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Abstract

Buckling and postbuckling of plates and stiffened panels are considered. Computational
models for direct calculation of the response are dev eloped using large deflection plate
theory and energy principles. Deflections are represented b y trigonometric functions. All
combinations of biaxial in-plane compression or tension, shear, and lateral pressure are
included in the formulations. The procedure is semi-analytical in the sense that the incre-
mental equilibrium equations are derived analytically, while an umerical method is used
for solving the equation systems, and for incrementation of the solution.

Unstiffened plate models are dev elopedboth for the simply supported case and for the
clamped case. For the simply supported case the material types considered are isotropic
elastic, orthotropic elastic, and elastic-plastic. Two models are developed for analysis of
local buckling of stiffened plates, one for open profiles and one for closed profiles. A global
buckling model for stiffened panels is developed by considering the panel as a plate with
general anisotropic stiffness. The stiffness coefficients are input from the local analysis.
Two models are developed for combined local and global buckling, in order to account for
interaction betw een local and global deflection. The first is for a single stiffened plate, and
uses a column approach. The second is for a stiffened panel with several stiffeners.

Numerical results are calculated for a variety of plate and stiffener geometries for ver-
ification of the proposed model, and comparison is made with nonlinear finite element
methods. Some examples are presented. For all models, the response in the elastic region
is well predicted compared with the finite element method results. Also, the efficiency of
the calculations is very high. Estimates of ultimate strength are found using first yield as a
collapse criterion. In most cases, this leads to conservativ e results compared to predictions
from finite element calculations.
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CHAPTER 1

Introduction

1.1 Background and motivation

In design of ships and offshore structures, it is essential to ensure that the structure has
sufficient strength to sustain an extreme loading situdimnine structures are assem bled
of plates and stiffened panels, Fig. 1.1, and the strength of each panel is crucial for the
overall structural capacity. Although a large degree of redundancy usually ensures that
the structure has strength reserves after failure of individual panels, each panel should be
designed so that its ultimate capacity is not exceeded.

A structural component may collapse due to excessive yielding, buckling, rupture or fatigue.
Stiffened panels used in marine structures are especially vulnerable to buckling, since the
plates are relatively thin and the loading predominantly in-plane. Determining the buckling
characteristics of each panel is therefore a vital part of the structural strength assessment.
Buckling does in itself not imply immediate collapse. Plates may have significant strength
reserv es in the postbudling region, and it is important to account properly for this effect
in order to achiev e optimum design.

T raditionally the buc klingstrength of stiffened panels has been assessed using explicit
design formulas, such as Det Norske V eritasClassification Note for Buckling Strength
Analysis (Det Norske V eritas1995). These kind of formulations are usually based on
linear plate buckling theory, combined with empirical corrections to account for imperfec-
tions, residual stresses and plasticity. Combinations of loads are dealt with using various

1
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2 CHAPTER 1. INTRODUCTION
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Figure 1.1: Ship hull girder

interaction formulas, while stiffener buckling is assessed using a column approach together
with effective width correction.

Although ha ving the adv an tageof being relativ ely simple and pro viding quic k strength
estimates, the use of explicit design formulas is not a satisfactory design approach. It is
not possible to establish a set of formulas that are well suited for all geometries and load
combinations, and inaccurate results may be obtained if the formulas are used on cases they
w ere not originally itended for. They are not flexible with respect to various imperfection
shapes and amplitudes, which may have a large influence on the response. Finally, they
do not provide information on deflection modes and amplitudes.

Hand calculations using explicit design formulas have been important in the ship build-
ing industry, but computational tools are becoming more and more common. The need
for explicit formulas is therefore decreasing. The most accurate alternative is the use of
nonlinear finite element methods (NFEM). This is a useful tool for research and compari-
son purposes, but performing NFEM on stiffened panels is not practical for design. With
the large amount of panels to be analysed in a ship structure, the cost of modelling and
computing is too large for design purposes, even with the pow erful computers of toda.

The approach presen tedin this thesis is a compromise betw een explicit design formmlas
and nonlinear finite element methods. The motivation is to obtain a direct calculation tool
which is more accurate than the simplified formulations used in existing design codes, and
more efficient and simpler to use than NFEM. It should be fast and efficient to use, and
give information regarding deformation modes and load-response characteristics. An ana-
lytical approach is combined with a numerical solution procedure, giving a semi-analytical
method. The energy equations are integrated analytically, and stiffness coefficients are

URN:NBN:no-3348



1.2. PROBLEM FORMULATION 3

obtained explicitly. A numerical method is used for solving the equation system and for
incrementing the solution.

The emphasis is on analysis of an isolated stiffened panel. How ever, it is beliewd that the
results presented can be useful for future development of an integrated hull girder design
model. Suc h a model is required in order to tale full account of the redistribution of forces
betw een panels due to bukling, but is outside the scope of the current work.

1.2 Problem formulation

The stiffened panel is assumed to consist of a rectangular plate area with stiffeners running
in the longitudinal direction. The panel is supported by hea vy longitudinal and transerse
girders, as shownin Fig. 1.2. This kind of arrangement is typical for the deck, side or
bottom of a ship hull. Tt is assumed that the girders have sufficient strength to support
the panel, so that the part relevan t for analysis is the plating with stiffeners. The stiffeners
may be open or closed profiles. Open types are flat bar, angle bar, tee bar or bib ba,
while the hat-profile is a typical example of a closed profile. The former types are typical
for con entional ship structures, while the latter is used for lightw eigh t applications sule
as high speed vessels and living quarters of offshore structures.

The loads acting on a stiffened panel in marine structures are in-plane compression or
tension resulting from the overall h ull girder bending momet, shear stress resulting from
the h ull girder shear force or torsion, and lateral pressure resulting from iernal cargo or
the external sea. In the current work, the shear force and lateral pressure are assumed to
have constant values o ver the length and width of the plate, while the in-plane compression
or tension is assumed to be linearly varying.

A stiffened panel is usually part of a larger structure, and it is therefore not obvious how to
define the boundary conditions of an isolated panel. A common assumption is to consider
the edges as simply supported, and freeto mo ve in-plane but forced to remain straight.
This means that the neighboring panels are assumed to provide some in-plane constraint,
but no rotational constraint.

The fabrication process will introduce imperfections in the structure. Plates have a certain
initial out-of-plane deflection, stiffener w ebsha vea sideways initial distortion, and the
combined stiffened plate may have an initial lateral deflection in the global mode. Residual
stress from the welding process will also be present. Due to the imperfections, the response
is geometrically nonlinear from the start of the loading history. There is no well-defined
buckling load, but a gradual transition from the prebuckling to the postbuckling region. A t
some point material yielding will occur, and finally the collapse load will be reached. The
aim in this work is to trace the geometrically nonlinear load-deflection equilibrium curve
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4 CHAPTER 1. INTRODUCTION

Longitudinal girder

Transverse girder
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Figure 1.2: Stiffened panel

from the onset of loading until the maximum load is reached. Estimates of the ultimate
load and deformation shall be provided.

Both steel and aluminium panels are considered. Steel panels are usually quite stocky,
and local deformations dominate. Aluminium panels are usually slender and hawe much
low er global bukling load. The coupling betw een local andglobal buckling is therefore
much larger. Also, the material stiffnessabfminium is only one third of that of steel.
Aluminium panels have the additional problem of heat affected zones (HAZ). This may be
treated in the current computational model by reducing the yield stress in the HAZ-zones.
More advanced treatment of HAZ-effects is not within the scope of the current work.

1.3 Previous work

The published literature on buckling of beams and plates is overwhelming, and only a few
selected references can be mentioned here. A short historical review is given first, and some
con tributions from recert years are then presented.

The first work in the field of buckling theory was made by Euler (Euler 1759), who derived
the linear elastic buckling value foran ideal, axially compressed column. It took almost
a hundred years before Euler’s theory became generally accepted, because experiments
were only conducted on short columns that buc kleinelastically. The P erry-Robertson
approach, (Ayrton and Perry 1886) and (Robertson 1925), is based on the column model
with an initial imperfection, and first yield in the extreme fiber is taken as the elastic limit
load. This method has been widely used in design codes, such as (Det Norske V eritas
1995). Correction of the linear elastic value to account for plasticit y can also be done using
Johnson- Ostenfeldt correction.
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1.3. PREVIOUS WORK 5

Caldwell proposed the effective width method (Caldwell 1965) as a method for accounting
for local plate deflection when using the column model on a stiffened plate. Following this,
much work has been devoted to finding appropriate expressions for the effective width of
plating, e.g. (F aulkner 1975), (Carlsen 1980), and (Valsgard 1980).

Navier derived the differential equation for bending of rectangular plates, and used trigono-
metric functions to obtain linear elastic buckling values for certain problems. Design for-
mulas have been deweloped for unstiffened plates which implicitly account for imperfections
and residual stress. Contributions in this field are numerous, e.g. (Soares 1988), (Ueda,
Rashed, and P aik 1995), (P aikand P edersen1995), (Soares and Gordo 1996a), (Soares
and Gordo 1996b), (Cui and Mansour 1998), (Fujikubo and Yao 1999), (Kristensen 2001),
and (Paik and Kim 2002). Combined loads are handled using capacity interaction curves
obtained from parametric studies.

Pioneering work on large deflection of plates was performed by Kirchoff (Kirchoff 1850),
who discovered the importance of nonlinear terms for large deflections. The final form of
the plate differential equation for large deformations w asderiv edby von Karman, (von
Karman 1910). The equations were extended to plates with initial curvature b y Marguerre
(Marguerre 1937).

The finite element method (FEM) was in troduced about fifty years ago, (Turner, Clough,
Martin, and Topp 1956), and it has become an increasingly more important tool with the
continuous development of high-speed computers. Today the use of linear FEM during
design of marine structures is standard, while the use of FEM for nonlinear problems such
as buc kling is mostly restricted to researh, e.g. (Langseth and Hopperstad 1996), (Yao,
Fujikubo, and Yanagihara 1997) and (Fujikubo, Yao, and Khedmati 2000).

The Idealized Structural Unit Method was dev eloped in the 1970s, (Ueda and Rashed 1984).
This is a method where a structure is divided into the biggest possible structural units,
whose geometric and material nonlinear beha viorare idealized. The units are regarded
as elements in a nonlinear analysis of the en tire structure. Recent dev elopmens of the
method are due to many researc hers, e.g. (P aik 1987), (Ueda and Rjikubo 1992), (Ueda,
Rashed, and Abdel-Nasser 1993) and (Fujikubo, Keading, and Yao 2000).

Recent work in the field of analytic or semi-analytic buckling formulations have been re-
stricted mostly to linearized buckling predictions, neglecting non-linear geometrical effects
in the large deflection region, such as (Hughes and Ma 1996), (Masaoka and Okada 1996),
(P aik, Thayamballi, and Park 1998) and (Fujikubo and Yao 1999).

Some work has been performed on the large deflection response of unstiffened plates, e.g.
(Levy 1942), (Ueda, Rashed, and Paik 1987), (Masaoka, Okada, and Ueda 1998) and (Paik,
Thayamballi, Lee, and Kang 2001). In (Steen 1989) large deflection of a stiffened panel
w as analysed using a single degree of freedom model, but neglecting local bukling effects.
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6 CHAPTER 1. INTRODUCTION

In recent years, the need for improved buckling formulations has been recognized by the
ship classification society Det Norske Veritas (DNV). Until no w, budkling assessment has
been performed using explicit requirements such as those found in DNV Rules for Ships
(Det Norske V eritas2001) and DNV Classification Note for Buckling Strength Analy-
sis (Det Norske V eritas 1995). Implementation of a new buc klingcode, P anel Ultimate
Strength (PULS), is now being performed (Steen and @stvold 2000). This code is based
on theoretical formulations and direct calculation procedures. Some of the buckling mod-
els developed in the current work have been implemented in PULS, (Det Norske Veritas
2002b). A t the time of writing, the unstiffened plate model presesied in ¢ hapter 3, and the
local buckling model presented in chapter 4 have become part of PULS. Some examples of
application using PULS will therefore be presented.

A summary of recent con tributions in the field of ultimate strength of stiffened panels can
also be found in reports from International Ship and Offshore Structures Congress, (ISSC
2000) and Society of Naval Architects and Marine Engineers, (Paik, Thayamballi, Wang,
and Kim 2000).

1.4 Present work

In the present work, the aim has been to analyse the coupled behavior of a stiffened panel
using large deflection theory for both the plate and the stiffeners in combination. F or this
purpose, the task is divided into sev eral steps, where the first basic step is bukling analysis
of a single unstiffened plate, and the last step is a complete model for combined buckling of
a stiffened panel. Any combination of biaxial in-plane compression or tension, shear, and
lateral pressure is included. Deflections are assumed in the form of trigonometric function
series. The response history is traced using energy principles and perturbation theory. The
formulations derived are implemented in a FORTRAN computer code for each model.

The theoretical basis for the computational models developed is presented in chapter 2.
The use of energy principles is described, and a presentation of large deflection plate theory
is given. Also, an overview of the material formulations and numerical procedures used is
given.

A buckling model for an unstiffened elastic plate is derived in ¢ hapter 3, first for simply
supported and then for clamped boundary conditions. A plate with orthotropic elastic
stiffness coefficients is then studied, and finally a plate with elastic-plastic material prop-
erties is considered. This last model is the only one in the current work that accounts for
material nonlinearities. It was found that satisfactory estimates of the ultimate strength
can be obtained by using first yield due to membrane stress as a collapse criterion. This
is also considered to be a sound design approach. Since the elastic-plastic model has poor
computational efficiency compared to the elastic model, it was decided to focus on efficient
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1.4. PRESENT WORK 7

and accurate elastic solutions for the remaining models.

Local buckling of a stiffened plate is considered in chapter 4. In the local models, it is
assumed that the plate and stiffener deflects locally, while lateral deflection of the stiffener
in the global mode does not occur. A model is first derived for open profiles and then for
a profile of the closed type.

A global buckling model using anisotropic stiffness coefficients is presented in chapter 5.
Local deformations are accounted for b y using reduced stiffness coefficiens calculated from
the local buckling model. The stiffness is reduced compared to the linear stiffness due to
local buckling effects. However, the coupling betw een local and global deformation is not
fully accounted for in this model, since the global deformation is assumed not to influence
the local deformations.

A complete buc klingmodel for a stiffened panel with open profile stiffeners, including
coupling betw eenlocal and global buc klingmodes, is presen tedin chapter 6. A single
stiffened plate is assumed be representativ e for the local deformations of all the stiffeners
in the panel, and global deformation is included as an additional degree of freedom.

Estimation of design collapse load using a first yield criterion is discussed in chapter 7.
Some examples of application of the developed buckling models are presented using PULS.
Comparisons with the nonlinear finite element code ABAQUS are given.

Finally, conclusions and recommendations are given in ¢ hapter 8.
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CHAPTER 2

General theory

This chapter gives an o verview of the general theory and methods used for deglopment of
the buckling models presented in the subsequent chapters. Some of the theory presented
here is standard textbook material. More on variational principles and energy methods
can be found in (Lanczos 1986), (Shames and Dym 1985), (Dym and Shames 1973), and
(Washizu 1975). Recognized references on plate theory are for instance (Timoshenko and
Gere 1959), (Bulson 1970), (Szilard 1974) and (Murray 1984). Buckling and stability theory
is presented by (Bleich 1952), (Timoshenko and Gere 1961), (Gerard 1962), (Brush and
Almroth 1975) and (Troitsky 1976). The theory on material behavior is mostly taken from
(Chen and Han 1988), (Lemaitre and Chaboche 1994), and (Mazzolani 1995). Buckling
problems related to ship structures are presented in (Hughes 1988).

Nonlinear plate deflection is a complex phenomenon, especially due to the development of
second order strains. Even linear buckling problems may only for a few special cases be
solv ed analytically For more general problems, energy principles can provide approximate
formulations. V ariational methods is the basis for finite elemeit methods used in structural
analysis, but they may also be used for establishing analytical or semi-analytical solutions
for a structural member as a whole.

In the current work, the principle of virtual work and the principle of minimum potential
energy are used to study the response of plates and stiffened plates during buckling. The
energy formulations are combined with the Rayleigh-Ritz method for obtaining a solution
for the displacement. In con trast tothe finite element method, where the displacement
shape is taken as piecewise polynomial, the displacements are here assumed on global form,

9
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10 CHAPTER 2. GENERAL THEORY

and the energy of the whole system is considered. The number of unknowns in the problem
is therefore only a small fraction of that necessary for a FEM-analysis. Different types of
material behavior are studied; isotropic elastic, anisotropic elastic and elastic-plastic. An
incremental solution procedure is applied. Solving for the rate of displacement at each
increment, a response curve is produced by incrementation.

In the last section of this chapter, eigen valuecalculations are discussed. Although the
emphasis in the presen t work is on nonlinear analysis, eigenvalue calculation has also
been implemented in all models. The eigen valueis in itself not very informative, but
the associated eigenmode gives an indication of the preferred deformation mode of the
structure. The eigenmode may therefore be useful for choosing the initial imperfection
mode. How ever, it will be shan that for some cases the eigenmode is different from the
preferred postbuckling deformation mode.

2.1 Buckling and stability

The word buckling is used with different meanings in different con texts. Mathematically, it
is connected to instability phenomena. Ph ysically we usually say that a plate is buckling
when in-plane loads results in out-of-plane deflection. The term buckling load is usually
used to denote the linear elastic buckling load. This is also referred to as the initial
buckling value, or the eigen value. The eigen valueis calculated assuming that no out-
of-plane deformation occur before the buc klingvalue is reached, and that the material
behavior is linear elastic.

For a perfect plate, the poin tof instabilit yis referred to as the bifurcation load. For
a plate with initial deflection, bifurcation will not occur and the buckling load is not a
w ell-defined wlue. The plate will start to deform immediately when the load is applied,
and the response is nonlinear from the start. If a maximum loadxists, it is called the
limit load, Fig. 2.1. From a practical poiit of view, it is desirable to account for the effect
of initial deflections, since all real plates have imperfections. It is also n umerically easier
to include initial deflections, since bifurcation points do not have to be treatedand the
response curve will be smooth.

For some problems, the budkling response may be very unstable. This is often connected
to mode-snapping. If the current deflection shape is not the preferred one, the plate may
try to snap to a different shape. This may lead to quite dramatic response, including snap-
through or snap-back response, Fig. 2.1. One reason could be that the initial deflection
is in a different mode than the preferred deflection mode. Another reason could be that
the preferred deflection shape in the large deflection region is different from the preferred
shape in the pre-buckling region, or that the load condition is changed. Examples of this
will be shown in the next chapter.
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2.2. ENERGY PRINCIPLES 11

. Load . Load

L snap through

snap back

» »

Response Response

Figure 2.1: Equilibrium curves: (L)=Limit poin t,(B)=Bifurcation point, (T)=Turning
point

2.2 Energy principles

2.2.1 The principle of virtual work

The principle of virtual work states that a system is in static equilibrium if the sum of
virtual work for internal and external forces is zero for all virtual deformations and strains
that are kinematically allow ed.

SW + 6H =0 (2.1)

where 6W is internal virtual work in the plate,  H is virtual work of external loads, and §
is the v ariational operator. The principle of virtual work is v ery general, and wlid also for
non-conservative systems. It is independent of any constitutive law, and it can therefore
be applied for structures with inelastic material properties.

As mentioned, the solution to the nonlinear buckling problem is calculated using incre-
mentation. Consequently, it is the rates that are solved for in each increment. Therefore,
the principle of virtual work is used on the following rate form

SW 4+ 0H =0 (2.2)

where the dot signifies differentiation with respect to a rate parameter. The rate parameter
is defined in a subsequent section.
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12 CHAPTER 2. GENERAL THEORY

2.2.2 The principle of minimum potential energy

The principle of minimum potential energy can be derived from the principle of virtual work
for conservativ e systems. It states that of all the possible deflections satisfying kinematic
compatibility, those which satisfy static equilibrium will give a stationary value of the
potential energy of the body:

ST1 = 6U + 6T = 0 (2.3)

where II is total potential energy ,U is internal energy ,and 7T is poten tialof external
loads. The principle can only be established for conservativ e, or rev ersible, systems.That
means that the material must be elastic, and the loads must be directionally constant. The
material does not necessarily have to be linear elastic, how ever.

It can be shown that the stationary value of the total potential energy is a minimum value.
If the deformed configuration can be described by the deflection w, we can write:

oIl
5 =0 (2.4)

The principle of minimum potential energy can also be used on rate-form:

oT1

(5,) =0 (25)

2.3 The Rayleigh-Ritz method

In the Rayleigh-Ritz method, the continuous displacement of a body is represented by a
set of assumed displacement functions. The problem is reduced to finding the unknown
coefficients, or amplitudes, of these functions. It is required that the assumed functions
satisfy the essen tial boundary conditions, but they do not need to satisfy the natural
boundary conditions. F or a plate, displacemerts and rotations along the edges are essential
boundary conditions, while forces and moments along the edges are natural boundary
conditions.

The Rayleigh-Ritz method is convenien t to use in connection with the principle of minimm
potential energy. The displacement is assumed to be written as

w(@,9) = 303 A ()90 (1) (2.6)
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2.4. LARGE DEFLECTION PLATE THEORY 13

where g,, and g, are shape functions, and A,,, are displacement amplitudes. The principle
of minimum potential energy may then be rewritten as

o1l
OAmn

—0 (2.7)

The rate form of this equation is

(aﬁ
OAmn

)=0 (2.8)

The problem is now to find a set of unknowns A,,, or Amn, rather than to find a continuous
displacement w(z, y).

2.4 Large deflection plate theory

Using the Love-Kirdioff assumption that lines normal to the undeformed middle surface
remain normal to this surface, the strains in a material point can be taken as the sum of
membrane and bending strain:

tot __

€7 = Eij — ZWgj ihj=z,9 (2.9)

where z is the v ertical distance from the plate neutral axis to the material point in con-
sideration, and &;; is the membrane strain. This is the tw o-dimensional extension of the
Euler-Bernoulli hypothesis for bending of beams. According to Marguerre (Marguerre
1937), who extended the von Kéarm “amnonlinear plate theory to plates with an initial
curvature, the membrane strains can be written as:

1
Ex =Uy+ iwi + Wo W, (2.10)
1
gy =Uy+ §wi/ + woyw,y (2.11)
Yoy = Uy + Uy +Waw,y + W W, + W, (2.12)

where w and wq are the additional and initial out-of-plane deflection of the plate, respec-
tively, and w and v are displacement in x and y-direction, respectively. Static equilibrium is
achiev ed through the plate differenial equation. Using the Airy stress function F', defined
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14 CHAPTER 2. GENERAL THEORY

in terms of the membrane stress o so that

0, =F,, (2.13)
oy =Fu, (2.14)
Ory =—Fa, (2.15)

the differential equation for large deflections of an isotropic elastic plate can be written as

t
Vi = D [% + Fyy(w + wo) gz + Faa (W + wo) gy — 2F gy (w + wo) ay (2.16)
Here, p is the lateral pressure, t is plate thickness, and D is the bending stiffness of the
plate,
Et
D=—— 2.17
12(1 — v?) (217)

where E is elastic modulus, and v is P oisson’s ratio. The condition for strain compati-
bility can be derived from the membrane strain equations, Eq. (2.10) through (2.12). By
differentiation and combination of the equations, the requirement for strain compatibility
can be written:

Ez,yy + 5y,zz — Yryzy = w?xy = WpzW yy + 2w0,zyw,zy — WozaW yy — Wo,yyW 2o (218)
Using Hook’s law, and introducing the stress function, the plate compatibility equation
becomes:

4 2
V*F = E(w,zy — W oW gy + 2W0 oy Wy — W0 W gy — W0 gy W ) (2.19)

T ogether,the tw o differettial equations Eq. (2.16) and (2.19) are the von Karman plate
equations modified for plates with imperfedtiensare of the fourth order and coupled,

and therefore in general not possible to solve exactly .In the current work, the continuous
deflection w is replaced by a set of assumed displacement functions. Then, a stress function
F that satisfies the compatibility equation must be found. When the principle of virtual
w ork or minimim potential energy is used, the plate differential equation does not need to
be solved.

2.5 Material law

The material law for elastic material is:

0ij = Cijnen 4,5,k 1 =2,y 2 (2.20)
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2.5. MATERIAL LAW 15

where Cjji; is the general linear elastic stiffness tensor. For thin plates it is usual to assume
plane stress condition, so that o, = 7, = 7,, = 0. For an isotropic material we then have

Hook’s law
E
= 2.21
Oy (1 + l/2) (82 + ng) ( )
E
O'y = m(ﬁy + I/Ez) (222)
Opy = 2Geyy, (2.23)
where G = ﬁ is the shear modulus. The inverse relation is
1
er = —(0p,— VO .
(0 = v,) (224)
1
gy = E(Uy — voy) (2.25)
1
Cay = ﬁgzy (2.26)

Yielding is assessed by the v on Mises yield criterion:

Oeqg = \/U% + 0} — 0,0y + 303, < 0y (2.27)

where o, is the equivalen t stress, andoy is the initial yield stress of the material.

F or most of the bukling models developed in the current work, the onset of yielding due
to membrane stress is tak enas the criterion for the ultimate load of the structure, and
material nonlinearities are not considered. F or the unstiffened plate, a model that includes
plasticit y effects has been dewloped. F or elastic-plastic materials, an incremertal flow law
must be applied, in order to allow for elastic unloading in the plastic range. A material
law on total form cannot be used, since there is no unique relationship betw een stresses
and strains.

The incremental material law is written as

0-—1']' = O'eﬁclékl i, J, k7l =T,y (228)

i
or

Eij = Mjuon ik l=ay (2.29)

1,
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16 CHAPTER 2. GENERAL THEORY

where Cf}}; is the elastic-plastic stiffness matrix, and M}, is the elastic-plastic flexibility
matrix. The strain rate £ is the total strain, i.e. the sum of elastic and plastic strain in
each material poirt.

The elastic-plastic stiffness matrix for plane stress and isotropic hardening is:

€ v 8182 s3
[Ci;;ﬂl] = 1—Eu2 s % -7 (2.30)
_ 8156 _ 8258 _E__ %
s B 2(14v) B
where
E
= ) 231)
Sy = m(l/sz +sy) (2.32)
E
S = H——sty (233)
4
s = §aer + 5155 + 528y + 25654y (2.34)
s;; is the stress deviation tensor, which for plane stress is
2 1
Spg = go'x — ga'y (235)
2 1
Sy = 3% 3% 2.36)
Sgy = Ozy (237)

while o, is the v on Mises equiwnlen t stress, and H,, is the plastic modulus, i.e. the slope of
the uniaxial stress-plastic strain curve at the current value of .

2.6 Staging and incrementation

A stiffened plate may be subjected to a combination of several loads simultaneously. They
may be applied sequentially, proportionally or by some other scheme. In order to reduce
the number of load parameters to one, a piecewise linear load path is prescribed. Eac h
linear part of the load history is called a stage, and the process is therefore referred to as
staging. Within each stage s, the load parameter is varied from 0 to 1. The external forces
P; can then be represented by the single load parameter A as:

Pi(A) = PV A [P}S) - P}S*”] (2.38)
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2.6. ST A GING AND INCREMENA TION 17

Now only the load parameter A enters the equation system as an unknown, and all loads
may be calculated from the load parameter after the solution has been obtained. Any
desired load history may be approximated by defining a sufficiently large number of load
stages.

As will be sho wn, the potential energy of a plate subjected to large deflections is of the
fourth order in the deflection. The equations resulting when using the principle of minimum
potential energy and the Ra yleigh-Ritzmethod are therefore of the third order in the
displacement amplitudes. An incremental solution procedure is applied in order to obtain
a linear equation system, and to avoid solving a set of third order equations. Linear
equation systems are easily solved, and have a unique solution in contrast to third order
systems. Using perturbation theory, as done in (Steen 1998), a general rate parameter n
is defined so that:

OAmn

Apn = e (2.39)
oA
-5 (2.40)

The rate parameter may be considered as a pseudo-time. Using this kind of parameter is a
more general method than pure load control or pure displacement control methods, since
any type of behavior can be handled, including passing limit points and turning poin ts.
This means that even unstable phenomenon such as snap-through and snap-back problems
can be treated. The updated displacements and load parameter are calculated as a Taylor

series:
i i1 pie1 L9 i
A = AT AT 4 §n2A;;,} + ... (2.42)

where 7 is the curren tincrement. In principle, the perturbation theory can be applied
up to anyorder. For the unstiffened plate, the energy formulations ha vebeen derived
up to the second order. The second order terms can be considered as an alternative to
using equilibrium iterations betw een the incremens. They increase the accuracy and can
be used to control the size of the increments in the analysis, since the second order rate
represen tsthe curv atureof the equilibrium curve. It is found, how everthat the first
order approximation gives sufficient accuracy when small increments are used. This will
be demonstrated by numerical examples, which are all based on first order incrementation.
It can also be useful to have information about the response in many increments. For the
subsequent deriv ations, only first order incremertation is therefore used.
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18 CHAPTER 2. GENERAL THEORY

The perturbation parameter can be defined in various ways. A convenient approach is to
use arc-length incrementation. This is achiev ed b ydefining the perturbation parameter
so that the increments are taken as specified steps along the equilibrium curv ein the
load-displacement space. The following relation must then be satisfied:

AN’ + AG,, = An® (2.43)

Summation over all mn is implied. ¢, are the displacement amplitudes made non-
dimensional with respect to some geometry parameter, such as the plate thickness:

Amn

q ; (2.44)

The scaling is necessary to make the equations dimensionally consistent. By letting the
increments go to w ards zero, the follwing relation is found:

2.7 Solving the first order equations

Applying the principle of minimum potential energy on rate form, and assuming a dis-
placement shape with (M - N) terms, the problem is reduced to a system of (M - N) linear
equations with (M - N 4 1) unknowns. The unknowns are the M - N displacement rate
amplitudes Ay and the load rate parameter A . The last equation necessary to solve the
equation system is Eq. (2.45). This last equation is nonlinear in the unknown rate pa-
rameters, and can therefore not be included in the equation system directly. The solution
procedure is explained in the following.

The rate of minimum potential energy may be written:

(a'n ) = M QAp, 0T OA _
0Ag,) ~ 0Ap0An, On  0A; 0N

0 (2.46)

Using matrix notation, this equation system can be written:

KA+ GA=0 (2.47)
where
8”1
K = -5 (2.48)
11
= i (2.49)
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2.7. SOLVING THE FIRST ORDER EQUATIONS 19

The K-matrix may be interpreted as an incremental stiffness matrix, while the G-vector
can be interpreted as an incremental load vector. The solution of this equation system is
written:

A = —AK™'G (2.50)
= —AD

The matrix D is defined as D = K~'G and has the elements d,,,. Substituting D into
Eq. (2.45) gives:

N8+ d2y + .+ d2yy +12) =12 (2.51)

- t
=A==
VE + &+ o+ By + 1

The displacement rate amplitudes are then found as

A = A, (2.53)

The reason for the £+ in Eq. (2.52) is that by specifying an arc length increment along
the equilibrium curve there will always be tw o possible solutions, one in the direction of
positiv e traversal and one in the direction of negatis traversal.

In order to trace the complete response curve, the solution of positive traversal must be
found. Two common criteria for choosing the correct solution are the work criterion and
the angle criterion. The former is based on the requirement that the work performed by
the external forces shall be increasing. This criterion works fine for most usual problems,
but breaks down in case of snap-back problems, in which the work after the turning point
is decreasing.

The angle criterion is applicable even for such problems, and is therefore used in the
current work. It is based on the assumption that the equilibrium curve is smooth. Hence,
the angle betw eenthe tangents to the curv ein tw oconsecutive increments should be a
small number. More precisely, the angle betw een the tangent to the curve in increment
(i) and the tangent to the curve in the next increment (i+1) in the direction of positive
traversal, should alw gs be smaller than the angle betw eenthe tangent to the curv ein
increment (i) and the tangent to the curve in the next increment (i-1) in the direction of
negative traversal.

Numerically, this can be implemented by calculating the angles o, and «_ corresponding
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20 CHAPTER 2. GENERAL THEORY

to the + and - sign in Eq. (2.52) above:

A A dmnAmn i—

Q4 = arccos lAJr(Ail + Tl)] (2.54)
A A dmnAmn i—

a_ = arccos lA(Ail + Tl)] (2.55)

The correct sign of the load rate parameter is Ay if o is the smaller angle, and A_ if ar_
is the smaller angle.

2.8 Solving the second order equations
The second order rate of minimum potential energy may be written:

ot o%T1 o%T1 21 .. o211

( ) = =A% 2 A A+ Apg + A
0As, 0AT, "o T AT ONTIT T A2 YT 94,0
= KA+GA+F=0 (2.56)
where
oI, ou
F = @Afg + 2mAng (2.57)
9 9

The last equation necessary in order to solve the above equation system is found by differ-
entiation of Eq. (2.45):

Since this equation is linear in the second order rate parameters, it can be included in
the equation system directly. The first order perturbation parameters are known from the
solution of the first order equations. Hence, a new equation system is formed, and the

second order rates can be calculated:

KAy + G, =0 = A=-K;'G, (2.59)
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2.9. CALCULATION OF LINEAR EIGENMODE 21

0.7
—-©— l.order
0.61| .= 2.order
Small inc.

0 0.5 1 15 2
wit

Figure 2.2: Deflection at midpoint under axial loading for 1.0x1.0x0.009m plate (8 = 3.7)

where

(58] e8] (4]

Comparisons are made betw een results obtained with first order incremenation and with
second order incrementation in Fig. 2.2. The plot is for a 1.0x1.0x0.009m plate subjected
to axial loading. The load is made non-dimensional with the yield stress o; = 235M Pa.

The plate slenderness is § = %, / %f = 3.7. First order and second order approximations are

plotted for an arc-length of n = 0.2, which is considered to be large. Some difference is seen,
but not so much considering the large arc-length. When 1 = 0.02 is used (labelled ’Small
inc.” in the figure), no difference is seen. With respect to computational efficiency, it is
found that the cost of calculating the second order rates is of the same order as calculation
of the first order rates. This indicates that computational gain is not likely to be achieved
by including the second order terms. The rest of the models are therefore derived using

only first order incrementation.

2.9 Calculation of linear eigenmode

The emphasis in the current work is calculation of nonlinear buckling response. The linear
buckling eigenvalue is of less practical interest, because it does not give much information
about the real strength of the structure. It can be useful, how ever, to calculate the linear
eigenmode. Although the shape of the eigenmode is not necessarily the same as the post-
buckling deflection shape, it is useful for setting the initial deflection. All structures have
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22 CHAPTER 2. GENERAL THEORY

imperfections, but the actual shape is usually not known. The most conservativ e approac
is then usually to use the eigenmode as the imperfection shape.

The condition for structural instability is that the incremental stiffness matrix K is singular.
The eigenproblem is therefore defined so that:

Kx =0 (2.61)

where x # 0 is the eigenvector.

In a linear eigenvalue calculation, the change in geometry prior to buckling is neglected.
The stiffness matrix is then decomposed as a sum of material and geometric stiffness:

K=Ky +Kg (2.62)
The material stiffness is the stiffness evaluated at the reference configuration. Usually the
reference configuration is the initial configuration, so that the material stiffness is evaluated

with A = 0 and A = 0. For the specific cases considered here, the material stiffness equals
the stiffness due to bending potential energy:

Ky =Kp (2.63)

The geometrical stiffness is linearly dependent on the load factor A:

K¢ = AK; (2.64)

The matrix K; is the stiffness matrix due to external potential energy ,evaluated with
A=0and A =1.

K, = Kezt(A = 1) (265)

The eigenproblem is now written:

or equivalen tly

KOX = —AE‘K1X (267)

This is a generalized symmetric algebraic eigenproblem

M1X = AEMQX (268)
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2.9. CALCULATION OF LINEAR EIGENMODE 23

where Ap is the eigenvalue corresponding to the eigenvector x. For the cases considered
here, both M; = Ky and M, = —K; are real symmetric. In addition, M; is positiv e
definit.

The mathematical solution can be obtained using standard algebraic routines. Efficient

solution may be obtained for the case where My and M, are symmetric, and M, is positiv e
definit. In order to achiev e this, the equation is rewritten as:

~K;x = ApKox (2.69)

so that M; = =K, M, = K, and A}, = 1/Ag.
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CHAPTER 3

Buckling of unstiffened plates

Buckling of unstiffened plates is now considered. This is a first step to w ards abuc kling
model for an integrated stiffened panel. The formulations deriv ed here are developed
further in subsequent chapters. The unstiffened plate is also of interest in itself. An
example is applications where the serviceability limit state is important. A simplified
deflection analysis may then be performed by taking the plate betw een stiffeners as simply
supported, neglecting the rotational restraint from the stiffeners. Another example is a
stiffened panel with weak stiffeners, where deflection in the global mode is dominant. Suc h
a panel may be analysed as an orthotropic plate, by including the effect of the stiffeners
as orthotropic stiffness coefficients in the model.

An isotropic elastic, simply supported plate is considered in section 3.1, while a plate with
clamped edges is discussed in section 3.2. These models are used as part of the local model
presented in chapter 4. An orthotropic elastic plate is studied in section 3.3. This model
is dev eloped further in dhapter 5 to a global buckling model for stiffened panels. Finally,
a plate with elastic-plastic material properties is analysed in section 3.4. Plasticity is not
considered further in this work, so the derivations for the elastic-plastic unstiffened plate
is presen ted as an independett study .

F or all models, examples of application are given, and comparisons are made with nonlinear
finite element calculations using ABAQUS. A large number of cases have been studied in
order to test the developed models, and only a few may be included here.

25
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Figure 3.1: Unstiffened simply supported plate

3.1 Simply supported plate

An unstiffened, rectangular plate is studied, Fig. 3.1. The length is a, the breadth is b,
and the thickness is . The material is assumed to be isotropic and linear elastic, and is
characterized by the elastic modulus £ and Poison’s ratio v.

The external loads are in-plane compression, shear force and lateral pressure. The external
in-plane stress S, S, and forces P,, P, are defined as positive in compression, since it is
mainly compression that is of interest for study of the buckling phenomenon. How ever,
the in ternal stresso, and o, is defined as positive in tension as usual.

3.1.1 Assumptions

The edges of the plate are assumed to be free to move in-plane, but forced to remain
straigh t. According to Marguerre’s plate theory ,Eq. (2.10) and Eq. (2.11), this means

that
a 1 9
(ex — FWa — wawoz)dr =Au YV y (3.1)
0
b
1
/ (g4 — Ewa —wywo,)dy =Av YV z (3.2)
0

This restriction represents the effect of the neighboring plates that will support the plate
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3.1. SIMPLY SUPPORTED PLATE 27

in a larger structure. The conditions for simply supported edges are:

w=0 at all edges
Wy + VW4 =0 at y =0,b (3.3)
W + VW 4y =0 at z=0,a

These conditions are satisfied by taking the additional and initial deflections as double
F ourier series, as first suggested ly Navier:

Mo nmy

w' =" " As, sin( . ) (T) (3.4)
m=1 n=1
Lo & nm

wh = Z B:,, sin ( ) sin (Ty) (3.5)
m=1 n=1

where the superscript s is used to indicate sine-mode, in con trast to the cosine-mode
which is used in the next section for the clamped plate. Initial deflection is included
in order to avoid bifurcation problems, and because all plates in the real world havea
certain degree of out-of-plane imperfection resulting from the fabrication process. The
most common approach is to set the imperfection shape equal to the eigenmode of the
plate. Alternatively, the measured imperfectionw; in a plate may be represented by w§ by
calculating the Fourier coefficients:

4
B = [ [witeysin (2

P erfect plates can be analysed as a limiting case ly specifying a very small initial deflection.

. nmy
) sin (=)

dydz (3.6)

In order to satisfy strain compatibility, a stress function F' must be found using the assumed
displacements, so that the plate compatibility equation is satisfied. The approach follow ed
is the same as that of Levy (Levy 1942), but in addition geometrical imperfections are
accounted for using Marguerre’s plate theory. Shear force is also included as an additional
load case. The stress function is assumed to have the follo wing form:

2Ms 2N

Sz 2 S 22 s mmx nm
Fs == — y - Y - Sxyl'y+22fmn COS( )COS(Ty) (37)
0 0

2 2 a

The first three terms results from constant external stress, while the summation term rep-
resen ts the menbrane stress developing due to deflection. The stress function coefficients

= o satisfying compatibility are found by substitution of the above equations into the com-
patibilit y equation,Eq. (2.19), as shown in appendix A. The coefficients derived in the
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current work are not equal to the ones presented in the work b y Levy This could be due
to some different definitions. The result obtained here is:

s E S s s s S s S
mn — 4(m2§ + 7’L29)2 Z brqu(Arsqu + Arsqu + quBrs) (38)
a b rSpq

S

rspg ar€ in teger n uthers given as

where fg is defined as zero, and the coefficients b

. +(r—p)=m,s+qg=n

s _ 2 2 )

bipg = rspq+riq if { Ftp=m,t(s—q) =n (3.9)
s _ 22 r+p=m,s+qg=n

bmpq = rspg—r-qg if { r—p)—m,A(s—q) —n (3.10)

It can be sho wn that the stress function F' as defined abo vesatisfies not only the com-
patibilit y equation, but also the boundary conditions for the plate. The integrated stress
resultan tin any cross-section equals the external load, while the integrated elongation
is constant over the edges. From the stress function, the membrane stress components
o, =F,,, 0, =F3,, and 0,y = —F3  are found by differentiation. Knowing the stresses,

the in ternal potemial energy can be calculated as outlined in the following.

3.1.2 Internal potential energy

In general, the internal potential energy is

1
U:—/ O'iEl'dV (311)
2 Jy

where V' is the body volume. Summation is implied. The internal energy can be divided
into a part due to membrane stretching of the middle plane of the plate, and a part due
to bending about the middle plane. F orthis purpose, the Lo ve-Kirhoff assumption is
applied. The stress and strain is written as the sum of a membrane part which is constant
over the thic kness, and a bending part whik is linearly varying. We can then write:

1
U = 5/(am+a,,)(sm+s,,)dv (3.12)
14
1
= —/(0m8m+0'b6b)dv (313)
2 Jy
= Un+U, (3.14)
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The coupling terms disappear when integrating over the thickness, since the bending is
acting about the plate middle plane. The potential energy due to bending and membrane
stretching can therefore be calculated separately.

Using Hook’s law, and then substituting the stress function for the membrane stress, the
membrane energy can be expressed as:

Un

t a b
25 /0 /0 [(Um + Uyy)2 — 21+ v)(0pa0yy — Uiy)] dydx (3.15)

t a b
35 [ [ (Bt Pl =20 )L Fyy = (P dyde (316)

Introducing the assumed form of the stress function, integration over the plate area can
be carried out analytically, and a closed form expression is obtained. The result is given
in appendix A. It can be seen that the membrane energy is proportional to the displace-
ment amplitudes A% to the fourth order, since f£,, is quadratic in A%, . The minimum
membrane energy and rate of minimum membrane energy is calculated by differentiation,
and is of third and second order in A? . respectiv ely.Hence, the membrane energy gives

mn?
a second order contribution to the incremental stiffness matrix.

By substituting the Lo ve-Kirhoff assumption for the bending strain, using Hook’s law,
and integrating over the thic kness, the follwing expression for the potential energy due to
bending is derived:

D a b
Uy = 5 /0 /0 [(wsm + wfyy)2 =2(1 = v)(wi,w;,, — (wsxy)Q)] dydzx (3.17)

Integration over the plate area is carried out analytically by introducing the assumed form
of the displacements. The result is differentiated twice to find the minimum poten tial
energy and the rate of minimum poten tialenergy . The resulting expressions are given
in appendix A. The bending energy is proportional to the square of the displacement
amplitudes, and gives a constant contribution to the incremental plate stiffness. The
incremental bending stiffness therefore only needs to be calculated once, in contrast to the
incremental membrane stiffness which must be calculated for each new increment.

3.1.3 Potential of external loads

In general, the external potential energy is calculated as:

S
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30 CHAPTER 3. BUCKLING OF UNSTIFFENED PLATES

where S is body surface, t; is external surface load in direction ¢, and wu; is surface displace-
ment in direction .

Constant edge-loads are considered first. The poten tial ofin-plane compressive forces is
calculated as external force multiplied with displacement:

T, = SpbtAu + SyatAv (3.19)

where Au and Awv are the elongations of the plate in the x- and y-direction, respectively.
These are calculated according to Eq. (3.1) and Eq. (3.2). For compression loads, the
elongations will be negative. Carrying out the integration, as shown in appendix A, it is
found that the potential of external loads consists of tw o parts. One part contributes to
the incremental load vector G, and is proportional to the displacement amplitudes A,,,.
The other part contributes to the incremental stiffness matrix K, and is proportional to
the external load parameter A, defined in Eq. (2.38).

If the in-plane loads vary linearly, the external stress is written:

50
—
S
<
Il

Sh (82— s;)% (3.20)
X
S,(z) = S;+(S§—S;)E (3.21)

where S! and S? are the magnitudes of the external axial stress at y = 0 and y = b,
respectiv ely.Similarly, S; and S? are the external transverse stress at z = 0 and = = a,
respectiv ely . The stress function is then modified as:
2 3 2 3
Y 2 nY 12 2 n<
FP= - ST (2 -SH -8 —(§2 -8 - -8,
x 2 ( x 1‘)6b i 2 ( Yy y)6a yxy
e 2 mnx nmy
s — 3.22
+ 33 fpn o o) (322)
The external energy is calculated as:
a b
T. = t/ / (Se(W)up + Sy(x)vy)dedy (3.23)
0o Jo

a b 1 1
=t /0 /0 (Sz(y)(ez = S ws)? —whug,) + 5,(x) (g, = 5(w})* — wfyw&y)> dzdy
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The membrane strain terms ¢, and €, are troublesome. For the case with constait edge
load, the integrated membrane terms must be zero if static equilibrium of the plate is to
be fulfilled. For non-constait loads, this is not necessarily the case. Until now, it has been
assumed that the external stress is transferred directly into the plate. Fora plate with
constant edge-loads and straight edges, this is also the case in practice. For a plate with
non-constant edge-loads, however, this is not exactly correct. F orthe limiting case of a
plate in pure in-plane bending, the assumed stress distribution is actually equal to that of
a plate with edges free to deform in-plane. For a plate with straiglt edges in pure in-plane
bending, the stresses will be transferred into the plate in a more complex pattern. This
can be seen by performing nonlinear finite element analysis on a flat plate subjected to
pure in-plane bending.

The external energy is here calculated by neglecting the membrane terms. The calculated
response will therefore be somewhere in betw een thesolution for straigh t edges andthe
solution for free edges. Since it is more conservative to assume that the edges are free to
bend in-plane than to assume straight edges, this solution method is considered acceptable.
If the load gradient is moderate, the resulting response will be very close to the case with
straigh t edges, but with increasing gradien the solution will always be on the safe side. It is
also worth noticing that the linear elastic buckling value for plates in pure in-plane bending
is very high. The analytical k-factor for this load condition is close to 24, compared with 4
for constant load. This means that the linear buckling stress for practical applications will
be well abo ve yield stress, so that the postbukling stiffness is of less practical importance.

From the arguments abo e, the external potential energy due to linearly varying edge
loads can be calculated using Eq. (3.23), with £, = 0 and £, = 0. The details are given in
appendix A.

The potential energy due to external shear stress S, is
a b
T, = Szyt/ / (uy +v,)dydz (3.24)
o Jo

Rearranging the shear strain expression in Marguerre’s equation, Eq. (2.12), we get
a b
T, = Szyt/ / (Yay — wiws, — wp W, — wfxwg’y)dydx (3.25)
o Jo

where the contribution from the 7,,-term must be zero due to static equilibrium. The
expressions resulting from integration over the plate area and differentiation with respect
to the displacement are giv en in appendix A.

The contribution to the potential of external energy from lateral pressure is:

a b
Ty = —/ / pw®dydx (3.26)
o Jo
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32 CHAPTER 3. BUCKLING OF UNSTIFFENED PLATES

The result is given in appendix A. The lateral pressure gives a constant contribution to
the incremental load vector, but no contribution to the incremental stiffness matrix.

3.1.4 Implementation

The total rate of minimum poten tialenergy is found by adding the con tributions from
internal and external energy:
o1l U, oU, oT. oT,

B Ty,
Ga,,) = aa,,) *aa,,) a4, By,

0Ay,

)+ ( ) (3.27)

The result is a linear equation system, on the form of Eq. (2.47). Solving this equation
system, a set of displacement rate amplitudes A,,, is found, which are used to calculate
the next increment in the analysis.

The computational model is implemented using the programming language F ortran 90.
Since all expressions have been integrated analytically, the elements of the stiffness matrix
K and G are exactly calculated based on the explicit expressions derived. The equation
system are solved by matrix inversion for each increment. The solution procedure may
hence be classified as semi-analytical.

3.1.5 Results

Some numerical examples using the presented model are given. The results are compared

with analyses performed with the nonlinear FEM program ABAQUS (Hibbitt, Karlsson,

and Sorensen 1994). Isotropic, elastic material is assumed. For all calculations, an elastic
modulus of E=208000MPa is used. The plates are modelled using 4 node double curved

general-purpose shell elements, S4R. The sources of inaccuracy in the computational model

developed are drift from the correct equilibrium curv edue to the incrementation, and

difference betw een correct and assumed displacemernt shape. The former is controlled b y
specifying sufficiently small values of the perturbation parameter. The latter is controlled

by specifying sufficiently large number of terms in the assumed displacement functions.

This depends on the geometry and load condition, as will be shown in the following. The

initial deflections are set to a small value in all the examples.

T o the left in Fig. 3.2, the load-deflection response of a quadratic plate subjected to biaxial
loading is shown. The load is made non-dimensional with the yield stress o;=313.6MPa.
Proportional loading is used, and the magnitude of the load is the same in both directions.
The number of terms in the deflection function is 3x3, and it is seen that the correspondence
with ABAQUS results is good. The right plot shows the load-average strain response of
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Figure 3.2: Left: Deflection at midpoint under biaxial loading for axbxt=1.0x1.0x0.026m
plate (8 = 1.5). Right: Snap-back under axial loading for axbxt=1.68x0.98x0.011m plate

(8 =3.0)

a rectangular plate subjected to axial loading. The load is made non-dimensional with
the yield stress o0;=235MPa, and the average strain is made non-dimensional with the
corresponding yield strain. Here, 8x8 deflection terms have been used in the calculation
model. The snap-back in the postbuckling region is provold by specifying an initial
deflection mode which is different from the preferred one, leading to violent mode snapping.
It should be noted that the snap-back occurs very late in the postbuckling region, and is
therefore of more academic than practical interest. The intention is to demonstrate that
such complex responses is well treated with the perturbation method used, even if only
first order terms are included in the formulations.

In Fig. 3.3, the load-deflection response for a quadratic plate subjected to lateral pressure
(left) and shear loading (right) is shown. The shear load is made non-dimensional with the
yield stress o;,=235MPa. The number of terms used is 3x3 for both cases. The accuracy
of the calculations is good, and the computational efficiency is very high.

3.2 Clamped plate

The edges of a plate can be considered as clamped if the surrounding structure is strong
enough to prevent rotation of the edges. Clamped-like conditions may also occur due to
the applied loads. Lateral pressure may cause a plate to deflect symmetrically about a
stiffener, and thereby causing a clamped deflection mode, as seen in Fig. 3.4.

Here, it is assumed that the longitudinal edges of the plate are clamped, while the transverse
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Figure 3.3: Deflection at midpoint under lateral pressure (left) and shear loading (right)
for 1.0x1.0x0.009m plate (5 = 3.7)

~~~~~~~
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Figure 3.4: Clamped-like conditions due to lateral pressure

edges are taken as simply supported, Fig. 3.5. The number of half waves will usually be
greater than one in the longitudinal direction, due to the effect of axial compression and the
plate aspect ratio, and the effect of the lateral pressure on the deflection shape is therefore
less significant.

3.2.1 Assumptions

As for the simply supported plate, the edges are assumed to be free to move in-plane, but
forced to remain straight. The conditions for clamped longitudinal edges are expressed as:

w=20 at all edges
wy, =0 at y =0,b (3.28)
Wy + VW 4y =0 at z=0,a

One way to handle clamped edges is to use the same displacement functions as for the sim-
ply supported plate, and to add a rotational spring along the clamped edges. The essential
boundary conditions are then satisfied, and the clamped condition can be analysed by ap-
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Figure 3.5: Boundary conditions for clamped plate model

plying a very stiff spring. Good results was obtained using this approach, but the number
of terms required in the displacement function was found to be large. The displacement
shape is estimated reasonably well with less terms, but the bending moment distribution
requires more terms. This is because the bending moment resulting from a sine-series is
zero along the edges, while the bending moment for a clamped plate attains its maximum
value at the edges.

Better results were ac hiev ed using cosine-terms. The follwing displacement shape is then

used:
Me Ne e mmx 2nmy
w'o= > Ny 5% sin(——)[1 — cos(—)] (3.29)
m=1 n=1
Mo e, pe mmx 2nmy
wg = > Y S sin(——)[1 — cos ()] (3.30)
m=1 n=1

The above expressions represent a far better approximation to the clamped condition than
the sine-terms, and good results may be obtained with only a few degrees of freedom, e.g.
2 or 3. Similarly, a plate with all edges clamped may be analysed using cosine-terms in
both directions:

M Ne ge 2mnzx 2nmy

w o=y M1 — cos )I[L = cos ()] (3.31)
m=1 n=1
M. Ne pe 2mnrx 2nmy

wS = Z%[l—cos( " )1 = cos ( 2 )] (3.32)
m=1 n=1
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The former case is considered to be of more practical interest. This is because plates
betw een stiffeners are usually quite long, and the boundary conditions on the transverse
edges are therefore less important. The latter case is not further described here. In the
following, a stress function corresponding to the chosen displacements is presented, and
potential energy-expressions are derived.

3.2.2 Stress function

The approach used for establishing the stress function for the clamped plate is the same
as for the simply-supported plate, and the derivation is therefore omitted. The result is:

2M. 2N,

. S,y Sya? . mmx 2nmy
Fe=— S 3/2 _Szya;y—l—;;fmncos( , ) cos ( 2 ) (3.33)
The coefficients f¢,, are
E
on = T gays D Vrem(Ar Ay + AL B, + AL BY) (3.34)

mn 20 2a)2
4(m a +4n b) 7s8pq

where fg is defined as zero, and the coefficients by, are

2r2¢? if +(r—p)=m,q=n
—2r2g? if r+p=m,q=n
e ) —Tspa— r?¢>  if X -p)=m,s+qg=n (3.35)
rspg rspq + r2q? if r+p=m,t(s—q)=n ’
—rspq + r2¢? if rd+p=m,s+qg=n
rspq — r’q? if  EX(r—p)=m,x(s—¢q)=n

3.2.3 Potential energy

The potential energy is calculated in the same way as for the simply supported plate. By
substitution ofhe new displacemen t function and stress function, analytical integration
can be carried out. The resulting expressions for all contributions are given in appendix A.

However, for the shear force, substituting the assumed displacements into the energy ex-
pression used for the unstiffened plate gives:

a b
T. = Szyt/ / Yoy — wiw, — wg W, — wfrwgyy)dyda: (3.36)
o Jo
0 (3.37)

URN:NBN:no-3348



3.3. ORTHOTROPIC ELASTIC PLATE 37

— Cos
Sin
15+ O Abaqus

o
o 1
0.5
0
0 1 2 3 4
€ le
x f

Figure 3.6: Load-average strain for 1.0x1.0x0.013m clamped plate (8 = 2.6) under axial
loading calculated using 2x3 cosine-terms (Cos) and 2x11 sine-terms (Sin)

The reason for this result is that the cosine-terms are alw ayssymmetric, and they are
therefore not able to describe shear deformation. For shear force analysis, it is necessary
to include sine-terms in the deflection shape. A possible approach is the method described
previously, where a pure sine-series is used together with a very stiff spring. An even
better strategy is to use cosine-terms and sine-terms in combination. This is done for the
combined plate/stiffener-model presented later, and it is therefore not further described
here.

3.2.4 Results

In Fig. 3.6, the non-dimensional load-a veragestrain response for a plate with clamped
longitudinal edges subjected to axial loading is shown. The load is made non-dimensional
using the yield stress 0;=235MPa. The initial deflection is set to a small value. Calcu-
lations using sine-terms as well as cosine-terms are shown. It is seen that good accuracy
is obtained with only 2x3 cosine-terms, while the analysis with 2x11 sine-terms is less
accurate.

3.3 Orthotropic elastic plate

Orthotropy is a special form of anisotropy, in which the material of the plate has three
planes of symmetry with respect to its elastic properties. The orthotropy may be due
to material properties, but for applications in steel and aluminium marine structures,
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structural orthotropy is more relevan t. The plates are stiffened in such a w aythat the
panel may be considered as an orthotropic plate in terms of its overall stiffness coefficient.

In this section, a plate with orthotropic material properties is discussed. It is assumed
to be homogeneous in the thickness direction, and is therefore not directly suitable for
structural orthotropic problems. How ever,the model is dev eloped further in chapter 5
to include general anisotropy and bending stiffness independent of in-plane stiffness. The
deriv ations are performed for a simply supported plate. The procedure for a clamped plate
w ould be similar.

3.3.1 Orthotropic elastic material law

The material law for an orthotropic plate is generally:
oij = Cymen 4,5,k 1=1,2,3 (3.38)
or

gij = Mo 1,5,k,1=1,2,3 (3.39)

where Cjjj; are stiffness coefficients, and A;jy,; are flexibility coefficients. The nine inde-
pendent and non-zero stiffness coefficients are 01111, 01122, 01133, 02222, 02233, C’gggg7 01212,
C1313, and Cy393. These can be related to the three moduli of extension E;, F,, Fs, in
the directions of orthotropy, three shear moduli G5, Gz, G31, and three coefficients of
con traction,vys, Va3, 1/31. F or plane stress the six independert material coefficients may be
calculated directly from the three-dimensional coefficients, or they may be defined through
the t w o moduli of extensionF, F5, three shear moduli G1a, Ga3, G31, and the coefficient
of contraction vs;.

3.3.2 Orthotropic stress function

The compatibility equation for an orthotropic plate is:

M1 Fyyyy + Mosos Flopen + 2(Miraz + 2Mi212) Flopyy (3.40)

_ 2
- w,zy + 2w0,zyw,zy T WpapW gy — WoyyWee — W yyWo o

The solution can be written on the same form as for the isotropic, simply supported plate:

2M 2N

_ Szy2 SyIZ mmnzr nmy
F=-— 5 T o —Sxyxy—l—;;fmncos( " )COS(T) (3.41)

URN:NBN:no-3348



3.3. ORTHOTROPIC ELASTIC PLATE 39

The coefficients f,,, for the orthotropic case become:

1 m? m®n? nt -
fon = 1022 <¥M2222 + QW(MHQZ + 2Mi912) + b—4M1111>
: Z brspq(ArsApg + ArsBpg + ApgBrs) (3.42)

rspq

where fy is defined as zero, and the coefficients b,,, are the same integer numbers as for
the isotropic, simply supported plate, Eq. (3.9).

3.3.3 Internal potential energy

The potential of in ternal energy is divided ito a bending part and a membrane part, as
before.

The plate membrane energy is:

1
Un = 3 ), o7 (3.43)
2 |4
t m_m m_m m_m
-3 //1(‘711511 + 05365 + 2075e75)dV (3.44)
t
= 5 A (MllllF:zy + 2M1122ExxF:yy + MQQQQF‘,QZI =+ 4M1212F,2zy) (345)

By substitution of the material parameters for an isotropic plate, the usual plate membrane
energy equation is obtained, Eq. (3.15). Expressions resulting from integration over the
plate area are found in appendix A.

The bending energy is

1
Uy = = / o’sbdv (3.46)
2 )y
1
=3 /‘/(0?151{1 + 01272532 + 2011725?2)‘1‘/ (3.47)
Introducing the orthotropic material law, and substituting sljj = —zw,; for the bending
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strain, we can write

1
Ub = E / [61{1(0111151{1 + 01122832) + 832(0221181{1 + 02222832) + 481{2012128?2] dV (348)
|4

2
z
= 3 / 5 [w,ll(cllllw,ll + Cri22w 22) 4+ w22 (Coan1w 11 + Cozzow 22) + 40121210,212] dv
v

Using the stiffness matrix symmetry, Cs1; = Ci122, and performing the integration over
the thic kness, w get:

t3

Ut =—
24/,

(0111110,211 + 2Chw 11w a2 + 02222w?22 + 401212“{%2) dA (3.49)

Again, it can be shown that substitution of the isotropic stiffness coefficients reduces this
equation to the usual plate bending energy equation, Eq. (3.17). The final expressions
resulting from integration are given in appendix A.

3.3.4 Potential of external loads

The elongation is partly due to the membrane effect of the external force, (superscript F),
and partly due to the plate deflection, (superscript D):

Au = Au"+ AP (3.50)
Av = Avf + AP (3.51)
o= AF P (3.52)

The displacements due to the external force is:

AUF = G/(SIMHH =+ SyMllQQ) (353)
A’UF = b(SzMZQU + SyMZQZQ) (354)
"YF = SxyMle (355)

This part is irrelevan t with respect to the potertial energy since it disappears when differ-
entiating with respect to the deflection.
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Figure 3.7: Load-average strain for 1.68x0.98x0.011m (5 = 3.0) orthotropic (ort) and
isotropic (iso) plate under axial loading using 5x3 terms

The part due to the deflection is independent of the material properties, and is therefore
the same as for the isotropic plate. Hence, all external energy expressions derived for the
isotropic plate are valid also for the orthotropic plate.

3.3.5 Results

In ABAQUS, elastic orthotropy may be specified either by the material type orthotropic or
by the material type lamina. The former is valid for a general stress state, and 3D-material
properties are automatically reduced to 2D-parameters for a plane stress condition. The
lamina-type is only applicable for plane stress.

An example is shownin Fig. 3.7, where results from the orthotropic plate model using
5x3 displacement shape terms is compared with results from ABAQUS using the lam-
ina material type. The orthotropic stiffness coefficients (7, are chosen arbitrarily as

Ti1 = 1.5CT111, Oy = 0.7C5,,, and Cfyyy = 1.3CY,,, where Cfy, are the isotropic
stiffness coefficients corresponding to E=208000MPa. The loading is axial, the plate ge-
ometry is 1.68x0.98x11m, and the results are made non-dimensional with the yield stress
oy=235MPa. The initial deflection is set to a small value. It is seen that the agreement is
very good. The results using isotropic coefficients are also included for comparison.
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3.4 Elastic-plastic plate

A plate with elastic-plastic material properties is now studied. The derivations presented
here are for a simply supported plate, but the procedure would be similar for a clamped
plate. Only in-plane compression and tension have been considered for this case.

In the present con text, the major difference betwv een elastic and elastic-plastic material is
that plasticit y males the plate non-homogeneous. First of all, this means that analytic
integration is not possible, and much of the computational efficiency that w asachieved
for the elastic plate is lost. Second, some approximations must be introduced in the
formulations, giving larger inaccuracy than for the elastic case. Bearing this in mind, it is
clear that the elastic-plastic model will not perform as well as the elastic one.

The material is assumed to be isotropic and elastic-plastic. It is characterized by the elastic
modulus £ and Poison’s ratio v in the elastic range, and by an incremental flow law in the
plastic range. Plasticit y problemsare non-conservativ e, which means that the principle
of minimum potential energy is not v alid. The more general principle of virtual work is
therefore applied, as presented in ¢ hapter 2.Since an incremental material law is applied,
all expressions must in the following be written on incremental form.

3.4.1 Assumptions

The additional and initial deflections are again taken as double Fourier series, Eq. (3.4).
The rates of deflection are

M N
_— . . mmTT., . Ny

W= m§:1 TLE:1 A, sin( - ) sm(—b ) (3.56)

Wy =0 (3.57)

the virtual deflections

M N
B . mrx, . nry

Sw = mE:1 TLE:1 8 Ay sin ( " ) sm(—b ) (3.58)

Swo =0 (3.59)
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while the rates of virtual deflection are

sir =0 (3.60)
Sy =0 (3.61)

The deflection shape should automatically adjust itself so as to minimize the virtual work,
pro vided that a sufficiert number of terms are included in the displacement function. For
the elastic plate, this was demonstrated for a plate where mode snapping occurred during
the analysis. When plasticity is included, change of shape due to localization of plasticity
is an important effect. It will be shown that the presented model is able to account for the
effect of plastic localization.

3.4.2 Plate theory

Using Marguerre’s plate theory, the membrane strain rates are

€r =l + we(w, +wo,) (3.62)
€y =0y +wy(wy +woy) (3.63)
Yoy = Uy + Uz +We(Wy + woy) +1y(we +wog) (3.64)

The virtual membrane strains are

dep = Uy + 0w (W, + wo ) (3.65)
dey = 0vy, + dw,(w, + woy) (3.66)
ey = 0uy + 60, + 0w (W + woy) + 0wy (w4 + wo y) (3.67)

The virtual membrane strain rates are

0y = Oty + 0w i, (3.68)
82, =00, 4w, (3.69)
Sy = Oty + 004 + 0w 41iry + 0w i (3.70)

By differentiation and combining equations Eq. (3.62) through Eq. (3.64), the requirement
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for strain compatibility of the plate on rate form is

Exyy T Eyar — Vayay (3.71)

= 20y W ey + 2W0,0yW,ay — WaaW,yyWyyWes — WyyWoze — W,zaWo,yy

Using the incremental elastic-plastic material law gives

éz,yy = Mllllo.—z,yy + M11220.—y,yy + (M1112 + Mll?l)ol—zy,yy (372)
Eyae = My110200 + Mi1226y 20 + (Mi112 + M1121) 62y 20 (3.73)
ézy,zy = Mlleo.—z,zy + M12220.—y,zy + (M1212 + MlZ?l)é—zy,zy (374)

Now, introducing the stress rate function F so that

Fo. =0, (3.75)
Fy =6y (3.76)
Foy =04y (3.77)

the compatibility equation for the plate can be written as

M1111F,yyyy + M2222F,zmz + (Mi1as + Mooy + 2Mio1o + 2Mi921) F gy (3.78)

—(Mi12 + My + 2M1211)F1‘yyy — (Mag12 + Masoy + 2M1222)F,ymx

>

= 20y W gy + 2W0,0y W zy — WaaW,yy — WyyWze — W,yyWoze — WazWo,yy

Due to plasticity, the material parameters M;;; are functions of position (z,y) in the plate,
and this makes it less attractiv e to solv e the compatibilitequation Eq. (3.78) directly. An
alternative approach is suggested in the following.

In the elastic region, Eq. (3.7) is the solution of the stress function satisfying both strain
compatibility and plate boundary conditions. More specifically, it ensures that the internal
stresses in tegrated over an y plate section are in equilibrium with the external forces, and
that the integrated membrane strains are such that the plate edges remain straight. Now
the membrane strain is divided into tw o parts.The first part, 7, is the membrane strain
resulting from the deflection of the plate. The second part, ¢F, is the membrane strain
necessary to ensure equilibrium betw een external forces and iternal stresses. Hence, the
total strain rate in any point is written as
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The virtual strain is

Seij = 0] + 0el, — 20w i,j=uz,y (3.80)

The virtual strain rate is

8ei; = 0] + 0¢), i,j=z,y (3.81)

From the strain compatibility requirement, Eq. (3.71), it is seen that the membrane strain
rates are geometry dependent only , that is they can be determined from the deflection and
the deflection rates. Therefore, the strain rate due to the deflection of the plate can be
determined from a strain function G:

2M 2N

. . mmz nmwy

6 =373 o2 con (22 352)
0 0

where
1 .

Gmn = 525 > (Omnkt + Otimn) (Art + Bri) Ap (3.83)

4(m2§ + n23)2 ;

and the coefficients by, and by, are in teger n uthers determined as for the elastic plate,
Eq. (3.9). The membrane strain rates are then

L =ah (3.84)
el =G, (3.85)
b =-G%, (3.86)

The boundary conditions and stress equilibrium are not automatically satisfied by the
abo e membrane strain rate in the plastic range, as it is in the elastic range. The strain
rate 55 must be determined so that these requirements are fulfilled. In the elastic range, it
means that the strain rate must be ¢ hosen so that it balances the external force incremert.

In the plastic range, the stress rate distribution over one section resulting from the strain
rate ég will give a stress rate resultan tover the section which is different from zero.
Similarly, the stress rate distribution over the thic kness due to the bending strain—zw ;;
will also give a stress rate resultant over the thic kness whik is different from zero after
yielding hastarted at the top or bottom of the section. Thus, the strain rate sf; must
also be such that these stress rate resultants are balanced.
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In addition, sf; must be so that the compatibility requirement, Eq. (3.71), is not violated.
Therefore, the following is chosen:

er,=0 (3.87)
€y = (3.88)

That is, the strain rate £ in z-direction is constant in the y-direction, while it can vary
in the z-direction. The strain rate 5'5 in y-direction is constant in the z-direction, while it
can v ary in they-direction. With this choice, sf; automatically satisfies the compatibility
requirement and the boundary condition.

In order to ensure force equilibrium, the displacement rate w must be so that the following
conditions are fulfilled:

b t
/ / Gpdzdy = —P, ¥ (3.89)
0 0
a t
/ / gdzdy = —P, YV y (3.90)
0 0

The minus-sign in front of the external force rates are due to the definition of force. External
forces are taken as positive in compression, while stresses are taken as positive in tension.
By fulfilling these requirements, strain compatibility is ensured in every point, while stress
equilibrium is ensured when integrating over an y plate section.

By variation of Eq. (3.89) and Eq. (3.90), we have:

bt
/ / §0,dzdy=0 V = (3.91)
0 Jo

a t
/ /5dydzdy:0 V y (3.92)
o Jo

The stress rates and virtual stress rates can be expressed using strain rates and virtual
strain rates and the incremental material law. T aking the total strain rate in a material
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point as the sum in Eq. (3.79), the requirements Eq. (3.89) and Eq. (3.90) becomes

/Ob /Ot [Cin (87 + €7 = 2t 20) + Crina (&) + &5 — 21iy,) (3.93)
+(Ciirs + Cuion) (€D, — 2t y)] dedy = =P, ¥

/0“ /ot [Comn (& + & = 2thsa) + Coomal€)) + 2 — 2 (3.94)
+(Cho1z + Coomt ) (22, — 2t yy)] dzde = =P, ¥ 2

In the first equation, £ is constant and can be tak en outside the integral sign. In the

second equation, 5'5 is constant and can be taken outside the integral sign. We can then

write
P —P, — fob fot [Crin (€D = 210 20) + Cr1oa(E) + £ — 210 y,)] dzdy
’ fgb fot Ciindzdy
) fob fot [(01112 + C1121)(é£y — zwzy)] dzdy (3.95)
fob fot Ciindzdy ‘
P —P, - s fot [Coo11 (€0 + €L — 2t 40) + Chana (€] — 21 y,)] dzdzx
! foa fot Cagadzdx
_ Iy fot [(02212 + 01121)(6'% - szy)] dzdx (3.96)
foa fot Chgondzdr ‘

It appears that the strain rates can not be written out explicitly, since £Z'(z) in the first
equation depends on the integral of £}(y) over bt, while £]'(y) in the second equation
depends on the integral of éf'(x) over at. Therefore, an iterativ e procedure is applied.
First, £I" is calculated from Eq. (3.95) assuming 5'5 to be zero. Then this value is used to
calculate 5'5 from Eq. (3.96). This value is then again used in the first equation to find a
new and better estimate of ££'. This iteration proceeds until the relative difference between
tw o consecutie calculated values are smaller than a certain error tolerance.
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For the virtual strain rates, similar expressions result,

b t
/ / [Chin1 (667 + 61) + Chane (8] + 6¢)
0 0

+(01112 + 01121)56'92/] dZdy =0 V =z (397)
a t
/ / [Coo11 (062 + 625) + Cogan(82) + 621)
0 0
+(Chorz + Copm )60 | dzdz =0V y (3.98)

and

_fob fot [C1111062 + Crina (020 + 02]) 4 (Crina + Chion) 06D ] dzdy

= A (3.99)
Jo Jo Crindzdy
N I fOt [Co11 (662 + 66E) + 2208 + (Comra + Chizn) 06D | dzdx (3.100)
v foa fot Choadzdx .

and a similar iterative procedure is applied for solving these equations.
The virtual strains dZ and (555 are accumulated values, and must be calculated by incre-
mentation when 6¢7 and 6¢) have been found:

Sebs = selet 4 poelet (3.101)

Sey® = 0y "t noey ! (3.102)

Similarly for the total strains:

ghs = gheml 4 pebst (3.103)
Fs _ _F,s—1 Fs—1
g, =g, + gy (3.104)

3.4.3 Internal virtual work

The internal virtual work is

oW = / oij&eijdV i,j =,y (3105)
\s
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where the integration is carried out over the whole plate volume V. The rate of internal
virtual work is then

|4

Using the expression for the total strain in a material poin t,Eq. (3.79), the follo wing
expression for the rate of internal work is obtained:

SW /V [63;(0)) + bef; — 26w i5) + 035 (8] + 61)] AV (3.107)

Written out, this becomes:
W = / {(555 + 6eF) /dzdz—# (6e) + 555)/dydz+ 26eL, /c‘rzydz
A t t t

+(6¢0 4 68 /t oodz + (66 + 6¢)) /t oydz + 266, /t Tyl

—O0W 4y /zdxdz — OW yy /zdydz — 200 4y /zdrydz] dA (3.108)
¢ ¢ ¢
The integration is carried out numerically over the plate volume.

3.4.4 Virtual work of external loads

The virtual w orkof external in-plane loads is calculated as external force times virtual
displacement:

0T = P,0Au + PyoAv (3.109)

where §Au and §Av are the virtual elongations of the plate in the x- and y-direction,
respectiv ely.The rate of virtual external work is

6T = P,0AG + P,6Au + P,5AD + P,6Av (3.110)

where P, and Py are load rates, and A% and dAw are virtual elongation rates.
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The elongation of the plate is

Auz/ U dx (3.111)
0

b
sz/ v,dy (3.112)
0

The virtual elongation is then

5Au:/ ou pdz (3.113)
0

b
5AU:/ dvydy (3.114)
0

and the virtual elongation rates are
0ATL = / 0, dx (3.115)
0
b
0AD = / 0V dy (3.116)
0

Using strain rate and virtual strain rate expressions Eq. (3.65) and Eq. (3.68), the rate of
virtual external work can be written:

0H = P, /0 [6sP + 6eF — 6w, (w, + wo )] dx (3.117)
+ B /0 ' [6¢D + 6¢F — Sw i, dz
+ P, /Ob [6e + el — 6wy (wy + woy)] dy
b [ 100 52 - suiy]

The terms involvingw and wy can be calculated and integrated analytically using the
assumed displacement functions. Carrying out this integration, the expression for the rate
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of virtual external work becomes:

2 2

Mp Py
—Pe+ 2P (Amn + Bn) 3 Amn (3.118)

[o%Y

T

I

|
M=
M =
|3
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L
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I
L

&)
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—_ —_ 2 i
" P, + m P)m* Apnd Ay

WE
mz
| 3

—
3
Il
—

e : :
(0 + 027 )dA + 7 / (667 +0¢7)dA
A

IS} |E;U' @|;U ﬁ

T~

P
(0 + b2, )dA + — /A(és'f + 8] )dA

The integration is carried out numerically over the plate area.

3.4.5 Implementation

In con trastto the elastic case, evaluation of the elastic-plastic formulations requires nu-
merical integration. In addition, all variables must be calculated by incrementation, since
only rates can be calculated at each increment. Consequently, stress and strain values for
each integration point must be remembered from one increment to the next.

Using the principle of virtual work, an equation system is derived in the same form as for
the elastic plate using the principle of minimum potential energy. The solution procedure
is the same as before.

3.4.6 Results

Some calculations performed using the plate model is presen ted,and comparisons with
ABAQUS are presented. An elastic modulus of F=208000MPa is used, and no hardening
in the plastic region is assumed. The initial deflections are set to a small value in all the
examples. The results from the model are obtained using 7x5 terms in the displacement
function.

In Fig. 3.8, the load-deflection response of a 1.0x1.0m plate subjected to axial loading
is shown. The load and average strain is made non-dimensional with the yield stress
0;=313.6MPa. The example to the left is a plate with thickness t=13.0mm, which means

a slenderness g = % 2t = 3.0. The example to the rightis for t=26.0mm, meaning
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Figure 3.8: Non-dimensional load-average strain under axial loading for 1.0x1.0x0.013m
plate, 5 = 3.0 (left) and 1.0x1.0x0.026m plate, 5 = 1.5 (righ t)
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Figure 3.9: Non-dimensional load-average strain under axial loading for 1.68x0.98x0.011m
plate, 8 = 3.0 (left) and 1.68x0.98x0.017m plate, 8 = 1.93 (righ t)

5 = 1.5. Tt is seen that the agreement is best for the thicker plate, while the response is
too stiff in the postcritical region for the thinner plate.

In Fig. 3.9, the response of a 1.68x0.98m plate subjected to axial loading is shown. The
load and average strain is made non-dimensional with the yield stress 0;=235MPa. The
left plot is for a plate with ¢=11.0mm, i.e. 8 = 3.0, and the right plot is for t=17.0mm,
i.e. 8 =1.93. Also here the response is too stiff in the postcritical region.

Much of the stiffness reduction in the postcritical region is believed to be due to plastic
localization. It is therefore essen tial that this effect is accounted for in the model. The
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Figure 3.10: Longitudinal deflection shape under axial loading for 1.68x0.98x0.011m plate,
8=3.0

longitudinal deflection shape at half-width was therefore plotted for the 1.68x0.98x0.011m
plate for comparison, Fig. 3.10. It is seen that plastic localization does take place also in the
model, but the deflection shape is not exactly equal to the one calculated by ABAQUS. The
deviation betw een the FEM-results and the model does probably indicate that the assumed
strain distribution is not entirely correct in the plastic region. However, the results are
quite good up until the ultimate limit state, and the ULS-loads predicted are quite close to
that of ABAQUS. The problem is that the calculated response is non-conservative in the
postcritical region. A simple way to reduce the stiffness is to set the membrane stiffness
equal to zero after the onset of membrane yielding. Results for the 1.68x0.98m plate using
this approach is sho wn in Fig. 3.11. It is seen that the results are now onthe safe side,
and not too far from the FEM-predictions.

T esting was also performed for transv erseload, and for other geometries, with similar

agreement in the results. The tests performed with the elastic-plastic plate model indicated

that reasonable results could be obtained even in the plastic region, although the accuracy

is not so good as in the elastic region. How ever, the computational efficiency of this model
is drastically reduced compared to the elastic one. There are tw o reasons for this. The

first one is that numerical integration must be used, which increases the effort necessary to

calculate the membrane stiffness across the plate. The second is that a larger number of

displacement shape terms are necessary in order to describe the non-regular displacement

shape due to plastic localization.

The most important aim for a design model is to provide efficient and accurate calculation
of the response in the elastic region, combined with safe predictions of ultimate strength.
Both of these requirements can be met with an elastic model, using a first membrane yield
criterion for estimation of design collapse load. It w as therefore decided not to put further
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Figure 3.11: Non-dimensional load-average strain under axial loading for 1.68x0.98x0.011m
plate, 5 = 3.0 (left) and 1.68x0.98x0.017m plate, 5 = 1.93 (righ t) using modified stiffness

effort into dev elopmen or testing of the elastic-plastic plate model, and it is not developed
further in subsequent chapters. Estimation of ultimate limit state using membrane yield
criterion is further discussed in chapter 7.
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CHAPTER 4

Local buckling of stiffened plates

Local buckling of a plate with an attac hed stiffener is considered. By local buckling, it
is understood that the plate, the w eb andthe flange may deform locally, but the entire
stiffened plate shall not deflect laterally. In other words, the connection betw een the plate
and the stiffener is fixed in the vertical direction. Lateral support is also provided by
transv erse girders.

The motivation for dev elopinga local buc klingmodel is that most stiffened panels in
marine structures are built up of relativ ely thin plates, in the sense that the stiffener
spacing and the web height are large compared to the plate and web thickness. Hence, the
local buckling load for the plate and the web is much low er than the global bukling load of
the combined stiffened plate. P anels with global bukling load close to the local buckling
load may experience very unstable response in the postbuckling region, and it is therefore
good design practice to ensure that the global buckling load is well abo e the local buckling
load. In design codes, it is usual to accept that local buckling of plate members take place,
but overall stiffener or grillage buckling should not occur.

The column approach is often used for buc kling assessmet in design codes, such as the

DNV Classification Note for Buckling Strength Analysis (Det Norske Veritas 1995). These

formulations have the advantage of being relatively simple, and provide quick strength es-

timates. How ever, looking at the deflection modes of actual stiffened panels, it is clear that
a column model does not provide the best representation of the real structural response.

Usually, local deformations dominate, while lateral deflection in the global mode is less

significant.

%)
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Figure 4.1: Open profiles: Flat bar, angle bar, tee bar and bulb

For most of the panels used in traditional ships the global buckling load is w ellabo ve
the squash load of the panel, and is therefore of little importance. In such cases, the local
buckling models presented in the following are sufficient for pro viding a reasonable strength
estimate of the panel. For some cases, how ever, local bukling may mteract with global
buckling. The local models presented here may then be combined with a global buckling
model. Global buckling is discussed in chapter 5 and combined local and global buckling
in chapter 6.

4.1 Open profiles

A stiffener of the open profile type is considered first. It may be a flat bar, angle bar,
tee-bar, or bulb profile, Fig. 4.1. These are the stiffener types which are most frequently
used in conven tional steel ships. The computational model developed for open profiles was
also presented in (Byklum and Amdahl 2002b).

4.1.1 Plate deflection

The stiffener acts as a rotational line spring on the plate. As a result, the boundary
condition for a plate betw een t w o stiffeners is somewhere in bat een simply supported and
clamped. For most stiffened plates the web is quite slender compared to the plate itself,
so that the situation is quite close to that of simply support. The clamped mode becomes
more important for stronger webs and under influence of lateral pressure. In order to
include the possibility of all t ypes of plate deflection in the range from simply supported
to fully clamped, it is necessary to assume the deflection shape as a combination of sine-
terms and cosine-terms. Hence, the assumed displacement patterns for additional and
initial deflection are, Fig. 4.2:

w =w'+w (4.1)

we = wy + wg 4.2

where s and ¢ denotes sine and cosine mode deflection, respectively. Both w?® and w® are
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Clamped mode plate deflection  simply supported mode plate deflection

I' N N
[Web bending

Longitudinal plate deflection

Figure 4.2: Local model with assumed plate and stiffener deflection modes

as giv en in ¢ hapter 3 for the unstiffened plate.

Combining the sine-deflection and the cosine-deflection affects the strain compatibility.
Due to coupling terms in the strain compatibility equation, a new stress function must be
derived. The total stress function is now written as:

F=F'1 Fs4 Fc4 F* (4.3)
where F° and F° satisfy the compatibility equation for the simply supported and the

clamped displacement terms, respectiv ely as presented in ¢ hapter3. F° is the external
force part, while F*¢ satisfy the coupling terms in the compatibility equation:

ViR = E(waxwaxy — wfmwfyy — wfmwfyy + 2w§,xwaxy (4.4)
+ 2w8,zyw:§zy - wg,zzw,cyy - ws,zzwfyy - wé,yyw,czz - wg,yyw,szz)
The stress function contributions are:
Syy? Sya?
0 z
F? = -5 - ‘1’2 — Sy (4.5)
M, 2N mmx nmy
= 5 cos cos (—— 4.6
323 fpncos( o) (46)
2 mnx 2nmy
C - C
F¢ = XO:XO:fWLCOS( " ) cos ( 2 ) (4.7)

Ms+Mc Ns+2N.

Z Z i cos(mmy) sin (n%bry) (4.8)

Q

FSC
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The coefficients f:, and fr, . are as given before for the simply supported and clamped
plate, while f3 are:

sc E sc s Ac s pc c s
mn 4(m2§ + an)Q Z brqu(Arsqu + Arsqu + quBrs) (49)
a b/ rspq

where fg{ is defined as zero, and the coefficients b5, are:

4

2rspq + 2r2q® + %82}72 if { i_(;r_ 7’)m:’2rgl, s j_ 2qn: "
2 2 1.2 2 . ptr=m,2q+s=n
o 2rspq — 2r°q” — 5s8°p if {:l:(p—r)m,2q—sn w0
P ) =2rspg 4 2r7¢? 4 $s7p? if +(p—r)=m,s—2¢=n ‘

—2rspq — 2r’q® — 1s°p? if p+r=m,s—2q=n
s2p? if p+r=m,s=n

[ —s%p? if t(p—7r)=m,s=n

The derivation is similar as for the simply supported plate and is therefore omitted.

4.1.2 Stiffener deflection

The displacement shapes chosen for the stiffener deflection v and initial deflection vy are:

V=01 + Uy (4.11)
Vo = Vo1 + Vo2 (4.12)
where
Pt mnrx
v== mz::l Vi sin (——) (4.13)
2 ALy, mnx
Vo1 = E mZ:1 V01m sin (T) (414)
L mmx
== 57 in (—— 4.1
vy = (1 cos(2h))mz=:1V2msm( ) (4.15)
rr mnx
Vo2 = (1 — cos (%)) mZZIVMm sin (——) (4.16)
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Vv, Vi Ve

Figure 4.3: P ossible displacemert shapes for stiffener

M, is the number of terms included in the longitudinal direction. The first term, vy,
represen tstorsion of the stiffener as a rigid body, while the second term, vy represents
bending of the web, see Fig. 4.2. Both terms involv e torsion and bending of the flange.

There are other displacement functions that also could be used to represent the stiffener
deflection, and increasingly better results would be obtained if more terms were included.
For stiffeners with wery heavy flanges, for instance, buckling may occur in the web without
much distortion of the flange. In such cases, it may be beneficial to use a deflection
pattern which allows for w ebdeflection that is clamped-like towards the flange. Other
possible deflection shapes for the stiffener are, Fig. 4.3:

mmx

vy = sin(%z)Zngsm( ) (4.17)

a
s mmx

vy = sin(2—;)ZV4msin( =) (4.18)
vy = (1— COS(W—;)) Z % sin(m;m) (4.19)
ve = (1-— cos(%rTZ)) Z % sin(m;m) (4.20)

Deflection shape number three includes rotation of the flange, but no bending. Number four
and five includes bending but no rotation of the flange, while number five is also without
rotation at the plate. Number six represents w eb deflection without neither rotation nor
bending of the flange or the plate.

Eigenvalue analyses including several possible deflection shapes show ed that the wo mode
shapes v; and vy are the most important for practical cases. Though linear eigen value
calculation does not tell the truth about the nonlinear response, they give an indication
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to which deflection shape is most probable. In order to limit the number of degrees of
freedom in the model, and hence maximize computational efficiency, it w asdecided to
include only the deflection shapes V; and V5 in the model. This choice was also supported
by nonlinear FEM calculations with ABAQUS. Requiring rotation continuity at the plate-
stiffener connection, as discussed in the next section, eliminates the variables Vi,,, and
leaves the additional variables V5,,. The total number of degrees of freedom is therefore
(M¢Ns+ M.N. + M,).

4.1.3 Transverse continuity

The requirement for rotational continuity at the plate-stiffener connection is:

@
0z

_ Ow

- _ = 4.21
z2=0 6:[] ( )

y=0

The minus-sign is due to the definition of the right-handed coordinate system. For the plate
a positive deflection gives a positive rotation, while for the stiffener a positive deflection
gives a negative rotation. Substituting the deflection shapes for the plate and the stiffener
w e find that:

Vin=—-h> %Aﬁm (4.22)

The deflection modes V5,, has no rotation at the plate-stiffener connection, and does there-
fore not enter the contin uity equations. This is also the case for the cosine-deflection modes
A¢ . of the plate.

4.1.4 Longitudinal continuity

When considering the plate and the stiffener as one member, longitudinal continuity also
has to be fulfilled. The transv ersemembers, i.e. girders or bulkheads, are assumed to
enforce the same displacement in the longitudinal direction for the stiffener as for the
plate. If the displacement is constant over the heigh tof the stiffened plate, while the
stiffness is not, it follows that the applied external stress must be unevenly distributed
betw een the t wmembers. Since the stiffness of each member is changing during buckling,
the ratio of external load carried by each is initially unknown, and the force distribution
needs to be included in the energy formulations.

For the unstiffened plate, the external stress was assumed to be directly transferred into
the plate, and did not enter the equilibrium equations. T urning to the stiffened plate, the
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membrane stress is divided into a part due to deflection, ¢, and a part due to the external

force, o'
oP — gPD 4 g F (4.23)
of =o"P 4+ o%F (4.24)

where p denotes plate, and s stiffener. Both the deflection part and the force part are
now unknovns. It is still assumed that the membrane stress due to the external force is
constant over each member, but in general unevenly distributed betw een the t w o.

Expressions for the membrane strains due to external force may be deriv ed using tw o
requirements. The first is that the elongation takes a constant value o ver the cross section,
so that the plate displacement equals the stiffener displacement, and the second is that the
internal stress resultant equals the external force:

Au? = A’ (4.25)
N?+ N; = -P, (4.26)

where P, is the total external force acting on the stiffened plate, and N is internal stress
resultan t in the plate and the stiffener.The minus-sign is because the external force P, is
defined as positive in compression, in contrast to the internal forces. The elongations in
the plate may be written

1
AP = /(5§’F + &Pl — §w2x — Wo,w . )dT (4.27)
= a4 AypP (4.28)

1
AP = /b(Eg’F + €Z’D - Ewa - wo,yw,y)dy (4.29)
_ bgz,F 4+ APP (4.30)

while the internal stress resultants are
NP = //(Jg’F—I—U;”D)dzdy (4.31)
bJe

= bto?T (4.32)
N = / /t (o7F + oPP)dzdr (4.33)
= ato?” (4.34)
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The integrated effect of the deflection membrane stress must be zero due to static equilib-
rium, and does therefore fall out of the equations. In the transverse direction, we have

_ F
Ny = atoy (4.35)
= at(eh" +vebl) T2 (4.36)
which gives
P,
£§’F =—(1- Z/Z)ﬁ —vehf (4.37)
We then have:
P
NP = Ebt(en” — L0 (4.38)

atE

A fundamental assumption introduced for the stiffener is that the longitudinal displacement
is constant over the height of the stiffener, so that

1
us, = edF 4 e3P — 51)23: = constant (4.39)

This assumption is based on the fact that the length of the stiffener is usually much larger
than the height, and it has been verified by non-linear FEM-analysis for some practical
cases. The reason for using a different method for calculating the strain distribution for
the stiffener than for the plate, is the presence of a free upper edge of the stiffener. A stress
function of the type that was used for the plate cannot be used for the stiffener, and the
simplification given in Eq. (4.39) is therefore introduced.

Since 5" is also assumed to be constant, w e can simply hoose

et = ul, (4.40)
1
6;,D — 5,03” (441)

In realit y each of these membrane strain components will be functions of . For simplicity,
however, it is decided to use average values in the z-direction for calculation of potential
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energy . This is conserv atie, since using mean values giv e smaller internal energy than
using the actual values. The deflection membrane strain is then:

1
() =5 /a vide (4.42)
The elongation becomes

Au® = /u,zdx (4.43)
0
= aedf (4.44)

and the stiffener stress resultant

1
N = - / (03" + o5P)dV, (4.45)
s,F E s,D
= AEe) +; en”dVy (4.46)
Vs

where V, and A, are stiffener volume and cross-sectional area, respectiv ely.In the last
relation, the one-dimensional Hooke’s law, 0, = E¢,, is used. It is thus assumed that no
membrane stress develops in the stiffener in the vertical direction. Using the continuity
condition Au? = Aw? it is found that:

AyupP
esF = epF 4 = (4.47)
Now considering force equilibrium in the longitudinal direction, we write:
-P, = N;+ NP (4.48)
AupP E vP,
= A,E(sPF — 2 dV, + Ebt(eP? — —2 4.49
4 Sy e o [ v e - 2o (4.49)

Rearranging, an expression for the plate membrane strain due to the external force is
found:

o _ —Pya+vPh— AuPPEA, - E [, v2dV, (4.50)
: aB(bi + Ay) ‘
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Figure 4.4: Integration area for local model: Clamped mode deflection above, and simply
supported mode below

The strain 27 is here expressed by the load variables P, and P,, and by the displacement
variables A%, A° and Vi, through AuPP and v,. The strain will therefore come out

mn? mn?

as part of the solution to the whole problem.

4.1.5 Internal potential energy

For the unstiffened plate, the area betw eentw ostiffeners, (0 to a), and tw otransverse
girders, (0 to b), w as considered. F or a stiffened plate it is more common to consider the
stiffener/girder-connection to be in cen ter,and include half a stiffener length and half a
plate breadth on each side, i.e. to look at the region (-a/2 to a/2), (-b/2 to b/2).

Looking at the chosen displacement functionsho w ever, it is seen that the cosine-part is
periodic within one plate breadth, while the sine-part is periodic within tw o plate widths
and t w o plate lengthsIn order to take proper account of the continuity of the plating, it
is necessary to perform the integration over tw o widths andlengths. Hence, the area of

integration is taken as (-a/2 to 3a/2) and (-b/2 to 3b/2), Fig. 4.4. From the deriwations

shown in appendix B, it can be seen that integrating the potential energy to 3a/2 and 3b/2

instead of a/2 and b/2 eliminates the coupling terms between odd and even half wave num-

bers. That means that no assumptions have to be made beforehand regarding symmetry or

an tisymmetry of the deflection mode. The deflection shape will automatically adjust itself

to the one which is the most beneficial with respect to the plate geometry and loading. In

FEM-analyses the continuity of plating must be accounted for b y prescribing symmetry or
an ti-symmetry conditions at the edges, depending on the articipated deflection mode.

The chosen area of plate integration is so that tw o stiffeners must be included, one at y = 0
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and one at y = b. It is assumed that both make the same contribution to the potential
energy of the system, so the energy for the stiffener at y = 0 is multiplied with tw o.

Calculation of each con tribution to the potetial energy is outlined in the following. Further
details can be found in appendix B. The plate bending energy is due to the combined effect
of the sine-deflection and the cosine-deflection. It is expressed by:

D [3a/2 3b/2
Uy = D) , /b/ [(wrx Fwyy)? = 2(1 = ) (Wt yy — wiy)] dydz (4.51)
—a/2 J—=b/2

The web bending energy is:

B Dw 3a/2

Uw
’ 2 —a/2

h
/ (Vo +022) = 2(1 = 1) (Vg2 — v7,)] dzda (4.52)
0

It is calculated by inserting the expression for Vj,, found from the con tinuity condition,
integrating over the area, and differentiating with respect to the rate and displacement
amplitudes.

The flange bending energy is:

EI, [3/2 GJ, [3/2
Ubf = Tf/ (’U,Iz|z=h)2dx + Tf/ (’Uamz|z=h)2dl‘ (453)
—a/2 —a/2

where the first part is due to in-plane bending of the flange, and the second is due to
torsion of the flange. EI; is the bending stiffness and G'J; the torsional stiffness of the
flange. As for the web, the bending stiffness is found by inserting the expression for V3,
and differentiating with respect to the rate and displacement amplitudes.

The plate membrane energy is

E
Ur = ST / [(27)7 + (27)? + 20(27) (7)) aV, (4.54)
_ v
P (E2P)2 + (4P)2 + 20(2 ) () + 122, | a,
20 =v2) Jy, " ! Y 2 ]

The coupling betw eens”? and P is zero, since e”f" is constant and the integral of s*P
over the plate area is zero. The deflection part UEP of the membrane energy for the plate
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may be written

URP = UP® 4 UBS 4 Ubse (4.56)
where UP® is the membrane energy due to sine-deflection, UP° is that due to cosine-
deflection, and UE*¢ is due to coupling terms. More details are given in appendix B.

The external force part, UPF | can be found by taking the constant membrane strain outside
the in tegration, and substituting the expression forsgj’F :

abtE
UR" = gy L&+ ) + 2 ) ()] (4.57)
_ %ath(e’;F)Q (4.58)

It is seen that the contribution from 5Z*F cancels out of the equations. The final result is
obtained by substitution of the expression derived for .

The stiffener membrane energy is

E
us = 5/‘/(5;’F+5;’D)2st (4.59)
EV, E
= 5@+ 3 / (e37)%dV, + E<y” / eyPav, (4.60)
s Vs

By substitution of the expressions for 5 and £5? | integration can be carried out. U,
is then found as a function of the unknown load parameter and displacement amplitudes.
Since the energy expressions are of the fourth order the resulting expressions are lengthy.
They are therefore not presented explicitly.

4.1.6 Potential of external loads

Using the displacements calculated for the plate and stiffener in combination, the external
energy due to in-plane compression can be calculated directly:

T. = P,Au+ P,Av (4.61)
Py(2as2" + AuPP) + P (202" + AvPP) (4.62)
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where expressions for 2%, 0" Ay»P and AvPP are giv en previously

The external energy due to shear force and lateral pressure needs some special considera-

tion. The sine-terms in the deflection shape are anti-symmetric about z = 0 and y = 0.

This means that integrating the external shear energy directly gives zero con tribution,
since only sine-terms are included in the longitudinal direction. The chosen deflection

shape is therefore not able to describe the continuous deflection of tw o neiglboring plates

under the action of shear loading correctly . An approximate solution may be obtained

by neglecting the interaction betw een the plates,and looking at each plate individually.

This means that the plate energy is integrated betw een (0—a),(0 — b) and then multiplied

with a factor 4. Only the sine-terms will then con tributeto the poten tialenergy . This

is a conservativ e approad, since the restraining effect of the tw o plates on eah other is

neglected. How ever, FEM-analyses hxwe sho wn that the restraining effect under pure shear
loading is quite small. Hence, the shear energy is calculated as:

a b
T, = —4ny/ / (wiws, +wg ,ws, +wiwg ) dydz (4.63)
o Jo

A similar consideration has to be made regarding calculation of external energy due to
lateral pressure. When integrating the sine-terms in the longitudinal direction, the (—a/2
to 0) part will always cancel the (0 to a/2) part. As for the shear-force, the integration
is therefore tak en between (0 to a), and multiplied by tw o. Ph ysically this means that
the plate continuity at the transv ersemember is not fulfilled, which makes the model
less stiff than the real structure. How ever,the lateral pressure is believed to havethe
largest influence on the deflection shape in the transv ersedirection. The cosine-terms
included are capable of describing the transverse deflection shape due to the pressure, and
the in tegration can therefore be talen directly betw een b/2 to 3b/2). The potential of
external energy due to lateral pressure is therefore taken as:

a 3b/2
Tp= -2 / pw.dydz (4.64)
0 —_

4.1.7 Results

Computations have been performed on a variety of stiffener geometries for verification of
the proposed model. Results are presented for a flat bar, an angle bar and a tee bar stiffener,
with dimensions given in Table 4.1. The flat bar is from a tanker deck panel, the angle bar
is from a bulk carrier bottom panel, and the tee bar is from a tanker bottom panel. The
elastic modulus is 206000MPa for all cases. Results for axial and transverse compression are
shown for each stiffener in Fig. 4.5 through Fig. 4.7. The initial deflection for each stiffener
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T able 4.1: Dimensions for stiffened steel plates

| Stiffener | a[m] | b[m] | ¢fm] | A[m] [ ¢,[m] | bs[m] | ¢;[m] | o;[MPa] |
Flat bar 475 | 091 |0.018 | 0.325 | 0.020 355
Angle bar | 2.73 | 0.85 | 0.0165 | 0.350 | 0.012 | 0.100 | 0.017 | 355
T ee bar 4.335 | 0.814 | 0.020 | 0.475 | 0.012 | 0.200 | 0.025 | 325

1.5
—— Model 9
O Abaqus 0

1
&
bX

0.5

0

0 0.5 1 15 2 4

sxlsf

Figure 4.5: Steel flat bar under axial loading using 5x1 terms (left) and transverse loading
using 7x3 terms (right)

is tak en as the eigenmode, with an amplitude of 1.0mm. The real imperfections present in
actual stiffened plates are usually larger and more complex, but such considerations are not
a main issue in the current work. The results are compared with FEM-calculations, and
the accuracy is good. Increasingly betteresults are obtained with more terms included
in the deflection function and smaller increments. For the geometries and load conditions
presen ted, deflection in the cosine-mode is small, and good results are obtained with sine-
terms included only.

It is seen that the load-average strain responses compare well for these cases. A deformation
plot is made for the angle-bar in order to compare the model deflection shape with the
ABAQUS deflection shape, Fig. 4.8. The deflection shapes resulting from ABAQUS and
the developed model are both plotted using the ABAQUS postprocessor. It is seen that
deflection shape is w ell predictedby the model, although only six degrees of freedom is
applied to represent the deformation in this case.

In order to investigate the effect of the rotational restraint on the plate from the stiffener,
analyses are performed on the angle bar stiffener with the stiffener removed. Results with
and without stiffener, both calculated using the presented model, are shown in Fig. 4.9. Tt
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Figure 4.6: Steel angle bar under axial loading using 3x1 terms (left) and transverse loading
using 5x3 terms (right)
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Figure 4.7: Steel tee bar under axial loading using 5x1 terms (left) and transverse loading
using 7x3 terms (right)

is seen that for axial load, the stiffness reduction after buckling is larger for the unstiffened
plate than for the stiffened plate. For transwerse load the stiffness reduction is almost the
same for the tw o cases, but the bukling load is low er for the unstiffened plate. It should
be noted how ever, thatthis figure only shows the local effect of the stiffener. The main
purpose of the stiffener is to prevent global buckling of the stiffened panel.

An example is also shown for an aluminium profile, T able 4.2. This is an extruded tee-
profile used for high speed passenger ships. The dimensions are quite different from the
more con entional steel stiffeners discussed above, and it is therefore an interesting test
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ot

Figure 4.8: Deflection shape for steel angle bar under axial load resulting from ABAQUS
analysis (left) and Model calculations (right)
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Figure 4.9: Steel angle bar under axial loading using 3x1 terms (left) and transverse loading
using 5x3 terms (right): Comparison betw een stiffened plate and unstiffened plate

case. The elastic modulus is taken as 70000MPa. The imperfection is 1.0mm in the elastic
eigenmode. Results for axial and transverse compression are shown in Fig. 4.10.

It is seen that the agreement is good also for this geometry and material. The computa-
tional efficiency is high, since only a few degrees of freedom are necessary for most of the
cases. In the next chapter, it will be shown how stiffness coefficients may be derived using

T able 4.2: Dimensions for stiffened aluminium plate

| Stiffener | a[m] | b[m] [ ¢[m] [ A[m] [ ¢,[m] | bs[m] | ¢t;[m] | o;[MPa] |
| Teebar |24 [0.32 [0.005 [ 0.075 [ 0.005 | 0.040 | 0.005 | 240 |
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Figure 4.10: Aluminium tee bar under axial loading using 9x1 terms (left) and transverse
loading using 15x1 terms (right)

the local model, and how these may be used for global buckling assessment. But first a
local model will be presented for a closed profile.

4.2 Closed profiles

Local buckling of a plate with an attached stiffener of the closed type, more specifically a
hat-profile, is now considered. Closed profiles are relevan t for certain types of aluminum
structures, for instance in high speed vessels and in living quarters on offshore structures.
Since they may be produced by extrusion, they come in a variety of shapes and sizes.
The hat-profile, Fig. 4.11, is just one of the possible profile types. The objective in this
section is to show the difference betw een open and closed profiles, and to demonstrate the
applicability of the proposed method for analysis of both types.

4.2.1 Deflection shapes

The main difference betw een a profile of the open ype and a closed type, is that a closed
profik has a v ery large torsional stiffness. T orsional bukling of the stiffener as a whole
is not v ery relev an t, and it is necessary instead to look at local bkting of the individual
plate members of the stiffener. It is an important propert yof the hat-profiles that all
angles betw een the plates building the profile is larger than90 degrees. This is because
larger angles leads to larger in-plane support betw een theplates, and therefore a stiffer
profile.
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Figure 4.11: Closed profile of the hat-type

Here, the whole profile is considered as an assembly of individual plates. Eac hplate is
treated in the same way as the unstiffened plate considered in chapter 3. In addition, the
transv erse and longitudinal cominuity of the plates nust be taken care of.

During deformation, the individual plates in the profile interact and provide rotational
stiffness to each other. The plates will have boundary conditions somewhere betw een simply
supported and fully clamped, as was the case for the main plate of the open stiffener profile.
The degree of fixation for each plate depends on the stiffness of the neigh boring plates.
In principle, the best w ouldbe to assume that all the plates deflect in a combination
of sine-shape and cosine-shape. Requiring con tinuiy of rotation at the edges, the sine-
displacements w ould be coupled for all the plates. The cosine-deflection, giving no rotation
at the edges, would be independent.

It is decided to simplify somewhat, and try to solve the problem using only sine-deflection.
The approach used is to let all plates deflect independently first, and then apply springs
at the corners in order to account for the continuity.By specifying a large spring stiffness,
each plate should then takeon a displacement shape that is compatible with the other
plates.
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Figure 4.12: Rotation of plate members 1, 2, and 4 at node a

The assumed displacement pattern for each plate is:

o= 35 absn s (465)
; > 25 i (466)
w? = mzl ; A3 ) in(”b—:y) (4.67)
wt = mzl 2} A% sin( ) in(”b—?) (4.68)

and similarly for the initial displacements. The superscripts 1, 2, 3,4 refer to the individual
plates, as indicated in Fig. 4.11. It is assumed that one of the two vertical plates can be
taken as represen tatie for both, so that only four different displacements are included.
The number of degrees of freedom is now 4(M,xNjy).

4.2.2 Transverse continuity

The requirement for rotational continuity at the edges is
ow’ _ow!

Oy Oy

(4.69)

Y=yi Y=Y;
for an edge betw een platei and plate j, where y; is 0 or b; in the local coordinate system

of plate 7. The intersection betw een the platesa, b and d is shown in Fig. 4.12.

As explainedhe requiremen t for transverse con tinuiy is not initially fulfilled. Instead,
it is accounted for using line springs at the corners. For eac h plate, the rotation at eah
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edge is calculated. The difference betw een the rotation of tvo neighboring plates gives a
discontinuity, and this will give additional energy to the system. If the spring stiffness is
set sufficiently large, the system will try to keep the difference betw een the plate rotations
at zero.

The difference in rotation at the corner node a in Fig. 4.12 is:

Aby = b1 — b2 (4.70)
Aby = b1, — b4q (4.71)
Abyy = O — Oa (4.72)

The rotations are calculated using a local coordinate system for each plate, and become:

ow!
0, = a—y . Z ZnA sin ( )cos (nm) (4.73)
an 2 T
Sl TEE o
0, = ow' Z Z nA?t sin( ) (4.75)
e 6y y=0 .

The potential energy due to rotation is:

Uy = %LQZ / (AG)2dx (4.76)

where the summation is over all plate intersections in the profile, and kg is the line spring
stiffness. In order to prevent discontinuity, it should be set to a large value. It may for
instance be given suc h that the rotational stiffness is ten times the plate bending stiffness.

By substitution of the displacement functions, the rotational potential energy is found as a
second order function of the displacements. Applying the principle of minimum potential
energy on rate form, a constant stiffness contribution is obtained. The stiffness matrix
con tains coupling terms whid ensures that the deflection of each plate is compatible with
the other deflections. More details are found in appendix B.

4.2.3 Longitudinal continuity

As for the open profile considered previously, longitudinal continuity of the plate menbers
has to be fulfilled. Girders or bulkheads are assumed to enforce equal displacement in the
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longitudinal direction for all the plates in the cross-section. The stiffness of the plates will
be different after buckling, and this is therefore not automatically satisfied. The approach
used here is the same as that applied for the open profile. The applied external stress must
be unevenly distributed betw een the plate menbers, and the ratio of external load carried
by each member is initially unknown. It needs to be included in the energy-formulations,
and will be a part of the solution for each increment.

For each plate, the membrane stress is divided into a part due to deflection, o”, and a part
due to the external force, o7

o' =o"P 4 oF (4.77)

where 7 denotes plate number 7. Both the deflection part and the force part are now
unknowns. It is assumed that the membrane stress due to the external force is constant
over each member, ho vever different for each one. Alternatively, w emay write for the
membrane strains:

g =P 4 evF (4.78)
Expressions for the membrane strains due to external force may be deriv ed using tw o

requirements. The first requirement is that the elongations takes a constant value o ver the
cross section, so that the displacement is equal for all plates:

Au' = Au = constant (4.79)
The second requirement is that the internal stress resultant equals the external force:

4
Y Ni=-p, (4.80)
i=1

The displacement requirement is considered first. The longitudinal elongations, equal for
all plates, may be written

. @ . 1 . . .
Aui = / (27 + 4P = S(wl,)? = wh ) da (4.81)
0

ashf + AutP (4.82)

which means that the unknown membrane strains due to the external force is
_iF Au — AubP

== (4.83)
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The transverse elongation is the sum of the elongations for plate 1 and 4:

b
! 1
Av = / (8;’F+S;’D — §(w}y)2 —wé,yw}y)dy (4.84)

0
M uF_ap_ 1, 4 4 4

+ / (g,7 +e,7 — §(w,y) — wy ,w’,)dy (4.85)
0

= byt +bagy” + AvbP 4 AptP (4.86)

The internal stress resultants for eac h plate are

b’L ti . . .
N: = / / (o5 + 08P dzdy = bitiohF (4.87)
o Jo

a t;
i iF | _i,D _ iF
N, = /0 /0 (0, + 0,7 )dzdz = atio) (4.88)

The integrated effect of the deflection membrane stress is zero, as before.

In the transverse direction, the internal force in plate 1 and plate 4 must both equal the
external load:

-P, = N, =atio)" (4.89)
-P, = N; =at403’F (4.90)

Introducing Hooke’s law, we may write

—P, = ati(ey" +vel?) > (4.91)
= at4(5j’F + vebh) T2 (4.92)
which means that
P,
gl =—(1-17) atlyE —vebt (4.93)
4GF _ (] _ 2 by _ e 4.94
5y - ( v )at4E Vgr ( ‘ )
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Using this, the longitudinal stress due to external load in plate 1 and 4 becomes

LF v VB,
P (LF E 4.
o = (e - 2 (4.95)
4F s VP,
P (AP E 4.
o = (47 - 2 (1.96)

F or practical applications, the thikness of plate 1 and 4 will usually be equal, t; = t4. For
plates 2 and 3 there is no transverse force, which means that 05 =0 and

oBF = R (4.97)

3,F __ 3,F
o3F = B¢’ (4.98)

Now these relations may be used to establish the condition for equilibrium in the longitu-
dinal direction:

—F’z = bltlo'i’F + bgtzO'i’F + 2b3t30’2’F + b4t40';1’F (499)
e VB sr VP,

= i Ebit - Ebgt 4.100

(5 atlE) 1t + (&5 at4E) als ( )

+ S;’FEthQ + 28Z’FEb3t3 (4101)

Introducing the strain-elongation relation we get

b b
—P, = Au(byty + bty + 2bsts + byts) — Au>P Bty — 2Au>P Ety—
a a

P, b vP, b
At £ Y0y me (At - Py, 2t 4.102
(BuT+ )Py — (B i) Bty (4.102)

which means that the longitudinal elongation can be written

_ —Pza + I/Py(bl + b4) + (Aul’Dtlbl + AUZ’DthQ + 2AU3’Dt3b3 + AU4’Dt4b4)E

A
“ (bit1 + bots + 2bats + byta)E

(4.103)

Using this expression for the combined elongationhe mem brane strain in each plate is
calculated from Eq. (4.83).
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4.2.4 Potential energy

The bendimgergy for eac h plate is calculated as for the unstiffened plate presented in
chapter 3.

The membrane energy for each plate is

UL, =U:F +URP (4.104)

The coupling betw eene®” and £ is zero, since £/ is constant and the integral of P

over the plate area is zero.

The deflection part, U:P, is calculated as for the unstiffened plate in chapter 3. The

m )

external force part, U5, is:

. 1 )

By substitution of all parameters, U’ can be found as functions of the unknown load
parameter and displacement amplitudes.

Using the common displacements calculated for the plates in combination, the external
energy due to in-plane compression or tension is calculated as:

T, = P,Au+ P,Av (4.106)

where expressions for Au and Av are giv en previously Shear force and lateral pressure
will only affect plates 1 and 4, and is calculated as for the unstiffened plate.

4.2.5 Results

Results for axial and transverse compression are shown for a hat profile in Fig. 4.13. The
stiffener length is 1.0m, the cross-section widths are b, = by =0.14m, b, =0.12m, b.=0.08m,
and the thic knesst, = t; =bmm, t, = t,=3mm. The elastic modulus is £=70000MPa,
and the yield stress 0;=240MPa. The initial deflection is taken as the eigenmode, with an
amplitude of 0.1mm.

The agreement is good for the load range presented, but due to convergence problems in
the FEM-calculations, the analyses were terminated at a low er load leel than intended.

Deformation-shape plots are also included in order to evaluate the goodness of the model.
Deformation shape resulting from ABAQUS is shown in Fig. 4.14 and deformation shape
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Figure 4.13: Aluminium hat profile under axial loading (left) and transverse loading (right)
using 10x3 terms)

Figure 4.14: 3-dimensional deflection shape for aluminium hat profile under axial load
(left) and transverse load (right) resulting from ABAQUS analysis

from the developed model is shown in Fig. 4.15. It should be noted that the former is a 3-
dimensional plot, while the latter is a 2-dimensional plot of the cross-sectional displacement.
It is seen thatthe deformation shapes fthmmmodel qualitativ ely agrees well with the
deformation shapes from ABAQUS. The method of using rotational springs to ensure the
continuity betw een the plate menbers seems to work well. It is especially interesting to
look at the deflection of the vertical plates, where the deflection is clearly non-symmetric.
For axial load the deformation mode is close to clamped at the lower end, and close to
simply supported at the upper end. Ounly three terms w asnecessary in the transverse
direction to produce this shape.
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Figure 4.15: 2-dimensional deflection shape for aluminium hat profile under axial load
(left) and transverse load (right) resulting from Model calculation
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CHAPTER 5

Global buckling of stiffened panels

Global buckling of a stiffened panel is now considered. A computational model is developed
by considering the panel as an unstiffened plate with anisotropic stiffness coefficients. The
anisotropy is structural, meaning that it is caused by the plate stiffening. The material is
still considered as isotropic. The local deformation of plating and stiffeners is accounted for
by applying a set of reduced stiffness coefficients. These are derived from the local buckling
model presented in chapter 4, as illustrated in Fig. 5.1. Due to the local buckling effects,
the stiffness properties are reduced compared to the initial stiffness. How ever, the coupling
betw eenlocal and global deformation is not exactly accounted for with this approach,
since the global deformation is assumed to not influence the local deformation. The model
therefore considers a kind of one-way interaction betw een local and global bukling.

In section 5.1 the stiffness coefficients used on the global level are defined in terms of
average stress and strain. In section 5.2, it is described how the coefficients can be derived
using the local buckling model presented in section 4.1. Finally, deriv ation of the global
buckling model is given in section 5.3.

5.1 Definition of global stiffness coefficients

The definitions used in this section follow (Det Norske Veritas 2002a). The stiffness coeffi-
cients C;; are defined as the change in load N; resulting from a change in displacement ¢,

81
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4
y A

Figure 5.1: Illustration of global buckling model

pro vided that all other displacemerts are k ept fixed. The loads considered on the global
level are defined as, see Fig. 5.2:

N; = Axial force per unit breadth in z-direction

N, = Axial force per unit length in y-direction

N3 = Shear flow

M; = Resulting moment about the plate plane due toNV;
M, = Resulting moment about the plate plane due toNs

Ms; = Torsional moment

The corresponding displacements are:

¢1 = Average strain in z-direction
€9 = Average strain in y-direction
g3 = Shear strain

k1 = Curvature about the y-axis
ko = Curvature about the x-axis
k3 = Torsion

It should be noted that these definitions are somewhat un usual, since N3 is shear flow
rather than force in z-direction, and Mj is torsional moment rather than moment about
the z-axis. The displacement parameters used are all average v alues.Hence, the stiffness
coefficients may also be considered as averaged over the panel.
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Figure 5.2: Definition of global forces and moments

The incremental force-displacement relation for the stiffened panel is:

AN, Cni Cin Ciz Qu Qi Q3 Agy

AN, Cor O Chs Qu @ @ Agy

AN; _ Cs1 Oz O3 Q31 Q3 Qa3 Agg (5 1)
AM, Quu Q21 Qa1 Dy Dz Dy Ary ’
AM, Q12 Q22 Q32 Dy Dy Dy AV

AM; Q13 Q23 Qa3 D3y Dsy Dag Arg

The stiffness matrix is symmetric, so that Cy; = Cj; and D;; = Dj;. The stiffness coefficients
may be divided into a linear and a nonlinear part:

Cl'j = Cz? + CgL (52)
D;; = DiL]- + DgL
Qi = Qf; + Q"

The linear parts are the ones corresponding to classical orthotropic stiffness coefficients, and
these are independent of load and displacement. The nonlinear parts are calculated using
the local buckling model, and will be functions of load and displacement. F or compressiwe
loads they will be negative, resulting in a stiffness reduction.
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5.2 Derivation of reduced stiffness

5.2.1 General

For calculation of the stiffness coefficierts, the forces are written as follows:
N | _ C Q e n gn(Amn) (55)
M QT D K M (Amn) '

The stiffness coefficients are then defined as:

Cy — %’c@%’% (5.6)
Qs = G- Qi+ 1)

_ aaf\ij : 38924 (5.8)
D, - %f:M+369;” (5.9)

5.2.2 Linear coefficients

The reduced stiffness coefficients are derived for the local buckling model presented for
open profiles in section 4.1. First, the resultan tforces and moments are calculated by
integration of the membrane stress:

h

h

The neutral axis of the stiffener is not kno wn,since it is continuously changing during
buckling. The bending moment is therefore calculated about the middle plate plane. The
neutral axis and the neutral bending stiffness coefficients can be calculated once the in-
plane and bending stiffness are determined, as explained in section 5.3.

By manipulating the expressions derived using the requirement of longitudinal continuity
in section 4.1.4, and introducing the axial curvature x;, the internal axial and transverse
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force can be written:

Arp v2bt vtE EA,z
N = EZZ N1 g5 12
1 b |: +AT(1—Z/2):| 61+1_V2€2+ b K1 (5.12)
tE VtE E
— — APt - ———  ApP° . 2 d .
2~ T TR /V v dV.
vtE tE vtE tE
N, — _ Awe T ppe 1
S v P SRy S ) Y 2l (5.13)

where Ar is the total cross-sectional area, A is the stiffener area, and zy, is the distance
from the plate plane to the centroid of the stiffener. The curvature k; is due to global
deflection. It is set to zero in the local analysis, but is included in the formulations for
deriv ation of the stiffness coefficierts. The shear force and bending moment is:

Gt
N3 = GtEg + mD’}/p’a (514)
EA,  EI E ,
M1 = b &1+ Tﬁl + % V. Z’U’xd‘/s (515)

where [ is the moment of inertia of the whole cross-section. The stiffness coefficients are
found by differentiation of the above expressions. The linear parts are given directly as:

CL = E%(l + %) (5.16)
Cly=0Cy = % (5.17)
Cch = 1’5_—El/252 (5.18)
Ciy = Gt (5.19)

n= % (5.20)
DE — % (5.21)

All other linear coefficients are zero for the open profile stiffeners.
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5.2.3 Nonlinear coefficients

The nonlinear parts of the stiffness coefficients are calculated as:

NL I 5.22
Y 0An, Oz (5.22)
NL __ i
0T 9An On; (5.23)
NL i
Dij 0 O (5.24)

The first part may be found directly by differentiation once gy and gy, are known. They are
given from the expressions for N; and M; presen ted in the previous subsection, Eq. (5.12)
through Eq. (5.15)

The second part is calculated using the equilibrium equations. From the previous hapter,
the local equilibrium equations resulting from the rate of minimum potential energy were

written:
KA +GA=0 (5.25)
where
011
K = AL (5.26)
011
_ 2
G OAOA (5.27)

In the local analysis the curv aturex; is defined as zero, but for calculation of stiffness
coefficients it must be included in the equilibrium equations. The additional stiffness
con tribution is due to the menbrane strain resulting from the curvature:

Ery = ZK1 (5.28)

Adding this strain to the potential energy, the modified equilibrium equations become:

KA + GA+G, i =0 (5.29)

The load vector G may be split in toseparate contributions from the different loads, so
that:

KA + Gy, N; + G, fi; = 0 (5.30)
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where

2
IT
Gy 0

‘7 OAON; (5:51)

This equation contains both load and displacement parameters. F or calculation of stiffness
coefficients, the load parameters must be replaced by displacement parameters. The in-
plane loads are replaced using Eq. (5.5):

KA + Gy, (Ché + QLi + gn,) + Gy oy = 0 (5.32)
Introducing
. g .
=_—A 5.33
gnN; A ( )

the modified equilibrium equation is:

KA+G.é+G, fii=0 (5.34)
The modified stiffness matrix and load vectors are

! agN1 agNz 8gN3

K = K+GN‘8Amn+GN26Amn+GN3E)Amn (5.35)
G, = GnCifi +GnCy (5.36)
G, = GuCfh+GnCh (5.37)
G., = GyCh (5.38)
G,, = GnQfi+ Gy (5.39)

By applying partial differentiation on the minimum potential energy we get:

(552 2 9A 211

(5dprr) _ I OAmn + 9 -0 (5.40)

68i 8A$,m 882‘ 8Amn85i

(352 2 9A Qi

(Gipe) _ OO 0Aw, M (5.41)

Ok1 0A2,. Ok OAmn0k1
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By defining
1 62H
K = 8A—$,m (5.42)
r 82H
G = — A4
= 0A,0¢; (5.43)
2
¢ - ot (5.44)

i 0An 0Ky

we get:
1 0Amn /
K G. =0 5.45
a&i + & ( )
1 0Amn '
K G. =0 5.46
6&1 + K ( )

This means that

aAmn I ’
e —(K) 1G6i (5.47)
and
OAmn o
B =—(K) IG.K1 (5.48)

5.2.4 Results

An example of how the stiffness coefficients may change during local deformation is given
in Fig. 5.3. The calculations are for the steel angle bar from chapter 4, T able 4.1. The
load is axial, and the imperfection is Ilmm in the local eigenmode.

The values plotted are the ratio betw een the non-linear stiffness coefficierts and the cor-
responding linear values. @ is divided by @Qy; since QF, is zero. The stiffness ratios
are slightly smaller than 1.0 at the start of the analysis due to the imperfection. If the
imperfection was larger, the stiffness ratios would also have smaller initial values.

It is seen that the stiffness reduction is significant for Cy; and Cb, but the most drastic
change is for C5 which even changes sign. The reason is that C» is positiv e for a flat plate
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Figure 5.3: Change in stiffness properties during local buckling due to axial load for steel
angle bar

due to the Poisson-effect, while it becomes negative for large deflection due to membrane
stretching. The change in @11, Q12 and Dy; is small. There is some reduction in D1,
which is the neutral bending stiffness. This coefficient is defined in the next section.

It is seen that the stiffness reduction is quite localized around the buckling strain, and the
stiffness is almost constant after this. This is a general trend found for all the stiffeners
investigated here. For smaller imperfections the stiffness reduction will be even more
sudden, while for larger imperfections there will be a more gradual transition. The plateau
on the stiffness curves after buckling is a useful property, because it means that the global
buckling response may be estimated using a single set of stiffness coefficients. Instead of
continuously updating the coefficients, conserv ativ e results could be obtained p using the
coefficients calculated at the end of the local analysis.
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2 A A A A

Figure 5.4: Global deflection of stiffener in simply supported mode and clamped mode

5.3 Global buckling model

In order to dev elopthe global buckling model, the stiffened panel is considered as an
elastic plate with general anisotropic stiffness coefficients. The anisotropy is structural,
and the anisotropic stiffness coefficients represen t the effect of plate stiffening. Br analysis
of global buckling alone, orthotropic plate theory is sufficient, but when nonlinear stiffness
properties due to local buckling are calculated, general anisotropy must be assumed.

5.3.1 Assumptions

A rectangular plate field with stiffeners running in one direction is considered. F orthe
follo wing derivations the stiffeners are assumed to be in the longitudinal direction, Fig. 5.1,
but transverse stiffening can be analysed simply by switching panel length and breadth.
The stiffened panel is supported at all edges by transverse and longitudinal girders. The
length of the panel is a, while the width is B. The loads considered are in-plane compression
or tension, shear force and lateral pressure. The edge loads are assumed to be constant
in magnitude. If the edge loads were to vary along the edges, the structural stiffness of
the panel could no longer be assumed to be constant. The stiffness would then have to be
calculated as a function of the position in the panel, and a numerical procedure would be
needed for integration of the energy equations.

Two stiffener spans and panel widths are included in the model. The inten tion is to account
properly for the effect of lateral pressure on the panel. The pressure must be carried by
the stiffeners, and the deflection of the stiffeners may therefore be a combination of the
simply supported mode and the clamped mode, Fig. 5.4. This is equivalent to the stiffened
plate model considered in chapter 4, where it is assumed that the boundary condition for
a plate betw een t w o stiffeners is somewhere in bat een simply supported and clamped.
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The deflection shape is therefore taken as a combination of sine-terms and cosine-terms:

w = /ws —+ /wc (549)
wy = wy + w§ (5.50)

where s and ¢ denotes sine and cosine mode deflection, respectively:

M, N,
. . . mmx, . nmy
w® = Z AP sin (T) sm(?) (5.51)
m=1 n=1
M. N
c c AC 2
w(-’:m=1 > 221 — cos a”)] sin(n—;y) (5.52)
Lo & T nm
ws = B sin (L2 ) sin (?y) (5.53)
m=1 n=1
M. N
S B¢ 2
wh = ;’"[1 — cos( mm;)] sin (n—gy) (5.54)
m=1 n=1

5.3.2 Anisotropic material law

Some introductory remarks regarding the anisotropic material law are given first. The
material law for plane stress is:

%% %% * % * %
11 1111 C(1122 C’1112 C’1121 €11
ok ok ok ok
022 _ 2211 2222 2212 2221 €22 (5 55)
% % * % * % :
012 C'1211 C'1222 C{1212 C{1221 €12
%% %% * % * %
021 2111 2122 2112 2121 €21

Using that o1» = 09; and €15 = £9;, the material law for an isotropic material can be
simplified to:

* * *
o11 1111 1122 1112 €11
_ % * *
022 | = | Conp Coaan Copn €22 (5.56)
* * *
012 1211 1222 1212 €12

*

The superscripts ** and * are used to indicate that the matrix elements are not the same
in the tw o expressions. For an isotropic material the coefficierts C1115 = Ca10 = Clo11 =
C'222 = 0, while for an anisotropic material they are generally different from zero. If the
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stiffness matrix is reduced by the procedure used for isotropic material, symmetry of the
stiffness matrix is no longer maintained, so that Cii12 # Cia11 and Caara 7# Clage. In order
to maintain symmetry, it is necessary to define the stiffness matrix using the shear strain

Y2 = 2€19:
o1l Cini Chize Chine €11
a2 | = | Caair Cozaz Chaoro €92 (5.57)
O12 Cianr Chizee Chorn M2

This last definition is used in the following deriv ationsfor the anisotropic plate. The
definition of the stiffness coefficients influences the compatibility equations and the energy
expressions.

5.3.3 Material la w for structural anisotropic plate

For a stiffened panel, it is more convenient to express the stiffness relations in terms of
stress resultants instead of stress. For the resultant forces Ny, N», and N3, the material

law is:
Ny Ciu Cia Cis €1
Ny | = | Ca Cyr Coa ) (5.58)
N; Cs1 Cay Css V3

The corresponding flexibility relation is needed for derivation of the stress function. It is

written:
€1 My My M Ny
gy | = | Ma Moy Mo Ny (5.59)
73 Mz, Msy Mas N3

The stiffness relation for the resultant bending moments is:

M, Dy, Dy Dis K1
My | = | Doy Day Do K2 (5.60)
M3 D31 D3y Dss K3

It is assumed that there is no coupling betw eenresultan tforces and moments, i.e. all
Qij-terms are zero. This can be done by performing a neutralization of the stiffness coeffi-
cients, as explained in (Det Norske Veritas 2002b). This means that the bending stiffness
coefficients are redefined so that no coupling occurs. The neutral bending stiffness matrix
D is calculated from the original stiffness as D= D — QTC1Q.

F or simplicity, the symbol D is used in the following to denote the neutral bending stiffness
matrix.
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5.3.4 Stress function for stiffened panel

The general requirement for strain compatibility is:

_ 2
Eogy T Epae = Yooy = Way — WaaW,yy + 2Wo 0y Way — WoyyWer — WyyWoze (5.61)

A stress function F' is no w defined in terms of the stress resultaits N; in the stiffened plate,

so that:
Ny = Fg, (5.63)
Ny = —F,y (5.64)

Using the material law as defined above, and introducing the stress function F', the com-
patibilit y equation for the anisotropic plate can be written:

M Fyyyy + Moo F ppew + (2Mi122 + Mi12) Flawyy — 2M1112F oyyy — 2Mo201 F oy

.2
= Wiy + 2W00yW ey — WaeW,yy — WoyyWar — WyyWoze (5.65)

The solution to this equation is more complex than for the isotropic plate, due to the
nonzero coefficients Mi115 and Msgs;. A solution is found by assuming the stress function
to consist of the following terms:

F:F0+F51+Fs2+Fcl+F02+F501+F302 (566)
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where

Fscl

F sc2

2 2
—S”é’ LSt g ot (5.67)
2Ms 2Ng nry
1

YD fim ) cos(—=") (5.68)
0 0 B
2Ms 2N, nmy
ZZ > sin ( sm(?) (5.69)
2M. 2N, nry
ZZ )cos(?) (5.70)
ZMC ZNC nry
ZZ ) (?) (5.71)
M3+Mc Ns+2N, nmy

scl g
Z Z > sin( )cos( B ) (5.72)
M, +M N, +2N nr
Z Z o ) (?y) (5.73)

By substitution of the assumed stress function into the compatibility equation, it is found

that the coefficients fL
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mn

52

mn

cl
mn

c2
mn

scl
mn

sc2
mn

and /2,

must be:

1 s s s s s s
4@232([(18 K2s2 Z brqu Arsqu + Arsqu + quBTs) (574)
Kls rspq
K2s .,
T K1s'm™ (5.75)
1a2B*(K1c — K22 Z Uy opg(AvsAn, + AL By, + Av Br) (5.76)
ch 7Spq
K2c¢
ch mn (5.77)
1
> b (AR AL+ AS B + AC BY) (5.78)
4a2B2(K1sc — 11((2130 ) ~ g 24 g 2
K2sc , 4,
- Klsc!™ (5.79)
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where
m? m>n? nt
Kls = ?Mmm + =5 2B (2Mi195 + Mig1a) + ﬁMllll (5.80)
min mn?
KQS = 20,3—BM2221 + 2ﬁM1112 (581)
ma m2n2 nd
Kle = 16—M2222 =+ 4 2B2 (2M1122 + Mlglg) ﬁMllll (582)
3
men
K2¢ = 16a BM2221 +4: B M1112 (583)
mt 2,2 nd
Klsc = ?M2222 + =55 2B (2Mi122 + Mia12) + ﬁMlnl (5.84)
3
m n mn
KQSC = a BM2221 WMHIQ (585)

and foo is defined as zero. The coefficients by, , b7, and by, are the same integer

numbers as defined previously in Eq. (3.9), Eq. (3.35), and Eq. (4.10).

5.3.5 Internal potential energy
The potential of in ternal energy is generally written as

v=1 / oedV (5.86)
2 )y

The strain is first divided into a constant membrane part €™ and a linearly varying bending
part e = zx. Integration is then performed over the thicknessin order to express the
potential energy as a function of stress resultants:

1
U = —/0(5m+6b)dV (5.87)
2 Jy
1 1
= /Uade—l— /ZO’I{dV (5.88)
= /N AV + = /Mde (5.89)
- U, +U, (5.90)
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By substitution of the material law, the membrane energy is written:

1
A A A

+ 2M12/NldeA+2M13/N1N3dA+2M23/NgNgdA)
A A A

The membrane energy is calculated by substitution of the stress function and integrating
over the plate area. The final expression is given in appendix C.

The bending energy is:

1
Ub = = <D11/I‘»%dA-FDgg/K%dA*FD;gg/K%dA (592)
2 A A A

+ 2D12/ Iillisz+2D13/ IilligdA+2D23/
A A

RoRk3 dA)
A

The resulting expression is found by substituting k1 = w e, ke = Wy, K3 = 2w 4y, and
performing the integration. The result is given in appendix C.

5.3.6 Potential of external loads

The displacements are partly due the membrane effect of the external load (subscript F),
and partly due to the deflection of the plate (subscript D):

Au = Au” + AP (5.93)
Av = Avf+ AP (5.94)
Yoy = Yoy + Yoy (5.95)

The part due to the deflection is independent of the material properties, and is therefore
the same as for an isotropic plate. The part due to external load is:

A’U,F = 2a(M11N1 + MlgNz + M13N3) (596)
AUF = 2b(M21N1 + M22N2 + M23N3) (597)
75;/ = M21N1 + MQQNQ + M23N3) (598)
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This part is relevan t for calculation of the actual load-elongation response of the plate, but
has no effect on the potential energy since it disappears when differentiating with respect
to the deflection. The potential of external energy is therefore the same as for an isotropic
plate.

The external energy consists of a part due to sine-deflection, a part due to cosine-deflection,
and a coupling part. The sine- and cosine-part are calculated as for the unstiffened plate
in chapter 3, except for different areas of integration.

The energy due to in-plane tension or compression load is:

TC = NlAU+N2AU (599)

The shear energy is:
2a 2B
T, = N3/ / (uy + v,)dydzs (5.100)
o Jo

The energy due to lateral pressure is:

2a 2B
Ty, = —/ / pwdydz (5.101)
o Jo

It is seen that contribution from the sine deflection to the lateral pressure energy vanishes
upon integration. This is due to the an ti-symmetry of the sine-deflection. Ph ysically ,
this means that lateral pressure will only give rise to deflection in the cosine mode. For
combined loads, the deflection will be a combination of the two.

All final potential energy expressions are given in appendix C.

5.4 Results

Analyses of anisotropic plates may be performed with ABAQUS using the anisotropic ma-
terial option for the case of an unstiffened plate. Results from such analyses are compared
with results obtained using the presen ted model. Only in-plane anisotropic stiffness co-
efficients can be specified with this option. The material is assumed to be uniform over
the thickness. This means that the bending stiffness is given directly from the in-plane
stiffness, in contrast to the curren tmodel where the bending stiffness may be specified
independently of the in-plane stiffness.

The case shown in Fig. 5.5 is for a 840x980x11mm aluminium plate with E=70000MPa and
0;=240MPa. A combination of lateral pressure p=0.2MPa, corresponding to 20m water
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Figure 5.5: Load-average strain response for anisotropic plate subjected to combined axial
load and lateral pressure (left) and transverse load and lateral pressure (right)

column, and axial or transverse compression, S;=240MPa or S,=240MPa, is applied. This
gives a deflection mode in betw een simply supported and clamped. F or this specific case, a
stiffness coefficient Cy1,; = 2C}39, is used. The imperfection is 10mm in the eigenmode. It
is seen that the agreement is good, which indicates that the effect of anisotropic stiffness
is well handled by the model. Also, the lateral pressure effect, which givesa resulting

deflection mode in betw een simply supported and clamped, is vell tak en care of.

In order to chec k the bending stiffness fornmlations, analyses are performed using a stiffened
panel in ABAQUS. It is desirable to compare the model with a stiffened panel deflecting
in a pure global mode, i.e. without local buc klingof plate and stiffeners. One w ayto
achiev ethis is to model a panel with very large plate thickness compared to the panel
dimensions. Suc h a panel is lilely to deflect globally without local deformations. Another
w ayto achiev e thesame type of response is to model the panel using the shell general
section option.

A stiffened panel consisting of three of the aluminium profiles analysed in section 4.1,
T able 4.2, is modelled in ABAQUS. The thickness of the plate, the web and the flange is
increased to 50mm. This geometry is so stocky that the resulting deformation is purely in
the global mode. Analyses are performed on the stiffened panel in ABAQUS for axial and
transv erse loading, with an imperfection in the global mode equal to 3.6mm. Analyses are
then performed with the global buckling model using linear anisotropic stiffness coefficients
according to the stiffener dimensions, as explained previously. The results are shown in
Fig. 5.6. It is seen that the agreement is very good.

In Fig. 5.7 the response of this panel under axial loading, calculated using linear stiffness
coefficients, is compared with the response calculated using reduced stiffness obtained from
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Figure 5.6: Load-average straimresponse due to pure global buckling for stiffened panel
subjected to axial compression (left) and transverse compression (right)
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Figure 5.7: Load-average strain response during axial load calculated from global buckling
model using linear and nonlinear stiffness coefficients

the local model from chapter 4. The imperfection is 3.2mm in the local mode and 3.6mm
in the global mode. It is seen that the global deflection is larger when the reduced stiffness
is applied, as expected. In this analysis, the stiffness coefficients input to the global model
are gradually reduced, corresponding to the current load factor.

In chapter 7, capacit yestimates calculated using reduced stiffness coefficients obtained
from the present approach are presented.
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CHAPTER 6

Coupled local and global buckling

For panels with hea vy stiffeners, local buc klingeffects are the most important. Global
deflection must also be accounted for, but the interaction with local buckling is likely to
be small. It can therefore be included by using a separate model like the one described in
chapter 5. For panels with small stiffeners, hov ever, the global eigemalue may be close to
the local eigenvalue. The interaction betw een local and global bukling effects could then
be significant. The global model presented in ¢ hapter 5 can be used to predict the reduction
in global buckling strength due to local effects, but the tw o-wjyainteraction betw een local
and global deformation is not exactly accounted for with this approach.

In this chapter, methods for analysis of the coupled response due to local and global
buckling is presented. In the first section, a simplified model for a single stiffened plate is
described. In the second section, a model for a complete stiffened panel is presented.

6.1 Coupled local and global buckling for a stiffened
plate

Combined local and global buckling of a single stiffened plate is considered first. This
means that only one stiffener is included, and global buc klingis assumed to be in the
column mode. The stiffened plate is assumed to be simply supported at each end by

101
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N

Figure 6.1: Shanley model (reproduced from (Steen 2001))

transv erse girders, but the effect of longitudinal girders is not included. Only axial load
has been considered here.

The model is derived using the local model presented in ¢ hapter 4.1 for open profiles, and
combining it with a Shanley method. This approach was used by Steen in (Steen 2001).
The Shanley model was originally developed as a method for analysing nonlinear material
behavior, (Shanley 1947). It w as used ly Steen for handling geometrical nonlinearities in
a column due to local buckling effects. Here, the model developed by Steen is extended to
an indefinite number of plate degrees of freedom, and a more refined web deflection shape.

The Shanley model developed by Steen is a column buckling formulation in which the local
cross-sectional behavior follo ws a t w o-dimensional springwa Fig. 6.1. It consists of a rigid
beam attached to a spring at the low er end, where the spring haracteristics represent an
integrated effect of local buckling and imperfection effects of the whole cross-section. In
the limit of compact cross-sections, the spring characteristic represents the uni-axial linear
elastic material stress-strain law.

The global equilibrium equations for the Shanley model are:

P-N=0 (6.1)
PLL(k + ko) — M =0 (6.2)

where k = 0/L and ko = 6y/L are average curvatures, and L is the total length of the
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stiffened plate. P is the external load, and N and M are the resultan taxial force and
moment acting at the column midspan. They are defined as:

N - /A oudA (6.3)

M = / 20,dA (6.4)
A

The length of the rigid beam, L, is defined as the length giving the same linear buckling
load for the Shanley model as for the Euler column. For the simply supported column, it
means that

- L

L=— (6.5)

T2

The equation system resulting from the local model is modified by introducing x as an
unknown parameter . The additional strain in a material point due to the global curvature
k is, assuming the Bernoulli-Euler hypothesis,

£ = 2K (6.6)

The unknown « en ters the local equation system through the potertial energy. The system
of equations with one additional degree of freedom is solved by introducing the moment
equilibrium equation abo ve. The local displacements and the global curvature are then
solv ed instartaneously.

6.1.1 Local equilibrium equations

The local buckling model derived in chapter 4 is used. The axial stress and strain in a
material point is modified to account for k. Forthe membrane stress and strain in the
plate we no w have:

o = o +of —Eyk (6.7)
eP? + e — 2,k (6.8)

€z

where z, is the distance from the plate plane to the plane about which the stiffened plate
is bending.
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The plate membrane energy is:

E N N 1—v
Un = m/vfz Tey ety

Ul + Ut 4 ur (6.10)

Yoy)dVy (6.9)

The new term here compared to earlier is the part involving x which becomes:

U:; = 2Ez§/¢2bta — 4Bz, ke Pbta (6.11)

For the stiffener, the modified menbrane strain in position z is:

gr =P + P 4 (2 — z,)K (6.12)

The stiffener membrane energy is

E
Us = 5/ e2dv, (6.13)

Ut +U" +U" (6.14)

where the new contribution due to x is

E
U: = E(z — 20)’ KV, + /@E’/ eP (2 — z,)dV, + ﬁEsF/ (2 — z4)dV (6.15)

s s

The contribution from external energy is the same as before, since the x-terms disappear
upon differentiation with respect to Ay,.

6.1.2 Bending moment

The plate bending moment when the global curvature is included is:

MP = zgt/axdy (6.16)
b

= —QZgbtUF-i—QEZ;btl‘é (6.17)
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D

The contribution due to ¢” is zero when integrated over the plate area. The stiffener

bending moment is:

Me = 2th/(2 — 24)0,(2)dz 4+ bpt s E(h — z4)0.(2 = h) (6.18)
h
h3
= 2tw/@E(§ — 2gh® + 20h) 4 2bst sk E(h — 25)? (6.19)
h2
+ 2two—f(7 — 2,h) + 2bst ;0 (h — 2,) (6.20)

D,s

The contribution from ¢** is zero at the midspan.

6.1.3 Solving the equation system

Including & in the local equilibrium equations lead to a system of equations on the form:

KA+ K +GiA=0 (6.21)

The moment equilibrium equation can be written

Ky A + Ky + GoA =0 (6.22)

Assembling the above equations, an equation system with equal mumber of equations and
unknowns is obtained, and the rates A,,, and & are solv ed for sinultaneously.

6.1.4 Results

One case is presented as an example of how local and global buckling may interact for a
slender panel, Fig. 6.2. This is the aluminium stiffener used for comparison in chapter 4,
which is quite weak with respect to global buckling. It is seen that the overall capacity is
smaller than the pure global strength, due to the effect of local deformations.

This example show that interaction effects may be important for panels with weak stiff-
eners. However, the model presented here is not very well suited for analysis of stiffened
panels. One reason is that lateral support provided ly longitudinal girders at the edges
of the stiffened panel are not accounted for. This may have a significant stiffening effect
in the postbuckling region. Another reason is that the single stiffened plate model is not
w ell suited for analysis of transerse in-plane compression. Therefore, a more appropriate
stiffened panel model is developed in the next section.
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Figure 6.2: Load-average strain response due to pure global buckling (w, = 0) and com-
bined local and global buckling for stiffened aluminium plate subjected to axial compression

P

Figure 6.3: Combined local and global buckling model

6.2 Coupled local and global buckling for a stiffened
panel

The local buckling model presented in section 4.1 for open profiles is used as the basis also
for the model of a stiffened panel including several stiffeners. The model developed in the
following is also presemted in (Byklum and Amdahl 2002a).

The local deflection is assumed to be the same for all stiffeners in the panel, Fig. 6.3. That
means that poten tialenergy for one stiffened plate may be multiplied to represen tthe
whole panel. If different deflection shapes were to be included for each stiffener, the total
number of degrees of freedom would be too large for efficient solution of the problem.
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Global deflection is added to the local. The global deformation is represented by a Fourier
series, but in order to limit the number of unknowns in the model it is assumed that one
global degree of freedom is sufficient to represen tthe global deflection. The number of
degrees of freedom can be reduced to one by determining the deflection shape beforehand
using linear theory, and let only the amplitude of the deflection be the unknown in the
nonlinear analysis. This approach is justified by the design-philosophy that local buckling
is acceptable, but large lateral deflection of the stiffeners should not occur. F or moderate
global deflection, the linear global eigenmode of the panel is a good approximation of the
actual deformation shape also in the nonlinear region. The global deflection shape used is

therefore
M, N,
w = A, mz::l ; Kyon sin(mgx) sin (%) (6.23)
Lo O mnz n
w§ =By S kyun sin( ;T ) sin (%y) (6.24)
m=1 n=1

B is the breadth of the whole panel, in contrast to b which is the stiffener spacing. The
deflection amplitude A, is the global degree of freedom, while the coefficients k,,,, defines
the deflection shape. They are determined at the start of the analysis by calculation of
the linear eigenmode. For this purpose, the stiffened panel is treated as a geometrically
orthotropic plate. This is similar to the model presented in ¢ hapter 5, but for the eigenmode
calculation, initial stiffness coefficients are used. This is because the global deflection shape
is assumed to be constant.

The additional potential energy due to the global deflection causes an interaction between
the local and the global deflection, which giv es coupling terms in the stiffness matrix. This
effect cannot be correctly included for a continuous stiffener, because the interaction will be
different for stiffener-induced buckling and for plate-induced buckling. F or global bukling,
stiffener-induced means deflection tow ards the plate, while plate-induced means deflection
tow ards the stiffener.If the deflection is stiffener-induced in one span, it is usually plate-
induced in the next span. The interaction with the local deflection is therefore different in
tw o consecutie spans, and this cannot be properly represented b y a single set of cortinuous
deflection functions.

The problem is simplified by using the same coupling effect for the span (0 to a) as for (a
to 2a). This is a conservative assumption, since it gives larger in teraction andtherefore
larger resulting deflection. F or moderate amouits of global deflection, it is believed that
this approximation will not introduce large errors.
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6.2.1 Global bending

Global deflection leads to additional membrane strain in the plate and stiffeners. This
effect is referred to as global bending, although the strain is of the membrane type. This
is to distinguish it from the effect of membrane stretching of the panel due to global
deformation, which is considered in the next section.

The membrane strain due to global bending is

The bending energy due to global deflection is calculated for the stiffeners and the plating
separately . This is more correct than to multiply the energy for one stiffened plate with
the total number of stiffeners. The reason is that the total panel breadth is usually larger
than the sum of plating associated to each stiffener: B = (ny+1)b, where n; is the n unber
of stiffeners in the panel.

The bending energy for a stiffener located at y = y; is

1 2a
Up?(ys) = 5ELs /0 W, (ys)dz (6.26)

where [ is the moment of inertia of the stiffener without plating, and the integration is
over the lengtbf the stiffener. The total global energy is calculated by performing the
integration and summing over all stiffeners. The result is given in appendix D.

The bending energy for the plating due to global deflection is calculated as:

D 2a 2B
Ui”g:5/0 / (Wl +w,)” =21 = v) (Wl — ()] dydz—(6.27)

The result is given in appendix D.

6.2.2 Global membrane stretching

For calculation of the global membrane effect in the stiffeners and plating, an average
strain approach is used. The exact strain distribution is difficult to calculate for the plate
and stiffeners in combination, but average strains can be calculated by requiring overall
equilibrium for the stiffener and the plate.
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The membrane strain ,(z,y) averaged over the length of the plate is:
1
e2'(y) = - [ exda (6.28)
a a
1 1,
= = [ (u,+ §w "+ w wo ) d (6.29)
af, ’
A 1 /1
_ 7“ +- / (Ewi + w wo ) dx (6.30)
Similarly, the membrane strain ¢, (z,y) averaged over the width of the plate is:
av 1
el(z) = B gydy (6.31)
B
1 1,
= 3 B(vy + Wy + w ywo,)dy (6.32)
Av 1 1
- BB /B(iw,i, +wywo,)dy (6.33)

The elongations Au and Aw are calculated by requiring that the membrane strain inte-
grated over the whole stiffened panel must be zero, in order to fulfill static equilibrium:

/sde =0

1%

/sde =0
1%

For the axial strain, this gies:

B
' / )y + ALY e () =0
0 N

Rearranging, the axial elongation becomes

_WQ(A?; + 2Ang)(”3 + A ENS Ii(ys))
2a?(Bt + NsA;)

Au =

while the average axial strain becomes:

Au 1 1I
) = 20 LA+ 24, B )
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The integration constants /; and I3 are giv en in appendix D.

For the transwerse strain, we have:

t/oa e (y)dx =0 (6.39)

The transverse elongation is

1 x
Av = —Q—Q(E)QJ}(AS + 2A9Bg)2a2(Bt + N A;) (6.40)

while the average transverse strain becomes:

e (z) = % + %(%)Q(Ag +24,B,)I5(z) (6.41)

The global membrane energy for the plate is:

m

Et 2a 2B ) )
ur =5 ; /0 (5 +&,)dxdy (6.42)

The coupling term betw een the axial and transerse membrane strain vanishes when inte-
grating over the plate area.

The global membrane energy for the stiffener is:

Us, =2aFA, Y e (6.43)
Ns
The final expressions are given in appendix D.

6.2.3 Coupling between local and global buckling

There are tw o possible coupling effects betv een the local and the global deflection. The first
one is betw een the local menbrane strain and the global membrane strain. The importance
of this coupling is investigated by considering that the plate usually deflects locally with a
short wavelength compared to the global deflection. By looking at the membrane stiffness
matrix for the unstiffened plate, it is found that the coupling stiffness betw een short-vave
deflection and long-wave deflection is small. Considering also that the global membrane
strain effect is usually moderate compared to the global bending effect, it is decided to
neglected this stiffness contribution.
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The coupling effect betw eenthe global bending strain and the local membrane strain is
believed to be more significant, and is therefore included in the model.

The potential energy due to this coupling is:

U = EePF / dV +EY e / 9V +EY / e Peqv (6.44)
Vi N, Vs N, s

P

The contribution from ”” vanishes upon integration. The resulting expressions are given
in appendix D.

6.2.4 Global potential of external loads

The global external energy due to in-plane compression is calculated using the elongations
deriv ed in previous sections:

T, = 25,(Bt + N,A,)Au + 2S,atAv (6.45)

The global external energy due to shear force and lateral pressure is calculated as for an
unstiffened plate, only using the global displacement function instead of the plate displace-
ment functions. Resulting expressions are given in appendix D.

6.2.5 Results

Analyses are performed with the proposed model for tw o quite differert stiffened panels,
and comparisons are made with ABAQUS for verification. The panels are full-width ver-
sions of the local stiffened plates considered in chapter 4. The first one is the typical steel
panel with angle profiles, T able4.1, and the second one is the slender aluminium panel
with quite small tee profiles, Table 4.2. For both panels three stiffeners are included. Im-
perfections are taken according to the DNV Classification Note (Det Norske Veritas 1995),
so that the local plate tolerance is 0.05b, the local stiffener tilt is 0.0015a, and the global
initial deflection is 0.0015a.

For the ABAQUS analyses, one panel width is modelled in the transverse direction, while
(1/241+1/2) stiffener spans are modelled in the longitudinal direction, Fig. 6.4. Simply
supported boundary conditions are applied on the longitudinal edges, while symmetry
conditions are applied on the transverse edges. All edges are free to move in-plane, but
forced to remain straight.

Load-elongation curves are presented for both panels for axial load and transv erse load,
Fig. 6.5 and Fig. 6.6. It is seen that the agreement is good.
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Figure 6.4: ABAQUS models of aluminium panel (left) and steel panel (right)
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Figure 6.5: Steel angle bar under axial loading (left) and transverse loading (right)

The resulting deflection shapes for the tw o panels are quite differers. The steel stiffeners
are heavy, and the deformations are almost purely local. The aluminium stiffeners are
weak, and global deformation is significant. For axial load it is dominating, as seen in
Fig. 6.7. This indicates that the proposed model works well both for panels with heavy
and with weak stiffeners.

The model dev elopedhere is now compared with the models presented in the previous
chapters. The response calculated from the coupled model is compared with the results
calculated using the local model from section 4.1 alone, and the local model combined
with the global model from chapter 5. T o the left in Fig. 6.8 it is seen that the pure local
response coincides with the coupled response for the steel panel under axial loading. The
global response is negligible. T o the righ, it is seen that the pure local response is low er
than the total response for the aluminium panel under axial loading. The response found
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Figure 6.6: Aluminium tee bar under axial loading (left) and transverse loading (right)
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Figure 6.7: Comparison betw een lateral deflection in the local mode and the global mode
for steel angle bar panel (left) and aluminium tee bar panel (right) under axial loading

by adding the local response and the global response is quite close to the response from
the coupled model, and both agree well with ABAQUS.

It is interesting to see that the response is w ellpredicted by performing separate local
and global analyses, even for the aluminium panel in axial loading where both deflection
modes are important. The interaction betw een the t w o modes mabe further investigated
by setting the coupling terms in the stiffness matrix in the coupled model equal to zero.
For the steel panel, where the global deflection is small, the interaction is also small as
expected. The aluminium panel is a more interesting case, since the eigenvalues for local
and global buc kling are closer to each other. Comparison of the deflection using the
presen ted fornulations and a formulation without coupling is shown in Fig. 6.9. It is seen
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Figure 6.8: Comparison betw een pure local response and coupled local and global response
for the steel angle bar panel (left) and the aluminium tee bar panel (right)under axial
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Figure 6.9: Comparison betw een lateral deflection in the local mode and the global mode
for aluminium tee bar using the coupled formulation (c¢) and the uncoupled formulation
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that both the local and the global deflection are smaller when the coupling is not accounted
for, as expected. How ever, the effect is mch larger for the global deflection than for the
local. This suggests that even for this panel it may be sufficient to use a kind of one-way
interaction, as presented in chapter 4 and 5, i.e. the effect of local deflection on the global
deflection is accounted for, but not the opposite.

Although the coupled model presen tedin this chapter is more consistent than treating
global and local deflection separately, the latter approach has several advan tages. First, it

URN:NBN:no-3348



6.2. COUPLED LOCAL AND GLOBAL BUCKLING FOR A STIFFENED PANEL 115

is possible to use more degrees of freedom also in the global analysis. This may sometimes
be necessary when the applied load condition is such that the deflection shape may change
significantly during the analysis, e.g. when lateral pressure is applied. Second, it is easier
to refine the model to handle linearly varying edge loads. Finally, it is possible to have
different types of local models, e.g. one for open profiles and one for closed profiles, but to
use the same global model.
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CHAPTER 7

Estimation of ultimate limit state

There are several possible applications of the computational models presented in the previ-
ous c hapters. One field of application is deflection analyses of plates or stiffened panels for
servicability limit state checks. Another application could be to use the derived stiffness
coefficients for eac h panel as input to a larger structural analysis, e.g. a ship hull girder
cross section. This would be very useful for determining how the forces redistribute over
the cross section due to buckling of individual panels.

In the curren tw orkthe aim is to dev elopa design tool that can estimate the ultimate
limit state for individual stiffened panels. This is done by combining the elastic models
with appropriate limit state criteria. Here, first yield due to membrane stress is taken as
the design capacity, as described in the following. Sev eral of the models deeloped in the
current work have been implemented in the Det Norske Veritas computer code PULS, and
some examples produced by this computer code are therefore presented.

7.1 PULS

7.1.1 Description

PULS (Panel Ultimate Limit State), (Det Norske Veritas 2002b), is a new buckling code
which is currently being implemented at DNV. It is based on a direct calculation approach,
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and will form a new standard for buc kling strength assessment in DNV. PULS consists
partly of formulations and computer code developed in the current work, and some results
obtained using PULS will therefore be presented as examples of application of the proposed
methods. The examples are produced using version 1.3 of the program, released May 2002.
The program is going through a continuous dev elopmeirt, and some of the results may
therefore deviate somewhat from results from the later versions.

Among the unstiffened plate models presented in ¢ hapter 3, the simply supported, isotropic
elastic model has been implemented in PULK addition, the local stiffener model pre-
sented in chapter 4 for open profiles has been implemented. The hat profile model is
considered for implementation at a later time, while the nonlinear global model presented
in chapter 5 is being implemented at the time of writing. The coupled models presented in
chapter 6 has not been considered for PULS implementation, since the simpler approach
of using reduced stiffness coefficients from the local analysis as input to the global analysis
gives satisfactory results.

The graphical user interface implemented in PULS makes it an in tuitiv e and easy to use
calculation tool, Fig. 7.1. The input is much easier, and the pitfalls are fewer, than what
is the case when using a nonlinear FEM code. The output from PULS is much more in-
structiv e than ordinary budkling codes, because of the possibility to display stress patterns
and displacement shapes, in addition to the usual ultimate limit state value.

7.1.2 Imperfections

An important decision to make when performing nonlinear analyses, whether it is by
NFEM or analytical methods, is the choice of imperfections. Both the shape and the
amplitude of the initial deflection may have a large effect on the resulting response. This is
a considerable complication compared to standard code formulations, where imperfection
effects are implicitly accounted for b y empirical factors.

If the actual imperfection for a plate is known, it can be included directly by calculating
the F ourier coefficietis and using these as input to the analysis. In design, how eer, the
imperfections are not known. A common strategy has been to calculate the first linear
eigenmode for the actual load case, and use this as the imperfection shape. The amplitude
can be taken according to tolerance limits defined in rules and regulations. This approach
has been assumed to give a low er bound for the collapse strength.

Investigations ha veshown, however, that the first eigenmode does not alw aysgive the
low est ultimate limit state, (F eatherston 2000). For thin plates, where the eigenvalue is
low compared to the collapse load, the postbuckling range becomes more important relativ e
to the prebuckling range. F or suc h cases, the preferred deflection mode in the postbukling
range may be different from the eigenmode, and the use of the eigenmode as imperfection
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Figure 7.1: PULS user interface

shape can be unconservative. F or axial load, it is typical that the plate prefers to deflect
in a more short-wave pattern in the postbudling range than in the prebuckling range. For
instance, if the eigenmode for axial load has three half-waves, defining the imperfection
with four half-waves may give a low er collapse load.

On the other hand, applying imperfections with a large number of half-waves may under-
estimate the strength significantly, since this t ype of imperfection shape mg be unrealistic
compared to what is the typical shape in real structures. Ev en if one plate has an unfa-
vorable imperfection shape, it is part of an integrated structure where the other plates are
likely to have imperfections that are more favorable with respect to strength. Therefore,
force will be redistributed from weak plates to stronger plates.

Imperfection sensitivity is a topic which needs more attention, and is not further discussed
here. In PULS, the imperfection level may be adjusted by the user, but default values are
suggested. These are 1/200 of the stiffener spacing for plate deflection betw een stiffeners,
and 1/1000 of the stiffener span for stiffener tilt and global imperfection. The minimum
eigenmodes are used to define the imperfection shape. The imperfections for local plate
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deflection and stiffener tilt are defined by scaling the local eigenmode, while the global
imperfection is defined by scaling the global eigenmode. The default levels are a little
below standard shipbuilding tolerances, reflecting that the eigenmode is an unrealistic and
conservative deflection shape compared to the imperfections found in real plates.

7.1.3 Limit state criteria

A first yield approach is used for estimation of the collapse load. First yield has often been
applied to assess the critical load in design formulations, such as in the DNV Classification
Note 30.1 for Buckling Strength Analysis, (Det Norske Veritas 1995). In the Classification
Note, a column model is used together with a first yield criterion. This is commonly
referred to as the Perry-Robertson approach, and has been widely used in design.

First yield is a sound design criterion, because yielding will give un w ated permanent
deformations in the structure, and it is questionable to utilize the strength reserves in the
plastic region at the design stage. There are different ways to define the collapse criterion.
First yield in an extreme fiber is usually a quite conservativ e criterion, since redistribution
of stress through the thickness gives additional capacity. A more appropriate criterion is to
use yielding in the middle of the plate, i.e. membrane stress yielding, since this indicates
that the cross-sectional capacit yis exceeded, and further increase in the load must be
carried by stress redistribution in the plate plane.

Comparison with ABAQUS sho ws that this strategy gives satisfactory results for most
practical cases. Forthin plates the membrane stress will redistribute in the plate plane
after first membrane yield, so that some post-yield capacity exists. One way to account
for some of the reserve capacity after the onset of yielding, is the approach used by for
instance (P aik, Thayamballi, Lee, and Kang 2001) for unstiffened plates. The plate is
then divided into a mesh, considered to consist of several fibers. When yielding starts in
the outer fibers, they loose their strength, and the total stiffness is reduced accordingly.
Yielding will then spread to more and more fibers, until the panel collapses. In this way,
the panel may be able to sustain some additional loading after the first yield.

For thicker platesthe bending stress becomes increasingly more important, and the ca-
pacit y of a cross section ma then be exceeded before the membrane stress reaches yield.
For such cases the ULS estimates obtained using a methrane stress criterion alone may
be higher than those obtained from nonlinear FEM. The membrane stress criterion can
be combined with a bending moment capacit y criterion, using an itieraction formulae for
the combined bending/membrane action. In the current version of PULS how eer, a pure
membrane stress criterion is applied. This is considered to be safe, since the imperfection
pattern used in the analyses are quite conservative compared to a more realistic imperfec-
tion pattern. The imperfection shape applied has a very regular up-down-pattern in the
transv erse direction, while real ship panels are mich more lilely to be much more random.
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Figure 7.2: von Mises membrane stress distribution from PULS for 3.0x1.0x0.01m plate
(8 = 4.1) subjected to axial load

In addition, the rotational restraint from the transverse girders is neglected in the analyses,
which ma y lme a significant effect on the transverse load cases where the stresses are very
localized around the transverse supports. It is therefore believed that the real strength of
actual ship panels is higher than the ULS values obtained with ABAQUS.

7.2 Results

7.2.1 Unstiffened plates

An example of unstiffened plate analysis using PULS is presented. The plate analysed
is 3.0x1.0x0.01m, with F=20800MPa and c;=355MPa. The applied load is pure axial
compression. The von Mises membrane stress distribution at the defined ULS is shown
in Fig. 7.2. The cursor on this plot is poin tingon the poin twith maximum equivalen t
membrane stress, which has just reached the yield stress.

Fig. 7.3 shows the minimum eigenmode for the same plate under a combination of trans-
verse compression, S,=20MPa, and shear stress, S;,=100MPa. Fig. 7.4 shows the deflec-
tion shape at the ultimate limit state. This deflection shape is quite different from the
eigenmode, which sho ws the importance of the nonlinear menbrane effect in the postbuck-
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Figure 7.3: Minimum eigenmode from PULS for 3.0x1.0x0.01m plate (8 = 4.1) subjected
to transverse compression and shear load

ling region. The eigenmode is here clearly not the preferred deflection shape for the plate
in the postbuckling region.

Some ultimate limit state analyses are carried out with ABAQUS for comparison with
the PULS estimates. The ABAQUS analyses are performed with linear elastic, hardening
plastic material, and the ULS values are the maximum loads attained from the load-
response curves. The PULS estimates are based on a limit state definition in the form of
a first yield criterion, as explained in the previous section.

Results are presented for plates with three different aspect ratios. The first is a 810x810mm
plate, Fig. 7.5, the second a 2430x810mm plate, Fig. 7.6, and the third a 4050x810mm
plate, Fig. 7.7. For all plates, the thiknesses 8mm and 12mm have been considered. The
yield stress is taken as 315MPa and the elastic modulus as 206000MPa. For the ABAQUS
analyses, a hardening parameter of 1000MPa is used. Since PULS is intended as a ship
design tool, the buckling criteria in the current DNV Rules for Ships are also included for
comparison.

It is seen that the PULS ULS estimates compare reasonably well with the ABAQUS results,
and much better than the Ship Rules. How ever, for predominatly transverse loading, some
of the PULS estimates are higher than the ABAQUS results. This is because PULS only
considers membrane stresses in the limit state criteria, as discussed in the previous section.
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Figure 7.4: Final deflection shape from PULS for 3.0x1.0x0.01m plate (5 = 4.1) subjected
to transverse compression and shear load
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Figure 7.5: Biaxial interaction curves from PULS, ABAQUS, and the Ship Rules for
810x810mm plate with t=8mm, 8 = 3.9 (left), and t=12mm, 5 = 2.6 (righ t)

For transwerse loading, large bending stresses develop in the plate, and collapse may occur
before yield due to membrane stress is reached.

For the 4050x810mm plate there is another source of discrepancy. V ersion 1.3of PULS
applies 7x7 terms in the displacement shape. For plates with sud a high aspect ratio, it is
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Figure 7.6: Biaxial interaction curves from PULS, ABAQUS, and the Ship Rules for
2430x810mm plate with t=8mm, 8 = 3.9 (left), and t=12mm, 5 = 2.6 (right)
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Figure 7.7: Biaxial interaction curves from PULS, ABAQUS, and the Ship Rules for
4050x810mm plate with t=8mm, 8 = 3.9 (left), and t=12mm, § = 2.6 (right)

sometimes necessary to have more terms in the longitudinal direction in order to represent
the displacement shape correctly . If the number of terms is too small, the calculated
response is too stiff and the ULS estimate is too optimistic. In version 1.4 of PULS,
released in September 2002, the number of displacement shape terms is increased.

URN:NBN:no-3348



7.2. RESULTS 125

7.2.2 Buckling of stiffened panels using PULS: Current v ersion

The stiffened plate model in version 1.3 of PULS is based on the local model presented
in section 4.1, combined with a linear, global eigenvalue calculation. The local analysis is
performed first, and a set of reduced stiffness coefficients are calculated at the instant when
yielding due to local deflection starts. The calculated reduced bending stiffness is used for
the global eigen value calculation,where the stiffened panel is treated as an orthotropic
plate. The eigenvalue is used to calculate the displacements due to global buckling effects
as:

A
Ap — A

&= €10 (7.1)

where Ag is the eigen valueload factor, A is the curren tload factor, & is the curren t
dimensionless global displacement amplitude, and &y is the initial dimensionless global
displacement amplitude. Knowing the global displacement shape, the maximum curvature
of the panel can be calculated for each load level. The global stress is given from the
curvature. The local membrane stress is then calculated for the same load level using
the in-plane stiffness coefficients. The local stress is added to the global, and the sum is
checked against the yield stress. The load factor is then increased until yield is reached.

Interaction curves may be produced in PULS for all load combinations of axial load, trans-
verse load and shear force. The interaction curves are plotted together with eigenvalues
for local and global buckling. As an example, an interaction curve for biaxial loading is
produced for a stiffened steel panel consisting of three stiffeners, Fig. 7.8. The plate and
stiffener dimensions are as for the angle bar analysed in section 4.1, see Table 4.1. Tt is seen
that curv es areplotted for local elastic buckling and for ULS. Global elastic buckling is
normally also included, but for this case the global buckling values are so high that they are
outside the plotting range. The points on the ULS curve are marked with Limitstate 1-5
in order to indicate the location in the panel where yielding starts. Limitstate 1 refers to
yielding in the plate corner, Limitstate 2 refers to yielding at the stiffener flange (tension),
Limitstate 3 refers to yielding at the plate/stiffener connection (compression), Limitstate
4 refers to yielding at the stiffener flange (compression), and Limitstate 5 refers to yielding
at the plate/stiffener connection (tension).

Some ULS analyses have been performed with ABAQUS for comparison. The first case is
a panel with three of the steel angle bar stiffeners analysed in section 4.1, see Table 4.1.
The results for this case is shown in Fig. 7.9. It is seen that the correspondence between
the PULS results and the ABAQUS results is good. The PULS results are conservative
for pure axial load and for pure transv erse load,while they are a little higher than the
ABAQUS results for the biaxial load cases. The DNV Ship Rules are also plotted for
comparison. It should be noted that the Ship Rules does only have buc kling formlations
for stiffeners in the case of pure axial load. The other points on the interaction curve are
therefore based on the formulations for unstiffened plates.
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Figure 7.8: Interaction curve for biaxial loading for flatbar steel panel
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Figure 7.9: Biaxial interaction curves from PULS, ABAQUS, and the Ship Rules for steel
angle bar panel
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Figure 7.10: Biaxial interaction curves from PULS, ABAQUS, and the Ship Rules for
aluminium panel

The second case is a panel with three of the aluminium tee bar stiffeners analysed in
section 4.1, T able4.2. The results for this case is shownin Fig. 7.10. This panel has
w eak stiffeners, and global deflection is important. It is seen that PULS significantly
underestimates the ultimate strength of the panel. This is due to the linear global model,
which neglects second order effects on the global level. Results using the nonlinear global
model presented in ¢ hapter 5 are gien in the next subsection.

Some analyses performed at DNV for three different tank ers are also included. These cases
are selected from three actual ships that are considered to be representative for stiffened
panels in the bottom of tank ers,and are therefore of particular interest. The geometry
and the material parameters for the three panels are given in Table 7.1. For all cases, the
elastic modulus is taken as E=206000MPa. For case 3 and 4, the tw o yield stresses gien
in the table are for the plate and the stiffener, respectively. The number of stiffeners in
these t w o panels is 16, but this number is reduced to 9 in the ABAQUS analyses in order
to limit the computational cost. This should not affect the results much. For case 5 and
6, the stiffener is of the Holland Profile (HP) type, which means that the flange is a bulb.
These are modelled in PULS and ABAQUS as L-profiles with equivalen t cross-section area
and moment of inertia. For all analyses, the imperfections are defined as explained in
subsection 7.1.2, both for the ABAQUS analyses and the PULS analyses.

The results for case 1 and 2 are shown in Fig. 7.11, the results for case 3 and 4 are shown
in Fig. 7.12, and the results for case 5 and 6 is shownin Fig. 7.13. It is seen that the
agreement is quite good for axial load, while the capacity in the biaxial range is somewhat
overestimated for the thik plate cases 1-4. For case 5 and 6, where the plate thikness is
moderate, the agreement is very good in the whole biaxial range. As already pointed out,
the deviation in the biaxial range for the thick plates is due to the effect of large bending
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T able 7.1: Dimensions for tanker cases

. |am][bm]] Bm] [N, [Bar | tm] |[h[m] [t,[m]]bsm]]¢s[m]|os;[MPa]]

11512 {091 | 9.1 9 |L 0.020 | 0.5985 | 0.012 | 0.200 | 0.020 | 315
21512 1091 | 9.1 9 |L 0.022 ] 0.5985 | 0.012 | 0.200 | 0.020 | 315
31392082 82 16 | L 0.017 | 0.400 | 0.013 | 0.100 | 0.018 | 235/315
41392 | 082 |82 16 | L 0.019 | 0.400 | 0.013 | 0.100 | 0.018 | 235/315
5124 080 56 6 | HP | 0.0135 | 0.240 | 0.011 355
6124 |080 56 6 | HP | 0.0145 | 0.240 | 0.011 355
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Figure 7.11: Biaxial interaction curves from PULS, ABAQUS, and the Ship Rules for
tank er case 1 (left) and 2 (righ)

stress when transv erse loading is dominating. This could be corrected by introducing a
bending stress criterion in the limit state check.

7.2.3 Buckling of stiffened panels using PULS: Modified v ersion

The nonlinear global model developed in chapter 5 is currently being implemented in PULS,
and some examples using this new version of the program is presented. Using the nonlinear
global model means that more accurate results are obtained for stiffened panels with weak
stiffeners, where global effects are important. The effect of lateral pressure may also be
accounted for on the global level, since a t w o-span global model is used.

In order to achiev e maximum computational efficiency, a simplified version of the model
presented in chapter 5 is implemented in PULS. This version performs the calculation in
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Figure 7.12: Biaxial interaction curves from PULS, ABAQUS, and the Ship Rules for
tank er case 3 (left) and 4 (righ)
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Figure 7.13: Biaxial interaction curves from PULS, ABAQUS, and the Ship Rules for
tank er case 5 (left) 6 (righ)

tw o steps. The first is a linear step, where tw o deflection shapes are calculated. The first is
the eigenmode due to in-plane loads, while the second is the lateral deflection due to lateral
pressure. In the linear step, a high number of deflection shape terms may be used. In the
second step, a geometrical nonlinear calculation is carried out, using the amplitudes of
these t w o deflection shapes as the only degrees of freedom.Comparisons with the original
model show that this approach gives good results, and significantly improved computational
efficiency.

Comparisons are performed betw een this modified PULS wersion and the current version.
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Figure 7.14: Biaxial interaction curves from PULS and ABAQUS for aluminium panel.
Modified version of PULS indicated by (m)

It is found that for the steel panels considered in the previous section, there is no difference
in the results. This is as expected, since the global eigenvalue is very high for all these
cases. The linear global model does then perform equally well as the nonlinear. For the
slender aluminium panel, how ever, the nonlinear global effect is significan, see Fig. 7.14.
It is seen that the PULS version modified for nonlinear, global effects performs much better
than the current linear v ersion.

The effect of lateral pressure is accounted for in the global nonlinear model, but this feature
has not yet been finalized in PULS. This is because lateral pressure makes it necessary to
introduce new limit state criteria. Usually the global effect is most significant at mid-span,
but global deflection due to lateral pressure may giv e rise to large global stresses at the
transv erse frames. This is presently not ¢ hec ked, but it will be included in the nextersion
of PULS.

Some analyses ha vealready been performed with ABAQUS in order to investigate the
pressure effect. One example is shown in Fig. 7.15. A lateral pressure of p=0.2531MPa,
corresponding to the design sea pressure, is applied first. The in-plane loads are then
applied incrementally up to yield. It is seen that the pressure reduces the capacity in the
whole biaxial range. This is because of the increased global curvature due to the pressure.
It is observed that yielding first occurs at midspan for axial load, as before, while it occurs
at the transverse frames for the load conditions with transverse load.

PULS can be applied with lateral pressure with the existing limit state criteria. The effect
of the pressure is then to increase the global deflection and the global curvature at midspan,
but the global stresses at the transverse supports are not accounted for. It is seen that the
result for axial load agrees fairly well with ABAQUS, while the predictions in the biaxial
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Figure 7.15: Biaxial interaction curves from ABAQUS and PULS for tanker case 1. Results
with lateral pressure, p=0.2531MPa, is indicated by (p)

range does not exhibit significant strength reduction due to the pressure. This w asas
expected, and should be improved with modification of the limit state criteria in PULS.

Analyses have also been performed with shear loading. This is a quite difficult case to
analyse using finite element methods, since the boundary conditions must be carefully
chosen. The edges should be kept straight, but free to rotate and translate in-plane, as
w ell as to cottract or stretch. The load should be evenly distributed along the edges. The
best approach is to use a large model, so that the deflection in the interior of the panel is
not significantly affected by the boundary conditions at the edges. The tanker cases 1 and
2 discussed previously are considered to be well suited, since three stiffener spans and ten
stiffener spacings are modelled. It is found that collapse due to pure shear loading does
not occur until the external shear stress reaches shear yielding, i.e. 7 = Jf/\/§ ~ 0.770y.
The same result is obtained with PULS. This indicates that shear is not a critical load for
the tanker panels considered here. For more slender panels, the effect of shear load may
be more significant.

7.3 Special considerations

7.3.1 Intermediate stiffening

A common w ayto increase the local buckling strength of stiffened panels is to add in-
termediate stiffening such as tripping brackets, transv erse sniped stiffeners, or transerse
connected stiffeners. A tripping brac ketwill provide both lateral support for the plate
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and sideways support for the stiffener, and this can be accounted for by reducing the
panel length in the model to the length betw een the tripping brakets. A sniped stiffener,
however, provides lateral support for the plate, but does not provide any support for the
stiffener. F or most cases the stiffener deflection is gorerned by the plate deflection, and the
effect of a sniped stiffener is then approximately the same as the effect of a tripping bracket.
If the stiffener height is very large, how ever, the stiffener mg deflect independently of the
plate.

This case is handled in PULS by treating the sniped stiffener as a very stiff lateral spring.
The stiffness con tribution of this spring ensures that the plate deflection at the sniped
stiffener location is zero, but leaves the web free to deflect sideways. One example where
this is important, is the tanker case 2 studied above. This panel has very high webs, and for
axial load the local deformation is in the form of a single half-wave. The plate has a high
aspect ratio and would therefore prefer a more short-waved deflection, but the high web
forces the plate into a one-wave deflection. When a sniped stiffener is applied at midspan,
the plate is forced down at the middle, while the web k eeps the one-wave deflection shape.

7.3.2 F reeedges

All the models presented are based on the assumption that the edges are supported in-
plane by the surrounding structure, so that they will remain straight. This is not entirely
correct for all parts of a ship structure. One example is web girders, which are continuous
in the longitudinal direction, but not in the vertical direction. It may be too optimistic to
assume that the long edges of such girders remain straight, and the membrane stiffness in
the v ertical direction ma be over-predicted.

A simplified way to account for this effect, is to neglect the membrane strains in the vertical
direction completely. This reduces the membrane stiffness compared to the straight edge
case. There will always be some membrane effect in the vertical direction even if the edge
is free to deform, and this method will therefore give results that are on the safe side.
Modified versions of the unstiffened plate model and the local stiffener model have been
dev eloped to accourt for this and will be implemented in PULS in the future.

7.3.3 Residual stress

Residual stress is an effect of welding that is present in both steel and aluminium structures.
When the material contracts due to cool-down after the welding, tension stress develops
close to the weld. These are balanced by compressive stress further out in the plate.

If the residual stress pattern is known, it can be accounted for b y simply adding the residual
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stress to the stress calculated in the analysis. The effect of the residual stress may be that
first yield occurs in a different position than if the initial condition is stress-free. Usually
the maximum compressive stress occurs at the edges, but when residual tension stress is
presen t first yield mg occur further inside the plate. The critical points which are to be
checked for yielding must therefore be chosen with care if residual stress is to be accounted
for.

The effect of residual stress is a topic for further discussion. Since the plates and stiffeners
in a ship are subjected to dynamically varying loads, the residual stress will gradually be
relieved. It is therefore a question whether it is correct to include them in the analysis,
and, if so, which magnitude to use. The effect of residual stress is currently not included
in PULS, but will be considered for implementation later.

7.3.4 Heat affected zones

Heat affected zones (HAZ) is a problem for welded structures that are produced by heat
treatable aluminium alloys. The effect of HAZ on unstiffened plates was in vestigated ly
(Kristensen 2001). In heat treatable alloys the yield strength is increased by heat treating,
followed by artificial aging. When plates are welded, the heat from the w elding process
will reduce the yield strength of the material close to the weld. It is common to assume a
loss in yield strength of 50%, (British Standards Institution 1996).

For aluminium applications, the limit state criteria in PULS are modified according to
basic principles used in DNV Rules for High Speed Light Crafts (HSLC) and Eurocode 9.
The minimum of the following three criteria is used:

1. First yield in the base material just outside of the HAZ.

2. Local material failure in the most highly stressed area of the HAZ, based on the
ultimate tensile strength of the material in the HAZ.

3. Gross yielding in the HAZ, disregarding all non-linear geometrical buckling effects.

There are many uncertainties with respect to the effects of HAZ in aluminium structures,
and it is a topic that will be given further atten tionin the con timous dev elopmert of
PULS.
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CHAPTER 8

Concluding remarks

8.1 Conclusions

Computational models for analysis of buc klingand postbuckling of plates and stiffened
panels have been derived. The motivation was to develop a design tool that is more ac-
curate than existing code formulations, and more efficient than nonlinear finite element
methods. The models are formulated using large deflection plate theory and energy prin-
ciples. Biaxial in-plane compression or tension, shear, and lateral pressure are considered,
and any combination of these may be analysed with the models developed. The procedure
is semi-analytical in the sense that all energy formulations are derived analytically, while a
numerical method is used for solving the resulting set of equations, and for incrementation
of the solution.

For the unstiffened plate, a model was dev eloped both for the simply supported case and
for the clamped case. Forthe simply supported case the material types considered was
isotropic elastic, orthotropic elastic, and elastic-plastic. Load-deflection curves produced
by the proposed models was compared with results from nonlinear FEM. For the elastic
models, good correspondence and very high efficiency were achieved. F or the elastic-plastic
model, the accuracy and efficiency were less satisfactory. Based on these findings, it was
decided to apply first yield as the collapse criterion for the subsequent models, and thereby
eliminate the need for plasticit y calculation. This ensures efficient computation of the
response in the elastic region, and conservativ e estimates of the ultimate limit strength.
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Two models have been deweloped for analysis of local buckling, one for open profiles and
one for closed profiles. Geometrical nonlinearities were accounted for both in the plates and
stiffeners, and rotational and longitudinal continuity between the members were ensured.
A local buckling model is sufficient for analysis of panels with stocky stiffeners, since global
deflection is of little significance. For more slender stiffeners, the local model is used to
calculate the reduction in in-plane and bending stiffness due to local buckling. The reduced
stiffness can then be used as input to a global buckling model.

A global buckling model was dev eloped ly considering the stiffened panel as a plate with
general anisotropic stiffness. The stiffness coefficients are input from the local analysis.
The global model is geometrically nonlinear, and is modelled with tw o spans toaccount
for lateral pressure effects. Two combined models were dev eloped in order to accout for
interaction betw een local and global bukling. The first is for a single stiffened plate, and
uses a column approach. Only axial load is considered. The second is for a stiffened panel
with several stiffeners. Biaxial compression, shear and lateral pressure was considered.

Computations have been performed on a variety of plate and stiffener geometries for veri-
fication of the proposed model, and comparisons were made with nonlinear finite element
methods. Some examples have been presented. F or all models, the response in the elastic
region is well predicted compared with results from ABAQUS. The efficiency of the calcu-
lations is also very high. The deviation from the ABAQUS results is larger for the strength
estimates than for the elastic response calculations. This is because redistribution of stress
due to plasticity is not accounted for in the models. In most cases, this leads to conser-
vativ e results. It is considered a sound principle to not utilize post-yield strength reserves
in design calculations, and the deviation in the strength estimates is therefore acceptable.
For thick plates in transverse compression, the results may be on the nonconservativ e side
if a pure membrane stress criterion is used, and it should be considered to account for the
bending stresses in the collapse criterion.

The most important adv an tage of the presenmodels compared to nonlinear finite element
methods is the large gain in computational efficiency. In addition, no geometric modelling
is necessary , and no elemen mesh has to be created. Finally, the input of imperfections is
very easy , since the user can specify am initial deflection. Compared to conven tional design
formulas, the major advantage of the method is a more direct calculation strategy which
gives increased accuracy. This is especially important for non-conven tional geometries, for
which the explicit design formulas were not originally created. More information is also
obtained in form of displacement shapes and amplitudes. Analyses may be performed with
different imperfections, by contrast to the design formulas, where a fixed imperfection is
implicit in the expressions.

The unstiffened plate model and the local model for open profiles have been implemented
in the DNV buckling code PULS. The local model is there combined with a linear global
buckling calculation. In addition to calculating the ultimate strength, the programro-
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duces interaction curv es,stress plots and displacement plots. These are very useful for
improved understanding of budkling effects, which is essen tial in the design process.

8.2 Recommendations

The elastic response is well predicted with the models developed, and the ULS estimates
obtained using a first yield criterion show promising results. However, improvements may
be made in the definitions of the limit state criteria. Some of the reserve capacity after first
yield may be accounted for by simplified methods, but care should be taken before this
additional strength is utilized in design. It is also observed cases where nonconservative
results are obtained, and these should be investigated further. For thic k plates, it mz be
necessary to add limit state checks that include the bending stress. For aluminium, more
researc h is needed in order to determine how the strength reduction in the heat affected
zones should be treated.

The effects of residual stress should also be further investigated. It is a question how much
the residual stress is relieved after some time in service, and how much it will influence
the strength. It can be included in the model by adding it to the calculated stress, if the
distribution and magnitude is known.

Choosing imperfections remain a difficult task. Using the eigenmode together with toler-
ances set in standards, may give results that are too conservativ e compared with real plates
and panels. On the other hand, using an imperfection shape that is more representative for
real panels may be nonconservativ e for plates that have a more unfavorable imperfection
shape. In addition, there is the complicating factor that the eigenmode is sometimes not
the imperfection shape that gives the lo w est collapse load More knowledge is needed about
the shapes and amplitudes of the imperfections in real ships, and more research should be
carried out in order to define appropriate imperfections for nonlinear analyses.

When it comes to application to ship structures, several additions to the current models are
desirable. First of all, linearly varying edge loads should be implemented in the stiffened
panel models. For large panels, the change in in-plane load can be quite large from one end
to another. This is a complication, since the stiffness reduction will be different for eac h
stiffener unit in the panel. Hence, the stiffness of the panel is no longer uniform, which
means that numerical integration is necessary on the global level.

In addition, a more refined way to handle panels with unconstrained edges could be useful.
This can be done with the current models by neglecting the membrane strain normal to
the unconstrained edges, but this is probably too conservative. A model for curved panels
should also be developed, for application in the bilge region. Considering the bilge panels
as flat gives results that are overly conservative.
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APPENDIX A

Buckling of unstiffened plates

A.1 Simply supported plate

For all derivations in the following, the superscript s, indicating deflection in the sine-mode,
is omitted for increased readability.

A.1.1 Solution of the compatibility equation

For an initially flat plate, the compatibility equation is:

ViF = E(w, — wapt yy) (A1)

The solution of this equation was proposed written in the following form by Levy:

2M 2N

P.y? P’ mnx nmy
F=-22 Y | — A2
D A w2

The coefficients f,,, are found by substitution of the above expression into the compatibility
equation. The approach proposed by Levy is also used her, but for some reason the
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coefficients deriv ed hereare not equal to those presen tedin the w orkby Levy . Forthe
initially flat plate the following equation results:

2M 2N Y tom n 12
7 Zmen cos ( ) cos(—— 2 ) (;)2—1— (E)Q] (A.3)
E7r rox sTY prx qry
= Z [rquATsqu cos (T) cos (T) cos(——) cos (T)
rspq
2 in () sin (27 sin 72 sin (LY
r°q° Aps Apg sin - ) sin ( 2 ) sin ( - ) sin ( 2 )]

By manipulation of the trigonometric functions, the right hand side can be written as:

R (%> e () e (55)

6 < s+4q 7ry> A

() (B o (222 502
ko (2o (2] o () (50
() (B (22 ()

It is then found that for Eq. (A.3) to be true, the coefficients f,, must be:

E

fon =
4(m2§+n23)2

> brapgArsApg (A.5)

rSpq

where fo is defined to be zero, and the coeflicients b,,, are:

t(r—p)=m,s+q¢=n
r+p=m,t(s—q)=n

s o 22 . T-I-p:m,s—l-q:n
Vypg = rspq—r-q if {:I:(r—p):m,:lz(s—q):n (A7)

Urspg = rspg+ri¢® if {

For the plate with initial deflection, the compatibility equation can be rewritten in the
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following manner:

VIF = E(w2zy — WpaWyy + 2W0,0yW ey — WozaW,yy — Wo,yyW )
= B [(w,xy + wO,ry)2 — (W gz + Wo zz) (W gy + wO,yy)]
E [wazy — ’LUO,Isz,yy] (A8)

This shows that the solution of the stress function F' can be written as the difference
betw een the t w o solutions

F =F(w+wy) — F(wy) (AL9)

Hence, the coefficients f,,, for a plate with initial deflection must be:

E

fnn = m Z [brqu(Ars + BTS)(qu + qu) - bmqursqu]
a b/ rspq
E
= . 2b . 2a\2 Z bTSP[I(ATSAPq + ATsqu + quBTS) (A~10)

b
4(m25 + nQ%) rSpq

A.1.2 Derivatives and rates of the stress function

By differentiation, the derivatives and rates of the coefficierts f,,, involved in calculation
of the stiffness matrix is:
0 fran E

= b rs brs Ars Brs A1l
aAfg 4(m2§ +n2%)2 Z( fg + fg)( + ) ( )

rs

E

fmn = m Z(brqu + bpqrs)(Ars + Brs)qu (A.12)
a b 78pq
( )= 5 Z(bfgpq + bqug)qu (A.13)

- b a
aAfg 4(m25 + TLQE) »q

where all the b-coefficients are calculated by the same rule as bypq.
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A.1.3 Membrane energy

The potential energy due to membrane stretching is:

U, = % /0“/0 (02 + 0y)* = 2(1 + v) (020, — 02,)] dyda (A.14)

Substituting the stress function, and rewriting the trigonometric functions, the integrations
can be carried out analytically. The resulting expression is:

2M 2N

t 4 n’
Um = ﬁ (Szysyaszy ZZfann _)
ab , <4 m a n
+ §W4Zf$o(;)4+gﬂ42f§n(g)4] (A.15)
0 0

By differentiation, the rate of minimum membrane energy is:

gy - & EMJZNJ Loz, <3f’”">fmn] (O (210
N ngt zMj T2 foo + (afmo)me] (¢
v 42§N;laf°"fon 6f°">f0n] )"
A.1.4 Bending energy
The potential energy due to bending is
D/ / W + Wyy)® = 2(1 — 1) (Wzaw,yy — w5,)] dyda (A.17)

By substitution of the assumed displacement functions, the integration can be carried out:

M N n?

R D) DY T e (A18)

m=1 n=1
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By differentiation rate of minimum bending energy is:
ou, ab [ f2 2
Dr* = A A19
i - on G (L4 8 s (A19)
A.1.5 External energy
For constart edge-loads, the potential of external in-plane forces is:
T, = SpbtAu + SyatAv (A.20)
where the elongations are:
Au = / u pdx (A.21)
0
a 1 5
- (60 — zw?, — wow,)dz
0 2
b
Av = / vy, dy (A.22)
0

The membrane strain is calculated from Hook’s law, using the assumed stress function:

1
€r = E(Jz—uay)
1 oM 2N nmy. 0l
- 2
= 7 =S, +vS, —;\;;\,fmncos ) cos (—— 2 ) (ﬁ_
1
o = E(ay—um
1 2M 2N nry m2
_ 2
= E S, +vS, —%%fmncos ) cos (—— 2 ) (?—

m

1/—2)

Q

n?

Vﬁ)

(A.23)

(A.24)

Substituting the abo ve relations ino the elongation expressions, the integrations can be
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carried out:

Sya X
Ay = — ; - Z Zm o+ 240 Bonn) (A.25)
m=1 n=1
S,b 7T2
Av = —% Z Z# o+ 240, Bn) (A.26)
m=1 n=1

Hence, the potential of external loads becomes:

abt 2uabt abt
T.= - ES’% + — o ——5;5, — z Sy (A.27)
M N o 2
- S (4 2 B)
m=1 n=1

M N
_ Syatzzn 7T2(A$nn+2Amann)

By differentiation the rate of minimum external energy is:

oT, 20t o s gat o e
i) = - A[4a (53-8 + s - 5770 (g + By
f2bt e as gat o e inl

The first part contributes to the load vector G, and is proportional to the displacement.
The second part con tributesto the stiffness matrix K, and this is proportional to the
external load parameter A.

For linearly varying edge-loads, the modified stress function is:

% % 22 e
F= - Si"? —(8; - Si«)@ - S;? —(S; - S;)@ — Seyzy
2M 2N o
+ Zmencos ) cos (—— by) (A.29)

URN:NBN:no-3348



A.1l. SIMPLY SUPPORTED PLATE

151

And:

2M 2N

Fpo = —=8Sy(z)— (2)220220:m2fmn608(m§x)cos(nf:y)
Ty M 2N ) mnx nmy
P = =500 = (57 33 s (25 con (51

The potential energy is:

t/oa /Ob(Sx(y)u,r + Sy(@)v,)dedy

Ignoring the membrane strain the potential energy is calculated as:

1.

Carrying out the integration gives:

Slptr?
S8a

> m’ (A%, + 2A0nBon)
(s?-sl)ﬁZmZ(A Apg 4 240 B I,
T T 4ab mn<imgqg mqg-~mn /+tng
mng
S, atm*

mn

2
noT tz 2
— Sy)r./b n (AmnAqn + 2Amann)[mq

mngq

(S,

y
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(A.30)

(A.31)

(A.32)

a b 1 1
t/o /0 <Sx(y)(5x - §w?x — wewoz) + Sy(x)(gy — §wif - w,ywo,y)> dgAB3)

a b 1 1
_t/ / <Sz(y)(§w2x + wwo ) + Sy (x)(iwzy + w,ywo,y)> dzdy (A.34)
o Jo

(A.35)
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where I,,; and I,,, are the integrals:

0 n#q,n+tqeven

b
L, — / ysin(2L) sin Gy dy = &2 n=g (A.36)
0 4b22 (nznqz)z else
. 0 m #q,m+qeven
Iy = / xsin(mﬂx) sin(@)dx = “72 m=q (A.37)
) a ] 402 mg

72 (m2—q?)2 else

The rate of minimum potential energy is:

)= = STy 4 By (8- S S+ Bl
q
- S;Z:TZQZ(AM + Byg) — (Sz Sl); Z : Z(Aqg + Byg) Imq
q
B Slbtw f2 _(S2— Y _fQZqu y
- S;Z;W2gzz4fg (S? 2 bg ZAqumq (A.38)

The external potential energy due to shear force is:

a b
T, = Sxyt/ / (uy +v,)dyde (A.39)
o Jo

Rearranging and integrating gives:

a b
T. = —Sxyt/ /(w,rw,y+w0,xw,y+w,xw0,y)dA (A.40)
o Jo
mq o
= =St E ApnA B, A ApnBpg)— T A.41
y mnpq( pg T pg T pq) ab T ( )
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where [ is the in tegral:

a rb
I = //cos(mm:)sin(w)sin(@)cos(@)dxdy (A.42)
o Jo a a b b
0

if m=p or n=q

= {3 (5E5leos (r(m + p)) — 1]+ 52 [eos(m(p — m) — 1])

(n%q[cos (r(n+4q) — 1]+ ni_q[cos(w(n -q) - 1]) else

By differentiation, the rate of minimum potential energy is:

aT‘r . ’/T2t s s—1
S, 2t .
N 2[) Z Amn (mglnnsg + frlsgmn) (A.43)

The first part is here the incremental load vector contribution, while the second part is the
incremental stiffness matrix contribution.

The contribution from lateral pressure to the potential of external energy is:

a b
T, = —/ /pwda:dy (A.44)
o Jo

—pi—g Z Z %[cos(mw) — 1][cos () — 1] A s, (A.45)

By differentiation we get:

SL) = =M =) S oo ()  Uleos )~ 1 (A.16)

( 2 fg

It is seen that the lateral pressure gives a con tribution to the incrememnal load vector, but
no contribution to the incremental stiffness matrix.
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A.2 Clamped plate

For all deriwations in the following, the sub- and superscript ¢, indicating deflection in the
cosine-mode, is omitted for increased readability.

A.2.1 Membrane energy

The membrane energy is calculated in the same way as for the simply supported plate.
Substituting the new stress function, and carrying out the integration, we get:

2

(S48, 8) + b Zf,?m —+ —) (A.47)

T 9E

Un

‘”’” fono ) + Sabr* Zfon

The rate of minimum membrane potential energy is:

2

L) L |20 S+ )2 47 (A.48)

(aAfg) ~ 2E

bt (o + ol G222 2 )t 16t (g + fm(af“"»(g)]

A.2.2 Bending energy

By substitution of the assumed displacement functions into the general bending energy
expression and carrying out the integration, the bending energy becomes:

M N N
abD 4 n4 m2n2 m4
q=1

m=1 n=1

The rate of minimum bending energy is:

o, abD L[ f T
(6A:g): 5 4<Afg( +2b—+ 262)+F2qu (A.50)
g=1
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It is seen that the cosine shape functions leads to a non-diagonal bending stiffness matrix,
in con trast to the sine shape functions used for the simply supported plate.

A.2.3 External energy

Only constant edge loads have been considered for the clamped plate, but linearly varying
edge loads can be included in the same way as for the simply supported plate. The potential
energy due to external in-plane forces is:

T, = SubtAu + SyatAv (A1)

where the elongations are calculated as for the simply supported plate. Substituting the
assumed deflection shape for the clamped plate gives:

abt 2vabt abt
T.= — S+ =555, - fsj (A.52)
2 M N N
m=1 n=1 g=1
M N
_ 5 atm Z 2 4 94 Byn)

The rate of minimum potential energy is:

oT, Sbtyr )
(aAfg) = - —f Afg+2Zqu] (A.53)
g=1
Syatm .
- T A
Ar2bt s a1 al
- 16a (Sx - Sx )f (Afg + Bfg + 22 qu + qu)
q=1
Ar2at

(Sj - 5571)92(14@ + Bfg)

For the shear force, substitution of the assumed displacemerts into the energy expression
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used previously for the simply supported plate gives:

a b
T = sz/ / (Yay — Wy — Wo W, — W 4 Wo ) dA (A.54)
o Jo

The potential of external energy due to lateral pressure is:

a b
T, = —/ /pwda:dy (A.56)

= —p— Z Z (cos(mm) —1)A (A.57)
By differentiation we get:
aj"lp _ s s—1y & 1
(Ga2) = ~A =y Sleos () =1 (4.59)

As for the simply supported plate, the lateral pressure gives a con tribution to the incre-
mental load vector, but no contribution to the incremental stiffness matrix.

A.3 Orthotropic plate

A.3.1 Membrane energy

The membrane energy for the orthotropic plate is:

2

abt nd m?n?
= rt Zmen <M2222 + M1111 m + 2(Mi190 + 2M1212) —— JETe > (A.59)

The rate of minimum membrane energy is

aUm o abt ol afmn afmn

m4 n4 m?n?
<M2222 + My — X + 2(My122 + 2Mi212) —575- e >
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A.3.2 Bending energy

The bending energy for the orthotropic plate is:

abt? m? nt m?n?
Up = ¥7T4 zm: zn:AZm (Cuu? + 02222b—4 +2(Chig2 + 201212)W> (A.61)

The of minimum potential bending energy is

o, b3 4 4 2.2\ .
(aAfb ) = a4—87r4 <O1111% + 02222.2_4 + 2(01122 + 201212)—22'ZQ> Afg (A62)
g
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APPENDIX B

Local buckling of stiffened plates

B.1 Open profiles

B.1.1 Plate bending energy

The plate bending energy is due to the combined effect of the sine-deflection and the
cosine-deflection. Writing the total deflection w as the sum w = w; + w,. the bending
energy becomes:

D
U, = / /2/b/2 ew + W) = 2(1 = V) (Wza0,y, — 221/)] dydzx (B.1)

where a, and b, are the upper integration limits. The first con tribution, due to sine-
deflection, becomes:

2 2
E :} : s As s*q* r rspq
= —7'(' Arsqu |: —+ b—4 —+ 2V2—62)11[2 =+ 2( ) 2[)2 Ig[4 (B3)

P 54

159
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When the area of integration is taken as (—a/2,a/2) and (—b/2,b/2) the in tegration con-

stan ts are:
I, = a/2 r=p (B.4)
—2a(r cos I sin i — psin 7 cos 7F)
= r+p) odd
" D) 1) )
= 0 else
I, = b/2 s=q (B.5)
—2b(s cos % sin 7§ — ¢ sin % cos %)
= s+q) odd
w0 ) .
= 0 else
I; = a/2 r=p (B.6)
2a(r sin 7 cos B2 — pcos & sin 72)
= r+p) odd
T+ ) o)
= 0 else
L = b/2 s=q (B.7)

2b(s sin % cos 5 — g cos % sin &) (s-4q) odd
= s+q) o
m(s —q)(s +q)

= 0 else

When the area of integration is takenas (—a/2,3a/2) and (—b/2,3b/2) the integration
constants simplify to:

I, = ar=p (B.8)
= 0 else

L, = bs=q (B.9)
= 0 else

I; = ar=p (B.10)
= 0 else

I, = b s=q (B.11)
0 else

It is seen that integrating to 3a/2 and 3b/2 instead of a/2 and b/2 eliminates the coupling
terms betw een odd and een half wave numbers. This ensures that the continuity of the
plating is accounted for. Hence, for all derivations in the following, 3a/2 and 3b/2 is used
as upper integration limits.
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The second contribution to the plate bending energy, due to cosine-deflection, becomes :

. D . . 7,2p2 82q2 rzqz rspq
Ug = 57# SOSA A [4_&1115 +a= Il = s DI+ 2(1 — V)nglg (B.12)
P 54

where, for (—b/2,3b/2)-in tegration:

Iy = 3b s=q (B.13)
= 2b else

Is = b s=q (B.14)
= 0 else

I; = —b s=q (B.15)
= 0 else

Iy = b s=q (B.16)
= 0 else

The last part is the contribution due to coupling betw een sine- and cosine-deflection. This
term is zero when integrating over (—a/2,3a/2) and (—b/2,3b/2):

Ugc=0 (B.17)

B.1.2 Stiffener bending energy

The web bending energy is:

D 3a/2

Uw
’ 2 —a/2

h
/ (Voo +022) = 2(1 = 1) (Vv — v7,)] dzda (B.18)
0
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Inserting the stiffener deflection function, and integrating, the result is:

w D,, | hrt
Uy = 5 @27"282‘/1»«‘/13[1

hr? 9 9
+ (37— 8)@Zr §*Vo, Va1

rs

hr?
+ (7T2 — 47 + 8)? Z 7’232‘/17"/2311

4
s
+ 2o Z Vo, Voo Iy

3
™
+ w(r - d) g > Vo, Vauly

rs

> Vi Vaddy

rs

2

m
- 2w(m— 2)2ha2

2
v 21— 1/)% 3 rsVi Vil

4

e
+ (1=v)p— %:rsvhvgsl3
7.(.2
+ 4(1 —I/)W gs rsVi,Vosls (B.19)

The integration coefficients are I} = I3 = a for the current integration limits.

The bending stiffness is found by inserting the expression for V1, found from the continuity
condition, and differentiating with respect to the rate and displacement amplitudes. As
the resulting expressions are quite lengthy, they are not given here.

The flange bending energy is:

EI, [3/2 GJ, [3/2
Ubf = Tf/ (’U,Iz|z=h)2dx + Tf/ (’Uamz|z=h)2dx (B20)
—a/2 —a/2

where the first part is due to in-plane bending of the flange, and the second is due to
torsion of the flange. EI; is the bending stiffness and G'J; the torsional stiffness of the
flange. Inserting the stiffener deflection function, and integrating, the flange bending energy
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becomes:

EI
Ul = S Yo LA Vi + VarVag + 214, 020) (B.21)

GJ;
2h2a?

2
Vs
+ 7° %jrsls(vnvls g VarVae + 72, Vo)

where again Iy = I3 = a. As for the web, the bending stiffness is found by inserting the
expression for V7, and differentiating with respect to the rate and displacement amplitudes.

B.1.3 Plate membrane energy

The plate membrane energy is

1—v

5 72,)dV,

ur = 7/ (€2 + €2 + 2we,ey +
Vp

1—v

E
— s | (@ 2P T P T )T 4 0 )

= g [ (@ R 22N aY

201 =v2) Jy, Y
b s [ (@R @R i)+ e )
2(1—12) Jy, \'° v =y 2 )P
= URF+UnP (B.22)

The coupling betw eene™? and £PI is zero, since P! is constant and the integral of 7P
over the plate area is zero.

The deflection part, UBP | is considered first. The stress function for the plate, F, may be
written F' = F* + F° 4+ F*. The membrane energy for the plate may be written

URP = U + UPe + U (B.23)

where UP® is the membrane energy due to sine-deflection, UP° is that due to cosine-
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deflection, and UZ*¢ is due to coupling terms. It is found that:

2

< abt n
urs = —qgt Z + 42 —)? (B.24)

abt m abt n
+ 42 )+ ffl Z(fgn)2(3)4

and

2

. abt n
Ure = 42 ﬁ)z (B.25)

. abt 42 +16abt 4Zfon

These are the same expressions as derived previously for the unstiffened plate, only multi-
plied with 4. The coupling term is in general:

Ubse = UP (F*¢, F*°) + UE (F*, F°) + UP (F*°, F*) + UE (F*°, F°) (B.26)

The latter tw oterms becomes zero for the curren tareas of integration. The resulting
expressions for the other tw o terms are:

2

abt n
UL (F*, F*) = ——r* Z +43)° (B.27)

abt s \2
+ f”4;(f0n) (3)4

nZ

abt m?
UR(F* F) = 4fon2n Sy H435)° (B.28)

4

abt s e abt
+ 4me0fm0 +32 4Zf02”f0"b4
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B.1.4 External energy

The shear energy is calculated as:

a b
T, = 4sz/ / (Yoy — Wy — Wo W, — W Wo ) dA (B.29)
o Jo

a b
= —4P,, / / (Ws 2 W5y + W50 2 Ws y + Ws 2 Ws0,y)dA (B.30)
o Jo

Only the sine-terms contribute to the shear energy. Inserting the displacement function
and carrying out the integration gives:

2

T, = — 2P, Y (A8 A5, + A3 BS, + Bi A ral (B.31)

y% rs‘ipg rs~pq rs‘ipg
rspq

where the integration constant I is:

0 if 1=p or s=q
1 = { s (Eleos @ +p) = 1+ g lcos (r(p — ) — 1])
(st lcos(n(s + ) = 1]+ s leos(m(s —q)) = 1]) else

The potential of external energy due to lateral pressure is:

a 3b/2
T, = —2/ / pwdzxdy (B.32)
0o J-b/2
ab 1 . c
= > —(mn — cos (nm)? sin (n)) (cos(mm) — 1) AS,, (B.33)

It is seen that only the cosine-terms contribute to the lateral pressure energy.
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B.2 Closed profiles

B.2.1 Corner node rotational energy

The rotation energy for the in tersection bet een plate 1 and2 at node a is given as an
example. The con tributions fromthe other connections are similar. However, the local
coordinate system for each plate must be properly chosen in order to get the rotation signs
correct. The difference in rotation betw een plate 1 and 2 at the corner node a is:

AHU = Hla — 02a (B34)

The rotations are :

bro = Oun ZnA sin ( )cos(mr) (B.35)
0y y=b1
8w2
Oy = —— nAZ sin ( cos(nm B.36
T AR ™) costnm) (B.36)
The potential energy due to rotation is:
1 2
Ug = 51{9 (Ag)mdl' (B37)
1 AL, AL Ang AN,
= - L B.38
4k97r aXm:ancos nm) cos (qm)(—= bl s 2 ( b, h, ) ( )

The rotational stiffness is found by differentiating t wice with respect to the displacemen
amplitudes:

0*Uy
g q
0*Up
— ——k B.4
AL A2, o gqb1b2 (B.40)
0*Uy
g q
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Global buckling of stiffened panels

C.1 Membrane energy

The membrane energy can be written as a sum of sine, cosine and coupling contributions:

Up = US, + US, + Ut 4+ U2 (C.1)

The sine contribution is:

e — aB7r K2s?
= ZZ 2(Kls — =15 (C.2)

The cosine contribution is:

e — aB7r K2
- ZZ (Kle—S2-) (C.3)

The coupling contributions are:

<ol aB7r sel K2sc?
= Kl — 4
U 2 2 fm) (Kise = Z50) (C.4)
K2c?
sc2 — B § E Kl _ .
Um abm m, 2n mn Kle ) (C 5)
167
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C.2 Bending energy
The bending energy can be written as a sum of a sine and a cosine con tribution. The

coupling terms vanish upon integration.

U, =U +US (C.6)

The sine contribution is:

aB mn

Ui =5 zmj;(m(%)“+Dgz<%>4+2<Du+2pgg><£)2)<Azm>2 (€7

The cosine contribution is:

. Brt r2p? st rS ., s2rp e ac

U ==~ XP: Z (4011?15 + Doy s — 2D12(a—B) I + 4D33W18> AZ A,

(C.8)

where the integration constants are:

Iy = ar=p (C.9)
= 0 else

Is = 3a r=p (C.10)
= 2a else

I; = —a r=p (C.11)
= 0 else

Iy = ar=p (C.12)
= 0 else

C.3 External energy

The external energy due to in-plane compression or tension is the sum of a sine and a
cosine part:

T,=T +T¢ (C.13)
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The coupling terms vanishes upon integration. The sine contribution is:

N.
5= — 1” sz 24945 B ) (C.14)
N.
- 27T Z Z n + 2Afnn :nn)
The cosine contribution is:
N.
TO = — ”r sz 24 94° B ) (C.15)
N
The energy due to shear load is only due to sine-deflection:
2a 2B
T. = —Ng/ / (W Wy + Wopwy + W we,)dA (C.16)
s s s s s s mq o
= —N3 Y (A Ay + BrnAsy + A5 Brg) T (C.17)
mnpg
where [ is the in tegral:
if m=p or n=q
" (W w(m+p)) = 1] + 52 [cos(x(p — m)) - 1)) (C.18)
(% cos(m(n+gq)) — 1]+ n%q[cos(w(n —q)) — 1]) else

The energy due to lateral pressure is only due to cosine-deflection:

B 1
T = —2p“7 >3 —(cosfmm) ~ 1)A;,, (C.19)
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APPENDIX D

Coupled local and global buckling

D.1 Coupled local and global buckling for a stiffened
panel

D.1.1 Global bending

The global bending energy for the stiffeners is:
Uy = Ela(~ A2 STSTS T i kg sin 7”5) sin (%) (D.1)

Ns m ng

The global bending energy for the plating is:

2

UPs = aBD 4 2 Z iz — + — (D.2)

m=1 n=1

D.1.2 Global membrane stretching

The global membrane energy for the plate is:

Et
Us, = = (A2 +24,B,)*FG5 (D.3)

m

171
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APPENDIX D. COUPLED LOCAL AND GLOBAL BUCKLING

The global membrane energy for the stiffeners is:

Us, =2EAa(A] +24,B,)*FGT

The integration constants used are:

URN:NBN:no-3348

FGs = 4=FG1%+
Qa

Ns
FG6 = S5 mkmnkimgsin (22%) sin (1222

a .oy, . gy
[1 (y) = 5 Z Z kamnkmq Sin (?) Sln(?)

m  ng
13 = % ZZkaznn

B . MmTT, . PTT
Is(x) :EZZanmnkpnsm( . )sm(pT)

mp n

F="C Y,

B é T 1 W)4FG3
a

)P LFG1+ —
(a) 3 +16(
a 4 7
4—FG2? + —(=
+ B G +B(B

a
1 7
VI FG2 + _(E

4
() PG4

rer = Y EGE L EO Tppaay,) + & (Tyrae)

a2 20 ‘a 16

B B

m  ng

—m?(th + As Yoy, Li(ys))
242(Bt + N,A,)

_ i KR} 2

FG2 = = (5)*1:2a*(Bt + N,A,)

FG3=4abY > m’p’kmnkmgkpskplii(n, q,5,t)

m,p 1,q,8,t

FGa=4ab > > 0@ kmnkpnkrgkoglia(m, p,7,v)

m,p,7,v N,gq

FG1 =

(D.13)

(D.14)
(D.15)

(D.16)
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173

—n+q+s—t=0

1 n4q+s+t=0

8 n—q+s—1t=0
—n—q+s+t=0
—n+qg+s+t=0
1. n—qg+s+t=0
8 —-n—q+s—t=0
n+q+s—t=0

Ill(n7q737t) =

-m+p+r—v=0
m+p+r+v=>0
m—-p+r—v=_0
-m—-p+r+v=>0
—m+p+r+ov=0
1. m—p+r+uv=0
8 -m—-p+r—v=_0
m+p+r—v=0

O —

[12(m,p,7‘,1)) = < if

D.1.3 Coupling between local and global buckling

(D.17)

(D.18)

(D.19)

(D.20)

The potential energy due to coupling betw een local menbrane stretching and global bend-

ing is:

h
U= — 4Et(g)2zgsp’FAgll + 4E(§)2(bftf(h — 2) + hto(= — z,)e"F AL, (D.21)

2
+ 2E(%)2A912/ eP(z - z,)dA

s

where

I = C;—]f 3 %kmn(cos (m) — 1)(cos (o) — 1))

I = _% >3 mkia(cos mr) — 1)) sin ("7;“)
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D.1.4 Global external energy

The global potential energy due to shear force is:

Sxytﬂ

T, = — (Ag +245bg) > mkmnkpgl (D.24)

m,n,p,q

where [ is the in tegral:

% 2B m
cos(
o Jo

L (F55leos (r(m +p) = 1] + 325 lcos (r(p — m)) — 1])

(Bgleostrin +0)) = 1] + g leos(aln = ) =1])  else

x) sin (@) sin (n_gy) Ccos (%)dxdy (D.25)

~
Il

if m=p or n=q

The global potential energy due to lateral pressure is:

4paB A ZZ ~[cos (m) — 1][cos(n) = 1k (D.26)
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