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Uncertainties in predicted extreme wave induced platform response

(Usikkerheter i estimert ekstrem blgeindusert plattformrespons.)

In connection with design of offshore structures two limit states, ULS and ALS,
have to be controlled to ensure a sufficient robustness against overload failure. The
characteristic environmental response involved in these limit states are defined in
terms of its annual probability of being exceeded, q. For ULS q = 10−2, while for
the accidental limit state, ALS, q = 10−4. In order to obtain consistent estimates
for such rare extremes, some sort of a long term analysis, accounting properly for
all sources of inherent randomness, should be carried out.

In the following the investigation shall be limited to wave induced response. The
basic response variable is the 3-hour extreme value, X3h. It may furthermore be
assumed that all weather approach from the same direction, i.e. a stationary short
term sea state is characterized by the significant wave height, Hs, and the spectral
peak period, Tp. Denoting the conditional distribution of X3h given the sea state
characteristics, Hs and Tp, by FX3h|HsTp(x|h, t), a possible estimate for the long
term distribution of X3h reads:

FX3h
(x) =

∫
h

∫
t

FX3h|HsTp(x|h, t)fHsTp(h, t)dtdh (1)

Where fHsTp(h, t)dtdh is the joint probability density function for simultaneously
occurring Hs and Tp.

For a general response problem, the challenge is to establish the short term dis-
tribution of the 3-hour extreme value for all possible combinations of sea state
characteristics. In order to investigate uncertainties as functions of the nature of
the underlying response problem, a generic response problem is introduced. The
short term distribution of X3h is assumed to follow a Gumbel distribution:

FX3h|HsTp(x|h, t)→ exp{−exp{−x− α(h, t)

β(h, t)
}} (2)

The parameters can be expressed in terms of the lower moments, expected value
and standard deviation of X3h:

β = 0.7797σX3h
(3)

α = µX3h
− 0.5772β (4)

The generic problem is defined by assuming that the conditional mean is given on
the form:



iv

µX3h
(h, t) = c1h

c2 [1 + cosc3(
2π(t− c4)

c5

)] (5)

σX3h
(h, t) = c2c6µX3h

(h, t) (6)

By properly varying the coefficients, a variety of response problems can be ap-
proximated.

Above the long term distribution is obtained using the all sea states approach.
Another possibly better approach is to select the storm maximum response, Xs,
as the basic variable and merely include storms exceeding a certain threshold for
the significant wave height. This approach will be referred to as the peak-over-
threshold approach. Finally, for very complex response problems, an approximate
long term analysis must be done. One possible approach is the environmental
contour method.

The purpose of this thesis is to investigate the adequacy of the 3 methods re-
ferred for estimating q-probability response for various generic response systems.
Uncertainties associated with various approaches shall be discussed.

The candidate may follow his own approach for addressing the problem described.
But a possible division into sub-tasks are given below:

1. As an extended introduction, the candidate should familiarize himself the
notation generic response system. One should select parameters for the mean and
standard deviation for some few response cases. A linear (in hs) response problem
should be considered, a quadratic response problem should be included and for
both these one could select a couple of period sensitivity cases.

2. The wave data is given by the NORA10 database. A file giving a full set of
weather characteristics every 3 hours from 1957 to 2011 will be made available.
A joint probability distribution function for total Hs and associated spectral peak
period shall be prepared.

3. Using the all sea state approach, q-probability extremes shall be estimated for
the the selected response cases. For one of the cases one should aim for quantifying
the uncertainties associated with the predicted extreme value. The latter study
should be introduced by discussing sources of uncertainties.

4. For the POT approach one shall first of all demonstrate how one can establish
the conditional distribution function for the storm maximum response given the
most probable largest storm response. Check to which extent the conditional storm
maximum response given the most probable largest response can be approximated
by a Gumbel distribution. Investigate if distribution function for the variable
Xs/x̃s , where x̃s denotes the most probable largest storm response, is independent
of the actual storm. Investigate how the Gumbel parameters for Xs/x̃s vary from
response case to response case.

5. Calculate the most probable largest storm response for all storms and all
response cases. Fit a distribution function for each response case. Estimate the
long term distribution function for Xs for all response cases. Thereafter estimate
q-probability extremes. For the same response cases as considered in point 3,
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assess the uncertainties associated with estimates for the q-probability responses.

6. Compare results for the two approaches and discuss possible differences.

7. Determine the environmental contour lines from the fitted joint distribution
of Hs. Calculate approximate estimates for q-probability values for the various
response cases using standard recommendations found in Norsok N-003. Investi-
gate the adequacy of the standard recommendations by using the results from the
long term analysis to determine the correct percentile. Summarize the work by
pointing out the major findings of the work.

The work may show to be more extensive than anticipated. Some topics may
therefore be left out after discussion with the supervisor without any negative
influence on the grading.

The candidate should in his report give a personal contribution to the solution
of the problem formulated in this text. All assumptions and conclusions must
be supported by mathematical models and/or references to physical effects in a
logical manner. The candidate should apply all available sources to find relevant
literature and information on the actual problem.

The report should be well organised and give a clear presentation of the work
and all conclusions. It is important that the text is well written and that tables
and figures are used to support the verbal presentation. The report should be
complete, but still as short as possible.

The final report must contain this text, an acknowledgement, summary, main
body, conclusions, suggestions for further work, symbol list, references and appen-
dices. All figures, tables and equations must be identified by numbers. References
should be given by author and year in the text, and presented alphabetically in
the reference list. The report must be submitted in two copies unless otherwise
has been agreed with the supervisor.

The supervisor may require that the candidate should give a written plan that
describes the progress of the work after having received this text. The plan may
contain a table of content for the report and also assumed use of computer re-
sources.

From the report it should be possible to identify the work carried out by the
candidate and what has been found in the available literature. It is important to
give references to the original source for theories and experimental results.

The report must be signed by the candidate, include this text, appear as a paper-
back, and - if needed - have a separate enclosure (binder, diskette or CD-ROM)
with additional material.

Supervisor: Prof. II Sverre Haver, Statoil ASA.
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Abstract

Before the long term response prediction is performed, a generic response function
is firstly introduced. The generic response function is given as a function of weather
characteristics in terms of hs and tp, and the shape of response function is decided
by several parameters. By studying the effect of the parameters on response,
one can get the response cases with different sensitivity to wave period and non-
linearity to significant wave height. With a set of properly selected parameters,
one can get the response function closest to the real response case. This is very
convenient for long term response prediction, since it can avoid the time domain
analysis.

There are two major approaches to decide long term response in this thesis. In the
all sea state approach, distribution function for hs and tp are determined based on
the entire hindcast data. Then the probability scatter for occurrence of different
combinations of hs and tp is calculated. Then the long term response distribution
is decided by combining the generic response function.

POT method focuses only on storms with significant wave height larger than a
minimum threshold. The distribution of the largest most probable response for
each storm, and the conditional distribution of the largest realization given the
most probable response can be found from the storm sample. Then the long
term distribution of response can be decided by intergrating over the largest most
probable response.

Environmental contour line method is also performed in the thesis. It is used to
determine the worst sea states and the target percentile. Environmental contour
line method is an approximate method, but it provides a good verification to
the result from the all sea state approach. Meanwhile, the author will discuss
all the uncertainties involved when estimating long term extremes by different
approaches.

Besides comparing results between the all sea state approach and the POT ap-
proach, further verification is performed. There are majorly two alternatives:
firstly, wave crest height is studied instead of response value; secondly, weather
characteristics are extracted directly from hindcast data instead of the modeled
function. These modifications can provide good verifications for the all sea state
approach and the POT approach.
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Chapter 1

Introduction

1.1 Background

In the design of offshore structures, a characteristic load is firstly required. Then
the response can be calculated by multiplying the characteristic load by a partial
safety factor. If the response is larger than the maximum capacity of the struc-
ture, the structure would fail. In Norwegian rules and regulations, this value is
calculated by a specified annual exceedance probabilities, q.

When q = 10−2, the control is defined as the ultimate limit state control, ULS.
The ultimate limit state is important for structural safety and usually applied on
components.

When q = 10−4, the control is defined as the accidental limit control, ALS. The
purpose of ALS control is to ensure that the structure will not be completely
damaged in an abnormal event.

In order to obtain consistent estimates for such rare extremes, some sort of a long
term analysis, accounting properly for all sources of inherent randomness, should
be carried out.

1.2 Objective

The purpose of this thesis is to investigate the adequacy of the three methods
for estimating q-probability response for various generic response systems. Uncer-
tainties associated with the various approaches shall be discussed.

One should firstly get good control over the generic response system, study the
non-linearity to significant wave height and sensitivity to spectral peak period.

For the all sea state approach, a joint probability distribution function for signif-
icant wave height and associated spectral peak period should be built based on
NORA10 database. Q-annual probability extremes should be estimated using all
sea state approach.

For the POT approach, the distribution of the largest most probable response for
each storm, and the conditional distribution of the largest realization given the

1
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most probable response should be established. The distribution function for long
term response and the q-annual probability extremes should be determined.

By comparing the differences between the two approaches, the resources of uncer-
tainties should be studied. The environmental contour line from the fitted joint
distribution needs to be decided. The target percentile should be calculated based
on the results from long term analysis and adequacy of the percentiles from the
recommendations in Norsok N-003 should be investigated.

Major findings of the thesis and suggestions to further work should be given at
the end of the thesis.



Chapter 2

Generic Response System

In this chapter, the generic response problem is studied. It includes three basic
sections. Firstly, the method for calculating the long term response distribution
from generic response problem. Secondly, basic theory regarding the short term
response distribution. Thirdly, the generic response function and the effect of its
parameters on the short term distribution of response.

All the following chapters on the long term distribution of response are based on
the theory mentioned in this chapter. Throughout the thesis, the investigation
will be limited to wave induced response.

2.1 Long Term Distribution of 3-hour Extreme

Response

Denoting the basic response variable, 3-hour extreme value X3h. The long term
distribution of X3h, FX3h

(x) reads:

FX3h
(x) =

∫
h

∫
t

FX3h|HsTp(x|h, t)fHsTp(h, t)dtdh (2.1)

This method is quite convenient for linear response systems where the response
problem is characterized by a transfer function. All that needed is a procedure for
selecting a proper wave spectrum for the various combinations of the sea state char-
acteristics and a joint probabilistic model forHS and TP , according to Haver(1998).

2.2 Short Term Distribution of 3-hour Extreme

Response

It is believed that the short term distribution of X3h can be reasonably well mod-
elled by a Gumbel distribution. This is proved in the following sections.

3
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2.2.1 Linear Response Case

The sea surface elevation is assumed to be Gaussian process. Due to the assump-
tion of linear response system, the response process can also be modelled as a
Gaussian process. Then the global response maxima X3h, is therefore reasonably
well modelled by a Raleigh distribution.

FX3h,single|HsTp(x|h, t) = 1− exp[−1

2
(

x

σ(h, t)
)2] (2.2)

For a given 3-hour duration of sea state, assuming that all global response maxima
during the sea state are statistically independent and identically distributed, the
distribution of 3-hour maxima reads:

FX3h|HsTp(x|h, t) = {FX3h,single|HsTp(x|h, t)}
m(h,t) = {1− exp[−1

2
(

x

σ(h, t)
)2]}

m(h,t)

(2.3)

where m(h, t) is the number of wave crests in 3-hour:

m(h, t) =
3 · 3600

0.77 · tp
(2.4)

m(h, t) is a rather large number. While for Eq. (2.3), when m→∞:

FX3h|HsTp(x|h, t)→ exp{−exp{−x− α(h, t)

β(h, t)
}} (2.5)

with

α(h, t) = σ(h, t)
√

2ln(m(h, t)) (2.6)

β(h, t) =
σ(h, t)√

2ln(m(h, t))
(2.7)

Thus for linear case, the short term distribution of response can be modelled by
a Gumbel distribution.

2.2.2 Non-linear Response Case

In this case, the global response maxima X3h can be modelled by a 2-paramter
Weibull distribution function given the sea state characteristics:

FX3h,single|HsTp(x|h, t) = 1− exp{−(
x

λ
)θ} (2.8)

The probability density function for each response:
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fX3h,single|HsTp(x|h, t) =
θ

λ
(
x

λ
)θ−1exp{−(

x

λ
)θ} (2.9)

For a given 3-hour duration of sea state, assuming that all global response maximas
during the sea state are statistically independent and identically distributed, the
distribution of this variable reads:

FX3h,single|HsTp = {1− exp[−(
x

λ
)θ]}

m

(2.10)

It can be seen that the probability density function is proportional to exp[−(x
λ
)θ]

with a scale factor θ
λ
(x
λ
)θ−1. Under this condition, with m→∞ :

FX3h|HsTp(x|h, t)→ exp{−exp{−x− α(h, t)

β(h, t)
}} (2.11)

Thus for non-linear case, the short term distribution of response can also be mod-
eled by a Gumbel distribution. Provided that the Weibull distribution as known,
the Gumbel parameters read:

α = θ(lnm)
1
λ (2.12)

β =
θ

λ
(lnm)

1−λ
λ (2.13)

These estimations are approximate results, but they are rather accurate as far
as λ ≥ 1. Under this condition the convergence towards the asymptotic forms
rather fast. If λ < 1, the convergence is rather slow and the asymptotic form is
non-conservative as compared to the exact model. One should therefore be careful
of using the asymptotic distribution if λ < 1. For λ = 1, the asymptotic model
would be exact for all values of m, while for λ > 1 the asymptotic model would
be on conservative side. More explanations can be found in Haver(2011).

2.2.3 Summary of Generic Response Case

From the demonstration above, the short term distribution of X3h is assumed to
be well modelled by Gumbel distribution, according to Haver and Bergsvik(2012).

FX3h|HsTp(x|h, t) = exp{−exp{−x− α(h, t)

β(h, t)
}} (2.14)

In practical problem, it is a challenge to determine α(h, t) and β(h, t). But in this
part, one only focuses on a generic response problem, then α(h, t) and β(h, t) are
studied for illustrative purposes:

β = 0.7797σX3h
(2.15)
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α = µX3h
− 0.5772β (2.16)

α(h, t) is the location parameter in the Gumbel distribution, which is majorly
determined by the conditional mean of response. β(h, t) is the scale parameter,
which is obtained by the standard deviation of the response value. In the following
study, instead of actual response value, α(h, t) and β(h, t) are investigated, for
effect of c1 to c6.

2.3 Study of Parameters

The generic problem is defined by assuming that the conditional mean and stan-
dard deviation are given on the form:

µX3h
(h, t) = c1h

c2 [1 + cosc3(
2π(t− c4)

c5

)] (2.17)

σX3h
(h, t) = c2c6µX3h

(h, t) (2.18)

The effects of different parameters are summarized according to their different
positions.

2.3.1 Effect of c1 and c2

It can be easily seen from the term c1h
c2 that c1 works as a scale parameter. By

multiplying c1, µX3h
(h, t) and σX3h

(h, t) can be scaled to the correct magnitude.
Since one does not focuse on a practical problem in this thesis, c1 is set to be an
arbitrary positive number.

c2 is the parameter that decides whether it is a linear response problem or a
quadratic response problem to significant wave height. The effect of c2 on α(h, t)
is shown in Fig. (2.1):

It can be seen from Fig. (2.1) that, α(h, t) varies linearly with c2 = 1, while
quadratically with c2 = 2. It suggests that c2 is the parameter that decides
whether it is a linear response problem or non-linear response problem.

2.3.2 Effect of c4

The effect of c4 on α(h, t) is shown in Fig. (2.2).

As can be seen from Fig. (2.2), c4 is the parameter that decides the peak value of
the response curve, i.e. the natural period of the response system.

But it is important to note that, a simple cosine curve cannot give an accurate
description for all response problems under various situations. For example, the
natural period of heave of catenary moored semi-submersible is 23-26s, when c4 is
taken as 10s, the cosine function may give a good description of the non-resonance
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Figure 2.1: Effect of c2 on Location Parameter α

Figure 2.2: Effect of c4 on Location Parameter α

response region, but the resonance region is not well covered in the cosine curve.
Similarly, if c4 is taken as 23-26s, the cosine curve will give a good description of
the resonance behavior, but the non-resonance region is not covered. This can be
fixed by introducing a more complex response curve. It is suggested for further
study.

2.3.3 Effect of c3 and c5

c3 and c5 are used to obtain the period sensitivity to spectral wave period. The
term including c3 and c5 is 1 + cosc3(2π(t−c4)

c5
). Different combinations of c3 and c5

will give different response results. Take quadratic response case as an example:
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Figure 2.3: Effect of c3 and c5 on Location Parameter α

It can be seen from Fig. (2.3) that the combination of c3 = 1, c4 = 15, c5 = 100
stands for the non-period sensitive case. By selecting c5 � c4 � c3, the response
problem does not have a big variation over tp.

The combination of c3 = 100, c4 = 15, c5 = 60 stands for the period-sensitive case.
In this case, the response has an obvious variation near natural period c4.

2.3.4 Effect of c6

c6 is a measure of the variability around the mean value of 3-hour maximum X3h.

Figure 2.4: Effect of c6 on Location Parameter α

As can be seen from Fig. (2.4), curves for c6 = 0.1 and c6 = 0.3 overlaps, thus
c6 has very small effect on the location parameter α. And as can be seen from
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Figure 2.5: Effect of c6 on Scale Parameter β

Fig. (2.5), c6 has effect on scale parameter σX3h
(h, t). It symbolizes the variability

around the mean value of 3-hour maximum X3h.

2.3.5 Summary of Effects of c1-c6:

c1 is the scale parameter. c2 decides the non-linearity to significant wave height of
the response problem. Combination of c3 and c5 decides the sensitivity to spectral
wave priod. c4 is the natural period of a response system. c6 is a measure of the
variability around the mean 3-hour maximum X3h.

However, it is important to notice that the response function in this chapter is a
generic response function, it can only give a general description of the response
problem. For a real structure, the shape of the response function is much more
complicated. Thus a more detailed response function should be studied in the
future.

In the following chapters, if it is not specified, the default value of c1 is 1, c4 is 15,
and c6 is 0.1. c2, c3 and c5 are much more related to the response problem, so it
will be specified in different cases.
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Chapter 3

All Sea State Long Term Analysis

In this chapter, all sea state long term analysis of response is discussed. It is made
up of three sections: firstly, the method to establish joint probability model for
Hs and Tp; secondly, long term response analysis based on the joint probabilistic
model; thirdly, study the effect of the response function on final response.

3.1 Joint Probabilistic Model for Hs and Tp

Hindcast data is obtained from the Norwegian Reanalysis Archive (NORA10). It
is available from Sep. 1957 to Jun. 2013. Information about speed and direction
of wind, significant wave height Hs, spectral peak period Tp and major direction
of wave are given in the hindcast data. In this project, only the wave in the main
direction is taken into consideration.

3.1.1 Distribution for Hs

A 3-parameter Weibull distribution model is used to produce distribution function
for Hs. The cumulative function of the three-parameter Weibull distribution reads:

FHS(hs) = 1− exp{−(
hs − θ
λ

)k} (3.1)

where θ is the location parameter, λ is the scale parameter and k is the shape
parameter.

There are two methods to decide θ, λ and k. one is linear fitting on a Weibull
probability paper, another one is method of moment. Method of linear fitting in
probability paper for Weibull distribution is utilized here.

By doing a transformation of Eq. (3.1), it can be shown:

ln(−ln(1− FHs(hs))) = kln(x− θ)− k lnλ (3.2)

ln(−ln(1−FHs(hs))) and ln(x− θ) are two axis on the Weibull probability paper.

11
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By doing a least square fitting, θ, λ and k can be decided. Details can be found
in Yao(2014). For the best fitting, the parameters are decided as:

θ = 0.4; (3.3)

λ = 2.25; (3.4)

k = 1.29; (3.5)

The distribution function FHs(hs) is plotted on Weibull probability paper in Fig.
(3.1).

Figure 3.1: Linear Fitting of hs on 3-Parameter Weibull Probability Paper

Fig. (3.1) suggests that the 3-parameter Weibull distribution gives a good de-
scription of significant wave height. Thus the expression for 3-parameter Weibull
distribution function is denoted as:

FHS(hs) = 1− exp{−(
hs − 0.4

2.25
)1.29} (3.6)

The fitted cumulative model is plotted with the original data in Fig. (3.2) to show
the fitting result.

3.1.2 Distribution for Tp given Hs

Log-normal distribution is used to model Tp for a given Hs:

fTP |HS(tp|µ, σ) =
1√

2πσtp
exp{−(ln(tp)− µ)2

2σ2
} (3.7)
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Figure 3.2: Cumulative Probability of Significant Wave Height

FTP |HS(tp|µ, σ) = Φ(
ln(tp)− µ

σ
) (3.8)

where

µ = a1 + a2 · ha3s (3.9)

σ2 = b1 + b2 · exp(−hs · b3) (3.10)

It is important to notice that µ and σ2 are the mean and variance of the sample
ln(tp). There are two methods to decide µ and σ2. One is linear fitting in Log-
normal probability paper; the other is the method of moment.

a. Least square method

Eq. (3.8) can be transformed into:

Φ−1(FTP |HS(tp|µ, σ)) =
ln(tp)

σ
− µ

σ
(3.11)

For a given hs, a linear relationship between Φ−1(FTP |HS(tp|µ, σ)) and ln(tp) can
be found. Thus by doing linear fitting for each class of hs, can µ and σ be decided.

b. Method of moment

For a given class of Hs, the mean and variance of TP is calculated as µtp and σ2
tp .

From Bernt(2010), the relationship between µtp , σ
2
tp and µ, σ2 reads:

µtp = eµ+σ2

2 (3.12)

σ2
tp = (eσ

2 − 1)e2µ+σ2

(3.13)



14 CHAPTER 3. ALL SEA STATE LONG TERM ANALYSIS

By solving Eq. (3.12) and Eq. (3.13), the value of µ and σ2 is decided as:

µ =
1

2
ln(

µ4
tp

µ2
tp + σ2

tp

) (3.14)

σ2 = ln(
σ2
tp

µ2
tp

+ 1) (3.15)

Thus for each class of Hs, a set of µ and σ can be decided.

The comparison between two methods is shown as below.

For Hs = 1.9m (representing class [1.85m, 1.95m]):

(a) Method of Moment (b) Method of Linear Fitting

Figure 3.3: For Hs = 1.9m (representing class [1.85m, 1.95m])

Comparisons for hs = 3.9m, 5.9m, 7.9m, 9.9m are shown in Appendix, Figs. (A.1
to A.4).

The results in Figs. (3.3 to A.4) suggest that the method of moment gives better
result. Thus the method of moment is used to calculate µ and σ in this thesis
work.

Then the relationship between µ, σ and hs can be decided by using non-linear
fitting tool in Matlab. It is decided as:

µ = 1.09 + 1.019h0
s.2 (3.16)

σ2 = 0.009 + 0.1022 · exp(−0.36 · hs) (3.17)

Fitting for µ, σ of tp against hs is shown in Fig. (3.4).

Then the relationship between µ, σ and hs can be decided by using non-linear
fitting tool in Matlab.

Fitting for µ, σ of tp against hs is shown in Fig. (3.4)

As shown in Fig. (3.4), by extrapolating the fitted curve to all actual values
of hs, the value of hs for 0.63, 10−1, 10−2 and 10−4 annual probability, and the
conditional mean and the 90% range of tp for each hs can be calculated. The
results are presented in Tab. (3.1).
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(a) Non-linear Fitting for µ (b) Non-linear Fitting for σ2

Figure 3.4: Non-linear Fitting for µ and σ2

Table 3.1: Extreme Values of hs and tp from Long Term Analysis

Annual Probability hs(m) Mean tp(s) 5%(s) 95%(s)
0.63 12.2 15.96 14.30 17.81
10−1 14.19 16.78 15.18 18.73
10−2 16.54 17.81 16.12 19.49
10−3 20.97 19.30 17.64 21.12

However, it can be read from Fig. (3.4) that, the extrapolated curve gives a good
description for the middle part of the curve, but poor description for the tail region.
And since the tail region corresponds to the extreme values, it is important to study
the uncertainties corresponding to this region. Further discussion is referred to
Section 4.2 in Chapter 4.

3.1.3 Verification of Joint Probabilistic Model

It is important to check that the cumulative probability for fHs(hs) and fTp|Hs(tp|hs)
from 0 to the estimated maximum is equal to exact 1. For the ULS case, the ex-
ceedance probability pe is:

pe =
q

N
=

10−2

2920
= 3.4 · e−6 (3.18)

For the ALS case, the exceedance probability pe is:

pe =
q

N
=

10−4

2920
= 3.4 · e−8 (3.19)

It can be seen that the extreme value corresponds to pe with very small magni-
tude. Thus the joint probability model has to be very accurate in order to give a
reasonable estimation for the extreme sea state.

In order to do this, the cumulative probability is scaled to exact 1 by mathematical
method. The probability for each interval of Hs is calculated by:

∆FHs(hsi) = FHs(hsi+1
)− FHs(hsi) (3.20)
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The upper level for hs is chosen to be 25m.

FHs,sum(hs) = Σ[∆FHs(hsi)] (3.21)

According to the result, FHs,sum(hs) is not exact 1. This is due to the fact that
though a high value 25m is, there is still a probability that the hs exceeds 25m in
reality. The scaled probability for each interval is calculated by dividing ∆FHs(hsi)
by FHs,sum(hs). Then the cumulative probability is equal to 1 exactly.

Similar procedures are done for TP . The upper level of Tp is chosen to be 30s.

3.1.4 Scatter Diagram for Environmental Characteristics

Since cumulative probability model for Hs, and Tp for given Hs is established, a
probability scatter diagram for environmental characteristics can be established.
The probability scatter diagram gives information about the occurrence probabil-
ity of a specific environmental characteristic situation, i.e. a specific combination
of Hs and Tp. The scatter diagram is calculated as:

Pi,j = δFHs(hsi) · δFTp|Hs(tpi |hsi)
= [FHs(hsi+1

)− FHs(hsi)] · [FTp|Hs(tpi+1
|hsi)− FTp|Hs(tpi |hsi)]

(3.22)

It is to be noticed that since distribution of FHs(hs) and FTp|Hs(tp|hs) have been
scaled up to exact 1, the sum of the probability scatter diagram will also be exact
1. This is very important for long term analysis of response.

3.2 Long Term Response Study

In the first chapter, the author has already introduced the generic response func-
tion. By choosing different combinations of c1 to c6, a response shape which is
sensitive or non-sensitive to tp, linear or non-linear to hs can be established.

3.2.1 Linear and Non-period Sensitive Case

In this case, the values for c1 to c6 are presented in Table(3.2).

Table 3.2: Parameters for Linear and Non-period Sensitive Case

c1 c2 c3 c4 c5 c6

1 1 1 15 100 0.1

According to the results at the end of this section, the 10000-year response is
48.18. In order to give an accurate estimation for the extreme value with 10000-
year return period, the upper limit for long term value is set to be 54, which
corresponds to q = 10e−5 annual exceedance probability. The upper limit for
response is calculated based on this principle for the following cases.
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Then cumulative probability for increasing response can be calculated. By pre-
senting the cumulative probability against response value on a Gumbel probability
paper, it is rather easy to indicate level of 10−2 and 10−4 annual probability re-
sponse.

Since the upper tail points have good linear behavior, an extrapolated straight line
is fitted to the interested points on the probability paper in Fig. (3.5). However,
it is important to notice that, there is no theory support for fitting a straight line
to upper tail region, and accurate result should be read directly from the original
data.

In this case, only points with y value in range [10, 19.49] are selected for linear
fitting. The reason is that for the lower limit of range: it can be seen from
Fig. (3.5) that, the points do not show linear characteristic perfectly in the range
y ∈ (0, 10), but behave much better in y > 10. So y = 10, i.e. −ln(−ln(F (x)) = 10
is chosen to be the lower limit.

For the upper limit of range: it is not necessary to go into too small probability.
For the 105 year as return period, the corresponding exceedance per 3-hour sea

state is
10−5

2920
. The corresponding non-exceedance probability is 1 − 10−5

2920
, then

−ln(−ln(1− 10−5

2920
)) = 19.49. A return priod of 105-year is enough for estimating

response for 102 and 104 year as return period, so 19.49 is chosen to be the upper
limit. Similar steps have been done for both linear and quadratic, period sensitive
and non-sensitive cases.

The fitted straight lines against original data are plotted in Fig. (3.5):

Figure 3.5: Cumulative Probability plotted on Gumbel Probability Paper for Non-
Period Sensitive and Linear Case

For the 100-year return period case, the non-exceedance probability reads:

FX3h,100
= 1− 1

292000
(3.23)
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−ln(−ln(FX3h,100
)) = −ln(−ln(1− 1

292000
)) = 12.58 (3.24)

The 100-year response value is

X3h,100 = 36.0 (3.25)

For the 10000-year return period case, the non-exceedance probability reads:

FX3h,100
= 1− 1

29200000
(3.26)

−ln(−ln(FX3h,100
)) = −ln(−ln(1− 1

292000
)) = 17.18 (3.27)

The 100-year response value is

X3h,100 = 48.1 (3.28)

3.2.2 Quadratic and Non-period Sensitive Case

In this case, the values for c1 to c6 be denoted in Tab. (3.3):

Table 3.3: Parameters for Quadratic and Non-period Sensitive Case

c1 c2 c3 c4 c5 c6

1 2 1 15 100 0.1

The upper limit for long term value is set to be 1320 to ensure enough accuracy.
And similarly as for the linear case, the fitted straight line against original points
is plotted in Fig. (3.6).

It can be seen from Fig. (3.6) that the extrapolated straight line does not give
a good description of the original data. Thus the original data, instead of the
extrapolated line is used to estimate the extreme response value. Corresponding
response values are:

X3h,100 = 625.2 (3.29)

X3h,10000 = 1073.6 (3.30)

3.2.3 Linear and Period Sensitive Case

In this case, the values for c1 to c6 are shown in Tab. (3.4).

The upper limit for long term value is set to be 53 to ensure enough accuracy.
The fitted straight line against original points is plotted in Fig. (3.7).
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Figure 3.6: Cumulative Probability plotted on Gumbel Probability Paper for Non-
Period Sensitive and Quadratic Case

Table 3.4: Parameters for Linear and Period Sensitive Case

c1 c2 c3 c4 c5 c6

1 1 100 15 60 0.1

Figure 3.7: Cumulative Probability plotted on Gumbel Probability Paper for Pe-
riod Sensitive and Linear Case

The extrapolated straight line gives fairly good description of the points in the
upper range, thus the estimated extreme response can be easily calculated:

X3h,100 = 30.9 (3.31)
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X3h,10000 = 40.5 (3.32)

3.2.4 Quadratic and Period Sensitive Case

In this case, the values for c1 to c6 are shown in Tab. (3.5).

Table 3.5: Parameters for Quadratic and Period Sensitive Case

c1 c2 c3 c4 c5 c6

1 2 100 15 60 0.1

The upper limit for long term response value is set to be 711 to ensure enough
accuracy. The fitted straight line against original points is plotted in Fig. (3.8)

Figure 3.8: Cumulative Probability plotted on Gumbel Probability Paper for Pe-
riod Sensitive and Quadratic Case

It can be seen from Fig. (3.8) that the extrapolated straight line is not satisfactory,
so original data is used to estimate the extreme response value. Corresponding
response values are:

X3h,100 = 480.8 (3.33)

X3h,10000 = 766.9 (3.34)
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3.3 Discussion of Effect of Response Function on

Final Response

In the following studies, the default value of b1 is 0.005. c2 = 1 is denoted as linear
response case, c2 = 2 is denoted as quadratic response case. The combination of
c3 = 1, c5 = 100 is denoted as non-period sensitive response case, or NPS. The
combination of c3 = 100, c5 = 60 is denoted as period sensitive response case, or
PS.

3.3.1 Study of the Ratio between 10000-year and 100-year
Response

The response values from full long term analysis are summarized in Tab. (3.6).
The ratio between X3h,10000 and X3h,100 is calculated.

Table 3.6: Extreme Responses from Long Term Analysis for Different Period Sen-
sitivity and Non-Linearity Cases

X3h,100 X3h,10000 Ratio
Linear and Non-Period Sensitive 36.0 48.1 1.3

Quadratic and Non-Period Sensitive 625.2 1073.6 1.7
Linear and Period Sensitive 30.9 40.5 1.3

Quadratic and Period Sensitive 480.8 766.9 1.6

The ratio corresponds to the safety factor used in design of offshore structures.
The ALS extreme loads can be roughly estimated by multiplying ULS extreme
value by the safety factor. It can be seen that for different response problems, the
ratio is very different from each other. Thus one should pay extra attention when
choosing safety factor to estimate ALS extreme response.

It can also be found that for the non-period sensitive case, the square of ratio for
linear case is 1.8, which is close to the ratio for the quadratic case 1.7. While for
the period sensitive case, the square of ratio for linear case is 1.7, which is close
to the ratio for the quadratic case 1.6. This result can, to some extent, prove that
the estimated response value is of right amplitude.

3.3.2 Important Weather Characteristic Region for Ex-
treme Response

By studying important region for response exceedance, one can see directly which
combinations of sea states have major contribution to the most probable long term
response. The method to find important region for long term response exceedance
is shown as below.

Based on previous study, one has already known the distribution function for non-
exceedance probability of response under a given sea state, i.e. FXNonexc|HsTp(x|hstp).
Thus the exceedance probability under given sea state is:
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QXNonexc|HsTp(x|hstp) = 1− FXExc|HsTp(x|hstp) (3.35)

The exceedance probability of response can be calculated by:

QXExc,i,j(x) = QXExc|HsTp
(x|hs, tp) · δFHsTp(hs, tp) (3.36)

By summing all FXExc(x), the exceedance probability for all sea states reads:

QXExc(x) =
I∑
i=1

J∑
j=1

QXExc,i,j(x) (3.37)

Where capital I denotes the total number of hs, capital J denotes the total number
of tp. Then the weighting of exceedance probability of each sea state can be
calculated by:

Pi,j =
QXExc,i,j(x)

QXExc(x)
(3.38)

Pi,j > 0.1% is selected as the important region of exceedance. Here non-period
sensitive linear case with b1 = 0.005 is taken for example. The important contri-
bution area is plotted together with the environmental contour line in Fig. (3.9).
The environmental contour line is only for illustrative purpose, the method to
establish an environmental contour line will be discussed later in thesis.

Figure 3.9: Important Contribution Area plotted with Environmental Contour
Line

Cases with different period sensitivity, non-linearity and b1 are presented in Ap-
pendix, Figs. (A.5 to A.8).

It is shown that the important region for exceedance appears with different shapes
and in different positions for different response cases.
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The region for quadratic response case appears to be shorter in hs range and fatter
in tp range, both for the non-period sensitive and period sensitive case. This is
because for the quadratic case, the effect of hs is larger on final response than for
the linear case, thus the important region becomes more concentrated in hs range.

The region for period sensitive case appears to be in lower hs and tp range, both
for the linear and quadratic response case. This is because the effect of tp becomes
larger, and a sea state close to the natural period of structure will give the largest
response. Thus the important region is concentrated around the natural period of
structure, 14s, in this case. The effect of hs becomes relatively smaller, thus the
region does not appear in the highest hs range.

The region for low tp variance case, i.e. b1=0.00073 , appears to be narrower
than that for larger tp variance case, i.e. b1=0.005, as can be seen in Fig. (A.6).
This is due to the upper range of the environmental contour is narrower, thus the
important region is compressed. Reason for this will be discussed in Chapter 4.

3.3.3 Effect of Non-linearity

(1) Effect of Non-linearity on Final Response

In order to study the effect of non-linearity, different values of c2 are used to
calculate the response and important area for exceedance of X100. The 100-year
extreme response values are presented in Tab. 3.7:

Table 3.7: Extreme Responses for Different Non-linearity Cases

NPS PS
X100 X10000 Ratio X100 X10000 Ratio

c2 = 0.75 17.6 21.9 1.244 15.6 19.3 1.237
c2 = 1 36.0 48.1 1.336 30.9 40.5 1.311
c2 = 1.5 151.0 229.4 1.519 122.1 177.3 1.452
c2 = 2 627.8 1087.5 1.732 480.6 773.7 1.610

It can be seen that, for both period-sensitive and non-period sensitive cases, dif-
ferent values of c2 have a big effect on the response value. The response value
has increased obviously with the increasing X3h,100. The ratio between X10000 and
X100 is calculated. The reason has been discussed in Chapter 2, regarding the
effect of c2.

(2) Effect of Non-linearity on Important Region

The important area for exceedance of X100 is plotted in Fig. (3.10). The outer
contour denotes the sea state with contribution equal to 0.1%, the inner ones are
with contribution higher than 0.1%.

For the period sensitive case, comparison figures are shown in Appendix, Fig.
(A.9).

It can be seen that, either for period sensitive or non-period sensitive case, different
values of c2 do not have a big effect on shape of the important area for exceedance
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(a) c2 = 0.75 (b) c2 = 1

(c) c2 = 1.5 (d) c2 = 2

Figure 3.10: Comparison between Different c2 for Non-period Sensitive Case

of X100. It suggests that as long as the period sensitivity of a structure is specified,
the effect of non-linearity will not have an obvious effect on response.

3.3.4 Effect of Period Sensitive and Non-period Sensitive
on Response Value

(1) Effect of Period Sensitivity on Final Response

From Tab. (3.7), it can be seen that for same non-linearity, response for period
sensitive case is smaller than response for non-period sensitive case. This can be
explained by theoretical view and physical reason.

a. The theoretical reason

From Eq. (2.17), µX3h
(h, t) can be written as:

µX3h
(h, t) = G1(h) ·G2(t) (3.39)

with,

G1(h) = c1 · hc2 (3.40)

G2(t) = 1 + cosc3(
2π(t− c4)

c5

) (3.41)

For non-period sensitive case, c5 is of a large value, and thus G2(t) is close to 2, it
does not have a big variation over the period, as shown in Fig. (2.3). Therefore
the response is majorly decided by G1(h).



3.3. DISCUSSION OF EFFECTOF RESPONSE FUNCTIONON FINAL RESPONSE25

While for the period-sensitive case, G2(t) has a steep variation over the period, as
shown clearly in Fig. (2.3). G2(t) is smaller than 2 for most part of its period,
thus µX3h

(h, t) for period sensitive case will also be smaller than µX3h
(h, t) for

non-period sensitive case.

Therefore response for period sensitive case is smaller than that for non-period
sensitive case.

b. The Physical Reason

Different combinations of parameters mean different response problems. It means
that different structures are considered here. In this case, surge motion of a floating
platform is taken as an example for the period sensitive response problem, rigid
platform is taken as an example for the non-period sensitive structure.

If a structure is period sensitive, large response will only occur when period of
the input load is close to natural period of the structure. For example, the surge
motion of a floating platform will have the largest response when it is in reso-
nance with the dynamic wind forces. According to Larsen(2012), the dynamic
equilibrium between external force and the damping force reads:

ω · u0 · c = R0 (3.42)

where ω is the angualr frequency, u0 is the response amplitude, c is the damping
coefficient and R0 is the external force.

Generally speaking, damping effect for period sensitive structures is larger than
for non-period sensitive structures. The response for period sensitive case will be
much limited by damping effect, thus the value will be smaller.

While if a structure is non-period sensitive, the response value will keep stable
over the entire wave period. For example, response for rigid platform is not much
affected by the period of wave force. According to Larsen(2012), the dynamic
equilibrium for rigid platform reads:

u0 · k = R0 + ω2u0 ·m (3.43)

where m is the mass of structure.

In Eq. (3.42), term ω2u0 ·m will normally be smallest since ω is less than the Eigen
frequency. This means that (roughly speaking) there is equilibrium between the
external force and the restoring force in the structure, and not affected by damping.
It can also be seen that the inertia forces act in the same direction as the external
force, and this leads to a higher response than the pure static response.

Therefore it can be concluded that for certain response problems, response for the
period sensitive case is smaller than the response for non-period sensitive case.

It can be seen that since the response problem is not specified, there are many
uncertainties in the analysis. Therefore the physical reason is only a qualitative
analysis.

(2) Effect of Period Sensitivity on Important Region
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Similar figures for important area for exceedance of X100 are plotted in Fig. (3.11),
c2 = 0.75 is taken for an example.

(a) Non-period Sensitive (b) Period Sensitive

Figure 3.11: Comparison between Non-period Sensitive and Period Sensitive Case
for c2 = 0.75

More comparisons for c2 = 1, c2 = 1.5, c2 = 2 are shown in Appendix, Figs. (A.10
to A.12).

There are two observations:

a. It can be obviously seen from Fig. (3.11) that the important area for period
sensitive case appears shorter but wider than for non-period sensitive case. The
reason is that for non-period sensitive case, Hs has more effect on final response,
so the important region appears to be more concentrated in Hs range. While
for period sensitive case, the importance of Hs becomes smaller, thus the region
spreads longer in Hs range. The reason for this behavior has been discussed in
Section 3.3, Chapter 3.

b. The corresponding important region appears in smaller Hs and Tp ranges for
period sensitive case

Taking TLP for example, the spectral period close to its natural period is more
important to the response. While for rigid platform, it is the significant wave
height that decides directly the response. So hs and tp of important sea state for
period sensitive case tends to be in different positions from non-period sensitive
case.

3.3.5 Effect of Width Parameter of ln(Tp) Variance

Width parameter of ln(Tp) variance means the value of b1 in Eq. (3.10). b1 is the
parameter which decides the magnitude of σ2, especially for large hs range. Thus
b1 is an important parameter for large response prediction.

(1) Effect of Width Parameter on Final Response

Response values calculated from full long term analysis are summarized in Tab.
(3.8).

It can be seen from the table that b1 does not have a big effect on the final response.
The reason is that b1 is the parameter which decides variance, but it does not affect
the expected value.
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Table 3.8: Extreme Responses for Different Non-linearity and Period Sensitivity
Cases

X3h,100

b1 = 0.005 b1 = 0.00073
Linear and Non-Period Sensitive 36.0 36.1
Quadratic and Non-Period Sensitive 625.2 628.4
Linear and Period Sensitive 30.9 30.4
Quadratic and Period Sensitive 480.8 461.8

(2) Effect of Width Parameter on Important Region

Similar figures for important area for exceedance of X100 are plotted in Fig. (3.12).

(a) b1 = 0.005 (b) b1 = 0.00073

Figure 3.12: Comparison between Different b1 for Linear and Non-Period Sensitive
case

More comparisons for different non-linearity and period sensitivity are shown in
Appendix, Figs. (A.13 to A.15).

It can be seen from Fig. (3.12) that for both period-sensitive and non-period
sensitive cases, the important region of b1 = 0.00073 is narrower than for b1 =
0.005. The reason is that b1 is the main parameter which decides the magnitude
of the variance, and the variance is reflected as bandwidth in the figures. Thus
the larger is b1, the wider is the band.

3.4 Summary

In this chapter, firstly the author describes the method to establish joint distri-
bution of hs and tp for a given hs. Then the probability scatter diagram of hs
and tp is established. Based on this, the long term distribution of response can be
calculated.

Then the effect of response function on final response value and important con-
tribution region is studied. It can be included that structure with different non-
linearity and period sensitivity will have quite different response behaviors, even
under the same sea state.

Regarding the long term response value, one should pay enough attention to the
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ratio between X3h10000 and X3h100 , since it corresponds to the safety factor one uses
in engineering design. The ratio varies much for different response cases. Thus
it is important for an engineer to choose the proper safety factor for a specific
structure.

The important contribution region gives important information about the impor-
tant sea states for ULS design. One should notice that for different response
problem, the important region lies in different Hs and Tp range. Thus if one is
trying to find the most important sea states, it is important to take the spe-
cific structure into consideration, since different response problems correspond to
different important sea states.



Chapter 4

Environmental Contour Line
Method

4.1 Motivation for Adopting Environmental Con-

tour Line

According to Haver et. al(2012), it will be quite time-consuming to establish
the short term distribution of the 3-hour maximum response given the sea state
characteristics for very complex response problems. For such cases it would be
useful to have a method where one could estimate long term extremes from a
carefully selected short term sea state. The environmental contour method may
represent a possible approach. In particular, this can be useful for cases where
one have to estimate q-probability response extremes directly from model tests.

This is the general purpose of environmental contour line method. In this chapter,
the author only focuses on the establishment of environmental contour line and the
target percentile estimated from environmental contour line method. Compared
to all sea state long term approach, environmental contour line method is only an
approximated method. Thus the target percentile estimated can only be used for
verification purpose.

4.2 Basic Knowledge about Environmental Con-

tour Line

4.2.1 Establishment of Environmental Contour Line

The contour line of Hs and Tp is defined as a line contour of combination of Hs

and Tp, corresponds to exceedance probability of pe, where pe = 10−2 per year for
ULS and pe = 10−4 for ALS. In this project, IFORM technique is used to establish
the lines of constant probability of exceedance.

From last chapter, the joint probability distribution model fHsTp(h, t) is estab-
lished. Then the probability of exceedance pe reads:

29
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pe =

∫ ∫
Af

fHsTp(h, t)dhsdtp (4.1)

where Af is the failure set.

Instead of solving the integral in physical parameter space, it can be transformed
to a space defined by 2 independent and standard Gaussian variables, u1 and u2.
u1 corresponds to Hs and u2 corresponds to Tp, assuming that Hs is the most
important parameter. Since a priori relation between the physical parameters
and standard Gaussian parameters is not known, a proper transformation can be
determined by requiring:

Φ(u1) = FHs(hs) (4.2)

Φ(u2) = FTp|Hs(tp|hs) (4.3)

then,
u1 = Φ−1[FHs(hs)] (4.4)

u2 = Φ−1[FTp|Hs(tp|hs)] (4.5)

The contour lines in the u-space are circles with radius equal to β, the definition
of β can be seen in Fig. (4.1).

Figure 4.1: Definition of u-space for the ULS case

pe =
q

N
=

10−2

2920
(4.6)

β = Φ−1(pe) = 4.5 (4.7)

For the ALS case,



4.2. BASIC KNOWLEDGE ABOUT ENVIRONMENTAL CONTOUR LINE31

pe =
q

N
=

10−4

2920
(4.8)

β = Φ−1(pe) = 5.4 (4.9)

Assuming the failure boundary is a tangent to the circle with radius, β, the radius
is uniquely related to the target exceedance probability, pe:

β = Φ−1(pe) (4.10)

Then values of u1, u2 can be decided as coordinates on the circle with radius β.
u1and u2 have relationship:

u2
1 + u2

2 = β2 (4.11)

Since u1 and hs, u2 and tp are uniquely connected, values of hs and tp can be
decided by:

hs = FHs(hs)
−1Φ(u1) (4.12)

tp = FTp|Hs(tp|hs)
−1Φ(u2) (4.13)

Thus points on the contour line in the physical space are decided.

This process is shown as:(Baarholm et. al(2010))

Figure 4.2: Transformation from U-space to Physical-space

The distribution of Hs and Tp have been established in Chapter 3. Following the
above procedures, the environmental contour line in physical space and u-space
are established as in Fig. (4.3).

4.2.2 Study of Failure Domain on Environmental Contour
Line

Failure domain on environmental contour is studied in this section. It is assumed
that the worst sea state corresponds to point A(Tp,A, Hs,A), thus the green area
is the failure domain. A transformation from the physical space to the u-space is
shown in Fig. (4.4).
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(a) Method of Moment (b) Method of Linear Fitting

Figure 4.3: Failure Domain in Physical-space and U-space

(a) Method of Moment (b) Method of Linear Fitting

Figure 4.4: Failure Domain in physical-space and u-space

It can be seen that the failure boundary in u-space is not the tangent line, but a
curved line over point A. However in practical, the failure boundary in u-space is
taken as the tangent line over point A. This approximation is well on the safe side
for area lower-right to point A, but is a little on the dangerous side for area to the
upper-left of point A, since the failure boundary bends towards the cycle. This
might be one of the uncertainties involved when calculating target percentiles.

4.3 Uncertainties of Environmental Contour Line

The shape of the environmental contour line is decided directly by the fitted model
for hs and tp. In the previous study, 3-parameter Weibull distribution model gives
a good estimation for the long term significant wave height. Fitting for mean value
of ln(tp) for each hs interval also gives a good result. But the fitting for variance
of ln(tp) does not give a good description for large hs, as shown in Fig. (4.5).

The function for variance of ln(tp) reads:

σ2 = b1 + b2 · exp(−hs · b3) (4.14)

It can be seen that for large hs, the term b2 · exp(−hs · b3) is negligible, thus b1
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is the only parameter which decides the magnitude of σ2. And b1 is the major
uncertainty of environmental contour line method.

In order to study the effect of b1, four sets of parameters for fitting for variance of
tp for each hs interval are shown in Fig. (4.5).

Figure 4.5: Standard Deviation of ln(Tp) given Hs for Various Models

A zoomed-in figure for lower tail of σ2 shows more information on large hs. It is
plotted in Fig. (4.6).

Figure 4.6: Zoomed-in Version of Standard Deviation of ln(Tp) given Hs for Var-
ious Models

It can be seen from Fig. (4.6) that b1 = 0.00073 is the lower bound regarding the
large significant wave heights. However, the data for the largest significant wave
heights are possibly corresponding to merely one or two storm events. Therefore
one do hesitate to give full weight to this result. It is indicated that a proper
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simulation should be somewhere between the lower bound b1 = 0.00073 and upper
bound b1 = 0.005. But in order to ensure enough safety in extreme sea states,
b1 = 0.005 is maintained. The default value of b1 is set to be 0.005 throughout
the thesis.

Various environmental contour lines for different b1 are shown in Fig. (4.7).

Figure 4.7: Environmental Contours for Various Lower Bounds for the Conditional
Variance of ln(Tp)

If the most important sea state along the contour is the peak of the contour,
which is the case for most non-period sensitive response problems, the uncertainty
of b1 is not very important. However, for response problems governed by steepest
sea state along the contour, b1 can be a crucial parameter. It can be observed
that the steepest part for b1 = 0.00073 on the 10000-year contour line actually
coincides with the steepest part for b1 = 0.005 on the 100-year contour line.
Further information is referred to Haver et. al(2012).

It can be concluded that b1 is an important parameter regarding choosing the
worst sea. Larger b1 corresponds to larger hs and tp combinations, i.e. worse sea
states for design purpose, which is on the safe side. Thus despite its conservatism,
b1 is still set to be 0.005 in practical engineering.

4.4 Target Percentile for Extreme Response Cases

4.4.1 Introduction of Target Percentile

Same as previous, one can transform the integral of response to a space defined by
standard Gaussian variable u3. To determine a proper transformation by requiring:

Φ(u3) = FX3h|Tp,Hs(x|tp, hs) (4.15)

then,
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u3 = Φ−1(FX3h|Tp,Hs(x|tp, hs)) (4.16)

In Fig. (4.7), the various models for different b1 are shown. If the most important
sea state along the contour for a given response quantity are close to the peak of
the contour, which will be the case for most practical problems, the value of b1

is not very important. However, for response problems been governed by steep
sea states, this can be a crucial parameter. It can be observed that the steepest
part for b1 = 0.00073 on the 10000-year contour line actually coincides with the
steepest part for b1 = 0.005 on the 100-year contour line.(Haver et. al(2012))

Therefore when u3 = 0, which corresponds to the red point in Fig. (4.8), fX3h|Tp,Hs(x|tp, hs)
has the largest probability. In this case, Xu3=0 is the most probable value for the
given sea state.

According to Haver(2012), the median response in this point is too low, the point
on the red contour did not come out as the design point. In order to obtain the
design response, a higher percentile must be selected. The larger u3 is in the
design point, the higher must the percentile be.

Figure 4.8: Physical Meaning of u3

It is not easy to give a theoretical argument for what percentile should be selected.
Based on experience with problems where the contour method results are com-
pared to results from full long term analysis, a reasonable percentile for q = 10−2

is 90%. For q = 10−4, there seems to be a tendency of going to a slightly higher
percentile and a possibility could be 95%. (Haver et. al(2012))

It is important to notice that the environmental contour line method is an ap-
proximate method, while the full long term analysis gives the correct prediction.
Thus the percentile here can be regarded as an indication of the correctness of
the environmental contour line method. If the percentile does lie in 85% to 90%,
it suggests that the environmental contour line method is an accurate method to
estimate extreme values. While if the percentile deviates far from the expected
value, in this case, smaller than the expected value, it suggests that the envi-
ronmental contour line method gives an overestimation of the most probable sea
state.



36 CHAPTER 4. ENVIRONMENTAL CONTOUR LINE METHOD

4.4.2 Verification Study of the Target Percentile

In this case, a verification study is performed. Response value for X3h,100 and
X3h,10000 have already been decided from the full long term analysis. So the target
percentile can be calculated as:

FX3h
= exp{exp[−(

x− α(h, t)

β(h, t)
)]} (4.17)

where α(h, t) and β(h, t) are decided from Eq. (2.6) and Eq. (2.7).

There are two steps to decide the percentile:

(1) Identify the most unfavorable hurricane peak event in view of the response
under consideration. For a complex response problem, this is done by doing some
time domain simulations or model tests of 3-hour duration for some few sea states
along the critical part of the contour.

But in this case, a simplified method is applied. A measure of the 3-hour extreme
levels for each hurricane is obtained by:

X3h = x+ k · sX3h
(4.18)

According to Haver et. al(2012), x and sX3h
are the mean and standard deviation

of the 3-hour extreme value for the various selected hurricane peak events along
the contour respectively. k is a factor used for pointing to a proper extreme value
level. It will typically be a value around 1.3-1.5 depending on the coefficient of
variation of X3h.

(2) When this point is identified, corresponding parameters for the Gumbel dis-
tribution can be decided. The response value from full long term analysis has
already been decided in Chapter 2. Then the target percentile can be calculated.

The linear and non-period sensitive case is taken for an example, the results are
shown in Tab. (4.1). Cases with different non-linearity and period sensitivity are
shown in Appendix, Tabs. (B.1 to B.3).

Table 4.1: Extreme Values and Target Percentile for Linear and Non-period Sen-
sitive Case

x(response) α β P α
β

q = 0.01 per year 36.0 31.3677 2.5610 85.10% 0.08
q = 0.0001 per year 48.1 39.3529 3.2130 93.67% 0.08

4.4.3 Comments on the Percentile

The expected percentile for response is much higher than 50%, hopefully lies in
85% to 90% (Norsok, N003). However, it is seen from Tab. (4.1) that for some
cases, the percentiles are well below expectation.

(1) Effect of b1, c2 and Period Sensitivity
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In order to study the effect of non-linearity parameter c1, environmental contour
breadth parameter b1 and period sensitivity, a summary of response and target
percentile in different situations are shown in Tab. (4.2).

Table 4.2: Summary of Results for Different Non-linearity, Width Parameter,
Period-sensitivity and Return Period Cases

Case: b1 = 0.00073 b1 = 0.001 b1 = 0.003 b1 = 0.005
q = 0.01 NPS PS NPS PS NPS PS NPS PS

c2 = 0.75 Val. 17.6 15.4 17.6 15.4 17.6 15.5 17.6 15.6
Pct. 86.25% 85.36% 86.25% 83.55% 86.25% 76.26% 86.25% 73.17%

c2 = 1 Val. 36.0 30.4 36.0 30.5 36.0 30.8 36.0 30.9
Pct. 85.10% 85.55% 85.10% 82.81% 85.10% 75.95% 85.10% 71.90%

c2 = 1.5 Val. 151.0 118.4 151.0 119.0 151.0 120.8 151.0 122.0
Pct. 83.11% 85.07% 83.11% 81.87% 83.11% 75.47% 83.11% 70.43%

c2 = 2 Val. 625.2 461.8 625.2 465.5 625.2 475.6 625.2 482.4
Pct. 81.25% 84.08% 81.25% 81.81% 81.25% 75.62% 81.25% 69.95%

Case: b1 = 0.00073 b1 = 0.001 b1 = 0.003 b1 = 0.005
q = 0.01 NPS PS NPS PS NPS PS NPS PS

c2 = 0.75 Val. 22.0 18.8 22.0 18.9 22.0 19.1 22.0 19.3
Pct. 95.02% 98.30% 95.02% 98.30% 95.02% 96.04% 95.02% 93.81%

c2 = 1 Val. 48.1 39.0 48.1 39.3 48.1 40.0 48.1 40.5
Pct. 93.67% 98.58% 93.67% 97.97% 93.67% 95.07% 93.67% 92.67%

c2 = 1.5 Val. 229.4 165.2 229.4 167.1 229.4 172.8 229.4 177.3
Pct. 91.45% 97.80% 91.45% 97.17% 91.45% 93.34% 91.45% 89.81%

c2 = 2 Val. 1073.6 696.3 1073.6 707.8 1073.6 744.1 1073.6 733.7
Pct. 89.76% 97.27% 89.76% 96.36% 89.76% 92.14% 89.76% 87.79%

Here are some observations:

a. same width parameter b1 and period-sensitivity

The response values increase with increasing c2. The response percentiles decrease
with increasing c2.

This can be easily explained by Eq. (2.14) to Eq. (2.17), for a given long term
response value X, the larger c2 will lead to larger expected value µX3h

, standard
deviation σX3h

of X3h, and then larger parameters of the Gumbel distribution α
and β, but smaller percentile FX3h|HsTp .

From practical point of view, if the effect of non-linearity is larger, the response
will be larger. For example, the response which is quadratic to hs will be larger
than that which is linear to hs. For the percentile: if the effect of non-linearity
is larger, the expected value of X3h, µX3h

will be larger, thus the percentile will
be smaller. It suggests that with increasing c2, the environmental contour line
method tends to give overestimation of the most probable sea state.

In addition, it can be observed that compared with width parameter b1 and period
sensitivity, the effect of c2 on percentile is not significant. This suggests that c2 is
not the major parameter which decides the accuracy of the environmental contour
line method.
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b. For same breadth parameter b1 and non-linearity parameter c2

The response values are larger for non-period sensitive case than that for period
sensitive case. The percentile, however, does not show an obvious pattern.

Reason of the response has been discussed in Section 3.3, Chapter 3. For the
percentile: the percentile is commonly decided by response value x and the worst
sea state, thus it does not show an obvious pattern.

In the example given above, the non-period sensitive case and the period sensitive
case are chosen to be two extreme cases. The response is either very sensitive or
very insensitive to period, as plotted in Fig. (2.3). But in practical, the structure
may lie somewhere between the two extreme cases. Thus the non-period sensitive
case may give an underestimation of the most probable sea state with too high
percentile, and the period sensitive case may give an overestimation of the most
probable sea state with a too low percentile.

Further study regarding period sensitivity will be discussed in Part(2) of Section
4.4.3.

c. For same non-linearity parameter c2 and period-sensitivity

The response value does not vary much for different b1. Since b1 only has effect on
the variance for tp, but does not affect the expected mean tp. b1 is the parameter
which decides the width of environmental contour. But it will not affect the long
term prediction of response.

However, the percentiles for different b1 show different trends for NPS and PS case.
For NPS case, the percentiles do not change, while for PS case, the percentiles
decrease with increasing b1.

More details are studied here, the coordinates of the selected worst sea state, hs
and tp are shown in the following tables. For the non-period sensitive case:

Table 4.3: Coordinates of the Worst Sea State Point in the Physical Space for
Non-period Sensitive Case

NPS b1 = 0.00073 b1 = 0.001 b1 = 0.003 b1 = 0.005
hs 16.6 16.6 16.6 16.6
tp 17.8 17.8 17.8 17.8

For the NPS case, the selected worst sea state is the one with largest hs. It is the
top point on the 100-year contour line. It suggests that for the NPS case, b1 does
not have an effect on selection of the worst sea state and target percentile.

Table 4.4: Coordinates of the Worst Sea State Point in the Physical Space for
Period Sensitive Case

NPS b1 = 0.00073 b1 = 0.001 b1 = 0.003 b1 = 0.005
hs 14.3 14.3 14.7 15.2
tp 15.4 15.2 15.2 15.3

For the period sensitive case, the selected worst sea states are the red points to
the left of the top point on the 100 year contour lines, which is shown in the Fig.
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(4.9):

Figure 4.9: Selected Worst Sea State Points along the Environmental Contour
Line

It is observed that hs is not the only important variable to decide the worst sea
state. It can be observed that tp around 15s is an important region for worst sea
state, which corresponds to c4 in Eq. (2.17), c4 decides the peak of the cosine wave
of response. Therefore, it can be concluded that for the period sensitive case, both
hs and tp are important variables that decide the worst sea state.

The reason for the response percentile decreases with increasing b1: b1 is the
parameter which decides the variability of ln(tp) for a given hs, the larger b1 is,
the larger variability does ln(tp) have. This is plotted in Fig. (4.9). Larger
b1 results in wider environmental contour line, especially the upper part. The
position of the worst sea state is changed, results in an obvious increase of hs.
This may result in an overestimation of the most probable sea state, and then a
lower percentile.

However, beyond all the analysis above, there are still some percentiles which
are below recommendation from Norsok-003, which is 85% to 95%. The author
suggests that further work should be done regarding the correct range of percentile.

(2) Effect of Other Parameters

a. Further Study for Effect of c3 and c5:

In the previous study, only two sets of c3 and c5 are selected for period sensitive
and non-period sensitive case respectively. In order to study the effect of period
sensitivity, different sets of parameters for period sensitivity are studied as below.

Firstly, the effect of different combinations of c3 and c5 is shown in Fig. (4.11):

Then an example with b1 = 0.005, c2 = 2 and 100-year value is calculated in Tab.
(4.5).

It can be seen that the larger c3 and smaller c5 is, the smaller the value and
percentile will be.
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Figure 4.10: Effect of Different Combinations of c3 and c5 on Location Parameter
α

Table 4.5: Extreme Value and Target Percentile for Different Scale Parameter
Cases

NPS Case 1 Case 2 Case 3 Case 4 PS
c3 c5 c3 c5 c3 c5 c3 c5 c3 c5 c3 c5

1 100 30 100 70 100 30 60 70 60 100 60
Val. 625.2 562.1 529.8 523.1 493.6 482.4
Pct. 81.25% 80.86% 78.49% 77.77% 72.79% 69.95%

c3 together with c5 decides the shape of the response curve. A larger c3 and
smaller c5 will result in a steeper response curve, which mean the response is more
sensitive to peak period. This has been discussed in Section 3.3 in Chapter 2.

Another important thing here is to notice here is a smooth trend from NPS case
to PS case, decreasing gradually from 81.25%to 69.95%.

b. Effect of c4:

As mentioned in the first chapter, c4 decides the position where the largest response
occurs. In this section, the effect of c4 on long term response and percentile
are studied. An example with b1 = 0.005 is performed. Response values and
percentiles for different cases are presented in Fig. (4.11) and Tab. (4.6).

It can be seen from Fig. (4.11a) , Fig. (4.11b)and Tab. (4.6) that, for non-period
sensitive case, c4 do not have significant effect on final result. This can also be
explained in Fig. (4.11a), for non-period sensitive case, the response do not have
an obvious variation over peak period.

While for the period sensitive case, it can be clearly seen in Fig. (4.11c) and Fig.
(4.11d) that there are a bending for each curve on the Gumbel probability paper.
And the bending starts at different places. It is found that the smaller c4 is, the
earlier the bending starts. This behavior suggests the relationship between sea
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(a) NPS and Linear (b) NPS and Quadratic

(c) PS and Linear (d) PS and Quadratic

Figure 4.11: Cumulative Probability for Different c4 plotted on Gumbel Probabil-
ity Paper

Table 4.6: Extreme Value and Target Percentile for Different Period Sensitivity
Cases

c2 = 2 c4 = 15 c4 = 17 c4 = 19 c4 = 21
q=0.01 0.0001 0.01 0.0001 0.01 0.0001 0.01 0.0001

NPS Val. 34.5 36.0 35.9 34.1 45.7 48.1 48.4 46.5
Pct. 96.91% 85.10% 83.77% 83.04% 94.96% 93.67% 92.41% 91.36%

PS Val. 19.5 30.9 25.98 18.1 25.3 40.5 41.89 24.5
Pct. 86.71% 71.90% 27.17% 84.97% 95.94% 92.67% 87.04% 93.44%

c2 = 2 c4 = 15 c4 = 17 c4 = 19 c4 = 21
q=0.01 0.0001 0.01 0.0001 0.01 0.0001 0.01 0.0001

NPS Val. 599.5 625.2 626.3 594.8 1025.9 1073.6 1089.0 1058.4
Pct. 82.02% 81.25% 80.66% 80.10% 90.56% 89.76% 89.05% 88.58%

PS Val. 551.8 482.4 418.5 315.5 316.1 733.7 891.6 554.5
Pct. 89.43% 69.95% 58.09% 80.96% 81.18% 87.79% 77.62% 89.82%

states and the natural period of response.

It is firstly believed that response of system increases fastest when the wave peak
period is near its natural period. In Fig. (4.11c) and Fig. (4.11d), the flattest
part of the curve corresponds to the fastest increasing response region, which
corresponds to the natural period of response c4. Thus a smaller c4 corresponds
to an earlier bending of the curve and smaller response value.

c. Effect of c6:

c6 is a measure of the variability around the mean 3-hour maximum. The effect
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of c6 on long term response and percentile is studied in this section. An example
with b1 = 0.005, c2 = 1 and 100-year values is calculated as in Tab. (4.7).

Table 4.7: Extreme Value and Target Percentile for Different Position Parameter
Cases

c6 = 0.05 c6 = 0.1 c6 = 0.11 c6 = 0.12 c6 = 0.15 c6 = 0.2
NPS Val. 33.5 36.0 36.8 37.5 40.0 44.7

Pct. 71.21% 85.10% 86.92% 88.33% 91.62% 94.62%
PS Val. 28.4 30.9 31.6 32.3 34.6 38.7

Pct. 16.8% 71.9% 76.49% 80.18% 87.12% 92.24%

It can be seen from Tab. (4.7) that the long term response value has an obvious
increase when c6 increases. The reason is that, the long term response will be
larger accounting for the variability, while c6 does not have a significant effect on
α(h, t) and β(h, t), so in general the percentile goes up.

From practical point of view, if higher variability is considered, the all sea state
approach will give an overestimated result, thus a higher percentile is expected.
On the other hand, if the variability is chosen as low as 0.0073, it means that
the long term prediction method will probably give an underestimated result, and
thus low percentiles are found in NPS and PS cases.

For the NPS case, the percentiles seem to be in a reasonable range. While for the
PS cases, low percentiles are found for c6 < 0.15. It suggests that certain amount
of variability should be taken into account to ensure an accurate result.

4.5 Summary

This chapter works as a supplementary study for the all sea state long term re-
sponse method. In this chapter, the author gives a brief introduction of environ-
mental contour line method and target percentile. By studying parameters from
response functions effect on final result, one can have better understanding of the
response problem.

It can be concluded that for non-period sensitive case, c2 is the major parameter
which has effect on the response. The reason is that, if the structure is not sensitive
to wave period, significant wave height will be the only factor which affects final
response and target percentile. In the response function, c2 is the only parameter
which is directly related to significant wave height hs, thus if one is designing a
non-period sensitive structure, more focus should be put on the non-linearity of
the response problem.

While for period sensitive case, the response problem becomes more complicated.
c2 is not the only parameter which decides the result. Both c4 and combination
of c3 and c5 have effect on the final response and target percentile. Generally
speaking, period sensitive problem tends to have smaller response value and tar-
get percentile than non-period sensitive problem. And if the natural period of
a structure is close to the peak period of the worst sea state, it will have larger



4.5. SUMMARY 43

response value. But the relationship between c4 and target percentile remains un-
clear. Therefore, compared with non-period sensitive case, one should pay extra
attention to the natural period and the period sensitivity of the structure. How-
ever, uncertainties remain if one is using environmental contour line method to
decide the long term extreme response.

The value of c6 determines the variability taken into consideration. It works as
an overall compensation for all the uncertainties regarding the response function.
Thus a properly chosen c6 will result in an accurate response value and target
percentile.

In conclusion, the non-linearity, period sensitivity, natural period of the structure,
and uncertainties involved when choosing parameters for the response function
should be taken into consideration, and then a reliable response function could be
built.
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Chapter 5

Peak over Threshold Method

5.1 Motivation for the Peak over Threshold Method

Provided the response problem under consideration is independent of the previ-
ous history of sea state characteristics, the long term approach as formulated in
Chapter 2 is rather convenient for not too complicated response problems. If this
is not the case, the long term response analysis has to be carried out in the time
domain, i.e. the probabilistic characteristics of the response problem is calculated
for each adjacent 3-hour period. This is conveniently handled by adopting the
random storm approach.

The random storm approach has been more frequently used abroad than within
Norway. Reason for this is that the extreme response is basically governed by
the occurrences of some few extreme hurricanes. Between the hurricanes, weather
conditions are rather benign and of no effect regarding prediction of response
extremes. In for example the Gulf of Mexico, it has not been common to utilize
routine wave measurements as the basis for establishing design environmental con-
ditions. One good reason for this could be that hurricanes, which are representing
design conditions, are so rare that a very long period of measurements would be
required before a reliable joint model of the environmental characteristics could
be established based on measurements. For such an area, the hindcast technique
is very convenient. Since hurricanes-at most-merely occupy some few days per
year at each site, a continuous hindcast is typically not considered interesting and
one has rather focused on producing reliable hindcast results for all important
historical hurricanes for which the meteorological basis data are available. The
random storm approach is originally formulated for estimating wave and response
extremes corresponding to given return periods based on the availability of a suf-
ficient amount of storm data.[Haver, 2011]

5.2 Introduction of Peak over Threshold Method

The hindcast data from NORA10 is available from 1957 to 2013. For illustrative
purpose, the threshold for storm is firstly set to be 6m. It can be counted from
the hindcast data that there are 1299 storms in total, with an average duration

45
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of 6.03 steps, or 18.1 hours for each storm. It can be seen that there is no suffi-
cient amount of data for reliable research, especially when the expected extremes
corresponds to an annual exceedance probabilities in the order of 10−4 − 10−3.
In order to overcome this insufficiency, it is assumed that the distribution func-
tion of the largest value of an arbitrary storm exceeding the selected threshold
level, Y, converges to an asymptotic form when considered conditionally upon the
most probable largest storm response, ỹ. A probabilistic model, fỸ (ỹ), is fitted to
the sample of most probable storm extremes, ỹ1, ỹ2, · · · , ỹk0 , and the distribution
function of the extreme value of an arbitrary storm reads:

FY (y) =

∫
ỹ

FY |Ỹ (y|ỹ)fỸ (ỹ) (5.1)

5.2.1 Generic Response Problem

FY |Ỹ (y|ỹ) represents the generic response problem. It is a function calculated from
significant wave height Hs and spectral peak period Tp in this case. X3h, the 3h
maximum response, is modelled by the Gumbel distribution:

FX3h|Hs,Tp(x|h, t) = exp{−exp{−x− α(h, t)

β(h, t)
}} (5.2)

The Gumbel parameters can be calculated from the significant wave height and
spectral peak period for each 3-hour step. Then the largest value of α(h, t) for a
storm is taken as the largest most probable maximum response:

ỹk = maxstorm nok(α(h, t)) (5.3)

If one perform this process for all storms, one can decide ỹk, k = 1, 2, · · · , M for
each storm.

It should be noticed that this is an approximate method to calculate yk. By
definition of the largest most probable response, yk is calculated by solving:

Fxs|storm k(x|k) =
n∏
i=1

FX3h|Hs,i,Tp,i(x|hs,i, tp,i) = 0.37 (5.4)

Or by solving,

d2[Fxs|storm k(x|k)]

dx2
= 0 (5.5)

But here, the approximate method is used to simplify calculation. The most
probable storm maxima, ỹk , ỹk, k = 1, 2, · · · , M , reflects the long term variability
of the storm severity as felt by the response quantity. By ranking Ỹ , one finds
that there are 1299 Ỹ in total, with the smallest value 11.61, the largest value
32.61.
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5.2.2 Distribution of Largest Most Probable Storm Max-
imum

The largest most probable storm maximum as a random variable, Ỹ , is considered
to be a 3-parameter Weibull disttribution:

FY (y) = 1− exp{−(− ỹ − ỹ0

ε
)γ} (5.6)

Basically, there are two methods to decide ỹ0, ε and γ. One is method of linear fit-
ting, one is the method of moment. Firstly, the method of linear fitting on Weibull
probability paper is utilized here. Method of moment is studied for comparison
and verification in Section 5.3.1.

By doing a transformation of Eq. (5.6), it can be shown:

ln−ln[1− FỸ (ỹ)] = γln(ỹ − ỹ0)− γln(ε) (5.7)

It shows that term ln−ln[1− FỸ (ỹ)] and ln(ỹ − ỹ0) has a linear relationship. By
doing a linear fitting, the three parameters can be decided. The final parameters
are decided as:

ỹ0 = 11.70; (5.8)

ε = 3.4447; (5.9)

γ = 1.1190; (5.10)

Then the 3-parameter Weibull distribution is plotted on the probability paper in
Fig. (5.1).

The relation between FY (y) and ỹ is plotted in Fig. (5.2).

It can be found that the 3-parameter Weibull model gives a good description for
the ỹ, and the method of linear fitting seems to be a reasonable way to determine
the distribution function.

5.2.3 Distribution of Storm Maximum Response given Largest
Most Probable Storm Maximum

(1) Introduction of the Method

Monte Carlo simulation is utilized for deciding the storm maximum realization.
For step no.m of storm no.k, a random number, um,k between 0 and 1 is generated.
After replacing FX3h|HsTp(xh, t) in Eq(5.2) with um,k, a possible realization of X3h

is given by:

xm,k = αm,k − βm,kln(−ln(um,k)) (5.11)
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Figure 5.1: Linear Fitting plotted on Weibull Probability Paper

Figure 5.2: Cumulative Probability of the Most Probable Storm Maxima ỹ

Storm maximum response for storm no.k is given by:

yk = maxm(xm,k) (5.12)

The result of such a process is illustrated for one hurricane in Fig. (5.3). It
is seen that the largest most probable storm maximum is usually found at the
storm peak α(k,max). The 3-hour maxima yk fluctuates around the 3-hour most
probable maxima α(k,max).

If the variability of the 3-hour maximum around the most probable largest max-
imum can be neglected, one could estimate the q-probability response from Eq.
(5.12). However, for a general case it is important to account for this variability
(reflected by the green curve versus the magenta curve in Fig. (5.3)).
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Figure 5.3: Storm Histories hs,tp,α(hs, tp) and Simulated Maxima for X3h for a
Particular Hurricane

The ratio vi = yi
ỹi

is assumed to be a realization of a Gumbel distribution. vi is
assumed to be identically distributed for all hurricanes:

FV (v) = exp{−exp{−v − αv
βv
} (5.13)

By calculating the ratio for all k0 storms, v1, v2, · · · ,vk0 , the mean v and the
standard deviation, sV , can be calculated. Applying the method of moments, the
Gumbel parameters can be estimated by:

β̂v = 0.7797sv (5.14)

α̂v = v − 0.57722β̂v (5.15)

In this case, the value for αv and βv reads:

α̂v = 1.0832 (5.16)

β̂v = 0.1039 (5.17)

The Gumbel distribution for v is plotted on a probability paper in Fig. (5.4).

The relation between Fv(v) and v is plotted in Fig. (5.5).

using that,

FY |Ỹ (y|ỹ) = P [Y ≤ y|Ỹ ≤ ỹ] = P [V ≤ y

ỹ
] (5.18)

then,
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Figure 5.4: Cumulative Probability of v plotted on Gumbel Probability Paper

Figure 5.5: Cumulative Probability of v

FY |Ỹ (y|ỹ) = exp{−exp{−y − αvỹ
βvỹ

} (5.19)

It should be noticed that, as a consequence of the approximation of largest most
probable 3-hour maximum response, the location parameter αv is slightly larger
than 1, and thus αvỹ is slightly larger than ỹ.

(2) Discussion of the Method

It is assumed here that if the storm extreme is normalized by ỹ, the distribution of
the normalized value is the same for all storms. This can be verified by comparing
3 storms of different severity.

For example, one storm with four 3-hour steps is chosen as the least severe storm.
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Since there is only one storm, the largest significant wave height hs = 7.3m,
corresponding spectral peak period tp = 12.4s is chosen to calculate the most
probable largest storm maxima ỹ.

By performing Monte Carlo simulation, many realizations of storm response can
be calculated. Then one can plot the distribution of the ratio vi = yi/ỹ on Gumbel
Probability Paper. By comparing it with the result from all storms, one can see
the uncertainties in this method.

The medium severe storm has with 16 3-hour steps, and the largest significant
wave height hs = 10.1m, corresponding spectral peak period tp = 13.5s. The
most severe storm has with 9 3-hour steps, and the largest significant wave height
hs = 16.6m, corresponding spectral peak period tp = 18.1s.

The results are shown in Fig. (5.6).

Figure 5.6: Fitting v for Storms with Different Severity

It can be seen from Fig. (5.6) that fitting for different storms are deviated from
the fitting for all the storms. Before analyzing the reason for this behavior, one
should firstly focus on the uncertainties regarding the approach.

a. Uncertainties in Number of Realizations for Each Storm Step

When using Monte Carlo simulation to generate realizations, the number of re-
alizations from each storm step has a big effect on the result, shown as in Fig.
(5.7).

The least severe storm is taken as an example:

Cases for medium severe storm and most severe storm are shown in Appendix,
Figs. (A.16 to A.17).

In Fig. (5.7), blue solid line is the case where there are 20 realizations for each step
of storm, the magenta dashed line is the case where there are only 1 realization
for each step of storm. It can be seen that with the increasing realizations, the
expected mean of sample v has an obvious increase.
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Figure 5.7: Effect of Realizations for Each Step on v for Least Severe Storm

Thus the uncertainties lie in number of realizations for each storm step. With the
same most probable value, more realizations will give larger realization, thus a
larger ratio, and then a more conservative estimation of response. In the following
studies, the number of realization for each step is set to be 1, in order to compare
with the one for all storms. However, the proper number of realizations remains
to be discussed.

b. Uncertainties in Number of Repeated Storms for Each Case

Since for each case, only one storm is selected, and the identical distribution of
the normalized value is assumed to be the same for all storms, thus a number
of repetitions have to be done to generate a sample, which is large enough to
overcome the uncertainties. In this case, a comparison between 100 repetitions
and 1299 repetitions are shown in Fig. (5.8).

The least severe storm is taken as an example,

Cases for medium severe storm and most severe storm are shown in Appendix,
Figs. (A.18 to A.20).

The figures show that the effect of number of reperitions is not quite obvious.
However, in order to ensure the accuracy, number of repetitions is set to be 1299.

c. Discussion of Fitting v for Different Severity Storm

Firstly, the three fitted line lies to be right to the one for all storms. This may
due to a poorly selected example for least severe storm. According to results,
there are 685 storms with most probable largest significant wave height smaller
than 7.3m. And there are 1206 storms with most probable largest significant wave
height smaller than 10.1m.

It can be found from Eq. (5.11) that a smaller most probable largest value αm,k
will lead to a smaller realization xm,k, if the uncertainties from the random number
um,k is neglected. By transforming Eq. (5.11), one can get:
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Figure 5.8: Effect of Repeated Storms on v for Least Severe Storm

vi =
yi
αk

= 1− βkln(−ln(u))

αk
(5.20)

With a smaller αm,k, the ratio vi will be smaller. This is the reason why the line
for all storms appears to the left of the other three lines.

Secondly, fitted line for medium severe storm lies to the right of line for least and
most severe storm. This is because there are 4 steps for the least severe storm, 9
steps for the most severe storm, but 16 steps for the medium severe storm.

This is related to Monte Carlo simulation. More steps mean more random number
um,k and more realizations for each storm. Thus the largest realization is more
probable to be larger than the one with fewer realizations. Especially in this
case, 16 realizations for the medium storm were generated, while only generate 9
realizations for the most severe storm and 4 for the least severe storm, thus the
ratio for the medium storm will be larger. This is the reason why the line appears
outside of the least severe and most severe line range.

5.2.4 Extreme Response Prediction

Eq. (5.19) is the POT analogy to the short term distribution of the all sea state
approach. The long term distribution of storm maximum response reads:

FY (y) =

∫
ỹ

FY |Ỹ (y|ỹ)fỸ (ỹ)dỹ (5.21)

Integration for Eq. (5.21) can be done in Matlab, the result is plotted in Fig. (5.9).
In order to estimate extreme value with 100-year or 10000-year return period,
the cumulative probability for response is plotted on a Gumbel probability paper
against response value, shown in Fig. (5.10).
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Figure 5.9: Cumulative Probability of Response

Figure 5.10: Cumulative Probability of Response plotted on Gumbel Probability
Paper

It can be seen that the line does not necessarily behave linearly as a whole, but
regarding the large response value, it has good linear characteristic, and reasonable
value can be estimated by reading directly from the original data.

The q-probability response values are found by solving:

1− FY (yq) =
q

n1

(5.22)

n1 is the expected number of hurricanes per year. In this case, there are 1299
storms in 56 years, thus the expected number of hurricanes per year:
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n1 =
1299

56
(5.23)

Result for the POT analysis can be shown in Tab. (5.1).

Table 5.1: Extreme Response from POT Method

−ln{−ln[FY (yq)]} y
q=0.1 5.444 33.1
q=0.01 7.749 41.1

q=0.0001 12.3543 58.0

5.3 Discussion of POT Method

In order to study the uncertainties of the POT method, different response cases
are performed in this section. The results are given in Tab. (5.2).

Table 5.2: Comparison of Extreme Response from All Sea State Approach and
POT Method

c2 = 1 X10 X100 X10000

NPS PS NPS PS NPS PS
All Sea State Analysis 30.0 26.2 36.0 30.9 48.1 40.5
POT Method 33.1 40.9 41.1 54.4 58.0 76.6
c2 = 2 X10 X100 X10000

NPS PS NPS PS NPS PS
All Sea State Analysis 397.9 336.7 625.2 482.4 1073.6 733.7
POT Method 493.3 482.1 708.5 742.5 1221.2 1380

It can be seen that for all the cases, results from the POT approach are much
higher than the one from all sea state approach, especially for period sensitive
cases. Based on the verification study of different approaches in Section 5.4, it is
believed that all sea state approach gives more accurate results. Thus uncertainties
from POT approach are studied here.

From Eq. (5.20), it is assumed that there are two sources of uncertainties, one is
from FY |Ỹ (y|ỹ), and the other is from fỸ (ỹ)dỹ.

5.3.1 Uncertainties from Linear Fitting for ỹ

(1) Data Study

The data studied in this thesis has its own characteristic. It is shown obviously
in Fig. (5.11). This is an example from period sensitive and quadratic response
case.

It can be seen that on the left side of the figure, the original points have quite
strange behavior. It suggests that the first several ỹ is quite close to y0.
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Figure 5.11: Weibull Probability Paper for all ỹ

The author finds that from all 1299 storms, there are 72 of them which only have
one 3-hour with the largest significant wave height hs = 6m. The most probable
response for these storms ỹ is very close to 36, while the y0 in this case is 35.5.
ln(ỹ − y0) = −0.6931, which corresponds to the coordinates of the first several
original points.

These points are useless for long term response prediction, thus in the following
study, only storms with at least two 3-hour steps are considered. The author
suggests that in the POT method, there should be limitations on the minimum
number of steps in each storm.

(2) Uncertainty Study

By the least square method, parameters for the 3-parameter Weibull Distribution
are decided. Cumulative probability for ỹ is plotted in Weibull probability paper
for different cases in Fig. (5.12), as the same as in Fig. (5.1). Non-period sensitive
and linear case is taken as an example.

Cases for different linearity and period sensitivity are shown in Appendix, Figs.
(A.21 to A.23).

By comparing the results, it is assumed that there are mainly three sources of
uncertainties:

a. Entire Range Fitting and Important Region Fitting

In order to study the effect of different fitting range, period sensitive and linear
case is selected as an example. It can be seen from Fig. (A.9) that the important
contribution area to response regarding significant wave height hs is from 9m to
17m. By doing a transformation to the x-axis on Weibull probability paper, the
corresponding important range is 1.13 - 2.4. In Fig(5.13), fitting for all data and
fitting only for important range is presented.

In Fig. (5.13), the green line gives good description for the upper region, but it
does not describe all the data very well. Results from two fitting are given in Tab.
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Figure 5.12: Cumulative Probability plotted on Weibull Probability Paper for
Non-period Sensitive Case

Figure 5.13: Comparison of Linear Fitting for All Data and Important Region on
Weibull Probability Paper

(5.3).

Table 5.3: Extreme Response from Different Fitting Region

X10 X100 X10000

Fitting for All Data 40.9 54.4 76.6
Fitting for Upper Region 30.6 38.8 56.2

It can be seen that different choices of fitting region have substantial effect on the
final result. And the unreasonable big results in Tab. (5.2) may due to a poor
modelling in the important contribution region. Therefore, a compromise between
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important contribution region fitting and whole range fitting should be reached to
give trustworthy results.

It is found that different choices of location parameter y0 will give different fitting
and extreme response values. Thus the author believes that least square method
can only give suggestions to choice of y0, but the best y0 should be chosen according
to ones focus on different behavior of the fitted curve.

b. Least Square Method and Method of Moment

In order to see the uncertainties of using least square method, method of moment
is performed.

The relationship between parameters of Weibull distribution and mean µ and
variance σ2 of sample reads: (Moan(2010))

µ = λΓ(1 +
1

k
) (5.24)

σ2 = λ2{Γ(1 +
2

k
)− [Γ(1 +

1

k
)]2} (5.25)

µ and σ2 can be calculated from a sample of ỹ. By solving Eq. (5.24) and Eq.
(5.25) the parameters for Weibull distribution can be calcualted.

Non-period sensitive and linear case is taken as an example.

Figure 5.14: Comparison of Method of Moment and Linear Fitting for Non-period
and Linear Case

Cases for different linearity and period sensitivity are shown in Appendix, Figs.
(A.24 to A.26).

It can be seen that for the non-period sensitive cases fitted line by method of
moment and linear fitting almost coincide with each other. The parameters for
the curve and results are given in Tab. (5.4).
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Table 5.4: Parameters for Fitted Line and Extreme Results

k λ X10 X100 X10000

Method of Moment 1.127 3.4776 33.1 41.2 58.0
Method of Linear Fitting 1.119 3.4447 33.1 41.1 58.0

It can be seen from Tab. (5.4) that in non-period sensitive case, the method of
moment gives slightly smaller result. This is even more obvious for the period
sensitive case.

Comparisons for results of different cases are shown in Tab. (5.5).

Table 5.5: Extreme Values and Target Percentile for Linear and Non-period Sen-
sitive Case

ỹ X10 X100 X10000

MoM MoLF MoM MoLF MoM MoLF
NPS, c2 = 1 33.1 33.1 41.1 41.8 58.0 58.0
NPS, c2 = 2 497.0 493.9 708.5 723.2 1239.8 1221.2
PS, c2 = 1 33.9 40.9 54.4 54.0 66.6 76.6
PS, c2 = 2 441.2 482.1 742.5 734.4 1197.4 1380

In can be seen from Tab. (5.5) that generally speaking, the method of moment
gives smaller results than method of linear fitting. It is believed that the method
of moment is more accurate than method of linear fitting. Thus this might be one
of the reasons that the POT method gives much higher results than all sea state
long term approach in Tab. (5.2).

5.3.2 Uncertainties from Fitting for v

Similarly as in Section 3.1, Chapter 5, it is assumed that there are two sources of
uncertainties regarding modelling of v. One is the adequacy of using method of
moment to estimate parameters for Gumbel parameters. The other is the effect
from upper tail region in the fitting process. They are studied separately as below:

a) Monte Carlo Simulation

vi is the ratio between maximum response yi and most probable largest response yi.
In order to find the maximum response yi, a realization for response is generated
by Monte Carlo Simulation, as in Eq. (5.11).

The author believes that Monte Carlo Simulation will introduce uncertainties in
the extreme value prediction. In the following figures, Monte Carlo Simulation is
performed several times for different response cases, and the results are plotted
together with the most probable response yi in Fig. (A.26).

The blue line in Fig. (5.15) is the most probable response curve, lines with other
colors are results from Monte Carlo simulation. It can be seen that, different
realizations will give very different largest response, thus result in very different
vi.
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(a) NPS and Linear (b) NPS and Quadratic

(c) PS and Linear (d) PS and Quadratic

Figure 5.15: Monte Carlo Simulation plotted with Most Probable Response Curve

It can be observed in Fig. (5.10) that, the maximum realization is much higher
than the most probable response, especially for non-period sensitive case. This
will result in a larger vi, and according to Eq. (5.14) and Eq. (5.15) a larger
vi will result in larger αV . It suggests that the estimated most probable value is
larger than the correct most probable value. Then according to Eq. (5.13), for
same non-exceedance probability, the predicted extreme response will be larger
than the true response. Thus the author believes that this is also one of the
reasons that the POT method gives much higher results than all sea state long
term approach.

b. Method of Moment and Method of Linear Fitting

In the previous study, method of moment is utilized to calculate the parameters
in Eq. (5.13). Non-period sensitive and linear response case is taken as example.
Linear fitting for FV (v) on Gumbel Probability paper is plotted in Fig. (5.11).

In Fig. (5.16), it can be seen that fitted line from two methods almost coincide
with each other. Parameters for Gumbel distribution and response results are
presented in Tab. (5.6).

Table 5.6: Parameters for Fitted Line and Extreme Results

α̂V β̂V X10 X100 X10000

Method of Moment 1.0832 0.1039 33.1 41.1 58.0
Method of Linear Fitting 1.0808 0.1052 33.3 41.5 58.9

It can be seen from Tab. (5.6) that in non-period sensitive case, method of moment
gives slightly smaller result. Comparisons for results of different cases are shown
in Tab. (5.7).
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Figure 5.16: Comparison of Method of Moment and Linear Fitting

Table 5.7: Extreme Values and Target Percentile for Linear and Non-period Sen-
sitive Case

v X10 X100 X10000

MoM MoLF MoM MoLF MoM MoLF
NPS, c2 = 1 33.1 33.1 41.1 41.2 58.0 58.2
NPS, c2 = 2 493.3 498.8 708.5 718.5 1221.2 1243.5
PS, c2 = 1 40.9 40.9 54.4 54.4 76.6 76.9
PS, c2 = 2 482.1 481.0 742.5 740.0 1380 1378.5

It can be seen from Tab. (5.7) that method of moment gives very close result to
method of linear fitting.

c. Effect from Upper Tail Region

It can also be seen from Fig. (5.16) that both methods gives poor description for
the upper tail region of v.

In order to study the effect from upper tail region, similar steps are performed in
Section 3.1 Chapter 4.

In Fig. (5.17), green line is fitted only to upper region data and blue line is fitted
to all data. The predicted extreme values are shown in Tab. (5.8).

Table 5.8: Parameters for Fitted Line and Extreme Results

α̂V β̂V X10 X100 X10000

Method of Moment 1.0832 0.1039 33.1 41.1 58.0
Fitting to All Data 1.0808 0.1052 33.1 41.2 58.2
Fitting to Upper Region 1.0127 0.1207 32.5 41.0 59.5

It is found that three methods give similar response results. This is mainly due to
two reasons. One is that it is the conditional probability FY |Ỹ (y|ỹ) in Eq. (5.1)
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Figure 5.17: Comparison of Linear Fitting for All Data and Upper Region

which is calculated here, thus inaccuracies may be eliminated by fỸ (ỹ). The other
one is that the cumulative probability of v on Gumbel probability paper shows
good linearity, thus no matter which method one is using, it should not have an
obvious effect on the final results.

5.3.3 Effect from Threshold for Storm

In the previous study, hth = 6m is chosen as the threshold for storm. In this
section, different thresholds are used to study the effect. The results are shown in
Tab. (5.9).

Table 5.9: Parameters for Fitted Line and Extreme Results

X10

hth = 5m 5.5m 6m 6.5m 7m
NPS, c2 = 1 33.8 34.4 33.1 36.9 35.2
NPS, c2 = 2 488.9 530.6 493.3 523.0 533.7
PS, c2 = 1 48.8 37.6 40.9 42.7 42.3
PS, c2 = 2 418.6 462.8 482.1 537.8 558.7

X100

NPS, c2 = 1 44 44.2 41.1 47.1 43.4
NPS, c2 = 2 745.0 798 708.5 753.0 749.6
PS, c2 = 1 61.3 51.3 54.4 55.6 54.3
PS, c2 = 2 672.8 728.8 742.5 830.0 836.1

From Tab. (5.9), there is no obvious pattern for results with increasing threshold.
Number of storm above each threshold is shown in Tab. (5.10).

It can be seen that the most influential variable when changing threshold is the
size of sample. Number of storms with hth = 5m is almost three times to the one
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Table 5.10: Number of Storms for Different Threshold

Threshold for Storm hth = 5m 5.5m 6m 6.5m 7m
Number of Storm 2053 1619 1299 1027 786

with hth = 7m. Generally speaking, large sample will give more accurate result.
However, POT method is mostly used for sea area where extreme response is
basically governed by the occurrences of some few extreme hurricanes, for example
the Gulf of Mexico. While NORA10 is hindcast data from North Sea area, which
is known for its consistently severe weather characteristics. Thus the threshold for
storm may only has a big effect regarding this specific hindcast data.

This suggests that POT method may not be a good approach to estimate long
term extreme response in North Sea area. POT method should only be used as a
verification method when all sea state long term approach is available.

5.4 Summary

In this chapter, the author gives a brief introduction of the POT method, and
calculates the long term response based on the method. By discussing the un-
certainties in different steps, the author gives explanation to the fact that POT
method gives higher estimation than the all sea state long term approach.

For fitting for the most probable response for all storms: it is found that fitting for
different range of data will give very different results. If one focus on a good fitting
for the overall data set, one may get poor results when calculating the extreme
value prediction. While if one focus on an accurate fitting for the long term
extreme response, the result will be inaccurate in other part of the distribution.
This is one of the major uncertainties in extreme value prediction.

For fitting for the ratio between largest realization and the largest most probable
value, Monte Carlo simulation is the biggest source of uncertainty. Too many
realizations for each step will generate an overestimation of ratio, while too few
realizations will not give a reliable result. Further work should be done regarding
the proper number of realization for each step. Besides the two major uncertainties
above, method of linear fitting compared with method of moment, different choices
of threshold, and limitations on minimum storm steps are sources of uncertainties.

In conclusion, compared with all sea state long term approach, there are too many
uncertainties in POT approach. And according to the result, POT method does
give overestimation for extreme response. Thus the author suggests that POT
method should be carefully used, especially in North Sea condition. POT method
can be used as verification when all sea state long term approach is available.
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Chapter 6

Verification Study

In order to verify the method and result for all sea state approach and POT
approach, several verification studies are performed.

6.1 Calculation of Response with All Sea State

Time Domain Approach

6.1.1 Introduction of Method

In this approach, the environmental characteristic, Hs and Tp are taken directly
from hindcast data, thus response is calculated for each 3-hour sea state, i.e.
163520 3-hour events.

The integration is:

F̂X3h
(x) =

J∑
j=1

FX3h|Ej(x|Ej) · P (Ej) (6.1)

with α(h, t) and β(h, t) calculated directly from hindcast data.

The probability for choosing each sea state from the hindcast data is the same,
thus:

P (Ej) =
1

56 · 2920
(6.2)

The q-probability response values are found by solving:

1− FX(x) =
q

2920
(6.3)

6.1.2 Modification to Hindcast Data

In time domain approach, the weather characteristics are taken directly from hind-
cast data, thus single sea state will have relatively larger effect on final result.

65
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According to the hindcast data, the largest significant wave height is 16.6m, while
the second largest significant wave height is only 14.7m. The largest significant
wave height may be related to freak wave, and should not be considered when
estimating extreme value prediction in ULS and ALS cases.

Thus in order to avoid this uncertainty, the storm with the largest significant wave
height is taken away from the original data. Difference in results are shown in Tab.
(6.1).

Table 6.1: Effect of Largest Storm on Result for Time Domain Method

x10 x100 x10000

All Sea State Time Domain(without the largest storm) 30.4 35.8 46.5
All Sea State Time Domain(with the largest storm) 30.5 36.4 47.5

It can be seen that, the effect of the largest storm is quite significant, especially
for 100-year and 10000-year cases. For the rest of thesis, as long as time domain
approach is utilized, one only uses the data without the largest storm.

6.1.3 Discussion of Results

The integration in Eq. (6.1) is calculated within Matlab. The result is plotted on
the Gumbel probability paper in Fig. (6.1). Results are shown in Tab. (6.2).

Figure 6.1: Study of Original Data

Table 6.2: Parameters for Fitted Line and Extreme Results

−ln{−ln[FX(x)]} X
q=0.1 10.3 30.4
q=0.01 12.6 35.8
q=0.000 17.2 46.5
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Response for all sea state analysis, all sea state time domain approach and peak
over threshold approach are shown in Tab. (6.3).

Table 6.3: Summary of Results from Three Different Approaches

X10 X100 X10000

All Sea State Analysis 30.0 36.0 48.1
All Sea State Time Domain 30.4 35.8 46.5
POT Method 30.6 38.8 56.2

Since in all sea state time domain approach, the environmental characteristics are
taken from hindcast data, therefore there will some unobserved sea states. Thus
the response result gives smaller value than the all sea state approach.

However, according to experience, the result from POT method should give a
smaller value than all sea state analysis, which is not the case here.

Due to this discrepancy, further study on verification of two methodologies is
performed. In this verification study, instead of finding response value, wave crest
height is studied. This is due to that there are already some previous work done
in this part and the result is comparable.

6.2 Calculation of Wave Crest Height with All

Sea State Time Domain Approach

6.2.1 Introduction of Method

The conditional distribution of 3-hour crest height given hs and tp is denoted as:

FC3h|HsTp(c|h, t) = [FC|HsTp(c|h, t)]n(h,t) (6.4)

with,

n =
10800

tz
(6.5)

tz is the zero crossing frequency, tz is determined by tz = 0.77 · tp.
The sea surface is Gaussian process. For each time step, the distribution of wave
crest is assumed to be Rayleigh distributed. Further details can be found in
Myhaug(2005).

FC(c) = 1− exp{−1

2
(
c

σE
)2} (6.6)

σE can be expressed as:

σE =
hs
4

(6.7)
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Then the Rayleigh distribution function can be written as:

FC(c) = 1− exp{−8(
c

hs
)2} (6.8)

then,

FC3h|HsTp(c|h, t) = [1− exp{−8(
c

hs
)2}]n(h,t) (6.9)

The long term distribution of 3-hour maximum crest height can be written as:

FC3h
(c) =

J∑
j=1

FC3h|Ej(c|Ej)P (Ej) =
J∑
j=1

(1− exp{−8(
c

hs
)2})

10800
tz P (Ej) (6.10)

6.2.2 Discussion of Results

By solving the integration in Eq. (6.10), cumulative probability for wave crest
height can be calculated. Plot this relationship on a Gumbel probability paper,
shown in Fig. (6.2).

Figure 6.2: Gumbel Probability Paper for All Sea State Time Domain Approach

The non-exceedance probability for q-probability wave crest height is found by
solving:

1− FC3h
(c) =

q

2920
(6.11)

The result for wave crest height is shown in Tab. (6.4).

Discussion and comparison with other cases will be referred to Section 6.6, Chapter
6.
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Table 6.4: Extreme Crest Height from All Sea State Time Domain Approach

−ln{−ln[FC(c)]} c
q=0.1 10.2819 14.2
q=0.01 12.5845 16.5
q=0.0001 17.1897 21.0

6.3 Calculation of Wave Crest Height with All

Sea State Long Term Analysis Approach

6.3.1 Introduction of Method

The only difference from the previous method is the calculation of P (Ej). The
probability for each hs and tp interval is taken from the probability scatter diagram
mentioned in Section 3.1.4, Chapter 3, which is similar to all sea state approach
for the response calculation.

6.3.2 Discussion of Results

By solving the integration Eq. (6.10), cumulative probability for increasing wave
crest height can be calculated. Plot this relationship on a Gumbel probability
paper, shown in Fig. (6.3).

Figure 6.3: Gumbel Probability Paper for All Sea State Long Term Analysis
Approach

Results are shown in Tab. (6.5).

Discussion and comparison with other cases will be referred to Section 6.6, Chapter
6.
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Table 6.5: Extreme Crest Height from All Sea State Time Domain Approach

−ln{−ln[FC(c)]} c
q=0.1 10.2819 14.1
q=0.01 12.5845 16.7
q=0.0001 17.1897 21.6

6.4 Calculation of Wave Crest Height with All

Sea State Long Term Analysis Approach con-

sidering Weighting Factor

6.4.1 Introduction of Method

In this verification study, the weighting factor is considered in the integration:

FC3h
(c) =

1

v̂+
=

∫
h

∫
t

v+FC3h|HsTp(ch, t)fHsTp(h, t)dtdh (6.12)

with,

v̂+ =

∫
h

∫
t

v+
Γ,0(h, t)fHsTp(h, t)dtdh (6.13)

Assuming that individual response maxima are statistically independent, the value
corresponding to a return period of L-year is solved by:

1− FC(c(L)) =
q

n(L)
(6.14)

with,

n(L) = L · 365 · 24 · 3600 · v+
Γ,0 (6.15)

Where v+ is the zero-crossing frequency, v+ = 1
tz

, tz = 0.77tp

By solving the integration Eq. (6.13), cumulative probability for increasing wave
crest height can be calculated. Plot this relationship on a Gumbel probability
paper, shown in Fig. (6.4). Results are shown in Tab. (6.6).

Table 6.6: Extreme Crest Height from All Sea State Long Term Analysis Approach
considering Weighting Factor

−ln{−ln[FC(c)]} c
q=0.1 17.5877 14.5
q=0.01 19.8903 16.9
q=0.0001 24.4955 21.8
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Figure 6.4: Gumbel Probability Paper for All Sea State Long Term Analysis with
Weighting Factor

6.5 Calculation of Wave Crest Height with POT

Method

6.5.1 Introduction of Method

The theory behind the POT method for calculating the crest height is the same
with the POT method for response. The long term distribution of crest height is
denoted as:

FC(c) =

∫
c̃

FC|C̃(c|c̃)fC̃(c̃)dc̃ (6.16)

FC|C̃(c|c̃) is Rayleigh distribution function for crest height given hs, the distribu-
tion function is denoted as:

FC|C̃(c|c̃) = [1− exp−8(
c

hs
)2]m (6.17)

Monte Carlo simulation is used to generate a realization for wave crest height:

crlz,ij = hs[−
1

8
ln(1− (uj)

1
mj )]

1
2 (6.18)

uj is a random number between 0 and 1.

The largest realization for each storm is by:

crlz,i = maxj(crlz,ij) (6.19)

There are two ways to calculate the most probable crest height under a given sea
state.
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Figure 6.5: Storm Histories of Most Probable and Simulated Maxima Crest Height
for a Particular Hurricane

(1) The most probable crest height can be decided as:

exp{−8(
cmpm,ij
hs

)2} =
1

mj

(6.20)

then,

cmpm,ij = hs

√
1

8
ln(mj) (6.21)

with,

mj =
3 · 3600

0.77 · tp
(6.22)

(2) According to experience, the most probable crest height occurs when the
Rayleigh distribution for wave crest height 1− FC|C̃(c|c̃) is equal to 0.37:

[1− exp−8(
cmpm,ij
hs

)2]mj = 0.37 (6.23)

then,

cmpm,ij = hs[
1

8
ln(1− (o.37)

1
mj )]1/2 (6.24)

The result for these two methods are quite close to each other. In Fig. (6.6), the
wave crest height from the first method is taken as x-axis, the result from the
second method is taken as y-axis.

The linear relationship suggests that two methods give very close results, thus
either method can be used for further calculation.

Now the most probable wave crest height for each step is decided. Then for each
storm, the most probable largest wave crest is found by:
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Figure 6.6: Comparison between Two Methods of Calculating the Most Probable
Crest Height

cmpm,i = maxj(cmpm,ij) (6.25)

The ratio between largest realization and largest most probable wave crest height
for each storm no.i is decided as:

vratio,i =
crlz,i
cmpm,i

(6.26)

vratio,i is assumed to be Gumbel distributed:

FV (v) = exp{−exp{−v − αv
βv
} (6.27)

The parameters for the Gumbel distribution are decided as:

βV = 0.7797 · sv (6.28)

αV = v − 0.57722 · βv (6.29)

Further explanation can be found in Haver(2011). In this case, the value for αv
and βv are:

αv = 1.0479 (6.30)

βv = 0.0628 (6.31)
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The distribution for v is plotted on Gumbel probability paper in Fig. (6.7).

Figure 6.7: Cumulative Probability of v plotted on Gumbel Probability Paper

c̃ is assumed to be 3-parameter Weibull distributed:

FC|C̃(c|c̃) = 1− exp{−(
c̃− c̃0

ε
)γ} (6.32)

By method of linear fitting and least square method, the parameters for the
Weibull distribution function are decided as:

c̃0 = 5.54 (6.33)

γ = 1.1649 (6.34)

ε = 1.5782 (6.35)

Then the cumulative probability for c̃ is plotted on the Weibull probability paper
in Fig. (6.8).

Now since FC|C̃(c|c̃) and fc̃(c̃) have already been decided, the integration can be
solved:

FC(c) =

∫
c̃

FC|C̃(c|c̃)fc̃(c̃)dc̃ (6.36)

Plot the result on a Gumbel probability paper in Fig(6.9).

The q-probability wave crest height is found by solving:

1− FC(cq) =
q

n1

(6.37)
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Figure 6.8: Linear Fitting for the Most Probable Crest Height plotted on Weibull
Probability Paper

Figure 6.9: Cumulative Probability of Wave Crest Height plotted on Gumbel
Probability Paper

n1 is the expected number of hurricanes per year. In this case, there are 1299
storms in 56 years, thus the expected number of hurricanes per year:

n1 =
1299

56
(6.38)

6.5.2 Discussion of Results

Result for the POT analysis are shown in Tab. (6.7).

The Gumbel probability paper is used to plot the cumulative probability for c and
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Table 6.7: Extreme Crest Height from All Sea State Time Domain Approach

−ln{−ln[FC(c)]} c
q=0.1 5.444 13.7
q=0.01 7.749 16.6
q=0.0001 12.3543 22.3

c̃ in Fig. (6.10).

Figure 6.10: CDF of the most probable and the realization of crest height plotted
on Gumbel Probability Paper

It can be seen from Fig. (6.10) that for same level of cumulative probability, the
corresponding value for the c̃ is on the left side of c. Which satisfies the fact that
the most probable largest value is smaller than the largest realization from Monte
Carlo simulation.

6.5.3 Result Summary of Different Methods for Wave Crest
Height Prediction

Table 6.8: Result Summary from Different Calculation Method

Response, NPS, c2 = 1 q=0.1 q=0.01 q=0.0001
Significant wave height predicted from all sea state approach 14.2 16.5 21.0
Crest height from all sea state approach 14.1 16.7 21.6
Crest height from all sea state approach considering weight effect 14.5 16.9 21.8
Crest height predicted from all sea state time domain method 14.2 16.5 20.4
POT method 13.7 16.6 22.3

It can be seen from Tab. (6.3) and Tab. (6.8) that for time domain approach, i.e.
as long as the weather characteristic is taken directly from the hindcast data, the
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final result will be smaller than the one from fitted model. This is due to that
since the hindcast data is measured for every 3 hours, there are some unobserved
storms. One can overcome this shortage by fitting a long term distribution of
weather characteristic, thus the result will be more accurate for this case.

It can be seen from Tab. (6.3) that for q=0.1 and q=0.01 case, POT method
gives smaller result than all sea state approach, which is quite reasonable. While
for q=0.0001 case, POT method gives slightly higher result than all sea state
approach. This may due to the limited amount of data. One is trying to estimate
the response with 10,000-year return period, but only data of 56 years is available.
Thus a slightly higher value is still reasonable here, but it cannot be used for
design purpose.

In conclusion, this chapter provides a good verification for two methods. All sea
state long term approach gives more accurate estimation for extreme values, POT
method is accurate for response with 10-year or 100-year return period, but is not
accurate enough for 10,000-year return period.
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Chapter 7

Verification Study

7.1 Conclusion

This master thesis has looked into uncertainties when predicting extreme wave
induced platform response.

When estimating long term response from the all sea state approach and target
percentile from the environmental contour line method, the major uncertainties
come from the response function. Different choices of parameters of response
function will result in different non-linearity to significant wave height, period
sensitivity to wave period, and the final response will be quite different from each
other. Thus a good modelling of response is the most important thing when using
all sea state long term approach to estimate extreme response.

When performing the POT method. There are majorly two uncertainties. One
is from finding a proper distribution for the largest most probable response for
each storm. Different fitting range will result in quite different result. While the
author suggests that one should focus more on the upper region, which corresponds
to extreme value prediction. The other one is from Monte Carlo simulation: the
random number generated each time leads to much variability. Other uncertainties
such as method of linear fitting compared with method of moment, different choices
of minimum threshold, and limitations on minimum storm steps, they also have
effects on the final result.

Due to the uncertainties in the POT method, the author suggests that it should
be carefully used in the North Sea condition. While it might give good estimation
in sea area where the extreme response is governed by storms, such as the Gulf of
Mexico.

7.2 Further Work

Further work is suggested based on the uncertainties from above.

The response function in this thesis is a generic function; it cannot describe compli-
cated response problems very well. Thus the author suggests that further research
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should be done to optimize the response function, in order to give more accurate
description for the response problem.

One should also focus on application of Monte Carlo simulation in the POT
method. Too few realizations might underestimate the response, while too many
realizations will be an overestimation. Thus further work should be put on the
proper number of realizations for each step in the POT method.

Further work should also be put on target percentile from the environmental con-
tour line method. From Norsok-003, the recommendation percentile is between
85% to 95%. However, some of the target percentiles calculated in the thesis
are well below this range, especially for period sensitive cases. Thus the author
suggests that further work should be done regarding finding the correct target
percentile for different response problems.
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Appendix for Figure

(a) Method of Moment (b) Method of Linear Fitting

Figure A.1: For Hs = 3.9m (representing class [3.85m, 3.95m]):

(a) Method of Moment (b) Method of Linear Fitting

Figure A.2: For Hs = 5.9m (representing class [5.85m, 5.95m]):

81
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(a) Method of Moment (b) Method of Linear Fitting

Figure A.3: For Hs = 7.9m (representing class [7.85m, 7.95m]):

(a) Method of Moment (b) Method of Linear Fitting

Figure A.4: For Hs = 9.9m (representing class [9.85m, 9.95m]):

Figure A.5: Important Contribution Area for Non-period Sensitive Quadratic case
with b1 = 0.005
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Figure A.6: Important Contribution Area for Non-period Sensitive Linear case
with b1 = 0.00073

Figure A.7: Important Contribution Area for Period Sensitive Linear case with
b1 = 0.005
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Figure A.8: Important Contribution Area for Period Sensitive Quadratic case with
b1 = 0.005

(a) c2 = 0.75 (b) c2 = 1

(c) c2 = 1.5 (d) c2 = 2

Figure A.9: Comparison between Different c2 for Period Sensitive Case
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(a) Non-period Sensitive (b) Period Sensitive

Figure A.10: Comparison between Non-period Sensitive and Period Sensitive Case
for c2 = 1

(a) Non-period Sensitive (b) Period Sensitive

Figure A.11: Comparison between Non-period Sensitive and Period Sensitive Case
for c2 = 1.5

(a) Non-period Sensitive (b) Period Sensitive

Figure A.12: Comparison between Non-period Sensitive and Period Sensitive Case
for c2 = 2
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(a) b1 = 0.005 (b) b1 = 0.00073

Figure A.13: Comparison between Different b1 in Quadratic and Non-Period Sen-
sitive case

(a) b1 = 0.005 (b) b1 = 0.00073

Figure A.14: Comparison between Different b1 in Linear and Period Sensitive case

(a) b1 = 0.005 (b) b1 = 0.00073

Figure A.15: Comparison between Different b1 in Quadratic and Period Sensitive
case
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Figure A.16: Effect of Realizations for Each Step on v for Medium Severe Storm

Figure A.17: Effect of Realizations for Each Step on v for Most Severe Storm
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Figure A.18: Effect of Repeated Storms on v for Medium Severe Storm
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Figure A.19: Effect of v for Medium Severe Storm

Figure A.20: Effect of Repeated Storms on v for Most Severe Storm
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Figure A.21: Cumulative Probability plotted on Weibull Probability Paper for
Non-period Sensitive and Quadratic Case

Figure A.22: Cumulative Probability plotted on Weibull Probability Paper for
Period Sensitive and Linear Case
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Figure A.23: Cumulative Probability plotted on Weibull Probability Paper for
Period Sensitive and Quadratic Case

Figure A.24: Comparison of Method of Moment and Linear Fitting for Non-period
and Quadraitc Case
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Figure A.25: Comparison of Method of Moment and Linear Fitting for Period and
Linear Case

Figure A.26: Comparison of Method of Moment and Linear Fitting for Period and
Quadraitc Case
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Appendix for Table

Table B.1: Extreme Values and Target Percentile for Quadratic and Non-period
Sensitive Case

x(response) α β P α
β

q = 0.01 per year 625.2 494.54 84.747 81.25% 0.17
q = 0.0001 per year 1073.6 787.29 134.91 89.76% 0.17

Table B.2: Extreme Values and Target Percentile for Linear and Period Sensitive
Case

x(response) α β P α
β

q = 0.01 per year 30.9 28.32 2.32 71.90% 0.08
q = 0.0001 per year 40.5 33.47 2.73 92.67% 0.08

Table B.3: Extreme Values and Target Percentile for Quadratic and Period Sen-
sitive Case

x(response) α β P α
β

q = 0.01 per year 482.4 410.05 70.27 69.95% 0.17
q = 0.0001 per year 773.7 573.39 98.26 87.79% 0.17
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