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Thermo-hydro-mechanical (THM) processes in soils couple the flow of fluid and heat with

solid deformation. The interaction between these different physical processes results in a

more complex behaviour of the soil. Understanding the physical processes and accurate

numerical modeling of such THM coupled phenomena is essential for different applications

in geomechanics. Example applications areas include geothermal energy extraction, safety

assessment of nuclear waste repositories, oil and gas reservoir engineering, underground

energy storage, CO2 sequestration and ground freezing.

The current thesis work will examine the standard practice in THM numerical modeling

based on literature review and relevant application areas in the industry. A commonly used

approach is sequential coupling of the thermal problem with hydro-mechanical (coupled

fluid flow and deformation) simulation. In reality, the heat flow, fluid flow and deforma-

tion (THM) processes occur simultaneously and the best way to solve such problems is in

a fully coupled manner. The numerical modeling work will focus on fully coupled solution

approaches for THM problems. Numerical simulations will be performed based on in-house

developed tools and other relevant software. Some of the applications areas that may be ad-

dressed include non-isothermal consolidation problems and frost heave phenomena, such

as in road construction.
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Summary and Conclusions

This thesis conducts numerical studies on THM (Thermo-Hydro-Mechanically) coupled prob-

lems, using isogeometric elements and two models created at NTNU. One model is for fully

saturated porous media, and the second is expanded to represent ground freezing.

Discontinuities and singularities has proven difficult to represent in THM-modeling us-

ing the conventional FEM (Finite Element Method), leading to the development of the XFEM

(Extended Finite Element Method). The XFEM relays on replacing the basis functions near

a discontinuity, which in some cases can be quite tiresome. This thesis has applied the iso-

geometric THM-model for fully saturated soil to recreate simulations conducted using the

XFEM. Without any alteration to the basis functions, the isogeometric model yields results

comparable to the XFEM simulations. The simulations includes a crack in thermal loading,

a dam seepage problem and a fully coupled problem.

For the second part of the thesis, the THM-model with ground freezing was utilised for

simulations of the frost heave phenomena. Since the model is new, and still under develop-

ment, a parametric study is first presented. Then a laboratory test with a frost heave cell was

attempted recreated, and the effect of seasonal temperature variation was investigated. Fi-

nally, the THM-model with ground freezing was used in an attempt to recreate two stretches

of railway damaged by frost heave. The parametric study indicates that besides the phase

change parameters, the stiffness and hydraulic conductivity probably affects the solutions

the most. The simulations of seasonal temperature variation, clearly shows how the ground

freezing affects the temperature profiles and surface heave. The attempts to recreate labo-

ratory and field results only partially succeeds. Some aspects of the problems are simulated

better than others, and a main contributor to this problem is assumed to be the linearly elas-

tic material model. The thesis show that there is need for further research, but also illustrates

the potential and strength in a fully couped THM analysis.
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Chapter 1

Introduction

1.1 Application of THM-modeling

There are several application areas for THM (Thermo-Hydro-Mechanical) modeling, and the

most common is presented in this section.

Nuclear waste disposal

Nuclear waste is stored in containers deep under

ground. The waste is still degenerating, generating

heat. Both water and solids in the surrounding mate-

rial expands, but the increase in water volume is usu-

ally greater than the increase in pore volume (Lewis and

Schrefler (1998)). The pore pressure will increase, and

the effective stress will decrease as much. This effect

may cause a propagating failure around the container.

Geothermal reservoirs

Energy flowing from the earth’s interior, is sometimes

stopped and contained in certain natural reservoirs.

Depending on the reservoir type, the energy is stores in

solids, water or vapour. Modeling the mass/heat trans-

fer can determine the potential, and improve the man-

agement of the reservoir.

Figure 1.1: Pore pressure around
a hot cylinder, red is higher pore
pressure.

Figure 1.2: Geothermal Reser-
voir. Source: Energy.gov

1
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CO2 sequestration

Sequestration and storing of CO2 under ground is

highly dependent on temperature, flow and deforma-

tion. The Sleipner project (Arts et al. (2008)) at Ut-

sira successfully pumped and stored CO2 in the aquifer

blow the seabed. The modeling is complex, and the

CO2 is both gas and super critical fluid while flowing

in the aquifer.

Underground energy storage

Underground energy storage is injecting energy into a

aquifer or soil during summer, and extracting in the

winter. The result is a cooling effect in summer, and

heating effect in the winter. The effect and energy seep-

age of the storage area can be calculated using a THM-

model.

Artificial ground freezing

Soil experiences a increase in strength and decrease in

permeability when freezing. This can be exploited by

artificially freezing the ground. Common applications

areas is strengthening in tunnels during constructions,

or to create a water tight plug in a water tunnel. THM-

models can be used to predict strength, seepage and

other related information in the ground freezing pro-

cess.

Figure 1.3: CO2 Sequestration.
Source: Arts et al. (2008)

Figure 1.4: Geothermal Stor-
age. Source: Underground-
energy.com

Figure 1.5: Ground Freezing in
tunnel. Source: Simmakers.com
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Natural ground freezing

Water expand by about 9% when freezing. In soil how-

ever, freezing creates a suction which results in an in-

flow of water. The contribution of inflowing water to

the total heave, is much greater than the 9% expansion.

A THM-model can represent the inflowing water, mak-

ing it possible to predict the total heave.

Figure 1.6: Ice forming below
the frost protection layer for a
railway. Blue is water, red is ice.

1.2 Background

In cold regions as in Norway, heave damage on roads is a common site. Due to damages

on several new highways from 2009 to 2011, the Norwegian road department assessed the

situation (Norwegian Road department (2012)). The conclusion points towards a cold win-

ter, and lacking experience and competence in the industry, but also emphasising that the

current guidelines are based on research made in the 1970’s. The current standard in the

industry is based on tables and hand calculation, and in some cases thermal models (more

common) and sequential (T)HM-models are used.

This thesis is related to ongoing research on fully coupled THM-models at NTNU. This

thesis focus is on discontinuity in THM-models, and on the ground freezing application. By

preforming a case study, the thesis will investigate the possibilities and problems related to

using fully coupled THM-models with phase change as an alternative to the current stan-

dard. There exist some commonly available software able to simulate frost heave (such as

OpenGeoSys), however the codes developed at NTNU is used.

1.3 Objectives

The main objectives of this thesis are

1. Numerical studies on THM-modeling of saturated porous media using isogeometric

analysis to illustrate discontinuities.

2. Parametric study on the THM model with ground freezing.

3. Frost heave cell simulation.
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4. Seasonal temperature variation simulation.

5. Case study of frost heave.

1.4 Clarification on Software

This thesis uses two THM-model, one for THM modeling of saturated porous media without

phase change and one for ground freezing, as presented in chapter 2 and 3. The two codes

are written by PhD. Yared Worku Bekele (NTNU), based on IFEM by SINTEF. IFEM is an object

oriented program for implementing linear and nonlinear partial differential equations with

finite element solvers using B-splines and NURBS(Non-Uniform Rational B-Splines) as ba-

sis functions. IFEM is developed at the Department of Applied Mathematics, SINTEF ICT in

Trondheim. The geometry and mesh is generally created using python and a geometry mod-

ule. Meshing, parsing, material properties, time stepping, non-linearity settings and output

points can be specified in the input file. An example input file is presented in appendix F.

The post-processing is preformed in Matlab and GLview.

1.5 Limitations

The codes used in this thesis is still under development, and is prone to minor bugs, and has

limited features. The calculations are performed on a regular laptop, and some important

efficiency features are not implemented in the codes. To perform calculations within a rea-

sonable time, the model is sometimes limited with respect to size, mesh and time stepping.

1.6 Structure of the Thesis

The thesis contains 7 chapter, where the first one is an introduction. Chapter 2 contains the-

ory related to the fully saturated THM-model used in this thesis. Chapter 3 contains theory

related to the THM-model with phase change, but is based on chapter 2. Chapter 4 contains

theory on splines and isometric element analysis. Chapter 5 contains all the simulations car-

ried out using the fully saturated THM-model, with one thermal consolidations and three

discontinuity simulations. Chapter 6 contains all simulations carried out using the THM-

model with phase change, including a parameter study, frost heave cell recreation, varying
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temperature load and a case study. Each simulation and the relevant results is discussed af-

ter presenting the results, and the final conclusion and recommendations for further work is

presented in chapter 7.





Chapter 2

THM Model for Saturated Soils: Theory

This chapter introduces the THM (Thermo-Hydro-Mechanical) model for fully saturated

porous media.

2.1 General statements

2.1.1 Stress and Strain Relations

This section introduces relations between total stress, effective stress, strain and deforma-

tion. The relations can be find in a similar form in Lewis and Schrefler (1998). Effective stress

is a function of total stress, pore pressure and gas pressure. This thesis only consider fully

saturated materials, which yields the relation in equation 2.1.

σ′ =σ−αmp (2.1)

Where σ′ and σ denotes effective and total stress respectively. α is Biot’s coefficient,

which is described in chapter 1.3 in Verruijt (2014), and p is the pore water pressure. mT =[1 1

1 0 0 0] is used several times in this thesis, either to remover shear strain/stress or to calculate

the sum of a vector.

The stress-strain relation for elastic and non-elastic behavior is shown in equation 2.2

and 2.3 respectively.

σ′ = De (ε−ε0 −εT ) (2.2)

7
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dσ′ = DT (dε−dε0 −dεT ) (2.3)

Where De and DT is the stiffness matrix for linear and non-linear behaviour. ε, ε0 and εT

is total strain, initial strain and temperature strain respectively.

εT = m
βsw

3
T (2.4)

T is temperature, n is porosity, and βsw = (α−n)βs +nβw is the thermal expansion coef-

ficient.

Total strain can be related to deformation by equation 2.6.

ε= Lu (2.5)

LT =


δ
δx 0 0 δ

δy 0 δ
δz

0 δ
δy 0 δ

δx
δ
δz 0

0 0 δ
δz 0 δ

δy
δ
δx

 (2.6)

Where u is deformation.

The model used in this program is based on the plain strain assumption. The stress-strain

for plane strain is shown in equation 2.7, also found in for example Bell (2013).


σxx

σy y

σx y

= E

(1+ν)(1−2ν)


1−ν ν 0

ν 1−ν 0

0 0 1−2ν
2



εxx

εy y

εx y

 (2.7)

Where E is Young’s modulus, and ν is Poisson’s ratio. This is a very simple model, but it

is possible to develop and implement more advanced models (for example: Nishimura et al.

(2009) and Alonso et al. (1990)) with further research.

2.1.2 Darcy’s Law

A common formulation of Darcy’s law is shown i equation 2.8 (also seen in Emdal (2013)). It

may be rewritten with respect to liquid flow and pressure as shown in equation 2.9 (as seen

in Verruijt (2014)).
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v = ki =−k
∆H

∆L
(2.8)

qx =− kx

γw

δp

δx
qy =− ky

γw

δp

δy
qz =− kz

γw
(
δp

δz
−ρ f g ) (2.9)

Where k is hydraulic conductivity. For use in the partial differential equations, ∇ ·q in

relation to darcy’s law is shown in equation 2.10.

−∇·q =−δqx

δx
− δqy

δy
− δqz

δz
=∇· (

k

γw

(∇p −ρg)
)

(2.10)

It is also common to see the hydraulic conductivity as κ/µ, where κ is intrinsic perme-

ability and µ is viscosity.

2.1.3 Fourier’s Law

Fourier’s law can be used to describe the heat flow in porous medium. The thermal conduc-

tivity is greatly dependent on the saturation and porosity of the soil, the effective thermal

conductivity is therefor introduced as shown in figure 2.11, taken from Lewis and Schrefler

(1998).

qF =−χe f f ∇T (2.11)

Where qF is the heat flux, T is temperature and the effective thermal conductivity is de-

fined by the geometric mean, as shown in equation 2.12.

χe f f =χn
wχ

1−n
s (2.12)

2.1.4 Heat Capacity

Heat capacity is a material property, expressing the energy required to heat the material. For-

mulation of heat capacity and the more relevant specific heat capacity is shown in equation

2.13 and 2.14.

C = δQ

δT
(2.13)
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c = δC

δm
(2.14)

Where Q is energy, T is temperature and m is mass. Since the energy will be evaluated

over a volume, the energy will be on the form ρc. The heat capacity for soil depend on both

heat capacity for solid and water, as shown in equation 2.15.

(ρc)sw = (1−n)ρscs +nρw cw (2.15)

2.2 Governing Equations

2.2.1 Linear Momentum Balance Equation

Moment equilibrium in three directions yields equation 2.16 to 2.18.

δσxx

δx
+ δσy x

δy
+ δσzx

δz
= 0 (2.16)

δσx y

δx
+ δσy y

δy
+ δσz y

δz
= 0 (2.17)

δσxz

δx
+ δσy z

δy
+ δσzz

δz
−ρg = 0 (2.18)

Where σi , j is total stress, i and j denotes directions, ρg is gravity forces, and σi , j =σ j ,i . In

matrix form, denoted as shown in equation 2.19.

LTσ+ρg = 0 (2.19)

The density is dependent on the porosity, and is formulated as in equation 2.20.

ρ = (1−n)ρs +nρw (2.20)

Applying relations from section 2.1.1 for non-linear materials to equation 2.19 results in

equation 2.22.

1

δt
(LT (

DT (δε−δε0 −δεT )−αmδp
)+δρg) = 0 (2.21)
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1

δt
(LT (

DT (δLu−δε0 −mδ
βsT

3
)−αmδp

)+δρg) = 0 (2.22)

2.2.2 Mass Balance Equation

Assuming no internal source, such as condensation, the amount of liquid mass is always

constant. The mass balance equation for the liquid fraction can be described as in equation

2.23, taken from Verruijt (2014).

δ(nρ f )

δt
+ δ(nρ f v w

x )

δx
+
δ(nρ f v w

y )

δy
+ δ(nρ f v w

z )

δz
= 0 (2.23)

Where n is porosity, ρ f is fluid density and v w is fluid velocity.

Similarly, the equation for the solid fraction is shown in equation 2.24.

δ((1−n)ρs)

δt
+ δ((1−n)ρs v s

x)

δx
+
δ(1−n)nρs v s

y )

δy
+ δ(1−n)nρs v s

z)

δz
= 0 (2.24)

Where ρs is the grain density and v s is the grain velocity

Subtracting equation 2.24 from 2.23, dividing by density and performing the product rule

for derivatives yields equation 2.25.

n
δρ f

ρ f δt
+
�
�
�δn

δt
+∇·nvs − (

(1−n)
δρs

ρsδt
+
�

�
�
��δ(1−n)

δt
+∇· (1−n)vs)= 0 (2.25)

Applying the relations forρs andρ f from Lewis and Schrefler (1998), yields equation 2.26.

n

ρ f 0e
−βw T+ 1

K f
(p−p0)

δρ f 0e
−βw T+ 1

K f
(p−p0)

δt
+ α−n

Ks

δp

δt
−βs(α−n)

δT

δt
−

(1−α)∇·vs +∇· (1−n)vs +∇·nvw = 0

(2.26)

Further simplifications results in equation 2.27.

Ŝ
δp

δt
−βsw

δT

δt
+α∇·vs +∇·nvw s = 0 (2.27)

Where βsw = (α−n)βs +nβw , vw s = vw −vw , and Ŝ=n/K f +(α-n)/Ks .

q=nvw s is the specific discharge, and δε/δt =∇·vs . Applying darcy’s law and strain rela-

tions for section 2.1 yields the final equation for the mass equilibrium:
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αmT L
δu

δt
+ Ŝ

δp

δt
−βsw

δT

δt
=−∇· (

k

γw

(∇p −ρg)
)

(2.28)

2.2.3 Energy Balance Equation

The energy balance equation is defined by three processes: Heat capacity (section 2.1.4), the

heat capacity in the water flow (advection), and Fourier’s law(section 2.1.3). With no internal

energy source, the equilibrium is defined as in equation 2.29 and 2.30.

(ρc)sw
δT

δt
+ρw cw q∇T +∇·qF = 0 (2.29)

(ρc)sw
δT

δt
+ρw cw

( k

γw
(−∇p +ρg)

)∇T +∇· (χe f f ∇T ) = 0 (2.30)

2.2.4 Initial Conditions

A initial field for all degrees of freedom must be obtained in order to solve the partial differen-

tial equations. The initial deformation field, u = u0, may be set to 0 or taken from an already

existing field. The initial pore pressure field, p = p0, may for example be hydrostatic, based

on steady state flow or dependent on the layering. The initial temperature field, T = T0, may

for instance be found using a steady state solution. The temperature field is however in re-

ality not linear with depth, as explained by introducing sinusoidal functions and trumpet

curves in Andersland and Ladanyi (2004). A realistic initial field can be found by running a

temperature simulation for the last several years.

2.2.5 Boundary Conditions

A Dirichlet boundary condition specifies the solution along a given boundary, and for this

thesis the Dirichlet boundary conditions are:

u = û on Γu
D

p = p̂ on Γp
D

T = T̂ on ΓT
D

(2.31)
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A Neumann boundary condition specifies the derivative of the solution along a given

boundary, and for this thesis the Neumann boundary conditions are:

σn =t̄ on Γu
N

ρw k

γw
(−∇p +ρw g) ·n =qw on Γ

p
N

(−χe f f ∇T )T ·n =qT on ΓT
N

(2.32)

Where n is the normal outwards unit vector.

2.3 Finite Element Discretization

2.3.1 Development of the Weak Form

A partial differential equation can be solved with a strong or a weak form. The strong form

requires point wise equilibrium, while the weak form requires equilibrium over a domain.

Equation 2.33 and 2.34 describes the development of a weak formulation.

AX+BẊ−C = 0 (2.33)

∫
Ω

w T (AX+BẊ−C)dΩ=
∫
Γ

w T fdΓ (2.34)

Where Γ is the boundary, f is some boundary action, and w T is the weighing function.

Linear Momentum balance equation

Applying the weak form on equation 2.21 yields equation 2.35

∫
Ω

(Lw)T (
DT (δLu−δε0 −mδ

βsT

3
)−αmδp

)
dΩ=

∫
Ω

w TρgdΩ+
∫
Γ

w T tdΓ (2.35)

Mass balance equation

Applying the weak form on equation 2.28 yields equation 2.36
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∫
Ω

(w T
p αmT L

δu

δt
−w T

p βsw
δT

δt
+w T

p S
δp

δt
) dΩ=−

∫
Ω

(∇wp )T k

γw
(∇p −ρg)dΩ+

∫
Γ

w T
p

q w

ρw
dΓ

(2.36)

Energy balance equation

Applying the weak form on equation 2.30 yields equation 2.37.

∫
Ω

w T
T (ρc)sw

δT

δt
dΩ+

∫
Ω

w T
T

(
ρw cw

k

γw
(−∇p +ρg)∇T

)+ (∇w)T
T (χe f f ∇T )dΩ=

−
∫
Γ

qTe dΓ
(2.37)

Where qTe is flow of energy due to temperature.

2.3.2 Discretization in Space

Using basis functions, N , described in chapter 4 and a set of nodes, a general field can be

describes for a given values. This paper is based on deformation, pore pressure and temper-

ature as the dependent variable. The fields are represented as shown in equation 2.38.

u = Nuū p = Np p̄ T = NT T̄ (2.38)

Where N is the basis functions, ū, p̄ and T̄ is the nodal values. A common way to select

the the weighing functions for the weak form, is to set the weighing functions equal to the

basis functions. This method is called Galerkin’s method, and is applied in this thesis.

Linear momentum balance equation

Applying spatial discretization and Galekin’s method to equation 2.35 yields equation 2.39.

∫
Ω

BT
u DT BudΩ

δū

δt
−

∫
Ω

BT
u DT dε0dΩ−

∫
Ω

BT
u DT m

βsw

3
NT dΩ

δT̄

δt
−

∫
Ω

BT
uαmdΩ

δp̄

δt
=∫

Ω
N T

u
δ

δt
ρgdΩ+

∫
Γ

N T
u
δ

δt
tdΓ

(2.39)

Where B = LNu
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Mass balance equation

Applying spatial discretization and Galekin’s method to equation 2.36 yields equation 2.40.

∫
Ω

N T
p αmT BdΩ

δū

δt
+

∫
Ω

N T
p ŜNp dΩ

δp̄

δt
+

∫
Ω
−N T

p βsw NT dΩ
δT̄

δt
=

−
∫
Ω

(∇Np )T k

γw
∇Np dΩp̄+

∫
Ω

(∇Np )T k

γw
ρgdΩ+

∫
Γ

N T
p

q w

ρw
dΓ

(2.40)

Energy balance equation

Applying spatial discretization and Galekin’s method to equation 2.37 yields equation 2.41.

∫
Ω

NT
T (ρc)sw NT dΩ

δT̄

δt
+

∫
Ω

(
NT

T

(
ρw cw

k

γw
(−∇p +ρw g)NT

)+NT
T (χe f f ∇NT

)
dΩ T̄ =

−
∫
Γ

NT
T qTe dΓ

(2.41)

2.3.3 Discretization in Time

In order to remove the time differentiated vector, a time step ∆t is introduced. When intro-

ducing the time step, one must also choose the variable vector to represent the time interval.

θ denotes the chosen scheme, and can take any value from 0 to 1. The three most common

schemes are:

• θ = 0: This is an explicit scheme, also known as forward Euler method.

• θ = 1: This is an implicit scheme, also known as backwards Euler method.

• θ = 0.5: This is known as the Crank-Nicolson scheme, where the current and next so-

lution is equally weighted.

Applying θ to the variable vector yields equation 2.42 and 2.43

Xn+θ = (1−θ)Xn +θXn+1 (2.42)

(
dX

d t
)n+θ =

Xn+1 −Xn

∆t
(2.43)

Applying equation 2.42 and 2.43 , with equation 2.33 yields equation 2.44.
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A
(
(1−θ)Xn +ΘXn+1

)+B
Xn+1 −Xn

∆t
−C = 0 (2.44)

Linear moment balance equation

Applying time discretization on equation 2.39, and multiplying with ∆t yields equation 2.45.

∫
Ω

BT
u DT BudΩ

(un+1 +un

∆t

)−∫
Ω

BT
u DT m

βsw

3
NT dΩ

(Tn+1 +Tn

∆t

)−∫
Ω

BT
uαmdΩ

(pn+1 +pn

∆t

)=
1

∆t

(∫
Ω

N T
u ρdgdΩ+

∫
Γ

N T
u dtdΓ−

∫
Ω

BT
u DT dε0dΩ

)
(2.45)

Mass balance equation

Applying the time discretization on equation 2.40 yields equation 2.46.

∫
Ω

N T
p αmT BdΩ

ūn+1 − ūn

∆t
+

∫
Ω

N T
p ŜNp dΩ

p̄n+1 − p̄n

∆t
+

∫
Ω
−N T

p βsw NT dΩ
T̄n+1 − T̄n

∆t
=

−
∫
Ω

(∇Np )T k

γw
∇Np dΩ

(
(1−θ)p̄−θp̄

)+∫
Ω

(∇Np )T k

γw
ρgdΩ+

∫
Γ

N T
p

q w

ρw
dΓ

(2.46)

Energy balance equation

Applying the time discretization on equation 2.41 yields equation 2.47.

∫
Ω

(
NT

T

(
ρw cw

k

γw
(−∇p +ρw g)NT

)+NT
T (χe f f ∇NT

)
dΩ

(
(1−θ)T̄−θT̄

)
+

∫
Ω

NT
T (ρc)sw NT dΩ

T̄n+1 − T̄n

∆t
=−

∫
Γ

NT
T qTe dΓ

(2.47)

Block matrix form

Combining equation 2.45, 2.46 and 2.47 in a block matrix yields the matrix system 2.48.
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θ∆t


0 0 0

0 Kpp 0

0 0 KT T




ū

p̄

T̄


n+1

+


Cuu Cup CuT

−C T
up Cpp CpT

0 0 CT T




ū

p̄

T̄


n+1

=

(θ−1)∆t


0 0 0

0 Kpp 0

0 0 KT T




ū

p̄

T̄


n

+


Cuu Cup CuT

−C T
up Cpp CpT

0 0 CT T




ū

p̄

T̄


n

+∆t


d fu
∆t

fp

ft


(2.48)

Where the following equations apply:

Kpp =
∫
Ω

(∇Np )T k

γw
∇Np dΩ (2.49)

KT T =
∫
Ω

(
NT

T

(
ρw cw

k

γw
(−∇p +ρw g)NT

)+NT
T (χe f f ∇NT

)
dΩ (2.50)

Cuu =
∫
Ω

BT
u DT BudΩ (2.51)

Cup =−
∫
Ω

BT
uαmNp dΩ (2.52)

CuT =
∫
Ω

DT m
βsw

3
Nt dΩ (2.53)

Cpp =
∫
Ω

NT
p ŜNp dΩ (2.54)

CpT =
∫
Ω
−N T

p βsw NT dΩ (2.55)

CT T =
∫
Ω

NT
T (ρc)sw NT dΩ (2.56)

fp =
∫
Ω

(∇Np )T k

γw
ρgdΩ+

∫
Γ

N T
p

q w

ρw
dΓ (2.57)
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ft =−
∫
Γ

NT
T qTe dΓ (2.58)

2.3.4 Numerical integration

The integrals in the governing equations are solved using numerical integration. The proce-

dure is as explained in general in Bell (2013) and specific in Cottrell et al. (2009), with Gaus-

sian quadrature. The Gaussian quadrature for one dimension is shown in equation 2.59.

I =
∫ 1

−1
g (ζ)dζ≈

n∑
k=1

wk g (ζk ) (2.59)

Where w is the weight of the value in the k’th Gauss point. For calculation, each element

in the knot space is normalised to size a size of 2. Since area and volume is a double or triple

integral, the solution is based on Gauss points in 2 or 3 directions.

It is normal to differentiate between full and reduced integration. Full integration rep-

resent the integral exactly for a undistorted element, while reduced integration is one order

lower than full integration. The order is defined by the number of Gauss points in each di-

rection.

2.3.5 Newton-Raphson iteration

The occurrence of pressure in KT T makes the equations system non-linear. After calculating

the initial unknown vector, the residual is calculated as shown in equation 2.60.

Rn+1 = (∆tK+C)Xn+1 −CXn −∆tXn+1 (2.60)

Using first-order Taylor expansion and Newton-Raphson iteration, the i’th step is found

as in equation 2.62.

Ri
n+1 +

δR

δX

∣∣∣i

n+1
∆Xi+1

n+1 = 0 (2.61)

Xi+1
n+1 = Xi

n+1 +∆Xi+1
n+1 (2.62)
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Figure 2.1: Illustration of the Newton-Raphson method





Chapter 3

THM Model for Ground Freezing: Theory

This chapter introduces the THM (Thermo-Hydro-Mechanical) model with ground freezing.

The model is based on the same principles as the model presented in chapter 2, the main

focus in this chapter is hence to introduce the ground freezing part of the model. The model

is also presented in Bekele et al. (2016).

3.1 General statements

3.1.1 Material Time Derivative

When dealing with a derivative with a moving coordinate system(typically following a parti-

cle), it is very useful to apply the material derivative notation. The simplest form is widespread

(for instance presented in continuummechanics.org ), and shown in equation 3.1.

D f (x, t )

Dt
= δ f (x, t )

δt
+ v

δ f (x, t )

δx
(3.1)

Equation 3.1 can be expanded to more dimensions, as well as to including the different

phases. Equation 3.2 is the material derivative with respect to the same phase, while equa-

tion 3.3 is the derivative of a phase property with respect to the solid phase.

Dα f α

Dt
= δ f α

δt
+∇ f α ·vα (3.2)

Ds f α

Dt
= Dα f α

Dt
+∇ f α · (vs −vα) (3.3)

21
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Where v is velocity, and s and α denotes the solid or ice/water phase respectively.

3.1.2 Thermal Properties

Both thermal conductivity and heat capacity for ice must be included, as shown in equation

3.4 and 3.5.

(ρc)e f f = (1−n)ρscs +nSwρw cw +nSiρi ci (3.4)

χe f f =χ1−n
s χ

nSw
w χ

nSi
i (3.5)

The amount of energy needed for a material to change state, is referred to as latent heat.

The general formulation of latent heat is shown in equation 3.6.

L = Q

m
(3.6)

Where L is latent heat, Q is energy and m is mass. Latent heat of fusion for water is the

relevant latent heat in this thesis, and is denoted L f

3.1.3 Modified Clausius-Clapeyron Equation

Adding phase change introduces a new variable, ice pressure. It is possible to add this vari-

able in the unknown vector, along with u, pw and T . The model used in this thesis, does

however utilise the close connection between water and ice pressure. This relation is shown

in equation 3.7, and also found in for example Nishimura et al. (2009).

p i = ρi

ρw
pw −ρi L f ln(

T

T0
) (3.7)

Where T0 is 273.15 K (0 degree Celsius).

3.1.4 Saturation Curves

Below 0 degree Celsius, water gradually freezes with decreasing temperature. As the model

is limited to fully saturated materials, Si +Sw =1. The suggested relation between Sw , tem-

perature and pore pressure is shown in equation 3.8, similar to the relation presented in
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Nishimura et al. (2009).

Sw = 1−Smax
i

[
1−

(
1+ (

Sα(p i −pw )
)Sβ

)−Sγ]
(3.8)

Where Sα, Sβ and Sγ is the saturation model parameters. Applying the modified Clausius-

Clapeyron equation yields equation 3.9.

Sw = 1−Smax
i

[
1− [

1+
(
Sα

(
(
ρi

ρw
−1)pw −ρi L f l n(

T

T0

))Sβ]−Sγ
]

(3.9)

Sw is hence a function of pw and T , making it possible to simplify the time derivative of

the water saturation as shown in equation 3.10.

δSw

δt
= δSw

δpw

δpw

δt
+ δSw

δT

δT

δt
= Sp

δpw

δt
+ST

δT

δt
(3.10)

Where Sp and ST is the isothermal and non-isothermal water capacities.

3.1.5 Relation between Water Saturation and Permeability

Water freezing will gradually decrease the permeability of the material. This is corrected with

a correction parameter kr , resulting in an effective hydraulic conductivity as kr k. Where k is

the unfrozen hydraulic conductivity and kr is as shown in equation 3.11. The same relation

is used in Nishimura et al. (2009).

kr =
√

Sw
(
1− (1−S

1
mp
w )mp )2 (3.11)

Where mp is the permeability model parameter.

3.1.6 Relation between Ice Saturation and Strength

As shown in equation 2.7, the plane strain assumption is defined by E and ν. The plane strain

assumption is still valid, but both E and ν must be adjusted, since they are highly dependent

on the ice saturation. Both are assumed logarithmically dependent, as shown in equation

3.12 and 3.13.

E = (Ei

Es

)S
η

i Es (3.12)
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ν= (νi

νs

)S
η

i νs (3.13)

Where i and s denotes the ice and solid skeletons properties respectively, for Young’s

modules and Poisson’s ratio. η is the strength model parameter.

The ice saturation will also affect the effective stress. Equation 2.3 adjusted for phase

change yields equation 3.14.

dσ′ = DT (dε−dε0 −dεT −dεph) (3.14)

Where εph is strain due to phase change. The volumetric strain due to phase change can

be expressed as in equation 3.15, and assuming isotropic expansion/contraction the strain

is given by equation 3.16.

δε̇
ph
v = n

ρw −ρi

ρw Si +ρi Sw

DsSi

Dt
(3.15)

dεph = 1

3

(δεph
v

δSi
dSi

)
m (3.16)

3.2 Governing Equations

3.2.1 Linear Momentum Balance Equation

The general eqaution 2.19 still holds, however with alteration to equation 2.1 presented in

equation 3.17 and strain as presented in section 3.1.6.

σ′ =σ−mpw −Si m(p i −pw ) (3.17)

Similar to equation 2.21 and 2.22, the momentum equalibrium may be rewritten as:

1

δt
(LT (

DT (δε−δε0 −δεT −δεph)−mδpw −Si mδ(p i −pw )
)+δρg) = 0 (3.18)

3.2.2 Mass Balance Equation

Equation 3.19 is taken from Lewis and Schrefler (1998)(eq.2.202), and is developed assuming

Biot’s coefficient equal to one and incompressible grains. Lewis and Schrefler (1998) base
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the development on a two phase medium with gas and liquid, the model used in this thesis

applies the same principals for an ice and water relation.

nSw

Kw

Ds pw

Dt
+Sw∇·vs −βsw

DsT

Dt
+ 1

ρw
∇· (nSwρ

w vw s) =− ṁ

ρw
(3.19)

Where ρα is the material density as defined in equation 3.20, vαβ = vα−vβ, and ṁ is the

quantity of inflow per time unit related to volume due to phase change.

ρs = (1−n)ρs ρw = nSwρw ρi = nSiρi (3.20)

Assuming that thermal expansion is neglectable, as well as water being incompressible,

equation 3.20 may be rewritten as equation 3.21 and 3.22 for the water and ice phase respec-

tively. Equation 3.23 follows from Sw +Si = 1.

ρw Sw∇vs +nρw DsSw

Dt
+∇(nSwρ

w vw s) =−ṁ (3.21)

ρi Sw∇vs +nρw DsSw

Dt
+∇(nSwρ

w vw s) =−ṁ (3.22)

DsSw

Dt
=−DsSi

Dt
(3.23)

Combining the equation 3.21 and 3.22 with equation 3.23, assuming no loss of mass and

neglecting vi s yields equation 3.24.

(ρw Sw +ρi Si )∇·vs +n(ρw −ρi )
DsSw

Dt
+ρw∇·vw s (3.24)

3.2.3 Energy Balance Equation

The energy balance equation is similar to what presented in equation 2.29. The alterations

consist of including latent heat of fusion, properties of ice and the material derivative nota-

tion. The Result is shown in equation 3.25.

(ρc)e f f
DsT

Dt
+a∇T +L f ξ

DsSw

Dt
−∇qF =Q (3.25)

Where a=(ρc)ad v vw s is the advective heat transfer vector, and the specific heat density’s and

mass-volume relation ξ is defined in equation 3.26. Q is a source or sink term, and qF still
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follows Fourier’s law, but with ice conductivity included.

(ρc)e f f = (1−n)ρscs +nSwρw cw +nSiρi ci

(ρc)ad v = ρw cw + Si

Sw
ρi ci

ξ= nρi

Sw + ρi
ρw

Si

(3.26)

3.3 Finite Element Discretization

The steps to discretize the governing equations is shown in chapter 2. It can be shown that

applying the weak formulation, and discretizing in both space and time yields the block ma-

trix presented in equation 3.27. The numerical integration is the same, and the Newton-

Raphson method is still the chosen iteration method. When the water velocities are high,

the energy balance equation may become unstable. If specified, the SUPG (Streamline Up-

wind Petrov Galerkin) stabilization method is implemented. The contribution from SUPG is

shown in equation 3.38, 3.40 and 3.42.

∆t


0 0 0

0 Kpp 0

0 0 K ∗
T T




ū

p̄

T̄


n+1

+


Cuu Cup CuT

C T
pu Cpp CpT

0 C∗
T p C∗

T T




ū

p̄

T̄


n+1

=


Cuu Cup CuT

C T
pu Cpp CpT

0 C∗
T p C∗

T T




ū

p̄

T̄


n

+∆t


d fu
∆t

fp

ft


(3.27)

Where the following equations applies:

Cuu =
∫
Ω
∇NT

u DNudΩ (3.28)

Cup =
∫
Ω
∇NT

u

( δσ

δpw
−D

δεph

δpw

)
Np dΩ (3.29)

Cup =
∫
Ω
∇NT

u

(δσ
δT

−D
δεph

δT

)
NT dΩ (3.30)
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fu =
∫
Γu

N

NT
u t̄dΓ (3.31)

Kpp =
∫
Ω
∇NT

p
k

γw
∇Np dΩ (3.32)

Cpu =
∫
Ω

NT
p
ρw Sw +ρi Si

ρw + Si
Sw
ρi

∇NudΩ (3.33)

Cpp =
∫
Ω

n(ρw −ρi )

ρw + Si
Sw
ρi

Sp Np dΩ (3.34)

Cpp =
∫
Ω

n(ρw −ρi )

ρw + Si
Sw
ρi

ST NT dΩ (3.35)

fp =
∫
Ω
∇NT

pρw
k

γw
gdΩ−

∫
Γ

p
N

NT
p qw dΓ (3.36)

KT T =
∫
Ω
∇NT

T aNT dΩ+
∫
Ω
∇NT

TλNT dΩ+
∫
Ω
∇NT

Tλe NT dΩ (3.37)

K s
T T =

∫
Ω
∇NT

Tτe a ·a∇NT dΩ+
∫
Ω
∇NT

Tτe a ·λ∇(∇NT )dΩ (3.38)

CT p =
∫
Ω

NT
T L f ξSp Np dΩ (3.39)

C s
T p =

∫
Ω

NT
T L f ξSpτe aNp dΩ (3.40)

CT T =
∫
Ω

NT
T (ρc)e f f NT dΩ+

∫
Ω

NT
T L f ξST NT dΩ (3.41)

C s
T T =

∫
Ω

NT
T (ρc)e f f τe aNT dΩ+

∫
Ω

NT
T L f ξSTτe aNT dΩ (3.42)

ft =
∫
ΓT

N

NT
T qT dΓ+

∫
ΓT

N

NT
Tλe Te dΓ (3.43)
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δσ

δpw
= Sp (pi −p)− (Sw +Si

ρi

ρw
) (3.44)

δεph

δpw
= n(ρi −ρw )Sp

3(ρw Sw +ρi Si
) (3.45)

δσ

δT
= ST (pi −p)+Siρi

L f

T
(3.46)

δεph

δT
= n(ρi −ρw )ST

3(ρw Sw +ρi Si
) (3.47)



Chapter 4

Isogeometric Analysis

Most FEM (Finite Element Method) programs in use today, applies Lagrange’s polynomials

as basis functions. The code used in this thesis does however rely on splines as the basis

functions. This chapter will briefly introduce splines for FEA (Finite Element Analysis). IGA

(IsoGeometric Analysis) is thoroughly presented in other literature, such as Cottrell et al.

(2009).

4.1 Introduction

Splines are a collection of polynomial functions, joined at the ends. Splines are for example

commonly used CAD(computer aided design), and to create graphics in computer games.

Splines is hence nothing new, but using splines as basis functions in FEA is not widespread.

The overall performance of splines versus Lagrange’s is far too complex to discuss in this

thesis. There are however some advantages of splines that will be pointed out and illustrated.

One of the advantages of splines, is the possibility to use the same basis functions to

create both the geometry and solution fields. Conventional FEM will need to convert data

between FEM and CAD, increasing the simulation time. As the name implies for isogeomet-

ric analysis, splines represent CAD and FEM one to one, removing the necessity to convert

data.

Another advantage lays in the problem of discontinuities, both in the calculation and in

the geometry. Splines can be created to ensure both continuity and discontinuity, which are

especially important in flow problems. Conventional finite element analysis has however

several methods for reducing this problem, for example smoothing by point averaging (Bell

29
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(2013)).

4.2 Splines

Splines comes in many forms, but the focus of this thesis is B-Splines (Benzier Splines) and

NURBS (Non-Uniform Rational B-Splines). The basis for creating splines is a knot vector,

and the properties of the spline is determined by the entries (knots) in the knot vector. The

knot vector is defined as Ξ=[ξ1 ξ2...ξn], where Ξ is non-decreasing. Each knot represents a

position in the knot space, and the knot may be repeated in the knot vector. If the knots are

not equally spread, the knot vector is considered non-uniform.

The knot vector is used to create a set of constant functions, either equal to 1 or 0. A func-

tion is 1 of between the knots, and zero elsewhere, as shown in equation 4.1. These functions

are used in the Cox-de Boor formula (equation 4.2) to create the desired polynomial degree.

Ni ,0(ξ) =


1 if ξi ≤ ξ< ξi+1

0 otherwise
(4.1)

Ni ,p (ξ) = ξ−ξi

ξi+p −ξi
Ni ,p−1(ξ)+ ξi+p+1 −ξ

ξi+p+1 −ξi+1
Ni+1,p−1(ξ) (4.2)

A B-spline curve is then created by weighing the basis functions with the control points,

as shown in equation 4.3.

Cur ve =
n∑

i=0
Ci Ni ,p (4.3)

Using python, equations 4.1 to 4.3 implemented and plotted. The top plot in figure 4.1

show the constant functions from equation 4.1, and the next two plots show the linear and

quadratic expansion using equation 4.2. Figure 4.2 shows a set of control points and the

correlating linear and quadratic B-Splines.

We observe that in the knot vector Ξ = [0,0,0,0.25,0.5,0.75,1,1,1], 0 is repeated 3 times,

making N1,2 C−1 continues. Due to the nature of equation 4.1 and 4.2, a set of basis functions

is C p−m continues. Where p is the polynomial degree, and m is highest number of repeated

knots. It is possible to use this to create discontinues functions, for example to represent a

impermeable crack. To create a discontinuity in a given knot, one simply repeats the knot so

that C p−m =C−1 in the knot. An example of continuity and knot insertion is shown in 4.3.
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Figure 4.1: Basis functions for Ξ= [0,0,0,0.25,0.5,0.75,1,1,1]
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Figure 4.2: Example of splines used to create a curve with a given set of points

Figure 4.3: Continuity for Ξ= [0,0,0,0.25,0.25,0.5,0.75,0.75, .75,1,1,1]
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4.3 Relation to FEM and CAD

The geometry in CAD and the fields in FEM, is created simply by expanding the previous

sections to 2 or 3 dimensions. It is important to understand that the foundation of IGA, is

swapping out the Lagrange’s basis functions with splines. A B-splines surface is generated as

shown in equation 4.4.

Sur f ace =
n∑

i=0
Ci , j Ni ,p N j ,q (4.4)

In case of complex geometries, it is sometimes convenient to use NURBS. NURBS are cre-

ated by projecting a B-spline, a 2D NURBS would for instance be created from a 3D B-spline.

An example of applying NURBS in CAD is shown in Borden et al. (2011), and a selection of

figures from this text is presented in 4.4. A important difference from convectional FEM,

is that the elements exist in the knot space, explaining why "elements" overlap in the CAD

geometry.

Figure 4.4: Applying NURBS to 2-D geometry, from Borden et al. (2011)

A geometry can be separated in patches, where each patch has its own knot space. The

patches can be joined at the border, normally with C 0 continuity. A large amount of patches

would hence reduce the advantage of continuity in IGA.





Chapter 5

THM Model for Saturated Soils: Numerical

Studies

5.1 Thermal Consolidation

This section will model the effects of thermal expansion and consolidation, and evaluate

the results based on similar models using conventional FEM. The example is similar to those

presented in Aboustit et al. (1985) and Lewis and Schrefler (1998), and these papers are hence

used as a reference.

5.1.1 Model

The geometry, mesh and boundary conditions are as shown in figure 5.1. As explained in

chapter 4, elements does not exist in a similar way for IGA. Instead of elements, it is the con-

trol points (nodes) that are displayed in figure 5.1. All edges are impermeable and adiabatic,

except the top. The top is loaded with both a mechanical and a thermal load, and all initial

fields are zero. The values in table 5.1 are chosen to make sure the thermal expansion effects

the solution when most of the draining deformation is complete. The chosen time stepping

is shown in table 5.2.

5.1.2 Results

The results are presented in figure 5.2. Temperature, deformation and pore pressure devel-

opment is plotted for different heights.

35
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What Symbol Value Unit
Porosity n 0.4 -
Young’s modulus E 6e6 Pa
Poisson’s ratio ν 0.4 -
Water bulk modulus Kw 1e99 Pa
Solid bulk modulus Ks 1e99 Pa
Medium bulk modulus K0 0 Pa
Water density ρw 1000 Kg/ m³
Solid density ρs 2000 Kg/ m³
Permeability K 1.11e-9 m/s
Water heat capacity cw 200 J/KgK
Solid heat capacity cs 66 J/KgK
Water thermal conductivity λw 0.6 W/mK
Solid thermal conductivity λs 0.0006 W/mK
Volumetric expansion β 9e-7 -

Table 5.1: Input values for the thermal consolidation

Nr. of steps Step size
10 0.01
10 0.1
10 10
10 100
20 1000

Table 5.2: Time stepping for the thermal consolidation

5.1.3 Discussion

Figure 5.2 clearly shows how the model deforms when draining, and how the thermal expan-

sion counteracts this effect. The results are highly comparable with the results in Aboustit

et al. (1985) and Lewis and Schrefler (1998), and there was no oscillation in temperature or

pore pressure at the first time step. This overall indicates that the models yields good physi-

cal results.
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Figure 5.1: Model and mesh for the one dimensional thermal consolidation

Figure 5.2: Temperature, deformation and pore pressure with time
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5.2 Thermal Loading with Discontinuities

Discontinuities can be difficult to handle in conventional FEM, leading to the development

of XFEM(Extended Finite Element Method). The XFEM is based on changing the basis func-

tions around a discontinuity, as further explained in Khoei et al. (2012). This, and the fol-

lowing sections investigates if isogeometric analysis, without any alteration, can represent

discontinuities as well as XFEM. The example problems are taken from, and compared with

Khoei et al. (2012).

5.2.1 Model

The geometry is shown in figure 5.3, and the material parameters are presented in table 5.3.

The red line indicates the crack/discontinuity, and both the top and bottom is adiabatic. A

thermal load of ±50 degree Celsius is applied at the sides, with all initial field equal to zero.

The calculations is computed with two different meshes, one uniformly distributed, and one

with finer mesh close to the discontinuity (graded). The time stepping is presented in table

5.4, resulting in a total time of 100 seconds.

What Symbol Value Unit
Porosity n 0.0 -
Young’s modulus E 9e6 Pa
Poisson’s ratio ν 0.3 -
Water density ρw 1000 Kg/ m³
Solid density ρs 2000 Kg/ m³
Solid heat capacity cs 100/500 J/KgK
Solid thermal conductivity λs 1000 W/mK
Volumetric expansion β 0.3e-6 -

Table 5.3: Input values for the thermal loading

Nr. of steps Step size
100 0.1
90 1

Table 5.4: Time stepping for the thermal loading
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Figure 5.3: Model and mesh for the thermal loading with discontinuity
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5.2.2 Results

The temperature and displacements fields after 100 seconds (steady-state) is shown in fig-

ure 5.4. The temperature profile from the crack towards the right edge is plotted to the left in

figure 5.5, and compared to the solution in Khoei et al. (2012), also corresponding to the ana-

lytical solution. The temperature gradient in x-direction will reach 200°C /m when in steady

state, and is hence a good indicator of when steady state is reached. The temperature gra-

dient is plotted with time to the right in figure 5.5. The specific heat capacity is not given in

Khoei et al. (2012), the simulation was hence executed with different specific heat capacities

(as indicated in the figure legend). The stresses in y-direction around the crack tip is plotted

for different mesh and polynomial degree in figure 5.6. The scale is chosen to give a good

representation close to the crack tip, resulting in much of the left part being out of bound

(represented by a gray color). The same stresses are plotted for a distance ∆ in x-direction

from the crack tip, with the time in figure 5.7. Since the crack tip is a singularity point, the

stresses are expected to increase to infinity, hence comparison with Khoei et al. (2012) is

done at distance ∆ from the crack.

Figure 5.4: Temperature(left), y-displacement(centre) and x-displacement(right) at stady
state
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Figure 5.5: Temperature profile from crack tip at 100 seconds, and development of tempera-
ture gradient at crack tip with time

Figure 5.6: Stress in the y-direction around the crack tip. For scale is set for best visibility of
the singularity, the gray area is out of bound.
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Figure 5.7: Stress in the y-direction plotted for uniform and graded refinement, and polyno-
mial degree. The distance from the crack is 10mm and 37.5mm for the top and bottom plots
respectively.
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5.2.3 Discussion

The steady state fields are highly comparable with Khoei et al. (2012), and the steady state

temperature field is matched exactly. The lack of information about heat capacity makes

the convergent rate hard to compare, a heat capacity of 500J/KgK does however yield similar

results. The primary solutions does overall compare well.

The calculations with varying refinement and polynomial degree, shows as expected a

increased stress concentration with polynomial degree. An exact distance from the crack is

not specified, but a chosen distance ∆ of 37.5mm yield comparable results with Khoei et al.

(2012), and the plots clearly show increasing stress closer to the singularity. This indicates

that the secondary solutions is both realistic and comparable to Khoei. It is however inter-

esting to note that the uniform and graded mesh does not seam to converge towards the

exact same solution, when the polynomial degree is raised. This problem probably occurs

because the uniform mesh is too course around the singularity, to get the expected conver-

gence and convergence rate.
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5.3 Ground Water Flow with Discontinuities

5.3.1 Model

The model represents a dam seepage problem, with geometry and mesh as shown in fig-

ure 5.8. The red lines indicates impermeable boundaries and discontinuities, and material

properties is shown in table 5.5. The time stepping is presented in table 5.6, resulting in a

total time of 110 seconds.

What Symbol Value Unit
Porosity n 0.3 -
Young’s modulus E 9e9 Pa
Poisson’s ratio ν 0.4 -
Water bulk modulus Kw 2e9 Pa
Solid bulk modulus Ks 1e20 Pa
Medium bulk modulus K0 0 Pa
Water density ρw 1000 Kg/ m³
Solid density ρs 2000 Kg/ m³
Permeability K 1e-5 m/s

Table 5.5: Input values for ground water flow

Nr. of steps Step size
100 0.1
100 1

Table 5.6: Time stepping for ground water flow
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Figure 5.8: Model and mesh for ground water flow with discontinuity
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5.3.2 Results

The pore pressure profile at 5, 10 and 110 seconds is presented in figure 5.9. The pore pres-

sure and settlement for point A,B and C is presented and compared with Khoei et al. (2012)

in figure 5.10. Since Khoei did not specify the point for pore pressure gradient, the pore pres-

sure and pore pressure gradient is plotted and compared using the closed node the left of

the singularity in figure 5.11. The results are hence not directly comparable with the results

presented by Khoei.
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Figure 5.9: Pore pressure after 5, 10 and 110 seconds
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Figure 5.10: Pore pressure and deformation development

Figure 5.11: Pore pressure and pore pressure gradient near the singularity
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5.3.3 Discussion

Both figure 5.9 and 5.10 shows almost identical pore pressure development as Khoei. It also

show a similar settlement development, but in both point B and C, IGA estimates 15-20%

higher initial deformation. Considering the differences in for example load distribution, the

result is within the expected deviation.

Due to the vague description of the point for pore pressure gradient, comparing is diffi-

cult. The point node directly to the left (approximately 0.2m), does however yield a compa-

rable result. The model does as expected show a rapid increase in flow near the tip of the

discontinuity, and the pore pressure gradient will hence vary greatly near the tip.

The simulation is overall realistic and comparable to the results in Khoei et al. (2012).
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5.4 Fully Coupled Model with Discontinuities

5.4.1 Model

This problem consist of two 10x10m models, with a discontinuity with an angle of 0 and 45

degree, as shown in figure 5.12. The mesh is graded, and the material properties are dis-

played in table 5.7. The time stepping is shown in table 5.8, resulting in a total time of 1e5

seconds. Since the code does not yet support Neumann boundary conditions for pore pres-

sure and temperature, the Nuemann pore pressure boundary was approximated by a linear

increasing Dirichlet boundary until t=1e4.

What Symbol Value Unit
Porosity n 0.3 -
Young’s modulus E 6e6 Pa
Poisson’s ratio ν 0.4 -
Water bulk modulus Kw 2e9 Pa
Solid bulk modulus Ks 1e20 Pa
Medium bulk modulus K0 0 Pa
Water density ρw 1000 Kg/ m³
Solid density ρs 2000 Kg/ m³
Permeability K 1.08e-5 m/s
Water heat capacity cw 4200 J/KgK
Solid heat capacity cs 878 J/KgK
Water thermal conductivity λw 837 W/mK
Solid thermal conductivity λs 837 W/mK
Volumetric expansion β 9e-8 -

Table 5.7: Input values for coupled discontinuity

Nr. of steps Step size
10 10
10 90
10 900
10 9000

Table 5.8: Time stepping for ground water flow
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Figure 5.12: Model and mesh for the fully coupled problem
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5.4.2 Results

The approximation of the Neumann boundary is shown and compared with the exact bound-

ary condition in figure 5.13. The pore pressure development is plotted for point A, B, C and D,

and compared with Khoei et al. (2012) in figure 5.14. The difference in temperature between

the two crack tips are plotted and compared with Khoei in figure 5.15. The pore pressure and

temperature are plotted in the center of the crack, and gradient normal to the crack is calcu-

lated and plotted in 5.16. The code was modified to output the gradient in x and y-direction,

and the gradient in the normal direction was calculated using the dot product on the normal

vector and the pressure gradients. For a smoother curve in figure 5.16, the time steps was

increased from 10 to 30 in the area between t=1e2 and t=1e4.

Figure 5.13: Result of approximation by Dirichlet boundary
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Figure 5.14: Pore pressure development at different points in the model

Figure 5.15: Temperature difference between the crack tips
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Figure 5.16: Temperature and pore pressure development for 45 degree crack
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5.4.3 Discussion

As clearly visible in figure 5.13, the approximation yields a much lower inflow, and hence a

slower convergence than Khoei et al. (2012). All plots considering pore pressure does show a

much slower convergence, however it does overall converge towards the approximately same

values as in Khoei. The temperature development is almost exactly the same as in Khoei, and

the temperature difference is showing the same tendency. The model is indicating singular-

ities for both pore pressure and temperature at the crack tips, and increasing polynomial

degree results in increased gradients at the crack tips.

Due to the approximation of the Neumann boundary, the IGA does not represent an ex-

act match. The calculations does however give results in approximately the same scale, and

shows the same trends. The results show slower convergence time for IGA, but this is ex-

pected from the approximation. The overall results does indicate that the results is realistic,

and similar to the results by Khoei.





Chapter 6

THM Model for Ground Freezing:

Numerical Studies

6.1 Parametric Study

This section contains investigations on the parameters used in the ground freezing model,

and has two main goals. The first part consist of observing the parameters effect on the

solution using sets of phase change parameters that is previously shown to have good con-

vergence properties. The second parts consist of realistic phase change parameters, based

on the different soil types.

6.1.1 Inital Model

The study is conducted on a one dimensional heave problem, altering only the relevant pa-

rameter. The model and mesh is presented in figure 6.1, with both sides impermeable and

adiabatic. The initial model parameters are shown in table 6.1. The time stepping is pre-

sented in table 6.2, and the simulation ends at 120 days.

The limits for the phase change parameters are chosen so that the model converges with-

out significant alteration to the model, and the material parameters are chosen to represent

typical limits of what to be expected in a silt or silty clay. It is important to note that all

parameters are treated separately, although several parameters are closely related (such as

porosity and permeability). A summary of the parameter variations are shown in table 6.3.

57
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Property Symbol Value Unit
Porosity n 0.44 -
Solid density ρs 2650 Kg/ m³
Water density ρw 1000 Kg/ m³
Ice density ρi 910 Kg/ m³
Young’s modulus of soil Es 3e6 Pa
Young’s modulus of ice Ei 9.1e9 Pa
Poisson’s ratio for soil νs 0.2 -
Poisson’s ratio for ice νi 0.4 -
Strength model parameter η 1
Permeability K 1e-5 m/s
Saturation model parameter 1 Sα 0.1 Pa−1

Saturation model parameter 2 Sβ 2.5 -
Saturation model parameter 3 Sγ 8 -
Permeability model parameter mp 0.87 -
Solid heat capacity cs 800 J/KgKs
Water heat capacity cw 4190 J/KgKs
Ice heat capacity ci 2095 J/KgKs
Solid thermal conductivity λs 1.5 W/mK
Water thermal conductivity λw 0.6 W/mK
Ice thermal conductivity λi 2.2 W/mK
Latent heat of fusion L f 334e3 J/kg

Table 6.1: Input values for initial model

Start End Nr. of steps
0 0.1 30
0.1 1.1 30
1.1 101.1 40
101.1 1101.1 30
1101.1 21101.1 30
21101.1 86400 30
86400 1037e4 119

Table 6.2: Time stepping for initial model
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Figure 6.1: Model and mesh for parametric study

Parameter test 1 test 2 test 3 test 4 test 5
mp [-] 0.25 0.5 0.87 1 1.25
η [-] 0.2 0.4 0.6 0.8 1
Sα [MPa−1] 0.05 0.075 0.1 0.125 0.15
Sβ [-] 1.5 2.0 2.5 3.0 3.5
Sγ [-] 4 6 8 12 16
ρs [kg/m3] 2500 2600 2650 2700 2800
cs [J/kg] 600 700 800 900 1000
λs [W/mK] 0.5 1.5 2.5 3.5 4.5
k [m/s] 1e-2 1e-4 1e-5 1e-7 1e-9
E [MPa] 0.5 1 3 15 75
n [-] 0.2 0.3 0.44 0.5 0.6
µ [-] 0.15 0.2 0.25 0.3 0.33

Table 6.3: Parameter values
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6.1.2 Previous Experimental Data on the Phase Change Parameters

A literature search on the permeability parameter mp , the strength parameter η, and the

saturation curve parametersSα, Sβ and Sγ, shows that there is limited information about

these parameters. A relatively broad study water/ice content found in Smith and Tice (1988)

was adopted to determine the saturation curves. From the study, five saturation curves was

estimated to represent the span from fine clay to sand. The curves are plotted and shown in

figure 6.2 and table 6.4.

Figure 6.2: Chosen saturation curves and experimental data from Smith and Tice (1988).

Nr. Sα[MPa−1] Sβ [-] Sγ [-] Representation
1 5 1.8 1.3 Sand
2 5 1.4 1 Silty sand
3 4 1.7 0.7 Silt
4 5 1 0.7 Silty clay
5 8 0.7 0.6 Clay

Table 6.4: Model parameters for chosen saturation curves

Experimental data collected in Andersland and Ladanyi (2004) is used to compare with

the permeability model. The permeability model is based on saturation curve nr. 3. Since

the reduction in permeability decreases very rapidly, the results are plotted for temperature

for 0 to -1 degree Celsius in figure 6.3.

Since there exist very little data on the strength model, the strength parameter is com-

pared with empirical formulas presented in Andersland and Ladanyi (2004) and with test on
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Figure 6.3: Permeability parameters compared with experimental data from Andersland and
Ladanyi (2004)

a silt from Zhu and Carbee (1984) in figure 6.4. The upper and lower limits represents strain

rates of 5.7e-3s−1 and 1.1e-6s−1 respectively, the ground freezing model used does however

no adjust stiffness with strain rate.

Due to the lack of information about correlation between saturation curves, the strength

model and the permeability model, mp and η are kept constant at 0.4 and 2 respectively

during simulations with varying saturation curves.

Figure 6.4: Strength parameters compared with empirical formals and silt experiment
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6.1.3 Results

For each parameter, a total of four representative plots are shown. The top left plot shows the

surface heave with time. The top right plot shows the frost penetration. The freezing front

is found by linearly interpolating between nodes to find where the ice saturation is 1%. This

way of post processing the results leads to a bit less smooth lines for the real (non-linear)

saturation curves. The bottom left plot shows the ice saturation profile after 60 and 120 days.

Finally, the bottom right plot shows the pore pressure development 10, 50 and 100cm below

the surface, with a logarithmic time scale.

Phase Change parameters:

The permeability parameter, mp

The results for mp in the range of 0.25 to 1.5 is plotted in figure 6.5. The permeability model

parameter seams to have almost no effect on ice saturation, top heave or the freezing front.

Since a low mp represents a rapid loss in permeability with decreasing temperature, the drop

in pressure during freezing is expected to be higher. This effect is visible in the figure, and

the maximum difference is approximately 1.4kPa. Also visible is the increase in pore pres-

sure behind the freezing front, which probably appear due to numerical problems related to

increasing non-linearity.

The strength parameter, η

The results for η in the range of 0.2 to 1 is plotted in figure 6.6. The strength model parameter

does not seam to effect freezing depth or the ice saturation. Since a low η represents a rapid

increase in strength, decreasing η should limit the deformation. This is clearly visible in the

top heave, where a reduction from η=1 to 0.2 results in a top heave reduction from 13.2cm to

2.1cm. The suction during freezing is also decreased, with as much as 1.5kPa.

Saturation model parameter 1, Sα

The results for Sα in the range from 0.05MPa−1 to 0.25MPa−1 is shown in figure 6.7. Sα, Sβ

and Sγ all directly effects the saturation curves. From the plot it is visible that Sα has a large

effect the slope in the mid section. Decreasing the saturation α parameter from 0.25Mpa−1

to 0.05MPa−1 increases the heave from 7.2cm to 18.4cm. The greatest drop in pore pressure
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is achieved with Sα close to 0.1−1.

Saturation model parameter 2, Sβ

The results for Sβ in the range from 1.5 to 3.5 is shown in figure 6.8. A decrease in the satu-

ration parameter β seams to rapidly increase the ice saturation in the beginning of freezing.

Increasing Sβ from 1.5 to 3.5 increases heave from 7.5cm to 16.5cm, maximum pore pressure

drop increase with 1.5kPa, and the frost penetration has a notable reduction.

Saturation model parameter 3, Sγ

The results for Sγ in the range from 4 to 16 is shown in figure 6.9. The saturation model

parameter γ seams to greatly affect the ice saturation curvature for high ice saturation. In-

creasing Sγ from 4 to 16, reduces heave for 16,7cm to 11cm, but the freezing front is not

greatly affected. The freezing induced suction reaches a maximum using Sγ close to 8.

Figure 6.5: Parametric study of the permeability parameter, mp
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Figure 6.6: Parametric study of the strength parameter, η

Figure 6.7: Parametric study of the saturation curve parameter 1, Sα
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Figure 6.8: Parametric study of the saturation curve parameter 2, Sβ

Figure 6.9: Parametric study of the saturation curve parameter 3, Sγ
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Material parameters:

Grain density, ρs

The results for ρs in the range of 2500 to 2800Kg/m3 is plotted in figure 6.10. It is clearly

visible that the solid density contribution is minimal.

Grain heat capacity, cs

The results for cs in the range of 600 to 1000J/KgK is plotted in figure 6.11. A lower heat

capacity would increase frost penetration, and hence increase the heave. Compared to the

other parameters, this effect is very small.

Grain heat conductivity, λs

The results for λs in the range of 0.5 to 4.5W/mK is plotted in figure 6.12. Increasing λs

increases both freezing depth and the pore pressure drop. This results in a increase in top

heave from 10.7cm to 15.2cm. The increasing rate of frost penetration also results in changes

in the ice saturation profile.

Hydraulic conductivity, k

The results for hydraulic conductivity in the range of 10−2 to 10−9m/s is presented in fig-

ure 6.13. The permeability seams to have no effect on frost penetration or ice saturation.

Comparing pore pressure and top heave, it is clear that the increased pore pressure drop is

counteracted by a decrease in permeability, resulting in a relatively equal water inflow. For

very low permeability, the permeability outweighs the increased pore pressure, resulting in

less heave.

Young’s modulus, E

The results for Young’s modulus in the range of 0.5MPa to 75MPa is plotted in figure 6.14.

The effect on frost penetration and ice saturation is very limited. However, as expected con-

sidering the momentum balance, a decreasing Young’s modulus increases the top heave. In-

creasing E from 0.5MPa to 75 reduces the heave from 54.7cm to 2.6cm. The maximum drop

in pore pressure is increased with 3.1kPa, and the decreasing Young’s modulus also lengthen

the period with freezing induced suction.
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Porosity, n

The results for porosity in the range of 0.2 to 0.6 is plotted in figure 6.15. Changing the poros-

ity greatly changes the thermal properties, as shown in equation 3.4 and 3.5. This effect is

visible in the freeze front plot, resulting in a higher rate of penetration in the beginning, and

15 cm deeper frost penetration. Decreasing the porosity from 0.6 to 0.2 also increases the

maximum pore pressure drop with 1kPa.

Poisson’s ratio, µ

The results for Poisson’s ratio in the range of 0.15 to 0.33 is plotted in figure 6.16. Increas-

ing Poisson’s ratio results in increased stiffness, as from equation 2.7. The results are hence

directly comparable to the Young’s modulus study, however in a much smaller scale.

Figure 6.10: Parametric study of the grain density, ρs
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Figure 6.11: Parametric study of grain heat capacity, cs

Figure 6.12: Parametric study of the grain heat conductivity, λs
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Figure 6.13: Parametric study of the hydraulic conductivity, k

Figure 6.14: Parametric study of Young’s modulus (stiffness), E
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Figure 6.15: Parametric study of the porosity, n

Figure 6.16: Parametric study of Poisson’s ratio, µ
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Saturation curves based on soil type

It must be noted that the saturation curves makes the equations highly non-linear, and that

the time stepping is greatly reduced for this simulation. With exception of the sand, the top

deformation increases with decreasing grain size. The total heave of the clay is almost two

times that of an silty sand. The results also show that the pore pressure behind the frozen

fringe becomes increasingly difficult to simulate when the saturation curves are steep.

Figure 6.17: Parametric study of the different saturation curves
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6.1.4 Discussion

Evaluation of parameters effect on the solution

The effect of each parameter is summarised in table 6.5, ranging from no effect(-) to high

effect. As the parametric study is conducted only on a one dimensional model with constant

surface temperature, the importance of the parameters may vary for different situations.

Parameter Heave Frost penetration Ice Saturation Freezing induced suction
mp low - - medium
η high - - medium
Sα high medium high medium
Sβ high medium high medium
Sγ medium low high medium
ρs - - - -
cs low low - -
λs medium high high medium
k medium - - high
E high low low high
n medium high medium medium
µ medium - - high
Saturation curves high medium high high

Table 6.5: Summary of parametric study

Evaluation of saturation curves effect on the solution

One typically expects the most heave from a silty clay, and reduced heave with smaller or

larger grain sizes. There is however to little information on the relationship between satu-

ration curves, the strength parameter and the stiffness parameter, to accurately model the

different soil types. It is however clear that the saturation curves is important in estimat-

ing the total heave. It is also clear from the pore pressure development, that the pore water

pressure in the frozen zone becomes significantly more difficult to model when using real

saturation curves. Of the different soil type, the course material yields more oscillations in

the pore pressure. It is also interesting to note that they clay needed the smallest time steps,

while the silt required fewest time steps to avoid divergence.

Limitations in phase change parameter estimation

Although there exist some information on the strength, permeability and saturation model,

there has not been found any previous data on the correlations between the models. As these
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model parameters are closely related, the data presented in section 6.1.2 must be considered

as estimations.

Convergence in relation to the phase change parameters

The parameters mp ,η, Sα, Sβ and Sγ has a huge effect on the convergence properties of the

model. As figure 6.3 and 6.4 clearly show, the strength and permeability properties are highly

non-linear. From experience gathered during this thesis, it seams mp less than 0.5 ,η grater

than 1 rapidly decreases the models convergence properties. However, the comparison with

existing data suggest that this is the area where the real soil properties lies. The increases

non-linear, and divergent problem related to the strength and permeability model seams to

be a physical, rather than numerical induced problem.

The saturation curves effect on convergence has proven much more difficult to explain,

and this thesis contains no solution to this challenge. During selection of saturation curves,

clays with more curvature has been most difficult to converge. The selections has also shown

that different sets of Sα, Sβ and Sγ, representing almost exactly the same curve, have different

convergence properties. It is hence reasonable to believe that the divergence problems can

be related to both physical and numerical issues.
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6.2 Simulation of Frost Heave Cell Experiment

Although not very common in Norway, frost heave cells can be used to determine the heav-

ing properties of soils. Frost heave cells are traditionally used to determine the segregation

potential (Konrad (1980)), and the material properties important in the model is not always

investigated. The test preformed in Konrad and Seto (1994) is chosen as a reference test, be-

cause the material properties(E,k,n) are relatively well defined. The test setup is shown in

appendix C.

6.2.1 Model

The geometry and mesh is shown in figure 6.18, and the material properties are either calcu-

lated based on average properties presented in the paper, or given a reasonable value. The

material properties is shown in table 6.6. The sample is consolidated to 100kPa pore pres-

sure and 20kPa overburden, with a total of 60 time steps and 250 hours. The temperature in

the heave phase is applied instantly, with -1.5 and 3.7 degrees Celsius on the top and bottom

respectively. The first 20 hours of the heave phase consist of 5000 time steps, and the last 27

hours consist of 4000 time steps.

The phase change parameters related to clay is making the equations highly non-linear.

In order to overcome divergence from the instant temperature change, the mesh is very fine

and the tolerance is relatively low (1e-2).
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Figure 6.18: Model and mesh for the frost heave cell calculation

Property Symbol Value Unit
Porosity n 0.705 -
Solid density ρs 2800 Kg/ m³
Water density ρw 1000 Kg/ m³
Ice density ρi 910 Kg/ m³
Young’s modulus of soil Es 110e3 Pa
Young’s modulus of ice Ei 9.1e9 Pa
Poisson’s ratio for soil νs 0.33 -
Poisson’s ratio for ice νi 0.4 -
Strength model parameter η 3
Permeability K 2e-9 m/s
Saturation model parameter 1 Sα 2e-6 Pa−1

Saturation model parameter 2 Sβ 1 -
Saturation model parameter 3 Sγ 0.6 -
Permeability model parameter mp 0.3 -
Solid heat capacity cs 800 J/KgKs
Water heat capacity cw 4190 J/KgKs
Ice heat capacity ci 2095 J/KgKs
Solid thermal conductivity λs 2.5 W/mK
Water thermal conductivity λw 0.6 W/mK
Ice thermal conductivity λi 2.2 W/mK
Latent heat of fusion L f 334000 J/kg

Table 6.6: Material properties for frost heave cell calculation
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6.2.2 Results

The top deformations and temperature is shown and compared with Konrad and Seto (1994)

in figure 6.19 and 6.21. Deformation, temperature and ice saturation profiles are shown in

figure 6.20, and the error compared with the tolerance is shown in figure 6.22.

Figure 6.19: Surface deformation of test sample in y-direction, compared with test results

Figure 6.20: Deformation, temperature and ice saturation profiles
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Figure 6.21: Temperature development compared with test results

Figure 6.22: Error estimation for the two first iterations

6.2.3 Discussion

When considering the top heave and temperature, the model recreates the test well. The

temperature change is enforced instantly in the model, as intended by Konrad and Seto. The

results does however show a more gradual temperature change, but this deviation is belived

to have limited effect on the overall solution. It is important to note that the real test has a

large amount of plastic deformation, which is not accounted for in the linear elastic model.

The linear elastic model reduces the deformation below the freezing front, but it also reduces

heave. For the frost heave cell, the effects seams to cancel out each other. The maximum

settlement below the frost front is 3-4mm in the model, but laboratory results shows close to

11mm deformation.



CHAPTER 6. THM MODEL FOR GROUND FREEZING: NUMERICAL STUDIES 78

6.3 Simulation of Seasonal Temperature Variation

This chapter contains a study on a one dimensional frost heave simulation, using a sinusoid

function to represent the temperature variation through the year.

6.3.1 Model

Surface temperature can be approximated using a sinus curve. A sinus function with mean

temperature and amplitude of 5.68 and 10 respectively, is applied at the top boundary of the

model in figure 6.23. The temperature function is based on observed temperature over a 11

year period for Ås, as shown in figure 6.24. The temperature at the bottom of the model is

assumed to be equal to the annual mean air temperature. The mesh is created in python,

with 3 levels of refinement. The area where the temperature is expected to be below 0, is

finer meshed than the bottom part. The pore pressure is hydrostatic from the surface, and

at the bottom boundary temperature is assumed to be equal to the average surface temper-

ature. Time stepping is set to 2 steps per day during summer(T>0), and 83 steps per day

during winter(T<0). The simulation is carried with and without applying the phase change

equations. A summary of the chosen material parameters is presented in table 6.7.

Figure 6.23: Model and mesh for varying temperature load
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Property Symbol Value Unit
Porosity n 0.46 -
Solid density ρs 2650 Kg/ m³
Water density ρw 1000 Kg/ m³
Ice density ρi 910 Kg/ m³
Young’s modulus of soil Es 2e6 Pa
Young’s modulus of ice Ei 9.1e9 Pa
Poisson’s ratio for soil νs 0.2 -
Poisson’s ratio for ice νi 0.4 -
Strength model parameter η 2
Permeability K 2e-9 m/s
Saturation model parameter 1 Sα 5e-6 Pa−1

Saturation model parameter 2 Sβ 1 -
Saturation model parameter 3 Sγ 0.7 -
Permeability model parameter mp 0.4 -
Solid heat capacity cs 700 J/KgKs
Water heat capacity cw 4190 J/KgKs
Ice heat capacity ci 2095 J/KgKs
Solid thermal conductivity λs 3.25 W/mK
Water thermal conductivity λw 0.6 W/mK
Ice thermal conductivity λi 2.2 W/mK
Latent heat of fusion L f 334000 J/kg

Table 6.7: Material properties for simulation of seasonal temperature variation

Figure 6.24: Fitting a sinus function to observed data for Ås
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6.3.2 Results

An analytical calculation without latent heat is performed using the trumpet curve, as de-

scribed in Andersland and Ladanyi (2004). The top left plot in figure 6.25 shows how fast the

temperature converges for the ground freezing model. The other plots in figure 6.25 com-

pares the analytical and THM models with and without ground freezing, at different times

in the 5th year of the model. The temperate profiles are plotted for each month in figure

6.26. The development of top deformation is shown in figure 6.27. Temperature, deforma-

tion, ice saturation, heat flux and water flux is shown in figure 6.28 and 6.29, when the top

deformation reaches a maximum, and late in the thawing process. The error tolerance was

set to 5e-3, and figure 6.30 shows the approximate error relating to the first two iterations (if

necessary) for each step. The time steps are much smaller during the ground freezing, and

the vertical line shows when the time stepping is altered.
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Figure 6.25: Convergence plot for the ground freezing model, and temperature plots com-
paring analytical and THM results with and without ground freezing

Figure 6.26: Temperature profiles with ground freezing plotted for each month in a year
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Figure 6.27: Development of top deformation

Figure 6.28: Temperature, deformation, ice saturation, heat flux and water flux when heave
reaches a maximum

Figure 6.29: Temperature, deformation, ice saturation, heat flux and water flux when thawing
from above.
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Figure 6.30: Error estimate of the solution. The vertical lines shows when the time stepping
was increase/decreased.

6.3.3 Discussion

The convergence plot clearly shows that the temperature converges rapidly towards a solu-

tion close to the trumpet curve. It is clear that the latent heat influences the solution, and

the difference reaches a maximum in the late spring. Although the temperature solution with

and without phase change is different, the solutions is most similar at the start of winter. It is

of interest to approximate the initial thermal regime without phase change, since the phase

change requires much finer time stepping. The one dimension test shows that the maxi-

mum difference at the start of winter is less than 0.5 degree Celsius. It is hence reasonable

to assume that the error from neglecting latent heat to establish an initial thermal regime is

small.

Although the model is linearly elastic, and the top deformations is expected to return

to 0 after a winter, the deformation after a winter decreases below 0. This is believed to be

caused by accumulating errors from the Newton-Raphson iterations. The error is however

small, approximately 3-4% compared to the total heave.

From both the error estimation plots, and experience, the model as proven most likely to

diverge during the thawing phase.
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6.4 Case Study

6.4.1 Introduction

The case problem is base on NGI (1996), related to damage on "Vestfoldbanen" and "Østfold-

banen" during the winter of 1996. NGI used thermistor strings to measure the temperature

in the ground, heave on the separate rails is measured, and test pits are used to roughly es-

timate the material properties. In this section, two of the profiles are calculated. Due to the

limited ground investigations, the results are not expected to match exactly.

Figure 6.31: Sediment map for the sites near Drammen(left) and Ås(right)

6.4.2 Temperature and Pore Pressure

In the calculations, the surface temperature is assumed to be equal to the air temperature.

The surface temperature in generally not equal to air temperature mainly due to windchill,

radiation and snow cover. It is for example possible to add a snow cover using a Neumann

boundary based on air temperature and heat conductivity for snow. At the time of writing,

this feature is limited to fixed values, and is hence not applied. Temperature data is collected

from eklima.met.no (2016), and shown in figure 6.33 and 6.32. The temperature is approxi-

mated using sinus curves for the initial condition, and monthly splines for the main winter

calculation. The reports indicate a ground water table close to the surface, and below the

frost protection layer.
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Figure 6.32: Observed and approximation of temperature for Skoger (close to the Drammen
site)

Figure 6.33: Observed and approximation of temperature in Ås
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6.4.3 Material Properties

Both sites consist of a approximately 50cm thick ballast layer with 25-63mm crushed rock,

over a minimum 1.25m thick frost protection/reinforcement layer with 0-250mm or 0-500mm

crushed rock. The structure has good drainage, and NGI estimates a water content of as lit-

tle as 2-3% during winter. Both layers are modelled to represent a dry material, since the

model is based on fully saturated assumptions, porosity must be set to zero. The other ma-

terial parameters are then adjusted to correlate with the porosity. Below the ballast and frost

protection layer is a silty clay.

The thermal properties is discussed in NGI (1996), and the material properties used is

related to unfrozen material properties in the report. A relatively recent ground investiga-

tion(NGI (2004)) was performed close to the Drammen site, containing CPTu with diffusion

tests. The material properties used for the Drammen site is based on this report (Appendix

D). Investigations on the site near Ås is older, and consist of mainly rotary weight sound-

ings, vane test and simple laboratory test (NSB Engineeringavdeling (1989), Ingeniør Chr.

F. Grøner AS (1979), NSB Engineeringavdeling (1988)). The test are not very well suited to

determine the most important properties, but the soft silty/sandy clay reported is similar

to what observed at the Drammen site. The silty clay in both Drammen and Ås is for sim-

plicity modelled using the same material properties. Table 6.8 contains an overview of the

parameters used in the simulation.

6.4.4 Geometry and Mesh

The geometry is based on NGI (1996), using profile number 2 for both Østfoldbanen and

Vestfoldbanen, representing km 34.4 and km 62.0 respectively. Minor simplifications are

made to ease the meshing, and the profile for Østfoldbanen is assumed symmetric. The

polynomial degree is raised to quadratic and cubic for pore pressure and deformations re-

spectively, and the mesh is created as shown in figure 6.35 and 6.34 using python. Due to

long calculation time, only a relatively course mesh with 2 meters extra soil on each side of

the model is used.
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Property Symbol Ballast Frost protection Silty clay Unit
Porosity n 0 0 0.44 -
Solid density ρs 2000 2000 2650 Kg/ m³
Water density ρw 1000 1000 1000 Kg/ m³
Ice density ρi - - 910 Kg/ m³
Young’s modulus of soil Es 20e6 20e6 1e6 Pa
Young’s modulus of ice Ei - - 9.1e9 Pa
Poisson’s ratio for soil νs 0.2 0.2 0.3 -
Poisson’s ratio for ice νi - - 0.4 -
Strength model parameter η - - 3
Permeability k 1e-1 1e-1 1e-9 m/s
Saturation model parameter 1 Sα - - 5e-6 Pa−1

Saturation model parameter 2 Sβ - - 1 -
Saturation model parameter 3 Sγ - - 0.7 -
Permeability model parameter mp - - 0.4 -
Solid heat capacity cs 920 920 750 J/KgKs
Water heat capacity cw 4190 4190 4190 J/KgKs
Ice heat capacity ci - - 2095 J/KgKs
Solid thermal conductivity λs 1.5 1.45 3 W/mK
Water thermal conductivity λw 0.6 0.6 0.6 W/mK
Ice thermal conductivity λi - - 2.2 W/mK
Latent heat of fusion L f - - 334e3 J/kg

Table 6.8: Material properties for case study

6.4.5 Initial Conditions

The models are first run for approximately 4.5 years with the average temperature regime,

then the year before the relevant winter is modelled to get the initial pore pressure and tem-

perature. To avoid large calculations times, these calculations do not include phase change.

The pore pressure is enforced with Dirichlet boundaries on the side of the models. For Dram-

men, the left side is hydrostatic from below the frost protection layer, and the right side is

hydrostatic from 0.5 meter below the surface. For Ås, the left side is hydrostatic from below

the frost protection layer, and the right side is hydrostatic from one meter below the surface.

The result is shown in figure 6.37 and 6.36, using Si-units(K,Pa).
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Figure 6.34: Geometry and mesh for the site near Drammen

Figure 6.35: Geometry and mesh for the site near Ås
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Figure 6.36: Initial temperature and pore pressure for the site near Drammen

Figure 6.37: Initial temperature and pore pressure for the site near Ås
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6.4.6 Results for Drammen

The modelled and measured deformation of the rails are compared in figure 6.39. The tem-

perature measured by the thermistor string is compared to the analysis in figure 6.40. As

the temperature is plotted for the closest node, the real and node depth is specified in the

legend. The estimated error is plotted in figure 6.41, where the vertical line shows when the

time stepping was adjusted. In appendix E, deformation, pore pressure, temperature and ice

saturation is shown after 30, 70, 85, 120, 150 and 180 days.

Figure 6.38: Reference for points with measured deformation

Figure 6.39: Observed and modelled track deformation.
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Figure 6.40: Measured and modelled temperature development

Figure 6.41: Estimated error plotted with time for the sit near Drammen
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6.4.7 Results for Ås

The heave of the right track is shown in figure 6.42. The temperature relating to the measured

points by NGI, is plotted and compared in figure 6.43. The estimated error is plotted in figure

6.44, where the vertical line shows when the time stepping was adjusted. In appendix E,

deformation, pore pressure, temperature and ice saturation is shown after 30, 70, 85, 120,

150 and 180 days.

Figure 6.42: Deformation on the right track for the site near Ås
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Figure 6.43: Measured and model temperature for the site near Ås

Figure 6.44: Estimated error plotted with time for the sit near Ås
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6.4.8 Discussion

Due to long calculation time, the mesh is course, and there is only 2 meters extra soils on

each side of the model. A calculation with half the element size mesh and expansion of the

sides is assumed to run for approximately two days on the laptop available, and there has

not been time to perform this calculation. There is also great uncertainty in the material

parameters, and the is no field data on the phase change parameters.

The simulation results show much more heave on the right track, compared to the left

track. In reality the right tack is most exposed to heave, but the left track does actually settle

during the winter. For the right track, the simulation estimates more heave on the right rail.

The same effect is measured om the rail, but the deformation is overestimate for the left rail,

and underestimated for the right rail.

Based on the data from the thermistor string, especially the Drammen simulation pre-

dicts the temperature well, but also the Ås simulations is comparable with the data. Consid-

ering the approximation in heat conductivity, heat capacity, temperature functions and lack

of modelled snow cover/wind chill/radiation, the result are relatively good.

It is clear that there is some problems with the model, although some aspects of model

gives reasonable results. As with the frost heave cell, the problems may relate to the linear

elastic model. As this is expected to be the first winter with considerable heave, there is

reasonable to expect plastic strains, which is not detected in the model.

It is also unfortunate that the measurements of deformations starts in February, because

the initial reference high of the track must be approximated by the measurement in June

1996. If there has been plastic settlement on the track, the elevation of the the track will not

be the same for the summer of 1996 as the summer of 1995. Observing deformations in point

D, we can see that the curve would fit much better if the track has experienced approximately

2cm of plastic settlement.

All things considered, the simulations only partially represent reality. It is believed that

the solution may greatly benefit from a more advanced material model.



Chapter 7

Conclusion and Recommendations for

Further Work

7.1 Isogeometric Analysis of Fully Saturated Porous Media

A total of 4 numerical studies of fully saturated porous medias has been conducted using

isogeometric elements and the THM (Thermo-Hydro-Mechanical) model for fully saturated

soils. The thermal consolidations example is compared with existing conventional finite ele-

ment analysis, and is found to yield highly comparable results. Since isogeometric analysis is

known to preform well for discontinuities, a total of 3 numerical studies with discontinuities

was conducted and compared with existing XFEM (Extended Finite Element Method) calcu-

lations. An XFEM calculations relays on replacing the basis functions near a discontinuity.

Using isogeometric analysis, without altering the basis functions, the results are shown to

be comparable with the XFEM calculations. The thesis shows that for the type of problem

tested, the fully saturated THM-model with isogeometric elements performers very well for

problems with discontinuities.

7.2 The Parameters in the Ground Freezing Model

As expected, the phase change parameters are important in the simulations, but the strength

parameter is shown to effect the solutions much more than the permeability parameter. The

simulations also show that the heave is greatly effected when applying representative satu-

ration curves for sand, silt and clay. Based on the results, the most important material prop-
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erty is probably the stiffness. For a uniform soil with static temperature, the heat conduc-

tivity and especially the heat capacity in the normal range, has little effect on the solution.

It is important to note that these parameters is more important in more complex calcula-

tions, such as the case study. The parametric study also shows that using realistic saturation

curves makes the equation system highly non-linear. Of the materials tested, the clay was

most prone to diverge. A short summary of the results is presented in table 7.1.

Parameter Heave Frost penetration Ice Saturation Freezing induced suction
mp low - - medium
η high - - medium
Sα high medium high medium
Sβ high medium high medium
Sγ medium low high medium
ρs - - - -
cs low low - -
λs medium high high medium
k medium - - high
E high low low high
n medium high medium medium
µ medium - - high
Saturation curves high medium high high

Table 7.1: Summary of parametric study, ranging from no (-) to high effect.

7.3 The Frost Heave Cell Simulation

Although the simulations predicts the total heave well, the soft clay experiences plastic de-

formations. This effect is not captured in the linear elastic model. The frost heave cell sim-

ulations shows the limitations in a linearly elastic model, but some aspects are still close to

the laboratory results. We know from the parameter study that strength and permeability

greatly affect the pore pressure, and hence the effective stresses. The clay tested is soft and

has low permeability, so it is reasonable to believe that the clay is difficult to model using a

linearly elastic model.

7.4 Simulation of Seasonal Temperature Variation

The simulations shows a large difference in temperature development during the winter pe-

riod, when simulating with and without latent heat. At the onset of winter, the two simula-
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tions gives relatively similar result. This is important for large models, since the error from

establishing the initial temperature without the phase change equations are limited. The

simulations also show that when applying a sinus temperature function, the temperature

profiles are close to the steady state solutions after only 2-3 years for the material used in the

simulations. It is also clear from the calculations that the most difficult period to calculate

is during the thawing phase. The temperature profiles are also highly comparable with the

analytical solution.

7.5 Application of the THM-model in infrastructure projects

As with the frost heave cell, the real case simulations is limited by the linearly elastic ma-

terial model. Despite the simple material model, the simulations do recreate some aspects

of the case. The simulation illustrates the limitation in current model, but also shows the

possibilities with further research.

7.6 Recommendations for Further Work

The linear elastic material model does seam to greatly limit the model. Expanding the model

to more complex stress-strain relations may improve the model with respect to settlements

similar to what observed in the frost cell and case study.

There is at the moment limited comparable laboratory data adjusted for the model. An

investigation into the relationship between the different phase change parameter, can greatly

reduce the uncertainty in the model parameters. For the model to be used, there also exist a

need for specialised ground investigations. It is possible to determine the saturation curve,

strength parameter and permeability parameter separately, or combined in a frost heave cell

(as shown in this thesis).

The model does seam to have some difference in divergent properties, using different

saturation curve parameters to estimate the same saturation curve. This might relate to the

derivative of the saturation curves very close to zero, but there might be other factors creating

this problem. It is regardless important to be able to pick a set of parameters with good

convergence properties.

The model creates two sets (basis) of splines, where deformation is one polynomial de-

gree higher than pore pressure and temperature. At the moment it is only possible to en-
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force Neumann boundary conditions on a basis level for pore pressure and temperature. It

is hence not possible to separate the thermal and water flux on a boundary, creating the

problem observed in the fully coupled discontinuity model. The model should be able to

apply the boundary condition on the component level, such as for a Dirichlet boundary.

A updated version of IFEM does support the possibility for automatic cut-back time step-

ping. It is then possible to set a limit for maximum and minimum time step size, IFEM will

automatically adjust the time stepping and reset with a smaller step if the solution diverges.

Implementing this feature in code will greatly ease the use of the program, and reduce the

calculation time.

The integration scheme is hard coded to the backward Euler method. Although there are

reasons to choose the backwards Euler, such as the critical time step (explained in: Vermeer

and Verruijt (1981)), it is interesting, at least for research purposes to be able to adjust the

integration scheme.

At the time of writing, it is possible to model snow or wind chill with Neumann bound-

ary condition, using a representative constant temperature and heat conductivity. As snow

cover and temperature vary through the year, it is of interest to allow temperature and heat

conductivity to be treated as a function of time.
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Appendix A

Acronyms

B-Splines Benzier-splines

CAD Computer Aided Design

CPTu Cone Penetration Test with pore pressure(u) measurement

FEA Finite Element Analysis

FEM Finite Element Method

IGA IsoGoemetric Analysis

NURBS Non-Uniform Rational B-Splines

THM Thermo-Hydro-Mechanical

XFEM Extended Finite Element Method
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Appendix B

Symbols

α Biot’s coefficient

β Volumetric thermal expansion coefficient

βsw Combined volumetric thermal expansion coef-

ficient

χ Thermal conductivity

χe f f Combined thermal conductivity

ε Total strain

ε0 Initial strain

εT Temperature strain

η Strength model parameter

Γ Boundary in FEA

γ Unit weight

Ŝ Storativity

ν Poisson’s ratio

Ω Element area/volume

ρ Density

ρi Ice density

ρs Solid density

ρw Water density

σ Total stress

σ′ Effective stress

θ Integration scheme

Θ Knot vector

ξ Knots

C Heat capacity

c Specific heat capacity

Cp Control points in mesh/Similar to nodes

De Linear stiffness

DT Non-linear stiffness

E Young’s module

g Gravity(9.81m/s)

k Hydraulic conductivity

K0 Bulk module of medium

K f Bulk module of water

Ks Bulk module of solid

L f Latent heat of fusion

m mass

mp Permeability model parameter

n porosity

p Pore pressure

pi Pore ice pressure

pw Pore water pressure

q Water flow

qF Heat flow

Si Ice saturation

Sp Isothermal water capacity

ST Non-isothermal water capacity

Sw Water saturation

Sα Saturation model parameter 1

Sβ Saturation model parameter 2

Sγ Saturation model parameter 3

T Temperature

t Time

T0 Freezing point(273.15 K)

u Deformation

v Velocity of water

w Velocity of solids
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Appendix C

Frost Heave Cell

A schematic of the frost heave cell used in Konrad and Seto (1994) is shown in this appendix.

Figure C.1: Set up for the frost heave cell test calculated in the thesis
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Appendix D

CPTu Interpretation

Figure D.1: Young’s modulus from CPTU(µ=1/3)
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Figure D.2: Results from dissipation test

The CPT data is collected from NGI (2004), located close to the site near Drammen. The

stiffness is interpreted as in NTNU Geotechnical Division (2014), and assuming µ=1/3. The

shaded area represent the upper and lower approximation. The dissipation results is taken

directly from the report.



Appendix E

Case Results

A selections of results from the case study is extracted from GLview, and shown in this ap-

pendix. Deformation is plotted in meters, pore pressure is plotted in Pascal, temperature is

plotted in Kelvin and ice saturation is dimensionless.
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Figure E.1: Deformation in meters for the site near Drammen
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Figure E.2: Pore pressure in Pascal for the site near Drammen. For better visibility, pore
pressure is only shown in the area -150kPa to 150kPa. Pore pressure outside this area is gray.
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Figure E.3: Temperature in Kelvin for the site near Drammen. 0°C is 273.15K



APPENDIX E. CASE RESULTS 111

Figure E.4: Ice saturation for the site near Drammen
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Figure E.5: Deformation in meters for the site near Ås
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Figure E.6: Pore pressure in Pascal for the site near Ås. For better visibility, pore pressure is
only shown in the area -150kPa to 150kPa. Pore pressure outside this area is gray.
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Figure E.7: Temperature in Kelvin for the site near Ås. 0°C is 273.15K
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Figure E.8: Ice saturation for the site near Ås



Appendix F

Example set up: Ås

<?xml version="1.0" encoding="UTF−8" standalone="yes"?>

<simulation>

<geometry>

<patchfile type="bsplines">ASgeometry.g2</patchfile>

<topology>

<connection master="2" medge="2" slave="3" sedge="1"/>

<connection master="2" medge="3" slave="4" sedge="4"/>

<connection master="2" medge="4" slave="1" sedge="3"/>

<connection master="5" medge="1" slave="4" sedge="2"/>

<connection master="5" medge="2" slave="6" sedge="1"/>

<connection master="5" medge="4" slave="3" sedge="3"/>

<connection master="7" medge="1" slave="3" sedge="2"/>

<connection master="7" medge="3" slave="6" sedge="4"/>

</topology>

<topologysets>

<set name="Ballast" type="face">

<item patch="1"/>

</set>

<set name="Frost" type="face">

<item patch="2"/>

<item patch="3"/>

</set>

<set name="Silt" type="face">

<item patch="4"/>

<item patch="5"/>

<item patch="6"/>

<item patch="7"/>

</set>

<set name="Left" type="edge">

<item patch="1">1</item>

<item patch="2">1</item>

<item patch="4">1</item>

</set>

<set name="Bottom" type="edge">
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<item patch="4">3</item>

<item patch="5">3</item>

<item patch="6">3</item>

</set>

<set name="Top" type="edge">

<item patch="1">4</item>

<item patch="1">2</item>

<item patch="3">4</item>

<item patch="7">4</item>

</set>

<set name="Right" type="edge">

<item patch="6">2</item>

<item patch="7">2</item>

</set>

</topologysets>

</geometry>

<boundaryconditions>

<dirichlet set="Left" basis="1" comp="1"/>

<dirichlet set="Bottom" basis="1" comp="2"/>

<dirichlet set="Bottom" basis="1" comp="1"/>

<dirichlet set="Right" basis="1" comp="1"/>

<dirichlet set="Right" basis="2" comp="1" type="expression">9810*(71.4−y)</dirichlet>

<dirichlet set="Left" basis="2" comp="1" type="expression">9810*(69.1−y)</dirichlet>

<dirichlet set="Bottom" basis="2" comp="2">278.681</dirichlet>

<dirichlet set="Top" basis="2" comp="2" type="expression">if(below(t,2592000),0.00904*(t/86400)^2−0.8528*(t/86400)+12.49+273.15,

if(below(t,5184000),−0.03268*(t/86400−30)^2+0.8864*(t/86400−30)−4.96+273.15,

if(below(t,7344000),0.07953*(t/86400−60)^2−1.601*(t/86400−60)−7.782+273.15,

if(below(t,10368000),0.0165*(t/86400−85)^2−0.8830*(t/86400−85)+1.909+273.15,

if(below(t,12960000),−0.009362*(t/86400−120)^2+0.5263*(t/86400−120)−8.7783+273.15,

if(below(t,15552000),0.009771*(t/86400−150)^2−0.08217*(t/86400−150)−1.417+273.15,4.912+273.15))))))</dirichlet>

</boundaryconditions>

<thmcouplednl>

<materialdata set="Silt" rhos="2650.0" rhow="1000.0" rhoi="910.0"

cs="750.0" cw="4190.0" ci="2095.0"

lambdas="3" lambdaw="0.6" lambdai="2.2"

Lf="334000.0" poro="0.44"

perm="1.0e−9 1.0e−9 0.0" mk="0.4"

Es="1.0e6" Ei="9.1e9" nus="0.3" nui="0.4" eta="3"

alpha="5e−6" beta="1" gamma=".7"

Tf="273.15"/>

<materialdata set="Ballast" rhos="2000.0" rhow="1000.0" rhoi="910.0"

cs="920.0" cw="4190.0" ci="2095.0"

lambdas="1.5" lambdaw="0.6" lambdai="2.2"

Lf="334000.0" poro="0"

perm="1.0e−1 1.0e−1 0.0" mk="0.4"

Es="15e6" Ei="9.1e9" nus="0.2" nui="0.4" eta="2"

alpha="5e−6" beta="1" gamma=".7"
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Tf="200.15"/>

<materialdata set="Frost" rhos="2000.0" rhow="1000.0" rhoi="910.0"

cs="920.0" cw="4190.0" ci="2095.0"

lambdas="1.45" lambdaw="0.6" lambdai="2.2"

Lf="334000.0" poro="0"

perm="1.0e−1 1.0e−1 0.0" mk="0.4"

Es="15e6" Ei="9.1e9" nus="0.2" nui="0.4" eta="2"

alpha="5e−6" beta="1" gamma=".7"

Tf="200.15"/>

<gravity>0.0 −9.81 0.0</gravity>

<initialcondition field="vector" level="0" file="ASinitial"

file_level="365" file_field="sig_xy" basis="2" component="1"/>

<initialcondition field="vector" level="0" file="ASinitial"

file_level="365" file_field="sig_xy" basis="2" component="2"/>

<nonlinearsolver>

<maxits>50</maxits>

<rtol>5.0e−3</rtol>

</nonlinearsolver>

<scaling scl1="1.0e0" scl2="1.0e0"/>

</thmcouplednl>

<timestepping>

<step start="0" end="1555200">72</step>

<step start="1555200" end="15552000">30000</step>

</timestepping>

</simulation>
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