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Abstract

We study and analyze a proof of a theorem by Rosay and Rudin on the Fatou-Bieberbach
method of constructing biholomorphic images of C"* in C", starting with an automor-
phism with an attracting fixed point. We thoroughly investigate constructions of Fatou-
Bieberbach maps. As a result, we lay much emphasis on the concept of resonances and
how they affect our attempt to linearize an automorphism with an attracting fixed point,
by a biholomorphic change of variables. We give several examples and some basic ex-
planations to several concepts in order to give an in-depth and basic feel of the whole

proof.
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Chapter 1

Introduction

In the paper by Rosay and Rudin [6], they worked on an older topic in several complex
variables: The Fatou-Bieberbach method of constructing biholomorphic images of C" in
C", starting with an automorphism with an attracting fixed point. In order to address
the question of linearization of contractions, they gave a proof of the following related

theorem:

Theorem 1.0.1. Suppose that F' € Aut(C") fizes a point p € C"™ and that all eigenvalues

A, A2, ooy A of the operator F'(p) satisfy |\ < 1, for 1 < i < mn. Let Q be the set of

all z € C* for which klim F¥(2) = p where F* = F o F*=1 F' = F. Then there exists a
—00

biholomorphic map ¥ from €2 onto C™.

Based on this theorem, Rosay and Rudin constructed some new examples of Fatou-
Bieberbach regions €2 in C2. Most of these regions were ranges of biholomorphic maps
® = ¢! C? - O with the Jacobian of ®, J® = 1. This is because most of the
automorphisms used in their constructions had constant Jacobians. In this thesis, we
attempt to break down the proof by Rosay and Rudin for easy understanding. Our major
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concern is to clearly understand how the Fatou-Bieberbach maps or biholomophic maps
U are constructed as well as the effects that resonances, if they should occur, have on

these constructions.

Our choice of the biholomorphic map W is obtained as a solution of the functional
equation
(%) G loVoF =0
where G is a “normal form” for F. Thus, G is of the form Az + ¢(z), where A = F'(p)
is linear and ¢(z) = O(|z]?) is non-linear. In other words, we say that F is formally
conjugated to its normal form G. In special cases, G = F’(p). Thus, we refer to the
expression in (*%) as linearizing the map F' by a biholomorphic change of variables W. A
solution to the functional equation (%) has been proved to be given as ¥ = klgg@ G ForF*
in Reich’s paper [5, page 142]. The interesting part here is that, the sequence {G~* o F'*}
does not necessarily have to converge, not even in the formal power series sense, and not
even in some small neighborhood of the fixed point p. A counterexample given in [6,
page 74], is again given in this thesis (Example 3) to confirm this assertion. Because the
sequence {G ¥ o F*} does not always converge, we shall introduce polynomial maps, say,
T : C" — C™ which satisfies some specific properties, and then analyze the new sequence

{G~* o T o F*}. This new sequence converges on every compact subset of Q C C".

We shall give thorough and more basic approaches to understanding the proofs of the
related theorems and lemmas in the appendix of [6]. Like, Rosay and Rudin, the so-called
lower-triangular mappings will be used to give the proof of theorem 1.0.1. We will throw
more light on the concept of resonances, focusing carefully on the “threats” that they

pose when finding a solution to the functional equation in (x*). The set of eigenvalues of
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F'(p) plays a crucial part in the construction of the biholomorphic map W. If there exists
any resonance relations between the eigenvalues, they may affect our construction of a
solution. Particularly, they may alter our choice of triangular map needed to construct
the biholomorphic map W. It is therefore necessary to study their behavior and how they
affect our results if they should occur. Thus, in writing out the proof of the theorem, we

shall consider cases where these resonances occur as well as cases where they do not.

Chapter 2 of this thesis gives some relevant definitions and also discusses some impor-
tant concepts that will guide us to fully grasp the proofs of the theorems and lemmas in this
thesis. In chapter 3, we give a simplified version of the main theorem stated, by assuming
that |[A;|? < |A\,|. This situation, as we shall see in later chapters, implies that there are no
resonance relations between the eigenvalues of F”(p) since 1 > |[A{| > [\ > -+ > |A\,| > 0.
In this special case, our choice of G equals the linear operator F’(p) = A. The simplified
version of the theorem fails to hold if the assumption is violated. A counterexample is

given in Example 3.

In chapter 4, we give the proof of the main theorem after we study and prove three
important lemmas. Several cases about the occurrences and non-occurrences of resonances
are considered during the proofs of the lemmas. We shall study some examples in C? and
in C? to help us to understand the importance of resonances in our construction as hinted

earlier on.

In recent times, many people have studied the so-called random iterations. The ques-
tion we ask is this: When given a sequence of automorphisms {F;} with F;(p) = p for
each 7 € N, and the modulus of the eigenvalues of each F]/(p) is strictly between 0 and 1,

and we define the region of attraction Q = {z € C" : F;o0---0 Fy(2) = pas j = oco}; Is

3



Resonances & Constructions of Fatou-Bieberbach Maps

2 biholomorphic to C"?

E. F. Wold in [8] showed that if the sequence {F}} is uniformly attracting, that is,
Cllwl]] < ||Fj(w)|| < D|Jw]|| for all j € N with 0 < C < D < 1 and D? < C, then Q is
biholomorphic to C". Also Han Peters and Iris Smit in [3] have shown that in C? if the
sequence {F}} is uniformly attracting and D5 < C then Q is biholomophic to C2.

Constructing Fatou-Bieberbach maps involves making the required choices of a trian-
gular map G and a polynomial map 7. When given a sequence of automorphisms {F}},
it is much difficult to choose these desired maps. If GG is either a lower or upper triangular
map, it works out well for just one automorphism map, say, F'. The problem however with
the sequence of automorphisms {F;} is that we may have to switch between lower and
upper triangular maps when we iterate randomly. The last chapter of this thesis shows
that this method falls apart. We attempt to make the method by Rosay and Rudin more

transparent in the hope that one can find something that works for the sequence {F}}.




Chapter 2

Preliminaries

2.1 Holomorphic Mappings

We will consider holomorphic maps from C" to C", where n € N. We start with some

basic definitions:

Definition 2.1.1. A holomorphic mapping F of a domain Q C C! to a domain Q" c C*
is a function
F(z) = (fl(z), e fk(z)),
where f; is a complex-valued holomorphic function for all 1 < j <k and z = (21,..., 2).
Holomorphic maps may also be represented by a system of linear equations
n; = filz1,...,z) j=12,...,k and n; € C.

A biholomorphic mapping F' is a mapping which is holomorphic, injective, surjective,
and also has a holomorphic inverse F'~!. We are interested in the case where [ = k = n.
If we have a biholomorphic mapping F from Q C C" onto Q" C C" then we say that the
domains Q and Q' are biholomorphically equivalent.
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When n = 1, then the biholomorphic mappings are simply conformal mappings. The
Riemann Mapping Theorem, which says that any simply connected proper subdomian of
the plane is biholomorphically equivalent to the disc, is a very important result of the
case when n = 1. However, when n > 1 the same anology fails to be true. For example,
the ball and the polydiscs are not biholomorphically equivalent. An early result in several
complex variables established by Poincaré, showed that the ball and the bidisc in C? are

not biholomorphic to each other.

Definition 2.1.2. An automorphism of C" is a biholomorphic mapping of C" onto itself.
Put differently, F' is said to be an automorphism of C” if it is holomorphic, one-to-one,
and onto, and also has a holomorphic inverse F~'. We denote the group of all such
automorphisms by Aut(C™). The operation for this group is composition. For n = 1,
Aut(C™) consists of all linear mappings (affine maps) F' such that F'(z) = az +b with
a,b € C, and a # 0. However, when n > 2, Aut(C") is a complicated group with infinite
dimension. The group Aut(C"), for n > 2 contains mappings F' defined as
(1) F(z) = (21,...,zj,1,zj —|—f(zl,...,éj,...,zn),sz...,zn) or
(17) F(2) = (21,...,2j_1,zje"E0Zinmn) o000 )
where f, h are entire functions in all of C" and 2; means that z; is omitted.

We call the mappings F' € Aut(C") as defined in (i) Shears and those in (ii) are
called Overshears. The set consisting of all shears and overshears as well as all their
compositions is dense in Aut(C") [1]. So all shears and overshears are automorphisms of

C". There are other forms of automorphisms; some of which can be found in [6].

Definition 2.1.3. A point p € C" is said to be a fized point of F € Aut(C") if F(p) = p.

Let A; be the eigenvalues of the linear operator F’(p) for 1 < i < n. We say that the
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automorphism F' has an attracting fixed point if all the eigenvalues of F’(p) are less than
one in absolute value, that is, |\;| < 1.
F has a repelling fixed point if [A\;| > 1 for 1 < i < n. We say that F' has a neutral

fixed point if |N;| =1 for 1 <i <mn.

Example 1. Let n =1 and consider F' € Aut(C). By definition 2.1.2, F/(z) = az+b,
a,b € C, a # 0. We want F'(p) = p, so let’s assume b = 0 and fix a point p = 0 in C.
Thus, F(z) = az and F(0) = 0. So we have that p = 0 is a fixed point of F'. Taking
iterates of F' gives us F"(z) = a"z. Also F'(z) =a and F’(0) = a. Now observe the
following;:

(). If |a| < 1 then F"(2) — 0 asn — oo forall z € C.

(B). If |a| > 1 then F™(z) — oo if z # 0.

(7). If |a] = 1 we can write a = €?, then F"(z) = €™z,

From the above, we see that in («), the point p = 0 is an attracting fixed point. In
particular, F' takes the whole C to the origin. In (£), the only point in C that converges
to the origin is the fixed point p = 0. Every other point aside the origin moves further
and further away from the origin with every iterate of F'. So p = 0 is a repelling fixed

point here. Lastly, in (), p = 0 is a neutral fixed point. Every point in C remains the

same or is rotated.

Definition 2.1.4. Let F' € Aut(C"), p € C" and F(p) = p. Assume that the eigenvalues
of F'(p) satisfy |\;| <1 foralli=1,2,... ,n. Define
0= {z € C": lim F*(z) :p}.
k—o0

Then €2 is said to be a region attracted to a fixed point p by the automorphism F'.
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We say that 0 is a Fatou-Bieberbach domain if it is a proper subset of C™ and is
biholomorphically equivalent to C". By proper subset, we mean that Q C C" and
2 # C". Said differently, if F' has more than one fixed point and 2 is biholomorphically
equivalent to C™, then €2 is a Fatou-Bieberbach domain.

A Fatou-Bieberbach map is the biholomorphic map ¥ from 2 onto C".

Example 2. Let F : C* — C? be defined as F(z,w) = (3w + 2%, 1z).

0 3

So F'(0,0) =
0

N =

Clearly, F' is one-to-one and onto, and also there exists an inverse F~! which is holomor-
phic. We rewrite F' as F' = [ o J o K, where I(z,w) = (w, 2), J(2,w) = (2,w + 42?), and
K(z,w) = (32,3w). So F' = Ko J ol ! Thus F'(z,w) = (2w, 2z — 8w?). The
automorphism F fixes the origin and the eigenvalues of F7(0,0) are Ay = 5 and Ay = —3

which in absolute value are all less than one. Also |A\;]|? < [Ag] and |[Ay]* < |A1|. Define

0= {(z,w) €C?: lim F*(z,w) = (0,0)}.

ko0
Then by theorem 1.0.1, there is a map ¥ : Q — C? such that  and C? are biholomor-
phically equivalent.

We want to show that 2 is a Fatou-Bieberbach domain. So simply, we want to show
that Q # C2. Now define W = {(z,w) € C? : |z| > 100 and |z| > |w| }. Then it is
enough to show that F'(1W) C W. Note that since (0,0) ¢ W, F¥(z,w) cannot converge
to (0,0) whenever (z,w) € W.

Let (z,w) € W. We want to show that [3w + 22| > 100 and |jw + 22| > |1z].

L

sw+ 2% > [2]* = Lw] > 100|z| — §|z| since |z] > |w]

So [3w + 2% > (100 — 3)|z| > || > 100.
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Also 3w + %] > (100 — 3)|z| > 3|2|. So we have shown that F(z,w) € W which also
implies that F'(WW) C W. Thus,  # C? and so (2 is a Fatou-Bieberbach domain.
Alternatively, the map F" has more than one fixed point. Particularly, (0,0) and (2, 2)

are fixed points of F'. This means that {2 cannot be all of C2.

2.2 Resonances

As stated in the introduction, finding a solution to the functional equation in (%) simply
depends on the set of eigenvalues of F'(p) = A, commonly referred to as the Spectrum of
A. Resonance relations between the eigenvalues of A can affect our approach to finding a
desired solution. This emphasizes how relevant these resonances are in our work. Thus,

we consider the following definitions:

Definition 2.2.1. A monomial is a polynomial with only one term. A monomial can
be expressed in one variable or several variables. For example, z2w*t3u is a monomial
in four variables. Also, homogeneous polynomial is a polynomial that has its nonzero
terms all having the same degree. For example, zw?t® + 8z2w?t? + 3wt? is a homogeneous
polynomial of degree 6, in three variables. We see that the sum of the exponents in each
term is 6.

We focus more on homogeneous polynomials and monomials in several variables, so

for z = (z1,...,2,) € C", ¢ constant, and a multi-index « = (o, ..., ®,) € N", we have

that 2% = cz7" - -- 20" is a monomial in n variables and E Co?t = E Co2yt e 2o s

|a|=m |a|=m

a homogeneous polynomial in n variables of degree m, where |a| = a3 + -+ + a,.
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Definition 2.2.2. Let F' be a map from C" to C" and let k = (ky,...,k,) € N" be a
multi-index with |k| > 2 such that

)\k—)\j ::)\Ifl~--)\7’§"—)\j:0 for some 1 < j < n.
We call such a relation a resonance of F relative to the j-th coordinate. We call k a

resonant multi-index relative to the j-th coordinate. As defined in [4],

Res;(A) := {k € N"|[k] > 2 and \* = \;}.

Definition 2.2.3. A resonant monomial is a monomial z¥ = ¢z ...z in the j-th

coordinate with k € Res;(\), that is, |k| > 2 and \* = \; and for some constant c.

Now let H,, = (hq,...,hy) : C* — C" be a holomorphic map with its components h;
being homogeneous polynomials of degree m. We shall denote the vector space of all such
holomorphic maps by 5%,. Let % be a basis for J7;,, then Z consists of all maps H,,
that have every component to be zero except for one. The only nonzero component, is a
monomial with degree m. So if h; is this nonzero component, then h;(z) = 2% = 27" - - - 257

n

with |a] = a1 + -+ + @, = m. Now we define a new monomial A} as follows:

hi(z) = 200 200

where ay + -+ 4+ a;_1 =m, for m >2 and also A; = A{*--- AT/

The h} defined here is a resonant monomial in the j-th coordinate. All elements
H,, € % for which the nonzero component is a resonant monomial in a specific coordinate
shall be termed as Special. We let X,, C ¢, be the subspace of 7%, spanned by the

special basis elements. We denote by Y,, the subspace of .7, spanned by the other basis

elements that are not special. Consider 1 > |A1| > |Aa| > -+ > |A,] > 0.

When m is so large that [A\;|™ < |A,|, then no member of # is special. Here is the

reason why:
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|A1]™ < |An| and so |A\;|™ < |A,|. This implies that |A;|™ < |\;] since [A\;] < 1.
For the special members of 2, we know that A; = A" --- )\?i’ll. This implies that there
is a resonance relation at the j-th coordinate. Let a; + g + -+ + oj—1 = m. Thus
A= AL A <A A2 A = A
A< M™ < [An] < A since [\]™ < |A,| by assumption.
This means that ); cannot be expressed as A; = A{'--- A7 if [M\[™ < |),| for m
sufficiently large.

We shall let the map I'y be defined by I'y(H) = Ao H — Ho A for H € 7,. So 'y

is a linear operator on .77, for each m.

2.3 Triangular Mappings

From the introduction, we stated clearly that we are interested in Lower-triangular map-
pings. The reason is that when constructing a Fatou-Bieberbach map, we need to find
a lower triangular map whose iterates takes the whole C" to zero. In addition, the in-
verse of these iterates also takes any neighborhood of zero to the whole of C". In simple
terms, we need a lower triangular map that contracts uniformly and whose inverse ex-
pands uniformly. We shall therefore define this lower triangular map G, and study its
properties.
Consider the holomorphic maps G = (g1, ..., g,) from C" to C" which is given by the

system of equations of the form

g1(z) =z

92(2) = cazp + ha(21)

g3(2) = c323 + hs(z21, 22)

11
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gn(z) = CpZp + hn(zla < 72n71)
where ¢;’s are scalars and h; is a holomorphic function of (zy,...,z;_1) which vanishes
at zero for every j. This kind of map is referred to as a Lower Triangular Map. The

Jacobian matrix of G is given by

91 o1 ., O¢ B
0z1 0zo Ozn €1 0 0
992 992 .. Og2 Ohy .

, 0z1 Oz Ozn 0z1 €2 0
990 Ogn ... 9gn Ohn  Ohy c
021 Ozo Ozn 021 Ozo n

Therefore the matrix that represents the linear operator G’(0) is also lower triangular.
We also know that for a triangular matrix, its determinant is simply the product of the
entries in the leading diagonal. Thus, G’(0) is invertible if and only if none of the ¢;’s

equals zero. So G is an automorphism of C" if and only if none of the ¢;’s are zero.

Now if ¢1,99,...,9, are polynomials, that is, g; : C" — C is a polynomial map
in several variables, then we call the mapping G a polynomial mapping. G is then said
to be a Lower Triangular Polynomial Automorphism of C". The degree of the lower
triangular map G is given as degG = max degg; for 1 < ¢ < n. We shall define the
iterates of G, as G* = (g%k), e ,gr(f)). Therefore the degree of the iterates G* is given as

deg G* = maxdeg gi(k) for 1 <i<n.

A similar idea still holds if we have an upper triangular map F' = (f1,..., f,) given

by the system of equations below.
f1<Z) = a1z + (h(ZQ, . ,Zn)

fa(2) = agzs + qa(23, . . ., 2n)

12
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foo1(2) = an22n-2 + @n2(2n-1, 2n)
Ja1(2) = n12n1 + a1 (20)
fn(2) = anza
where the a;’s are scalars and ¢; is a holomorphic function of (zj41,...,2,) and ¢;(0) =0

for every j. F'is then said to be an upper triangular map. The Jacobian matrix of F is

given by
Oh 0K .. 9N a, 2o ... da
0z1 0zo Ozn 1 Ozo Ozn
8f2 0f2 .. Of 9g2
, 021 Ozo Ozn 0 a2 Ozn
Ofn  Ofn ... Ofn
0z1 Ozo Ozn 0 0 n

Likewise, F' is an automorphism of C" if and only if none of the a;’s are zero. And so
we can also have an Upper Triangular Polynomial Automorphism of C™ if fi,..., f, are
polynomial maps. The degree of I as well as the degree of the iterates F* are all defined

in a similar way as in the case of lower triangular maps.
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Chapter 3

Proof of a simplified version of the

main theorem

As we clearly stated in the introduction, theorem 1.0.1 becomes very easy to prove when
the eigenvalues, A,...\,, of the linear operator are related such that [A\;|* < |),], for
A1l > |Ae] > -+ > |A,]. This assumption simply implies that there cannot be any
resonance relations between the eigenvalues of the linear operator. We start by stating

the following theorem:

Theorem 3.0.1. Suppose F' € Aut(C"), p € C", F(p) = p and the eigenvalues \; of the
matriz A = F'(p) satisfy | M| > [Xo] > -+ > | Aa| and |[M]* < [Nl
Define Q1 = {z ceC: klim F*(2) :p}.
—00

Then ) is a region and there is a biholomorphic map ¥ from § onto C" which is given

by U = klim ATFEF* and its convergence on every compact subset of Q is uniform.
— 00

Proof. We begin this proof by letting p = 0. It is important to note that we do not
loose generality here if we take p = 0. Also let a, (1, (2, 8 be some constants satisfying

14
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B> Py > 01 >N >N > >|\| >a and B? < . This implies § < 1. At
p=0, 3r >0 such that z € B(0,r) and so we have that
F(z) = Az + O(]z]?)
|F(2)] = [Az + O(|21*)| < [IA]] 2] +10(]2[)]
By the definition of O(|z|?), it means that there exists a positive real number C' such that
|E(2) < ||A]] |2 + Clz]* < [|All 2] + Crlz]  since [2] <7
Now let Cr < 6.

So |F(2)] < (||A|] +9)|z| since ||A]| < 1 from the hypothesis of the above theorem.

|F(2)] < Balz| since ||A||+d<pr+0d < s
By the Spectral theorem, there exists m such that for z € B(0,r) we get that F™(z) €
B(0,r). Thus

|F™(2)| < B3*]z]  for some fixed m.

Let N = jm+i, j=12,...and0<i<m—1 Weput K = max{‘F“Z”} for

||

0 < |z| < r. Then we have that
|FN(2)] = [F/(FI™(2))| < K|[F™(2)] < KB3™2.
And so for N large enough we get that
|FN(2)| < BN for every z € B(0, 7).
Now let ¢ € 2 then by the definition of € in the theorem we can see that F7(q) € B(p,r)

for some 5 € N.

Soge F(B(p,r)) and Q= F~(B(p,r))
=0
This shows that 2 is a region and also F'(2) = ). Let E be a compact subset of {2. Then
we have that £ C F~/(B(p,r)) for some J. Consider the sequence {A~*F¥|g} and let

k=m+Jand w € B(p,r). Thus, A FF(w) = A= D+t () = A=/ (A F™) F7 ().

15
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Hence for { A=*F*} to converge it is sufficient to show that { A= F™} converges in B(p, ).
Therefore we want to show that for z € B(p,r) the sequence {A*F¥(z)} is a Cauchy
sequence.
Let w € B(p,r)
w—ATF(w) =w— AT (A(w) + O(|w]*))
=w—w—ATO(|w]?) since A7!is linear
— A(Oul?)
lw— AT F(w)] = [ATHO(Jw]?))| < blw]® oo (%)

b is some constant. Let z € E.
[ANFN(2) = AZBHD PN ()] = [ATN(FN (2) — ATUF(FN(2)))]

< AN [FN(2) — A7 F(FN ()| from (»

< U|JATN|| |FN(2)|*  since FN(z) € B(p,r) for N large enough

2\ NV
<a (V) < <f6—)
a
Now let ¢, = A~FF* and consider the sequence {(;,}. Let m < n for some m,n € N
|G = Gal = |Gn = Gt + Gt = Gz + -+ Gt — G
< Gm = Cmpa -+ [G1 = G
n 2\ J * 2\ J 2\ ™ 2
(<20 -C) () =t

Hence the sequence {(;} is Cauchy. Therefore its limit ¥ = lim (}, is a limit of a sequence

k—o0

of automorphisms, hence it is holomorphic.
Claim 1. V is one-to-one.

Assume ¥ = klim A“FF* is NOT one-to-one. This means that 3 z,y : = # y and
—00
WU(x) = ¥(y). We also note that the Jacobian determinant, J¥ = det W' # 0. This means

that W is open. Let V, W be open neighborhoods, then W(V') and W(WW) are also open.

16
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For z € V and y € W, we have that ¥(z) = ¥(y). This implies that (V)N ¥ (W) #£ 0
and so A*F*(V)N ARF*(W) # 0 for k large enough.
ARER(E) = A7FFk(g)  for some 7€V and g€ W.

Hence we have a contradiction. This proves that ¥ is one-to-one.

Claim 2. VU is onto.

We want to show that for ¥ : Q — C*, ¥(Q) = C" for ¥ = lim A-*F*. All eigenvalues

k—o0

of A~! are larger than 1 in absolute value. Therefore A~! is an expansion. Let B(p, ) C
C™, since F' € Aut(C™) has an attracting fixed point p, it implies that B(p,e) C €. This

is because for z € B(p, ) we have that lim F¥(z) = p. So A~Y(B(p,e) is larger than

k—o0

B(p,e). i.e. A1 (B(p,e)) D B(p, (1 + d)e) for some small 6 > 0. F(2) = Q, and so

FFQ)=Q. ¥(Q) = lim AFF*(Q) since A*B(p,e)) — C" as k — oco.

k—o0

So we have that U is a biholomorphic map from €2 onto C". O]

Example 3. We shall define F' € Aut(C?) by F(z,w) = (az, Bw + 2?), where

a 0
1 > a > g > 0. This implies that F'(0,0) = (0,0), and A = F’(0,0) = . Now

0 p

observe the following iterations of F"
F?(z,w) = (oﬂz, B*w + (1 + “7;)22)
P ) = (o B+ 2045 + (5)7)2)
— O42 a2 _
Fk(Z,w) = (@kz’@kw+5k 1(1 + " 4+ e+ (7)k 1)z2>

F*(z,w) — 0 as k — oo for all (z,w) € C2. This is because o and f3 are less than 1.

17
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1o 10
Al = and A~F =
0 3 0 5

Also we have that

(AFER) (2, w) = (z,w + 6711+ % +- 4 (%)k_l)f).
The sequence {A~¥F*} converges if %2 < 1or a® < 8. Thus, the map ¥ : Q — C?,
defined as ¥ = kh—{go ATFFE exists if %2 < 1. The sequence however fails to converge if
<>l

The obvious conclusion here is this: the sequence {A™*F*} in theorem 3.0.1 fails to
converge if the assumption that [A\;|? < |\,| does not hold. The sequence fails to converge,
not even locally, and even on the level of formal power series if this assumption is violated.
It is important to note that there are two (2) difficulties that arise when this assumption
is violated. The first is the presence of resonances and the second is when |A| £ |A,|. In
the latter case, we need the polynomial map 7;, instead of just the identity map Id.

If we assume that a? = 3, then the sequence {A™*F¥} will not converge as k tends
to infinity. However, there is a way to fix this problem when it occurs. The first case
of example 4 addresses this situation. Particularly, this situation implies that there is a
resonance relation between the eigenvalues o and 5. Also if a® > /3, then we know that
we can no longer use the identity map but instead a polynomial map 7,, for some m > 2.

Thus, in both scenarios, we find a lower triangular map G : C* — C? with the desired
properties and a polynomial map T : C?> — C? also with specific properties such that the
sequence {G"oToF*} converges as k tends to infinity. In that case, ¥ = lim G *oToF*.

k—o0

We shall explain how this G and T are chosen in chapter 4.
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Chapter 4

Proof of Main Theorem

Before we prove the main theorem, we will first consider three important lemmas to help
prepare us for the proof of the theorem. The first lemma gives us the necessary details we
need to know about the ideal choice of the lower or upper triangular map of C" as well

as its required properties.

Lemma 4.0.1. Let G be a lower triangular polynomial automorphism of C™.
1). The degrees of the iterates G* of G are then bounded, and there exists a constant
£ < oo so that
GHU™) C pfU™  k=1,2,3,---

where U™ is the unit polydisc in C".
). If |ci| <1 for 1<i<mn then G*¥(z) — 0 uniformly on every compact subset of
C" and

G G*Vv)y=cC"

k=1

for every neighborhood V of 0.
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Proof. (i). Let G = (g1,92, - ,9n) be a lower triangular polynomial automorphism of

C" and let G* = (g%k), gék) ce ,gﬁlk)). From the definition of G, we have that

91(2) = a1z

g2(2) = cazo + ha(21)

gn(z) = CpZn + hn(zla s 7Zn—1)

We observe that for G o G, the first 3 components give us

9Pz = (g0 g)(z) = &z

952)(73) = (92 © 92)(3) = ngz + CQhQ(Zl) + h2(C1Z1)

99 (2) = (gs0 g3)(2) = B2y + csha(z1, 22) + ha(cr21,ca20 + ha(21))

Similarly, the first 3 components of Go G o G, are as follows:

3
9P (z) =

95" (2) = B(02(2)) + e2ha(91(2)) + halcr91(2))
= 329 + 3ha(21) + coha(c121) + ho(c221)
95" (2) = 3(93(2)) + csha(91(2), 92(2)) + ha(era(2), c22(2)) + haln(2))
= 323+ c3h3(21, 22) +cshg(cr21, caza+ha(21)) +hs(c3 21, c3za+caha(21) +ha(ci21)).
It is easy to observe that the degree of the iterates of each of the components remains the
same at some particular point in the iteration. We shall now consider the more general
case.
Let p; = degg; for1<i<n and letd= -,
We want to show that the statement S(n,k) : degg;*® < p1---pu; holds for all i =
1,2,...,n. We show this by induction on ¢ and k. Now consider the following three

(3) statements:
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S(m,k) : deg g™ < iy for1 <i<m
S(1,k) : deg 1™ = 1y true for all &k
S(m, 1) : deg g; = p; true for all 1 <i<m

We have that G*¥*! = G o G*, hence

gfkﬂ) = clgZ ) 4 h; (g1 ,...,gl(k)l) for 2 < i< n.

deg gi(k+1) = M sﬂglaffl deg gs(k) and so deg gi(k+1) < iy c e it

deg ;") = -y < pyo--pn = d. Tt is easy to see that degG = mlaxdeggi.
Therefore we have that deg G* = max deg g;® forall i=1,2,3,...,n. This implies that
deg ;™ < py---p; for all i = 1,2,...,n. As a result, the statement S(n,k) holds for
all i = 1,2,...,n. Which means that the degree of the iterates G* of G are bounded.
Expressing it mathematically, we write, deg G* = 1§mia%{ ndeg G"*) <y py =d.

Let M be the number of multi-indices a = (o, ..., a,) that have |o| < d and |o| =
aj + -+ a,,. We need to place a bound on the coefficients of the g¢is in order to avoid

the situation whereby they tend to infinity when iterated. Therefore, we choose C' > 1 so

that |g;| < C on U™ for 1 < i < n. Now we put § = MC?.
Claim 3.  [¢"(z)|<B* for zeU", 1<i<n and k=12, ...

We shall prove this by induction of k. Let gz Z An 2]t e 2o = Z o2
lo| < d la] < d

The above claim holds when & = 1, since |g;(2)] < C < B.

The coefficient a, = / gz(k)( ) z% where T™ is the unit Torus. In terms of one variable,

Tﬂ,
we have that

27 .
L 0 ifa # 7
- /ezaaez'dee —
2T )

0 1 ifa =9y
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Claim 4. laa| < Bk

Since G*1 = G* o G we have that

k k « Qo
g =g (g1, ga) = D aagitc gs
/< d
k Qn [e Qn [e
G =13 aagt gt <Y Jaallgn|™ - lgal < MBECH
laf < d la|<d

< Mﬁ’de Bk—f—l
We can see that claim 3 is true since k has been replaced by k + 1. Hence claim 3 is true

if claim 4 holds. We shall now verify claim 4.

27

"l ’/ggk)@za = / /!QZ 22| dby --
Tn
< 1 ' *) 1 =|la
- %) |9i (2)| dby---db,, since |Z|* =1
0 0

27 27

1 n

%> //5’“ dby---dbh, since |gfk)(2)| < pF
0 0

So |as| < B*. This implies that claim 3 true. Hence G*(U™) C U™ for k=1,2,...
(ii). We now want to show that for |¢;| < 1 and 1 <i <n, G¥(2) — 0 uniformly on
every compact subsets of C" and Ej GHV)=C"
Let |¢;| <1 for 1 <i <n andlet E be a compact subset of C". Let ||.||g denote
the supremum norm over E. So ng(k)HE = sup{\gj(-k)(z)] : z € E}. Thus, Hggk)HE —0

as k — co. We prove by induction on i. We assume that 1 < i < n and

(4.1) Jim [lg¥lp =0  for1<;j<i
(4.2) lim [|A; @™, ™)l =0 since hi(0) =0 and from (4.1).
—00

Let € > 0. We know that gz.(kﬂ) =g;0 ggk) and so

(k+1) ‘ _

k k
g} g™ + hi] < leillg™] + [hal

(k+1) & N
g < Jeallg1 4 halgl g < el 9]+
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for sufficiently large k. This follows from the fact that gi(kﬂ) = czgl )+ h; (g1 s gz(k)l)

Let limsup || ggk)|| g = a. By taking limsup of the above inequality, we get that
k—o0

a<|¢la+e andso a <

1 €| | for all ¢ > 0. So (4.1) still holds if we replace i with

i+1. So by induction on i we conclude that G*(2) — 0 uniformly on all compact subsets
of C".
We now use induction to confirm that || ggk) || are bounded on the set E. Now we assume

that the expression in (4.1) holds. Then it is enough to show this:

9"V < leillgl®] + en
< |Cz‘|2|9§k_1)| + |cile-1) + €k
< |Cz'|3|9§k_2)‘ + |eil*er—2 + |ciler—1 + €x

S |cl|k|gz\ + ‘Ci‘kilé“l + -+ ‘Ci‘zgk,Q + |Ci|5k71 + &g
k—1

< |Cz|k|gz‘ + Z |Ci‘JB + &g
j=1

where B is any positive number. So ||g;||g is bounded.

The second part of (ii) follows directly as a consequence of the first part. n

Lemma 4.0.2. J%, = X,, + [a(%,), for m >2, where #;,, X,,, and Ty =Y, are

defined as in section 2.2.

Proof. We will study the homogeneous polynomials h. Consider

h(Zl,...7Zj_1): Z azf‘l...zjo,éizl:hn+hn+1+...+hN

n<la|<N

Also hy = Z az{t - zfi]l is a sum of monomials. %, is spanned by monomials z”
|a|=k
for |8] = m and X, is a subspace of 7%, spanned by the special monomials. From the
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definition in section 2.2, T'y(H)=AoH — Ho A, H € J,. We choose coordinates so

that the matrix A is lower triangular.

Claim 5. Y, =Ta()

Let D be a diagonal matrix which has A\, Ag,..., A, down its main diagonal. Also let
H=(0,...,0,2%0,...,0) € & with 2z at the j-th spot and A = (A,...,\,). The space
Y, is the the space spanned by the elements of the basis of 2 that are not special.
T'p(H)=DoH—HoD

=(0,...,0,X;2%,0,...,0) — (0,...,0,A*2%,0,...,0)

=(0,...,0,(A\; = X*)2*,0,...,0)

=N —A(0,...,0,2%0,...,0) = (A\j = AT - - A0 ) H
It is easy to see that if ap > 0 for k = j,5+1, ..., n, then we have that A; — A" - - A2» # 0.
However, if H is special then
I'p(H)y=DoH—-HoD

= (0., 0,020 2070, 0,..,0) — (0,0, 0, AT 2 - AT 20,0, 0)

= (0,0, A — AT AT 2T 0L 0)

j—1 =1
=(\ — AT --A?ﬁ‘ll)H =0
Note that A; = A{" -+~ X777" whenever H is special in J%,. It is therefore clear that I'p
“kills” precisely the elements in % which are special. Let H = (hy, ho,...,hy) € Xy
Each h;(z) = Z ap2yt - z?ijl is a linear combination of resonant monomials which are
also homogeneous of degree m.
I'p(H)y=DoH—-HoD=D(hy,...,h,) — H(Dxz)
= (Mhi, .., A\hy) — (M(Dz), ... ho(D2))

= (Alhl - hl(Dz)7 ) )‘nhn - h/n(DZ))
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So if we consider the j-th component of I'p(H) we can observe the following:

Ajhy — hj(Mz1, . Anzn) = Ajhy — APt --- AT 207" The reason for this is because

hi(Mz1, oo Anzn) = AT 2 X7 20T
So )\jhj — hj(DZ) = )\jhj — )\(111 ce )\?1_112(111 s Z?i;l = 0. This 1mphes that FD(Xm) =0

and so 7, = X, + I'p(44,). Now the obvious question we ask ourselves is this:

Is Ta(Xm) =Tp(X,)? We now focus on our given A and let € > 0.

ap 0 -+ 0 gm0 - 0
o1 Qgg - 0 0 &1 ... 0
Let A - , S{:‘ — and
Ap1 QApo - Ay 0 0 e
L0 0
0 = 0
St = :
0 0 %
aL” 0 0 a;; 0 0 e 0 0
0 Snl—1 o 0 91 Qo9 -+ 0 0 5”_1 ... 0
ST1AS, =
O 0 % Ap1 QApo ** Ann, O O e
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a1 0 0 ce 0

£a91 929 0 cee 0

SglAsﬁ = 82CL31 Ea39 ass s 0

" a1 € 2any € Pang o anm
aiq 0 0
0 agp -+ 0
This implies that S-'AS, — =D as ¢—0.
0 0 Ann

Now let 7 be the projection in .77, whose range is X,, and whose nullspace is Y,,,. Then
the map m + I'p is a linear operator which is one-one and invertible on 7,. For ¢ > 0
small enough, the linear operator m + I'g-1,4 is also invertible. Let S = 5., to each
G € A, we will correspond some H, € X,, and some H € 5%, such that S~'GS € .
So ST'GS =H,+Tg-149(H) = H, + (ST'AS)H — H(S7'AS) and

G=SH,S '+ A(SHS ') — (SHS™H)A
Since S = S. is a diagonal matrix then it implies that SHS™! is just a scalar multiple of

H, for every H € #. This is because

SHS™'(2) = S(0,...,0,2%,0,... ,0)(8%21, L gzn)

=5(0,,0,(Z2) "+ (22)7,0,..,0)
_ (o, . ,0,5n—<j—1><(5%z1)a1-~ (gzn)a"),o, . ,o).

Also for H, € X,,, SH,S™' € X,,. Let SH,S™' = H, and SHS~! = H,, then

G =SH,S™'+ A(SHS™") — (SHS™)A.
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G = Hl +AH2 —HQA, for Hl € Xm,HQ € %m

So GEXm—i-FA(%m) ]

We shall now study an example in preparation towards our next lemma. The aim
of this example is to explain very simply the behavior of the occurrences of resonances
and how they affect our choices of G and H, where G is lower triangular polynomial

automorphism and H € J7,.

Example 4. Let F(z,w) = (az, fw + 2?), (z,w) € C? and «, 8 are real positive

a 0
numbers and 1 > o > 3> 0. F'(0,0)=A=
0 g
z a 0 z
F(z,w)=A +O0(|2) = +(0,2%)
w 0 p w

Now let T}, : C* — C™ be a polynomial map with 7,,(0) = 0 and 7},,(0) = Id, where
Id is the identity map. Let G be defined as in lemma 4.0.1 and consider the equation
below:
(%) GloT,oF —T,=0(z") m>2.

Applying G to (x) we get the following:
(xx) TmoF —GoT,=0(z") m>2

CASE I. We assume that o? = 3. This implies a resonance relation between the

eigenvalues of A. Let Gy = A and T, = Id for m = 2. Then by (%) we get that;

z
(Ido F — GyoId)(z,w) = F(z,w) — A = (0,2?). Let Py(z,w) = (0,2%) € 5.

w

By our assumption, we see that the entry in the second coordinate of (F' — A)(z,w) is a
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resonant monomial. Let Qy(z,w) = (0, 2?), then Q € X, C 4.
We define G,,.1 = G, + @, and 1,41 = T, + H,, o T}y, for Q,, € X,,, and H,, € ;,.
So we get that;
Gs(z,w) = Ga(z,w) + Qa(z,w) = (az, fw) + (0, 2?) and
Ts3(z,w) = (Ty + Hy 0o 1) (z,w) = (z,w) + Ha(z,w).
We now need to find Hy to compute T5. By Lemma 4.0.2, we can decompose to get
Py=AoHy,— Hyo A+ Q.
Let Hy(z,w) = (a12® + asw? + azzw, by 22 + bow? + bszw), for ay,as,as, by, by, by € C.
(P, — @Q2)(z,w) = (0,0) = A(Hg(z, w)) — Hy(az, fw)
= (aa12% + aayw? + aazzw, Bb 2% + Bboyw? + Bbszw) —
(a?a12% + BPasw? + aBazzw, a®by 22 + B2byw? + afbzzw)
= <(a—a2)a122—i—(a—ﬁz)ang—l—(a—aﬁ)agzw, (5—a2)5122+(5—52)52w2+(5—045)532111)
So (o — a?)ay = (a — B*as = (a — afB)az = (8 — a?)by = (B — B*)by = (B — aB)bz = 0.
We get that a; = ay = az3 = by = by = b3 = 0. Hence, Hy(z,w) = (0,0).
G3(z,w) = (az, fw + 2%) and T3(z,w) = (2,w) since Hyo Ty = 0.
(T30 F —G50T3)(z,w) = (Ido FF — G50 Id)(z,w)
= F(z,w) — G3(z,w)
= (az, fw + 2%) — (az, 22 + pw) = (0,0)
So we choose G(z,w) = G3(z,w) = (az,Bw + 2?). So G*¥(z,w) — 0 as k — oo for
all (z,w) € C* since G¥(z,w) = (az,ffw + BF1 (1 + ¢+ -+ + F71)2?). We choose
T = T3 = Id. Note that if o® = 3, it implies that o® < 8. This means that there cannot
be any resonance relations between the eigenvalues after m = 3. Thus, our choice of T

We want to find G7% o T'o F*, so we will first calculate G~
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Define J and K such that

J(z,w) = (az,fw) and K(z,w) = (z,(22)? + w).

0
Then G =KoJ, G'=J' oK and J! = . Also J7H(z,w) = (2, w)

R I~

=

and K~'(z,w) = (z,w — (£2)?). Thus,
G zw)=J " z,w— (£2)?) = (22, 2w — %(iz)Q)
G loToF(z,w) =G az, fw + 2%)
2

— [é(az), %(Bw +2%) — %(é(az)) }

= (z,w+ %22 - %22) = (z,w)
So G~ 'oF =1Id.
Let U : Q — C? be defined as ¥ = klim G*oToF* Then ¥ = Id.
Q={(z,w) €C*: klim F*(z,w) = (0,0)} = C? and so we see that ¥(Q) = Id(C?) = C2.

— 00

Alternative

1
G l(z,w) = (—z, —w — —22> and so we get that
a

1 1 1 .
G F(z,w) = [Jz,@w—a—o—l—aﬁ—l—“-—i— (ﬁ)k 1)22 . Thus, for T'= Id,

a2

G Foldo F*(z,w) =G (F’“(z,w))

e A G O S

= z,w+%(k—k)] = <Z,’LU>

Remark. In certain situations, calculating the T,,’s for m > 2 can go on forever as long
as there are higher order terms. The ideal choice of T is made based on the relation
between the smallest (|\,|) and largest (|\1]) eigenvalues in absolute values. i.e. If there

exists an mq large enough such that |A\i|™ < |\,|, then we choose T' = T,,,.
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H,, cannot contain resonant monomials. Therefore the polynomial map T,, cannot

contain resonant monomials.

CASE II: We assume that o? < 3. This implies that there are no resonances. This

also means that Q),, € X,, C 77, is equal to zero for all m > 2. Hence

G2:G3:"':Gm:A, TQZIdaHdPQZAOHQ—HQOA.
z a 0

F(z,w)=A +(0,2%), where A = and Py(z,w) = (0, 22).
w 0 B

Let Hy € 74 be as in case 1. Then by similar computation we solve for Hs in the equation

PQ = AOHQ—HQOA. So a; = Q9 = a3 = bQ = b3 =0and bl(/B—OéQ) =1. ThUS, b1 =

1

f—a?

Hence Ho(z,w) = (O, ﬁzQ) It is easy to see that when o = 3 we run into a problem.
T35=T,4+ Hyoly — Tg(Z,w) = (Z,U} + ﬁZQ).

Now (T30 FF — Ao T5)(z,w) = (0,0). So we choose G = A and T" = T, = Id. Thus,

U(z,w) = lim A"FF(z,w) = (z,w+ 3737%).

k—o0 p—a?

Remark. We can observe that since G™%(z,w) = (Zz, B—lkw), then G™% o Ty o FF =

(z,w+%(1+c+- : -+ck’1—i—f—fc)22) = (z,w—i—ﬁzQ). Thus, ¥(z,w) = (z,w—i-ﬁjaz,zz).

So if we should choose T = Ty we still get V as desired but it is not necessary since the

assumption that o> < B is enough to make us choose T = Tj.

We shall consider another example in C3. We begin by stating the following theorem

in [7]:

Theorem 4.0.3. Let P = (P, ..., P,) be any polynomial mapping from C" to itself with
P'(0) invertible. Let max(deg(P;)) < d. Then there exists an automorphism v of C" such

that (2) — P(z) = O(|z|*1).
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Example 5. Let F(7) = (az+15, fw+ 22420, vt +w? + 2%w), for 7 = (z,w,t) € C?,
be a germ of an automorphism of C3. F’(0) is also invertible. So by theorem 4.0.3, the
germ of automorphism F of C3 can be realized as an automorphism F defined as

F(7) = (az, fpw+22, yt+w?+2%w), for 1 > |a| > |8 > |y| > 0. So F(0,0,0) = (0,0,0)

a 0 0

and A= F"(0,0,00= [0 8 0

0 0 v

CASE I: Assume that there are no resonance relations between the eigenvalues of A.
F(1) = AT+ O(]7?) = (az, fw,vt) + (0, 22, w? + z2w).
Consider the expression below:
G loT,oF —T, =0(r™) form>2.

We need to find G, lower triangular map in C* and T, a polynomial map in C?, such that
the sequence {G~* o T' o F¥}, converges as k tends to infinity. Let Gy = A and T, = Id
for m = 2. We get that,

(Tyo F —GyoTy) (1) = F(1) — AT = (0, 22, w? + 2°w). So Py(1) = (0, 2%, w?) € 4.

F(1) — AT — Py(7) = (0,0, 2%w). Also P, = Qo+ Ao Hy— Hyo A= Ao Hy— Hyo A
since (0 = 0.

Now let Gypy1 = G + Quu and T,y =T, + Ho T,,,, m > 2. So G,, = A for
m > 2and T3 = Ty + Hyo Ty = Id + Hy o Id. We shall then find Hy by considering
P, =Ao Hy,— Hyo A.

Let hi(1) = a}2® + ajw® + a4t® + alzw + ajzt + agwt, where a} € C for i = 1,2,3 and
1 <7 <6. Now let Hy(1) = (hl(T), hg(T),hg(T)). Substituting this into P, and solving

similarly as in example 4, we get the following:
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al=ap=a} =0 for 1 <j<6,2<k<6andl=13456. Soa} =45 and

F—a?
3 1 1 2 1 2
Ay = m ThUS, HQ(T) = 0, Z, ﬁ2w .

B—a2” 7 y—

1 1 1 1
Ty(1) = 2 2] = 2 —w?|.
So T3(7) (z,w,t)—i—((), B_QQZ, 7_62w> <z, w+5—06227t+7—52w>
(TgOF—G30T3)<T):TgoF(T)—AOTg(T)

26\ o Ly
0, 0,1+ Zrw A+ ——2|.
( 7—52> v =B ]

23
v =32

So P3(1) = [O, 0, (1 + )zzw] and Py = Ao Hy — H30 A, since Q3 = 0. Now

we simply assume that H3(7) = (az®, bw?, ct® + dz*w), for a,b,c,d € C. Substituting Hs

into P53 and solving, we get that:

1 28

a=b=c=0 and d=7_a26+(7—@25)(7—52>

. So Hj(t) = (0, 0, dz*w).

1 d
Ty(t) = |z, w+ 22 t+7_ﬁ2w2+d22w+ﬁ_a2z4].

1
i

(Thyo FF' —GyoTy)(1) =Tyo F(1) — Ao Ty(r)

1 s =1 4
O, 0, (m‘{'(a +ﬁ_a2>d>2 .
at —~
i—a?

Hy(7) = (ez*, fu?, gz*). Computing P, = Ao Hy — Hy o A gives the following results:

1
Then Py(7) = (0, 0, uz*), where p = —52 + <a2 + )d. Similarly, we simply, let
f}/ —

1
—

e=f=0 and g= S So Hy(t) = (0, 0, gz*).

So Ts(1) = |z, w+ 2 t+

1 1 9 9 1 1 9\ 4
d d .
f—a? T Zw+7—oz4(v—52+a )Z
(T50 F —G50T5) (1) =T50 F(1) — Ao Ts(7) = (0, 0, 0).

We therefore choose G(1) = At = (az, fw,~t). Hence G™(7) = (éz, %w, %t) and
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G (1) = (ik.z, Lw, i,c) Let t* be the expression below:

<.

i ([Bj—lw_i_ﬁj_Q( .j (%Q)i—2)22]2+(a2)j—122 [ﬁj—1w+6j—2< ‘

7j=2 =2 =2
k k k k—1 a? &\ b1\ o g k—10,2 | .2 x
Then F*(1) = [a z, BPw+ (1—1—?—1—---4—(?) )z , YT (Wt 2w) + t }
Clearly F*(1) — 0 as k — 0o. So we shall find ¥ = Jim G FoToF*
—00
Observations:

1. If o <, we choose T =T for 1 < j < 4 and so ¥(7) = klim A7*oTjo F (1) = Ts(7).
—00

Clearly, T5 o F' — G5 o T5 = 0. This implies that ¥ (1) = T5(7).

2. For o™ < v, m > 5, then we choose T' = T,,, = T} since T, = T5 for m > 6. Also

U(7) = lim A %o T, o F¥ = Tx(7).

k—oo

CASE II: Assume 32 = v and a® = 7.These are resonance of F relative to the third
coordinate. We can simply conclude that a® < +. In a similar way, we need to find G
and 7' such that

G loT,oF —T, =0(z™), m>2
and also the sequence {G~%oT o F*}, converges as k tends to infinity. By letting Gy = A
and Ty = Id for m = 2, we consider (Ty0 F —Go0Ty) (7). We get Po(7) = (0, 22, w?) € .
Po=Qs+ Ao Hy — Hyo A, Hy € 74 and Q3 € X5. The entry in the third coordinate
of P, together with the assumption that $? = ~ implies a resonance monomial. Thus,
Q2(1) = (0,0,w?) € X,.

Let Gy1 =G+ Qo and Ty =T, + Hyy 0 1)y, for m > 2.

G3 = Gy + Q3 and so G3(7) = (az, fw, vt +w?) and T3 = Id + Hy o Id. We then find H,
by solving P, — () = Ao Hy — Hy o A. If we were to solve P, = Ao Hy — Hy o A for H,

we will end up getting 0 = 1 in one of the equations. So by subtracting ()2, we can now
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solve for Hy. Let Hy be as in case I, then we get that Hy(7) = [0,

_ L, _ L,
So T3(7) = (2, w,t) + (0, —5—0422 70) = <z, w—l—ﬁ_an , t),

2 1
This implies that (T30 F — Gz 0 T3)(7) = [0, 0, (1 — —) 22w — (5—24 )

B — a2 _ 062)2

2
T )

2
B — a2 _

2
SOP3<T>: [07 07 (1— )2,’2’11}]. Let)\:1—ﬁ PSZAOHS_HSOA

since Q3 = 0. Now, by simply letting Hs(7) = (a'2%,b'w?,c't* + d 2w) and solving

, A /
Py =AoHs— Hs0A wegetd = oy 3 o Hz(1) = (0,0, d 2w).
1 : ’
Ty(1) = | 2, w+5_a2z2’ t+dz2w+ﬁ_a2z4] and G4(7) = G3(7). We get that
, dat d~ 1 4
(TyoF - GioTy(r) = [@ 0’(da2+5_@2—5_@2—(5_a2)2>21-

d o* d~ 1
B—a?2 Bf—a (B—a?)

So P4(T) = (07 07 l’[’ZA)a where w = d/O{Q + 5 Also Q4 =0

and G5(7) = G3(7). Simply let Hy(1) = (k12* + kow?, [12* + low?, mi2* + mow?) and

consider P, = Ao Hy — Hy 0o A. We get that

ki =ky=11=1o=my=0and m; = . Thus, Hy(1) = (0, 0, myz?).

v — ot

So T5 (7') =

1 , d
2, w+6—a222’ t+d 2w + <B—a2+ml>24]'

Hence (T50F — G507T5)(1) = (0,0,0).

So we choose G(7) = G3(7) = (az, fw, vyt +w?) and T = Tg = T5 since Q5 = 0. Thus,

1 1 1 1
( t— —w2> and

we have that G~1(7) = ( —z, Bw, U
o Y g

1 1 1 1 k—1
G_k(T) = |—=% yw, —t— 1+ e + -+ e w?| and so we have that
ok " Bk k ~
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U(r) = kli_)rgoG_’“ oT o F*(1) = Ts(7).
Lemma 4.0.4. Suppose that V is a neighborhood of 0 in C"*, F : V — C" is holomorphic,
F(0) =0, and that all eigenvalues \; of A = F'(0) satisfy 0 < |\;| < 1. Then there exists

). a lower triangular polynomial automorphism G of C™ with G(0) =0, G'(0) = A,
and

it). polynomial maps T, : C* — C™ with T,,(0) =0, T),(0) = Id, so that

Gl oTpoF —Tn=0(") m=23,...

Proof. We start by choosing coordinates so that A is lower triangular with eigenvalues \;
such that |A;| > --- > |\,|. Suppose that T}, : C* — C™ with T,,,(0) = 0, 7,(0) = Id,
G is a lower triangular polynomial automorphism of C"* with G/,(0) = A and for m > 2,

we get that

TmoF —GyoT,=0(z"™) (4.1)

If for m = 2 we put Gy = A and T, = Id, then (4.1) is true. This is because

TyoF —GyoTy=0(|z]*) andso (IdoF —Aold)(z)=F(z)— Az = 0O(|z]?).
Let P, € J,. P, is defined as all the mth order terms of T, o F' — G,, o T,, and Q,,
represents all the mth order terms of T,, o F' — (G, o T}, spanned by the special basis
elements. By lemma 4.0.2 we can decompose P, as P, = Q,, + Ao H,, — H, o A for

some Q,, € X,,, and H,, € J7,. We therefore rewrite (4.1) as :

TywoF —GpoTy— Py =0(z)™ (4.2)

The above expression, (4.2), means that the power series expansion on the left side has

terms of degree m + 1 or more. This is so because from (4.1) we know that the power
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series expansion of its left side has terms of degree m or more and since P,, € J,,, has
terms of degree exactly m, the power series expansion of the left side of (4.2) has terms

of degree m + 1 or more. Here is why

TmoF—Gmon:<...,Zaaza+ Z aaza,...> and

o= jafzm+1
P, = (, Z 2™ ,)
o=
We get that T, 0 F — G,, 0T, — P, = (, Z AaZa ,) = O(|z|™).
laf>m+1

Now we define the following:

Gni1=Gn+Q, and T, =T,+ Hy,oT,.
We want to show that (4.1) holds for m + 1. We shall prove this by also considering the
idea of resonance as explained in section 2.2. In the first case, we assume that there is no
occurrence of resonance and prove that (4.1) holds for m + 1. Secondly, we shall consider
the case where there is resonance.

CASE I: We assume that there are no resonances. This implies that Q,, € X,, = 0,
thus, @,, = 0. Therefore P,, = Q,,+ AocH,, — H,0cA= AoH,,— H,, o A. By the given
definition, G, 41 = G, = A and T},1 1 =T, + Hpy 0 1)y,

Thi1oF =G0l =ThpyoF —AoT,
=(HpoTyp+Tn)oF —Ao(HyoT, +T,)
=T,oF+H,oTl,0oF —AoH,,oT, —AoT,
= T 0 F = Ao T+ Hyy o (I+0(2)) o (A+O(|2%) = Ao Hyyo (I+0(2P))
=TnoF —AoT, +Hy,oloA+O(|z]™™)— Ao H,, o+ O(|z|™)
=TpoF —AoT, + (H,oA—AoH,)+O(z"")
=TnoF —AoT, — P,+O(z]™") = O(|]z|™") from (4.2)

We therefore need to find an H such that P,, = Ao H,, — H,,0 A
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CASE II. We assume that there are resonances. So P,, = Q,, + Ao H,, — H,, o A.

Then we have that

Qm Odmy1 — Qm - O(|Z’m+1> (43)

Trns1 — Ty — Hy = O(|2|™) (4.4)

Proof of 3.5

Let m =2,T; = Id, and G5 = A. So we get that;
Ty =T, + Hyold H,€ 5
Andso Qo013 —Qy=Q20(ld+ Hold)— Qs Q€ Xo
= Q2+ Q20 Hy — Qy = Qy0 Hy = O(|2*)
Even more generally, we have that

Qm © Tny1 =m o(Id+ S3)  where Sy represents the higher order terms

(Z oz ) (Id+ Sy)

Z ]d+52 Z Ao 2" +O(|Z|m+1)

|=m laf=m

QnoTuii=Qm = 3 a0z +0(2" )= 3 au2% = O(J2|™) O

laj=m laj=m

Proof of 3.6

Tm—i—l_Tm_Hm:Hmon_Hm

= Hyo (Id + O(|2]?) — H,, = O(|2|™+) O

Now we want to show that (4.1) is true for m + 1. Said differently, we shall show that
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Tmi10F —Gpy1 0Ty = O(|z]™) s also true.

Let I=T,,10F—-Gp10Tpy1 and I =T,0F -G, 0T, — P,
Claim 6. I-1II= O(|z|™™)

If this claim is true, then I = IT + O(]z|™*!) = O(|z[™"!) since from equation 4.2 we
know that IT = O(|z|™™!). Now by substituting the definitions of G,, 1 and T, into I
and II, we arrive at the following;:
1T = (Tis1 0 F — Gropr 0 Tons1) — (Ton 0 F — Gy 0 Ty — Py
=T+ HpoTp)oF —(Gpn+Qun)oTyis —Tyno F+GyoT, + Py,
T, 0 F+Hy,yo0TyoF —GyoTmet —QmoTois— Ty o F+GyyoTy+ P
I-1I=H, 0T, oF+G,o0T,—G,oTni1—QnoTlni1+Qn+AcH, —H,0A

So I_II:HmOTmOF_Hm04+GmOTm_Gmo m+1+AOHm+Qm_QmO m+1

o B o

We will show that a, 3, and v are all equal to O(|z|™"!) and we will be done.

Proof of o
HypoT,oF —Hy,oA=H,o(Id+O(z]*)o(A+O(z]*) — Hno A

— H,, old o A+O(|2|™*) — HpoA = O(|2[™) U

Proof of
Gy=A
Gs=Gr+Q2=A4+0Q2, Q26X

Gi=G3=Q3=A+ Q2+ Q3 Q3¢ X3
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m—1
Gm:A“—ZQ]; QjEXj
j=2

m—1 m—1
Gmon_Gmo m+1+AOHm = AOTm+Z QOTm_(A+Z Qj)(Tm+Hmon)+Aon
=2 j=2
m—1 ’ m—jl
= AoTu+) QjoTn—Ao(Tyu+HnoTn) =) Qo (Tn+HnoTn)+ Ao Hy,
j=2 j=2

m—1
— Aon—Aon—Aonon—i—Aon—i—Z [Qjon—Qjo(Tm—i—Hmon)}
=2

m—1
=AoHy—AoHyoTy+ Y [Qi0Tm—Qj0 (T + HuyoTy)]

=2

<.

m—1
=AoH, — Ao Hyo(Id+O(122) + > [Qjo T — Qjo (T + Hy o Ty
j=2

m—1
=AoH, —AoH, +O(z]"™") + (QjoTm — Q0T+ O(|2[™)
7j=2

= O(|2|™) + O[]

Hence G,,0T,,—GpnoTyi1+AoH,, = O(|z|™). O

Remark. Ao H,, is of degree m. In the above proof of 8 we can simply take Q;(z) = 2%
This implies that Q;(T,) — Qi (Ton + Hy o Th,) = T2 — T2 + O(|z|™). Also if B,C, D,
and E are maps, then the following holds: (B+ C+ D)o E =BoE+CoE+ DoFE.
However, Eo (B+C+ D)# EoB+ EoC+ EoD. Equality will hold in this situation

if only E is linear. T,, consists of polynomials of degree at most (m - 1)! or less.

Proof of ~

/3 is the exact negation of (4.3) and s0 Q. — Qun © Tra1 = O(|2|™1). O

So we have that I —IT = O(|z|™"!) which further implies that I = IT+ O(|z|™"'). Hence
equation 4.1 is true for m + 1.
Now if m grows large enough, X,, = 0, which means that ) € X,, = 0 and so

Gmi1 = Gp. This therefore implies that we have the G as defined in part (i) of lemma
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4.0.2 which satisfies
TmoF —GoT, =0(z") foralm>2.

If we then apply G™! to the above equation we get that G~ oT,, 0 F —T,, = O(|]z|™). O

We are now well prepared for the main proof of the theorem since we have stated and

proved the above three (3) lemmas. We state the following theorem:

Theorem 4.0.5. Suppose that F' € Aut(C™), F(0) = 0, and all eigenvalues \; of F'(0)
satisfy |\;| < 1 fori=1,2,...,n. Then there exists a biholomorphic map ® from C" onto

the region

k—o0

0= {zé@": lim F*(z) —O}.

Moreover, ® can be chosen so that J® =1 if JF is constant and also ® = U1,

Proof. We shall again choose coordinates so that A = F’(0) is lower diagonal, and
A1l > -+ > |Au]. As a result of the proof of Lemma 4.0.2, we can find a diagonal
operator S such that Ay = S71AS is close to being diagonal and that |Ayz| < ¢|z| holds
for some constant ¢ < 1 and all z € C". This is true because of the assumption that
|A1| < 1. Now if we put Fy = S7'F'S and prove the above theorem for Fj, to obtain @
and €, then it also holds for F, with ® = S®;S~! and Q = S(Qy).

We now assume further that ||A|| < 1. We fix a such that ||A|| < a < 1. So at the
point 0, 3r > 0 such that for z € B(0,r) we have that
(1) |F(2)] <alz| for [z <r

It is obvious that B(0,7) C Q and that Q is a region, and F(2) = Q. The proof
is similar to that of theorem 3.0.1. We shall consider three steps here. First, we will

associate G to I as in lemma 4.0.4. Secondly, we will apply lemma 4.0.1 (i) to G~! in
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place of G and lastly we shall apply the Schwarz’s lemma to G~!. Then there is a constant
v < oo such that

(2) IGF(w) — G*(W)| € Fflw —w'| k=1,2,...

for all w,w" with [w| <1, |w'| < 1.

From part (i) of lemma 4.0.1 (by replacing G with G™') we have that G™*(U™) C v*U"
1 1

for k=1,2,... and so vy > e ie. v > IA_ln\ > 2 Also we know by assumption

that ||A|| < @ < 1 and the fact that we associate G to F' in lemma 4.0.4, we get that
a > |A\| > -+ > |\y|. Recall that we can always find m positive such that o < |\,].

This means that |A\|™ < o™ < % < |A\n|. So for a fixed positive integer m, we have that

o™ <

2=

By lemma 4.0.4, we can find a polynomial map 7' = T,,, with T(0) = 0, T(0) = I
such that G™'oT o F — T = O(|w|™) for m = 2,3, ... This means that there exists § > 0
and a positive number M; such that
(3) |GTITF(w) — T(w)| < Mjw|™  for |w| < 4.

Let E be a compact subset of Q. Then we have that F*(E) C B(0,7) for some integer s.
Let k' = s + k, then F¥(E) = F***(E) C F¥(B(0,7)) C o*B(0,r), for all k > 0 by (1).
It implies that we can find a positive number Ms such that

(4) |[F*(2)| < Mya* < §
for all z € E. So for |F*(2)| < § we have that
(5) |GTITFR(2) = TF*z)| = |G 'TF(F*(2)) — TF*(z)|
S M1|Fk(2’>|m S MlMﬁnozmk
Since m is fixed and o < 1, for k large enough, |TF*(2)| < 1 and |G'TF*(2)| < 1, for

all z € E. Now let w = G7'TFF1(2) and w' = TF*(2). Therefore by applying (2) to (5)
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we get that
G H(w) — GHW)| = |GH(GITF*(2)) — G*(TF*(2))|
<AHGTITFM(z) = TF(2))|
(6) |G=EFDTFR(2) — GTFTFR(z)| < 4F M M5 o™ = My M3 (yom™ )k

We now put ¥;, = G o T o F*(z) and consider the sequence {¥;};. We want to show
that {Ux}r is a cauchy sequence. Let ¢ > 0 and k; < ko for some ki, ky € N with
ki,ke > N € N.

[Wpy = Wy | = [V — Wiy 1 + Wpy g — Wpy g+ + W g — Wy |

< W1 = gy |+ 4 Wy, — Wpy

ko—1 00
. . tm
< DtV < DtV =D—— < ¢
N
1=m 1=m

where 7 = (ya™)? and D = (ko — m)M;Mj". The sequence {¥}.}, converges since F
is a complete space. Thus, its limit
U(2) = lim ¥y = lim (G %o T o F¥)(2)
k—o0 k—o0
exists uniformly on every compact subset of ). It also defines a map ¥ : 2 — C™ which

is holomorphic and also satisfies ¥(0) = 0, V'(0) = Id as well as the functional equation

(7) GloWoF =0
Claim 7. VU :Q — C" is onto.

We know that F/(Q) = Q and so by (7) we can see that the range of ¥ and that of G™1o W

are equal. So we have that
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Since B(0,7) C €, it means that ¥(£2) contains a neighborhood of 0. Hence by lemma

4.0.1 we can conclude that ¥(Q) = C" = G*(¥(Q2)). Hence V is surjective.
Claim 8. V¥ is one-to-one.

We assume that W(z) = U(y) for z,y € 2. The functional equation in (7) can be rewritten
as
(%) Vol =GoVU
by applying G~! to both sides of (7). Therefore by (%x) and the assumption that ¥(x) =
U(y), we have that
(%) V(F@) = G(¥() = G(¥(y)
So W (F2(x)) = ¥(F(F(x))) = G(¥(F(x))
= G(U(F(y)) by (xxx)
= w(F(F(y)) = ¥ (F(y)
Continuing similarly, we get that \If(Fk(y)) = \D(Fk(y)) for every positive k. When k is
sufficiently large, F'*(z) and F*(y) are in a neighborhood of 0 in which W is one-to-one.
Thus F*(z) = F¥(y), hence = y. Therefore ¥ is one-to-one.
So we have shown that U is a biholomorphic map from €2 onto C" and since ® = &1,

we are done.
Claim 9. J& =1 if JF is constant.

Assume that JF'is constant. If G is a polynomial automorphism of C” then the polynomial

JG has no zero in C". Particularly, we have that JG = JF since G'(0) = F'(0), thus,
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det G'(0) = det F'(0).
Now we apply the chain rule to (x) to get
(JO)(F(2))(JF)(2) = (JG)(¥(2)) (J¥)(2)
(JU)(2) = (JU)(F(2)) since (JF)(2) = (JG)(¥(2))

= (J¥)(F2(2))

= (JO)(F*(2))

since F*(z) — 0 as k — oo we get that (J¥)(z) = (J¥)(0) = 1.

Therefore (J¥)(0) = det (¥'(0)) = det I = 1, for all z € Q. Hence J® =1 on C" if

JF' is constant.
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Chapter 5

Constructing Fatou-Bieberbach

Maps

Given a sequence of automorphisms {F}}, we attempt to construct Fatou-Bieberbach
maps. Choosing the desired triangular map as well as the right polynomial map, becomes
quite difficult here as compared to the case of just one automorphism map, say F. In
making the ideal choice of a triangular map, we realize that we sometimes will have
to switch between lower and upper triangular maps when dealing with a sequence of

automorphisms. When this happens, the method fails to work out.

The degree of the random iterates of lower and upper triangular maps is not bounded,
which makes it impossible for our choice of a triangular map to be a composition of lower
and upper triangular maps. We give an example to verify that the random iterates of

lower and upper triangular maps does not uniformly expand.

However, if we have random iterates of only lower triangular or only upper triangular
maps the method still works out well. We explain this by starting with the theorem below.
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The theorem is also true for a family of upper triangular maps.

Theorem 5.0.1. Let {G,}; be a family of lower triangular maps with G;(0) = 0. Suppose
that the modulus of the eigenvalues of G;-(O) is between 0 and 1 for each j € N. Also
suppose that there exists a constant m such that deg G; < m for all j € N. Then

G Gy o-- oG (B(0,r) =C", forr>0

N=1

where B(0,7) is a ball in C™ centered at 0 with radius .

Proof. Let G = (9(1,5): - - - » 9(n.j)) be a lower triangular polynomial automorphism of C"
for j € N. So we define each G; by the system of equations below.

ga.)(2) = capnn

9@i)(2) = c@iz2 + haeg(2)

963.5)(2) = .z + hi (21, 22)

Gnj)(2) = Cnj)2n + hinjy (21, .. Zic1).
By definition of each G, we know that c(; ;)’s are scalars such that 0 < |c; )| < 1 and
h(;(0) = 0 for 1 < i < n and for all j € N. Following a similar approach as with the
proof of part (i) of lemma 4.0.1 we see that the degrees of the random iterates of the
family of lower triangular maps {G,} are also bounded. We shall therefore show that the
random iterates of the family of lower triangular maps converges to zero on every compact
subset of C™.

Now let £ C C™ be compact. For Gy o---0G1(z), we get that the first coordinate is

ga,Nyo -0 9(1,1)(2) = (H C(1,N+1—k)>21-
k=1

We should however note that if ¢ ) = a, = (1 — an) then H a, = H (1 — 2%) is
n=1

n=1

greater than some positive number ¢t > 0. Thus, ||gan)o---0gan|le - 0as N — oo.
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So we need to place a bound on the eigenvalues of G; (0) to avoid running into a situation
like the one given above. In that case, we appropriately choose some constants p and ¢
such that 0 < p < |ci ;)| < ¢ <1, forall j € Nand 1 <4 <n. For instance, if we choose p
and ¢ such that ¢ < p, then llga,ny o -0ga |l — 0 as N — oo. So we assume that
the constants B and D have been appropriately chosen such that 0 < B < |¢(; ;)| < D < 1.

Then |[ga,ny o - -0 ganlleg — 0as N — oo.

Assume now that 1 < 7 < n and that
(5.1) Jim lg 00 guplls =0 for 1< <i—1

We will show that (5.1) still holds if i —1 is replaced by i. Consider Gn10Gyo---0GY,

then we have that
9(i,N+1) © g(i,N) © -+ * © G(i,1) = C(i,N+1) (g(i,N) 0---0 g(i,l))+
h(i,N-H) (9(1,N) ©---091,1)--+»9@-1,N)© """ 0 g(i—l,l))-
It follows from (5.1) that

(5.2) ]\}I_I)I})O i, n41) (9,w) © 0 gaays - - - Ga—1,8) © =+ © Gi—11)) || = 0

since h(; j(0) = 0 for all j € N and 1 <4 <n. So given € > 0, we get that
l9G,n+1) © -0 9| < lean+n] |96y 00 ga |+
|h(i,N+1) (9(1,1\7) ©--0ga1)s---593G-1,N)© "0 9(171,1))|~

< |C(i,N+1)| |g(i,N) ©0---0 g(i,1)| + 5(1 - |C(i,N+1)|) from (5-2)-

Let b = limsup ||gu,ny © - -+ 0 gu1y||e. Then

N—oo

b <|cun+1| b+e(l —|cuntn]) and so li]r\llasup llgany o -ogunlle <e.
—00
Hence A}im gy 0 -0 gulle = 0 for 1 < i < n. So (5.1) holds if ¢ — 1 is replaced
— 00
by i. Therefore Gy o --- 0 G1(z) — 0 uniformly on every compact set E of C". As an

immediate consequence of this result, we see that when given any neighborhood of 0, say
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B(0,r), we conclude that

U Gy o--- oGy (B(0,r)) =C" O
N=1

Example 6. There exists a family of triangular maps {G;}; with G;(0) = 0 and
with the eigenvalues of G;(O),in absolute value, greater than 1+ ¢ for all j € N and for a

fixed € > 0 such that for all r, > r > 0, we get that U Gyo---0oG(B(0,r)) # C.

N=1
Proof. Let G1(z,w) = (2 + w,w), Go(z,w) = (z,w — z) and G3(z,w) = (az, —aw + 2?),
for |a] > 1. So Gy is an upper triangular map. Gy and Gj are both lower triangular
maps. Now
GooGi(z,w) = (2 + w, —2)
G10Gy0Gy(z,w) = (w, —2)
G30G10Gy0G (2,w) = (w,az +w?). Let G3oGi0Gy0G = H.

So H'(z,w) = <§w - é(éz){éz) and H~! € Aut(C?), with H~*(0) = 0. The
cigenvalues of (H~')'(0) are <.

We now define ) = {(z,w) eC?: kh—>I£lo H"(z,w) = (0,0)}.

However, 2 # C2. Simply, the fixed point (a(1 — o?),1 — a?) ¢ Q and so 2 cannot be

the whole of C%. Thus, | | H*(B(0,r)) # C. O
k=1

This example confirms that whenever we have random iterations of lower and upper
triangular maps our method of constructing a suitable triangular map with the required
properties fails.

We already know from the proof of the main theorem that when we have an automor-
phism F' of C" and F’(0) = 0, with its eigenvalues in absolute values, strictly between 0

and 1, then ) = {z € C": lim F*(z2) = O} is biholomorphic to C". Likewise, when given

k—o00

48



Resonances & Constructions of Fatou-Bieberbach Maps

a sequence of automorphisms {F};} of C", we find out whether or not 2 is biholomorphic
to C", where Q = {2z € C": Fyo---0 Fi(z) — 0}.

B. Stensgnes and J. E. Fornaess in [2] showed that when given a sequence of auto-
morphisms {F}} of a complex manifold M of dimension n, with F;(0) = 0 and with the
modulus of the eigenvalues of FJ/(O) strictly between 0 and 1, then € is biholomorphic to
some domain of C".

Let F; : M — M be as defined above. Let A; = FJI(O) Also let U be a small
neighborhood of 0 in M. Then the projection map 7 from U to the tangent space of M
at 0 Ty M, is one to one. Let Q2 C M. Then for sufficiently large N, we get that

Ky={z€Q:Fyo---0F(z) e U} for Ky compact in 2, and also

Al_lo---oA]_VloﬂoFNo---oFl(KN) = By C Byy1, where By C C™.

Now for N sufficiently large, let G B; = D c C". Then € is biholomorphic to the

j=N
domain D of C™.
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