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HELSON’S PROBLEM FOR SUMS OF A RANDOM MULTIPLICATIVE FUNCTION

ANDRIY BONDARENKO AND KRISTIAN SEIP

ABSTRACT. We consider the random functions Sy (z) := ZI,YZI z(n), where z(n) is the completely
multiplicative random function generated by independent Steinhaus variables z(p). It is shown
that E|Sn|>> v/N(log N) 095616 and that (E|Sn|9)9 >4 v N(log N)~%07672 for all g > 0.

1. INTRODUCTION

This paper deals with the following

Question. Do there exist absolute constants ¢ >0, 0 < A < 1 such that for every positive integer
N and every interval I whose length exceeds some number depending on N, we have

ZN it
n
n=1

on a subset of I of measure larger than A|I|?

>cVN

We do not know the answer and can only conclude from our main result that we have, for
every € >0 and suitable ¢ = c(¢g),

> ¢V/N(log N) 007672

n—l

n=1

&)

on a subset of measure (log N)~¢|I| of every sufficiently large interval I.

Our question fits into the following general framework. We begin by associating with every
prime p arandom variable X (p) with mean 0 and variance 1, and we assume that these variables
are independent and identically distributed. We then define X(n) by requiring it to be a com-
pletely multiplicative function for every point in our probability space. Now suppose that a(n)
is an arithmetic function which is either 0 or 1 for every n. We refer to the sequence

N
Cn(X):= ) a(n)X(n)

n=1
as the arithmetic chaos associated with X and a(n).
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Our question concerns the case when X (p) are independent Steinhaus variables z(p), i.e. the
random variable z(p) is equidistributed on the unit circle. When a(n) = 1, we refer to the result-
ing sequence

N
Sn(2):= ) z(n)

n=1
as arithmetic Steinhaus chaos. The relation between our question and arithmetic Steinhaus chaos
is given by the well-known norm identity

q

T
@) E(Sy1") = Jim dr,

N »
Z nt
n=1

valid for all g > 0 (see [12, Section 3]).

The point of departure for our research is Helson’s last paper [10] in which he conjectured
that E(|Sy|) = o(v/N) when N — oco. This means that Helson anticipated that our question has a
negative answer. Using an inequality from another paper of Helson [9], we get immediately that

(3) E(ISn]) > VN(log N)~V/4.

Our attempt to settle Helson’s conjecture has resulted in a reduction from 1/4 to 0.05616 in the
exponent of the logarithmic factor in (3). We note in passing that the problem leading Helson to
his conjecture was solved in [11] avoiding the use of the random functions Sy.

To get a picture of what our work is about, it is instructive to return for a moment to a general
arithmetic chaos C:= (Cn(X)). To this end, let us assume that X(p) is such that the moments

ICn I :=E(CnIT)
are well defined for all g > 0. We declare the number
qC):= inf{q >0: limsup |Cnllg+e/IICnIlg =00  for every € > 0}

N—oo

to be the critical exponent of C, setting g(C) = oo should the set on the right-hand side be empty.
A problem closely related to Helson’s conjecture is that of computing the critical exponent of a
given arithmetic chaos. We observe that g(C) = 2 is equivalent to the statement that there exist
absolute constants ¢ > 0,0 < A < 1 such that

P(|CN|20\/N)2/1

holds for all N, cf. our question. In our case, the critical exponent is strictly smaller than 4, and
then a serious obstacle for saying much more is that only even moments are accessible by direct
methods.

We will prove the following result about arithmetic Steinhaus chaos.

Theorem 1. We have
4) ISnll4 >4 VN(og N) 007672
for all g > 0.
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This estimate is of course of interest only for small g; our method allows us to improve (4) for
each individual 0 < g < 2 as will be demonstrated in the last section of the paper. In the range
q > 2, we note that the L* norm has an interesting number theoretic interpretation and has been
estimated with high precision [1]:

12
ISnllz = ;Nz log N+ cN?+ O(NY'B(log N)"/13)

with ¢ a certain number theoretic constant. This means in particular that the critical exponent of
arithmetic Steinhaus chaos S := (Sy) satisfies q(S) <4. We mention without proof that, applying
the Hardy—Littlewood inequality from [2] to SJZV, we have been able to verify that in fact g(S) <
8/3. A further elaboration of our methods could probably lower this estimate slightly, but this
would not alter the main conclusion that it remains unknown whether ¢(S) is positive.

Before turning to the proof of Theorem 1, we mention the following simple fact: There exists a
constant ¢ < 1 such that [|Syll; < cl|Syll2 when N = 2. To see this, we apply the Cauchy—Schwarz
inequality to the product of (1 —£z(2))Sy and (1 —£z(2))~! to obtain

oL 2 N-(e-e)(N-1)
ISnl < 5= (A -e)?IN/2]+ (1 + )N +1)/2]) < —

for every 0 < € < 1. Choosing a suitable small €, we obtain the desired constant ¢ < 1.

2. PROOF OF THEOREM 1

Our proof starts from a decomposition of Sy into a sum of homogeneous polynomials. To this
end, we set
Enm:={n=N: Q(n)=mj,
where Q(n) is the number of prime factors of n, counting multiplicities. Correspondingly, we
introduce the homogeneous polynomials

Snm(@):= )Y z(n)

l’lEEN,m
so that we may write
6)) Sn(@= Y, Snmla.
m=<(logN)/log2

We need two lemmas. The first is a well-known estimate of Sathe; the standard reference for
this result is Selberg’s paper [13]. To formulate this lemma, we introduce the function

D(z) := ﬁ ];[ (1-1/p)*(1-z/p)",
where the product runs over all prime numbers p. This function is meromorphic in C with simple
poles at the primes and zeros at the negative integers.
Lemma 2. When N =3 and 1< m < (2—-¢)loglogN for 0 <e <1, we have
N q)( m ) (loglog N)™~1 (1
logN \loglog N (m-1)!
where the implied constant in the error term only depends on €.

Enml = ——1
|Em (loglogN))
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The second lemma is a general statement about the decomposition of a holomorphic function
into a sum of homogeneous polynomials. For simplicity, we consider only an arbitrary holomor-
phic polynomial P(z) in d complex variables z = (zj,...,24). Such a polynomial has a unique
decomposition

k
P(z)= ) Pn(2),
m=0

where k is the degree of P and
Pu(2)= ) aqz"

la|=m
is a homogeneous polynomial of degree m. Here we use standard multi-index notation, which
means that a = (a;,...,agq), where a1, ..., @4 are nonnegative integers,
aq
d )
and || = a; +---+ a4. At this point, the reader should recognize that if we represent an arbitrary
integer n < N by its prime factorization p{' -~-pgd (here d = n(N)) and set a(n) = (ay,..., aq),
then we may write

2=z 2z

N
Sn(z) =Y z2*".
n=1

Hence, as already pointed out, (5) is the decomposition of Sy into a sum of homogeneous poly-
nomials, and we also see that |a(n)| = Q((n).
We let p14 denote normalized Lebesgue measure on T¢ and define

||P||Z:=Ad|P(z)|qdud(z)

for every g > 0. The variables z1,..., z4 can be viewed as independent Steinhaus variables so that
Sl 4 has the same meaning as before.

Lemma 3. There exists an absolute constant C, independent of d, such that
IPllg, =1
T PR A 7
Cm'9*|Pllg, 0<g<1
holds for every holomorphic polynomial P of d complex variables.

Proof. We introduce the transformation z,, = (wz, ..., wz4), where w is a point on the unit circle
T. We may then write

k
P(zy)= ), Pp(@w™.
m=0
It follows that we may consider the polynomials P,,(z) as the coefficients of a polynomial in one
complex variable. Then a classical coefficient estimate (see [4, p. 98]) shows that

S5 1Pm(zw)9dus (w), g=1

Pp(2)9 <
[P (2)] {le—qu|Pm(Zw)|qdﬂl(w)’ 0<g<l.

Integrating this inequality over T¢ with respect to dpz(z) and using Fubini’s theorem, we obtain
the desired estimate. U
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We now turn to the proof of Theorem 1. The idea of the proof can be related to an interesting
study of Harper [6] from which it can be deduced that, asymptotically, the square-free part of the
homogeneous polynomial Sy ,,,/v/N has a Gaussian distribution when m = o(loglog N). When
m = fBloglog N for f bounded away from 0, this is no longer so, but what we will use, is a much
weaker statement: When S is small enough, the L? and L* norms are comparable. The proof will
consist in identifying for which f this holds.

To this end, we first observe that

(6) ISN,mlI5 = |EN,m].

To estimate [|Sy,m ||f11, we begin by noting that

m
2
ISn,m|” = |ENn,m| + Z Z IEN/max(a,b),m—k|Z(a)z(b)-
k=0 a,beE ,(a,b)=1

Squaring this expression and taking expectation, we obtain

m
4 2 2
ISn,mlly = [Enyml”+2) > |EN/b,m—k|
k=0a,beEN 1,(a,b)=1,a<b

m
2 2
<IEnml®+2). Y |Epkl |EN/bm—k|
kZObEEN,k

m—1
(7) <5ENml®+ Y. ) Enkl-|Enibm-kl*.
k=1 bEEN,k

Here we used that, plainly,

Y 1Enipml* =|Enml® and Y |Epml <|Enml*.

beEn beEN,m

To estimate the sum over b in (7), we begin by observing that Lemma 2 implies that

\Enibm—k| < b ENm-kl, b=<VN,
@®) |Epxl < bN'Enil, VN<b<N.

We split correspondingly the sum into two parts:

2 2 2 -1 2
) Y. |EpkllEnibm-k|® <|Enm—kl® Y., b ?|Epil+|Enl > bN " |Enjpm—k!|”.
beEN,k b€Em’k beEN,k\E\/N'k

To deal with the first of the two sums in (9), we begin by using Lemma 2 so that we get smooth
terms in the sum:

)k—l )k—l

(logloghb
2

3 (logloghb
b(logh)(k—1)! 2

b T A1 11’
z<bsmg( )b(IOgb)(k— 1!

Z b_2|Eb,k| <
b€Em’k b€Em’k\{l,2}
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where g(n) is the characteristic function of the set E /5 . We apply Abel’s summation formula
to the latter sum and obtain, using also Lemma 2,

i _1» (loglog )1 N (loglog )"~
> |Eb il < |E /g 1] TogM k-1t " 5 | xk|x2(10gx)(k—1)!

bEE\/ﬁ,k
2(k-1) N 2(k-1)
« (loglog N) N f (loglogx) dx
logN)2((k-1)?  J3 x(logx)?((k—1)hH?
_ Qk-2)! 22k
10 < —f 20k=1) o=y —_— < —.
{10 ((k—D0%Jo 7 VS-S VR
Arguing in a similar fashion, using Abel’s summation formula and again (8), we get
2(m-k-1)
NI/3 (loglog%) "
Y bNMEnpm-kl? <<Nf |Ex k] 5 dx
beEN K \E /g i x2(10g¥) (m—k-1)1?

E o0
< _ 1Enil f Yy m=k=D o=y gy,

(m—k-1NH2 Jo
22(m—k)
(11) < |En k- .
N vm-—k
Inserting (10) and (11) into (9), we obtain
) ) 2k ) 22(m—k)
|Ep k|- |EN/bm-k|” <<|ENm-k|” - —=+|En k| .
b€%v,k " " vk vm-k

Returning to (7) and using (6), we therefore find that

) |Enmoil? 228
1S3 mll3 < ISnml3(1+ Y —mmk . =),
i< ISzt 2 TR TR

Applying again Lemma 2, we get
m— 1|ENm k|2 22k n’lZ 1 ( (m-1)! )2 ( 2 )Zk

iz1 |Enml? 17 (m-k-1)!) \loglogN
-1 om 2k
12 N N
1 ; (loglogN)

It follows that the two norms are comparable whenever m = ‘%g loglog N for € > 0, in which case
Holder’s inequality yields

(13) ISN,mll2 <e 1SN, mllq
for 0 < g < 2. By (6), Lemma 2, and Stirling’s formula, we have

(14) ISn.mll2 = |En.ml!"? = VN(log N) 0 1/
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when m < &~ loglogN where
6):=2—-e*(1+log2+¢))/4=(1-1log2)/4+ O(¢)
when € — 0. Combining this with (13) and applying Lemma 3, we infer that
v N(log N)~°® (loglog N) /* <« ISy, m |l 4 < (loglog N)™&X1/ =10y g vy -
when 0 < g < 2. Theorem 1 follows since (1 —1log2)/4 < 0.07672.

3. CONCLUDING REMARKS

1. We will now deduce (1) from Theorem 1. Since t — Zg:l n~'" is an almost periodic function,
it suffices to consider the interval I = [0, T'] for some large T. Moreover, by (2), it amounts to the
same to estimate the measure of the subset

&= {z: 1Sn(2)] = C\/N(logN)—O-W‘”Z}
of T*™ for a suitable ¢ depending on £. We find that

115 = INT200g Ny 770+ | IS (21" dpacry (2
&
< CqNQ/Z(lOgN)—O.()?G?Zq + ” SN||g|g|l_q/2,
where we in the last step used Holder’s inequality. Using Theorem 1 to estimate ||S Nllf7 from
below and recalling that || Sy|l2 = VN, we therefore get
(15) Kq(lOgN)—O.()?G?Zq < Cq (lOgN)—0.076726] + |éa|l—q/2’
where x4 is a constant depending on ¢. Given € > 0, we now choose g such that e = 0.07672q/(1-
q/2) and ¢? = x4/2. Then (15) yields
1612 (1cy/2)1=927 (log N)~~.

2. We may improve (4) in the following way. If m = %bglogN with y > 0, then we see from
(12) that

mzl |Enm-kl? 22
k=1 |EN m|2 \/E

which in turn implies that [|Sy, . ll2/ | Sy, mlla > e~ My’ 14, By Holder’s inequality,

2
my
xye€

q 420
1SN, mll2 < 1Sn,mllg 1Snmlly "

and we therefore get
ISN,mllq >y 1SN mllze™™ @I~V = Sy, (log N)~¢'Y @la-DI4,
We also observe that (14) now takes the form

ISnmll2 = 1En.ml"? = VN(log N) € 1+1082=1)=2)/4 ;=114
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We find that the exponent of log N in the lower bound for || Sy, [l; becomes optimal if we choose
y as the positive solution to the quadratic equation (2/g—1)y*+(4/g—1)y—log2 =0; when g =1,
we get for instance y = 0.21556... and hence, after a numerical calculation,

ISn 11> VN(log N)~0-0%616

3. Our proof shows that we essentially need 8 < 1/2 for the projection

PgSn:= Y. Snm
m<ploglog N

to have comparable L? and L* norms. To use our method of proof to show that Helson’s conjec-
ture fails, it would suffice to know that the projection P; Sy has comparable L? and L9 norms for
some g > 2, because in that case [|P1Syll2 = (1 + o(1)) v/N. However, we see no reason to expect
that such a g exists.

4. A careful examination of our proof, including a detailed estimation of the last sum in (12),
shows that

(16) ISn.mlla/ IS, mll2 = (loglog N)/16

when m = loglog N + O(y/loglog N). This means that 1 loglog N is indeed the critical degree
of homogeneity and, moreover, that the two norms fail to be comparable in the limiting case.

S. Helson’s problem makes sense for other distributions; an interesting case is when X (p) are
independent Rademacher functions e(p) taking values +1 and —1 each with probability 1/2. If
we set a(n) = |u(n)| (here p(n) is the Mobius function), then we obtain arithmetic Rademacher
chaos:

N
Ry(e):= ) lum)le(n).
n=1

Rademacher chaos was first considered by Wintner [14] and has been studied by many authors,
see e.g. [5, 6]. Here it is of interest to note that Chatterjee and Soundararajan showed that
Rn+y — Ry is approximately Gaussian when y = o(N/log N) [3], which means that the analogue
of Helson’s conjecture is false in short intervals [N, N + y].

6. While we were preparing a revision of this paper, further progress on Helson’s problem was
announced by Harper, Nikeghbali, and Radziwilt [8]. By a completely different method, relying
on Harper’s lower bounds for sums of random multiplicative functions [7], these authors obtained
the lower bound v N (loglogN)_3+0(1) for both E|Rp| and E|Sy|. In view of this result, it seems
reasonable to conjecture that [|Sy, 2/ [|Sn,m 1 is bounded whenever m = e”¢loglog N for € >0
and that m = loglog N is the limiting case for the boundedness of this ratio. Comparing with
(16) and taking into account Remark 3 above, one might wonder if the ratio |Sy|l2/1ISn|l; does
indeed grow as a power of loglog N.

ACKNOWLEDGEMENT

We are most grateful to Kannan Soundararajan for pertinent and helpful remarks.



HELSON’S PROBLEM FOR SUMS OF A RANDOM MULTIPLICATIVE FUNCTION 9

REFERENCES

[1] A. Ayyad, T. Cochrane, and Z. Zheng, The congruence x1 X, = x3x4 (mod p), the equation x) X = X3X4,
and mean values of character sums, J. Number Theory 59 (1996),398—413.

[2] A.Bondarenko, W. Heap, and K. Seip, An inequality of Hardy-Littlewood type for Dirichlet polynomi-
als,J. Number Theory 150 (2015), 191-205.

[3] S. Chatterjee and K. Soundararajan, Random multiplicative functions in short intervals, Int. Math. Res.
Not. IMRN 2012,479-492.

[4] P.L. Duren, Theory of HP Spaces, Academic Press, New York 1970; reprinted by Dover, Mineola NY,
2000.

[5] G. Haldsz, On random multiplicative functions, In Proceedings of the Hubert Delange colloquium,
(Orsay, 1982), pp 74-96. Publ. Math. Orsay, Univ. Paris XI, 1983.

[6] A.J. Harper, On the limit distributions of some sums of a random multiplicative function, J. Reine
Angew. Math. 678 (2013),95-124.

[7]1 A.J.Harper, Bounds on the suprema of Gaussian processes, and omega results for the sum of a random
multiplicative function, Ann. Appl. Probab. 23 (2013),584-616.

[8] A.J. Harper, A. Nikeghbali, and M. Radziwill, A note on Helson’s conjecture on moments of random
multiplicative functions, arXiv:1505.01443, 2015. To appear in “Analytic Number Theory” in honor of
Helmut Maier’s 60th birthday.

[9] H. Helson, Hankel forms and sums of random variables, Studia Math. 176 (2006), 85-92.

[10] H. Helson, Hankel forms, Studia Math. 198 (2010), 79-84.

[11] J. Ortega-Cerda and K. Seip, A lower bound in Nehari’s theorem on the polydisc,J. Anal. Math. 118
(2012),339-342.

[12] E. Saksman and K. Seip, Integral means and boundary limits of Dirichlet series, Bull. London Math.
Soc. 41 (2009),411-422.

[13] A. Selberg, Note on a theorem of L. G. Sathe, J. Indian Math. Soc. 18 (1954), 83-87.

[14] A. Wintner, Random factorizations and Riemann’s hypothesis, Duke Math. J. 11 (1944),267-275.

DEPARTMENT OF MATHEMATICAL ANALYSIS, TARAS SHEVCHENKO NATIONAL UNIVERSITY OF KYIV,
VOLODYMYRSKA 64,01033 Kyiv, UKRAINE

DEPARTMENT OF MATHEMATICAL SCIENCES, NORWEGIAN UNIVERSITY OF SCIENCE AND TECHNOLOGY,
NO-7491 TRONDHEIM, NORWAY
E-mail address: andriybond@gmail .com

DEPARTMENT OF MATHEMATICAL SCIENCES, NORWEGIAN UNIVERSITY OF SCIENCE AND TECHNOLOGY,
NO-7491 TRONDHEIM, NORWAY
E-mail address: seip@math.ntnu.no


http://arxiv.org/abs/1505.01443

	1. Introduction
	2. Proof of Theorem ??
	3. Concluding remarks
	Acknowledgement
	References

