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Summary

This thesis is mainly motivated by the attribute of the snake robots that they
are able to move over land as well as underwater while the physiology of the robot
remains the same. This adaptability to different motion demands depending on the
environment is one of the main characteristics of the snake robots. In particular,
this thesis targets several interesting aspects regarding the modeling, control and
energy efficiency of the underwater snake robots.

This thesis addresses the problem of modeling the hydrodynamic effects with
an analytical perspective and a primary objective to conclude in a closed-form
solution for the dynamic model of an underwater snake robot. Two mathematical
models of the kinematics and dynamics of underwater snake robots swimming in
virtual horizontal and vertical planes aimed at control design are presented. The
presented models are derived in a closed-form and can be utilized in modern model-
based control schemes. In addition, these proposed models comprise snake robots
moving both on land and in water which makes the model applicable for unified
control methods for amphibious snake robots moving both on land and in water.
The third model presented in this thesis is based on simplifying assumptions in
order to derive a control-oriented model of an underwater snake robot moving in a
virtual horizontal plane that is well-suited for control design and stability analysis.

The models are analysed using several techniques. An extensive analysis of the
model of a fully immersed underwater snake robot moving in a virtual horizontal
plane is conducted. Based on this analysis, a set of essential properties that char-
acterize the overall motion of underwater snake robots is derived. An averaging
analysis reveals new fundamental properties of underwater snake robot locomotion
that are useful from a motion planning perspective.

In this thesis, both the motion analysis and control strategies are conducted
based on a general sinusoidal motion pattern which can be used for a broad class
of motion patterns including lateral undulation and eel-like motion. This thesis
proposes and experimentally validates solutions to the path following control prob-
lem for biologically inspired swimming snake robots. In particular, line-of-sight
(LOS) and integral line-of-sight (I-LOS) guidance laws, which are combined with
a sinusoidal gait pattern and a directional controller that steers the robot towards
and along the desired path are proposed. An I-LOS path following controller for
steering an underwater snake robot along a straight line path in the presence of
ocean currents of unknown direction and magnitude is presented and by using a
Poincaré map, it is shown that all state variables of an underwater snake robot,
except for the position along the desired path, trace out an exponentially stable
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Summary

periodic orbit. Moreover, this thesis presents the combined use of an artificial po-
tential fields-based path planner with a new waypoint guidance strategy for steering
an underwater snake robot along a path defined by waypoints interconnected by
straight lines. The waypoints are derived by using a path planner based on the
artificial potential field method in order to also address the obstacle avoidance
problem.

Furthermore, this thesis considers the energy efficiency of underwater snake
robots. In particular, the relationship between the parameters of the gait patterns,
the forward velocity and the energy consumption for the different motion patterns
for underwater snake robots is investigated. Based on simulation results, this the-
sis presents empirical rules to choose the values for the parameters of the motion
gait pattern of underwater snake robots. The experimental results support the de-
rived properties regarding the relationship between the gait parameters and the
power consumption both for lateral undulation and eel-like motion patterns. More-
over, comparison results are obtained for the total energy consumption and the
cost of transportation of underwater snake robots and remotely operated vehicles
(ROVs). Furthermore, in this thesis a multi-objective optimization problem is de-
veloped with the aim of maximizing the achieved forward velocity of the robot and
minimizing the corresponding average power consumption of the system.
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Chapter 1

Introduction

1.1 Background and Motivation

For centuries, engineers and scientists have gained inspiration from the natural
world in their search for solutions to technical problems, and this process is termed
biomimetics. Mobile robots continue to challenge researchers with new applications
in a variety of environments [100]. A recent fields of interest includes the integra-
tion of robotic technology into underwater exploration, monitoring, and surveil-
lance. Bio-inspired robotic systems that mimic the motion of biological snakes
or fish can be considered good candidates for these kind of application. Previous
studies of hyper-redundant mechanisms (HRMs) have largely restricted themselves
to land-based studies, for which several models for snake robots have been pro-
posed [101]. Empirical and analytic studies of snake locomotion were reported by
Gray [41], while the work of Hirose [51] was among the first approaches to develop
a snake robot prototype. Comparing amphibious snake robots to the traditional
snake robots, the amphibious robots have the advantage of adaptability to aquatic
environments. Research on amphibious snake robots (also referred to as lamprey
robots or eel-like robots) is, however, much less extensive than for the traditional
types and fewer prototypes have been developed [29, 102, 138]. Several results have
been reported in the related field of design, modeling and control of underwater
robots that mimic the movement of fish [26]. Note that one of the main charac-
teristics of snake robots is their adaptability to different motion demands. This
attribute is extremely important for snake robots, since they have the ability to
move over land as well underwater, while the physiology remains the same. Biolog-
ical snakes, that are able to move only on the ground, are simply called land snakes
while biological snakes that are able to move both on the ground and in water are
referred to as amphibious snakes. Additionally, biological snakes that are able to
move only in water are referred to as swimming snakes.

The use of underwater vehicles has rapidly increased the last decades since these
systems are able to operate in deep and high risk areas which humans can not reach.
Nowadays, autonomous underwater vehicles (AUVs) and remotely operated vehi-
cles (ROVs) are widely used in the subsea environment for different challenging
tasks [38]. These vehicles are suitable for various work assignments such as inspec-
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tion, surveillance, maintenance, repairing equipment, building structures, and data
collection, and they are extensively used in the subsea oil and gas industry and by
the science community. In addition, swimming snake robots represent an interest-
ing alternative to conventional ROVs and AUVs. These mechanisms have a long,
slender and flexible body which enable them to reach and operate in locations not
accessible by larger and more conventional underwater vehicles. At the same time,
a swimming snake robot carries manipulation capabilities as an inherent part of
its body since it is essentially a mobile manipulator arm. Underwater snake robots
thus bring a promising prospective to improve the efficiency and maneuverability of
modern-day underwater vehicles [15, 69, 83, 135]. A particularly relevant applica-
tion concerns inspection and maintenance of subsea oil and gas installations, where
the ability to reach tight locations in between pipe structures is important. More-
over, for the biological community and marine archeology, snake robots that can
swim smoothly with limited noise, and that can navigate in difficult environments
such as ship wrecks, are very interesting. However, in order to study these prop-
erties an accurate dynamic model of the hydrodynamic forces during the motion
under the water it is essential.

Modeling and control of underwater snake robots is quite challenging mainly
because these systems have many degrees of freedom. In addition, for the swimming
robots, the dynamic modeling of the contact forces is more complicated compared
to the modeling of the overall rigid motion and the dynamics of the body defor-
mation. Hence, the hydrodynamic modeling task presents a major challenge. The
hydrodynamic forces induced by the motion of a rigid body in an underwater en-
vironment are very complex and highly nonlinear. Generally, the modeling of the
environmental forces is more complicated for underwater snake robots compared
to ground snake robots. The derived dynamic model of underwater snake robots
is thus quite complex due to the many degrees of freedom of the robot combined
with a highly nonlinear model of the hydrodynamic effects and dynamic coupling
between the links. This complexity is the main reason that makes the control de-
sign for underwater snake robots challenging. Furthermore, it is of great interest
to investigate the energy efficiency of underwater snake robots, which can provide
both inspection and intervention capabilities and can be good candidates for the
next generation inspection and intervention AUVs, compared to those of the widely
used robots for subsea operations which are the remotely operated vehicles (ROVs).

In this thesis, we will explore some of the challenges for underwater snake robots
mentioned above. The main goal of the thesis is to investigate and gain deeper theo-
retical insights regarding the modeling, control and energy efficiency of underwater
snake robots in the subsea environment. Generally the modeling for control design
purposes poses different challenges than hydrodynamic modeling for simulations.
When modeling for model-based control design purposes, the model needs to be
well-suited for analytical analysis while only the significant hydrodynamic effects
need to be included. To this end, in this thesis, we will first address the problem of
modeling the hydrodynamic effects with a primary goal of finding a closed-form so-
lution for the dynamic model of underwater snake robots. In addition, based on the
kinematics and dynamics of underwater snake robot locomotion, we will propose
control strategies for these systems. In particular, we will investigate the ability of
an underwater snake robot to follow a path, compensating the environmental dis-
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turbances (i.e. the current effects). The proposed path following control strategies
will be validated through simulations and experiments which are obtained using
a physical underwater snake robot. Note that the overall future goal is to realize
operational snake robots for underwater applications. In order to achieve this, a
number of different control design challenges must first be solved. An important
control problem concerns the ability to achieve efficient motion with preferably a
minimum amount of consumed energy in order to be able to undertake longer mis-
sions. Hence, for the long term autonomy of underwater vehicles, energy efficiency
is one of the main challenges. This is the main motivation behind the investigation
of the energy efficiency of underwater snake robots in this thesis.

1.2 Biologically Inspired Locomotion of Robots

The last decades, a large amount of research has been done regarding bio-inspired
robots. More specifically, the overall idea of bio-inspired robots is to make systems
that are inspired by biological ones, to learn the concepts of the locomotion from
nature and apply them to the design and the locomotion of the robotic systems.
Snake robots are robotic systems where both design and locomotion are inspired by
biological snakes. For the underwater robots it is crucial to increase the efficiency
by improving the locomotion methods. Increased agility and maneuverability are
connected to a general decrease in the size of the robot, as well as more flexibility in
its internal shape. In order to improve these properties, researchers began studying
aquatic biological systems and their methods of locomotion [12, 26, 126, 129].
However, since land and water are two completely different environments, the same
gaits of the robots will not give the same results on ground as in water. To this
end, in this section, we briefly review the locomotion methods of the biologically
inspired locomotion of snake-like and fish-like robots.

1.2.1 Biologically inspired locomotion of snake-like robots

Research on snake robots is inspired by the robust motion capabilities of biological
snakes. As it is already mentioned, empirical and analytical studies of snake lo-
comotion were reported by Gray [43]. Moreover, mathematical descriptions of the
forces acting on a snake are proposed in [43] and used to reenact the attributes of
snake locomotion. It is shown in [43] that the forward motion of a snake moving in
the plane on the ground requires the existence of external forces that act in the nor-
mal direction to the body of the snake. Hirose [51] studied biological snakes moving
on the ground and modeled the body of the snake as a continuous curve that could
move sideways with or without sideslip constraints. The serpenoid curve was then
formulated, which is a mathematical description of lateral undulation, which is the
most common form of snake locomotion. In particular, Hirose found out that a
close approximation to the shape of a biological snake during lateral undulation, is
given by a planar curve with its curvature varying sinusoidally [51]. An alternative
description of lateral undulation–the serpentine curve–was introduced by Ma [103].
Ma concludes that snake-like robots moving on the ground have higher locomotive
efficiency using the serpentine curve compared to those using the serpenoid curve.
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Figure 1.1: Different forms of locomotion modes for biological snakes.

In addition, the frictional properties of snake skin was studied in [53]. This work
shows that in order to achieve undulatory locomotion on the ground, an issue of
fundamental importance is that the friction coefficients between the snake and the
ground have to be directional. In particular, there must be a low friction coefficient
in the tangential direction and a high friction coefficient in the perpendicular one
in order to achieve forward motion. Relevant results can be found in the biological
literature about behaviors that have been observed by biologists in qualitative
studies of lampreys and other anguilliform swimmers in nature [106].

Four main different locomotion modes have been documented for biological
snakes: lateral undulation (serpentine locomotion), concertina, sidewinding and rec-
tilinear locomotion. Illustrations of the different locomotion models are shown in
Fig. 1.1. The lateral undulatory mode, characterized by a lateral wave travelling
from head to tail, is the most common and efficient one, and almost all biological
snakes use it. A detailed presentation of these modes can be found in [101].
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1.2.2 Biologically inspired locomotion of fish-like robots

Swimming snakes move the body practically in the same way as snakes on land [57].
Researchers have developed many theories and numerous robotic fish prototypes to
study and mimic the way that real fish moves. Swimming behavior of flexible elon-
gate fish was first described as the anguilliform mode by Breder, who categorized
these fish under the genus name Anguilla [18]. Simulations indicate that aquatic
locomotion is possible because water gives higher resistance to motions that are
perpendicular to the direction of travel than to parallel motions due to the shape of
the organism, so eels push their curves against the resistance of the water. During
the last decades the academic community has dealt with the locomotive abilities of
eel-like swimming robots, which is one of the major issues in this area of research
[126, 128, 129]. However, the majority of the scientific studies about these robotic
systems are largely concentrated on forward swimming locomotion, while backward
swimming has received far less attention [143]. Gray [41] presented an approximate
analysis of the fluid mechanics of several species of fish, making the qualitative as-
sessment that anguilliform swimming operates by passing traveling waves down the
body, such that the wavelength is approximately equal to the length of the animal.
Further research on elongated fish was done by Grillner [44, 45] and Kashin [61]
who studied the much simpler nervous system of lampreys. This study clarified the
neural network that underlies the undulatory axial muscle motions. It was noticed
that motoneuronal activity that oscillates on either side of the spinal cord as the
body travels caudally causes the body undulations [45]. Additionally, a range of
carangiform (fish-like) robots were studied and implemented by researchers.

Subsequently, more recent research, such as Williams [137], Cohen [25] and
Grillner [44, 46–48] studied the motion control in animals. Lampreys, once again,
were the inspiration because of the forward swimming problem and its neural net-
work model, leading to a central pattern generator (CPG) that could control the
eel-like robot’s locomotion. Swimming frequency, in particular, seems to be a key
issue to imitate animal movement. Gray [41] observed a linear relationship between
swimming frequency and body velocity for anguilliform swimming, while Grillner
[48] noticed that the phase delay between segments of the lamprey remains con-
stant over a wide range of swimming frequencies. Grillner [48] has observed that
backward swimming qualitatively matches forward swimming. Grillner [46] sug-
gested modelling lamprey’s central pattern generator (CPG) based on the amino
acid excitation over a chain of coupled oscillators. In this way, one oscillator leads
the rest in the chain, resulting in the phasing of the oscillation. Williams [137] ar-
gued that this prediction is biologically implausible, and counter-proposed a model
based on varying strength of excitatory synapses.

Turning and steering locomotion have received far less attention from the bio-
logical community than forward/backward swimming. However, some qualitative
results are available. In his study of directional control in fish [42], Gray describes
the turning gait of the anguilliform swimmer as passing a traveling wave down one
side of its body. This wave is similar, in nature, to that which affects normal loco-
motion, but has an abnormally large amplitude on the side of the desired direction.
The solution was given by Ekeberg [33] by constant tonic (rhythmic) excitation to
the spinal neurons along only one side of the animal, which allowed this turning
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Figure 1.2: Different forms of biological locomotion of fish.

behavior in his neural network swimming model. A typical example of CPG for
anguilliform swimming is found in the lamprey [137]. The CPG is a double chain
of oscillators. In this case, the chain is designed to generate a traveling wave, from
the head to the tail of the robot. Researchers use this wave to achieve anguilliform
swimming in water and serpentine locomotion on ground.

Generally, swimming modes of fish are classified according to four main cate-
gories: Anguilliform, Subcarangiform, Carangiform and Thunniform. Illustrations
of these modes are shown in Fig. 1.2. In Anguilliform mode, the whole body par-
ticipates in large amplitude undulations. In Subcarangiform mode, approximately,
2/3 to 1/2 of whole body is used to produce the propulsive wave responsible for for-
ward motion. Side to side movement of the head is reduced, while in Carangiform
swimming, the fish body undulations are confined to the last third of the body
length. Carangiform swimmers generally have rapidly oscillating tails. Finally in
Thunniform, the undulation proportion is even less (confined mostly to the caudal
fin). For amphibious robots, the serpentine motion is the most common mode of lo-
comotion in order to traverse any uneven terrain or confined spaces, like tunnels or
pipes, whereas for locomotion in three-dimensional dynamic aquatic environments
the eel-like motions is the most common.

Various methods have been proposed in the literature regarding amphibious
snake-like robots gait generation [27, 29]. Reviewing these methods, three categories
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can be identified: motion control based on kinematic or dynamic models of the
amphibious snake-like robot, motion equations derived from the Serpenoid Curve
or formed by sinusoidal functions, and motions activated by biomimetic neural
networks like Central Pattern Generators (CPG) [27, 141]. Gait generation by the
serpenoid curve has a relatively simple mathematical form. In addition, it avoids
complicated calculations of kinematic and dynamic models and the problem of
environment interaction for a CPG controller. A review on CPG for locomotion
control in animals and robots can be found in [55].

1.3 Previous Work on Modeling, Development, Control
and Energy Efficiency of Underwater Snake Robots

In this section, we present an overview of previous literature regarding the mod-
eling, control and energy efficiency of underwater snake robots. In addition, this
section provides an overview of previous research efforts related to implementation
of underwater snake robots (also referred to as eel-like robots).

1.3.1 Modeling and Analysis of Underwater Snake Robots

There exist many underwater robots, and these can be classified into autonomous
underwater vehicles (AUVs), remotely-operated underwater vehicles (ROVs), and
bottom-crawling-legged underwater robots. As it is already mentioned, more re-
cently, there has been growing interest in the design, modeling and control of un-
derwater robots that propel themselves and maneuver by mimicking the movement
of a fish. Researchers have developed analytical models for the forces generated
during the motion of these devices in the water [26].

The dynamics of snake robots moving on land have been derived by utilizing var-
ious modeling techniques [100, 101]. The friction between the snake robot and the
ground significantly affects its motion. In addition to many models of snake robots
that consider sideslip constraints, there have been reported cases with anisotropic
ground friction properties similar to biological snakes, providing the opportunity
to model lateral undulation locomotion patterns. In [100], the authors provide
an overview on modeling and analysis of snake robot locomotion emphasizing the
growing trend toward locomotion in unknown and challenging environments. When
it comes to swimming snake robots, only a few modeling approaches have been pre-
sented for eel-like robots [15, 106, 135].

For swimming robots, the dynamic modeling of the contact forces is most com-
plicated compared to the modeling of the overall rigid motion and dynamics of the
body deformation. Hence, the hydrodynamic modeling task presents a major chal-
lenge. Classical works by Taylor [126] and Lighthill [95] provide analytic models of
fluid forces acting on the body during undulatory swimming. However, the validity
of Taylor’s resistive [126] and Lighthill’s reactive [95] model assumptions varies
significantly depending on the flow regime and geometry of the swimmer, as it is
pointed in [135]. Generally, for slow swimming devices at low Reynolds numbers,
the viscous forces become dominant. Hence, in this case, the Taylor’s resistive
model is most applicable. For larger swimmers in which the added-mass effects
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dominate, Lighthill argues that reactive forces are the primary source of thrust
and the resistive ones can be neglected. For, underwater snake robots, which lie
in between these two extremes, both the resistive forces (drag forces) and reactive
ones (added mass affects) need to be modeled, since both play a critical role in
underwater swimming robotic systems propulsion (see e.g. [58]). Generally, for un-
derwater snake robotic systems that swim at a Reynolds number of approximately
104 to 105, a detailed model of the fluid effects can only be achieved through a
full numerical solution to the Navier-Stokes equations [135]. Unfortunately, due to
prohibitive computational costs of such methods they are not suitable for real time
control, and the resulting models would not be suited for analytical analysis.

To sum up, the hydrodynamic forces (fluid forces) induced by the motion of a
rigid body in an underwater environment are very complex and highly nonlinear
[146]. Furthermore, as it is already mentioned, Navier-Stokes equations are very
difficult to solve and quite unsuited for robotics control design purposes. Hence, as
far as the fluid effects are considered, for control design purposes, the hydrodynamic
phenomena should be modeled in a sufficiently simple manner while taking into
account all the hydrodynamic effects that are significant for the control design
[32]. It is important to notice that modeling for control design purposes poses
different challenges than hydrodynamic modeling for simulations. In the latter,
high accuracy and modeling of all hydrodynamic effects are important, while the
model does not need to be in a form suited for analytical analysis. When modeling
for model-based control design purposes, however, the model needs to be well-suited
for analytical analysis while only the significant hydrodynamic effects need to be
included. The closed-loop control system provides robustness to the less-significant
unmodeled hydrodynamics, cf. for instance [38] and [37].

Consequently, solving the hydrodynamic modeling problem by using an analyti-
cal simplified form suited for the design of online control is essential for underwater
snake robots. The literature provides three simple analytical models suitable for
control design purposes. All of them are based on the fluid mechanics theory of
slender bodies. The biomechanics community suggests the first one, the second one
is offered by the oceanic engineering community and the third one is a model that
is mostly used in the robotics community. In particular,

• the first model is a result of the Large Amplitude Elongated Body Theory
(LAEBT) of fish locomotion by Lighthill [95],

• the second model is devoted to the dynamics of underwater flexible cables
[15] and

• the third one is based on the Morison’s equations and models the forces
between the fluid and the cylindrical links of underwater snake robots [36,
111].

Different modeling approaches for underwater snake robots are presented in
previous literature. A dynamic simulation of an underwater snake-like robot was
developed by the biorobotic laboratory EPFL using Webots Dynamics [5]. In [31],
Crespi et. al. have developed a simulation tool for the underwater swimming robots
Amphibot I and II in order to test controllers on a physics-based model of the robot.
This dynamic simulation has the same mechanical and physical properties as the
real robot. During swimming, the hydrodynamic forces applied to each element
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of the robot are the buoyancy and drag forces. Although this model is relatively
simple (e.g., it does not take into account the turbulence generated in the water
by the movement of the robot), it is adequate for a qualitative analysis of the
swimming motion. In this model, the anisotropic friction property used in order
to achieve undulation locomotion on the ground. In addition, due to the elongate
shape, propulsion is produced by the combination of a low drag coefficient in the
tangential direction and a higher one in the perpendicular direction in order to
achieve the anisotropic property during locomotion underwater [27, 31].

Another approach to modeling an eel-like robot was presented in [108]. In [108],
McIsaac et. al. proposed basic viscous and fluid drag models to capture the effect of
external forces acting on the bodies of land-based snakes and eels. In this geometric
approach, the authors made tree assumptions: 1) the fluid is stationary, so the
force of the fluid on a given link is due to the motion of that link, 2) the Reynolds
number is high enough that inertial forces dominate over viscous effects and 3) the
drag forces parallel to the link have negligible effects and can be excluded. In this
paper, a new approach of modeling of snake and eel-like robots from a geometric
perspective was proposed, while [106] presents a discrete model of the eel-like robot
using a geometric approach to show that the dynamics of eel locomotion can be
decomposed into motions in the position and orientation of the overall system and
changes in its internal shape. However, the model does not place sideslip constraints
on the robot. Instead, the eel-like mechanism was propelled by hydrodynamic forces
modeled by a viscous friction model. The basic viscous and fluid drag models were
presented to capture the effect of external forces acting on the bodies of land-
based snakes and aquatic eels. To simulate the forces in the water, a simple fluid
mechanical model that has been used by Ekeberg [33], was adopted.

In order to realize the remarkable features of the snake-like robot’s serpentine lo-
comotion in water, Zuo et. al. [146] developed an amphibious snake-like robot which
can adapt to terrestrial and underwater environments. They derived the dynamic
equations for the serpentine locomotion of the underwater robot and simulated the
dynamic model using ADAMS software [1]. In water, a snake-like robot generates
force from serpentine locomotion to push its body forward. As it is observed by
researchers in the biomimetics literature, the flow field around the snake-like robot
is distributed. The traditional method to solve the distributed problem by replac-
ing parameters cannot produce a closed-form solution. Hence, it is very difficult to
derive the dynamic model. To solve this problem, Zuo et. al. [146] used a direct
method in order to incorporate external environmental forces into the model, which
includes four major hydrodynamic forces: added mass, drag, fluid acceleration and
buoyancy. In particular, the net effect of added mass, buoyancy, fluid acceleration,
and drag are often treated as the superposition of each individual force. Zuo et.
al. derived all of the generalized inertia forces and generalized active forces for the
amphibious snake-like robot. Using these generalized forces the equation of motion
was derived.

Ayers et. al. [9] studied a lamprey-based undulatory vehicle. They observed that
during migration lampreys encounters a variety of obstacles and hydrodynamic con-
ditions. Different habitats through which lampreys travel include streams, rivers,
falls, rapids, lakes, estuaries, inter tidal zones and the open ocean. In addition to
its high adaptability, lampriform swimming affords an additional advantage of en-
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ergetic efficiency. Lampreys swim by rhythmic lateral undulations of the body axis.
Also, lampreys swim forward by propagating lateral axial undulations that increase
in amplitude from nose to tail [9]. To evaluate how lamprey swimming movements
are modulated by hydrodynamic load, researchers analyzed high-frequency forward
swimming of the lamprey in a shallow, wet pan sans water. They adapted a con-
servative command neuron, coordinating neuron, central pattern generator (CPG)
architecture to realize a finite state machine that generates an alternating bilateral
pattern that propagates along the body axis. Initially, they modeled the hydrody-
namics of the robot and optimized the hydrodynamics for wakeless propulsion by
first comparing lamprey swimming to a hydrodynamic model of a wakeless propul-
sor. After that, a beam model was developed for the undulatory robot. The beam
model was coupled with the 3D slender-body hydrodynamic model for external
hydrodynamic loads. This coupled model can be used for the prediction and/or
evaluation of the external hydrodynamic loads, the internal load (stress), the input
power, the propulsion efficiency, and the motion of the undulator. In addition to
this, sensory feedback was used to elicit behavioral changes due to environmental
perturbations. For example, the robot will need to increase its swim speed when
it encounters strong currents, turn away from or into obstacles, dive and climb
according to static pressure changes therefore maintaining a constant depth in the
water column [9, 136].

Unlike most lampreys, the pacific lamprey is capable of climbing vertical wet-
ted surfaces through a two-phase (bending and stretching) locomotion mode using
the oral disc for adherence. Among all the climbers, the pacific lamprey is un-
usual both in its ability to climb sheer, vertical wetted surfaces in air and in its
unique mode of locomotion. Zhu et. al. [145] developed a continuous beam model
based on Euler-Bernoulli beam theory to simulate the structural response and the
body displacement during one climbing step of a pacific lamprey. They created a
continuous model of the lamprey body by idealizing it as a uniform elastic beam
with circular cross-sections. In [145], a nonlinear beam model was implemented to
solve the mechanical responses of the aforementioned fish body. Mathematically,
this model consists of a set of fully nonlinear governing partial differential equa-
tions representing the conservation of translational momentum, the conservation
of angular momentum, and the continuity of the configuration. The external force
includes contributions from the fluid drag caused by the thin layer of fluid on the
wetted surface. The fluid drag in the vertical direction and the horizontal drag were
imposed on the head. From simulations Zue et. al. [145] observed that the climb-
ing capacity of the lamprey, with its simplistic efficiency, may inspire biomimetic
design of fish-like swimming devices capable of overcoming steep obstacles. As a
suggested direct application, Zue et. al. mention the development of anguilliform
swimming machines.

Khalil et. al. [82, 83] proposed a modeling approach for an underwater eel-
like robot using recursive algorithms based on the Newton-Euler equations. The
modeling approach was based on three hierarchical levels: 1) a Navier-Stokes code
modeling the fluid/structure interaction, 2) a “micro – continuous” modeling based
on a beam-like approach, and 3) a serial structure with revolute joints. Moreover,
a simplified model of the fluid structure contact was proposed in [82]. The model
of the contact between the fluid and the body of the eel is that of Morison [111].
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This proposed dynamic model is easy to implement and simulate using numerical
calculations. Moreover, in [40] a 3D-Hybrid dynamic modeling of underwater eel-
like robots using recursive algorithms based on the Newton-Euler equations was
presented. Also, in [15], a continuum 3D model of a swimming eel-like robot was
formulated based on beam theory. Finally, [81] summarizes the inverse and direct
dynamic modeling, using the recursive Newton-Euler formalism of different robotic
systems.

In [135], Wiens et. al. applied a semi-empirical resistive-reactive model, pro-
posed by Jordan [58], in order to produce a low-cost simulation of an underwater
hyper-redundant mechanism. This modeling approach was used to derive an effi-
cient swimming method of a robotic device. A low-cost gait optimization scheme
was applied to generate efficient swimming kinematics. In this modeling both the
drag and added mass effects were considered. McIsaac and Ostrowski [106] present
a dynamic model of anguilliform swimming for eel-like robots and Boyer et al. [15]
present the dynamic modeling of a continuous three-dimensional swimming eel-like
robot. Chen et al. [22] demonstrate a model for the body-fluid interaction in un-
dulatory swimming of leeches, where the body is represented by a chain of rigid
links and the hydrodynamic force model is based on resistive and reactive force
theories. [11] presents the equations of motion for a general multibody rectifier sys-
tem taking into account the currents by assuming that the environmental force is
a (possibly nonlinear) function of the relative velocity (i.e. the velocity of the link
in water in the presence of current). However, the added mass and the fluid torque
effects are not taken into account. Furthermore, in [144], a simplified model of [11]
is used to develop a feedback controller that achieves the desired body oscillation,
orientation, and locomotion velocity. [20] presents the modeling of the reactive
force and moment acting on an elongated body moving in a weakly non-uniform
potential flow. This model has been used to investigate the passive and the active
swimming of a fish in a vortex street. In [16], a solution to the fast dynamics of
eel-like robots has been proposed and tested in comparison with a Navier-Stokes
solver. In [120], the dynamic model of a fish-like robot named AmphiBot III is
presented. This modeling approach is based on the adaptation of Lighthill’s large
amplitude elongated body theory to a serial mobile multibody system and the re-
sults are compared to the planar motion of the real robot for forward swimming
gaits and turning maneuvers. Furthermore, a number of research groups have de-
veloped computational fluid dynamics solutions capable of modeling undulatory
swimmers [21, 94, 95], but the computation time required by such methods makes
them not suitable for real time control approaches.

However, the majority of swimming robots modeling omit fluid moments which
are supposed to have a negligible effect on the overall motion of the system [33, 106].
It should be noted that fluid moments are directly related to the power consumption
of the system (see e.g. [135]) but they are neglected in these modeling approaches in
order to simplify the hydrodynamic effects. It is also worth noting that in [135], [15]
and [83] fluid moments are modeled, but the drag force and moment are integrated
numerically at each sample time of the algorithm and evaluated numerically, which
results in the lack of a closed-form solution. For control design purposes, it is a main
advantage that the hydrodynamic modeling concludes in a closed-form, without the
need of an algorithmic way to compute the drag force and torque. [20] presents the
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modeling of the reactive force and moment acting on an elongated body, moving
in a weakly non-uniform potential flow. This model has been used to investigate
passive and active swimming of a fish in a vortex street, while no viscous effects have
been taken into account. Furthermore, a number of research groups are currently
working to develop accurate low-cost swimming models required for such problems
[135].

Remark 1.1: To our best knowledge, a closed-form solution for modeling of under-
water snake robots that takes into account both the resistive and reactive effects while
at the same time models the current effects is not considered in previous literature.

1.3.2 Development of Physical Underwater Snake Robots

This subsection gives an overview of previous research efforts related to implemen-
tation of underwater snake robots (also referred to as eel-like robots). A review of
ground snake-like robots can be found in [100, 127]. In [100], the snake-like robots
have been separated into two categories: snake robots without contact force sen-
sors and snake robot with contact force sensors. The work of Hirose [51], one of the
first approaches to develop a snake robot, is essential. While a variety of different
snake-like robots have been constructed since then, only a few working examples of
swimming snake robots currently exist. This includes the eel robots REEL I [108]
and II [105], the lamprey robot built at Northeastern University [136], AmphiBot
I [31], AmphiBot II [27] and AmphiBot III [120] from the EPFL lab, Perambula-
tor III [93], the amphibious snake robot ACM 5 [138, 139], the HELIX-I [125], a
biorobotic platform inspired by the lamprey [124] and the underwater snake robot
Mamba that is implemented at NTNU in Norway [102].

AmphiBot I, shown in Fig. 1.3(a), is an amphibious snake robot capable of
crawling and swimming, that was implemented by the EPFL. The robot was de-
signed to be capable of anguilliform swimming in water, and lateral undulatory
locomotion on the ground [31]. AmphiBot I is a novel type of robot with dexterous
locomotion abilities. Its design was inspired by snakes and elongated fishes such as
lampreys. This amphibious snake robot is modular and constructed out of several
identical segments, named elements (Fig. 1.3(a)). Each element has a single DOF
and consists of four structure parts: a body, two covers and a connection piece.
The locomotion of the robot is controlled by a CPG. AmphiBot II (Fig. 1.3(b))
is an updated version of AmphiBot I with a significant number of improvements
in mechanical design and CPG [27, 28, 30]. AmphiBot II is one of the first am-
phibious snake robots controlled online by an on-board CPG. The swimming robot
AmphiBot III (Fig. 1.4) consists of eight segments, with the first being the head
segment, while in the last segment (tail segment) a caudal fin is attached. The total
length of the robot is 0.88 m [120]. The caudal fin has a length of 10.3 cm and a
cross-section of 0.3 cm × 5.7 cm. The AmphiBot III is designed to be modular
similar to AmphiBot I and II while in addition a caudal fin is attached to the last
segment to study the efficiency of underwater snake robots with and without the
attached tail.

McIsaac and Ostrowski built the REEL I robot, a simple waterproof RC-
controlled four-link robot with actuated servomotor joints. REEL I consists of four
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(a) AmphiBot I (b) AmphiBot II

Figure 1.3: The amphibious snake-like robots AmphiBot I [31] and AmphiBot II
[27].

Figure 1.4: The amphibious snake-like robots AmphiBot III [120].

rigid identical links (aluminium plates), and a rubber tube is used as its waterproof
skin. Due to what the developers call some poor design choices, the REEL I was
never suitable for qualitative experiments [108]. REEL II is a second generation
version of REEL I, in which the number of the links was increased, from four to
five, improving the symmetry of the robot [105]. The new design of the waterproof
eel-like robot (Fig. 1.5) approximate the actual shape of an eel, and the plastic
shells provide a means of buoyancy for the robot in water. In order to maintain
the proper upright attitude during swimming, small weights were attached to the
bottom of the robot links, and inflatable air sacs were used to provide the buoyancy
to float the robot near the surface of the water. In order to achieve a streamlined
hydrodynamic profile, the head and tail links were rounded cones. The robot shape
is controlled by a PC ground station calculating the shape variables, which are
transmitted using an off-the-shelf radio controller to a receiver in the nose of the
robot. This new design increases the robot’s robustness in terms of modularity,
efficiency and reproducibility [106].

Helix I [125], shown in Fig. 1.6, is a hermetic 3D active cord mechanism that
moves both on the ground and in the water. Helix I has a length of 180 cm, the
diameter of the body is 8 cm, and the total density is near to the density of water.
It consists of 10 joints and 11 body segments. Each body segment is equipped with
4 paddles. All joints have 2 degrees of freedom which can create distortion motions.
All joints are covered with bellows to keep the electronics from the water and to
generate buoyancy. Helix I can perform helical distortion motion and the paddles
create torques, so that the whole body revolves around itself and it progresses. In
addition, the active cord mechanism does not require rotational parts such as wheels
or propellers that are driven by actuators, so it is easy to construct a hermetical
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Figure 1.5: The REEL II [106].

(a) Moving on the ground (b) Swimming in the water

Figure 1.6: The amphibious snake-like robot HELIX-I [52, 125].

robot that can be used in any kind of environment.
Typical studies of the propulsion of the active cord mechanism focus on the

winding movement, like a snake, on the ground Fig. (1.6(a)), and this same propul-
sion principle can be applied to movements in water. In the water, the whole body
surface of the robot is in contact with the water (Fig. 1.6(b)), so all articulated
body segments produce the same power by this motion, in an apparently more
efficient way than the two-dimensional motion. The principle that the whole body
is under water was considered, but the density of the HELIX is less than that of
water, and part of the body is above the water surface. So, HELIX deviated slightly
sideways [52, 125].

Hirose et. al. [138] developed another amphibious snake-like robot, the ACM-
R5 (Fig. 1.7). The general mechanical design of ACM-R5 is the same as in the
amphibious snake-like robot HELIX. The body of this robot is composed of a
series of several joints. In order to make the body waterlight, each joint is covered
with bellows and the connections between joints are sealed with O-rings. Compared
with HELIX, in the new version of the amphibious snake robot the driving system
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(a) Moving on the ground (b) Swimming in the water

Figure 1.7: The amphibious snake-like robot ACM – R5 [138].

was reinforced in order to work on the ground. ACM-R5 has special propulsive
devices in order to work both on ground and in the water. Each of these devices
is composed of a passive wheel and a paddle. In this robot, by attaching paddles
along the body of the snake-like robot the difference of resistance and thus the
efficiency were increased. Experiments show that the ACM-R5 has the ability to
swim in water by serpentine motion. Also, this robot was able to carry out sharp
turns and go up and down freely in the water [138].

The Biomimetic Intelligent Mechatronics Lab in Japan developed the amphibi-
ous snake-like robot Perambulator III (Fig. 1.8). This amphibious snake-like robot
has novel design in its joints and water-proof accessories [93, 141, 146]. The robot
has 10 modules in total. Each diameter of the module is 11 cm and its length is 17
cm, giving a total length of 174 cm. Each module has 4 passive wheels in order to
reduce the friction of the robot when it moves on ground, and create the difference
in friction in longitudinal versus lateral direction that is necessary for propulsion.
Each module consist of three servos, with servos 1 and 2 coupled to form a univer-
sal joint capable of rotating in tree dimensions. Servo 3 gives the snake-like robot
the ability to reverse itself. To enhance the robot’s motion abilities on the ground
and in the water, eight oars with passive wheels are installed around each trunk
module. Between joints are water-proof rubber bellows, two O-rings and a set of
sleeves. Perambulator III displays high performance in its motion ability, by real-
izing common two– and three – dimensional gaits. Additionally, in the water, the
robot has the ability to go forward and backward, turn, and dive into the water. It
is observed that, under serpentine gait, the robot behaves smoothly and exhibits
rapid motion on the floor and in the pool [146]. This amphibious snake-like robot
can not only perform serpentine locomotion, concertina locomotion, sidewinding
locomotion and arc-shape rolling, but also displays several previously unheard-of
gaits in the experiments: like S-shape rolling and helical rolling. The robot in the
pool displays a helical rolling under the same motion pattern, apparently without
changing its position [93, 141, 146].

A lamprey-inspired robot was implemented based on biomimetic neurotechnol-
ogy (Fig. 1.9) by Knutsen et. al. [86]. This robot is functionally a three component
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Figure 1.8: The amphibious snake-like robot Perambulator III [93, 141, 146].

Figure 1.9: The Undulatory Robot [9, 136].

system consisting of a rigid hull/electronics bay, a flexible body axis supporting the
nitinol actuator and a thin, passive tail. The watertight plexiglas cylindrical hull
houses the electronics. The polyurethane body axis supports six Teflon vertebrae
that attach and pin the shape memory alloys (SMA) actuators along the midline.
Lycra covers the body axis acting as a skin attached posteriorly to the hull, contin-
uing the length of the notochord, and terminating between the fins of the tail. The
vehicle is propelled by ten nitinol actuators, which are controlled by neural-based
circuit software that activates the actuators in a characteristic bursting pattern and
control the amplitude of contractions via pulse width modulation. Finally, a serial
I/O interface links the processor to the sensors and actuator interfaces. These inter-
faces consist of three boards: a serial/sensor interface, a current-driver interface to
control the nitinol actuators and an analog sensor board that supports a compass
and pitch and roll inclinometers and quantizes these signals to bit representations
[9, 136].

The aim of the French national research project ROBEA-ANGUILLE was to
design, construct and control the 3D motion of an eel-like robot (Fig. 1.10(b)). The
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(a) Vertebrae (b) Serial assemblage of vertebrae

Figure 1.10: The eel-like robot of the ROBEA-ANGUILLE project [17].

study was based on the analysis of eel swimming and resulted in the realization of a
prototype with 12 vertebrae (Fig. 1.10(a)), skin and a head with two fins. The main
purpose of this project was to enhance biomimetics by producing a prototype eel-
like robot that was “more continuous” than its existing counterparts. The vertebrae
have three rotational degrees of freedom (focal lengths of 18 cm and 13 cm, height
of 15 cm), a rigid head and a passive and flexible tail. The head is equipped with
side wings mimicking the pectoral fins used to control roll and pitch. In this robot,
a parallel architecture, with spherical wrist, was chosen. The body of the robot
was constructed by mounting the vertebrae in series. Each section consists of the
actuators, an on-board computer and power supply. The skin of the robot was
made with tree types of material: plastic rings for reinforcements, chains of rubber
to ensure continuity in curvature, and a latex skin to seal between the fluid and
the eel-like robot and provide lift. Additionally, in order to achieve the deformation
of the body of the eel, each joint is powered by three motors located in adjacent
vertebrae. The motors are distributed over the whole length of the eel. The head of
the eel-like robot houses several sensors (tilt sensor, accelerometers, a measure of
relative speed, camera, etc.), and a computer to manage sensors, communication
with the operator and which acts as the supervisor of the whole robot. In addition
the head is equipped with two fins to ensure stability. Initial results validated the
watertightness of the skin and showed that the prototype is very dependent on the
differential of the pressure between the inside and the outside parts of the robot
[17].

A new biorobotic platform inspired by the lamprey is developed in project
Lampetra [124]. The overall objective of the European Research Project Lampetra
was to develop lamprey/salamander bioinspired robots, which design, fabrication
and implemented control are all based on biomechanical and neuroscientific findings
on the eel-like fish (Fig. 1.11). The overall structure of the robot is shown in Fig.
1.11(a). The robot consist of 21 segments with the total length 99 cm and it has
a muscle-like actuation system based on the use of direct magnet interaction. The
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(a) Overall architecture of the robot (b) Swimming in water

Figure 1.11: The underwater snake robot developed at the European research
project Lampetra [124].

(a) Moving on ground (b) Swimming in water

Figure 1.12: The underwater snake robot Mamba developed at NTNU [102].

control system of the robot is based in CPG locomotion, while the head of the robot
contains a binocular vision system that can be used for object tracking or obstacle
avoidance purposes. An artificial skin covers the robot making it waterproof and
compliant. At the last segment of the robot a multi-layer fibreglass tail is attached
in order to ensure a good fluid dynamic behaviour and propulsion at the robotic
platform [124].

The underwater snake robot Mamba (Fig. 1.12) is built at NTNU in Norway.
The robot is waterproof and consists of different types of modules that can be
interconnected in arbitrary configurations (cf. [102]). Mamba is a mechanically
robust and easily reconfigurable experimental platform developed to support the
ongoing research on ground and underwater snake robot locomotion at the snake
robotics group at NTNU.

Remark 1.2: The underwater snake robot Mamba will be used in order to obtain
the experimental results presented in this thesis.
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1.3.3 Control of Underwater Snake Robots

Many challenges on control design need to be addressed, in order to incorporate
the resulting control strategies on underwater snake robots and make them oper-
ational at all. Several control approaches for underwater snake robots have been
proposed in the literature. However, the emphasis so far has mainly been on achiev-
ing forward and turning locomotion [104, 120]. The next step would be not only
to achieve forward locomotion, but also to make the snake robot follow a desired
path, i.e. solving the path following control problem. The works of [106, 130] and
[110] synthesize gaits for translational and rotational motion of various fish-like
mechanisms and propose controllers for tracking straight and curved trajectories.
The work of [27] studies the evolution from fish to amphibian by use of central
pattern generators (CPG). Eel-like motion is considered in [106] and [107], where
controllers for tracking straight and curved trajectories are proposed.

Motion planning, i.e. designing a path covering a certain area or moving the
robot towards a desired location-goal taking into account energy consumption [38],
is a challenging task for underwater snake robot locomotion. One important feature
of motion planning is obstacle avoidance. Algorithms for obstacle avoidance for
robots appeared as early as mid-1980s [24, 92]. [13] proposes the use of vector field
histograms to steer the robot towards the direction of low obstacle density areas.
In [84], the idea for potentials creation from obstacles that repel the robot and
potentials from the target that attracts it, is presented. [118] presents a solution
for collision and obstacle free formation flight and reconfiguration of groups of
autonomous helicopters. Artificial Potential Fields (APF) have since been utilised
in various applications as they offer a fast and simple method for obstacle avoidance
[54]. Also, this method is used by [119] in the case of a fish robot. Moreover, a
waypoint guidance strategy, where the waypoints are defined a priori, is proposed
for a Carangiform swimmer in [49].

In [7], results of a feedback control scheme for 3D movement of the robot contin-
uous model in [15] are presented. The stabilization of the rolling angle is achieved
with two pectoral fins that are attached to the head of the robot. In [35], motion
control of a three-dimensional eel-like robot without pectoral fins is presented. This
controller enables the tracking of a desired 3D position of the eel head as well as
the stabilization of the rolling angle without pectoral fins. A multi-variable con-
strained feedback control scheme is proposed in [34] based on a reduced model of
an eel robot. [90] presents a solution for path following of eel-like robots where
a type of autonomous gait generation is developed by explicitly controlling the
local system curvature. The proposed path following controller is inspired by a
control method for marine vehicles and the heading control is combined with the
virtual target principle. Experimental validation of open-loop motion planning for
eel-like robots is presented in [104, 106, 120]. In addition, [106] presents closed-
loop experiments for straight-line tracking and disturbance rejection in the plane,
using image-based position feedback. These preliminary closed-loop experiments
with eel-like robot proved the concept, but were not satisfactory for closed-loop
control, as mentioned by the authors [106]. Note that all these previous approaches
for path following control are based on dynamic models of the swimming robots
where ocean current effects are neglected.
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Biological swimming animals as well as underwater swimming robots operate
under the influence of highly nonlinear hydrodynamic effects, e.g. turbulent fluid,
current and wave effects [88]. The key to successfully manoeuvring under complex
hydrodynamic effects for aquatic animals lies in the ability to sense, process and re-
act to environmental disturbances. Fish and aquatic organisms may actively orient
either positively (upstream/positive rheotaxis) to minimize the drag or negatively
(downstream/negative rheotaxis) to water flows [10]. Rheotaxis, i.e. orientation
to currents, is a robust, multisensory behavior found in many aquatic organisms.
Biological fish have a lateral line sensing organ in order to detect movement and
vibration in the surrounding water, providing spatial awareness and the ability to
navigate in space [10]. Biological studies of aquatic animals show that the lateral
line is important in many behaviors, including rheotaxis, prey detection, preda-
tor avoidance, station holding, spawning behavior and schooling behavior [60, 88].
Flow sensing is used in [88] to control a fish robot. In particular, a flow-aided path
following control strategy for fish robots is presented in [59, 88]. From experimental
results, it is shown that the fish robot manages to follow the desired trajectory in
the flow by adjusting its flow-relative speed and using the side-slipping effect.

Remark 1.3: To our best knowledge, previous literature has not presented and
experimentally validated a path following control approach that is able to steer an
underwater snake robot along a straight line path in the presence of ocean currents of
unknown direction and magnitude.

1.3.4 Energy Efficiency of Underwater Snake Robots

The use of underwater vehicles has rapidly increased the last decades since these
systems are able to operate in deep and high risk areas which humans cannot reach.
Nowadays, autonomous underwater vehicles (AUVs) and remotely operated vehi-
cles (ROVs) are widely used in the subsea environment for different challenging
tasks [38]. These vehicles are suitable for various work assignments such as inspec-
tion, surveillance, maintenance, repairing equipment, building structures, and data
collection, and they are extensively used in the subsea oil and gas industry and
by the science community. For the long term autonomy of these systems, energy
efficiency is one of the main challenges.

An interesting control problem concerns the ability to achieve efficient motion
with preferably a minimum amount of consumed energy in order to be able to
undertake longer missions. Hence, for the long term autonomy of underwater vehi-
cles, energy efficiency is one of the main challenges. Few solutions in this direction
are proposed in the literature. In [89], a genetic algorithm (GA) is applied to a
three link swimmer in order to optimize the swimming gait. Furthermore, a no-
table study regarding the optimization of swimming gaits is performed in [79],
where optimized patterns of anguilliform swimming are investigated using 3D sim-
ulations. In particular, a custom evolutionary optimization algorithm combined
with a three-dimensional numerical solution is obtained for the swimmer. By using
Navier-Stokes equations an optimization problem with two distinct optimization
objectives, efficiency and velocity, is solved. Note that the computational cost of
solving the Navier-Stokes equations of their model restricts the results to only one
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optimization run for each fitness goal. In [135], optimization is used to generate effi-
cient hyper-redundant mechanism swimming gaits. In particular, they investigated
how the energy recovery influence the efficiency of the robot by optimizing the
economy cost for multiple swimming velocities. Consequently, as also mentioned in
[135], derivative free and stochastic methods are an appropriate choice for the mo-
tion optimization. Derivative free algorithms are adopted from researchers in the
fields of swimming robots to investigate the efficiency of undulatory locomotion.

Remark 1.4: Note that the efficiency of underwater swimming robots remains an
open question and many aspects should be investigated to realize operational snake
robots for underwater applications. For instance the relationships between the gait
parameters, the consumed energy and the forward velocity for the different motion
patterns for underwater snake robots should be investigated through simulation and
experimental studies. In addition, it is essential to find a method for maximizing the
achieved forward velocity of the robot and minimizing the corresponding average power
consumption of underwater snake robots. To our best knowledge, investigation of effi-
cient motion patterns by solving a multi-objective optimization problem has not been
considered in previous literature. Furthermore, as fas as we know experimental investi-
gation of the power consumption of underwater snake robots has not been addressed
in previous literature.

1.4 Scope of the Thesis

In the following subsections, we describe the general scope of the research carried
out in this thesis.

1.4.1 Analytical Closed-form Approach

This thesis is mainly motivated by the attribute of the snake robots that they are
able to move over land as well underwater while the physiology of the robot re-
mains the same. This adaptability to different motion demands depending on the
environment is one of the main characteristics of the snake robots. Even though
several results have been reported in the related fields of design, modeling and
control of underwater robots that that are inspired by fish locomotion, there are
several interesting aspects regarding the modeling, control and energy efficiency of
the underwater snake robots that have not been investigated yet. Research pre-
sented in the previous literature is based on either simplified models of hydrody-
namic effects or employ numerical evaluations of the drag effects which results in
a lack of an analytical closed-form solution for the dynamic model of underwater
snake robots. To this end, in this thesis, we address the problem of modeling the
hydrodynamic effects with an analytical perspective and a primary objective to
conclude in a closed-form solution for the dynamic model of an underwater snake
robot. The objective is that this analytical approach will eventually contribute to
further improving our understanding of underwater snake robot locomotion since
it is well-suited for control design and stability analysis purposes.
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1.4.2 Locomotion of Underwater Snake Robots in 2D plane

This thesis presents results for locomotion of underwater snake robots in both a
horizontal and a vertical plane. Even though the locomotion of underwater snake
robots is purely three-dimensional, the fundamental properties of locomotion can
be captured during the modeling and analysis of 2D motion of these systems. To
this end, the thesis considers modeling and locomotion of fully immersed under-
water snake robots which are constrained to swim in any 2D plane of 3D. These
initial studies, will provide interesting inputs regarding the essential principles of
locomotion control of biologically inspired swimming robots. Furthermore, the lo-
comotion of an underwater snake moving in three-dimensional space can be realized
by a combination of horizontal and vertical waves propagating from head to tail of
the robot. Therefore, we can assume that the outcomes from the analysis and the
control design approaches investigated in 2D can be extended to be applicable for
motion in three-dimensional space. Furthermore, it is better to get familiar with
simpler problems regarding the motion of swimming robots with highly nonlinear
and complex models before we address more complicated problems. Consequently,
in the research reported in this thesis, at first, we decided to fully understand
the fundamental principles of locomotion of underwater snake robots in 2D space
before we target solutions in the three-dimensional space.

1.4.3 Control Strategies Compensating the Current Effects

As already stated, one of the objectives of this thesis is to contribute to the de-
velopment of control strategies for underwater snake robots locomotion. Generally,
control design for underwater snake robots is challenging mainly because these
mechanisms are underactuated and because the model of the hydrodynamic effects
is highly nonlinear. In this thesis, based on the derived model of the underwater
snake robot locomotion, we propose straight line path following control strategies
that are able to steer the robot towards and along the desired path. In addition,
we investigate the ability of an underwater snake robot to follow a path compen-
sating the environmental disturbances. In particular, we propose solutions to path
following control problem enabling the robot to track a straight path in both the
absence and presence of ocean currents. The proposed control approaches are both
verified through simulations and through experiments with a physical underwater
snake robot.

1.4.4 Motion based on General Sinusoidal Motion Pattern

The mathematical expression for the gait of the snake robot in locomotion studies
depends on its construction and model. Previous studies on swimming snake robots
have focused on two motion patterns: lateral undulation and eel-like motion. In this
thesis, both the motion analysis and control strategies are conducted based on a
general sinusoidal motion pattern which can be used for a broad class of motion
patterns including lateral undulation and eel-like motion. Therefore, the motion
analysis results and the control approaches proposed in this thesis are general
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because they are based on a more general sinusoidal motion pattern than what has
been analysed in previous literature.

1.4.5 Energy Efficiency

As we have already mention, an important control problem for underwater snake
robots locomotion concerns the ability to achieve efficient motion with preferably
a minimum amount of consumed energy, in order to be able to undertake longer
missions. To this end, this thesis targets also this really interesting problem for
underwater snake robots. We believe that the results regarding energy efficiency of
underwater snake robots will give interesting inputs, in order to realize operational
snake robots for underwater applications in the future.

1.5 Contributions of the Thesis

The title of this thesis Modeling, Control and Energy Efficiency of Underwater
Snake Robots describes the results presented in the following chapters in this dis-
sertation. As the title describes, the first part of the thesis targets the modeling of
underwater snake robots, while the second part contributes to the path following
control problem for biologically inspired swimming snake robots. Finally, the last
part addresses the energy efficiency of underwater robots by investigating the dif-
ferent gait patterns for underwater snake robots. In the following, the topic and
the contributions of each chapter are presented.

Chapter 2

Topic: We present two mathematical models of the kinematics and dynamics of
underwater snake robots swimming in virtual horizontal and vertical planes
aimed at control design. The proposed models are derived in a closed-form
and can be utilized in modern model-based control schemes.

Contributions: The main contribution of this chapter is a modeling approach
for underwater snake robots that results in a closed-form solution, avoiding
the numerical evaluation of drag effects. In particular, in this chapter we
present models of the kinematics and dynamics of planar underwater snake
robots aimed at control design. The proposed hydrodynamic model considers
both the linear and nonlinear drag forces (resistive fluid forces), the added
mass effect (reactive fluid forces), the fluid moments and current effect. Fluid
contact forces and torques are modeled using analytical fluid dynamics. To
our best knowledge, this model is the first modeling approach that takes into
account both the current effect and the combination of linear and nonlinear
drag effect. Furthermore, the ground snake robot model [101] falls out as a
special case of the developed snake robot model, by replacing the fluid friction
model with the ground friction model and setting the fluid parameters to
zero. The presented model is thus an extension of the land based snake robot
model, and comprises snake robots moving both on land and in water. In
addition to providing completeness, this also makes the model applicable for
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unified control methods for amphibious snake robots moving both on land
and in water.

Another contribution of this chapter is modeling of underwater snake
robots moving in the vertical plane that also results in a closed-form so-
lution. This model considers hydrodynamic and hydrostatic forces (gravita-
tional and buoyancy forces) and torques and avoids the numerical evaluation
of drag effects. To our best knowledge, this modeling approach is the first one
that combines the hydrodynamic effects, in analytical-closed-form with the
hydrostatic forces. It is important to notice that this model provides a com-
plete closed-form solution, which makes it possible to apply advanced control
methods for underwater snake robots. Furthermore, the proposed model is
valid for a neutrally buoyant underwater snake robot, moving in any tilted
virtual 2D plane of 3D. Hence, the model of an underwater snake robot mov-
ing in the horizontal plane is a special case of the developed underwater snake
robot model, achieved by setting the hydrostatic forces to zero. The presented
model is thus an extension of the underwater snake robot model moving in
a virtual horizontal plane, and comprises underwater snake robots moving
both in horizontal and vertical planes.

Chapter 3

Topic: We conduct an extensive analysis of the model of a fully immersed un-
derwater snake robot moving in a virtual horizontal plane. Based on this
analysis, we derive a set of essential properties that characterize the overall
motion of underwater snake robots.

Contributions: The first contribution of this chapter is a general sinusoidal
motion pattern which is introduced, and can be used to describe a broad class
of motion patterns for underwater snake robot locomotion including lateral
undulation and eel-like motion. The second contribution of the chapter is to
develop fundamental properties of underwater snake robot locomotion. It is
well-known that the hydrodynamic forces (fluid forces) induced by the motion
of a rigid body in an underwater environment are very complex and highly
nonlinear. Therefore, in this chapter we are conducting an extensive analysis
of the complex model of a fully immersed underwater snake robot moving in
a virtual horizontal plane, and from this analysis a set of essential properties
that characterize the overall motion of underwater snake robots is derived.
Based on this analysis the hydrodynamic effects which are essential for the
overall behavior of the swimming snake robot are identified. In addition,
propositions regarding the turning motion of an underwater snake robot and
the relative displacement of the links during both lateral undulation and
eel-like motion patterns are addressed.

Chapter 4

Topic: We present a control-oriented model of an underwater snake robot moving
in a virtual horizontal plane that is well-suited for control design and stability
analysis.
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Contributions: The main contribution of this chapter is a control-oriented model
of an underwater snake robot moving in a virtual horizontal plane. The idea
behind the control-oriented model of underwater snake robot locomotion is
based on the simplified modeling approach presented for ground snake robots
[101]. In particular, the idea is to describe the body shape changes of an
underwater snake robot as linear displacements of the links with respect to
each other instead of rotational displacements. The proposed model is notably
less complex than the existing models, while significant parameters such as
added mass effects, linear drag forces, torques due to the added mass and
linear drag forces, are all taken into account in the modeling. Hence, this
model is well-suited for control design and stability analysis purposes, and at
the same time has the same essential properties as the complex model.

Chapter 5

Topic: We use the averaging theory to reveal new fundamental properties of
underwater snake robot locomotion that are useful from a motion planning
perspective.

Contributions: The fist contribution of this chapter is an averaged model of the
velocity dynamics of an underwater snake robot following general sinusoidal
motion gait patterns, which is well-suited for stability analysis and motion
planning purposes. Averaging theory is applied in order to derive a model
of the average velocity for a control-oriented model of an underwater snake
robot that is influenced by added mass effects (reactive fluid forces) and
linear drag forces (resistive fluid forces). A similar study was presented in
[97] for ground robots. The results in this chapter extend this by taking into
account the hydrodynamic effects that underwater snake robots experience,
i.e. the reactive and resistive fluid forces, including added mass and drag
forces. The results in this chapter thus extend [97] to amphibious snake robots
and general sinusoidal motion patterns, and the results in [97] fall out as a
special case when the motion pattern is lateral undulation and when the drag
forces are replaced by viscous friction forces. Hence, this model can be used
for stability analysis and control design for a broad class of motion patterns
including lateral undulation and eel-like motion.

As a second contribution, based on the model presented in Chapter 4, we
show that the average velocity of an underwater snake robot following sinu-
soidal motion gait patterns converges exponentially to a steady-state velocity,
while an explicit analytical relation is given between the steady state velocity
and the amplitude, the frequency, the phase shift and the offset of the joint
motion. Note that previous studies for ground snake robots [97, 101] and
eel-like robots, where the added mass effects and fluid torques are neglected
[106], show that the average forward velocity of the robot during lateral un-
dulation is: 1) proportional to the square of the amplitude of the sinusoidal
motion pattern, 2) proportional to the gait frequency and 3) depends also on
the weighted sum of the constant phase shift between the joints. In this chap-
ter, we show that the average forward velocity of an underwater snake robot,
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influenced both by added mass and linear drag effects, and under any sinu-
soidal gait pattern, is: 1) a function of the amplitude of the sinusoidal motion
pattern, 2) depends on a linear and a nonlinear term of the gait frequency and
3) depends on the phase shift between the joints. The results of this paper
are thus more general and constitute a powerful tool for achieving faster for-
ward motion by selecting the most appropriate motion pattern and the best
combination of the gait parameters. Furthermore, the derived relationship for
the averaged velocity dynamics can be used to select the most appropriate
motion pattern to achieve the desired velocity requirements, while also taking
into account the power consumption requirements. Results in this direction
will be shown in Chapter 7.

Another contribution of this chapter is the experimental investigation of
a set of fundamental properties of the velocity dynamics of an underwater
snake robot that are essential for motion planning purposes and the efficiency
of these systems. Initially, we present simulation results to investigate the va-
lidity of these properties for both the complex model presented in Chapter
2 and the control-oriented model presented in Chapter 4. The simulation re-
sults show that the derived properties, which are based on a control-oriented
model of the underwater snake robot hold also for the complex model where
complex hydrodynamic effects are considered. Subsequently, we present ex-
perimental results using a physical underwater snake robot, Mamba, and we
show that the experimental results support the derived properties of the ve-
locity dynamics. Both the simulation and experimental results are obtained
for the two most common swimming patterns for underwater snake robot
locomotion: lateral undulation and eel-like motion patterns. To the authors’
best knowledge, an experimental investigation of efficient motion patterns by
investigating the relationship between the gait parameters and the forward
velocity has not been considered in previous literature.

Chapter 6

Topic: We propose and experimentally validate solutions to the path following
control problem for biologically inspired swimming snake robots. We present
line-of-sight (LOS) and integral line-of-sight (I-LOS) guidance laws, which
are combined with a sinusoidal gait pattern and a directional controller that
steers the robot towards and along the desired path.

Contributions: The first and the main contribution of this chapter is the straight
line path following control strategies for underwater snake robots. We have
proposed two approaches for the path following problem of underwater snake
robots. Initially, we present a LOS guidance law which is applied to under-
water snake robots to achieve straight line path following both for lateral
undulation and eel-like motion patterns. Secondly, we propose a controller
that is able to compensate for the ocean current effects in the absence of
sensing the surrounding flow effects. In particular, we propose an I-LOS path
following controller for steering an underwater snake robot along a straight
line path in the presence of ocean currents of unknown direction and mag-
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nitude. The integral LOS guidance strategy is widely used for directional
control of marine surface vessels for ocean current compensation but has not
been employed previously for directional control of underwater snake robots
in the presence of ocean currents. The second contribution of this chapter is
comparative studies between the experimental results and the corresponding
simulation results for the path following control of underwater snake robots.
In particular, the efficacy of the LOS and the I-LOS path following control
strategies are investigated through experiments with the underwater snake
robot Mamba. The experimental results show that the integral LOS guid-
ance law can be applied to underwater snake robots to compensate for the
ocean drift effects, including the current effects, and achieve path following
of straight lines. As fas as we know, experimental results for path following
control of underwater snake robots compensating for the current effects have
not been investigated in previous literature.

To our best knowledge, stability of the locomotion of an underwater snake
robot along a straight line path in the presence of ocean currents has never
been studied before. In this chapter, we analyse the stability using Poincaré
maps, and this is considered as a contribution of this chapter. Another con-
tribution of this chapter is the experimental validation of a complex fluid
model, which allow an accurate back-to-back comparison of real experimen-
tal and simulated data, by giving us the opportunity to obtain a qualitative
and quantitative comparison between the motion of the simulated and the
physical snake robot. The last contribution of this chapter is the combined
use of an artificial potential fields-based path planner with a new waypoint
guidance strategy for steering an underwater snake robot along a path defined
by waypoints interconnected by straight lines. The waypoints are derived by
using a path planner based on the artificial potential field method in order
to also address the obstacle avoidance problems.

Chapter 7

Topic: We consider the energy efficiency of underwater snake robots. In par-
ticular, we investigate the relationship between the parameters of the gait
patterns, the forward velocity and the energy consumption for the different
motion patterns for underwater snake robots.

Contributions: The first contribution of this chapter is the investigation of the
issues that influence the performance of underwater snake robots, both when
it comes to the achieved forward velocity and the energy efficiency. We present
in this chapter simulation results in order to investigate the relationships
between the parameters of the gait patterns, the consumed energy and the
forward velocity. We initially present simulation result by investigating the
power consumption of different motion patterns for underwater snake robots.
Based on the results of this investigation, we present empirical rules to choose
the values for the parameters of the motion gait pattern of underwater snake
robots.

The second contribution of this chapter is the investigation of the power
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consumption of different underwater robotic systems and pointing out the
most efficient vehicle depending on the desired motion. In particular, we
present simulation results in order to compare the power consumption of
swimming snake robots with that of today’s benchmark solution for subsea
inspection, maintenance and repair, which are ROVs, and comparison results
are thus obtained for the power consumption of underwater snake robots and
ROVs. Comparison results are obtained for the total energy consumption and
the cost of transportation of underwater snake robots and ROVs. To our best
knowledge, a comparison of the consumed energy between underwater swim-
ming snake robots and remotely operated vehicles have not been investigated
in previous literature.

The third contribution of this chapter is the experimental investigation
of properties regarding the relationship between the gait parameters and the
power consumption for underwater snake robots. In particular, this chapter
investigates the validity of the properties through experiments using the un-
derwater snake robot Mamba. The experimental results support the derived
properties regarding the relationship between the gait parameters and the
power consumption both for lateral undulation and eel-like motion patterns.
To our knowledge, no research has been published investigating experimen-
tally the power consumption of underwater snake robots.

Finally, in this chapter a multi-objective optimization problem is devel-
oped with the aim of maximizing the achieved forward velocity of the robot
and minimizing the corresponding average power consumption of the sys-
tem. As far as we know, investigation of efficient motion patterns by solving
a multi-objective optimization problem has not been considered in previous
literature. We therefore also consider the methodology of this chapter to be
a contribution within the underwater snake robot literature. In particular,
results are obtained for the two most common swimming patterns for un-
derwater snake robot locomotion: the lateral undulation and eel-like motion
patterns. Furthermore, the proposed optimization framework is applied to
obtain the parameters giving the most efficient motion pattern, which can be
used in the future for control and design of underwater snake robots.
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Chapter 2

Modeling of Underwater Snake
Robot Locomotion

As it is already noted in the Introduction, an accurate dynamic model for under-
water snake robots is important both for controller design and efficient locomotion
methods. In this chapter, we develop two mathematical models of the kinematics
and dynamics of underwater snake robots swimming in a virtual horizontal and
a vertical plane, respectively. The proposed models are derived in a closed-form
and can be utilized in modern model-based control schemes. The links of the robot
are influenced by hydrodynamic and hydrostatic forces. It is well-known that the
hydrodynamic forces (fluid forces) induced by the motion of a rigid body in an
underwater environment are very complex and highly nonlinear and therefore sev-
eral of these effects are often not taken into account when modeling the system in
previous works. Generally the modeling for control design purposes poses differ-
ent challenges than hydrodynamic modeling for simulations. In this chapter, the
fluid contact forces (hydrodynamic forces) and torques (fluid moments) are mod-
eled using analytical fluid dynamics. Hydrodynamic forces and torques, i.e. linear
and nonlinear drag forces, current effects, added mass and fluid torque effects, are
considered. In addition, the developed model for an underwater snake robot swim-
ming in a vertical plane also takes into account the hydrostatic forces (gravitational
forces and buoyancy). The proposed models are easily implemented and simulated,
regardless of the number of robot links. Note that although the proposed hydro-
dynamic model considers only the significant hydrodynamic effects well-suited for
analytical analysis, due to the many degrees of freedom of the robot and dynamic
coupling between the links, we will refer to the models developed in this chapter
as the complex model of the underwater snake robot, when comparing it to the
control-oriented model that is to be developed in Chapter 4.

In Chapter 3, the complex model will be analyzed in order to deduce several
fundamental properties of underwater snake robot dynamics. Some of the derived
properties will be used for the development of a control-oriented model of the
underwater snake robot in Chapter 4. In Chapter 4, we develop a model that
captures only the essential part of the dynamics of the complex model.

Contributions of this Chapter: The main contribution of this chapter is to de-
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rive the equations of motion of an underwater snake robot that results in a
closed-form solution, avoiding the numerical evaluation of drag effects. In
particular, in this chapter we present models of the kinematics and dynamics
of planar underwater snake robots aimed at control design. It is a main ad-
vantage that the hydrodynamic modeling concludes in a closed-form, without
the need of an algorithmic way to compute the drag force and torque and thus
it is well-suited for model-based control design of underwater snake robots lo-
comotion. The developed hydrodynamic model considers both the linear and
nonlinear drag forces (resistive fluid forces), the added mass effect (reactive
fluid forces), the fluid moments and current effect. Fluid contact forces and
torques are modeled using analytical fluid dynamics. Eventually, the model is
derived in a closed-form and can be utilized in modern model-based control
schemes. To our best knowledge, this model is the first modeling approach
that takes into account both the current effect and the combination of the
linear and nonlinear drag effect. In addition, the ground snake robot model
[101] falls out as a special case of the developed snake robot model, by re-
placing the fluid friction model with the ground friction model and setting
the fluid parameters to zero. The presented model is thus an extension of the
land based snake robot model [101], and comprises snake robots moving both
on land and in water. In addition, this also makes the model applicable for
unified control methods for amphibious snake robots moving both on land
and in water.

Another contribution of this chapter is a model of underwater snake robots
moving in the vertical plane that also results in a closed-form solution.
This model considers hydrodynamic and hydrostatic forces (gravitational
and buoyancy forces) and torques and avoids the numerical evaluation of
drag effects. To our best knowledge, this modeling approach is the first one
that combines the hydrodynamic effects (i.e the current effect, the combina-
tion of linear and nonlinear drag effect), in analytical-closed-form with the
hydrostatic forces. It is important to notice that this model provides a com-
plete closed-form solution, which makes it possible to apply advanced control
methods for underwater snake robots. This model can be used by biologists
to study creatures, such as leeches that swim by undulating the body like eels
or snakes, except that the body oscillation occurs in a vertical (rather than
horizontal) plane [22]. Note that this model is valid for a neutrally buoyant
underwater snake robot, moving in any tilted virtual 2D plane of 3D. Hence,
an underwater snake robot model moving in the horizontal plane is a spe-
cial case of the developed underwater snake robot model, achieved by setting
the hydrostatic forces to zero. The presented model is thus an extension of
the underwater snake robot model moving in a virtual horizontal plane, and
comprises underwater snake robots moving both in horizontal and vertical
planes.

Organization of this Chapter: This chapter is organized as follows. In Section
2.1, we introduce some basic notations, matrices and vectors that will be
used throughout the thesis. In Section 2.2, we derive a model of an underwa-
ter snake robot swimming in a virtual horizontal plane, explaining in detail
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the hydrodynamic effects. The dynamic model of an underwater snake robot
swimming in a virtual vertical plane considering both the hydrodynamic and
the hydrostatic effects is presented in Section 2.3. Finally, the chapter is
summarized in Section 2.4.

Publications: The material in this chapter is based on the journal papers [64],
[73], [72] and the conference papers [65], [69] and [70].

2.1 Basic Notations

The following vectors and matrices are used in this thesis for the derivation of the
kinematics and dynamics of the underwater snake robot.

A =

 1 1
. . . . . .

1 1

 , D =

 1 −1
. . . . . .

1 −1

 ,

e =
[

1 · · · 1
]T ∈ Rn, E =

[
e 0n×1

0n×1 e

]
∈ R2n×2 ,

sinθ =
[

sin θ1 · · · sin θn
]T ∈ Rn , Sθ = diag(sinθ) ∈ Rn×n ,

cosθ =
[

cos θ1 · · · cos θn
]T ∈ Rn , Cθ = diag(cosθ) ∈ Rn×n ,

sgnθ =
[
sgnθ1 · · · sgnθn

]T ∈ Rn ,

θ̇
2

=
[
θ̇1

2
· · · θ̇n

2
]T
∈ Rn , J = JIn , L = lIn , M = mIn ,

K = AT
(
DDT

)−1
D , V = AT

(
DDT

)−1
A.

The matrices A ∈ R(n−1)×n and D ∈ R(n−1)×n represent, respectively, an
addition and a difference matrix, which will be used for adding and subtracting
pairs of adjacent elements of a vector. Furthermore, the vector e represents a
summation vector, which will be used for adding all elements of a n-dimensional
vector.

In this thesis, vectors are either expressed in the global coordinate system or
in the local link coordinate system of link i. This is indicated by superscript global
or link,i, respectively. If is not specified otherwise, a vector with no superscript is
expressed in the global coordinate system.

2.2 Virtual Horizontal Plane

This section presents a continuous model of an underwater snake robot moving
in the horizontal plane, i.e. moving at a constant depth as shown in Fig. 2.1.
The snake robot is assumed to be neutrally buoyant, such that its depth remains
constant unless active depth control (using rotation of the links around the body-
fixed y-axis) is utilized. The model is derived with objective being the analysis and
the design of motion control for the position and heading of the snake robot in this
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2. Modeling of Underwater Snake Robot Locomotion

x
global

y
globalz

global

Figure 2.1: Visualization of a ten link underwater snake robot motion in a virtual
horizontal plane.

horizontal plane. Following, the kinematics and dynamics of the robot taking into
account the hydrodynamic effects will be presented.

2.2.1 The Parameters of the Underwater Snake Robot

The snake robot consists of n rigid links of equal length 2l interconnected by n− 1
joints. The links are assumed to have the same mass m and moment of inertia
J = 1

3ml
2. The mass of each link is uniformly distributed so that the link center of

mass (CM) is located at its center point (at length l from the joint at each side).
The total mass of the snake robot is therefore nm. In the following subsections, the
kinematics and dynamics of the underwater snake robot will be modeled in terms
of the mathematical symbols described in Table 2.1 and illustrated in Fig. 2.2 and
Fig. 2.3. The coordinates of the center of gravity of ith link and the angle between
the link and the x–axis are defined as pi = (xi, yi) and θi, respectively.

2.2.2 The Kinematics of the Underwater Snake Robot

The snake robot is assumed to move in a virtual horizontal plane, fully immersed
in water, and has n+2 degrees of freedom (n link angles and the x-y position of the
robot). The link angle of each link i ∈ {1, · · · , n}of the snake robot is denoted by
θi ∈ R and is defined as the angle that the link forms with the global x axis with
counterclockwise positive direction, while the joint angle of joint i ∈ {1, · · · , n− 1}

32



2.2. Virtual Horizontal Plane
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Figure 2.2: Kinematic parameters of the underwater snake robot moving in hori-
zontal plane.
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Figure 2.3: Forces and torques acting on each link of the underwater snake robot
moving in horizontal plane.
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2. Modeling of Underwater Snake Robot Locomotion

Table 2.1: Definition of mathematical terms for underwater snake robot moving in
a virtual horizontal plane.

Symbol Description Vector
n The number of links
l The half length of a link
m Mass of each link
J Moment of inertia of each link
θi Angle between link i and the global x axis θ ∈ Rn
φi Angle of joint i φ ∈ Rn−1
(xi, yi) Global coordinates of the CM of link i X,Y ∈ Rn
(px, py) Global coordinates of the CM of the robot pCM ∈ R2

ui Actuator torque of joint between link i and link i+1 u ∈ Rn−1
ui−1 Actuator torque of joint between link i and link i−1 u ∈ Rn−1
fx,i Fluid force on link i in x direction fx ∈ Rn
fy,i Fluid force on link i in y direction fy ∈ Rn
τi Fluid torque on link i τ∈ Rn
hx,i Joint constraint force in x direction on link i from

link i+ 1
hx ∈ Rn−1

hy,i Joint constraint force in y direction on link i from
link i+ 1

hy ∈ Rn−1

hx,i−1 Joint constraint force in x direction on link i from
link i− 1

hx ∈ Rn−1

hy,i−1 Joint constraint force in y direction on link i from
link i− 1

hy ∈ Rn−1

is denoted by φi ∈ R and defined as

φi = θi − θi−1. (2.1)

The link angles and the joint angles are assembled in the vectors θ = [θ1, · · · , θn]
T ∈

Rn and φ = [φ1, · · · , φn−1]
T ∈ Rn−1, respectively.

The heading (or orientation) θ̄ ∈ R of the snake is defined as the average of the
link angles similar as for land-based snake robots in [101]

θ̄ =
1

n

n∑
i=1

θi. (2.2)

The model of the snake robot will be derived using link angles to simplify the
mathematical expressions. The local coordinate system of each link is fixed in the
CM of the link with x (tangential) and y (normal) axes oriented such that they
are aligned with the global x and y axis, respectively, when all the link angles are
zero. The rotation matrix from the global frame to the frame of link i is

Rglobal
link,i =

[
cos θi − sin θi
sin θi cos θi

]
. (2.3)

34



2.2. Virtual Horizontal Plane

The global frame position pCM ∈ R2 of the center of mass (CM) of the robot is
given by

pCM =

[
px
py

]
=

[
1
nm

∑n
i=1mxi

1
nm

∑n
i=1myi

]
=

1

n

[
eTX
eTY

]
, (2.4)

where (xi, yi) are the global frame coordinates of the CM of link i,X= [x1, · · · , xn]
T ∈

Rn and Y= [y1, · · · , yn]
T ∈ Rn.

The forward velocity of the robot is denoted by ῡt ∈ R and is defined as the
component of the CM velocity along the current heading of the snake, i.e.

ῡt = ṗx cos θ̄ + ṗy sin θ̄. (2.5)

The links are constrained by the joints according to

DX + lA cosθ = 0,

DY + lA sinθ = 0.
(2.6)

The position of the individual links as a function of the CM position and the link
angles of the robot can be expressed as

X = −lKT cosθ + epx, (2.7)

Y = −lKT sinθ + epy, (2.8)

where K = AT
(
DDT

)−1
D ∈ Rn×n, with DDT being nonsingular and thereby

invertible [101]. The linear velocities of the links are found by differentiating the
position of the individual links (2.7) and (2.8) with respect to time, which gives

Ẋ = lKTSθθ̇ + eṗx,

Ẏ = −lKTCθθ̇ + eṗy.
(2.9)

The kinematics of an underwater snake robot is similar to that of a snake robot
moving on land. An extensive presentation of the snake robot kinematics can be
found in [101]. Additionally, it is necessary to derive the equation of linear accel-
erations of the links in order to express the fluid forces. The linear accelerations of
the links are found by differentiating the velocity of the individual links (2.9) with
respect to time, which gives

Ẍ = lKT
(
Cθθ̇

2
+ Sθθ̈

)
+ ep̈x,

Ÿ = lKT
(
Sθθ̇

2
−Cθθ̈

)
+ ep̈y.

(2.10)

2.2.3 The Hydrodynamic Model of Underwater Snake Robot

As we have already mentioned in Introduction, for the swimming robots, the dy-
namic modeling of the contact forces is more complicated compared to the mod-
eling of the overall rigid motion. Hence, the hydrodynamic modeling task presents
a major challenge. The underwater snake robotic system that is the subject of
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2. Modeling of Underwater Snake Robot Locomotion

Cross-Section

2a

2b

Figure 2.4: Visualization of a ten link underwater snake robot.

this thesis, swims at a Reynolds number of approximately 104 to 105, thus, both
the resistive forces (drag forces) and reactive ones (added mass affects) need to be
modeled, since both play a critical role in underwater swimming robotic systems
propulsion [135].

The force and moment balance equations require that the fluid terms have to be
defined. However, it should be noted that the hydrodynamic forces (fluid forces)
induced by the motion of a rigid body in an underwater environment are very
complex and highly nonlinear. Consequently, we decided to solve the hydrodynamic
modeling problem using an analytical simplified form suited for the design of online
control for underwater snake robots. The Navier-Stokes equations are very difficult
to solve and quite unsuited for robotics control design purposes. Hence, as far
as the fluid effects are considered, for control design purposes, we need to model
the hydrodynamic phenomena in a sufficiently simple manner while taking into
account all the hydrodynamic effects that are significant for the control design. In
particular, the modeling approach presented in this thesis is based on the Morison’s
equations, assuming that the robot is a slender body. To quantify the fluid forces,
each link of the underwater snake robot is considered as an isolated segment. Each
segment of the robot is approximated as an elliptical cylinder, as it is shown in
Fig. 2.4. The fluid forces are modeled in each cross section of the links and depends
only on the transverse motion of the link. Note that, in this modeling approach,
the fluid effects that induced by the corners of the joints are neglected.

We now present the assumptions underlying the modeling approach.

Assumption 2.1: The fluid is viscid, incompressible, and irrotational in the inertia
frame.

Assumption 2.2: The robot is neutrally buoyant, i.e, we assume that the mass
per unit of volume of the robot is equal to that of the water, such that gravity and
buoyancy cancel each other out.

Assumption 2.3: The current in the inertial frame, vc = [Vx,i, Vy,i]
T , is constant

and irrotational.
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2.2. Virtual Horizontal Plane

Remark 2.1: Assumptions 2.1 and 2.2 are common assumptions in hydrodynamic
modeling of slender body swimming robots [15, 82, 135], while Assumption 2.3 is a
reasonable simplification of the real-world situation [37, 38].

Remark 2.2: Neutral buoyancy, ensuring that Assumption 2.2 is satisfied, is achieved
by proper ballasting of the snake robot. The ballast will furthermore be positioned at
the bottom of each snake robot link, in order to prevent it from rolling, making it
self-stabilized in roll.

Assumption 2.4: The relative velocity at each section of the link in body-fixed
frame (FB) is equal to the relative velocity of the respective center of mass of each
link. With this assumption we avoid the complexity of deriving the drag forces in
analytical form, due to the nonlinear terms.

Remark 2.3: This approximation is valid in our case because the link’s length is
small compared to the total robot’s length, which means that the velocities will not
vary much from one section to the other. Furthermore, Assumption 2.4 let us avoid
the numerical calculation of the drag forces due to the nonlinear terms. Note that due
to Assumption 2.4 it is not necessary to evaluate numerically the drag force and use
an algorithmic approach of modeling, and thus we are able to derive a compact and
closed-form model of the underwater swimming robotic system.

The fluid forces are functions of the current and it is a generally accepted
practice to vectorially superpose the current velocity on the link velocity before
calculating the fluid forces. This vector can be added vectorially to the link speed
before calculating the fluid forces. In many works in ship control, in the presence
of ocean currents, the current is assumed to be constant in the body frame, i.e.
it is assumed that v̇c = 0. This assumption is easily violated during turning [38],
and the current velocity should thus be assumed constant in the inertial frame, as
given in Assumption 2.3.

The fluid forces are expressed as functions of relative velocity, and thus the
relative velocity of link i is defined as vlink,ir,i = ṗlink,ii − νlink,ic,i , where νlink,ic,i =

(Rglobal
link,i )T vc = [νx,i, νy,i]

T is the current velocity expressed in body frame coordi-
nates (FB) and vc = [Vx,i, Vy,i]

T is the current velocity expressed in inertial frame
coordinates (FI). Due to Assumption 2.3, v̇c = 0 and thus

ν̇link,ic,i =
d

dt

(
(Rglobal

link,i )T vc

)
=

[
− sin θiθ̇i cos θiθ̇i
− cos θiθ̇i − sin θiθ̇i

] [
Vx,i
Vy,i

]
(2.11)

Each link of the robot is subject to a force from the fluid acting on the CM of the
link and also a fluid torque acting on the CM. In the following, we will derive the
fluid forces and torques acting on the snake robot. In particular, we present how
the force exerted by the fluid on a cylindrical object is made up of two components:
the virtual mass force (added mass effect) and the drag force. The drag model that
is employed in this thesis is in a form which takes into account the generalized
case of anisotropic friction acting on each link. In particular, this means that each
link has two drag coefficients, ct and cn, describing the drag force in the tangential
(along link x axis) and normal (along link y axis) direction of the link, respectively.
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2. Modeling of Underwater Snake Robot Locomotion

The fluid forces exerted on link i by the fluid are expressed as

f link,ii = −ĈAv̇
link,i
r,i − ĈD v

link,i
r,i − ĈD sgn

(
vlink,ir,i

)(
vlink,ir,i

)2
, (2.12)

where v̇link,ir,i = p̈link,ii − ν̇link,ic,i is the relative acceleration of link i, ṗlink,ii and p̈link,ii

are the velocity and the acceleration of link i, respectively, expressed in the body
frame, and ĈA and ĈD are constant diagonal (2 × 2) matrices depending on the
shape of the body and the fluid characteristics. Moreover, it is worth to men-
tion that the force expressions are formulated as functions of link x-coordinates,
df link,ii (x), and then integrated over each body section to get the total force as:

f link,ii =

∫ l

−l
df link,ii (x). (2.13)

For the cylindrical links with major diameter 2a and minor diameter 2b and
taking into account that the length of each link is 2l, the matrices ĈD, ĈA in this
modeling approach are expressed as

ĈD =

[
ct 0
0 cn

]
=

 1

2
ρπCf

(b+ a)

2
2l 0

0
1

2
ρCD2a2l

 , (2.14)

ĈA =

[
µt 0
0 µn

]
=

[
0 0
0 ρπCAa

22l

]
, (2.15)

where Cf and CD are the drag coefficients in x and y direction of motion, while
CA denotes the added mass coefficient and ρ is the density of the fluid. The added
mass parameter in the x direction is considered equal to zero (µt = 0), because the
added mass of a slender body in longitudinal direction can be neglected compared
to the body mass [113].

After modeling the fluid forces acting on the snake robot, we will now model
the fluid moment τi. In this thesis, we decide to include the fluid moments in the
model because, first of all, this implies a more accurate modeling approach from a
hydrodynamic perspective and, secondly, due to the fact that the fluid moments are
directly related to the power consumption of the system. The fluid torque is a result
of the link rotation only and thus the fluid torque on the CM of link i is a result of
fluid forces acting normal to the link during link rotation. This approach is based
on the common approach for a plate undergoing forced angular oscillation [85].
Each link of the robot is oscillating similarly to a flat plate oscillating in rotational
motion. In [85] it is shown that under this assumption, the torque applied on link
i by the fluid can be modeled through the relation

τi = −λ1θ̈i − λ2θ̇i − λ3θ̇i|θ̇i|, (2.16)

where the λ1, λ2 and λ3 parameters depend on the shape of the body and the fluid
characteristics. It is worth mentioning that [85] shows that the parameter λ2 can
be set to zero, neglecting the torques due to the linear drag forces. Nevertheless,
in this following modeling approach we decide to consider, for completeness, the
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Figure 2.5: The drag fluid torque about the CM of each link.

fluid torques due to the linear drag forces, since, these torques are dominant for
slow swimming velocities.

For a cylinder, the added mass torque reduces to a simple analytical form with
the parameter λ1 expressed for a link with length 2l as

λ1 =
1

12
ρπCM (a2 − b2)2l3, (2.17)

where CM is the added inertia coefficient. Additionally, in order to derive the
parameters λ2 and λ3 we need to integrate the drag torque. As illustrated in Fig.
2.5, the drag force on an infinitesimal length of link i due to the link rotation,
produces a drag torque about the CM of the link, which is given by

dτdrag = sdfdrag = −sCLdx sθ̇ids− sCLdx sgn
(
sθ̇i

)(
sθ̇i

)2
ds, (2.18)

where s is the distance from the CM of link i to the element ds and CLdx =
(1/2)ρπCf (b+ a)/2. Integrating (2.18), we can calculate the total drag torque on
link i as

τdrag = −
∫ l

−l

(
sCLdx sθ̇i + sCLdx sgn

(
sθ̇i

)(
sθ̇i

)2)
ds = −λ2θ̇i − λ3θ̇i|θ̇i|,

(2.19)
where λ2 and λ3 are given by

λ2 =
1

6
ρπCf (a+ b)l3 and λ3 =

1

8
ρπCf (a+ b)l4. (2.20)

The matrix ĈD and the parameters λ2, λ3 represent the drag forces parameters
due to the pressure difference between the two sides of the body, while ĈA and λ1
stand for the added mass of fluid carried by the moving body.
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Using the transformation matrix, we can express the global frame fluid forces
on link i as:

fglobali = Rglobal
link,i f

link,i
i =

[
cos θi − sin θi
sin θi cos θi

][
f link,ix,i

f link,iy,i

]

= −Rglobal
link,i ĈA

(
(Rglobal

link,i )T
[
ẍi
ÿi

]
−
[
− sin θiθ̇i cos θiθ̇i
− cos θiθ̇i − sin θiθ̇i

] [
Vx,i
Vy,i

])
−Rglobal

link,i ĈD

[
Vrx,i
Vry,i

]
−Rglobal

link,i ĈDsgn
([

Vrx,i
Vry,i

])[
V 2
rx,i

V 2
ry,i

]
,

(2.21)

where [
Vrx,i
Vry,i

]
= (Rglobal

link,i )T
[
ẋi − Vx,i
ẏi − Vy,i

]
. (2.22)

By performing the matrix multiplications and assembling the forces on all links in
vector form, we can rewrite the global frame fluid forces on the links as

f =

[
fx
fy

]
=

[
fAx

fAy

]
+

[
f I
Dx

f I
Dy

]
+

[
f II
Dx

f II
Dy

]
, (2.23)

where fAx and fAy represent the effects from added mass forces and are expressed
as [

fAx

fAy

]
= −

[
µn (Sθ)

2 −µnSθCθ

−µnSθCθ µn (Cθ)
2

] [
Ẍ

Ÿ

]
−
[
−µnSθCθ −µn (Sθ)

2

µn (Cθ)
2

µnSθCθ

] [
Va
x

Va
y

]
θ̇,

(2.24)

where Va
x = diag (Vx,1, · · · , Vx,n) ∈ Rn×n and Va

y = diag (Vy,1, · · · , Vy,n) ∈ Rn×n.
The vectors f I

Dx
, f I

Dy
and f II

Dx
, f II

Dy
represent the effects from the linear (2.25)

and nonlinear drag forces (2.26), respectively, where the relative velocities are given
from (2.27).[

f I
Dx

f I
Dy

]
= −

[
ct (Cθ)

2
+ cn (Sθ)

2
(ct − cn)SθCθ

(ct − cn)SθCθ ct (Sθ)
2

+ cn (Cθ)
2

] [
Ẋ−Vx

Ẏ −Vy

]
(2.25)

[
f II
Dx

f II
Dy

]
= −

[
ctCθ −cnSθ
ctSθ cnCθ

]
sgn

([
Vrx

Vry

])[
Vrx

2

Vry
2

]
(2.26)

[
Vrx

Vry

]
=

[
Cθ Sθ
−Sθ Cθ

] [
Ẋ−Vx

Ẏ −Vy

]
(2.27)

In addition, the fluid torques on all links in matrix form are

τ = −Λ1θ̈ −Λ2θ̇ −Λ3θ̇|θ̇|, (2.28)

where Λ1 = λ1In, Λ2 = λ2In and Λ3 = λ3In.
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2.2.4 The Dynamics of the Underwater Snake Robot

The n + 2 degrees of freedom of the underwater snake robot are defined by the
link angles θ ∈ Rn and the CM position pCM ∈ R2. We now present the equations
of motion of the robot in terms of the acceleration of the link angles, θ̈, and the
acceleration of the CM position, p̈CM.

As illustrated in Fig. 2.3, link i ∈ {1, · · · , n} is influenced by hydrodynamic
forces fx,i, fy,i and also the joint constraint forces, hx,i−1, hy,i−1, hx,i and hy,i
which keep the link connected to link i − 1 and link i + 1. The joint constraint
forces are described in Table 2.1. Using the first principle, the forces and torques
acting on link i are visualized in Fig. 2.3 and the force balance for link i in global
frame coordinates is given by

mẍi = hx,i − hx,i−1 + fx,i,

mÿi = hy,i − hy,i−1 + fy,i.
(2.29)

The force balance equations for all links may be expressed in matrix form as

mẌ = DThx + fx,

mŸ = DThy + fy.
(2.30)

Note that the link accelerations may also be expressed by differentiating (2.6) twice
with respect to time. This gives

DẌ = lA
(
Cθθ̇

2
+ Sθθ̈

)
,

DŸ = lA
(
Sθθ̇

2
−Cθθ̈

)
,

(2.31)

where the square operator of θ̇
2
means that each element of θ̇ is squared (θ̇

2
=

diag(θ̇)θ̇). We obtain the acceleration of the CM by differentiating (2.4) twice with
respect to time, inserting (2.30), and noting that the constraint forces hx and hy,
are cancelled out when the link accelerations are summed. This gives[

p̈x
p̈y

]
=

1

n

[
eT Ẍ

eT Ÿ

]
=

1

nm

[
eT 01×n

01×n eT

]
f (2.32)

By inserting (2.10), (2.23) and (2.24) into (2.32) the acceleration of the CM may
be expressed as[

p̈x
p̈y

]
= −Mp

[
eTµnS2

θ −eTµnSθCθ

−eTµnSθCθ eTµnC2
θ

][
lKT (Cθθ̇

2
+ Sθθ̈)

lKT (Sθθ̇
2
−Cθθ̈)

]

−Mp

[
−eTµnSθCθ −eTµnS2

θ

eTµnC2
θ eTµnSθCθ

] [
Va
x

Va
y

]
θ̇ + Mp

[
eT fDx

eT fDy

] (2.33)

where

Mp =

[
m11 m12

m21 m22

]
=

[
nm+ eTµnS2

θe −eTµnSθCθe
−eTµnSθCθe nm+ eTµnC2

θe

]−1
, (2.34)
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and fDx = f I
Dx

+ f II
Dx

and fDy = f I
Dy

+ f II
Dy

are the drag forces in x and y

directions. Additionally, it is easily verifiable that the determinant n2m2 +nmµn+
µ2
n

∑n−1
i=1

∑n
j=i+1(sin(θi − θj))2 is nonzero for n 6= 0 and m 6= 0.

The torque balance for link i is given by

Jθ̈i = ui − ui−1 − l sin θi (hx,i + hx,i−1) + l cos θi (hy,i + hy,i−1) + τi, (2.35)

where ui and ui−1 are the actuator torques exerted on link i from link i + 1 and
link i− 1, respectively. In addition, τi is the torque applied on link i by the fluid.
Hence, the torque balance equations for all links may be expressed in matrix form
as

Jθ̈ = DTu− lSθAThx + lCθA
Thy + τ , (2.36)

where τ is given from (2.28). Now remains to remove the constraint forces from
(2.36). Premultiplying (2.30) by D and solving for hx and hy, we can write the
expression for the joint constraint forces as

hx = (DDT )−1D(mẌ + µn (Sθ)
2
Ẍ− µnSθCθŸ

− µnSθCθVa
xθ̇ − µn (Sθ)

2Va
yθ̇ − f I

Dx
− f II

Dx
)

hy = (DDT )−1D(mŸ − µnSθCθẌ + µn (Cθ)
2
Ÿ

+ µn (Cθ)
2Va

xθ̇ + µnSθCθVa
yθ̇ − f I

Dy
− f II

Dy
).

(2.37)

Inserting in (2.36) the joint constraints forces (2.37) and also replacing DẌ, DŸ
with (2.31), Ẍ,Ÿ with (2.10) and p̈x, p̈y with (2.33), and solving for θ̈, we express
the model of an underwater snake robot as

Mθθ̈ + Wθθ̇
2

+ Vθθ̇ + Λ3|θ̇|θ̇ + KDxfDx + KDyfDy = DTu, (2.38)

where Mθ, Wθ, Vθ, KDx and KDy are defined as

Mθ = J +ml2SθVSθ +ml2CθVCθ + Λ1 + l2µnK1K
TSθ + l2µnK2K

TCθ

(2.39)
Wθ = ml2SθVCθ −ml2CθVSθ + l2µnK1K

TCθ − l2µnK2K
TSθ (2.40)

Vθ = Λ2 − lµnK2Va
x − lµnK1Va

y (2.41)

KDx = lµnm11A1eeT − lµnm21A2eeT − lSθK (2.42)

KDy = lµnm12A1eeT − lµnm22A2eeT + lCθK (2.43)

where

K1 = A1 + µnA1eeT (m12SθCθ −m11S
2
θ)− µnA2eeT (m22SθCθ −m21S

2
θ),

K2 = A2 − µnA1eeT (m11SθCθ −m12C
2
θ) + µnA2eeT (m21SθCθ −m22C

2
θ),

A1 = SθKS2
θ + CθKSθCθ,

A2 = SθKSθCθ + CθKC2
θ.
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2.2. Virtual Horizontal Plane

In summary, the equations of motion for the underwater snake robot are given

by (2.33) and (2.38). By introducing the state variable x =
[
θT , pTCM, θ̇

T
, ṗTCM

]T
∈

R2n+4, we can rewrite the model of the robot compactly in state space form as

ẋ =
[
θ̇
T
, ṗTCM, θ̈

T
, p̈TCM

]T
= F(x,u) (2.44)

where the elements of F(x,u) are found by solving (2.33) and (2.38) for p̈CM and
θ̈, respectively.

Remark 2.4: It is interesting to note that if, in the dynamic model (2.33,2.38), we
set the fluid parameters to zero and replace the drag forces in x and y direction with
ground friction models [101], then the model reduces to an identical dynamic model
of a ground snake robot, described in [101]. The underwater snake robot model is thus
an extension of the land-based snake robot model, and may be used for amphibious
snake robots moving both on land and in water.

2.2.5 Fluid parameters

Another important question that should be addressed during the modeling of un-
derwater snake robot, is the proper choice of the hydrodynamic related coefficients.
As already mentioned, in our modelling approach, we decide to use Morison’s equa-
tion assuming that each link of the robot is an elliptical cylinder. Hence, it is im-
portant to investigate the influence of the current effects on cylindrical objects.
Even though the force coefficients vary very much in the presence of current, Sarp-
kaya and Storm [122] found a modified Morison equation to represent the measured
force in a coexisting flow field as well as the original equation in a no-current field.

It must be noted that, ideally, the drag and added mass coefficients of the sys-
tem should be determined experimentally. When this information is not available,
the coefficients are chosen under the assumption of a steady-state flow [58, 83].
Generally, the added mass coefficients are simply set to their theoretical values,
CA = 1 and CM = 1 [135]. In [50], Guskova et al. investigate the CD and CA of
laterally oscillating elliptical cylinders under conditions dimensionally equivalent
to those of our underwater snake robot. The parameter CD is found to vary from
approximately 2 to 3 and CA varies between 0.93 and 1. In [50], it is mentioned
that the lateral coefficients of the simulated robot may not deviate significantly
from their steady-state values. The axial viscous force’s coefficient is selected as
Cf = 0.03 from a review of experimental data presented in [114]. In addition, for a
cylindrical obstacle immerged in a flow with a Reynolds number of approximately
Re ' 105, the fluid parameters can be set as CD = 1, CA = 1, Cf = 0.01, CM = 1
[83]. In this thesis, we will consider the following fluid coefficients for the simulated
motion of the underwater snake robots in the next Chapters: CD = 1− 2, CA = 1,
Cf = 0.03, CM = 1.

2.2.6 Simulation Study

We will now present simulation results for three different modeling approaches:
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2. Modeling of Underwater Snake Robot Locomotion

• case 1 – Added mass and nonlinear drag effects,

• case 2 – Added mass, linear and nonlinear drag effects and

• case 3 – Added mass, linear and nonlinear drag effects and current effects.
Simulation results are presented for the two most common motion patterns for un-
derwater snake robots: lateral undulation and eel-like motion. For the simulation
results presented in this chapter, it is sufficient to state that both motion patterns
are sinusoidal waves propagating backwards from the head to the tail of the robot,
while the mathematical expressions for lateral undulation, the eel-like motion and
the joint controller are presented and explained in detail in Chapter 3. The mod-
els were implemented in MatlabR2013b. The dynamics was calculated using the
ode23tb solver with a relative and absolute error tolerance of 10−4.

Simulation parameters

A snake robot was considered with n = 10 links, each one having length 2l = 2×0.14
m. The mass of each link is m = 0.6597 kg and is chosen so to fulfil the neutrally
buoyant assumption. The initial values of the states of the snake robot were set to
zero, i.e. the snake robot is initially at rest at the origin, with its heading along the
inertial x axis. The hydrodynamic related parameters for the elliptic section with
half small and great axis’ length 0.03 m and 0.05 m, respectively, ρ = 1000 kg/m3,
Cf = 0.03, CD = 2, CA = 1 and CM = 1 were chosen as: ĈD = diag[0.2639 8.4],
ĈA = diag[0 0.3958], λ1 = 4.3103×10−4, λ2 = 2.2629×10−5, λ3 = 2.2988×10−7.
It should be noted that the anisotropic friction property is achieved by a low drag
coefficient in the tangential direction and a higher one in the perpendicular. The
values of a constant current in inertial frame are set to [0.1, 0.1] m/sec. In these
simulations a joint PD-controller (3.5) is used with parameters kp = 200, kd =
50, while lateral undulation or eel-like motion are achieved by moving the joints
according to the (3.1) or (3.2), respectively, with gait parameters α = 30o, δ = 30o,
ω = 70o/sec and φ0 = 0o.

Simulation Results

The simulation results for lateral undulation and eel-like motion of the underwater
snake robot are presented for the three different cases. In particular, the motion
of the center of mass is presented in Fig. 2.6 and Fig. 2.8 for lateral undulation
and eel-like motion pattern, respectively. In addition, the achieved forward velocity
(2.5) is presented in Fig. 2.7 and Fig. 2.9, respectively, for lateral undulation and
eel-like motion patterns. From the simulation results for both motion patterns, we
can see that when a more precise hydrodynamic model is considered the robot
achieves higher velocities.

2.3 Virtual Vertical Plane

This section presents a continuous model of an underwater snake robot constrained
to move within a vertical plane, as visualized in Fig. 2.10. Following, the kinematics
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Figure 2.6: The position of the CM of the robot moving in a horizontal plane during
lateral undulation motion pattern.
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Figure 2.7: The forward velocity of the CM of the robot moving in a horizontal
plane during lateral undulation motion pattern.
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Figure 2.8: The position of the CM of the robot moving in a horizontal plane during
eel-like motion pattern.
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Figure 2.9: The forward velocity of the CM of the robot moving in a horizontal
plane during eel-like motion pattern.
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x
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Figure 2.10: Visualization of a ten link underwater snake robot motion in virtual
vertical plane.

and dynamics of the robot will be presented taking into account the hydrodynamic
and hydrostatic effects.

2.3.1 The Parameters of the Underwater Snake Robot

Similarly to approach presented in Subsection 2.2.1, we assume that the snake
robot consists of n rigid links of equal length 2l interconnected by n−1 joints. The
links are assumed to have the same mass m and moment of inertia J = 1

3ml
2. The

mass of each link is uniformly distributed so that the link center of mass (CM) is
located at its center point. The total mass of the snake robot is therefore nm. The
kinematics and dynamics of the robot moving in vertical plane will be modeled in
terms of the mathematical symbols described in Table 2.2 and illustrated in Fig.
2.11 and Fig. 2.12.

2.3.2 The Kinematics of the Underwater Snake Robot

The kinematics of an underwater snake robot moving in a virtual vertical plane is
similar to that of an underwater snake robot moving in a virtual horizontal plane.
The snake robot is assumed to move in a virtual vertical plane, fully immersed
in water, and has n+2 degrees of freedom (n link angles and the y-z position of
the robot). For a robot swimming in vertical plane, the link angle of each link
i ∈ {1, · · · , n} of the robot, θi ∈ R, is defined as the angle that the link forms with
the global z axis with counterclockwise positive direction, while the joint angle of
joint i ∈ {1, · · · , n− 1} are given by (2.1). The local coordinate system of each
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Figure 2.11: Kinematic parameters of the underwater snake robot moving in virtual
vertical plane.
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Figure 2.12: Forces and torques acting on each link of the underwater snake robot
moving in vertical plane.

48



2.3. Virtual Vertical Plane

Table 2.2: Definition of mathematical terms for underwater snake robot moving in
vertical plane.

Symbol Description Vector
n The number of links
l The half length of a link
m Mass of each link
J Moment of inertia of each link
θi Angle between link i and the global z axis θ ∈ Rn
φi Angle of joint i φ ∈ Rn−1
(yi, zi) Global coordinates of the CM of link i Y,Z ∈ Rn
(py, pz) Global coordinates of the CM of the robot pCM ∈ R2

ui Actuator torque of joint between link i and link i+1 u ∈ Rn−1
ui−1 Actuator torque of joint between link i and link i−1 u ∈ Rn−1
fy,i Fluid force on link i in y direction fy ∈ Rn
fz,i Fluid force on link i in z direction fz ∈ Rn
fw,i Gravitational force on link i fw ∈ Rn
fb,i Buoyancy force on link i f b ∈ Rn
τi Fluid torque on link i τ∈ Rn
hy,i Joint constraint force in y direction on link i from

link i+ 1
hy ∈ Rn−1

hz,i Joint constraint force in z direction on link i from
link i+ 1

hz ∈ Rn−1

hy,i−1 Joint constraint force in y direction on link i from
link i− 1

hy ∈ Rn−1

hz,i−1 Joint constraint force in z direction on link i from
link i− 1

hz ∈ Rn−1

link is fixed in the CM of the link with y (normal) and z (tangential) axes oriented
such that they are aligned with the global y and z axis, respectively, when all the
link angles are zero.

The global frame position pCM ∈ R2 of the CM of the robot is given by

pCM =

[
py
pz

]
=

[
1
nm

∑n
i=1myi

1
nm

∑n
i=1mzi

]
=

1

n

[
eTY
eTZ

]
, (2.45)

where (yi, zi) are the global frame coordinates of the CM of link i,Y= [y1, · · · , yn]
T ∈

Rn and Z= [z1, · · · , zn]
T ∈ Rn.

The links are constrained by the joints according to

DY + lA sinθ = 0,

DZ + lA cosθ = 0.
(2.46)

Following similar approach presented in Subsection 2.2.2, the position, the linear
velocities and the linear accelerations of the individual links of an underwater snake
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2. Modeling of Underwater Snake Robot Locomotion

robot moving in a virtual vertical plane are given by (2.47), (2.48) and (2.49),
respectively.

Y = −lKT sinθ + epy,

Z = −lKT cosθ + epz,
(2.47)

Ẏ = −lKTCθθ̇ + eṗy,

Ż = lKTSθθ̇ + eṗz.
(2.48)

Ÿ = lKT
(
Sθθ̇

2
−Cθθ̈

)
+ ep̈y,

Z̈ = lKT
(
Cθθ̇

2
+ Sθθ̈

)
+ ep̈z.

(2.49)

2.3.3 The Hydrodynamic Model of Underwater Snake Robot

The hydrodynamics of an underwater snake robot moving in virtual vertical plane
is similar to that of an underwater snake robot moving in a virtual horizontal
plane, except that the motion is performed in the y − z plane instead of the x− y
plane. The hydrodynamic model presented in this subsection is valid under the
Assumptions 2.1, 2.3 and 2.4 presented in Subsection 2.2.3, while Assumption 2.2
is modified in the following subsection in order to take into account the hydrostatic
forces for a not neutrally buoyant robot.

The relative velocity of link i is defined as vlink,ir,i = ṗlink,ii − νlink,ic,i , where
νlink,ic,i = (Rglobal

link,i )T vc = [νy,i, νz,i]
T is the current velocity expressed in body frame

coordinates (FB) and vc = [Vy,i, Vz,i]
T is the current velocity expressed in inertial

frame coordinates (FI). Due to Assumption 2.3 v̇c = 0 and thus

ν̇link,ic,i =
d

dt

(
(Rglobal

link,i )T vc

)
=

[
− sin θiθ̇i − cos θiθ̇i
cos θiθ̇i − sin θiθ̇i

] [
Vy,i
Vz,i

]
(2.50)

For a robot swimming in vertical plane the global frame fluid forces on link i are
expressed as:

fglobali = Rglobal
link,i f

link,i
i =

[
cos θi sin θi
− sin θi cos θi

][
f link,iy,i

f link,iz,i

]

= −Rglobal
link,i ĈA

(
(Rglobal

link,i )T
[
ÿi
z̈i

]
−
[
− sin θiθ̇i − cos θiθ̇i
cos θiθ̇i − sin θiθ̇i

] [
Vy,i
Vz,i

])
−Rglobal

link,i ĈD

[
Vry,i
Vrz,i

]
−Rglobal

link,i ĈDsgn
([

Vry,i
Vrz,i

])[
V 2
ry,i

V 2
rz,i

] (2.51)

where [
Vry,i
Vrz,i

]
= (Rglobal

link,i )T
[
ẏi − Vy,i
żi − Vz,i

]
. (2.52)

By performing the matrix multiplications and assembling the forces on all links in
vector form, we can rewrite the global frame fluid forces on the links as

f =

[
fy
fz

]
=

[
fAy

fAz

]
+

[
f I
Dy

f I
Dz

]
+

[
f II
Dy

f II
Dz

]
, (2.53)
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2.3. Virtual Vertical Plane

where fAy and fAz represent the effects from added mass forces and are expressed
as [

fAy

fAz

]
= −

[
µn (Cθ)

2 −µnSθCθ

−µnSθCθ µn (Sθ)
2

] [
Ÿ

Z̈

]
−
[

µnSθCθ µn (Cθ)
2

−µn (Sθ)
2 −µnSθCθ

] [
Va
y

Va
z

]
θ̇,

(2.54)

where Va
y = diag (Vy,1, · · · , Vy,n) ∈ Rn×n and Va

z = diag (Vz,1, · · · , Vz,n) ∈ Rn×n.
The vectors f I

Dy
, f I

Dz
and f II

Dy
, f II

Dz
represent the effects from the linear (2.55)

and nonlinear drag forces (2.56), respectively, where the relative velocities are given
from (2.57). Furthermore, the fluid torques on all links are given by (2.28).[

f I
Dy

f I
Dz

]
= −

[
ct (Sθ)

2
+ cn (Cθ)

2
(ct − cn)SθCθ

(ct − cn)SθCθ ct (Cθ)
2

+ cn (Sθ)
2

] [
Ẏ −Vy

Ż−Vz

]
(2.55)

[
f II
Dy

f II
Dz

]
= −

[
cnCθ ctSθ
−cnSθ ctCθ

]
sgn

([
Vry

Vrz

])[
Vry

2

Vrz
2

]
(2.56)

[
Vry

Vrz

]
=

[
Cθ −Sθ
Sθ Cθ

] [
Ẏ −Vy

Ż−Vz

]
(2.57)

2.3.4 The Hydrostatic Model of Underwater Snake Robot

It is well-known that for an elliptical cylinder with uniformly mass distribution the
center of gravity is the geometrical center of the cylinder. Furthermore, the center
of buoyancy is located at the center of the volume of an object, which means that
for the cylindrical joint the center of buoyancy is coincident with the center of
gravity. Thus, we consider the following assumption in our modeling approach.

Assumption 2.5: The snake robot is considered not neutrally buoyant, while the
center of gravity and the center of buoyancy are coincident. Since the center of gravity
and buoyancy are coincident, the total moment due to the hydrostatic forces vanishes.

Remark 2.5: Assumption 2.5 is a reasonable assumption for any symmetric object
with uniformly mass distribution, i.e for a homogeneous symmetric body, the center of
buoyancy and center of mass are equivalent [134].

As pointed out in Assumption 2.5, the center of gravity, (ygi , zgi) and center
of buoyancy, (ybi , zbi) coincide in each link of the robot, i.e (yi, zi) = (ygi , zgi) =
(ybi , zbi). Using (2.45), it is obvious that the center of gravity and buoyancy of the
snake also coincide, even if the center of the robot oscillates during the locomotion
of the snake robot.

The hydrostatic forces are illustrated in Fig. 2.14 for the case of a tilted (in-
clined) plane (Fig. 2.13). Since the forces due to the gravity and buoyancy are
neither parallel nor perpendicular to the inclined plane, it is imperative that it
could be resolved into two components of force which are directed parallel and
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Figure 2.13: Visualization of a ten link underwater snake robot motion in any 2D
tilted plane.
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Figure 2.14: Hydrostatic forces.

perpendicular to the incline plane, shown in Fig. 2.13. Without loss of general-
ity, in this paper we consider the case where the tilted plane angle is ψ = 0 (i.e.
locomotion in vertical 2D plane of 3D).

Remark 2.6: The hydrostatic forces and torques vanish for a neutrally buoyant un-
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2.3. Virtual Vertical Plane

derwater snake robot, leading to the conclusion that the proposed modeling approach
is valid for underwater motion in any 2D-tilted plane of 3D. However, in this subsection
the hydrostatic forces are analyzed for the tilted plane angle ψ = 0 under the Assump-
tion 2.5, in order to investigate the results in locomotion of a not neutrally buoyant
snake robot.

Gravity forces act at the center of gravity of each link in the system. The force
due to gravity acting on an arbitrary link i is given by

fw,i = −mg = −ρbV g, (2.58)

where, ρb is the density of the joint, g is the acceleration of gravity and V is the
volume of fluid displaced by link i. By assembling the forces on all links in vector
form, we can rewrite the global frame gravity forces on the links as

fw = [fw,1, fw,2, · · · , fw,n]
T
, (2.59)

The buoyancy force is proportional to the mass of the fluid displaced by the link,
it acts through the center of gravity of the link and is given by the expression

fb,i = ρV g, (2.60)

where, ρ is the density of the fluid and (2.61) gives the sum of the hydrostatic
forces in each joint.

fb,i + fw,i = ρV g − ρbV g = m(
ρ

ρb
− 1)g. (2.61)

By assembling the forces on all links in vector form, we can rewrite the global frame
buoyancy forces on the links as

fb = [fb,1, fb,2, · · · , fb,n]
T
, (2.62)

Remark 2.7: Note that if ρ = ρb then the robot is neutrally buoyant, if ρ > ρb the
robot will float and if ρ < ρb the robot will sink [112, 134].

2.3.5 The Dynamics of the Underwater Snake Robot

The equations of motion for the underwater snake robot moving in vertical plane
will be presented in this subsection. The n+2 degrees of freedom of the underwater
snake robot are defined by the link angles θ ∈ Rn and the CM position pCM ∈ R2.
We now present the equations of motion of the robot in terms of the acceleration
of the link angles, θ̈, and the acceleration of the CM position, p̈CM.

The forces and torques acting on link i are visualized in Fig. 2.12. Each link
i ∈ {1, · · · , n} is influenced by hydrodynamic forces fy,i, fz,i, the hydrostatic forces,
fb,i and fw,i, and also the joint constraint forces, hy,i−1, hz,i−1, hy,i and hz,i which
keep the link connected to link i− 1 and link i+ 1. The joint constraint forces are
described in Table 2.2. Using the first principle, the forces and torques acting on
link i are visualized in Fig. 2.12 and the force balance for link i in global frame
coordinates is given by
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mÿi = hy,i − hy,i−1 + fy,i,

mz̈i = hz,i − hz,i−1 + fz,i + fb,i + fw,i
(2.63)

The force balance equations for all links may be expressed in matrix form as

mŸ = DThy + fy,

mZ̈ = DThz + fz + fb + fw.
(2.64)

Note that the link accelerations may also be expressed by differentiating (2.46)
twice with respect to time. This gives

DŸ = lA
(
Sθ θ̇

2 −Cθ θ̈
)
,

DZ̈ = lA
(
Cθ θ̇

2 + Sθ θ̈
)
.

(2.65)

We obtain the acceleration of the CM by differentiating (2.45) twice with respect
to time, inserting (2.64), and noting that the constraint forces hy and hz, are
cancelled out when the link accelerations are summed. This gives[

p̈y
p̈z

]
=

1

n

[
eT Ÿ

eT Z̈

]
=

1

nm

[
eT 01×n

01×n eT

]
f +

1

nm

[
0

eT (fb + fw)

]
. (2.66)

By inserting (2.49), (2.53) and (2.54) into (2.66) the acceleration of the CM may
be expressed as[

p̈y
p̈z

]
=−Mp

[
eTµnC2

θ −eTµnSθCθ

−eTµnSθCθ eTµnS2
θ

][
lKT (Sθθ̇

2
−Cθθ̈)

lKT (Cθθ̇
2

+ Sθθ̈)

]

−Mp

[
eTµnSθCθ eTµnC2

θ

−eTµnS2
θ −eTµnSθCθ

] [
Va
y

Va
z

]
θ̇

+ Mp

[
eT fDy

eT fDz

]
+ Mp

[
0

eT (fb + fw)

]
,

(2.67)

where

Mp =

[
m11 m12

m21 m22

]
=

[
nm+ eTµnC2

θe −eTµnSθCθe
−eTµnSθCθe nm+ eTµnS2

θe

]−1
. (2.68)

and fDy = f I
Dy

+ f II
Dy

and fDz = f I
Dz

+ f II
Dz

are the drag forces in y and z
directions.

The torque balance for link i is given by

Jθ̈i = ui − ui−1 − l sin θi
(
h

′

z,i + h
′

z,i−1

)
+ l cos θi (hy,i + hy,i−1) + τi, (2.69)

where h
′

z,i + h
′

z,i−1 is the joint constraint forces which contribute in the torque
balance equation (the hydrostatic forces act in the center of gravity and thus the
torques due to the gravity and buoyancy are removed). ui and ui−1 are the actuator
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torques exerted on link i from link i + 1 and link i− 1, respectively, and τi is the
torque applied on link i by the fluid. Hence, the torque balance equations for all
links are expressed in matrix form as

Jθ̈ = DTu− lSθATh
′

z + lCθA
Thy + τ , (2.70)

where τ is given from (2.28).
Premultiplying (2.64) by D and solving for hy and h

′

z, we can write the expres-
sion for the joint constraint forces as

hy = (DDT )−1D(mŸ − µnSθCθZ̈ + µn (Cθ)
2
Ÿ

+ µn (Cθ)
2Va

z θ̇ + µnSθCθVa
yθ̇ − f I

Dy
− f II

Dy
).

(2.71)

h
′

z = (DDT )−1D(mZ̈ + µn (Sθ)
2
Z̈− µnSθCθŸ

− µnSθCθVa
z θ̇ − µn (Sθ)

2Va
yθ̇ − f I

Dz
− f II

Dz
)

(2.72)

Inserting in (2.70) the joint constraints forces (2.71, 2.72) and also replacing DŸ,
DZ̈ with (2.65), Ÿ,Z̈ with (2.49) and p̈y, p̈z with (2.67), we can finally express the
model of the robot as

Mθθ̈ + Wθθ̇
2

+ Vθθ̇ + Λ3|θ̇|θ̇ + KDzfDz + KDyfDy = DTu, (2.73)

where Mθ, Wθ, Vθ, KDz and KDy are defined as

Mθ = J +ml2SθVSθ +ml2CθVCθ + Λ1 + l2µnK1K
TSθ + l2µnK2K

TCθ

(2.74)
Wθ = ml2SθVCθ −ml2CθVSθ + l2µnK1K

TCθ − l2µnK2K
TSθ (2.75)

Vθ = Λ2 − lµnK2Va
z − lµnK1Va

y (2.76)

KDz = lµnm22A1eeT − lµnm12A2eeT − lSθK (2.77)

KDy = lµnm21A1eeT − lµnm11A2eeT + lCθK (2.78)

where

K1 = A1 + µnA1eeT (m21SθCθ −m22S
2
θ)− µnA2eeT (m11SθCθ −m12S

2
θ),

K2 = A2 − µnA1eeT (m22SθCθ −m21C
2
θ) + µnA2eeT (m12SθCθ −m11C

2
θ),

A1 = SθKS2
θ + CθKSθCθ,

A2 = SθKSθCθ + CθKC2
θ.

The equations of motion for the underwater snake robot are given by (2.67)

and (2.73). By introducing the state variable x =
[
θT , pTCM, θ̇

T
, ṗTCM

]T
∈ R2n+4,

we can rewrite the model of the underwater snake like robot compactly in state
space form as

ẋ =
[
θ̇
T
, ṗTCM, θ̈

T
, p̈TCM

]T
= F(x,u) (2.79)

where the elements of F(x,u) are easily found by solving (2.67) and (2.73) for p̈CM
and θ̈, respectively.
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Remark 2.8: Note that the modeling approach presented in this subsection is valid
for motion in any tilted plane of 3D for a neutrally buoyant underwater snake robot.
Furthermore, it is interesting to note that if, in the dynamic model (2.67) and (2.73),
we change the axis z with x and set the hydrostatic forces to zero, then the model
reduces to an identical hydrodynamic model of an underwater snake robot moving in a
virtual horizontal plane, described in previous Section 2.2. Hence, the underwater snake
robot moving in any 2D plane of 3D presented in this section is thus an extension of
the underwater snake robot moving in a virtual horizontal plane shown in Section 2.2.

2.3.6 Simulation Study

We now will present simulation results for three different modeling approaches:
• case 1–Added mass and nonlinear drag effect,
• case 2–Added mass, linear and nonlinear drag effect and
• case 3–Added mass, linear, nonlinear drag and current effects.

Simulation results are presented for the two most common motion patterns: lateral
undulation and eel-like motion. The models were implemented in MatlabR2013b.
The dynamics was calculated using the ode23tb solver with a relative and absolute
error tolerance of 10−4.

Simulation parameters

A snake robot was considered with n = 10 links, each one having length 2l = 0.14
m and mass m = ρbV kg. Three different values for the density of the snake robot
are examined, ρb = (1000, 998, 1002)kg/m3. The initial values of the states of
the underwater snake robot were set to zero, i.e. the snake robot is initially at
rest at the origin, with its heading along the inertial z axis. The hydrodynamic
related parameters, ĈD, ĈA, λ1, λ2, λ3, for the elliptic section with half small and
great axis’ length 0.03 m and 0.05 m, respectively, ρ = 1000 kg/m3, Cf = 0.03,
CD = 2, CA = 1 and CM = 1 were calculated using (2.14), (2.15), (2.17) and (2.20),
respectively. Additionally, the anisotropic friction property is achieved by a low drag
coefficient in the tangential direction and a higher one in the perpendicular. The
values of a constant irrotational current in the inertial frame are set to [0.1, 0.1]
m/sec. In these simulations a joint PD controller (3.5) is used with parameters
kp = 200, kd = 50, while lateral undulation or eel-like motion are achieved by
moving the joints according to (3.1) or (3.2), respectively, with gait parameters
α = 30o, δ = 50o, ω = 70o/sec and φ0 = 0o.

Simulation Results

Simulation results for lateral undulation and eel-like motion of the underwater
snake robot will be presented for the three different cases. In particular, the mo-
tion of the center of mass is presented in Fig. 2.15-2.17 and Fig. 2.21-2.23 for
lateral undulation and eel-like motion, respectively. The forward velocity (2.5) is
presented in Fig. 2.18-2.20 and Fig. 2.24-2.26, respectively, for lateral undulation
and eel-like motion patterns. All the simulation results are presented in case that
a) the density of the robot is less than the density of the water, b) for neutrally
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Figure 2.15: Case 1: The position of the CM of the robot for lateral undulation
motion pattern.

buoyant robot and c) for the case where the density of the body is greater than
the density of the water. These cases are examined in order to investigate the total
motion response of a not neutrally buoyant underwater snake robot considering
three different modeling approaches. From the simulation results, we can argue
that small variations between ρb and ρ have a negligible effect in the total motion
response of the underwater snake robot, in the case where the detailed modeling
of the hydrodynamic effects is considered (Fig.2.17,2.26). This indicates that the
modeling with detailed modeling of the hydrodynamic effects is less sensitive in
variation between the density of the water and the density of the body. However,
in case 1, where only the added mass and linear drag effects are considered, it is
shown that even small variation between the densities has significant effects in the
overall motion (Fig. (2.15,2.18,2.21,2.24)). In particular, for eel-like motion pat-
tern when ρ < ρb, the robot moves backwards (Fig. (2.21,2.24)) and this happens
because the robot did not manage to achieve positive forward propulsion for the
chosen parameters of eel-like motion. However, it can be easily seen that the effects
of error between the ρ and ρb vanish in Fig. (2.23,2.26).

2.4 Chapter Summary

This chapter is summarized as follows:
• We have presented mathematical models of an underwater snake robot with
n rigid links interconnected by n − 1 motorized joints moving either in a
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Figure 2.16: Case 2: The position of the CM of the robot for lateral undulation
motion pattern.
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Figure 2.17: Case 3: The position of the CM of the robot for lateral undulation
motion pattern.
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Figure 2.18: Case 1: The forward velocity of the robot for lateral undulation motion
pattern.
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Figure 2.19: Case 2: The forward velocity of the robot for lateral undulation motion
pattern.
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Figure 2.20: Case 3: The forward velocity of the robot for lateral undulation motion
pattern.
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Figure 2.21: Case 1: The position of the CM of the robot for eel-like motion pattern.
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Figure 2.22: Case 2: The position of the CM of the robot for eel-like motion pattern.
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Figure 2.23: Case 3: The position of the CM of the robot for eel-like motion pattern.
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Figure 2.24: Case 1: The forward velocity of the robot for eel-like motion pattern.
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Figure 2.25: Case 2: The forward velocity of the robot for eel-like motion pattern.
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Figure 2.26: Case 3: The forward velocity of the robot for eel-like motion pattern.

virtual horizontal plane or a virtual vertical plane.

• We have developed a hydrodynamic model of the underwater snake robot
considering the combination of linear and nonlinear drag forces, the added
mass effect, the fluid moments and current effects. The hydrodynamic models
given in (2.23) and (2.53) are in closed-form avoiding the numerical evalua-
tions of drag effects.

• We have developed a hydrostatic model for underwater snake robots fully
submerged swimming in a virtual vertical plane. In this case, the proposed
modeling approach takes into account the hydrostatic forces due to the buoy-
ancy and gravity.

• The equation of motion of the underwater snake robot in terms of acceleration
of the link angles, θ̈, and the acceleration of the CM position, p̈CM, are given
by (2.33,2.38) and by (2.67,2.73) for motion in the horizontal and vertical
plane, respectively.

• The model of underwater snake robots in (2.67,2.73) is valid for motion in
any 2D tilted plane of 3D for a neutrally buoyant underwater snake robot.

• The developed models (2.33,2.38) and (2.67,2.73) for underwater snake robots
are in closed-form and are thus particularly well-suited for model-based con-
trol design schemes.
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Chapter 3

Analysis and Synthesis of
Underwater Snake Robot
Locomotion

Inspired by biological swimming creatures, underwater snake robots robots are in-
tended to meet the growing need for robotic mobility in underwater environments.
Thus, they bring a promising perspective on improving the efficiency and maneu-
verability of modernday underwater vehicles. Generally, studies of hyper-redundant
mechanisms (HRMs), also known as snake robots, have largely restricted themselves
to land-based studies [101]. However, the amphibious snake robots have the advan-
tage to adapt to aquatic environments while the physiology of the robot remains
the same. In Chapter 2, we have presented a modeling approach for underwater
snake robots that results in a closed-form solution. This modeling approach takes
into account both the linear and nonlinear drag forces (resistive fluid forces), the
added mass effect (reactive fluid forces), the fluid moments and current effect. As
it is already noted, the hydrodynamic forces (fluid forces) induced by the motion of
a rigid body in an underwater environment are very complex and highly nonlinear.
Therefore, in this chapter we are conducting an extensive analysis of the complex
model of a fully immersed underwater snake robot moving in a virtual horizontal
plane, and from this analysis a set of essential properties that characterize the
overall motion of underwater snake robots is derived. These essential properties
form the basis of the model developed in Chapter 4, which is a control-oriented
model of underwater snake robot locomotion aimed at control design and stability
analysis purposes.

In this chapter, we investigate the two most common motion patterns for un-
derwater snake robot locomotion: lateral undulation and eel-like motion patterns.
Generally, in order to achieve lateral undulation, the robot is commanded to follow
the serpenoid curve as proposed in [51], while eel-like motion can be achieved by
propagating lateral axial undulations with increasing amplitude from nose to tail
[26]. Furthermore, in this chapter we introduce a general sinusoidal motion pattern,
which can be used for a broad class of motion patterns including lateral undulation
and eel-like motion.
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Contributions of this Chapter: The first contribution of this chapter is a gen-
eral sinusoidal motion pattern which is introduced, and it can be used to de-
scribe a broad class of motion patterns for underwater snake robot locomotion
including lateral undulation and eel-like motion. The second contribution of
the chapter is to develop fundamental properties of underwater snake robot
locomotion. In particular, we are conducting an extensive analysis of the com-
plex model presented in Chapter 2.2, and from this analysis a set of essential
properties that characterize the overall motion of underwater snake robots
is derived (see Property 3.1-3.3). Based on this analysis the hydrodynamic
effects which are essential for the overall behavior of the swimming snake
robot are identified. In addition, propositions regarding the turning motion
of an underwater snake robot (see Proposition 3.1) and the relative displace-
ment of the links during both lateral undulation and eel-like motion patterns
(see Proposition 3.2) are addressed. The Properties 3.1-3.3 and Propositions
3.1-3.2 form the basis of the control-oriented model developed in Chapter 4.

Organization of this Chapter: This chapter is organized as follows. In Section
3.1, a general sinusoidal motion pattern for underwater snake robot locomo-
tion is introduced, followed by the presentation of different control laws for
the joints of the underwater snake robot in Section 3.2. Section 3.3 presents
fundamental properties that characterize the overall motion of underwater
snake robots. The properties regarding the turning motion and the relative
displacements of the links both for lateral undulation and eel-like motion
patterns are presented in Section 3.4 and Section 3.5, respectively. Finally,
the chapter is summarized in Section 3.6.

Publications: The material in this chapter is based on the journal papers [72]
and the conference papers [68], [69] and [70].

3.1 The General Sinusoidal Motion Pattern

The mathematical expression for the gait of the snake robot in locomotion stud-
ies depends on its construction and model. Previous studies of swimming snake
robots have been focused on two motion patterns: lateral undulation and eel-like
motion. Lateral undulation [101], which is the fastest and the most common form
of ground snake locomotion, can be achieved by creating continuous body waves,
with constant amplitude, that are propagated backwards from head to tail. In or-
der to achieve lateral undulation, the snake is commanded to follow the serpenoid
curve as proposed in [51]. The gait pattern lateral undulation can be achieved by
controlling each joint of the underwater snake robot according to the sinusoidal
reference

φ∗i = α sin(ωt+ (i− 1)δ) + φ0, i ∈ {1, · · · , n− 1} , (3.1)

where the parameter α corresponds to the amplitude of the serpentine wave that
propagates along the body of the snake robot, ω is the angular frequency of the
sinusoidal joint motion, δ determines the phase shift between the sequential joints,
and φ0 is the joint offset that is used to control the direction of the motion.

From the other hand, eel-like motion can be achieved by propagating lateral
axial undulations with increasing amplitude from nose to tail [26]. This type of
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swimming is called anguilliform swimming among elongate fish, such as eels and
lampreys. A simple equation is derived for the eel-like motion by controlling each
joint of the snake robot according to the reference signal

φ∗i = α

(
n− i
n+ 1

)
sin(ωt+ (i− 1)δ) + φ0, i ∈ {1, · · · , n− 1} , (3.2)

where the parameter α(n− i)/(n+ 1) corresponds to the increasing amplitude,
from nose to tail, of the wave that propagates along the body of the snake robot,
ω is the angular frequency of the sinusoidal joint motion, δ determines the phase
shift between the joints, and φ0 is the joint offset.

We now summarize the above discussion by presenting a general sinusoidal
motion pattern which can be used for a broad class of motion patterns including
lateral undulation and eel-like motion.

Definition 3.1: A general sinusoidal motion pattern is achieved by moving the joints
of an underwater snake robot according to

φ∗i = αg(i, n) sin(ωt+ (i− 1)δ) + φ0, (3.3)

where i ∈ {1, · · · , n− 1}, α and ω are the maximum amplitude and frequency, respec-
tively, of the sinusoidal joint motion, δ determines the phase shift between the joints,
while the function g(i, n) is a scaling function for the amplitude of joint i.

Remark 3.1: The scaling function for the amplitude of joint i, g(i, n), allows (3.3)
to describe a quite general class of sinusoidal functions and corresponding snake motion
patterns. For instance, g(i, n) = 1 gives lateral undulation, while g(i, n) = (n−i)/(n+
1) gives eel-like motion.

Remark 3.2: The parameter φ0 is a joint offset coordinate that can be used to
control the direction of the locomotion [49, 101]. In particular in [101] and [49], φ0
affects the direction locomotion in the case of land-based snake robots and fish robots,
respectively.

Remark 3.3: Note that for amphibious robots, the lateral undulation is the most
common mode of locomotion in order to traverse any uneven terrain or confined spaces,
like tunnels or pipes, whereas for locomotion in three-dimensional dynamic aquatic
environments the eel-like motions are considered as the most appropriate. To this end,
in this thesis we consider both lateral undulation and eel-like motion patterns in the
following chapters.

3.2 The Control System of the Joints

In this thesis, we consider two different control laws to calculate the actuator
torques of the joints from their reference angles. The joint controller is responsible
for making the joint angles φ = [φ1, · · · , φn−1] track the joint reference angles,
φ∗ = [φ∗1, · · · , φ∗n−1]. In particular, we assume that the control input u ∈ Rn−1 =
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[u1, · · · , un−1] of the models presented in this thesis is set according to either a
simple PD joint controller given by

u = kp(φ
∗ − φ)− kdφ̇, (3.4)

or a standard PD-controller given by

u = φ̈
∗

+ kd(φ̇
∗
− φ̇) + kp(φ

∗ − φ), (3.5)

where kp > 0 and kd > 0 are the gains of the controller. Note that for a general
sinusoidal motion pattern according to (3.3), we can easily calculate φ̈

∗
and φ̇

∗
, if

φ0 is assumed to be a constant offset [101]. This gives

φ̇∗i = αg(i, n)ω cos(ωt+ (i− 1)δ), i ∈ {1, · · · , n− 1} , (3.6)

φ̈∗i = −αg(i, n)ω2 sin(ωt+ (i− 1)δ), i ∈ {1, · · · , n− 1} . (3.7)

In case that the joint offset in not constant but instead is a complex function of
time and it is not easy to obtain analytical expressions for φ̈∗i and φ̇∗i , then φ̈∗i and
φ̇∗i can be obtained by using the 3rd order low pass filtering reference model, as
presented in [101].

Remark 3.4: In this thesis, we will use the simple PD controller (3.4) when we
do not require to calculate the derivative of φ∗i with respect to time. In this simple
controller a velocity reference is not included in (3.4) since the purpose of the derivative
part is simply to damp the joint motion, if the joint velocities become large. However,
the disadvantage of this simpler joint controller is that it is unable to track time-
varying joint reference angles perfectly. In all the other cases, we will use the standard
PD controller as defined in (3.5) and when it is necessary the derivatives of the joint
reference signal will be obtained using 3rd low pass filtering reference model [101].

3.3 Analysis of Propulsive Forces

In this section, the complex model presented in Section 2.2 will be analyzed in order
to identify a set of properties that characterize the motion of an underwater snake
robot. These properties will be used as a basis for the development of a control-
oriented model of an underwater snake robot moving in a virtual horizontal plane
in Chapter 4. In particular, for simplicity, we choose to consider a fluid dynamic
model where only the added mass effect (reactive fluid forces), linear drag forces
(resistive fluid forces) and the fluid torques due to the added mass and drag forces
are considered. This leads to simpler equation of motion compared to the full
hydrodynamic modeling approach described in Section 2.2. Note that the analysis
of the full hydrodynamic model that includes the nonlinear drag term and the
currents effects can be considered as future work.

Under anisotropic drag forces, a link has two drag fluid coefficients, ct and
cn, describing the resistive fluid force in the tangential (along link x axis) and
the normal (along link y axis) direction of the link, respectively. The added mass
fluid coefficient in the normal direction of the link is denoted by µn. As shown in
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Subsection 2.2.3, the fluid forces on the link i, denoted by fi ∈ R2, can be written
in terms of the link velocity, ẋi and ẏi, and the link acceleration, ẍi and ÿi, as

fi =

[
fx,i
fy,i

]
= −

[
F ax (θi) F axy(θi)
F axy(θi) F ay (θi)

] [
ẍi
ÿi

]
−
[
F dx (θi) F dxy(θi)
F dxy(θi) F dy (θi)

] [
ẋi
ẏi

]
,

(3.8)
where

F ax (θi) = µn sin2(θi), (3.9a)
F axy(θi) = −µn sin θi cos θi, (3.9b)

F ay (θi) = µn cos2(θi), (3.9c)

F dx (θi) = ct cos2(θi) + cn sin2(θi), (3.9d)

F dxy(θi) = (ct − cn) sin θi cos θi, (3.9e)

F dy (θi) = ct sin2(θi) + cn cos2(θi). (3.9f)

By taking into account the added mass and linear drag effects the equation of the
motion of the underwater snake robot presented in Section 2.2 can be written as

Mθθ̈ + Wθθ̇
2

+ Vθθ̇ + KDxf IDx + KDyf IDy = DTu, (3.10a)

nmp̈x =

n∑
i=1

fx,i, (3.10b)

nmp̈y =

n∑
i=1

fy,i. (3.10c)

We begin by deriving an expression for the total force propelling the CM of the
underwater snake forward. We choose the inertial coordinate system such that
the forward direction of the motion of the underwater snake robot is along the
global positive x axis, which means that the propulsive force is simply the sum of
all external forces on the robot in the global x direction. Hence, the total force
propelling the CM of the robot forward is given as

nmp̈x =

n∑
i=1

fx,i =−
n∑
i=1

F ax (θi)ẍi −
n∑
i=1

F axy(θi)ÿi

−
n∑
i=1

F dx (θi)ẋi −
n∑
i=1

F dxy(θi)ẏi.

(3.11)

From (3.11), we can see that the total propulsive force consists of four components:
a) first one involving the linear acceleration of the link in the forward direction of
motion, F ax (θi)ẍi, b) the second one involving the linear acceleration normal to the
direction of motion, F axy(θi)ÿi, c) the third one involving the linear velocity of the
link in the forward direction of the motion, F dx (θi)ẋi, and d) the last one involving
the linear velocity of the link normal to the direction of motion, F dxy(θi)ẏi. It is
easily seen that, due to the minus signs in (3.11), all the components (3.9a)-(3.9f)
provide a positive contribution to the propulsive force only if they are negative.
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Considering that the fluid coefficients due to the drag and the added mass effects
are positive, ct, cn and µn, are always positive, the expressions F ax (θi) (3.9a) and
F dx (θi) (3.9d) are also positive. Initially, we consider the case that when the robot is
moving in the forward direction with ṗx > 0 and p̈x > 0, which means that ẋi > 0
and ẍi > 0, and therefore the products F ax (θi)ẍi and F dx (θi)ẋi are always positive.
Hence, we can conclude that in this case these products are not contributing to
the forward propulsion of the robot. In addition, it is easily seen that when the
robot is moving forward with ṗx > 0 and p̈x < 0, which means that ẋi > 0 and
ẍi < 0, the product F ax (θi)ẍi is contributing to the forward propulsion of the robot.
Note that the magnitude of the propulsive force increases by decreasing the linear
acceleration of the link in the forward direction, ẍi.

Now, what remains is to analyze the effects of the products F axy(θi)ÿi and
F dxy(θi)ẏi. A plot of F axy(θi) for different values of µn is shown in Fig. 3.1, while a
plot of F dxy(θi) for different values of cn and ct = 1 is shown in Fig. 3.2. In each plot,
the angle between the link and the forward direction, θi, is varied from −90o to 90o.
We see that when cn = ct, i.e. the drag coefficients are equal, there is no effect on
the propulsive force of the underwater snake robot due to the drag effect, since this
gives F dxy(θi) = 0. It is easily seen (Fig. 3.2) that when the cn > ct the component
F dxy(θi) is negative as long as θi is positive, and vice versa. This means that the
product F dxy(θi)ẏi is negative as long as sgn(θi) = sgn(ẏi). In addition, from Fig.
3.1 it is seen that for any positive value of µn the component F axy(θi) is negative
as long as θi is positive, and vice versa. It should be noted that the only case that
F axy(θi) = 0 is the case where the parameter µn = 0, i.e. the case where the added
mass effects are neglectable. Hence, we can conclude that for any positive values
of parameters µn the product F axy(θi)ÿi is negative as long as sgn(θi) = sgn(ÿi).

Additionally, we see that for a given ÿi and ẏi, a link produces its highest
propulsive force when it forms an angle of ±45o with the forward direction of
motion. It should be noted that the magnitude of the propulsive force becomes
greater by increasing cn with respect to ct, or by increasing the magnitude of the
sideways link velocity, ẏi, by increasing the parameter µn, or by increasing the
magnitude of the sideways link acceleration, ÿi and by increasing the parameter
µn, or by decreasing the linear acceleration of the link in the forward direction, ẍi.

Remark 3.5: In Fig. 3.1-3.2 we present the mapping from the sideways link mo-
tion to the forward propulsion for some fluid coefficients values without missing the
generality of the analysis [101].

Now, we can summarize the properties of an underwater snake robot locomotion
based on the previous analysis.

Property 3.1: For an underwater snake robot described by (3.10) with cn > ct,
µn > 0, ẋi > 0 and ẍi > 0, forward propulsion is produced by link velocity and link
acceleration components that are normal to the forward direction.

Property 3.2: For an underwater snake robot described by (3.10) with cn > ct,
µn > 0, ẋi > 0 and ẍi > 0, the propulsive force generated by the transversal motion
of link i is positive as long as sgn(θi) = sgn(ẏi) and sgn(θi) = sgn(ÿi).
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Figure 3.1: The mapping from the sideways link motion to the forward propulsion
for the added mass component of the fluid forces.
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Property 3.3: For an underwater snake robot described by (3.10) with cn > ct,
µn > 0, ẋi > 0 and ẍi > 0, the magnitude of the propulsive force produced by link i
increases when |θi| increases as long as |θi| < 45o.

Property 3.4: For an underwater snake robot described by (3.10) with cn > ct,
µn > 0, ẋi > 0 and ẍi < 0, forward propulsion is produced by link velocity and link
acceleration components that are normal to the forward direction and also by the linear
acceleration of the links in the forward direction.

Remark 3.6: It is worth mentioning that the results presented in this section are
general, because they are based on a more general sinusoidal motion pattern than what
has been analysed in previous literature.

3.4 Analysis of Turning Motion

In the previous section, we determined how propulsion is generally achieved with
an underwater snake robot, while in this section we will investigate how turning
motion is achieved through simulations. In particular, we investigate the turning
motion for the two most common locomotion patterns for swimming snakes: In
the first case the underwater snake robot moves by lateral undulation and in the
second case the robot moves by eel-like motion pattern. Both gait patterns, lateral
undulation and eel-like motion, consist of horizontal waves that are propagated
backward along the underwater snake body from head to tail, with the difference
that in the latter the amplitude of the wave increases from the head to tail. The
lateral undulation and eel-like motion are realized by controlling each joint of the
robot according to (3.1) and (3.2), respectively.

The effect of changing the turning parameter is illustrated in Fig. 3.3-3.6 for
lateral undulation and eel-like motion. These present the results of a simulation of
an underwater snake robot described by (3.10) with n = 10 links of length l = 0.14
m and mass m = 0.6597 kg. Furthermore, the hydrodynamic related parameters
for the elliptic section with half small and great axis’ length 0.03 m and 0.05
m, respectively, ρ = 1000 kg/m3, Cf = 0.03, CD = 1, CA = 1 and CM = 1
were calculated as: ct = 0.2639, cn = 4.2, µn = 0.3957, λ1 = 2.2988 × 10−7,
λ2 = 4.3103 × 10−4, for the simulated model. The model is implemented and
simulated in Matlab R2013b. The dynamics was calculated using the ode23tb solver
with a relative and absolute error tolerance of 10−4. The trace of the head is shown
in Fig. 3.3-3.4, while the average joint angle, defined as φ̄ =

∑n−1
i=1 φi/(n − 1), is

shown in Fig. 3.5-3.6. The underwater snake robot is controlled according to lateral
undulation, (3.1), and eel-like motion, (3.2), with α = 30o, ω = 120o/s and δ = 40o.
In addition, the offset angle is set to φ0 = 5o in the time interval t ∈ [20, 30] and
φ0 = −10o in the time interval t ∈ [50, 60], while the offset angle is set to φ0 = 0o

outside these two time intervals.
From Fig. 3.3-3.6, we can see that the robot swims forward without turning

as long as the average joint angle, φ̄, oscillates around zero, while the direction
of the motion changes when the average joint angle is non-zero. It is seen (Fig.
3.5-3.6) that in the case of eel-like motion the average joint angle oscillates with
larger amplitude compared to lateral undulation around the expected direction.
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Figure 3.3: Turning locomotion analysis for an underwater snake robot with n = 10
links both for lateral undulation and eel-like motion patterns: Trace of the head
for ω = 70o/s.

The positive (resp. negative) average joint angle produces a counterclockwise (resp.
clockwise) rotation of the underwater snake robot. In addition, we can see that the
speed of the directional change is correlated with the amplitude of the average
joint angle. Moreover, Fig. 3.3-3.4 show that the rate of directional change is larger
when the robot moves with larger forward velocity (for ω = 120o/s). This indicates
that the speed of the directional change, for some fixed joint angle offset, becomes
greater by increasing the forward velocity of the underwater snake robot. Through
the simulation study based on the complex model we observe a set of qualitative
properties and similar formulations as the ones that observed for the ground snake
robot locomotion presented in [98, 101]. We will now summarize the observations
of this simulation study of the turning locomotion of an underwater snake robot.

Proposition 3.1: During both lateral undulation and eel-like motion for an under-
water snake robot described by (3.10) with cn > ct and µn > 0, the overall direction
of the locomotion remains constant as long as the average joint angle is zero. However,
this will change in the counterclockwise (resp. clockwise) direction when the average
joint angle is positive (resp. negative). The speed of directional change of the locomo-
tion becomes greater by increasing the amplitude of the average joint angle and/or by
increasing the forward velocity (assuming that the average joint angle is non-zero).

3.5 Analysis of Relative Link Motion

From the analysis in Section 3.3, it is clear that underwater snake locomotion con-
sists of periodic body shape changes that generate external forces that propel the
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Figure 3.4: Turning locomotion analysis for an underwater snake robot with n = 10
links both for lateral undulation and eel-like motion patterns: Trace of the head
for ω = 120o/s.
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Figure 3.6: Turning locomotion analysis for an underwater snake robot with n = 10
links both for lateral undulation and eel-like motion patterns: The averaged φ for
ω = 120o/s.

robot forward. According to the Property 3.1, the forward motion is inducted by
the motion of the links normal to the forward direction. The above result led us to
wonder if the body shape changes can be characterized in terms of the translational
displacements of the links instead of the rotational joints motion. This would be
similar to the approach presented for the ground snake robot in [98, 101]. Gener-
ally, the model given by (3.10), which describes the rotational link motion of an
underwater snake robot, is quite complex.

In order to support this idea, we consider an underwater snake robot described
by (3.10) forced to move with lateral undulation, (3.1), and eel-like motion, (3.2),
along the global x axis with φ0 = 0o. The parameters of the underwater snake
robot are kept the same as described in Section 3.4. Fig. 3.7 shows the relative
displacement between the CM of two arbitrarily chosen links (link 3 and link 4)
in the global x and y directions. These plots indicate that, during both lateral
undulation and eel-like motion, the relative displacements between the CM of two
adjacent links along the forward direction of motion are approximately constant,
while the relative displacements normal to the direction of motion oscillate around
zero. Hence, based on these simulation results we can compose the following propo-
sition.

Proposition 3.2: During both lateral undulation and eel-like motion, the change in
body shape consists mainly of relative displacement of the CM of the links normal to
the direction of motion. In addition, the relative displacement of the CM of the links
along the forward direction can be approximated as constant.

Remark 3.7: Property 3.1, which is supported by Proposition 3.2, constitutes the
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basis for the development of the control-oriented model of the underwater snake robot
presented in Chapter 4. Particularly, these results indicate that (1) lateral undulation
and eel-like motion mainly consist of link displacements that are transversal to the
direction of the motion and (2) the transversal link displacements propel the robot
forward. Hence, these contentions are important in the sense as they point out that
the underwater snake robot locomotion can be described in terms of the transversal
displacement of the links, instead of the more complex rotational links motion.

Remark 3.8: The analysis of the underwater snake robot locomotion gives the Prop-
erties 3.1-3.4 and the Propositions 3.1-3.2, which are similar to the ones presented in
[98, 101] for a ground snake robot. However, in this section, the properties are devel-
oped under the assumption that the snake robot moves according to lateral undulation
and eel-like motion, and also the hydrodynamic effects are analyzed.

3.6 Chapter Summary

This chapter is summarized as follows:
• We have presented a general sinusoidal motion pattern which can be used

for a broad class of motion patterns for underwater snake robot locomotion
including lateral undulation and eel-like motion.

• We have employed an extensive analysis of the complex model (3.10) of a
fully immersed underwater snake robot moving in a virtual horizontal plane
and a set of essential properties that characterize the overall motion of an
underwater snake robot has been derived (see Properties 3.1-3.4).
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3.6. Chapter Summary

• The results presented in Section 3.3 are general, because they are based on
a more general sinusoidal motion pattern than what has been analysed in
previous literature. Based on the analysis in this chapter, the hydrodynamic
effects which are essential for the overall behavior of the swimming snake
robot have been identified.

• Propositions regarding the turning motion of an underwater snake robot (see
Proposition 3.1) and the relative displacement of the links during both lat-
eral undulation and eel-like motion patterns (see Proposition 3.2) have been
addressed.

• The Properties 3.1-3.3 and Propositions 3.1-3.2 form the basis of the control-
oriented model of underwater snake robot locomotion aimed at control design
and stability analysis purposes derived in Chapter 4.
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Chapter 4

Control-Oriented Model of
Underwater Snake Robots

A number of researchers have developed analytical models for the forces generated
during the motion of biologically inspired swimming robots. However, the existing
models for underwater snake robots are quite complex from a stability analysis
and control design perspective. The modeling for control design purposes poses
different challenges than modeling for simulations. In the latter, high accuracy and
modeling of all the effects are important, while the model does not need to be in a
form suited for analytical analysis. When modeling for model-based control design
purposes, however, the model needs to be well-suited for analytical analysis while
only the significant effects need to be included. The complexity of the model of
underwater snake robot locomotion given by (3.10) is the main motivation behind
the control-oriented model developed in this chapter.

In this chapter, we propose a model that is well-suited for control design and sta-
bility analysis for swimming snake robots. The development of the control-oriented
model is inspired by the modeling approach that was presented in [98, 101] for
a land-based snake robot. In these references the authors developed a simplified
modeling approach for a planar snake robot describing the body shape dynam-
ics in terms of the translational motion of the links, something which is seen to
significantly simplify the equations of motion. Motivated by this work, we model
the underwater snake robot locomotion by the translational motion of each link,
in order to exploit that translational motion is generally less complex to model
than rotational one, at the same time as it captures the essential features of the
locomotion. In particular, by using the results from Chapter 3, we develop a control-
oriented model of an underwater snake robot moving in a virtual horizontal plane.
Simulation results for lateral undulation and eel-like motion patterns are presented
to show that the proposed control-oriented model in (4.32) and the complex model
in (3.10) have similar qualitative and quantitative behavior.

Contributions of this Chapter: The main contribution of this chapter is a con-
trol oriented model of an underwater snake robot moving in a virtual horizon-
tal plane. The idea is to describe the body shape changes of an underwater
snake robot as linear displacements of the links. The proposed model is no-
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4. Control-Oriented Model of Underwater Snake Robots

tably less complex than the existing models, while significant parameters such
as added mass effects, linear drag forces, and the torques due to the added
mass and linear drag forces, are all taken into account in the modeling. Hence,
this model is well-suited for control design and stability analysis purposes,
and at the same time has the same essential properties as the complex model
(3.10).

Organization of this Chapter: This chapter is organized as follows. In Section
4.1, we present an overview of the control-oriented model. In Section 4.2,
the kinematic model of the underwater snake robot is presented, followed by
the hydrodynamic and dynamic model of the robot in Sections 4.3 and 4.4,
respectively. The complete control-oriented model is outlined in Section 4.5.
In Section 4.6, simulation results are presented, comparing the behavior of
the complex and the control-oriented models, to validate that the control-
oriented model captures the essential properties of swimming snake robot
locomotion. Finally, the chapter is summarized in Section 4.7.

Publications: The material in this chapter is based on the journal paper [72] and
the conference papers [67] and [68].

4.1 Overview of the Modeling Approach

Using the results from Chapter 3, we now develop a control-oriented model of
an underwater snake robot moving in a virtual horizontal plane. As it is already
mentioned, the model is derived for control design and stability analysis purposes.
Based on the observation that the rotation of each link in essence creates a linear
displacements of the CM of each link, the idea is to describe the body shape changes
of an underwater snake robot as linear displacements of the links with respect to
each other instead of rotational displacements [98, 101]. Proposition 3.2 indicates
that these linear displacements should be normal to the forward direction of the
motion, while Property 3.1 points out that these transversal displacements of the
links are that which propel the underwater snake robot forward. This suggests
that we can model the revolute joints of an underwater snake robot as prismatic
(translational) joints.

In the following subsections, the kinematics and dynamics of the underwater
snake robot will be modeled in terms of the mathematical symbols described in
Table 4.1 and illustrated in Fig. 4.1-4.2. The following vectors and matrices are
used in order to derive the model

A =

 1 1
. . . . . .

1 1

 , D =

 1 −1
. . . . . .

1 −1

 ,

e =
[

1 · · · 1
]T ∈ RN , ē =

[
1 · · · 1

]T ∈ RN−1,

D̄ = DT
(
DDT

)−1 ∈ RN×N−1,

where A,D ∈ R(N−1)×N .
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4.1. Overview of the Modeling Approach

Table 4.1: Definition of mathematical terms for the control-oriented model.

Symbol Description Vector
N The number of links
l The length of a link
m Mass of each link
φi Normal direction distance between links

i and i+ 1
φ ∈ RN−1

υφ,i Relative velocity between links i and i+1 υφ ∈ RN−1
θ Orientation of the underwater snake

robot
θ ∈ R

υθ Angular velocity of the underwater snake
robot

υθ ∈ R

(ti, ni) Coordinates of the CM of link i in the
t− n frame

(t,n) ∈ R2N

(pt, pn) Coordinates of the CM of the robot in
the t− n frame

(pt, pn) ∈ R2

(px, py) Coordinates of the CM of the robot in
the global frame

(px, py) ∈ R2

(υt, υn) Forward and normal direction velocity of
the robot

(υt, υn) ∈ R2

ui Actuator force at joint i u ∈ RN−1
(fx,i, fy,i) Fluid force on link i in the global frame (fx, fy) ∈ R2N

(ft,i, fn,i) Fluid force on link i in the t− n frame (ft, fn) ∈ R2N

θ
t

n

x

y

(p ,p )
x y

υ t

υn

Figure 4.1: Illustration of the coordinates employed in the control-oriented model.
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Figure 4.2: Kinematics and dynamics of the underwater snake robot.

Remark 4.1: In this chapter, we choose to define the parameter for the link numbers
of the underwater snake robots as N in contrast with the complex model presented
in Chapter 2, where the link numbers is described by the parameter n. This is done
mainly in order to avoid the confusion between the link numbers parameter definition
and the convention of the normal direction axis, n, that is used for the derivation of the
control-oriented model. Generally in this thesis, we use N to describe the link numbers
of the control-oriented model and with n the link numbers of the complex model.

4.2 The Kinematics of the Underwater Snake Robot

The underwater snake robot is assumed to move in a horizontal plane, fully im-
mersed in water, and has N+2 degrees of freedom. The motion of the robot is
defined with respect to the fixed global frame, x − y, and the t − n frame that
is always aligned with the robot (Fig. 4.1). The origin of both frames are fixed
and coincide. The direction of the t axis is denoted as the tangential or forward
direction of the robot, and the direction of the n axis as the normal direction. As
shown in Fig. 4.1, the position of the CM of the underwater snake robot in the
global frame is denoted by (px, py) ∈ R2, while (pt, pn) ∈ R2 is the position in the
t − n frame. θ ∈ R represents the orientation of the snake robot with respect to
the global x axis with counterclockwise positive direction. The angle between the
global x axis and the t axis is also θ since the t − n frame is always aligned with
the snake robot. The relationship between the t− n frame position and the global
frame position is thus given by

pt = px cos θ + py sin θ,

pn = −px sin θ + py cos θ.
(4.1)
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The relationship between the global frame velocities of the robot and the t − n
frame velocities is given by

ṗx = υt cos θ − υn sin θ,

ṗy = υt sin θ + υn cos θ,
(4.2)

and the inverse relationship is given by

υt = ṗx cos θ + ṗy sin θ,

υn = −ṗx sin θ + ṗy cos θ.
(4.3)

Differentiating (4.1) with respect to time and inserting (4.3) gives

ṗt = υt + pnθ̇,

ṗn = υn − ptθ̇.
(4.4)

We denote the t−n frame position of the CM of the link i by (ti, ni) ∈ R2. TheN−1
prismatic joints of the underwater snake robot control the normal direction distance
between the links. As seen in Fig. 4.2, the normal direction distance between the
link i and link i+ 1 is given by

φi = ni+1 − ni, (4.5)

and represents the coordinate of joint i. In the control-oriented approach, we refer
to φi as a joint coordinate instead of a joint angle. The holonomic constraints are
expressed in matrix form for all links as

Dt + lē = 0,

Dn + φ = 0,
(4.6)

where t = [t1, · · · , tN ] ∈ RN , n = [n1, · · · , nN ] ∈ RN , and φ = [φ1, · · · , φN−1] ∈
RN−1. The t − n frame position of the CM of the underwater snake robot can be
written in terms of the link positions as

pt = eT t/N,

pn = eTn/N.
(4.7)

The link positions can be expressed as

t = pte− lD̄ē,

n = pne− D̄φ.
(4.8)

By differentiating (4.8) with respect to time and inserting (4.4), the individual link
velocities are given as

ṫ = (υt + pnθ̇)e,

ṅ = (υn − ptθ̇)e− D̄φ̇.
(4.9)

The linear accelerations of the links are found by differentiating the velocity of the
individual links (4.9) with respect to time, which gives

ẗ = (υ̇t + ṗnθ̇ + pnθ̈)e,

n̈ = (υ̇n − ṗtθ̇ − ptθ̈)e− D̄φ̈.
(4.10)
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Remark 4.2: The kinematics of an underwater snake robot, described in this sub-
section, is similar to that of a snake robot moving on land [101]. In this section we
provide a brief presentation of the kinematics for completeness. An extensive presenta-
tion of the snake robot kinematics can be found in [98, 101]. Additionally, it is necessary
to derive the equations of linear accelerations of the links (4.10) in order to express the
fluid forces below.

4.3 The Fluid Friction Model

In this section, we employ a fluid model that takes into account the added mass
effects and linear drag forces, similar to the hydrodynamic model described in
Section 3.3. The hydrodynamic forces, which act on the CM of each link, must be
defined so that Properties 3.1-3.3 from Section 3.3 being also applicable for the
control-oriented model of the robot.

By assembling the forces in (3.8) on all links in vector form, we can rewrite the
global frame fluid forces on the links as

f =

[
fx
fy

]
=

[
fAx

fAy

]
+

[
f I
Dx

f I
Dy

]
, (4.11)

where fAx and fAy represent the effects from added mass forces and are expressed
as defined in (2.24). The vectors f I

Dx
, f I

Dy
represent the effects from the linear

drag forces (2.25).

Assumption 4.1: When θi is small, the following approximations hold sin2 θi ≈ 0,
cos2 θi ≈ 1 and sin θi cos θi ≈ θi (see e.g. [98]).

Remark 4.3: Assumption 4.1 is valid for (| θi |< 20o) as it is shown in [98, 101]. We
will therefore approximate the added mass and drag forces based on this assumption.

Note that in (3.8), the velocities ẋi and ẏi correspond to the velocity of link i in
the tangential and normal directions of the underwater snake robot, respectively,
while the accelerations ẍi and ÿi correspond to the acceleration of link i in the
tangential and normal directions of the underwater snake robot, respectively. In
addition, the forces fx,i and fy,i correspond to the fluid forces on link i in the
tangential and normal directions, respectively. Now, by denoting the fluid force
components on link i in the t − n frame of the control-oriented model by ft,i and
fn,i, respectively and letting the t− n frame velocity and acceleration components
of link i be given by (ṫi, ṅi) and (ẗi, n̈i), we then have that

ẋi = ṫi, ẏi = ṅi,

ẍi = ẗi, ÿi = n̈i,

fx,i = ft,i, fy,i = fn,i.

(4.12)

Using Assumption 4.1 and θi ≈ (φi−1 + φi)/2l (see e.g. [98, 101]), the fluid forces
in the tangential, ft ∈ RN , and normal, fn ∈ RN , directions can be written as[

ft
fn

]
=

[
fAt

fAn

]
+

[
fDt

fDn

]
, (4.13)
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where

[
fAt

fAn

]
= −

 0N×N −µn
2l

diag(ATφ)

−µn
2l

diag(ATφ) µnIN

[ ẗ
n̈

]
θ̇=0,θ̈=0

, (4.14)

and [
fDt

fDn

]
=

[
−ctIN cpdiag(ATφ)

cpdiag(ATφ) −cnIN

] [
ṫ
ṅ

]
θ̇=0

. (4.15)

The parameter cp = (cn − ct)/2l is a propulsion coefficient which maps the normal
direction link velocities and the joint coordinates into propulsive fluid forces in the
forward (tangential) direction of the underwater snake robot.

Remark 4.4: From (4.14) and (4.15), we can see that the propulsive force on link
i that propels the robot forward is produced by the normal direction link velocity, ṅi,
and by the normal direction link acceleration, n̈i, which is in agreement with Property
3.1. Furthermore, we see from (4.14) and (4.15) that the magnitude of the propulsive
forces produced by link i is increased by increasing | φi−1 + φi |, which from θi ≈
(φi−1+φi)/2l, corresponds to increasing | θi |. This is in agreement with Property 3.3.
Finally, we can see from (4.14) and (4.15) that the forward direction force components
produced by ṅi and n̈i is positive when sgn(φi−1 + φi) = sgn(ṅi) and sgn(φi−1 +
φi) = sgn(n̈i), which are in agreement with Property 3.2. Hence, we conclude that the
simplified/control-oriented fluid model directly captures the Properties 3.1-3.3 from
Section 3.3, which means that we can argue that the simplified fluid model in (4.14),
(4.15) is qualitatively similar to the complex fluid model in (4.11).

Remark 4.5: In this control-oriented modeling approach, we choose to disregard
the link velocity components due to the angular velocity θ̇ of the underwater snake
robot and the link acceleration components θ̈, due to the angular velocity. These are
reasonable assumptions since the dynamics of the angular motion of the underwater
snake robot will generally be much slower than the body shape dynamics. Furthermore,
these assumptions simplify the fluid model significantly.

Inserting (4.10) into (4.14) and (4.9) into (4.15) with θ̇ = 0, and θ̈ = 0 the final
expressions for the added mass effects and linear drag forces can be written as

[
fAt

fAn

]
= −

 0N×N −µn
2l

diag(ATφ)e

−µn
2l

diag(ATφ)e µnINe

[ υ̇t
υ̇n

]

−

 0N×N −µn
2l

diag(ATφ)

−µn
2l

diag(ATφ) µnIN

[ 0N
−D̄φ̈

]
,

(4.16)

and [
fDt

fDn

]
=

[
−ctυte + cpdiag(ATφ)(υne− D̄φ̇)

−cnυne + cnD̄φ̇ + cpυtdiag(ATφ)e

]
. (4.17)
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4.4 The Dynamics of the Underwater Snake Robot

This section presents the equations of motion for the underwater snake robot. The
forces and torques acting on link i are visualized in Fig. 4.2 and the force balance
for link i in global frame coordinates is given by

mẗi = ft,i + ht,i − ht,i−1,
mn̈i = fn,i − ui + ui−1,

(4.18)

where ft,i and fn,i are the fluid forces, ht,i and ht,i−1 are the joint constraint forces
on link i from link i+1 and link i−1, respectively, and ui and ui−1, produce relative
motion between the links in the normal direction. The force balance equations for
all links may be expressed in matrix form as

mẗ = ft + DTht, (4.19)

mn̈ = fn −DTu, (4.20)

where ht = [ht,1, · · · , ht,N−1]
T ∈ RN−1 and u = [u1, · · · , uN−1]

T ∈ RN−1. Premul-
tiplying (4.20) by D/m gives

Dn̈ =
1

m
Dfn −

1

m
DDTu. (4.21)

By differentiating (4.6) twice with respect to time, it is seen that Dn̈ = −φ̈. We
can therefore write the body shape dynamics of the underwater snake robot as

φ̈ = − 1

m
Dfn +

1

m
DDTu. (4.22)

Inserting (4.13) into (4.22) and using the easily verifiable relations De = 0, DD̄ =
IN−1, Ddiag(ATφ)e = −ADTφ, we get

φ̈ = − cn
m+ µn

φ̇ +
1

m+ µn
(
µn
2l

ADT υ̇t + cpADTυt)φ +
1

m+ µn
DDTu. (4.23)

The tangential and normal direction accelerations of the CM of the underwater
snake robot, denoted by υ̇t and υ̇n, respectively, are given as the sum of all tan-
gential and normal direction forces on the links divided by its mass. This gives[

υ̇t
υ̇n

]
=

1

Nm

[
eT 0N×N

0N×N eT

] [
ft
fn

]
, (4.24)

where we can see that the joint constraint forces, ht, and the actuator forces, u,
are cancelled out when the link accelerations are summed. Now, inserting (4.13)
into (4.24) and using easily verifiable relations, eTdiag(ATφ)e = 2ēTφ, eT D̄ = 0,
and eTdiag(ATφ)D̄ = φTAD̄, we get

υ̇t = k3
(
k12cp(ē

Tφ)2 − k2ctN
)
υt + k3

(
k22cpē

Tφ− k1cnN ēTφ
)
υn

− k3(k2
k1
2
φTAD̄φ̈+ k2cpφ

TAD̄φ̇),
(4.25)
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υ̇n = k3
(
Nm2cpē

Tφ− k1ctN ēTφ
)
υt + k3

(
k12cp(ē

Tφ)2 −N2mcn
)
υn

− ēTφk3(k1cpφ
TAD̄φ̇+

k1
2

2
φTAD̄φ̈),

(4.26)

where k1 =
µn
l
, k2 = Nm+Nµn and k3 =

1

Nmk2 − (k1ēTφ)2
.

We also need to model the dynamics of the snake robot orientation. As men-
tioned in previous sections, the idea behind the control-oriented modeling approach
of the underwater snake robot locomotion is to disregard the rotational motion of
the links and instead only consider the translational displacements of the links.
The orientation of the robot with prismatic joints is defined as θ, which is also the
angle of all the links.

Proposition 3.1 states that the direction of the forward motion changes when
the average of the joint angles oscillates around a non-zero value and that the speed
of direction changes increases by increasing the average of the joint angles and/or
by increasing the forward velocity. This observation should also hold for the control-
oriented model. The direction of the forward motion in the control-oriented model
is given by the orientation θ, the forward velocity is given by υt, and the average of
the joint angles corresponds to the average of the joint coordinates ēTφ/(N − 1).
Hence, using Proposition 3.1, the overall torque that induces the rotational motion
of a snake robot should be

θ̈rotation = λ2υt
ēTφ

N − 1
, (4.27)

where λ2 is a constant parameter which gives the scaling of the mapping from the
average of the joint coordinates and forward velocity to rotational acceleration. The
induced torque is multiplied by υt since the snake robot otherwise would experience
a constant angular velocity, even in the case of a nonzero average joint coordinate
in the rest mode, similarly to the ground robot presented in [101]. Furthermore,
fluid forces act on the underwater snake robot in order to induce fluid torques that
oppose to the rotational motion. Since the fluid forces are the linear drag forces and
added mass effects, we can assume that the rotational fluid torques are obtained
due to the added mass and the linear drag forces. We choose to model the torque
due to the added mass effect as

θ̈am = −λ3θ̈, (4.28)

where λ3 is a constant parameter which represents the torque coefficient due to the
added mass effect. In addition, we model the torque due to the linear drag forces
as

θ̈drag = −λ1θ̇, (4.29)

where λ1 is a constant parameter which determines the drag torque opposing to the
rotation of the underwater snake robot. By combining (4.27), (4.28) and (4.29) we
can write the control-oriented model of the rotational dynamics of the underwater
snake robot as

θ̈ = − λ1
1 + λ3

θ̇ +
λ2

(N − 1)(1 + λ3)
υtē

Tφ. (4.30)
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Remark 4.6: Although, the model of θ̈ is not based on first principles of the rota-
tional dynamics (see e.g. [101]) of an underwater snake robot, we can presume that
the behavior of this model will be qualitatively similar to the behavior of an under-
water snake robot with revolute joints. It will also be quantitatively similar when the
rotation parameters λ1, λ2 and λ3 are properly chosen. This claim will be supported
by simulation results in Section 4.6.

4.5 The Complete Control-Oriented Model

We now present the complete control-oriented model of the underwater snake robot.
The state vector of the model is chosen as

x =
[
φT , θ, px, py,v

T
φ , υθ, υt, υn

]T
∈ R2N+4, (4.31)

where φ ∈ RN−1 are the joint coordinates, θ ∈ R is the absolute orientation,
(px, py) ∈ R2 is the position of the CM in the the global frame, vφ = φ̇ ∈ RN−1

are the joint velocities, υθ = θ̇ ∈ R is the angular velocity, and (υt, υn) ∈ R2 are the
tangential and normal direction velocities of the robot. As illustrated in Fig. 4.2,
each link is influenced by fluid forces, linear drag forces and the added mass effects,
and constraint forces that hold the joints together. The complete control-oriented
model of the robot can be written as

φ̇ = vφ (4.32a)

θ̇ = υθ (4.32b)
ṗx = υt cos θ − υn sin θ (4.32c)
ṗy = υt sin θ + υn cos θ (4.32d)

v̇φ = −cnN
k2

vφ +
N

k2
(
k1
2

ADT υ̇t + cpADTυt)φ +
N

k2
DDTu (4.32e)

υ̇θ = − λ1
1 + λ3

υθ +
λ2

(N − 1)(1 + λ3)
υtē

Tφ (4.32f)

υ̇t = k3
(
k12cp(ē

Tφ)2 − k2ctN
)
υt + k3

(
k22cpē

Tφ− k1cnN ēTφ
)
υn

− k3(k2
k1
2
φTAD̄v̇φ + k2cpφ

TAD̄vφ)
(4.32g)

υ̇n = k3
(
Nm2cpē

Tφ− k1ctN ēTφ
)
υt + k3

(
k12cp(ē

Tφ)2 −N2mcn
)
υn

− ēTφk3(k1cpφ
TAD̄vφ +

k1
2

2
φTAD̄v̇φ)

(4.32h)

where u ∈ RN−1 are the transformed actuator forces at the joints which we assume
that are chosen according to the feedback linearizing control law

u =
k2
N

(DDT )−1(ū +
cnN

k2
φ̇− N

k2
(
k1
2

ADT υ̇t + cpADTυt)φ), (4.33)
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where ū ∈ RN−1 denotes the new control inputs. By using this control law the
joint dynamics (4.32e) are transformed into

v̇φ = ū (4.32e*)

Remark 4.7: It should be noted that in this chapter the control-oriented model is
derived based on the Properties 3.1-3.3 and the Propositions 3.1-3.2. This modeling
approach is not able to capture the results in the case pointed in Property 3.4.

4.6 Simulation Study

This section presents simulation results for lateral undulation and eel-like motion in
order to compare the complex model of the underwater snake robot given by (3.10)
and the control-oriented model given by (4.32). Both models were implemented and
simulated in Matlab R2013b. The dynamics was calculated using ode23tb solver in
Matlab with a relative and absolute error tolerance of 10−6.

4.6.1 Simulation Parameters

We consider an underwater snake robot withN = 10 links of length l = 0.14 m. The
mass of each link is m = 0.6597 kg and it chosen to fulfil the neutrally buoyant
assumption (see Assumption 2.2). Furthermore, we choose the fluid forces and
torque coefficients as ct = 0.2639, cn = 4.2, µn = 0.3957, λ1 = 2.2988× 10−7, λ2 =
4.3103 × 10−4, for the complex model and ct = 0.45, cn = 5, µn = 0.4, λ1 = 0.5,
λ2 = 20, λ3 = 0.01 for the control-oriented one. Please note that defining a general
mapping between the fluid coefficients in the two models remains a topic of future
work. The coefficients here are chosen through trial and error. The joint reference
coordinates were calculated according to the motion pattern lateral undulation and
eel-like motion, defined in (3.1) and (3.2), respectively. The values of the controller
parameters are set to ω = 120o/s, δ = 40o in both models, while the values of
parameter α are noted in each simulation results. In addition, the joint offset angle
was set to φ0 = α/6 in the time interval t ∈ [40, 70], φ0 = −α/6 in the time
interval t ∈ [130, 160] and φ0 = 0 outside of these two time intervals. Both models
are simulated with the initial values set to zero. Furthermore, in order to achieve
the desired locomotion patterns given in (3.1) and (3.2) we use the standard PD-
controller both for the complex and control-oriented models, as defined in (3.5)
with the controller gains kp = 200 and kd = 50.

4.6.2 Simulation Results

Simulation results for lateral undulation and eel-like motion of the underwater
snake robot are presented for two different joints angle amplitudes. In particular,
the amplitude of (3.1) and (3.2) is set to the values α = 7.1o, 13.9o, for the complex
model and α = 2.24 cm, 4.3 cm, respectively, for the control-oriented model. These
amplitudes correspond to the link angles θi = 10o and θi = 20o, respectively (cf.
[101] for details about how to transform between angular and translational link
motion). The simulation results from the two cases are shown in Fig. 4.3 and Fig.
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4. Control-Oriented Model of Underwater Snake Robots

(a) Position of the CM of the robot (b) CM velocity in x direction, ṗx

(c) CM velocity in y direction, ṗy (d) The orientation of the robot

Figure 4.3: Simulation results for lateral undulation (complex model: α = 7.1o and
control-oriented model: α = 2.24 cm).

4.5 for lateral undulation, while simulation results for eel-like motion are shown in
Fig. 4.4 and Fig. 4.6. In all figures, the motion of CM for both models is presented in
subfigure (a), while subfigures (b) and (c) show the CM velocity of the underwater
snake robots in the global x and y direction, respectively. Furthermore, subfigure
(d) shows the orientation of the underwater snake robots, which is given by θ in
the control-oriented model, and is estimated as the average of the link angles in
the complex model, i.e. as is expressed in (2.2).

The simulation results, both for lateral undulation and eel-like motion, indicate
that the qualitative behavior of the underwater robot expected by the control-
oriented model is similar to the corresponding behavior of the complex model. In
addition, choosing the presented values for the fluid coefficients, we also achieved a
good quantitative similarity between the two models. The similar behavior of the
two models confirms that the control-oriented model can capture the significant
effects that determine the overall motion of the underwater snake robot. Hence,
the proposed control-oriented modeling approach can be used to develop a general
analysis and control design, in order to get results that will also be applicable to
the complex model.

4.7 Chapter Summary

This chapter is summarized as follows:
• We have presented a model of the kinematics and dynamics of a planar un-

derwater snake robot, aimed at control design and stability analysis purposes.
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(a) Position of the CM of the robot (b) CM velocity in x direction, ṗx

(c) CM velocity in y direction, ṗy (d) The orientation of the robot

Figure 4.4: Simulation results for eel-like motion (complex model: α = 7.1o and
control-oriented model: α = 2.24 cm).
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(c) CM velocity in y direction, ṗy
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(d) The orientation of the robot

Figure 4.5: Simulation results for lateral undulation (complex model: α = 13.9o

and control-oriented model: α = 4.3 cm).
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(c) CM velocity in y direction, ṗy
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Figure 4.6: Simulation results for eel-like motion (complex model: α = 13.9o and
control-oriented model: α = 4.3 cm).

• We have shown that the developed model in (4.32), which takes into account
the added mass effects, the linear drag forces, and the torques due to the
added mass and linear drag forces, is significantly less complex than the
existing models of underwater snake robots.

• We have presented simulation results for lateral undulation and eel-like mo-
tion which indicate that the proposed control-oriented model in (4.32) and the
complex model in (3.10) have similar qualitative and quantitative behavior.
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Chapter 5

Analysis of Underwater Snake
Robots based on Averaging Theory

Averaging theory is extensively used for the analysis of locomotion of biomimetic
systems with oscillatory inputs, and it is applied in several works to study the loco-
motion of snake or fish robots [97, 101, 106, 109, 110, 130–132]. For instance, [109]
presents second order averaging methods suited for control purposes of underactu-
ated mechanical systems such as fish robots. Averaging-based control methods for
the stabilization of driftless underactuated systems by periodic feedback are intro-
duced in [130]. [131] proposes a control-oriented data-driven averaging approach for
robotic fish. In [23], based on the dynamic model derived in [131], a target-tracking
control problem for a tail-actuated robotic fish is presented. In this chapter, we
will use the averaging theory to reveal new fundamental properties of underwater
snake robot locomotion that are useful in a motion planning perspective.

It is well-known that the joint motion of swimming biological snakes is periodic,
and snake robots adapt the same motion pattern. The control-oriented model pre-
sented in Chapter 4 is specifically designed to capture this motion by capturing the
corresponding translational motion during oscillations. The analysis in this chap-
ter is based on the hypothesis that the oscillatory behavior causes some averaged
effect that forces the robot to move forward [97, 101]. By converting periodic time-
varying systems into time-invariant systems, averaging constitutes a useful tool to
simplify complex systems with periodic and oscillatory behavior [130], [80].

Contributions of this Chapter: The first contribution of this chapter is an av-
eraged model of the velocity dynamics of an underwater snake robot under
general sinusoidal motion gait patterns, which is well-suited for stability anal-
ysis and motion planning purposes. Averaging theory is applied in order to
derive a model of the average velocity for the control-oriented model of an un-
derwater snake robot developed in Chapter 4. A similar study was presented
in [97] for ground robots. The results in this chapter extend this by taking
into account the hydrodynamic effects that underwater snake robots expe-
rience, i.e. the reactive and resistive fluid forces, including added mass and
drag forces. Moreover, while the results in [97] were derived for the particular
motion pattern lateral undulation, the results in this chapter are derived for
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5. Analysis of Underwater Snake Robots based on Averaging Theory

any periodic motion pattern. The results in this chapter thus extend [97] to
amphibious snake robots and general sinusoidal motion patterns. Hence, the
results in [97] fall out as a special case when the motion pattern is lateral
undulation and when the drag forces are replaced by viscous friction forces.
Therefore, this model can be used for stability analysis and control design
for a broad class of motion patterns including lateral undulation and eel-like
motion.

As a second contribution, based on the model presented in Chapter 4,
we show that the average velocity of an underwater snake robot following
sinusoidal motion gait patterns converges exponentially to a steady-state ve-
locity, while an explicit analytical relation is given between the steady state
velocity and the amplitude, the frequency, the phase shift and the offset of
the joint motion. Note that previous studies for ground snake robots [97, 101]
and eel-like robots [106], where the added mass effects and fluid torques are
neglected, show that the average forward velocity of the robot during lateral
undulation: 1) is proportional to the square of the amplitude of the sinusoidal
motion pattern, 2) proportional to the gait frequency and 3) depends also on
the weighted sum of the constant phase shift between the joints. In this chap-
ter, we show that the average forward velocity of an underwater snake robot,
influenced both by added mass and linear drag effects, and under any sinu-
soidal gait pattern: 1) is a function of the amplitude of the sinusoidal motion
pattern, 2) depends on a linear and a nonlinear term of the gait frequency and
3) depends on the phase shift between the joints. The results of this paper are
thus more general and constitute a powerful tool for achieving faster forward
motion by selecting the most appropriate motion pattern and an optimal
combination of the gait parameters. Furthermore, the derived relationship
for the averaged velocity dynamics can be used to select the most appropri-
ate motion pattern to achieve the desired velocity requirements, while also
taking into account the power consumption requirements. Results for energy
efficiency of underwater snake robots will be shown in Chapter 7.

Another contribution of this chapter is the experimental investigation of
a set of fundamental properties of the velocity dynamics for an underwater
snake robot that are essential for motion planning purposes and the efficiency
of these systems. Initially, we present simulation results to investigate the va-
lidity of these properties both for the complex model presented in Chapter
2 and the control-oriented model presented in Chapter 4. The simulation re-
sults show that the derived properties, which are based on the control-oriented
model of the underwater snake robot hold also for the complex model where
complex hydrodynamic effects are considered. In addition, we show that ex-
perimental results using the underwater snake robot Mamba, support the
derived properties of the velocity dynamics. Note that the simulation and
experimental results are obtained for the two most common swimming pat-
terns for underwater snake robot locomotion: lateral undulation and eel-like
motion patterns. To the author’s best knowledge, experimental investigation
of efficient motion patterns for underwater snake robots by investigating the
relationship between the gait parameters and the forward velocity has not

94



5.1. The Velocity Dynamics during General Sinusoidal Motion Pattern

been considered in previous literature.

Organization of this Chapter: This chapter is organized as follows. In Section
5.1, the velocity dynamics are presented, followed by the presentation of the
averaged velocity dynamics in Section 5.2. Section 5.3 presents the steady
state behavior of the velocity dynamics, while the relationship between the
gait parameters of a general sinusoidal motion pattern and the forward ve-
locity is presented in Section 5.4. Simulation studies are presented in Section
5.5 and Section 5.6 in order to validate the averaged velocity dynamics and
the properties derived in Section 5.3 and Section 5.4, respectively. Section
5.7 presents the experimental setup employed for our experiments with the
underwater snake robot Mamba, while Section 5.8 presents experimental re-
sults in order to validate the derived properties for the velocity dynamics.
Finally, the chapter is summarized in Section 5.9.

Publications: The material in this chapter is based on the journal paper [72] and
the conference paper [68].

5.1 The Velocity Dynamics during General Sinusoidal
Motion Pattern

In this section, averaging theory is applied to the model of underwater snake robot
(4.32) in order to derive the averaged velocity dynamics of the underwater snake
robot in the general case when it moves according to the sinusoidal motion patterns
described by (3.3). In this chapter, we assume that φ0 is constant so that φ̇∗i and
φ̈∗i are given by (3.6) and (3.7), respectively. By choosing the control input ū as
(3.5), the error dynamics of the joints is therefore given by (4.32a), (4.32e*) and
(3.5) as

(φ̈
∗
− φ̈) + kd(φ̇

∗
− φ̇) + kp(φ

∗ − φ) = 0, (5.1)

which is uniformly globally exponentially stable [80]. Note that (5.1) represents
the external dynamics of the underactuated system (4.32), (3.5) [56]. The internal
dynamics remains to be analyzed, and we will consider the velocity dynamics below
in this section.

We assume in the following analysis that φ, υφ and υ̇φ are given by (3.3), (3.6)
and (3.7). Choosing the state vector υ = (υt, υn, υθ) ∈ R3 and taking into account
(3.3), (3.6), (3.7), the velocity dynamics can be written as

υ̇ =
[
υ̇t υ̇n υ̇θ

]T
= f(t,υ), (5.2)

where

f(t,υ) =


k3
(
k12cpf1(ωt)2 − k2ctN

)
υt + k3f1(ωt)(k22cp

k1cnN)υn − k3(k2k1f3(ωt)/2 + k2cpf2(ωt))
k3f1(ωt) (Nm2cp − k1ctN) υt + k3(k12cp(f1(ωt))2−
N2mcn)υn − k3f1(ωt)(k1cpf2(ωt) + k1

2f3(ωt)/2)
−λ1υθ/(1 + λ3) + λ2υtf1(ωt)/((N − 1)(1 + λ3))

 , (5.3)
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where

f1(ωt) = (N − 1)φ0 +

N−1∑
i=1

αg(i,N) sin(ωt+ (i− 1)δ), (5.4)

f2(ωt) =

N−1∑
i=1

N−1∑
j=1

(
kαω
α
φ0aijg(j,N) cos(ωt+ (j − 1)δ)

+ kαωaijg(i,N) sin(ωt+ (i− 1)δ)g(j,N) cos(ωt+ (j − 1)δ)),

(5.5)

f3(ωt) = −
N−1∑
i=1

N−1∑
j=1

(
k2αω
α3

φ0aijg(j,N) sin(ωt+ (j − 1)δ)

+
k2αω
α2

aijg(i,N) sin(ωt+ (i− 1)δ)g(j,N) sin(ωt+ (j − 1)δ)),

(5.6)

and aij denotes the ij element of the matrix AD̄. Note that in order to be able to
write the velocity dynamics in standard form for averaging, we define the parameter
kαω = α2ω, similarly to the approach presented in [101].

5.2 The Averaged Velocity Dynamics

As shown in [121], averaging theory is applicable to systems that can be written in
the form

ẋ = εf(t,x), (5.7)

where ε is a small positive parameter characterizing the magnitude of the pertur-
bations of the systems and f(t,x) is T−periodic, i.e. periodic in time with period
T . A system that “in average” has similar behavior to the original system (5.7) can
be approximated by

ẋ = εfav(x), (5.8)

where

fav(x) =
1

T

∫ T

0

f(τ,x)dτ. (5.9)

We need to rewrite the model of the velocity dynamics of the underwater snake
robot (5.2) in the standard form of averaging (5.7). To achieve this, we change the
time scale from t to τ = ωt and define ε = 1/ω. Furthermore, using the easily

verifiable expression
d

dt
=

1

ε

d

dτ
, we can express the model (5.2) in a standard form

of averaging, as
dυ

dτ
= εf(τ,υ), (5.10)

where

f(τ,υ) =


k3
(
k12cpf1(τ)2 − k2ctN

)
υt + k3f1(τ)(k22cp−

k1cnN)υn − k3(k2k1f3(τ)/2 + k2cpf2(τ))
k3f1(τ) (Nm2cp − k1ctN) υt + k3(k12cp(f1(τ))2−
N2mcn)υn − k3f1(τ)(k1cpf2(τ) + k1

2f3(τ)/2)
−λ1υθ(1 + λ3) + λ2υtf1(τ)/((N − 1)(1 + λ3))

 . (5.11)
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Figure 5.1: Approximation error for parameter k3.

The smallness requirement of ε [121] can always be achieved by choosing ω = 1/ε
sufficiently large. Now, using (5.8), we calculate the averaged model of (5.10) for
general motion pattern locomotion as

dυ

dτ
= ε

1

2π

∫ 2π

0

f(τ,υ)dτ. (5.12)

To avoid the complexity of the integral calculation we consider the following as-
sumption.

Assumption 5.1: By assuming that Nm(Nm+Nµn)� (µnēTφ/l)2, the param-
eter k3 can be approximated by k3 ≈ 1/(Nm(Nm+Nµn)).

Remark 5.1: From Fig. 5.1, we see that the error, i.e.
1

Nm(Nm+Nµn)
−

1

Nm(Nm+Nµn)− (µnēTφ/l)2
, is small for an underwater snake robot with m =

0.6597, l = 0.14, added mass coefficient µn = 0.4, the parameters of the motion
pattern α = 0.2 m, ω = 120o/s, δ = 40o, φ0 = l/8 m and N taking values from 3 to
50, both for lateral undulation and eel-like motion. Additionally, it is easily seen that
for a robot with N > 10 the error is almost zero.

Remark 5.2: Note that Assumption 5.1 not only simplifies the integral calculation
but also leads us to a solution where the averaged velocity dynamics constitutes a
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5. Analysis of Underwater Snake Robots based on Averaging Theory

good approximation of the original velocity dynamics of the system. If Assumption 5.1
is disregarded, then the averaged velocity dynamics becomes faster than the original
one, i.e. the forcing terms in the averaged model and the original one are different [131].
In this study, using Assumption 5.1, we show that the classical averaging method can
be applied for swimming robots, avoiding to derive the averaged velocity dynamics
by scaling the original forcing terms by functions of motion pattern parameters, as it
is presented in [131]. This means that the proposed averaged model can be derived
using directly the classical averaging, avoiding a control-oriented data-driven averaging
approach; a solution for fish robots based on a simulation comparison of the original
model and the averaged model obtained through classical averaging presented in [131].

By taking the trigonometric expansion of the expressions (5.4)-(5.6) and choos-
ing the parameters as in (5.17), the averaged model of the velocity dynamics can
be written as

dυ

dτ
= ε(Aυ + b), (5.13)

where A and b are given by (5.15) and (5.16), respectively. Since d/dτ = εd/dt,
by changing the time scale from τ to t, the averaged model can be expressed as

υ̇ = Aυ + b, (5.14)

where

A =


k4

Nmk2l
− ct
m

(N − 1)φ0(
2cp
Nm

− µncn
mk2l

) 0

(N − 1)φ0(
2cp
k2
− µnct
mk2l

)
k4

Nmk2l
− Ncn

k2
0

λ2
1 + λ3

φ0 0
−λ1

1 + λ3

 , (5.15)

b =

 B1

B2

0

 =


µnk

2
αωµ3

4Nmlα2
− cpkαωµ2

2Nm

− k5
2Nmk2l

+
k6

2Nmk2l2α2

0

 , (5.16)

k4 = µncp(2(N − 1)2φ20 + α2µ1), k5 = µncpkαωφ0((N − 1)µ2 − p1p3 + p2p4),

k6 = µ2
nk

2
αωφ0((N − 1)µ3 + p1p4 + p2p3), k2 = Nm+Nµn,

p1 =

N−1∑
i=1

g(i,N) cos((i− 1)δ), p2 =

N−1∑
i=1

g(i,N) sin((i− 1)δ), µ1 = p21 + p22,

p3 =

N−1∑
i=1

N−1∑
j=1

aijg(j,N) sin((j − 1)δ), µ2 =

N−1∑
i=1

N−1∑
j=1

aijg(i,N)g(j,N) sin((i− j)δ),

p4 =

N−1∑
i=1

N−1∑
j=1

aijg(j,N) cos((j − 1)δ), µ3 =

N−1∑
i=1

N−1∑
j=1

aijg(i,N)g(j,N) cos((i− j)δ).

(5.17)
From (5.14), we see that the averaged model of the velocity dynamics of an under-
water snake robot following the sinusoidal motion given by (3.3) is a linear system
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and depends on the parameters of the motion pattern, α ω, δ, φ0, the physical
parameters of the robot and the parameters of the external forces (i.e. fluid forces
and torques).

Remark 5.3: Note that the averaged model of the velocity dynamics is general
in the sense that it comprises a general class of sinusoidal motion patterns given by
(3.3), instead of one specific motion pattern like lateral undulation as in previous works
[97, 101]. Hence the proposed averaged model can be used for analysis and control
design for a broader class of motion patterns, including lateral undulation and eel-like
motion. In addition, the averaged model presented in [97, 101] for lateral undulation
of ground snake robots falls out as a special case by setting the fluid coefficients due
to the added mass effects to zero (i.e. µn = 0 and λ3 = 0).

5.3 The Steady State Behavior of the Velocity Dynamics

In this section, we analyze the stability properties of the averaged model (5.14).
Initially, we need to remove the constant offset term b. We do so by employing the
coordinate transformation z = υ +A−1b, which transforms (5.14) to

ż = υ̇ = A(z−A−1b + b) = Az. (5.18)

Using Mathematica, the eigenvalues of A are found as

s1 =
2cplµn(α2µ1 + 2φ20(N − 1)2)− l2(cnm+ ct(m+ µn))N2 −

√
∆

2l2m(m+ µn)N2
,

s2 =
(cn − ct)(2φ20 + α2µ1)µn + 4(ct − cn)φ20µnN

2l2m(m+ µn)N2
,

− ((cn + ct)l
2m+ (2(ct − cn)φ20 + ctl

2)µn)N2 −
√

∆

2l2m(m+ µn)N2
,

s3 =− λ1/(1 + λ3),

(5.19)

where ∆ = l2(cnm− ct(m+ µn))2N2(4φ20(N − 1)2 + l2N2). In order to show that
the equilibrium point z = 0 is globally exponentially stable, we need to show that
all eigenvalues of A are in the negative complex half plane [80]. By employing a
symbolic inequality solver in Mathematica, with conditions, m > 0, l > 0, µn > 0,
N > 1, 0 < ct < cn and α > 0, it can be shown that the eigenvalues of the averaged
model are in the left half plane under the following conditions

µ1 <
l2N2((cn + ct)m+ ctµn)

α2(cn − ct)µn
,

|φ0| <

√
(cn + ct)l

2mN2 + (α2(ct − cn)µ1 + ctl
2N2)µn

2(cn − ct)(N − 1)2µn
,

µ1 +
2φ20(N − 1)2

α2
− l2(cnm+ ct(µn −m))N3 −

√
∆

α2(cn − ct)µnN
< 0.

(5.20)
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5. Analysis of Underwater Snake Robots based on Averaging Theory

Remark 5.4: The stability conditions (5.20) hold for an underwater snake robot
influenced by drag forces with anisotropic properties, ct < cn, and added mass effects,
µn > 0.

The above results are summarized in the following proposition.

Proposition 5.1: Given an underwater snake robot described by (4.32), influenced
by drag forces with anisotropic properties, ct < cn, and added mass effects, µn > 0,
and with the parameter k3 ≈ 1/(N2m(m+ µn)). If the joint coordinates, φ, the joint
velocities, vφ, and the joint accelerations, v̇φ, are given by (3.3), (3.6) and (3.7),
respectively, and the frequency ω is sufficiently large, then the averaged model of the
velocity dynamics, υ̇ = Aυ + b, approximates the original one (5.2) with the error
being of order 1/ω.

Remark 5.5: From (5.20), it is seen that the amplitude of the sinusoidal motion
pattern is essential in the stability conditions. Note that the stability conditions pre-
sented in [97] for a ground snake robot, are independent of the amplitude of the lateral
undulation. This provides a new input for the stability analysis of swimming snake
robots, where both added mass and linear drag effects are considered.

Under the conditions in (5.20), the averaged system (5.18) is exponentially
stable. Hence, υ will converge exponentially to −A−1b, which means that the
average velocity will converge exponentially to the steady state velocity

ῡ = −A−1b =
[
ῡt ῡn ῡθ

]T
, (5.21)

which is given analytically by

ῡt =

kαωl
2m(m+ µn)

(
kαωµ3µn − 2cplµ2α

2
)(2cpµnc1

lm
− 2cnN

2

)
K1

−
kαω2φ20µn(cnm− ct(m+ µn))(N − 1)

(
kαωµnc2 − α22cplc3

)
K1

, (5.22a)

ῡn =

φ0kαω(m+ µn)µn

(
2cpµnc1

l(m+ µn)N2
− 2ct

)(
kαωµnc2 − α2(cn − ct)c3

)
K1

−
φ0kαω2(m+ µn)

(
(ct − cn)µ2α

2 + kαωµ3µn
)

(cnm− ct(m+ µn))(N − 1)

K1
,

(5.22b)

ῡθ =

φ0kαωλ2l
2m(m+ µn)

(
kαωµ3µn − 2cplµ2α

2
)(2cpµnc1

lm
− 2cnN

2

)
K1

−
φ0kαωλ22φ20µn(cnm− ct(m+ µn))(N − 1)

(
kαωµnc2 − α22cplc3

)
K1

, (5.22c)
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where

K1 = 2α2l3λ1Nm(m+ µn)

(
(cn − ct)µnc1
l2(m+ µn)N2

− 2ct

)(
(cn − ct)µnc1

l2m
− 2cnN

2

)
− 2α2l3λ1N

4φ20(cnm− ct(m+ µn))2(N − 1)2

l2
, c1 =

(
µ1α

2 + 2φ20(N − 1)2
)
,

c2 = µ3(N − 1) + p2p3 + p1p4, c3 = µ2(N − 1)− p1p3 + p2p4

According to Theorem 10.4 in [80], the averaged model of the velocity dynamics
(5.14) under the conditions (5.20), for sufficiently small ε (i.e. for sufficiently large
ω) will approximate the exact velocity dynamics (5.2) for all time, with the error
being of order ε.

We now summarize the above discussion in the following proposition.

Proposition 5.2: Given an underwater snake robot described by (4.32), influenced
by drag forces with anisotropic properties, ct < cn, and added mass effects, µn > 0.
If Assumption 5.1 is satisfied, the joint coordinates, the joint velocities and the joint
accelerations are given by, respectively, (3.3), (3.6) and (3.7), and the conditions (5.20)
are satisfied, then there exist k > 0 and ω∗ > 0 such that for all ω > ω∗,

‖υ(t)− υαυ(t)‖ ≤ k/ω, for all t ∈ [0,∞) , (5.23)

where υ(t) denotes the exact velocity of the underwater snake robot given by (5.2)
and υαυ(t) is the average velocity given by (5.14). Moreover, the average velocity
υαυ(t) of the underwater snake robot will converge exponentially fast to the steady
state velocity ῡ given by (5.21).

5.4 Relationship between Gait Parameters and Velocity

Proposition 5.2 states mathematically that for an underwater snake robot influ-
enced by drag forces with anisotropic properties and added mass effects, forward
propulsion is achieved by the general sinusoidal motion pattern given in (3.3). Fur-
thermore, the results give an analytical expression for the steady state velocity as
a function of the motion pattern parameters α, ω, δ, and φ0, i.e. the amplitude,
the frequency, phase shift and offset of the joint motion during general sinusoidal
motion pattern. Note that the results of this study are general and constitute a
powerful tool in order to achieve faster motion by choosing the appropriate motion
pattern and an optimal combination for the gait parameters.

The resulting steady state velocity of the underwater snake robot in addition to
depending on the parameters of the robot (i.e. m, l, N , µn, cn, ct, λ1, λ2, λ3), also
depend on the sinusoidal gait pattern parameters α, ω δ and φ0. Additionally, it
is easily verifiable that the steady state velocity of the underwater snake robot with

zero joint offset (φ0 = 0) is given by ῡt =
kαωl(m+ µn)(α2(ct − cn)µ2 + kαωµ3µn)N

2α4(cn − ct)µ1µn − 4α2ctl2(m+ µn)N2
,

ῡn = 0 and ῡθ = 0.
Note that similar studies are presented for the special case of lateral undulation

motion pattern for eel-like robots [106] and ground snake robots [101]. In particular,
earlier studies for ground snake robots [101] and eel-like robots, where the added
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mass effects and fluid torques are neglected [106], show that the average forward
velocity of the robot: 1) is proportional to the square of the amplitude of the
sinusoidal motion pattern, 2) is proportional to the gait frequency and 3) depends
also on the weighted sum of the constant phase shift between the joints. However,
in this section, it is shown that the average forward velocity of an underwater
snake robot, influenced both by added mass and linear drag effects, and following
a more general sinusoidal gait pattern, has a more complex relationships to the
gait pattern parameters α, ω and δ.

The results of this section can be summarised in the following proposition.

Proposition 5.3: Consider an underwater snake robot with N links described by
(4.32), influenced both by added mass and linear drag effects, that follows any sinu-
soidal gait pattern described by (3.3). The average forward velocity of the underwater
snake robot will converge exponentially to a steady state velocity which:

• is a function of the amplitude of the sinusoidal motion pattern, α.

• depends on a linear and a nonlinear term of the gait frequency, ω.

• depends on the phase shift between the joints, δ.

Remark 5.6: It is worth to mention that the derived relationship between the gait
pattern parameters and the steady-state velocity presented in Proposition 5.3 provides
a useful tool for motion planning and parameter tuning of sinusoidal gait patterns for
underwater snake robots. This information is useful since an increase/decrease of the
forward velocity can be achieved by increasing/decreasing the gait parameters. The
results presented in this section are general and constitute a powerful tool for achieving
faster forward motion by selecting the most appropriate motion pattern and an optimal
combination for the gait parameters.

5.5 Simulation Study: Exact and Averaged Velocity

This section presents simulation results, for lateral undulation and eel-like motion,
to investigate the validity of the derived properties for the averaged velocity dy-
namics of an underwater snake robot. The exact model of the underwater snake
robot is given by (4.32) under the assumption that φ is controlled by (3.3), while
the averaged model of the underwater snake robot is given by (5.14). Both models
are implemented and simulated in Matlab R2013b. The dynamics was calculated
using ode45 solver in Matlab with a relative and absolute error tolerance of 10−6.

5.5.1 Simulation Parameters

We consider an underwater snake robot having N = 10 links of length l = 0.14
m and mass m = 0.6597 kg. Furthermore, we choose the fluid forces and torque
coefficients as ct = 0.45, cn = 5, µn = 0.4, λ1 = 0.5, λ2 = 20 and λ3 = 0.01,
the initial values as (φ = 0, θ = 0, pt = 0, pn = 0, υφ = 0, υθ = 0, υt = 0,
υn = 0). Note that, as it is shown in 4.6, for these coefficients the qualitative and
quantitative behavior of the control-oriented model of an underwater snake robot
(4.32) is similar to the behavior of the complex model (3.10). The joint reference

102



5.5. Simulation Study: Exact and Averaged Velocity

coordinates were calculated according to the motion pattern (3.3) with α = 0.05 m,
ω = 120o/s, δ = 40o. The values of the joint offset angle, φ0, will be presented for
each simulation result. Furthermore, in order to achieve the desired motion patterns
(3.3) the joint PD controller (3.5) is used with the controller gains kp = 20 and
kd = 5.

5.5.2 Simulation results for lateral undulation

The motion of the underwater snake robot during lateral undulation is initially
simulated with the joint offset angle φ0 = 0 m, i.e. locomotion along the earth-
fixed x axis. For the simulation parameters of the underwater snake robot given in
the previous subsection, the eigenvalues of the averaged system, s1 = −4.7183, s2 =
−0.6821, s3 = −0.4950, are all in the left half complex plane, which means that the
conditions (5.20) hold for the chosen parameters of the underwater snake robot. In
addition, in Fig. 5.1 it is shown that Assumption 5.1 holds for the simulated robot.
Hence Proposition 5.2 gives that the average velocity will converge exponentially
fast to the steady state velocity given in (5.22), which for the given parameters is
ῡt ≈ 0.2338 m/s, ῡn = 0 m/s and ῡθ = 0o/s. The simulation results are presented
in Fig. 5.2. The top left plot illustrates the global CM position of the underwater
snake robot, while the other three plots show the exact and the average velocities
of the underwater snake robot. The simulation results shown in Fig. 5.2 verify
that the velocities of the averaged model converge to the expected values of the
steady state velocities. Furthermore, the error between the exact velocities and the
averaged ones of the underwater snake robot is almost zero.

We then performed a simulation to study the averaged velocity dynamics during
lateral undulation for the joint offset angle φ0 = l/8 m, i.e. for lateral undulation
along a curve. The eigenvalues of the corresponding averaged model are all negative:
s1 = −0.4950, s2 = −4.7358, s3 = −0.5987. By Proposition 5.2 the average velocity
of the underwater snake robot should converge to ῡt ≈ 0.2646 m/s, ῡn ≈ 0.0271
m/s and ῡθ ≈ 0.1852o/s. This agrees with the simulation results shown in Fig. 5.3.
In addition, from Fig. 5.3 we can see that the averaged model approximates very
well the original model for the case of a nonzero joint offset angle as well.

In order to investigate how well the averaged system approximates the original
system for lower frequencies, we performed a simulation with frequency ω = 30o/s,
and joint offset angle φ0 = l/8 m. The simulation results are presented in Fig.
5.4. The averaged model is also here stable, with eigenvalues s1 = −0.4950, s2 =
−4.7358, s3 = −0.5987, and the steady state velocities converge to ῡt ≈ 0.0661
m/s, ῡn ≈ 0.0068 m/s and ῡθ ≈ 0.0463o/s as predicted by (5.22). The simulation
results show that even though the deviation between the averaged and the original
model increases, the averaged model is still able to approximate the original velocity
dynamics quite well even in the case when the frequency of the sinusoidal motion
is reduced significantly. Note that the eigenvalues of the averaged system did not
change by changing the frequency of the sinusoidal motion because the eigenvalues
of the system (5.19) are independent of the parameter ω.
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Figure 5.2: Lateral undulation along a straight line (φ0 = 0 m).

5.5.3 Simulation results for eel-like motion

Eel-like motion is achieved by propagating lateral axial undulations with increasing
amplitude from nose to tail. This is achieved by choosing g(i,N) = (N − i)/(N +
1) in (3.3). At first, eel-like motion is examined by setting the joint offset angle
φ0 = 0 m. Simulation results are presented in Fig. 5.5. The eigenvalues of the
averaged system, s1 = −4.7159, s2 = −0.6798, s3 = −0.4950, are negative. Thus,
by Proposition 5.2 the average velocity will converge exponentially to the steady
state velocity ῡt ≈ 0.0606 m/s, ῡn = 0 m/s and ῡθ = 0o/s. This is fully in line
with the simulation results shown in Fig. 5.5. We then choose the joint offset
angle φ0 = l/8 m. The eigenvalues of the corresponding averaged model are then
s1 = −0.4950, s2 = −4.7334 and s3 = −0.5964, which shows that the averaged
system is also exponentially stable and by Proposition 5.2 the average velocity of
the underwater snake robot should converge to ῡt ≈ 0.0686 m/s, ῡn ≈ 0.0070 m/s
and ῡθ ≈ 0.0480o/ s. This is fully in line with the simulation results presented in
Fig. 5.6.

Similarly to the lateral undulation case, simulation results during eel-like motion
with reduced frequency ω = 30o/s and joint offset angle φ0 = l/8 m are performed.
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Figure 5.3: Lateral undulation for turning motion with joint offset angle φ0 = l/8
m and ω = 120o/s.

These are presented in Fig. 5.7. The steady state velocities are expected to converge
to ῡt ≈ 0.0166 m/s, ῡn ≈ 0.0017 m/s and ῡθ ≈ 0.0116o/s. Note that the averaged
model is able to approximate the original velocity dynamics also when reducing
the frequency of the eel-like gait pattern (Fig. 5.7). To conclude, the simulation
results for eel-like motion pattern (Fig. 5.5-5.7), show that the velocities of the
averaged model converge to the expected values of the steady state velocities. A
more efficient way for generating the eel-like motion pattern has to be analyzed, in
the future, in order to reduce the higher oscillation behavior.

5.6 Simulation Study: Forward Velocity Relationships

In this section, the validity of Proposition 5.3 will be investigated through a sim-
ulation study. In particular, we will present simulation results in order to validate
the properties derived for the relationship between the gait pattern parameters
and the forward velocity both for lateral undulation and eel-like motion patterns.
Simulation results are presented both for the control-oriented model and the com-
plex one. The simulation study will thus investigate the validity of the theoretical
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Figure 5.4: Lateral undulation for turning motion with joint offset angle φ0 = l/8
m and ω = 30o/s.

results in Propositions 5.3, and in addition the study will further investigate the
validity of the control-oriented model as an adequate representation of the dynam-
ics of the complex model, by investigating whether the results developed based on
the control-oriented model also hold for the original complex model. In this chap-
ter, the current effects have not been considered, since the current effects are not
taken into account in the control-oriented model. The models were implemented
in MatlabR2013b. The dynamics was calculated using the ode23tb solver with a
relative and absolute error tolerance of 10−4.

5.6.1 Simulation Parameters

We consider snake robots with respectively N = 5, N = 10, N = 20 links, each
one having length l = 0.14 m. The five links constitute a rather short snake robot,
while ten to twenty links constitute a more normal length for snake robots. The
mass of each link is m = 0.6597 kg and is chosen so to fulfil the neutrally buoyant
assumption. The initial values of the states of the snake robot were set to the initial
reference values at t = 0, since it is not the transient behavior of the controller
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Figure 5.5: Eel-like motion along a straight line (φ0 = 0 m).

(4.33) that is to be verified, but rather the relationship between the gait pattern
parameters and the forward velocity when the joints follow the sinusoidal reference
signal (3.3). The initial heading of the robot is along the inertial x axis. Further-
more, we choose the fluid forces and torque coefficients as ct = 0.2639, cn = 4.2,
µn = 0.3957, λ1 = 2.2988 × 10−7, λ2 = 4.3103 × 10−4, for the complex model
and ct = 0.45, cn = 5, µn = 0.4, λ1 = 0.5, λ2 = 20, λ3 = 0.01 for the control-
oriented model. The joint PD controller (3.5) is used for each joint with parameters
kp = 20, kd = 5, and lateral undulation and eel-like motion are achieved by choos-
ing g(i, n) = 1 and g(i, n) = (n− i)/(n+ 1) in (3.3), respectively. The gait pattern
parameters are presented in each simulation result. In particular, in the simulation
results the forward velocity of the underwater snake robot, denoted as ῡ, is pre-
sented for the different values of the gait parameters. The forward velocity can be
calculated based on the initial and final position. In particular, for each simulation
trial with simulation time set to 30 sec the average forward velocity is given by

ῡ =

√
(px(30)− px(0))2 + (py(30)− py(0))2

30
. (5.24)

Remark 5.7: Note that the values of the gait parameter α for the complex does not
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Figure 5.6: Eel-like motion for turning motion with joint offset angle φ0 = l/8 m
and ω = 120o/s.

correspond directly to α for the control-oriented model, since a general mapping for
the amplitudes of the corresponding models remains topic of future work, and thus a
quantitative comparison between the results from the complex and the control-oriented
model is not relevant. Hence, the simulation results below present only a qualitative
comparison between the complex and the control-oriented models.

Remark 5.8: It is worth to mention that even though the joint coordinates of the
control-oriented and the complex model are different, it still makes sense to investigate
the validity of the Proposition 5.3 for the complex model (see [101]).

5.6.2 Relationship between α and the forward velocity

As stated in Proposition 5.3, the average forward velocity is a function of the
amplitude of the sinusoidal motion pattern, α. In order to investigate the influence
of this parameter on the achieved forward velocity of the underwater snake robot,
simulation results are presented for different values of the parameter α both for
lateral undulation and eel-like motion patterns. The average forward velocity is
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Figure 5.7: Eel-like motion for turning motion with joint offset angle φ0 = l/8 m
and ω = 30o/s.

calculated according to the (5.24). Simulation results for the control-oriented model
taking into account the added mass and linear drag effects are presented in Fig.
(5.8(a),5.9(a)) for lateral undulation and eel-like motion patters, respectively. Fig.
(5.8(b),5.9(b)) present simulation results for the complex model of underwater
snake robot where the added mass, linear and nonlinear drag effects are taken
into account, respectively, for lateral undulation and eel-like motion patterns. The
number of links N and the values of the gait parameters ω and δ are shown in each
simulation result for the different motion patterns.

From Fig. 5.8 and Fig. 5.9, we see that the average forward velocity is increased
by increasing the parameter α for constant values of ω and δ both for lateral
undulation and eel-like motion. Note that for small values of the parameter α ≤ 20o,
for which the control-oriented model is valid (see Assumption 4.1), the forward
velocity has an exponential increase when increasing the parameter α. Furthermore,
we can see that even if the properties in Proposition 5.3 are derived based on the
control-oriented model of underwater snake robots, the results for the complex
model show a similar influence of the parameter α on the forward velocity. In
particular, we see that for constant values of ω and δ, an increase of the parameter
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(a) Control-oriented model (b) Complex model

Figure 5.8: Lateral undulation: Simulation results for the forward velocity of the
underwater snake robot for different values of α.

α results in an increase of the forward velocity both for the complex and the control-
oriented models. These results are in accordance with the properties presented in
Proposition 5.3.

5.6.3 Relationship between ω and the forward velocity

Proposition 5.3 states that the average forward velocity depends on a linear and
a nonlinear function of the gait frequency, ω. To validate the influence of this pa-
rameter, simulation results are presented by calculating the forward velocity of the
robot for different values of the gait parameter ω. Simulation results for the control-
oriented model are shown in Fig. (5.10(a),5.11(a)), while Fig. (5.10(b),5.11(b))
show simulation results for the complex model presented in Section 2.2. The num-
ber of links N and the values of the gait parameters α and δ are shown in each
simulation result for the different motion patterns.

From Fig. 5.10 and 5.11, we can see that for constant values of the parameters
α and δ, an increase of ω results in an increase of the forward velocity. This is
in accordance with Proposition 5.3 which states that the average forward velocity
depends on a linear and a nonlinear function of the parameter ω. In addition,
from Fig. (5.10(a),5.11(a)), we see that the increase of the forward velocity is
almost linear both for lateral undulation and eel-like motion patterns. Hence, the
influence of the nonlinear function of the parameter ω on the forward velocity
is almost negligible compared to the linear relationship between these given in
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(a) Control-oriented model (b) Complex model

Figure 5.9: Eel-like motion: Simulation results for the forward velocity of the un-
derwater snake robot for different values of α.

Proposition 5.3 for the control-oriented model. However, in Fig. (5.10(b),5.11(b)),
we clearly see the influence of the effects of a nonlinear function of ω. Except
for the high frequency case there is a good qualitative agreement between the
simulation results of the complex and the control-oriented model. This is probably
because the control-oriented model is not able to capture the effects of the nonlinear
drag since these effects seems to dominate in high frequencies. This is mainly
because the nonlinear drag effects that are considered in the complex model and
are not taken into account in the control-oriented model. It seems that in high
frequencies the nonlinear drag effects that are considered for the complex model
has notable influence to the response of the system. The simulation results show
that the properties derived based on the control-oriented model hold also for the
complex model presented in Section 2.2, something which supports the assumption
that the control-oriented model is a valid approximation of the complex model for
analysis and control design.

5.6.4 Relationship between δ and the forward velocity

Regarding the influence of the parameter δ, Proposition 5.3 states that the for-
ward velocity depends on the phase shift between the joints, δ. To investigate the
influence of the phase shift on the achieved forward velocity, simulation results
are presented for different values of δ while keeping the gait parameters α and ω
constant. Simulation results for the complex model and the control-oriented model
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(a) Control-oriented model (b) Complex model

Figure 5.10: Lateral undulation: Simulation results for the forward velocity of the
underwater snake robot for different values of ω.

are presented in Fig. (5.12(b),5.13(b)) and Fig. (5.12(a),5.13(a)) respectively, for
lateral undulation and eel-like motion patterns. The number of links N and the
values of the gait parameters α and ω are shown in each simulation result for the
different motion patterns.

From Fig. 5.12 and Fig. 5.13, we see that there is a value of the gait parameter
δ which gives the maximum forward velocity when the gait parameters α and ω
are kept constant. In addition, we see that the forward velocity depends on the
values of the parameter δ, which is in accordance with the properties presented
in Proposition 5.3. In particular, we see that we have an increase of the forward
velocity until a certain value of the parameter δ, while after this value an additional
increase of this parameter for constant values of α and ω results in a decrease in
the forward velocity. Note that the results presented in Fig. 5.12 and Fig. 5.13 for
the complex and the control-oriented models are only qualitatively comparable.
However, the qualitative comparison supports that the control-oriented model is
an adequate representation of the complex model, i.e. that the properties stated in
Proposition 5.3 hold for both the control-oriented and the complex model.

5.7 Experimental Setup

This section describes the experimental setup employed in order to obtain the
experimental results presented in the following chapters of this thesis.
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(a) Control-oriented model (b) Complex model

Figure 5.11: Eel-like motion: Simulation results for the forward velocity of the
underwater snake robot for different values of ω.

5.7.1 Underwater Snake Robot – Mamba

We now present the underwater snake robot that was used in our experiments.
Mamba (Fig. 5.14) is a snake robot that is developed for research on both ground
and underwater snake robot locomotion. This flexibility results from its mechanical
robustness and reconfigurable nature. The robot is watertight and has a modular
design with a common mechanical and electrical interface between the modules.
Each joint module is actuated by a Hitec servo motor (HSR 5990TG) and in each
joint, a force/torque sensor on the joint shaft, two temperature sensors, a 3-axis
accelerometer and a water leakage detector, are included. Furthermore, each joint
is controlled by means of a microcontroller card (TITechSH2 Tiny Controller from
HiBot), while the total number of microcontrollers inter-communicate over a CAN
bus. Power supply cables (35 V) run among the modules along with the CAN bus.
A more detailed description of this robot can be found in [102].

During the experiments, Mamba was covered by a watertight skin, despite all
the modules of the robot being watertight down to about 5 m, in order to achieve
an extra water barrier (Fig. 5.15). The skin is made by Groundsheet, Nylon, PU-
coated, 120 g/sqm material and it is attached at the head and the tail parts using
rubber bottle wrist seals, which are glued to the skin. This type of cover makes the
robot’s outer surface smoother and thus reduces the drag effects.
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(a) Control-oriented model (b) Complex model

Figure 5.12: Lateral undulation: Simulation results for the forward velocity of the
underwater snake robot for different values of δ.

5.7.2 Experimental setup

The experiments were performed in the MC-lab in Marintek, Trondheim, Norway
[2], in a tank of dimensions L: 40 m, H: 1.5 m and W: 6.45 m. In order to have accu-
rate real time measurements of the position and orientation of underwater objects
the integration of a motion capturing system is essential. Thus, for our experimen-
tal process, an underwater motion capture system from Qualisys [4] was installed
in the basin, covering an underwater working area of dimensions 10m×1.35m×
5.45m.

The particular configuration of the snake robot Mamba [102], see Fig. 5.15, used
in these experiments, consisted of 18 identical joint modules mounted horizontally
and vertically in an alternating fashion. In order for the robot to move according
to a strictly horizontal motion pattern, the angles for the joints with vertical ro-
tating axis were set to zero degrees. In this case, the kinematics of the snake robot
corresponds to a planar snake robot with links of length 2l = 0.18 m and mass
m ≈ 0.8 kg. The experiments demonstrated that the robot had a slightly positive
buoyancy and was swimming near the water surface.

In order to have accurate measurements of the position and orientation of the
robot, reflective markers were attached on the tail part of the robot, something
that is required by the motion capturing system, as shown in Fig. 5.15. Although
the robot was swimming on the surface of the tank, the markers were submerged,
approximately 0.15 m under the water surface, due to constraints in the work area
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(a) Control-oriented model (b) Complex model

Figure 5.13: Eel-like motion: Simulation results for the forward velocity of the
underwater snake robot for different values of δ.

covered by the camera system. The global frame coordinates of the tail link and
the absolute angle of the tail were extracted by the camera-based motion capture
system. In particular, the camera system consists of six identical cameras, which
allow reflective markers to be tracked under the water. The measured position and
the absolute angle of the tail were obtained from an external computer where the
Qualisys system [4] was connected, and afterwards these measurements were sent
through UDP in LabVIEW 2013 to another computer. Having the measurements
of the tail position and orientation, and the individual joint angles, the center of
mass position, pCM, and the absolute link angles, θ, of the underwater snake robot
were calculated from the kinematics equations presented in Section 2.2.

5.8 Experimental Study: Forward Velocity Relationships

In this section, experimental results are presented in order to investigate the prop-
erties noted in Proposition 5.3. In particular, we will experimentally validate the
properties regarding the gait parameters using the underwater snake robot Mamba
(Fig. 5.15). The underwater snake robot Mamba and the experimental setup were
presented in Section 5.7.
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Figure 5.14: The underwater snake robot Mamba developed at NTNU to support
the research on both ground and underwater snake robot locomotion.

Figure 5.15: The underwater snake robot Mamba in the pool at MC-lab with the
markers attached to the tail for position measurements.

5.8.1 Simulation results

In order to compare the experimental results with ideal simulation results, we
simulate the model of the underwater snake robot presented in Section 2.2 with
the fluid coefficients set to Cf = 0.03, CD = 1, CA = 1, CM = 1, in order to
compare the experimental results and the ideal simulation results. We consider an
underwater snake robot with n = 9 links, each one having length 2l = 0.18 m
and mass m = 0.8 kg, i.e. identical to the physical robot, Mamba (Fig. 5.15). The
hydrodynamic related parameters ct, cn, µn λ1, λ2 and λ3 for the elliptic section
with major and minor diameters 2a = 2 · 0.055 m and 2b = 2 · 0.05 m, respectively,
and ρ = 1000 kg/m3 were calculated by using equations for the fluid parameters
derived in Section 2.2. In these simulations a joint PD-controller (3.5) was used
with parameters kp = 20, kd = 5, while lateral undulation or eel-like motion were
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Figure 5.16: Illustration of the experimental process adopted in the experiments.

achieved by moving the joints according to (3.1) and (3.2), respectively, with gait
parameters values similar to the ones of the experimental trials.

5.8.2 Experimental results

The essential properties presented in Proposition 5.3 are experimentally investi-
gated using the underwater snake robot Mamba (see Fig. 5.15). As mentioned in
Section 5.7 the robot consist of 18 identical joint modules mounted horizontally
and vertically in an alternating fashion. The center of mass position, pCM, and the
absolute link angles, θ, of the underwater snake robot were obtained as described
in Section 5.7. We applied sinusoidal motion pattern with different gait pattern
parameters. In particular, in each trial, the reference joint angles, computed by
(3.3) for n = 9, choosing g(i, n) = 1 and g(i, n) = (n− i)/(n+ 1) in case of lateral
undulation or eel-like motion, were sent to the robot via the CAN. In each trial
we measured the position of the center of mass and the steady state values of the
achieved velocity for approximately 30 sec of motion. A proportional controller, im-
plemented in the microcontroller of each joint module controls the corresponding
joint angle.

The initial values of the link angles were set to zero in each trial. The total
experimental process that is adopted is illustrated in Fig. 5.16. In addition, a
visualization from a video recording of the robot in Fig. 5.17 shows how lateral
undulation and eel-like motion were carried out by Mamba.

The center of mass position of the robot is calculated as described in Section
5.7, while the average forward velocity for each trial was calculated as

ῡ =

√
(pstop,x − pstart,x)2 + (pstop,y − pstop,y)2

tstop − tstart
, (5.25)

where the positions pstart and pstop define the travelled distance of the center of
mass between the beginning and near the end of the travelled distance, as shown
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Figure 5.17: The motion of the underwater snake robot during lateral undulation
and eel-like motion patterns.
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Figure 5.18: Measured position of the underwater snake robot during eel-like motion
pattern. The distanced travelled by the robot is shown with red color.

in Fig. 5.18.
In order to investigate the first property stated in Proposition 5.3, that the

average forward velocity is a function of the amplitude of the sinusoidal motion
pattern, α, we ran experiments with the underwater snake robot Mamba for dif-
ferent values of the gait parameter α and calculate the average forward velocity
according to (5.25) both for lateral undulation and eel-like motion patterns. The
values of the gait parameters ω and δ are shown in each simulation result for the
different motion patterns. From Fig. (5.19(a),5.20(a)) and Fig. (5.19(b),5.20(b)),
we can see that the average forward velocity is increased by increasing the parame-
ter α for constant values of ω and δ both for lateral undulation and eel-like motion,
until a certain value of the parameter α. After this value, obtained results both for
the simulated robot and the physical one show that an additional increase of the
amplitude α causes a decrease of the forward velocity. This is also in accordance
with the properties in Proposition 5.3.

Furthermore, Proposition 5.3 states that the average forward velocity depends
on a linear and a nonlinear term of the gait frequency, ω. To validate the influence
of this parameter, experimental trials were performed for different values of the
gait parameter ω. The values of the gait parameters α and δ are shown in each
simulation result for the different motion patterns. From Fig. (5.19(c),5.19(d)) and

119



5. Analysis of Underwater Snake Robots based on Averaging Theory

Fig. (5.20(c),5.20(d)), we can clearly see that the increase of the forward velocity
is almost linear for lateral undulation and eel-like motion patterns until the value
of ω = 90o/s. Hence, in this case the influence of the nonlinear term on the forward
velocity is almost negligible, similarly to the simulation results presented in previous
section. This is also in accordance with the properties in Proposition 5.3. However,
we see that the results obtained for the simulated robot and the physical one differs
for values of ω > 90o/s. This means that the nonlinear term of the frequency is not
negligible in results obtained from the experiments. This agrees with the results
presented in Fig. (5.10(b),5.11(b)) for the complex model, where we also saw that
the nonlinear term of ω has influence on the forward velocity. A probable reason for
why there is a discrepancy between the simulation and experimental results may be
that the fluid parameters of the simulated model are set to the theoretical values
and have not been identified experimentally for the specific physical underwater
snake robot. However, it is interesting that this difference in the results appear
at high frequencies, which means that in the future further investigation of the
hydrodynamic effects should be analysed.

With regard to the influence of the parameter δ, Proposition 5.3 states that the
forward velocity depends on the phase shift between the joints, δ. To investigate
the influence of the phase shift on the achieved forward velocity, experimental
results are presented for different values of δ, keeping the gait parameters α and ω
constant. The values of the gait parameters α and ω are shown in each result for
the different motion patterns. From Fig. (5.19(e),5.19(f)) and Fig. (5.20(e),5.20(f)),
it is clear that there exists a value of the gait parameter δ which gives the highest
forward velocity, when the gait parameters α and ω are kept constant, which is
in accordance with the simulation results presented in Section 5.6. This is also
in accordance with the properties in Proposition 5.3. However, we see that the
values of the parameter δ which result on achieving the maximum forward velocity
differ for the simulated and the physical robot. This is mainly, because the fluid
parameters are not experimentally validated for the specific robot, and thus we
can obtain only a qualitative comparison of the results. Note that the qualitative
comparison results sufficiently support the properties presented in Proposition 5.3.

Remark 5.9: It is worth to mention that from the experimental validation of the
properties proposed in Proposition 5.3 by using the physical robot Mamba, we can
conclude that the control-oriented model, presented in Chapter 4, captures the essential
properties of the underwater snake robot locomotion. Hence, this model constitutes a
useful tool for control design and analysis for underwater snake robots.

5.9 Chapter Summary

This chapter is summarized as follows:
• We have presented an averaged model of the velocity dynamics of an under-

water snake robot influenced by added mass effects (reactive fluid forces) and
linear drag forces (resistive fluid forces) during general sinusoidal motion gait
patterns. The model is well-suited for stability analysis and motion planning
purposes.
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Figure 5.19: Lateral Undulation: The average forward velocity, ῡ [m/s] for different
gait parameters.
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(e) Simulations: α = 30o and ω = 120o/s
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Figure 5.20: Eel-like motion: The average forward velocity, ῡ [m/s] for different gait
parameters.

122



5.9. Chapter Summary

• We have shown that the average velocity of an underwater snake robot follow-
ing sinusoidal motion gait patterns converges exponentially to a steady-state
velocity given analytically in (5.22) as a function of the gait parameters for
the case of general sinusoidal gait patterns.

• We have derived a set of essential properties describing the relationship be-
tween the steady state velocity and the amplitude, the frequency, the phase
shift and the offset of the joint motion for the case of general sinusoidal mo-
tion gait patterns given in (3.3). In particular, it was shown that the average
forward velocity of an underwater snake robot, influenced both by added mass
and linear drag effects, and under any sinusoidal gait pattern: 1) is a function
of the amplitude of the sinusoidal motion pattern, 2) depends on a linear and
a nonlinear terms of the gait frequency and 3) depends on the phase shift
between the joints. The derived properties are general and provide a useful
tool for achieving faster forward motion by selecting the most appropriate
motion pattern and the optimal combination of the gait parameters.

• We have presented simulation results both for lateral undulation and eel-like
motion in order to illustrate and validate the theoretical outcomes. We have
presented simulation results that support the validity of the properties in
Proposition 5.3 both for the complex model presented in Chapter 2 and the
control-oriented model presented in Chapter 4.

• The derived properties in Proposition 5.3 of the velocity dynamics of an
underwater snake robot have been investigated through experiments. We have
shown that the experimental results using the physical underwater snake
robot Mamba, support the derived properties of the velocity dynamics.
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Chapter 6

Path Following Control of
Underwater Snake Robots

Regarding control of underwater snake robots, several types of controllers have
been proposed in the literature. However, the emphasis so far has mainly been
on achieving forward and turning locomotion. The next step would be not only to
achieve forward locomotion, but also to make the snake robot follow a desired path,
i.e. solving the path following control problem, and this chapter proposes solutions
towards this end.

As we have noted in Introduction, increasing efficiency by improving locomo-
tion methods is a key issue for underwater robots, while a number of different
control design challenges must be solved in order to realize operational swimming
robots for underwater tasks. Generally, control design for underwater snake robots
is challenging mainly because these mechanisms are underactuated and because
the model of the hydrodynamic effects are highly nonlinear. Motion planning, i.e.
designing a path covering a certain area or moving the robot towards a desired
location-goal taking into account energy consumption is a challenging task for un-
derwater snake robot locomotion. In this chapter, based on the complex model
presented in Section 2.2, we propose and experimentally validate straight line path
following controllers for biologically inspired swimming snake robots. In particu-
lar, we present a line-of-sight (LOS) and an integral line-of-sight (I-LOS) guidance
law, which are combined with a sinusoidal gait pattern and a directional controller
that steers the robot towards and along the desired path. Hence, in this chapter,
we propose solutions to the path following control problem enabling the robot to
follow a straight path both in the absence and the presence of ocean currents. Un-
like the biologically inspired flow sensing strategy presented in [88], the integral
LOS guidance law proposed in this chapter is inspired by path following control
of marine surface vessels in the presence of ocean currents [14], [19]. Note that the
I-LOS guidance strategy is widely used for directional control of marine surface
vessels for ocean current compensation but has not been employed previously for
directional control of underwater snake robots in the presence of ocean currents.

This chapter also investigates the stability analysis of the proposed I-LOS
path following controller for an underwater snake robot. In particular, by using
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6. Path Following Control of Underwater Snake Robots

a Poincaré map analysis, we prove that all state variables of an underwater snake
robot, except the position along the forward direction, trace out an exponentially
stable periodic orbit when the I-LOS path following controller is applied. This
chapter also considers path following of more general paths. In particular, we pro-
pose a motion algorithm that combines the use of an artificial potential fields-based
path planner with a new waypoint guidance strategy for steering an underwater
snake robots along a path defined by waypoints interconnected by straight lines.
Furthermore, the performance of the LOS and the I-LOS path following controllers
are investigated through simulations and through experiments with the underwater
snake robot Mamba. The presented experimental results confirm that the proposed
integral LOS guidance law can be applied to underwater snake robots to achieve
not only tracking of straight lines, but also to compensate for ocean drift effects,
including current effects. In addition, experimental results presented in this chapter
for the LOS path following controller show that the underwater snake robot is able
to follow the reference path both for lateral undulation and eel-like motion. Com-
bining the results of this chapter with the results that we will present in Chapter 7
regarding the power efficiency of the underwater snake robots, we can argue that
underwater swimming robots can be considered as good candidates for different
challenging tasks in the subsea environment.

Contributions of this Chapter: The first and main contribution of this chap-
ter is the straight line path following control strategies for underwater snake
robots. We have proposed two approaches for the path following problem
of underwater snake robots. Initially, we present a LOS guidance law which
is applied to underwater snake robots to achieve straight line path following
both for lateral undulation and eel-like motion patterns. Secondly, we propose
a controller that is able to compensate for the current effects in the absence
of sensing the surrounding flow effects. In particular, based on the complex
model presented in Section 2.2, we propose an integral line-of-sight path fol-
lowing controller for steering an underwater snake robot along a straight line
path in the presence of ocean currents of unknown direction and magnitude.
The integral LOS guidance strategy is widely used for directional control
of marine surface vessels for ocean current compensation but has not been
employed previously for directional control of underwater snake robots. The
second contribution of this chapter is comparative studies between the experi-
mental results and the corresponding simulation results for the path following
control of underwater snake robots. In particular, the efficacy of the LOS and
the I-LOS path following control strategies are investigated through exper-
iments with the underwater snake robot Mamba. The experimental results
show that the integral LOS guidance law can be applied to underwater snake
robots to compensate for the ocean drift effects, including the current effects,
and achieve path following of straight lines. As fas as we know, experimental
results for path following control of underwater snake robots compensating
for the current effects have not been investigated in previous literature.

To our best knowledge, Poincaré maps have never been used to study the
stability of the locomotion of an underwater snake robot along a straight line
path in the presence of ocean currents, thus it is considered as contribution

126



6.1. Line-of-Sight (LOS) Path Following Controller

of this chapter. As far as we know, no formal stability analysis of an inte-
gral LOS path following controller for an underwater snake robot has been
presented in previous literature. Another contribution of this chapter is the
experimental validation of the complex fluid model presented in Section 2.2.
In particular, a back-to-back comparison of real experimental and simulated
data, gives us the opportunity to obtain qualitative and quantitative compar-
ison between the motion of the simulated and the physical snake robot. The
last contribution of this chapter is the combined use of an artificial potential
fields-based path planner with a new waypoint guidance strategy for steering
an underwater snake robots along a path defined by waypoints interconnected
by straight lines. The waypoints are derived by using a path planner based
on the artificial potential field method in order to also address the obstacle
avoidance problems.

Organization of this Chapter: This chapter is organized as follows. Section 6.1
presents the line-of-sight (LOS) path following controller along straight lines
for underwater snake robots. The integral line-of-sight (I-LOS) path follow-
ing controller along straight lines is presented in Section 6.2, followed by
the stability analysis based on the Poincaré map approach in Section 6.3.
Experimental and simulation results for LOS and I-LOS path following con-
trol strategies are presented in Section 6.4 and Section 6.5, respectively. The
waypoint guidance strategy for an obstacle avoidance scenario for underwater
snake robots is proposed in Section 6.6. Finally, the chapter is summarized
in Section 6.7.

Publications: The material in this chapter is based on the journal papers [73],
[64] and the conference papers [70] and [66]. In addition, the results presented
in this chapter resulted in a patent application with the title “Guidance of
Underwater Snake Robots” in [63].

6.1 Line-of-Sight (LOS) Path Following Controller

In this section, we present a LOS path following control scheme for underwater
snake robots based on the general sinusoidal motion pattern (3.3). The structure
of the LOS path following controller, as shown in Fig. 6.1, consists of two parts, the
inner-loop PD controller that is used to control the joint angles φ and the outer-
loop controller that is used for generating the reference joint angles, in order to
achieve the desired sinusoidal gait pattern and the desired heading θ̄ref. The latter
controller is composed of three separate components, the gait pattern controller
which extracts the sinusoidal motion pattern to propel the robot forward, the
heading controller, which steers the robot towards and subsequently along the
desired path and the LOS guidance law (Fig. 6.2), which generates the desired
heading angle, in order to follow the desired path. These three components of the
path following controller will be presented in the following subsections.
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Figure 6.1: The structure of the LOS path following controller.

6.1.1 Control Objectives

The main control objective is the convergence of the robot motion to the desired
straight line path. The forward velocity ῡt > 0 of the underwater snake robot,
defined in (2.5), does not require accurate control, but only ῡt > 0 to ensure a
nonzero forward velocity for the robot. Regarding the position of the robot in the
2D plane, the desired path is aligned with the global x axis, thus the cross track
error along the desired path coincides with the robot’s position over the global y
axis. Furthermore, the heading of the robot (2.2) corresponds to the angle formed
between the robot’s body and the desired straight line path (Fig. 6.2). Considering
these objectives, the control system can be formalized as

lim
t→∞

py = 0 (6.1)

lim
t→∞

θ̄ = 0 (6.2)

lim
t→∞

ῡt > 0 (6.3)

Note that, since underwater snake robots have an oscillatory gait pattern, the
control objectives imply that py and θ̄ should have steady state oscillations about
zero.

6.1.2 The Straight Line Path Following Controller

As noted above, the outer-loop controller generates the reference joint angles, in
order to achieve the desired sinusoidal gait pattern and the desired orientation
for the robot. Regarding the sinusoidal gait pattern, previous approaches keep the
parameters α and δ fixed, while ω, φ0 are used to control the speed and the direction
of the snake robot, respectively, [49, 62, 101]. In this thesis, the same approach will
be adopted. The orientation θ̄ of the robot is given by (2.2). Moreover, for the
desired orientation, motivated by [14], [38], we propose to define the reference
orientation using the following LOS guidance law

θ̄ref = − arctan
(py

∆

)
, ∆ > 0 (6.4)

where py is the cross-track error (i.e., the position of the underwater snake robot
along the global y axis), while ∆ is a constant design parameter. In particular,
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Figure 6.2: Illustration of the LOS guidance law.

∆ denotes the look-ahead distance that influences the rate of convergence to the
desired path [38]. Note that LOS guidance law is much used in practice for path
following control of marine surface vessels [38], [39] and is used for path following
control of ground snake robots [101].

Remark 6.1: The look-ahead distance ∆ is an important design parameter that
directly influences the transient motion of the underwater snake robot. Choosing ∆
large should result in a well-damped transient motion, but the rate of convergence to
the path will be slow. On the other hand, choosing ∆ too small should result in poor
performance or even instability. A rule of thumb is to choose ∆ larger than twice the
length of the robot (see e.g. [38]).

Motivated by the effective application of LOS guidance law for path following
control of marine surface vessels [38], [39] and especially in the corresponding case
of ground snake robots [101], we choose the joint angle offset φ0 as

φ0 = kθ
(
θ̄ − θ̄ref

)
, (6.5)

where kθ > 0 is a control gain. Furthermore, as we can see from Fig. 6.1, the inner-
loop controller is responsible for the joint control. In this section, we will use the PD
controller (3.5) to make the joint angle, φi, follow its reference signal, φ∗i . We have
now presented the complete LOS path following controller of the underwater snake
robot. The efficacy of the proposed path following controller will be investigated
via both simulation and experimental studies in Section 6.4.

6.2 Integral Line-of-Sight (I-LOS) Path Following
Controller

In this section, we propose an I-LOS path following control scheme for underwater
snake robots. The controller consists of three main components as shown in Fig. 6.3,
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Figure 6.3: The structure of the I-LOS path following controller.

similarly to the control scheme presented in Section 6.1. The first two components
are explained in the previous subsection, while the third component is the integral
LOS guidance law (Fig. 6.4), which generates the desired heading angle in order
to follow the desired path. An inner loop PD controller is used to control the joint
angles φ as defined in (3.5), while an outer loop controller is used for generating
the reference joint angles in order to achieve the desired sinusoidal gait pattern and
also the desired heading θ̄ref (Fig. 6.3). The three components of the path following
controller will be presented in the following subsections.

6.2.1 Control Objectives

The path following control objective is to make the robot converge to the desired
straight line path and subsequently progress along the path at some nonzero for-
ward velocity ῡt > 0, where ῡt is defined in (2.5). We consider it as less important
to accurately control the forward velocity of the robot. The global x axis is aligned
with the desired path, and thus the position of the robot along the global y axis
corresponds to the cross track error, and the heading of the robot (2.2) is the angle
that the robot forms with the desired path (Fig. 6.5). The objectives of the control
system can be formalized as

lim
t→∞

py = 0 (6.6)

lim
t→∞

θ̄ = θ̄ss (6.7)

lim
t→∞

ῡt > 0 (6.8)

where θ̄ss is a constant value which will be non-zero when the underwater snake
robot is subjected to ocean currents that have a component in the transverse di-
rection of the path. Note that, since underwater snake robots have an oscillatory
gait pattern, the control objectives imply that py and θ̄ should have steady state
oscillations about zero and θ̄ss, respectively.

Remark 6.2: The heading of the robot is not required to oscillate around zero but
rather to oscillate around a steady-state constant value (6.7) in the presence of ocean
currents in the transverse direction of the path. This is similar to the results shown
in [19] for autonomous surface vessels. In particular, the underwater snake robot then
needs to keep a nonzero heading angle in steady state in order to compensate for the
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Figure 6.4: Illustration of the integral LOS guidance law for motion in 3D.

current effect. A non-zero angle will allow the underwater snake robot to side-slip in
order to compensate for the current effects and thus stay on the desired path, as shown
in Fig. 6.6.

We consider the following assumption for the current values in this thesis:

Assumption 6.1: The current has unknown direction and magnitude. It should be
bounded by a constant Vmax > 0, i.e. Vmax >

√
V 2
x,i + V 2

y,i, where [Vx,i, Vy,i]
T is the

current velocity expressed in inertial frame coordinates.

Remark 6.3: The value of Vmax that the robot is able to compensate is directly
connected to the physical limitations of the robot, the actuator forces and the number
of the links.

6.2.2 The Straight Line Path Following Controller

As we have already mentioned, typically, the parameters α and δ are fixed and
the parameters ω, φ0 are used to control the speed and the direction of the snake
robot [49, 62, 101]. In this section, the same idea will be used in order to steer
the underwater snake robot to a desired orientation. The outer-loop controller will
be responsible for generating the reference joint angles in order to ensure that the
desired orientation is achieved. The orientation θ̄ of the robot is given by (2.2).
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Figure 6.5: Illustration of the integral LOS guidance law for straight line path.
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Figure 6.6: Steady state: The underwater snake robot side-slips with a constant θ̄ss
to follow the path.
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6.3. Stability Analysis of the I-LOS Path Following Controller

Moreover, motivated by [14], [19] we propose to define the reference orientation
using the following integral LOS guidance law

θ̄ref = − arctan

(
py + σyint

∆

)
, ∆ > 0 (6.9)

ẏint =
∆py

(py + σyint)2 + ∆2
(6.10)

where py is the cross-track error (i.e., the position of the underwater snake robot
along the global y axis), while ∆ and σ > 0 are both constant design parameters
and yint represents the integral action of the guidance law. In particular, ∆ denotes
the look-ahead distance that influences the rate of convergence to the desired path
[38] and σ > 0 is the integral gain. The proposed I-LOS path following controller
was recently proposed for path following control of marine surface vessels in pres-
ence of unknown constant irrotational ocean current [14], [19]. In particular, the
I-LOS path following controller compensates for two environmental disturbances:
the drifting effect of the currents, representing a pure kinematic drift, and the
heading dependent disturbances caused by currents, winds and waves. This mo-
tivated us to believe that the integral LOS guidance law could be well-suited for
path following of underwater snake robots in different sea conditions. In particular,
the conjecture is that this choice of orientation reference will make the snake robot
converge to the path, i.e. make py converge to zero, cf. Fig. 6.5. Furthermore, we
choose the joint angle offset according to (6.5), similarly to the approach presented
in Section 6.1, in order to steer the heading θ̄ according to the integral LOS an-
gle in (6.4). Finally, the PD controller (3.5) will be used for the join control. We
have now presented the complete I-LOS path following controller of the underwater
snake robot. The efficacy of the I-LOS path following controller approach will be
investigated via both simulation and experimental results in Section 6.5.

Remark 6.4: The integral effect becomes significant when the ocean current effect
pushes the underwater snake robot away from its path. Note that (6.10) is designed
such that the integral action has less influence when the robot is far from the path,
reducing the risk of wind-up effects [19]. In fact, (6.9,6.10) behaves as a traditional
LOS law when the underwater snake robot is far away from the path while the integral
action takes over when the motion is closer to the desired path.

6.3 Stability Analysis of the I-LOS Path Following
Controller

In this section, the theory of Poincaré maps is employed to prove that the I-LOS
path following controller presented in Section 6.2 generates a locally exponentially
stable periodic orbit in the state space of the underwater snake robot. This peri-
odic orbit implies that the robot locomotes along the desired straight path in the
presence of current.
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6.3.1 The Poincaré Map

The Poincaré map is a useful tool for studying the stability of periodic solutions in
nonlinear dynamical systems [80]. In particular, the stability of a periodic orbit of a
dynamical system is related to the stability of the fixed point of the corresponding
Poincaré map of the system. We will thus use a Poincaré map approach as a stability
analysis tool for the closed-loop system of the underwater snake robot with the
path following controller presented in Section 6.2. In particular, the exponential
stability of the system will be investigated by checking if the fixed point is an
exponentially stable equilibrium point of the discrete system. The fixed point x̄∗ is
locally exponentially stable if the magnitudes of all the eigenvalues of the Jacobian
linearization of the Poincaré map JP (x̄∗) about the fixed point are strictly less
than one [101].

In order to investigate the stability properties using Poincaré maps, the model
of the underwater snake robot should be represented as an autonomous system.
Following the approach described in [116], the model (2.44) with the path following
controller presented in Section 6.2 can be rewritten as the following autonomous
system

ẋ = F

(
x,

T

2π
β

)
, x(t0) = x0

β̇ =
2π

T
, β(t0) =

2πt0
T

(6.11)

where β = 2πt/T is a new state variable and T = 2π/ω is the period of the cyclic
locomotion generated by the sinusoidal gait pattern in (3.1). The state variable β is
periodic since we force β to be 0 ≤ β < 2π, i.e. we set β to zero each time β = 2π.

What now remains is to specify the Poincaré section for the underwater snake
robot. We choose the global x axis as the Poincaré section S of the system in
(6.11) (see e.g. [101]). Furthermore, we exclude px from the Poincaré map since
the forward position of the robot will not undergo limit cycle behaviour like the
other states of the system. As a result, the Poincaré section is given by S =
{(θ, py, θ̇, β)|py = 0}, which means that the vector of the independent time-periodic

states constrained to S can be expressed as x̄ =
[
θT , θ̇

T
, ṗTCM, β

]T
∈ R2n+3.

Remark 6.5: Note that since px is not present on the right hand side in any of
the dynamic equations in (2.44), we can exclude px from the Poincaré map without
affecting the other state variables of the system (2.44).

Remark 6.6: In this thesis, we consider a one-sided Poincaré map by assuming that
the Poincaré section is crossed when the CM position of the underwater snake robot
crosses the x axis from above, similar to the approach presented in [99, 101] for ground
snake robots.

6.3.2 Stability Analysis of the Poincaré map

In order to investigate the stability of the robot with the I-LOS path following
controller presented in Section 6.2, we consider an underwater snake robot with
n = 3 links, each one having length 2l = 0.14 m and mass m = 0.6597 kg. The
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hydrodynamic parameters are set to ct = 0.2639, cn = 8.4, µn = 0.3958, λ1 =
2.298810−7, λ2 = 4.310310−4 and λ3 = 2.262910−5 (see Section 2.2 for details).
The values of a constant ocean current in the inertial frame are [0.005, 0.01] m/sec.
The joint PD controller (3.5) is used for each joint with parameters kp = 20, kd = 5,
and lateral undulation and eel-like motion are achieved by choosing g(i, n) = 1 and
g(i, n) = (n− i)/(n + 1), respectively, with gait parameters α = 70o, δ = 70o and
ω = 120o/s in (3.3). Initially, we run simulations with the proposed control strategy
until the robot reaches the desired path, and then we choose the initial values of
yint as 5.33 and 6.54 for lateral undulation and eel-like motion, respectively. These
initial values are used for the stability analysis of the system by using Poincaré
map. Furthermore, the control gain in (6.5) is kθ = 0.8, while the guidance law
parameters in (6.9-6.10) are chosen as ∆ = 2ln [38], and σ = 0.01 [19].

The Poincaré map of the underwater snake robot model in (2.33,2.38) is found
using Matlab R2013b. The dynamics is calculated using the ode23tb solver with a
relative and absolute error tolerance of 10−4. Using the Newton-Raphson algorithm,
the fixed point, x̄∗ ∈ R9, of the Poincaré map for lateral undulation and eel-like
motion are given by (6.12) and (6.13), respectively.

x̄∗ =[−35.06o, −41.79o, 17.68o, −108.83o/s, 26.49o/s,

106.96o/s, 10.59cm/s, −3.86cm/s, 194.04o]T
(6.12)

x̄∗ =[−15.77o, −29.99o, −2.21o, −116.75o/s,

20.62o/s, 70.89o/s, 9.10cm/s, −1.57cm/s, 191.88o]T
(6.13)

The locomotion of the robot over one period is shown in Fig. 6.7 and Fig. 6.8 for
lateral undulation and eel-like motion, respectively. The initial values of the states
of the robot are given by (6.12) and (6.13), and the initial position is chosen as
pCM = 0. From Fig. 6.7-6.8, we can see that after one period of the motion the
state variables have returned to their initial values given by (6.12) and (6.13). In
addition, after one period of motion the position of the robot along the x axis
has increased. Furthermore, Fig. 6.9(a) and Fig. 6.10(a) illustrate the limit cycle
that is traced out by the three link angles of the robot for lateral undulation and
eel-like motion. The Jacobian linearization of the Poincaré map about the fixed
points (6.12) and (6.13) is calculated, and the magnitudes of the eigenvalues of
JP (x̄∗) ∈ R9×9 are found to be given by (6.14) and (6.15) for lateral undulation
and eel-like motion, respectively:

| eig(JP (x̄∗)) |=[0.394, 0.394, 0.041, 0.008, 0.002,

0.002, 2.82× 10−4, 2.82× 10−4, 4.84× 10−5]T
(6.14)

| eig(JP (x̄∗)) |=[0.548, 0.548, 0.059, 0.059, 0.011,

1.49× 10−3, 2.92× 10−4, 1.02× 10−4, 9.25× 10−5]T
(6.15)

From (6.14) and (6.15), it is easily seen that all the eigenvalues, both for lateral
undulation and eel-like motion cases, are strictly less than one. Therefore we can
conclude that the periodic orbit is locally exponentially stable for the given choice
of controller parameters both for lateral undulation and eel-like motion. Since the
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Figure 6.7: Motion of the underwater snake with n = 3 links for lateral undulation.

periodic orbit is exponentially stable and the system returns to py = 0 with time
period T , we can conclude that the control objective (6.6) is achieved. Furthermore,
in Section 3.3 it is shown that, for an underwater snake robot under anisotropic drag
effects, propulsive forces are positive as long as sgn(θi) = sgn(ẏi) and sgn(θi) =
sgn(ÿi). Fig. (6.9(b),6.9(c)) and Fig. (6.10(b),6.10(c)) show that these conditions
are valid over the majority of the period both for lateral undulation and eel-like
motion. Hence, the robot moves forward and the control objective (6.8) is satisfied.
Since the control objectives (6.6) and (6.8) are both satisfied, we can argue that the
control objective (6.7) must be satisfied. Note that if the heading did not oscillate
around θ̄ss, but rather around zero, then the robot would not be able to compensate
the ocean current effects and the robot would drift away from the desired path,
which contradicts the fulfilment of control objective (6.6).

Remark 6.7: A more formal stability analysis of the system in (2.33,2.38) with the
proposed controller remains a challenging task, mainly due to the complexity of the
dynamic system equations. Thus a numerical approach is adopted in this thesis. Note
that by using the Poincaré map approach, we have only proven that the stability of the
path following controller presented in Section 6.2 holds for the numerical parameters
of the system presented in the beginning of this subsection. However, simulations and
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Figure 6.8: Motion of the underwater snake with n = 3 links for eel-like motion.

experimental results presented in Section 6.5 indicate that the proposed path following
controller can be applied to steer the robot to the desired path in the presence of ocean
currents for other parameters of the system and for a wide range of the current values.

6.3.3 Simulation Study: The Performance of the I-LOS Path
Following Controller

This section presents simulation results in order to investigate the performance
of the integral LOS path following controller described in Section 6.2. The model
and controller parameters are the same as in Section 6.3. The initial values of all
states of the robot are set to zero except for the initial position of the center of
mass, which is selected as pCM(0) = [0, 0.5]. In Fig. 6.11(a) and Fig. 6.12(a), we
can see that (6.5) makes the heading angle converge to and oscillate about the
desired heading angle given by (6.4) for lateral undulation and eel-like motion,
respectively. Note that the heading of the robot does not converge to oscillations
about zero but rather converges to a steady state constant value, θ̄ss, which means
that the control objective (6.7) is achieved. Moreover, Fig. 6.11(b) and Fig. 6.12(b)
show that control objective (6.6) is verified, i.e. the integral LOS guidance law (6.9)
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Figure 6.9: Stability analysis of the Poincaré map for lateral undulation.

will make the cross track error converge to zero. Finally, from Fig. 6.11(c) and Fig.
6.12(c) we can see that the CM of the underwater snake robot converges to the
desired path both for lateral undulation and eel-like motion. Fig. 6.11-6.12 clearly
show that the heading, the cross track error and the position of the robot have a
steady state oscillatory behavior when the robot reaches the desired path.

6.4 Experimental Investigation of LOS Path Following
Controller

This section describes the experimental setup employed for the fluid parameter
identification and the investigation of the performance of the LOS path following
controller presented in Section 6.1. In particular, simulation and experimental re-
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Figure 6.10: Stability analysis of the Poincaré map for eel-like motion.

sults will be presented in order to investigate the efficacy of the LOS path following
controller presented in Section 6.1. The performance of the guidance strategy will
be investigated experimentally for straight line paths both for lateral undulation
and eel-like motion patterns.

6.4.1 Fluid Parameter Identification

In this subsection, we present results regarding the fluid parameters identification
for the model of the underwater snake robot presented in Section 2.2. We obtained
the values of the fluid coefficients by using the method of [120]. Note that the
fluid parameters are identified in order to be used in this section for back-to-back
comparison of the path following control strategy presented in Section 6.1. The
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Figure 6.11: I-LOS path following controller for lateral undulation.
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Figure 6.12: I-LOS path following controller for eel-like motion.
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fluid coefficients that will be identified are Cf , CD and CA. Note that the added
mass inertia coefficient is set to the theoretical value CM = 1 in this study since this
parameter does not affect significantly the overall motion of the system [69, 135].

The experimental setup is presented in detail in Section 5.7. In particular, using
the underwater snake robot Mamba (Fig. 5.15) with the reflective markers attached
on the tail of the robot, we were able to measure the position and the orientation
of the tail module by using the camera system described in Section 5.7. Combining
these measurements with the measurements of the joint angles and using the kine-
matic equations presented in Section 2.2, we are able to calculate the position of
the center of mass of the robot. We applied sinusoidal motion pattern with different
parameters of the gait pattern. In particular, in each trial, the reference joint an-
gles, computed by (3.3) for n = 9 choosing g(i, n) = 1 and g(i, n) = (n− i)/(n+ 1)
in case of lateral undulation or eel-like motion, were sent to the robot via the CAN.
In each trial we measured the position of the center of mass and the steady state
values of the achieved velocity for approximately 30 sec of motion. Note that a
proportional controller, implemented in the microcontroller of each joint module,
is present and is responsible for the control of the corresponding joint angle. At
this point, it is worth to mentioning that the value of n = 9 is resulting from
the fact that the robot is commanded to move according to a horizontal motion
pattern over a horizontal plane, and thus only the joints with horizontal rotating
axis are forced to rotate, while the reference angles corresponding to the vertical
joint motion were set to zero. This is because we need only measurements in the
2D horizontal plane for the fluid coefficients identification of the 2D fluid model
presented in Section 2.2. Finally, the initial values of the link angles were set to
zero in each experiment task.

In order to perform a back-to-back comparison of experimental data and ideal
simulation results, we simulate the model of underwater snake robot presented in
Section 2.2 with the fluid coefficients set only once via trial and error procedure to
Cf = 0.3, CD = 1.75, CA = 1.5 for lateral undulation and Cf = 0.17, CD = 1.75,
CA = 1.5 for eel-like motion. Note that the fluid coefficient Cf is smaller for
the eel-like motion compared to the lateral undulation. This is expected since we
have oscillations with smaller amplitude at the head of the robot, causing the
effect of the drag forces in x direction to be smaller. In particular, we consider
an underwater snake robot with n = 9 links, each one having length 2l = 0.18
m and mass m = 0.8 kg, i.e. identical to the physical robot presented in Section
5.7. The hydrodynamic related parameters for the elliptic section with major and
minor diameters 2a = 2 · 0.055 m and 2b = 2 · 0.05 m, respectively, and ρ = 1000
kg/m3 were calculated by (2.14), (2.15), (2.17) and (2.20). In these simulations a
joint PD-controller (3.5) was used with parameters kp = 20, kd = 5, while lateral
undulation or eel-like motion were achieved by moving the joints according to the
(3.3) by choosing g(i, n) = 1 and g(i, n) = (n − i)/(n + 1), respectively, with gait
parameters values similar to ones of the experimental trials.

In Fig. 6.13-6.14, we see simulation and experimental results that are obtained
by choosing the fluid coefficients as mentioned earlier and α = 30o, ω = 120o/s,
δ = 20o and φ0 = 0 for lateral undulation and eel-like motion. The simulated
and the experimental results are expressed in global frame with the origin being
at (0,0) for visualization purposes. This makes the comparison of the simulated
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Figure 6.13: Lateral undulation: Comparison results of the simulated and real robot
for the gait parameters α = 30o, ω = 120o/s, δ = 30o and φ0 = 0.

and the experimental results more obvious, without changing the response of the
system. From Fig. 6.13(a) and Fig. 6.14(a), we see that the robot manage to trans-
verse the same distance in x-direction both in simulations and in experiments. We
see that the oscillations in the y-direction (Fig. 6.13(b)-6.14(b)) are bigger in the
experimental trial compared to the simulated results. This is mostly due to the
inaccuracies on the sensors’ measurements involved in the experimental setup. The
amplitudes of the achieved forward steady state velocities for the lateral undulation
calculated by (6.16), are 0.1275 m/s and 0.1288 m/s for the simulated robot and
the real robot, respectively. Note that tend and t0 indicate the beginning and the
end of the time horizon, respectively. The error between these velocities is 1.01 %,
which indicates that there is quite good agreement between the simulated dynam-
ics of the robot and the real experiments. In addition, the steady state velocities
for the eel-like motion are 0.0897 m/s and 0.0894 m/s for the simulated robot and
the real robot, respectively. The error between the velocities for the case of eel-like
motion is 0.33 %.

Vf =

√
(px(tend)− px(t0))2 + (py(tend)− py(t0))2

tend − t0
(6.16)

Remark 6.8: Note that another more accurate method for the fluid coefficients
identification should be investigated in the future for more precise identified values of
the drag and added mass coefficients. In this study, preliminary results are obtained for
the complex model presented in Section 2.2, which mainly will be used to investigate
the efficacy of the path following controller presented in Section 6.1 by comparing the
experimental results with the simulated ones.

6.4.2 Experimental Setup

The path following controller was experimentally investigated using the underwater
snake robot Mamba (see Fig. 5.14). As mentioned in Section 5.7, the robot consist
of 18 identical joint modules mounted horizontally and vertically in an alternating
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Figure 6.14: Eel-like motion: Comparison results of the simulated and real robot
for the gait parameters α = 30o, ω = 120o/s, δ = 30o and φ0 = 0.

fashion. For our experimental process, the underwater motion capture system from
Qualisys [4] was used in order to have accurate measurements of the robot’s position
and orientation. The total control structure that is adopted in the experimental
task is illustrated in Fig. 6.15. The measured position and the absolute angle of
the tail were obtained as described in Section 5.7.

Now, the individual computations and the implementation of the path following
controller will be described in the sequel steps. Having the measurements of the tail
position and orientation, and the individual joint angles, we calculated, using the
kinematics equations presented in Section 2.2, the center of mass position, pCM, and
the absolute link angles, θ, of the underwater snake robot. The LOS path following
controller of the underwater snake robot was implemented on an external computer
according to (3.3), (6.4) and (6.5), i.e. the for the lateral undulation and eel-like
motion gait patterns. Specifically, the reference joint angles, computed by (3.3),
were sent to each joint module of the robot via the CAN bus running through the
robot. A proportional controller implemented in the microcontroller of each joint
module controlled the joint angle according to the received reference angle. The
joint torque controller given by (3.5) was not implemented, since accurate torque
control is not supported by the servo motors installed in the snake robot. The
estimation of the robot’s orientation was calculated according to (2.2), i.e. as the
average of the individual link angles. The LOS guidance law angle given by (6.4)
was calculated with a look-ahead distance equal to half the length of the robot, i.e.
∆ = 0.9 m [38] for fast convergence, due to the limited working area covered by the
camera system. Furthermore, the control gain in (6.5) was kθ = 0.4 and kθ = 0.6
for lateral undulation and eel-like motion, respectively. The joint angle offset was
saturated according to φ0 = [−20o, 20o] in order to keep the joint reference angles
within reasonable bounds and taking into account the physical robot’s joint angle
constraints. Moreover, the reference angles were calculated by (3.3) for n = 9
choosing g(i, n) = 1 and g(i, n) = (n − i)/(n + 1) in case of lateral undulation or
eel-like motion, respectively, while the rest of the gait parameters were α = 35o for
lateral undulation and α = 40o for eel-like motion, δ = 40o and ω = 120o/s. The
initial joint angles were zero in all the trials, while the initial heading and position
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Figure 6.15: Illustration of the controller structure used in the experiments for LOS
approach.

of the robot are defined for each trial.

6.4.3 Experimental Results

The straight line path following controller presented in Section 6.1 is experimentally
investigated both for lateral undulation and eel-like motion patterns. In particular,
experimental results for two different sets of initial conditions are presented both
for lateral undulation and eel-like motion patterns. In the first two trials of the
experiments, the robot was initially headed along the desired path (the x axis),
and the initial distance from the CM to the desired path was 1.89 m and 2.81 m
for lateral undulation and 2.75 m and 2.98 m for eel-like motion pattern. In the last
two trials, the robot was initially headed towards the desired path (the x axis) with
initial heading θ̄(0) = −91.3o and θ̄(0) = −88.3o, for lateral undulation and eel-like
motion, and the initial distance from the CM to the desired path was 1.59 m and
1.97 m, respectively. The experimental results for the all the trials are presented
in Fig. 6.16(a) - 6.18(a) for lateral undulation and Fig. 6.19(a) - 6.21(a) for eel-like
motion pattern, where it is easily seen that the robot converged nicely towards
and moved along the desired path during all trials both for lateral undulation and
eel-like motion patterns. In particular, we can see that the center of mass of the
underwater snake robot converges to the desired path for all the trials.

In Fig. 6.16(d)-6.21(d), we can see that (6.5) makes the heading angle converge
to and oscillate around zero both for lateral undulation and eel-like motion patterns.
Moreover, Fig. 6.16(c)-6.21(c) show that the cross track error converges to and
oscillates around zero. Furthermore, the forward velocity of the robot is shown
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Figure 6.16: Lateral Undulation: Straight line path following with the physical
snake with the initial heading along the desired path (First Trial).

in Fig. 6.16(e) -6.21(e) and the joint angle offset is shown in Fig. 6.16(f)-6.21(f).
Fig. 6.16-6.21 clearly show that the heading, the cross track error and the position
of the robot have a steady state oscillatory behavior when the robot reaches the
desired path. Note that this was expected since for an underwater snake robot with
revolute joints, it is difficult to achieve a purely non-oscillating motion of the CM.
Similar to the oscillatory behaviour of the CM, the orientation of the robot was
also expected to oscillate, as it is shown in Fig. 6.16(d)-6.21(d).

The visualisations in Fig. 6.22 and Fig. 6.23 for the results presented in Fig.
6.16 and Fig. 6.19 for lateral undulation and eel-like motion, respectively, illustrate
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Figure 6.17: Lateral Undulation: Straight line path following with the physical
snake with the initial heading along the desired path (Second Trial).

147



6. Path Following Control of Underwater Snake Robots

−6 −4 −2 0 2 4 6
−3

−2

−1

0

1

2

3

p
x
 [m]

p
y
 [
m

]

 

 

Path of CM of robot
Reference path

(a) Path of the CM

0 10 20 30 40 50 60 70 80 90
−6

−4

−2

0

2

4

6

Time [sec]

p
x
 [
m

]

(b) Position along the path, px

0 10 20 30 40 50 60 70 80 90
−0.2

0

0.2

0.4

0.6

0.8

1

1.2

1.4

1.6

1.8

Time [sec]

p
y
 [
m

]

(c) Cross-track error, py

0 10 20 30 40 50 60 70 80 90
−120

−100

−80

−60

−40

−20

0

20

40

60

80

Time [sec]

θ
[d
e
g
]

 

 

θ

θre f

(d) Heading angle, θ

0 10 20 30 40 50 60 70 80 90
0.06

0.08

0.1

0.12

0.14

0.16

0.18

Time [sec]

v
t
[m

/
s]

(e) Forward Velocity, vt

0 10 20 30 40 50 60 70 80 90
−8

−6

−4

−2

0

2

4

6

8

10

12

Time [sec]

φ
0
[d
e
g
]

(f) Joint angle offset, φ0

Figure 6.18: Lateral Undulation: Straight line path following with the physical
snake with initial heading towards the desired path (Third Trial).
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Figure 6.19: Eel-like motion: Straight line path following with the physical snake
with the initial heading along the desired path (First Trial).
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Figure 6.20: Eel-like motion: Straight line path following with the physical snake
with the initial heading along the desired path (Second Trial).
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Figure 6.21: Eel-like motion: Straight line path following with the physical snake
with initial heading towards the desired path (Third Trial).
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Figure 6.22: The motion of the underwater snake robot during path following for
the experimental results presented in Fig. 6.16. The yellow line indicates the desired
path, i.e. the global x axis.

Figure 6.23: The motion of the underwater snake robot during path following for
the experimental results presented in Fig. 6.19. The yellow line indicates the desired
path, i.e. the global x axis.

that the robot converged nicely towards and moved along the desired path. This
claim is supported by the plots of the cross-track error in Fig. 6.16(c) and Fig.
6.19(c), which shows that the cross-track error converges to and oscillates about
zero.
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6.4.4 Simulation Results

In order to perform a back-to-back comparison of real experimental and ideal sim-
ulation results, we simulate the model presented in Section 2.2 with the LOS path
following controller proposed in Section 6.1 using similar parameters. In partic-
ular, we consider an underwater snake robot with n = 9 links, each one having
length 2l = 0.18 m and mass m = 0.8 kg, i.e. identical to the physical robot
presented in Section 5.7. The hydrodynamic parameters ct, cn, µn λ1, λ2 and λ3
are calculated for the fluid coefficients Cf , Cd and CA as identified in Subsection
6.4.1. The joint PD controller (3.5) is used for each joint with parameters kp = 20,
kd = 5, and the reference angles corresponding to the horizontal joint motion of
the robot were calculated according to (3.3) with n = 9 by choosing g(i, n) = 1
and g(i, n) = (n− i)/(n+1) for lateral undulation and eel-like motion respectively,
with same gait parameters are presented in previous subsection. Furthermore, the
control gain in (6.5) is kθ = 0.4 and kθ = 0.6 for lateral undulation and eel-like mo-
tion, respectively, while the guidance law parameters in (6.4) are chosen as ∆ = 0.9
similar to the experimental trials. The initial values of all states of the robot are
set to zero except for the initial position of the center of mass, which is selected
as pCM(0) = [−3.58, 1.89] and pCM(0) = [−4.20, 2.75] for lateral undulation and
eel-like motion, respectively, i.e. same as the initial values presented for the cases
shown in Fig. 6.16 and Fig. 6.19. The simulation results are shown in Fig. 6.24 and
Fig. 6.25.

The results shown in Fig. 6.24 and Fig. 6.25 indicate that the qualitative be-
havior of the simulated system is similar to the behavior of the physical robot. In
particular, from Fig. 6.16(a)-6.19(a) and Fig. 6.24(a)-6.25(a) it can be seen that the
physical snake and the simulated snake follow almost the same path both for lateral
undulation and eel-like motion patterns. The cross-track error converges and oscil-
lates around zero in both motion patterns, as shown in Fig. 6.16(c)-6.19(c) and Fig.
6.24(c)-6.25(c). In Fig. 6.16(c)-6.19(c) the cross-track error has larger oscillations
compared to the ideal case in Fig. 6.24(c)-6.25(c) and this was expected mainly due
to the noise on the measurements in the experiments caused by different sensors
i.e. the position measurement from the camera system and the joint angle mea-
surements from the actuators. From Fig. 6.16(d)-6.19(d) and Fig. 6.24(d)-6.25(d),
we see that in both cases the heading converges zero. The oscillations of the head-
ing are larger in Fig. 6.16(d)-6.19(d) than in Fig. 6.24(d)-6.25(d) and this is again
due to the inaccuracies of the different measurements from the sensors. Note that
the heading is defined as the average of the link angles (2.2) and any inaccurate
measurements from the encoders will produce errors and this is the main reason
for the larger oscillations on the heading in the experimental results presented in
Fig. 6.16(d)-6.19(d).

Remark 6.9: Comparing the experimental results (Fig. (6.16,6.19)) with the simu-
lated ones (Fig. 6.24-6.25), we see that the simulated model reaches higher velocities
both for lateral undulation and eel-like motion. This is mainly due to the power supply
cable that is attached on the robot. Note that in our simulations we do not have extra
drag effects as the ones that are produced from the power supply cable of the robot
that is used in our experiments. The effect of the this cable are more visible for the
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Figure 6.24: Simulation results for straight line path following for a snake robot
with n = 9 links.
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Figure 6.25: Simulation results for straight line path following for a snake robot
with n = 9 links.
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slower motions as the one achieved for the eel-like motion pattern (Fig. 6.19 and Fig.
6.25).

6.5 Experimental Investigation of I-LOS Path Following
Controller

This section describes the experimental setup employed in order to investigate the
performance of the integral LOS path following controller presented in Section 6.2,
and the simulation and experimental results.

6.5.1 Experimental Setup

The performance of the guidance strategy presented in Section 6.2 was investigated
experimentally for straight line paths. The experiments were performed in the
North Sea Center Flume Tank in Hirtshals, Denmark [3]. The dimensions of the
tank are L: 30 m, H: 6 m and W: 8 m and an installation of four propellers and
motors of 64 kW in the tank provides the ability to generate water flow up to 1
m/sec. In addition, the tank is equipped with a state-of-the-art motion capture
system from Qualisys [4], which provides accurate real time measurements of the
position and orientation of underwater objects equipped with reflective markers.

The experiments were carried out using the underwater snake robot – Mamba
(Fig. 5.15), with 18 identical joint modules mounted horizontally and vertically in
an alternating fashion (see Section 5.7). During the experiments, the robot was
moved according to a strictly horizontal motion pattern where the joints with
vertical axis were constrained at zero degrees. The kinematics of the snake robot
therefore corresponded to a planar snake robot with links of length 2l = 0.18 m
and mass m ≈ 0.8 kg. During the experiments, the robot had a slightly positive
buoyancy and was swimming near the water surface.

In order to measure the position and the orientation of the snake robot, reflec-
tive markers were attached on the tail part of the robot, as shown in Fig. 6.26.
Although the robot was swimming on the surface of the tank, the markers were
submerged in the tank approximately 0.5 m from the surface since the camera sys-
tem was unable to track markers above 0.5 m from the surface. The global frame
coordinates of the tail link and the absolute angle of the tail were measured using
the camera-based motion capture system from Qualisys [4] installed in the tank.
The camera system consisted of six cameras, which allow reflective markers to be
tracked under water. The controller structure used in the experiments is illustrated
in Fig. 6.27. The measured position and the absolute angle of the tail were received
from an external computer where the Qualisys system [4] was connected, and after-
wards these measurements were sent through UDP in LabVIEW 2013 to another
computer where the path following controller was implemented.

Knowing the position and the orientation of the tail of the robot, and also
the individual joint angles, and by using the kinematics of the robot presented in
Section 2.2, the center of mass position, pCM and the absolute link angles, θ of the
underwater snake robot were calculated. The I-LOS path following controller of the
underwater snake robot was implemented on an external computer according to
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Figure 6.26: The underwater snake robot Mamba in the pool at SINTEF flume
tank with the markers attached on the tail for position measurements.
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Figure 6.27: Illustration of the controller structure used in the experiments for
I-LOS controller.

(3.1), (6.9), (6.10) and (6.5) for the lateral undulation gait pattern. The solutions of
(6.10) were obtained by numerical integration in LabVIEW 2013, which was used
as the development environment for the path following controller. The reference
joint angles, computed by (3.1), were sent to the robot via a CAN bus and the joint
angles were controlled according to a proportional controller implemented in the
microcontroller of each joint module. As it is already mentioned in previous section,
we did not implement the joint torque controller given by (3.5) since accurate
torque control is not supported by the servo motors installed in the snake robot.
The orientation of the robot was estimated according to (2.2), i.e. as the average
of the individual link angles.

The I-LOS angle given by (6.9) was calculated with a look-ahead distance equal
to the length of the robot, i.e. ∆ = 1.6 m [38] for fast convergence due to the
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limited length of the tank, and σ = 0.01 [19]. Furthermore, the initial values of yint
were zero and the control gain in (6.5) was kθ = 0.3. The joint angle offset was
saturated according to φ0 = [−20o, 20o] in order to keep the joint reference angles
within reasonable bounds with respect to the maximum allowable joint angles of the
physical robot. The reference angles corresponding to the horizontal joint motion
of the robot were calculated according to (3.1) with n = 9 and gait parameters
α = 30o, δ = 40o and ω = 90o/s. The reference angles corresponding to the vertical
joint motion were zero in order to constrain the motion of the robot purely in the
horizontal plane. Furthermore, the initial values of the link angles were set to zero,
while the initial heading and position of the robot are presented in each trial.

6.5.2 Experimental Results

We investigated the performance of the proposed control strategy for a constant
current in the inertial frame. Using the flow water speed generator this was set
equal to [−0.07 cos(45o),−0.07 sin(45o)] m/sec. This was achieved by defining the
straight line path at a 45 degree angle with respect to the direction of the water
flow and setting the water flow speed to 0.07 m/sec. The straight line path fol-
lowing controller was experimentally investigated from two different sets of initial
conditions. In both trials, the robot was headed along the desired path (the x axis),
and the initial distance from the CM to the desired path was -1.5728 m and -0.7661
m, respectively. In Fig. 6.28(d) and Fig. 6.29(d) we can see that (6.5) makes the
heading angle converge to and oscillate about the desired heading angle given by
(6.9) for lateral undulation. Note that the desired heading of the robot does not
converge to oscillations about zero, but rather converges to a steady state constant
value θ̄ss to compensate for the effect of the water current. Moreover, Fig. 6.28(c)
and Fig. 6.29(c) show that the cross track error converges to and oscillates about
zero. Finally, from Fig. 6.28(a) and Fig. 6.29(a), we can see that the center of mass
of the underwater snake robot converges to the desired path for lateral undulation.
Furthermore, the forward velocity of the robot is shown in Fig. 6.28(e)-6.29(e) and
the joint angle offset is shown in Fig. 6.28(f)-6.29(f).

The visualisation in Fig. 6.30 for the results presented in Fig. 6.29 illustrates
that the robot converged nicely towards and moved along the desired path. This
claim is supported by the plots of the cross-track error in Fig. 6.29(c), which shows
that the cross-track error converges to and oscillates about zero. Fig. 6.28-6.29
clearly show that the heading, the cross track error and the position of the robot
have a steady state oscillatory behavior when the robot reaches the desired path.

6.5.3 Simulation Results

In order to perform a back-to-back comparison of real experimental and ideal sim-
ulation results, we simulate the model presented in Section 2.2 with the integral
LOS path following controller proposed in Section 6.2 using similar parameters
with the experiments. In particular, we consider an underwater snake robot with
n = 9 links, each one having length 2l = 0.18 m and mass m = 0.8 kg, i.e. identi-
cal to the physical robot presented in Section 5.7. The hydrodynamic parameters
are ct = 0.4453, cn = 15.84, µn = 1.7106, λ1 = 5.260410−8, λ2 = 0.0012 and
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Figure 6.28: Straight line path following with the physical snake: First Trial.
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Figure 6.29: Straight line path following with the physical snake: Second Trial.
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Figure 6.30: The motion of the underwater snake robot during path following for
the experimental results presented in Fig. 6.29. The yellow line indicates the de-
sired path, i.e. the global x axis, and the red line the constant irrotational current
direction.

λ3 = 8.116010−5. The drag fluid parameters ct and cn are calculated for Cd = 1.6
and Cf = 0.03. Note that the fluid coefficients are not identified in the presence of
current and thus we use the steady state values for the fluid parameters in this sec-
tion. The values of a constant ocean current in the inertial frame are [−0.17,−0.17]
m/sec. The joint PD controller (3.5) is used for each joint with parameters kp = 20,
kd = 5, and lateral undulation is achieved by choosing g(i, n) = 1, with gait pa-
rameters α = 30o, δ = 40o and ω = 90o/s in (3.3). Furthermore, the control gain
in (6.5) is kθ = 0.3, while the guidance law parameters in (6.9-6.10) are chosen as
∆ = 1.6 [38], and σ = 0.08 [19]. The initial values of all states of the robot are
set to zero except for the initial position of the center of mass, which is selected as
pCM(0) = [−1.2375,−0.7661], i.e. same as the initial values presented for the case
shown in Fig. 6.29. The simulation results are shown in Fig. 6.31.

The results shown in Fig. 6.29 and Fig. 6.31 indicate that the qualitative be-
havior of the simulated system is similar to the behavior of the physical robot. In
addition, tuning the values of the current for the simulated system, we also achieve

161



6. Path Following Control of Underwater Snake Robots

a good quantitative similarity between the simulated and experimental results. In
particular, from Fig. 6.29(a) and Fig. 6.31(a) it can be seen that the physical snake
and the simulated snake follow almost the same path. The cross track error con-
verges and oscillates about zero in both cases in the same time horizon, as shown in
Fig. 6.29(c) and Fig. 6.31(c). In Fig. 6.29(c) the cross-track error has larger oscilla-
tions compared to the ideal case in Fig. 6.31(c) and this was expected mainly due
to the noise on the measurements in the experiments caused by different sensors
i.e. the position measurement from the camera system and the joint angle mea-
surements from the actuators. In addition, it is worth mentioning that the I-LOS
was implemented in Labview 2013 via numerical integration and the integration of
noisy data produces errors that can cause these oscillations. From Fig. 6.29(d) and
Fig. 6.31(d), we see that in both cases the heading converges to a constant steady
state value of 38o, approximately. The oscillation of the heading are larger in Fig.
6.29(d) than in Fig. 6.31(d) and this is again due to the inaccuracies of the different
measurements from the sensors. Note that the heading is defined as the average
of the link angles (2.2) and any inaccurate measurements from the encoders will
produce errors and this is the main reason for the larger oscillations on the heading
in the experimental results presented in Fig. 6.29(d).

Remark 6.10: Note that although an ocean current with values [−0.07 cos(45o),
−0.07 sin(45o)] m/sec was generated in the flume tank, the experiments were per-
formed on the surface of the flume tank where also surface effects and possibly also
wave drift influenced the motion of the robot. Furthermore, the attachment system
that is used for the markers on the tail of the robot also affects the motion of the
robot. In addition, it is expected that the robot is influenced from other hydrodynamic
effects which are produced through to the interaction of the robot and the surrounding
fluid one the surface, and which are not taken into account in the proposed modeling
approach for underwater snake robots presented in Section 2.2. The actual values of
the total drift effects experienced by the snake robot are therefore not precisely known.
In order to find an estimate of the total drift effects, we use that θ̄ss is directly related
to the values of the drift effects that the system is experiencing, (see [19] for more
details on this). We can thus find an estimate of the drift effects by tuning the ocean
current (drift) parameters until they produce the same θ̄ss as observed in the experi-
ments. This gives the resulting ocean drift values [−0.17,−0.17] m/sec which are then
used in the simulations. As we can see from Fig. 6.29 and Fig. 6.31, for these values
there is a good match between the simulation and experimental results.

Remark 6.11: It is worth mentioning that results presented in Fig. 6.28-6.29 and
Fig. 6.31 indicate that the proposed integral LOS path following controller successfully
steered the underwater snake robot towards and along the desired straight path, com-
pensating for the unknown hydrodynamic disturbances by keeping a constant non-zero
heading. This makes the control strategy presented in Section 6.2 applicable for motion
planning of underwater snake robots under the influence of constant irrotational ocean
currents and other ocean drift effects.

162



6.5. Experimental Investigation of I-LOS Path Following Controller

−1.5 −1 −0.5 0 0.5 1 1.5 2 2.5 3 3.5
−2

−1.5

−1

−0.5

0

0.5

1

p
x
 [m]

p
y
 [

m
]

 

 

Path of CM of robot
Reference path

(a) Position of the CM of the robot

0 20 40 60 80 100 120
−1.5

−1

−0.5

0

0.5

1

1.5

2

2.5

3

3.5

Time [sec]

p
x
 [

m
]

(b) Position along the path, px

0 20 40 60 80 100 120
−1.2

−1

−0.8

−0.6

−0.4

−0.2

0

0.2

Time [sec]

p
y
 [

m
]

(c) Cross-track error, py

0 20 40 60 80 100 120
0

5

10

15

20

25

30

35

40

45

50

Time [sec]

θ
[d
e
g
]

 

 

θ

θre f

(d) Orientation of the robot

0 20 40 60 80 100 120
0

0.02

0.04

0.06

0.08

0.1

0.12

0.14

0.16

0.18

Time [sec]

v
t
[m

/
s]

(e) Forward velocity, vt

0 20 40 60 80 100 120
−8

−7

−6

−5

−4

−3

−2

−1

0

1

2

Time [sec]

φ
0
[d
e
g
]

(f) Joint angle offset, φ0

Figure 6.31: Simulation results for straight line path following with I-LOS guidance
law for a snake robot with n = 9 links.
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6.6 Waypoint Guidance Control of Underwater Snake
Robots

In this section, we present a solution for path following control of underwater snake
robots which combines the use of an artificial potential fields-based path planner
with a new waypoint guidance strategy. A solution to the obstacle avoidance prob-
lem of an electric fish-like robot is presented in [119]. Another waypoint guidance
strategy, where the waypoints are defined a priori, is proposed for a Carangiform
swimmer in [49]. In addition, as opposed to [49] and [96] where the waypoints
are chosen a priori, in this thesis the waypoints are derived using a path planner
based on the artificial potential field method in order to also address the obstacle
avoidance problems. Simulation results that illustrate the performance of the pro-
posed guidance strategy both for lateral undulation and eel-like motions will be
presented.

6.6.1 Artificial Potential Field (APF)

In this subsection, the artificial potential field (APF) method is applied to the
obstacle avoidance problem of an underwater snake robot. The design of the path
is an important step for the control of the robot. The objective is to determine the
optimal path that should be followed in order to reach the goal of the mission while
avoiding obstacles. Generally, path planners are divided into two categories; local
path planners and global path planners [8]. In this thesis the artificial potential field
method, which is introduced by [84], is used to derive the path for the underwater
snake robot. In APF the robot moves in an area with a potential created by the
obstacles and the target [8, 84]. The obstacles repel the robot, while the target
attracts it. The potential functions are chosen so that the target position is a global
minimum while the obstacles are maxima of the function. Denoting the repulsive
potential from the ith obstacle by U ir, i ∈ {1, · · · , o}, where o is the number of the
obstacles, and the attractive potential from the goal position by Ua, the potential
of the area can be expressed as [8]

U = Ua +

o∑
i=1

U ir. (6.17)

It should be noted that, generally, in APF theory the obstacles are considered
as points, without specific volume. However, it is obvious that the volume of the
obstacles and the volume of the robot should be considered in order to derive the
function for the potential. In this thesis, we follow a similar approach as described
in [8], where the volume of the obstacles and the robot is set as the volume of a
circle around the obstacles. Hence, the repulsive potential function is defined as
[84]

U ir = Krep
1

dio
N − aNo

r

, (6.18)

where Krep is a positive gain constant which determines the intensity of the attrac-
tive potential, the parameter dio denotes the distance to the ith obstacle, and ar is
the radius of the circle around the obstacle taking into account also the dimensions
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of the robot. The radius of the circle that takes into account the dimension of the
robot should be at least twice the amplitude of the sinusoidal motion of the robot.
The parameter No is chosen equal to 2 and Krep is chosen close to 1 in order to
take into account only the local influence of the repulsive potential. The attractive
potential function is defined as [84]

Ua = −Katt
1

dNo
, (6.19)

where Katt is a positive gain constant which determines the intensity of the at-
tractive potential, the parameter d denotes the distance to the goal and No is
chosen equal to 2 in this study. It is worth to mention that increasing the pa-
rameter No will lead to a steeper curve of the attractive potential function. A
gradient-based optimization method is used to derive the path [8]. In addition, we
decide to increase the radius of the circle around the robot with a small value,
in order to take into account the joint constraints of the robot, cf. [84]. When
following the resulting path, the robot is moving towards the global minimum of
the potential function (6.17). A simulation result of the described motion plan-
ning method is presented below for a space (8m × 8m) with obstacles (obstacle
positions : {(1, 1) (3,−2) (1, 4) (4, 2) (4, 5)}) and a selected target (target position:
(7, 5)). The obstacles are rectangular shapes with dimensions (0.3 × 0.21). The
simulation results are performed with the parameter Krep = 1 giving the radius of
the circumscribed circle around the obstacles and Katt = 200. Fig. 6.32(a) shows
the described scenario, while in Fig. 6.32(b) the resulting potential is shown. Fig.
6.32(c) shows the resulting path that is created based on the obstacles and target
scenario presented in Fig. 6.32(a).

Remark 6.12: It should be noted that the disadvantage of this method is that there
is a risk that the robot in some cases can be stuck at a local minimum. This problem
can be solved using harmonic potential field as presented in [8], but in this thesis the
typical non-harmonic potential method is chosen to avoid adding more complexity in
our system.

6.6.2 The Waypoint Guidance strategy

Future applications of snake robots will generally involve motion in challenging and
unstructured environments [101]. It is worth to note that compared to traditional
snake robots the underwater snake robots have the advantage of adaptability to
aquatic environments. The most recent fields of interest include the integration of
snake robots into underwater exploration, monitoring, and surveillance [69]. This
brings the need for steering the robot to a specific target location(s) avoiding ob-
stacles in the plane of motion. In these situations, it is generally less important
to follow an exact curved path as long as the robot reaches the target(s) within a
reasonable amount of time, avoiding obstacles in the environment. Waypoint Guid-
ance (WPG) is the most widely used scheme in the field of autonomous underwater
vehicles (AUVs) (see e.g. [38]), but has not been considered for motion control of
underwater snake robots. It was shown in [96] how waypoint guidance can be used
for ground snake robots, and based on these results we here propose a waypoint
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Figure 6.32: Derived path for obstacle avoidance purposes using APF.
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guidance strategy for underwater snake robots. The first version of the desired path
is derived by the AFP as described in previous subsection.

Waypoint guidance can then be achieved between the start and end points of
this path, [xd(to), yd(to)] and [xd(tf ), yd(tf )], by splitting the path between the
points into a number of waypoints [xd(k), yd(k)] for k = 1, 2, · · · , Nw, with Nw
being the number of the waypoints. The waypoint guidance system switches from
one waypoint to the next when the underwater snake robot reaches the vicinity of
the current waypoint, i.e. when it comes within a circle of acceptance with radius
raccept of the current waypoint [xd(k), yd(k)] (see e.g. [38]). The circle of acceptance
is typically chosen as two times the length of the vehicle [38]. Note that the distance
between the waypoints on the path derived by the path planner using APF should
be sufficiently small in order to keep the straight line path approximation as close
to the original path that the collision avoidance properties are kept. A disadvantage
of the waypoint guidance method is that undesirable control energy consumption
due to overshoot can occur during the change from one straight line path to the
next. Therefore, selection of the reference path to follow is important to reduce the
overshoot width of path and thus to decrease the control energy consumption. [140]
employs turning simulations to determine modified waypoints to avoid overshoot.
Waypoint guidance, and specifically LOS guidance is a key feature in the majority
of guidance systems for marine vehicles [38], and we believe that this is a promising
approach also for swimming snake robots.

In this thesis, an acceptance region is used, instead of the common approach
of acceptance circle (see e.g. [96]). By this definition, it is guaranteed that the
robot will reach the acceptance region of the current waypoint no matter how the
waypoints are defined. The reason is that using an acceptance circle instead gives
the risk that the robot misses a waypoint which is placed too close to the previous
waypoint. A straight-line path following controller presented in Section 6.1 will be
applied in order to steer the robot to the desired straight line path. The straight
line defined as connections between the waypoints. As it is already mentioned, the
path following control objective that is considered for the underwater snake robot
is to make the robot converge to the desired straight line path and subsequently
progress along the path at some nonzero forward velocity.

6.6.3 Simulation Study: Waypoint Guidance

This section presents simulation results in order to investigate the performance of
the proposed waypoint guidance strategy for underwater snake robots. The dynam-
ics was calculated using the ode23tb solver in Matlab R2013b with a relative and
absolute error tolerance of 10−4.

Implementation of guidance strategy

The efficacy of the proposed scheme has been examined through two different
simulation studies; case 1 – the waypoint guidance strategy for a priori defined
points and case 2 – the waypoint guidance strategy with obstacle avoidance. An
underwater snake robot was considered with n = 10 links, each one having length
2l = 0.14 m and mass m = 0.6597 kg. The initial values of all states of the robot
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were set to zero for case 1, while the value for the initial position of the CM is
selected as pCM(0) = [−1,−2] in case 2. The hydrodynamic related parameters are
set to ct = 0.2639, cn = 8.4, µn = 0.3958, λ1 = 2.298810−7, λ2 = 4.310310−4

and λ3 = 2.262910−5 as discussed in Section 2.2. We do not take into account
currents in the simulation, as handling currents will be a topic of future work. In
addition, the radius of the acceptance circle (i.e. acceptance circle being a subset
of the acceptance region) enclosing each waypoint is raccept = 0.8. The joint PD
controller (3.5) is used for each joint with parameters kp = 20, kd = 5, and lateral
undulation or eel-like motion are achieved by moving the joints according to (3.1)
or (3.2), respectively, with gait parameters a = 30o, δ = 40o and ω = 150o/s.
Furthermore, the parameter kθ = 0.3 and the parameter ∆ = 1.4 m.

Simulation Results

The efficacy of the straight line path following controller is investigated via both
simulation and experimental results in Section 6.4. In addition to this, in Fig. 6.33,
we show that the joint angles converge exponentially to their reference values both
for lateral undulation and eel-like motion patterns. Now, we will present simulation
results for the two cases as mentioned at the beginning of this section.
Case 1−The waypoint guidance strategy for a priori defined waypoints: The pro-
posed guidance strategy is then tested when having chosen a set of waypoints
a priori. The chosen waypoints in global frame coordinates are (0 0), (3 0), (6
3), (6 8) and (0 8), respectively. The heading of the robot is presented in the
Fig. 6.34(a)-6.35(a) and Fig. 6.34(b)-6.35(b) show the cross-track error. From Fig.
6.34(c)-6.35(c), we see that the robot achieves a smooth path towards each way-
point, and from Fig. 6.34(a)-6.35(a), we can see that the robot is able to follow
the direction of the desired path. Fig. 6.34(b)-6.35(b) show the transient behavior
discussed in Section 6.1, and show that the cross-track error oscillates around zero
after each waypoint switching both for lateral undulation and eel-like motion, re-
spectively. Fig. 6.34(c)-6.35(c) show the motion of the CM of the underwater snake
robot.
Case 2−The waypoint guidance strategy for obstacle avoidance using APF: Finally,
the proposed control strategy is tested in the case of an obstacle avoidance scenario.
The heading of the robot is presented in the Fig. 6.36(a)-6.39(a). It may be noted
that the cross-track error does not converge to zero (Figs 6.36(b)-6.39(b)) in all
cases, because the waypoints are really close to each other, so there is not enough
time to achieve zero convergence. In Fig. 6.36(c)-6.39(c), we can see that the robot
manages to follow the desired path, derived using artificial potential field for ob-
stacle avoidance purposes. As we can see from Fig. 6.36(b)-6.39(b), with larger
subsampling step, we achieve better convergence results in cross-track error. This
illustrates that a larger step in the subsampling process can give better results in
cross-track error, but as the step is chosen larger the deviation between the original
path and the straight line path becomes larger, and thus the risk for the robot to
collide with an object increases. The important point is that, even if the cross-track
error does not converge exactly to zero, the heading of the robot oscillates around
zero (Fig. 6.36(a)-6.39(a)) and the robot manages to follow, with almost zero error,
the desired path without colliding with any obstacle.
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Figure 6.33: Convergence of joint angles.

6.7 Chapter Summary

This chapter is summarized as follows:
• We have proposed a path following controller that enables the underwater
snake robot to converge to straight line paths. The LOS guidance law is
combined with a directional controller to steer the robot to the path.

• We have investigated the performance of the LOS path following controller
through simulations and through experiments with the underwater snake
robot Mamba, where it was shown that the proposed control strategy suc-
cessfully steers the robot towards and along the desired path both for lateral
undulation and eel-like motion patterns.

• Fluid parameter identification has been performed and simulation results
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Figure 6.34: Path following of underwater snake robot during waypoint guidance
for lateral undulation.
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Figure 6.35: Path following of underwater snake robot during waypoint guidance
for eel-like motion.
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Figure 6.36: Path following of underwater snake robot during waypoint guidance for
obstacle avoidance for lateral undulation: subsampling every 40 points –waypoints
distance approximately 0.4 m.
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Figure 6.37: Path following of underwater snake robot during waypoint guidance
for obstacle avoidance for eel-like motion: subsampling every 40 points –waypoints
distance approximately 0.4 m.
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Figure 6.38: Path following of underwater snake robot during waypoint guidance for
obstacle avoidance for lateral undulation: subsampling every 200 points–waypoints
distance approximately 2 m.
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Figure 6.39: Path following of underwater snake robot during waypoint guidance
for obstacle avoidance for eel-like motion: subsampling every 200 points–waypoints
distance approximately 2 m.
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based on the identified fluid coefficients are presented to obtain a back-to-back
comparison with the motion of the physical robot during the experiments for
the LOS path following control approach.

• We have proposed a straight line path following controller for underwater
snake robots in the presence of constant irrotational currents of unknown
direction and magnitude. The integral LOS guidance law is combined with a
directional controller to steer the robot to the path, where the integral action
in the guidance law produces a constant side-slip angle that allows the control
system to compensate for the ocean current effect.

• We have analyzed the stability of the locomotion along the straight line path
in the presence of current. By use of a Poincaré map, we have shown that all
state variables of an underwater snake robot, except the position along the
forward direction, trace out an exponentially stable periodic orbit when the
I-LOS path following controller is applied.

• We have presented simulation and experimental results showing that the
proposed I-LOS path following controller successfully steered the underwater
snake robot towards and along the desired straight path, compensating the
effects of currents. From the experimental results, it is shown that the under-
water snake robot Mamba managed to orient itself and maintain a constant
non-zero heading to compensate for the effect of the current forces.

• We have proposed a waypoint guidance control strategy for underwater snake
robot along a path that was derived based on APF techniques in order to
achieve collision free paths.

• We have presented simulation results illustrating the successful integration
of the aforementioned strategy.
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Chapter 7

Energy Efficiency of Underwater
Snake Robots

Underwater snake robots provide a bio-inspired solution within underwater robotics.
The long and slender structure of the robot provides superior capabilities for access
through narrow openings and within confined areas. This is interesting for inspec-
tion and monitoring operations, for instance for subsea oil and gas installations and
for marine archaeology. At the same time, a swimming snake robot carries manip-
ulation capabilities as an inherent part of its body since it is essentially a mobile
manipulator arm. Furthermore, bioinspired locomotion through oscillatory gaits,
like lateral undulation and eel-like motion, is interesting from an energy efficiency
point of view. To realize operational snake robots for such underwater applications,
a number of different control design challenges must first be solved. An important
control problem concerns the ability to achieve efficient motion with preferably
a minimum amount of consumed energy in order to be able to undertake longer
missions, and this is the topic of this chapter. Increasing the motion efficiency in
terms of the achieved forward speed by improving the locomotion methods is a
key issue for underwater robots. Furthermore, the energy efficiency is one of the
main challenges for long-term autonomy of these systems. In this chapter, we will
consider both these two aspects of efficiency. To this end, this chapter presents and
experimentally investigates several fundamental properties of the velocity and the
power consumption of an underwater snake robot both for lateral undulation and
eel-like motion patterns. In particular, we investigate the relationship between the
parameters of the gait patterns and the forward velocity for the different motion
patterns for underwater snake robots. In addition, we compare the energy efficiency
of underwater snake robots, which can provide both inspection and intervention
capabilities and are thus interesting candidates for the next generation inspection
and intervention AUVs, with those of the widely used robots for subsea operations
which are the remotely operated vehicles (ROVs).

Note that in some cases these two aspects of efficiency can be conflicting. To
this end, in this chapter we formulate a multi-objective optimization problem to
minimize power consumption and maximize forward velocity. In particular, the
optimal values of the gait parameters for the different motion patterns are calcu-
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lated in the presence of trade-offs between power consumption and velocity. We
present a weighted-sum method to combine power consumption and forward ve-
locity optimization problems. Particle Swarm Optimization (PSO) is applied to
obtain optimal gait parameters for different weighting factors. Trade-off curves or
Pareto fronts are illustrated in a power consumption–forward velocity plane both
for lateral and eel-like motion pattern. They give information on objective trade-
offs and can show how improving power consumption is related to deteriorating
the forward velocity along the trade-off curve.

Contributions of this Chapter: The first contribution of this chapter is the in-
vestigation of the issues that influence the performance of underwater snake
robots, both when it comes to the achieved forward velocity (moving perfor-
mance) and the energy efficiency (transportation performance). Based on the
model of the underwater snake robot presented in Section 2.2, we present in
this chapter simulation results in order to investigate the relationships be-
tween the parameters of the gait patterns, the consumed energy and the for-
ward velocity for the different motion patterns for underwater snake robots.
We initially present simulation result by investigating the power consump-
tion of different motion patterns for underwater snake robots. Based on the
results of this investigation, we present empirical rules to choose the values
for the parameters of the motion gait pattern of underwater snake robots.

The second contribution of this chapter is to investigate the power con-
sumption of different underwater robotic systems and pointing out the most
efficient vehicle depending on the desired motion. In particular, we present
simulation results in order to compare the power consumption of swimming
snake robots with that of today’s benchmark solution for subsea inspection,
maintenance and repair, which are ROVs, and comparison results are thus
obtained for the power consumption of underwater snake robots and ROVs.
In this chapter, the energy index [123], is used in order to compare the en-
ergy efficiency of underwater snake robots compared with the widely used
remotely operated vehicles. Comparison results are obtained for the total en-
ergy consumption and the cost of transportation of underwater snake robots
and ROVs. The simulation results show that, with respect to the cost of
transportation metric and the total consumed energy the underwater snake
robots are more energy efficient for all the compared motion modes. To our
best knowledge, a comparison of the consumed energy between underwater
swimming snake robots and remotely operated vehicles have not been inves-
tigated in previous literature.

The third contribution of this chapter is the experimental investigation
of properties presented in Proposition 7.1-7.2 regarding the relationship be-
tween the gait parameters and the power consumption for underwater snake
robots. In particular, this chapter investigates the validity of the properties
through experiments using the underwater snake robot Mamba. The experi-
mental results support the empirical rules regarding the relationship between
the gait parameters and the power consumption both for lateral undula-
tion and eel-like motion patterns. To our knowledge, no research has been
published investigating experimentally the power consumption of underwater
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snake robots.
Finally, in this chapter, based on the complex model presented in Sec-

tion 2.2, a multi-objective optimization problem is developed with the aim
of maximizing the achieved forward velocity of the robot and minimizing the
corresponding average power consumption of the system. As far as we know,
investigation of efficient motion patterns by solving a multi-objective opti-
mization problem has not been considered in previous literature. We there-
fore also consider the methodology of this chapter to be a contribution within
the underwater snake robot literature. In particular, results are obtained for
the two most common swimming patterns for underwater snake robot lo-
comotion: lateral undulation and eel-like motion patterns. Furthermore, the
proposed optimization framework is applied to obtain the parameters of the
most efficient motion pattern, which can be used in the future for control and
design of underwater snake robots.

Organization of this Chapter: This chapter is organized as follows. Section 7.1
presents the energy consumption analysis approach applied for underwater
snake robots, while the energy consumption of ROVs is outlined in Section 7.2.
Simulation results for the power consumption of underwater snake robots are
presented in Section 7.3, followed by comparison simulation results regard-
ing the energy consumption between underwater snake robots and ROVs
in Section 7.4. Section 7.5 presents simulation and experimental results re-
garding the power consumption of underwater snake robots both for lateral
undulation and eel-like motion patterns. The multi-objective optimization
framework, followed by results obtained for an underwater snake robot are
presented in Section 7.6. Finally, the chapter is summarized in Section 7.7.

Publications: The material in this chapter is based on the journal paper [72] and
the conference papers [71], [74] and [75].

7.1 Energy Consumption of Underwater Snake Robots

In this section, we present the energy consumption analysis approach that is applied
for underwater snake robots. In addition, we present a cost of transportation metric
that makes it possible to obtain comparison results of the consumed energy for
different systems (e.g. underwater snake robots with different number of links and
mass, remotely operated vehicles (ROVs), etc.).

7.1.1 Energetics of underwater snake robots

For underwater snake robots, the propulsion is generated by the motion of the
joints and its interaction with the surrounding fluid. The actuator torque input to
the joints is thus transformed into a combination of joint motion and energy that
is dissipated by the fluid. We assume that we have perfect joints and thus that the
total amount of energy of the system (Es) generated by this input is the sum of
kinetic energy (Ekinetic) and the energy that is dissipated to the surrounding fluid
(Efluid) [135], [123]. The sum of these two is thus the total energy that is spent for
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the propulsion of the robot:

Es = Ekinetic + Efluid (7.1)

where Es is given by

Es =

T∫
0

(
n−1∑
i=1

ui(t)φ̇i(t)

)
dt. (7.2)

T is the time that corresponds to a complete swimming cycle, ui is the actuation
torque of joint i given by (3.5) and φ̇i is the joint’s angular velocity defined as
φ̇i = θ̇i − θ̇i−1.

For a complete swimming cycle, T , the averaged power consumption, Pavg, is
calculated as follows

Pavg =
1

T

T∫
0

(
n−1∑
i=1

ui(t)φ̇i(t)

)
dt. (7.3)

7.1.2 Efficient Motion

For underwater applications, it is important to find an optimum combination of
different underwater vehicles or different motion modes, which lead to the lowest
energy consumption. To compare the energy consumption of different vehicles, we
need a suitable basis for comparison. In this thesis, in order to compare vehicles
with different dimensions and characteristics, a dimensionless quantity is used.
Generally, the energy index (cost of transportation) quantifies the energy efficiency
of a vehicle, or of a robotic system in our case, from one place to another. The cost
of transportation has been used in a wide range of applications in order to define
the most energy efficient motion of different systems [123]. In this chapter, the cost
of transportation is defined as

COT =
Energy

Mass× g ×Distance
. (7.4)

Cost of transportation is non-dimensional and it quantifies how much energy is ap-
plied to a system of a specified mass in order to move the system a defined distance
(the ratio between the consumed energy and the transferred weight times the cov-
ered distance). Using the energy index approach, the vehicle is operated without
taking into account the kind of propulsion system that is implemented inside. This
coefficient is useful for the comparison of different types of transportation, since it
gives an indication of the required power to a system and the effective power. A
similar approach is used in order to indicate the relationship between the mechani-
cal index and the energy index of different transformation modes for ships in [123].
In particular, the purpose of the case study in [123] was to investigate the issues
that could influence both the moving performance and the transportation perfor-
mance of ships. In this chapter, we will use the energy index in order to investigate
the energy efficiency of underwater snake robots with different links and to obtain
comparison results for the energy consumption between underwater snake robots
and ROVs.
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7.2 Energy Consumption of Remotely Operated Vehicles

In this section, we present the energy consumption analysis approach that is applied
for remotely operated vehicles (ROVs). In addition, the kinematics and dynamics
of a remotely operated vehicle (ROV) are discussed.

7.2.1 Dynamic Model of Remotely Operated Vehicle

We now briefly present a model of the kinematics and dynamics of a remotely
operated vehicle (ROV). A more detailed presentation of the model can be found
in [38]. The dynamics of ROVs are highly nonlinear due to the coupling of the
rigid body dynamics and the hydrodynamic forces on the vehicle. The equation of
motion of a remotely operated vehicle can be written as

Mrq̈ + Cr(q̇)q̇ + Dr(q̇)q̇ + g(xr) = τ r, (7.5)

ẋr = Jr(xr)q̇, (7.6)

where τ r ∈ Rk is the vector of control forces and moments, q ∈ Rk is a vector
of virtual coordinates and q̇ = [ur, νr, wr, pr, qr, rr]

T is the body-fixed linear and
angular velocity vector. The earth-fixed position and angle vector is defined as
xr = [xr, yr, zr, φr, θr, ψr]

T ∈ Rk. Mr is a k × k system inertia matrix, Cr(q̇)
is a k × k matrix of centrifugal and Coriolis terms, Dr(q̇) is a k × k matrix of
hydrodynamic damping terms, g(xr) is a k × 1 vector including restoring forces
and moments and Jr(xr) is a k × k kinematic transformation matrix, which is a
function of the angles φr, θr, ψr. A more detailed presentation of these terms are
given in [38].

7.2.2 Energetics of Remotely Operated Vehicles

Similarly to the underwater snake robots, the total amount of energy of ROVs
(Etotal) is the sum of kinetic energy (Ekinetic) and the energy that is dissipated to
the surrounding fluid (Efluid). For an ROV the power is the input to the system
that is generated through the actuator forces and torques applied to the system.
The total amount of the energy that is spent for the propulsion of the vehicle is
given by

Er =

Tr∫
0

τ r(t)q̇(t) dt, (7.7)

where Tr is the a complete time to achieve a specified motion. In addition, the
average power consumption for ROVs, P ravg, is given by the following expression

P ravg =
1

Tr

Tr∫
0

τ r(t)q̇(t) dt. (7.8)
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7.3 Simulation Study for Underwater Snake Robots

In this section, simulation results are presented for underwater snake robots model
derived in Section 2.2 moving a distance of 4 m both for lateral undulation and eel-
like motion patterns. Note that these results are derived for zero current velocity,
since the current effects have not been considered in this chapter. The models were
implemented in MatlabR2013b. The dynamics was calculated using the ode23tb
solver with a relative and absolute error tolerance of 10−4.

7.3.1 Simulation parameters

We consider snake robots with respectively n = 5, n = 10, n = 20 links, each
one having length 2l = 2 × 0.14 m. The mass of each link is m = 0.6597 kg and
is chosen so to fulfil the neutrally buoyant assumption. The initial values of the
states of the snake robot were set to initial reference values at t = 0 with its heading
along the inertial x axis. The hydrodynamic parameters are ct = 0.2639, cn = 8.4,
µn = 0.3958, λ1 = 2.298810−7, λ2 = 4.310310−4 and λ3 = 2.262910−5. The joint
PD controller (3.5) is used for each joint with parameters kp = 200, kd = 5, and
lateral undulation and eel-like motion are achieved by choosing (3.1) and (3.2),
respectively. The gait pattern parameters are presented in each simulation result.

7.3.2 Simulation results

Simulation results are presented for lateral undulation and eel-like motion pattern
for the underwater snake robots of different lengths. In particular, simulation re-
sults for the forward velocity v̄t, the averaged power consumption, Pavg, and the
cost of transportation for a constant amplitude α = 20o are presented for lateral
undulation and eel-like motion in Fig. 7.1-7.2 and Fig. 7.3-7.4, respectively. Fig.
7.1 and Fig. 7.3 show that by increasing the phase shift δ there is an increase of
the forward velocity until a value of δmax where the system reaches the maximum
velocity. After this value, an additional increase of this parameter causes a decrease
in the forward velocity. It is worth noting that, for different values of ω, the for-
ward velocity has a similar behavior, and that δmax is approximately the same
for all values of omega. In addition, we see that for different number of links, n,
the value of δmax is not the same. Increasing the number of the links, we see that
δmax decreases, and also that the maximum velocity reached at δmax increases.
The δmax values for n = 5, n = 10 and n = 20 links are δmax = 30o, δmax = 20o

and δmax = 20o respectively, for lateral undulation (Fig. 7.1) and δmax = 40o,
δmax = 20o and δmax = 10o for eel-like motion (Fig. 7.3), for almost all values of
ω except the very high frequency values. Note that for n = 10 and n = 20 links
the maximum phase shift δmax has the same value (Fig. 7.1), which shows that for
n > 10, we can choose δmax = 20o in order to reach the maximum forward velocity.

From Fig. 7.2(a) and Fig. 7.4(a), we see that the average power consumption is
decreasing by increasing δ, while also the cost of transportation is decreasing (Fig.
7.2(b) and Fig. 7.4(b)) both for lateral undulation and eel-like motion patterns.
In addition, we can see that for δmax, which makes the robot reach the maximum
velocity, an additional increment of the δ does not significantly affect the cost of
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transportation, in particular for the longer snake robots. Furthermore, Fig. 7.2(a)
and Fig. 7.2(b) show that the average power consumption increases and the motion
of the system is less energy efficient when the frequency ω increases. Thus, we see
that when choosing the parameter ω there is a trade-off between the maximum
velocity on the one side and the power consumption and cost of transportation on
the other. The discussion above indicates that for a constant value of the amplitude,
a good choice of parameters is δ = δmax. In particular, it is more efficient to make
the compromise by choosing the values of δ and ω to reach a desired maximum
speed of the robot while simultaneously we minimize the cost of transportation.
In addition, we can easily conclude that smaller values than δmax should not been
considered since for these values the averaged power consumption is increased, the
robot does not reach the maximum velocity, and the motion is less energy efficient.
Furthermore, the frequency ω should be chosen as a trade-off between maximum
forward velocity and power consumption.

Simulation results for the forward velocity v̄t, the averaged power consumption,
Pavg, and the cost of transportation for a constant frequency ω = 70o/s are pre-
sented for lateral undulation and eel-like motion in Fig. 7.5-7.6 and Fig. 7.7-7.8,
respectively. From Fig. 7.5 and Fig. 7.7, we can see that increasing the amplitude
parameter α the robots manage to move faster, and also that increasing the pa-
rameter α increases the average power consumption (Fig. 7.6(a) and Fig. 7.8(a)).
Fig. 7.5 and Fig. 7.7 show that also keeping the frequency constant and varying
the amplitude α, there exists a δmax that gives a maximum forward velocity, and
comparing Fig. (7.1,7.5) with Fig. (7.3,7.7) we see that the value of δmax is the
same for α > 20o. Fig. 7.6(b) and Fig. 7.8(b) show that both for lateral undulation
and eel-like motion patterns, if we choose δ = δmax to get the maximum velocity
then the cost of transportation is almost the same for all values of α. Hence, we can
conclude that for a constant value of ω = 70o/s and for δ = δmax, we can choose
the value of α in order to maximize the forward velocity of the robot and still keep
the energy efficiency of the system.

In Fig. 7.9-7.10 and Fig. 7.11-7.12, simulation results for the forward velocity v̄t,
the averaged power consumption, Pavg, and the cost of transportation for specified
phase offset values δ = 35o, δ = 15o and δ = 15o for n = 5, n = 10 and n = 20 links,
are presented for lateral undulation and eel-like motion, respectively. From Fig. 7.9
and Fig. 7.11, we can see that by increasing the parameter ω the forward velocity
is increasing. In particular, the forward velocity is almost linearly increasing with
the frequency ω for all different values of α. It is interesting to note, however, that
the forward velocity increases with increasing amplitudes α for the short snake
robot, while as the number of links increase, this is inversed such that for n = 20
links the forward velocity decreases with increasing amplitudes α. This show us
that for a normal length snake robot of 10 links or more, we need to choose smaller
values of the α to achieve the highest forward velocity of the system. Hence the
forward velocity given a constant ω and a constant δ depends on the amplitude
of the motion pattern and the number of the links. However, we can see that
the average power consumption (Fig. 7.10(a) and Fig. 7.12(a)) increases when
increasing the parameters α and ω. The cost of transportation presented in Fig.
7.10(b) and Fig. 7.12(b) for lateral undulation and eel-like motion show that the
cost of transportation increases when increasing the parameter ω and by increasing
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Figure 7.1: Forward velocity of underwater snake robot locomotion for lateral un-
dulation motion pattern with constant amplitude α = 20o.
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Figure 7.2: Simulation results for the lateral undulation motion pattern with con-
stant amplitude α = 20o.

the amplitude α.
From Fig. 7.2(b)-7.12(b), we see that by increasing the number of the links the

cost of transportation is increased both for lateral undulation and eel-like motion.
This higher cost of transportation of underwater snake robots for high number of
actuation points were expected since by increasing the number of the links we need
n− 1 servo motors for the joint actuation. In order to reduce the actuation points
and thus increase the energy efficiency, the underwater swimming robots should
adapt not only the shape and the motion patterns of the biological fish but, in
addition, the actuation strategies and the compliant bodies properties should be
considered.

Proposition 7.1 and Proposition 7.2 summarize the above discussion. This rules
can be used in order to choose the parameters of the gait patterns for underwater
snake robots to achieve energy efficient motion while reaching the fastest possible
forward velocity based on the previous analysis.
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Figure 7.3: Forward velocity of underwater snake robot locomotion for the eel-like
motion pattern with constant amplitude α = 20o.
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Figure 7.4: Simulation results for the eel-like motion pattern with constant ampli-
tude α = 20o.

Proposition 7.1: Given an underwater snake robot with n links described by (2.33,2.38)
which is controlled by (3.5) with the joint reference angles given by (3.3). The following
rules hold for the forward velocity:

• The forward velocity increases by increasing the parameter ω, when α is kept
constant.

• The forward velocity increases by increasing the parameter α as long as ω is
constant.

• The forward velocity increases by increasing the parameter ω and by increasing
the amplitude α, as long as δ is constant.

• Furthermore, there exists a value of the phase shift, δmax, that gives the
maximum forward velocity. The forward velocity increases with increasing δ for
δ < δmax, and decreases with δ when δ > δmax. The maximum forward velocity
is achieved when δ = δmax as long as α and ω are constant.
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Figure 7.5: Forward velocity of underwater snake robot locomotion for the lateral
undulation motion pattern with constant frequency ω = 70o/s.
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Figure 7.6: Simulation results for the lateral undulation motion pattern with con-
stant frequency ω = 70o/s.

Proposition 7.2: Given an underwater snake robot with n links described by (2.33,2.38)
which is controlled by (3.5) with the joint reference angles given by (3.3). The following
rules hold for the average power consumption:

• The average power consumption decreases by increasing the parameter δ as
long as α and ω are constant, and it increases by increasing the parameter ω as
long as α and δ are constant.

• The average power consumption decreases by increasing the parameter δ as
long as α and ω are constant and increases by increasing the parameter α as
long as ω and δ are constant.

• The average power consumption increases by increasing the parameter ω and
by increasing the amplitude α, when δ is constant

Remark 7.1: Note that, in addition to results presented in Section 5.6, in this
section, we presented simulation results for a wider range of the gait parameters and
we proposed empirical rules for efficient motion of underwater snake robots based

189



7. Energy Efficiency of Underwater Snake Robots

10 20 30 40 50 60 70 80 90

0

0.01

0.02

0.03

0.04

0.05

0.06

0.07

0.08

0.09

δ [deg]

v
t
[m

/
s
]

n = 5 links

 

 
α = 10 [deg]
α = 15 [deg]
α = 20 [deg]
α = 25 [deg]
α = 30 [deg]

10 20 30 40 50 60 70 80 90

0

0.05

0.1

0.15

0.2

0.25

δ [deg]

v
t
[m

/
s
]

n = 10 links

 

 
α = 10 [deg]
α = 15 [deg]
α = 20 [deg]
α = 25 [deg]
α = 30 [deg]

10 20 30 40 50 60 70 80 90

0

0.05

0.1

0.15

0.2

0.25

0.3

0.35

0.4

0.45

δ [deg]

v
t
[m

/
s
]

n = 20 links

 

 
α = 10 [deg]
α = 15 [deg]
α = 20 [deg]
α = 25 [deg]
α = 30 [deg]

Figure 7.7: Forward velocity of underwater snake robot locomotion for the eel-like
motion pattern with constant frequency ω = 70o/s.
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Figure 7.8: Simulation results for the eel-like motion pattern with constant fre-
quency ω = 70o/s.

on the complex model presented in Section 2.2. Note that the experimental results
presented in 5.8 are in accordance with the properties in Proposition 7.1. Furthermore,
experimental results will be presented in Section 7.5 in order to investigate the validity
of the fundamental properties for underwater snake robot locomotion presented in
Proposition 7.2.

7.4 Comparison Simulation Study with Remotely
Operated Vehicle

In this section, simulation results are presented for underwater snake robots and
ROV reaching the distance of 4 m. The models were implemented inMatlabR2013b.
The dynamics was calculated using the ode23tb solver with a relative and abso-
lute error tolerance of 10−4. The parameters of the simulated underwater snake
robots are presented in Section 7.3, while the parameters of the simulated ROV

191



7. Energy Efficiency of Underwater Snake Robots

0 20 40 60 80 100

0

0.02

0.04

0.06

0.08

0.1

0.12

ω [deg/s]

v
t
[m

/
s
]

n = 5 links

 

 
α = 10 [deg]
α = 15 [deg]
α = 20 [deg]
α = 25 [deg]
α = 30 [deg]

0 20 40 60 80 100

0

0.05

0.1

0.15

0.2

0.25

0.3

0.35

ω [deg/s]

v
t
[m

/
s
]

n = 10 links

 

 
α = 10 [deg]
α = 15 [deg]
α = 20 [deg]
α = 25 [deg]
α = 30 [deg]

0 20 40 60 80 100

0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

ω [deg/s]

v
t
[m

/
s
]

n = 20 links

 

 
α = 10 [deg]
α = 15 [deg]
α = 20 [deg]
α = 25 [deg]
α = 30 [deg]

Figure 7.9: Forward velocity of underwater snake robot locomotion for the lateral
undulation motion pattern with specified phase offset δ = 35o, 15o, 15o.
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Figure 7.10: Simulation results for the lateral undulation motion pattern with spec-
ified phase offset δ = 35o, 15o, 15o.

are presented in the following subsection.

7.4.1 Simulation parameters for ROV

We now present simulation results for a fairly typical model of a ROV. The mass
of the ROV is mr = 3184 kg with the volume of the vehicle being Vr = 3.2
and the vehicle is neutrally buoyant. The location of the center of gravity (CG)
and the center of buoyancy are given by rg = [−0.00234, 0.00301,−0.02119]T and
rb = [0.12, 0, 0.197]T , respectively. The mass matrix, which includes the added mass
effects, is given by MRB = 1.1mrIr. The inertia matrix, Ir, the system inertia
matrix, Mr, and the damping matrix, Dr, are defined in the following vector and
matrices

Ir =

 1964.2 0 −120
0 3209.2 7
−120 7 3031.2

 ,
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Figure 7.11: Forward velocity of underwater snake robot locomotion for the eel-like
motion pattern with specified phase offset δ = 35o, 15o, 15o.
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Figure 7.12: Simulation results for the eel-like motion pattern with specified phase
offset δ = 35o, 15o, 15o.

Mr =


3502.4 0 0 0 −67.5 −9.6

0 3502.4 067.5 0 −7.5
0 0 3502.4 9.6 7.5 0
0 67.5 9.6 1964.2 0 −120

−67.5 0 7.5 0 3209.2 7
−9.6 −7.5 0 −120 7 3031.2

 ,

Dr = diag (1321, 2525, 2525, 192, 192, 192) .

By using the MSS toolbox in Matlab, the centrifugal and Coriolis matrix, Cr(q̇),
is calculated for the ROV model. The initial values of the states of the ROV are
chosen to be [0, 0,−2, 0, 0, 0]T and the vehicle is freely moved by applying the input
τ r = [τx, 0, 0, 0, 0, 0]T .
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7.4.2 Simulation results

In Fig. 7.13-7.15 simulation results are presented based on the model of the ROV
presented in Section 7.2. The system is freely moved with τx taking values in the
range [2 ·103, 8 ·103] N, to reach the distance of 4 m. Using (7.7) and (7.4), the total
energy consumption and the cost of transportation are calculated. The maximum
velocities that are achieved for different values of the input torque are presented
in Fig. 7.13. From Fig. 7.14, we can see that the maximum energy is consumed
for the maximum achieved forward velocity as it was expected. From Fig. 7.15,
we can conclude that faster motions are not energy efficient and from a power
consumption perspective, the vehicle is preferred to move the given distance of 4
m at the minimum possible velocity.

In addition, simulation results are presented in Fig. 7.16 - Fig. 7.19 for un-
derwater snake robots of different length both for lateral undulation and eel-like
motion patterns. Using (7.2) and (7.4), the total energy consumption and the cost
of transportation are calculated. Fig. 7.16 and Fig. 7.18 present the total power
consumption for lateral undulation and eel-like motion, respectively. In Fig. 7.17
and Fig. 7.19 the cost of transportation is presented both for lateral undulation
and eel-like motion. In addition, the minimum and the maximum values of the
total energy consumption and the cost of transportation are given in Table 7.1 -
7.2 for the simulation results presented in Fig. 7.16 - 7.19. From Table 7.1 - 7.2, we
can see that the eel-like motion pattern is more energy efficient for snake robots
with n > 10 links while lateral undulation is more energy efficient for snake robot
with n < 10 links. In addition, we see that by increasing the number of links the
total energy consumption and thus the cost of transportation are increased both
for lateral undulation and eel-like motion, as were expected since by increasing the
number of links n we need more (n− 1) servo motors for the joint actuation.

Comparing these results with the results for the ROV presented in Fig. 7.13-
7.15, we can conclude that the underwater snake robots are more energy efficient
by considering the cost of transportation as the metric. In particular, for the ROV
the minimum and maximum values of the cost of transportation are 6.6743 and
1.8068, respectively, and the more energy efficient motion is achieved for the lowest
velocities of the ROV. Even for the lowest velocities of the ROV the underwater
snake robots are more energy efficient using COT as the metric. In addition, we see
from Fig. 7.14 that the minimum and the maximum total energy consumption for
ROV to move the 4 m distance are 2.2574 · 105 and 8.3389 · 105 Joule, respectively.
Comparing this result with the total energy consumption of the underwater snake
robots presented in Table 7.1-7.2, we see that for the snake robots locomotion the
total energy required to cover a distance of 4m is less than for the ROV. For any
values of the parameters of the gait pattern, both for lateral undulation and eel-like
motion patterns, the underwater snake robot consumes less total energy than the
remotely operated vehicle for the same task.

To conclude, the underwater snake robots consume less total energy traversing
the given distance than the ROV and they are more energy efficient compare to
the ROV by considering the cost of transportation as the metric. Note that the
light weight and small cross-section works in favour of the energy efficiency of
the snake robots. Furthermore, we see from the simulations that both systems
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Table 7.1: Maximum and minimum values for the lateral undulation motion pat-
tern.

n Max Es Min Es Max COT Min COT
5 (Fig. 7.16(a) and Fig. 7.17(a)) 1.1967 0.1094 0.0092 8.4544 · 10−4

5 (Fig. 7.16(b) and Fig. 7.17(b)) 14.8801 2.4304 0.1150 0.0188
5 (Fig. 7.16(c) and Fig. 7.17(c)) 9.6530 0.7368 0.0746 0.0057
10 (Fig. 7.16(a) and Fig. 7.17(a)) 7.4588 1.2927 0.0288 0.0050
10 (Fig. 7.16(b) and Fig. 7.17(b)) 139.3753 2.9180 0.5384 0.0113
10 (Fig. 7.16(c) and Fig. 7.17(c)) 43.5805 1.5911 0.1684 0.0061
20 (Fig. 7.16(a) and Fig. 7.17(a)) 146.6482 9.7953 0.2833 0.0189
20 (Fig. 7.16(b) and Fig. 7.17(b)) 347.7708 4.7240 0.6717 0.0091
20 (Fig. 7.16(c) and Fig. 7.17(c)) 186.9369 3.1348 0.3611 0.0061

Table 7.2: Maximum and minimum values for the eel-like motion pattern.

n Max Es Min Es Max COT Min COT
5 (Fig. 7.18(a) and Fig. 7.19(a)) 1.5244 0.2668 0.0118 0.0021
5 (Fig. 7.18(b) and Fig. 7.19(b)) 13.7142 3.2400 0.1060 0.0250
5 (Fig. 7.18(c) and Fig. 7.19(c)) 8.2996 0.8076 0.0641 0.0062
10 (Fig. 7.18(a) and Fig. 7.19(a)) 9.9969 3.8121 0.0386 0.0147
10 (Fig. 7.18(b) and Fig. 7.19(b)) 44.8714 3.9287 0.1733 0.0152
10 (Fig. 7.18(c) and Fig. 7.19(c)) 29.9615 1.4559 0.1157 0.0056
20 (Fig. 7.18(a) and Fig. 7.19(a)) 122.9098 15.9880 0.2374 0.0309
20 (Fig. 7.18(b) and Fig. 7.19(b)) 167.2808 5.2576 0.3231 0.0102
20 (Fig. 7.18(c) and Fig. 7.19(c)) 125.9718 2.9053 0.2433 0.0056

are more energy efficient when they move at lower velocities, and it may thus be
that the property that the snake robot system moves at lower velocities than the
ROV contributes to making it more energy efficient. In this case, we need to pay
the penalty of achieving slower motion (more time required to achieve the same
travelled distance).

Based on this analysis, we see that ROVs and swimming snake robots have
different advantages and can be used for different tasks. ROVs have an advantage
when it comes to carrying heavy payload sensors because of their considerable size.
The ROV also achieves faster motion (less time required to achieve the same trav-
elled distance) than the snake robots. Swimming snake robots, on the other hand,
are more slender and flexible structures, and thus have an advantage with respect
to maneuverability and access to narrow environments. The consequences for sub-
sea structures or divers in case of a collision are also significantly reduced compared
to those of a working class ROV. In addition, the total energy consumption and the
cost of transportation are significantly lower for these lightweight structures. Fur-
thermore, for monitoring of biological systems and also other surveillance tasks, the
quiet motion of the snake robots is an advantage with respect to the thruster-driven
propulsion of the ROVs.
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Figure 7.13: Simulation results for the velocities of the ROV.
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Figure 7.14: Simulation results for the total energy consumption of the ROV.
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Figure 7.15: Simulation results for the cost of transportation of the ROV.
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(b) For constant ω = 70o/s
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Figure 7.16: Total energy consumption for the lateral undulation motion pattern.
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Figure 7.17: Cost of transportation for the lateral undulation motion pattern.
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Figure 7.18: Total energy consumption for the eel-like motion pattern.
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Figure 7.19: Cost of Transportation for the eel-like motion pattern.
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7.5 Experimental Study for Underwater Snake Robots

In this section, we present simulation and experimental results regarding the energy
consumption for underwater snake robots. In particular, we present simulation and
experimental results for the average power consumption of an underwater snake
robot. The experimental results are obtained by running experiments with the
underwater snake robot Mamba, while the simulation results are obtained by using
the complex model of the robot described in Section 2.2. The experimental setup
is presented in Section 5.7.

The simulations results shown in Fig. 7.20 and Fig. 7.21 are obtained for the
underwater snake robot parameters as presented in Section 5.8. These parameters
are identical to the characteristics of the physical robot Mamba that is used for the
experiments (see for more details Section 5.7), except for the fluid parameters for
which theoretical values are considered. In particular, the hydrodynamic related
parameters ct, cn, µn λ1, λ2 and λ3 for the elliptic section with major and minor
diameters 2a = 2 ·0.055 m and 2b = 2 ·0.05 m, respectively, ρ = 1000 kg/m3 and for
the fluid coefficients set to Cf = 0.03, CD = 2, CA = 1, CM = 1 were calculated by
using equations derived in Section 2.2. In Fig. 7.20 simulation results are presented
for the average power consumption of the robot for the lateral undulation motion
pattern and in Fig. 7.21 simulation results are shown for the eel-like motion pattern.
Note that for the simulation results presented in Fig. 7.20 and Fig. 7.21, the average
power consumption is calculated as in (7.3), while for the experimental results the
average power consumption is calculated by using the following equation

Pavg = V Iavg, (7.9)

where V = 35(V ) and Iavg(A) is the average current that is measured by using the
high performance industrial logging multimeter FLUKE 289 [6]. The multimeter
was connected to the power box on the tip of the power supply cable that is used
for our experiments with Mamba. We measured and saved the current values for
a wide range of the values of the gait parameters both for lateral undulation and
eel-like motion patterns. Note that this multimeter has the ability to measure the
values for a certain time, store all the measured data and, in addition, provide data
regarding of the average, the maximum and the minimum values of the current.

As we can see from Fig. (7.20(a),7.20(b)) and Fig. (7.21(a),7.21(b)), by in-
creasing the parameter α the average power consumption is increased both for
the simulated robot and the physical robot for lateral undulation and eel-like mo-
tion pattern, respectively. In addition, it is easily seen that for constant values of
the parameters α and δ by increasing ω the power consumption is increased both
for lateral undulation and eel-like motion patterns (Fig. (7.20(c),7.20(d)) and Fig.
(7.21(c),7.21(d))). In addition, in Fig. (7.20(e),7.20(f)) and Fig. (7.21(e),7.21(f)),
we see that by keeping the values for α and ω constant and increase of the value
of δ results in a decrease of the average power consumption for both investigated
motion patterns. The simulation and the experimental results presented in this
section are thus in accordance with the properties in Proposition 7.2.

Remark 7.2: Please note that for the physical robot we are able to measure the total
average power consumption that is required for the motion of the robot, the electronics
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installed inside the joints of the robot and also the power that is required for the
servomotors, while for the simulated robot we assume the links to be perfect and thus
consuming significantly less power. Hence, there is a difference of magnitude between
the simulated power consumption and the physical power consumption and thus for
the results presented in Fig. 7.20 and Fig. 7.21 we are able to obtain only a qualitative
comparison of the power consumption of the simulated and the physical robot. This
is mostly because an accurate model of the servo motor has not been considered for
the simulation results and the power required from the electronics are not taken into
account. As it is already mentioned in Section 5.7, each joint module of the robot is
actuated by a Hitec servo motor (HSR 5990TG), which are high gain servomotors and
consume a lot of power in order to allow precise control of angular position, velocity
and acceleration. The comparison is thus qualitative and not quantitative. However, the
obtained qualitative comparison results presented in this section validate the properties
presented in Proposition 7.2.

7.6 Multi-Objective Optimization of Gait Parameters

This section presents an optimization framework to investigate the efficient mo-
tion of the underwater snake robot model presented in Section 2.2. In particular,
we formulate this problem and propose a method to solve the multi-objective opti-
mization problem. In order to address optimization of both the power consumption
and the forward velocity, a combination of the goals are proposed as a single objec-
tive function. Therefore, we formulate the problem as a constrained optimization
problem subject to constraints. There exist two types of optimization algorithms to
solve this kind of problem: gradient-based methods and derivative free algorithms.
Generally, gradient-based algorithms are faster than derivative free ones. However,
gradient-based algorithms are susceptible to getting trapped in local optima, mean-
ing that the optimized solution depends on the initial points [87]. Therefore, deri-
vative free and stochastic methods, which have the ability to avoid local solutions,
have received attention in problems with highly non-smooth objective functions
containing multiple optima. Consequently, as also mentioned in [135], derivative
free and stochastic methods are an appropriate choice for the motion optimization.

We depict the optimization framework in Fig. 7.22, consisting of the plant (the
underwater snake robot model), a joint actuation controller, and an optimizer. The
optimizer requires the simulation of the model in order to evaluate the objective
function for different gait parameters. The constraints defining the feasible region
are also inputs of the optimizer. The joint actuation controller consists of the gait
pattern generator given by (3.3) and joint control as defined in (3.5), which are
discussed in Section 3.1 and Section 3.2, respectively. In the following, the optimizer
is discussed in detail.

7.6.1 Optimization problem formulation

An optimization problem is the minimization or maximization of a function from
all feasible solutions. The goal of motion optimization is to minimize energy con-
sumption and to maximize the forward velocity, simultaneously. This type of op-
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(f) Experiments: α = 30o and ω = 120o/s

Figure 7.20: Lateral Undulation: The average power consumption, Pavg [W].
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(f) Experiments: α = 30o and ω = 120o/s

Figure 7.21: Eel-like motion: The average power consumption, Pavg [W].
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Figure 7.22: Illustration of the optimization framework.

timization problem which involves more than one objective function is known as
multi-objective optimization [115]. In the following, both the energy consumption
and the forward velocity are formulated and an approach to combine these two
goals is introduced.

As it is already mentioned at the beginning of this chapter, for underwater snake
robots, the propulsion is generated by the motion of the joints and its interaction
with the surrounding fluid. In this section, we assume that the joints are ideal
and thus the total amount of energy of the system (Es) generated by this input
is the summation of kinetic energy (Ekinetic) and the energy that is dissipated to
the surrounding fluid (Efluid) as it is defined in Section 7.1. The averaged power
consumption,Pavg, that will be optimized in this section is calculated for a com-
plete swimming cycle T by (7.3). In addition, the forward velocity for a complete
swimming cycle T is defined as

ῡ =

√
(px(T )− px(0))2 + (py(T )− py(0))2

T
, (7.10)

where the initial and the final points are used to calculate the travelled distance
of the robot. The optimization problem can be formulated by

min
α,ω,δ

Jopt = [Pavg,−ῡ], (7.11a)

s.t: | φ∗i |≤ φmaxi , | φ̇∗i |≤ φ̇maxi , | ui |≤ umaxi , (7.11b)
0 ≤ α ≤ αmax, 0 ≤ ω ≤ ωmax, 0 ≤ δ ≤ δmax, (7.11c)

where (7.11b) gives the physical constraints of the joints due to the servo motors
and the physical design of the snake, and (7.11c) expresses the possible range of
the parameters of the sinusoidal motion pattern (3.3).

Generally, in multi-objective optimization such as (7.11), there does not exist
a single global solution to optimize all objective functions simultaneously. Partic-
ularly in this case, the objective functions are often in conflict, meaning that max-
imizing the velocity results in increasing the power consumption and vice versa. A
solution is called Pareto optimal [115] of optimization problem (7.11), if there does
not exist another point such that power consumption can be decreased in value
without degrading the forward velocity or the forward velocity can be increased
without enhancing power consumption. The Pareto frontier or efficient frontier is
the collection of Pareto optimal solutions. For bi-objective functions (e.g., (7.11)),
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the frontier can be expressed in Cartesian coordinates. An efficient way to gener-
ate the Pareto frontier is the weighted-sum method that combines both objective
functions in a single criterion function [142]

Jbal = wp(Pavg)sc − wυ(ῡ)sc, (7.12)
wp = 1− wυ, (7.13)

where (Pavg)sc and (ῡ)sc are scaled values of the power consumption and forward
velocity, respectively, and wp and wυ are the weighting factors of respectively the
power consumption and the forward velocity. The solution is always the Pareto
frontier, if the coefficients are positive. In order to plot the Pareto frontier, one can
find the solutions for different values of wp varying from 0 to 1 (and wυ chang-
ing from 1 to 0) using a small step size ∆wp. Therefore, the optimization problem
(7.11) can be transformed to a new optimization problem by replacing the objective
function Jopt to Jbal in (7.12). In order to find the solution of the new optimiza-
tion problem for specific weighting factors, an optimization algorithm is required.
In the following PSO is introduced as a proper optimization method for motion
optimization.

7.6.2 PSO algorithm

The PSO algorithm is a population-based probabilistic algorithm first introduced
by Kennedy and Eberhart in 1995 [76]. The PSO algorithm exploit a set of potential
solutions to the optimization problem. Each potential solution is called a particle,
and the set of particles is named a population. The first population is randomly
initialized using a random number generator. The location of each particle in the
new generation is determined by PSO update equations, which mimic the social
behavior of members of bird flocks or fish schools.

Consider an unconstrained nonlinear problem where the objective function f(x)
must be minimized. Let xi(k) denote the ith particle of the kth generation, and
νi(k) represent its velocity. The update equations for all i ∈ {1, 2, · · · , np} and
k ∈ N are as follows:

νi(k + 1) =νi(k) + c1ρ1(k)(pl,i(k)− xi(k)) + c2ρ2(k)(pg,i(k)− xi(k)), (7.14a)
xi(k + 1) =xi(k) + νi(k + 1), (7.14b)

where c1, c2 ∈ R+, ρ1(k), ρ2(k) ∼ U(0, 1) are uniformly distributed random num-
bers between 0 and 1, νi(0) , 0, pl,i(k) is the best location of the ith particle over
all generations, and pg,i(k) is the location for the best particle over all generations,

pl,i(k) , arg min
x∈{xi(j)}kj=0

f(x), (7.15a)

pg,i(k) , arg min
x∈{{xi(j)}kj=0}

np
i=1

f(x). (7.15b)

Therefore, c1 and c2 are named cognitive and social acceleration terms, respectively.
In this section, we use the von Neumann neighborhood topology which has the
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best performance among other topologies such as lbest and gbest [77]. In the von
Neumann neighborhood topology, each particle has 4 neighborhoods which are
defined by special enumeration.

The performance of the PSO algorithm can be improved by introducing an
inertia weight. In this case for xi(k) ∈ Rnc the velocity equation (7.14a) is replaced
by

ν̂i(k + 1) =w(k)νi(k) + c1ρ1(k)(pl,i(k)− xi(k))

+ c2ρ2(k)(pg,i(k)− xi(k)), (7.16a)

νji (k + 1) =sign(ν̂ji (k + 1)) min{|ν̂ji (k + 1)|, νjmax}, j ∈ {1, 2, · · · , nc}, (7.16b)

νjmax =λ(ujiw − l
j
iw), (7.16c)

w(k) =w0 −
k

K
(w0 − w1). (7.16d)

where the maximum velocity gain λ is a scalar, liw,uiw ∈ Rnc are, respectively,
the lower and upper bound of the independent variables, w0, w1 are the initial and
final inertia weights, respectively, K is the maximum number of generations.

Remark 7.3: As stated before, the optimizer only requires the plant to evaluate the
objective function. Therefore, the proposed multi-objective optimization framework can
be considered as a general tool for investigating motion efficiency of different dynamic
models of swimming and ground snake robots controlled by sinusoidal motion patterns
such as (3.3). Moreover, the approach can also be used for optimizing gaits of biped
robots by introducing new proper optimization variables.

7.6.3 Optimization Study

We now present optimization results both for lateral undulation and eel-like motion.
The dynamic model presented in Section 2.2 is implemented in MatlabR2013b. The
time evolution is calculated using the ode23tb solver with a relative and absolute
error tolerance of 10−4. The PSO is implemented using GenOpt which is developed
by Lawrence Berkeley National Laboratory and is written in java. GenOpt runs
multiple simulations in parallel to reduce computation time and allows using any
simulation software to evaluate the cost function [133].

Parameters of the underwater snake robot

We consider an underwater snake robot with n = 10 links, each one having length
2l = 0.18 m and mass m = 0.8 kg, i.e. identical to the physical robot Mamba
presented in Section 5.7. The initial values of the states of the snake robot were set
to initial reference values at t = 0. The hydrodynamic related parameters ct, cn, µn
λ1, λ2 and λ3 for the elliptic section with major and minor diameters 2a = 2 ·0.055
m and 2b = 2 · 0.05 m, respectively, ρ = 1000 kg/m3 and for the fluid coefficients
set to Cf = 0.03, CD = 2, CA = 1, CM = 1 were calculated by using equations
derived in Section 2.2. In these simulations a joint PD-controller (3.5) was used
with parameters kp = 20, kd = 5, while lateral undulation or eel-like motion
were achieved by moving the joints according to (3.3) by choosing g(i, n) = 1 and
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number of particles np 16
number of generations ng 20
cognitive acceleration c1 2.8
social acceleration c2 1.2
max velocity gain λ 0.5

initial inertia weight w0 1.2
final inertia weight w1 0
Table 7.3: PSO parameters.

g(i, n) = (n − i)/(n + 1), respectively. Note that current effects have not been
considered in this study.

Optimization parameters

The PSO parameters are given in Table 7.3. It was suggested in [117] to use a
population size of about 5nc for xi(k) ∈ Rnc , where nc = 3 in this case study.
Different numbers of generations are tested and we conclude that PSO finds the
optimal point in less than 20 generations. The inertia weights are chosen based on
the suggestion in [91], the maximum of velocity gain, λ is commonly set to 0.5 [133]
and the accelerations are chosen such that c1 + c2 = 4 [78].

The values of the physical constraints of the joints due to the servo motors in
(7.11b) are set to umaxi = 2300 Nm, φmaxi = 90o, φ̇maxi = 429o/s, while the range
of the parameters of sinusoidal motion pattern in (7.11c) are set to αmax = 90o,
ωmax = 210o/s and δmax = 90o. Furthermore, the join offset is set φ0 = 0. The step
size for changing the weights, ∆wp, is equal to 0.05. In the first step, we optimize
the velocity regardless of the power consumption which means wp = 0, wυ = 1
in (7.13), and the maximum values of the velocity and the power consumption
are obtained and can be used to scale the objective functions for the next sets of
weights. In the next step, we start to reduce the weight of the velocity wυ, while
increasing the power consumption weight wp. Note that the initial value of PSO in
the first step are defined based on expert knowledge, and the optimal value of each
step is used as the initial guess of the next step. For instance, the initial value of
the optimization problem where wp = 0.05, wυ = 0.95 is the optimal value of the
first step optimization problem where wp = 0, wυ = 1.

In this thesis, PSO is implemented within a distributed computing framework
consisting of 12 computing cores. In order to obtain a Pareto optimal point, np ×
ng = 16× 20 = 320 simulation runs are required. Distributing the simulation runs
among 12 nodes results in a speedup factor larger than one. For this case study,
the computation time to obtain a Pareto optimal point was about 65 minutes.

Results

We now present the results of the proposed multi-objective optimization is pre-
sented both for lateral undulation and eel-like motion patterns for the underwater
snake robot with parameters as shown in Subsection 7.6.3; and the optimal forward
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Figure 7.23: Pareto front for lateral undulation.
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Figure 7.24: Pareto front for eel-like motion pattern.

velocity, ῡ, and the optimal average power consumption, Pavg, are illustrated with
the corresponding gait parameters.

Pareto fronts are presented in Fig. 7.23-7.24 for lateral undulation and eel-
like motion pattern, respectively. One can observe, as it was expected, that the
maximum power is consumed in the case of achieving maximum velocity, and min-
imum power consumption (equal to zero) occurs for zero forward velocity. In the
case of the motionless condition, the objective function is to minimize the power
consumption regardless of the velocity (wp = 1, wυ = 0); thus the optimal gait
pattern parameter α = 0, and two other parameters ω and δ are not effective. The
underwater snake robot investigated in this section achieved maximum forward
velocity ῡ = 0.84 m/s and ῡ = 0.60 m/s for lateral undulation and eel-like mo-
tion, respectively, with the corresponding maximum average power consumption of
Pavg = 34.25 W and Pavg = 13.44 W.

Furthermore, the Pareto front presented in Fig. 7.23 illustrates that the average
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power consumption of the robot can be decreased significantly from Pavg = 34.25
W to Pavg = 18.92 W by slightly decreasing the achieved forward velocity from
ῡ = 0.84 m/s to ῡ = 0.81 m/s for the lateral undulation. This means that a 44.76%
decrease of the average power consumption can be obtained, while the forward
velocity is only reduced by 3.57%. For the eel-like motion pattern, Fig. 7.24 shows
that the power consumption is decreased from Pavg = 13.44 W to Pavg = 7.88 W,
if we choose to pay a marginal penalty by decreasing the forward velocity from
ῡ = 0.60m/s to ῡ = 0.58m/s. Therefore, the average power consumption can be
reduced by 41.37% in the eel-like motion pattern while the corresponding forward
velocity is decreased only by 3.33%. Therefore, decision makers can choose the
optimal gait pattern parameters such that a significant reduction of the power
consumption only results in a slight reduction of the forward velocity.

Remark 7.4: Note that the Pareto fronts shown in Fig. 7.23-7.24 can be considered
as a useful tool to make the trade-off between the power consumption and the forward
velocity. Therefore, based on the Pareto front, a proper set of gait parameters of the
swimming robot can be chosen considering the requirement of the control strategies
and the available power of the system.

Fig. 7.25-7.27 and Fig. 7.28-7.30 show how the average power consumption
and the forward velocity vary for different optimal values of the gait parameters
in (3.3) for lateral undulation and eel-like motion patterns, respectively. In ad-
dition, the 2D projections of the 3D plots presented in Fig. 7.25(a)- 7.30(a), for
forward velocity and power consumption, are presented in Fig. (7.25(b),7.30(b))
and Fig. (7.25(c),7.30(c)) for the investigated motion patterns. As it was expected,
the maximum velocity is achieved for the set of weighting factor wυ=1 and wp = 0.
The maximum forward velocity ῡ = 0.84 m/s is achieved for the gait parameters
α = 44.01o, ω = 210o/s and δ = 15.14o for lateral undulation, while for eel-like
motion pattern the robot achieves maximum forward velocity ῡ = 0.60 m/s for the
gait parameters α = 59.24o, ω = 209.98o/s and δ = 26.20o. The maximum velocity
is achieved when ω is at the maximum value for both patterns, while the optimal
values of α and δ, however, are different for each pattern. Fig. 7.25-7.27 and Fig.
7.28-7.30 show that an increase of the parameter δ results in a decrease of the
forward velocity and power consumption for lateral undulation and eel-like motion
pattern, respectively. Furthermore, the optimal value of parameter α is greater
than 30o for lateral undulation and greater than 50o for eel-like motion pattern in
all weighting sets. These observations are important not only for control purposes
but also for formulating the constraints for further optimization investigations in
future.

Remark 7.5: By setting the parameter ω to the maximum value, as is the case for
almost all Pareto optimal points, we can reduce the dimension of the search space, nc,
to 2. In this case, the parameter ω is eliminated from the optimization problem and the
parameters α and δ are the optimization decision variables. It can also be embedded
in the design of swimming snake robots such that the maximum possible value for
the parameter ω should be considered when the actuation mechanisms for the joint
modules is chosen. This provides motivation for high frequency actuation solutions for
future work in control and design of swimming robots.
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(a) 3D plot for the forward velocity and the average power consumption.
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Figure 7.25: Optimal solution of lateral undulation motion pattern for the gait
parameter δ.
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(a) 3D plot for the forward velocity and the average power consumption.
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Figure 7.26: Optimal solution of lateral undulation motion pattern for the gait
parameter ω.
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Figure 7.27: Optimal solution of lateral undulation motion pattern for the gait
parameter α.
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7.7 Chapter Summary

• We have investigated the issues that influence the performance of underwater
snake robots, both when it comes to the achieved forward velocity (moving
performance) and the energy efficiency (transportation performance).

• We have presented simulation results in order to investigate the relation-
ships between the parameters of the gait patterns, the consumed energy and
the forward velocity for the motion patterns lateral undulation and eel-like
motion for underwater snake robots.

• Based on the simulation studies, we have presented empirical rules to choose
the values for the parameters of these motion gait patterns of underwater
snake robots in Proposition 7.1-7.2.

• We have investigated the power consumption of different underwater robotic
systems and pointing out the most efficient vehicle depending on the desired
motion.

• We have presented simulation results in order to compare the power con-
sumption of swimming snake robots with that of today’s benchmark solution
for subsea inspection, maintenance and repair, which are ROVs, and com-
parison results are thus obtained for the power consumption of underwater
snake robots and ROVs.

• We have compared the energy efficiency of underwater snake robots with
the energy efficiency of the widely used remotely operated vehicles (ROVs).
Comparison results have been obtained for the total energy consumption
and the cost of transportation of underwater snake robots and ROVs, which
show that with respect to the cost of transportation metric and the total
consumed energy the underwater snake robots are more energy efficient for
all the compared motion modes.

• The properties regarding the energy efficiency of underwater snake robots
presented in Proposition 7.1-7.2 have been investigated via simulation stud-
ies and have been validated via experimental results by using the underwa-
ter snake robot, Mamba. The experimental results supported the theoretical
findings regarding the relationship between the gait parameters, the velocity
and the power consumption both for lateral undulation and eel-like motion
patterns.

• We have developed an effective multi-objective optimization scheme to obtain
optimal gait parameters for underwater snake robots. The proposed optimiza-
tion method constitutes a general tool to investigate the motion efficiency of
different dynamic models of swimming snake robots controlled by sinusoidal
motion patterns.

• PSO has been applied to obtain the Pareto optimal gait parameters in the
presence of trade-offs between the the power consumption and the forward
velocity. Pareto fronts showed how improving efficiency with respect to the
power consumption is related to deteriorating efficiency in terms of the for-
ward velocity along the trade-off curve. Decision makers can consider the
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Figure 7.28: Optimal solution of eel-like motion pattern for the gait parameter δ.
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Figure 7.29: Optimal solution of eel-like motion pattern for the gait parameter ω.
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Figure 7.30: Optimal solution of eel-like motion pattern for the gait parameter α.
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Pareto front as an informative tool to specify the preferred Pareto optimal
point.

• Results have been obtained for the two most common swimming patterns for
underwater snake robot locomotion: lateral undulation and eel-like motion
patterns. Interesting insights about the optimal swimming gait parameters,
which are significant for the control and design of underwater snake robot,
have been obtained.
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Chapter 8

Conclusions and Future Challenges

8.1 Conclusions

In this section, we present the conclusions of each chapter of the thesis.

Conclusions of Chapter 2

In Chapter 2, we presented mathematical models aimed at control design, of an
underwater snake robot fully submerged and swimming in virtual horizontal and
vertical planes. The links of the robot are influenced by hydrodynamic and hydro-
static forces. These presented models include a hydrodynamic model of underwater
snake robot considering the combination of linear and nonlinear drag forces, the
added mass effect, the fluid moments and current effects. In addition, this chapter
presented a hydrostatic model for underwater snake robots swimming in a virtual
vertical plane taking into account the hydrostatic forces due to the buoyancy and
gravity. The proposed models are derived in a closed-form avoiding the numerical
evaluations of drag effects and are thus particularly well-suited for model-based
control design schemes both for motion in horizontal and vertical planes.

Conclusions of Chapter 3

In the first part of the Chapter 3, we presented a general sinusoidal motion pattern
which can be used to describe a broad class of motion patterns for underwater
snake robot locomotion including lateral undulation and eel-like motion. In the
second part, we presented an extensive analysis of the complex model of a fully
immersed underwater snake robot moving in a virtual horizontal plane. Based on
this analysis, a set of essential properties that characterize the overall motion of
underwater snake robots were presented and in addition to this, the hydrodynamic
effects which are essential for the overall behavior of the swimming snake robot
were identified. Finally, this chapter presented propositions regarding the turning
motion of an underwater snake robot and the relative displacement of the links
during both lateral undulation and eel-like motion patterns.

219



8. Conclusions and Future Challenges

Conclusions of Chapter 4

In Chapter 4, we presented a control-oriented model of an underwater snake robot
moving in a virtual horizontal plane that is well-suited for control design and
stability analysis. The proposed model, which takes into account the added mass
effects, the linear drag forces, and the torques due to the added mass and linear
drag forces, is significantly less complex than the existing models on underwater
snake robots. In addition, this chapter presented simulation results both for lateral
undulation and eel-like motion to support the claim that the proposed control-
oriented model has the same essential properties as the more complex model of the
underwater snake robot.

Conclusions of Chapter 5

We used averaging theory to reveal new fundamental properties of underwater
snake robot locomotion that are useful from a motion planning perspective. In
particular, we developed an averaged model of the velocity dynamics of an under-
water snake robot influenced by added mass effects and linear drag forces during
general sinusoidal motion gait patterns, which is well-suited for stability analysis
and motion planning purposes. We also showed that the average velocity of an
underwater snake robot following sinusoidal motion gait patterns converges expo-
nentially to a steady-state velocity as a function of the gait parameters.

A set of essential relationships between the steady state velocity and the am-
plitude, the frequency, the phase shift and the offset of the joint motion for the
case of general sinusoidal motion gait patterns was presented. In particular, it was
shown that the average forward velocity of an underwater snake robot, influenced
both by added mass and linear drag effects, and under any sinusoidal gait pattern:
1) is a function of the amplitude of the sinusoidal motion pattern, 2) depends on
a linear and a nonlinear term of the gait frequency and 3) depends on the phase
shift between the joints. The derived properties are general and provide a useful
tool for achieving faster forward motion by selecting the most appropriate motion
pattern and the best combination of the gait parameters. This chapter also pre-
sented simulation results both for lateral undulation and eel-like motion in order
to support the theoretical findings. The chapter presented experimental results us-
ing the underwater snake robot Mamba to validate the derived properties of the
velocity dynamics.

Conclusions of Chapter 6

In Chapter 6, we presented solutions to the path following control problem for
biologically inspired swimming snake robots. In the first part of this chapter, we
presented a line-of-sight (LOS) guidance law, which was combined with a sinusoidal
gait pattern and a directional controller that steers the robot towards and along
the desired path. The performance of the proposed path following controller was
investigated through simulations and through experiments with the underwater
snake robot Mamba. In addition, this chapter presented a simple fluid parameter
identification approach for underwater snake robots. Based on the identified fluid
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coefficients, we presented simulation results for the LOS path following controller
in order to obtain a back-to-back comparison with the motion of the physical robot
during the experiments.

The second part of this chapter presented a straight line path following con-
troller for underwater snake robots in the presence of constant irrotational currents
of unknown direction and magnitude. The integral line-of-sight (I-LOS) guidance
law is combined with a directional controller to steer the robot to the path, where
the integral action in the guidance law produces a constant side-slip angle that
allows the control system to compensate for the ocean current effect. In addition,
we analyzed the stability of the locomotion along the straight line path in the pres-
ence of current. By use of a Poincaré map, we proved that all state variables of an
underwater snake robot, except the position along the forward direction, trace out
an exponentially stable periodic orbit when the I-LOS path following controller is
applied. We presented simulation and experimental results showing that the pro-
posed I-LOS path following controller successfully steered the underwater snake
robot towards and along the desired straight path, compensating the effects of
currents.

Finally, this chapter presented a waypoint guidance control strategy for under-
water snake robot along a path that was derived based on APF techniques in order
to achieve collision free paths.

Conclusions of Chapter 7

In Chapter 7, we investigated the issues that influence the performance of un-
derwater snake robots, both when it comes to the achieved forward velocity and
the energy efficiency. This chapter presented results by considering both these two
aspects of efficiency since the energy efficiency is one of the main challenges for
long-term autonomy of underwater robots. In particular, we presented simulation
results in order to investigate the relationships between the parameters of the gait
patterns, the consumed energy and the forward velocity for the different motion
patterns for underwater snake robots. Based on the simulation studies, this chapter
presented empirical rules to choose the values for the parameters of the motion gait
pattern of underwater snake robots.

This chapter also presented comparison results regarding the energy efficiency
of underwater snake robots compared to the energy efficiency of the widely used
remotely operated vehicles (ROVs). Comparison results have been obtained for
the total energy consumption and the cost of transportation of underwater snake
robots and ROVs, which show that with respect to the cost of transportation
metric and the total consumed energy the underwater snake robots are more energy
efficient for all the compared motion modes. The properties regarding the energy
efficiency of underwater snake robots were investigated via simulation studies and
have been validated via experimental results by using the underwater snake robot
Mamba. The experimental results supported the theoretical findings regarding the
relationship between the gait parameters, the velocity and the power consumption
both for lateral undulation and eel-like motion patterns.

Finally, this chapter presented an effective multi-objective optimization scheme
to obtain optimal gait parameters for underwater snake robots. The proposed op-
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timization method constitutes a general tool to investigate the motion efficiency of
different dynamic models of swimming snake robots controlled by sinusoidal motion
patterns. PSO were applied to obtain the Pareto optimal gait parameters in the
presence of trade-offs between the the power consumption and the forward veloc-
ity. Results presented for the two most common swimming patterns for underwater
snake robot locomotion: lateral undulation and eel-like motion patterns. Interest-
ing insights about the optimal swimming gait parameters, which are significant for
the control and design of underwater snake robot, were presented.

8.2 Future Challenges in Underwater Snake Robots

In this thesis, we tried to give answers to problems that concern the modeling,
control and energy efficiency of underwater snake robots. However, the results
presented in this thesis have the potential to get extended or combined in order
to get an even better understanding of these systems. To this end, this section
presents some topics of future work that can be considered as open challenges
within modeling, control and energy efficiency of underwater snake robots.

Dynamic Modeling Challenges

Considering the rapid research development in the field of bio-inspired robotics,
the proposed closed-form models of underwater snake robots in this thesis can be
used for stability analysis and control design by various research groups working
on biologically inspired swimming robots. Although the complex model of an un-
derwater snake robot presented in this thesis is in closed-form and is thus better
suited for modern model-based control design schemes than models that involves
numerical calculations, the dynamic models that are proposed in this thesis consid-
ered underwater snake robots swimming in a 2D plane of 3D. The majority of the
realtime applications of underwater snake robots demands motion in 3D plane, and
even though motion in any tilted horizontal plane will cover several of these appli-
cations, it is natural to extend the modeling approaches from 2D to 3D. Hence, it
will be interesting to extend both the complex and the control-oriented model to
3D, in order to provide the possibility to use them for depth control purposes in the
future. In addition, further development of the control-oriented model proposed in
this thesis, to be able to capture the nonlinear drag forces and current effects, will
be beneficial for further analysis and the control design of underwater snake robot
locomotion. Moreover, an extension of the complex model by including a model of
a caudal tail at the last link of the robot, to mimic the biological creatures and
investigate the propulsion efficiency of underwater snake robots with and without
a caudal tail, we expect to provide really interesting outcomes.

Furthermore, the majority of the results presented in this thesis uses theoretical
values of the fluid coefficients. In this thesis, preliminary results were obtained re-
garding the experimental identification of the fluid coefficients based on a trial and
error fitting process for the complex model presented in Section 2.2. These coeffi-
cients were used to investigate the efficacy of the path following controller presented
in Section 6.1 by comparing the experimental results with the simulated ones. How-
ever, it would be really interesting to apply another more accurate method in order
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to obtain a more precise online fluid coefficient identification with and without the
current effects by using either the force/torque sensors installed inside the modules
of the underwater snake robots, Mamba, or through computational fluid dynamic
(CFD) methods.

Control Design Challenges

As we have already mentioned, various control design challenges must be solved
in order to realize operational swimming robots for underwater tasks. Throughout
this thesis we presented straight line path following control approaches which were
derived based on the complex dynamic model for the underwater snake robot.
In particular, we proposed LOS and integral LOS path following controllers for
underwater snake robots. In addition, we validated all the presented approaches
through extensive numerical simulations and through experiments with the physical
underwater snake robot Mamba, both for lateral undulation and eel-like motion
patterns. Initial results for general path following in 2D, considering a waypoint
guidance approach, were presented in this thesis, while it will be interesting to
investigate the validity of the proposed control strategies for general curved paths
in the future. Moreover, a waypoint guidance strategy that also takes into account
the current effects, remains a topic of future work. Another interesting topic for
future work concerns the possibility to extend the proposed control approaches to
3D and thus be able to investigate depth control strategies for underwater snake
robots. An experimental investigation of path following of underwater snake robots
in 3D plane is necessary in order to realize underwater snake robots for challenging
real time subsea operations.

In this thesis, through simulations and experiments, we showed that the pro-
posed I-LOS path following controller successfully steered the underwater snake
robot towards and along the desired straight path, compensating the effects of
currents. From the experimental results, it was shown that the robot managed to
orient itself and maintain a constant non-zero heading to compensate for the effects
of the current forces. In addition, based on the Poincaré map approach, we proved
that all state variables of an underwater snake robot, except from the position
along the forward direction, trace out an exponentially stable periodic orbit when
the I-LOS path following controller was applied. However, a formal stability proof
for the proposed control strategies remains as a topic of future work. Furthermore,
based on the simulation and experimental results for the proposed control strategies
presented in this thesis, we can argue that the system is controllable. However, it
would be interesting to perform a formal controllability and stabilisability analysis
of the proposed complex and control-oriented models, in the future.

Energy Efficiency Challenges

Investigation of the energy efficiency is one of the main challenges for long-term
autonomy of underwater snake robots. This thesis presented and experimentally
investigated fundamental properties of the achieved velocity and the power con-
sumption of an underwater snake robot for the two most common motion patterns
for swimming snake-like robots: lateral undulation and eel-like motion patterns.
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In particular, we investigated the relationship between the parameters of the gait
patterns and the achieved forward velocity for the different motion patterns for
underwater snake robots. In addition, we investigated the properties regarding the
energy efficiency of underwater snake robots. This thesis presented experimental
results which allow only a qualitative comparison regarding the properties for an
efficient motion of underwater snake robots. It is interesting to investigate other
methods in order to obtain also quantitative results for underwater snake robot
locomotion. In addition, it will be interesting to investigate the efficiency of other
sinusoidal motion patterns for these systems in the future.

Throughout this thesis, we investigated the energy efficiency of underwater
snake robots, not only based on simulation results but experimentally validated as
well, using the underwater snake robot Mamba. It will be interesting to further-
more perform an analytical study regarding the power consumption properties for
these systems in the future. In Chapter 5, we derived an analytical relationship
for the averaged velocity dynamics that can be used to select the most appropri-
ate motion pattern to achieve the desired velocity requirements. Similar studies
for the energy consumption requirements will provide interesting inputs for the
efficiency of underwater snake robots. In addition, this thesis presented results re-
garding the efficiency of these systems considering two main aspects of efficient
locomotion: increase of the forward speed by improving the locomotion methods
while decreasing the consumed energy. In this thesis, we considered both these two
aspects of efficiency, which in some cases can be conflicting. To this end, we formu-
lated a multi-objective optimization problem to minimize power consumption and
maximize forward velocity at the same time. In the future, a more general opti-
mization framework can be employed which will include other design parameters of
underwater snake robots (e.g., the number of the links) as optimization variables.
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