step_length);
ofstream file (datafile_name.c_str());
if(file.is_open()) {
file << 0 << "\t" << f_min << "\t" << f_max << endl;
for (uint_fast64_t 1i=0; i<steps; ++i) {
int j = rand_double(gen) * possible_transitions.length();
transition(possible_transitions[J]);
update_possible_transitions();
temp.push_back (£_N());
if (i%step_length==step_length-1) {
f_min = templ[0];
f_max = f_min;
for (int j=1; j<temp.length(); ++73){
if (temp[j]l<f_min) {
f_min = temp[]j];
}else if (temp[j]>f_max) {
f_max = temp[]];

}
file << i+1 << "\t" << f_min << "\t" << f_max << endl
7
temp.erase_all();
}
if (i%save_interval==save_interval-1) {
save_to_file(savefile_post_id);

}
file.close();
save_to_file(savefile_post_id);
}else({
cout << "ERROR: Couldn’t open " << datafile_name << endl;

uint_fast32_t World::dismantle_and_record(const uint_fast64_t seed,
const uint_fast32_t save_interval) {
mt19937_64 gen(seed); // Random number generator.
uniform_real_distribution<double> rand_double (0, 1);
stringstream post_idstrm;

post_idstrm << ".dismantled(seed" << seed << ")";

string info_file_name = id + post_idstrm.str() + ".info";

string datafile_name = id + post_idstrm.str () + ".txt";

string savefile_post_id = post_idstrm.str();

string saveinfofile_name = id + post_idstrm.str() + ".saveinfo";

uint_fast32_t i = 0; // Counter.

double f_temp = f();

double f_min = f_temp;

uint_fast32_t i_min = 0;

int N_f min = N_active;

ofstream file (datafile_name.c_str());

if(file.is_open()) {
file << 0 << "\t" << f_temp << "\t" << N_active << endl;
while (N_active>2) {
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int n = rand_double(gen) * N_links + 1;
int j = 0;
int id_a = -1;
while (n>7j) {
id_a = iterator_list[id_a+1];

j += the_World[id_a].up_links.length();
}
int k = 0;
j -= the_World[id_a].up_links.length(); // Re-sets j.
++3j; // Synchronizes j with n.
while (n>7) {
++k;
++73;
}
int id_b = the_World[id_a].up_links[k];
delink_ordered_pair(id_a,id_b);
update_il_and_Na();
++1;
f_temp = £();
if(f_temp < f_min) {
f_min = f_temp;
i_min = 1i;
N_f_min = N_active;
}
file << i << "\t" << f_temp << "\t" << N_active << endl;
if (i%$save_interval==0) {
save_to_file(savefile_post_id);
ofstream info_file (saveinfofile_name.c_str());
if (info_file.is_open()) {
info_file << "Runs:\t" << i+l << endl;
info_file.close();

}
file.close();
}else(
cout << "ERROR: Couldn’t open " << datafile_name << endl;
}
file.open(info_file_name.c_str());
if(file.is_open()) {
file << "Seed:\t\t\t" << seed << endl;
file << "Total steps:\t\t" << i << endl;
file << """ " << endl;
file << "f_min:\t\t\t" << f_min << endl;
file << "Step at which f=f_min:\t" << i_min << endl;
file << "Active points at f min:\t" << N_f _min << endl;
file.close();
lelse(
cout << "ERROR: Couldn’t open " << info_file_name << endl;
}

return i_min;

void World::dismantle_and_save (const uint_fast64_t seed, const
uint_fast32_t save_step, const uint_fast32_t save_interval) {
mt19937_64 gen(seed); // Random number generator.
uniform_real_distribution<double> rand_double (0, 1);
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stringstream post_idstrm;

post_idstrm << ".dismantled(seed" << seed << ")run" << save_step;

string savefile_post_id = post_idstrm.str();

string saveinfofile_name = id + post_idstrm.str() + ".saveinfo";

uint_fast32_t 1=0;
while (i<save_step) {
int n = rand_double(gen) * N_links + 1;

int j = 0;
int id_a = -1;
while (n>7j) {
id_a = iterator_list[id_a+1];

j += the_World[id_a] .up_links.length();
}
int k = 0;
J —= the_World[id_a].up_links.length(); // Re-sets j.
++3; // Synchronizes j with n.
while (n>7j) {
++k;
++73;
}
int id_b = the_World[id_a].up_links[k];
delink_ordered_pair(id_a,id_b);
update_il_and_Na () ;
if (i%save_interval==0) {
save_to_file(savefile_post_id);
ofstream info_file (saveinfofile_name.c_str());
if (info_file.is_open()) {
info_file << "Runs:\t" << i+l << endl;
info_file.close();

}
++1;

}

save_to_file(savefile_post_id);

ofstream info_file (saveinfofile_name.c_str());

if (info_file.is_open()) {
info_file << "f min:\t\t" << f() << endl;
info_file << "Runs:\t\t" << i << endl;
info_file << "Active points:\t" << N_active << endl;
info_file <« "+ ——
info_file << "Minimum f reached." << endl;
info_file.close();

void World::set_id(string unique_id) {
stringstream tempid;
tempid << Nj;
tempid << unique_id;
id = tempid.str();

void World::transition (Transition T) {
if (T.oxrder) {
uplink (T.id_a, T.id_b);
lelse(
delink_ordered_pair(T.id_a, T.id_Db);
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void World::update_possible_transitions () {
possible_transitions.erase_all();
i<N; ++1) {

for (int i=0;
Event& a = the_World[i];
// Update the list of possible transitions.

j<a.up_links.length(); ++73){

for (int j=0;
i, a.up_links[j]);

Transition temp (false,
possible_transitions.push_back (temp);

}
for (int j=0; Jj<N; ++7){
if(i!=3 && order_table[i] []j]==0) {
if(h_link_allowed (i, 3)) {
Transition temp (true, i, Jj);
possible_transitions.push_back (temp) ;

void World::update_il_and_Na () {

N_active = 0;

for(int i = 0; i<N; ++1i){

int § = 1i;

while (i<N && the_World[i] .up_links.length()==0 && the_World[i
] .down_links.length ()==0) {
++1i;

}

iterator_list[]j]

if (i<N) {
++N_active;

= i;

double World::f () {
double x = 0.0;
for (int i=iterator_list[0];
for (int j=iterator_list([0];
if (order_table[i] [j]==1) {
++x;

i<N;) |
J<N;) {

}
j = iterator_list[j+1];

}
i = iterator_list[i+1];

}
double y =
return x/y;

N_activex (N_active-1.0)/2.0;

double World::f_N() {
double x = 0.0;
for (int i=0; i<N; ++1){
for (int j=0; J<N; ++3){
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if (order_table[i] [j]==1) {
+4x;

}
double y = N*(N-1.0)/2.0;
return x/y;

int World::count_up_links () {
int total_links = 0;
for (int i=0; i<N; ++1i) {
total_links += the_World[i].up_links.length();
}

return total_links;

void World::print_order_table () {
for (int i=0; i<N; ++1i){
cout << 1 << "\t |";

for (int j=0; Jj<N; ++3) {

if(3!=0){
cout << " ",

}

if (order_table[i] [j]!=-1){
cout << " ";

}
cout << order_table[i][]];
}

cout << "|" << endl;

void World::save_order_table (const string post_id) {
string filename = id + post_id + ".txt";
ofstream file (filename.c_str());
if(file.is_open()) {
for (int i=0; i<N; ++1){
file << i << "\t |";
for (int j=0; J<N; ++3){

if(3!=0){
file << " ";

}

if (order_table[i] [j]!=-1){
file << " ";

}
file << order_table[i][]];

}

file << "|" << endl;
}
file.close();
}else(
cout << "ERROR: Couldn’t open " << filename << endl;

void World::save_to_file(const string post_id) {
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string filenamel = id + post_id + ".world.txt"; // Redundant file
Formatted for human eyes.

string filename2 = id + post_id + ".world";
ofstream filel (filenamel.c_str());
ofstream file2 (filename2.c_str());

if(filel.is_open()) {
if(file2.is_open()) {
file2 << N << endl;
for (int i=0; 1i<N; ++1i){
Narray<int>& i_up_links = the_World[i].up_links;
filel << i << "\t|";
file2 << i_up_links.length() << endl;
for (int j=0; j<i_up_links.length(); ++73){
filel << i_up_links[]];
file2 << i_up_links[]j] << endl;
if (j<i_up_links.length()-1) {
filel << ", ";

}
filel << endl;
}
file2.close();
lelse(
cout << "ERROR: Couldn’t open " << filename2 << endl;
}
filel.close();
}else(
cout << "ERROR: Couldn’t open " << filenamel << endl;

ostream& operator << (ostream& os, World& w) {
for (int i=0; i<w.N; 1i++){
0s << w.the_World[i] << endl;
}

return os;

A.2 Analytical tools

A.2.1 The ‘Worldview’ class
Header file

#ifndef WORLDVIEW_H_INCLUDED
#define WORLDVIEW_H_INCLUDED

#include "narray.h"
#include "world.h"
#include <string>

class Worldview: public World{
private:
Narray<Narray<int>> temporal_layer; // A list of the id-s of
events belonging to temporal layer n.
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Narray<Narray<int>> group; // A list of the id-s of events
belonging to group n.

Narray<int> minimal_layer;

Narray<int> maximal_layer;

int+* shared_up_links;

int** shared_down_links;

int+x* distance_table_min_layer;

intx* distance_table_max_layer;

/* Utility functions of different kinds. */

void initialize_groups () ;

void initialize_temporal_ layer();

public:

Worldview (Worldé& basis);

~Worldview () ;

void save_info_file(const std::string post_id);

void save_layers (const std::string post_id); // Saves the
elements of the temporal layers to a text file.

void save_layer_plot (const std::string post_id, const
uint_fast64_t seed); // Uses a random spatial coordinate.

void save_shared_links_plots(const std::string post_id);

void save_distance_tables (const std::string post_id);

void save_distance_histograms (const std::string post_id);

void save_distance_histograms (const int group_id, const std::
string post_id); // Provides histograms per shell.

void save_layer_histogram(const std::string post_id);

void save_max_distance_histograms (const int group_id, const std::

string post_id); // Histogram of longest minimal connected
antichains.
}i

#endif // WORLDVIEW_H_INCLUDED

Source file

#include "worldview.h"

#include "narray.h"

#include "world.h"

#include <cmath> // sqgrt.

#include <fstream> // ofstream, ifstream.

#include <iostream> // cout, endl.

#include <random> // mt19937 64, uniform real_distribution.
#include <string>

#include <sstream> // stringstream.

using std::cout;

using std::endl;

using std::mt19937_64;

using std::ofstream;

using std::string;

using std::stringstream;

using std::uniform_real_distribution;

/+ When creating a Worldview from a World, any isolated events
get removed. As a part of this process, the remaining events
are renamed so that they can easily be iterated through with-
out having to use the cumbersome iterator list and N_active
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defined in World. Hence, these variables are completely
ignored by the constructor below.
*/
Worldview: :Worldview (World& basis): World(basis.N_active) {
id = basis.id;
temporal_layer.allocate (N);
minimal_layer.allocate (N);
maximal_layer.allocate (N);
int j = 0; // Counter. Could also be used for consistency-
checking.
int old_N = basis.N;
Narray<int> old_ids (old_N); // List used to temporarily Ilink "old
" and "new" event ID-s.
shared_down_links = new int=« [N];
shared_up_links = new intx[N];
distance_table_min_layer = new intx[N];
distance_table_max_layer = new int«[N];
shared_down_links[0] = new int [N«*N];
shared_up_links[0] = new int [Nx%N];
distance_table_min_layer[0] = new int [N«*N];
distance_table_max_layer[0] = new int [N«%N];
for (int i=1; i<N; 1i++){
shared_down_links[i] = shared_down_links[i-1] + N;
shared_up_links[i] = shared_up_links[i-1] + N;
distance_table_min_layer[i] = distance_table_min_layer[i-1] +
N;
distance_table_max_layer([i] = distance_table_max_layer[i-1] +
N;
}
for (int i=0; i<old_N; ++i){
old_ids.push_back(-1); // Temporary placeholders.
}
for (int i=basis.iterator_list[0]; i<old_Nj;) {
Event temp (basis.the_World[i]);
temp.set_N(N);
the_World[j] = temp;
old_idsI[i] = J;
++73;
i = basis.iterator_list[i+1];
}
for (int i=0; i<N; ++i){ // Renames all link-IDs, and identifies
top— and bottom-layer events.
the_World[i].id = 1i;
for (int j=0; j<the_World[i].down_links.length(); ++j){ // Re-—
use of j.
the_World[i] .down_links[j] = old_ids[the_World[i].
down_links[J]1];
}
if (the_World[i] .down_links.length()==0) {
minimal_layer.push_back (i) ;
}
for (int j=0; Jj<the_World[i].up_links.length(); ++73){ // Re-

use of j.
the_World[i] .up_links[j] = old_ids[the_World[i].up_links][
31l
}
if (the_World[i].up_links.length ()==0) {
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maximal_layer.push_back (1) ;

}
for (int i=0; i<N; ++1){
for (j=0; Jj<N; ++j){ // Re-use of j.
if (a_precedes_b_reqg(i, J)){
order_table[i][]j]=1;
}else if (b_precedes_a_req(i, j)){
order_table[i] [j]=-1;
lelse(
order_table[i][]]1=0;
}
// Update shared-links-tables.

int sum_down = 0;
int sum_up = 0;
if(i!=73){
for (int k=0; k<the_World[i].down_links.length(); ++k)

{

int id_a = the_World[i].down_links[k];

if (the_World[]j].down_links.contains_element (id_a)
) {

++sum_down;

}

for (int k=0; k<the_World[i].up_links.length(); ++k) {
int id_a = the_World[i].up_links[k];
if (the_World[]j].up_links.contains_element (id_a)) {

++sum_up;
}
}
}
shared_down_links[i] [Jj] = sum_down;
shared_up_links[i] [Jj] = sum_up;

// Initialize distance-tables. —-1=\inf, -2=should not be
included, -3=undetermined.
if(il=7) (

if (the_World[i].down_links.length()==0 && the_World[]
] .down_links.length ()==0) {
distance_table_max_layer[i][]] = -2;
if (shared_up_links[i][j]1>0) {

distance_table_min_layer[i][]j] = 1;
}else(

distance_table_min_layer[i][]] = -3;
}

}else if (the_World[i].up_links.length()==0 &&
the_World[j] .up_links.length()==0) {
distance_table_min_layer[i][]j] = -2;
if (shared_down_links[i][J]1>0) {

distance_table_max_layer[i] []j] = 1;
}else(

distance_table_max_layer[i][]] = -3;
}

}else(
distance_table_min_layer[i][]j] = -2;
distance_table_max_layer[i][]] = -2;

telse(
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if (the_World[i].down_links.length()==0 && the_World[]
] .down_links.length ()==0) {
distance_table_min_layer([i] [Jj] = 0;
distance_table_max_layer[i] [j] = -2;

}else if (the_World[i].up_links.length()==0 &&
the_World[j].up_links.length ()==0) {
distance_table_min_layer[i][]] = -2;
distance_table_max_layer([i] [J] = 0;

lelse(
distance_table_min_layer[i] [J] = -2;
distance_table_max_layer([i] []]

I
|
N
~.

}
}
// Update distance-tables.
for (int i=0; i<N; ++1){
int neighbors_min = 0;
int neighbors_max = 0;
for (j=0; j<N; ++3j){ // Re-use of j.
if (distance_table_min_layer[i][j]==1) {
++neighbors_min;
}else if (distance_table_max_layer[i] [j]==1) {
++neighbors_max;
}
}
if (neighbors_min==0) {
for (j=0; Jj<N; ++3){ // Re-use of j.
if (distance_table_min_layer[i] [j]==-3) {
distance_table_min_layer[i][]j] = -1;
}
if (distance_table_min_layer[j][1i]==-3) {
distance_table_min_layer[j][i] -1;

}

}
if (neighbors_max==0) {
for (j=0; Jj<N; ++j){ // Re-use of j.
if (distance_table_max_layer[i] [j]==-3) {

distance_table_max_layer([i] [J] = -1;
}
if (distance_table_max_layer[]j] [i]==-3) {
distance_table_max_layer[Jj][i] = -1;

}
bool finished = false;
int r = 1; // Distance.
while (!finished) {
for (int i=0; i<N; ++i){
for (j=0; Jj<N; ++3){ // Re-use of j.
if (distance_table_min_layer[i] [j]==r) {
for (int k=0; k<N; ++k){
if (distance_table_min_layer([]j] [k]=
if (distance_table_min_layer[i]
distance_table_min_layer[i

=1) {
[k]==-3){
1[k]

)
1
k] = r+1;
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}

}else if (distance_table_max_layer[i][j]==r){
for (int k=0; k<N; ++k) {
if (distance_table_max_layer[j] [k]==1) {
if (distance_table_max_layer[i] [k]==-3) {
distance_table_max_layer([i] [k] = r+l;
}
}
}
}
}
}
// Check if tables are finished.
finished = true;
for (int i=0; i<N; ++1){
for (3=0; Jj<N; ++j){ // Re-use of j.
if (distance_table_min_layer[i] [Jj]==-3) {
if (r<N) {
finished = false;
goto check_done;
}else(
distance_table_min_layer[i] [j] = -1;
}
}else if (distance_table_max_layer[i][]j]==-3){
if (r<N) {
finished = false;
goto check_done;
lelse(
distance_table_max_layer[i][j] = -1;

}

check_done:

++1;
}
initialize_groups();
initialize_temporal_layer();

Worldview: :~Worldview () {

delete [] shared_up_links[0];
shared_up_links[0] = 0;

delete [] shared_up_links;
shared_up_links = 0;

delete [] shared_down_1links[0];
shared_down_links[0] = 0;

delete [] shared_down_links;
shared_down_links = 0;

delete [] distance_table_max_layer[0];
distance_table_max_layer[0] = 0;
delete [] distance_table_max_layer;
distance_table_max_layer = 0;

delete [] distance_table_min_layer[0];
distance_table_min_layer[0] = 0;
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delete [] distance_table_min_layer;
distance_table_min_layer = 0;

void Worldview::initialize_groups () {
Narray<int> group_list (N);
for (int i=0; i<N; ++1i) {
group_list.push_back (-1);
}
int N_groups = 0;
for (int i=0; i<N; ++1){

if (group_list[i]==-1) {
++N_groups;
if (distance_table_min_layer[i] [1]==0) {

for (int 3=0; J<N; ++3){
if (distance_table_min_layer([i][j]>=0){ // This
will also assign a group_list to event 1.
group_list[j] = N_groups-1;

}
for (int j=0; Jj<N; ++3) {
for (int k=0; k<N; ++k){
if (group_list[k]==group_list[i]) {
if (a_precedes_b (k, J)) {
group_list[j] = N_groups-1;

}
}else if (distance_table_max_layer[i] [1]==0) {
for (int 3=0; J<N; ++3){
if (distance_table_max_layer[i][j]1>=0){ // This
will also assign a group to event 1.
group_list[j] = N_groups-1;

}
for (int j=0; Jj<N; ++3) {
for (int k=0; k<N; ++k){
if (group_list[k]==group_list[i]) {
if (a_precedes_b (j,k)) {
group_list[j] = N_groups-1;

}
}
telse{ // There might be events which are neither in the
top ~ nor bottom layer!
group_list[i] = N_groups-1;
for (int j=0; J<N; ++3){
if (a_precedes_b(j,1i)){

group_list[j] = N_groups-1;
}else if (a_precedes_b (i, j)){
group_list[j] = N_groups-1;

}
for (int j=0; J<N; ++3){
for (int k=0; k<N; ++k) {
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if (group_list[k]==group_list[i]) {
if (a_precedes_b (j,k)) {

group_list[j] = N_groups-1;
}else if (a_precedes_b(k, j)) {
group_list[j] = N_groups-1;

}
group.allocate (N_groups) ;
Narray<int> temp (N);
for (int n=0; n<N_groups; ++n) {
group.push_back (temp) ;
for (int i=0; i<N; ++1){
if (group_list[i]==n) {
group[n] .push_back (i) ;
}
}
}
// Sort the groups according to size using insertion sort.
for (int i=1; i<N_groups; ++1i) {
temp = groupl[i];
int j = i-1;
while (temp.length () >group[j].length() && 3>0) {
-3
}
for (int k=i-1; k>j; --k){
group [k+1] = grouplk];
}
if (temp.length()>group([j].length()) {

group[j+1] = groupl[jl;
group[j]=temp;
}else(

group[Jj+l]l=temp;

void Worldview::initialize_temporal_layer () {
Narray<int> temp (N);
// Establish the bottom layer, equal to the minimal layer.
temporal_layer.push_back (temp);
for (int i=0; i<N; ++1i) {
if (the_World[i] .down_links.length()==0) {
temporal_layer[0].push_back(i);

}
// Attach remaining points, and move them up to their correct
layer.
for (int i=1; i<N; ++1i) {
temporal_layer.push_back (temp) ;
for (int j=0; j<temporal_layer[i-1].length(); ++3j){ // Re-use
of j.
int id_a = temporal_layer[i-1]1[3];
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for (int k=0; k<the_World[id_a].up_links.length(); ++k){
int id_b = the_World[id_a].up_links[k];
if (!temporal_layer[i].contains_element (id_Db)) {
temporal_layer[i] .push_back (id_Db);

}
}
// Erase misplaced, duplicated id-s, and empty layers.

for (int i=N-1; i>0; --1){
if (temporal_ layer[i].length() !=0) {
for (int j=0; j<temporal_layer[i].length(); ++3){ // Re-
use of j.
int id_a = temporal_layer[i][]];
for (int k=i-1; k>-1; —-k){
temporal_layer([k].erase_element (id_a); // Deletes

id_a iff temporal_layer[k] contains it.

}
}else(
temporal_layer.erase(i); // Deletes all empty layers (
which MUST be at the top).

void Worldview: :save_info_file (const string post_id) {

string filename = id + post_id + ".info";

ofstream file (filename.c_str());

if(file.is_open()) {
int N_b = minimal_layer.length();
int N_t maximal_layer.length();
file << "Bottom layer points [N_b]:\t" << N_b << endl;
file << "Top layer points [N_t]:\t\t" << N_t << endl;
file << "Total points [N]:\t\t" << N << endl;
file << endl << "Ratio [N_b/N_t]:\t\t" << (1.0xN_b)/(1.0xN_t)

<< endl;

file << "Ratio [N_b/NJ]:\t\t\t" << (1.0*N_b)/(1.0%N) << endl;
file << "Ratio [N_t/NJ]:\t\t\t" << (1.0*N_t)/(1.0xN) << endl;
file << endl << endl << " "

file << " " << endl;

file << "Group\t\t#total\t\t#bottom\t\t#top" << endl;
file << " ",

file << " " << endl;

for (int i=0; i<group.length(); ++i){
file << 1 << "\t\t" << group[i].length() << "\t\t";
N_b = 0; // Re-use.
N_t 0; // Re-use.
for (int j=0; j<groupl[i].length(); ++3) {
int id_a = grouplil[]j];

if (distance_table_min_layer[id_a] [id_a]==0) {
++N_b;

}else if (distance_table_max_layer[id_al][id_a]l==0) {
++N_t;

}
}
file << N_b << "\t\t" << N_t << endl;
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file <« "————— ",
file << " " << endl;
file.close();
telse(
cout << "ERROR: Couldn’t open " << filename << endl;

void Worldview: :save_layers (const string post_id) {
string filename = id + post_id + ".txt";
ofstream file (filename.c_str());
if(file.is_open()){
file << "Layer\tPoints" << endl;

file << " ";
file << " " << endl;
for (int i=0; i<temporal_layer.length(); ++1i) {
file << i << "\t";
int j = 0;
for (; j<temporal_layer([i].length()-1; ++7){
file << temporal_layer[i][]j] << ", ";

}
file << temporal_layer[i][]] << endl;

file <« "————— ",
file << " " << endl;
file.close();
telse(
cout << "ERROR: Couldn’t open " << filename << endl;

void Worldview::save_layer_plot (const string post_id, const
uint_fast64_t seed) {
string filename = id + post_id + ".plot";
ofstream file (filename.c_str());
if(file.is_open()) {
mt19937_64 gen(seed); // Random number generator.
uniform_real_distribution<double> rand_double (0, 1);
for (int i=0; i<N; ++1){
int t_i = 0;

for (int j=0; j<temporal_layer.length(); ++7){
if (temporal_layer[j].contains_element (1)) {
t_i = 3;
break;
}
}
double x_i = 0.5%Nx (2+xrand_double(gen) - 1);

file << x_1 << "\t" << t_i << endl;
}
file.close();
}else(
cout << "ERROR: Couldn’t open " << filename << endl;

void Worldview: :save_shared_links_plots (const string post_id) {
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string filename_ul = id + post_id + "_up.plot";
string filename_dl = id + post_id + " _down.plot";
string infofilename = id + post_id + ".info";

int total ul = 0;

int total_dl = 0;

double N_ul = N - maximal_layer.length();

double N_dl = N - minimal_layer.length();

ofstream file_ul (filename_ul.c_str());
if(file_ul.is_open()) {
ofstream file_dl (filename_dl.c_str());

if (file_dl.is_open()) {
for (int i=0; 1i<N; ++1i){
for (int j=0; Jj<N; ++7) {

if (distance_table_max_layer[i] [j]==-2) {
int sum = shared_up_links[i][]];
total_ul += sum;
file_ul << 1 << "\t" << J << "\t" << sum <<

endl;

}else if (distance_table_min_layer([i
int sum = shared_down_links[i] [
total_dl += sum;
file_dl << 1 << "\t" << J << "\t" << sum <<

endl;

1031==-2){
3l

}
file_dl.close();
lelse(
cout << "ERROR: Couldn’t open " << filename_dl << endl;
}
file_ul.close();
file_ul.open(infofilename.c_str()); // Re-use.
if(file_ul.is_open()) {
double mean_ul_1 = 1.0*total_ul/(N_ul*N_ul-N_ul);
double mean_ul_2 = 1.0xtotal_ul/N_ul;
double mean_dl_1 = 1.0xtotal_dl/(N_dlx«N_dl1-N_dl1);
double mean_dl_2 = 1.0xtotal_dl/N_d1l;
file_ul << "Average shared up-links between two bottom
layer-points:\t" << mean_ul_1 << endl;
file_ul << "Average shared down-links between two top
layer—-points:\t\t" << mean_dl_1 << endl << endl;
file_ul << "Average neighbors per bottom layer-point:\t\t
\t" << mean_ul_2 << endl;
file_ul << "Average neighbors per top layer-point:\t\t\t\
t" << mean_dl_2 << endl;
file_ul.close();
}else(
cout << "ERROR: Couldn’t open " << infofilename << endl;
}
}else(
cout << "ERROR: Couldn’t open " << filename_ul << endl;

void Worldview::save_distance_tables (const string post_id) {
string filename_b = id + post_id + "_minimal_ layer.plot";
string filename_t = id + post_id + "_maximal_ layer.plot";
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ofstream file_b (filename_b.c_str());
int N_groups = group.length();
if(file_b.is_open()) {

ofstream file_t (filename_t.c_str());
if(file_t.is_open()) {
int i_b =1; // i_b,j b and i_t,j_t are used to rename

the points of the plots in order to avoid problems
with "missing points".
int i_t = 1;
for (int i=0; i<N_groups; ++1i) {
for (int j=0; Jj<groupl[i].length(); ++73){
int id_a = groupl[il[3j];
int j_b = 1;
int j_t = 1;
for (int k=0; k<N_groups; ++k) {
for (int 1=0; l<grouplk].length(); ++1){
int id_b = groupl(k]lI[1l];
if (distance_table_min_layer[id_a][id_b
11==-2){
file_b << i_b << "\t" << J_b << "\t"
<< distance_table_min_layer[id_a
] [id_b] << endl;

++j_b;
}else if (distance_table_max_layer[id_al [
id_bl!=-2){

file_t << i_t << "\t" << j_t << "\t"
<< distance_table_max_layer[id_a
] [id_b] << endl;

++j_t;

}

if (3_b>1){
++i_Db;

}

if(3_t>1){
++i_t;

}
file_t.close();
lelse(

cout << "ERROR: Couldn’t open " << filename_t << endl;
}
file_b.close();
lelse(

cout << "ERROR: Couldn’t open " << filename_b << endl;

void Worldview::save_distance_histograms (const string post_id) {

string filename_b = id + post_id + "_minimal layer.plot";
string filename_t = id + post_id + "_maximal_ layer.plot";
ofstream file_b (filename_b.c_str());
if(file_b.is_open()) {

ofstream file_t (filename_t.c_str());

if(file_t.is_open()){
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int N_b
int N_t

= minimal_layer.length();
= maximal_layer.length();

Narray<int> sum_b (N_b);
Narray<int> sum_t (N_t);

for (int

r=1; r<N; ++r){

sum_b.erase_all();
sum_t.erase_all();

int
int

total_sum_b = 0;
total_sum_t = 0;

for (int i=0; i<N; ++1i){

}

int temp_b = 0;
int temp_t = 0;
for (int j=0; Jj<N; ++3){
if (distance_table_min_layer([i] [j]==r) {
++total_sum_b;
++temp_b;
}else if (distance_table_max_layer[i] []j]==r) {
++total_sum_t;
++temp_t;

}
if (temp_b>0) {
sum_b.push_back (temp_b) ;
}
if (temp_t>0) {
sum_t .push_back (temp_t) ;
}

if (total_sum_Db>0) {

}

long double mean = 1.0xtotal_sum_b/N_b;
long double sigma = 0.0;

int i=0;
for (; i<sum_Db.length(); ++1i){
long double temp = 1.0*sum_b[i] - mean;

sigma += tempx*temp;

}

for(; i<N_b; ++1) {
sigma += meanxmean;

}

sigma = sqgrt(sigma/N_b); // Makes sigma equal to
the standard derivation.

long double mean_min = mean - sigma;

long double mean_max = mean + sigma;

if (mean_min<0){ // mean min<0 makes no physical
sense.
mean_min = 0;

}
file_b << r << "\t" << mean << "\t" << mean_min
<< "\t" << mean_max << endl;

if (total_sum_t>0) {

long double mean = 1.0xtotal_sum_t/N_t;
long double sigma = 0.0;

int i=0;
for(; i<sum_t.length(); ++1i){
long double temp = 1.0xsum_t[i] - mean;

sigma += tempxtemp;
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}

for (; i<N_t; ++1i){
sigma += means*mean;

}

sigma = sqrt(sigma/N_t); // Makes sigma equal to
the standard derivation.

long double mean_min = mean - sigma;

long double mean_max = mean + sigma;

if (mean_min<0){ // mean_min<0 makes no physical
sense.
mean_min = 0;

}
file .t << r << "\t" << mean << "\t" << mean_min
<< "\t" << mean_max << endl;

}
file_t.close();
}else({
cout << "ERROR: Couldn’t open " << filename_t << endl;
}
file_b.close();
}else(
cout << "ERROR: Couldn’t open " << filename_b << endl;

void Worldview: :save_distance_histograms (const int group_id, const
string post_id) {
int N_b = 0;
int N_t = 0;
for (int i=0; i<group[group_id].length(); ++1i) {
int id_a = groupl[group_id] [i];
if (distance_table_min_layer([id_a] [id_a]==0) {
++N_b;
}else if (distance_table_max_layer[id_al][id_al==0) {
++N_t;

}
Narray<Narray<int>> shell_b (N_b);
Narray<Narray<int>> shell_t (N_t);
int i_shell_b = 0;
int i_shell_t 0;
Narray<int> temp_b (N_b) ;
Narray<int> temp_t (N_t);
shell_b.push_back (temp_b);
shell_t.push_back (temp_t);
for (int r=0; r<N; ++r){
int sum_b = 0;
int sum_t = 0;
for (int i=0; i<N; ++1){
if (group[group_id].contains_element (i)) {
int r_max = 0;
if (distance_table_min_layer[i] [1]==0) {
for (int j=0; Jj<N; ++3){
if (distance_table_min_layer[i] [j]>r_max) {
r_max = distance_table_min_layer[i][]j];
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}
if (r_max==r) {
shell_b[i_shell_b].push_back(i);
++sum_Db;
}
}else if (distance_table_max_layer[i] [i]==0) {
for (int j=0; Jj<N; ++3) {
if (distance_table_max_layer[i] [j]>r_max) {
r_max = distance_table_max_layer[i] []];

}

if (r_max==r) {
shell_t[i_shell_t].push_back(i);
++sum_t;

}

if (sum_b>0) {
shell_b.push_back (temp_b) ;
++1_shell_b;

}

if (sum_t>0) {
shell_t.push_back (temp_t);
++i_shell_t;

}

shell_b.erase(shell_b.length()-1); // Deletes the last element,
which is empty.

shell_t.erase(shell_t.length()-1); // Deletes the last element,
which is empty.

for (int i=0; i<shell_b.length(); ++i){
stringstream addendum;
addendum << " (Group" << group_id << "Shell" << i << ")";

string filename = id + addendum.str() + post_id + "
_minimal_layer.plot";

ofstream file (filename.c_str());

if (file.is_open()) {

Narray<int> sum(N);
N_b = shell_bl[i].length(); // Re-use;
for (int r=1; r<N; ++r){
sum.erase_all();
int total_sum = 0;
for (int j=0; Jj<N; ++3) {
if (shell_b[i].contains_element (j)) {
int temp = 0;
for (int k=0; k<N; ++k){
if (distance_table_min_layer([j] [k]==r) {
++total_sum;
++temp;

}
if (temp>0) {
sum.push_back (temp) ;

}
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if (total_sum>0) {
long double mean = 1.0xtotal_sum/N_b;
long double sigma = 0.0;

int j=0;
for (; j<sum.length(); ++3){
long double temp = 1.0xsum[]j] - mean;

sigma += tempx*temp;

}

for (; j<N_b; ++3){
sigma += means*mean;

}

sigma = sqrt(sigma/N_b); // Makes sigma equal to
the standard derivation.

long double mean_min = mean - sigma;

long double mean_max = mean + sigma;

if (mean_min<0){ // mean_min<0 makes no physical
sense.
mean_min = 0;

}
file << r << "\t" << mean << "\t" << mean_min <<
"\t" << mean_max << endl;

}

file.close();

lelse(
cout << "ERROR: Couldn’t open " << filename << endl;
}
}
for (int i=0; i<shell_t.length(); ++1i){

stringstream addendum;
addendum << " (Group" << group_id << "Shell" << i << ")";

string filename = id + addendum.str () + post_id + "
_maximal_layer.plot";

ofstream file (filename.c_str());

if(file.is_open()) {

Narray<int> sum(N) ;
N_t = shell_t[i].length(); // Re-use;
for (int r=1; r<N; ++r){
sum.erase_all();
int total_sum = 0;
for (int j=0; Jj<N; ++3) {
if (shell_t[i].contains_element (J)) {
int temp = 0;
for (int k=0; k<N; ++k) {
if (distance_table_max_layer[j] [k]==r) {
++total_sum;
++temp;

}
if (temp>0) {
sum.push_back (temp) ;

}

if (total_sum>0) {
long double mean = 1.0xtotal_sum/N_t;
long double sigma = 0.0;
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int j=0;
for (; j<sum.length(); ++7){
long double temp = 1.0xsum[j] - mean;

sigma += tempxtemp;

}

for (; J<N_t; ++7){
sigma += mean=*mean;

}

sigma = sqrt(sigma/N_t); // Makes sigma equal to
the standard derivation.

long double mean_min = mean - sigma;

long double mean_max = mean + sigma;

if (mean_min<0){ // mean_min<(0 makes no physical
sense.
mean_min = 0;

}

file << r << "\t" << mean << "\t" << mean_min <<
"\t" << mean_max << endl;

}
file.close();
}else(
cout << "ERROR: Couldn’t open " << filename << endl;

void Worldview::save_layer_histogram(const string post_id) {
string filename = id + post_id + ".plot";
ofstream file (filename.c_str());
if(file.is_open()){
for (int i=0; i<temporal_layer.length(); ++i) {
file << i << "\t" << temporal_layer[i].length() << endl;
}
file.close();
}else(
cout << "ERROR: Couldn’t open " << filename << endl;

void Worldview::save_max_distance_histograms (const int group_id,

const string post_id) {

stringstream addendum;

addendum << " (Group" << group_id << ")";

string filename_b = id + addendum.str () + post_id + "
_minimal_layer.plot";

string filename_t = id + addendum.str () + post_id + "
_maximal_layer.plot";

ofstream file_b (filename_b.c_str());
if(file_b.is_open()) {
ofstream file_t (filename_t.c_str());
if (file_t.is_open()) {
for (int r=0; r<N; ++r){
int sum_b = 0;
int sum_t = 0;

for (int i=0; 1i<N; ++1){
if (group[group_id] .contains_element (i)) {
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int r_max = 0;
if (distance_table_min_layer[i] [1]==0) {
for (int j=0; J<N; ++3){
if (distance_table_min_layer[i] [j]>

r_max) {
r_max = distance_table_min_layer]|
110315

}
if (r_max==r) {
++sum_b;
}
}else if (distance_table_max_layer[i] [1i]==0) {
for (int j=0; Jj<N; ++3) {
if (distance_table_max_layer[i][j]>

r_max) {
r_max = distance_table_max_layer|
i1[31;
}
}
if (r_max==r) {
++sum_t;

}
if (sum_b>0) {
file_b << r << "\t" << sum_b << endl;
}
if (sum_t>0) {
file_t << r << "\t" << sum_t << endl;

}
file_t.close();
lelse(
cout << "ERROR: Couldn’t open " << filename_t << endl;
}
file_b.close();
lelse(
cout << "ERROR: Couldn’t open " << filename_b << endl;

A.3 Some usage examples

The following main file creates the log files necessary to recreate figure 5.2, and
in doing so also saves the two causets which are closer examined in figure 5.5:

#include "narray.h"
#include "event.h"
#include "transition.h"
#include "world.h"
#include "worldview.h"

int main () {
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int N = 64;

uint_fast64_t steps = 10000000;

uint_fast64_t step_l1 = 20000;

uint_fast64_t save_int = 1000000;

uint_fast64_t seed = 90073;

World theMatrix (N);
theMatrix.evolve_and_save (seed, steps, step_1,save_int);
theMatrix.disorder () ;

theMatrix.set_id("");
theMatrix.evolve_and_save (seed, steps, step_1,save_int);
return 0;
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