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Abstract

We study a nonlinear partial differential equation with Lipschitz continuous coefficient
functions. Existence and uniqueness of viscosity solutions is proved by approximating with
minimizers of variational integrals. The solutions are shown to satisfy a corresponding
minimization property. Stability of solutions with respect to small perturbations of the
coefficient functions is discussed, and proved for C2-solutions.






Sammendrag

Vi studerer en ikke-linezer partiell differensialligning med Lipschitzkontinuerlige koeff-
isientfunksjoner. Eksistens og entydighet av viskositetslgsninger bevises ved & approksimere
med minimerere av variasjonsintegraler. Det vises at lgsningene har en lignende minimer-
ingsegenskap. Stabilitet av lgsninger med hensyn pa sma perturbasjoner av koeffisient-
funksjonene diskuteres, og bevises for C-lgsninger.
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1 Introduction

We study the nonlinear partial differential equation
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which comes from the minimax problem
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among all all admissible functions u defined in a bounded domain 2 C R”, having the same
boundary values. Here a;; denotes given coefficient functions. The equation is related to
the infinity-Laplace equation
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0, (1.2)

which is seen by setting a;; = 6;;/2 in (1.1), where 6;; is the Kronecker delta. Thus, the
equation represents a generalized infinity-Laplace equation, and our strategy for showing
existence and uniqueness of viscosity solutions is based on Jensen’s work in [12] on the
infinity-Laplace equation, and Juutinen’s work in [13] on more general problems. To
motivate this strategy, we give a short introduction to the infinity-Laplace equation. The
equation was derived by Aronsson in 1967, and provides the best Lipschitz extension of
given boundary values, see [1]. The concept of solutions of (1.2) is difficult. Aronsson
demonstrated that the equation does not necessarily have classical solutions. For instance,
he constructed the function
. 4/3 4/3

u(zy,xe) =27 — 1y,
which satisfies the equation in the whole plane, but does not have second derivatives on
the axes. Furthermore, the equation does not have a weak formulation involving only the
first derivatives. The way out of these difficulties turned out to be the concept of viscosity
solutions, which was developed by Crandall, Evans, Ishii, Lions and others in the 1980’s.
The breakthrough came in 1993, when Jensen established uniqueness of viscosity solutions
by proving the comparison principle, where the main idea is to introduce two auxiliary
equations, see [12]. In the proof, viscosity solutions are constructed as limits of weak
solutions of the p-Laplace equation as p — 0o, via some subsequence.

The layout of this thesis is as follows: In Section 2 we present some results which will
be used frequently throughout the text. Lebesgue spaces, Sobolev spaces, and various
compactness results are discussed, followed by fundamental properties of quadratic forms.

In Section 3 we introduce a variational integral and state the assumptions on the coef-
ficient functions. We derive the Euler-Lagrange equation and establish some fundamental
properties of the involved operators.

Section 4 is devoted to the Euler-Lagrange equation. We prove existence and unique-
ness of weak solutions, and show that these are minimizers of the variational integral.



2 1 INTRODUCTION

In Section 5 we construct the limit of weak solutions of the Euler-Lagrange equation,
and show that it satisfies a minimization property.

In Section 6 we introduce viscosity solutions and show some fundamental properties
of these. We show that the definition of viscosity solutions can be rephrased in terms of
so-called jets. Then we state Ishii’s lemma - a deep result of the theory which will play a
central part in proving uniqueness of viscosity solutions.

Modified versions of Jensen’s two auxiliary equations are presented in Section 7. We
show that viscosity solutions of these can be constructed as limits of weak solutions of
two Euler-Lagrange equations, and that the difference between these limits can be made
arbitrarily small. Furthermore, we conclude that the limit constructed in Section 5 is a
viscosity solution of (1.1).

We prove the Comparison principle in Section 8, which implies that an arbitrary
viscosity solution of (1.1) lies between the two auxiliary solutions, which in turn implies
uniqueness of viscosity solutions.

In Section 9 we perturb the coefficient functions by constants, and state the assump-
tions these has to satisfy such that there is a unique viscosity solution of the perturbed
equation. Then we show stability with respect to small perturbations for solutions in one
variable, and for C?-solutions.



2 Preliminaries

In the following we assume that the domain 2 is an open and connected subset of R"
with boundary 0€.

2.1 Ascoli’s theorem

We start out with a version of Ascoli’s theorem.

Definition 2.1. We say that a sequence of functions ug : 2 — R is equibounded, if

sup lug(x)| < M < oo forall k€N,
€N

and equicontinuous, if for x,y € §Q,
lug(x) —ug(y)| < Cle—y|* for all k €N,
where 0 < o« <1 and (' is a constant.

Theorem 2.2 (Ascoli’s theorem). Let (uy) be an equibounded and equicontinuous sequence
of functions. Then there exist a subsequence (ukj) and a continuous function u:Q — R
such that uy; — u locally uniformly in 2. If 2 is bounded, the functions can be extended

to be continuous in the closure 2, where the convergence is uniform.

Proof. Let (qr)reny be an enumeration of the rational points in . By assumption,
(ug(q1))x is bounded, and by the Bolzano-Weierstrass theorem! has a subsequence, de-
noted by (u1,(q1)); converging at ¢;. Similary, the sequence (uy,(g2)); is bounded, so it
has a subsequence (ug;(g2)); which converges at ¢1 and g2. Continuing in this fashion,
extracting subsequences of subsequences, we obtain sequences (uy;(qx)); for all k € N,
converging at qi, g2, ..., qx- Then the diagonal sequence, (uj,(gx));j;, which we simply
denote by (u;(qx));j, converges at every rational point in 2. Thus, for every ¢ > 0 there is
an N € N such that
lu;(qr) —ui(qe)| <e/2 foralli,j> N.

Now we show that the constructed diagonal sequence converges at each point in {2, not
just the rational ones. Consider an arbitrary x € (2. By the density of the rational points
in €2, given € > 0 there is a rational point ¢ € € such that

20z —q|* <e/2.
Then by the equicontinuity,

|uj () —ui(@)| < |uj(z) —u;i(@)] +[uj(q) —uilq)] + [uilq) — ui(z)]
<200z —q|* + |u;(g) — ui(q)]
<e/2+¢e/2=c¢,

!The proof can be found in most analysis books, see e.g. [6].
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whenever 4,7 > N. Thus, (u;) is a Cauchy sequence, so the sequence converges pointwise
to a function denoted by u:
=1 ().
() = Jim uj(o)
It remains to show that the convergence is uniform. First suppose that €2 is bounded.
Then the closure €2 is compact, and we can cover it by a finite number of open balls
B(zy,,r), centered at x,, with diameter 2r = el/e that is

n
Qc | Blzm,r).
m=1
Choose a rational point r,, from each ball. Since there is only a finite number of these
points, given € > 0 there is an N, € N such that

IIln%X‘Uj(’f’m) —ui(ry)| <e, foralli,j> N..

Consider an arbitrary z € , which must belong to some ball, say B(x,,r). Then

Juj(2) = wi(@)| < 2002 = 7| + |uj (rm) = wi(rm)]
< 20(2r)" +max |uj(rm) — ui(rm)]
<2Ce+¢g, foralli,j> N..

Notice that N. is independent of how we chose the point x, so the convergence is uniform
in Q. Thus, the limit function u is continuous.

If © is unbounded, the proof above holds for any fixed, bounded subdomain of €2, so
the convergence is locally uniform. O

The proof is based on Theorem 1 in [18].

2.2 Lebesgue spaces

Now we derive some properties of the Lebsegue spaces.
Definition 2.3. For any Lebesgue measurable function u : {2 — R we define
Pq " if 1
lullp0 = (/Q|u(;z:)| x) ifp€loc) (2.1)
ess sup,cqlu(z)]  if p=oo,
where the essential supremum is
ess sup,cqlu(x)| =inf {M :u(z) < M for a.e. z € Q}.

We say that u € LP(Q) if ||u||p0 < oco. If uw € LP(D) for each open set D CC €, we say
that u € LY (Q).2

loc

2The notation "CC” is explained in Definition 2.27.
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When the domain 2 is evident from the context we simply write |||/, 0 = |- |[p-
Observe that by the Lebesgue integral we have ||u||, o = 0 if and only if v =0 almost
everywhere in €2, so the axiom of normed spaces is not satisfied on sets of measure zero.
To get a proper normed space we have to consider equivalence classes of functions, that
is, each equivalence class consisits of functions which coincide a.e. We say that a function
u has a version u, if v and @ belong to the same equivalence class.

A fundamental property of LP(Q) for 1 < p < oo is that it is a Banach space with
respect to the norm defined in (2.1).

Our next result shows that the Lebesgue spaces are nested when (2 is of finite measure:

LYQ) D IA(Q) D+ D IP(Q) D LIQ) D - D L¥(Q), p<q.

First we introduce the notation

]éudx:MlQ)/Qudx

for the average of a function u over a bounded domain €2, where p denotes n-dimensional
Lebesgue measure.

Proposition 2.4. If () < oo and u € L1(Q2), then

Pd 1/P< qq a hen 1 <p< 2.2
<]é|u| x) _<]é|u| x) when 1 <p<gq. (2.2)

Proof. By Holder’s inequality we have
[l lf = 111 Jul < 111 g q-p el llgyp = ()P4 ul [,
where p > 1. This yields inequality (2.2) if p <g. ]
In many limit procedures we rely on the fact that the norm is continuous as p — oo:

Proposition 2.5. If u(2) < oo and u € L>(QY), then

T [l = [[ul] -

Proof. Let € > 0 and define the set
A={x e Q:|u(x)| > ||lul|lec —€}-

Then
[ ulde > [ fulPdz > (lull =) (4),

which implies that
liminf{luflp 2 [[uloc —¢.

On the other hand, by Proposition 2.4,

[[ullp < ()7l ul oo,
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thus
limsup ||ullp < [|u|oo,
p—00

and the conclusion
A {fullp = [Julloo
follows since € > 0 was arbitrarily small. ]

We mention a fundamental result in the calculus of variations®.

Lemma 2.6 (Variational lemma). Suppose that u € Li. .(Q). If

/Qung;:o for all ¢ € C°(Q),
then u=20 a.e. in ).

We now turn to the dual space of LP(Q2). An explicit characterization of bounded

linear functionals on LP(Q) is provided by Riesz’ representation theorem?.

Theorem 2.7 (Riesz’ representation theorem). Let 1 < p < oo and suppose that A :
LP(2) — R is a bounded linear functional. Then there exists a unique function v € L1(S),
where 1/p+1/q =1, such that

A(u):/qudx,

for all functions u € LP(QY). Moreover, ||Al| = ||v]

q,92-

A consequence of this result is that we identify the dual space of LP(Q2) as L(Q2) for
1/p+1/g=1 when p € [1,00), and write LP(Q)" = L((2).

Working in Banach spaces requires various concepts of convergence, and one of the
most frequently used in this text is the notion of weak convergence.

Definition 2.8. Let X be a Banach space. We say that a sequence (x,) C X converges
weakly to x € X, if for all 2’ in the dual space X’ we have

. / .
Jim (xn) =2 (),
and we write z,, — x.

By Riesz’ representation theorem there is an explicit characterization of weak conver-
gence in Lebesgue spaces. Indeed, let 1 < p < 0o and suppose that (u,) C LP(€2) converges
weakly to u € LP(£2), that is

Jim A(up) = Au)

for all bounded linear functionals A on LP(2). This is equivalent to
nll_{lolo/QunU dx = /qu dz, (2.3)

for all v € L(2) such that 1/p+1/q=1.
Now we present som key properties of weak convergence.

3We refer to Theorem 3.40 in [5] for a proof.
4The proof can be found in [6], Theorem 13.1.
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Proposition 2.9. Let X be a Banach space and suppose that the sequence (xy) C X
converges weakly to x € X. Then the sequence is uniformly bounded:

sup |2a||x < M < oo,

and the norm s lower semicontinuous:
lellx < liminf |foallx.

Proposition 2.10. Let 1 < p < oo and assume that the sequence (uy,) C LP(§2) is uniformly
bounded:
sup ||up|[p < M < co.
n

Then there is a subsequence (up,) and a function u € LP(QQ) such that
Up, —u weakly in LP(QY).

Proof. Let 1/p+1/q=1. Since q € (1,00), L94(f2) is separable®. Let (v,) be a countable
collection of simple functions, which is dense in L7(£2). Set

Ay (v)) = /ijundx for each j € N.
By Holder’s inequality and the uniform boundedness we have
[An ()] < Mlvjllg,

so the sequence (A, (v1))y is bounded, and by the Bolzano—Weierstrass theorem, we can
extract a subsequence, denoted by (A1;(v1)); converging at vy. Similary, (Aq,(v2)); is
bounded, so we can extract a subsequence, denoted by (Ag;(v2)); converging at vy and
v2. Continuing this procedure, we see that the diagonal sequence (A;; (vn));; converges at
every v,. To ease the notation we denote the constructed diagonal sequence by (A;(vy));.
Thus, for every € > 0 there is an N such that

|Aj(vn) —Ai(vn)| <e, foralli,j>N.
Fix v € L9(2). By density there is a simple function v, such that
[lv—wnllq <e.

It follows that

[Aj(v) = Ai (V)| < A (v =)+ [Ai(vn = v) |+ [Aj(vn) — Ai(vn)|
<2M|lv—wvpllg+e
<2Me+¢e foralli,j >N,

which shows that (A;(v)); is a Cauchy sequence for all v € L4(€2). We denote the limit by

A(v) = nh_}ngoAn(v) for all v e LY(Q),

5Consult for instance Theorem 18.1 in [6] for a proof.
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which defines a bounded linear functional on L?(€2). Then by Riesz’ representation theo-
rem there exists a unique u € LP(2) such that

Alv) = /Qvudx for all v € LY(Q),

thus
lim / VU d :/ vudx  for all v € L),
and we conclude that u, — u weakly in LP(£2). O

Another concept of convergence in Banach spaces is weak-star convergence.

Definition 2.11. Let X and Y be Banach spaces such that X =Y’. We say that a
sequence (zp) C X converges weak-star to x € X, if for all y € Y we have

lim 7, (y) = 2(y),

n—oo
. *
and we write x,, — x.

By Riesz’ representation theorem we find that the notions of weak convergence and
weak-star convergence coincide in LP(Q2) when p € (1,00). Furthermore, u, — u in L>(Q)
if and only if

lim [ upvde :/ wvdz  for all v e L'(Q). (2.4)

We have the following analogous results of Proposition 2.9 and Proposition 2.10.

Proposition 2.12. Let X and Y be a Banach spaces such that X =Y. Suppose that the
sequence (xy,) C X converges weak-star to x € X. Then the sequence is uniformly bounded:

sglpHanx <M < o0,

and the norm s lower semicontinuous:
lellx < liminf ol x.

Theorem 2.13 (Helly’s theorem). Let X and Y be Banach spaces. Suppose that X =Y’
and that 'Y is separable. Assume that the sequence (x,,) C X is uniformly bounded:

sup ||zn||lx < M < oc.
n

Then (x,,) has a weak-star convergent subsequence.

We refer to Theorem 2.13 in [11] for a proof of Helly’s theorem. The proofs of Propo-
sition 2.9 and Proposition 2.12 can be found in most functional analysis books, see e.g.

[15].
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2.3 Sobolev spaces

Now we introduce Sobolev spaces and derive some important properties of these. We
begin with some definitions. Recall that 2 is a domain in R".

Definition 2.14. Consider a function ¢ : 2 — R which belongs to C*°(2). We define the
support of ¢ as

supp(¢) = {z € Q: ¢(z) # 0}
If supp(¢) is bounded we define

Co7 () = {0 € C™(Q) : supp(¢) C 2}
For ¢ € C3°(R2) we define ¢(x) =0 when z € R™\ (2.

We make the following definition motivated by the integration by parts formula for
continuously differentiable functions.

Definition 2.15. Let u € L. (Q). If there is a function w; € L} () such that
/ w20 g — —/ wipdr  for all ¢ € CE(Q)
Q &vj Q J 0 ’

then we say that wj; is the weak partial derivative of u with respect to z; in Q2. We write
w; = % and Vu = (88—;1, ceey 887“), provided that the weak derivatives exist.
J n

Definition 2.16. Let 1 < p < oco. We say that u € W1P(Q) if u and all its weak derivatives
6671;’ j=1,...,n, belong to LP(Q).

Then
|[u

1/p
p D .
. {(||u||p,g+ Iul0) " it pelt, o0 05

e+ Vullcn  ifp=oc

defines a norm on WP(€2), where

1/p
Vallpa=( [ IVu(@)Pdz) ", [[Vullag = ess sup,col Vu(z)|.

The space W1P(Q) possesses many properties similar to the space LP(), the most
fundamental being that it is a Banach space with respect to the norm defined in (2.5).

Definition 2.17. We define the following spaces for 1 < p < oc:

i) Let Wol’p(Q) denote the closure of C§°(Q) in the space W1P(Q), i.e. the closure of
C5°(£2) with respect to the norm || -||1 , 0.

ii) We say that u € Wéf(Q) if uw € WHP(D) for each open set D CC €.

We mention that if u € C(Q)NWP(Q) and ulgg =0, then u € Wol’p(Q). In addition,
if u,v € Wy (), then max {u,v} ,min{u,v} € Wy?(Q).5

6Consult for instance [9].
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Remark 2.18. The notation
Vu; = Vu weakly in LP(Q)

means that p 9
Uj U .
— =~ — kl LP(Q)
or.  our weakly in LP(Q)

for each k=1,2,...,n. If

uj —u, Vuj—w weaklyin LP(Q)

for some w = (w1, wy,...,wy,) € R, then w = Vu. Indeed, by (2.3) the weak convergence
means
lim / nu; dv :/ nudx,
j—00
. Uj
lim / Y—= dx —/ Ywy dx
j—00

for all n,1 € LI(Q2) such that 1/p+1/q= 1. Furthermore, since Vu; is the weak gradient
of u; we have

6¢ _ (9uj 00
/ 9 gr= /ngaxkdx for all ¢ € CE°(Q).

Qu] oxy,
Let ¢ € C5°(€2). Then by the above and since
)
we obtain
/u—dx: lim uadx——hm/ :—/qbwkdx.
oxy, j—o0 10y, j—o0 8I Q
Thus w = Vu.

The following variant of Morrey’s inequality is useful.

Lemma 2.19 (Morrey’s inequality). Let Q be a bounded domain and suppose that p > n.
Ifue WyP(Q), then

lu(z) —u(y)| < Cplx —y[lfn/p||Vu||pyg for a.e. x,y€Q,

where Cp, depends on p and n, and is such that Cp — 2"*L g5 p — 00. One can redefine u
in a set of measure zero and extend it to the boundary such that uw € C(2) and u|gn = 0.

Proof. We first show the inequality for functions in C5°(2). Let v € C§°(Q2) and set r > 0.
Fix ¢,z € Q2 such that

lg—z[=r.
Let £ € B(z,r), where B = B(z,r) is the open ball centered at z with radius r. We have

L d

(@) —ule) = [ Tulg+ 16 —a)di = [ (Vulg 1))~ a)
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where (-,-) denotes the inner product on R"™. By writing

up = £, u(€) de.

and integrating over B with respect to & we find

o (un =) = [, [ (ulgole - )¢~ ardre

where w,, denotes the volume of the unit ball in R™. By the Cauchy—Schwarz inequality
we obtain

1
war"ug — u(q)| S/B(M)/O V(g +t(E —q))||€ — gl dtde
1
:/0 /B(z,r)|V“(q+t(€—q))||§—q|d§dt,

where we used Tonelli’s theorem to change the order of integration. By changing the
variables to

n=q+t§—q), dn=1"dg,
we find that the new domain of integration is contained in the ball B(q,2rt). Then by
Holder’s inequality,

Wnrn|uB - U(Q)|

<// !VUCJ+t€ Q))|1§ —qldédt

< t—l—”/ v — gl dndt
< IVl aldy

1 1/p (r=1)/p
< t_l_"( rq ) ( p/0-1) ) dt
B /0 /B(q72rt)ﬂQ |VU<?7)| " /B(q 2rt)NQ |77 Q| g

1 (r—1)/p
< t—l—n( 2 tp/(p—l) d )
<UVullpar [ ([, @O

1
= HVUHPQ/O tilfn2rt(wn(2rt)")(p*1)/pdt

1
:wgp—l)/p(gr)1+n(p—1)/p||vu||p79/0 =P gy

— wP=D/p(op)Hnp=1)/P|| 7y,

a2
P

We evaluated the last integral by using the Monotone convergence theorem, where it was
needed that p >n. Now we have

’uB(z,r) —u

(q)] < 21+n(p71)/pw;1/pLT1*n/p|Wu‘|p797
p—n

for z,q € Q such that |¢—z| =7r. Fix z,y € Q and let

—1( ) = | | = |—1| |
z T+ r=|r—=z z x .
B Y) ) 9 Y
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Then
lu(z) —u(y)| < |u(z) —uprm |+ uper) —uy)|

<9. ol+n(p—1)/p ;1/17 (\x yl) ) p‘|v“|
p—

p.Q (2.6)

=2"w _1/”p &=y V| 0.

which concludes the proof when u € C§°(Q2).
Now let u € Wol’p(Q). Then there is a sequence u; € C§°(€2) such that u; — u in
W1P(Q). We claim that there is a subsequence such that u; — u a.e. in €. Indeed, for

e >0 we have
_ p
= ullp =2 |

2 Ep/{|uju26} 3
> Pu({x e Q:luj(z) —u(z)| > e}),

which shows that the sequence converges in measure to the function u. Then it is known
that there is a subsequence such that u; — u a.e. in 0. The strong convergence assures
that

p

Ui —U
J dx

p

Ui — U
J dx

||Uj||p,(2 < ||u||p79+17 ||vuj||p,ﬂ < ||vu||p,ﬂ+1

for sufficiently large j, and by (2.6) we find
Juj(x) —u;(y)] < 27w _1/pp = y[" P (|| Vo +1).

Hence (u;) is equibounded and equicontinuous for large j. Then by Ascoli’s theorem
2.2 there is a further subsequence and a continuous function v € C(€2) such that u; — v
uniformly in 2. Thus, v is a continuous version of u, and we redefine u to be v in {2. Then

u(@) —u(y)] < u(@) —uj (@) + Juj(@) = uj(y)] + |uj(y) —u(y)]
< lu(e) = uj(@)] + |uj (y) —u(y)|
+2"w ”””p & =y P (|[Vuj = Vullpo + ||Vl

p.Q)-

Letting 7 — oo we obtain

[u(@) —u(y)| < 2w _l/pp o=y PVl |0

_Cyfam g

p,Q2

where C), is such that

C,=2"*1 le/p — 2" as p— 0.
p—n

By redefining v in a set of measure zero we can extend it to the boundary such that
u € C() and ulgg =0. O
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Remark 2.20. We shall mostly encounter the situation when the domain €2 is bounded
and p > n. Then since every function in Wol P(Q) has a continuous version, we always
assume when given such a function that it is its continuous version.

Morrey’s inequality suggests a connection between functions in WP(Q) and Holder
continuous functions. For more details see the Rellich-Kondrachov compactness theorem
2.28 later in this section.

We note a convenient inequality.

Lemma 2.21 (Friedrichs’ inequality). Let Q be a bounded domain. Suppose that u €
Wol’p(Q), where 1 <p < oo. Then

[lullp < diam(Q)[|Vul]p.

Proof. 1t suffices to show the inequality for u € C5°(£2). We begin with the case when
1 <p<oo. Let ue C§(R). Since Q is bounded there are numbers n; < &;, i =1,2,...,n,
such that Q CC @, where

Q={r=(r1,22,...,2n) ER" 1y < z; <& for each 1 <i<n}.

Then u € C§°(Q). We have

x]

w(xy,x2,. .., Tp) :u(nl,xg,...,xn)+/ ug(t,xa,. .., xp)dt
n
1 !
= u(t,za,. .., xy)dt,
m

thus by Proposition 2.4,
x1
u(@)| < [ (b, )| dt

m

&1
< ’Ux1($1,$27--->1’n)‘d371
m

&
< 1Vul@)lig —m]do,
m

31 1/p
<(f IVu@Pie —mda )
n

1

This implies that

&1
u(@)? <l = m P~ [ |Vu(@) Pday.
m

Observe that the right-hand side only depends on (z2,23,...,2,), while the left-hand side
depends on (z1,x9,...,zy). Integrating with respect to x; we find

&1 &1
/ u(z)Pdey < |& —mP / IVu(z)|Pda; .
n m
Now integrate over the other variables to obtain

/Q u(z)Pde < |&1 —m|P /Q V() |Pdz,
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hence
Pdr < di p p
/Q|u(:c)| dx < diam((?) /Q\Vu(:c)| dx,

where diam(Q2) := sup,, ,ecq |z — ¥
By the continuity of the norm in Proposition 2.5, we find that the inequality is also
valid for p = oo. m

Now we clarify the relationship between the weak derivatives and the derivatives from
calculus.

Definition 2.22. We say that v : ) — R is differentiable at x € () if there exists n € R"
such that
u(y) =u(x)+(my—x)+ol(ly—z|) asy—w.

If n exists it is unique, and we denote it by Vu(x).

So far we have denoted the weak derivatives with the same notation as the usual
derivatives from calculus. Let us verify that these actually coincide when n < p < oo, so
that the notation is consistent.

Theorem 2.23. Let n < p < oo and suppose that u € Wé’f(@). Then u is differentiable
a.e. in §) and its weak gradient equals its gradient a.e.

Proof. First we consider the case when n < p < co. Let V denote the weak gradient. We
need the following version of Lebegue’s differentiation theorem, see [7] for more details.
For a.e. x € 2 we have

]g( )|Vu(z) —Vu(x)|Pdz—0 asr—0.

Fix any such z and define

v(y) =u(y) —u(z) = (Vu(z),y —x), yei

By consulting the proof of Morrey’s inequality 2.19 we find that the inequality is applicable
to the function v in the ball B(z,r) CC Q. With r = |z —y| we find

uy) —u(w) = (Vu(z),y — )|
= |v(y) —v(2)]

1/p
gcprl—”/p< /B ( )yvu(z)\pdz)

1/p
= Cprl_”/p <wnr"]g( : \Vu(z) — Vu(x)|pdz)

1/
= pr}/pr(]g(mm) |Vu(z) — Vu(x)|pdz> !
= o(r) = o(|lz —yl),

where w;, denotes the volume of the unit ball in R™. If p = oo, we have that VVI})COO(Q) C
Wé’f (Q) for any n < p < 0o, so we can apply the argument above. O
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We now turn our attention to Lipschitz continuity.
Definition 2.24. A function u : 2 — R is said to be Lipschitz continuous if
lu(z) —u(y)| < Llx —y| when z,y €€,
for some constant L.
The following result provides an interesting characterization of the space T/Vli)’COO(Q)

TI}eorem 2.25. A function u: Q — R is locally Lipschitz continuous if and only if u €
VVbﬁw(Q>,

Proof. Assume that u € Wli’coo(Q). Then u also belongs to VVﬁ)f (2) for some finite p > n.
Let € > 0 and define the function
Ue = Ps * U,

where p. is Friedrichs’ mollifier. Then u. € C*°(Q2) and u. — u in VVI})f (2) as ¢ — 0.
Actually, the convergence is locally uniform?. Let B be a subdomain such that B CC Q.
Then we have

IVuellp,s < [[Vullp,5,

which implies that

sup ||Vie||so,p < C < 00,
0<e<d

for sufficiently small 0 > 0, where C' is a constant that is independent of . For z,y € B
we have

14 1
ue(w) —ue(y) = [ Ty +tle—y)dt= [ (Vuely+i(e—y)w—y)dt

which leads to
‘us(x) _ue(yﬂ < Clx_y‘v

by the Cauchy—Schwarz inequality and the above. Observe that
u(z) —u(y)] < |u(@) —ue(x)[+ Clz —y|+uc(y) —uly)].
Letting ¢ — 0 we obtain
u(e) —u(y)| < Cle -yl w,y€ B,

by the uniform convergence. Thus, u is locally Lipschitz continuous.

Now suppose that u is locally Lipschitz continuous. Once again we let B CC ). We
have that v € L*°(B), so we only have to show that the weak first partial derivatives are
bounded. For i =1,2,...,n write

_u(z+he;) —u(x)

Du(a) = MR )
Di_hu(x) _ u(z) — ufia: — he;) |

"See Theorem 4.40 and Theorem 5.3 in [11].
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where h > 0 and ¢; is the 7th unit vector. Since u is locally Lipschitz continuous,

sup ||D; || p < M < 00,
O<h<e

for sufficiently small € > 0. Since Ll(B) is separable, Helly’s theorem 2.13 implies that
there is a subsequence hy — 0 and a function w; € L°°(B) such that

D;h"’u Sow;  weak-star in L(B)

for every i =1,2,...,n. By (2.4) this is equivalent to

lim /BwD;h’“udx:/waidx for all ¢ € L}(B).

k—o00

We can approximate functions in L'(B) by functions in C§°(B) since Co(B) is dense in
LY(B).® Let ¢ € C§°(B). By the Dominated convergence theorem and the above we find

— 1 hy — T —hg _ .
/B“%dx—klgﬁlo/BUDz pdx klggo/ngD’ udx /quwldx,

which holds for any ¢ € C§°(B). This shows that u,, = w; in the sense of weak derivatives,
fori=1,2,...,n. Furthermore, by the weak-star lower semicontinuity in Proposition 2.12,

. —hg
tailloz = 11|, < Lignin | D a2 < o0,

which implies that ||Vu||s,B < 0o for any B CC €, and we conclude that u € Wlf)COO(Q)
[

We immediately obtain the following important result.

Theorem 2.26 (Rademacher’s theorem). If u: Q — R is locally Lipschitz continuous,
then w is differentiable a.e. in Q.

Proof. Since w is locally Lipschitz continuous, u € I/Vllocoo(Q) by Theorem 2.25. Then it
follows from Theorem 2.23 that u is differentiable a.e. in €. OJ

We introduce some notation, and seize the opportunity to mention a Sobolev embed-
ding result. We refer to [9] for more details.

Definition 2.27. Let X and Y be Banach spaces. We say that X is compactly embedded
in Y, and write
XcCccy

if
i) there exists a linear, continuous, and injective map ¥ : X — Y

ii) the map W(B) is precompact in Y for any bounded set B C X, that is ¥(B) is
compact in Y.

8See for instance Lemma 4.38 in [11].



24 QUADRATIC FORMS AND CONVEX FUNCTIONS 17

Theorem 2.28 (Rellich-Kondrachov compactness theorem). Suppose that p >n and let
Q be a bounded domain in R™ with a smooth boundary 02 € C1. Then

WhP(Q) cc C7(Q),
where v=1— %
Here C7(Q) refers to the Hdlder space:
CM(Q) = {u e C(Q) : [Jull vy < o0},
consisting of Hélder continuous functions u: Q — R:
u(z) —u(y)| < Clz—yl”,

where C' is a constant and 0 <~y < 1. The Holder space is in fact a Banach space with
respect to the norm

[u(r) —u(y)|
||UHCW = HuHooQ‘i‘ %;epﬂw (2.7)
r#y

Notice that in the above theorem, v =1 when p = 00, so in that case the Holder space
consists of Lipschitz continuous functions, which agrees with what we found in Theorem
2.25.

The proof of Morrey’s inequality 2.19 is based on Theorem 8.1 in [6], and the proof
of Theorem 2.23 follows Theorem 5 in section 5.8.3 of [7]. The proof of Theorem 2.25 is
based on Theorem 5 in section 4.2.3 of [§].

2.4 Quadratic forms and convex functions

We denote the space of all n x n real-valued symmetric matrices by S”. For B,C € §"
the notation B > C means

(BE, &) > (C¢,€)  for all € € R™.
In the following section we assume that A € S™ is such that for constants 0 < a < 8 < o0,
aln|* < (An.n) < Blnl?,
for all n € R"™. Thus, the matrix A is positive definite:
(An,m) >0 for all nonzero n € R".
We begin with an inequality.
Proposition 2.29. If2 <p < oo, then

(46,65 Ag — (407 A~ ) > 4( ) el (28)

for all €1 € R™.
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Proof. Since A is symmetric it has a decomposition A = QT DQ, where D is a diagonal
matrix with the eigenvalues of A on the main diagonal, and @ is an orthogonal matrix,
that is QT = Q1. Moreover, since A is positive definite it has a square root B = AY/ 2
defined as

B= A1/2 QTDl/QQ,

where the diagonal matrix D'/2 consists of the square roots of the eigenvalues of A on the
main diagonal. The matrix B is symmetric and B> = A. Furthermore, the square root B
is unique, see [3] for more details. We have

((4e.6)" A5 (A, )T Ay, €~ )

(B26,6)"7 B% — (B,0)"% B, )

(BT B¢, 5> > BT B¢ - <BTB¢ )T BT By,¢ ¥) (2.9)
(

BE,BE)™T BE— (By, BY)'T Bi, BE — BY)
|BE[P~2BE — | BY|P~* By, BE — Bip)

=
=
=
=
= {(|b]P%b—|a|P"2a,b—a)
where b = B¢ and a = By. We claim that
(|b|P~2b— |a[P~2a,b—a) > 2*7P|b—alP.

To see this first observe that

(0.0~ ay = (1ol + b2 - |af?),

(a.b—a) = —5(1b—af +]al* ~ 6P,
which leads to the identity

[b[P~2 + |afP~?
2

(1bPP~2 —|aP~*)(|b]* —|af*)

(=2l 2a,b — a) = :

b—al*+

Notice that the second term on the right-hand side is nonnegative for p > 2, which is
easily seen by first letting |b| > |a| and then letting |a| > |b|. Thus

[b[P~% + |afP

(b|P~2b —|a|P"2a,b—a) > 5

b—al?. (2.10)

Furthermore, by some well known inequalities we see that

[bIP~2 + |alP~

5 > 227P(|b] + Ja])P 2 2 227 P|b—afP 7,

where we used that p > 2. The claim follows by inserting this into (2.10). Continuing to
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estimate (2.9) we find

((A€6)"7 A — (AY,9) "7 A, )
= (|BE[P~*BE — | BY[P* By, B — Bip)
> 2277 B¢ — By

=22 P(B(— ), B(E — )P/

=2 P(A(E—),E— )P

> 227P(af¢ — 1 [2)P/2

=a(L Y le-op

Now we introduce convex functions.
Definition 2.30. We say that a function F: R"™ — R is convez, if
F(tE+(1—t)n) <tF()+(1-1)F(n)
for all £, € R™ and 0 <t < 1. We say that F'is strictly convez, if
F{tg+(1—t)n) <tF(&)+(1—1)F(n)
whenever £ #n and 0 <t < 1.

A convex function F : 2 — R is locally Lipschitz continuous, and thus differentiable
almost everywhere according to Rademacher’s theorem 2.26. Furthermore, the inequality

F(§) = F(n) +(VF(n),§ —n) (2.11)
holds for all £, € Q.

Lemma 2.31. The map
& (AE,€)77

is strictly convex for 2 < p < co.
Proof. We first show that & — (A, €) is stricly convex. Let 0 <t <1 and £ #n. We

calculate

(A(t§+ (1 =t)n),t€+ (1 —t)n)

= (A(m+tE—mn)),n+tE—n))

= (An,n) +2t(An,& —n) + 2 (A(E —n),€ —n)
< (An,n) +2t{(An,§ —n) +t{A(E —n),E—n)
= (An,n) +t{(An,§ —n) +t(AE,§ —n)
t{AL, ) + (1 —t)(An,n),

9Consult for instance [6] for proofs of these statements.
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where the strict inequality follows since t? < t and A is positive definite. Now we show
that & — (AE,€)P/? is strictly convex. Since the function

H(z)=22 2>0, p>2
is convex, we find by writing

= <A€7€>7 2 = <A77777>
that

—~

A(tE+ (1 =t)n), t€ + (1 —t)p)P/?

< (HAE,E) + (1 =) (An,))P/?

H(tz1+(1—1t)2)

H(z1)+(1—t)H(22)

(AL P2+ (1 =) (An, )P,

where we used that £ — (AE, &) is strictly convex in the first inequality. ]

IN

t
t

For the next result we assume that the symmetric n x n matrix A = A(z) = (a;j(x))
consists of real-valued functions a;; € L*(Q), i,j = 1,2,...,n, such that for constants
0<a<pf<oowe have

ale]? < (A(x)¢,€) < BIEP, (2.12)
for all € € R™ and all z € Q. Then & — (A(x)&,£)P/2 is convex by the above, and we

now show an important consequence of this, namely the weak lower semicontinuity of the
integral

[(u)z/ﬁ(A(x)Vu,prﬂdx.
Proposition 2.32. Let €2 be a bounded domain and suppose that 2 <p < oco. If
Vu;j = Vu weakly in LP(§2),

then
I(u) <liminf I'(u;).

J—00

Proof. Since & — (A(x)€,€)P/? is convex it follows from (2.11) that

(A(2) Vg, Vi P/% > (A(z)Vu, Vu)?/2 + p(A(2)Vu, Vi) 7 (A(z)Va, Vi — V).
Integration leads to
I(uj) = / (A(2) Vg, Vi P 2dz
>/ z)Vu, Vu) P12y
+p/ z)Vu,Vu TQ(A(:(;)Vu,Vuj —Vu)dx (2.13)
+p/ x)Vu, Vu) = (A(x)Vu,Vu; —Vu)dx

B -2 Ju (Ouj  Ou
_](u)+pk§::1/Q(A(x)Vu,Vu> z ap(x )8931(8:1% axk>dx'
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Recall from (2.3) and Remark 2.18 that the weak convergence
Vuj —Vu in LP(Q)

means that for each £ =1,2,...,n,
Ou;  Ou
I (J - )d —0
Jl{go QU Oz  Oxy, o
for all v € L1(Q) such that 1/p+1/q= 1. Thus, if the function
—2 ou

(A@) Vo, V) T g o)

belongs to LQ(Q) for all k,l=1,2,...,n, then

J ou (Ouj  Ou

and (2.13) reduces to
I(uj) > I(u).
This implies that
liminf I (u;) > I(u).

Hence, we only have to show that

NL,
?:
m
h
S
=

(A(z)Vu, Vu}

By (2.12) we have

ou
ox;

<pT max||agr oo Vul" = Vul.

_ )
(AT 0) 7 a0 5| < g | (T uf?) 2

Raising to the ¢ power we find

ou

(A V0, V0) T (2)

q p—2 _
< (B ngqxllaqulm)qlvu|(p 24|77

—2
= (8% maxlagr|oo) | VulP 1| Vul?

p—2
= (87" masx lagel o)Vl

thus
—2 ou |4
S (A T,V () 5 o = (87 maxlag 1o0)? [ [Valde < o,
]
and we conclude that 5
(Al@)Vu, Vi) T ap () 5 € LIQ).
l

21
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3 The equation

Now we introduce the variational integral and state the assumptions on the coefficient
functions. Moreover, we derive the Euler-Lagrange equation

Ap’AUZO

for finite values of p, and show that it can be expressed with Ay, 4 u. Then we show some
properties of A, 4 u for 4 <p < oo.

3.1 Variational problem

Our starting point is the problem of minimizing the variational integral

n v v /2
I(v):/Q<i7j§_:1a7;j(x)g%(x)éipj(x))p dx

among all admissible functions v : {2 — R with the same boundary values g, where € is a
bounded domain in R". By introducing the n x n matrix A(x) = (a;;(x)), we can write

" ov Ov
”2_:1 aij(x)%@ = (A(z)Vv,Vv).

Although standard convention is to simply denote the matrix by A, we shall write A(x)
throughout the text to remind the reader that the elements of the matrix depend on .
We assume the following:

1. For each fixed z € Q we can assume without loss of generality that the matrix A(z)
is symmetric. Indeed, if a;; # aj; we can define a;; = (a;; +a;i)/2, and we find

noo v v & ov Ov
z;l 7% (I’) axl ai‘rj - z;l Qg (‘T) axl ai‘rj
1,]= L]=

2. For constants 0 < a < f < oo we assume that

alé]? < (A(x)¢,€) < BIES? (3.1)

for all x € Q and all £ € R". This means that for each x € ), the matrix A(z) is positive
definite:
(A(x)€,€) >0 for all nonzero vectors £ € R".

3. For i,5,k=1,2,...,n we assume that
Oa;; —
—.Q0—>R
6xk
is Lipschitz continuous with constant K:
8% 8aij

axk o 6mk
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4. From 3. it follows that a;; : 2 — R is Lipschitz continuous:
|aij(2) —ai(y)| < Hlz —y|, 2,y€Q, (3.2)

for i,5 =1,2,...,n. To see this, notice that

oig@) —ag )l = | [ Saisly+ otz —y)ar
=| [ Vst + ta =)o -
< [ Taisty +t(z —u)) -yl
<lo | | 1Vaisly+ tz — )] d
< IVaijlloolz = yl,

by the Cauchy—Schwarz inequality. Since the domain €2 is bounded and the derivatives are
Lipschitz continuous, ||[Va;;|lec is bounded. Thus, we can define the Lipschitz constant
H as

H =max||Vagj||co,
0.
and (3.2) follows.
We now derive the Euler-Lagrange equation for the variational integral

I(v) = /Q (A(z) Vo, Vo)?/2dz, (3.3)

for finite values of p. We seek to minimize the integral among all functions v € W1P(Q)
such that v—g € Wol P(€). Suppose that v is a minimizer. Then the function

v=u+tn, teR, ne i)

is admissible. Since u is a minimizer and v = u+tn=wu = g on 05, the function J(t) =
I(u+tn) has a minimum at ¢t =0, hence

3'(0) = 0. (3.4)
We evaluate the derivative

3(t) = i (At 1), V(a+ i)

p—2

= | PA@)V (utn). V(ut0) T (A@)V (u-+ ), V) da.

where the differentiation under the integral sign is justified by the Dominated convergence
theorem. Using (3.4) we find that the first variation vanishes:

/Q (A(2)Vu, V) = (A(2)Vu, Vi) de = 0 for all 5 € C°(S). (3.5)
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Integration by parts leads to
/ div((A(z)Vu Vu>%2A(x)Vu)77 dx = 0.
Since this holds for all test functions 7, we have
Apoa v = div((A(z)Vu(z), Vu(@)) T A(z)Vu(z)) =0

by the Variational lemma 2.6. This is the Euler-Lagrange equation for the variational
integral (3.3) for finite values of p, and we shall restrict our attention to 4 < p < co. If we
write this out we find

Ap au=(A(z)Vu, Vu)p?4{<A(:v)Vu, Vu)div(A(z)Vu(x)) + (T)AW’A u} =0.

The notation means

. & Oagj Ou 9%u & Jagj Ou 9
div(A(z)Vu(z)) = Z: dz: O, ZZ vy w01, —i Oz a—xj—i-trace(A(D u)),

where D?u denotes the Hessian matrix of u, and the trace of an n x n matrix B = (b;;) is
defined as

n

trace(B) = bji.
i=1

Furthermore

Aso A U= <Vx<A(x)Vu, Vu) + 2(D2U)A(:c)Vu,A(:1:)Vu>
<Vx<A(x)Vu Vu), A(x)Vu> +2((D?*u) A(z) Vu, A(z) Vu)
da;j Ou Ou ou ou  0%u ou )

n
— QK= +2a‘k77a'l7 9
i,j%:l <8xk Ox; Ox; " Oxy " 0wy Oxi0x; 7 Oy

where

VoA = (- (AEE, 5 (AW, 5 —(A)EE))

n
n n n

E)l az az n
:(Z 3Z]< )52537 Z aa]( )52517 az 622@)&5]‘)7 §eR™

ij=1 ij=1 ij=1

As we shall see, the equation
Asau=0

is in some sense the limit equation of the Euler-Lagrange equations
Apau=0 asp—oo.

Furthermore, we interpret the limit equation as the Euler-Lagrange equation for the "vari-
ational problem”
iyt {4V, 70) 2o

These statements will be justified later in the text.
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Observation 3.1. The notation A, 4 is suggestive. If a;; equals the Kronecker delta:

5 1 ifi=j
S
YN0 i 4,

then A reduces to the identity matrix I. In that case the FEuler-Lagrange equation for
finite p becomes the p-Laplace equation:

Ay u=div(|VulP"2Vu) = Ayu = 0.

In particular, if p =2 we find the Laplace equation:

Agru=Au=0.
If a;; = 0;;/2 and p = oo we obtain the infinity-Laplace equation:
" Ou Ou  O0%u
A = ——— =Asu=0.
00,31 U Jz:l ox; c?xj 0,0 oot

Example 3.2 (Solution in one variable). In one variable the equation Ay, 4 © =0 can be
integrated. Consider the Dirichlet problem

{ Ao a u = a(z)d (2)u (x)3 + 2a(z)*d ()% () =0 in (I,r)
u(l)=1L, u(r)=R,
where we assume that a and a’ is Lipschitz continuous in [/,r], and that
O0<a<a(z)<p<oo forall xellr].
Observe that
0= a(z)d'(2)u'(x)’ + 2a(w)*u (z)*u" (z)
=a(z)d'(z)v(z)’ +2a( )o(@)*V'(

x), v=u

/ d d _ /
= a(z)d(x)v(w)’ + 2 ( @) @)t =3u(@)t (@)
=a(x)d (z2)w(z)+ ga(:v)Qw’(ﬁ), w =03
By integrating the equation
() (e () + Safa)u(z) =0

we find _
w(z) = Ca(z) /2

v(z) = Ca(z)~/?
W (x) = Calx) V2.
Integrating the last equation from [ to z and using u(r) = R we obtain the solution

" :L+(R—L)/l o(t)" V2t

/lra(t)—l/zdt'

It is considerably harder to find an explicit solution in several variables.
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3.2 Some properties
It is often convenient to write
Apau(r) = Ly a(z, Vu(r), D*u(z)), 4<p<oco.

This defines a function
Lpa: QxR xS" =R,

For z € Q, £ € R” and X € S" we can now write

Loo,a(@,&,X) = (Va(A(2)€,€) +2XA(2)E, A(2)€)

and

sl 630 = (60T ({4l 0 3 5506+ mnce(a(a)))
ij=1 9Ti

+<Z);2>£OO7A<I7£JX)}7 4§p<00

A key property of the function £, 4 is the following.

Proposition 3.3. Let X,Y € §" be symmetric n x n matrices, £ € R", and x € Q. If
X>Y, then
L'ij(a:,f,X) 251),A(£757Y) fOT' Gll4§p§oo

Proof. We remind that the notation X > Y means
(Xn,m) = (Yn,n) forallnpeR"

If p = 0o we immediately find

Loo,a(2,6,X) = (Vo (A(2)6,€), A(2)¢) + 2(XA(2)E, A()€)
> (Vi (A(@)E,€), A(2)€) +2(Y A(2)€, A()€)
= £m7A(x,f,Y).

If 4 <p < oo we obtain by the above,

Loa(2,6,X) — Ly a(2,6,Y)
— (A(0)E,6) " {<A(a;)g,g> (trace(A(x)X) — trace(A(x)Y) )

M‘
i

(3.6)

Since (A(z)&,€) > 0 for all £ € R™, we only have to show that

trace(A(z)X) —trace(A(z)Y) > 0.
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Let A=QTDQ, where Q71 = QT, and D = (\;d;;). Here \; denotes the eigenvalues of
A and 4j; the Kronecker delta. We have

trace(A(x)X) — trace(A(z)Y)
= trace(A(X-Y))

(
= trace((QTDY3)(DV2Q(X~Y))), DV?=(\/%;)
= trace((Dl/QQ(X — Y))(QTDI/Q)), trace( B F) = trace(F'E)
= trace((D'?Q)(X = Y)(D'?Q)T), D'?=(D'/*)T
— trace(B(X — Y)BT), DY2Q = B= (b))

:Z<(X—Y)bj,bj>20, bj:(bjl,bjg,...,bjn),

where we used that X —Y > 0 in the last inequality. Inserting this into (3.6) we finally
conclude that

Lpa(2,6X) = L a(2,6,Y) > (A(x)€,6)' (trace(A(z)X) — trace(A(z)Y)) > 0.

]

Remark 3.4. We mention that the above result is the same as saying that —L, 4 is
degenerate elliptic. This is a common classification of second-order partial differential
equations.

We now restrict our attention to the function L 4. First we note an auxiliary esti-
mate.

Lemma 3.5. Let X € §" be a symmetric n xn matriz, £ € R, and x,y € Q. Then

(ValA0)E.), A)E) — (Vol AW)E. ), A)E )| < wlz — yllel?,

where
k=’ (K max ||agr||oc + H?).

Proof. Write € = (£1,&2,...,&,). We have
(Val A, €, A)E) ~ (ValAW)E.E), AW)E)

- 8ai~
Z_’j%l:_l (63:; (z)&& am(x)& — (y)&&jary (y)fz)
<y

i,J,k,1=1

8ai 7

aajk
8% _ aCLij

(z)ag () Ere (y)ar(y)

&€&

ﬁxk
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By the Lipschitz continuity we find

giz (w)ag (x) — giz (y)akl(y)‘
- ’(ZZJZJZ (@)= gil v )>akl(x)+<ak1($)—akz(y)) ?;;Z,Z (y)‘
< ZZZ (3:)—(36;]: () ‘akz ‘—F‘akl —akl(y)‘ ZZZ(y)‘

< le_yh%%nXHaquoo+H|$_y|1%%x||vaqr||m
= (K%%X\\aqr|\oo+H2)|$—y!-

Furthermore, by applying Young’s inequality twice on |£;¢]:

r£z|3 LGP el 2016l ey _ 6P | 1GP | lal
G5l = 3/2 3+3<2+2>_ 3 73 T3
ot T
. { J l n3 3
IR NC S e U >le 58)

We claim that
3/2

;\filgﬁ (Ef?)

To see this we first calculate

(Le) -Se+ g

j=1:=1
i#]

where P is a sum of nonnegative numbers, then we apply Young’s inequality such that

() - e+ 2 S lepiaf

=1 j=1li=1

17y
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Inserting this into (3.8) we now have

-

7:7j7k7 :1

s(n= 2% s
el <n®(Xe) =ndlel (39)
i=1
Continuing to estimate (3.7) we obtain

(Vo A@)E., A@)E) ~ (TalAWE), AW)E)|

" |0a;; da;
< Y |Gl @au) -5 Wauly) &6l
.= T Oz,
Z7J7kal_1 (310)
9 n
S(K%%X||aqr||m+H)|x—y| > l&gEl
’ 1,7,k,1=1
< (K max |age||oo + H) |z — ylI¢]*.
O]

From this Lemma we immediately obtain the following continuity property of L 4.

Corollary 3.6. Let XY € §" be symmetric n X n matrices. Then the estimate

;COQA(QT, ga X) - £OO,A(ya 57 Y)
< klz —y||€P +2{(XA(2)¢, A(z)€) — (YA(y)E, A(y)€)}

is valid for £ € R™ and z,y € Q).

Proof. By Lemma 3.5 we find

‘Coo,A(x7€ X)_ ooA(y 5 Y)

= (Vo {A()€.€) +2XA(2)E, A(2)€) — (Va (A(y)€.€) +2Y A(y)E, A(y)E)
= (Vo {A@)€,€), A(2)) — (Vo AW)E.€), AW)S)
+2{(XA()¢, A(2)8) — (YA)E, Aw)€)} (3.11)
< (ValA()6,6), A@)6) — (ValA(y)S, ), Ay)S)|
+2{(XA(x)¢, A(2)8) — (YA()E, A)€)}
< wlw—yllEP + 2 {(XA@)E, A(2)€) — (YA(y)E, A)€)}

We mention that one can obtain various estimates of

(XA(z)€, A(x)€) — (YA(y)E, A(y)S),

but we omit these since they will not be needed later in the text.
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4 The equation for finite p

We now study existence, uniqueness and other fundamental properties of solutions of the
Dirichlet problem
{ Apau=0 in§

u=yg¢g on 02,

for finite values of p. For the remaining part of the text we assume that
Q is a bounded domain in R", p>n, p>4.

In this section we also assume that
p < 00.

We remind that the equation reads
Ap.a u = div({A(@)Vu(z), Vu(@)) T A(z)Vu(z)) = 0.
Motivated by (3.5) we make the following definition.
Definition 4.1. We say that u € Wéf(ﬂ) is a weak solution of the equation Ay, 4 u =0
in €, if
/Q (A(x)Vu, V) 'T (A(2)Vu, Vi) de = 0 for all 5 € C°(9).
We have the following fundamental result.

Proposition 4.2. Suppose that uw € WIP(Q). Then u is a minimizer of the variational
integral

I(u) = /Q<A(x)Vu,Vu)p/2d:1:
if and only if u is a weak solution of the equation A, 4 u = 0.

Proof. In Section 3.1 we showed in the calculations from (3.3) to (3.5) that if u is a
minimizer, then u is also a weak solution.
Now suppose that u is a weak solution, and that v is admissible, both having the

same boundary values. By Lemma 2.31, the function & — (A(x)E&,€)P/? is convex, thus by
(2.11),

(A(2) Vv, Vo)P/? > (A(2)Vu, VayP’2 + p(A(x)Vu, Vu) 2 (A(2) Vi, V(0 — ).
Integration leads to
I(v) = / (A(x)Vv, Vo) 2dz
> / )V, V)P 2dz + p / 2)Vu, V) T (A(2) Vi, V(v — u)) dz

=1(u +p/ x)Vu, Vu) En <A($)Vu,V(v—u)>dx.
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Now let n = v —u. Since n belongs to Wol P(Q), it can be approximated by functions in
C§°(€2), which implies that the last integral vanishes. Hence

I(v) > I(u),
and we conclude that v is a minimizer. OJ

The term wvariational solutions is frequently used for weak solutions/minimizers.

4.1 Existence and uniqueness

The main result of this section is the following.

Theorem 4.3. Assume that g € C(1) NWLP(Q). Then there exists a unique weak solution
u € C(Q)NWIP(Q) of the equation A, 4 u=0 with boundary values g.

Proof. In view of Proposition 4.2 it is enough to show that there exists a unique minimizer.
We first show that the minimizer exists by using the Direct method in the calculus of
variations, see [5] for more details. Let

Ip= irvlfl(v),

where the infimum is taken over all v € WHP(Q) with boundary values g. Since g is
admissible we have

lo<1(g) = | (A(@)Vg, V)" du < | g2|VglPde = 572 Vgl = M < o0,
where we used (3.1). Moreover, since
I(v) Z/Q<A({L’)VU,VU>p/2dJI > /Qap/2|VU|pdx >0

for all admissible v, we have
igf[(v) =1p > 0.

Thus
0<Ip <M < o0,

so there is a sequence (u;) of admissible functions such that

lim I(uj) = ]0,

j—o0
and we may assume that I(u;) < Ip+1 for all j € N. Since
/QOép/2|VUj|pdl’ <I(uj)<Ip+1
we see that the sequence (Vu;) is uniformly bounded:

|V, < a2+ 1DYP = C) <00 forall jE€N.
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Furthermore, since u; —g € Wol P(Q) we find

wjllp < 1uj—gllp+1l9llp
< diam(2)||V (u; — 9)|lp +1l9llp
< diam(Q)([[Vu[lp +[1Vallp) +lgllp
< diam(Q)(C1+|Vyllp) +lgllp
=:Cy <oo forall jeN,

by Friedrichs’ inequality 2.21. This shows that the sequence (u;) is uniformly bounded.
Then by Proposition 2.10 there exists a subsequence (uj,) and a function u € WHP(Q)
such that

uj, ~u and Vu; — Vu weakly in LP().
Since u—g € Wol P(Q) and p > n we conclude by Morrey’s inequality 2.19 that u € C(Q)
with u|gn = g. By Proposition 2.32 we find

I(u) <liminf I(u;, ) = Io.

k—o00

On the other hand, since u is admissible we have that I(u) > Iy. Thus I(u) = Iy, and we
conclude that there exists a minimizer u € C(Q) NWHP((Q).

To establish uniqueness, we assume by contradiction that there are two minimizers u;
and uz. Then (uj +u2)/2 is admissible, and by the strict convexity in Lemma 2.31 we
have

Vui +Vus\ Vu; +Vus p/2
<A(x)( 2 ) 2 >

(4.1)
1 1
< §<A(Q;)Vu1,Vu1)p/2 + §<A(Q;)Vu2,Vuz)p/2 when Vuy # Vug.
This leads to the contradiction
o 1(5)
/ < (Vul +VuQ) Vui + Vus >p/2dx
= ’ 2
< 5 [ (A@)Vur, V) o+ / ) Vs, Vo) 2dx
1 1
= I(w),
unless Vup = Vug a.e. in . Thus we must have u; = us. ]

4.2 Comparison principle

The following two results will be useful. We begin with the Maximum principle, which
states that the difference of two weak solutions attains its maximum on the boundary.
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Lemma 4.4 (Maximum principle). Suppose that u,v € C(Q)NWLP(Q) are two weak
solutions of A, 4w =0 in 2. Then

mgx(u —v) = I%%X(u —).

Proof. Assume by contradiction that
¢ =max(u—v) > max(u—v) = d.
Q o0

Define the open set

2

Then G CC Q and u=v+ (c+d)/2 on IG. Furthermore, since v and v are weak solutions
we have

G:{xEQ:u(x)—v(x) > C+d}.

Ap7Au:O in G,

and

AP,A(U+ Cerd) :djv{<A(:c)V(v+C‘gd>7v(v+ ng>>%2A(gy)V<v+ c—gd)}
— div((A(@) Vv, Vo) T A@)Vo) = Ay av =0 in G.

Thus, u and v+ (¢+d)/2 are both weak solutions in G with the same boundary values.
Then by Theorem 4.3 we find

c+d
2

u=v+ in G.

This shows that the set G is empty, hence
c+d

< Q
u—v < 5 in €,
which leads to the contradiction
d
max(u—v) < C—g <C;c:max(u—v).

Thus we must have

Now we introduce weak supersolutions and weak subsolutions.

Definition 4.5. We say that u € WI})(‘:’(Q) is a weak supersolution of the equation A, 4 u =
0 in €, if
—2
/Q<A(x)Vu,Vu>pT<A(x)Vu,V77> dx >0,

for all nonnegative n € C§°(Q2). For weak subsolutions the inequality is reversed.
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A weak solution is clearly both a weak supersolution and a weak subsolution. Our
next result establishes a comparison principle when n < p < oco.

Proposition 4.6 (Comparison principle). If u is a weak subsolution and v is a weak
supersolution of Ap 4w =0, then u<wv a.e. in ).

Proof. By subtracting

/Q (A(2) Vo, Vo) 2 (A(2)Vo, Vi) da > 0

from

/Q (A(2)Vu, Va) T (A(2)Vu, Vi) de < 0,
and inserting the function
n=(u—v)t =max{u—v,0} € Wol’p(Q)
we find
/Q <(A(x)Vu, Vu>%A(x)Vu — <A(I)VU,VU>¥A(JJ)VU,V(U - v)+> dx <0.
Then by Proposition 2.29,

4<\/2a>p/9 V(u—o)tPde <0,

which implies that V(u—v)" =0 a.e. in Q, and consequently u < v a.e. in . ]
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5 Limit of solutions as p — o¢

In the previous section we established the existence and uniqueness of minimizers u, of
the variational integral

/Q<A(x)VU,VU>p/2dx.
These are weak solutions of the corresponding Euler-Lagrange equation
A, A up=0.
In this section we show that the uniform limit

lim w, =u
pj—00 Dj o0

exists for some subsequence p;, and that 1, minimizes the norm
1{AVD, Vo) 2|
in some sense. Two important questions arise: how is u related to the equation
As.av=0,

and is it unique, or does it depend on the particular choice of subsequence p;? It turns
out that we are not able to answer these questions using only variational techniques - we
have to introduce some new tools. We postpone these issues and turn to the task at hand.
Since the weak solution u, of

Apaup=0

belongs to the space WP (€2), we expect that the limit

Jim
belongs to W1°°(Q). In Theorem 2.25 we found that locally the Sobolev space W1>°(()
consists of Lipschitz continuous functions. Thus, we consider Lipschitz continuous bound-
ary values, and we begin by extending these to the whole domain. Let g : 02 — R be
Lipschitz continuous:

l9(y1) —9(y2)| < Llyr —y2l,  y1,y2 € 09,

and suppose that w : Q — R has boundary values g and is Lipschitz continuous with the
same constant: B

By some manipulations it follows that

fé%?%(g(y) —Llz—y|) <w(z) < yrg%g(g(y) + Lz —yl).

These two bounds are themselves Lipschitz continuous extensions of g as a function of
x with constant L. Extending g by for instance the upper bound, we have that g €
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C(Q)NWh*(Q), where we use the same notation for the extension. Furthermore by
Rademacher’s theorem 2.26, ¢ is differentiable a.e. in ), thus

IVglloo,0 < L.
We remind that () is a bounded domain in R"™ and that p > n.

Theorem 5.1. Let g € C(Q)NWL(Q) be Lipschitz continuous. Then there exists a
function us € C(Q)NWH(Q) with boundary values g having the following minimizing
property in each subdomain D C Q: if v € C(D)NW1°(D) is such that v =us on 0D,
then

1{AV g, Vo) 2|00 < [[{AVY, V02| |0 .

The function us, can be obtained as the uniform limit

lim wu,, =u in €
pj—oo P o0 ’

where uy, is the weak solution of the equation
Apij up; =0
with up, |laq = g.

Proof. First we prove existence. We aim at using Ascoli’s theorem 2.2. From Theorem
4.3 we know that there exists a unique minimizer u, € C'(Q) NW1P(Q) with boundary
values g. Since u, is a minimizer and g is Lipschitz continuous with constant L we have

/Qap/Q\Vup]pdxS/Q<AVup,Vup>p/2dx
< p/2
_/Q<AVg,Vg> dz

< p/2 p
_/Qﬁ |VglPdx
< BPPLPu(Q),

where p is n-dimensional Lebesgue measure. Thus

g
V]l < ﬁmmw. (5.1
Furthermore, since u, —g € Wol P(Q) and p > n we have by Morrey’s inequality 2.19,

lup(@) —up(y)] < lg(x) — g(m)] + | (up(@) — g(2)) — (up(y) — 9(¥))]
< Llz —vy| +Cp|x—y|1_n/p||v(up—9)||p
< Ll —y|+ Cplz — y" "2 (|[Vup| |, + [V gl[p)

< L|z —y] +Op<\/§LM(Q)1/p+LM(Q)1/p> E _y|1—n/p’
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where C), is such that C}, — 2"+l as p — co. By Friedrichs’ inequality 2.21 and the above
we obtain
upllp < [|up —gllp +1l9llp
< diam(Q)[|V (up — g)|[p + 9]l
< diam(Q) ([ Vup|lp +[[Vallp) +lgllp

< dinn() ({22107 + L)) gl

Thus, the sequence (uy) is equicontinuous and equibounded for p > n. Then by Ascoli’s

theorem there is a subsequence (uy;) and a function us € C(Q) satisfying uc|aq = g,
such that

im u,. =u uniformly in Q.
Dj—>00 Dj o0 y

Now we show that us, € W12°(Q). Let p; > s >n. Proposition 2.4 and (5.1) yields

. 1/s ‘ 1/p; B
(£ 1Vup,lrdz) < (f 1V, o) s\faL, (5.2)

so the sequence (Vuy,) is uniformly bounded:

sup ||V, ||s < \/ELIU(Q)l/S.
Dj Q
By Proposition 2.10 we conclude that
Vuy, — Vs, weakly in L(Q),

for some subsequence, still denoted by the index p;. By a diagonalization procedure we
can extract a single subsequence such that

Vuy, — Vus  weakly in L°(Q) for all s € (n,00).
Furthermore, the weak lower semicontinuity

[Vttos||s < L inf ||V, ||,

combined with (5.2) yields

1/s 6
<][ |Vuoo|5dx) <1/—L.
Q o

Since s was arbitrarily large, letting s — oo we obtain

Voo ||oo < \/EL, (5.3)

thus us, € W1°(Q). This concludes the existence.
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Now we show the minimizing property. Let D C {2 and let v,; be the weak solution of
Apj,A Up, =0 in D

with vy, = e on dD. Then vy, is minimizing:
/D(A(a:)vaj,vaj)pj/de < /D<A($)VU,V"U>pj/2dSB, (5.4)

where v € C(D)NW1(D) is such that v = us on dD. Now we show that Up; — Uoo
uniformly in D. Notice that

||Upj — U |00, D < vaj _uijoo,D + ||Upj — Uoo] |00, D

and recall that up;, — us uniformly in D. Since vp; and uy; are weak solutions in D we
find for the first term on the right-hand side that

mgx(vpj —up;) = HalaDX(Upj —Up;) = Hal%x(uoo —tp;) < luce —up;l| 5 1

by the Maximum principle 4.4. Doing the same for up, —v,, we obtain

mgxij _upj| < uso _Uijoo,ba

and we conclude that vp, — oo uniformly in D. Let pj > s >n. By Proposition 2.4 and
(5.4) we have

1/s 1/s
5/2 s 5/2
(ﬁ)a/ [V, | da:) < ][D<A(x)vaj,vaj> / dm)

‘ 1/p;
< (][D(A(:E)vaj,vaj)pJ/zdx>
1/p;
(]g(A(x)VU,VU)pj/de>
< [{AV0, Vo) 2 oo, p,

hence the sequence (vaj) is uniformly bounded. By Proposition 2.10 there is a subse-
quence such that Vv, — Vue, weakly in L*($2), and we can extract a single subsequence
so that Vv, — Vue weakly in L(Q2) for all s € (n,00). By Proposition 2.32 we find

/2 1/s o /o 1/s
( £ (A@) Vo, Vioc)? da:) < 1;?3&;( £ (A@) V0, F03,)° daz)

< |[(AVv, Vo) /2| . p,
and the conclusion

1{AV oo, Vo) V2|0, p < [[{AVV, VO)?|o6 p

follows by letting s — oc. O
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6 Viscosity solutions

To motivate the following concept we begin with a result by Aronsson on the infinity-
Laplace equation

" Ou Ou  O%u
Aoou N ijzzl 895, 87510]8:)31@1’] N 07

which in our setting corresponds to the situation
1
A:(aij>:(6ij/2):§-[7 Aoo,%[“:AOOw

where d;; is the Kronecker delta and [ is the identity matrix.

Second derivatives are present in the equation, thus a reasonable candidate for a class
of solutions is C2. However, Aronsson showed in [2] that for u € C?(§2) satisfying Asou =0
in Q, either Vu # 0 or u is constant in 2. Hence, one can not have smoothness at the
critical points. This leads to the problem that the second derivatives do not always
exist when they are needed. Furthermore, it seems to be impossible to derive a weak
formulation involving only the first derivatives. To see this, multiply the equation with a
test function 1 and integrate.

We mention that one can establish uniqueness of classical solutions of the infinity-
Laplace equation without critical points. In the general case a construction by Jensen
[12] is needed, where auxiliary equations are introduced to avoid the critical points. The
absence of second derivatives requires a "doubling of variables” argument. In this proce-
dure viscosity solutions is the appropriate setting. For the equation

Ao At = <V;C<A(x)Vu, Vu) 4 2(D*u) A(x)Vu, A(m)Vu>

oy (G dudu, Oy, On P O
_i,j,k:,lzl 8l’k 895, &’Ej klf)xl Zkaxk 31’13:}83 ﬂ@l’l ‘

we shall follow this procedure.
We refer to [18] for a thorough discussion of the above.

Definition 6.1. Let n < p < oo. We say that u € C(£2) is a viscosity supersolution of the
equation Ay, 4 u=01in €, if

Ap.a ¢(x0) <0
whenever g € Q and ¢ € C?(Q) are such that ¢(zq) = u(xg) and ¢(z) < u(z) for x €

Q\ {xo}, that is, ¢ touches u from below at x(.
We say that v € C(Q) is a viscosity subsolution of the equation A, 4 v =0 in €, if

Ap a4 Y(z0) >0

whenever zg € Q and ¢ € C?(Q2) are such that (xg) = v(z) and ¥ (z) > v(z) for = €
O\ {zo}, that is, ¢ touches v from above at zg.

We call w € C(§2) a viscosity solution of the equation Ay, 4 w =0 in €, if it is both a
viscosity supersolution and a viscosity subsolution.



42 6 VISCOSITY SOLUTIONS

Instead of the condition that ¢ touches u from below at zg, we note that an equivalent
definition for viscosity supersolutions is to require that u — ¢ has a strict minimum at
xg. Similary for viscosity subsolutions, we can replace the touching from above condition
by requiring that v —1 has a strict maximum at xg. We also note that for each point
in €, there is a corresponding family of test functions satisfying the requirements in the
definition above. This family may be empty, and in that case there is no requirement.

Let us verify that for a function in C?(Q), the concepts of classical solutions and
viscosity solutions agree.

Proposition 6.2. Letn < p<oo. A functionu € C*(Q) is a viscosity solution of Apau=
0 if and only if A, 4 u(z) =0 holds pointwise in ).

Proof. We show this for subsolutions. The proof in the case of supersolutions is similar.
We remind that for a classical subsolution u € C2(1),

Apau(x) >0 forall z €.
First assume that u € C?(f) is a viscosity subsolution. Consider the function
V() = ulz) + | — ol
where xg € Q. Then ¢ € C?(Q) satisfies
U(xo) =ulwo), Y(x)>u(x) when z # o,
so 1) is a test function as in the definition, thus
0 <Apav(xg) =20 au(xo).

Now suppose that u € C2(€) is a classical subsolution. Let 1) € C?(Q) be such that u— 1)
has a strict maximum at some point xg. Then

Vi(xg) = Vu(zg),
D21/)(ZL‘0) > D2u(x0)
by the infinitesimal calculus. Using the alternative notation
Ap a1h(x0) = Ly a(zo, Vio(zo), D*b(x0)),
Ap 4 u(wo) = Ly a0, Vu(zo), D*u(z0))
we find by Proposition 3.3,
Ap a1p(x0) = Ly a(zo, Vi (o), D*)(x0))
= L;4(0, Vu(xo), D*¢ (o))

> Ly, a(z0, Vu(zo), D?u(z))
= Ap,A U(Z'O) >0,

which shows that u is a viscosity subsolution. O



6.1 EQUIVALENT DEFINITION 43

Now we show that weak solutions are viscosity solutions.

Lemma 6.3. Let n <p <oo. Ifu is a weak solution of Ap 4 u =0, then u is also a
viscosity solution.

Proof. We show the result for supersolutions. Let u be a weak supersolution and assume
by contradiction that u is not a viscosity supersolution. Then at some point zg € 2 there
is a ¢ € () touching u from below at ¢ such that

Apa o(zo) > 0.

By continuity, there is some 0 > 0 so that A, 4 ¢(x) > 0 when |z — x| < 2§. Thus, ¢ is a
classical subsolution in the ball B(x¢,20). Now define the function

¢(x)=¢(a:)+1 min_(u— ¢).

2 0B (x0,0)
Observe that 1 < u on 0B(z,0) and ¥ (xg) > u(xg). Consider the open set
Ds = {¢ > u}ﬂB(xo,é),

and note that ¢y =u on dDgs. Since u is a weak supersolution and 1) is a weak subsolution
in Dgs, we have by continuity and the Comparison principle 4.6 that 1) < u everywhere in
Ds. This leads to the contradiction ¥ (z¢) < u(xg) < ¥ (zg), which concludes the proof. [

6.1 Equivalent definition

An equivalent definition of viscosity solutions can be formulated in terms of jets.

Definition 6.4. Let u: Q — R. We define the superjet J> u(x) at the point = € Q as
the set of all (£,X) € R" x S™ satisfying

1
u(y) Sul@) +{&y—n)+ 5 (Xy—2).y—2)+o(ly—al") asQ3y—u
We define the subjet J?~u(z) at the point €  as the set of all (£,X) € R™ x S™ satisfying
1
u(y) > u(@) + {6y —2)+ 5 Xy —a).y—2) +o(ly—=*) asQ3y—a.

We mention that if
T2 u(z)nJ? " u(z) #0,
then Vu(z) and D?u(z) exist and
JETu(z) N J? " u(x) = {(Vu(z), D*u(z))}.

The following shows that even if the jet is empty at a given point, there are always
nearby points at which the jet is nonempty.
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Proposition 6.5. If u € C(2) and x € Q, there are points xy, € Q such that
xp = ask—oo, J*Vu(xy)#0 when k€N,

The same holds true for subjets.

Proof. Fix x € Q and set r > 0 such that B(z,r) CC (2, where B(z,r) denotes the open ball
centered at x with radius r. Let k € N. Since u is continuous there is a point x € B(x,r)
such that

max_(u(y) —kly —z|*) = u(wy) — |z — z|*.
yEB(z,r)

By setting y = = in the inequality

u(y) — kly — o> < ulay) — klay — 2l for all y € Blw,n).

we obtain .

ok —af? < o (u(a) — u(e).
Thus

Tp— T as k— oo.
Furthermore
u(y) < u(zy) +k(ly— 2 — |z, — 2)?)
1
= u(xy) + k(2 — ),y — o) + §<2k31(y — ), Y — Th),

hence

(2k(xy, — x),2k1) € J*Tu(xy,)
for all £ € N. O]

Definition 6.6. The closure of the superjet J>Fu(x) is the set of all (§,X) € R" x S™
such that there exists a sequence

(@, wlzr), 6y Xie) = (z,u(2),§,X)  as k — oo,
where (&, Xy) € J2Tu(xy,). The closure of the subjet J2~u(x) is defined in a similar way.
We remind that
Looa(%,6,X) = (Vo (A(2)€,6) + 2XA(x), A(2)€)

and

Ly.a(@,6%) = (A€, T {(Ala (z_ (#)6; + trace(A(2)%)

-2
(P )ema@e X)), 4<p<os,

where x € ), £ € R” and X € S".
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Proposition 6.7. Let n <p < oo. Foru € C(Q) the following are equivalent:
i) u is a viscosity subsolution.
i) If v € Q and (&,X) € J>Tu(z), then L, a(z,£,X) > 0.
iii) If v € Q and (£,X) € J2Fu(z), then Ly a(7,€,X) > 0.

The same holds true for viscosity supersolutions, where J>Tu(x) is replaced by J* u(x)
and the inequalites are reversed.

We refer to Proposition 2.6 in [14] for a proof. Now we state two results which will be
play a key role in "doubling of variables” arguments in Section 8 and 9.

Lemma 6.8. Let u,v € C(Q) and suppose that there exists a point (x;,y;) € Qx Q for
which the supremum

M= sup(u(w) = oy) - Lo —yf?)
(z,y)EQ X

1s attained. Then

i) limj_ye0 jlzj —y;]* = 0.

as j — 00.

Proof. Suppose that

Since

Z]xj —y,|* for all (v,y) €2xQ,

() = o(y) ~ 2Je —yl? < () ~v(y;) ~ 2

we find by setting x =y = y; that

[\]

|z —y;]* < 5 (uley) —u(y)).

The right-hand side has limit equal to zero as j — oo, thus & = ¢. Now we find

lim (u(z)) —u(y;)) = u(®) —u(f) =0,

j—o0
hence
. N2
Jim jlaj —y;|" =0.
This shows i), and i) follows directly. O

The main result is a special case of what is often refered to as Ishii’s lemma or the
Theorem of sums.
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Theorem 6.9 (Ishii’s lemma). Let u,v € C(Q2) and suppose that there exists an interior
point (xj,y;) € QxQ for which the mazimum

VR
(x;)lggxﬂ(U(x) o(y) - o= yl?)

is attained. Then there exist symmetric matrices X;,Y; € S™ such that

(J(zj —y;),X5) € T2 Fu(zy),

(x5 — ), Y5) € T2~ (y)),

(1 0 X; 0 1 -1
el Bl
We refer to the standard text on viscosity solutions [4] for a proof of Ishii’s lemma. In
particular we have from (6.1) that

sca-omn={(5 3)0).)
(O

=3¢ —nl?,
for all {,n € R", so by choosing { =7 we find that X; <Y;.

The proofs of Proposition 6.2 and Lemma 6.3 are based on Section 4 in [18], and the
proof of Proposition 6.5 is based on Proposition 2.5 in [14].

and
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7 Auxiliary equations

The uniqueness of viscosity solutions of the equation Ay, 4 © = 0 follows from a comparison
principle originally due to Jensen [12], who proved it for the infinity-Laplace equation.
Juutinen [13] later established the result for more general problems. The idea is to
introduce two auxiliary equations with parameter € > 0:

max {5 —(A(z)VuT, Vu)/2, Ao, A u+} =0  Upper equation
Asau=0 Equation
min{(A(x)Vu*,Vuﬂl/Q —€, A A u*} =0  Lower equation.

The comparison principle states that the functions are ordered: v~ <u < u™ when they
have the same boundary values, where u™ is a viscosity supersolution of the Upper equa-
tion and u~ is a viscosity subsolution of the Lower equation. This is the content of
Section 8. The virtue of the result comes from the fact that the difference u™ —u~ can
be made arbitrarily small, which we show in this section. Furthermore, we show that
the constructed limit us of weak solutions up, of Aj. 4 up; =0 is a viscosity solution of
Aso, A Uso = 0.

7.1 Variational problem

We shall see that the functions u™,u~ can be constructed as uniform limits

u;,r—>u+, u, > u- in Q,

+ . u; are minimizers of the variational integrals

where u;", u,

2
J+(u;) :/Q (p(A(a:)Vu;,Vu;)p/z—ep_lu;)dx,

J (u, ) = /Q (]i(A(x)Vug,Vu;)p/z —i—ap_lu;)dx.

Now the Euler-Lagrange equations are
Apary == Ap gy =+
which in weak form reads
+ v, )5 - _ . .p1
/Q<A(x)Vup ,Vug ) 2 (A(x)Vuy, , Vi) de = +&P /Qndx,

o 2 _ .
/Q<A(x)Vup,Vup) 7 (A(x)Vu, , V) dx = —P /Qndx,

for all test functions n € C5°(€2). As before we define functions that belong to I/VI})S(Q)
and satisfy this for all test functions to be weak solutions of the Euler-Lagrange equations.
By an argument similar to the one in the proof of Proposition 4.2, we once more find that
weak solutions and minimizers are equivalent. We begin with a familiar procedure.
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Lemma 7.1. Let n < p < oo and assume that g € C(Q) NWYP(Q). Then there evist
unique weak solutions u,w € C(Q)NWLP(Q) of the equations

Apau= —eP1, Apqw= 4eP1
with u|pn = wlan = g.

Proof. The proofs are similar for both equations, and we only show the existence of a
unique minimizer of the variational integral

J+(’U):/Q<]23<A(ZL‘)VU,VU>p/2—Ep_l"U)d[L'.

As before we use the Direct method in the calculus of variations. Let
+ et
Jo =infJ (v),

where the infimum is taken over all v € W?(Q) with boundary values g € C(€2). Since g
is admissible we have

Jo < J7(9)
— [, Cla)va.vgr - rig)as

2
< “ p/2 p_ p-1 )
_/Q(pﬁ [VglP =g ) du,

thus 9
Jt <43p/2/ Val|Pd p—l/ dr =: M < o,
‘ 0’_ Q’ 9‘ T+e Q’9| £z

so there is a sequence (uj) of admissible functions such that

: i) — 7+
jll{goj (u]) J07

and we can assume that JT(u;) < Ji” +1 for all j € N. Now we show that the sequences
(uj) and (Vu;) are uniformly bounded. Since

2 2
/Q (pap/2|VUj|p—6p_1Uj)dx < /Q (p(A(x)VUj,VUj>p/2—ep_1Uj>dx
= J+(uj) < JJ-FL

it follows that
[ 1vusirds < gapﬂ{ug #1420 | dm}. (7.1)



7.1 VARIATIONAL PROBLEM 49

Let A > 0. For the last term on the right-hand side we have the estimate

1d </x1 —gl\d / d
[ huildz < [ 37y —glade+ [ lgldo
-p

<)\/|u-— |pdx+& (Q)+/| |dx
=70 Ja j—3g qﬂ Qg

AP A
< pdiam(Q)p/Q |V, —Vg!pderqu(Q)Jr/Q |g|dx

AP
§2p1diam(Q)p{/ |VUj]pdx+/ |Vg|pdx}
p Q Q
A Q d
+n@)+ [ lolde,

where 1/p+1/q=1. We used Young’s inequality and Friedrichs’ inequality 2.21. If we
insert this into (7.1) we find

/Q|Vuj'|pdac gap/2sp12p2)\pdiam(Q)p{/Q|VuJ~|pdx+/Q]Vg|pdac}
7.2)
A (
+ga—P/2{(J0++1) +ep‘1qu(9)+sp‘1/Q |9|d$}-

By setting A such that

1
o P2ePm1P2 N\ "Pdiam (Q)P = 3

we obtain
1 1 P _p/2 A -1
5/9 IV |Pde < §/Q|Vg|pdx+§oz v/ {(J0++1>+gp () +e7 /Q|g|dx},
hence
e
/§2|VUj|pdxS/Q|Vg|pdx+poc_p/2{(<]8'+1)—i—ap_lq,u(Q)—Fep_l/Q\gwx} =: N1 < o0.
Since this holds for all j we conclude that

1
sup || V||, < Nl/p < 00,
J

which shows that the sequence (Vu;) is uniformly bounded. It remains to show that (u;)
is uniformly bounded. By the above we find

|willp < g —gllp+lgllp
< diam()[|V (u; — 9)||p + 119l
< diam(Q) ([ |V |p +[[Vllp) +lgllp
. 1
< diam(Q) (N +1|Vgllp) + |9l
=: Ny < oo forall 5,
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where we once more used Friedrichs’ inequality 2.21. It follows that the sequence (u;) is
uniformly bounded:

sup [[u||, < Na < o0.
J

Then by Proposition 2.10 there is a subsequence (u;,) and a function u € W1P(Q2) such
that
uj, —~u, Vuj, — Vu weakly in LP(Q).

Since u—g € Wol’p(Q) and p > n we have by Morrey’s inequality 2.19 that u € C(Q). By
the weak lower semicontinuity of the integral in Proposition 2.32,

/Q<A(x)Vu, Vu)p/de < likrgio_‘%f Q<A($)VUjk,Vujk>p/2dx.

Furthermore, since the domain €2 is bounded, the constant function 1 belongs to L%(£2).
Thus by (2.3) we find

/Qu-lda::hm uj, -1 du.

k—00.JQ
From this we obtain

Tt () = /Q (i(A(m)Vu,Vu)p/2—5p1u> dr
2
I /2., p—17; .
/Q AV, Vay iz = lim [ wj,da

2
<liminf [ Z(A(2)Vuj,, Vuj, )P 2de — 1 lim | wj, de

k—oco JQDP k—00JQ
. 2 2 -
zllkﬂilorolf Q(p(A(m)Vujk,Vujk>p/ —gP 1ujk>dx

= liklggffr(uj‘k) =Jy.

On the other hand we also have J*(u) > J since u is admissible. Thus J*(u) = J, and
we conclude that there exists a minimizer u € C(Q)NWLP(Q).

To establish uniqueness we proceed as in the proof of Theorem 4.3. Assume by con-
tradiction that there are two minimizers u; and ug. Then (uj 4+ u2)/2 is admissible. By
the strict convexity in Lemma 2.31 we have

Vui+Vus\ Vuy + Vug\P/2
<AI)( 2 ) 2 >

—~

1 1
< §<A(Z‘)VU1,VU1>p/2+ §<A(:U)Vu2,Vu2)p/2 when Vuy # Vus.
Hence
+ 4+ (U1t u2
Jrw)<J ( 2 )
p/2
:/ {2<A(x)<VU1+VUQ)’VU1+VU2> —gpl(u1+u2>}dx
olp 2 2 2
21 1 epml - gpl
</Q{p(<A(x)Vu1,Vu1>p/2+2<A(x)Vu2,VuQ>p/2>—2u1—2u2}dx
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To avoid the contradiction we must have Vu; = Vug a.e. in 2. Thus u; = ug, and we
conclude that the minimizer is unique. O]

By an argument as in Lemma 6.3 we find that weak solutions of the Euler-Lagrange
equations
Apau= —eP 1, Apgw= teP 1

also are viscosity solutions.

Lemma 7.2. Let n <p<oo. If u is a weak solution of Ap 4 u= —eP~L then u is also a
viscosity solution, meaning that

Apa ¢(xg) < —eP~?

holds for a function ¢ € C%(Q) touching u from below at xo, and that

Apah(wg) > —eP!

holds for a function 1 € C?(Q) touching u from above at xg. The same holds true for
Apaw= +eP~ with —eP~1 replaced by +eP~1 in the above.

7.2 Limit procedure

Now we show that the limit of the weak solutions constructed in Lemma 7.1 exists.

Lemma 7.3. Assume that g € C(Q)NWH*(Q) is Lipschitz continuous. Then there exist
functions u™u™ € C(Q)NWHX(Q) with u™|gq = u™|aq = g, which are the uniform limits

+ — .
pjlgnooupj u’, hm 1 Wy, =u i Q,

where up; and wy; are weak solutions of the equations

_ _pj—1 _ D
Apj,Aupj— ebi— AphAij——l—eJ

-1
with Up; loa = ij|g)Q =g.
Proof. We only show the existence of the uniform limit

lim Up; =y,
pj—00

Let u, € C(Q)NW1P(Q) be the unique minimizer of the variational integral

I (up) = /Q (i(A(x)Vup,Vup>p/2—€p_1up)dx.

As before we aim at using Ascoli’s theorem 2.2. First we show that the sequence (u,) is
equibounded. Since u, is minimizing and g is admissible we have

2 2
/Q(pap/2|vup|p—gp ! )das</< (A(2)Vy, Viuy)P/? — P! )dx
</( z)Vg, Vg)p/2 eP1 )dx

< < 3p/2 p_ p-1 > ‘
< [,Coriwgr—artg)as
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By rearranging we find

/Q]Vup\pdx§cfp/%’p/z/g\Vg]pd:l:+§a_p/2€p_l/Q(up—g)dx. (7.3)

Let A > 0. For the last term on the right-hand side the estimate

’/Q(up—g)da:

< [ MNu,—qglX"1d
—/Q |up 9’ xz

AP A4
== — g|Pda+ Z— (02
=gl + == ()

A4
< 2 diam(Q)? / IV, — VglPdz+ 2 p(Q)
p q

AP A
<124 P{/ Pq / pd} A0
<2 Laamiyr [ Vi + [ [Vorarh+ 20

follows. We used Young’s inequality and Friedrichs’ inequality 2.21. By inserting this into
(7.3) we obtain

)\—q

1
29
qu()

+ap/25p12p2Apdiam(Q)p{ /Q Vaup|Pd + /Q |Vg|pda:}.

/Q [Vup|Pde < Oé_p/Zﬁp/Q/Q VglPdz + goz—p/zsp_

If we set A\ such that .
a~P/2eP=19P=2 \Pdiam (Q)P = 5

and divide by the measure ;(€2) we find

st (2 g ) wabass (V)5

§2ma’<{(<a> Fg v () 5 ( >}

=:2m.

If

_ 6)“2 YL Ival
m-((a +2 ]é]Vg| dx
1/p p/2 1/p 1/p
(o) <22+ 1) o).
thUPHVUpHp \/7Hv9||oo_\/7 :
On the other hand, if

= S - (B

then

and we find
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then 1
1 P diam(Q)\ 1/(»—1) €
(2]§2|Vup|pdx> szl/p(ﬁ( >) <p—1>1/p(ﬁ),

limsup || V||, <
P—00

thus

.

Vo

We see that the norm is bounded in both cases, and we denote the bound by M:

limsup || V||, < M < . (7.4)
p—0o0

By Friedrichs’ inequality we find

upllp < Nup —gllp+1lgllp
< diam(Q)||V (up — 9)|lp + 9]l
< diam(Q) (|[Vupllp + 11V allp) +19llp,

hence
limsup ||up|], < diam(Q)(M + L) + ||g]] oo,
p—>OO

which shows that the sequence (uy) is equibounded for p > n. By Morrey’s inequality 2.19
and the Lipschitz continuity of g we have

up(z) —up(y)| < [(up(x) — g(x)) — (up(y) — g(¥)) +[9(x) — g(v)]
< Cylz—y" 7|V (up — 9)lp+ LIz — |
< Cplz —y|*Pdiam(Q) (|| Vup| |, + ||V gllp) + LIz —y).

Since C, — 2"+ as p — 0o we obtain

limsup |up () — up(y)| < 2" diam(Q) (M + L) |z —y| + L|z —y|.
P—>00

Thus, the sequence is equicontinuous for p > n. Then by Ascoli’s theorem 2.2 there is a
subsequence and a function ut € C(Q) with u™|sq = g, such that

lim w,, = uw"  uniformly in Q.
pj—o0 I

Now we show that u™ € W1°(Q). Let p; > s >n. By Proposition 2.4 and (7.4) we have

. 1/s _ 1/p;
< ]g V| d:v) < ( ]é IV, |pﬂd:v> < (7.5)
so the sequence (Vuy,) is uniformly bounded, and by Proposition 2.10 we conclude that
Vup, — Vut  weakly in L*(1),

for some subsequence. By a diagonalization procedure, we can extract a single subse-
quence such that

Vup, — Vu'  weakly in L*(Q) for all s € (n,00).
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By weak lower semicontinuity and (7.5) we find

1/s 1/s
(][ |Vu+|5dx> < llmlnf <][ [V, |5dx) < M.
Q

Since s was arbitrary large, letting s — co we obtain
IVu' o < M,

and we conclude that u™ € WhH*(Q). O

Now we show that the difference between the functions constructed in the previous
lemma can be made arbitrarily small.

Lemma 7.4. Let u™ and u™ be the constructed functions in Lemma 7.3. Then
lu —u” |0 < Ct,

where the constant C' depends on o and €.

Proof. Let g € C(Q) NWH>(Q) be Lipschitz continuous. Suppose that u; ,u, are the
unique weak solutions of

+__ p-1 - 1
ApyAup——ep , Ap,Aup——l—&tp ,

both with boundary values g. By the previous Lemma we have

lim uy =u", lim w, =u~ uniformly in Q
p—00 p—00

for some subsequence, still denoted by the index p, where u™|sq = u™|9q = g. By sub-
tracting the weak formulation

[ (A5 Vu7) 5 AV V) de =~ [

from

[ (1) 9 A@) Vi V) da = 4257 [ e

and by setting n =u,} —u, € Wol’p(Q), we obtain

2€p_1/§2(u;—u1;)d:r

:/Q<(A(x)Vu;,Vu;>%A(I)Vu;—(A( )Vu Vu, ) 5QA( )Vu Vu Vu;>dx

VP -
24<2> /Q|Vu;—Vup |Pdz,

where we used the inequality in Proposition 2.29. Rearranging and raising to the 1/p

power yields
_ 2 /1 _ 1/p
I =Vl < = (52 o )
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thus
2¢e

N

lim (V) = Vu, ||, <
By Friedrichs’ inequality 2.21 we find
[l = w7 oo < [l =y [loo + |y — 1y [loo +[luy = [0
<lu =l |oo —i—diam(Q)pli_)nolo||Vu;,r —Vu, ||
+ |y, —u [[oo-
The bound above and the uniform convergence implies that

2e

Ja

[u™ =1 || < —=diam().

7.3 Viscosity solutions

It remains to show that the constructed functions u™,us and u~ satisfies the Upper
equation, the Equation, and the Lower equation, respectively in the viscosity sense. The
proof relies on the following result!?.

Lemma 7.5. Let uj,u € C(Q) and suppose that wj — u uniformly in Q. Assume that
¢ € C2() is such that ¢(x¢) = u(wg) for some xo € Q, and that ¢(x) < u(z) otherwise in
Q). Then there are points xj € Q such that

for some subsequence.

Proof. Since uj — ¢ = (u—¢) + (u; —u) and uj — u,

1
| o1 )
ot J(wi—9)=5, inf (u=9)>0,

for sufficiently large j, where B(zg,r) is a ball centered at xg with small radius r > 0.
Notice that u;(zg) — ¢(zo) approaches zero, so by the above we have

Q\é?gfo,r)(uj —¢) > uj(zo) — ¢(20)

when j > j,. This implies that there is a z; € B(xg,r) such that
min(u; — 6) = uy(z)) — o).

when 5 > j,. Finally, via some subsequence we can let r — 0. O

10The proof is taken from Lemma 11 in [18].
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Theorem 7.6. Let us and u™,u™ be the constructed functions in Theorem 5.1 and
Lemma 7.3, respectively. Then

i) um is a viscosity supersolution of the Upper equation
max{g — (A(z)Vut, Vu)/2, Aso A u*} =0,
meaning that
e — (A(z0)V(x0), Vo (z0))* <0, A s d(z0) <0
holds for a function ¢ € C%(Q) touching u™ from below at x(.
i) uso @S a viscosity solution of the Equation

Aso. A Uso = 0.

1) u” is a viscosity subsolution of the Lower equation
min{(A(x)Vu_,Vu_>1/2 —€, Ao, A u_} =0,
meaning that
(A(w0) Vi 0), Vi (w0)) 2 = 2 0, Ao 4 () 2 0
holds for a function 1) € C%(Q) touching u~ from above at x.

Proof. The proofs are similar, and we only show ). Let ul‘f be the weak solution of
Ap714 u;' =gl

By Lemma 7.2, u; is also a viscosity solution, and by Lemma 7.3,

+_ .+

lim v =u" uniformly in Q

p—oo P
for some subsequence, which we still denote by the index p. Now suppose that ¢ € C?(1)
touches ut from below at some point zg € . Then by Lemma 7.5 there is a sequence
xr — xo and a subsequence so that u;k — ¢ attains its minimum at xj. Since u} is a

Pk
viscosity supersolution, this is equivalent to

Apga d(zg) <~

Written out this becomes

pr.—4

(o) V(o). Vo) T { (@) Vo(or), Vo) div(Alor) V(o)

" <pk2_2>A007A ¢($k)} < —ePrl,

If € # 0 then
(A(zk)Vo(ar), Volar)) # 0,
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so we can divide to obtain

div(A(zg)Vo(zk))

2{A(zk)Vo(xk), V() o —2

+ Aoo,a O(zk)

2¢3 € Pe—d
Cpp—2 (<A($k)v¢(xk)7v¢<xk)>l/2> '

By continuity the left-hand side approaches A, 4 ¢(z0) as py — oco. If

(A(0) Vo (o), V(0))/* <,
we get the contradiction
AOO,A ¢(x0) = _OO,

thus
(A(z0)V(xo), Vo (z0)) /% > €.

This implies that the right-hand side of the above expression approaches zero, so we have
Aoo,A qb(l‘o) S 0.

If e=0 and
(A(z0)V(z0), Vo(z0)) =0

there is nothing to prove. If ¢ =0 and

(A(z0)Vo(20), V(20)) # 0

we find

div(A(z)Vo(xp) )
Pr—2

for large indices k, and as pi — oo we once more have the inequality

2(A(2x)Vo(rr), Vo(r)) +Aso,n Par) <0

Aso, 4 ¢(x0) < 0.
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8 Comparison principle

As before we let u™ and u™ be the constructed supersolution of the Upper equation and
subsolution of the Lower equation, respectively.
We begin with the comparison principle for viscosity subsolutions!!.

Lemma 8.1. If u is a viscosity subsolution of the equation Aog 4 u=0 and ifu<ut =g
on 0N, then u <u™ in Q.

Proof. By adding the same constant to u™ and g, we may assume that «™ >0 and g > 0.
Assume by contradiction that

max(u—u") > max(u—u').
Q o0

We shall construct a strict supersolution w = f(u™) of the Upper equation such that
max(u—w) > max(u—w),
() > ()
and
A aw<—p<0

in the viscosity sense. This will lead to a contradiction.
To approximate the identity we use the function

f(t)=In(1+ B(e' - 1)),
where B > 1 and ¢t > 0. Notice that
0< f(t)—t<B-1
0<fl(t)-1<B-1
()= —(B-1)B e ! /(1)

Now set w = f(u™). A formal calculation shows that

ow . L O0ut
0w yo o outout 9Pt
3xia'L‘j B f (u ) 61:1 TZL’j_Ff <u >3$i31‘j7
thus
Aco.s w = (Vo{A(x)Vw, V) + 2(D*w) A(z) Vw, A(z) V)
da;j Ow Ow  Ow ow 0*w ow
— = 42— — g ——
Py (axk 9; 0m; M 0w, " By, dioa aﬂ@x;)
n Oa;; Ou™ ou™  Ou™ out 92ut  ouT
()3 ij 20 , 1
) ing_l(ﬁxk oz; 0z; Mo T "* By, 0oz, ! axl) (8.1)
n ouT ou™  Out Out

1o N2 gl + ) )
AP S aa g G
= (M)A aut +2f () () (A(z) Vut, Vu)?.

The proof is based on [20].
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Multiplying the Upper equation for supersolutions
max {5 —(A(z)Vut, Vu)2, AN u+} <0
by f/(ut)3 we find
Avor w < 2f" (uH)2f" (wF)(A(z)Vut, VuT)?
= 2(B-1)B e f(uMMA(x)VuT, Vut)?
< —2e4(B - 1)B_16_H“+H°°,
where we used
Fut)y>1, (A@)Vu", Vuh)/2 >e.
To obtain the desired construction, given € > 0 we fix B > 1 so close to 1 that
O<w—u"=flu")—u"<B-1<§,
where d > 0 is so small that
mgzzlx(u—w) > I%%X(u—w). (8.2)
By setting
p=2e*B— 1)B_16_H“+H°°

we now have
Agoaw < —p <0, (8.3)

The procedure was formal. In the calculations above we replace u' by a test function
¢ touching u™ from below at a point g, and we replace w by a test function 1) = f(¢)
touching w from below at xg. Now we have

Ao a ¥(x0) < —pty  (A20)Vib(0), Vip(0)) /2 > ¢,

whenever ¢ touches w from below at xg.
In order to use Ishii’s lemma 6.9, we double the variables writing

v
M= swp (@)= uly) - Lo -yP).
(z,y)eQ2xQ)
The supremum is attained at some point (z,,7,), and by compactness there is a subse-
quence such that
Ty, =%, Yy —7Y asv—oo.

By Lemma 6.8, £ =g, and

max(u—w) = u(2) —w(z).
Q
Thus by (8.2), Z is an interior point. Furthermore, (x,,y,) belongs to the interior for
sufficiently large indices v. Then by Ishii’s lemma 6.9 there exist symmetric matrices
Xy, Y, € " such that

(V(JZV - yy)>Xu) S J2’+u(x1/)>

_ (8.4)
(V(J7u_yu)>Yu) € J> w(yu)'

We need the following bound.
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Lemma 8.2. We have .
— < V|x1/_y1/| < Cs;

VB

where C: = 2B||Vu™||oo.

Proof. We first show the upper bound. We have

14 14
o=l = max (ul@)-w(m) - o yl?)

u(%/) - w(yy) - 9 (2.9)E0x 9

v
> u(x) —w(y) - Slo =y’
for all (z,y) € Q x Q. In particular, if z =y = x,, we find

ul@,) = wlyy) = 5 v =l 2 ulw,) — w(z,),

thus y
2~ < i) = w(u)
< [Vwllso|zy —yu|
=" (u")VuTloolzy =yl
< B||Vuloolzy — yul.

The upper bound
vz, —y,| < C-

follows, where C. = 2B||Vu™||s. The lower bound follows from the Upper equation for
supersolutions. By the inequality

v v
U(Qj,,) - w(y,,) - §|£U,/ _yl/|2 > u(%/) - w(y) - §|5L'1/ _y|2
we see that the test function

1% 1%
@Z)(y) - w(y,,) + §|$V - yu|2 - §|£EV —y|2

touches w from below at the point y = vy, hence

€— <A(yl/>v¢(yll>’v¢(yu)>l/2 <0.

Since

(V(xu - yu)7YV) € JQ’_w<yV)
we find by Proposition 6.7,
e < (Aly)v(zy — ) v(zy — )2
< (Blv(xy —yu) )2

= \/Ey|xy—yl,|.
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We return to (8.4). Since u is a viscosity subsolution we have

‘COO,A(xua V(aju - yy),Xy) >0

by Proposition 6.7, and we can rewrite equation (8.3) as

Loo,a(Yv: V(T —yp),Yo) < —pu.
By subtracting the last equation from the first, and applying Corollary 3.6 we obtain
< £oo,A(5UV7 vz, —yw),Xy) — Eoo,A(yw v(zy —yy), Yy)
< 'K‘:’xl/ - yl/HI/(xl/ - yl/)‘?)
+2{(Xp Az (@) — ), Az )V (21 —Y0))
— (Yo A(y)v(zy —v0), Al )V (20 — y0)) } (8.5)
< kilzy — yulcsg
+2{(XpA(xp)v(xy — ), A(zy ) V() — 1))
— (Yo A(y)v (20 —yu), Aly)v (20 — yw)) }

where we used Lemma 8.2 in the last inequality. We need an estimate on the difference
in the brackets. We use the notation

v(izy —1yy) = Wy —yu)1,v(xy —yu)2, - V(T — Yo )n)-

By (6.2) and the Cauchy—Schwarz inequality we have

2{(XpA(z)v (1) — ), A2V (T — Y0 ))
— (Y, Ay )v(zy — o), Alyw)v (20 —y)) }
<2. 3y]A(xl,)1/(x - yl/) - A(yy)lj(x,/ - 3/1/)’2

= 6vI(A(r) = Aly) (2 =)
2
_ 6@ { s ) o ) o)

< 6V@:Z1{(§ aij(xy) aij(y,,))Q) 1/2(271: v(xy,

k=1

—yy)i>1/2}2 (8.6)

= 6vlv(a, =) D (ai(20) = aij(yn))?
i,j=1
n
< 6VCz-:2 Z H2|xl,—y,,]2
ij=1
= 6n>H*C?v|2y, — vy |?
< 6n2HQC?|xV — Ul
where we also used Lemma 8.2 and the Lipschitz continuity of a;;. Inserting this into
(8.5) we find
1< K|zy _?JV|O?
+2{{X Az )v(xy — ), Alw)v(zy — )
— (Yo Ay )v(zw —yu), Aly)v(vw —yu))
< K|z, — | C3+ 602 H?C\2), — y .

(8.7)
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Since all the constants are bounded and |z, —y,| — 0, we conclude that the last line has
limit equal to zero as v — oco. This leads to a contradiction because p > 0. Thus, the
assumption was false, so we must have

[
By a similar argument we find the analogous comparison for viscosity supersolutions.

Lemma 8.3. If u is a viscosity supersolution of the equation Ag 4 u=0 and ifu~ =g <wu
on 0N), then u~ <u in €.

In this case we use the inverse function f~! of f(t) =In(1+ B(ef —1)) as an approx-
imation of the identity, which is obtained by simply replacing B by B~! in the formula
for f. The essential properties is that f~! is strictly convex and (f~!)" > B~1.

From these two Lemmas we immediately have the following.

Corollary 8.4. If ue C(R2) is an arbitrary viscosity solution of the equation Asg 4 u =10
with u=g on 09, then u™ <u <u™ in Q.

This result implies uniqueness, which we show below. First we state the general version
of the comparison principle!?.

Theorem 8.5 (Comparison principle). Suppose that u is a viscosity subsolution and that
v is a viscosity supersolution of Ao 4 w =0 in Q. If at each point z € OS2,

hgljlzlp u(z) <liminfo(z),

and if both sides are not simultaneously oo or —oo, then u < v in 2.
Proof. Let 0 > 0 and define the set
Qs = {zx € Q:dist(z,00) >0} .
We claim that for every € > 0 there is a 6 > 0 such that
u<v+e in Q\Qs.
Indeed, if such a ¢ does not exist, there are points x; € €2 such that
rj—2€00 asj—oo, wu(xj)>v(rj)+e forall jeN.
Thus

hgljgp u(z) > liminfo(z) +¢,

which contradicts the assumption since both sides are not simultaneously co or —oco. Now
construct the auxiliary solutions u™,u~ in the domain €5 such that

u  =v+e=u=u" on 09s.

12We follow the proof of Corollary 4.31 in [13].
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Then by Lemma 8.1 and Lemma 8.3 we have
uw <v+e, u<u' in Qs.
Moreover, by Lemma 7.4,
uwt—u= < Ce

which implies that
v+e>u >ut —Ce>u—Ce.

Thus v > u in €5 because € > 0 was arbitrarily small, hence v > u in €. n

8.1 Uniqueness

We are now ready to establish the uniqueness of viscosity solutions of the equation
Aso,a u=0. We summarize what we have found in the following.

Theorem 8.6. Let 2 be a bounded domain in R". Given a Lipschitz continuous function
g € C(Q)NWL>(Q), there exists a unique viscosity solution u € C(Q) of the equation

A au=0 in

with boundary values g. Moreover, the function u belongs to W>(Q) and has the follow-
ing minimizing property in each subdomain D C Q: if v € C(D)NWL(D) is such that
v=u on 0D, then

1{AVU, V)| oo p < [[{AVY, V) 2o .

Proof. To show uniqueness, suppose that there are two viscosity solutions u; and ug, both
with boundary values g. Then by Corollary 8.4 and Lemma 7.4 we have

w <up <ut, wm <wug <ot lut —u |0 < Co

thus
—Ce<u —ut <uj—up<u™—u" <Ce.

Since € > 0 was arbitrary small, it follows that u; = us.
By Theorem 7.6, every uniform limit

where u;,; is a weak solution of Apj, A up; =0 with up, loq = g, is also a viscosity solution
of Ag 4 u=0, thus they are also unique. The existence and the minimization property
was settled in Theorem 5.1. O

Observation 8.7. We have found that the uniform limit u of weak solutions Up; of the
Euler-Lagrange equations
Ap; A up; =0

is unique and satisfies the equation

Asoau=0



8.1 UNIQUENESS 65

in the viscosity sense. Thus, it really is the limit equation. Furthermore, since this unique
viscosity solution satisfies the minimization property

1{AVU, V)2 |oo.p < [|(AV, V)2 D,

we interpret the limit equation as the Euler-Lagrange equation for the ”variational prob-
lem” 12
, & ou , . Ou
min max aij(r)=—(x)=—(x :
(3 a(@) (@) (@)

i.j=1
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9 Stability

Having established the existence of a unique viscosity solution of the equation

" da;; Ou Ou ou ou  0%u ou
N < G T o 20— ->:0, 9.1
AU= .Zi oxy. 0x; 8x~akl8xl +ea k@xk &L’iamaﬂaxl (0-1)
17]7k7l_1 '7 j

where the matrix A(x) satisfies the assumptions in Section 3, we now ask the question:
if we perturbate the matrix A(x) a little bit, how much will the solution differ from the
solution of the original problem? More precisely stated, suppose that we are given an
n x n matrix A(x) = (a;;(z)) satisfying the conditions:

1. A(x) is symmetric.

2. af¢l? < (A(2)€,€) < BIEf for 0 < ar < < o0,
3. g%j is Lipschitz continuous.

4. a;j; is Lipschitz continuous.

We let the permutation of A(x) be
/1($) =A(x)+A= (aij (x) +Cij),

where A = (¢;;) is a symmetric n X n matrix with real-valued constant entries ¢;;. We
immediately find that 1, 3 and 4 holds for A(x). In order for 2 to be satisfied, we have
to put some restrictions on the matrix A. Let uj, 7 =1,2,...,n denote the eigenvalues of
A. We find

(A(2)€,6) = (A(2)€,€) +(AE,€) 2 (Oé+mjinuj)|§|2,

thus we require
min ji; > —a.
J

Similarly we must have
max /1 < 00.
j

Then by setting

a=a+mingj, [S=[F+maxpuj,
J j
we obtain . )
Gl < (A(2)¢,€) < lef?
for 0 < & < § < 00, so 2 is satisfied for A(z). Now A(x) and A(x) both satisfies 1-4. Then

by Theorem 8.6, given a Lipschitz continuous function g € C(2) NW1>°(Q), there exists
a unique viscosity solution u € C'(Q2) NW1(Q) of the equation

Ao At = <Vx(A(x)Vu, Vu) + 2(D2u)A(x)Vu,A(x)Vu>

S (G dudu, Oy, O O duy
N 85Ek &Uz axj kl@xl Zk8$k 8:171893] ‘”83:1 -

0,5,k =1
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and there exists a unique viscosity solution @ € C'(Q) NW1>(Q) of the equation

A 1= (Vo{A(x) Vi, Vi) + 2( D) A(x) Vi, A(z) Vi)
= (Vo (A(2) Vi, Vi) +2(D*)(A(x) + A) Vi, (A(z) + A) Vi)
" Ja;j 0u Ou ot

- iJ’%:l (Oxk dz; O —(ag +cpr)=— 9,

~ 2 ~
ou 071 8u>:0

ey A adl . N2
+ (azk + Czk) e amlax] (a]l + le) Ers

both with boundary values u|gg = t|gq = ¢g. By stability we mean the following: we seek
a bound of the norm

|2 = ulloc.0

that depends on constants and the elements c;; of the matrix A, which can be made
arbitrarily small by setting c;; small. The following motivates why we seek this bound.

9.1 Stability in one variable

In Example 3.2 we found the solution

/xa “12q
u(r) =L+ (R— L)

/l a(t 1/ 2dt
of the Dirichlet problem

{Aoo,A u=a(z)d (z ) ()3 +2a(z)?d/ (2)?u" () =0 in (I,7)
u(l)=1L, wu(r)=

where a and o is Lipschitz continuous in [[,7], and
O<a<a(r)<pf<oo foralzellr]

Similarly we find the solution

/m
i(r) =L+ (R—L)*;
[t

of the perturbated problem

O<a<a(r)+c<B<oo forallzellr]
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It is evident that the difference

/lx(a(t)+c)‘1/2dt /lma(t)l/th}
/l (a(t) +c)"V2dt /l a(t)"Y2dt

can be made arbitrarily small by setting ¢ small.

u(z) —u(z) = (R— L){

9.2 Stability of C?-solutions

The problem is unresolved for viscosity solutions in several variables. To our knowledge,
the only work on stability problems related to this one is by Lindgren and Lindqvist
in [16]. They studied the stability of viscosity solutions of the infinity-Laplace equation
with variable exponent. Applying a procedure similar to the one in [16] leads to a bound
with uncontrollable terms. We suspect that this can be fixed by a clever choice of test
function in the general version of Ishii’s lemma, see Theorem 3.2 in [4]. This is a task
which is beyond the scope of this thesis. We shall instead establish the desired bound for
C?-solutions. Although we have not shown existence of C%-solutions of Aoo.au=0, the
bound at least supports the belief that also viscosity solutions are stable.
We remind that the matrices

Aw) = (aij(@)),  Alz) = A(x) + A = (a55(2) +ci5)
satisfy the assumptions in the beginning of this section.

Theorem 9.1. Let Q be a bounded domain in R™. Suppose that @ € C%(Q) is a solution
of

Amﬁﬂzo
and that u € C?(Y) is a solution of
Asau=0
both having the same boundary values g. Then
1= ulloe0 < o (e g )42 4 (s e /),
for some constant k.
Proof. First suppose that @ € C?(€) is a classical subsolution of
Apitu=0
and that u € C?(Q) is a classical supersolution of
Aso,au=0,
both with boundary values g. In other words

A ii(#) >0, Anaue)<0
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holds at each point x € Q). Furthermore assume that u* € C2(€) is a classical supersolution
of the Upper equation:

max {5 —(A(z)Vut, Vu)2, AN u+} <0
and that u~ € C?(Q) is classical subsolution of the Lower equation:
min{(A(x)Vu_,Vu_>1/2 —&, A A u_} >0
both with boundary values g, such that
u <u<u, |Jum—u || < Ce.

As in the proof of Lemma 8.1, we shall construct a strict supersolution w = f(u™) of the
Upper equation:
Asoaw < —p <O0.

We use the function
1
f)==In(1+B(" 1)), B>1,v>0,t>0
Y

as an approximation of the identity. We have

B-1
0 — - -
<flt)y—t<

0<f(t)-1<B-1
f'(t)=—(B=1)B~ e f'(1)%.

By adding the same constant to u™,u,% and g, we may assume that ™ >0 and g > 0.
Let € >0 and set w = f(u"). The estimate

i—u=(i—w)+(w—u")+(ut —u)

B-1 9.2
<(ﬂ—w)+T+C’5 ©-2)

follows. The last two terms can be made arbitrarily small by choosing B and e, but the
first term also depends on these, so this requires some work.

Lemma 9.2. We have

~ Cl 2
(i~ w) < - {max g | + (max ]2},
for some constant C.

Proof. We proceed as in the proof of Lemma 8.1. In (8.1) we found

ANSSYRTES f’(u+)3Aoo,A ut + 2f’(u+)2f”(u+)(A(x)Vu+,Vu+>2.
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Multiplying the Upper equation for supersolutions
max {5 — (A(z)Vut, Vu)2, Ao, A u+} <0
by f'(u*)3 we obtain

Ao aw < 2f (w2 (u ) (A(x)VuT, VuT)?

= —2¢(B-1)B e f'(uN)HA(2)VuT, Vu)? (9.3)

< —2e(B - 1)B_1e_7||u+||°O = —u <0,
where we used

Fut)y>1, (A@)Vut,Vuh)/2 >e.
Now let
o =max(u—w).
Q

If the maximum is attained on the boundary, then

o =max(i—w) = max(i— f(u")) = g— f(g) <0

and there is nothing to prove. Assume thus that the maximum is attained at some interior
point xg € 2
o= mgx(ﬂ —w) =u(xg) — w(xg).

Then
Vi(zg) = Vw(zg)

D?t(z0) < D*w(xo)
by the infinitesimal calculus. Recall the notation
A(z) = A(x) + A = (a5(x) +cij)
Ao av(z) = Log Az, Vu(), D%(m)).

At the maximum point zy we have
0<A_ ju(xo)
(:Eo,Vu(xo) D?@i(x0))
A(xo,Vw(aro),D u(zop))
Lo 4(w0, Vi (wo), D*w(xo))
oo, A (0, Vw(zg), D*w (o)) + <VI<A(x0)Vw(xO),Vw(x0)>,AVw(xo)>
+ 4<D2w(:co)A(a:0)Vw(xo), AVw(z0)) 4 2(D?*w(x0) AVw(zg), AVw(xzp)),

by Proposition 3.3. Moreover

—1 > Ao 4 w(w0) = Loo,a(w0, Vw(wo), D*w(x0)).
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By subtracting the last equation from the first we obtain

1< (Va(A(z0) Vo (o), Vaw(wo)), AVw(zo) )
+4(D?*w(zo) A(z0) Vw(zg), AVw(zo)) (9.4)
+2(D*w(20) AVw(xo), AVw(zo)).

We estimate each term on the right-hand side separately. For the first we find

‘<VI(A(x0)Vw(on),Vw(fBO)%Avw(xOM

L Oagj ow dw ow
e .Z_ B (IO)(%Z- (xo)am(m)cméml(%)‘
i,5,k,1=1 J

" ow ow ow
< -
< e Vel lmgclen] 35 |8 ) o) 5 )

< n* max [Vag, (o) | max |eqr| [V (o),
where we used (3.9). For the second term we have

[(D*w(x0) A(z0) Vw(zo), AVw(zo))|

- ow 0*w ow
zyzl: lazk &rk( 0>8$Z‘a:€j <$0>cﬂal‘l($0)‘
0*w " ow ow
< el il
i a0 s (xo)‘fg§X!qu|ij%:1 o @) 5 (20
0*w

<n? max lagr(zo)| max

iy 0 e |V )

by Young’s inequality. The estimate for the third term is identical with the above, except
that a;j is replaced by ¢;; in the sum, hence

| (DQw(xo)AVw(xo), AVw(zg))|

0*w
3 2 2
<n (n(}%ﬁxlcq,«]) max ] xr(xo)‘ww(xo)] .

Inserting these three estimates into (9.4) gives

< Vo (a0) [ Vot
02w

2
+4max|aqr(xo)|max Dy, xo)‘|Vw(x0)| )r%%ﬂx|cqr|

9w

+2n3 max Dy, $0)‘|vw(x0)|2(1%%ax|cqr|)2.

Recall that .
p=2e'y(B—1)B el .
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Set
then fix B > 1 such that

where we had

Now we have
2o
U= F5 7T T9 >
Bellu*||2,
thus

Bel|ut||2.n3
B s [ ) [0 0)

- 2e4
2w 9
g (o) x| 7 (00) Vo)) e
Bel|ut||?n? 0*w

max
c4 qr

2 2
a0 [V ) el

< 7 imax|cgr| + (maxcgr|)”}-
where the constant C] can be choosen to be independent of ¢.
Continuing to estimate (9.2) we obtain
t—u<o+o+Ce
< — {max|egr |+ (max|eqr|)”} + Ce,

by the previous lemma. If maxg, |cy| <1 we can find a constant Co such that

_ &
i —u < —; max |cg |+ Ce.
gt g

Now we let € > 0 be such that the right-hand side attains its minimum. Thus
4Ch 1/5
= (G

by the infinitesimal calculus. Inserting this into the above yields a bound like

_ 1/5
i < g i ),
for some constant x1. Similarly, if maxg, |cgr| > 1 we find a bound of the form

_ 2/5
= < o (e e )2,

73
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where k9 is a constant. Combining the two cases we arrive at the desired bound
i~ u < {(max|eg,])'/° + (max|eq,|)*/°},

for some new constant x. This concludes the proof when @ is a subsolution and w is a
supersolution.
Now suppose that @& € C?(€) is a classical supersolution:

Ay 4 (x) <0
and that u € C?(Q) is a classical subsolution:
Aso,au(z) >0

both with boundary values g. We could have done the same procedure as above for u — 1,
by using the Lower equation. Instead, observe that

u—u=(k—u)—(k—u),
where the constant k is so large that kK —u > 0. We find

Ay i (k—1u(z)) =
Ao s (k—u(zx)) <

and we have reduced the problem to the previous case. This concludes the proof. O
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