


D Frequency Domain
Representation

D.1 Introduction

The structure’s response can be presented in time domain and in frequency domain. The
frequency domain has the advantage of providing a clear overview over the frequency
content of the response. It thus allows for comparisons of responses, which is not easily
possible in time domain because mathematically it is a superposition of randomly
shifted sinusoidally waves.

D.2 Frequency Spectra

A discrete time series of data points has a certain sample frequency fs, number of
samples N and duration T . Sample frequency and time step ∆t are related by

fs =
1

∆t
(D.1)

The time series can hence be represented by

tn = n∆t n = 1, ..., N (D.2)

The time step, number of samples and duration are related by

∆t =
T

N
(D.3)

In the frequency domain, the frequencies are defined as

fq = q∆f (D.4)

The lowest frequency in the considered frequency range fmin is simultaneously the
frequency resolution ∆f :

fmin = f1 = ∆f =
1

T
(D.5)

Equation (D.5) determines the relation between the smallest frequency fmin and the
simulation duration T . The longer the simulation duration is chosen, the smaller the
lowest frequency in the spectrum and the bigger the frequency resolution. The upper
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end of the frequency range fmax is usually chosen. Wind and wave excitation frequencies
do not exceed 0.5 Hz, which is therefore chosen as upper limit here. fmax is defined in
equation (D.6) [37].

fmax = fN/2 =
N

2T
(D.6)

With equations (D.1) and (D.3) a suitable sample frequency (and thus time step) can
be determined:

fs = 2fmax (D.7)

The sample frequency fs is thus (at least) 1 Hz. The number of samples N then
automatically follows from equation (D.3).
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E Matlab Code

E.1 Jacket Model with 96 DOF

% 2D jacket structure according to Vorpahl's UpWind Reference Jacket
% 96 DOF

clc
clear all
close all
tic

%% Input values

global eom f zeta omega k phase JS u c Cm Cd d f wi df wi phase list ...
V hub sigma1 nodcoor elemnod elemD elemSubm elemWind Kc

% Crack 'number'
cn = 8; % 1 to 8
cn str = num2str(cn-1);

% Time span of solution
fs = 1;
dt = 1/fs; % Sample size/time step
T = 1200;
t = 0:dt:T-dt; % [s]
N = length(t);

% Node coordinates
nodcoor = [-6.000 0.000;... % 1

-6.000 0.500;... % 2
-5.967 1.499;... % 3
-5.939 2.373;... % 4
-5.333 20.886;... % 5
6.000 0.000;... % 6
6.000 0.500;... % 7
5.967 1.499;... % 8
5.939 2.373;... % 9
5.333 20.886;... % 10
-4.820 36.578;... % 11
-4.385 49.878;... % 12
-4.016 61.151;... % 13
-4.000 61.650;... % 14
4.820 36.578;... % 15
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4.385 49.878;... % 16
4.016 61.151;... % 17
4.000 61.650;... % 18
0.000 12.127;... % 19
0.000 29.129;... % 20
0.000 43.542;... % 21
0.000 55.762;... % 22
0.000 61.650;... % 23
0.000 62.650;... % 24
0.000 73.650;... % 25
0.000 83.650;... % 26
0.000 95.650;... % 27
0.000 105.650;... % 28
0.000 115.650;... % 29
0.000 124.650;... % 30
0.000 129.650;... % 31
4.218 35.647]; % 32

nDOF = size(nodcoor,1)*3;

% Element nodes
elemnod = [ 1, 2; 2, 3; 3, 4; 4, 5;...

6, 7; 7, 8; 8, 9; 9,10;...
5,11; 11,12; 12,13; 13,14;...
10,15; 15,16; 16,17; 17,18;...
3, 8; 4,19; 9,19; 19, 5;...
19,10; 5,20; 10,20; 20,11;...
20,32; 32,15; 11,21; 15,21;...
21,12; 21,16; 12,22; 16,22;...
22,13; 22,17; 14,23; 23,18;...
23,24; 24,25; 25,26; 26,27;...
27,28; 28,29; 29,30; 30,31];

% Material properties
Es = 2.1e11; % [N/m2]
Ec = 3e10; % [N/m2]
rho s = 7850; % [kg/m3]
rho c = 2000; % [kg/m3]

elemE = [Es, Es, Es, Es,...
Es, Es, Es, Es,...
Es, Es, Es, Es,...
Es, Es, Es, Es,...
Es, Es, Es, Es,...
Es, Es, Es, Es,...
Es, Es, Es, Es,...
Es, Es, Es, Es,...
Es, Es, Ec, Ec,...
Es, Es, Es, Es,...
Es, Es, Es, Es];

elemrho = [rho s, rho s, rho s, rho s,...
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rho s, rho s, rho s, rho s,...
rho s, rho s, rho s, rho s,...
rho s, rho s, rho s, rho s,...
rho s, rho s, rho s, rho s,...
rho s, rho s, rho s, rho s,...
rho s, rho s, rho s, rho s,...
rho s, rho s, rho s, rho s,...
rho s, rho s, rho c, rho c,...
rho s, rho s, rho s, rho s,...
rho s, rho s, rho s, rho s];

% Member properties

% Jacket
D1 = 0.8;
D2 = 1.2;
D3 = 1.2;
D4 = 1.2;
t1 = 0.02;
t2 = 0.05;
t3 = 0.035;
t4 = 0.04;
A1 = pi/4*(D1ˆ2-(D1-2*t1)ˆ2);
A2 = pi/4*(D2ˆ2-(D2-2*t2)ˆ2);
A3 = pi/4*(D3ˆ2-(D3-2*t3)ˆ2);
A4 = pi/4*(D4ˆ2-(D4-2*t4)ˆ2);
I1 = pi/64*(D1ˆ4-(D1-2*t1)ˆ4);
I2 = pi/64*(D2ˆ4-(D2-2*t2)ˆ4);
I3 = pi/64*(D3ˆ4-(D3-2*t3)ˆ4);
I4 = pi/64*(D4ˆ4-(D4-2*t4)ˆ4);

% Tower
% Dt = [5.600/1.95; 5.577/1.95; 5.318/1.95; 5.082/1.95; 4.800/1.95;...
% 4.565/1.95; 4.329/1.95; 4.118/1.95; 4.000/1.95];
% tt = [0.032/2; 0.032/2.3; 0.030/2; 0.028/2; 0.024/2; 0.022/2; 0.020/2;...
% 0.030/2; 0.030/2];
Dt = [5.600/1; 5.577/1; 5.318/1; 5.082/1; 4.800/1; 4.565/1; 4.329/1;...

4.118/1; 4.000/1];
tt = [0.032/1; 0.032/1; 0.030/1; 0.028/1; 0.024/1; 0.022/1; 0.020/1;...

0.030/1; 0.030/1];
Dte = zeros(length(Dt)-1,1);
tte = zeros(length(Dt)-1,1);
At = zeros(length(Dt)-1,1);
It = zeros(length(Dt)-1,1);
for i = 2:length(Dt)

Dte(i-1) = (Dt(i-1)+Dt(i))/2;
tte(i-1) = (tt(i-1)+tt(i))/2;
At(i-1) = pi/4*(Dte(i-1)ˆ2-(Dte(i-1)-2*tte(i-1))ˆ2);
It(i-1) = pi/64*(Dte(i-1)ˆ4-(Dte(i-1)-2*tte(i-1))ˆ4);

end

% Transition piece
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b TP = 9.6; % [m]
h TP = 4; % [m]
l TP = 8; % [m]
I TP = b TP*h TPˆ3/12; % [m4]
m TP = 666000; % [kg]
A TP = m TP/(rho c*l TP); % [m2]

elemA = [A2, A2, A2, A2,...
A2, A2, A2, A2,...
A3, A3, A3, A3,...
A3, A3, A3, A3,...
A1, A1, A1, A1,...
A1, A1, A1, A1,...
A1, A1, A1, A1,...
A1, A1, A1, A1,...
A1, A1, A TP/2, A TP/2,...
At(1), At(2), At(3), At(4),...
At(5), At(6), At(7), At(8)];

% A1, A1, A TP/2.5, A TP/2.5,...

elemI = [I2, I2, I2, I2,...
I2, I2, I2, I2,...
I3, I3, I3, I3,...
I3, I3, I3, I3,...
I1, I1, I1, I1,...
I1, I1, I1, I1,...
I1, I1, I1, I1,...
I1, I1, I1, I1,...
I1, I1, I TP/2, I TP/2,...
It(1), It(2), It(3), It(4),...
It(5), It(6), It(7), It(8)];

% I1, I1, I TP/30, I TP/30,...

elemD = [D2, D2, D2, D2,...
D2, D2, D2, D2,...
D3, D3, D3, D3,...
D3, D3, D3, D3,...
D1, D1, D1, D1,...
D1, D1, D1, D1,...
D1, D1, D1, D1,...
D1, D1, D1, D1,...
D1, D1, 1, 1,...
Dt(1), Dt(2), Dt(3), Dt(4),...
Dt(5), Dt(6), Dt(7), Dt(8)];

elemSubm = ones(size(elemnod,1),1); % Element submerged? 0=false, 1=true
subm = [11,12,15,16,31:44];
elemSubm(subm) = 0; % Insert elements that are NOT submerged

elemWind = zeros(size(elemnod,1),1); % Subject to wind load? 0=false, 1=true
elemWind(37:44) = 1; % Insert elements that are subject to wind
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elemCrack = zeros(size(elemnod,1),1); % Element cracked? 0=false, 1=true
elemCrack(26) = 1;

Kc = [0, 0.00157821, 0.00871166, 0.0215477, 0.0320845, 0.0438089, 0.0502119,...
0.0560688]; % Crack depth (0.01 m 0.02 m 0.05 m 0.10 m 0.20 m 0.30 m 0.40 m)

Kc = Kc(cn);

%% System Matrices

% System mass and stiffness matrices M and K
[M,K] = SystemMatrices(nodcoor,elemnod,elemSubm,elemCrack,elemE,elemrho,...

elemA,elemI,elemD);

% Check for singularity of stiffness matrix separately in Mathematica

% Boundary conditions

% Top mass
% m RNA = 350000/10; % Top mass in [kg] (NREL 5 MW 350t RNA)
m RNA = 350000/1.5;
m R = 110000; % Rotor mass: 110,000 kg
m NA = 240000; % Nacelle mass: 240,000 kg
r R = 63; % Rotor diameter: 63 m
l NA = 14; % Length of nacelle: 14 m
h NA = 3.5; % Height of nacelle: 3.5 m
I R = m R*r Rˆ2/4;
I NA = 1/12*m NA*(l NAˆ2+h NAˆ2);
I RNA = I R + I NA;
% m top = 8000;
M(91,91) = M(91,91) + m RNA;
M(92,92) = M(92,92) + m RNA;
M(93,93) = M(93,93) + I RNA/3;

% Additional tower point masses
m t1 = 1900;
% m t1 = 500;
M(67,67) = M(67,67) + m t1;
M(68,68) = M(68,68) + m t1;

m t2 = 1400;
% m t2 = 300;
M(79,79) = M(79,79) + m t2;
M(80,80) = M(80,80) + m t2;

m t3 = 1000;
% m t3 = 200;
M(91,91) = M(91,91) + m t3;
M(92,92) = M(92,92) + m t3;

% Soil springs
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k x = 6.7821e+08; % Soil stiffness in x direction
k xr = 1.7969e+09; % Soil stifness coupling between x and r
k z = 2.1940e+09; % Soil stiffness in z direction
k r = 1.3061e+10; % Soil stiffness in rotational direction

K(1,1) = K(1,1) + k x; % Leg 1
K(2,2) = K(2,2) + k z;
K(3,3) = K(3,3) + k r;
K(1,3) = K(1,3) + k xr;
K(3,1) = K(3,1) + k xr;

K(16,16) = K(16,16) + k x; % Leg 2
K(17,17) = K(17,17) + k z;
K(18,18) = K(18,18) + k r;
K(16,18) = K(16,18) + k xr;
K(18,16) = K(18,16) + k xr;

% Rayleigh damping matrix
% C = zeros(size(M,1),size(M,1));
C = 0.0001*M + 0.0001*K;

% Soil dashpots
c x = 8.8800e+07; % Damping value in x direction
c z = 2.8727e+08; % Damping value in z direction
c r = 1.7101e+09; % Damping value in rotational direction
c xr = 2.3527e+08;

C(1,1) = C(1,1) + c x; % Leg 1
C(2,2) = C(2,2) + c z;
C(3,3) = C(3,3) + c r;
C(1,3) = C(1,3) + c xr;
C(3,1) = C(3,1) + c xr;

C(16,16) = C(16,16) + c x; % Leg 2
C(17,17) = C(17,17) + c z;
C(18,18) = C(18,18) + c r;
C(16,18) = C(16,18) + c xr;
C(18,16) = C(18,16) + c xr;

% Mass matrix
eom.M = M;
Mi = Mˆ(-1);
eom.Mi = Mi;

% Stiffness matrix
eom.K = K;

% Damping matrix
eom.C = C;

% Matrix multiplications
eom.MK = -eom.Mi * eom.K;
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eom.MC = -eom.Mi * eom.C;

%% Hydrodynamic load

% Irregular wave properties
Hs = 6; % Significant wave height [m]
Tp = 10; % Spectral peak period [s]
u c = 1; % Current velocity [m/s]
Cm = 1.6; % Inertia coefficient
Cd = 0.8; % Drag coefficient
d = 49.878; % Water depth [m]
fp = 1/Tp; % Spectral peak frequency [Hz]

% Frequency band
df = 0.001;
f = df:df:0.5;
% phase JS = 2*pi*rand(length(f),1); % Random phases
load('phase JS')

S JS = zeros(length(f),1);
zeta = zeros(length(f),1);
omega = zeros(length(f),1);
k = zeros(length(f),1);
eta = 0;

% JONSWAP spectrum
if Tp/sqrt(Hs) <= 3.6

gamma = 5;
elseif Tp/sqrt(Hs) > 3.6 && Tp/sqrt(Hs) <= 5

gamma = exp(5.75-1.15*Tp/sqrt(Hs));
else

gamma = 1;
end

for i = 1:length(f)

if f(i) <= fp
sigma = 0.07;

else
sigma = 0.09;

end

S JS(i) = 0.3125*Hsˆ2*Tp*(f(i)/fp)ˆ(-5)*(1-0.287*log(gamma))...

*exp(-1.25*(f(i)/fp)ˆ(-4))*gammaˆexp(-0.5*((f(i)-fp)/(sigma*fp))ˆ2);

zeta(i) = sqrt(2*S JS(i)*df); % Wave amplitude [m]
omega(i) = 2*pi*f(i); % Wave frequency [rad/s]
k(i) = kSolve(omega(i),d); % Wave number [rad/m]
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% Wave elevation
eta = eta + zeta(i)*sin(omega(i)*t+phase JS(i));

end

%% Wind load

% Wind properties
V hub = 12; % Mean wind speed at hub height
Iref = 0.12; % Turbulence intensity
sigma1 = Iref*(0.75*V hub+5.6); % Standard deviation (invariant with height)

% Frequency band
df wi = 0.001;
f wi = df wi:df wi:0.5;
% phase list = 2*pi*rand(10,length(f wi));
load('phase list')

S KM = zeros(length(f wi),1);
amp wi = zeros(length(f wi),1);
omega wi = zeros(length(f wi),1);
V var = 0;

z hub = 129.65;
if z hub-d < 60

Lk = 5.67*(z hub-d); % Integral scale parameter Lk
else

Lk = 8.1*42;
end
I = sigma1/V hub;

for j = 1:length(f wi)
S KM(j) = 4*Iˆ2*V hub*Lk/((1+6*f wi(j)*Lk/V hub)ˆ(5/3)); % Kaimal spectrum
amp wi(j) = sqrt(2*S KM(j)*df wi); % Wind amplitude [m/s]
omega wi(j) = 2*pi*f wi(j); % Wind frequency [rad/s]
V var = V var + amp wi(j)*sin(omega wi(j)*t+phase list(1,j));

end

V mean = V hub; % Mean wind speed at hub height
V = V mean + V var;

%% Force vector

f hydro = zeros(nDOF,N);
f wind = zeros(nDOF,N);
f total = zeros(nDOF,N);
for w = 1:N

v = t(w);
f hydro(:,w) = Hydro Morison irr lin(v);
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f wind(:,w) = Wind Morison lin(v);
f total(:,w) = f hydro(:,w) + f wind(:,w);

end

% Add harmonic force with f=0.305 Hz
A h = 50; % [N]
f h = 0.305; % [Hz]
omega h = 2*pi*f h; % [rad/s]
f harm = A h*sin(omega h*t);
f total(70,:) = f total(70,:) + f harm;

% Wave velocities and accelerations
u x1 = 0;
u z1 = 0;
u x2 = 0;
u z2 = 0;
a x1 = 0;
a z1 = 0;
a x2 = 0;
a z2 = 0;

x1 = -4.385;
z1 = 49.878;
for l = 1:length(f)

u x1 = u x1 + omega(l)*zeta(l)*cosh(k(l)*z1)/sinh(k(l)*d)...

*sin(omega(l)*t-k(l)*x1+phase JS(l));
u z1 = u z1 + omega(l)*zeta(l)*sinh(k(l)*z1)/sinh(k(l)*d)...

*cos(omega(l)*t-k(l)*x1+phase JS(l));
a x1 = a x1 + omega(l)ˆ2*zeta(l)*cosh(k(l)*z1)/sinh(k(l)*d)...

*cos(omega(l)*t-k(l)*x1+phase JS(l));
a z1 = a z1 - omega(l)ˆ2*zeta(l)*sinh(k(l)*z1)/sinh(k(l)*d)...

*sin(omega(l)*t-k(l)*x1+phase JS(l));
end

%% Solution

% 1) Initialise solution
n p = nDOF; % Number of forces
n d = nDOF; % Number of observations
x0 = zeros(2*nDOF,1); % Initial conditions

% Selection matrices
S v = zeros(n d,nDOF); % Velocity
S d = zeros(n d,nDOF); % Displacements
S p = eye(nDOF); % Forces
S a = eye(n d,nDOF); % Accelerations (all degrees of freedom)

% 2) Construct the (discrete-time) state-space matrices A, B, C and D
% System matrix A
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A c = [zeros(nDOF,nDOF) eye(nDOF); -Mi*K -Mi*C];
A = expm(A c*dt);

% Input matrix B
B c = [zeros(nDOF,n p); Mi*S p];
B = (A-eye(2*nDOF))*A cˆ(-1)*B c;

% Output matrix G
G = [S d-S a*Mi*K S v-S a*Mi*C];

% Direct transmission matrix J
J = S a*Mi*S p;

% Force matrix
p = f total;

% State matrices
state.A = A;
state.B = B;
state.G = G;
state.J = J;

% 3) Solve
x k = zeros(2*nDOF,N); % Preallocation
for time = 1:N

% Time update
if time==1

x k(:,time) = A*x0;
else

x k(:,time) = A*x k(:,time-1)+B*p(:,time-1);
end

end

% 4) Response determination
n d = nDOF; % Number of output positions
% Displacements
S d1 = eye(n d,nDOF);
S v1 = zeros(n d,nDOF);
S a1 = zeros(n d,nDOF);
G1 = [S d1-S a1*Mi*K S v1-S a1*Mi*C];
J1 = S a1*Mi*S p;
u k = G1*x k+J1*p; % Displacements [n d x N], here [nDOF x N]

% Velocities
S d2 = zeros(n d,nDOF);
S v2 = eye(n d,nDOF);
S a2 = zeros(n d,nDOF);
G2 = [S d2-S a2*Mi*K S v2-S a2*Mi*C];
J2 = S a2*Mi*S p;
v k = G2*x k+J2*p; % Velocities [n d x N], here [nDOF x N]
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% Accelerations
S d3 = zeros(n d,nDOF);
S v3 = zeros(n d,nDOF);
S a3 = eye(n d,nDOF);
G3 = [S d3-S a3*Mi*K S v3-S a3*Mi*C];
J3 = S a3*Mi*S p;
a k = G3*x k+J3*p; % Accelerations [n d x N], here [nDOF x N]

% 4) Save
% cd('C:\Users\s.brauer\Documents\01 Thesis\04 Model Setup\2 MATLAB\Solver\UpWind Jacket\Response\Results\Uncracked');
% dir = ['W:\Master Thesis\UpWind Jacket\Response\Results\Jacket 1\Cracked ' cn str '\1Hz'];
dir = ['W:\Master Thesis\UpWind Jacket\Response\Results\Jacket 1\Cracked ' cn str '\harmonic'];
% dir = ['W:\Master Thesis\UpWind Jacket\Response\Results\Jacket 1\Cracked ' cn str' '\10Hz'];
% dir = 'W:\Master Thesis\UpWind Jacket\Response\Results\Jacket 1\Uncracked\stat1';
cd(dir);

save('eom.mat','eom')
save('state.mat','state');
save('u k.mat','u k');
save('v k.mat','v k');
save('a k.mat','a k');
save('t.mat','t');
save('p.mat','p');
save('eta.mat','eta');
save('V.mat','V');

toc

E.2 Jacket Model with 312 DOF

% 2D jacket structure according to Vorpahl's UpWind Reference Jacket
% 312 DOF

clc
clear all
close all
tic

global eom f zeta omega k phase JS u c Cm Cd d f wi df wi phase list V hub...
sigma1 nodcoor elemnod elemD elemSubm elemWind Kc

%% Input values

% Crack 'number'
cn = 1; % 1 to 8
cn str = num2str(cn-1);

% Time span of solution
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fs = 300;
dt = 1/fs; % Sample size/time step
T = 1200;
t = 0:dt:T-dt; % [s]
N = length(t);

% Node coordinates
nodcoor = [-6.000 0.000;... % 1 -

-6.000 0.500;... % 2 -
-5.967 1.499;... % 3 -
-5.939 2.373;... % 4 -
-5.788 7.001;... % 5
-5.636 11.630;... % 6
-5.485 16.258;... % 7
-5.333 20.886;... % 8 -

6.000 0.000;... % 9 -
6.000 0.500;... % 10 -
5.967 1.499;... % 11 -
5.939 2.373;... % 12 -
5.788 7.001;... % 13
5.636 11.630;... % 14
5.485 16.258;... % 15
5.333 20.886;... % 16 -

-5.205 24.809;... % 17
-5.077 28.732;... % 18
-4.948 32.655;... % 19
-4.820 36.578;... % 20 -
-4.711 39.903;... % 21
-4.603 43.228;... % 22
-4.494 46.553;... % 23
-4.385 49.878;... % 24 -
-4.293 52.696;... % 25
-4.201 55.515;... % 26
-4.108 58.333;... % 27
-4.016 61.151;... % 28 -
-4.000 61.650;... % 29 -

5.205 24.809;... % 30
5.077 28.732;... % 31
4.948 32.655;... % 32
4.820 36.578;... % 33 -
4.711 39.903;... % 34
4.603 43.228;... % 35
4.494 46.553;... % 36
4.385 49.878;... % 37 -
4.293 52.696;... % 38
4.201 55.515;... % 39
4.108 58.333;... % 40
4.016 61.151;... % 41 -
4.000 61.650;... % 42 -
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-4.454 4.812;... % 43
-2.970 7.250;... % 44
-1.485 9.689;... % 45
4.454 4.812;... % 46
2.970 7.250;... % 47
1.485 9.689;... % 48

0.000 12.127;... % 49 -

-1.333 14.317;... % 50
-2.667 16.507;... % 51
-4.000 18.696;... % 52
1.333 14.317;... % 53
2.667 16.507;... % 54
4.000 18.696;... % 55

-4.000 22.947;... % 56
-2.667 25.008;... % 57
-1.333 27.068;... % 58
4.000 22.947;... % 59
2.667 25.008;... % 60
1.333 27.068;... % 61

0.000 29.129;... % 62 -

-1.205 30.991;... % 63
-2.410 32.854;... % 64
-3.615 34.716;... % 65
1.205 30.991;... % 66
2.410 32.854;... % 67
3.615 34.716;... % 68

-3.615 38.319;... % 69
-2.410 40.060;... % 70
-1.205 41.801;... % 71
3.615 38.319;... % 72
2.410 40.060;... % 73
1.205 41.801;... % 74

0.000 43.542;... % 75 -

-1.096 45.126;... % 76
-2.193 46.710;... % 77
-3.289 48.294;... % 78
1.096 45.126;... % 79
2.193 46.710;... % 80
3.289 48.294;... % 81

-3.289 51.349;... % 82
-2.193 52.820;... % 83
-1.096 54.291;... % 84
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3.289 51.349;... % 85
2.193 52.820;... % 86
1.096 54.291;... % 87

0.000 55.762;... % 88 -

-1.004 57.109;... % 89
-2.008 58.457;... % 90
-3.012 59.804;... % 91
1.004 57.109;... % 92
2.008 58.457;... % 93
3.012 59.804;... % 94

0.000 61.650;... % 95 -
0.000 62.650;... % 96 -
0.000 73.650;... % 97 -
0.000 83.650;... % 98 -
0.000 95.650;... % 99 -
0.000 105.650;... % 100 -
0.000 115.650;... % 101 -
0.000 124.650;... % 102 -
0.000 129.650;... % 103 -
4.218 35.647]; % 104

nDOF = size(nodcoor,1)*3;

% Element nodes
elemnod = [ 1, 2; 2, 3; 3, 4; 4, 5; 5, 6; 6, 7; 7, 8;... % Legs (1-14)

9,10; 10,11; 11,12; 12,13; 13,14; 14,15; 15,16;...
8,17; 17,18; 18,19; 19,20; 20,21; 21,22; 22,23; 23,24; 24,25;...
25,26; 26,27; 27,28; 28,29;... % Legs (15-40)
16,30; 30,31; 31,32; 32,33; 33,34; 34,35; 35,36; 36,37; 37,38;...
38,39; 39,40; 40,41; 41,42;...
4,43; 43,44; 44,45; 45,49;... % X-braces (41-104)
12,46; 46,47; 47,48; 48,49;...
49,50; 50,51; 51,52; 52, 8;...
49,53; 53,54; 54,55; 55,16;...
8,56; 56,57; 57,58; 58,62;...
16,59; 59,60; 60,61; 61,62;...
62,63; 63,64; 64,65; 65,20;...
62,66; 66,67; 67,68; 68,104; 104,33;...
20,69; 69,70; 70,71; 71,75;...
33,72; 72,73; 73,74; 74,75;...
75,76; 76,77; 77,78; 78,24;...
75,79; 79,80; 80,81; 81,37;...
24,82; 82,83; 83,84; 84,88;...
37,85; 85,86; 86,87; 87,88;...
88,89; 89,90; 90,91; 91,28;...
88,92; 92,93; 93,94; 94,41;...
3,11; 29,95; 95,42;... % Horizontal (105-107)
95,96; 96,97; 97,98; 98,99; 99,100; 100,101; 101,102; 102,103];

% Tower (108-115)
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% Material properties
Es = 2.1e11; % [N/m2]
Ec = 3e10; % [N/m2]
rho s = 7850; % [kg/m3]
rho c = 2000; % [kg/m3]

elemE = [Es, Es, Es, Es, Es, Es, Es, Es, Es, Es, Es, Es, Es, Es,...
Es, Es, Es, Es, Es, Es, Es, Es, Es, Es, Es, Es, Es,...
Es, Es, Es, Es, Es, Es, Es, Es, Es, Es, Es, Es, Es,...
Es, Es, Es, Es, Es, Es, Es, Es,...
Es, Es, Es, Es, Es, Es, Es, Es,...
Es, Es, Es, Es, Es, Es, Es, Es,...
Es, Es, Es, Es, Es, Es, Es, Es, Es,...
Es, Es, Es, Es, Es, Es, Es, Es,...
Es, Es, Es, Es, Es, Es, Es, Es,...
Es, Es, Es, Es, Es, Es, Es, Es,...
Es, Es, Es, Es, Es, Es, Es, Es,...
Es, Ec, Ec,...
Es, Es, Es, Es, Es, Es, Es, Es];

elemrho = [rho s, rho s, rho s, rho s, rho s, rho s, rho s,...
rho s, rho s, rho s, rho s, rho s, rho s, rho s,...
rho s, rho s, rho s, rho s, rho s, rho s, rho s, rho s,...
rho s, rho s, rho s, rho s, rho s, rho s, rho s, rho s,...
rho s, rho s, rho s, rho s, rho s,...
rho s, rho s, rho s, rho s, rho s,...
rho s, rho s, rho s, rho s, rho s, rho s, rho s, rho s,...
rho s, rho s, rho s, rho s, rho s, rho s, rho s, rho s,...
rho s, rho s, rho s, rho s, rho s, rho s, rho s, rho s,...
rho s, rho s, rho s, rho s, rho s, rho s, rho s, rho s, rho s,...
rho s, rho s, rho s, rho s, rho s, rho s, rho s, rho s,...
rho s, rho s, rho s, rho s, rho s, rho s, rho s, rho s,...
rho s, rho s, rho s, rho s, rho s, rho s, rho s, rho s,...
rho s, rho s, rho s, rho s, rho s, rho s, rho s, rho s,...
rho s, rho c, rho c,...
rho s, rho s, rho s, rho s, rho s, rho s, rho s, rho s];

% Member properties

% Jacket
D1 = 0.8;
D2 = 1.2;
D3 = 1.2;
D4 = 1.2;
t1 = 0.02;
t2 = 0.05;
t3 = 0.035;
t4 = 0.04;
A1 = pi/4*(D1ˆ2-(D1-2*t1)ˆ2);
A2 = pi/4*(D2ˆ2-(D2-2*t2)ˆ2);
A3 = pi/4*(D3ˆ2-(D3-2*t3)ˆ2);
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A4 = pi/4*(D4ˆ2-(D4-2*t4)ˆ2);
I1 = pi/64*(D1ˆ4-(D1-2*t1)ˆ4);
I2 = pi/64*(D2ˆ4-(D2-2*t2)ˆ4);
I3 = pi/64*(D3ˆ4-(D3-2*t3)ˆ4);
I4 = pi/64*(D4ˆ4-(D4-2*t4)ˆ4);

% Tower
% Dt = [5.600/1.95; 5.577/1.95; 5.318/1.95; 5.082/1.95; 4.800/1.95; 4.565/1.95;...
% 4.329/1.95; 4.118/1.95; 4.000/1.95];
% tt = [0.032/2; 0.032/2.3; 0.030/2; 0.028/2; 0.024/2; 0.022/2; 0.020/2;...
% 0.030/2; 0.030/2];
Dt = [5.600/1; 5.577/1; 5.318/1; 5.082/1; 4.800/1; 4.565/1; 4.329/1;...

4.118/1; 4.000/1];
tt = [0.032/1; 0.032/1; 0.030/1; 0.028/1; 0.024/1; 0.022/1; 0.020/1;...

0.030/1; 0.030/1];
Dte = zeros(length(Dt)-1,1);
tte = zeros(length(Dt)-1,1);
At = zeros(length(Dt)-1,1);
It = zeros(length(Dt)-1,1);
for i = 2:length(Dt)

Dte(i-1) = (Dt(i-1)+Dt(i))/2;
tte(i-1) = (tt(i-1)+tt(i))/2;
At(i-1) = pi/4*(Dte(i-1)ˆ2-(Dte(i-1)-2*tte(i-1))ˆ2);
It(i-1) = pi/64*(Dte(i-1)ˆ4-(Dte(i-1)-2*tte(i-1))ˆ4);

end

% Transition piece
b TP = 9.6; % [m]
h TP = 4; % [m]
l TP = 8; % [m]
I TP = b TP*h TPˆ3/12; % [m4]
m TP = 666000; % [kg]
A TP = m TP/(rho c*l TP); % [m2]

elemA = [A2, A2, A2, A2, A2, A2, A2, A2, A2, A2, A2, A2, A2, A2,...
A3, A3, A3, A3, A3, A3, A3, A3, A3, A3, A3, A3, A3,...
A3, A3, A3, A3, A3, A3, A3, A3, A3, A3, A3, A3, A3,...
A1, A1, A1, A1, A1, A1, A1, A1,...
A1, A1, A1, A1, A1, A1, A1, A1,...
A1, A1, A1, A1, A1, A1, A1, A1,...
A1, A1, A1, A1, A1, A1, A1, A1, A1,...
A1, A1, A1, A1, A1, A1, A1, A1,...
A1, A1, A1, A1, A1, A1, A1, A1,...
A1, A1, A1, A1, A1, A1, A1, A1,...
A1, A1, A1, A1, A1, A1, A1, A1,...
A1, A TP/2, A TP/2,...
At(1), At(2), At(3), At(4), At(5), At(6), At(7), At(8)];

elemI = [I2, I2, I2, I2, I2, I2, I2, I2, I2, I2, I2, I2, I2, I2,...
I3, I3, I3, I3, I3, I3, I3, I3, I3, I3, I3, I3, I3,...
I3, I3, I3, I3, I3, I3, I3, I3, I3, I3, I3, I3, I3,...
I1, I1, I1, I1, I1, I1, I1, I1,...
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I1, I1, I1, I1, I1, I1, I1, I1,...
I1, I1, I1, I1, I1, I1, I1, I1,...
I1, I1, I1, I1, I1, I1, I1, I1, I1,...
I1, I1, I1, I1, I1, I1, I1, I1,...
I1, I1, I1, I1, I1, I1, I1, I1,...
I1, I1, I1, I1, I1, I1, I1, I1,...
I1, I1, I1, I1, I1, I1, I1, I1,...
I1, I TP/2, I TP/2,...
It(1), It(2), It(3), It(4), It(5), It(6), It(7), It(8)];

elemD = [D2, D2, D2, D2, D2, D2, D2, D2, D2, D2, D2, D2, D2, D2,...
D3, D3, D3, D3, D3, D3, D3, D3, D3, D3, D3, D3, D3,...
D3, D3, D3, D3, D3, D3, D3, D3, D3, D3, D3, D3, D3,...
D1, D1, D1, D1, D1, D1, D1, D1,...
D1, D1, D1, D1, D1, D1, D1, D1,...
D1, D1, D1, D1, D1, D1, D1, D1,...
D1, D1, D1, D1, D1, D1, D1, D1, D1,...
D1, D1, D1, D1, D1, D1, D1, D1,...
D1, D1, D1, D1, D1, D1, D1, D1,...
D1, D1, D1, D1, D1, D1, D1, D1,...
D1, D1, D1, D1, D1, D1, D1, D1,...
D1, 1, 1,...
Dt(1), Dt(2), Dt(3), Dt(4), Dt(5), Dt(6), Dt(7), Dt(8)];

elemSubm = ones(size(elemnod,1),1); % Element submerged? 0=false, 1=true
subm = [23:27,36:40,90:116]; % Insert elements that are NOT submerged
elemSubm(subm) = 0;

elemWind = zeros(size(elemnod,1),1); % Element subject to wind load? 0=false, 1=true
elemWind(109:116) = 1; % Insert elements that are subject to wind

elemCrack = zeros(size(elemnod,1),1); % Element cracked? 0=false, 1=true
elemCrack(73) = 1;

Kc = [0, 0.00157821, 0.00871166, 0.0215477, 0.0320845, 0.0438089, 0.0502119,...
0.0560688]; % Crack depth (0.01 m 0.02 m 0.05 m 0.10 m 0.20 m 0.30 m 0.40 m)

Kc = Kc(cn);

%% System Matrices

% System mass and stiffness matrices M and K
[M,K] = SystemMatrices(nodcoor,elemnod,elemSubm,elemCrack,elemE,elemrho,...

elemA,elemI,elemD);

% Check for singularity of stiffness matrix separately in Mathematica

% Boundary conditions

% Top mass
% m RNA = 350000/10; % Top mass in [kg] (NREL 5 MW 350t RNA)
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m RNA = 350000/1.5;
m R = 110000; % Rotor mass: 110,000 kg
m NA = 240000; % Nacelle mass: 240,000 kg
r R = 63; % Rotor diameter: 63 m
l NA = 14; % Length of nacelle: 14 m
h NA = 3.5; % Height of nacelle: 3.5 m
I R = m R*r Rˆ2/4;
I NA = 1/12*m NA*(l NAˆ2+h NAˆ2);
I RNA = I R + I NA;
% m top = 8000;
M(307,307) = M(307,307) + m RNA;
M(308,308) = M(308,308) + m RNA;
M(309,309) = M(309,309) + I RNA/3;

% Additional tower point masses
m t1 = 1900;
% m t1 = 500;
M(283,283) = M(283,283) + m t1;
M(284,284) = M(284,284) + m t1;

m t2 = 1400;
% m t2 = 300;
M(295,295) = M(295,295) + m t2;
M(296,296) = M(296,296) + m t2;

m t3 = 1000;
% m t3 = 200;
M(307,307) = M(307,307) + m t3;
M(308,308) = M(308,308) + m t3;

% Soil springs
k x = 6.7821e+08; % Soil stiffness in x direction
k xr = 1.7969e+09; % Soil stifness coupling between x and r
k z = 2.1940e+09; % Soil stiffness in z direction
k r = 1.3061e+10; % Soil stiffness in rotational direction

K(1,1) = K(1,1) + k x; % Leg 1
K(2,2) = K(2,2) + k z;
K(3,3) = K(3,3) + k r;
K(1,3) = K(1,3) + k xr;
K(3,1) = K(3,1) + k xr;

K(25,25) = K(25,25) + k x; % Leg 2
K(26,26) = K(26,26) + k z;
K(27,27) = K(27,27) + k r;
K(25,27) = K(25,27) + k xr;
K(27,25) = K(27,25) + k xr;

% Rayleigh damping matrix
% C = zeros(size(M,1),size(M,1));
C = 0.0001*M + 0.0001*K;
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% Soil dashpots
c x = 8.8800e+07; % Damping value in x direction
c z = 2.8727e+08; % Damping value in z direction
c r = 1.7101e+09; % Damping value in rotational direction
c xr = 2.3527e+08;

C(1,1) = C(1,1) + c x; % Leg 1
C(2,2) = C(2,2) + c z;
C(3,3) = C(3,3) + c r;
C(1,3) = C(1,3) + c xr;
C(3,1) = C(3,1) + c xr;

C(25,25) = C(25,25) + c x; % Leg 2
C(26,26) = C(26,26) + c z;
C(27,27) = C(27,27) + c r;
C(25,27) = C(25,27) + c xr;
C(27,25) = C(27,25) + c xr;

% Mass matrix
eom.M = M;
Mi = Mˆ(-1);
eom.Mi = Mi;

% Stiffness matrix
eom.K = K;

% Damping matrix
eom.C = C;

% Matrix multiplications
eom.MK = -eom.Mi * eom.K;
eom.MC = -eom.Mi * eom.C;

%% Hydrodynamic load

% Irregular wave properties
Hs = 6; % Significant wave height [m]
Tp = 10; % Spectral peak period [s]
u c = 1; % Current velocity [m/s]
Cm = 1.6; % Inertia coefficient
Cd = 0.8; % Drag coefficient
d = 49.878; % Water depth [m]
fp = 1/Tp; % Spectral peak frequency [Hz]

% Frequency band
df = 0.001;
f = df:df:0.5;
% phase JS = 2*pi*rand(length(f),1); % Random phases
load('phase JS')
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S JS = zeros(length(f),1);
zeta = zeros(length(f),1);
omega = zeros(length(f),1);
k = zeros(length(f),1);
eta = 0;

% JONSWAP spectrum
if Tp/sqrt(Hs) <= 3.6

gamma = 5;
elseif Tp/sqrt(Hs) > 3.6 && Tp/sqrt(Hs) <= 5

gamma = exp(5.75-1.15*Tp/sqrt(Hs));
else

gamma = 1;
end

for i = 1:length(f)

if f(i) <= fp
sigma = 0.07;

else
sigma = 0.09;

end

S JS(i) = 0.3125*Hsˆ2*Tp*(f(i)/fp)ˆ(-5)*(1-0.287*log(gamma))...

*exp(-1.25*(f(i)/fp)ˆ(-4))*gammaˆexp(-0.5*((f(i)-fp)/(sigma*fp))ˆ2);

zeta(i) = sqrt(2*S JS(i)*df); % Wave amplitude [m]
omega(i) = 2*pi*f(i); % Wave frequency [rad/s]
k(i) = kSolve(omega(i),d); % Wave number [rad/m]

% Wave elevation
eta = eta + zeta(i)*sin(omega(i)*t+phase JS(i));

end

%% Wind load

% Wind properties
V hub = 12; % Mean wind speed at hub height
Iref = 0.12; % Turbulence intensity
sigma1 = Iref*(0.75*V hub+5.6); % Standard deviation (invariant with height)

% Frequency band
df wi = 0.001;
f wi = df wi:df wi:0.5;
% phase list = 2*pi*rand(10,length(f wi));
load('phase list')

S KM = zeros(length(f wi),1);
amp wi = zeros(length(f wi),1);
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omega wi = zeros(length(f wi),1);
V var = 0;

z hub = 129.65;
if z hub-d < 60

Lk = 5.67*(z hub-d); % Integral scale parameter Lk
else

Lk = 8.1*42;
end
I = sigma1/V hub;

for j = 1:length(f wi)
S KM(j) = 4*Iˆ2*V hub*Lk/((1+6*f wi(j)*Lk/V hub)ˆ(5/3)); % Kaimal spectrum
amp wi(j) = sqrt(2*S KM(j)*df wi); % Wind amplitude [m/s]
omega wi(j) = 2*pi*f wi(j); % Wind frequency [rad/s]
V var = V var + amp wi(j)*sin(omega wi(j)*t+phase list(1,j));

end

V mean = V hub; % Mean wind speed at hub height
V = V mean + V var;

%% Force vector

f hydro = zeros(nDOF,N);
f wind = zeros(nDOF,N);
f total = zeros(nDOF,N);
for w = 1:N

v = t(w);
f hydro(:,w) = Hydro Morison irr lin(v);
f wind(:,w) = Wind Morison lin(v);
f total(:,w) = f hydro(:,w) + f wind(:,w);

end

% Add harmonic force with w=0.305 Hz
% A h = 50; % [N]
% f h = 0.305; % [Hz]
% omega h = 2*pi*f h; % [rad/s]
% f harm = A h*sin(omega h*t);
% f total(70,:) = f total(70,:) + f harm;

% Wave velocities and accelerations
u x1 = 0;
u z1 = 0;
u x2 = 0;
u z2 = 0;
a x1 = 0;
a z1 = 0;
a x2 = 0;
a z2 = 0;
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x1 = -4.385;
z1 = 49.878;
for l = 1:length(f)

u x1 = u x1 + omega(l)*zeta(l)*cosh(k(l)*z1)/sinh(k(l)*d)...

*sin(omega(l)*t-k(l)*x1+phase JS(l));
u z1 = u z1 + omega(l)*zeta(l)*sinh(k(l)*z1)/sinh(k(l)*d)...

*cos(omega(l)*t-k(l)*x1+phase JS(l));
a x1 = a x1 + omega(l)ˆ2*zeta(l)*cosh(k(l)*z1)/sinh(k(l)*d)...

*cos(omega(l)*t-k(l)*x1+phase JS(l));
a z1 = a z1 - omega(l)ˆ2*zeta(l)*sinh(k(l)*z1)/sinh(k(l)*d)...

*sin(omega(l)*t-k(l)*x1+phase JS(l));
end

%% Solution

% 1) Initialise solution
n p = nDOF; % Number of forces
n d = nDOF; % Number of observations
x0 = zeros(2*nDOF,1); % Initial conditions

% Selection matrices
S v = zeros(n d,nDOF); % Velocity
S d = zeros(n d,nDOF); % Displacements
S p = eye(nDOF); % Forces
S a = eye(n d,nDOF); % Accelerations (all degrees of freedom)

% 2) Construct the (discrete-time) state-space matrices A, B, C and D
% System matrix A
A c = [zeros(nDOF,nDOF) eye(nDOF); -Mi*K -Mi*C];
A = expm(A c*dt);

% Input matrix B
B c = [zeros(nDOF,n p); Mi*S p];
B = (A-eye(2*nDOF))*A cˆ(-1)*B c;

% Output matrix G
G = [S d-S a*Mi*K S v-S a*Mi*C];

% Direct transmission matrix J
J = S a*Mi*S p;

% Force matrix
p = f total;

% State matrices
state.A = A;
state.B = B;
state.G = G;
state.J = J;
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% 3) Solve
x k = zeros(2*nDOF,N); % Preallocation
for time = 1:N

% Time update
if time==1

x k(:,time) = A*x0;
else

x k(:,time) = A*x k(:,time-1)+B*p(:,time-1);
end

end

% 4) Response determination
n d = nDOF; % Number of output positions
% Displacements
S d1 = eye(n d,nDOF);
S v1 = zeros(n d,nDOF);
S a1 = zeros(n d,nDOF);
G1 = [S d1-S a1*Mi*K S v1-S a1*Mi*C];
J1 = S a1*Mi*S p;
u k = G1*x k+J1*p; % Displacements [n d x N], here [nDOF x N]

% Velocities
S d2 = zeros(n d,nDOF);
S v2 = eye(n d,nDOF);
S a2 = zeros(n d,nDOF);
G2 = [S d2-S a2*Mi*K S v2-S a2*Mi*C];
J2 = S a2*Mi*S p;
v k = G2*x k+J2*p; % Velocities [n d x N], here [nDOF x N]

% Accelerations
S d3 = zeros(n d,nDOF);
S v3 = zeros(n d,nDOF);
S a3 = eye(n d,nDOF);
G3 = [S d3-S a3*Mi*K S v3-S a3*Mi*C];
J3 = S a3*Mi*S p;
a k = G3*x k+J3*p; % Accelerations [n d x N], here [nDOF x N]

% 4) Save
dir = ['W:\Master Thesis\UpWind Jacket\Response\Results\Jacket 2\Cracked ' cn str '\300Hz'];
cd(dir);

save('eom.mat','eom')
save('state.mat','state');
save('u k.mat','u k');
save('v k.mat','v k');
save('a k.mat','a k');
save('t.mat','t');
save('p.mat','p');
save('eta.mat','eta');
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save('V.mat','V');

toc

E.3 Function: Element Matrix

function [Me,Ke] = ElementMatrices(nodcoor,subm,crack,E,rho,A,I,D)
% ElementMatrices Establishes element stiffness and mass matrix
% nodcoor: Nodal coordinates [2x2 matrix]
% E: Young's modulus (assumed constant over length)
% A: Cross-section area (assumed constant over length)
% I: Area moment of inertia (assumed constant over length)
% rho: Material density (assumed constant over length)

global Kc

% Local coordinates
x1 = nodcoor(1,1);
x2 = nodcoor(2,1);
z1 = nodcoor(1,2);
z2 = nodcoor(2,2);

L = sqrt((x2-x1)ˆ2+(z2-z1)ˆ2); % Length [m]

% Stiffness and mass matrix
if ~crack % Element cracked?

Kr = 0;
else

Kr = Kc;
end

% Stiffness matrix with crack
a = A/(I*L);
b = 3*Krˆ2+6*Kr*L+4*Lˆ2;
c = 3*Krˆ2+6*Kr*L+2*Lˆ2;
Ke loc = E*I*[ a 0 0 -a 0 0;

0 12/Lˆ3 6/Lˆ2 0 -12/Lˆ3 6/Lˆ2;
0 6/Lˆ2 b/(L*(Kr+L)ˆ2) 0 -6/Lˆ2 c/(L*(Kr+L)ˆ2);

-a 0 0 a 0 0;
0 -12/Lˆ3 -6/Lˆ2 0 12/Lˆ3 -6/Lˆ2;
0 6/Lˆ2 c/(L*(Kr+L)ˆ2) 0 -6/Lˆ2 b/(L*(Kr+L)ˆ2)];

% a = A*Lˆ2/I;
% Ke loc = E*I/Lˆ3*[ a 0 0 -a 0 0; % Stiffness matrix
% 0 12 6*L 0 -12 6*L;
% 0 6*L 4*Lˆ2 0 -6*L 2*Lˆ2;
% -a 0 0 a 0 0;
% 0 -12 -6*L 0 12 -6*L;
% 0 6*L 2*Lˆ2 0 -6*L 4*Lˆ2];
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% Body mass matrix
Mbe loc = rho*A*L/420*[140 0 0 70 0 0;

0 156 22*L 0 54 -13*L;
0 22*L 4*Lˆ2 0 13*L -3*Lˆ2;

70 0 0 140 0 0;
0 54 13*L 0 156 -22*L;
0 -13*L -3*Lˆ2 0 -22*L 4*Lˆ2];

% Added mass matrix
if subm % Element submerged?

rho w = 1025; % Density of sea water [kg/m3]
Cm = 1.6; % Inertia coefficient (see also Morison equation)
Ca = Cm-1; % Added mass coefficient
V d = pi*Dˆ2/4*L; % Displaced volume [m3]

Mae loc = rho w*Ca*V d/420*[140 0 0 70 0 0;
0 156 22*L 0 54 -13*L;
0 22*L 4*Lˆ2 0 13*L -3*Lˆ2;
70 0 0 140 0 0;
0 54 13*L 0 156 -22*L;
0 -13*L -3*Lˆ2 0 -22*L 4*Lˆ2];

else
Mae loc = 0;

end

Me loc = Mbe loc + Mae loc; % Total mass matrix

% Transformation to global coordinate system
c = (x2-x1)/L;
s = (z2-z1)/L;

T = [c s 0 0 0 0;
-s c 0 0 0 0;
0 0 1 0 0 0;
0 0 0 c s 0;
0 0 0 -s c 0;
0 0 0 0 0 1];

Ke = T.'*Ke loc*T;
Me = T.'*Me loc*T;

E.4 Function: System Matrix

function [M,K] = SystemMatrices(nodcoor,elemnod,elemSubm,elemCrack,elemE,...
elemrho,elemA,elemI,elemD)

% SystemMatrices Establishes system stiffness and mass matrix
% nodcoor: List of nodal coordinates [nnod x 2 matrix]
% elemnod: List of element nodes [nelem x 2 matrix]
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% elemE: List of elements' Young's moduli
% elemA: List of elements' cross-section area
% elemI: List of elements' area moment of inertia
% elemrho: List of elements' material density

nnod = size(nodcoor,1);
nelem = size(elemnod,1);

M = zeros(3*nnod,3*nnod);
K = zeros(3*nnod,3*nnod);

for i = 1:nelem % Loop over all elements

% Global coordinates
nod1 = elemnod(i,1);
nod2 = elemnod(i,2);
eft = [3*nod1-2, 3*nod1-1, 3*nod1, 3*nod2-2, 3*nod2-1, 3*nod2];

% Local coordinates
elemnodcoor = [nodcoor(nod1,:); nodcoor(nod2,:)];

% Member's properties
E = elemE(i);
rho = elemrho(i);
A = elemA(i);
I = elemI(i);
D = elemD(i);

% Member submerged?
subm = elemSubm(i);

% Member cracked?
crack = elemCrack(i);

% Element matrices
[Me,Ke] = ElementMatrices(elemnodcoor,subm,crack,E,rho,A,I,D);

% Assembly to global matrices
for j = 1:6 % Loop over all rows of el. matrix

jj = eft(j); % jj: Global degree of freedom
for k = 1:6 % Loop over all columns of el. matrix

kk = eft(k); % kk: Global degree of freedom
M(jj,kk) = M(jj,kk) + Me(j,k);
K(jj,kk) = K(jj,kk) + Ke(j,k);

end
end

end

E.5 Function: Aerodynamic Load
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function f wind = Wind Morison lin(t)
% Calculates force vector
% t: Time [s]

global f wi df wi phase list V hub sigma1 d nodcoor elemnod elemD elemWind

rho w = 1.225; % Density of air [kg/m3]
Cd = 0.8; % Drag coefficient

% Automatic sizing of y vector
aa = size(nodcoor,1)*3;
fd = zeros(aa,1);
counter = 0;

nelem = size(elemnod,1); % Number of elements
for i = 1:nelem % Loop over all elements

% Global coordinates
nod1 = elemnod(i,1);
nod2 = elemnod(i,2);
eft = [3*nod1-2, 3*nod1-1, 3*nod1, 3*nod2-2, 3*nod2-1, 3*nod2];

if elemWind(i)
counter = counter+1;
phase KM = phase list(counter,:);

% Local coordinates
elemnodcoor = [nodcoor(nod1,:); nodcoor(nod2,:)];
x1 = elemnodcoor(1,1);
x2 = elemnodcoor(2,1);
z1 = elemnodcoor(1,2);
z2 = elemnodcoor(2,2);

nod hub = elemnod(end,2); % Assuming hub has always highest node number
z hub = nodcoor(nod hub,2);

S KM1 = zeros(length(f wi),1);
S KM2 = zeros(length(f wi),1);
amp wi1 = zeros(length(f wi),1);
amp wi2 = zeros(length(f wi),1);
omega wi = zeros(length(f wi),1);
V var1 = 0;
V var2 = 0;

alpha = 0.2;
V mean1 = V hub*((z1-d)/(z hub-d))ˆalpha; % Mean wind speed at node 1
V mean2 = V hub*((z2-d)/(z hub-d))ˆalpha; % Mean wind speed at node 2
I1 = sigma1/V mean1;
I2 = sigma1/V mean2;

if z1-d < 60
Lk1 = 5.67*(z hub-d); % Integral scale parameter Lk1
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else
Lk1 = 8.1*42;

end

if z2-d < 60
Lk2 = 5.67*(z hub-d); % Integral scale parameter Lk2

else
Lk2 = 8.1*42;

end

for k = 1:length(f wi)
% Kaimal spectrum node 1
S KM1(k) = 4*I1ˆ2*V mean1*Lk1/((1+6*f wi(k)*Lk1/V mean1)ˆ(5/3));
% Kaimal spectrum node 2
S KM2(k) = 4*I2ˆ2*V mean2*Lk2/((1+6*f wi(k)*Lk2/V mean2)ˆ(5/3));
amp wi1(k) = sqrt(2*S KM1(k)*df wi); % Wind amplitude [m/s]
amp wi2(k) = sqrt(2*S KM2(k)*df wi);
omega wi(k) = 2*pi*f wi(k); % Wind frequency [rad/s]
V var1 = V var1 + amp wi1(k)*sin(omega wi(k)*t+phase KM(k));
V var2 = V var2 + amp wi2(k)*sin(omega wi(k)*t+phase KM(k));

end

% Member's properties
D = elemD(i); % Member's diameter [m]
L = sqrt((x2-x1)ˆ2+(z2-z1)ˆ2); % Member's length

c = (x2-x1)/L; % cos(phi)
s = (z2-z1)/L; % sin(phi)

T = [c s 0 0 0 0; % Transformation matrix
-s c 0 0 0 0;
0 0 1 0 0 0;
0 0 0 c s 0;
0 0 0 -s c 0;
0 0 0 0 0 1];

% Drag force term
fd1 = 0.5*rho w*Cd*D * ((V mean1+V var1)*s) * abs((V mean1+V var1)*s);
fd2 = 0.5*rho w*Cd*D * ((V mean2+V var2)*s) * abs((V mean2+V var2)*s);

% Integration of linear wave force distribution
fd 1 = 1/20*(13*fd1-3*fd2)*L;
fd 2 = 1/60*(7*fd1-2*fd2)*Lˆ2;
fd 3 = 1/20*(17*fd1-7*fd2)*L;
fd 4 = 1/60*(-8*fd1+3*fd2)*Lˆ2;

fde = [0;fd 1;fd 2;0;fd 3;fd 4];

fde = T.'*fde; % Tranformation

else
fde = zeros(6,1);
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end

% Assembly to global force vector
for m = 1:6

mm = eft(m);
fd(mm) = fd(mm)+fde(m);

end
end

% 'Thrust' force
eft hub = [3*nod hub-2, 3*nod hub-1, 3*nod hub];
I = sigma1/V hub;
if z hub-d < 60

Lk = 5.67*(z hub-d); % Integral scale parameter Lk1
else

Lk = 8.1*42;
end

V var hub = 0;
S KM = zeros(length(omega wi),1);
amp wi = zeros(length(omega wi),1);
for p = 1:length(omega wi)

S KM(p) = 4*Iˆ2*V hub*Lk/((1+6*f wi(p)*Lk/V hub)ˆ(5/3));
amp wi(p) = sqrt(2*S KM(p)*df wi);
V var hub = V var hub + amp wi(p)*sin(omega wi(p)*t+phase KM(p));

end

V thr = V hub + V var hub; % Same as V

% 'Rotor' properties
Cd hub = 0.1; % Higher drag coefficient to account for rotor
D rot = 126; % Rotor diameter [m]
A rot = pi*D rotˆ2/4; % Rotor area [m2]

% Drag force term
fd hub = 0.5*rho w*Cd hub*A rot*V thr * abs(V thr); % Local

% Total global force vector
f wind = fd;
f wind(eft hub(1)) = f wind(eft hub(1)) + fd hub;

E.6 Function: Hydrodynamic Load

function f hydro = Hydro Morison irr lin(t)
% Calculates force vector
% t: Time [s]

global f zeta omega k phase JS u c Cm Cd d nodcoor elemnod elemD elemSubm

rho w = 1025; % Density of sea water [kg/m3]
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% Automatic sizing of y vector
aa = size(nodcoor,1)*3;
fi = zeros(aa,1);
fd = zeros(aa,1);

nelem = size(elemnod,1); % Number of elements
for j = 1:nelem % Loop over all elements

% Global coordinates
nod1 = elemnod(j,1);
nod2 = elemnod(j,2);
eft = [3*nod1-2, 3*nod1-1, 3*nod1, 3*nod2-2, 3*nod2-1, 3*nod2];

if elemSubm(j)

% Local coordinates
elemnodcoor = [nodcoor(nod1,:); nodcoor(nod2,:)];
x1 = elemnodcoor(1,1);
x2 = elemnodcoor(2,1);
z1 = elemnodcoor(1,2);
z2 = elemnodcoor(2,2);

% Wave velocities and accelerations
u x1 = 0;
u z1 = 0;
u x2 = 0;
u z2 = 0;
a x1 = 0;
a z1 = 0;
a x2 = 0;
a z2 = 0;

for l = 1:length(f)
u x1 = u x1 + omega(l)*zeta(l)*cosh(k(l)*z1)/sinh(k(l)*d)...

*sin(omega(l)*t-k(l)*x1+phase JS(l));
u z1 = u z1 + omega(l)*zeta(l)*sinh(k(l)*z1)/sinh(k(l)*d)...

*cos(omega(l)*t-k(l)*x1+phase JS(l));
u x2 = u x2 + omega(l)*zeta(l)*cosh(k(l)*z2)/sinh(k(l)*d)...

*sin(omega(l)*t-k(l)*x2+phase JS(l));
u z2 = u z2 + omega(l)*zeta(l)*sinh(k(l)*z2)/sinh(k(l)*d)...

*cos(omega(l)*t-k(l)*x2+phase JS(l));
a x1 = a x1 + omega(l)ˆ2*zeta(l)*cosh(k(l)*z1)/sinh(k(l)*d)...

*cos(omega(l)*t-k(l)*x1+phase JS(l));
a z1 = a z1 - omega(l)ˆ2*zeta(l)*sinh(k(l)*z1)/sinh(k(l)*d)...

*sin(omega(l)*t-k(l)*x1+phase JS(l));
a x2 = a x2 + omega(l)ˆ2*zeta(l)*cosh(k(l)*z2)/sinh(k(l)*d)...

*cos(omega(l)*t-k(l)*x2+phase JS(l));
a z2 = a z2 - omega(l)ˆ2*zeta(l)*sinh(k(l)*z2)/sinh(k(l)*d)...

*sin(omega(l)*t-k(l)*x2+phase JS(l));
end

128



% Member's properties
D = elemD(j); % Member's diameter [m]
A = 1/4*pi*Dˆ2; % Member's cross-section area [mˆ2]
L = sqrt((x2-x1)ˆ2+(z2-z1)ˆ2); % Member's length

c = (x2-x1)/L; % cos(phi)
s = (z2-z1)/L; % sin(phi)

T = [c s 0 0 0 0; % Transformation matrix
-s c 0 0 0 0;
0 0 1 0 0 0;
0 0 0 c s 0;
0 0 0 -s c 0;
0 0 0 0 0 1];

% Inertia force term
fi1 = rho w*Cm*A*(a x1*s+a z1*c);
fi2 = rho w*Cm*A*(a x2*s+a z2*c);

% Integration of linear wave force distribution from 0 to L
fi 1 = 1/20*(13*fi1-3*fi2)*L;
fi 2 = 1/60*(7*fi1-2*fi2)*Lˆ2;
fi 3 = 1/20*(17*fi1-7*fi2)*L;
fi 4 = 1/60*(-8*fi1+3*fi2)*Lˆ2;

fie = [0;fi 1;fi 2;0;fi 3;fi 4];

fie = T.'*fie; % Tranformation

% Drag force term
fd1 = 0.5*rho w*Cd*D * (u x1*s+u z1*c+u c*s) * abs(u x1*s+u z1*c+u c*s);
fd2 = 0.5*rho w*Cd*D * (u x2*s+u z2*c+u c*s) * abs(u x2*s+u z2*c+u c*s);

% Integration of linear wave force distribution
fd 1 = 1/20*(13*fd1-3*fd2)*L;
fd 2 = 1/60*(7*fd1-2*fd2)*Lˆ2;
fd 3 = 1/20*(17*fd1-7*fd2)*L;
fd 4 = 1/60*(-8*fd1+3*fd2)*Lˆ2;

fde = [0;fd 1;fd 2;0;fd 3;fd 4];

fde = T.'*fde; % Tranformation

else

fie = zeros(6,1);
fde = zeros(6,1);

end

% Assembly to global force vector
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for m = 1:6
mm = eft(m);
fi(mm) = fi(mm)+fie(m);
fd(mm) = fd(mm)+fde(m);

end

end

% Total global force vector
f hydro = fi+fd;

E.7 State-Space Representation

% Generate the discrete-time state space model and determine the filtered
% data by means of the Kalman filter

clear all
close all
clc

% Crack 'number'
cn = 8; % 1 to 8
cn str = num2str(cn-1);

% 1) Generate and load the data and add noise
% dir = ['W:\Master Thesis\UpWind Jacket\Response\Results\Jacket 1\Cracked ' cn str '\1Hz'];
dir = ['W:\Master Thesis\UpWind Jacket\Response\Results\Jacket 1\Cracked ' cn str '\harmonic'];
% dir = ['W:\Master Thesis\UpWind Jacket\Response\Results\Jacket 1\Cracked ' cn str '\10Hz'];

cd(dir);
load('eom.mat')
load('state.mat')
load('a k.mat')
load('t.mat') % Time/sample vector [N x 1]
load('p.mat') % Force matrix [nDOF x N]

A = state.A; % System matrix A
B = state.B; % Input matrix B

dt = t(2)-t(1); % Sample size/time step
nDOF = size(A,1)/2; % Number of degrees of freedom
N = size(t,2); % Number of samples
n p = nDOF; % Number of forces
n d = 3; % Number of observations

% 2) Create observation/measurement data
% Selection matrices
S d = zeros(n d,nDOF); % Velocity
S v = zeros(n d,nDOF); % Displacements
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S p = eye(nDOF); % Forces
S a = zeros(n d,nDOF); % Selection matrix for accelerations

a = a k; % Acceleration matrix [nDOF x N]
loc = [70 79 91]; % Degrees of freedom where measured [a1 a2 ...]
S a(1,loc(1)) = 1;
S a(2,loc(2)) = 1;
S a(3,loc(3)) = 1;
d = S a*a; % Observation matrix [n d x N]

% Add measurement noise
nl = 0.1; % Noise level
noise = zeros(n d,N);
d n = zeros(n d,N);
for ind = 1:n d

noise(ind,:) = nl*std(d(ind,:))*randn(1,N);
d n(ind,:) = d(ind,:) + noise(ind,:);

end

% 3) Construct the (discrete-time) state-space matrices A, B, C and D
Mi = eom.Mi; % Inverse mass matrix [nDOF x nDOF]
C = eom.C; % Damping matrix [nDOF x nDOF]
K = eom.K; % Stiffness matrix [nDOF x nDOF]

G = [S d-S a*Mi*K S v-S a*Mi*C]; % Output matrix G [n d x 2nDOF]
J = S a*Mi*S p; % Direct transmission matrix J [n d x nDOF]

% 4) State estimation
Q = 1e-5*eye(nDOF*2); % Process noise covariance matrix
R = 0.1*diag(std(noise,0,2)); % Measurement noise covariance matrix
x0 = zeros(nDOF*2,1); % Initial state estimate
P0 = 1e-3*eye(nDOF*2); % Initial state error covariance matrix

[x id,P id] = kalman filter(A,B,G,J,Q,R,P0,x0,p,d n); % x id [2nDOF x N]

% 5) Response prediction
n d = nDOF; % Number of output positions
% Displacements
S d1 = eye(n d,nDOF);
S v1 = zeros(n d,nDOF);
S a1 = zeros(n d,nDOF);
G1 = [S d1-S a1*Mi*K S v1-S a1*Mi*C];
J1 = S a1*Mi*S p;
u pr = G1*x id+J1*p; % Predicted displacements [n d x N], here [nDOF x N]

% Velocities
S d2 = zeros(n d,nDOF);
S v2 = eye(n d,nDOF);
S a2 = zeros(n d,nDOF);

131



G2 = [S d2-S a2*Mi*K S v2-S a2*Mi*C];
J2 = S a2*Mi*S p;
v pr = G2*x id+J2*p; % Predicted velocities [n d x N], here [nDOF x N]

% Accelerations
S d3 = zeros(n d,nDOF);
S v3 = zeros(n d,nDOF);
S a3 = eye(n d,nDOF);
G3 = [S d3-S a3*Mi*K S v3-S a3*Mi*C];
J3 = S a3*Mi*S p;
a pr = G3*x id+J3*p; % Predicted accelerations [n d x N], here [nDOF x N]

% Save
% dir = ['W:\Master Thesis\UpWind Jacket\Kalman filter\Results\Jacket 1\Cracked ' cn str '\1Hz'];
dir = ['W:\Master Thesis\UpWind Jacket\Kalman filter\Results\Jacket 1\Cracked ' cn str '\harmonic'];
% dir = ['W:\Master Thesis\UpWind Jacket\Kalman filter\Results\Jacket 1\Cracked ' cn str '\10Hz'];

cd(dir);
save('u pr.mat','u pr')
save('v pr.mat','v pr')
save('a pr.mat','a pr')
save('t.mat','t')
% save('P id.mat','P id')

E.8 Function: Kalman Filter

function [x f,P f] = kalman filter(A,B,C,D,Q,R,P0,x0,p,d)

% DISCRETE-TIME STATE-SPACE MODEL:
% x k+1 = A*x k + B*p k + w k
% d k = C*x k + D*p k + v k
% Q: process noise covariance [2*nDOF x 2*nDOF]
% R: measurement noise covariance [2*nDOF x 2*nDOF]
% x0: initial state estimate at t = 0 [2*nDOF x 1]
% P0: initial error covariance at t = 0 [2*nDOF x 2*nDOF]
% N: number of samples
% p: applied forces [n p x N]
% d: data vector [n d x N]

N = size(d,2); % Number of samples
nDOF = size(A,1)/2; % Number of degrees of freedom
x f = zeros(2*nDOF,N); % Preallocation
P f = zeros(2*nDOF,2*nDOF); % Preallocation

for k = 1:N
% Time update
if k==1

x f(:,k) = A*x0;
P f(:,:,k) = A*P0*A' + Q;

else
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x f(:,k) = A*x f(:,k-1)+B*p(:,k-1);
P f(:,:,k) = A*P f(:,:,k-1)*A' + Q;

end

% Measurement update
K k = P f(:,:,k)*C'*(C*P f(:,:,k)*C'+R)ˆ(-1);
x f(:,k) = x f(:,k) + K k*(d(:,k)-C*x f(:,k)-D*p(:,k));
P f(:,:,1) = P f(:,:,k) - K k*C*P f(:,:,k);

end
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Nomenclature

δu Virtual horizontal displacement [m]
ε Phase angle [rad]
A System matrix
A Cross-section area [m2]
ax Horizontal fluid acceleration [m/s2]
az Vertical fluid acceleration [m/s2]
B Curvature-displacement matrix
B Input matrix
B Strain-displacement matrix
C Local flexibility coefficient [rad/Nm]
CD Drag coefficient
CM Inertia coefficient
δw Vertical virtual displacement [m]
d Output/measurement vector
D Diameter [m]
D Diameter [m]
ε Strain [–]
E Young’s modulus [N/m2]
f Force vector
f Frequency [Hz]
fp Peak frequency [Hz]
G Output matrix
h Height [m]
Hs Significant wave height [m]
I Area moment of inertia [m4]
I Mass moment of inertia [kgm2]
J Direct transmission matrix
K Stiffness matrix
K Crack coefficient [m]
k Wave number [rad/m]
Kr Rotational spring coefficient [Nm/rad]
L Length [m]
lNA Length [m]
M Mass matrix
M Bending moment [Nm]
m Mass [kg]
N Shape function matrix
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N Normal force [N]
n Distributed axial line load [N/m]
nDOF Number of degrees of freedom
nd Number of outputs/measurements
np Number of inputs/forces
ω Wave frequency [rad/s]
P A posteriori error covariance
P− A priori error covariance
P0 Initial a posteriori error covariance
φ Rotation of neutral axis
φ Wave potential
ϕ Rotation angle [◦]
Q Process noise covariance
q Vertical distributed load [N/m]
R Measurement noise covariance
ρ Mass density [kg/m3]
σ Stress [N/m2]
T Transformation matrix
θ Rotation of the cross-section
t Time coordinate [s]
Tp Spectral peak period [s]
ü Horizontal acceleration [m/s2]
u̇ Horizontal velocity [m/s]
u̇rel Relative acceleration between water flow and structure’s motion [m/s2]
u Vector with degrees of freedom
u Horizontal displacement [m]
u Horizontal wave velocity [m/s]
urel Relative velocity between water flow and structure’s motion [m/s]
V Shear force [N]
Vr Rated wind speed [m/s]
w Vertical displacement [m]
w Vertical wave velocity [m/s]
w′ Slope of w
w′′ Curvature of w
x̂ A posteriori state estimate
x̂− A priori state estimate
x̂0 Initial state vector
x State vector
ξ Natural coordinate [–]
x Space coordinate [m]
ζ Wave elevation [m]
ζa Wave amplitude [m]
z Vertical space coordinate [m]
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