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PZ�H�TVYL�YLHSPZ[PJ�THYRL[�MVY�^PUN�ZHPSZ�[OHU�	MHZ[�TV]PUN�JHYNV	� ;OPZ�PZ�K\L�[V�SPTP[H[PVU�PU�[OL�H]HPSHISL
^PUK�ZWLLK� HUK�K\L� [V� [OL� MHJ[� [OH[� [OL� YLZPZ[HUJL�VM�H�ZOPW�X\PJRS`� PUJYLHZLZ�^P[O� PUJYLHZPUN�]LSVJP[ �̀
)HZLK�VU�[OPZ� P[�^HZ�HZZ\TLK�[OH[�H�[HUR�ZOPW�JV\SK�IL�H�NVVK�[LZ[�JHZL� ( TLKP\T�ZPaLK�[HUR�ZOPW�TVKLS
^HZ�[OLYLMVYL�^HU[LK� ;OL�NLVTL[Y`�VM�[OL�ZOPW�T\Z[�HSZV�IL�H]HPSHISL� PU�H�MVYTH[�[OH[�PZ�\UKLYZ[HUKHISL�
;OL�ZOPW�NLVTL[Y`�ZVM[^HYL�	-YLL:OPW	�OHZ�ZL]LYHS�I\PS[�PU�[LZ[�ZOPWZ� ^OLYL�VUL�VM�[OLT�OHWWLUZ�[V�IL�H
JOLTPJHS�[HUR�ZOPW� -YLL:OPW�JHU�L_WVY[�[OL�NLVTL[Y`�PU[V�THU`�JVTTVU�NLVTL[Y`�MVYTH[Z� ZV�[OPZ�ZOPW
^HZ�KLJPKLK�[V�IL�H�NVVK�JHUKPKH[L� ;OL�KL[HPSZ�VM�[OL�ZOPW�JHU�IL�ZLLU�PU�[HISL����

>OPSL�̂ VYRPUN�VU�[OPZ�WYVQLJ[� ZVTL�L_WLYPTLU[HS�KH[H�̂ HZ�̂ HU[LK�PU�VYKLY�[V�JVTWHYL *-+ KH[H� ( WLYMLJ[
ZL[�VM ,-+ +H[H�̂ HZ�MV\UK�MVY�[OL�JVU[HPULY�ZOPW�	:LYPLZ���	� ,-+ +H[H�KH[H�̂ HZ�H]HPSHISL�MVY�ZL]LYHS�ZWLLKZ
HUK�ZL]LYHS�`H^�HUNSLZ� ;OPZ�KH[H�PZ�[OLYLMVYL�\ZLK� IV[O�MVY�JVTWHYPUN *-+ YLZ\S[Z� HUK�\ZLK�KPYLJ[S`�PU
[OL�ÄUHS�TVKLSPUN� ;OL�KL[HPS�VM�[OL�ZOPW�JHU�IL�ZLLU�PU�[HISL����

;HISL ���! :OPW�TVKLSZ�\ZLK�PU�[OPZ�WYVQLJ[
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Lwl BTD ��� ���
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9LHSPZ[PJ�KPTLUZPVUZ�VM�[OL�^PUN�ZHPSZ�HYL�PTWVY[HU[�HZ�[OL�MVYJLZ�MYVT�[OL�^PUN�ZHPS�HYL�WYVWVY[PVUHS�[V�P[Z
ZPaL� 4HU`�WYHJ[PJHS�HZWLJ[Z�JV\SK�OH]L�PUÅ\LUJL�VU�[OL�KLZPNU�VM�̂ PUN�ZHPS� -VY�PUZ[HUJL� JHYNV�VMM��HUK�VU�
SVHKPUN�HYL�VM[LU�KVUL�^P[O�JYHULZ�[OH[�VWLYH[LZ�KPYLJ[S`�HIV]L�[OL�ZOPW� ;OPZ�JV\SK�ZL[�ZL]LYL�YLZ[YPJ[PVUZ
[V�^OLYL�[OL�^PUN�ZHPSZ�JV\SK�IL�SVJH[LK� HUK�TH`IL�L]LU�[OL�OLPNO[� ;OPZ�WYVISLT�PZ�UV[�L]HS\H[LK�PU�[OPZ
WYVQLJ[� (UV[OLY�IPN�SPTP[H[PVUZ� PU�[LYTZ�VM�OLPNO[�VM�[OL�^PUN�ZHPSZ� PZ�IYPKNLZ� 0U�VYKLY�[V�NL[�HU�V]LY]PL^�VM
	UVYTHS	�JSLHYHUJL�ILSV^�H�IYPKNL� KH[H�MVY����IYPKNLZ�PU�5VY^H`�[OH[�HYL�H[�SLHZ[�����T�SVUN�^HZ�JVSSLJ[LK
MYVT�YLMLYLUJL�B��D� ;OPZ�KH[H�JHU�IL�IL�]PL^LK�HZ�H�OPZ[VNYHT� ^P[O�KPZ[YPI\[PVU�Ä[[PUN�VU�[VW� PU�ÄN\YL����
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SVJH[LK�PU�HYLHZ�^P[OV\[�ZOPWWPUN�[YHMÄJ� ;OPZ�PZ�L]PKLU[�PM�VUL�JVUZPKLYZ�[OL�MHJ[�[OH[�[OLYL�L_PZ[�X\P[L�H�ML^
IYPKNLZ�^P[O�SLZZ�[OHU����T�JSLHYHUJL� 4HU`�UVYTHS�ZOPWZ�HYL�ZPNUPÄJHU[S`�[HSSLY�[OHU�[OPZ� ;OL�JY\PZL�ZOPW
	/\Y[PNY\[H�4: ;YVSSMQVYK	� MVY�PUZ[HUJL� OHZ�H�OLPNO[�VM�� � �T� ^OPJO�JHU�JH\ZL�WYVISLTZ�^P[O�5VY^LNPHU
IYPKNLZ�^OLU�[OLYL�PZ�H�]LY`�OPNO�[PKL�B��D� 6U�[OL�V[OLY�OHUK� ]LY`�ML^�IYPKNLZ�HYL�[HSSLY�[OHU����T�

)HZLK�VU�[OPZ� [OL�OLPNO[�VM�[OL�^PUN�ZHPS�PZ�ZL[�[V�IL� H[�TH_PT\T� ���T� ;OPZ�NP]LZ�H�[V[HS�OLPNO[�[OH[�PZ�H
IP[�TVYL�[OHU����T��HZ�[OL�SV^LY�LUK�VM�[OL�ZHPS�Z[HY[Z�H�IP[�HIV]L�^H[LY��

���T�PZ�HSZV�[OL�OLPNO[�VM�[OL�^PUN�ZHPSZ�\ZLK�VU�[OL�(TLYPJHZ�*\W�*H[HTHYHUZ�(*����B��D� ^OPJO�H[�[OL
[PTL�VM�^YP[PUN�[OPZ�WYVQLJ[�WLYOHWZ�PZ�[OL�TVZ[�MHTV\Z�^PUN�ZHPS�KYP]LU�]LZZLSZ�

0U�[LYTZ�VM�JOVYK� SLUN[O�VM�LHJO�ZHPS� HUK�U\TILY�VM�ZHPSZ� [OL�YLZ[YPJ[PVUZ�HYL�ZL[�HJJVYKPUN�[V�ZOPW�O\SS
NLVTL[Y �̀ ;OL�^PUN�ZHPS�JHU�UV[�L_[LUK�V\[ZPKL�[OL�ZOPW�PU�LP[OLY�KPYLJ[PVU� ;OH[�PZ� [OL�TH_PT\T�JOVYK
SLUN[O�JHU�UV[�IL�SHYNLY�[OLU�[OL�^PK[O�VM�[OL�ZOPW� 0U�VYKLY�[V�IL�H�IP[�TVYL�SPTP[PUN� HZ�[OLYL�HYL�WSLU[`�VM
WYHJ[PJHS�JVUZPKLYH[PVUZ�[OH[�[OPZ�ZPTWSL�HUHS`ZPZ�KVLZ�UV[�HJJV\U[�MVY� ����VM�[OL�ZOPW�^PK[O�PZ�ZL[�[V�IL
[OL�TH_PT\T�JOVYK�SLUN[O� ;OPZ�NP]LZ�H�JOVYK�SLUN[O�VM�TH_PT\T����T�MVY�[OL�*OLTPJHS�[HURLY�HUK���T
MVY�[OL�:LYPLZ����*VU[HPULY�ZOPW�

;OL�U\TILY�VM�ZHPSZ�ZOV\SK�WYVIHIS`�IL�HZ�OPNO�HZ�WVZZPISL� 4VYL�ZHPSZ� TVYL�[OY\Z[� )\[�[OL�Z\T�VM�[OL
JOVYK�SLUN[OZ�JHU�UV[�L_JLLK�[OL�[V[HS�ZOPW�SLUN[O� ;OH[�PZ� MVY�[OL�JOLTPJHS�[HURLY� [OL�HIZVS\[L�TH_PT\T
U\TILY�VM�ZHPSZ�PZ 170/15 ≈ 11� ^OPSL�MVY�[OL�[OL�:LYPLZ����JVU[HPULY�ZOPW� [OL�U\TILY�PZ 122/8 ≈ 15� ;OH[
THU`�ZHPSZ�^V\SK�VMM�JV\YZL�JV]LY�[OL�LU[PYL�ZOPW�SLUN[O�PU�ZHPSZ� ^OPJO�PZ�WYVIHIS`�UV[�H�YLHSPZ[PJ�JHZL� ;OLYL
ULLKZ�[V�IL�ZVTL�ZWHJL�IL[^LLU�[OL�ZHPSZ� HUK�P[�ULLKZ�[V�IL�YVVT�MVY�[OL�IYPKNL�HUK�V[OLY�Z\WLYZ[Y\J[\YLZ
VU�[OL�ZOPW� 0U�RLLWPUN�^P[O�[OL�ZPTWSL�JVUZPKLYH[PVUZ�KVUL�ZV�MHY� [OL�U\TILY�VM�ZHPSZ�MVY�IV[O�ZOPWZ�PZ�ZL[
[V�IL��� ;OPZ�SLH]LZ����T�VM�ZHPS�MYLL�ZOPW�SLUN[O�MVY�[OL�JOLTPJHS�[HURLY� HUK����T�MVY�[OL�:LYPLZ����ZOPW�
0M�[OL�ZHPSZ�HYL�KP]PKLK�L]LUS`�HSVUN�[OL�ZOPW�SLUN[O� [OL�H]LYHNL�ZHPS�MYLL�ZWHJL�IL[^LLU�LHJO�ZHPS�^PSS�IL
HWWYV_PTH[LS`���T�MVY�[OL�JOLTPJHS�[HURLY�HUK������MVY�[OL�ZLYPLZ����ZOPW�

;OL�Z\TTHY`�VM�[OL�WHYHTL[LYZ�[OH[�^LYL�KLJPKLK�PU�[OPZ�ZPTWSL�HUHS`ZPZ�PZ�ZOV^U�PU�[HISL����

;HISL ���! >PUN�ZHPS�U\TILYZ
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0U�VYKLY�[V�NL[�HU�V]LY]PL^�VM�^OH[�[OLZL�KPTLUZPVUZ�TLHU� YLSH[P]L�[V�[OL�ZOPW�O\SSZ� H�ZPTWSL��+ TVKLS�VM
IV[O�ZOPWZ� ^P[O�^PUN�ZHPSZ� HUK�JVYYLJ[�KPTLUZPVUZ�^HZ�I\PS[� ;OPZ�JHU�IL�ZLLU�PU�ÄN\YL����
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KPTLUZPVUZ� ;OL�SHYNL�YLK�O\SS�PZ�[OL�JOLTPJHS�[HURLY� [OL�ZTHSS�`LSSV^�O\SS�PZ�:LYPLZ���

����� >PUK

( YLHSPZ[PJ�]HS\L�MVY�[OL�^PUK�ZWLLK�PZ�PTWVY[HU[�PU�VYKLY�[V�NL[�HU�V]LY]PL^�VM�YLHSPZ[PJ�MVYJLZ�VU�[OL�ZHPS� (Z
TLU[PVULK�ILMVYL� P[�PZ�UV[�[OL�W\YWVZL�VM�[OPZ�WYVQLJ[�[V�ÄN\YL�V\[�[OL�WV[LU[PHS�LULYN`�ZH]PUNZ�MYVT�^PUN
ZHPSZ� OV^L]LY� P[�PZ�PTWVY[HU[�[OH[�[OL�MVYJLZ�MYVT�[OL�ZHPS�PZ�H[�HU�VYKLY�VM�THNUP[\KL�[OH[�PZ�YLHSPZ[PJ�

;OL�^PUK�ZWLLK�]HYPLZ�NYLH[S`�HJYVZZ�[OL�NSVIL� HUK�PZ�HSZV�]LY`�KLWLUKLU[�VU�[OL�ZLHZVU� -VY�[OPZ�WYVQLJ[�
[OL�VJLHUZ�HYV\UK�5VY^H`�PZ�\ZLK� ^P[O�HUU\HS�H]LYHNL�]HS\LZ� ;OL�KH[H�PZ�JVSSLJ[LK�MYVT�YLMLYLUJL�B��D�
HUK�JHU�HSZV�IL�]PLK�PU�ÄN\YL�����

��



-PN\YL ���! (UU\HS�H]LYHNL�^PUK�ZWLLK�H[����T�HIV]L�ZLH�SL]LS� 5VY^H �̀ :V\YJL! B��D

;OL�^PUK�ZWLLK�PZ�ZPNUPÄJHU[S`�OPNOLY�V]LY�[OL�VJLHU�[OHU�V]LY�SHUK� ([����T�HIV]L�ZLH�SL]LS� [OL�H]LYHNL
]HS\LZ�V]LY�VJLHU�PZ������T�Z� >OLU�NL[[PUN�JSVZLY�[V�[OL�NYV\UK� [OL�^PUK�ZWLLK�^PSS�KLJYLHZL�K\L�[V
]PZJVZP[ �̀ ( JVTTVU�HZZ\TLK�]LSVJP[`�WYVÄSL�MVY�^PUK�ZWLLKZ�HYL�[OL ^PUK�WYVÄSL�WV^LY�SH^� ^OPJO�PZ�NP]LU
HZ�MVSSV^Z!
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ur PZ�[OL�YLMLYLUJL�]LSVJP[`�H[�[OL�YLMLYLUJL�OLPNO[� zr� ^OPSL z HUK u HYL�[OL�UL^�OLPNO[�HUK�UL^�]LSVJP[ �̀ α
PZ�H�MHJ[VY�[OH[�PZ�ZL[�LTWPYPJHSS �̀ ^OPJO�KLWLUKZ�VU�[OL�YV\NOULZZ�VM�[OL�NYV\UK� 6]LY�SHUK� α PZ�VM[LU�ZL[
[V�IL 1/7 = 0.143� ^OPSL�V]LY�^H[LY� α = 0.11 PZ�TVYL�HWWYVWYPH[L�B��D� α = 0.11 PZ�\ZLK�HZ�H�]HS\L� HUK�[OL
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H]LYHNL�]HS\L�VM�[OL�^PUK�ZWLLK�H[����T�OLPNO[�HIV]L�^H[LY�PZ�HZZ\TLK�[V�IL� �T�Z� ;OL�H]LYHNL�^PUK
]LSVJP[`�MYVT z = 0 [V z = 40 JHU�[OLU�IL�JHSJ\SH[LK� ^OPJO�YLZ\S[Z�PU�H�^PUK�ZWLLK�VM�����T�Z

)HZLK�VU�[OPZ� ��T�Z�PZ�\ZLK�HZ�H�YLWYLZLU[H[P]L�]HS\L�MVY�[OL�^PUK�]LSVJP[`�H[�[OL�VJLHUZ�V\[ZPKL�5VY^H �̀
HUK�^OLU�JHSJ\SH[PUN�[OL�MVYJLZ�MYVT�^PUN�ZHPSZ� [OPZ�]HS\L�^PSS�\Z\HSS`�IL�\ZLK� :VTL�JHSJ\SH[PVUZ�HYL�KVUL
^P[O�KPMMLYLU[�^PUK�]LSVJP[PLZ� I\[�TVZ[�\ZL�[OL�H]LYHNL�]HS\L�
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0U�[OPZ�JOHW[LY� [OL� YLZ\S[Z� MYVT�HU�LHYS`� SP[LYH[\YL� YL]PL^�^PSS�IL�NP]LU� ([�HU�LHYS`�Z[HNL�VM� [OL�WYVQLJ[�
ZVTL�PU]LZ[PNH[PVUZ�^LYL�KVUL�PU�VYKLY�[V�NL[�HU�V]LY]PL^�VM�^OH[�[OL�SPRLS`�V\[JVTL�VM�[OPZ�WYVQLJ[�^V\SK
IL� ;OL�PKLH�VM�W\[[PUN�^PUN�ZHPSZ�VU�H�JHYNV�ZOPW�PZ�UV[�UL �̂ HUK�ZL]LYHS�WLVWSL�OH]L�PU]LZ[PNH[LK�[OPZ
PKLH� PU� [OL�WHZ[� /V^L]LY� [OLZL�WYVQLJ[Z�OH]L�TVZ[S`� MVJ\ZLK�VU�[OL�WV[LU[PHS� M\LS�ZH]PUNZ�H�^PUN�ZHPS
JHU�WYV]PKL� ;OL�KL[HPSZ�VM�O`KYVK`UHTPJ�LMMLJ[Z�ZLLTZ�[V�IL�ZLJVUKHY �̀ 3P[LYH[\YL�HIV\[�TVYL�[YHKP[PVUHS
ZHPSPUN�]LZZLSZ� Z\JO�HZ�`HJO[Z�HUK�ZTHSS�ZHPSIVH[Z� OH]L�KPZJ\ZZPVUZ�HIV\[�O`KYVK`UHTPJ�LMMLJ[Z�VU�[OL
O\SS�\UKLY�PUÅ\LUJL�VM�ZHPSZ� I\[�[OL�MVJ\Z�ZLLTZ�[V�IL�JVUJLW[\HS�L_WSHUH[PVU� ^YP[[LU�PU�VYKLY�[V�THRL�H
ZHPSVY�\UKLYZ[HUK�^OH[Z�NVPUN�VU�ILULH[O�[OL�VJLHU�Z\YMHJL�

5V�SP[LYH[\YL�OHZ�ILLU�MV\UK�[OH[�KPYLJ[S`�PU]LZ[PNH[LZ�[OL�O`KYVK`UHTPJ�LMMLJ[Z�VU�H�JHYNV�ZOPW�\UKLY�[OL
PUÅ\LUJL�VM�ZHPSZ� /V^L]LY� P[�PZ�RUV^U� MYVT�NLULYHS�RUV^SLKNL�VM�SPM[PUN�Z\YMHJLZ��ZLL�MVY�PUZ[HUJL�YLMLYLUJL
B�D�� [OH[�HU`�NLULYH[PVU�VM�ZPKL�MVYJL�MYVT�[OL�O\SS�^PSS�JYLH[L�SPM[�� VY�ZPKL�MVYJL�PUK\JLK�YLZPZ[HUJL� :PUJL
[OL�O\SS�OH]L�H�SV^�HZWLJ[�YH[PV� [OPZ�PUK\JLK�YLZPZ[HUJL�PZ�L_WLJ[LK�[V�IL�OPNO� JVTWHYLK�[V�UVYTHS�SPM[PUN
Z\YMHJLZ� Z\JO�HZ�HPYWSHUL�^PUNZ� ,_WLYPTLU[HS�KH[H�[OH[�WYLKPJ[Z�[OPZ�YLZPZ[HUJL�K\L�[V�`H^�MVY�H�JHYNV
ZOPW�OH]L�ILLU�MV\UK� HUK�^PSS�IL�WYLZLU[LK�PU�JOHW[LY��� 0[�^PSS�UV[�IL�JV]LYLK�OLYL�HZ�[OPZ�KH[H�PZ�\ZLK�[V
WYVK\JL�[OL�ÄUHS�YLZ\S[Z�PU�[OPZ�YLWVY[� HUK�[OLYLMVYL�KLZLY]LZ�ZWLJPHS�H[[LU[PVU�

;OL�LMMLJ[�VM�SL[[PUN�H�JHYNV�ZOPW�NV�^P[O�H�OLLS�HUNSL�OHZ�UV[�ILLU�MV\UK�H[�HSS� ;OPZ�PZ�WYVIHIS`�K\L�[V�[OL
MHJ[�[OH[�[YH]LSPUN�^P[O�H�OLLS�HUNSL�PZ�H�YH[OLY�\UJVTTVU�ZP[\H[PVU�MVY�H�UVYTHS�JHYNV�ZOPW� /LLS�HUNSLZ
HYL�VUS`�PU]LZ[PNH[LK�MYVT�H�Z[HIPSP[`�WLYZWLJ[P]L� HUK�HU`�LMMLJ[Z�VM�OLLS�HUNSL�VU�[OL�YLZPZ[HUJL�PZ�UV[�VM
HU`�JVUJLYU�^OLU�KLZPNUPUN�H�UVYTHS�JHYNV�ZOPW� 3P[LYH[\YL�[OH[�MVJ\Z�VU�`HJO[Z� HUK�`HJO[�KLZPNU� OH]L
KPZJ\ZZPVUZ�HIV\[�[OL�LMMLJ[Z�VM�OLLS� I\[�[OL�ZOHWLZ�VM�[OLZL�IVH[Z�HYL�YH[OLY�KPMMLYLU[�[OHU�JHYNV�ZOPWZ�
ZV�[OH[�[OL�YLZ\S[Z�TPNO[�UV[�IL�JVTWSL[LS`�[YHUZMLYHISL�

-PYZ[�H�ML^�WYVQLJ[Z�[OH[�OH]L�PU]LZ[PNH[LK�^PUN�ZHPSZ�HZ�H�^H`�VM�WYVW\SZPVU�^PSS�IL�NP]LU� PU�VYKLY�NL[�ZVTL
L_HTWSLZ�VM�[OL�WV[LU[PHS�M\LS�ZH]PUNZ�H�^PUN�ZHPS�JHU�WYV]PKL� :LJVUK� [OL�O`KYVK`UHTPJ�LMMLJ[Z�VM�OLLS
HUK�`H �̂ IHZLK�VU�[OL�SP[LYH[\YL�PZ�KPZJ\ZZLK�

;OPZ�JOHW[LY�VUS`�JVU[HPUZ�[OL�YLZ\S[�MYVT�[OL�SP[LYH[\YL�YL]PL^�[OH[�̂ HZ�WLYMVYTLK�PU�VYKLY�[V�NL[�HU�V]LY]PL^
VM�[OL�VYPNPUHS�[HZR�H[�OHUK� ;OL�SP[LYH[\YL�[OH[�OHZ�ILLU�YLHK�PU�VYKLY�[V�HUZ^LY�TVYL�	TPUVY	�X\LZ[PVUZ
HYL�NP]LU�HZ�YLMLYLUJLZ�^OLU�P[�PZ�UH[\YHS�SH[LY�PU�[OL�YLWVY[� -VY�PUZ[HUJL� X\P[L�H�SV[�VM�SP[LYH[\YL�OHZ�ILLU
YLHK�PU�VYKLY�[V�KL]LSVW�[OL�J\Z[VT )V\UKHY`�,SLTLU[�4L[OVK��),4� JVKL� ( ZOVY[�YLJHW�VM�[OPZ�SP[LYH[\YL
YL]PL^�PZ�NP]LU�PU�[OL�PU[YVK\J[PVU�VM�JOHW[LY��� :VTL�SP[LYH[\YL�PU]LZ[PNH[PVUZ�^LYL�HSZV�KVUL�PU�VYKLY�[V
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0U�� ��� [OL�JVTWHU`�	>HSRLY�̂ PUNZHPS�Z`Z[LTZ	�ZVSK�H�̂ PUN�ZHPS�[V�IL�\ZLK�VU�[OL������[VU�MYLPNO[LY�JHSSLK
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JSHPTZ�[OH[�[OL�^PUN�ZHPS�JV\SK�WYV]PKL���������M\LS�ZH]PUNZ� OV^L]LY�UV�KL[HPSZ�HYL�NP]LU� HZ�[OPZ�PZ�UV[�H
ZJPLU[PÄJ�HY[PJSL� YH[OLY�H�	7VW\SHY�:JPLUJL	�HY[PJSL� ;OL�JVTWHU`�^LU[�IHURY\W[�YPNO[�HM[LY�[OPZ� ILJH\ZL�VM
SVZZ�VM�PU[LYLZ[�PU�^PUN�ZHPS�[LJOUVSVN �̀ K\L�[V�[OL�MHSS�PU�VPS�WYPJLZ�[OH[�OHWWLULK�HYV\UK�[OH[�[PTL� OV^L]LY
[OL�>HSRLY�^PUN�ZHPSZ�HYL�PU[LYLZ[PUN�HZ�[OL`�ZLLT�[V�IL�VUL�VM�[OL�ÄYZ[�[V�\ZL�[OPZ�[LJOUVSVN �̀ >OLU�[OL`
^LYL�\UHISL�[V�ZLSS�[OLPY�^PUN�ZHPSZ�[V�[OL�JHYNV�ZOPW�V^ULYZ� [OL`�[YPLK�[V�LU[LY�[OL�WSLHZ\YL�JYHM[�THYRL[�
^P[OV\[�Z\JJLZZ�
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;OL�JVTWHU`�	) �ZOPWWPUN	� PZ�HK]LY[PZPUN�[OLPY�H[[LTW[� [V�KL]LSVW�H�ZHPS�KYP]LU�JHYNV�ZOPW� ^OPJO�OH]L
NV[[LU�X\P[L�H�SV[�VM�TLKPH�H[[LU[PVU� Z\JO�HZ�PU�YLMLYLUJL�B��D� (Z�MHY�HZ�[OL�H\[OVY�JHU�[LSS� [OL�ZOPW�PZ�UV[
`L[�I\PS[� HUK�VUL�ZOV\SK�YLTLTILY�[OH[�[OPZ�PZ�JVTWHU`�[OH[�HYL�ZLSSPUN�H�[LJOUVSVN �̀ >OLU�[OH[�PZ�ZHPK�
[OLPY�JSHPTZ�HIV\[�[OL�WV[LU[PHS�M\LSZ�ZH]PUNZ�\ZPUN�^PUN�ZHPSZ�HYL�]LY`�NVVK� )HZLK�VU�YV\[L�HUHS`ZPZ�HUK
^PUK�[\UULS�[LZ[Z� [OL�JVTWHU`�JSHPTZ�[OH[�[OLPY�ZOPW�KLZPNU�JHU�HJJVTWSPZO��������YLK\J[PVU�PU�M\LS� (U
PSS\Z[YH[PVU�VM�[OL�ZOPW�JHU�IL�ZLLU�PU�ÄN\YL����
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;OL�\UP]LYZP[`�VM�;VR`V�WYLZLU[Z�[OL�	>PUK�*OHSSLUNLY	�WYVQLJ[�PU�YLMLYLUJL�B��D� ;OL�WYVQLJ[�PU]LZ[PNH[LZ
[OL�\ZL�VM�^PUN�ZHPSZ�MVY�H�������� +LHK^LPNO[�[VUUHNL��+>;� I\SR�JHYYPLY� ;OL�^PUN�ZHPSZ�HYL����T�OPNO�
^P[O�H�JOVYK�SLUN[O�VM����T� ;OL`�WYVWVZL�[V�\ZL�[LSLZJVWPJ�^PUNZ� ZV�[OH[�[OL�^PUN�ZHPSZ�JHU�IL�SV^LYLK
^OLU�PU�OHYIVY� (U�PSS\Z[YH[PVU�VM�[OL�WYVWVZLK�ZOPW�^P[O�^PUN�ZHPSZ�JHU�IL�]PL^LK�PU�ÄN\YL����
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9LMLYLUJL� B��D� YLWVY[Z� [OH[� [OL�^PUK�JOHSSLUNLY�JHU�HJOPL]L�H�ZWLLK�VM����RUV[Z�^OLU�[OL�^PUK�ZWLLK
PZ����T�Z� HUK�KPYLJ[S`� MYVT� [OL�ZPKL� HUK� [OH[� [OL�H]LYHNL� M\LS� ZH]PUNZ�^OLU� [YH]LSPUN�H�ZWLJPÄJ� YV\[L
IL[^LLU�;VR`V�HUK�:LH[[SL�JV\SK�IL�HYV\UK������ ;OL�WLYMVYTHUJL�VM�[OL�^PUN�ZHPSZ�^LYL�PU]LZ[PNH[LK
\ZPUN *-+��HUK�[OL�HLYVK`UHTPJ�PU[LYHJ[PVU�LMMLJ[Z�VU�[OL�^PUN�ZHPSZ�^LYL�HSZV�Z[\KPLK�PU�YLMLYLUJL�B��D�
;OLZL�PU[LYHJ[PVU�LMMLJ[Z�^PSS�IL�M\Y[OLY�KPZJ\ZZLK�PU�JOHW[LY���

;OL�^PUK�JOHSSLUNLY�ZOPW�PZ�YH[OLY�SHYNL� HUK�[OL�YLWVY[�VM�YLHJOPUN����RUV[Z�PU����T�Z�^PUK�KPYLJ[S`�MYVT
[OL�ZPKL�PZ�UV[�ULJLZZHYPS`�H�]LY`�NVVK�YLZ\S[� ���T�Z�PZ�YH[OLY�Z[YVUN�^PUK� HUK�^PUK�KPYLJ[S`�MYVT�[OL�ZPKL
PZ�[OL�ILZ[�JHZL�ZJLUHYPV��H[�SLHZ[� HSTVZ[�[OL�ILZ[�JHZL�ZJLUHYPV� [OL�ZOPW�ZWLLK�^PSS�PUÅ\LUJL�[OL�VW[PTHS
^PUK�HUNSL� I\[�PZ�ZOV\SK�IL�JSVZL�[V�KPYLJ[�ZPKL�^PUK�� /V^L]LY� [OL�ZWLJPÄJ�YV\[L�ZPT\SH[PVUZ�ZOV^Z���
��YLK\J[PVU�PU�M\LS� ^OPJO�PZ�ZPNUPÄJHU[� ;OPZ�PZ�OV^L]LY�MVY�[OL�	VW[PTHS	�YV\[L� ^OPJO�PZ�SVUNLY�[OHU�[OL
Z[HUKHYK�ZOPWWPUN�YV\[L�IL[^LLU�[OL�[^V�JP[PLZ� ;OH[�PZ� [OL`�OH]L�MV\UK�H�YV\[L�^P[O�H�SV[�VM�^PUK� HUK
KLÄULZ�[OL�ZH]PUNZ�MYVT�̂ PUN�ZHPSZ�HZ�[OL�ZH]PUNZ�YLSH[P]L�[V�[OL�JHZL�̂ OLU�[OL�ZOPW�[YH]LSZ�H[�[OL�ZHTL�YV\[L�
VUS`�^P[OV\[�^PUN�ZHPSZ� <ZPUN�[OL�Z[HUKHYK�ZOPWWPUN�YV\[L�IL[^LLU�[OL�[^V�JP[PLZ�VUS`�NP]LZ�M\LS�ZH]PUNZ
VM������ ;OL�HY[PJSL�JSHPTZ�[V�OH]L�PUJS\KLK�O`KYVK`UHTPJ�LMMLJ[Z�K\L�[V�SLL^H`�VM�[OL�ZOPW� OV^L]LY�UV
KL[HPSZ�IV\[�OV^�[OPZ�OHWWLUZ�HYL�NP]LU� ;OL`�VUS`�ZH`�[OH[�[OLPY�	LULYN`�WYLKPJ[PVU�WYVNYHT	�PUJS\KLZ�[OL
LMMLJ[�VM�SLL^H`�HUNSL�
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@HJO[�SP[LYH[\YL�OHZ�ILLU�Z[\KPLK�PU�VYKLY�[V�NL[�HU�V]LY]PL^�VM�MVYJLZ�K\L�[V�OLLS�HUK�`H^�MVY�H�`HJO[� (
`HJO[�PZ�H�]LY`�KPMMLYLU[�]LZZLS�[OHU�H�JHYNV�ZOPW� 0[�PZ�H�SPNO[� ZTHSS�]LZZLS� ^OLYL�HSTVZ[�HSS�VM�[OL�^LPNO[
PZ�K\L�[V�[OL�O\SS�JVUZ[Y\J[PVU� ;OL�O\SS�ZOHWLZ�VM�`HJO[Z�HYL�HSZV�JVUZPKLYHIS`�KPMMLYLU[�MYVT�JHYNV�ZOPWZ�
;OL`�OH]L�SHYNL�[YHUZVT�Z[LYUZ� HUK�SVUN�[OPU�IV^Z� JVTWHYLK�[V�[OL�HSTVZ[�IV_�ZOHWLK�JHYNV�ZOPW�O\SSZ�
5VU�[OL�SLZZ� [OL�NLULYHS�WO`ZPJZ�ZOV\SK�IL�ZPTPSHY�

9LMLYLUJL�B��D�NVLZ�[OYV\NO�[OL�J\YYLU[�Å\PK�K`UHTPJZ�RUV^SLKNL�JVUULJ[LK�[V�ZHPSPUN�]LZZLS�KLZPNU� ;OL
H\[OVY�VM�YLMLYLUJL�B��D�OH]L�̂ VYRLK�VU�ZL]LYHS�(TLYPJH�Z�J\W�YHJPUN�JSHZZ�̀ HJO[Z� HUK�T\JO�VM�[OL�TH[LYPHS
PU�YLMLUYLJL�B��D�PZ�[OLYLMVYL�JVUULJ[LK�[V�OPNO�WLYMVYTHUJL�`HJO[Z

-PN\YL���� PZ�[HRLU�MYVT�ZV\YJL�B��D� HUK�ZOV^Z�KPMMLYLU[�YLZPZ[HUJL�JVTWVULU[Z�YLSH[P]L�[V�[OL�[V[HS�YLZPZ�
[HUJL�MVY�	\W^PUK�ZHPSPUN	� ;OH[�PZ� P[�ZOV\SK�IL�H�ZP[\H[PVU�^P[O�YLSH[P]LS`�OPNO�OLLS�HUK�SLL^H`�HUNSLZ� ;OL
ÄN\YL�NYV\WZ�YLZPZ[HUJL�K\L�[V�OLLS�HUK�ZPKL�MVYJL�PU[V�VUL� HUK�IHZLK�VU�ÄN\YL���� P[�JHU�ILL�ZLLU�[OH[�P[
PZ�HYV\UK��������VM�[OL�[V[HS�YLZPZ[HUJL� ;OPZ�T\Z[�IL�JVUZPKLYLK�ZPNUPÄJHU[�
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;OL�YLZPZ[HUJL�K\L�[V�OLLS�HSVUL�PZ�HSZV�KPZJ\ZZLK�PU�YLMLYLUJL�B��D� ;OL�H\[OVY�KPZJ\ZZ�YLZ\S[�MYVT�H�TVKLS
[LZ[�̂ OLYL�H�̀ HJO[�TVKLS�̂ HZ�OLLSLK�[V����KLNYLLZ� ^P[O�aLYV�ZPKL�MVYJL� HUK�[OL�YLZ\S[�PZ�[OH[�[OL�YLZPZ[HUJL
PZ�PUJYLHZLK�^P[O����JVTWHYLK�[V�[OL�YLZPZ[HUJL�^P[OV\[�OLLS� ;OL�H\[OVY�VM�YLMLYLUJL�B��D�JVUJS\KLZ�[OH[
OLLS�PZ�HU�PTWVY[HU[�LMMLJ[�[V�JVUZPKLY�^OLU�[Y`PUN�[V�L]HS\H[L�[OL�YLZPZ[HUJL�VM�H�ZHPSPUN�`HJO[�
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^OLYL�[OL�IVH[�PZ�NVPUN�\W^PUK� HUK�[OL�YLZ\S[PUN�YLZPZ[HUJL�PZ�PUJYLHZLK�K\L�[V�OLLS�HUK�SLL^H`�HUNSL� ;OPZ
NYHWO�JHU�IL�ZLLU�PU�ÄN\YL����� HUK�[OL�YLZ\S[�MVYT�[OPZ�ZP[\H[PVU�PZ�[OH[�OLLS�JH\ZLZ����HKKLK�YLZPZ[HUJL�
^OPSL�`H^�JH\ZLZ������ ;OL�H\[OVY�VM�YLMLYLUJL�B��D�[OLYLMVYL�THRLZ�[OL�WVPU[�[OH[�VUL�ZOV\SK�IL�JHYM\S
HIV\[�LZ[PTH[PUN�[OL�YLZPZ[HUJL�VM�H�ZHPSPUN�`HJO[�IHZLK�VU�Z[YHPNO[�SPUL�[OLVYPLZ�HSVUL� ;OL�ZP[\H[PVU�PZ�TVYL
JVTWSPJH[LK�MVY�ZHPSPUN�`HJO[Z�[OLU�P[�PZ�MVY�UVYTHS�ZOPWZ�
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K\L�[V�OLLS�HUK�SLL^H �̀ [VNL[OLY�^P[O�[`WPJHS�SLL^H`�HUNSLZ� ;OL�H\[OVY�VM�YLMLYLUJL�B�D�JVUJS\KLZ�[OH[�[OL
LMMLJ[�VM�OLLS�PZ�UV[�]LY`�ZPNUPÄJHU[� ([����KLNYLLZ�OLLS�HUNSL� [OL�PUJYLHZL�PU�YLZPZ[HUJL�PZ�VUS`���� ;OL
HKKLK�YLZPZ[HUJL�H[����KLNYLLZ�PZ�YLWVY[LK�[V�IL���� ^OPJO�PZ�OPNOLY�[OHU�[OL�YLWVY[Z�MYVT�YLMLYLUJL�B��D�
`L[�[OL�JVUJS\ZPVU�PZ�Z[PSS�[OL�VWWVZP[L� >OPSL�[OL�H\[OVY�VM�YLMLYLUJL�B��D�Z[H[LZ�[OH[�OLLS�PZ�HU�PTWVY[HU[
MHJ[VY�MVY�[OL�YLZPZ[HUJL�IHZLK�VU����PUJYLHZL�H[����KLNYLLZ�OLLS� [OL�H\[OVY�VM�YLMLYLUJL�B�D�JVUJS\KLZ�[OH[
P[�PZ�UV[�PTWVY[HU[�L]LU�[OV\NO�[OL�PUJYLHZL�PU�YLZPZ[HUJL�H[�[OPZ�HUNSL�PZ������[PTLZ�[OL�WYLKPJ[LK�PUJYLHZL
MYVT�B��D� ;OL�YLHZVU�MVY�[OPZ�KPZHNYLLTLU[�T\Z[�IL�K\L�[V�L_WLJ[H[PVUZ�VM�[`WPJHS�OLLS�HUNSLZ� HUK�[OL
W\YWVZL�VM�[OL�KPMMLYLU[�`HJO[Z� 9LMLYLUJL�B��D�ZLLTZ�[V�OH]L�YHJPUN�`HJO[Z�PU�TPUK�

;OL`�HSS�HNYLL�[OH[�SLL^H`�PZ�HU�PTWVY[HU[�MHJ[VY�MVY�[OL�YLZPZ[HUJL�[OV\NO� 9LMLYLUJL�B�D�YLWVY[Z�[OH[���KLNYLL
SLL^H`�TPNO[�JH\ZL�����PUJYLHZL�MVY�H�[`WPJHS�`HJO[� ^OPSL���KLNYLLZ�SLL^H`�PUJYLHZLZ�[OL�YLZPZ[HUJL�I`
���� ;̀ WPJHS�SLL^H`�HUNSLZ�HYL�HSZV�YLWVY[LK� KP]PKLK�PU[V�ZOPW�[`WL� -VY�ZTHSS�OLLS�HUNSLZ��SLZZ�[OHU���
KLNYLLZ��[OL�YLZ\S[�MYVT�YLMLYLUJL�B�D�PZ�HZ�^YP[[LU�PU�[HISL����

;HISL ���! ;̀ WPJHS�SLL^H`�HUNSLZ�MVY�KPMMLYLU[�ZOPW�[`WLZ� IHZLK�VU�YLMLYLUJL�B�D

:OPW�[`WL ;̀ WPJHS�SLL^H`�HUNSLZ�BKLND
5VYTHS�ZHPSIVH[�WVPU[PUN�L_JLW[PVUHSS`�OPNO �
4VKLYU�YHJPUN�`HJO[ �
4VKLYU�VJLHU�YHJLY �
4VKLYU�VJLHU�NVPUN�JY\PZLY �
*Y\PZLY�VM�	IHK	�ZOHWL �
:X\HYLK�YPNNLK�[YHPUPUN�ZOPW ��
:P_[LLU[O�JLU[\Y`�JHYH]LS ��

��� *VUJS\ZPVU�MYVT�SP[LYH[\YL�YL]PL^

;OLYL�PZ�UV�KV\I[�[OH[�`H^�HUNSLZ�OH]L�HU�JVUZPKLYHISL�LMMLJ[�VU�[OL�ZOPW�YLZPZ[HUJL� ;OPZ�PZ�Ä[[PUN�^P[O
NLULYHS�RUV^SLKNL�VM�SPM[PUN�Z\YMHJLZ� HUK�[OL�`HJO[�SP[LYH[\YL�HNYLLZ� ;OL�LMMLJ[�VM�OLLS�VU�[OL�V[OLY�OHUK�PZ
H�IP[�TVYL�\UJLY[HPU� ;OLYL�ZLLTZ�[V�IL�HKKLK�YLZPZ[HUJL�MVY�SHYNL�OLLS�HUNSLZ��%���KLNYLLZ��I\[�^OL[OLY
VY�UV[�Z\JO�SHYNL�OLLS�HUNSLZ�HYL�YLHSPZ[PJ�PZ�H�KPMMLYLU[�X\LZ[PVU� +PMMLYLU[�ZV\YJLZ�KPZHNYLL� -VY�ZTHSSLY
OLLS�HUNSLZ��#���KLNYLLZ��[OL�HKKLK�YLZPZ[HUJL�K\L�[V�OLLS�ZLLTZ�[V�IL�ZTHSS� 0M�[HISL���� HYL�JVYYLJ[� [OL
SLL^H`�`H^�HUNSL�VM�H�ZOPW�\UKLY�[OL�PUÅ\LUJL�VM�ZHPS�^PSS�IL�]LY`�KLWLUKLU[�VU�[OL�ZOPW�ZOHWL� /V^L]LY�
	UVYTHS	�ZHPSIVH[Z�KVLZ�UV[�ZLLT�[V�L_WLYPLUJL�SHYNL�OLLS�HUNSLZ� ;OL�X\LZ[PVU�PZ� ^OH[�^PSS�[OL�LMMLJ[�IL
MVY�H�JHYNV�ZOPW&
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:\YMHJLZ

( J\Z[VT )V\UKHY`�,SLTLU[�4L[OVK��),4���HSZV�RUV^U�HZ�H�WHULS�TL[OVK� ^HZ�KL]LSVWLK�MVY�[OPZ�WYVQLJ[�
),4 JHU�ZPT\SH[L�[OL�ÅV^�HYV\UK��+ ZVSPK�VIQLJ[Z�\UKLY�[OL�HZZ\TW[PVU�VM�PYYV[H[PVUHS� PUJVTWYLZZPISL�HUK
PU]PZJPK�ÅV �̂ P�L� WV[LU[PHS�ÅV^� 3PM[PUN�Z\YMHJLZ�JHU�IL�TVKLSLK�I`�PUJS\KPUN�H�WV[LU[PHS�^HRL�L_[LUKPUN
MYVT�[OL�[YHPSPUN�LKNL�VM�[OL�^PUN��ZLL�ZLJ[PVU�������� ),4 OHZ�[OL�ILULÄ[�VM�ILPUN�HISL�[V�ZPT\SH[L�[OL�ÅV^
I`�VUS`�KPZJYL[PaPUN�[OL�IV\UKHY`�VM�[OL�YLNPVU�VM�PU[LYLZ[� YH[OLY�[OHU�[OL�LU[PYL�]VS\TL� ^OPJO�PZ�ULJLZZHY`
MVY -PUP[L�=VS\TL�4L[OVKZ��-=4Z�� -PUP[L�,SLTLU[�4L[OVKZ��-,4Z��HUK -PUP[L�+PMMLYLU[�4L[OVKZ��-+4Z�� ;OPZ
YLK\JLZ�[OL�U\TILY�VM�\URUV^UZ�PU]VS]LK�PU�[OL�ZPT\SH[PVU� HUK�[OLYLI`�[OL�ZPT\SH[PVU�[PTL�

( WV[LU[PHS�TVKLS�VM�H�SPM[PUN�Z\YMHJL�PZ�JHWHISL�VM�TVKLSPUN�THU`�VM�[OL�PTWVY[HU[�LMMLJ[Z�MVY�H�^PUN�ZHPS�
Z\JO�HZ�ÄUKPUN�[OL��+ SPM[�JVLMÄJPLU[� [OL�SPM[�PUK\JLK�KYHN� HUK�ZVTL�VM�[OL�PU[LYHJ[PVU�LMMLJ[Z�IL[^LLU�^PUN
ZHPSZ�Z[HUKPUN�PU�H�YV^��ZLL�JOHW[LY�� MVY�TVYL�VU�[OPZ�� ),4 OHZ�ILLU�[OL�[YHKP[PVUHS�^VYR�OVYZL�VM�[OL
HLYVZWHJL�PUK\Z[Y`�^OLU�P[�JVTLZ�[V�ZPT\SH[PVU�VM�SPM[PUN�Z\YMHJLZ� K\L�[V�[OL�MHJ[�[OH[�TVKLSPUN�VM�[OL�M\SS
ZL[�VM�5H]PLY�:[VRLZ�LX\H[PVUZ�PZ�]LY`�JVTW\[H[PVUHSS`�KLTHUKPUN� ,]LU�[OV\NO�[OPZ�PZ�WVZZPISL�[VKH �̀ P[�PZ
Z[PSS�H�ZPNUPÄJHU[�ILULÄ[�PU�OH]PUN�MHZ[�ZPT\SH[PVU�TL[OVKZ� :PUJL�THU`�VM�[OL�WO`ZPJHS�LMMLJ[Z�PU]VS]LK�PU�[OL
ÅV^�HYV\UK�H�^PUN�ZHPS�JHU�IL�L_WSHPULK�I`�H�WV[LU[PHS�TVKLS� ),4 ZLLTLK�SPRL�H�NVVK�[VVS�

;OL�ZWLJPÄJ�MLH[\YLZ�VM�[OPZ�JVKL�PZ�[OL�JHWHIPSP[`�[V�TVKLS�HU�HYIP[YHY`�U\TILY�VM��+ ^PUNZ� ^P[O�[OPJRULZZ�
\UKLY�[OL�HZZ\TW[PVU�VM�WV[LU[PHS�ÅV �̂ 7YLZZ\YL�HUK�]LSVJP[`�]HS\LZ�JHU�IL�MV\UK� HUK�MVYJLZ�VU�[OL�^PUN
JHU�IL�JHSJ\SH[LK� IV[O�I`�PU[LNYH[PVU�VM�Z\YMHJL�WYLZZ\YL� VY�I`�[OL�\ZL�VM�[OL�2\[[H�1V\RV^ZRP�[OLVYLT�VU
[OL�[YHPSPUN�LKNL�VM�[OL�^PUN��ZLL�ZLJ[PVU������ MVY�TVYL�VU�[OPZ�� ;OL�ZOHWL�VM�[OL�WV[LU[PHS�^HRL�L_[LUKPUN
MYVT�[OL�[YHPSPUN�LKNL�VM�[OL�^PUN�PZ�JHSJ\SH[LK�^P[O�Z[YLHTSPUL�PU[LNYH[PVU� ;OL�NLVLT[Y`�VM�[OL�^PUNZ�HYL
KPZJYL[PaLK�\ZPUN�ÅH[�WHULSZ� HUK�LHJO�WHULS�OHZ�H�JVUZ[HU[�]HS\L�ZV\YJL�HUK�KV\ISL[�Z[YLUN[O� -PN\YL����
ZOV^Z�HU�PSS\Z[YH[PVU�VM�H�^PUN�TVKLS�\ZLK�^P[O�[OL ),4 JVKL� HSVUN�^P[O�[OL�JHSJ\SH[LK�^HRL�ZOHWL� HUK
JVSVY�THWWLK�WYLZZ\YL�]HS\LZ�VU�[OL�^PUN�

��



-PN\YL ���! 0SS\Z[YH[PVU�VM�TVKLS�\ZLK�PU�[OL�J\Z[VT�),4 JVKL� ^P[O�JHSJ\SH[LK�^HRL�ZOHWL� HUK�JVSVY
THWWLK�WYLZZ\YL�]HS\LZ�VU�[OL�^PUN

;OLYL�̂ LYL�ZL]LYHS�YLHZVUZ�MVY�KL]LSVWPUN�H�UL^�JVKL�MYVT�ZJYH[JO� YH[OLY�[OHU�\ZPUN�ZVTL�HSYLHK`�L_PZ[PUN
ZVM[^HYL� 6UL�YLHZVU�PZ�[OH[�THU`�VM�[OL�H]HPSHISL�JVKLZ�HYL�VSK� HUK�UV[�]LY`�\ZLY�MYPLUKS �̀ ^OPJO�THRL
[OLT�OHYK�[V�\ZL� -SL_PIPSP[`�PU�OV^�[V�\ZL�[OL�JVKL�OHZ�HSZV�ILLU�VM�PTWVY[HUJL�HUK�OHZ�ILLU�H�MVJ\Z
HYLH�PU�[OL�KL]LSVWTLU[�WYVJLZZ� -VY�[OPZ�WYVQLJ[�P[�TLHUZ�ÅL_PIPSP[`�PU�[LYTZ�VM�NLVTL[Y`�VM�H�ZPUNSL�^PUN
HUK�U\TILY�VM�^PUNZ�\ZLK�PU�[OL�ZHTL�ZPT\SH[PVU� 0U�JHZL�[OPZ�JVKL�JHU�IL�YL\ZLK�H[�H�SH[LY�[PTL� ÅL_PIPSP[`
PU�[LYTZ�VM�JV\WSPUN�[OPZ�JVKL�^P[O�V[OLY�[`WLZ�VM�ZPT\SH[PVU�JVKLZ�OHZ�HSZV�ILLU� PTWVY[HU[� )HZLK�VU
WYL]PV\Z�L_WLYPLUJL�^P[O��+ WHULS�JVKLZ� P[�^HZ�RUV^U�[OH[ WHYHSSLS JVTW\[H[PVU�^V\SK�IL�H�NYLH[�ILULÄ[
PU�[LYTZ�VM�ZPT\SH[PVU�[PTL� ( SV[�VM�LMMVY[�OHZ�ILLU�W\[�PU[V�THRPUN�H�JVKL�[OH[�JHU�\[PSPaL�HZ�T\JO�VM�[OL
JVTW\[PUN�WV^LY�H]HPSHISL�HZ�WVZZPISL�

(UV[OLY� PTWVY[HU[� YLHZVU�^HZ� [OH[� [OL�H\[OVY�OHK�H�WLYZVUHS� PU[LYLZ[� PU� SLHYUPUN� [OPZ� [`WL�VM�U\TLYPJHS
ZPT\SH[PVU�WYVWLYS �̀

-SL_PIPSP[`�PU�[LYTZ�VM�NLVTL[Y`�OHZ�ILLU�HJOPL]LK�I`�JV\WSPUN�[OPZ�JVKL�^P[O�[OL�VWLU�ZV\YJL��+ TVKLSPUN
ZVM[^HYL�JHSSLK )SLUKLY� 0U�VYKLY�[V�THRL�[OL�JVKL�YL\ZHISL�[VNL[OLY�^P[O�V[OLY��M\[\YL��ZPT\SH[PVU�TVKLSZ�
P[�PZ�^YP[[LU�HSTVZ[�LU[PYLS`�PU�[OL�ÅL_PISL�HUK�\ZLY�MYPLUKS`�WYVNYHTTPUN�SHUN\HNL�7`[OVU� 6WLU�*VTW\[PUN
3HUN\HNL��6WLU*3� OHZ�ILLU�\ZLK�[V�HJJLZZ�L]LY`�JVTW\[H[PVUHS�JVYL�PU�WHYHSSLS� H]HPSHISL�PU�HU`�TVKLYU
WLYZVUHS�JVTW\[LY� UV�TH[[LY�^OL[OLY�P[�PZ�H�UVYTHS��T\S[PJVYL� *LU[YHS�7YVJLZZPUN�<UP[��*7<� VY�H .YHWOPJZ
7YVJLZZPUN�<UP[��.7<���;OPZ�PZ�HU�PTWVY[HU[�MLH[\YL�HZ�TVKLYU�JVTW\[LYZ�HYL�NL[[PUN�MHZ[LY�HUK�MHZ[LY�I`
ILPUN�TVYL�HUK�TVYL�WHYHSSLS�PU�UH[\YL� HUK�T\JO�VM�[OL�^VYR�SVHK�PU�H ),4 JVKL�PZ�PUOLYLU[S`�WHYHSSLS�

4HU`�V[OLY�]LYZPVUZ�VM ),4 JVKLZ�OHZ�ILLU�\ZLK�HZ�YLMLYLUJL�HUK�PUZWPYH[PVU�^OPSL�KL]LSVWPUN�[OPZ�JVKL�
;OL�^LSS�RUV^U�HUK�]LY`�WVW\SHY��+ WHULS�JVKL�?-603 B�D�OHZ�ILLU�\ZLK�MVY�ÄUKPUN�YLMLYLUJL�WYLZZ\YL
KPZ[YPI\[PVUZ�MVY��+ MVPSZ� ;OL�VWLU�ZV\YJL ),4 JVKL�JHSSLK ?-39� B�D�OHZ�ILLU�Z[\KPLK� ^OPJO�PU�ZVTL
ZLUZL� PZ�H��+ L_[LUZPVU�VM�?-603��;OL�TVZ[� PTWVY[HU[�YLMLYLUJL�OHZ�ILLU�[OL�[OLVY`�KVJ\TLU[� MVY�[OL
=:(,96 JVKL�B��D� ^OPJO�OHZ�ILLU�]LY`�OLSWM\S� HUK�[OL�NLULYHS�HWWYVHJO�PU�[OPZ�J\Z[VT ),4 JVKL�PZ�]LY`
ZPTPSHY�[V�[OL�TL[OVK�\ZLK�PU�=:(,96��0U�HKKP[PVU�[V�[OL�=:(,96 [OLVY`�KVJ\TLU[� [OL�VYPNPUHS�KVJ\TLU[Z
KLZJYPIPUN�OV^�[V�L]HS\H[L�WHULS�PU[LNYHSZ��ZLL�ZLJ[PVU��������^YP[[LU�I`�/LZZ�HUK�:TP[O�OHZ�ILLU�VM�NYLH[
PTWVY[HUJL� HZ�[OPZ�PZ�[OL�VYPNPUHS�YLMLYLUJLZ�HSS�V[OLY�WHULS�JVKLZ�VYPNPUH[LZ�MYVT��9LMLYLUJL�B��D�HUK�B��D��
;OL�IVVR 3V^�:WLLK�(LYVK`UHTPJZ I`�2H[a�HUK�7SV[RPU� B��D�ZLLTZ�[V�IL�H�]LY`�WVW\SHY�ZV\YJL�^OLU

��



KL]LSVWPUN ),4 JVKLZ� ;OL�H\[OVY�OHZ�HSZV�OHK�NYLH[�Z\JJLZZ�PU�\ZPUN�[OPZ�IVVR�^OPSL�KL]LSVWPUN�H��+
WHULS�JVKL�H[�H�WYL]PV\Z�WYVQLJ[�B��D� ;OL�IVVR�^HZ�L_[LUZP]LS`�\ZLK�PU�[OL�ILNPUUPUN�VM�[OL�KL]LSVWTLU[
VM�[OPZ�JVKL� I\[�JLY[HPU�KL[HPSZ�HIV\[�HU�HJ[\HS�U\TLYPJHS�PTWSLTLU[H[PVU�VM�H�M\SS��+ ),4 JVKL�PZ�H�IP[
SHJRPUN� HUK�JH\ZLK�ZVTL�JVUM\ZPVU�MVY�[OL�H\[OVY� ( TP_�IL[^LLU�YLMLYLUJL�B��D�HUK�B��D�PZ�ILSPL]LK�[V
JVU[HPU�[OL�ULJLZZHY`�PUMVYTH[PVU�[V�KL]LSVW�H ),4 JVKL�]LY`�ZPTPSHY�[V�[OL�VUL�[OH[�ZOHSS�IL�KLZJYPILK
PU�[OPZ�JOHW[LY� 9LMLYLUJL�B��D�MVY�[OL�V]LYHSS�NLULYHS�[OLVY �̀ PU�H�^LSS�^YP[[LU�\UKLYZ[HUKHISL�THUULY� ^OPSL
YLMLYLUJL�B��D�MVY�[OL�ZTHSS� I\[�PTWVY[HU[�KL[HPSZ�

;OPZ�JOHW[LY�^PSS�NV�[OYV\NO�[OL�TH[OLTH[PJHS�[OLVY`�ILOPUK�[OPZ�[`WL�VM�ZPT\SH[PVU� HSVUN�^P[O�ZVTL�KL[HPSZ
HIV\[�[OL�U\TLYPJHS�PTWSLTLU[H[PVU� ;OLYL�^PSS�IL�ZVTL�KPZJ\ZZPVU�HIV\[�[OL�TVYL�ZWLJPHS�MLH[\YLZ� Z\JO
HZ�JV\WSPUN�^P[O )SLUKLY�HUK�[OL�\ZL�VM 6WLU*3�

��� 4H[OLTH[PJHS�0TWSLTLU[H[PVU

;OL�W\YWVZL�VM�[OL ),4 JVKL�PZ�[V�ÄUK�H�WV[LU[PHS�ÅV^�ZVS\[PVU�[OH[�KLZJYPILZ�[OL�SPM[PUN�ÅV^�HYV\UK�^PUNZ�
;OPZ�PZ�HJOPL]LK�I`�ZVS]PUN�[OL�3HWSHJL�LX\H[PVU� ^OPJO�KLZJYPILZ�[OL�JVU[PU\P[`�VM�THZZ�PU�HU�PYYV[H[PVUHS�
PUJVTWYLZZPISL� HUK�PU]PZJPK�Å\PK!

∇2Φ = 0 �����

Φ PZ�[OL�]LSVJP[`�WV[LU[PHS� HUK�[OL�]LSVJP[`�]LJ[VY�PZ�KLÄULK�HZ ] = ∇Φ� ;OL�ZVS\[PVU�T\Z[�IL�ZH[PZÄLK�PU�H
Å\PK�KVTHPU� ^P[O�IV\UKHY`�JVUKP[PVUZ�[OH[�KL[LYTPULZ�[OL�ZWLJPÄJ�ILOH]PVY�VM�[OL�ZVS\[PVU� ;OL�IV\UKHY`
JVUZPZ[�VM�ZVSPK�̂ HSS�IV\UKHYPLZ� ^HRL�IV\UKHYPLZ� HUK�PUÄUP[`�IV\UKHYPLZ� ;OL�NLULYHS�IV\UKHY`�JVUKP[PVUZ
MVY�H�WV[LU[PHS�SPM[PUN�ÅV^�WYVISLT�PZ�[OH[�[OL�ÅV^�JHU�UV[�NV�[OYV\NO�H�ZVSPK�^HSS� HU`�KPZ[\YIHUJLZ�PU�[OL
ÅV^�T\Z[�KPTPUPZO�̂ OLU�[OL�KPZ[HUJL�MYVT�[OL�KPZ[\YIHUJL�ZV\YJL�HYL�HWWYVHJOPUN�PUÄUP[ �̀ HUK�[OL�WV[LU[PHS
^HRL�T\Z[�IL�Z\JO�[OH[�IV[O�[OL�2\[[H�IV\UKHY`�JVUKP[PVU� HUK�2LS]PU�Z�JPYJ\SH[PVU�[OLVYLT�PZ�M\SÄSSLK�

;OL�3HWSHJL�LX\H[PVU�OHZ�H�ZWLJPHS�WYVWLY[`�^OPJO�PZ�LZWLJPHSS`�\ZLM\S�PU�U\TLYPJHS�HUHS`ZPZ�VM�[OL�LX\H[PVU�
;OPZ�WYVWLY[`�JHU�IL�ZLLU�I`�\ZPUN�[^V�TH[OLTH[PJHS [YPJRZ� ;OL�ÄYZ[�[YPJR�PZ�[V�\ZL�.YLLU�Z�ZLJVUK�PKLU[P[ �̀
3L[ φ HUK ψ IL�[^V�KPMMLYLU[�ZJHSHY�M\UJ[PVUZ� 0M�VUL�KLÄULZ�H�]LJ[VY�M\UJ[PVU - = ψ∇φ − φ∇ψ� HUK�\ZLZ
[OL�KP]LYNLUJL�[OLVYLT��HSZV�RUV^U�HZ�.H\ZZ�Z�[OLVYLT��^P[O�[OPZ�]LJ[VY�M\UJ[PVU� VUL�VI[HPUZ�.YLLU�Z
ZLJVUK�PKLU[P[ �̀ HZ�MVSSV^Z!

∫

=VS\TL

(
ψ∇2φ− φ∇2ψ

)
dV =

∫

:\YMHJL
(ψ∇φ− φ∇ψ) · U dS �����

0M φ HUK ψ OHWWLUZ�[V�HSZV�ZH[PZM`�[OL�3HWSHJL�LX\H[PVU� [OL�[LYT�VU�[OL�SLM[�OHUK�ZPKL�VM�LX\H[PVU���� ^PSS
KPZHWWLHY� ^OPJO�SLH]LZ�[OL�YPNO[�OHUK�ZPKL�LX\HS�[V�aLYV� ,X\H[PVU���� PZ�VUS`�]HSPK�PM�[OL�Z\YMHJL�PU[LNYH[PVU
PZ�WLYMVYTLK�VU�H�JSVZLK�Z\YMHJL� ;OH[�PZ� PM�[OL�Å\PK�KVTHPU�VM�PU[LYLZ[�HYL�[OL�KVTHPU�[OH[�L_[LUKZ�MYVT
[OL�^PUN� [V�PUÄUP[ �̀ ^P[O�H�WV[LU[PHS�^HRL�PUJS\KLK� [OLU�[OL�Z\YMHJL�VM�PU[LNYH[PVU�T\Z[�IL�[OL�	Z\YMHJL	
H[�PUÄUP[ �̀ [OL�^PUN�Z\YMHJL� HUK�[OL�^HRL�Z\YMHJL� 9LMLYPUN�[V�ÄN\YL����� [OL�JVTWSL[L�Z\YMHJL�T\Z[�IL
S = S∞ + SW + SB �

��



S∞

SB

SW

P

Fluid domain

Wing n

n
n

-PN\YL ���! 0SS\Z[YH[PVU�VM�Å\PK�KVTHPU� \ZLK�HZ�H�YLMLYLUJL�MVY�KL]LSVWPUN�[OL�[OLVY`�MVY�[OL�),4 JVKL

;OL�ZLJVUK�[YPJR�PZ�[V�JOVVZL φ [V�IL�[OL�HJ[\HS�]LSVJP[`�WV[LU[PHS�[OH[�PZ�VM�PU[LYLZ[� Φ� HUK�SL[ ψ = 1/r�
^OLYL r PZ�[OL�KPZ[HUJL�MYVT�HU�HYIP[YHY`�WVPU[� P � ;OPZ�L_WYLZZPVU�VM ψ PZ�H�RUV^U�ZVS\[PVU�[V�[OL�3HWSHJL
LX\H[PVU� HUK�YLWYLZLU[Z�H�ZV\YJL�SVJH[LK�H[ P � ;OL�UVYTHS�KLYP]H[P]L�VM�H�ZV\YJL�PZ�JHSSLK�H KV\ISL[ PU�[OL
KPYLJ[PVU�VM U� 0M P PZ�SVJH[LK�V\[ZPKL�[OL�Å\PK�KVTHPU� .YLLU�Z�ZLJVUK�PKLU[P[`�JHU�IL�\ZLK�KPYLJ[S �̀ \ZPUN
S HZ�[OL�Z\YMHJL�VM�PU[LNYH[PVU�

∫

:

(
1

r
∇Φ− Φ∇1

r

)
U dS = 0 �����

/V^L]LY� PM P PZ�SVJH[LK�PUZPKL�[OL�Å\PK�KVTHPU� [OLU�VUL�T\Z[�L_JS\KL P MYVT�[OL�[OL�KVTHPU�I`�SL[[PUN�H
ZWOLYL�Z\YYV\UK�P[� ^P[O�H�YHKP\Z�[OH[�NVLZ�[V^HYK�aLYV� ;OPZ�THUHNLZ�[OL�ZPUN\SHYP[`�[OH[�VJJ\YZ�MVY ψ ^OLU
r → 0� 0U�KVPUN�[OPZ� VUL�JHU�ÄUK�HU�L_WYLZZPVU�MVY�[OL�]HS\L�VM Φ H[ P � HZ�H�M\UJ[PVU�VM�[OL�Z\YMHJL�PU[LNYHS�
;OL�KL[HPSZ�VM�OV^�[V�L]HS\H[L�[OL�SPTP[�JHU�IL�MV\UK�PU�YLMLYLUJL�B��D� JOHW[LY��� ;OL�YLZ\S[�PZ�LX\H[PVU����

Φ(P ) =
1

4π

∫

:

(
1

r
∇Φ− Φ∇1

r

)
U dS �����

0M�[OL�WVPU[�PZ�SVJH[LK�PUZPKL�[OL�IV\UKHY` SB � [OLU P PZ�V\[ZPKL�[OL�Å\PK�KVTHPU� HUK�LX\H[PVU���� OVSKZ
[Y\L� :PUJL�[OPZ�ZOV\SK�NP]L�aLYV�JVU[YPI\[PVU�[V�[OL�]LSVJP[`�WV[LU[PHS�H[�HU`�WVPU[�PUZPKL�[OL�Å\PK�KVTHPU�
HUV[OLY�MVYT�VM�LX\H[PVU���� JHU�IL�^YP[[LU�HZ�MVSS^VZ!

Φ(P ) =
1

4π

∫

SB

(
1

r
∇(Φ− Φi)− (Φ− Φi)∇

1

r

)
U dS +

1

4π

∫

SW+S∞

(
1

r
∇Φ− Φ∇1

r

)
U dS �����

Φi PZ�JHSSLK� [OL� PU[LYUHS�WV[LU[PHS� )LJH\ZL� [OL�JVU[YPI\[PVU� MYVT�IV[O�ZV\YJLZ�HUK�KV\ISL[Z�KPZHWWLHY
^OLU r → ∞� [OL�JVU[YPI\[PVU� MYVT�[OL�Z\YMHJL�H[� PUÄUP[`�JHU�IL�L_WYLZZLK�HZ φ∞� ^OPJO�OHZ�H�]HS\L
JVYYLZWVUKPUN�[V�[OL�MYLL�Z[YLHT�]LSVJP[`�WV[LU[PHS� 0U�HKKP[PVU� PM�VUL�HZZ\TLZ�[OL�^HRL�[V�IL�[OPU� [OLU

��



[OL�UVYTHS�]LSVJP[`�ZOV\SK�IL�JVU[PU\VZ�HJYVZZ�P[� PU�VYKLY�[V�THRL�WO`ZPJHS�ZLUZL� ;OL�]HS\L�VM − (φ− φi)
JHU�IL�JVUZPKLYLK�[OL�KV\ISL[�Z[YLUN[O��µ�� ^OPSL�[OL�]HS\L�VM− (∇(φ− φi)U) JHU�IL�JVUZPKLYLK�[OL�ZV\YJL
Z[YLUN[O��σ�� ;OPZ�NP]LZ�[OL�MVSSV^PUN�YLSH[PVU�MVY�[OL�]LSVJP[`�WV[LU[PHS�H[�HU`�WVPU[�PU�[OL�Å\PK�KVTHPU!

Φ(P ) = − 1

4π

∫

SB

σ
1

r
− µ U∇

(
1

r

)
dS +

1

4π

∫

SW

µ U∇
(
1

r

)
dS + φ∞(P ) �����

Φ(P ) = φ+ φ∞ �����

;OH[�PZ� [OL�]HS\L�VM�[OL�\URUV^U�^HU[LK�WV[LU[PHS�H[�WVPU[ P JHU�IL�X\HU[PÄLK�I`�KPZ[YPI\[PUN�ZV\YJLZ�HUK
KV\ISL[Z�^P[O�\URUV^U�Z[YLUN[OZ�H[�[OL�IV\UKHYPLZ�VM�[OL�KVTHPU� ;OLYL�PZ�UV�ULLK�[V�\ZL�\URUV^U�]HS\LZ
PUZPKL�[OL�KVTHPU� HZ�L]LY`�ZVS\[PVU�[V�[OL�3HWSHJL�LX\H[PVU�JHU�IL�YLWYLZLU[LK�I`�ZV\YJLZ�HUK�KV\ISL[Z�H[
[OL�IV\UKHYPLZ�VM�[OL�KVTHPU� ;OL�JOHSSLUNL�PZ�[V�ÄUK�[OL�]HS\LZ�VM�[OL�Z[YLUN[OZ� ;OL�]HS\LZ�JHU�IL�MV\UK
U\TLYPJHSS �̀ I`�KPZJYL[PaPUN�[OL�IV\UKHY`�Z\YMHJL� HUK�WLYMVYTPUN�[OL�PU[LNYH[PVU�U\TLYPJHSS �̀ ;OL�LX\H[PVUZ
[OH[�KL[LYTPULZ�[OL�]HS\LZ�VM σ HUK µ HYL�IHZLK�VU�[OL�IV\UKHY`�JVUKP[PVUZ�MVY�[OL�ZWLJPÄJ�WYVISLT� ;OPZ
NLULYH[LZ�H�SPULHY�LX\H[PVU�Z`Z[LT�PU�[OL�LUK� ^P[O�\URUV^U�]HYPHISLZ�YLWYLZLU[PUN�[OL�Z[YLUN[OZ� >OLU
[OL�Z[YLUN[OZ�HYL�MV\UK�I`�ZVS]PUN�[OL�Z`Z[LT�VM�LX\H[PVUZ� [OL�]LSVJP[`�HUK�WYLZZ\YL�PU�[OL�Å\PK�KVTHPU
JHU�IL�MV\UK� =LSVJP[PLZ�HYL�MV\UK�I`�[HRPUN�[OL�KLYP]H[P]L�VM�[OL�WV[LU[PHS� HUK�[OL�WYLZZ\YL�PZ�MV\UK�\ZPUN
)LYUV\SSP�Z�WYPUJPWSL�

����� :VSPK�>HSS�)V\UKHY`�*VUKP[PVUZ�HUK�:PUN\SHYP[`�4P_

0U�VYKLY� [V� RUV^�^OH[� [OL� Z[YLUN[OZ�H[� [OL�IV\UKHYPLZ� ZOV\SK�IL� IV\UKHY`�JVUKP[PVUZ�T\Z[�IL�\ZLK�
;OPZ�PZ�^OH[�NLULYH[LZ�[OL�Z`Z[LT�VM�LX\H[PVUZ� ;OL�IV\UKHY`�VM�[OL�ZVS\[PVU�KVTHPU�PZ�KPZJYL[PaLK� HUK
IV\UKHY`�JVUKP[PVUZ�HYL�L]HS\H[LK�H[�KPZJYL[PaLK�WVPU[Z�H[�[OLZL�IV\UKHYPLZ� ;OL�TVZ[�PTWVY[HU[�IV\UKHY`
JVUKP[PVUZ� PZ� [OL�VUL� MVY�H�ZVSPK�^HSS� ;OLYL�HYL� [^V�^H`Z� [V�ZL[�\W� [OL�ZVSPK�^HSS�IV\UKHY`�JVUKP[PVU!
5L^THUU�IV\UKHY`�JVUKP[PVU� ZWLJPM`PUN�[OL�]LSVJP[`�H[�[OL�^HSS� VY�+PYPJOSL[�IV\UKHY`�JVUKP[PVU� ZWLJPM`PUN
[OL�]LSVJP[`�WV[LU[PHS�H[�[OL�^HSS�

;OL�5L^THUU�IV\UKHY`�JVUKP[PVU�PZ�[OL�VUL�[OH[�PZ�LHZPLZ[�[V�ZLL� 0[�ZH`Z�[OH[�[OL�]LSVJP[`�UVYTHS�[V�H�ZVSPK
Z\YMHJL�T\Z[�IL�aLYV� ILJH\ZL�V[OLY^PZL� [OL�ÅV^�^V\SK�NV�[OYV\NO�[OL�Z\YMHJL� HUK�[OL�Z\YMHJL�^V\SK
UV[�IL�H�ZVSPK�^HSS� 6Y�PU�TH[OLTH[PJZ!

∂Φ

∂n
= 0 H[ SB �����

∂φ

∂n
= −∂φ∞

∂n
H[ SB ��� �

∂φ

∂n
= −U <∞ H[ SB ������

;OPZ�[`WL�VM�IV\UKHY`�JVUKP[PVUZ�PZ�[OL�VUL�\ZLK�I`�/LZZ�HUK�:TP[O�PU�YLMLYLUJL�B��D�HUK�B��D� -VY�[OPU
IVKPLZ� [OPZ�^V\SK�HSZV�IL�[OL�VUS`�VW[PVU� /V^L]LY� MVY�[OPZ�JVKL� HUK�HSZV�THU`�V[OLY ),4 JVKLZ�Z\JO
HZ�IV[O�=:(,96 HUK�?-39�� +PYPJOSL[�IV\UKHY`�JVUKP[PVU�PZ�\ZLK�

+PYPJOSL[�IV\UKHY`�JVUKP[PVU�ZWLJPÄLZ�[OL�]HS\L�VM�[OL�WV[LU[PHS�H[�[OL�IV\UKHYPLZ� ;OL�]HS\L�VM�[OL�WV[LU[PHS
PZ�L]HS\H[LK�VU�[OL�PUZPKL�VM�[OL�IVK`�Z\YMHJL� ZV�[OH[�P[�PZ�HU�L]HS\H[PVU�VM�[OL�PUULY�WV[LU[PHS� 0M�[OL�WV[LU[PHS
PUZPKL�[OL�IVK`�PZ�JVUZ[HU[� [OLYL�PZ�UV�JOHUNL�PU ∂φ/∂n� ZV�[OH[�[OL�5L^THUU�IV\UKHY`�JVUKP[PVU�PZ�ZL[
PUKPYLJ[S �̀ 6UL�MVYT�VM�[OL�+PYPJOSL[�IV\UKHY`�JVUKP[PVU�MVY�H�JSVZLK�Z\YMHJL�PZ�[OLYLMVYL�[OL�MVSSV^PUN!

φi = JVUZ[HU[ ������

��



>OH[�[OL�JVUZ[HU[�ZOV\SK�IL� PZ�UV[�ULJLZZHYPS`�\UPX\L� +PMMLYLU[�HWWYVHJOLZ�L_PZ[� ^OLYL�VUL�PZ�[V�ZL[�[OL
PUULY�WV[LU[PHS�[V�IL�aLYV� 0U�[OPZ�WYVQLJ[� H�ZSPNO[S`�KPMMLYLU[�HWWYVHJO�PZ�\ZLK� ^OPJO�PZ�[OL�ZHTL�HWWYVHJO
\ZLK�PU�=:(,96 �ZLL�YLMLYLUJL�B��D��HUK�HSZV�[OL�TL[OVK�YLJVTTLUKLK�I`�YLMLYLUJL�B��D�

*VUZPKLY�[OL�MHJ[�[OH[�[OL�ZV\YJL�Z[YLUN[O�YLWYLZLU[Z�[OL�Q\TW�PU�[OL�UVYTHS�KLYP]H[P]L�VM�[OL�WV[LU[PHS� ;OH[
PZ� σ PZ�NP]LU�HZ�MVSSV^Z!

σ = −
(
∂φ

∂n
− ∂φi
∂n

)
������

0M�[OL�ZV\YJL�Z[YLUN[O�PZ�ZL[�[V�IL�LX\HS�[V�[OL�UVYTHS�JVTWVULU[�VM�[OL�MYLL�Z[YLHT�]LSVJP[`�WV[LU[PHS�[OL
MVSSV^PUN�YLSH[PVUZOPW�^V\SK�VJJ\Y!

−σ = −U <∞ ������
(
∂φ

∂n
− ∂φi
∂n

)
= −U <∞ ������

6Y�PU�V[OLY�^VYKZ� [OL�ZV\YJL�Z[YLUN[O�MVY�LHJO�WHULS�PZ�ZL[�ZV�[OH[�LHJO�WHULS�LUMVYJLZ�[OL�5L^THUU�ZVSPK
^HSS�IV\UKHY`�JVUKP[PVU� HZ�PM�[OLYL�VUS`�^HZ�H�MYLL�Z[YLHT� I`�P[ZLSM� /V^L]LY� LHJO�WHULS�HSZV�PUK\JLZ
]LSVJP[`�WV[LU[PHSZ�VU�HSS�[OL�V[OLY�WHULSZ�HZ�^LSS� ^OPJO�TLHUZ�[OH[�[OPZ�PZ�UV[�LU[PYLS`�JVYYLJ[�HSVUL� ;OL
Z[YLUN[O�VM�[OL�KV\ISL[Z�T\Z[�[OLU�IL�ZL[�PU�VYKLY�[V�IHSHUJL�[OL�LYYVY�MYVT�[OL�ZV\YJL�Z[YLUN[O� ZV�[OH[�[OL
[V[HS�]LSVJP[`�WV[LU[PHS� PUK\JLK�MYVT�IV[O�ZV\YJLZ�HUK�KV\ISL[Z�HYL�aLYV� 6Y�PU�TH[OLTH[PJZ!

1

4π

∫

SB+SW

µ U∇
(
1

r

)
dS − 1

4π

∫

SB

σ
1

r
dS = 0 ������

>OLYL�[OL�ZV\YJL�Z[YLUN[O�PZ�RUV^U� HUK�NP]LU�I`�LX\H[PVU������ ;OPZ�HWWYVHJO�OHZ�[OL�HKKLK�ILULÄ[
VM�NP]PUN�H�YLHZVUHISL�JOVPJL�MVY�H�ZPUN\SHYP[`�TP_�IL[^LLU�ZV\YJLZ�HUK�KV\ISL[Z�HZ�^LSS� ;OH[�PZ� [OLYL�PZ
UV�JSLHY�IV\UKHY`�JVUKP[PVU�[OH[�KL[LYTPULZ�[OL�YLSH[PVU�ZOPW�IL[^LLU�ZV\YJLZ�HUK�KV\ISL[Z� ;OLVYL[PJHSS �̀
LP[OLY�VUL�VM σ HUK µ JV\SK�IL�ZL[�[V�aLYV� I\[�[OPZ�HWWYVHJO�PZ�RUV^U�[V�NLULYH[L�U\TLYPJHS�KPMÄJ\S[PLZ��ZLL
YLMLYLUJL�B��D��

9LMLYLUJL�B��D�JSHPTZ�[OH[�[OPZ�HWWYVHJO�PZ�IL[[LY�[OHU�\ZPUN�5L\THUU�IV\UKHY`�JVUKP[PVUZ�^P[OV\[�YLHSS`
ZWLJPM`PUN�^O`�P[�ZOV\SK�IL�IL[[LY� 9LMLYLUJL�B��D�Z\NNLZ[�[OH[�[OLYL�PZ�]LY`�SP[[SL�KPMMLYLUJL�IL[^LLU�\Z�
PUN�5L\THUU�HUK�+PYPJOSL[�IV\UKHY`�JVUKP[PVUZ� HUK�P[Z�H�TH[[LY�VM�WLYZVUHS�WYLMLYLUJL� 9LMLYLUJL�B��D
KPZJ\ZZLZ�H�ML^�KPMMLYLU[�VW[PVUZ�YLNHYKPUN�[OL�L_HJ[�^H`�VM�PTWSLTLU[PUN�+PYPJOSL[�IV\UKHY`�JVUKP[PVUZ�
JVUJS\KPUN�[OH[�[OL�^H`�P[�PZ�KVUL�PU�[OPZ�WYVQLJ[�OHZ�ZVTL�U\TLYPJHS�ILULÄ[Z� ^OPJO�PU�[OL�LUK�PZ�K\L�[V�[OL
MHJ[�[OH[�[OL�Z[YLUN[OZ�\Z\HSS`�LUK�\W�^P[O�]HS\LZ�[OH[�HYL�UV[�[VV�OPNO�VY�[VV�SV �̂ ZV�[OH[�YV\UKPUN�LYYVYZ�PZ
UV[�H�WYVISLT�

;OL�H\[OVY�PZ�UV[�Z\YL�^LH[OLY�VY�UV[�[OPZ�[`WL�VM�IV\UKHY`�JVUKP[PVU�PZ�	[OL�ILZ[	� OV^L]LY� P[�KVLZ�ZLLT
[V�IL�H�WVW\SHY�JOVPJL� )V[O�=:(,96 HUK�?-39��\ZLZ�[OL�ZHTL�HWWYVHJO� HUK�YLMLYLUJL�B��D�JSHPTZ�[OH[
[OPZ�TL[OVK�PZ�[OL�TVZ[�WVW\SHY�IHZLK�VU�	YLJLU[�[YLUKZ	�

����� 7V[LU[PHS�^HRL

0U�VYKLY�[V�TVKLS�H�SPM[PUN�ÅV �̂ [OL�2\[[H�JVUKP[PVU�MVY� SPM[�T\Z[�IL�ZH[PZÄLK� ;OH[�PZ� H[�[OL�[YHPSPUN�LKNL�
[OL�ÅV^�T\Z[�SLH]L�[OL�[YHPSPUN�LKNL�ZTVV[OS �̀ ;OPZ�Ä_LZ�[OL�[V[HS�JPYJ\SH[PVU�HYV\UK�[OL�^PUN� ZV�[OH[�P[
TVKLSZ�[OL�PUOLYLU[S`�]PZJV\Z�WOLUVTLUH�VM�SPM[� ^P[OV\[�TVKLSPUN�]PZJV\Z�ÅV^�KPYLJ[S �̀ ;OPZ�JVUKP[PVU�PZ
ZH[PZÄLK�H\[VTH[PJHSS`�I`�SL[[PUN�H�WV[LU[PHS�^HRL� [OH[�VUS`�JVU[HPUZ�KV\ISL[�WHULSZ� L_[LUK�MYVT�[OL�[YHPSPUN
LKNL� 0U�VYKLY�[V�ZH[PZM`�2LS]PU�Z�JPYJ\SH[PVU�[OLVYLT� [OL�KV\ISL[�Z[YLUN[O�PU�[OL�^HRL�T\Z[�IL�ZL[�LX\HS�[V

��



[OL�KV\ISL[�Z[YLUN[O�H[�[OL�[YHPSPUN�LKNL� 2LS]PU�Z�JPYJ\SH[PVU�[OLVYLT�Z[H[LZ�[OH[�JPYJ\SH[PVU�HYL�JVUZLY]LK�
+V\ISL[Z�OH]L�JPYJ\SH[PVU� HZ�[OL`�HYL�JSVZLS`�JVUULJ[LK�[V�]VY[PJLZ� 0U�MHJ[� H�JVUZ[HU[�Z[YLUN[O�KV\ISL[
WHULS�PZ�LX\P]HSLU[�[V�H�	]VY[L_�YPUN	� VY�MV\Y�JVUULJ[LK�]VY[L_�SPULZ�THRPUN�\W�H�X\HKYPSH[LYHS� ^OLYL�[OL
JPYJ\SH[PVU�VM�LHJO�]VY[L_�SPUL�PZ�LX\HS�[V�[OL�Z[YLUN[O�VM�[OL�KV\ISL[� :LL�YLMLYLUJL�B��D�MVY�TVYL�VU�[OPZ�

-PYZ[� [OL�LU[PYL�̂ PUN� HUK�̂ HRL� PZ�KP]PKLK�PU[V�Z[YPWZ� ^OLYL�[OL�Z[YPWZ�HYL�NVPUN�PU�[OL�JOVYK^PZL�KPYLJ[PVU�VM
[OL�^PUN� :LL�ÄN\YL���� MVY�H�]PZ\HS�L_WSHUH[PVU� ,HJO�Z[YPW�OH]L�VUL�]HS\L�VM�[YHPSPUN�LKNL�KV\ISL[�Z[YLUN[O�
;OL�[YHPSPUN�LKNL�H[�LHJO�Z[YPW�PZ�JVUULJ[LK�[V�[^V�WHULSZ� VUL�VU�[OL�	\WWLY	�ZPKL�HUK�VUL�VU�[OL�	SV^LY	
ZPKL�VM�[OL�^PUN� ;OL�\WWLY�ZPKL�PZ�KLÄULK�HZ�[OL�WHULS�[OH[�OH]L�H�UVYTHS�[OH[�WVPU[Z�PU�[OL�ZHTL�KPYLJ[PVU
HZ�[OL�^HRL�WHULSZ�

-PN\YL ���! ;OL�^HRL�HUK�^PUN�KP]PKLK�PU[V�Z[YPWZ� ^OLYL�LHJO�ZLWHYH[L�JVSVY�YLWYLZLU[Z�H�ZLWHYH[L�Z[YPW

;OL�KV\ISL[�Z[YLUN[O�VM�[OL�[YHPSPUN�LKNL�PZ�KLÄULK�HZ�[OL�Z[YLUN[O�VM�[OL�\WWLY�WHULS� TPU\Z�[OL�Z[YLUN[O�VM
[OL�SV^LY�WHULS� ;OH[�PZ� µW = µU − µL� ,HJO�^HRL�WHULS�PU�[OL�ZHTL�Z[YPW�OH]L�[OL�ZHTL�Z[YLUN[O� µW �
:PUJL�[OLYL�PZ�UV�ZV\YJL�WHULSZ�PU�[OL�^HRL� [OLYL�PZ�UV�Q\TWZ�PU�[OL�]LSVJP[ �̀ VUS`�Q\TWZ�PU�[OL�WV[LU[PHS� 0U
VYKLY�[V�ZH[PZM`�2LS]PU�Z�JPYJ\SH[PVU�[OLVYLT�WLYMLJ[S �̀ [OL�^HRL�ZOV\SK�L_[LUK�[V�PUÄUP[ �̀ /V^L]LY� HZ�SVUN
HZ�[OL�^HRL�PZ�L_[LUKLK�[V�H�ÄUP[L�SLUN[O�H^H`�MYVT�[OL�^PUN�[OH[�PZ�SHYNL�LUV\NO� [OL�LMMLJ[�VM�[OL�^HRL
VU�[OL�^PUN�^PSS�IL�HZ�PM�[OL�^HRL�PZ�PUÄUP[LS`�SVUN� (YV\UK����JOVYK�SLUN[OZ�HYL�MV\UK�[V�IL�SVUN�LUV\NO�
IHZLK�VU�JVU]LYNLUJL�HUHS`ZPZ� VM�^OPJO�[OL�YLZ\S[Z�JHU�IL�ZLLU�PU�[OL�HWWLUKP_�ZLJ[PVU�������� ;OPZ�HSZV
TH[JOLZ�JSHPTZ�HIV\[�[OL�ZHTL�[VWPJ�PU�YLMLYLUJL�B��D�

:L[[PUN�[OL�^HRL�KV\ISL[�Z[YLUN[O�PU�[OPZ�THUULY�LUMVYJLZ�IV[O�[OL�2\[[H�JVUKP[PVU�HUK�2LS]PU�Z�JPYJ\SH[PVU
[OLVYLT� /V^L]LY� PU�VYKLY�[V�THRL�WO`ZPJHS�ZLUZL� [OL�ZOHWL�VM�[OL�^HRL�T\Z[�IL�JVYYLJ[� ;OH[�PZ� HZ�[OL
^HRL�PZ�UV[�H�Ä_LK�ZVSPK�^HSS� P[�^PSS�UV[�IL�HISL�[V�JHYY`�HU`�SVHKZ� 6Y�PU�V[OLY�^VYKZ� PU�ULLKZ�[V�MVSSV^�[OL
Z[YLHT�SPULZ�PU�[OL�ÅV �̂ 0U�[OL�ZHTL�^H`�HZ�MVY�H�ZVSPK�^HSS� [OLYL�JHU�IL�UV�UVYTHS�]LSVJP[`�JVTWVULU[�H[
[OL�^HRL�Z\YMHJL� I\[�PU�Z[LHK�VM�MVYJPUN�[OL�ÅV^�[V�MVSSV^�[OL�^HRL� VUL�T\Z[�MVYJL�[OL�^HRL�[V�MVSSV^�[OL
ÅV �̂ ;OPZ�^PSS�MVYJL�[OL�^HRL�[V�OH]L�[OL�JOHYHJ[LYPZ[PJ�YVSS�\W�Z[Y\J[\YL�

;OLYL�L_PZ[�H�ML^�KPMMLYLU[�^H`Z�VM�KLHSPUN�^P[O�[OL�^HRL�ZOHWL� 6UL�PZ�[V�ZPTWS`�SL[�[OL�^HRL�MVSSV^�[OL�MYLL
Z[YLHT� ULNSLJ[PUN�[OL�PUÅ\LUJL�MYVT�[OL�^PUN�HUK�[OL�^HRL�P[ZLSM� ;OPZ�PZ�RUV^U�HZ�H�	KYHN�MYLL	�^HRL� HZ
P[�JHYYPLZ�SVHKZ� I\[�UV[�PU�[OL�KYHN�KPYLJ[PVU� ?-39��\ZLZ�[OPZ�HWWYVHJO� ;OPZ�PZ�UV[�JVYYLJ[� I\[�[OL�LYYVY
PZ�UV[�SHYNL�MVY�ZTHSS�HUNSLZ�VM�H[[HJR� HUK�P[�PZ�JVUZPKLYHIS`�ZPTWSLY�[V�PTWSLTLU[� (UV[OLY�HWWYVHJO�PZ�[V
ZL[�H�^HRL�ZOHWL�IHZLK�VU�L_WLYPLUJL� 0[�PZ�RUV^U�[OH[�[OL�^HRL�^PSS�ZOLK�VM�[OL�[YHPSPUN�LKNL�PU�H�ZTVV[O
THUULY� I\[�HM[LY�H�^OPSL�Z[HY[�MVSSV^PUN�[OL�MYLL�Z[YLHT� 4HU\HSS`�HKQ\Z[PUN�[OL�^HRL�ZOHWL�[V�	SVVR	�YPNO[
PZ�WVZZPISL� HUK�JV\SK�IL�IL[[LY�[OHU�H�KYHN�MYLL�^HRL� PM�[OL�\ZLY�PZ�L_WLYPLUJLK�PU�^HRL�ZOHWLZ� ( [OPYK
^H`�PZ�[V�\ZL�^OH[Z�JHSSLK�H�	^HRL�YLSH_H[PVU	�HWWYVHJO� ;OPZ�TL[OVK�PZ�KLZJYPILK�PU�YLMLYLUJL�B��D� HUK
[OL�H\[OVY�[YPLK�[V�PTWSLTLU[�[OPZ�HWWYVHJO� VUS`�[V�KPZJV]LY�[OH[�P[�^HZ�]LY`�\UZ[HISL� 0[�^HZ�KPZJV]LYLK�
H[�H�SH[LY�WVPU[� [OH[�[OL�KL]LSVWLYZ�VM�?-39��OHK�KPZJV]LYLK�[OL�ZHTL�[OPUN� ;OL`�OHK�PTWSLTLU[LK�[OL
TL[OVK� I\[�KLHJ[P]H[LK�P[�K\L�[V�P[Z�PUZ[HIPSP[`�B�D� ;OL�^H`�[OL�TL[OVK�^VYRZ�PZ�I`�JHSJ\SH[PUN�[OL�PUK\JLK
]LSVJP[`�H[�L]LY`�^HRL�]LY[L_� HUK�KLMVYT�[OL�^HRL�I`�TV]PUN�LHJO�^HRL�]LY[L_�^P[O�[OL�PUK\JLK�]LSVJP[ �̀
/V^L]LY� [OPZ�LHZPS`�JYLH[LZ�	\UWO`ZPJHS	�̂ HRL�YVSS�\W� ^OPJO�TLHUZ�[OH[�[OL�̂ HRL�KLMVYTZ�PU�[V�P[ZLSM� ^OPJO

��



JH\ZLZ�WYVISLTZ�

;OL�̂ H`�[OL�̂ HRL�PZ�KLMVYTLK�PU�[OPZ�JVKL� PZ�I`�Z[YLHTSPUL�PU[LNYH[PVU� ,HJO�SPUL�L_[LUKPUN�MYVT�[OL�]LY[PJLZ
H[�[OL�[YHPSPUN�LKNL�VM�[OL�^PUN�PZ�[YLH[LK�HZ�H�Z[YLHTSPUL� ;OL�SPULZ�HYL�KLÄULK�HZ�[OL�OVYPaVU[HS�SPULZ�PU�[OL
^HRL�TLZO� -VY�LHJO�OVYPaVU[HS�SPUL�IL[^LLU�[V�]LY[PJLZ� [OL�]LSVJP[`�PZ�JHSJ\SH[LK�MVY�[^V�WVPU[Z� 0M�]LY[L_
��PZ�JHSSLK p1 HUK�]LY[L_���PZ�JHSSLK p2� [OLU�[OL�ÄYZ[�]LSVJP[`�L]HS\H[PVU�WVPU[�PZ�KLÄULK�HZ 0.75p1 + 0.25p2
^OPSL�[OL�ZLJVUK�WVPU[�PZ�KLÄULK�HZ 0.25p1 + 0.75p2� ;OL�H]LYHNL�]LSVJP[`�PZ�KLÄULK�HZ u = 0.5(u1 + u2)�
:LL�ÄN\YL���� MVY�H�]PZ\HS�L_WSHUH[PVU�

-PN\YL ���! 0SS\Z[YH[PVU�VM�ZVTL�PU[LNYH[PVU�WVPU[Z�PU�[OL�^HRL��JVUJLW[\HS�PSS\Z[YH[PVU�

;OL� SVJHS� [PTL�Z[LW� ∆t� PZ�KLÄULK�HZ� [OL�KPZ[HUJL�IL[^LLU� [OL� [^V�WVPU[Z� KP]PKLK�I`� [OL� MYLL�Z[YLHT
]LSVJP[ �̀ ( UL^�]HS\L�VM p2 JHU�[OLU�IL�JHSJ\SH[LK�HZ�MVSSV^Z!

p2,new = p1 + u∆t ������

;OL�KYHN�MYLL�^HRL�PZ�\ZLK�HZ�H�ÄYZ[�HWWYV_PTH[PVU�MVY�[OL�^HRL�ZOHWL� HUK�[OLU�[OL�PU[LNYH[PVU�WYVJLK\YL
L_WSHPULK�OLYL�PZ�\ZLK�[V�\WKH[L�[OL�^HRL�ZOHWL� ;OPZ�JHU�IL�KVUL�ZL]LYHS�[PTLZ� HUK�[OL�^HRL�ZOHWL
ZOV\SK�JVU]LYNL� ;OL�V]LYHSS�ZOHWL�VM�[OL�^HRL�ZLLTZ�[V�JVU]LYNL�YH[OLY�X\PJRS �̀ I\[�[OL�YVSS�\W�Z[Y\J[\YL
VM�[OL�^HRL�JHU�LUK�\W�ILPUN�	\UWO`ZPJHS	�L]LU�^P[O�[OPZ�HWWYVHJO� ;OL�ZHTL�HWWYVHJO�PZ�\ZLK�PU�[OL
=:(,96 JVKL� HUK�[OL�[OLVY`�KVJ\TLU[�[OLYL�HSZV�KLZJYPILZ�[OL�WYVISLT�^P[O�	\UWO`ZPJHS	�YVSS�\W�B��D�
,]LU�PM�\UWO`ZPJHS�YVSS�\W�JHU�OHWWLU�^P[O�[V�THU`�P[LYH[PVUZ� [OPZ�HWWYVHJO�ZLLTZ�[V�ÄUK�H�NVVK�^HRL
ZOHWL� 0U�MHJ[� HM[LY�[OL�ÄYZ[�P[LYH[PVU� [OLYL�HYL�]LY`�ZTHSS�JOHUNLZ�PU�[OL�JHSJ\SH[LK�SPM[�HUK�KYHN�JVLMÄJPLU[Z
�ZLL�[OL�HWWLUKP_�ZLJ[PVU������� MVY�TVYL�� (SS�[OL�YLZ\S[Z�WYLZLU[LK�PU�[OPZ�YLWVY[�HYL�KVUL�^P[O���^HRL
ZOHWL�P[LYH[PVUZ� =:(,96 \ZLZ���^HRL�ZOHWL�P[LYH[PVUZ�HZ�KLMH\S[�

����� ,]HS\H[PVU�VM�7HULS�0U[LNYHSZ

;OL�PU[LNYH[PVU�VM�H�KV\ISL[�HUK�ZV\YJL�WHULS�^P[O�\UP[�Z[YLUN[O�PZ�ULLKLK�PU�VYKLY�[V�L]HS\H[L�[OL�PUÅ\LUJL
MYVT�WHULSZ�H[�H�WVPU[� -VY�H�WHULS�^P[O�JVUZ[HU[�Z[YLUN[O� [OL�PU[LNYHSZ�[V�IL�ZVS]LK�OHZ�[OL�MVSSV^PUN�MVYT!

� 



φ(x, y, z) =

∫∫

7HULS

1

r(x, y, z)
dS ������:V\YJL�

φ(x, y, z) =

∫∫

7HULS
U ·∇ 1

r(x, y, z)
dS ������+V\ISL[�

;OL�L]HS\H[PVU�VM�[OLZL�PU[LNYHSZ�HYL�UV[�H�[YP]PHS�[HZR� /LZZ�HUK�:TP[O��YLMLYLUJL�B��D�HUK�B��D��ZVS]LK�[OLZL
PU[LNYHSZ�MVY�H�ÅH[�WVS`NVU�ZOHWLK�WHULS� ;OLPY�HWWYVHJO�JHU�IL�\ZLK�UV�TH[[LY�OV^�THU`�ZPKLZ�[OL�WVS`NVU
OHZ� ;OH[�PZ� [OL�NLULYHS�PKLH�^VYRZ�LX\HSS`�^LSS�MVY�H�[YPHUNSL�HZ�MVY�YLJ[HUNSL� VY�HU`�V[OLY�WVS`NVU� ;OL
IHZPJ�PKLH�PZ�[V�KP]PKL�[OL�WVS`NVU�PU[V�Z[YPWZ� ^OLYL�LHJO�Z[YPW�JVYYLZWVUK�[V�[OL�LKNLZ�VM�[OL�WVS`NVU� LHJO
Z[YPW�PZ�[OLU�L]HS\H[LK�I`�P[�ZLSM� I`�JVUZ[Y\J[PUN�H�Z\YMHJL�[OH[�NVLZ�[V�PUÄUP[`�PU�VUL�JVVYKPUH[L�KPYLJ[PVU
�P[�KVLZ�UV[�TH[[LY�^L[OLY�P[� PZ�[OL�_�H_PZ�VY�`�H_PZ�� I\[� PZ� SPTP[LK�I`�[OL�Z[YPW�PU�[OL�V[OLY�KPYLJ[PVU� ;OL
Z[YLUN[O�VM�[OPZ�HY[PÄJPHS�Z\YMHJL�PZ�ZL[�[V�IL�LX\HS�[V�[OL�ZV\YJL�KV\ISL[�Z[YLUN[O�KP]PKLK�I`�[^V�VU�[OL�ZPKL
VM�[OL�Z[YPW�^OLYL�[OL�HJ[\HS�WVS`NVU�PZ�SVJH[LK� HUK�[OL�ZHTL�]HS\L�VUS`�ULNH[P]L�VU�[OL�V[OLY� ;OPZ�SLHKZ
[V�HU�PU[LNYHS�LX\H[PVU�[OH[�PZ�WVZZPISL�[V�ZVS]L� HUK�I`�Z\TTPUN�\W�HSS�[OL�ZPKLZ�VM�H�WVS`NVU� [OL�LMMLJ[�VU
[OL�HYLH�V\[ZPKL�[OL�WVS`NVU�^PSS�IL�JHUJLSLK� ^OPSL�[OL�LMMLJ[�VU�[OL�HYLH�PUZPKL�[OL�WVS`NVU�^PSS�Z\T�\W�[V
IL�[OL�JVYYLJ[�]HS\L� ;OPZ�PZ�OHYK�[V�L_WSHPU�PU�H�ZOVY[�THUULY� I\[�YLMLYLUJL�B��D�L_WSHPUZ�P[�^LSS� ;OL�YLZ\S[
VM�[OPZ�[`WL�VM�PU[LNYH[PVU�PZ�[HRLU�KPYLJ[S`�MYVT�B��D�HUK�B��D� ;OL�L_WYLZZPVUZ�\ZLK�PU�[OPZ�JVKL�PZ�^YP[[LU
ILSV �̂ PU�H�THUULY�[OH[�JVYYLZWVUK�[V�[OL�^H`�[OL`�HYL�^YP[[LU� PU� [OL�HJ[\HS�JVKL� ;OL�L_WYLZZPVU�HYL
]HSPK�MVY�VUL�LKNL�VM�H�WVS`NVU� (Z�LHJO�WVS`NVU�PU�[OL ),4 JVKL�JVUZPZ[�VM�MV\Y�LKNLZ� [OL�L_WYLZZPVUZ
^YP[[LU�ILSV^�T\Z[�IL�L_LJ\[LK�MV\Y�[PTLZ� VUJL�MVY�LHJO�LKNL� ;OL�UVTLUJSH[\YL�PZ�ZOV^U�PU�ÄN\YL�����
0U�WHY[PJ\SHY� W1 PZ�[OL�ÄYZ[�WVPU[�VM�[OL�LKNL� W2 [OL�ZLJVUK�WVPU[� H HUK I PZ�]LJ[VYZ�MYVT�LKNL�WVPU[Z�[V
[OL�JVU[YVS�WVPU[� W� ^OPSL Z PZ�[OL�]LJ[VY�MYVT W1 [V W2� S�T� HUK U HYL�[OL�SVJHS�JVVYKPUH[L�Z`Z[LT�]LJ[VYZ�
;OH[� PZ� [OL�]LJ[VYZ�JVYYLZWVUKPUN�[V�[OL�KPYLJ[PVU�VM�[OL� SVJHS�JVVYKPUH[L�Z`Z[LT�H_PZ� L_WYLZZLK�PU�[OL
NSVIHS�JVVYKPUH[L�Z`Z[LT� ,HJO�WVS`NVU�OH]L�H�SVJHS�JVVYKPUH[L�Z`Z[LT� ^OLYL�[OL�UVYTHS�VM�[OL�WVS`NVU
JVYYLZWVUKZ�[V�[OL�SVJHS�a�H_PZ� (SS�[OL�]HYPHISLZ�HYL�]LJ[VYZ� HUK�MVY�PUZ[HUJL H.x PZ�[OL�_�JVTWVULU[�VM�[OL
]LJ[VY H�

-PN\YL ���! 5VTLUJSH[\YL�\ZLK�^OPSL�L_WYLZZPUN�[OL�YLZ\S[�VM�[OL�PU[LNYHS�LX\H[PVUZ�MVY�H�ÅH[�WVS`NVU
ZOHWLK�WHULS

��



.LULYHS�]HYPHISLZ�\ZLK�PU�[OL�YLZ\S[!

: =
√
Z.x2 + Z.y2 + Z.z2 ������

( =
√
H.x2 + H.y2 + H.z2 ������

) =
√
I.x2 + I.y2 + I.z2 ���� �

75 = W · U ������
:3 = Z · S ������
:4 = Z ·T ������
(3 = H · S ������
(4 = H ·T ������
(S = (4 · :3− (3 · :4 ������
7( = 752:3+ (S · (4 ������
7) = 7(− (S · :4 ������

95<4 = :4 · 75 · () · 7(− ( · 7)) ������
+564 = 7( · 7)+ 752( · ) · :42 ���� �

* = H[HU�(95<4,+564) ������

.3 =
1

: SVN
∣∣∣∣
(+ )+ :
(+ )− :

∣∣∣∣ ������

:V\YJL�WV[LU[PHS!

φ = (S · .3− 75 · * ������

+V\ISL[�WV[LU[PHS!

φ = * ������

:V\YJL�]LSVJP[`!

\ = .3 · :4 · S− .3 · :3 ·T+ * · U; ������

+V\ISL[�]LSVJP[`!

\ =
H× I ((+ ))

( · ) (( · )+ H · I) ������

;OLYL�HYL�H�ML^�ZP[\H[PVUZ�^LYL�[OLZL�L_WYLZZPVUZ�ULLKZ�ZWLJPHS�JHYL�^OPSL�L]HS\H[PUN�[OLT� -PYZ[�VM�HSS� [OL
PU]LYZL�[HUNLU[�M\UJ[PVU�PZ�^YP[[LU�HZ�	H[HU�	� ;OPZ�PZ�[V�JSLHYS`�L_WYLZZ�[OH[�[OL�PU]LYZL�[HUNLU[�M\UJ[PVU
PZ�H�MV\Y�X\HKYHU[�M\UJ[PVU� >P[OV\[�[HRPUN�HSS�[OL�MV\Y�X\HKYHU[Z�PU[V�HJJV\U[� [OL�YLZ\S[�^PSS�IL�^YVUN� 0U
HKKP[PVU� [OL�PU]LYZL�[HUNLU[�M\UJ[PVU�̂ PSS�ULLK�ZWLJPHS�JHYL�PM W.z → 0� 0M W.z → 0 HUK W PZ�VU�[OL�WHULS�P[ZLSM�
[OLU * → −π� 6[OLY^PZL� * → 0� \USLZZ W PZ�VU�[OL�LKNL�VM�[OL�WHULS� [OLU * → −π/2� ;OL�L_WYLZZPVU�MVY
[OL�KV\ISL[�]LSVJP[`�̂ PSS�NV�[V^HYKZ�PUÄUP[`�PM�P[�PZ�L]HS\H[LK�VU�[OL�LKNL�VM�H�WHULS� ( ^H`�[V�KLHS�̂ P[O�[OPZ�PZ�[V
WYL[LUK�[OLYL�L_PZ[�H�]LY`�ZTHSS�]PZJVZP[`�PU�[OL�Å\PK�[OH[�SPTP[Z�PUÄUP[L�]LSVJP[PLZ� HUK�ZL[�[OL�PUK\JLK�]LSVJP[`
[V�aLYV�PM�P[�PZ�L]HS\H[LK�VU�[OL�LKNL�VM�H�WHULS� ;OPZ�PZ�H�ULJLZZHY`�Z[LW�PU�VYKLY�[V�L]HS\H[L�[OL�]LSVJP[`
PU�[OL�^HRL� HZ�[OPZ�OHWWLUZ�VU�[OL�OVYPaVU[HS�LKNLZ�VM�[OL�^HRL�TLZO� ;OPZ�PZ�H�UVYTHS�	[YPJR	�HS[OV\NO
P[�PZ�UV[�[LJOUPJHSS`�TH[OLTH[PJHSS`�JVYYLJ[� ^P[OPU�[OL�WV[LU[PHS�[OLVY �̀ 0[�ZPTWS`�H]VPKZ�H�WYVISLT�^P[O�[OPZ

��



TL[OVK� I`�HZZ\TPUN�P[�H^H �̀ ;OL�UHTL�VM�[OPZ�[YPJR�PZ�	ÄUP[L�]VY[L_�JVYL	��ZLL�MVY�PUZ[HUJL�YLMLYLUJL�B��D�
B��D�

����� :OPW�+LJR�4VKLSPUN

;OL�^PUN�ZHPSZ�^PSS�Z[HUK�VU�[OL�KLJR�VM�H�ZOPW� ^OPJO�TLHUZ�[OH[�[OL�LMMLJ[�VM�[OL�KLJR�T\Z[�IL�TVKLSLK�
;OPZ�PZ�KVUL�I`�TPYYVYPUN�PU�[OL ),4 JVKL� ;OL�a�H_PZ�PZ�\ZLK�HZ�H�TPYYVYPUN�H_PZ� ^OPJO�TLHUZ�[OH[�[OL
TPYYVYLK�WHULS�OH]L�[OL�ZHTL�JVVYKPUH[LZ�HZ�[OL�VYPNPUHS�WHULS� VUS`�^P[O�[OL�ULNH[P]L�a�]HS\LZ� 0[�PZ�UV[
ULJLZZHY`�[V�[YHUZMLY�[OL�LU[PYL�WHULS�[V�[OL�TPYYVYLK�WVZP[PVU� 6US`�[OL�JVU[YVS�WVPU[�ULLKZ�[V�IL�TPYYVYLK�
;OL�]LSVJP[`�WV[LU[PHS�MYVT�H�WHULS�VU�H�TPYYVYLK�WVPU[�PZ�LX\HS�[V�[OL�]LSVJP[`�WV[LU[PHS�MYVT�H�TPYYVYLK�WHULS
VU�[OL�VYPNPUHS�WVPU[� >OLU�L]HS\H[PUN�[OL�PUK\JLK�]LSVJP[ �̀ [OL�a�JVTWVULU[�ULLKZ�[V�IL�YL]LYZLK�^OLU
\ZPUN�[OPZ�HWWYVHJO� <ZPUN�[OPZ�[`WL�VM�TVKLSPUN�VM�[OL�NYV\UK�WSHUL�^PSS�ZPT\SH[L�HU�PUÄUP[L�NYV\UK�WSHUL�
;OL�KLJR�VM�H�ZOPW�PZ�UV[�PUÄUP[L� ZV�[OPZ�PZ�HU�HWWYV_PTH[PVU� ,]LU�[OV\NO�[OL�KLJR�PZ�UV[�PUÄUP[L� [OL�^H[LY
WSHUL�PZ�WYHJ[PJHSS`�PUÄUP[L�HUK� KLWLUKPUN�VU�[OL�ZOPW� [OL�^H[LY�WSHUL�PZ�HSZV�JSVZL�[V�[OL�^PUNZ� :PUJL�[OL
KLUZP[`�VM�^H[LY�PZ�ZV�T\JO�SHYNLY�[OHU�[OL�KLUZP[`�VM�HPY� [OL�LMMLJ[�VM�[OL�^H[LY�WSHUL�ZOV\SK�IL�]LY`�ZPTPSHY
[V�[OL�LMMLJ[�VM�H�NYV\UK�WSHUL�

����� (UHS`ZPZ�VM�=LSVJP[`�HUK�7YLZZ\YL

>OLU�[OL�Z[YLUN[OZ�VM� [OL�ZV\YJLZ�HUK�[OL�KV\ISL[Z�HYL�RUV^U� HSVUN�^P[O�[OL�ZOHWL�VM� [OL�^HRL� [OL
]LSVJP[`�HUK�WYLZZ\YL�JHU�IL�MV\UK� 0M�[OL�]LSVJP[`�ZOV\SK�IL�MV\UK�HU`^OLYL�[OH[� PZ�UV[�VU�[OL�Z\YMHJL
VM�[OL�^PUN� [OL�PUK\JLK�]LSVJP[PLZ�T\Z[�IL�JHSJ\SH[LK�I`�LX\H[PVU����� HUK������ ;OPZ�PZ�[OL�HWWYVHJO
\ZLK�^OLU�JHSJ\SH[PUN�[OL�]LSVJP[PLZ�PU�[OL�^HRL� PU�VYKLY�[V�KLMVYT�[OL�^HRL� /V^L]LY� [OPZ�PZ�YH[OLY�[PTL
JVUZ\TPUN� HZ�L]LY`�WHULS� PUK\JLZ�]LSVJP[PLZ�H[�L]LY`�WVPU[� 3\JRPS �̀ [OLYL�L_PZ[�H�MHZ[LY�TL[OVK�MVY�[OL
Z\YMHJL�VM�[OL�^PUN�

)`�L]HS\H[PUN�[OL�SPTP[�VM�[OL�L_WYLZZPVUZ�MVY�PUK\JLK�]LSVJP[`�^OLU�HWWYVHJOPUN�H�WHULS� [OL�MVSSV^PUN�JHU
IL�MV\UK�MVY�[OL�SVJHS�]LSVJP[`�JVTWVULU[Z��ZLL�YLMLYLUJL�B��D�HUK�B��D�MVY�TVYL�!

ul = −∂µ
∂l

������

um = − ∂µ

∂m
������

un = σ ������

/LYL� ul PZ�[OL�]LSVJP[`�PU�[OL�KPYLJ[PVU�VM�[OL�SVJHS�JVVYKPUH[L�H_PZ l� um PU�[OL�KPYLJ[PVU�VM�[OL�SVJHS�JVVYKPUH[L
H_PZ m HUK un PU�[OL�KPYLJ[PVU�VM�[OL�SVJHS�JVVYKPUH[L�H_PZ n� ;OPZ�TLHUZ�[OH[�[OL�]LSVJP[`�JHU�IL�JHSJ\SH[LK
T\JO�MHZ[LY�VU�[OL�^PUN�Z\YMHJL�[OHU�HU`^OLYL�LSZL�PU�[OL�Å\PK�KVTHPU� HZ�[OL�]LSVJP[`�VU�[OL�^PUN�Z\YMHJL
VUS`�KLWLUKZ�VU�[OL�SVJHS�ZV\YJL�HUK�KPWVSL�Z[YLUN[OZ� ;OL�KLYP]H[PVU�T\Z[�OHWWLU�U\TLYPJHSS �̀ ZPUJL�H
WHULS�OH]L�JVUZ[HU[�]HS\LZ�VM µ HUK σ� ;OPZ�PZ�KVUL�^P[O�ÄUP[L�KPMMLYLUJL�PU�[OL�JVKL� \ZPUN�[OL�ULPNOIVYPUN
WHULSZ� *LU[YHS�KPMMLYLUJL� PZ�\ZLK� MVY�HSS�WHULSZ� [OH[�OH]L� MV\Y�ULPNOIVYZ� ^OPSL�WHULSZ�VU� [OL�LKNLZ�VM
[OL�^PUN� ^OLYL�ULPNOIVYZ�HYL�VUS`�H]HPSHISL�[V�VUL�ZPKL� \ZL�LP[OLY�MVY^HYK�VY�IHJR^HYK�KPMMLYLU[PH[PVU�
KLWLUKPUN�VU�^OLYL�[OL�ULPNOIVY�PZ�SVJH[LK�

>OLU� [OL� ]LSVJP[`� PZ� RUV^U� [OL�WYLZZ\YL� JHU�IL� MV\UK� \ZPUN�)LYUV\SSP�Z�WYPUJPWSL� 6US`� [OL�WYLZZ\YL
JVLMÄJPLU[�PZ�JHSJ\SH[LK� UL]LY�[OL�HJ[\HS�WYLZZ\YL� ;OL�WYLZZ\YL�JVLMÄJPLU[�PZ�KLÄULK� HUK�JHSJ\SH[LK� HZ
MVSSV^Z!

Cp =
p− p0
1
2ρU

2
∞

= 1− u2 + v2 + w2

U2
∞

���� �

��



����� -VYJL�*HSJ\SH[PVU

;̂ V�TL[OVKZ�VM�MVYJL�JHSJ\SH[PVU�HYL�PTWSLTLU[LK�PU�[OPZ�J\Z[VT ),4 JVKL� -PYZ[� VUS`�WYLZZ\YL�PU[LNYH[PVU
^HZ�PTWSLTLU[LK� ;OL�MVYJL�HJ[PUN�VU�LHJO�WHULS�PZ�[OLU�KLÄULK�HZ�[OL�WYLZZ\YL�[PTLZ�WHULS�HYLH�[PTLZ
[OL�ULNH[P]L�UVYTHS�]LJ[VY� ;OH[�PZ� [OL�MVSSV^PUN�PZ�KVUL�PU�VYKLY�[V�JHSJ\SH[L�[OL�[V[HS�MVYJL�HJ[PUN�VU�H
^PUN!

F^PUN = −
∑

HSS�^PUN�WHULSZ
p ·A · U ������

;OPZ�TL[OVK�^VYRZ�ÄUL�MVY�ÄUKPUN�[OL�SPM[�VU�[OL�^PUN� I\[�P[�PZ�]LY`�PUHJJ\YH[L�MVY�JHS\JSH[PUN�[OL�PUK\JLK
KYHN� ;OPZ�PZ�H�RUV^U�WYVISLT�^P[O�[OL�TL[OVK� ^OPJO�MVY�PUZ[HUJL�PZ�KPZJ\ZZLK�PU�YLMLYLUJL�B�D� ;OL�KYHN
MVYJL�PZ�T\JO�ZTHSSLY�[OHU�[OL�SPM[�MVYJL� ZV�[OH[�ZTHSS�LYYVYZ�PU�[OL�WYLZZ\YL�JHU�HMMLJ[�[OL�KYHN�MVYJL�T\JO
TVYL�[OHU�[OL�SPM[�MVYJL� 0U�MHJ[� JHSJ\SH[PUN�[OL�MVYJL�I`�WYLZZ\YL�PU[LNYH[PVU�^PSS�WYLKPJ[�H�ZTHSS�KYHN�MVYJL
MVY�^PUNZ�^P[OV\[�SPM[� ;OPZ�PZ�UV[�JVYYLJ[� HZ�[OLYL�JHU�IL�UV�KYHN�^P[OV\[�SPM[�PU�H�WV[LU[PHS�ÅV �̂

0U�VYKLY�[V�NL[�HJJ\YH[L�]HS\LZ�MVY�[OL�PUK\JLK�KYHN� [OL�2\[[H�1V\RV^RZP�[OLVYLT�MVY�MVYJLZ�VU�H�^PUN�^P[O
H�RUV^U�JPYJ\SH[PVU�PZ�\ZLK� ;OPZ�PZ�[OL�ZHTL�TL[OVK�HZ�KLZJYPILK�PU�YLMLYLUJL�B�D� HUK�[OL�JSHPT�PZ�[OH[
[OPZ�TL[OVK�PZ�[OL�TL[OVK�[OH[�HYL�SLHZ[�KLWLUKLU[�VU�IV[O�WHULS�KLUZP[`�HUK�^HRL�ZOHWL� ;OL�TL[OVKZ
JHSJ\SH[LZ�[OL�]LSVJP[`�PUK\JLK�I`�[OL�^HRL� HUK�[OL�MYLL�Z[YLHT� H[�[OL�[YHPSPUN�LKNL�VM�[OL�^PUN� ;OLU�
HJJVYKPUN�[V�2\[[H�1\VRV^ZRP�Z�[OLVYLT�MVY�MVYJLZ�VU�H�SPM[PUN�Z\YMHJL� [OL�MVYJL�PZ�JHS\SH[LK�HZ�MVSSV^Z!

F^PUN =
∑

HSS�[YHPSPUN�LKNLZ
ρ · <× Γ ������

0U�[OPZ�LX\H[PVU� < PZ�[OL�]LSVJP[`�H[�[OL�[YHPSPUN�LKNL� ULNSLJ[PUN�[OL�PUÅ\LUJL�VM�[OL�^PUN� 0M�[OL�^PUN�PZ
PUJS\KLK�PU�[OL�]LSVJP[`�JHSJ\SH[PVUZ� [OLYL�^PSS�IL�UV�]LSVJP[`�H[�[OL�[YHPSPUN�LKNL� HZ�[OPZ�PZ�H�Z[HNUH[PVU�WVPU[�
;OL�HYN\TLU[�MVY�\ZPUN�[OPZ�TL[OVK�PZ�[OH[�[OL�[YHPSPUN�LKNL�PZ�[OL�ÄYZ[�WVPU[�	VU	�[OL�̂ PUN�̂ OLYL�[OLYL�JHU�IL
	KV^U�^HZO	� HZ�P[�PZ�[OL�ÄYZ[�WVPU[�^OLYL�[OL�ZVSPK�^HSS�Z[VWZ� Γ PZ�[OL�JPYJ\SH[PVU�H[�[OL�[YHPSPUN�LKNL� ^OPJO
PZ�LX\HS�[V�[OL�KV\ISL[�Z[YLUN[O�VM�[OL�^HRL� ;OL�KPYLJ[PVU�VM Γ PZ�HSVUN�[OL�[YHPSPUN�LKNL� ;OL�HYN\TLU[�PZ
[OH[�[V[HS�JPYJ\SH[PVU�VM�[OL�^PUN�T\Z[�IL�ZOLK�PU[V�[OL�^HRL� HJJVYKPUN�[V�2LS]PU�Z�JPYJ\SH[PVU�[OLVYLT�

,]LY`�KYHN�JHSJ\SH[PVU�PU�[OPZ�YLWVY[�PZ�KVUL�̂ P[O�[OL�[YHPSPUN�LKNL�TL[OVK� :LL�ZLJ[PVU���� [V�ZLL�]LYPÄJH[PVU
L_WLYPTLU[Z�WLYMVYTLK�[V�[LZ[�[OL�MVYJL�]HS\LZ�JHSJ\SH[LK�VU�[OL�^PUN�

��� 5\TLYPJHS�0TWSLTLU[H[PVU

)HZLK�VU�[OL�[OLVY`�WYLZLU[LK�PU�ZLJ[PVU����� [OL ),4 PZ�PTWSLTLU[LK�U\TLYPJHSS �̀ ;OL�THPU�WYVNYHTTPUN
SHUN\HNL� PZ�7`[OVU� L_JLW[� MVY� ZVTL�WHY[Z� [OH[� HYL�^YP[[LU� PU�*��7`[OVU�^HZ� JOVZLU� HZ� H�WYVNYHTPUN
SHUN\HNL�HZ�[OPZ�PZ�H�ZPTWSL�HUK�\ZLY�MYPLUKS`�WYVNYHTPUN�SHUN\HNL� ;OL�WHY[Z�VM�[OL�JVKL�[OH[�HYL�^YP[[LU
PU�* HYL�[OL�WHY[Z�[OH[�\ZLZ 6WLU*3 [V�L_LJ\[L�JVKL�PU�WHYHSSLS� ;OPZ�PZ�THPUS`�[OL�JVUZ[Y\J[PVU�VM�LX\H[PVU
Z`Z[LTZ� HSVUN�^P[O�JHSJ\SH[PVU�VM�PUK\JLK�]LSVJP[PLZ� ;OL�J\Z[VT ),4 JVKL�PZ�^YP[[LU�[V�IL�L_LJ\[LK�PU
[OL�VWLU�ZV\YJL��+ NLVTL[Y`�ZVM[^HYL�JHSSLK )SLUKLY� )SLUKLY�HJ[Z�HZ�H�NLVTL[Y`�	RLYULS	� ;OH[�PZ� L]LY`
WPLJL�VM�NLVTL[Y`�[OH[�PZ�\ZLK�PU�[OL�ZPT\SH[PVU�PZ�JVUZ[Y\J[LK�HUK�THUHNLK�I` )SLUKLY�

;OPZ�ZLJ[PVU�^PSS�NV�[OYV\NO�[OL�Z[Y\J[\YL�VM�[OL�WYVNYHT� HSVUN�^P[O�ZVTL�KPZJ\ZZPVU�HIV\[�[OL�JVUULJ[PVU
[V )SLUKLY�HUK�[OL�\ZL�VM 6WLU*3��;OL�JVTWSL[L ),4 JVKL�JHU�IL�ZLLU�PU�[OL�HWWLUKP_�ZLJ[PVU������

��



����� 6]LY]PL^�VM�[OL�7YVNYHT

;OL�LU[PYL�WYVNYHT� PZ�^YP[[LU� PU�HU�VIQLJ[�VYPLU[LK�THUULY� ;OLYL�HYL� [^V�JSHZZLZ! VUL� [OH[�^VYRZ�HZ
HU�PU[LYMHJL�IL[^LLU )SLUKLY�HUK�[OL�YLZ[�VM�[OL�JVKL� JHSSLK�	.LVTL[Y`	� HUK�VUL�[OH[�OH]L�[OL�HJ[\HS
JVTW\[H[PVU�TL[OVKZ� JHSSLK�	*VTW\[H[PVU	� ;OL�.LVTL[Y`�\ZLK�PU�[OL�JVKL�PZ�[HRLU�KPYLJ[S`�MYVT )SLUKLY�
=LY[PJLZ� [VWVSVN �̀ UVYTHSZ� L[J� PZ�HJJLZZLK�[OYV\NO�[OL )SLUKLY (WWSPJH[PVU�7YVNYHTTPUN�0U[LYMHJL��(70��
;OPZ�NLVTL[Y`�PZ�\ZLK�HZ�PUW\[�MVY�[OL�JVTW\[H[PVU�TL[OVKZ� ;OL�JVTW\[H[PVU�TL[OVKZ�JHSJ\SH[LZ�PUÅ\LUJL
TH[YPJLZ� IHZLK�VU�[OL�NLVTL[Y �̀ ^OPJO�ÄUHSS`�PZ�\ZLK�[V�ZVS]L�H�SPULHY�Z`Z[LT� \ZPUN�[OL 5\TLYPJHS�7`[OVU
�5\T7`��WHJRHNL� ;OL�	OLH]`�SPM[PUN	�PU�[OL�WYVNYHT�PZ�KVUL�^P[O 6WLU*3 	RLYULSZ	� 2LYULSZ�HYL�M\UJ[PVUZ
[OH[�JHU�IL�L_LJ\[LK�PU�WHYHSSLS�^P[O 6WLU*3��:LL�ZLJ[PVU������ MVY�TVYL�VU�[OPZ�

;OL�ZVM[^HYL�PZ�^YP[[LU�HZ�H�ZL[�VM�TL[OVKZ�M\UJ[PVUZ�[OH[�JHU�IL�L_LJ\[LK�PUKLWLUKLU[S �̀ ;OH[�PZ� [OL ),4
PZ�KP]PKLK�PU[V�ZLWHYH[L�[HZRZ� ^OLYL�LHJO�[HZR�NL[Z�P[Z�V^U�TL[OVK� 0U�VYKLY�[V�ZPT\SH[L�HU`[OPUN�^P[O�[OL
JVKL� H�JVU[YVS�ZJYPW[�T\Z[�IL�^YP[[LU� [OH[�Y\UZ�[OL�ULJLZZHY`�TL[OVKZ�PU�[OL�JVYYLJ[�VYKLY� ;OPZ�HWWYVHJO
^HZ�\ZLK� ILJH\ZL�[OLYL�TPNO[�IL�]HYPH[PVUZ�PU�[OL�^H`�VUL�^HU[Z�[V�L_LJ\[L�[OL�ZPT\SH[PVU� -VY�PUZ[HUJL�
[OL�JHSJ\SH[PVU�VM�]LSVJP[`�HUK�WYLZZ\YL�VU�[OL�^PUN�L_PZ[�HZ�H�ZLWHYH[L�TL[OVK� ;OPZ�PZ�PZ�H�M\UJ[PVU�[OH[
TPNO[�UV[�IL�ULJLZZHY`�[V�L_LJ\[L� ZPUJL�MVYJLZ�JHU�IL�MV\UK�^P[OV\[�JHSJ\SH[PUN�[OL�WYLZZ\YL� \ZPUN�[OL
[YHPSPUN�LKNL�TL[OVK� ( [`WPJHS�^VYR�ÅV^�^OPSL�\ZPUN�[OL ),4 JVKL�JHU�IL�HZ�MVSSV^Z!

�� *YLH[L�[OL�NLVTL[Y`� [OH[�ZOV\SK�IL�\ZLK� PU� [OL�ZPT\SH[PVU�\ZPUN )SLUKLY� )V[O�^PUNZ�HUK�^HRLZ
T\Z[�IL�JVUZ[Y\J[LK� ;OL�NLVTL[Y`�T\Z[�OH]L�H�JLY[HPU�Z[Y\J[\YL� PU�VYKLY�[V�THRL�[OL�ZVM[^HYL
\UKLYZ[HUK�OV^�[OL�^PUN�HUK�[OL�^HRL�PZ�KP]PKLK�PU[V�Z[YPWZ� ;OPZ�PZ�HJJVTWSPZOLK�\ZPUN�5<9): PU
)SLUKLY� HZ�[OL�Z[Y\J[\YL�VM�5<9): VIQLJ[Z�PZ�]LY`�HWWYVWYPH[L�MVY�[OPZ�[`WL�VM�ZPT\SH[PVU� :LL�ZLJ[PVU
����� MVY�TVYL�VU�[OPZ�

�� -VY�LHJO�̂ HRL�HUK�̂ PUN�[V�IL�\ZLK�PU�[OL�ZPT\SH[PVU� JYLH[L�H�NLVTL[Y`�PUZ[HUJL� ;OL�NLVTL[Y`�JSHZZ
JVUZPZ[Z�VM�TL[OVKZ�[V�[YHUZMLY�KH[H�MYVT )SLUKLY�[V 6WLU*3��TL[OVKZ�MVY�KP]PKPUN�[OL�NLVTL[Y`�PU[V
Z[YPWZ� HUK� ]HYPHISLZ� HUK�TL[OVKZ� [V� Z[VYL�HUK�JHSJ\SH[L� ]LSVJP[`� HUK�WYLZZ\YL� 7VZ[�WYVJLZZPUN
TL[OVKZ� [OH[�JYLH[LZ�JVSVYTHWZ�PZ�HSZV�PU�[OL�NLVTL[Y`�JSHZZ�

�� :LUK�[OL�ULJLZZHY`�KH[H�[V 6WLU*3 I`�JHSSPUN�[OL�YPNO[�TL[OVK� ;OPZ�PZ�H�ULJLZZHY`�Z[LW�MVY�\ZPUN
6WLU*3��:LL�ZLJ[PVU������ MVY�TVYL�VU�[OPZ�

�� *HSJ\SH[L�PUÅ\LUJL�TH[YPJLZ�IHZLK�VU�^PUN�NLVTL[Y �̀ ;̂ V�PUÅ\LUJL�TH[YPJLZ�HYL�ULLKLK! VUL�MVY
ZV\YJLZ� HUK�VUL�MVY�KV\ISL[Z� ,HJO�YV^�PU�[OL�PUÅ\LUJL�TH[YP_�JVYYLZWVUK�[V�H�JLY[HPU�JVU[YVS�WVPU[�
^OPSL�LHJO�JVS\TU�JVYYLZWVUKZ�[V�[OL�PUÅ\LUJL�MYVT�H�JLY[HPU�WHULS�

�� *HSJ\SH[L�[OL�ZV\YJL�Z[YLUN[O� IHZLK�VU�[OL�MYLL�Z[YLHT�]HS\LZ� HUK�LX\H[PVU������

�� <ZPUN� [OL�HSYLHK`�L_PZ[PUN�KV\ISL[� PUÅ\LUJL�TH[YP_� MVY� [OL�^PUNZ�HZ� PUW\[� TVKPM`� P[� [V� PUJS\KL� [OL
PUÅ\LUJL�MYVT�[OL�^HRL�WHULSZ� ;OH[�PZ� MVY�LHJO�JVU[YVS�WVPU[�VU�[OL�^PUN� JHSJ\SH[L�[OL�PUÅ\LUJL
MYVT�H�^HRL�Z[YPW� HUK�HKK�P[�[V�[OL�SVJH[PVU�VM�[OL�[^V�[YHPSPUN�LKNL�WHULSZ�PU�[OL�PUÅ\LUJL�TH[YP_�

�� 4\S[PWS`�[OL�ZV\YJL�PUÅ\LUJL�TH[YP_�^P[O�[OL�JHSJ\SH[LK�ZV\YJL�Z[YLUN[OZ�[V�NLULYH[L�H�]LJ[VY� I�

�� 0M�[OL�KV\ISL[�PUÅ\LUJL�TH[YP_�PZ�JHSSLK (� ZVS]L�[OL�Z`Z[LT ( · µ = I I`�\ZPUN�[OL�I\PS[�PU�ZVS]LY�PU
5\T7 �̀ ;OPZ�ZVS]LZ�MVY�[OL�]HS\LZ�VM µ� ZV�[OH[�[OL�Z[YLUN[OZ�VM�[OL�KV\ISL[�WHULSZ�HYL�RUV^U�

 � >OLU�[OL�Z[YLUN[OZ�VM�IV[O�[OL�ZV\YJL�WHULSZ�HUK�[OL�KV\ISL[�WHULSZ�HYL�RUV^U� [OL�^HRL�JHU�IL
KLMVYTLK�HJJVYKPUN�[V�[OL�ZVS\[PVU� HUK�[OL�]LSVJP[ �̀ WYLZZ\YL� HUK�MVYJL�VU�[OL�̂ PUN�JHU�IL�JHSJ\SH[LK

��� >OLU�L]LY`[OPUN�PZ�RUV^U� WVZ[�WYVJLZZPUN�PU )SLUKLY�JHU�IL�WLYMVYTLK� Z\JO�HZ�JVSVY�THWWPUN�[OL
WYLZZ\YL�]HS\LZ� \WKH[PUN�[OL�^HRL�NLVTL[Y �̀ L[J�

(U�L_HTWSL�VM�H�JVU[YVS�ZJYPW[�JHU�IL�MV\UK�PU�ZLJ[PVU������

��



����� 6WLU*3

6UL�PTWVY[HU[�MLH[\YL�VM�[OPZ ),4 JVKL�PZ�[OL�\ZL�VM 6WLU*3� 6WLU*3 PZ�H�MYHTL^VYR�MVY�^YP[PUN�JVKL�[OH[
JHU�IL�L_LJ\[LK�VU�HSTVZ[�HU`�WHYHSSLS�JVTW\[H[PVU�\UP[�PU�H�TVKLYU�JVTW\[LY� ;OH[�PZ� 6WLU*3 JHU�IL
L_LJ\[LK�LX\HSS`�^LSS�VU�H *7< HZ�VU�H .7<��0U�WHY[PJ\SHY� [OL .7< HZWLJ[�VM 6WLU*3 ^HZ�VM�H�WHY[PJ\SHY
PU[LYLZ[�MVY�[OL�H\[OVY� .LULYHS�JVTW\[H[PVU�VU�H .7< PZ�ZVTL[OPUN�[OH[�PZ�YLSH[P]LS`�UL �̂ HUK�[OL�H\[OVY
^HZ�PU[LYLZ[LK�PU�SLHYUPUN�[OPZ�[`WL�VM�WYVNYHTTPUN� 6WLU*3 PZ�UV[�[OL�VUS`�^H`�[V�^YP[L�JVKL�[OH[�JHU�IL
L_LJ\[LK�VU�H .7<��OV^L]LY� P[�PZ�[OL�VUS`�^H`�[V�^YP[L�JVKL�[OH[�JHU�IL�L_LJ\[LK�VU�IV[O�H *7< HUK
H .7<� 6WLU*3 ^HZ�PUP[PHSS`�KL]LSVWLK�I`�(WWSL� I\[�PZ�[VKH`�VWLU�ZV\YJL�HUK�THUHNLK�I`�[OL�2OYVUVZ
.V\W�B��D�

6WLU*3 ^VYRZ�I`�L_LJ\[PUN�^OH[Z�JHSSLK�RLYULSZ�PU�WHYHSSLS� ;OL�U\TILY�VM�[OYLHKZ�[V�IL�\ZLK�PZ�H\[V�
TH[PJHSS`�THUHNLK�I` 6WLU*3��^OPJO�PZ�H�UPJL�MLH[\YL� ;OL�RLYULS�JVKL�PZ�^YP[[LU�PU�*��0U�VYKLY�[V�L_LJ\[L
6WLU*3 JVKL� [OL�]HYPHISLZ�[OH[�HYL�[V�IL�\ZLK�PU�[OL�JHSJ\SH[PVUZ�T\Z[�IL�[YHUZMLYYLK�[V�	6WLU*3 I\MMLYZ	�
;OPZ�PZ�ULJLZZHY`�HZ�H .7< ^PSS�OH]L�P[Z�V^U�TLTVY �̀ HUK�JHUUV[�HJJLZZ�[OL�UVYTHS�TLTVY`�VM�H�JVT�
W\[LY� 0U�VYKLY�[V�THRL�[OL�ZHTL�JVKL�L_LJ\[HISL�VU�HU`�JVTW\[H[PVUHS�KL]PJL� [OL�WYVNYHTTLY�ULLKZ�[V
L_WSPJP[S`�[LSS�[OL�ZVM[^HYL�^OPJO�]HYPHISLZ�[OH[�ZOV\SK�IL�\ZLK�I`�[OL 6WLU*3 RLYULSZ� ;YHUZMLYYPUN�HSS�[OL
]HYPHISLZ�PU�H�JVKL�PZ�H�IHK�PKLH� HZ�[OL�[YHUZMLY�MYVT�[OL�UVYTHS�JVTW\[LY�TLTVY`�[V� MVY�PUZ[HUJL� [OL
.7< TLTVY`�JHU�[HRL�X\P[L�H�SV[�VM�[PTL� ;OPZ�[YHUZMLY�[PTL�ZOV\SK�IL�JVUZPKLYLK�^OLU�KLJPKPUN�VU�^OPJO
JVTW\[H[PVUHS�\UP[�[V�\ZL�

;OL�JVTT\UPJH[PVU�IL[^LLU 6WLU*3 HUK�7`[OVU�PZ�KVUL�^P[O�	7`6WLU*3	�B� D� 0U�VYKLY�[V�[LZ[�[OL�ZWLLK
VM�7`6WLU*3��JVTHWYLK� [V�UVYTHS�7`[OVU� H�U\TLYPJHS�L_WLYPTLU[�^LYL�WLYMVYTLK� ;OL� YLZ\S[�VM� [OPZ
L_WLYPTLU[�JHU�IL�ZLLU� PU�ÄN\YL����� ;OL�[PTL� P[� [HRLZ�[V�I\PSK�HU�LX\H[PVU�Z`Z[LT� IHZLK�VU�YHUKVT
ZV\YJL�WHULSZ� HYL�[LZ[LK� 7`6WLU*3 PZ�L_LJ\[LK�IV[O�^P[O�[OL .7< HUK�[OL *7< VU�[OL�H\[OVYZ�WLYZVUHS
JVTW\[LY�

-PN\YL ���! ;PTL�[V�I\PSK�HU�LX\H[PVU�Z`Z[LT� KVUL�^P[O�KPMMLYLU[�JHSJ\SH[PVU�TL[OVKZ

��



5V[PJL�[OH[�[OL�H_PZ�PU�ÄN\YL���� HYL�SVNHYP[OTPJ� ;OH[�PZ� [OL�KPMMLYLUJL�IL[^LLU�W\YL�W`[OVU�HUK�7`6WLU*3
PZ�ZL]LYHS�VYKLYZ�VM�THNUP[\KL�MVY�H� SHYNL�U\TILY�VM�WHULSZ� >OLU�[OL�U\TILY�VM�WHULSZ�HYL�ZTHSS� [OL
KPMMLYLUJL�PZ�HSZV�ZTHSS� ^OPJO�PZ�L_WLJ[LK� -VY�[OL�H\[OVYZ�WLYZVUHS�JVTW\[LY� [OL *7< PZ�MHZ[LZ[� I\[�[OPZ
PZ�UV[�ULJLZZHYPS`�H�NLULYHS�YLZ\S[� ;OL .7< PZ�[OL�ZSV^LZ[�MVY�H�ZTHSS�U\TILY�VM�WHULSZ� ^OPJO�PZ�K\L�[V
[OL�[YHUZMLY�[PTL�VM�KH[H�IL[^LLU�[OL�Z[HUKHYK�JVTW\[LY�TLTVY`�HUK�[OL .7< TLTVY �̀ ;OH[�PZ� [OL .7<
PZ�JSLHYS`�UV[�Z\P[HISL�MVY�H�ZTHSS�U\TILY�VM�WHULSZ� I\[�P[�PZ�JVTWHYHISL�[V�[OL *7< MVY�H�SHYNL�U\TILY�VM
WHULSZ�

;OL�RLYULSZ�^YP[[LU�MVY�[OPZ�WYVQLJ[�HYL�YLZWVUZPISL�MVY�JHSJ\SH[PUN�[OL�PUÅ\LUJL�VM�H�WHULS�VU�H�NP]LU�WVPU[�
;OH[�PZ� [OL�PUÅ\LUJL�TH[YPJLZ�JHU�IL�JHSJ\SH[LK�PU�WHYHSSLS� HSVUN�^P[O�[OL�PUK\JLK�]LSVJP[PLZ� ;OL�PUÅ\LUJL
VM�H�ZPUNSL�WHULS�VU�H�JLY[HPU�WVPU[�PZ�JVTWSL[LS`�PUKLWLUKLU[�VM�HSS�[OL�V[OLY�WHULSZ�PU�[OL�ZPT\SH[PVU� ^OPJO
THRLZ� [OL� [HZRZ�VM�JHSJ\SH[PUN� PUK\JLK�]LSVJP[PLZ�HUK� PUÅ\LUJL�TH[YPJLZ� PUOLYLU[S`�WHYHSSLS� ;OH[� PZ� UV
TVKPÄJH[PVU�[V�[OL�HSNVYP[OT�OHZ�[V�IL�KVUL�PU�VYKLY�[V�L_LJ\[L�P[�PU�WHYHSSLS� 0[�JHU�IL�^YP[[LU�PU�[OL�ZHTL
^H`�HZ�MVY�H�UVYTHS�ZLYPHS�L_LJ\[PVU� VUS`�^OLU�L_LJ\[LK�PU 6WLU*3 P[�^PSS�OHWWLU�T\JO�MHZ[LY�HZ�P[�\[PSPaLZ
L]LY`�JVTW\[H[PVUHS�JVYL�H]HPSHISL�

4\JO�TVYL�JV\SK�IL�ZHPK�HIV\[ 6WLU*3��I\[�[OPZ�PZ�H�IP[�V\[ZPKL�[OL�ZJVWL�VM�[OPZ�WYVQLJ[� ZV�[OL�H\[OVY
Z[VWZ�OLYL�

����� )SLUKLY

)SLUKLY�PZ�HU�MYLL�VWLU�ZV\YJL��+ ZVM[^HYL� KL]LSVWLK�I`�[OL�)SLUKLY�MV\UKH[PVU�B� D� 0[�HPTZ�H[�ILPUN
H�JVTWSL[L� [VVS� MVY�L]LY`[OPUN��+!�TVKLSPUN� YLUKLYPUN� JVTWVZP[PUN� HUPTH[PVU� ZWLJPHS�LMMLJ[Z� L[J� 0[
HSZV�JVU[HPUZ�THU`�ZPT\SH[PVU� MLH[\YLZ� Z\JO�HZ� YPNPK�IVK`�ZPT\SH[PVU� JSV[O�ZPT\SH[PVU� ZTVRL�HUK�ÄYL
ZPT\SH[PVU� Å\PK�ZPT\SH[PVUZ� H�JVTWSL[L�NHTL�LUNPUL� HUK�T\JO�TVYL� (SS�VM�^OPJO�PZ�PU[LUKLK�MVY�THRPUN
]PZ\HSS`�YLHSPZ[PJ�PTHNLZ�HUK�HUPTH[PVUZ� UV[�WYV]PKL�HJJ\YH[L�ZJPLU[PÄJ�YLZ\S[Z� ;OL�NVHS�VM�\ZPUN )SLUKLY�PU
[OPZ�WYVQLJ[�^HZ�[V�ZLL�PM )SLUKLY�HSZV�JV\SK�HJ[�HZ�H�[VVS�[V�JYLH[L�HUK�THUHNL�[OL�ULJLZZHY`�NLVTL[Y`�MVY
[OL�ZPT\SH[PVUZ�HUK�[HRL�JHYL�VM�[OL�]PZ\HS�WVZ[�WYVJLZZPUN�HM[LY�[OL�ZPT\SH[PVUZ�HYL�KVUL� ;OL�O`WV[OLZPZ�PZ
[OH[�THU`�VM�[OL�ULJLZZHY`�MLH[\YLZ�MVY�THRPUN�]PZ\HSS`�YLHSPZ[PJ�PTHNLZ�JHU�IL�\ZLK�PU�ZJPLU[PÄJ�ZPT\SH[PVU
HZ�^LSS�

;OL�PU[LYMHJL�VM )SLUKLY� [VNL[OLY�̂ P[O�[OL�J\Z[VT ),4 JVKL�JHU�IL�ZLLU�PU�ÄN\YL����� ;OL�H\[OVY�OHZ�MV\UK
[OH[ )SLUKLY�WYV]PKLK�H�NVVK�^H`�VM�KLHSPUN�^P[O�[OL�NLVTL[Y`�VM�[OL�ZPT\SH[PVU� 4HU`�NLVTL[YPJ�]HS\LZ�
Z\JO�HZ�UVYTHSZ�HUK�WHULS�HYLH� PZ�H\[VTH[PJHSS`�JHSJ\SH[LK�I` )SLUKLY� (K]HUJLK�NLVTL[Y`�TVKLSZ� Z\JO
HZ 5VU�\UPMVYT�YH[PVUHS�)�ZWSPUL��5<9):���JHU�IL�\ZLK�[V�JYLH[L��+ TVKLSZ�^LYL�[OL�KLUZP[`�VM�[OL�WHULSZ
LHZPS`�JHU�IL�JOHUNLK� ;OPZ�PZ�H�WYHJ[PJHS�MLH[\YL� MVY�PUZ[HUJL�^OLU�KVPUN�JVU]LYNLUJL�HUHS`ZPZ�

��



-PN\YL ���! ;OL�PU[LYMHJL�\ZLK�^OLU�Y\UUPUN�),4 ZPT\SH[PVUZ�PU�)SLUKLY

;OL ),4 JVKL�T\Z[�IL�L_LJ\[LK�PUZPKL )SLUKLY� PU�VYKLY�[V�^VYR� :PUJL�[OLYL�HYL�H�JLY[HPU�KLTHUK�VM
Z[Y\J[\YL� PU�[OL�NLVTL[Y`� PUW\[� K\L�[V�[OL�	Z[YPW�UH[\YL	�VM�[OL�ZPT\SH[PVU� [OLYL�HYL�ZVTL�KLTHUKZ�VU
^OH[�[`WL�VM�NLVTL[Y`�[V�IL�\ZLK� ;OL�H\[OVY�KLJPKLK�[OH[�[OL 5<9): VIQLJ[Z�PU )SLUKLY�^HZ�Z\P[HISL�MVY
[OPZ�W\YWVZL� ZV�[OH[�HSS�^PUNZ�HUK�^HRLZ�T\Z[�IL�JVUZ[Y\J[LK�\ZPUN 5<9): HZ�H�IHZPZ�

��� =LYPÄJH[PVU�VM�),4 JVKL

;OPZ�ZLJ[PVU�WYLZLU[Z�ZVTL�]LYPÄJH[PVU�L_WLYPTLU[Z�WLYMVYTLK�I`�[OL�H\[OVY�PU�VYKLY�[V�[LZ[�^OL[OLY�[OL
JVKL�^HZ�ZPT\SH[PUN�ÅV^�V]LY�^PUNZ�WYVWLYS �̀ 0U�WHY[PJ\SHY� [OL�WYLZZ\YL�KPZ[YPI\[PVU�MVY�	PUÄUP[L	�^PUNZ�HUK
J`SPUKLYZ�HYL�JVTWHYLK�[V�[OL��+ ]LYZPVUZ� LP[OLY�IHZLK�VU�[OLVYL[PJHS�]HS\LZ� VY�JHSJ\SH[LK�I` ?-603��0U
HKKP[PVU� [OL�SPM[�HUK�KYHN�JHSJ\SH[LK�I`�[OL ),4 JVKL�PZ�JVTWHYLK�[V�L_WLYPTLU[Z�HUK�[OLVY �̀ ;OLYL�PZ�UV
^H`�[V�ÄUK�[OL�WV[LU[PHS�SPM[�PUK\JLK�KYHN�W\YLS`�MYVT�L_WLYPTLU[Z� I\[�[OL�SPM[�MYVT�H�WV[LU[PHS�JVKL�ZOV\SK
JVYYLZWVUK�[V�L_WLYPTLU[Z�MVY�ZTHSS�HUNSLZ�VM�H[[HJR� ;OL�JVUJS\ZPVU�MVYT�[OLZL�[LZ[Z�HYL�[OH[�[OL ),4
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Theoretical values
Values from BEM code. Cylinder with 256 vertices
Values from BEM code. Cylinder with 32 vertices
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XFOIL data
Custom BEM data strip 0
Custom BEM data strip 36
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Custom BEM data strip 0
XFOIL data
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Theoretical lift, elliptic wing, Asp = 3
Prandtl experimental data, rectangular wing, Asp = 3
BEM data, rectangular wing, Asp = 3
Theoretical lift, elliptic wing, Asp = 6
Prandtl experimental data, rectangular wing, Asp = 6
BEM data, rectangular wing, Asp = 6
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Elliptic wing, Asp = 6
Theoretical rectangular wing, δ = 0.0443, Asp = 6
Rectangular wing, BEM, Asp = 6
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[OL�ÄUHS�YH^�YLZ\S[Z�MYVT�[OL *-+ ZPT\SH[PVU� ^OLYL�[OL�YLZ\S[�MYVT�[OL�:LYPLZ����TVKLS�PZ�JVTWHYLK�[V�[OL
,-+ +H[H�

��� ;OLVY`

;OPZ�ZLJ[PVU�^PSS�NV�[OYV\NO�[OL�[OLVY`�ILOPUK�[OL *-+ ZPT\SH[PVU�KVUL�PU�[OPZ�WYVQLJ[� (Z :;(9 **4�
PZ�H�JVTTLYJPHS�ZVM[^HYL� \ZPUN�MHPYS`�Z[HUKHYK *-+ TL[OVKZ� HUK�[OL�H\[OVY�OHK�UV[OPUN�[V�KV�^P[O�[OL
KL]LSVWTLU[�VM�[OPZ�JVKL� [OL�[OLVY`�ZLJ[PVU�^PSS�IL�IYPLM�

:;(9 **4��\ZLZ�[OL -PUP[L�=VS\TL�4L[OVK��-=4� [V�KPZJYL[PaL�HUK�ZVS]L�[OL�PU[LNYHS�MVYT\SH[PVU�VM�[OL
5H]PLY�:[VRLZ�LX\H[PVUZ� ;OH[� PZ� [OL�JVTW\[H[PVUHS�KVTHPU�PZ�KP]PKLK�PU[V�THU`�JLSSZ� VY�]VS\TLZ� HUK
[OL�PU[LNYHS�MVYT\SH[PVU�VM�[OL�5H]PLY�:[VRLZ�LX\H[PVU�PZ�HWWYV_PTH[LK�V]LY�LHJO�JLSS�PU�H�KPZJYL[L�THUULY�
7VPU[Z�VU�[OL�JLSS�MHJLZ�PZ�\ZLK�[V�HWWYV_PTH[L�Z\YMHJL�PU[LNYHSZ� ^OPSL�WVPU[Z�PU�[OL�TPKKSL�VM�[OL�JLSS�HYL
\ZLK�[V�HWWYV_PTH[L�]VS\TL�PU[LNYHSZ� ;OL�\UZ[LHK`�PU[LNYHS�MVYT\SH[PVU�MVY�[OL�5H]PLY�:[VRLZ�LX\H[PVU�
HZZ\TPUN�PUJVTWYLZZPISL� 5L^[VUPHU�Å\PK�ÅV �̂ JHU�IL�^YP[[LU�HZ�MVSSV^Z!
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< PZ�[OL�]LSVJP[`�]LJ[VY� U PZ�[OL�UVYTHS�]LJ[VY�[V�[OL�Z\YMHJL� N PZ�[OL�HJJLSLYH[PVU�VM�NYH]P[`�]LJ[VY� ν PZ
[OL�RPULTH[PJ�]PZJVZP[ �̀ ρ PZ� [OL�KLUZP[`�HUK p PZ� [OL�WYLZZ\YL� ;OLZL�HYL�[OL�LX\H[PVUZ�[V�IL�ZVS]LK�I`
:;(9 **4�� ;OL�ÄYZ[�VUL�PZ�[OL�JVUZLY]H[PVU�VM�THZZ�LX\H[PVU� ^OPSL�[OL�ZLJVUK�VUL�PZ�[OL�TVTLU[\T
LX\H[PVU� >OLU�[OLZL�LX\H[PVUZ�HYL�KPZJYL[PaLK� H�UVU�SPULHY� \UZ[LHK �̀ Z`Z[LT�VM�LX\H[PVUZ�PZ�[OL�YLZ\S[�
;OL�UVU�SPULHYP[`�HUK�[OL�]LSVJP[`�WYLZZ\YL�JV\WSPUN�T\Z[�IL�KLHS[�^P[O� HUK�[OLYL�L_PZ[�ZL]LYHS�TL[OVKZ�MVY
KVPUN�[OPZ� :;(9 **4��OH]L�ZL]LYHS�VW[PVUZ� -VY�[OPZ�WYVQLJ[�[OL�MVSSV^PUN�OHZ�ILLU�\ZLK!

;OL�LX\H[PVUZ�HYL�ZVS]LK�\ZPUN�H ZLNYLNH[LK� VY KLJV\WSLK� ÅV^�ZVS]LY� ;OH[�PZ� LHJO�LX\H[PVU�HYL�ZVS]LK
ZLWHYH[LS �̀ HUK�JV\WSLK�[VNL[OLY�\ZPUN�̂ OH[Z�JHSSLK�H�WYLKPJ[VY�JVYYLJ[VY�HWWYVHJO� ;OL�WYLKPJ[VY�JVYYLJ[VY
HWWYVHJO�\ZLK�ZWLJPÄJHSS`�PZ�[OL�Z[HUKHYK�TL[OVK�JHSSLK :LTP�0TWSPJP[�4L[OVK�MVY�7YLZZ\YL�3PURLK�,X\H�
[PVUZ��:0473,���6UL�VM�[OL�RL`�NLULYHS�WYPUJPWSLZ�VM�[OL :0473,TL[OVK�PZ�[V�JVUZ[Y\J[�H�	WYLZZ\YL�JVYYLJ[PVU
LX\H[PVU	� ;OPZ�JHU�IL�KVUL�I`�[HRPUN�[OL�KP]LYNLUJL�VM�[OL�TVTLU[\T�LX\H[PVU� -VY�TVYL�KL[HPSZ�VU�[OPZ�
ZLL�YLMLYLUJL�B��D� ;OL�V]LYHSS�Z[LWZ�MVY�[OL :0473, TL[OVK�PZ�HZ�MVSSV^Z!
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�� *VTW\[L�[OL�NYHKPLU[Z�VM�]LSVJP[`�HUK�WYLZZ\YL

�� :VS]L�[OL�KPZJYL[PaLK�TVTLU[\T�LX\H[PVU�PU�VYKLY�[V�ÄUK�H�UL^�]LSVJP[`�ÄLSK

�� *VTW\[L�THZZ�Å\_LZ�H[�[OL�MHJLZ�VM�LHJO�JLSS

�� :VS]L�[OL�WYLZZ\YL�JVYYLJ[PVU�LX\H[PVU� PU�VYKLY�[V�ÄUK p′

�� <WKH[L�[OL�WYLZZ\YL�ÄLSK� pn+1 = pn + ωp′� ^OLYL ω PZ�HU�\UKLY�YLSH_H[PVU�MHJ[VY

�� <WKH[L�[OL�IV\UKHY`�WYLZZ\YL�JVYYLJ[PVUZ

�� *VYYLJ[�[OL�THZZ�Å\_LZ

 � *VYYLJ[�[OL�]LSVJP[`�ÄLSK

��� Z[HY[�V]LY� \U[PS�ZVS\[PVU�HYL�MV\UK

;OL�U\TILY�VM�P[LYH[PVUZ�[OH[�HYL�WLYMVYTLK�MVY�LHJO�[PTL�Z[LW� JHSSLK�[OL�PUULY�P[LYH[PVUZ� JHU�IL�HKQ\Z[LK
I`�[OL�\ZLY� -VY�[OPZ�WYVQLJ[� [OL�U\TILY�̂ HZ�ZL[�[V���� IHZLK�VU�YLJVTTLUKH[PVUZ�MYVT�[OL�ZOPW�YLZPZ[HUJL
[\[VYPHS�[V�*+�(KHWJV�

;PTL�Z[LWWPUN�T\Z[�HSZV�IL�WLYMVYTLK� ;OPZ�OHWWLUZ�^P[O�H�ÄYZ[�VYKLY�PTWSPJP[�TL[OVK�PU�[OPZ�WYVQLJ[� ;OL
YLHZVU� MVY�\ZPUN�HU�\UZ[LHK`�ZVS]LY� PU� [OL�ÄYZ[�WSHJL� YH[OLY� [OHU�H�Z[LHK`�ZVS]LY� PZ� [OH[� [OL�ZPT\SH[PVU
PUJS\KLZ�H�MYLL�Z\YMHJL� ;OL�ZOHWL�VM�[OL�MYLL�Z\YMHJL�PZ�UV[�RUV^U�H�WYPVYP�HUK�T\Z[�IL�MV\UK� HUK�[OL�VUS`
^H`�[V�KV�[OPZ�PU :;(9 **4��PZ�I`�\ZPUN�HU�\UZ[LHK`�ZPT\SH[PVU� ;OH[�PZ� [OLYL�PZ�UV�^H`�[V�LUMVYJL�[OL
YHKPH[PVU JVUKP[PVU� [OL�KLTHUK�[OH[�[OL�^H]LZ�T\Z[�[YH]LS�PU�[OL�JVYYLJ[�KPYLJ[PVU� \ZPUN�H�Z[LHK`�ZVS]LY�
0TWSPJP[�[PTL�Z[LWWPUN�PZ�RUV^U�[V�IL�H�NVVK�HWWYVHJO�^OLU�VUL�HYL�HJ[\HSS`�ZLHYJOPUN�MVY�H�Z[LHK`�Z[H[L
ZVS\[PVU� HZ�[OL�ÄUHS�YLZ\S[�MYVT�HU�PTWSPJP[�[PTL�Z[LWWPUN�TL[OVK�PZ�SLZZ�ZLUZP[P]L�[V�[OL�ZPaL�VM�[OL�[PTL�Z[LW
B��D�

;OL�WYLZLUJL�VM�[OL�MYLL�Z\YMHJL�PZ�[YLH[LK�^P[O�^OH[Z�JHSSLK�[OL =VS\TL�6M�-S\PK��=6-� TL[OVK� ;OL =6-
TL[OVK� PZ�JVUJLW[\HSS`� YH[OLY�ZPTWSL� ;OL�LU[PYL�Å\PK�KVTHPU� PZ�KPZJYL[PaLK� HUK�LHJO�JLSS� PZ�NP]LU�Å\PK
WYVWLY[PLZ� Z\JO�HZ�KLUZP[`�HUK�]PZJVZP[ �̀ IHZLK�VU�^OH[Z�JHSSLK�H ]VS\TL�MYHJ[PVU� 0M�[^V�[`WLZ�VM�Å\PKZ�HYL
ZPT\SH[LK�PU�[OL�ZHTL�KVTHPU� [OL�]VS\TL�MYHJ[PVU�PZ�Q\Z[�H�U\TILY� NP]PUN�[OL�YH[PV�VM�OV^�T\JO�Å\PK�[OLYL
PZ�VM�VUL�[`WL� -VY�PUZ[HUJL� [OL�]VS\TL�MYHJ[PVU� C� JV\SK�NP]L�[OL�]VS\TL�YH[PV�VM�^H[LY�KP]PKLK�I`�HPY� ;OLU
[OL�KLUZP[`�VM�[OH[�JLSS�^V\SK�IL ρ = C · ρ^H[LY+(1/C) · ρHPY� ;OL�]PZJVZP[ �̀ HUK�HU`�V[OLY�Å\PK�WYVWLY[PLZ� ^PSS
IL�JHSJ\SH[LK�PU�[OL�ZHTL�THUULY� ;OL�PUP[PHS�]HS\LZ�VM C T\Z[�IL�ZL[�PU�[OL�LU[PYL�Å\PK�KVTHPU� ;OLU� HZ
[OL�ZPT\SH[PVU�WYVNYLZZLZ� [OL�JOHUNL�VM C PU�H�JLSS�^PSS�IL�JHSJ\SH[LK�HJJVYKPUN�[V�[V�H�[YHUZWVY[�LX\H[PVU�
;OL =6- TL[OVK�PZ�YLJVTTLUKLK�[V�IL�\ZLK�MVY�THYPUL�ZPT\SH[PVUZ�I`�*+�(KHWJV� ( KV^U�ZPKL�VM�[OL
TL[OVK�PZ�[OH[�JOHUNLZ�MYVT�^H[LY�[V�HPY�OHWWLUZ�ZVTL^OH[�NYHK\HSS �̀ 0U�VYKLY�[V�OH]L�H�	ZOHYW	�PU[LYMHJL
IL[^LLU�^H[LY�HUK�HPY� ]LY`�ZTHSS�JLSSZ�OHZ�[V�IL�\ZLK�PU�[OL�YLNPVU�VM�[OL�MYLL�Z\YMHJL� :LL�ZLJ[PVU������
MVY�TVYL�VU�[OPZ�

;OL�SHZ[�[OPUN�[OH[�ULLKZ�[V�IL�ZPT\SH[LK�PZ�[\YI\SLUJL� -VY�[OPZ�WYVQLJ[� P[�PZ�KVUL�^P[O 9L`UVSKZ�(]LYHNLK
5H]PLY�:[VRLZ��9(5:� LX\H[PVUZ� ;OL�5H]PLY�:[VRLZ�LX\H[PVUZ�HYL�H]LYHNLK�V]LY�H�O`WV[OL[PJHS�[\YI\SLUJL�
[PTL�ZJHSL� ^OPJO�YLZ\S[Z�PU�HU�L_[YH�[LYT�PU�[OL�5H]PLY�:[VRLZ�LX\H[PVU�[OH[�PZ�RUV^U�HZ�9L`UVSKZ�Z[YLZZ�
;OPZ�9L`UVSKZ�Z[YLZZ�[LYT�JHU�IL�TVKLSLK�IHZLK�VU�WO`ZPJHS�WYPUJPWSLZ� HUK�ZVTL�LTWPYPJHS�JVLMÄJPLU[Z�
;OL�ZWLJPÄJ�[\YI\SLUJL�TVKLS�\ZLK�MVY�[OPZ�WYVQLJ[�PZ�[OL�	9LHSPaHISL�[^V�SH`LY�R�LWZPSVU�TVKLS	� ;OL�R�
LWZPSVU�TVKLS�PZ�WLYOHWZ�[OL�TVZ[�MHTV\Z�[\YI\SLUJL�TVKLS� 0[�^HZ�JOVZLU� HZ�[OPZ�^HZ�[OL�TVZ[�JVTTVU
[\YI\SLUJL�TVKLS�\ZLK�MVY�WYLKPJ[PUN�ZOPW�YLZPZ[HUJL�PU�[OL�.V[OLUI\YN������*-+ ^VYRZOVW� IHZLK�VU
YLMLYLUJL�B��D� ;OL�	YLHSPaHISL	�WHY[�VM�[OL�[\YI\SLUJL�TVKLS�PZ�YLMLYYPUN�[V�[OL�MHJ[�[OH[�[OLYL�PZ�H�JVYYLJ[PVU
PU�[OL�R�LWZPSVU�TVKLS�PU�VYKLY�[V�SPTP[�\UWO`ZPJHS�SHYNL�NYV^[O�VM�[\YI\SLU[�RPUL[PJ�LULYN �̀ ^OPJO�HYL�RUV^U
[V�IL�H�WYVISLT� HJJVYKPUN� [V� [OL :;(9 **4��KVJ\TLU[H[PVU� ;OL�	[^V�SH`LY	�WHY[�VM� [OL� [\YI\SLUJL
TVKLS�PZ�YLMLYYPUN�[OL�MHJ[�[OH[�YLNPVUZ�JSVZL�[V�H�^HSS�PZ�[YLH[LK�H�IP[�KPMMLYLU[S`�[OHU�YLNPVUZ�MHY�H^H �̀
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��� 7HYHTL[LYZ�<ZLK

;OPZ�ZLJ[PVU�^PSS�NV�[OYV\NO�[OL�WHYHTL[LYZ�\ZLK�PU�[OL�ZPT\SH[PVU�ZL[\W� 0U�WHY[PJ\SHY� [OL�ZOPW�TVKLS� [OL
ZPaL�VM�[OL�KVTHPU� [OL�TLZO�KLZPNU� HUK�[OL�[PTL�Z[LW�̂ PSS�IL�KPZJ\ZZLK� ( ZPT\SH[PVU�TVKLS�PU :;(9 **4�
PU]VS]LZ�THU`�TVYL�WHYHTL[LYZ�[OHU�[OPZ� ;OL�WHYHTL[LYZ�UV[�TLU[PVULK�^HZ�ZL[�HJJVYKPUN�[V�[OL�[\[VYPHS
THKL�I`�*+�(KHWJV� VY�Q\Z[�RLW[�H[�KLMH\S[�]HS\LZ� -VY�PUZ[HUJL� [OLYL�HYL�ZL]LYHS�LTWPYPJHS�WHYHTL[LYZ
[OH[�JHU�IL�ZWLJPÄLK�MVY�[OL�[\YI\SLUJL�TVKLS� ;OLZL�WHYHTL[LYZ�̂ LYL�UV[�[V\JOLK�I`�[OL�H\[OVY� ILJH\ZL�
PU�NLULYHS� [OH[�ZOV\SK�UV[�IL�ULJLZZHY �̀ :;(9 **4��HSZV�PUJS\KL�H�SV[�VM�WHYHTL[LYZ�[OH[�HMMLJ[�OV^�[OL
UVU�SPULHY�ZVS]LY�^VYRZ� ;OLZL�WHYHTL[LYZ�ZOV\SK�TVZ[S`�HMMLJ[�[OL�ZWLLK�VM�[OL�ZPT\SH[PVU� UV[�[OL�YLZ\S[Z�
HUK�P[�PZ�L_WLJ[LK�[OH[�[OL�KLMH\S[�]HS\LZ�HYL�JSVZL�[V�[OL�HWWYVWYPH[L�]HS\LZ� ;OL�WHYHTL[LYZ�WYLZLU[LK�PU
[OPZ�ZLJ[PVU�PZ�JVUZPKLYLK�[V�IL�[OL�TVZ[�PTWVY[HU[�
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;OL�ZOPW�TVKLSZ�\ZLK�PU�[OL�ZPT\SH[PVUZ�^LYL�PU�TVKLS�ZJHSL� ;OLVYL[PJHSS �̀ P[� PZ�WVZZPISL�[V�KV�M\SS�ZJHSL
[LZ[Z�^P[O *-+��I\[�PU�NLULYHS� [OPZ�^V\SK�[HRL�SVUNLY�[PTL�HZ�[OLYL�^V\SK�OH]L�[V�IL�TVYL�JLSSZ�PU�[OL�Å\PK
KVTHPU� 0[�PZ�RUV^U�[OH[�ZTHSS�[\YI\SLU[�Z[Y\J[\YLZ�JHU�OH]L�HU�LMMLJ[�VU�[OL�SHYNL�ZJHSL�ÅV �̂ ;OL�ZTHSSLZ[
[\YI\SLU[�ÅV^�Z[Y\J[\YLZ�PZ�KLWLUKLU[�VU�[OL�9L`UVSKZ�U\TILY�VM�[OL�ÅV �̂ HUK�[OL�OPNOLY�[OL�9L`UVSKZ
U\TILY� [OL�ZTHSSLY�^PSS�[OL�ZTHSSLZ[�[\YI\SLU[�SLUN[O�ZJHSL�IL��ZLL�MVY�PUZ[HUJL�YLMLYLUJL�B��D� JOHW[LY��� MVY
H�KPZJ\ZZPVU�HIV\[�[\YI\SLU[�SLUN[O�ZJHSLZ�� ,]LU�[OV\NO 9(5: PZ�\ZLK�[V�TVKLS�[\YI\SLUJL�PU�[OPZ�WYVQLJ[�
[OL�NLULYHS�[LUKLUJ`�^PSS�Z[PSS�IL�[OH[�OPNOLY�9L`UVSKZ�U\TILY�KLTHUKZ�TVYL�JLSSZ�PU�VYKLY�[V�NP]L�HJJ\YH[L
YLZ\S[Z� :V�PU�VYKLY�[V�SV^LY�[OL�JLSS�JV\U[�PU�[OL�ZPT\SH[PVU� ZOPWZ�PU�TVKLS�ZJHSL�^HZ�[LZ[LK� ;OLYL�L_PZ[
TL[OVKZ�MVY�ZJHSPUN�[OL�YLZ\S[Z�[V�M\SS�ZJHSL�MYVT�TVKLS�ZJHSL� KL]LSVWLK�MVY�[V^PUN�[HUR�[LZ[� HUK�[OL�ZHTL
TL[OVKZ�^PSS�IL�\ZLK�VU�[OL *-+ YLZ\S[Z� :LL�ZLJ[PVU���� MVY�TVYL�VU�[OPZ�

;OL�KPTLUZPVUZ�VM�[OL *-+ TVKLSZ�JHU�IL�ZLLU�PU�[HISL����� ;OL�:LYPLZ����TVKLS�^HZ�ZJHSLK�[V�[OL�ZHTL
ZJHSL�HZ�[OL�TVKLS�\ZLK�PU�[OL�L_WLYPTLU[Z�[OH[�NLULYH[LK�[OL ,-+ +H[H� ZV�[OH[�KPYLJ[�JVTWHYPZVU�VM�[OL
YLZ\S[�^LYL�WVZZPISL� ;OL�JOLTPJHS�[HURLY�^HZ�ZJHSLK�Z\JO�[OH[�[OL�^PK[O�VM�[OL�TVKLS�PZ���T� ILJH\ZL�[OPZ
NH]L�H�	UVYTHS	�TVKLS�ZJHSL� HUK���T�PZ�H�YV\UK�UPJL�U\TILY�

;HISL ���! +H[H�MVY�[OL�*-+ ZOPW�TVKLSZ� H[�TVKLS�ZJHSL

*OLTPJHS�[HURLY�TVKLS :LYPLZ����TVKLS
ZJHSL �!� �� �!��
Lwl BTD ����� �����
Bwl BTD � �����
D BTD ���� �����
∇ BT3D ����� �����
S BT2D ����� ���� 
Um BT�ZD ���� ����
ρ BRN�T�   �����   �����
ν BT��ZD �� �,��� �� �,���
9L�B�D  �� ,��� ����,���

����� +VTHPU�:PaL

;OL�KVTHPU�ZPaL�MVY�[OL�JHSJ\SH[PVU�^HZ�KL[LYTPULK�IHZLK�VU�H]LYHNL�YLZ\S[Z�MYVT�[OL�.V[OLUI\YN�����
*-+ ^VYRZOVW� ;OPZ�^HZ�KVUL�HZ�HU�H[[LTW[�[V�YLK\JL�[OL�U\TILY�VM�JVU]LYNLUJL�[LZ[Z� ;OL�L_HJ[�TLZO
KLZPNU�PZ�VM[LU�OHYK�[V�X\HU[PM`�̂ OLU�YLHKPUN�HY[PJSLZ�HIV\[ *-+��HZ�[OL�JLSSZ�TPNO[�IL�KPZ[YPI\[LK�[OYV\NOV\[
[OL�KVTHPU�PU�H�JVTWSL_�TH[[LY� +VTHPU�ZPaL�VU�[OL�V[OLY�OHUK�PZ�VM[LU�]LY`�LHZ`�[V�X\HU[PM �̀ ;OL�L_[LYUHS
ZOHWL�VM�[OL�ZPT\SH[PVU�KVTHPU�HYL�\Z\HSS`�ZPTWSL�NLVTL[YPLZ� Z\JO�HZ�J`SPUKLYZ� J\ILZ�VY�ZWOLYLZ�HUK�[OL
KPTLUZPVUZ�HYL�\Z\HSS`�NP]LU� ;OPZ�THRLZ�P[�LHZ`�[V�JVW`�[OL�NLULYHS�KVTHPU�KLZPNU�\ZLK�I`�V[OLYZ� HUK
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[OL�H\[OVY�[OV\NO[�[OPZ�^HZ�HU�L_JLSSLU[�VWWVY[\UP[`�[V�THRL�H�ZOVY[J\[�PU�ÄUKPUN�HU�HWWYVWYPH[L�ZPT\SH[PVU
ZL[\W� ;OPZ�^HZ�TVZ[�SPRLS`�H�TPZ[HRL� ;OL�NLULYHS�KVTHPU�KPTLUZPVUZ�^PSS�IL�NP]LU�PU�[OPZ�ZLJ[PVU� HUK�P[
PZ�L_WLJ[LK�[OH[�[OLZL�KVTHPU�KPTLUZPVUZ�PZ�Z\P[HISL�MVY�ZOPW�ZPT\SH[PVU�^P[OV\[�`H^�HUNSL� /V^L]LY� P[�PZ
TVZ[�SPRLS`�UV[�Z\P[HISL�MVY�H�ZPT\SH[PVU�[OH[�PUJS\KLZ�`H^�HUNSLZ� H[�SLHZ[�UV[�SHYNL�VULZ� :LL�ZLJ[PVU����
MVY�TVYL�KPZJ\ZZPVU�HIV\[�[OPZ�

;OL�HY[PJSLZ�JV]LYPUN�ZOPW�YLZPZ[HUJL�WYLKPJ[PVU�MYVT�[OL�.V[OLUI\YN������*-+ ^VYRZOVW�^LYL�Z`Z[LTH[�
PJHSS`�YLHK�[OYV\NO� HUK�ZPT\SH[PVU�KVTHPU�SLUN[O�ZJHSLZ�^LYL�Z[VYLK� ^OLUL]LY�[OL`�^LYL�NP]LU�L_WSPJP[S �̀
;OPZ�ZOV\SK�NP]L�HU�V]LY]PL^�VM�	UVYTHS	�KVTHPU�KLZPNUZ� ^OLU�P[�JVTLZ�[V�ZOPW�YLZPZ[HUJL�WYLKPJ[PVU� ;OL
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����� *HYNV�:OPW�/LLS�,_WLYPTLU[Z

( JSHZZ�TH[L�VM�[OL�H\[OVY� :[LMMLU�/HZMQVYK� ^LYL�UPJL�LUV\NO�[V�WLYMVYT�H�ML^�L_WLYPTLU[Z�H[ ;OL�5VY^L�
NPHU�4HYPUL�;LJOUVSVN`�9LZLHYJO�0UZ[P[\[L��4(905;,2� [V^PUN�[HUR�MHJPSP[PLZ�PU�VYKLY�[V�HUZ^LY�[OL�H\[OVYZ
X\LZ[PVU�HIV\[�[OL�PTWVY[HUJL�VM�OLLS�MVY�H�JHYNV�ZOPW� /HZMQVYK�^HZ�HSYLHK`�WLYMVYTPUN�[V^PUN�[HUR�[LZ[
MVY�H�ZOPW�O\SS�[OH[�PZ�ZPTPSHY�[V�[OL�JOLTPJHS�[HURLY�\ZLK�PU�[OPZ�WYVQLJ[� ;OL�ZWLJPÄJ�O\SS�NLVTL[Y`�^LYL
H�9VSSZ�9V`JL����� +LHK^LPNO[�[VUUHNL��+>;� JOLTPJHS�[HURLY�[OH[�9VSSZ�9V`JL�MYLX\LU[S`�\ZLZ�MVY�YL�
ZLHYJO�W\YWVZLZ� /HZMQVYK�Z�THZ[LY�[OLZPZ� L_WSHPUPUN�OPZ�\ZL�VM�[OL�L_WLYPTLU[Z� HSVUN�^P[O�KL[HPSZ�HIV\[
[OL�L_WLYPTLU[HS�ZL[\W� JHU�IL�MV\UK�PU�YLMLYLUJL�B��D� 0U�HKKP[PVU�[V�OPZ�V^U�L_WLYPTLU[Z� ^OPJO�PUJS\KLK
ÄUKPUN�[OL�ZOPW�YLZPZ[HUJL� OL�WLYMVYTLK�H�ML^�L_[YH�[LZ[�^P[O�H�OLLS�HUNSLZ� ZWLJPÄJHSS`�MVY�[OPZ�WYVQLJ[� ;OL
ZOPW�TVKLS�KH[H�JHU�IL�ZLLU�PU�[HISL����

;HISL ���! :OPW�TVKLS�KH[H�MVY�9VSSZ�9V`JL�JOLTPJHS�[HURLY� \ZLK�[V�ÄUK�[OL�PTWVY[HUJL�VM�OLLS�MVY�H
JHYNV�ZOPW

-\SS�ZJHSL 4VKLS�ZJHSL
:JHSL�B�D � �!������
Lwl BTD ���� �� �����
Lpp BTD ����� �����
Bwl BTD � �����
D BTD ��� �����
∇ BT3D ������� �����
S BT2D ������� ������

;OL�OLLS�HUNSL�VM�[OL�ZOPW�^HZ�JYLH[LK�I`�HKKPUN�^LPNO[Z�[V�VUL�ZPKL�VM�[OL�ZOPW� ZV�[OH[�H�OLLSPUN�TVTLU[
^LYL�JYLH[LK� HUK� [OLU�TLHZ\YPUN� [OL� YLZ\S[PUN�OLLS�HUNSL� -V\Y� [LZ[Z�^OLYL�WLYMVYTLK! VUL�ÄYZ[� [LZ[
^P[OV\[�OLLS�HUNSL� VUL�^P[O�H�	SHYNL	�OLLS�HUNSL� VUL�^P[O�H�	ZTHSS	�OLLS�HUNSL� HUK�[OLU�VUL�L_[YH�[LZ[
^P[OV\[�OLLS�HUNSL�HM[LY�[OL�[OYLL�ÄYZ[�VULZ�PU�VYKLY�[V�[LZ[�MVY�HU`�JOHUNLZ�PU�[OL�L_WLYPTLU[HS�ZL[\W�[OH[
TPNO[�JYLH[L�\UJLY[HPU[PLZ�PU�[OL�YLZ\S[PUN�MVYJL�TLHZ\YLTLU[Z� ;OL�YLZ\S[�MVY�[OLZL�L_WLYPTLU[Z�JHU�IL
ZLLU�PU�[HISL����

� 



;HISL ���! 9LZ\S[�VM�OLLS�L_WLYPTLU[Z� KVUL�I`�:[LMMLU�/HZMQVYK� WLYMVYTLK�^P[O�9VSSZ�9V`JL�JOLTPJHS
[HURLY

,_WLYPTLU[�U\TILY � � � �
*HYYPHNL�ZWLLK�BT�ZD ������ ������ ������ ������
/LLS�HUNSL�BKLND � ��� ��� �
4LHZ\YLK�9LZPZ[HUJL�B5D ������ ��� � � ������� �������

����� .LP[Ir[�,_WLYPTLU[Z

>OPSL�KVPUN�[OPZ�WYVQLJ[� [OLYL�̂ HZ�H�WYVQLJ[�H[�[OL�KLWHY[TLU[�VM�THYPUL�[LJOUVSVN �̀ H[ 5VY^LNPHU�<UP]LYZP[`
VM�:JPLUJL�HUK�;LJOUVSVN`��5;5<���PU]LZ[PNH[PUN�[^V�KPMMLYLU[�[YHKP[PVUHS�5VY^LNPHU�ZHPSPUN�IVH[Z� THKL�̂ P[O
KPMMLYLU[�JVUZ[Y\J[PVU�[LJOUPX\LZ� ;OL�[^V�IVH[Z�HYL�JHSSLK�	.LP[Ir[	�HUK�	4¥YPUNIr[	�PU�5VY^LNPHU� ;OL
NVHS�^HZ� [V�KL[LYTPUL�^OL[OLY�VY�UV[� [OL�IVH[�^P[O�H�TVYL�HK]HUJLK�JVUZ[Y\J[PVU� [LJOUPX\L� �.LP[Ir[�
WYV]PKLK�IL[[LY�ZHPSPUN�WLYMVYTHUJL�[OHU�[OL�IVH[�JVUZ[Y\J[LK�^P[O�H�TVYL�ZPTWSL�JVUZ[Y\J[PVU�[LXOU\PX\L�
(Z�H�WHY[�VM�[OPZ�WYVQLJ[� [OL�IVH[Z�^LYL�[V^LK�PU�[OL�[V^PUN�[HUR�MHJPSP[PLZ�H[ 4(905;,2��^P[O�KPMMLYLU[�OLLS
HUK�`H^�HUNSLZ� (Z�[OL�IVH[Z�HYL�YLSH[P]S`�ZTHSS� [OL`�^LYL�[LZ[LK�H[�M\SS�ZJHSL� ;OL�ZHPSPUN�WLYMVYTHUJL�VM
[OL�[^V�IVH[Z�^LYL�[OLU�KL[LYTPULK�I`�JVUZ[Y\J[PUN�H =LSVJP[`�7YLKPJ[PVU�7YVNYHT��=77���^P[O�[OL�\ZL�VM
[OL�TVKLS�[LZ[�KH[H� (Z�[OPZ�^HZ�OHWWLUPUN�H[�[OL�ZHTL�[PTL�HZ�[OPZ�WYVQLJ[� HUK�THU`�VM�[OL�ZHTL�[LZ[
^LYL�WLYMVYTLK�MVY�[OL�[^V�[YHKP[PVUHS�IVH[Z� [OL�H\[OVY�HZRLK�[V�NL[�HJJLZZ�[V�[OL�OLLS�KH[H�PU�VYKLY�[V
JOLJR�[OL�LMMLJ[�VM�OLLS�VU�H�[YHKP[PVUHS�ZHPSPUN�IVH[� ;OL�YLZ\S[Z�VM�[OPZ�[LZ[�PZ�UV[�`L[�W\ISPZOLK�H[�[OL�[PTL�VM
^YP[PUN�[OPZ�YLWVY[� I\[�YLMLYLUJL�B��D�JVU[HPUZ�[OL�[P[SL�HUK�H\[OVY�VM�[OL�HY[PJSL� ;OL�KH[H�MVY�[OL�[^V�IVH[Z�
H[�KPMMLYLU[�OLLS�HUNSLZ�HYL�NP]LU� ^P[O�WLYTPZZPVU� PU�[HISL���� HUK�����

;HISL ���! -\SS�ZJHSL�YLZPZ[HUJL�B5D MVY�	.LP[Ir[	� MVY�KPMMLYLU[�ZWLLKZ�HUK�OLLSPUN�HUNSLZ

)VH[�ZWLLK�BRUV[ZD /LLS�HUNSL�BKLND
� � �� ��

� � �� ����� ���� � ��
� ����� ����� ����� �����
� ����� ����� ����� �� � 

;HISL ���! -\SS�ZJHSL�YLZPZ[HUJL�B5D MVY�	4¥YPUNIr[	� MVY�KPMMLYLU[�ZWLLKZ�HUK�OLLSPUN�HUNSLZ

)VH[�ZWLLK�BRUV[ZD /LLS�HUNSL�BKLND
� � �� ��

� ���� ����� ����� ���� 
� ����� ����� ����� �����
� � � � ��� ����� �����

��� =PZJV\Z�4VKLSPUN�VM�>PUN�7YVÄSLZ�\ZPUN�?-VPS

?-603 PZ�H��+ VWLU�ZV\YJL�WHULS�TL[OVK�[OH[�PUJS\KLZ�PU[LNYHS�IV\UKHY`�SH`LY�[OLVY`�PU�VYKLY�[V�WYLKPJ[
]PZJV\Z�LMMLJ[Z�VU��+ ^PUN�WYVÄSLZ� ;OL�VYPNPUHS�]LYZPVU�VM ?-603 ^HZ�YLSLHZLK�PU�� ���I`�WYVMLZZVY�4HYR
+YLSH� OV^L]LY� ZVTL�PTWYV]LTLU[Z�OH]L�ILLU�PTWSLTLU[LK�PU�[OL�ZVM[^HYL�ZPUJL�[OLU� (U�HY[PJSL�KLZJYPI�
PUN�[OL�[OLVY`�ILOPUK ?-603 JHU�IL�MV\UK�PU�YLMLYLUJL�B�D� 4HYR�+YLSH�OHZ�KL]LSVWLK ?-603 ZWLJPÄJHSS`�MVY
	SV^�ZWLLK	�HPYMVPSZ� 0U�WHY[PJ\SHY� ?-603 PZ�Z\WWVZLK�[V�OH]L�H�YVI\Z[�HUK�HJJ\YH[L�TL[OVK�MVY�WYLKPJ[PUN
[OL�]PZJV\Z�LMMLJ[�VU�HPYMVPSZ�PU�[OL�9L`UVSKZ�U\TILY�YHUNL�^OLYL�[OL�ÅV^�PZ�Z^P[JOPUN�IL[^LLU�SHTPUHY�HUK

��



[\YI\SLU[�ÅV^Z� (U�HY[PJSL�KPZJ\ZZPUN�[OL�KL[HPSZ�HIV\[�[OL�PU[LNYHS�IV\UKHY`�SH`LY�PTWSLTLU[H[PVU�KL]LSVWLK
I`�4HYR�+YLSH� HUK�PTWSLTLU[LK�PU ?-603��JHU�IL�MV\UK�PU�YLMLYLUJL�B�D�

0U�VYKLY�[V�[LZ[�[OL�]PZJV\Z�MVYT\SH[PVU� HU�L_WLYPTLU[�̂ LYL�WLYMVYTLK�I`�[OL�H\[OVY� VYPNPUHSS`�MVY�H�KPMMLYLU[
WYVQLJ[� WYLZLU[LK�PU�YLMLYLUJL�B��D� ;OLYL�L_PZ[�KPMMLYLU[�MYPJ[PVU�SPULZ�MVY�H�ÅH[�WSH[L� ;OL�HUHS`[PJHS�)SHZP\Z
MYPJ[PVU�SPUL�MVY�SHTPUHY�ÅV �̂ HUK�[OL�LTWPYPJHS�0;;*����MYPJ[PVU�SPUL�MVY�[\YI\SLU[�ÅV^�HYL�JVTWHYLK�[V�[OL
]PZJV\Z�KYHN�MYVT ?-603 PU�ÄN\YL����� ;OL�MVPS�PU�X\LZ[PVU�PZ�5(*( ����� HUK�HU�LTWPYPJHS�ZOHWL�MHJ[VY�PZ
\ZLK�HSVUN�^P[O�[OL�MYPJ[PVU�SPUL�PU�VYKLY�[V�TVKLS�[OL�MVYT�KYHN�VM�[OL�MVPS� ;OH[�PZ� [OL�PUJYLHZL�PU�KYHN�MVY
[OL�MVPS�K\L�[V�[OL�MHJ[�[OH[�P[�PZ�UV[�H�ÅH[�WSH[L� I\[�H�YLSH[P]LS`�[OPJR�ZVSPK�IVK �̀ ;OL�ZOHWL�MHJ[VY�PZ�NP]LU�PU
YLMLYLUJL�B��D� HZ�MVSSV^Z!

k = 2
(
1 + (t/c) + 60(t/c)4

)
�����

0U�[OPZ�LX\H[PVU� t PZ�[OL�[OPJRULZZ�VM�[OL�MVPS� HUK c PZ�[OL�JOVYK�SLUN[O� ;OPZ�ZOHWL�MHJ[VY�PZ�\ZLK�HSVUN�^P[O
[OL�MYPJ[PVU�MHJ[VY� Cf � MYVT�LHJO�VM�[OL�MYPJ[PVU�SPULZ�PU�VYKLY�[V�LZ[PTH[L�[OL�]PZJV\Z�KYHN�JVLMÄJPLU[� CDv�
HZ�MVSSV^Z!

CDv = k · Cf �����

-PN\YL ���! =PZJV\Z�KYHN�WYLKPJ[LK�I`�?-603 JVTWHYLK�[V�LTWPYPJ�ZOHWL�MHJ[VY�MVY�MVPSZ� HUK�KPMMLYLU[
MYPJ[PVU�SPULZ� 7LYMVYTLK�^P[O�5(*( �����HZ�NLVLT[Y`

)HZLK�VU�[OPZ�L_WLYPTLU[� HUK�[OL�HY[PJSLZ�MYVT�4HYR�+YLSH� [OL�H\[OVY�OHZ�JVUJS\KLK�[OH[ ?-603 WYVIHIS`
WYLKPJ[Z�HJJ\YH[L�]PZJV\Z�KYHN�MVY�[^V�KPTLUZPVUHS�HPYMVPSZ�

��



��� :[HIPSP[`�*HSJ\SH[PVUZ

:[HIPSP[`�PZ�JHSJ\SH[LK�I`�HZZ\TPUN�PUP[PHS�Z[HIPSP[`�[OLVY �̀ ;OH[�PZ� YLSH[P]LS`�ZTHSS�HUNSLZ�VM�H[[HJR�HYL�HZZ\TLK�
0UP[PHS�Z[HIPSP[`�PZ� HJJVYKPUN�[V�YLMLYLUJL�B�D� \Z\HSS`�]HSPK�MVY�OLLSPUN�HUNSLZ�\W�[V�HYV\UK����KLNYLLZ� :[HIPSP[`
VM�H�ZOPW�PZ�UV[�VUS`�KLWLUKLU[�VU�[OL�ZOPW�O\SS�NLVTL[Y �̀ P[�PZ�HSZV�KLWLUKLU[�VU�OV^�[OL�^LPNO[�VM�[OL
ZOPW�PZ�KPZ[YPI\[LK� ;OH[�PZ� [OL�JLU[LY�VM�NYH]P[`�OH]L�H�SHYNL�PUÅ\LUJL�VU�[OL�Z[HIPSP[`�VM�[OL�ZOPW� (Z�[OL
JLU[LY�VM�NYH]P[`�^PSS�IL�OPNOS`�KLWLUKLU[�VU�OV^�[OL�ZOPW�PZ�SVHKLK�^P[O�JHYNV� ^OH[�[`WL�VM�JHYNV�[OL�ZOPW
PZ�[YHUZWVY[PUN� HUK�OV^�[OL�O\SS�HUK�THJOPULY`�PZ�JVUZ[Y\J[LK�HUK�WSHJLK� P[�^HZ�KLJPKLK�[V�X\HU[PM`�[OL
PTWVY[HUJL�VM�Z[HIPSP[`�I`�JHSJ\SH[PUN�[OL�YLX\PYLK�KPZ[HUJL�MYVT�[OL�RLLS�VM�[OL�ZOPW�[V�[OL�JLU[LY�VM�NYH]P[ �̀
2.��;OPZ�PZ�H�SLUN[O�ZJHSL�[OH[�PZ�\UKLYZ[HUKHISL� )`�JVTWHYPUN�[OL�]HS\L 2. [V�[OL�KYHM[�VM�[OL�ZOPW� PZ�PZ
WVZZPISL�[V�THRL�H�Q\KNLTLU[�VU�OV^�KPMÄJ\S[�P[�PZ�[V�HJOPL]L�[OL�YLX\PYLK�]HS\L�VM 2.��0U�[OPZ�ZLJ[PVU� [OL
TH[OLTH[PJHS�[OLVY`�VM�PUP[PHS�Z[HIPSP[`�^PSS�IL�NP]LU� ^OPJO�PZ�IHZLK�VU�YLMLYLUJL�B�D� ;OL�YLX\PYLK�]HS\L�VM
2. PZ�JHSJ\SH[LK�I`�ÄUKPUN�[OL�]HS\L�VM 2. [OH[�JYLH[LZ�H�YLZ[VYPUN�TVTLU[�MVY�[OL�ZOPW�[OH[�PZ�LX\HS�[V�[OL
OLLSPUN�TVTLU[�MYVT�[OL�^PUN� ;OL�Z[HIPSP[`�WHYHTL[LY�KH[H�MVY�[OL�[^V�ZOPWZ�^PSS�HSZV�IL�NP]LU�

;OL�YLX\PYLK�]HS\L�VM 2. PZ�KLWLUKLU[�VU�[OL�TH_PT\T�HSSV^HISL�OLLSPUN�HUNSL� >OH[�[OPZ�HUNSL�ZOV\SK
IL� PZ�H�OHYK�X\LZ[PVU�[V�HUZ^LY� :[HIPSP[`�PZ�H�IPN�[VWPJ� ^OLYL�ZHML[`�JVUZPKLYH[PVUZ�HYL�H�IPN�WHY[� ;OPZ�PZ
H�IP[�V\[ZPKL�[OL�ZJVWL�VM�[OL�WYVQLJ[� ^OPJO�PZ�THPUS`�MVJ\ZLK�VU�YLZPZ[HUJL� )HZLK�VU�[OL�SP[LYH[\YL�YL]PL^
�JOHW[LY����HUK�[OL�OLLS�L_WLYPTLU[Z�WLYMVYTLK�PU�[OPZ�WYVQLJ[� P[�ZLLTZ�[OH[�OLLSPUN�HUNSLZ�[OH[�HYL�SLZZ�[OLU
���KLNYLLZ�HYL�UVU�WYVISLTH[PJ�MYVT�H�YLZPZ[HUJL�WVPU[�VM�]PL �̂ 0U�VYKLY�[V�IL�ZVTL^OH[�JVUZLY]H[P]L� H
TH_PT\T�HSSV^HISL�OLLSPUN�HUNSL�PZ�ZL[�[V�IL���KLNYLLZ� ;OL�TH_PT\T�YLX\PYLK�]HS\L�VM 2. PZ�JHSJ\SH[LK
IHZLK�VU�[OPZ� ;OL�]HS\L�VM 2. ^PSS�UV[�[HRL�PU[V�HJJV\U[�HU`�ZHML[`�JVUZPKLYH[PVUZ� VUS`�[OL�KLTHUK�[OH[
[OL�OLLSPUN�TVTLU[�MYVT�[OL�^PUN�ZHPS�ZOHSS�UV[�JYLH[L�SHYNLY�OLLSPUN�HUNSLZ�[OHU���KLNYLLZ�

����� 4H[OLTH[PJHS�;OLVY`�VM�:[HIPSP[`

0UP[PHS�Z[HIPSP[`�Z[HIPSP[`�NP]LZ�H�YLSH[PVU�ZOPW�IL[^LLU�NLVTL[YPJ�]HYPHISLZ�MVY�H�ZOPW�O\SS�HUK�[OL�KPZ[HUJL�MYVT
[OL�JLU[LY�VM�NYH]P[ �̀ [V�[OL�YV[H[PVU�H_PZ� RUV^U�HZ�[OL�TL[HJLU[LY� ;OPZ�]HS\L� PZ�RUV^U�HZ .4��)HZLK
VU�[OL�]HS\L�VM .4��[OL�YLZ[VYPUN�TVTLU[�HYT� .A��JHU�IL�JHSJ\SH[LK� >OLU .A PZ�RUV^U� [OL�YLZ[VYPUN
TVTLU[�PZ�JHSJ\SH[LK�I`�[HRPUN�[OL�^LPNO[�PM�[OL�ZOPW�T\S[PWSPLK�^P[O�[OL�YLZ[VYPUN�TVTLU[�HYT� ;OL�PUP[PHS
Z[HIPSP[`�LX\H[PVUZ� [HRLU�KPYLJ[S`�MYVT�YLMLYLUJL�B�D� PZ�HZ�MVSSV^Z!

.4 = 2)+ )4− 2. �����

)4 =
Iyy
∇ �����

.A = .4ZPU(θ) �����
Mx = gρ∇.A �����

;OL�YLX\PYLTLU[�MVY 2. PZ�[OH[�[OL�OLLSPUN�TVTLU[�MYVT�[OL�^PUN�T\Z[�UV[�L_JLLK�[OL�YLZ[VYPUN�TVTLU[
MYVT�[OL�ZOPW� ;OL�ZPKL�MVYJL�MYVT�[OL�^PUN�PZ�UHTLK Fy� HUK�P[�PZ�HZZ\TLK�[OH[�[OL�MVYJL�PZ�HJ[PUN�H[�[OL
TPKKSL�VM�[OL�^PUN� ;OH[�PZ� [OL�OLPNO[�VM�[OL�^PUNZ�PZ����T� ZV�[OL�KPZ[HUJL�MYVT�[OL�KLJR�[V�[OL�H[[HJR�WPU[
VM�[OL�MVYJL�PZ����T� :PUJL�[OL�TVTLU[�IHSHUJL�PZ�[HRLU�HYV\UK�[OL�JLU[LY�VM�NYH]P[ �̀ [OL�[V[HS�HYT�VM�[OL
ZPKL�MVYJL�MYVT�[OL�^PUN�^PSS�IL�LX\HS�[V H/2+D−KG� ;OL�YLZ\S[PUN�YLX\PYLTLU[�MVY�[OL�]HS\L�VM 2. JHU
IL�ZLLU�ILSV^!

��



:[H[PJ�YLZ[VYPUN�TVTLU[ ≥ /LLSPUN�TVTLU[�MYVT�^PUN �����

gρ∇.A ≥ Fy

(
H

2
+D − 2.

)
�����

gρ∇.4ZPU θ ≥ Fy

(
H

2
+D − 2.

)
��� �

gρ∇ (2)+ )4− 2.) ZPU θ ≥ Fy

(
H

2
+D − 2.

)
������

gρ∇ (2)+ )4) ZPU θ − Fy

(
H

2
+D

)
≥ 2. (gρ∇ ZPU θ − Fy) ������

2. ≤
gρ∇ (2)+ )4) ZPU θ − Fy

(
H
2 +D

)

(gρ∇ ZPU θ − Fy)
������

����� :OPW�Z[HIPSP[`�KH[H

;OL�ZOPW�Z[HIPSP[`�KH[H�PZ�WYLZLU[LK�PU�[HISL����� ;OL�]HS\LZ�MVY�[OL�JOLTPJHS�[HURLY�PZ�[HRLU�MYVT�[OL�ZVM[^HYL
-YLL:OPW� ZPUJL�[OL�NLVTL[Y`�VM�[OL�JOLTPJHS�[HURLY�VYPNPUH[LZ�MYVT�[OPZ�ZVM[^HYL� HUK�-YLL:OPW�OH]L�M\UJ�
[PVUZ�[OH[�JHSJ\SH[LZ�PUP[PHS�Z[HIPSP[`�WHYHTL[LYZ� ;OL�]HS\LZ�MVY�:LYPLZ����PZ�JHSJ\SH[LK�^P[O�[OL��+ TVKLSPUN
ZVM[^HYL�9OPUV��+��HZ�[OPZ�ZVM[^HYL�JVU[HPUZ�TL[OVKZ�[V�JHSJ\SH[L�[OL�ULJLZZHY`�]HS\LZ�IHZLK�VU�*(+
TVKLSZ�

;HISL ���! :[HIPSP[`�KH[H�MVY�[OL�ZOPW�TVKLSZ�\ZLK�PU�[OPZ�WYVQLJ[

-YLL:OPW�*OLTPJHS�;HURLY :LYPLZ����*VU[HPULY�:OPW
D BTD �� ���
∇ BT3D ����� ����
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��� .VPUN�MYVT�4VKLS�:JHSL�[V�-\SS�:JHSL

(SS� [OL�YLZPZ[HUJL�]HS\LZ� PU�[OPZ�WYVQLJ[�HYL�VYPNPUHSS`� MYVT�TVKLS�ZJHSL�ZOPWZ� :PUJL�[OL�YLZPZ[HUJL� PU� M\SS
ZJHSL�PZ�KPMMLYLU[�MYVT�[OL�YLZPZ[HUJL�PU�TVKLS�ZJHSL� ZVTL�ZJHSPUN�T\Z[�IL�HWWSPLK� ;OL�ZJHSPUN�PZ�KVUL
I`�HZZ\TPUN�[OL�0;;*���MYPJ[PVU�SPUL� HUK�VUS`�MYPJ[PVU�YLZPZ[HUJL�PZ�ZJHSLK� (PY�YLZPZ[HUJL�HUK�HWWLUKHNL
YLZPZ[HUJL�PZ�ULNSLJ[LK� HUK�UVU�VM�[OL�ZOPW�TVKLSZ�OH]L�HU`�[YHUZVT�Z[LYU�ZV�[OPZ�PZ�UV[�TVKLSLK� ;OL
MYPJ[PVU�JVLMÄJPLU[�IHZLK�VU�[OL�0;;*���MYPJ[PVU�SPUL�PZ�NP]LU�HZ�MVSSV^Z!

CF =
0.075

(SVN10 9L− 2)2
������

(Z�[OL�ZOPW�PZ�UV[�H�ÅH[�WSH[L� H�MVYT�MHJ[VY�PZ�ULLKLK� -VY�[OL�:LYPLZ���� 4(905;,2�Z�LTWPYPJHS�MVYT\SH�MVY
H�MVYT�MHJ[VY�PZ�\ZLK� [HRLU�MYVT�YLMLYLUJL�B��D

k = 0.6Φ+ 75Φ3 ������
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��



;OPZ�NP]LZ�[OL�YLZ\S[ k = 0.0705 MVY�:LYPLZ���� ;OL�MYPJ[PVU�YLZPZ[HUJL�MVY�[OL�JOLTPJHS�[HURLY�PZ�JHSJ\SH[LK
I`�HZZ\TPUN�H�JVUZ[HU[�YLSH[PVU�ZOPW�IL[^LLU�]PZJV\Z�HUK�MYPJ[PVU�SPUL�

0U�VYKLY�[V�TVKLS�YV\NOULZZ�VU�H�M\SS�ZJHSL�ZOPW�O\SS� H�YV\NOULZZ�MHJ[VY�PZ�\ZLK� ;OPZ�PZ�IHZLK�VU�LTWPYPJHS
MVYT\SH� [HRLU�MYVT�YLMLYLUJL�B��D!

∆CF =
[
110 (H · Us)

0.21 − 403
]
C2

F ������

H = 150 ������

;OL�YLZPK\HS�KYHN�JVLMÄJPLU[� CR� PZ�HZZ\TLK�[V�IL�LX\HS�[V�[OL�WYLZZ\YL�KYHN�JVLMÄJPLU[�MVY�[OL *-+ KH[H�
^OPSL CR PZ�JHSJ\SH[LK�I`�Z\I[YHJ[PUN�MYPJ[PVUHS�YLZPZ[HUJL�MYVT�[OL�[V[HS�YLZPZ[HUJL�MYVT�[OL ,-+ +H[H� ;OL
[V[HS�YLZPZ[HUJL�PZ�[OLU�JHSJ\SH[LK�HZ�MVSSV^Z!

CT = CR + (1 + k) (CF +∆CF ) ������

;OL�ZPKL�MVYJL�PZ�UV[�ZJHSLK� ;OH[�PZ� [OL�ZPKL�MVYJL�JVLMÄJPLU[� CS PZ�HZZ\TLK�[V�IL�[OL�ZHTL�PU�IV[O�TVKLS
ZJHSL�HUK�M\SS�ZJHSL� ;OPZ�PZ�IHZLK�VU�[OL�MHJ[�[OH[�[OL�ZPKL�MVYJL�PZ�THPUS`�MYVT�WYLZZ\YL� HUK�MVY�`H^�HUNSLZ
^LSS�ILSV^�Z[HSS� ]PZJV\Z�LMMLJ[Z�HYL�RUV^U�[V�OH]L�SP[[SL�LMMLJ[�VU�SPM[PUN�Z\YMHJLZ�

��� -PUHS�*V\WSLK�4VKLS

>OLU�[OL�YLZPZ[HUJL�PZ�MV\UK�HZ�H�M\UJ[PVU�VM�ZWLLK�HUK�`H^�HUNSL� LP[OLY�MYVT *-+ VY�MYVT ,-+ +H[H� HUK
[OL�^PUN�TVKLS�PZ�JVUZ[Y\J[LK��ZLL�JOHW[LY���� [OLU�L]LY`[OPUN�T\Z[�IL�W\[�[VNL[OLY� PU�VYKLY�[V�WYVK\JL
[OL�ÄUHS�YLZ\S[Z� ZLLU�PU�JOHW[LY��� ;OYLL�[OPUNZ�HYL�WSV[[LK�MVY�IV[O�ZOPWZ! LMMLJ[P]L�[OY\Z[�MYVT�^PUN�ZHPSZ�
^P[O�HUK�^P[OV\[�[HRPUN�PU[V�HJJV\U[�[OL�O`KYVK`UHTPJ�LMMLJ[Z�VM�`H �̂ [OL�`H^�HUNSLZ�L_WLYPLUJLK�I`�[OL
ZOPWZ� \UKLY�[OL�PUÅ\LUJL�VM�[OL�^PUN�ZHPSZ� HUK�ÄUHSS �̀ [OL�YLX\PYLK�]HS\LZ�VM 2. PU�VYKLY�[V�UV[�L_JLLK��
KLNYLLZ�OLLSPUN�HUNSL� 9LZPZ[HUJL�PZ�VUS`�JVUZPKLYLK�[V�IL�H�M\UJ[PVU�VM�ZWLLK�HUK�`H^�HUNSL� UV[�OLLSPUN
HUNSL��ZLL�JOHW[LY�� MVY�TVYL�VU�[OPZ�� HZ�OLLSPUN�HUNSLZ�ZLLTZ�[V�OH]L�SP[[SL�LMMLJ[�VU�[OL�YLZPZ[HUJL� ;OL
ÄUHS�YLZ\S[Z�HYL�YLHSS`�Q\Z[�H�IHSHUJL�IL[^LLU�ZPKL�MVYJL�MYVT�[OL�^PUNZ�HUK�ZPKL�MVYJL�MYVT�[OL�O\SS� ;̂ V
KPMMLYLU[�HWWYVHJOLZ�HYL�\ZLK�^OPSL�SVVRPUN�H[�[OL�[OY\Z[�MYVT�[OL�^PUN�ZHPSZ! [OY\Z[�H[�JVUZ[HU[�ZWLLK�HUK
JVUZ[HU[�^PUK�]LSVJP[ �̀ MVY�KPMMLYLU[�[Y\L�^PUK�KPYLJ[PVUZ� HUK�ZWLLK�HZ�H�M\UJ[PVU�VM�^PUK�KPYLJ[PVU�HUK�^PUK
ZWLLK�

(SS�[OL 4H[SHI�ZJYPW[Z�[OH[�HYL�\ZLK�[V�NLULYH[LK�[OL�WSV[Z�ZOV^U�PU�JOHW[LY�� JHU�IL�ZLLU�PU�ZLJ[PVU�����

����� ,ɈLJ[P]L�;OY\Z[�7YLKPJ[PVU

;OL�LMMLJ[P]L�[OY\Z[�PZ�MV\UK�I`�ÄYZ[�ÄUKPUN�[OL�HUNSL�VM�H[[HJR�MVY�[OL�^PUN�TVKLS� [OH[�WYVK\JLZ�[OL�OPNOLZ[
HTV\U[�VM�[OY\Z[� ;OPZ�PZ�KVUL�I`�ÄUKPUN�[OL�OPNOLZ[�WVZZPISL�[OY\Z[�JVLMÄJPLU[� HZ�H�M\UJ[PVU�VM HWWHYLU[
^PUK�KPYLJ[PVU� -VY�H�NP]LU�ZWLLK� HUK�H�NP]LU�[Y\L�^PUK�KPYLJ[PVU� [OL HWWHYLU[�^PUK�KPYLJ[PVU�PZ�MV\UK� HUK
[OL�JVYYLZWVUKPUN�TH_PT\T�[OY\Z[�JVLMÄJPLU[�PZ�\ZLK�[V�JHSJ\SH[L�[OL�[OY\Z[�MYVT�[OL�ZHPSZ� ;OL�ZPKL�MVYJL
MYVT�[OL�ZHPSZ�HYL�MV\UK�I`�\ZPUN�[OL�ZPKL�MVYJL�JVLMÄJPLU[�[OH[�JVYYLZWVUKZ�[V�[OL�TH_PT\T�[OY\Z[� HUK�[OL
IHSHUJL�IL[^LLU�[OL�ZHPSZ�HUK�[OL�O\SS�HYL�MV\UK�I`�U\TLYPJHSS`�ZVS]PUN�MVY�[OL�`H^�HUNSL�[OH[�WYVK\JLZ�[OL
ULJLZZHY`�ZPKL�MVYJL� ;OPZ�PZ�KVUL�I`�\ZPUN�I\PS[�PU�PU[LYWVSH[PVU�M\UJ[PVUZ�PU 4H[SHI

;OL�HKKLK�YLZPZ[HUJL�K\L�[V�`H^�PZ�KLÄULK�HZ�[OL�YLZPZ[HUJL�H[�[OL�`H^�HUNSL�[OL�NLULYH[LZ�LUV\NO�ZPKL
MVYJL�[V�IHSHUJL�[OL�ZPKL�MVYJL�MYVT�[OL�^PUN�ZHPSZ� TPU\Z�[OL�YLZPZ[HUJL�H[�aLYV�`H^�HUNSL� ;OL�LMMLJ[P]L
[OY\Z[� PZ�[OLU�KLÄULK�HZ�[OL�[OY\Z[�MYVT�[OL�^PUN�ZHPS� TPU\Z�[OL�HKKLK�YLZPZ[HUJL� ;OL�LMMLJ[P]L�[OY\Z[�
KP]PKLK�I`�[OL�YLZPZ[HUJL�MVY�aLYV�`H^�HUNSL�^PSS�[OLU�IL�H�^H`�[V�TLHZ\YL�[OL�LMMLJ[�VM�[OL�^PUN�ZHPSZ� 0M�[OPZ

��



]HS\L�PZ�VUL� [OL�^PUN�ZHPSZ�^PSS�WYV]PKL�LUV\NO�[OY\Z[�[V�W\ZO�[OL�ZOPW�MVY^HYK�H[�[OL�NP]LU�ZWLLK�HSVUL� 0M
[OL�]HS\L�PZ�SLZZ�[OHU�VUL� HU�LUNPUL�OHZ�[V�OLSW�

;OL�`H^�HUNSL�[OH[�JYLH[LZ�LUV\NO�ZPKL�MVYJL�[V�IHSHUJL�[OL�^PUN�ZHPS�PZ�Z[VYLK�MVY�WSV[[PUN� ;OPZ�^PSS�IL�H
M\UJ[PVU�VM�^PUK�KPYLJ[PVU� PU�[OL�ZHTL�^H`�[OH[�HZ�[OL�[OY\Z[� ;OL�ULJLZZHY`�]HS\L�VM 2. PZ�HSZV�JHSJ\SH[LK
HUK�Z[VYLK�MVY�WSV[[PUN� ;OPZ�PZ�H�M\UJ[PVU�VM�[OL�ZPKL�MVYJL� HUK�[OLYLI`�HSZV�H�M\UJ[PVU�VM�^PUK�KPYLJ[PVU�

����� =LSVJP[`�7YLKPJ[PVU

;OL�WYLKPJ[PVU�VM�ZOPW�]LSVJP[ �̀ ^P[O�H�NP]LU�^PUK�ZWLLK� PZ�ZSPNO[S`�TVYL�JVTW\[H[PVUHS�KLTHUKPUN� HZ�TVYL
P[LYH[PVUZ�OHZ�[V�IL�WLYMVYTLK�PU�VYKLY�[V�ÄUK�H�IHSHUJL� (Z�H�ÄYZ[�N\LZZ�VM�[OL�ZWLLK�VM�[OL�ZOPW� [OL
YLZPZ[HUJL�HUK�[OY\Z[�H[�aLYV�`H^�HUNSL� HUK�aLYV�ZOPW�ZWLLK�PZ�JHSJ\SH[LK� ;OPZ�]HS\L�MVY�[OL�ZOPW�ZWLLK�PZ
^YVUN� ^OPJO�THRLZ�[OL�]HS\L�MVY�[OL HWWHYLU[�^PUK�KPYLJ[PVU�^YVUN� ^OPJO�THRLZ�[OL�[OY\Z[�^YVUN� ;OL
YLZPZ[HUJL�PZ�VMM�JV\YZL�HSZV�^YVUN� HZ�`H^�HUNSLZ�HYL�UV[�`L[�JVUZPKLYLK� /V^L]LY� [OPZ�^VYRZ�HZ�H�NVVK
ÄYZ[�N\LZZ� ;OL�IHSHUJL�PZ�MV\UK�I`�ZPTWS`�P[LYH[PUN�\U[PS�[OL�JOHUNL�PU�WYLKPJ[LK�ZOPW�]LSVJP[`�MVYT�VUL
P[LYH[PVU�[V�[OL�UL_[�PZ�ZTHSS��SLZZ�[OHU������MVY�[OL�ZWLJPÄJ�WSV[Z�\ZLK�PU�JOHW[LY���� (U�\WKH[LK�]HS\L�VM
[OL�ZOPW�]LSVJP[`�THRLZ�MVY�H�IL[[LY�N\LZZ�MVY�[OL HWWHYLU[�^PUK�KPYLJ[PVU� ^OPJO�THRLZ�MVY�H�IL[[LY�N\LZZ
MVY�[OL�[OY\Z[� L[J� 0U�[OL�LUK� [OPZ�HWWYVHJO�NP]LZ�JVU]LYNLUJL�MVY�[OL�ZOPW�]LSVJP[ �̀ HUK�H�ZOPW�]LSVJP[`
JVYYLZWVUKPUN�[V�IHSHUJL�PU�^PUN�[OY\Z[�HUK�ZOPW�YLZPZ[HUJL� HUK�ZPKL�MVYJL�MYVT�ZOPW�HUK�^PUN�PZ�MV\UK�
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*OHW[LY��

;OL�7O`ZPJZ�VM�>PUN�:HPSZ�HUK�/V^�[V
4VKLS�P[

>PUN�ZHPSZ�HYL� HZ�[OL�UHTL�Z\NNLZ[� ]LY`�ZPTPSHY�[V�UVYTHS�^PUNZ� ;OL`�HYL�IV[O�SPM[PUN�Z\YMHJLZ� ^OPJO
PZ�KLÄULK�HZ�H�IVK`�[OH[�JHU�JYLH[L�H�MVYJL�UVYTHS�[V�[OL�PUJVTPUN�ÅV^�KPYLJ[PVU� P�L� SPM[� ;OL`�HYL�HSZV
ZPTPSHY�[V�UVYTHS�ZHPSZ� HZ�[OL`�JYLH[L�\ZLM\S�MVYJL�MYVT�[OL�^PUK�^OLU�ZVTL�JVTWVULU[�VM�[OL�[V[HS�MVYJL
WVPU[Z�PU�[OL�ZOPWZ�KPYLJ[PVU�VM�[YH]LS� P�L� [OY\Z[� ;OL�[OY\Z[�PZ�KLWLUKLU[�VU�[OL�ZWLLK�HUK�KPYLJ[PVU�VM�[OL
HWWHYLU[�^PUK� ;OL HWWHYLU[�^PUK�PZ�KLÄULK�HZ�[OL�Z\T�VM�[OL�[Y\L�^PUK�]LSVJP[`�HUK�[OL�PUJVTPUN�]LSVJP[`
K\L�[V�[OL�TV[PVU�VM�[OL�ZOPW� ;OL�HWWHYLU[�^PUK�OP[Z�[OL�ZHPS�H[�HU�HUNSL�YLSH[P]L�[V�[OL�KPYLJ[PVU�VM�[YH]LS�
HUK�SPM[�^PSS�IL�NLULYH[LK�UVYTHS�[V�[OL HWWHYLU[�^PUK� ^OPSL�KYHN�PZ�NLULYH[LK�WHYHSSLS�[V�[OL�HWWHYLU[�^PUK�
;OL�UVTLUHJS\YL�\ZLK�[V�KLZJYPIL�^PUN�ZHPSZ�HYL�[OL�ZHTL�HZ�[OL�VUL�\ZLK�[V�KLZJYPIL�UVYTHS�^PUNZ� (U
V]LY]PL^�VM�ZVTL�L_WYLZZPVUZ�HYL�NP]LU�PU�ÄN\YL�����

Height, H,
or span 
of wing

Planform of wing
Planform area = A

Chord, c

Wing profile

Trailing edge

Wing tip

Leading edge

-PN\YL ���! 5VTLUHJS\YL�\ZLK�[V�KLZJYPIL�^PUN�ZHPSZ
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0U�[OPZ�JOHW[LY� [OLYL�^PSS�ÄYZ[�IL�H�IYPLM�V]LY]PL^�VM�[OL�MVYJLZ�[OH[�HJ[�VU�H�^PUN�ZHPS� HUK�OV^�[OLZL�MVYJLZ
HYL�TVKLSLK�PU�[OPZ�WYVQLJ[� ;OLU�[OLYL�^PSS�IL�H�KPZJ\ZZPVU�HIV\[�[OL�KPMMLYLUJLZ�IL[^LLU�UVYTHS�HPYWSHUL
^PUNZ�HUK�^PUN�ZHPSZ� (S[OV\NO�[OL�ZPTPSHYP[PLZ�IL[^LLU�HPYWSHUL�^PUNZ�HUK�^PUN�ZHPSZ�HYL�Z[YPRPUN� [OLYL�HYL
H[�SLHZ[�VUL�M\UKHTLU[HS�KPMMLYLUJL� [OH[�ZOV\SK�OH]L�ZVTL�LMMLJ[�VU�[OL�KLZPNU�VM�[OL�^PUN�ZHPS� (M[LY�[OPZ
KPZJ\ZZPVU�ZLJ[PVU� ZVTL�ZPTWSL�U\TLYPJHS�L_WLYPTLU[Z�HYL�WLYMVYTLK�PU�VYKLY�[V�WPJR�H�MVPS�WYVÄSL�[V�\ZL
PU�[OL�^PUN�ZHPS�ZPT\SH[PVU�PU�[OPZ�WYVQLJ[� ;OPZ�^PSS�UV[�IL�HU�L_[LUZP]L�Z[\K`�VM�[OL�ZOHWL�VM�[OL�MVPS�WYVÄSL�
I\[�H�ML^�JHUKPKH[LZ�HYL�[LZ[LK� 0U�HKKP[PVU�[V�ÄUKPUN�H�MVPS�WYVÄSL� [OL��+ LMMLJ[Z�VU�[OL�^PUNZ�T\Z[�IL
KL[LYTPULK� HZ�[OPZ�PZ�RUV^U�[V�IL�VM�NYLH[�PTWVY[HUJL� 8\HU[PM`PUN�[OL�YLK\J[PVU�PU�SPM[� HUK�PUJYLHZL�PU�KYHN
K\L�[V��+ LMMLJ[Z�HYL�KVUL�^P[O�[OL�J\Z[VT )V\UKHY`�,SLTLU[�4L[OVK��),4� JVKL�MVY�IV[O�YLJ[HUN\SHY
^PUNZ�HSVUL� HUK���^PUNZ�PU�H�YV �̂ ;OL�^PUNZ�MVY�IV[O�[OL�JOLTPJHS�[HURLY�HUK�:LYPLZ����HYL�[LZ[LK� ;OL
KPTLUZPVUZ�VM�[OL�^PUNZ�^LYL�KL[LYTPULK�PU�[OL�PU[YVK\J[PVU� HUK�JHU�IL�ZLLU�PU�[HISL�����

��� -VYJLZ�MYVT�H�^PUN�ZHPS

>OLU�HPY�ÅV^Z�V]LY�H�^PUN� MVYJLZ�HYL�JYLH[LK� ;OL�JVU]LU[PVUHS�^H`�VM� SVVRPUN�H[� [OLZL�MVYJLZ�HYL�[V
KP]PKL�[OLT�PU�[^V� UHTLS` SPM[ HUK KYHN� +YHN�HJ[Z�PU�[OL�ZHTL�KPYLJ[PVU�HZ�[OL�PUJVTPUN�ÅV �̂ ^OPSL�SPM[�HJ[Z
WLYWLUKPJ\SHY�[V�[OL�PUJVTPUN�ÅV �̂ ;OPZ�PZ�[OL�TVZ[�UH[\YHS�^H`�VM�SVVRPUN�H[�^PUN�MVYJLZ�^OLU�VUL�HYL
[HSRPUN�HIV\[�HPYWSHULZ! SPM[�PZ�[OL�\ZLM\S�MVYJL�[OH[�RLLWZ�[OL�WSHUL�MYVT�MHSSPUN�[V�[OL�NYV\UK� ^OPSL�KYHN�PZ
[OL�ULNH[P]L�MVYJL� [OH[�JYLH[LZ�[OL�ULLK�MVY�IPN�QL[�LUNPULZ� -VY�H�^PUN�ZHPS� P[�PZ�TVYL�UH[\YHS�[V�KP]PKL�[OL
MVYJLZ�PU[V [OY\Z[ HUK ZPKL�MVYJL� ;OY\Z[�W\ZOLZ�[OL�ZOPW�MVY^HYK� ^OPSL�[OL�ZPKL�MVYJL�[YPLZ�[V�W\ZO�[V�ZOPW
ZPKL^H`Z� ;OY\Z[�HUK�ZPKL�MVYJL�JVUZPZ[Z�VM�IV[O�SPM[�HUK�KYHN� ^OLYL�[OL�YLSH[PVUZOPW�IL[^LLU�SPM[� KYHN�
[OY\Z[�HUK�ZPKL�MVYJL�HYL�KLWLUKLU[�VU�[OL HWWHYLU[�^PUK�KPYLJ[PVU�

����� 3PM[

3PM[� HS[OV\NO� PUOLYLU[S`�H�WOLUVTLUVU� [OH[�VUS`�L_PZ[�K\L� [V�]PZJVZP[ �̀ PZ�TVKLSLK�WYL[[`�HJJ\YH[LS`�I`
WV[LU[PHS�[OLVY �̀ H[�SLHZ[�MVY�ZTHSS�HUNSLZ�VM�H[[HJR��H�MHJ[�[OH[�PZ�JV]LYLK�PU�THU`�[L_[�IVVRZ� MVY�PUZ[HUJL
YLMLYLUJL�B�D�� )`�LUMVYJPUN�[OL 2\[[H�JVUKP[PVU H[�[OL�[YHPSPUN�LKNL�VM�H�^PUN� [OL�]PZJV\Z�LMMLJ[�[OH[�JYLH[LZ
SPM[�JHU�IL�JHW[\YLK�PU�HU�HJJ\YH[L�^H �̀ ;OL�2\[[H�JVUKP[PVU�ZH`Z�[OH[�[OL�ÅV^�T\Z[�SLH]L�[OL�[YHPSPUN�LKNL
VM�H�^PUN ZTVV[OS`� 6Y� [V�ZH`�P[� PU�H�HU�LX\P]HSLU[�^H �̀ [OL�YLHY�Z[HNUH[PVU�WVPU[�T\Z[�IL�H[�[OL�[YHPSPUN
LKNL� ;OPZ�PZ�[OL�VUS`�ZVS\[PVU�[V�H�WV[LU[PHS�ÅV^�HYV\UK�H�IVK`�^P[O�H�ZOHYW�[YHPSPUN�LKNL� [OH[�KVLZ�UV[
WYVK\JL�PUÄUP[L�]LSVJP[PLZ�H[�[OL�[YHPSPUN�LKNL� (S[OV\NO�[OLYL�PZ�UV�TLJOHUPZT�MVY�Z[VWWPUN�PUÄUP[L�]LSVJP[PLZ
PU�WV[LU[PHS�[OLVY`�HSVUL� ]PZJVZP[`�PU�[OL�YLHS�^VYSK�^PSS�HS^H`Z�THRL�Z\YL�[OPZ�KVLZ�UV[�OHWWLU��L]LU�[OV\NO
]LY`�SHYNL�]LSVJP[PLZ�JHU�OHWWLU�MVY�ZOVY[�WLYPVKZ�VM�[PTL� Z\JO�HZ�PU�[OL�Z[HY[\W�WLYPVK�VM�ÅV^�HYV\UK�^PUNZ
B�D��

-VY�ZTHSS�HUNSLZ�VM�H[[HJR� [OL�ÅV^�HYV\UK�H�^PUN�^PSS�IL�SPULHYS`�WYVWVY[PVUHS�[V�[OL�HUNSL�VM�H[[HJR� ;OH[�PZ�
HZ�SVUN�HZ�[OL�ÅV^�PZ�H[[HJOLK�[V�[OL�^PUN� HUK�ZLWHYH[PVU�OHWWLUZ�H[� VY�]LY`�JSVZL�[V� [OL�[YHPSPUN�LKNL�
WV[LU[PHS�[OLVY`�WYLKPJ[Z�HJJ\YH[L�SPM[� ^OPJO�PZ�SPULHY�HZ�H�M\UJ[PVU�VM�HUNSL�VM�H[[HJR� -VY�SHYNL�HUNSLZ�VM
H[[HJR� ZLWHYH[PVU�VJJ\YZ�H�KPMMLYLU[�WSHJL�[OHU�[OL�[YHPSPUN�LKNL� HUK�[OL�SPULHY�ILOH]PVY�Z[VWZ�

;OYLL�KPTLUZPVUHS�LMMLJ[Z�OH]L�SHYNL�PTWHJ[�VU�[OL�SPM[�MVYJLZ�MYVT�H�^PUN� ;OL�SPM[�MVYJL�OHWWLUZ�ILJH\ZL
VUL�ZPKL�VM�[OL�^PUN�OH]L�SV^�WYLZZ\YL� ^OPSL�[OL�V[OLY�OH]L�OPNO�WYLZZ\YL� ([�[OL�[PW�VM�[OL�^PUN� [OL�ÅV^
MYVT�[OL�OPNO�WYLZZ\YL�ZPKL�^PSS�ÅV^�HYV\UK�[OL�[PW�[V�[OL�SV^�WYLZZ\YL�ZPKL� ;OPZ�SV^LYZ�[OL�WYLZZ\YL�VU
[OL�OPNO�WYLZZ\YL�ZPKL� HUK�PUJYLHZLZ�[OL�WYLZZ\YL�VU�[OL�SV^�WYLZZ\YL�ZPKL� ^OPJO�PU�LMMLJ[�YLK\JLZ�[OL�SPM[�
(UV[OLY�^H`�VM�SVVRPUN�H[�P[�PZ�I`�JVUZPKLYPUN�[OL�MHJ[�[OH[�[OPZ�ÅV^�HYV\UK�[OL�^PUN�[PW�^PSS�JYLH[L�]VY[PJLZ�
0U�WV[LU[PHS�[OLVY �̀ H�]VY[L_�^PSS�PUK\JL�]LSVJP[PLZ� ^OPJO�OHWWLUZ�[V�IL�Z\JO�[OH[�[OL`�YLK\JL�[OL�LMMLJ[P]L
HUNSL�VM�H[[HJR�MVY�[OL�^PUN�

3PM[� PZ�X\HU[PÄLK�^P[O� SPM[�JVLMÄJPLU[Z� CL� =PZJV\Z�LMMLJ[Z�VU� SPM[�JHU�IL�HWWYV_PTH[LK�I`� SVVRPUN�H[� [OL
]PZJV\Z�LMMLJ[�VU�[OL�[^V�KPTLUZPVUHS�SPM[�JVLMÄJPLU[� CL,2D� 5LNSLJ[PUN�]PZJV\Z�LMMLJ[Z�^PSS�WYLKPJ[�H�[^V�
KPTLUZPVUHS�SPM[�JVLMÄJPLU[�LX\HS�[V 2πα� ^OLYL α PZ�[OL�HUNSL�VM�H[[HJR�MVY�[OL�^PUN� 0U�[OPZ�WYVQLJ[� ]PZJV\Z
LMMLJ[Z�VU�SPM[�^PSS�IL�WYLKPJ[LK�VU�[OL�[^V�KPTLUZPVUHS MVPS�WYVÄSL VM�[OL�^PUN� \ZPUN ?-603��^OPSL�[OL ),4

��



JVKL�^PSS�IL�\ZLK�[V�WYLKPJ[�[OYLL�KPTLUZPVUHS�LMMLJ[Z� ;OH[�PZ� [OL�MVSSV^PUN�L_WYLZZPVUZ�HWWS`!

CL =
3PM[

1
2ρAU

2
= CL,2D,viscous ·

CL,BEM

2πα
�����

����� +YHN

+YHN�VU�H�^PUN�JHU�IL�KP]PKLK�PU�[^V! ]PZJV\Z�KYHN�HUK�WV[LU[PHS�KYHN� (Z�^P[O�L]LY`[OPUN�L_PZ[PUN�PU�H
TV]PUN�Å\PK� ]PZJVZP[`�^PSS�JYLH[L�KYHN�MVYJLZ�VU�H�^PUN� ^P[O�VY�^P[OV\[�SPM[� :PUJL�H�^PUN�PZ�H�ZSLUKLY�IVK �̀
^OLYL�[OL�ÅV^�PZ�H[[HJOLK� [OPZ�]PZJV\Z�KYHN�MVYJL�^PSS�THPUS`�IL�K\L�[V�MYPJ[PVU�IL[^LLU�[OL�ÅV^�VM�HPY�HUK
[OL�^PUN�Z\YMHJL�

;OYLL�KPTLUZPVUHS�WV[LU[PHS�[OLVY`�HSZV�WYLKPJ[Z�KYHN� OV^L]LY� VUS`�MVY�H�^PUN�[OH[�JYLH[LZ�SPM[� ;OPZ�PZ�VM[LU
JHSSLK SPM[�PUK\JLK�KYHN VY ]VY[L_�KYHN HZ�[OL�KYHN�MVYJLZ�Z[LTZ�MYVT�[OL�PUK\JLK�]LSVJP[PLZ�[OH[�HYL�JYLH[LK
I`�[OL�]VY[PJLZ�[OH[�HYL�ZOLK�MYVT�^PUN�PU�[OL�WYVJLZZ�VM�JYLH[PUN�SPM[� ;OL�HJ[�VM�JYLH[PUN�SPM[� JYLH[LZ�]VY[PJLZ
H[�[OL�^PUN�[PWZ� ^OPJO�HS[LYZ�[OL�]LSVJP[`�ÄLSK�H[�[OL�^PUN�P[ZLSM� ^OPJO�HNHPU�OHZ�[OL�LMMLJ[�VM�	[PS[PUN	�[OL�SPM[
PU�[OL�KPYLJ[PVU�VM�[OL�PUJVTPUN�]LSVJP[ �̀ ;OPZ�OHZ�[OL�LMMLJ[�[OH[�[OL��+ MVYJL�]LJ[VY�OHZ�H�JVTWVULU[�PU�[OL
KPYLJ[PVU�VM�[OL�PUJVTPUN�ÅV �̂ P�L� KYHN�

( JVTTVU�TVKLS�MVY�SPM[�PUK\JLK�KYHN�PZ�[V�HZZ\TL�[OH[�P[�PZ�WYVWVY[PVUHS�[V�[OL�SPM[�JVLMÄJPLU[�ZX\HYLK� ;OPZ
PZ�IHZLK�VU�[OLVYL[PJHS� YLZ\S[Z� MVY�HU�LSSPW[PJ�^PUN� [OL�WSHUHY�^PUN�ZOHWL�[OH[�NP]LZ�[OL� SLHZ[�HTV\U[�VM
SPM[�PUK\JLK�KYHN� -VY�HU�LSSPW[PJ�^PUN� [OL�SPM[�PUK\JLK�KYHN�JVLMÄJPLU[�JHU�IL�^YP[[LU�HZ�MVSSV^Z!

CDi,elliptic =
+YHN�MYVT�WV[LU[PHS�[OLVY`

1
2ρAU2

=
C2

L

πAsp
�����

-VY�H�UVU�LSSPW[PJ�^PUN� [OL�NLULYHS�ILOH]PVY�^PSS�IL�[OL�ZHTL� P�L� WYVWVY[PVUHS�[V�[OL�SPM[�JVLMÄJPLU[�ZX\HYLK�
I\[�ZSPNO[S`�OPNOLY� ;OPZ�PZ�VM[LU�L_WYLZZLK�HZ�MVSSV^Z!

CDi,non−elliptic =
C2

L

πeAsp
=

C2
L

πAsp
(1 + δ) �����

;OL�]HS\L�VM δ PZ�VM[LU�ZTHSS� -VY�PUZ[HUJL� MVY�H�YLJ[HUN\SHY�^PUN� ^P[O (ZW�$���� δ $������ IHZLK�VU�KH[H
MYVT�YLMLYLUJL�B��D� ;OL�MHJ[VY e PZ�RUV^U�HZ�[OL�ZWHU�LMÄJPLUJ`�MHJ[VY� ;OL�ZWHU�LMÄJPLUJ`�MHJ[VY�PZ�VUS`
PUJS\KPUN�WV[LU[PHS�LMMLJ[Z� ;OL�]PZJV\Z�UH[\YL�VM�KYHN�PZ�HSZV�Z\JO�[OH[�P[�PZ�HWWYV_PTH[LS`�WYVWVY[PVUHS�[V
[OL�SPM[�JVLMÄJPLU[�ZX\HYLK� 0M�]PZJV\Z�LMMLJ[Z�HYL�PUJS\KLK�PU e� P[�PZ�VM[LU�JHSSLK�[OL 6Z^HSK�LMÄJPLUJ`�U\TILY
B��D�

-VY�[OPZ�WYVQLJ[� ]PZJV\Z�LMMLJ[Z�HYL�TVKLSLK�^P[O ?-603 I`�\ZPUN�PU[LNYHS�IV\UKHY`�SH`LY�[OLVY �̀ HUK�[OL
KH[H�MVY�H�JLY[HPU�̂ PUN�WYVÄSL� MVY�H�JLY[HPU�HUNSL�VM�H[[HJR� PZ�MV\UK�I`�PU[LYWVSH[PUN�[OL�YH^�KH[H�MYVT ?-603�
YH[OLY�[OHU�ÄUKPUN�H�]PZJV\Z�]HS\L�VM e� δ PZ�MV\UK�I`�\ZPUN�[OL ),4 JVKL� (Z δ PZ�YH[OLY�ZTHSS� [OL�L_HJ[
]HS\L�MVY δ PZ�UV[�]LY`�PTWVY[HU[� (JJ\YH[L�]HS\LZ�MVY�[OL�SPM[�JVLMÄJPLU[�OH]L�H�T\JO�IPNNLY�PUÅ\LUJL�VU�[OL
KYHN�]HS\LZ�[OHU�HJJ\YH[L�]HS\LZ�VM δ �ZLL�JOHW[LY�� MVY�]HSPKH[PVU�VM�[OL�SPM[�]HS\LZ�JHSJ\SH[LK�I`�[OL ),4
JVKL�� ;OL�JVTWSL[L�KYHN�TVKLS�MVY�^PUNZ�PU�[OPZ�WYVQLJ[�JHU�IL�^YP[[LU�HZ�MVSSV^Z!

CD =
+YHN

1
2ρAU

2
= CDv(MYVT�_MVPS,α) + C2

L

πAsp
(1 + δMYVT�),4) �����

/LYL� CDv PZ�[OL�]PZJV\Z�KYHN�JVLMÄJPLU[� HUK α PZ�[OL�HUNSL�VM�H[[HJR�MVY�[OL�^PUN�

��



����� ;OY\Z[�HUK�:PKL�-VYJL

;OL� [OY\Z[� HUK�ZPKL� MVYJL�HYL�NP]LU�^OLU� [OL� SPM[� HUK�KYHN� PZ� RUV^U� ;OY\Z[� HUK�ZPKL� MVYJL�HYL�VUS`�H
[YHUZMVYTH[PVU�VM�SPM[�HUK�KYHN�PU[V�H�UL^�JVVYKPUH[L�Z`Z[LT� >OLU�[HSRPUN�HIV\[�SPM[�HUK�KYHN� [OL�JVVYKPUH[L
Z`Z[LT�OHZ�[OL�_�H_PZ�WHYHSSLS�^P[O�[OL�PUJVTPUN�ÅV �̂ HUK�[OL�`�H_PZ�UVYTHS�[V�[OL�PUJVTPUN�ÅV �̂ >OLU
[HSRPUN�HIV\[�[OY\Z[�HUK�ZPKL�MVYJL� [OL�_�H_PZ�PZ�WVPU[LK�PU�[OL�KPYLJ[PVU�VM�[YH]LS�MVY�[OL�ZOPW� ;OH[�PZ� [V^HYKZ
[OL�IV �̂ ;OL�`�H_PZ�PZ�WVPU[LK�[V�[OL�WVY[�SLM[�ZPKL�VM�[OL�ZOPW� :LL�ÄN\YL���� MVY�H�]PZ\HS�L_WSHUH[PVU�

x

Apparent windy

Ship

Side force

Thrust
Lift
Drag θ

-PN\YL ���! 0SS\Z[YH[PVU�VM�[OL�YLSH[PVUZOPW�IL[^LLU�[OL�KPMMLYLU[�MVYJLZ�HJ[PUN�VU�H�^PUN�ZHPS

0U�TH[OLTH[PJZ� [OL�YLSH[PVUZOPW�IL[^LLU�SPM[� KYHN� [OY\Z[�HUK�ZPKL�MVYJL�^PSS�IL�HZ�MVSSV^Z!

;OY\Z[ = 3PM[ · ZPU θ − +YHN · JVZ θ �����
:PKL�-VYJL = −3PM[ · JVZ θ − +YHN · ZPU θ �����

;OL�[OY\Z[�PZ�Z`TTL[YPJ�HIV\[�[OL�_�H_PZ� ^OPSL�[OL�ZPKL�MVYJL�PZ�HU[P�Z`TTL[YPJ� ZV�PU�[OPZ�YLWVY[� [OY\Z[�HUK
ZPKL�MVYJL�HYL�VUS`�JHSJ\SH[LK�MVY θ ]HS\LZ�IL[^LLU���HUK�����KLNYLLZ�

0U�VYKLY�[V�THRL�[OL�[OY\Z[�HUK�ZPKL�MVYJL�UVU�KPTLUZPVUHS� JVLMÄJPLU[Z�HYL�\ZLK� Cx HYL�[OL�[OY\Z[�JVLMÄ�
JPLU[� ^OPSL Cy PZ�[OL�ZPKL�MVYJL�JVLMÄJPLU[� ;OL`�HYL�KLÄULK�HZ�MVSSV^Z!

Cx =
;OY\Z[
1
2ρAU

2
= CL ZPU θ − CD JVZ θ �����

Cy =
:PKL�MVYJL

1
2ρAU2

= −CL JVZ θ − CD ZPU θ �����

��� �

;OL�[OY\Z[�MYVT�H�^PUN�ZHPS�^PSS�IL�KLWLUKLU[�VU�[OL�HUNSL�VM�[OL HWWHYLU[�^PUK� ;OL�YLSH[PVUZOPW�IL[^LLU
HWWHYLU[�^PUK�HUK�[Y\L�^PUK�JHU�IL�ZLLU�PU�ÄN\YL�����

� 



β

US

UW

x

y

Ship

Uw,A
US = Incoming velocity due to ship movement
UW = True wind
Uw,A = Apparent wind θ

-PN\YL ���! 9LSH[PVUZOPW�IL[^LLU�^PUK� ZOPW�]LSVJP[`�HUK�HWWHYLU[�^PUK

;OL�]LSVJP[`�JVTWVULU[Z� HUK�HUNSL� VM�HWWHYLU[�^PUK� YLMLYYPUN�[V�ÄN\YL����� HYL�NP]LU�HZ�MVSSV^Z!

uw,A = −UW JVZβ − US ������
vw,A = −UW ZPUβ ������

θ = [HU−1

(
vw,A

uw,A

)
������

��� >PUN�:HPSZ�]Z�*VU]LU[PVUHS�>PUNZ

>OPSL�[OL�W\YWVZL�VM�H�UVYTHS�^PUN�PZ�[V�\ZL�[OL�SPM[�[V�JV\U[LY�[OL�W\SS�VM�LHY[OZ�NYH]P[`�VU�HU�HPYWSHUL� [OL
W\YWVZL�VM�H�^PUN�ZHPS�PZ�[V�W\ZO�[OL�ZOPW�MVY^HYK�HZ�MHZ[�HZ�WVZZPISL� ;OPZ�JYLH[LZ�VUL�PTWVY[HU[�KPMMLYLUJL�
^OPJO�OHZ�H�JVUZLX\LUJL�^OLU�P[�JVTLZ�[V�[OL�KLZPNU�VM�[OL�^PUN�

( UVYTHS�HPYWSHUL�^PUN�T\Z[�IL�KLZPNULK�PU�Z\JO�H�^H`�[OH[�PU�JHU�JYLH[L LUV\NO SPM[�[V�RLLW�[OL�HPYWSHUL
Å`PUN� +YHN�PZ�W\YLS`�H�ULNH[P]L�LMMLJ[�[OH[�PUJYLHZLZ�[OL�YLX\PYLK�WYVW\SZP]L�WV^LY� ;OPZ�TLHUZ�[OH[�HU
VW[PTHS�KLZPNU�VM�H�UVYTHS�HPYWSHUL�^PUN�JV\SK�IL�KLÄULK�HZ�[OL�^PUN�[OH[�JYLH[LZ LUV\NO SPM[� ^P[O�[OL
TPUPT\T HTV\U[�VM�KYHN��;OPZ�TPNO[�UV[�IL�[Y\L�MVY�TVYL�ZWLJPHS�HPYWSHULZ� Z\JO�HZ�ÄNO[LY�QL[Z� HJYVIH[PJ
WSHULZ�L[J� I\[�PZ�Ä[[PUN�MVY�H�WHZZLUNLY�JHYNV�HPYWSHUL�� ;OL�HTV\U[�VM�SPM[�[OH[�JHU�IL�JVUZPKLYLK LUV\NO
PZ�VMM�JV\YZL�KLWLUKLU[�VU�[OL�^LPNO[�VM�[OL�HPYWSHUL� ^OPJO�HSZV�PZ�KLWLUKLU[�VU�[OL�ZPaL�VMM�[OL�^PUN�
I\[�P[�^PSS�IL�H�ÄUP[L�HTV\U[� ;OLYL�L_PZ[�H�SPTP[�[V�OV^�T\JO�SPM[�[OLYL�PZ�ULJLZZHY`�[V�JYLH[L�MVY�H�UVYTHS
HPYWSHUL�^PUN� :PUJL�[OL�UH[\YL�VM�SPM[�PZ�Z\JO�[OH[�[OL�]LY`�HJ[�VM�SPM[PUN�HSZV�JYLH[LZ�KYHN� P[�Z�UV[�ULJLZZHYPS`
ILULÄJPHS� [V�\ZL�OPNO�SPM[�JVLMÄJPLU[�^PUNZ� +V\ISPUN�[OL� SPM[�JVLMÄJPLU[�YLK\JLZ�[OL�ULJLZZHY`�^PUN�HYLH
[V�OHSM� P[Z�VYPNPUHS�]HS\L� ^OPJO�HSZV� YV\NOS`�ZWLHRPUN� YLK\JLZ�[OL�]PZJV\Z�KYHN�[V�OHSM� P[Z�VYPNPUHS�]HS\L�
/V^L]LY� ZPUJL�[OL�SPM[�PUK\JLK�KYHN�PZ�WYVWVY[PVUHS�[V�[OL�SPM[�JVLMÄJPLU[�ZX\HYLK� KV\ISPUN�[OL�SPM[�JVLMÄJPLU[
^PSS�HJ[\HSS`�T\S[PWS`�[OL�SPM[�PUK\JLK�KYHN�JVLMÄJPLU[�I`�MV\Y� ;OL�^PUN�HYLH�PZ�J\[�PU�OHSM� I\[�[OPZ�VUS`�THRLZ
P[�ZV�[OH[�[OL�SPM[�PUK\JLK�KYHN�^PSS�IL�KV\ISLK� PUZ[LHK�VM�T\S[PWSPLK�I`�MV\Y� )LJH\ZL�VM�[OPZ� [OLYL�L_PZ[�HU
VW[PTHS�^PUN�HYLH� HUK�[OLYLI`�HU�VW[PTHS�SPM[�JVLMÄJPLU[� MVY�H�JLY[HPU�^PUN�KLZPNU�H[�H�JLY[HPU�ZWLLK� 6M[LU
[OPZ�YLZ\S[Z�PU�HU�VW[PTHS�SPM[�JVLMÄJPLU[�[OH[�PZ�YH[OLY�SV �̂ ;OPZ�JHU�MVY�PUZ[HUJL�IL�ZLLU�PM�VUL�Z[\KPLZ�[OL
TPK�ZWHU�MVPS�WYVÄSL�MVY�[OL�WHZZLUNLY�HPYWSHUL�)VLPUN����� ^OPJO�JHU�ZLLU�PU�ÄN\YL�����

��



�

�H� )VLPUN�����TPKZWHU�HPYMVPS� I���I�PS

�
�I� /PNO�SPM[�HPYMVPS� ,WWSLY�,���

-PN\YL ���! ,_HTWSL�VM�HPYWSHUL�^PUN�WYVÄSLZ� ZV\YJL! B��D

*VTWHYLK�[V�[OL�OPNO�SPM[�MVPS�WYVÄSL�,WWSLY�,���� [OPZ�MVPS�WYVÄSL�OHZ�]LY`�SP[[SL�JHTILY� HUK�[OLYLI �̀ ]LY`�SV^
SPM[�JVLMÄJPLU[������ ��HJJVYKPUN�[V ?-603���0M�[OL�SPM[�JVLMÄJPLU[�^HZ�OPNOLY� [OLYL�JV\SK�IL�H�ZTHSSLY�^PUN
HYLH� HUK�[OLYLI`�SV^LY�]PZJV\Z�KYHN� I\[�H�OPNOLY�SPM[�JVLMÄJPLU[�^V\SK�HSZV�PUJYLHZL�[OL�PUK\JLK�KYHN� HUK
V]LYHSS�[OLYL�PZ�WYVIHIS`�UV�ILULÄ[�PU�KVPUN�[OPZ��ZPUJL�)VLPUN�OHZ�KLJPKLK�[V�\ZL�[OPZ�ZWLJPÄJ�MVPS�� :V�[OL
NVHS�PZ�Q\Z[�[V�JYLH[L�LUV\NO�SPM[�̂ P[O�TPUPT\T�HTV\U[�VM�KYHN� HUK�[OLYL�PZ�H�SPTP[�[V�OV^�T\JO�SPM[�[OH[�ULLKZ
[V�IL�JYLH[LK� (Z�OPNO�SPM[�JVLMÄJPLU[Z�JYLH[LZ�OPNO�SPM[�PUK\JLK�KYHN� MVPS�WYVÄSLZ�MVY�HPYWSHULZ�^PSS�THU`�[PTLZ
OH]L�SV^�SPM[�JVLMÄJPLU[Z� ;OH[�PZ� [OL`�HYL 56; OPNO�SPM[�^PUNZ�

-VY�H�^PUN�ZHPS� [OL�Z[VY`�^PSS�IL�X\P[L�KPMMLYLU[� ;OPZ�OHZ�[V�KV�^P[O�[OL�MHJ[�[OH[�KYHN�P[ZLSM�OHZ�]LY`�SP[[SL
ULNH[P]L�LMMLJ[� -VY�PUZ[HUJL� PM�[OL HWWHYLU[�̂ PUK�KPYLJ[PVU� θ� PZ� ��KLNYLLZ� ^OPJO�TLHUZ�[OH[�[OL HWWHYLU[
^PUK�PZ�JVTPUN�KPYLJ[S`�MYVT�[OL�ZPKL�VM�[OL�ZOPW� [OL�KYHN�^PSS�UV[�OH]L�HU`�ULNH[P]L�LMMLJ[�VU�[OL�[OY\Z[�H[
HSS� 0M θ PZ�SHYNLY�[OHU� ��KLNYLLZ� [OL�KYHN�HJ[\HSS`�NP]LZ�WVZP[P]L�[OY\Z[� ;OL�VUS`�[PTL�KYHN�NP]LZ�ULNH[P]L
[OY\Z[�PZ�^OLU −90 < θ < 90� [OH[�PZ� ^OLU�[OL HWWHYLU[�^PUK�PZ�JVTPUN�MYVT�ZSPNO[S`�HOLHK�VM�[OL�ZOPW�

)\[�L]LU�PU�[OPZ�YHUNL� [OLYL�HYL�HYLHZ�^OLYL�KYHN�OH]L�SP[[SL�[V�ZH �̀ -VY |θ| > 45� JVZ θ < ZPU θ� ^OPJO
TLHUZ�[OH[�SPM[�PZ�NP]LU�TVYL�^LPNO[�[OHU�KYHN�PU�[OL�[OY\Z[�JVLMÄJPLU[�LX\H[PVU� LX\H[PVU����� 0U�HKKP[PVU�
SPM[� PZ� PU�NLULYHSS`�OPNOLY� [OHU�KYHN� HUK�NP]LZ�TVYL�JVU[YPI\[PVU�HU`^H �̀ (SS� PU�HSS� [OPZ�NP]LZ�H�ZP[\H[PVU
^OLYL�]LY`�OPNO�HUNSLZ�VM�H[[HJR� PZ� MH]VYHISL� MVY�THU`�VM� [OL�HWWHYLU[�^PUK�KPYLJ[PVUZ� 0U�VYKLY� [V� [LZ[
[OPZ� ]PZJV\Z�KH[H�MYVT ?-603 ^HZ�JVSSLJ[LK� MVY�[OL�MVPS�WYVÄSL�5(*( ����� H[�9L`UVSKZ�U\TILY�LX\HS�[V
��TPSSPVU��ZLL�ZLJ[PVU���� MVY�TVYL�VU�[OPZ�� ;OPZ�KH[H�^HZ�[OLU�\ZLK� [VNL[OLY�^P[O�LSSPW[PJ�^PUN�[OLVY`�MVY
[OYLL�KPTLUZPVUHS� SPM[�HUK�SPM[�PUK\JLK�KYHN� [V�I\PSK�H�^PUN�TVKLS�^OLYL�[OL�VW[PTHS�HUNSL�VM�H[[HJR�JHU
IL�JHSJ\SH[LK� ;OL�VW[PTPaH[PVU�PZ�KVUL�^P[O�IY\[L�MVYJL�PU 4H[SHI� ;OH[�PZ� THU`�HUNSLZ�HYL�[LZ[LK� ^P[O
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2D viscous drag
Elliptic, Asp = 10
Rectangular, Asp = 10
Elliptic, Asp = 5.34
Rectangular, Asp = 5.34
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Chemical tanker, scaled CFD results
Series 60, scaled EFD Data
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Chemical tanker
Series 60
Elliptic wing, Asp = 5
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*OHW[LY� 

-PUHS�+PZJ\ZZPVU�HUK�*VUJS\ZPVU

;OL�THPU�VIQLJ[P]L�VM�[OPZ�WYVQLJ[�^HZ�[V�NL[�HU�V]LY]PL^�VM�[OL�PTWVY[HU[�WO`ZPJHS�LMMLJ[Z�PU]VS]LK�^OLU
\ZPUN�^PUN�ZHPSZ�VU�H�ZOPW� :L]LYHS�WO`ZPJHS�LMMLJ[Z�OH]L�ILLU�L_WSVYLK� ,]LY`[OPUN�OHZ�UV[�ILLU�JV]LYLK
PU�P[Z�LU[PYL[ �̀ OV^L]LY� [OL�YLZ\S[Z�MYVT�[OPZ�WYVQLJ[�NP]LZ�HU�PKLH�VM�[OL�LMMLJ[Z�[OH[�^LYL�PU�X\LZ[PVU�ILMVYL
Z[HY[PUN�[OPZ�WYVQLJ[� ;OL�WYVQLJ[�OHZ�HSZV�NP]LU�[OL�H\[OVY�L_WLYPLUJL�PU�ZL]LYHS�TVKLSPUN�TL[OVKZ� )V[O
)V\UKHY`�,SLTLU[�4L[OVK��),4� HUK *VTW\[H[PVUHS�-S\PK�+`UHTPJZ��*-+� OH]L�ILLU�\ZLK� [VNL[OLY�^P[O
,_WLYPTLU[HS�-S\PK�+`UHTPJZ�+H[H��,-+ +H[H��MYVT�L_[LYUHS�ZV\YJLZ� +H[H�MYVT�[OLZL�KPMMLYLU[�ZV\YJLZ�OHZ
ILLU�W\[�[VNL[OLY� PU�VYKLY�[V�TVKLS�H�ZOPW� \ZPUN�^PUN�ZHPSZ�HZ�WYVW\SZPVU�

;̂ V�[LZ[�ZOPWZ�^LYL�JOVZLU� UHTLS`�H�JOLTPJHS�[HURLY� HUK�[OL�:LYPLZ����JVU[HPULY�ZOPW� 4HU �̀ HUK�SHYNL
^PUN�ZHPSZ�OH]L�ILLU�\ZLK� :WLJPÄJHSS �̀ LPNO[�^PUN�ZHPSZ�PU�H�YV �̂ [OH[�ULHYS`�JV]LYZ�[OL�LU[PYL�ZOPW�PU�ZHPSZ�
;OPZ�WYVIHIS`�NP]LZ�HU�VW[PTPZ[PJ�]HS\L�VM�[OL�[V[HS�ZHPS�HYLH� I\[�[OPZ�^HZ�KVUL�PU�VYKLY�[V�NP]L�SHYNL�MVYJLZ
MYVT�[OL�ZHPSZ� ZV�[OH[�WV[LU[PHS�O`KYVK`UHTPJ�LMMLJ[Z�ZOV\SK�IL�SHYNL�HZ�^LSS� 9LHSPZ[PJ�^PUK�ZWLLKZ�^LYL
HZZ\TLK� IHZLK�VU�^PUK�THWZ�JV]LYPUN�[OL�JVHZ[�VM�5VY^H`��ÄN\YL������ -VY�[OL�:LYPLZ����ZOPW� [OL�ZHPS
ZL[\W�^HZ�LUV\NO�[V�KYP]L�P[�H[�YLHSPZ[PJ�JHYNV�ZOPW�ZWLLKZ� 4VYL�[OHU����RUV[Z�JV\SK�IL�YLHJOLK� ^P[O�H
^PUK�ZWLLK�LX\HS�[V���T�Z��ÄN\YL��� �� 2LLWPUN�[OL�ZOPW�ZWLLK�JVUZ[HU[�H[������RUV[Z� [OL�^PUN�ZHPSZ�JV\SK
NP]L�LMMLJ[P]L�[OY\Z[�LX\HS�[V�����VM�[OL�[V[HS�YLZPZ[HUJL�VM�[OL�ZOPW��ÄN\YL������ ;OL�Z[VY`�MVY�[OL�JOLTPJHS
[HURLY�PZ�H�IP[�KPMMLYLU[� ([������RUV[Z� [OL�^PUN�ZHPSZ�NP]L�HU�LMMLJ[P]L�[OY\Z[�LX\HS�[V������VM�[OL�YLZPZ[HUJL
�ÄN\YL�����

6UL�YLHZVU�MVY�[OL�SHYNL�KPMMLYLUJL�IL[^LLU�[OL�[^V�ZOPWZ�JHU�WYVIHIS`�IL�K\L�[V�KPMMLYLUJL�PU�YLZPZ[HUJL�
;OL�:LYPLZ����ZOPW�PZ�H�ZSLUKLY�ZTHSS�ZOPW� ^OPSL�[OL�JOLTPJHS�[HURLY�PZ�H�^PKL� SHYNL�ZOPW� /V^L]LY� HUV[OLY
PTWVY[HU[�KPMMLYLUJL�PZ�[OL�KPMMLYLUJL�PU�[OY\Z[�JVLMÄJPLU[�MVY�[OL�KPMMLYLU[�ZHPS�ZL[\WZ� ;OL�:LYPLZ����^PUNZ�
OH]PUN�OPNOLY�HZWLJ[�YH[PV� NP]LZ�ZPNUPÄJHU[S`�OPNOLY�[OY\Z[�JVLMÄJPLU[Z��ÄN\YL������ ;OL�[OY\Z[�JVLMÄJPLU[
PZ�]LY`�KLWLUKLU[�VU�[OL�[OL� SPM[�JVLMÄJPLU[� ^OPJO�HNHPU� PZ�]LY`�KLWLUKLU[�VU�HZWLJ[�YH[PV� ;OL�KYHN�PZ
HSZV�KLWLUKLU[�VU�[OL�HZWLJ[�YH[PV� I\[�KYHN�PZ�SLZZ�PTWVY[HU[�MVY�[OL�[OY\Z[�JVLMÄJPLU[� HZ�[OL�KYHN�MVYJL
PZ�T\JO�ZTHSSLY� PU�]HS\L� 7V[LU[PHS�TVKLSPUN�VM� SPM[� KVUL�^P[O�[OL�J\Z[VT ),4 JVKL�KL]LSVWLK�MVY� [OPZ
WYVQLJ[� WYLKPJ[Z�Z[YVUN� PU[LYHJ[PVU�LMMLJ[Z�IL[^LLU�^PUN�ZHPSZ�Z[HUKPUN� PU�H� YV �̂ 0U� MHJ[� [OL� PU[LYHJ[PVU
LMMLJ[�WYLKPJ[LK�I` ),4 PZ�W\YLS`�ULNH[P]L� 0[�KLJYLHZLZ�[OL�SPM[� ^P[O�HZ�T\JO�HZ����� HUK�PUJYLHZLZ�[OL
KYHN� ^OPJO�HZ�T\JO�HZ������ÄN\YL����� HUK������� ^OPJO�HNHPU�KLJYLHZLZ�[OL�[OY\Z[��ÄN\YL������ 0[�ZLLTZ
[OH[�ZVTL�VM�[OL�ULNH[P]L�PU[LYHJ[PVU�LMMLJ[Z�JHU�IL�JV\U[LYLK�I`�[OL�MHJ[�[OH[�OPNOLY�HUNSLZ�VM�H[[HJR�JHU
IL�YLHJOLK�^P[OV\[�Z[HSSPUN�MVY�[OL�ZHPSZ�Z[HUKPUN�PU�H�YV �̂ JVTWHYLK�[V�ZHPSZ�Z[HUKPUN�HSVUL� OV^L]LY�[OPZ
LMMLJ[�OHZ�UV[�ILLU�PU]LZ[PNH[LK�WYVWLYS`�PU�[OPZ�WYVQLJ[�

( ^PUN�ZHPS� [OH[�JYLH[LZ� [OY\Z[�^PSS�HSZV� KLWLUKPUN�VU� [OL�^PUK�KPYLJ[PVU� JYLH[L�ZPKL� MVYJL�HUK�OLLSPUN
TVTLU[� ;OPZ�ZPKL�MVYJL�T\Z[�IL�IHSHUJLK�I`�[OL�O\SS� )LMVYL�Z[HY[PUN�[OPZ�WYVQLJ[� P[�^HZ�L_WLJ[LK�[OH[�[OPZ
^V\SK�IL�H�JOHSSLUNL� *YLH[PUN�SPM[�MYVT�HU`�SPM[PUN�Z\YMHJL�OHZ�[OL�ULNH[P]L�LMMLJ[�VM�HSZV�JYLH[PUN�SPM[�PUK\JLK
KYHN� (Z�H�UVYTHS�ZOPW�O\SS�OHZ�H�]LY`�SV^�HZWLJ[�YH[PV�HUK�H�OPNO�̂ PK[O� JVTWHYLK�[V�̂ PUNZ� P[�̂ HZ�L_WLJ[LK
[OH[�[OL�HKKLK�YLZPZ[HUJL�K\L�[V�`H^�^V\SK�SV^LY�[OL�LMMLJ[P]L�[OY\Z[�MYVT�[OL�^PUN�ZHPSZ�JVUZPKLYHIS �̀ ;OPZ
^HZ�MV\UK�[V�UV[�IL�LU[PYLS`�JVYYLJ[� :PKL�MVYJL�MYVT�[OL�^PUNZ�^PSS�UV[�JYLH[L�SHYNL�`H^�HUNSLZ� H[�SLHZ[�UV[
MVY�TVZ[�^PUK�KPYLJ[PVUZ�

)V[O�:LYPLZ����HUK�[OL�JOLTPJHS�[HURLY�L_WLYPLUJLZ�H�TH_PT\T�`H^�HUNSL�H[�HYV\UK���KLNYLLZ��ÄN\YL����
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HUK������PU�[OL�[LZ[�JHZLZ�\ZLK�PU�[OPZ�WYVQLJ[� I\[�VUS`�^OLU�NVPUN�OPNO�\W�HNHPUZ[�[OL�^PUK��HSTVZ[�OLHK
^PUK�� -VY�TVZ[�^PUK�KPYLJ[PVUZ�[OL�`H^�HUNSL�PZ�T\JO�ZTHSSLY� -VY�Z\JO�ZTHSS�`H^�HUNSLZ�[OLYL�^PSS�UV[�IL
T\JO�HKKLK�YLZPZ[HUJL�VU�[OL�ZOPW��ÄN\YL������ ;OPZ�Z\NNLZ[Z�[OH[�[`WPJHS�ZHPSIVH[�KL]PJLZ�Z\JO�HZ�RLLSZ
OH]L�SP[[SL�PUÅ\LUJL�VU�[OL�LMMLJ[P]L�[OY\Z[�MYVT�[OL�^PUN�ZHPS� HUK�[OLZL�KL]PJLZ�^LYL�[OLYLMVYL�UV[�TVKLSLK
PU�[OPZ�WYVQLJ[�

;OL�SHYNLZ[�ZPKL�MVYJLZ�MYVT�[OL�̂ PUNZ�HYL�ZSPNO[S`�SHYNLY�[OHU�[OL�[OL�SHYNLZ[�[OY\Z[��ÄN\YL����� HUK�JVTWHYPUN
SPM[�[V�KYHN�YH[PVZ�MVY�[OL�[^V�[LZ[�O\SSZ�[V�H�UVYTHS�^PUN��ÄN\YL�������Z\NNLZ[Z�[OH[�[OPZ�^V\SK�IL�H�WYVISLT�
)\[�[OLU�HNHPU� ^H[LY�PZ�HSTVZ[�H�[OV\ZHUK�[PTLZ�KLUZLY�[OHU�HPY� ^OPJO�TLHUZ�[OH[�L]LU�HU�PULMÄJPLU[�SPM[PUN
Z\YMHJL�JHU�JYLH[L�T\JO�SPM[�MVYJL�^P[OV\[�OH]PUN�H�SHYNL�`H^�HUNSL� 0U�HKKP[PVU� [OL�PUK\JLK�YLZPZ[HUJL�K\L
[V�ZPKL�MVYJL�SPM[�PZ�YV\NOS`�WYVWVY[PVUHS�[V�[OL�`H^�HUNSL�ZX\HYLK� ( ZTHSS�`H^�HUNSL�^PSS�[OLYLMVYL�TLHU�H
ZTHSS�HKKLK�YLZPZ[HUJL�K\L�[V�`H �̂ ;OL�HKKLK�YLZPZ[HUJL�K\L�[V�`H^�^PSS�UV[�IL�H�WYVISLT�^P[OV\[�SHYNL
`H^�HUNSLZ� ;OL�KPMMLYLUJL�PU�LMMLJ[P]L�[OY\Z[�H[�^PUK�KPYLJ[PVUZ�JSVZL�[V�OLHK�^PUK�PZ�OV^L]LY�YLSH[P]LS`
SHYNL� ;OL�WYVISLT�PZ�[OH[�[OL�^PUN�ZHPSZ�JHU�UV[�WYVK\JL�SHYNL�HTV\U[Z�VM�[OY\Z[�H[�[OLZL�^PUK�KPYLJ[PVUZ
HU`^H �̀ ZV�[OL�JVUZLX\LUJL�VM�`H^�ZLLTZ�ZTHSS� 0M�VUL�^PZOLZ�[V�PTWYV]L�[OL�WLYMVYTHUJL�VM�H�ZHPS�IVH[
^OPSL�NVPUN�OPNO�\W�HNHPUZ[�[OL�^PUK� `H^�^PSS�KLÄUP[LS`�IL�H�WYVISLT� 0M�MVY�PUZ[HUJL�[OL�[OY\Z[�MYVT�[OL
^PUN�ZHPS�PZ�JVUZPKLYHIS`�PUJYLHZLK� I`�\ZPUN�ZVTL�MVYT�VM�OPNO�SPM[�KL]PJL�VU�[OL�^PUN��ÅHWZ� SLHKPUN�LKNL
ZSV[Z� L[J�� [OL�ZPKL�MVYJL�^PSS�X\PJRS`�ILJVTL�H�WYVISLT� ;OL�OPNOLY�[OL�[OY\Z[�H[�[OLZL�^PUK�KPYLJ[PVUZ� [OL
OPNOLY�[OL�ZPKL�MVYJL� 0[�PZ�HSZV�ZLLU�[OH[�[OL�LMMLJ[�VM�`H^�ZLLTZ�[V�IL�SHYNLY�MVY�[OL�:LYPLZ����O\SS�[OHU�[OL
JOLTPJHS�[HURLY� ;OPZ�PZ�L_WSHPULK�I`�[OL�MHJ[�[OH[�H�SHYNLY�HTV\U[�VM�[OY\Z[�PZ�WYVK\JLK�MVY�[OL�:LYPLZ���
O\SS� JVTWHYLK�[V�[OL�YLZPZ[HUJL�VM�[OL�ZOPW� ;OL�:LYPLZ����O\SS�OHZ�TVYL�^PUN�WV^LY� ZV�[OL�WYVISLT�VM
`H^�ILJVTLZ�SHYNLY�

)HZLK�VU�[OPZ� [OLYL�ZLLTZ�[V�IL�[^V�[OPUNZ�VUL�JHU�KV�PU�VYKLY�[V�PTWYV]L�[OL�^PUN�ZHPS�[LJOUVSVN`! MVJ\Z
VU�PUJYLHZPUN�[OL�[OY\Z[�MYVT�[OL�^PUN�ZHPSZ� HUK�YLK\JPUN�[OL�YLZPZ[HUJL�VM�[OL�O\SS� /H]PUN�H�O\SS�^P[O�SV^
YLZPZ[HUJL�HUK�H�SV[�VM�^PUN�ZHPS�WV^LY�^V\SK�IL�NYLH[� /V^L]LY� [OPZ�^V\SK�SLHK�[V�H�ZP[\H[PVU�^OLYL�[OL
LMMLJ[�VM�`H^�JV\SK�TVYL�ZL]LYL� ZV�[OH[�KL]PJLZ�Z\JO�HZ�RLLSZ�JV\SK�IL�ULJLZZHY �̀ 0U�V[OLY�^VYKZ� L]LU�PM
[OL�`H^�LMMLJ[Z�HYL�UV[�ZL]LYL�MVY�[OL�ZOPW�O\SSZ�PU�[OPZ�WYVQLJ[� [OL�LMMLJ[Z�ZOV\SK�IL�T\JO�TVYL�PTWVY[HU[�PM
VUL�[YPLZ�[V�[HRL�HK]HU[HNL�VM�[OL�^PUK�WV^LY�H[�HSTVZ[�OLHK�^PUK�JVUKP[PVUZ� HZ�[OPZ�^V\SK�KLTHUK�TVYL
WV^LYM\S�^PUNZ� ^OPJO�^V\SK�JYLH[L�SHYNLY�ZPKL�MVYJLZ�

;OL�OLLSPUN�TVTLU[�MYVT�[OL�^PUN�T\Z[�IL�JV\U[LYLK�^P[O�H�YLZ[VYPUN�TVTLU[�MYVT�[OL�ZOPW�O\SS� 0U�[OPZ
WYVQLJ[� VUS`�ZPTWSL�Z[HIPSP[`�JHSJ\SH[PVUZ�HYL�KVUL� \ZPUN�PUP[PHS�Z[HIPSP[`�[OLVY �̀ HUK�ULNSLJ[PUN�THU`�WYHJ[PJHS
JVUZPKLYH[PVUZ� YLNHYKPUN�[YH]LSPUN�^P[O�H�OLLSPUN�HUNSL� ;OL�ULJLZZHY`�TH_PT\T�KPZ[HUJL�MYVT�[OL�RLLS�[V
[OL�JLU[LY�VM�NYH]P[`�PU�VYKLY�[V�JV\U[LY�[OL�OLLSPUN�TVTLU[�MYVT�[OL�̂ PUNZ� H[���KLN�OLLS�HUNSL� PZ�JHSJ\SH[LK
�ÄN\YL���� HUK������ ;OLZL�JHSJ\SH[PVUZ�Z\NNLZ[�[OH[�Z[HIPSP[`�PZ�UV[�H�IPN�WYVISLT�MVY�[OL�JOLTPJHS�[HURLY�
OV^L]LY�ZSPNO[S`�WYVISLTH[PJ� MVY� [OL�:LYPLZ����ZOPW� ;OL�JOLTPJHS� [HURLY�JHU�OH]L�[OL�JLU[LY�VM�NYH]P[`
HIV]L�KLJR�MVY�HSS�^PUK�KPYLJ[PVUZ� ^OPSL�:LYPLZ����T\Z[�OH]L�[OL�JLU[LY�VM�NYH]P[`�ILSV^�KLJR�MVY�HSS�^PUK
KPYLJ[PVUZ�PU�VYKLY�[V�TH_PTPaL�[OL�[OY\Z[�MYVT�[OL�^PUN�ZHPSZ� :[HIPSP[`�JHU�IL�PUJYLHZLK�I`�OH]PUN�H�^PKLY
O\SS� OV^L]LY� [OPZ�^PSS�HSZV�PUJYLHZL�[OL�YLZPZ[HUJL� (Z�[OL�WV^LY�VM�[OL�^PUK� L_[YHJ[LK�I`�^PUN�ZHPSZ� HYL�H
ZJHYJL�YLZV\YJL� OPNO�Z[HIPSP[`�JV\SK�JVTL�^P[O�H�SHYNL�ULNH[P]L�JVUZLX\LUJL�HZ�^LSS� 0U�HKKP[PVU�[V�[OPZ�P[
PZ�PTWVY[HU[�[V�JVUZPKLY�[OH[�^PUN�ZHPSZ�^PSS�YHPZL�[OL�JLU[LY�VM�NYH]P[`�HZ�[OL`�HYL�Z[Y\J[\YLZ�[OH[�ULJLZZHYPS`
T\Z[�L_PZ[�HIV]L�[OL�KLJR� ;OPZ�JV\SK�SLHK�[V�Z[HIPSP[`�WYVISLTZ�

;OL�O`KYVK`UHTPJ�LMMLJ[�VM�NVPUN�^P[O�H�OLLS�HUNSL� PZ� MV\UK�[V�UV[�IL�ULNH[P]L� )V[O�TVKLS�[LZ[Z� HUK
*-+ YLZ\S[Z�Z\NNLZ[�[OH[�[OLYL�PZ�WYHJ[PJHSS`�UV�PUJYLHZL�PU�YLZPZ[HUJL�^OLU�NVPUN�^P[O�H�OLLS�HUNSL�HSVUL
�ZLJ[PVU������ ;OPZ�PZ�ZSPNO[S`�JVU[YHY`�[V�[OL�`HJO[�SP[LYH[\YL� 0[�TPNO[�IL�[OL�JHZL�[OH[�UVYTHS�ZHPSPUN�IVH[Z�
OH]PUN�H�̂ PKL�[YHUZVT�Z[LYU� JYLH[L�TVYL�YLZPZ[HUJL�̂ OPSL�NVPUN�H[�H�OLLS�HUNSL�[OHU�H�JHYNV�ZOPW� /V^L]LY�
UVYTHS�ZHPSIVH[Z�WYVIHIS`�OH]L�[OL�^PKL�[YHUZVT�Z[LYU�MVY�H�YLHZVU� 0[�ZOV\SK�MVY�PUZ[HUJL�OLSW�^P[O�[OL
Z[HIPSP[`�VM�[OL�ZOPW�PU�HU�LMMLJ[P]L�THUULY� 0[�JV\SK�IL�[OL�JHZL�[OH[�PUJYLHZPUN�[OL�Z[HIPSP[`�^PSS�PUJYLHZL�[OL
JVUZLX\LUJL�VM�OLLS�

( SHYNL�WVY[PVU�VM� [OL� [PTL�ZWLU[�VU� [OPZ�WYVQLJ[�^HZ�\ZLK�VU�KL]LSVWPUN� [OL�J\Z[VT ),4 JVKL� ;OPZ
),4 JVKL�JHU�TVKLS�SPM[PUN�Z\YMHJLZ�\ZPUN�JVUZ[HU[�]HS\L�WV[LU[PHS�WHULSZ�HUK�H�WV[LU[PHS�^HRL� ;OYV\NO
JVTWHYPZVU�̂ P[O�L_WLYPTLU[HS�KH[H�MVY�SPM[� HUK�[OLVYL[PJHS�]HS\LZ�MVY�SPM[�PUK\JLK�KYHN� [OL�JVKL�̂ HZ�]HSPKH[LK
[V�WYLKPJ[�HJJ\YH[L� YLZ\S[Z� MVY�H�ZPUNSL�^PUN� ;OL�WYLZZ\YL�KPZ[YPI\[PVUZ�HYV\UK�^PUNZ�HUK�J`SPUKLYZ�HYL
JVTWHYLK�[V�[OLVYL[PJHS�HUK�V[OLY�U\TLYPJHS�YLZ\S[Z� HUK�[OL`�ZOV^�NVVK�HNYLLTLU[� ;OL�ZWLLK�VM�[OL�JVKL
^HZ�ZPNUPÄJHU[S`�PUJYLHZLK�[OYV\NO�[OL�\ZL�VM 6WLU�*VTW\[PUN�3HUN\HNL��6WLU*3���^OPJO�JHU�L_LJ\[L

 �



[OL�ZHTL�JVKL�VU�HU`�WHYHSSLS�JVTW\[H[PVUHS�KL]PJL� PU�H�TVKLYU�JVTW\[LY� ;OL�VWLU�ZV\YJL�ZVM[^HYL
)SLUKLY�^HZ�\ZLK�[V�JYLH[L�HUK�THUHNL��+ TVKLSZ� 0[�^VYRZ�HZ�IV[O��+ RLYULS�^OPSL�Y\UUPUN�H�JVKL� HUK
H�WSH[MVYT�MVY�WVZ[�WYVJLZZPUN� ;OPZ�HWWYVHJO�THKL�P[�LHZPLY�[V�KLHS�^P[O�[OL��+ NLVTL[Y`�PU�NLULYHS� HSS
[OL�^H`�MYVT�I\PSKPUN�P[� ^VYRPUN�^P[O�P[� [V�THRPUN�[OL�YLZ\S[Z�]PZPISL�PU�HU�\UKLYZ[HUKHISL�^H`�HM[LY�[OL
ZPT\SH[PVU�^HZ�JVTWSL[L�

 �



*OHW[LY���

-\Y[OLY�>VYR

(Z�[OPZ�WYVQLJ[�PZ�Z\WWVZLK�[V�IL�JVU[PU\LK�PU�H�7O+ WYVQLJ[� [OPZ�ZLJ[PVU�^PSS�HJ[\HSS`�IL�VM�NYLH[�PTWVY[HUJL
MVY�[OL�H\[OVY� 4HU`�[OPUNZ�OH]L�UV[�ILLU�L_WSVYLK� HUK�[OL�H\[OVY�ZLLZ�WVZZPIPSP[PLZ�MVY�THU`�PU[LYLZ[PUN
YLZLHYJO�VWWVY[\UP[PLZ�VU�[OL� [VWPJ�VM�^PUN�ZHPS�KYP]LU�JHYNV�ZOPWZ� ( IL[[LY�\UKLYZ[HUKPUN�VM� [OL�^PUN
ZHPS�PU[LYHJ[PVU�LMMLJ[Z�ZLLTZ�[V�IL�HU�PTWVY[HU[�Z[LW� ;OL�PU[LYHJ[PVU�LMMLJ[Z�HYL�ZLLU�[V�IL�Z[YVUN�PU�[OPZ
WYVQLJ[� I\[�[OLYL�PZ�H�]PZJV\Z�HZWLJ[�[V�[OL�PU[LYHJ[PVU�[OH[�OHZ�UV[�ILLU�TVKLSLK� 0U�HKKP[PVU� PUJYLHZPUN
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