
P R O J E C T T E X T

Sound propagation in horn loudspeakers and other ducts can be simulated us-
ing a modal decomposition approach. Most previous investigations with this
method have studied straight ducts and often with a circular cross-section.
This thesis project should expand the modal decomposition approach to ducts
of rectangular cross-section, both straight and curved. Central to the study
of such rectangular ducts with curves is the transition between modal de-
scriptions in two connected domains: a straight rectangular duct connected
to a single curved element. The project should investigate which approaches
can be used for this, and if possible, implement some method.
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A B S T R A C T

Wave propagation in horns can be simulated by propagating both the
plane wave component and the higher order modes down the horn,
as described by Kemp [1]. While this is most common for axisym-
metric ducts, the method can quite easily be extended to rectangular
ducts. The mode functions in this case are simple cosine functions. If
the duct is quarter-symmetric, all the asymmetric modes will be zero,
and the modal description is simplified. In this thesis, this simpler de-
scription is extended to the asymmetric case. The case where the horn
expands in one direction and contracts in the other is also treated.

If the rectangular duct is curved with a constant radius, the sound
field is most easily described in cylindrical coordinates, with propa-
gation in the angular direction. The radial mode functions will be a
combination of Bessel functions. The angular wavenumber depends
on the cutoff wavenumbers of the modes in both the z (transverse)
direction and the radial direction.

In this thesis, a thorough study of the literature concerning curved
rectangular ducts is conducted. The study reveals the many complica-
tions in developing and implementing a modal model for duct bends.
The two main complications are finding the roots of the so-called
dispersion relation, including the difficulty of computing Bessel func-
tions of imaginary order, and in coupling the modal description in
the bend to the modal description in the straight sections.

The modal radiation impedance at the mouth of the horn must also
be computed. Both for the symmetric and for the asymmetric case, the
expression for this impedance contains an oscillatory double integral.
For low frequencies (low ka values), the standard Matlab numerical
integration routines can be used. For high frequencies, the Numerical
Method of Steepest Descent is efficient, with a computation time that
is independent of frequency.

The Modal Propagation Method (MPM) has been implemented for
both symmetric and asymmetric rectangular ducts, and compared to
the Boundary Element Rayleigh Integral Method (BERIM). The MPM
shows accuracy comparable to BERIM, but with considerably shorter
computation time. The computation time of MPM increases as N4,
where N is the number of modes in each direction. The method has
not been implemented for curved ducts or horns.
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S A M A N D R A G

Bølgjeforplantning i horn kan simulerast ved å la både planbølgje-
komponenten og dei høgare ordens modene forplante seg gjennom
hornet, slik som Kemp [1] beskriv. Sjølv om dette er mest vanleg for
aksesymmetriske horn, kan metoden lett utvidast til rektangulære rør.
Modefunksjonane er i dette tilfellet enkle cosinus-funksjonar. Dersom
kanalen er kvartsymmetrisk, så vil alle symmetriske modar vere null,
og den modale beskrivinga blir enklare. I denne oppgåva blir den-
ne forenkla beskrivinga utvida til asymmetriske kanalar. Tilfellet der
hornet utvidar seg i eit plan og trekker seg saman i det andre er også
tatt med.

Dersom den rektangulære kanalen er krumma med konstant radi-
us, kan ein enklast beskrive lydfeltet i sylindriske koordinatar, med
bølgjeforplantning i vinkelretninga. Dei radielle modefunksjonane vil
vere kombinasjonar av Besselfunksjonar. Bølgjetalet i vinkelretning er
avhengig av “cutoff”-bølgjetalet til modene både i z-retning (på tvers
av kanalen) og i radiell retning.

I denne oppgåva har det blitt gjort eit grundig studium av littera-
turen på krumme rektangulære kanalar. Dette studiet avdekker kom-
plikasjonane med å utvikle ein modal modell for krumme kanalar.
Hovedkomplikasjonane er å finne røtene til kombinasjonen av deri-
verte av Besselfunksjonar, inkludert det å rekne ut Besselfunksjonar
av imaginær orden, og å kople den modale beskrivinga i den krumme
delen til den modale beskrivinga i dei rette delane.

Den modale strålingsimpedansen ved hornmunninga må også rek-
nast ut. Både for det symmetriske og det asymmetriske tilfellet vil
uttrykket for denne impedansen innehalde eit oscillatorisk dobbelt-
integral. For låge frekvensar (låge ka-verdiar) kan standard Matlab-
rutiner for numerisk integrasjon brukast. For høge frekvensar, er me-
toden Numerical Method of Steepest Descent effektiv, med ei rekne-
tid som er uavhengig av frekvens.

Metoden for Modal Bølgjeforplantning (eng: Modal Propagation
Method (MPM)) har blitt implementert for både symmetriske og
asymmetriske rektangulære kanalar, og sammenligna med Overflate-
Element-Rayleigh-Integral-Metoden (eng: Boundary Element Ray-
leigh Integral Method (BERIM)). MPM har nøyaktighet som kan sam-
menlignast med BERIM, men har ein god del kortare reknetid. Rekne-
tida for MPM aukar som N4, der N er talet på modar i kvar retning.
Metoden har ikkje blitt implementert for krumme kanalar eller horn.
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1
I N T R O D U C T I O N

Both in musical instruments and in electroacoustics, the horn plays an
important role. A horn is a duct with changing cross section, usually
progressing from a small area (the mouth piece of the instrument, or
the loudspeaker unit) to a large area. Over a certain bandwidth, the
horn will function as an impedance transformer. This property can be
used to increase the efficiency of loudspeakers by greatly increasing
the radiation resistance seen by the diaphragm. Another important
aspect of a horn is its ability to control directivity. This is a very
important and useful property, and is used to a large degree in sound
reinforcement applications.

At low frequencies, horns can often be analyzed by the so-called
horn equation, see for instance Webster [4]. The equation is appli-
cable provided there are only axial variations of pressure along the
horn. However, when the horn cross-section becomes large compared
to the wavelength, the waves in the horn will also exhibit variations
in the other two dimensions. This is due to the introduction of higher
modes [5]. Some of these modes will propagate through the horn
and will be radiated into air, others will decay exponentially. But
both kinds of modes will take their energy from the fundamental
mode.

The presence of higher modes will alter the acoustical impedance
seen from the throat (input) end of the horn, the internal pressure
distribution, and the radiation pattern from the mouth (output) end.
Accurate calculation of the loading and radiating properties of horns
can only be performed if these higher order modes are taken into
account.

Several methods for including higher order modes in horns have
been proposed. In one method, the duct is approximated by a number
of steps, using a series of cylindrical sections. This approach was
probably first implemented by Alfredson [6], who used an iterative
technique. Another method, which is similar to the one described by
Pagneux [7], is described by Kemp [1]. The method has mainly been
used for horn musical instrument simulations, but a few researchers
have also used it for loudspeaker simulations, see Shindo et. al [8]
and Schuhmacher and Rasmussen [9]. This method includes both
means for propagating modes along a uniform cylinder, and across a
discontinuity.

This method, named the Modal Propagation Method (MPM), was
implemented and compared to the Boundary Elements Method (BEM)
and the Boundary Elements Rayleigh Integral Method (BERIM) [10] in
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2 introduction

Figure 1: Victor Orthophonic horn (from Maxfield [2])

a preliminary study, Fall 2011 [11]. In a project, Spring 2012[12], the
efficiency and accuracy of this method was studied. It was shown
that good accuracy could be obtained even with few modes, and that
the required number of modes for a given accuracy depended on the
frequency of operation and physical dimensions of the horn.

These two studies were, however, only concerned with round, ax-
isymmetric horns. While round horns are in use in many of the do-
mestic horn loudspeakers available, and also in a few public address
speakers, they are in general outnumbered by horns of rectangular
shape, or horns with shapes that do not conform to any simple coor-
dinate system.

For low frequency horns, still another factor comes into play; horns
for low frequency use tend to be very large, and are consequently
folded into a suitable shape. The folding can be done in many dif-
ferent ways, from gentle curving to sharp 180 degree bends. These
horns almost invariably have rectangular shape.

This thesis will deal with the following issues in the simulation of
horns:

• Rectangular, quarter-symmetric straight horns. This has already
been covered by Kemp, but the method will be implemented
and compared against BERIM.

• Rectangular, asymmetric straight horns.

• Rectangular horns curved in one dimension.

The reason for including the study of asymmetric horns, is that the
asymmetric modes are also required in curved horns, due to the
asymmetry introduced by the bend.

The sound field in a curved horn is significantly more complex
than that of a straight horn. Therefore, it is not surprising that the
literature on curved horns is not as extensive as that for straight horns.
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Figure 2: Western Electric 15B cinema horn (Courtesy of AT&T Archives and
History Center)

And most of the work is to be found outside electroacoustics. Some
work has been done on curved rectangular and circular waveguides
both in acoustics and electromagnetics, and more recently, also in
quantum mechanics.

In the early history of electroacoustics, curved horns were used for
the full frequency range, for instance in gramophones, like the Vic-
tor Orthophonic (see Figure 1), which used a bifurcated folded horn
path, or in the early full-range cinema horns, like the Western Elec-
tric 15A and B (see Figure 2), which used simple “curling”. This horn
was a further development of an earlier hor which had been curled
both ways, something that was found to impair the speech quality
significantly.

The computational possibilities at the time were not sufficiently ad-
vanced to analyze these horns in detail, so simple rules-of-thumb, or
experiments, were used. Wilson [13, 14] and Voigt [15] give methods
for curving or folding horns to minimize the impact of the folding.
Chief engineer at Victor Talking Machine Company, S. T. Williams,
published a study of the effect of curving, leaks and other perturba-
tions of horns, in 1926 [16].

As soon as multi-way speaker systems became the norm in the mid-
1930s, folded horns were reserved for low frequency use, commonly
below 2-400Hz, and straight horns were used for the higher frequen-
cies. This reduced the need for a detailed mathematical analysis of
these horns, but re-entrant folded horns were still in use for paging
service. Tanaka [17] describes such horns, and Carlisle [18] offers a
method to improve the response. No mathematical analysis of the
folding is given.
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Bruce Edgar noticed, during the design of a folded bass horn [19],
that certain types of bends or folds significantly altered the frequency
response. He analyzed the bends as acoustical masses inserted in be-
tween transmission line segments, with a reference to work by Cum-
mings [20] on 180° folds in rectangular ducts.

A folded horn was analyzed by Bright et al. [21], comparing
BEM and a method using a series of one-dimensional exponential
segments [22]. Backman [23] attempts to construct one-dimensional
models of bends based on a comparison with FEM solutions, but the
results seem to be hard to generalize to arbitrary bends.

In horn musical instrument acoustics, the effect of bends on the res-
onance frequencies of brass instruments has been studied at length.
An early reference on the effective length and diameter of a toroidal
bend is Nederveen [24], more recent ones are Keefe and Benade [25]
and Ting and Miksis [26]. None of these deal with multimodal prop-
agation. This is however done by Felix and Pagneux, who consider
both two-dimensional [27] and three-dimensional toroidal [28] bends.
The case of toroidal bends is extended further by Braden [29]. We
will take a closer look at this method later.

In general acoustics, much of the work on bends and folding has
been done in connection with ventilation ducts. A typical case found
in these studies is a curved rectangular section of constant width,
height and radius of curvature, connected between two straight ducts
of the same width and height, as shown in Figure 6. One of the
early studies of modes in curved ducts of this type was done by
Grigor’yan [30], who also cites previous work on electromagnetic
waveguides. Osborne [31, 32, 33] and Cummings [3, 20, 34] cover
rectangular bends, and the coupling to straight ducts using a modal
description.

Furnell and Bies [35, 36] describe an approximation to the acous-
tic field in a curved, elliptic waveguide. Firth and Fahy investigate
bends in round tubes [37], as do Felix and Pagneux, and Braden, as
mentioned above. Sarigül [38] investigates right-angle bends of circu-
lar cross-section by BEM.

Furnell and Bies also present a scattering matrix approach to the
problem of a ducting system consisting of several bends and straight
sections [35]. A similar method is described by Kim and Ih [39]. Felix
et al. [27] also present a analytical representation of the reflection
and transmission matrices valid for bends of constant curvature and
width.

While many of the authors use a modal description of the sound
field, Tam [40] (with later comments and corrections by Furnell [41])
uses the Galerkin method. Cabelli [42] and Cabelli and Shepherd
[43] use a finite difference solution to the two-dimensional Helmholtz
equation, and also investigate the effect of turning vanes.
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The problem of curved ducts lined with absorbing material has also
been studied, for instance by Ko [44] and Felix and Pagneux [45].

The problem of curved rectangular waveguides has also received
much attention in calculation of electromagnetic waveguides, see for
instance Sorolla [46], and also in the analysis of quantum waveguides
[47]. Many of the numerical methods required in the analysis of the
dispersion relation (see next chapter) can be found in papers in these
subjects.





2
T H E O RY

As has been pointed out both in previous investigations [11, 12], and
by other authors [48, 49], the classical, one-dimensional horn theory,
based on what is known as Webster’s horn equation1, is not able to
predict the sound field radiated by a general horn. Putland [49] has
shown that the horn equation is accurate for three horn types; straight
tubes, parabolic horns (when two sides are parallel, the other two ex-
panding in a conical fashion) and axisymmetric conical horns2. The
horn equation here corresponds to the fundamental mode of propaga-
tion in Cartesian, cylindrical and spherical coordinates, respectively.
Still, diffraction at the mouth of the horn can not be properly mod-
eled, and the radiated field is still not possible to predict.

By instead using the full wave equation, and letting the horn walls
follow the coordinate surfaces of a coordinate system where the wave
equation is separable, analytical solutions, including higher order
modes of propagation, can be found. There are, however, only eleven
coordinate systems where the wave equation is separable, and very
few of them have surfaces that give useful horn contours [48].

A solution to this problem is to divide the horn into small sections
that each have simple mode functions, and then to couple the higher
order modes between the sections. A common choice is to use cylin-
drical sections of varying radius. This method, developed by Pagneux
et al. [7] and Kemp [1], has been investigated in [11, 12].

Not all horns are circular, however, and Kemp has shown how the
method can be extended to symmetrical rectangular horns. A sum-
mary of the theory, and an extension to asymmetric horns, will be
given in this chapter.

2.1 modal propagation in rectangular horns

The pressure and velocity in a uniform duct can be expressed as a
weighted sum of allowable modes [52, 53]. In a rectangular duct,
there will be nx by ny nodal lines, and (nx, ny) = (0, 0) represents the
plane wave mode.

1 Although the equation in question was derived and discussed by Bernoulli, La-
grange and Euler [50].

2 The parabolic horn is sometimes called a cylindrical waveguide, since it can be
described exactly in cylindrical coordinates when the shape is as described above.
For the same reason, an axisymmetric conical horn is sometimes called a spherical
waveguide[51].
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Pair no. Modes Pair no. Modes

1 (0,0) 9 (2,2)

2 (0,1) 10 (0,3)

3 (1,0) 11 (3,0)

4 (1,1) 12 (1,3)

5 (0,2) 13 (3,1)

6 (2,0) 14 (2,3)

7 (1,2) 15 (3,2)

8 (2,1) 16 (3,3)

Table 1: Mode pairs sorted in increasing order

Along the duct, assuming propagation in the z direction, the pres-
sure can be expressed as a sum of all the modes:

p(x, y, z) =
∞

∑
n=0

Pn(z)ψn(x, y) (1)

where Pn is the pressure profile along the tube, and ψn is the pressure
profile in the (x, y) plane. It is advantageous to separate ψn into two
parts, one dependent on x, and the other on y:

ψn = φnx σny (2)

Assuming hard walls in the horn, the boundary conditions in the
x and y directions are

∂ψn

∂x
= 0, x = a−, a+ (3)

∂ψn

∂y
= 0, y = b−, b+ (4)

where a− and a+ are the locations of the walls in the x direction, and
correspondingly in the y direction for b− and b+.

Since there are modes in two directions in the case of rectangular
horns (and also circular horns with non-axisymmetric sound fields),
these modes have to be sorted so that the matrices still are two-
dimensional. This means that a vector of mode pairs needs to be
generated, preferably with the modes sorted in increasing order. An
example is given in Figure 1. This example also shows that for four
modes in each direction, a total of 16 mode pairs are generated. The
size of the matrices are therefore much larger than in the case of ax-
isymmetric horns, for the same accuracy.
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2.2 symmetric horns

In symmetric horns, we assume that the horn is symmetric both hor-
izontally and vertically across the central axis, i.e. a− = −a, a+ = a,
b− = −b and b+ = b. The wave functions in Eq. (2) then become

φnx =

1 : nx = 0
√

2 cos
( nxπx

a

)
: nx > 0

(5)

σnx =

1 : ny = 0
√

2 cos
(

nyπy
b

)
: ny > 0

(6)

The corresponding eigenvalues are

αn =

√(nxπ

a

)2
+
(nyπ

b

)2
(7)

In the z-direction, the pressure can be expressed as

Pn(z) = Ane−iknz + Bneiknz (8)

where
kn = ±

√
k2 − α2

n (9)

is the wavenumber of the nth mode in the axial direction and k is
the free space wavenumber. We can see that the axial wavenumber
will for certain values of α2

n be imaginary, and the propagation in z
direction will be evanescent (exponentially damped). The frequency
where kn becomes real is called the cut-off (or sometimes cut-on) fre-
quency of the corresponding mode, kc = αn.

From Eq. (9) we have that the wavenumber of the nth mode is

kn = ±
√

k2 −
(nxπ

a

)2
−
(nyπ

b

)2
(10)

We must choose the right signs of the square root to get the correct
behavior of the waves. When the mode is propagating, we must have
the normal equation of propagation, so we must take the positive root.
When the mode is in cutoff, the modal wavenumber is purely imag-
inary, and the wave should be exponentially damped with distance.
We must therefore take the negative root. In summary

kn =


−
√

k2 −
( nxπ

a

)2 −
(

nyπ
b

)2
: k2 < (nxπ/a)2 +

(
nyπ/b

)2√
k2 −

( nxπ
a

)2 −
(

nyπ
b

)2
: k > (nxπ/a)2 +

(
nyπ/b

)2

(11)
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S1 S2
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Figure 3: Two ducts joined by a discontinuity
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Figure 4: General discontinuity between two rectangular ducts

2.2.1 Propagation across a discontinuity

The geometry is illustrated in Figure 3 and Figure 4. For two sym-
metric ducts, a− = −a, a+ = a, b− = −b and b+ = b. When the
wave propagates across the discontinuity, there must be continuity
of pressure and velocity right before (at point 1) and right after the
discontinuity (at point 2). But the nth mode in duct 1 will not match
the nth mode in duct 2, so the pressure field in duct 2 must be made
up of a new sum of modes. Every mode in duct 1 excites a series of
modes in duct 2, this is known as modal coupling or mode conver-
sion. Kemp [1] derives expressions for this coupling.

If ~P(1) is the vector of modal pressure amplitudes at point 1, and
~P(2) is the vector of modal pressure amplitudes at point 2, the vectors
are related by a matrix F so that

~P(1) = F~P(2) (12)



2.2 symmetric horns 11

where the matrix elements are defined as

Fnm =
1
S1

∫
S1

ψ
(1)
n ψ

(2)
m dS (13)

ψ
(1)
n gives the mode shapes in duct 1, and ψ

(2)
m gives the mode shapes

in duct 2. This relation holds if a1 < a2, where a1 and a2 are the
widths of the two ducts (and correspondingly for the heights b1and
b2).

If a1 > a2, and b1 > b2, the relation is

~P(2) = V~P(1) (14)

where the matrix elements are defined as

Vnm =
1
S2

∫
S2

ψ
(2)
n ψ

(1)
m dS (15)

For a rectangular duct, it is most convenient to express Eq. (13) as
an element-wise multiplication of two terms:

Fnm(βx, βy) =
1
S1

∫
S1

ψ
(1)
n ψ

(2)
m dS

=
1

2a1

a1∫
−a1

φ
(1)
nx φ

(2)
mx dx

1
2b1

b1∫
−b1

σ
(1)
ny σ

(2)
my dy

= XnxmxYnymy (16)

where βx = a1/a2 and βy = b1/b2, and

Xnxmx =


1 : nx = mx = 0,
√

2sinc (mxπβx) : nx = 0, mx > 0,

2sinc (π(mxβx − nx))
mx βx

mx βx+nx : nx > 0

(17)

Ynymy =


1 : ny = my = 0,
√

2sinc
(
myπβy

)
: ny = 0, my > 0,

2sinc
(
π(myβy − ny)

) my βy
my βy+ny : ny > 0

(18)

The V matrix then becomes

Vnm = Fnm(1/βx, 1/βy) (19)
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For values of β close to one, there is a simpler and faster method,
also given by Kemp. Here, Xnxmx and Ynymy are approximated by

Xnxmx =



1 : nx = mx = 0,

1− 1
2 εx : nx = mx 6= 0,

√
2 (−1)mx (−εx) : nx 6= mx, nx = 0,

2 (−1)mx+nx (−εx)
mx

m2
x+n2

x
: nx 6= mx, nx > 0,

(20)

Ynymy =



1 : ny = my = 0,

1− 1
2 εy : ny = my 6= 0,

√
2 (−1)my

(
−εy

)
: ny 6= my, ny = 0,

2 (−1)my+ny
(
−εy

) my

m2
y+n2

y
: ny 6= my, ny > 0,

(21)

where εx = (a2 − a1)/a1 and εy = (b2 − b1)/b1.
Volume velocity can be propagated across the discontinuity as

~U(2) = FT~U(1), S1 < S2 (22)

~U(1) = VT~U(2), S1 > S2 (23)

The generation of higher modes through a horn will depend on the
rate of change of slope of the walls. In the stepped horn model used
in this thesis, one can understand this by looking at what happens at a
discontinuity. Between each discontinuity, the modes are uncoupled.
But at the steps, the modes are coupled through the F matrix, Eq. (13),
since the off-diagonal terms are non-zero. This coupling depends on
both βx, βy , and on the eigenvalues in the two tubes.

2.3 asymmetric horns

In symmetric horns, only symmetric modes propagate. If asymmetry
is introduced, for instance if the horn expands more upwards than
downwards, referred to the horn axis, asymmetric modes will be in-
troduced. In all implementations of the MPM found in the literature,
symmetry has been assumed. This is in many cases allowable, as the
large majority of straight, rectangular horns are quarter-symmetric. If
the horn is curved, however, asymmetric modes must be taken into
account. This section gives the equations for the asymmetric case.

The wave functions in Eq. (2) for asymmetric ducts become

φnx =

1 : nx = 0
√

2 cos
(

nxπ(x−a−)
a+−a−

)
: nx > 0

(24)
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σnx =

1 : ny = 0
√

2 cos
(

nyπ(y−b−)
b+−b−

)
: ny > 0

(25)

The corresponding eigenvalues are

αn =

√(
nxπ

a+ − a−

)2

+

(
nyπ

b+ − b−

)2

(26)

Note that the mode numbers are not the same as for a symmetric
duct; in the symmetric case all odd modes are zero, and can conse-
quently be removed. Therefore nx and ny in Eq. (7) will correspond
to 2nx and 2ny in Eq. (26).

The equations for propagation along the duct are the same as given
in Eq. (8) and Eq. (11), apart from the change in eigenvalues.

2.3.1 Propagation across a discontinuity

The geometry is illustrated in Figure 4. It is again most convenient to
express the F matrix as an element-wise product of two terms:

Fnm =
1
S1

∫
S1

ψ
(1)
n ψ

(2)
m dS

=
1

a1+ − a1−

a1+∫
a1−

φ
(1)
nx φ

(2)
mx dx

1
b1+ − b1−

b1+∫
b1−

σ
(1)
ny σ

(2)
my dy

= XnxmxYnymy (27)

where Xnxmx and Ynxmx now are

Xnxmx =



1 : nx = mx = 0,
√

2sinc
(mxπ

2 βx,t
)

cos
(mxπ

2 βx,a
)

: nx = 0, mx > 0,

sinc
(

π
2 (nx −mxβx,t)

)
cos

(
π
2 (nx −mxβx,a)

)
+sinc

(
π
2 (nx + mxβx,t)

)
cos

(
π
2 (nx + mxβx,a)

) : nx > 0

(28)

Ynymy =



1 : ny = my = 0,
√

2sinc
(

myπ
2 βy,t

)
cos

(
myπ

2 βy,a

)
: ny = 0, my > 0,

sinc
(

π
2

(
ny −myβy,t

))
cos

(
π
2

(
ny −myβy,a

))
+sinc

(
π
2

(
ny + myβy,t

))
cos

(
π
2

(
ny + myβy,a

)) : ny > 0

(29)
Here the ratio

βx,t =
a1+ − a1−
a2+ − a2−

(30)
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describes the symmetrical part of the field at the junction, and corre-
sponds to βx in the symmetrical case.

βx,a =
a1+ + a1− − 2a2−

a2+ − a2−
(31)

describes the asymmetry.
A full derivation of the equations is given in Appendix A.

2.4 curved horns

The curved part of the horn can be approximated by sections of bent
rectangular ducts with wave propagation in the angular direction.
The curved sections replace the straight sections through the curved
part of the horn, and are coupled with corresponding F-matrices. An
illustration is shown in Figure 5.

2.4.1 Propagation through rectangular bends

The wave equation in cylindrical coordinates is given as(
∂2

dr2 +
1
r

∂

∂r
+

1
r2

∂2

∂φ2 +
∂2

∂z2

)
p + k2 p = 0 (32)

If we assume a solution of the form [3]

p(r, z, φ, t) = PR(z)Z(z)e−ikϕφ (33)

we can solve Eq. (32) by the separation of variables to get

Z(z) = cos (kzz) + B sin (kzz) (34)

R(r) = Jkϕ
(krr) + AYkϕ

(krr) (35)

where Jkϕ
and Ykϕ

are Bessel functions. See Appendix B for more
details. The wavenumbers in r and z directions are coupled as

k2
r = k2 − k2

z (36)

and the angular wavenumber kϕ is dependent on the two other
wavenumbers, and fixed by the boundary conditions at the duct walls.
The case of the angular wavenumber is a bit special, though, as it is
dimensionless, unlike kr and kz.

For a circular duct, with propagation in the z-direction, kϕ is limited
to integer values. Here, propagation is the angular direction, and kϕ

can take any value that is determined by the boundary conditions at
the walls.

The boundary conditions in r- and z-directions are

∂p
∂r

= 0 at R = R1 and R = R2 (37)



2.4 curved horns 15

Curved segments
Straight segments

Figure 5: A curved horn made up of straight and curved sections

Figure 6: Geometry of a bend connected to two straight ducts (after Cum-
mings [3])
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∂p
∂z

= 0 at z = 0 and z = a (38)

where a is the height of the duct, and R1 and R2 are the inner and
outer radii, respectively, see Figure 6. This gives for the z-direction

Z(z) = cos (kzz) (39)

where
kz =

nzπ

a
(40)

For the radial and angular directions, things are a bit more compli-
cated. The constant A in Eq. (35) can be found to be

A = −
J′kϕ

(krR1)

Y′kϕ
(krR1)

(41)

and the angular wave number is found from solving for kϕ in the
eigenequation (also called the dispersion relation)

J′kϕ
(krR1)Y′kϕ

(krR2)− J′kϕ
(krR2)Y′kϕ

(krR1) = 0 (42)

kr can be both real and imaginary, and kϕ can also be both real and
imaginary, since the radial modes can also be in cutoff.

If s corresponds to the (s + 1)th root of Eq. (42), s = 0 indicating
the first root3 etc., we can introduce the mode function Ψ defined as

Ψnzs(r, z) = Rs(r)Znz(z) (43)

where

Rs(r) = Jknzs
ϕ
(krr) +−

J′knzs
ϕ
(krR1)

Y′knzs
ϕ
(krR1)

Yknzs
ϕ

(krr) (44)

where ks
ϕ is the (s + 1)th root of Eq. (42) and kr is the radial wavenum-

ber given by Eq. (36) and Eq. (40). We now have that

Znz(z) = cos
(nzπz

a

)
(45)

and the total expression for the sound field is (time dependence im-
plied):

p(r, z, φ) =
∞

∑
nz=0

∞

∑
s=0

PnzsΨnzs(r, z)
(

e−iknzs
ϕ φ + Cnzseiknzs

ϕ φ
)

(46)

where C is the relative amplitude of the reflected wave, and P is
the modal amplitude. P and C can be combined to yield the modal
amplitudes in each direction, A+

nzs and A−nzs:

p(r, z, φ) =
∞

∑
nz=0

∞

∑
s=0

Ψnzs(r, z)
(

A−nzse
−iknzs

ϕ φ + A+
nzse

iknzs
ϕ φ
)

(47)

3 The nomenclature differs somewhat between the papers, and it is not always clear
which index refers to which mode.
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2.4.2 The dispersion relation

The angular wavenumber is found from solving for kϕ in the disper-
sion relation, Eq. (42). This is an implicit equation, where the angular
wavenumber is found as the order of the Bessel functions satisfying
the equation for a fixed argument. Eq. (42) can also be expressed as

J′ν(x)Y′ν(ρx)− J′ν(ρx)Y′ν(x) = 0 (48)

which is a form that is found in several references.
We know that

• kr can be both real and imaginary

• kϕ can be both real and imaginary

• Assuming no losses (other than radiation), none of the
wavenumbers can be complex.

Cochran discusses the properties of Eq. (48) in references [54, 55, 56],
and Chapman also discusses the properties of this equation and its
approximations in [57]. Horvat and Prosen discuss a similar equation,
Jν(kr)Yν(k) − Jν(k)Yν(kr) = 0, in [47], in connection with bends in
quantum waveguides. This equation would correspond to Dirichlet
boundary conditions at the walls of the bend [46].

In [54], the following properties of Eq. (48) are given:

• For real and positive x, Eq. (48) has a finite number of ν-roots,
the rest are purely imaginary.

• There are infinitely many imaginary ν-roots for real and posi-
tive x.

• There are no complex x-roots for real ν.

• There are no complex ν-roots for real x.

• Eq. (48) is even in both x and ν.

Cochran also shows that the roots of Eq. (48) are identical to those of

g(
′)

ν = J′iµ(x)J′−iµ(ρx)− J′iµ(ρx)J′−iµ(x) (49)

This equation can, for higher orders, be approximated by

g(
′)

ν→∞ = −
(

iµ
ρπx2

)
eµπ

[
sin(µ log ρ) + O(µ−1)

]
(50)

The imaginary zeros are given asymptotically by

µ =
sπ

log ρ
+ O(s−1) (51)

For imaginary x, there do not, from numerical experiments, seem
to be any real ν-roots.
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2.4.3 Coupling to straight rectangular ducts

An important note here: the cylindrical coordinate system will make z
the direction of the thickness of the duct, the dimension perpendic-
ular to the curving. In the theory for straight rectangular horns, z
is the direction of wave propagation. This may lead to some confu-
sion when coupling the two domains. In the following theory, we
will therefore assume the propagation to be in the y-direction, the
horn will be curved in the x-direction (vertical), and there will be no
curving in the horizontal (z) direction. The indices for the straight
sections will be re-labeled nx and nz. For the modal eigenfunctions
in the straight duct, we will use Eq. (2), where the index n contains
what is now nx and nz. To not make the integrals in this section too
complex, we will set the dimensions of the ducts to be a and b, so
that a− = 0, a+ = a and so on.

The discontinuities between straight and bent ducts are labeled A
and B in Figure 6. Across these discontinuities, the pressure and ve-
locity must be continuous.

Cummings [3] simplifies the problem somewhat, by considering
only plane waves incident at B, and that only the plane wave, or (0,0)
mode, propagates in the straight duct. This will not be the case for
high frequencies, and especially not if there are discontinuities in the
straight parts of the horn preceding the bend, where mode coupling
takes place.

The full equations for modal coupling are given by Osborne [33].
We will use his assumption that φ = 0 at one end of the duct, and
φ = Φ at the other end.

At the entrance of the duct, we have for the continuity in pressure:

∞

∑
nx=0

∞

∑
nz=0

a∫
0

b∫
0

A−nxnz
ψn(x, z)dxdz +

∞

∑
nx=0

∞

∑
nz=0

a∫
0

b∫
0

A+
nxnz

ψn(x, z)dxdz

=
∞

∑
nz=0

∞

∑
s=0

a∫
0

R2∫
R1

A−nzsΨnzs(r, z)dzdr +
∞

∑
nz=0

∞

∑
s=0

a∫
0

R2∫
R1

A+
nzsΨnzs(r, z)dzdr

(52)

And for the continuity in velocity:

∞

∑
nx=0

∞

∑
nz=0

a∫
0

b∫
0

knxnz

kρc
A−nxnz

ψn(x, z)dxdz+
∞

∑
nx=0

∞

∑
nz=0

a∫
0

b∫
0

knxnz

kρc
A+

nxnz
ψn(x, z)dxdz

=
∞

∑
nz=0

∞

∑
s=0

a∫
0

R2∫
R1

knzs
ϕ

kρcr
A−nzsΨnzs(r, z)dzdr+

∞

∑
nz=0

∞

∑
s=0

a∫
0

R2∫
R1

knzs
ϕ

kρcr
A+

nzsΨnzs(r, z)dzdr

(53)
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At the exit of the duct, we have for the continuity in pressure:

∞

∑
nz=0

∞

∑
s=0

a∫
0

R2∫
R1

A−nzsΨnzs(r, z)e−iknzs
ϕ Φdzdr

+
∞

∑
nz=0

∞

∑
s=0

a∫
0

R2∫
R1

A+
nzsΨnzs(r, z)eiknzs

ϕ Φdzdr

=
∞

∑
nx=0

∞

∑
nz=0

a∫
0

b∫
0

B−nxnz
ψn(x, z)dxdz

+
∞

∑
nx=0

∞

∑
nz=0

a∫
0

b∫
0

B+
nxnz

ψn(x, z)dxdz (54)

And for the continuity in velocity:

∞

∑
nz=0

∞

∑
s=0

a∫
0

R2∫
R1

knzs
ϕ

kρcr
A−nzsΨnzs(r, z)e−iknzs

ϕ Φdzdr

+
∞

∑
nz=0

∞

∑
s=0

a∫
0

R2∫
R1

knzs
ϕ

kρcr
A+

nzsΨnzs(r, z)eiknzs
ϕ Φdzdr

=
∞

∑
nx=0

∞

∑
nz=0

a∫
0

b∫
0

knxnz

kρc
B−nxnz

ψn(x, z)dxdz

+
∞

∑
nx=0

∞

∑
nz=0

a∫
0

b∫
0

knxnz

kρc
B+

nxnz
ψn(x, z)dxdz (55)

These equations have to be solved for the modal amplitudes, and
it may be possible to construct an F-matrix similar to that used in
straight rectangular ducts. But it seems from the above equations,
that this matrix will not be frequency independent, since the order of
the Bessel functions is a function of the angular wavenumber. And
this wavenumber is given by the dispersion relation in Eq. (42). This is
a complication not found in straight ducts, and it makes it extremely
difficult to find the F-matrix for connecting duct bends. Osborne
[33] makes some simplified calculations using these equations, but
considers only propagating modes.

2.4.4 Discontinuities in curved ducts

The discontinuity between two curved segments of different width
and/or radius of curvature, may be handled in the same way as in
sections 2.2.1 and 2.3.1. We may express the eigenfunctions as a prod-
uct of eigenfunctions in the r and z directions, as in Eq. (43). Znz(z)
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from this equation corresponds to σnz from Eq. (2). It should then be
possible to develop an F-matrix for the discontinuities between two
curved ducts in the same manner as for two straight ducts.

Fnm =
1
S1

∫
S1

Ψ(1)
nzsΨ

(2)
mztdS

=
1
a

a∫
0

σ
(1)
nz σ

(2)
mz dx

1
R2 − R1

R2∫
R1

R(1)
s R(2)

t dr

= Znzmz Rst (56)

So the Rst-matrix for this discontinuity will become

Rst =
1

R2 − R1

R2∫
R1

R(1)
s R(2)

t dr (57)

where

Rs(r) = Jknzs
ϕ
(krr) +−

J′knzs
ϕ
(krR1)

Y′knzs
ϕ
(krR1)

Yknzs
ϕ

(krr) (58)

Again comes the complication that the resulting matrix is not fre-
quency independent. The integration of the mode functions in Eq. (57)
is also very complicated. Inserting it into the mathematical software
Maple [58] and performing the integration, produces an equation ex-
tending over about 200 lines. It may be possible to simplify the results
by the proper orthogonality relationships, but considering the com-
plications mentioned in the previous section, this was not considered
worth the effort at this point.

2.4.5 An alternative method

The complexities of the modal description of duct bends have in-
spired researchers to find alternative methods. A method is described
by Felix and Pagneux [27] for two-dimensional curved ducts of both
constant and varying width. This method is later extended to toroidal
bends [28] and also lined bends [45]. The method will be briefly out-
lined here. For more details, please consult the references.

The pressure and axial velocity through the (two-dimensional)
bend are expressed as infinite series:

p(r, φ) = ∑
n

ψn(r)Pn(φ) (59)

vφ(r, φ) = ∑
n

ψn(r)Un(φ) (60)

The functions ψn are

ψn(r) = An cos
(nπ

h
(r− R1)

)
(61)
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where

An =

√
2− δn0

b
(62)

These functions are not the radial eigenfunctions of a curved duct,
but satisfy the Neumann boundary condition at the walls. They are
orthogonal, and can be used as a modal representation of the sound
field in the bend. An advantage of this approach is that there is
no need to couple two different modal descriptions where the bend
connects to the straight duct.

Felix and Pagneux use a normalization of pressure and velocity to
the reference pressure ρ0c2

0 and reference velocity c0. They further
derive expressions for the differential pressure and velocity:

U′ =
1
jk

(C + KB) P (63)

P′ = −jkBU (64)

where the matrices K, B, and C are given as

Kmn =

(
k2 −

(nπ

b

)2
)

δmn (65)

Bmn =

R2∫
R1

rψn(r)ψm(r)dr (66)

which to a first order approximation becomes

Bmn =


R1 +

b
2 : n = m,

Am An

(
b
π

)2
((−1)m+n − 1) m2+n2

(m2−n2)
2 : n 6= m

(67)

and

Cmn =

R2∫
R1

ψn(r)ψ′m(r)dr (68)

which to a first order approximation becomes

Cmn =


0 : n = m,

Am An((−1)m+n − 1) m2

m2−n2 : n 6= m
(69)

Eq. (63) and Eq. (64) cannot be integrated directly because of the
evanescent modes, which would cause numerical instability. There-
fore, an impedance matrix is formed, so that

P = ZU (70)
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By using P′ = Z′U + ZU′, a Riccati4 (nonlinear) differential equation
is found for the normalized5 impedance matrix:

Z′ = −jkB− 1
jk

Z(C + KB)Z (71)

By integrating this differential equation, the modal input
impedance to the bend can be found from the modal impedance at
the outlet.

Felix and Pagneux also describe an extension of this model to two-
dimensional ducts of varying cross section, where R1 and R2 are func-
tions of angle. In this case,

ψn(r, θ) =

√
2− δn0

R2(φ)− R1(φ)
cos

(
nπ

r− R1(φ)

R2(φ)− R1(φ)

)
(72)

The Riccati impedance equation becomes

Z′ = −jkB− 1
jk

Z(C + KB)Z + ZD− DZ + EZ (73)

where the extra matrices are

Cmn =


R′2−R′1
R2−R1

(
1− δm0

2

)
: n = m,

Am An((−1)m+nR′2 − R′1)
m2

m2−n2 : n 6= m
(74)

Emn = Am An((−1)m+nR′2 − R′1) (75)

and are functions of the variation of cross section.

2.5 modal radiation impedance

As for circular horns, a modal radiation impedance is needed. Again,
this is found by integrating over the opening of the duct, and we have
for the symmetrical case [1]:

Znm =
jωρ

2πS2

a∫
−a

dx
b∫
−b

dy
a∫
−a

dx0

b∫
−b

dy0ψm(x0, y0)ψn(x, y)
e−jkh

h
(76)

where ψn is given in Eq. (2) and following equations, and

h =

√
(x− x0)

2 + (y− y0)
2 (77)

Kemp [1] shows how this quadruple integral can be reduced to a
sum of a double integral, a single integral, and an analytical function.

4 The Riccati equation is a nonlinear differential equation of the general form Y′ =
A(x)Y2 + B(x)Y + C(x).

5 This equation is normalized by the characteristic impedance zc, which in the case of
a three-dimensional duct would be ρ0c0/S. The non-normalized version of Eq. (71)
would be Z′ = −jkzcB− (jkzc)

−1 Z(C + KB)Z [29].
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The procedure is given in the reference, and only the result is given
here:

Znm =

jρc
2πS

2ka∫
0

du
2kb∫
0

dv
(
1− u

2ka

) (
1− v

2kb

)
√

u2 + v2
×

[
e−
√

u2+v2 G(nx, mx, u
2ka , 1

2 )

1− u
2ka

G(ny, my, v
2kb , 1

2 )

1− v
2kb

− f (n, m)

]

+
jρc

2πS

2ka∫
0

du
(

1− u
2ka

)
×

[
ln
(

2kb +
√

u2 + (2kb)2
)
+

u
2kb
− 1

2kb

√
u2 + (2kb)2

]
f (n, m)

+
jρc

2πS

[
−ka ln(2ka) +

3
2

ka
]

f (n, m) (78)

where

G(nx, mx, ξ, a) = Nnx Nmx×[
sinc

(
(nx + mx)π

(
1− ξ

2a

))
cos

(
(nx −mx)πξ

2a

)
+

sinc
(
(nx −mx)π

(
1− ξ

2a

))
cos

(
(nx + mx)πξ

2a

)]
(79)

with

Nnx =

1 : nx = 0
√

2 : nx > 0
(80)

and

f (n, m) = Nnx Nmx Nny Nmy×
[sinc (nx + mx)π + sinc (nx −mx)π]×[

sinc
(
ny + my

)
π + sinc

(
ny −my

)
π
]

(81)
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Similarly, the expressions for asymmetric ducts, or rather, ducts
where asymmetric modes are included, are given by Kemp [59] as:

Zmn =

jρc
2πS

ka∫
0

du
kb∫

0

dv
(
1− u

2ka

) (
1− v

2kb

)
√

u2 + v2
×

[
e−
√

u2+v2 G(nx, mx, u
ka , 1)

1− u
2ka

G(ny, my, v
kb , 1)

1− v
2kb

− f (n, m)

]

+
jρc

2πS

ka∫
0

du
(

1− u
2ka

)
×

[
ln
(

kb +
√

u2 + (kb)2
)
+

u
2kb
− 1

2kb

√
u2 + (kb)2

]
f (n, m)

+
jρc

2πS

[
−3

4
ka ln(ka) +

7
8

ka
]

f (n, m) (82)

where f (n, m) is given as before, but

G(nx, mx, ξ, a) = Nnx Nmx×{
cos

(
(nx −mx)π

ξ

2a

)
×

1
2

[
(2a− ξ) sinc

(
(nx + mx)π

(
1− ξ

2a

))
−ξsinc

(
(nx + mx)π

ξ

2a

)]
+ cos

(
(nx + mx)π

ξ

2a

)
1
2

[
(2a− ξ) sinc

(
(nx −mx)π

(
1− ξ

2a

))
−ξsinc

(
(nx −mx)π

ξ

2a

)]}
(83)

When nx = mx = 0, then

G (nx, mx, ξ, 1) = 2 (1− ξ) (84)

These expressions can be integrated numerically to give the values
for the computations. Details about the implementation can be found
in the next chapter.

2.6 projection of impedance and volume velocity

The pressure and volume velocity are related through the modal
impedance. We know the impedance at the end of the duct. To cal-
culate the pressure field inside the duct, we first need to know the
impedances throughout the duct. Then we can apply, for instance, a
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plane wave of constant velocity at one end, and propagate this veloc-
ity through the duct using the equations given in sections 2.1 and 2.3.
The pressure is then found by multiplying the velocity at the point in
question by the impedance at that point.

Kemp gives the equations for propagating the impedance from
duct 2 to duct 1 as

Z(1) = FZ(2)FT, S1 < S2 (85)

Z(1) = V−1Z(2)(VT)−1, S1 > S2 (86)

For propagation along a uniform duct, where Z(0) is the impedance
at the input of the duct, due to an impedance Z(1) at the output, the
relation is

Z(0) =
(

D1Z(1) + D2Zc

) (
D2Z−1

c Z(1) + D1

)−1
(87)

If we simplify this by multiplying top and bottom by D−1, we get

Z(0) =
(

Z(1) + jD3Zc

) (
jD3Z−1

c Z(1) + I
)−1

(88)

But this form assumes that the impedance matrices are diagonal,
so it is better to use [1, corrected version]

Z(0) = (jD3)
−1 Zc − D−1

2 Zc

(
Z(1) + (jD3)

−1 Zc

)−1
D−1

2 Zc (89)

The extra matrices are defined as follows:

D1(n, m) =

cos(knd) : n = m

0 : n 6= m
(90)

D2(n, m) =

j sin(knd) : n = m

0 : n 6= m
(91)

D3(n, m) =

tan(knd) : n = m

0 : n 6= m
(92)

Zc(n, m) =

kρc/knS : n = m

0 : n 6= m
(93)

where d is the length of the duct as in Figure 3, and S is the cross-
sectional area.

Volume velocity is propagated along the duct as

~U(1) =
(
−D2Z−1

c

(
Z(0) − Zc

)
+ E

)
~U(0) (94)
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where the extra matrix is:

E(n, m) =

e−jknd : n = m

0 : n 6= m
(95)

For discontinuities, the velocity is propagated according to equations
(22) and (23).

2.6.1 Expansion in one plane, contraction in the other

Some horns can expand in one direction and contract in the other.
This leads to complications in deriving the F matrix, but can be solved
in a much simpler way if one is prepared to compute two matrices
instead of one. Since the F matrices are computed only once for each
horn profile, the extra computational cost is small. The idea is to
split the discontinuity into two successive discontinuities, the first
expanding in only one direction, with no change in the other, and
a second only contracting in the other direction, with no change in
the first. See Figure 7. For instance, βx < 1, βy = 1 for the first, and
βx = 1, βy > 1 for the second.

For velocity propagation across these two discontinuities, which we
will call a and b, we have that

~U(2) = FT
a
~U(1) (96)

~U(3) = FT
b
~U(2) (97)

so that
~U(3) = FT

b FT
a
~U(1) (98)

Since (AB)T = BT AT, we can form a composite matrix FC = FaFb
that replaces the two F matrices. Actually, one of the matrices will
be a V matrix, since there is a contraction in one plane. If this is the
second matrix, FC = FaV−1

b .
That this also works for impedances, can be seen from the follow-

ing:
Z(1) = FaZ(2)FT

a (99)

Z(2) = FbZ(3)FT
b (100)

Z(1) = FaFbZ(3)FT
b FT

a (101)

where we again can form the composite matric FC = FaFb.
The case of a skewed duct where, for instance, a1+ < a2+ while at

the same time a1− < a2−, cannot be solved using this technique, and
will need special treatment. In practice, however, it is very rare for
this to happen in straight horns, and in curved horns the problem
could be solved by using a series of bend elements.
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Figure 7: Partitioning of a discontinuity
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2.7 calculation of the pressure response

When the horn is mounted in an infinite baffle, the radiated pressure
can be found from the Rayleigh integral [60, 61], as in the case of
circular horns. The Rayleigh integral maps the velocity profile in the
mouth of the horn to far field pressure response, and is given as

p(r) =
jkρc
2π

∫
S

u(S)
e−jkr

r
dS (102)

where u(S) is the velocity in the mouth plane. This is found from
the modal volume velocity amplitudes, the mode functions, and the
mouth area.

Another method, given by Geddes [51], is to use the modal ampli-
tudes directly. If the velocity profile is given as

F(x, y) = An cos
(

nπ
x
a

)
· Bm cos

(
mπ

y
b

)
(103)

the pressure can be found as

p(r, θx, θy) = jρck
ejkr

2πr ∑
n,m

AnBm

b∫
−b

a∫
−a

cos
(

nπ
x
a

)
cos

(
mπ

y
b

)
ejkxxejkyydxdy

= jρckS
ejkr

2πr ∑
n,m

AnBmGn(ka sin θx) · Gm(kb sin θy) (104)

where

Gn(x) = (−1)n x sin(x)
x2 − (nπ)2

An and Bm can be found from the velocity profile as

An =

a∫
−a

u(x) cos
(nπx

a

)
dx (105)

Bm =

b∫
−b

u(y) cos
(mπy

a

)
dy (106)

But when the modal amplitudes already are known from the modal
propagation through the horn, we have

AnBm = anbmu(n, m) (107)

where

an =

1 n = 0
√

2 n > 0
(108)

bm =

1 m = 0
√

2 m > 0
(109)
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and u(n, m) are the modal velocity amplitudes.
The mouth velocity profile given in Eq. (103) corresponds to the

mode functions for a symmetric duct. For an asymmetric duct, the
integration limits have to be changed.





3
I M P L E M E N TAT I O N

The MPM for rectangular horns is implemented in Matlab [62] in much
the same way as for axisymmetric horns, described in [11, 12], and
is basically a straightforward implementation of the equations in the
previous chapter.

3.1 modal radiation impedance

The calculation of the modal radiation impedance requires the cal-
culation of an oscillatory double integral that becomes more and
more expensive to evaluate as the mode number increases, and as
frequency increases beyond ka = 1. Another challenge with both
the radiation impedance and the rest of the MPM calculations, is that
the total number of modes increases as 4th power of the number of
modes in each direction. Thus 8 modes in each direction results in a
64× 64 matrix, and 4096 modal radiation impedance values to com-
pute for each frequency. Thankfully, the matrix is symmetric, but
that still leaves 2080 values to be computed. With 16 modes in each
direction, 32896 values must be computed.

Due to these issues, it was decided to precompute the radiation
impedance for a set of modes and a set of frequencies, for a square
duct. For the ordinary computations, the impedance values will be
interpolated between the frequencies used in the calculations. All
horns investigated in this thesis will therefore have a square mouth.

Several methods were tried to increase the speed of the computa-
tions. The Matlab Parallel Computing toolbox was used, and Andreas
Asheim provided a fast numerical integration algorithm based on the
Method of Steepest Descent (MSD) [63], giving high speed and high
accuracy for high ka values. Since the accuracy increases with ka,
other methods have to be used at low frequencies. The integration is
performed with the Matlab function dblquad, where the quadgk func-
tion is supplied as the integration algorithm. As frequency and mode
number rise, the integrand becomes increasingly oscillatory, and the
computation time lengthens. When the computation time starts in-
creasing rapidly, results are compared to the results of the MSD algo-
rithm, and if the result is sufficiently accurate, this method is used
for the subsequent computations. The algorithms used are listed in
the appendix.

Figure 8 shows how the two methods compare. The case is a sym-
metrical rectangular duct with a = 1, b = 2, n = (1, 2) and m = (2, 1).
The transfer to the MSD algorithm happens at k = 14.2, showing a
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markedly reduced, and constant, computation time compared to the
standard method.

10−1 100 101 10210−2

10−1

100

101

k

ti
m

e
[s

]

dblquad/quadgk

Using MSD for high frequencies

Figure 8: Calculation times for the two methods used computing the radia-
tion impedance

Even with the MSD, the computation of 16× 16 modes for the sym-
metrical case took 7 days 11 hours 17 minutes on a 8-core computer.
16× 16 modes for the asymmetric case took around 36 hours, since
the actual highest mode number is only half of that for the symmet-
ric case (16× 16 asymmetric modes corresponds to 8× 8 symmetric
modes, since half of the symmetric modes are zero).

A more efficient way to calculate the radiation impedance, for in-
stance by doing the calculations in the time domain, would be re-
quired if the MPM is to be feasible for the general rectangular horn,
since the radiation impedance for a large number of different aspect
ratios would be needed.

A couple of alternative methods were tried, before settling on the
MSD algorithm. One method consisted of transforming Eq. (78) to
polar coordinates. The other method used a Fourier transform of
the near-field pressure distribution for each velocity mode. These
methods gave either no gain in computation time, or had excessive
memory requirements and scaling problems. They are considered
outside the scope of this work, and will not be described further.

A few examples of modal radiation impedances are given in Fig-
ure 9 and Figure 10, for a square baffle with symmetrical modes. Fig-
ure 9 shows the “inter-modal” coupling, i.e. the coupling between
velocity modes and pressure modes with the same mode numbers.
The higher the mode numbers, the higher the peak, and the higher
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in frequency the peak occurs. Also, the curve is smoother, with the
ripple magnitude decreasing for the higher modes.

Figure 10 shows a few examples of cross-modal impedances, that
couple one velocity mode to a different pressure mode. These
impedances are significant only over a limited frequency range, and
are smaller in magnitude than the inter-modal impedances. As the
difference between the velocity pattern and the pressure pattern in-
creases, i.e. the mode numbers differ more than in the examples
given, the coupling is even weaker. Typically the peaks are at least
three orders of magnitude lower than the asymptotic impedance for
inter-modal coupling.

Since the largest number of entries in the radiation impedance ma-
trix is made up from cross-modal impedances, these constitute a large
part of the computational cost. When these, in addition, are very
small in magnitude except over a small frequency range, it would
be logical to find ways to avoid computing these impedances, or to
make approximations. This has, however, been considered beyond
the scope of this work.
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(2,2)(2,2) Resistance
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(1,3)(1,3) Resistance
(1,3)(1,3) Reactance

Figure 9: Modal radiation impedance, velocity modes and pressure modes
have the same mode numbers
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Figure 10: Cross-modal impedances. Shows the coupling between modes
where the mode numbers of the pressure and velocity modes
differ

3.2 bend modes

As presented in section 2.4.1, the angular wavenumber is found from
solving for kϕ in the dispersion relation:

g′ = J′kϕ
(krR1)Y′kϕ

(krR2)− J′kϕ
(krR2)Y′kϕ

(krR1) = 0 (110)

The derivatives of Bessel functions are given as

Z′ν(z) = −Zν+1(z) +
ν

z
Zν(z) (111)

where Zν is a general Bessel function of order ν.
The dispersion relation is plotted in Figure 11 as a function of real

order ν = kϕ for real arguments kr, R1 and R2. The ordinate range is
limited to [-1,1] in order to show the zero-crossings more clearly. The
value of Eq. (110) increases exponentially, and for the case shown,
reaches 2 · 1019 for ν = 50. As can be seen, there is a finite number of
real zeros.

An algorithm for finding the roots of Eq. (110) was described by
Osborne [31]. The idea was to compute Eq. (110) for a number of trial
values, and then search for the roots. The algorithm outlined was
tried, but did not produce successful results.

Another algorithm by Sorolla et al. [46] was also tried, but this
algorithm did not produce successful results either.
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Figure 11: The dispersion relation as function of ν

kϕ

9.9825

13.1324

15.4665

18.2794

21.3817

24.8541

28.9510

34.8383

Table 2: The ν−zeros for the case plotted in Figure 11

Instead, an algorithm was written that first brackets the roots by the
method given in [64], followed by the Matlab function fzero for each
of the subranges containing a root. By supplying enough bracketing
intervals, this method succeeded in finding all the real roots.

An approximation for high and imaginary wavenumbers is given
by Cochran [54], as presented in section 2.4.2. However, this approxi-
mation is only valid for fairly high wavenumbers, and cannot be used
universally.

Figure 12 shows how Cochran’s approximation approaches the true
value of Eq. (110) for high values of ν. The functions are plotted
as y = sgn(g′) · log10(|=(g′)|), since the magnitude of g′ increases
exponentially. The approximation has the same general shape as the
true function, and becomes better for lower values of kϕ.
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Figure 12: Comparison of the true value of Eq. (110) and Cochran’s approxi-
mation for imaginary ν

There seems to be some numerical noise for ν < 5, perhaps due to
the way Eq. (110) is implemented for imaginary ν.

To find the general imaginary roots, algorithms for calculating
Bessel functions of imaginary order are necessary. However, these are
not generally available. Matlab can give Bessel functions of real order
with complex arguments using an algorithm by Amos [65], and cor-
responding algorithms are given by Zhang [66] and Press et al. [64].
Morgan [67] tabulates Bessel functions of imaginary order, computed
by direct numerical integration of the differential equation, but tables
are not very practical for the problem at hand.

Various relations and approximations are given by Dunster [68].
Matyshev and Fohtung [69] present methods for calculating the func-
tions, but these were not implemented.

The Bessel function Jν(z) is given by the series expansion

Jν(z) =
∞

∑
m=0

(−1)m
( z

2

)2m+ν

m!Γ(m + ν + 1)
(112)

which is valid for all ν and z. Since none of the other algorithms
found could be implemented satisfactorily, this equation was directly
implemented. It was necessary to use a Gamma function from the
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Matlab Central [70], since the Gamma function in Matlab does not
take complex arguments. The sum was continued until the factor( z

2

)2m+ν /m!Γ(m + ν + 1) was less than 10−12. The factorial in the de-
nominator was calculated successively by keeping the previous 1/m!
term, and dividing by m.

The results were compared to Matlab’s built-in Bessel functions for
real ν, and to the values tabulated by Morgan, and the numerical
evaluations of Maple for imaginary and complex ν, and were found
to be sufficiently accurate.

3.3 horn contours and meshing

To compare MPM and BERIM, the same horn contour must be used in
both cases. It is necessary to generate identical horn contours for both
methods, in a simple an efficient way. To study rectangular horns in
BERIM, a full 3D triangular mesh of the horn is needed. This presents
a rather bigger challenge than the mesh for an axisymmetric horn,
which consists of only straight lines.

Most of the framework for generating contours for rectangular
horns had already been implemented in a software project named
HornCAD that the author has been working on for many years. This
Windows program can generate and simulate a wide variety of horn
contours, in addition to other loudspeaker configurations. The di-
mensions of the horns can be exported as a text file, and this text file
subsequently imported into Matlab for use with the MPM code.

Generating the 3D triangular mesh for the horn required some
more work. While there are several free and commercial software
packages for this task, like GiD [71], they can be hard to integrate with
the rest of the system, and may have expensive licences if meshes of
usable sizes are to be generated. To achieve a tight integration with
the software used in this project, custom code was used. The author
has not been able to find open code for 3D surface meshing, but there
are several algorithms available for 2D meshing. One package able
to generate very high quality 2D meshes is Triangle [72], which the
author has used on several occasions. It is also available as a DLL
file [73], which was incorporated into HornCAD and used to gen-
erate 3D surface meshes. An example of such a mesh is shown in
Figure 13. A structured mesh is generated for the horn walls, and
here Triangle is only used to connect the vertices into triangles. For
the horn mouth and throat, irregular meshes are generated, using
the Delaunay capability of Triangle. A mesh size giving at least 6

elements per wavelength is used.
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Figure 13: Example of surface mesh generated by HornCAD

3.4 berim

Even for low resolution meshes (2kHz mesh bandwidth), the number
of elements can be quite large. The horn mesh shown in Figure 13

has 3193 elements. Since Boundary Element based methods generate
full matrices, and since these matrices in the case of BERIM [10, 74]
are (n + 2m)× (n + 2m), where n and m are the number of elements
in the horn walls and the mouth opening, respectively, the solution
time can be excessive. In the axisymmetric case, the main part of the
computation time is used for the numerical integration, while for the
3D case, most of the time is used for solving the linear set of equations.
The large matrices are also challenging in terms of computer memory.

The code was therefore modified to allow symmetry. In addition
to integrating over each element with respect to each other element,
the mirror images of these other elements are also taken into account.
In the case of a quarter-symmetric horn, this reduces the required
number of elements in the mesh to one fourth, and since the solution
time of a set of N linear equation is of the order O(N3), the required
time is reduced by a factor of 64.
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In the study of the MPM for axisymmetric horns[11, 12], the method
was compared to the BERIM, a method that couples the BEM in the
interior to a Rayleigh integral solution in the exterior[74]. The BERIM

is ideally suited to simulate horns that are terminated in an infinite
baffle, and as such, is the perfect reference for the MPM.

In the following tests, unless otherwise stated, only one processor
core has been used. This is because the BEM/BERIM program that was
used has not been adapted to multiple cores, and it was desired to
make a realistic comparison of computation times. A more detailed
study of the computation times is given in the next chapter.

The horns studied are fairly large. At first it may be thought that
a study of smaller horns would be beneficial for reducing the mesh
size, but this would also move the frequency range of interest to a
higher frequency. This would again require a finer mesh. The size
of the horn in terms of the wavelength at the highest frequency of
interest, is what determines the mesh size.

In all the test cases, a reference solution from a BERIM simulation is
compared to the results from MPM using different numbers of modes.

4.1 symmetrical case

The first test case was a quarter-symmetric exponential horn with the
following parameters:

S th Throat area, 10cm², 3.16 × 3.16 cm.

Sm Mouth area, 1600cm², 40 × 40 cm.

Lh Horn length, 60cm.

The horn is shown in Figure 14.
The throat was given a normal velocity of 1m/s.
As a reference, the horn was simulated in 3D BERIM, at 75 frequen-

cies log-spaced in the range 200-2000Hz, with a mesh of 1203 nodes
and 2247 triangular elements. The mesh bandwidth was set to 2kHz
to avoid excessive memory requirements or computation times. Com-
putation time was 2 hours 43 minutes. The following figures will
compare the MPM to the reference BERIM simulation.

It was found that the normalized asymptotic throat impedance
level in the BERIM simulations was a little below one. So in all the
comparisons, the throat impedance and field point pressure of the
BERIM simulations have been multiplied by 1.03. The reason for also
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adjusting the radiated pressure is as follows: The throat impedance
is calculated from the pressure at the throat surface generated by the
throat velocity. Since this pressure is a little low, it was reasoned that
pressures at other locations would be offset by the same amount.

As can be seen from the results, the MPM compares favorably with
BERIM. At least for a simple horn geometry such as this, not very
many modes are needed below 2kHz.

Rectangular Horn
Vertical Expansion

Horizontal Expansion

10 cm

Figure 14: Profiles of symmetrical test horn

4.1.1 Throat impedance

The throat impedance of this horn is shown in Figure 15, for the BERIM

reference case, and for 2, 8 and 16 modes in each direction. The
three MPM simulations took 6.8 seconds, 5 minutes 21 seconds, and
approximately 1 hour 35 minutes respectively.

The results with 8 and 16 modes are almost identical, and both
differs just a little from the BERIM reference. For 2 modes, the first
impedance peak and the ripple amplitude, are both somewhat off,
and the higher frequency impedance peaks are also slightly mis-
placed.
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Figure 15: Throat impedance of the quarter symmetric test horn as a func-
tion of the number of modes

4.1.2 Pressure response

Figures 16, 17 and 18 show the pressure response with 2, 8 and 16

modes, respectively, for the test horn. The response is calculated at
0, 50 and 90 degrees off-axis at a 3 meters distance from the horn
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mouth, and is calculated by the two methods outlined in Section 2.7.
This is indicated in the legend by the letters RI for Rayleigh integral
and M for modal. The Rayleigh integral used simple midpoint rule
integration with 25 integration points in each direction.

The response is fairly accurate even for only two modes, up to
1kHz, except that the first resonance peak is slightly misplaced, and
the errors increase as we move off-axis.

For both 8 and 16 modes, the response is nearly indistinguishable
from the BERIM results.

The modal pressure calculation method has somewhat larger errors
than the Rayleigh integral, but this is because this method is a far-
field approximation. For larger distances, like 30m, the results are
practically identical with the Rayleigh integral results.
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Figure 16: Pressure response of the quarter symmetric test horn, 2 modes.
RI indicates that the Rayleigh integral is used in calculating the
pressure response (Eq. (102)), M indicates the modal method of
Eq. (104)
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Figure 17: Pressure response for 8 modes, otherwise as in Figure 16
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4.2 asymmetrical case

The horn is shown in Figure 19. It is identical to the symmetrical
horn, except for the asymmetry, which is 50% vertically at the mouth
in this case. 50% asymmetry means that of the increase in the total
height from the throat to the mouth, Hm − Hth, there is 50% more
increase upwards than downwards. 100% asymmetry would place
all the increase in the upward direction, and 0% symmetry would
place the increase equally upwards and downwards.

Rectangular Horn
Vertical Expansion

Horizontal Expansion

10 cm

Figure 19: Profiles of asymmetrical test horn

Other conditions are as for the symmetrical case.
Again as a reference, the horn was also simulated in 3D BERIM, at

75 frequencies log-spaced in the range 200-2000Hz, with a mesh of
2435 nodes and 4702 triangular elements. Computation time was 14

hours 38 minutes. The following figures will compare the MPM to the
reference BERIM simulation.

The four MPM simulations for 2, 4, 8 and 16 modes took 8.5 seconds,
30 seconds, 5 minutes 42 seconds and 1 hour 51 minutes 21 seconds,
respectively.

4.2.1 Throat impedance

The throat impedance of this horn is shown in Figure 20, for the BERIM

reference case, and for 2, 4, 8 and 16 modes in each direction.
For 2 modes, there is a clear difference, most of the impedance

peaks are misplaced, and the ripple amplitude is different. The dif-
ference is much larger than in the symmetrical case, and the reason
is most likely that no symmetrical modes are taken into account with
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a total of 2 modes. 4 modes is a clear improvement, it corresponds
to 2 symmetrical modes, and the error can be seen to be in the same
range as for 2 modes in the symmetric case. The results with 8 and
16 modes are almost identical, and both differ just a little from the
BERIM reference, except at the lowest frequencies. For all plots, it can
be seen that the resonance frequencies move closer to their real values
as the number of modes is increased.
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Figure 20: Throat impedance of the asymmetric test horn as a function of
the number of modes

4.2.2 Pressure response

Figures 21, 22 and 23 show the pressure response with 2, 4, 8 and 16

modes, respectively, for the test horn. The response is calculated at
vertical angles -70, 0 and +70 degrees off-axis at a 3 meters distance
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from the horn mouth. The Rayleigh integral used simple midpoint
rule integration with 100 integration points in each direction.

For 4 modes, the response is fairly close to the BERIM results, espe-
cially for on-axis response, and for positive angles (upward, where
the horn flares the most), up to about 1kHz. At negative vertical
angles, the differences are larger.

For both 8 and 16 modes, the response is very close BERIM results,
but not quite as close as for the quarter-symmetric case. Part of the
explanation is that 16 asymmetric modes correspond to only 8 sym-
metric modes, and a calculation including 32 modes would have to
be performed for an accurate comparison with the 16 mode quarter-
symmetric case.

It was also found that more integration points were required for
the evaluation of the Rayleigh integral in the asymmetric case. In the
examples 100 integration points were used, as 25 turned out to be too
few, see Figure 24. A better integration method, using for instance
Gauss-Legendre quadrature, would be beneficial.
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Figure 21: Pressure response in the vertical plane of the asymmetric test
horn, using the Rayleigh integral (Eq. (102))
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Figure 22: Pressure response for 8 modes, otherwise as in Figure 21
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Figure 23: Pressure response for 16 modes, otherwise as in Figure 21



4.2 asymmetrical case 49

102 103 104

86

88

90

92

94

96

98

100

102

104
Rayleigh Integral, Nint Variable

V

H

Frequency [Hz]

[d
B]

SPL at −70◦ Vertical, Asymmetric Horn, 16 Modes

BERIM
MPM, Nint = 200
MPM, Nint = 100
MPM, Nint = 50
MPM, Nint = 25

Figure 24: Variation in computed pressure response with varying number of
integration points in the Rayleigh integral. Please note the change
of vertical scale



50 results

4.3 “pinched” horn

This horn is designed to test the accuracy of the case where the horn
expands in one plane and contracts in the other. The profile is shown
in Figure 25. The vertical expansion is conical, forcing the horizon-
tal expansion to start with a contraction, a “pinched” part, to keep
the required area expansion. The horn is a Hypex horn [75] of the
same length and terminal dimensions as the previous cases. The area
expansion is given by

S(x) = Sth (cosh kcx + T sinh kcx)2 (113)

where kc is the cutoff wavenumber. In this example T = 0. This
produces a horn that expands slowly near the throat (the slope of
an axisymmetric horn would be zero at the throat), and slowly ap-
proaches the exponential horn profile. This horn type is also known
as a Catenoidal horn.

As a reference, the horn was also simulated in BERIM 3D, at 75

frequencies log-spaced in the range 100-2000Hz, with a mesh of 1259

nodes and 2353 triangular elements. Computation time was 2 hours
49 minutes. The following figures compare the MPM to the reference
BERIM simulation.

The four MPM simulations for 2, 4, 8 and 16 modes took 5.5 seconds,
21 seconds, 4 minutes 9 seconds and 1 hour 7 minutes 16 seconds,
respectively. This time, 75 frequencies were used, and the frequency
range was 100Hz to 2kHz as before.

Rectangular Horn
Vertical Expansion

Horizontal Expansion

10 cm

Figure 25: Profiles of a “pinched” horn
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4.3.1 Throat impedance

The throat impedance of this horn is shown in Figure 26, for the BERIM

reference case, and for 2, 4, 8 and 16 modes in each direction. As can
be seen, the results are not nearly as good as in the case where the
horn expands in both planes. This was at first surprising, and the
theory and implementation were checked to see if any errors had
been made. Investigations of the mathematics of the F-matrices for
this case, given in section 2.6.1 did not turn up any mistakes, neither
could there be found any problems in the implementation. It was
thought that the way the V-matrices are handled was suspect, so a
test case of an axisymmetric horn with both expansion and contrac-
tion was compared to BERIM. With 16 modes, the impedance curves
were overlapping up to 4kHz.

A new test was done in which the discretization of the horn into
straight segments was changed slightly, so that a segment where the
horn had both expansion and contraction was split into two segments,
one only expanding and one only contracting. This did not change
the outcome of the simulation.

It was not practical to test the MPM with more modes, as this would
require another time-consuming round of radiation impedance com-
putations. Since the computation time increases with mode number,
the extra modes would most likely take even longer than the first set.
But it can be seen that as the number of modes increase, the results
seem to converge to a value very close to the BERIM results above
400Hz. Below 400Hz, the results do not converge to the BERIM results,
but they do seem to converge. One reason could be that the contrac-
tion needs very many modes to converge to the BERIM results. It was
also thought possible that the BERIM results were inaccurate in this
frequency range, and that smaller elements were needed.

In order to test this, a simulation was run with a finer mesh, 2353

nodes and 4482 elements, for 75 frequencies between 250 and 400Hz.
This simulation took 16 hours 48 minutes, and the results are shown
as ’BERIM HR mesh’ in Figure 26. These results show that the narrow
part of the horn actually need more elements than dictated by the 6

elements per wavelength rule, even for low frequencies. What was
most surprising, was that the errors are largest in the low frequency
range. A view of the meshes near the throat is shown in Figure 27,
and it can be seen that the medium resolution mesh has a longer
part where there is only one triangle spanning the width of the horn.
It was unfortunately not possible, due to memory requirements (the
BEM/BERIM application was not able to handle more than 2GB of
memory), to run the simulation with a finer mesh. A different prob-
lem could have been defined, but there was not enough time to do
that.
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Figure 26: Throat impedance of the ’pinched’ test horn as a function of the
number of modes. ’BERIM, HR mesh” indicates the results from
using the higher resolution mesh in Figure 27b
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(a) Medium resolution BERIM
mesh

(b) Higher resolution BERIM
mesh

Figure 27: BERIM meshes
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4.3.2 Pressure response

Figures 28, 29 and 30 show the pressure response with 4, 8 and 16

modes, respectively, for the test horn, for the horizontal plane. Fig-
ures 31, 32 and 33 show the response for the vertical plane. The re-
sponse is calculated at angles of 0, 50 and 90 degrees off-axis in both
planes, at a 3 meters distance from the horn mouth. The Rayleigh
integral is used, with a simple midpoint rule integration using 50

integration points in each direction.
For 4 modes, the response is fairly close to the BERIM results in the

range 400-1000Hz, especially for on-axis response.
For both 8 and 16 modes, the response is very close BERIM results

above 400Hz. Clearly, the MPM converges to the BERIM results in this
frequency range. The deviations below 400Hz come to a large degree
from the difference in throat impedance. It is higher in the MPM case,
and consequently this results in slightly higher radiated power at
these frequencies.
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Figure 28: Pressure response (horizontal) of the ’pinched’ test horn.
Rayleigh integral computation of the radiated pressure
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Figure 29: Pressure response, 8 modes, horizontal, otherwise as Figure 28
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Figure 30: Pressure response, 16 modes, horizontal, otherwise as Figure 28
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Figure 31: Pressure response, 4 modes, vertical, otherwise as Figure 28
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Figure 32: Pressure response, 8 modes, vertical, otherwise as Figure 28
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Figure 33: Pressure response, 16 modes, vertical, otherwise as Figure 28
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4.4 curved ducts

The MPM has not been implemented for curved horns and ducts. But
as an example of how complex the sound field in a curved duct can
be, Figure 34 shows the real part of the pressure in a 180° bend ex-
cited with a plane pressure wave (Dirichlet boundary condition) at
the right end, and no reflected wave entering the far end. Inner ra-
dius is 0.2 m, outer radius 0.5 m, and k = 15. It is assumed that there
is no pressure variation in the z-direction. Under these conditions,
there are two propagating modes in the bend. Only the propagating
modes are included in the sound field.

A comparison was done, comparing this simulation with 2D BEM.
The input end of the bend was driven with a pressure release sur-
face, while the output end was terminated in a 1.0m long duct with
absorbing walls, to simulate an anechoic termination.

Since the visualizer in the BEM SW only shows the magnitude val-
ues at a dB scale, display of results from the modal method was
changed to logarithmic z-values, as shown in Figure 35. The results
from BEM are shown in Figure 36. The same magnitude range has
been used. The results are similar, but far from identical. Some of
the features of the sound field can be recognized, but not all. Since
the modal method does not include the evanescent waves, this may
be one reason for the discrepancy.
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Figure 34: Sound field in a bend (real part)
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Figure 35: Magnitude plot (in dB) of the sound field in Figure 34
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Figure 36: Magnitude plot (in dB) of the sound field in the same bend as
above, simulated in 2D BEM
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D I S C U S S I O N

5.1 computation times

The computation times for the tests are shown in Table 3. Results for
the “pinched” horn, scaled to 100 frequencies, are also included.

By scaling the computation times to 75 frequencies (since compu-
tation time increases linearly with the number of frequencies), the
results in Table 4 are produced. This table shows that the MPM with
16 modes is around 2 times faster than BERIM in the symmetrical case,
but nearly 8 times faster in the asymmetrical case. If the horn had not
had any symmetry plane, the gain would have been even larger. This
does not take into account the fact that for the same accuracy as in the
symmetrical case, the asymmetrical case with the MPM would need 32

modes, increasing the computation cost considerably. As mentioned,
by doubling the number of modes in each direction, the matrices be-
come four times as large in each dimension. With the most basic
methods of matrix multiplication and inversion, both O

(
N3) oper-

ations, the theoretical increase in computational cost would be 64

times.
It can be seen that the increase is not as large as this for the exam-

ples given, when the number of modes is doubled. The main reason
for this, is the overhead in computing the F-matrices and interpolat-
ing the radiation impedance.

There is no way to simply exploit half-symmetry, as is possible in
general mesh-based methods like BERIM.

A series of calculations, using the symmetric horn test case, 75

frequencies and the frequency range 200-2000Hz for easy comparison
with BERIM, was made. Throat impedance and on-axis response were
calculated for different numbers of modes. The computation times
as a function of Nmodes for the symmetric case are shown on a log-log
scale in Figure 37. In addition to the times for the various parts of

Symmetric H. Asymmetric H. Pinched H. P.H., scaled

BERIM 02:43:00 14:38:00 2:49:29 —

2 modes 00:00:06.8 00:00:08.5 00:00:05.5 00:00:07.3

4 modes — 00:00:30 00:00:21 00:00:28

8 modes 00:05:21 00:05:42 00:04:09 00:05:32

16 modes 01:35:00 01:51:21 01:07:16 01:29:42

Table 3: Comparison of computation times

61
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Symmetric H. Asymmetric H. Pinched H. P.H., high res.

BERIM 02:43:00 14:38:00 02:49:29 16:47:59

2 modes 00:00:05.2 00:00:06.4 00:00:05.5

4 modes — 00:00:22 00:00:21

8 modes 00:04:01 00:04:17 00:04:09

16 modes 01:11:15 01:23:31 01:07:16

Gain, 16 m. 2.29 7.89 2.03 15.0

Table 4: Comparison of computation times, scaled to 75 frequencies
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Figure 37: Computation times as a function of Nmodes

the algorithm, the total time, and a line corresponding to a constant
times N4 are plotted. It can be seen that in the range N = 5 . . . 16, the
slopes of most of the curves correspond to this line.

The main part of the computation time is the propagation of the
radiation impedance back to the throat. For few modes, the com-
putation of the radiation impedance and propagation of the volume
velocity is a large part of the cost. With increasing number of modes
the computation of the F-matrices becomes an increasingly important
component, but this part is dependent on how many frequencies are
computed. Since these matrices are computed only once, the compo-
nent will still be relatively small in the case when many frequencies
are used.

It can be seen that there is a slight increase of slope for the com-
putation time for the impedance near the end of the line, compared
to the straight N4 line. This may indicate that for higher orders, the
computation time increases even faster.
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5.2 accuracy

No detailed study of the accuracy of the method has been made, but
a few comparisons can be made on the basis of data gathered in the
timing experiment mentioned above. Two comparisons are made,
and for both cases both the mean and maximum errors in response
and throat impedance over the 200-2000Hz range are calculated.

In the first case, the results are compared to the results for 16 modes.
There is a steady decline, with no indication of leveling out. The de-
crease is largest for the first 3–4 modes, for more modes the improve-
ment for each added mode is less. Figure 38a and Figure 39a show
the results for impedance and on-axis response.

When the results are compared to BERIM, the results show a con-
vergence, although not complete, towards the BERIM results. Results
indicate that for the frequency range considered, 8 modes are enough
for a 0.3dB maximum error in response and 3% maximum error in
throat impedance.

That the errors level out instead of decreasing to zero, may indicate
that the BERIM mesh is too coarse also in this case, as was the case
with the “pinched” horn in Section 4.3.

While MPM may require many modes for high accuracy, BERIM also
requires a fine mesh for the same accuracy. The advantage of MPM

is that the accuracy is also acceptable for relatively few modes, like
8, in which case the solution time is merely a few minutes. The N4

increase in computation time makes it hard to obtain very high accu-
racy without high cost, but it is easy to obtain fair accuracy in a short
time.
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Figure 38: Impedance error as function of the number of modes, mean and
maximum
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Figure 39: Error in on-axis pressure response as function of the number of
modes, mean and maximum
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5.3 memory requirements

The MPM is an easily scalable model with good accuracy. However,
with the sizes of the matrices, the number of elements also increasing
as N4, most of them also of the complex double precision data type,
memory requirements can be taxing for MPM. For 16 × 16 modes,
this amounts to 1GB of storage for each matrix. In practice, several
matrices have to be kept in memory at the same time. The practical
limit on a computer with 8GB RAM turned out to be 24× 24 modes.

Similar memory requirements do of course also apply to BERIM, but
the memory requirements do not grow quite as fast.

5.4 suggestions for further work

The problem of modal propagation in curved ducts poses some nu-
merical challenges. This section describes further work that must be
completed before curved horns can be simulated by this method.

5.4.1 Riccati equation

The method used by Felix and Pagneux, outlined in section 2.4.5,
requires integration of a Riccati impedance equation. This equation,
reproduced here as Eq. (114), is in matrix form.

Z′ = −jkB− 1
jk

Z(C + KB)Z (114)

Matlab has two built-in functions for integrating ordinary differen-
tial equations (ODEs), ode23 and ode45, which both use the Runge-
Kutta method to different orders. These methods can, however, not
be used, because it is necessary to implement the integration in ma-
trix form. The matrices cannot be integrated term by term, due to
the modal coupling throughout the duct. The coupling has to be
taken into account at each step of the integration, and the resulting
impedance matrix stored for future propagation of velocity. Felix and
Pagneux advocate the use of a Runge-Kutta method with adaptive
step size [27].

In addition, a fixed step size integration of the velocity differential
equation through the bend must be performed. This requires another,
different implementation of the Runge-Kutta method in matrix form.

5.4.2 Reference solution

A reference solution for a curved horn is necessary to test the method.
While a method to create curved horns has been included in Horn-
CAD, the meshing of this geometry has not yet been implemented.
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An alternative is to do the simulation in Comsol. But to make the
same geometry in Comsol as would be used for the modal method,
some way of importing the geometry into Comsol will be required.

5.4.3 Other suggestions

The accuracy of the method, as applied to rectangular horns, should
be studied in detail. This has been done for axisymmetric horns,
but in the case of rectangular horns there is an additional degree of
freedom that may reduce the gain in speed over BERIM found for the
axisymmetric case.

There is currently no way to directly calculate the far-field radiated
pressure from the mouth velocity mode amplitudes for asymmetric
horns. This is yet another suggestion for future work.

Better integration methods for the Rayleigh integral (like Gauss-
Legendre quadrature) also need to be implemented. The Rayleigh
integral is important when calculating the near field pressure.

Apart from this, the same suggestions apply as for the axisymmet-
ric case, and will be repeated here:

A reformulation of the method could in some cases be useful, and
would perhaps also speed up the calculations. If the matrices for each
element and discontinuity could be combined in a way that related
pressure and volume velocity at the throat to pressure and volume
velocity at the mouth, the throat impedance could be quickly com-
puted (by a single matrix multiplication) for any radiation impedance,
without recalculating the horn. In the same way, the mouth volume
velocity could be computed for any throat volume velocity, without
having to propagate it through each element of the horn. This would
also significantly reduce storage requirements, as the present method
requires the impedance matrix at all points in the horn to be stored,
for all frequencies. For detailed simulations, it is quite possible to
run out of memory. This is especially true for rectangular horns, as
the number of modes is the square of the number of modes required
in the axisymmetric case. In the axisymmetric case, the impedance
matrix was first calculated for the entire horn for all frequencies, then
the volume velocity was propagated from throat to mouth. Due to
memory limitations, the implementation of the rectangular case had
to consider one frequency at a time, first computing the impedance
matrix for one frequency, then the volume velocity. However, Felix
and Pagneux [27] point out that this reformulation is not numeri-
cally stable due to the evanescent modes. The presence of the evanes-
cent modes is the main reason for computing the impedance matrix
through the horn first.

Further work on the method should also look into more reliable
ways to compute the maximum size of the elements for a given con-
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tour, and the maximum number of modes that can be used for a given
element size.



6
C O N C L U S I O N

In this project, the Modal Propagation Method (MPM) has been in-
vestigated for straight and curved rectangular horns.

The basic method had previously been implemented for axisym-
metric geometries, and it was desired to extend the technique to
rectangular and curved geometries. In the process of extending the
method to curved geometries, asymmetry of rectangular horns had
to be taken into account. This work is new. Also new is the extension
to horns expanding in one plane and contracting in the other.

Comparisons with BERIM show good agreement, both in terms of
throat impedance and radiated pressure, except near cutoff for cer-
tain cases. Particularly horns with an expansion in one plane and a
contraction in the other, and with a very thin part, had some devi-
ation that appears to be caused by a too coarse mesh in the BERIM

simulation. This observation is interesting, in that it indicates that
for certain horn geometries, BERIM is not accurate enough even at low
frequencies. The very fine mesh that is required to overcome this
problem, with the resulting increase in computation time, gives the
MPM a definite advantage over BERIM.

In general, the MPM shows a markedly higher speed than full 3D
BERIM. The gain is large for asymmetric horns, where BERIM requires
a much larger mesh than for symmetric horns. Still, MPM would
require more modes for certain geometries, which reduces the advan-
tage again, as the computation time increases approximately as N4,
where N is the number of modes in each direction.

Computation of the modal radiation impedance of a rectangular
duct has been performed for the simplified case of a square duct.
The resources required to perform the computation were rather larger
than expected, and the author is indebted to Andreas Asheim for
the Matlab code for performing double integrals by the Numerical
Method of Steepest Descent. This probably saved many hours (or
even days) of computation time.

As has been shown, the mathematics describing modal sound prop-
agation in duct bends is complicated, and there are considerable chal-
lenges in the implementation. These come partly from the mathe-
matical difficulties, and partly from the lack of available numerical
routines, for instance for Bessel functions of imaginary order.

So while the MPM has not been fully implemented for the curved
horn case, the following is work considered to be of value:

• Extension of the MPM to asymmetric rectangular horns
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• Extension of the MPM to quarter symmetric horns expanding
in one direction and contracting in the other (this is easily ex-
tended to asymmetric horns)

• Application of the method of steepest descent to compute an
oscillatory double integral, to the radiation impedance matrix

• A literature search on modal descriptions of bends in rectangu-
lar ducts, which also revealed that work is currently being done
in this field in both quantum mechanics and electromagnetics.

• A literature search on the computation of Bessel functions of
imaginary order, and on the computation of roots of the disper-
sion relation

It is hoped that the literature study will be of value for further re-
search on this topic. It is also hoped that the work done on symmetric
and asymmetric rectangular horns can be useful for fast simulation
of these types of horns.
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A
F - M AT R I X F O R A N A S Y M M E T R I C R E C TA N G U L A R
D U C T

The derivation of the F -matrix for asymmetric rectangular ducts will
be given here.

a.1 the case n x = 0 , m x > 0

For a general duct discontinuity, we have the width of the first duct
going from a 1− to a 1+ , the second duct goes from a 2− to a 2+ . The
eigenfunctions will be

φ n x =

 1 : n x = 0
√

2 c o s
(

n x π ( x− a− )
a +− a−

)
: n x > 0

(115)

We get for the X matrix, n x = 0 , m x > 0:

X n x m x =
1

a 1+ − a 1−

a 1+∫
a 1−

√
2 c o s

(
m x π ( x − a 2− )

a 2+ − a 2−

)
d x (116)

=

√
2

a 1+ − a 1−

[
a 2+ − a 2−

m x π
s i n

(
m x π ( x − a 2− )

a 2+ − a 2−

)] a 1+

a 1−

(117)

=
a 2+ − a 2−
a 1+ − a 1−

×
√

2
m x π

[
s i n

(
m x π

a 1+ − a 2−
a 2+ − a 2−

)
− s i n

(
m x π

a 1− − a 2−
a 2+ − a 2−

)]
(118)

Using the identity s i n A − s i n B = 2 s i n 1
2 ( A − B ) c o s 1

2 ( A +

B ) we get
1
2
( A − B ) =

π m x

2
· a 1+ − a 1−

a 2+ − a 2−

1
2
( A + B ) =

π m x

2
·
(

a 1+ + a 1− − 2 a 2−
a 2+ − a 2−

)
We then define

β x , t =
α 1

α 2
=

a 1+ − a 1−
a 2+ − a 2−

(119)

β x , a =
a 1+ + a 1− − 2 a 2−

α 2
(120)

so we can write X n x m x as

X n x m x =
√

2sinc
( m x π

2
β x , t

)
c o s

( m x π

2
β x , a

)
(121)
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a.2 the case n x > 0 , m x > 0

Now the integral becomes

Xnxmx =
1

a1+ − a1−

a1+∫
a1−

2 cos
(

nxπ(x− a1−)
a1+ − a1−

)
cos

(
mxπ(x− a2−)

a2+ − a2−

)
dx

(122)
which can be transformed to

Xnxmx =
1

a1+ − a1−

a1+∫
a1−

{
cos

(
nxπ(x− a1−)

a1+ − a1−
+

mxπ(x− a2−)
a2+ − a2−

)

+ cos
(

nxπ(x− a1−)
a1+ − a1−

− mxπ(x− a2−)
a2+ − a2−

)}
dx (123)

In the following, let
α1 = a1+ − a1−

α2 = a2+ − a2−

Xnxmx =
α2

π

[
(nxα2 −mxα1)

−1

× sin
(

π

α1α2
((nxα2 −mxα1)x− (nxa1−α2 −mxa2−α1)

)
+ (nxα2 + mxα1)

−1 (124)

× sin
(

π

α1α2
((nxα2 −mxα1)x− (nxa1−α2 + mxa2−α1)

)]a1+

a1−

Inserting the limits and ordering by denominator:

Xnxmx =
α2

π(nxα2 −mxα1)

[
sin
(

π

α1α2
((nxα2 −mxα1)a1+ − (nxa1−α2 −mxa2−α1)

)
− sin

(
π

α1α2
((nxα2 −mxα1)a1− − (nxa1−α2 −mxa2−α1)

)]
+

α2

π(nxα2 + mxα1)

[
sin
(

π

α1α2
((nxα2 −mxα1)a1+ − (nxa1−α2 + mxa2−α1)

)
− sin

(
π

α1α2
((nxα2 −mxα1)a1− − (nxa1−α2 + mxa2−α1)

)]
(125)

Again using sin A− sin B = 2 sin 1
2 (A− B) cos 1

2 (A + B) with

A =
1

α1α2
((nxα2 −mxα1)a1+ − (nxa1−α2 −mxa2−α1)

B =
1

α1α2
((nxα2 −mxα1)a1− − (nxa1−α2 −mxa2−α1)
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for the first pair gives

A− B = n−m
α1

α2

A + B = n−m
a1+ + a1− − 2a2−

α2

For the second pair,

A =
1

α1α2
((nxα2 −mxα1)a1+ − (nxa1−α2 + mxa2−α1)

B =
1

α1α2
((nxα2 −mxα1)a1− − (nxa1−α2 + mxa2−α1)

gives

A− B = n + m
α1

α2

A + B = n + m
a1+ + a1− − 2a2−

α2

As before,

βx,t =
α1

α2
=

a1+ − a1−
a2+ − a2−

(126)

βx,a =
a1+ + a1− − 2a2−

α2
(127)

Combining these factors, gives

Xnxmx = sinc
(π

2
(n−mβx,t)

)
cos

(π

2
(n−mβx,a)

)
+ sinc

(π

2
(n + mβx,t)

)
cos

(π

2
(n + mβx,a)

)
(128)

This expression has also been checked numerically against direct
numerical integration of (122).





B
B E S S E L F U N C T I O N S

When the wave equation is solved in cylindrical coordinates by sep-
aration of variables, the solution in the radial and angular directions
is described by a differential equation that can be written in the form
of Bessel’s differential equation [76, 66]

z2 d2W
dz2 + z

dW
dz

+
(
z2 + ν2)W = 0 (129)

where z is complex, and ν is a constant. If ν is not an integer, this
equation has the two linearly independent solutions

Jν =
∞

∑
m=0

(−1)m
( z

2

)2m+ν

m!Γ(m + ν + 1)
(130)

and

J−ν =
∞

∑
m=0

(−1)m
( z

2

)2m−ν

m!Γ(m− ν + 1)
(131)

Another linearly independent solution, which must be used if ν =

n is an integer (in which case J−n(z) = (−1)n Jn(z)), is

Yν =
Jν(z) cos νπ − J−ν(z)

sin νπ
(132)

Jν(z) is called the Bessel function of the first kind, while Yν(z) is
called the Bessel function of the second kind, sometimes also referred
to as the Neumann function Nν(z). The solution to Eq. (129) can be
either a linear combination of Jν(z) and J−ν(z), or of Jν(z) and Yν(z).

A set of combinations of Jν and Yν that are useful for wave func-
tions, are the Hankel functions of the first and second kind:

H(1)
ν (z) = Jν(z) + iYν(z) (133)

H(2)
ν (z) = Jν(z)− iYν(z) (134)

These functions must be used in the case where the boundary condi-
tions in the duct are not purely Neumann or Dirichlet.

If we let z→ iz, Eq. (129) becomes

z2 d2W
dz2 + z

dW
dz
−
(
z2 + ν2)W = 0 (135)

which is known as the modified Bessel’s equation, and its solutions
are the modified Bessel functions Iν(z), I−ν(z) and Kν(z), and a com-
plete solution is formed as in the previous case as a linear combina-
tion of either Iν(z) and I−ν(z), or Iν(z) and Kν(z).
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In the case when both z and ν are purely imaginary, Eq. (129) be-
comes [67]

z2 d2W
dz2 + z

dW
dz
−
(
z2 − ν2)W = 0 (136)

Regardless of order and argument, Eq. (130) is valid, and can be
used as a reference for testing other approximations.
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Note: the functions PlaceFigures and besselzero can be downloaded from the Matlab
Central.

Only the first listing has the full file header. For subsequent listings, the licence text and
the function name at the start of the header has been hidden, to save space.

Functions that are common to the axisymmetric code are not listed, but can be found in
[11, 12].

Functions specific to the rectangular horn code start with MPM_REC (symmetric) or
MPM_RECA (asymmetric).

c.1 main functions

Complete code for simulating a rectangular horn. Includes comparison with BEM results.

Listing 1: RectHornCalc.m

1 %RectHornCalc
2 %
3 % This file contains sample code showing how the MPM toolbox can be used
4 % to calculate the performance of a rectangular horn exited by a plane wave
5 % at the throat.
6 % The horn contour is imported from a text file containing the dimensions,
7 % and cast into the form of a stepped duct. Next, the modal radiation
8 % impedance at the mouth is interpolated from precalculated values.
9 % Following this, the throat impedance, and the modal impedances throughout

10 % the horn are calculated. This data is then used in the propagation of
11 % velocity from throat to mouth. The mouth velocity is used to compute the
12 % resulting pressure in the free field, using the Rayleigh integral.
13 %
14 % See Hints.m for hints on usage.
15 %
16 % −−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−− ...

−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−
17 % This file is part of the Modal Propagation Method (MPM) Toolbox by Bjørn ...

Kolbrek.
18 %
19 % The MPM Toolbox is free software: you can redistribute it and/or modify
20 % it under the terms of the GNU General Public License as published by the ...

Free Software
21 % Foundation, either version 3 of the License, or (at your option) any ...

later version.
22 %
23 % The MPM Toolbox is distributed in the hope that it will be useful,
24 % but WITHOUT ANY WARRANTY; without even the implied warranty of ...

MERCHANTABILITY or FITNESS
25 % FOR A PARTICULAR PURPOSE. See the GNU General Public License for more ...

details.
26 %
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27 % You should have received a copy of the GNU General Public License along ...
with the

28 % MPM Toolbox. If not, see <http://www.gnu.org/licenses/>.
29 % −−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−− ...

−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−
30 %
31 % see also Hints, MPM_Horndemo2, MPM_AShorncoord, MPM_refinecoords, ...

MPM_makesteps,
32 % MPM_ASbaffledradzmatrix, MPM_getimpedances, MPM_makebigfmat,
33 % MPM_getmouthvolvel, MPM_getfieldpointpressures
34 % % Test of rectangular horn simulation
35

36 testno = 1;
37

38 N = 2; %maximum number of modes in each direction
39

40 if testno == 2
41 % text file containing horn dimensions
42 filename = 'horns\RectAsymTesthorn1.txt';
43 t = 'Asymmetric';
44 else
45 % text file containing horn dimensions
46 filename = 'horns\QsymHorn1.txt';
47 t = 'Quarter symmetric';
48 testno = 1;
49 end;
50

51 % simulation parameters
52 fmin = 200; %lower frequency
53 fmax = 10000; % upper frequency
54 Nf = 150; % number of frequencies
55 %N = 2; %maximum number of modes in each direction
56 c = 344; %sound speed
57 rho = 1.205;% air density
58

59 % read coordinates from text file
60 [horncoords, Nsteps, geomtype] = MPM_readHornDims(filename);
61 % make steps
62 horncoords = MPM_makesteps(horncoords);
63 % plot profile
64 figure(1);
65 if (geomtype==1)
66 plot(horncoords(:,1),horncoords(:,2),horncoords(:,1),horncoords(:,3));
67 ylim([0,1.1*max(max(horncoords(:,2)), max(horncoords(:,3)))]);
68 legend('Width','Height','location','northwest');
69 elseif geomtype==2
70 plot(horncoords(:,1),horncoords(:,2),'b',horncoords(:,1),horncoords(:,4),...
71 'r',horncoords(:,1),horncoords(:,3),'b',horncoords(:,1),horncoords(:,5),'r');
72 %ylim([0,1.1*max(max(horncoords(:,2)), max(horncoords(:,3)))]);
73 legend('Width', 'Height','location','northwest');
74 end;
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75 xlabel('z axis [m]');
76 ylabel('Height or width [m]');
77 title([t ' Horn profile']);
78 axis equal;
79 %%
80 freq = logspace(log10(fmin), log10(fmax), Nf);
81 k = 2*pi*freq/c;
82

83 t00 = tic;
84 % calculate radiation impedance matrix
85 disp(['Calculating radiation impedance']);
86 %load Zmat.mat;
87 %Zmat = Zmat(1:N^2,1:N^2,:);
88 if geomtype==1
89 am = horncoords(end,2);
90 bm = horncoords(end,3);
91 Sm = am*bm*4;
92 St = 4*horncoords(1,2)*horncoords(1,3);
93 Zmat = MPM_RECbaffledradzmatrixIntp(k, rho, c, am, bm, N);
94 elseif geomtype==2
95 am = horncoords(end,3)−horncoords(end,2);
96 bm = horncoords(end,5)−horncoords(end,4);
97 Sm = am*bm;
98 St = (horncoords(1,3)−horncoords(1,2))*(horncoords(1,5)−horncoords(1,4));
99 Zmat = MPM_RECAbaffledradzmatrixIntp(k, rho, c, am, bm, N);

100 end;
101 % save('Zmat.mat','Zmat')
102

103

104 toc(t00);
105 disp(['Calculating F−matrices']);
106 BigF = MPM_makebigfmat(N, horncoords, 0,geomtype);
107 toc(t00);
108 %%
109 disp(['Calculating horn impedance']);
110 Z00mat = [];
111 Ztmat = zeros(N^2,N^2,Nf);
112 U0 = zeros(N^2,1); %plane wave at throat
113 U0(1) = 1*St; %unit velocity at throat (not volume velocity)
114 Umouth = zeros(N^2,Nf);
115 for ii = 1:Nf
116 disp(['Calculating k = ' num2str(k(ii)) ' (' num2str(ii/length(k)*100) ...

'%)']);
117 BigZ = MPM_getimpedances(k(ii), horncoords, 0, squeeze(Zmat(:,:,ii)), ...

BigF, rho, c, geomtype, false);
118 Umouth(:,ii) = MPM_getmouthvolvel(k(ii), horncoords, U0, 0, BigZ, BigF, ...

rho, c, geomtype);
119 Ztmat(:,:,ii) = squeeze(BigZ(:,:,1,:));
120 end;
121 ttot = toc(t00);
122 toc(t00);



C.1 Main Functions 91

123

124 Z00mat = squeeze(Ztmat(1,1,:));
125 Z00mat = St/(rho*c)*Z00mat;
126

127 clear BigZ; % free memory
128

129

130 %% Field point response
131

132 % Uncomment code below to read results from BEM simulation
133 % usecoords = [17 19];
134 % groupno = 2;
135 % fpdata = readFPdata('horns\RectAsymTesthorn1FPData.txt');
136 % fpcoords = fpdata(groupno).coords(usecoords,:);
137 % fpcoords(:,3) = fpcoords(:,3)−0.6;
138 % pbem = 1.03*fpdata(groupno).data.';
139

140 % create field points
141 angH = linspace(0,90,10)';
142 angV = angH;
143 rFP = 3;
144

145 x = rFP*sin(angH*pi/180);
146 z = rFP*cos(angH*pi/180);
147 y = 0*x;
148

149 fpH = [x y z];
150

151 y = rFP*sin(angV*pi/180);
152 z = rFP*cos(angV*pi/180);
153 x = 0*y;
154

155 fpV = [x y z];
156

157 vm = Umouth/Sm;
158 % pextm = MPM_RECmodalradiatedpressure(k, horncoords(end,2), ...

horncoords(end,3), vm, fpcoords, rho, c);
159 pextH = MPM_getfieldpointpressures(k, Umouth, fpH, horncoords(end,:), 50, N, ...

rho, c, geomtype);
160 pextV = MPM_getfieldpointpressures(k, Umouth, fpV, horncoords(end,:), 50, N, ...

rho, c, geomtype);
161 figure(2);
162 semilogx(freq, 94+20*log10(abs(pextH)), 'k−');%, freq, ...

94+20*log10(abs(pextm)), 'm−');
163 %semilogx(fpdata(groupno).fvec, 94+20*log10(abs(pbem(usecoords,:))), 'b', ...

freq, 94+20*log10(abs(pext)), 'k−');%, freq, 94+20*log10(abs(pextm)), 'm−');
164 xlim([fmin fmax]);
165 title('Horizontal Directivity');
166 figure(3);
167 semilogx(freq, 94+20*log10(abs(pextV)), 'b−');%, freq, ...

94+20*log10(abs(pextm)), 'm−');
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168 %semilogx(fpdata(groupno).fvec, 94+20*log10(abs(pbem(usecoords,:))), 'b', ...
freq, 94+20*log10(abs(pext)), 'k−');%, freq, 94+20*log10(abs(pextm)), 'm−');

169 xlim([fmin fmax]);
170 title('Vertical Directivity');
171 %title(fpdata(groupno).title);
172 % legend('−70','0','70');
173

174 pext0 = pextH(1,:);
175 pext0 = pext0(ones(length(fpH),1),:);
176 pextn = pextH ./ pext0;
177

178 figure(4);
179 contourf(freq, angH, 94+20*log10(abs(pextn)), 15);
180 set(gca, 'xscale', 'log');
181 ylabel('Degrees');
182 xlabel('Hz');
183 title('Polar map, Horizontal');
184 caxis([55 95]);
185 colorbar;
186

187 pext0 = pextV(1,:);
188 pext0 = pext0(ones(length(fpH),1),:);
189 pextn = pextV ./ pext0;
190

191 figure(5);
192 contourf(freq, angH, 94+20*log10(abs(pextn)), 15);
193 set(gca, 'xscale', 'log');
194 ylabel('Degrees');
195 xlabel('Hz');
196 title('Polar map, Vertical');
197 caxis([55 95]);
198 colorbar;
199

200 %%
201 figure(6);
202 semilogx(freq, real(Z00mat), 'k−', freq, imag(Z00mat), 'r−');%, freq, ...

real(Zsum), freq, imag(Zsum));
203 grid;
204 title([t ' Horn throat impedance']);
205

206 ylabel(['Normalized acoustic Z(' num2str(0) ',' num2str(0) ')']);
207 xlabel('Hz');
208 legend('R_{th}','X_{th}');%,'R_{thsum} (50%)','X_{thsum} (50%)');
209

210 %% Comparison with BEM results
211

212 % Uncomment code below to read impedance results from BEM simulation
213 % zdata = readZdata('horns\RectAsymTesthorn1_Zdata.txt');
214 % zdata.Z = zdata.Z * 1.03;
215 % figure(7);



C.2 Read Horn Dimensions 93

216 % semilogx(freq, real(Z00mat), 'k−', freq, imag(Z00mat), 'r−', zdata.fvec, ...
real(zdata.Z), zdata.fvec, imag(zdata.Z));

217 % grid;
218 % title('Horn throat impedance − Symmetric horn');
219 % ylabel(['Normalized acoustic Z(' num2str(0) ',' num2str(0) ')']);
220 % xlabel('Hz');
221 % legend('R_{th} MPM','X_{th} MPM','R_{th} BEM','X_{th} BEM');
222

223

224

225 %% Save the results
226

227 % create new file name and save
228 iiV = find((filename=='\')|(filename=='.'));
229 matfn = filename(iiV(1)+1:iiV(2)−1);
230

231 matfn = [matfn '_' num2str(N) 'M.mat'];
232

233 save(matfn); �
c.2 read horn dimensions

Function for reading the horn profile from a text file of dimensions. This was included
to be able to generate horns in HornCAD, instead of implementing all the required horn
geometry functions in Matlab.

Listing 2: MPM_readHornDims.m

1 % [horndims, n, geomtype] = MPM_readHornDims(fname)
2 %
3 % Reads horn dimensions exported from Horn Simulator.
4 % The file contains a header that determines the geometry,
5 % and a list of coordinates.
6 % The cordinate list is output in horndims.
7 % The columns are arranged as follows:
8 % For axisymmetrid horns:
9 % col 1 = length along horn (z)

10 % col 2 = radius (r)
11 % For rectangular, quarter symmetric horns:
12 % col 1 = length along horn (z)
13 % col 2 = width of horn, left (a+)
14 % col 3 = width of horn, right (b+)
15 % For rectangular horns:
16 % col 1 = length along horn (z)
17 % col 2 = width of horn, left (a−)
18 % col 3 = width of horn, right (a+)
19 % col 4 = height of horn, down (b−)
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20 % col 5 = height of horn, up (b+)
21 % (directions refer to the horn viewed from the mouth)
22 %
23 % Input parameters:
24 % fname : file name of the textfile
25 %
26 % Output parameters:
27 % horndims : the matrix containing the horn dimensions
28 % n : the number of elements
29 % geomtype : determines the geometry of the horn:
30 % 0 : axisymmetric (default)
31 % 1 : quarter symmetric rectangular
32 % 2 : asymmetric rectangular
33 % (no other geometries supported yet)
34

35 function [horndims, n, geomtype] = MPM_readHornDims(fname);
36 % reads horn dimensions exported from HornCAD
37 fid=fopen(fname, 'rt'); %open the file
38 if fid==−1
39 error('File does not exist');
40 return;
41 end;
42 horndims = [];
43 s = fgetl(fid); %read the first line
44 s = fgetl(fid); %read the second line
45 a = findstr(s, 'Radius');
46 r = findstr(s, 'Height1');
47 if length(a)>0
48 % circular/axisymmetric horn
49 s = fgetl(fid);
50 s = fgetl(fid);
51 [dims, count] = fscanf(fid, '%e');
52 horndims = reshape(dims, 2, count/2)';
53 n = count/2;
54 geomtype = 0;
55 elseif length(r)>0
56 % rectangular horn
57 s = fgetl(fid);
58 s = fgetl(fid);
59 s = fgetl(fid);
60 s = fgetl(fid);
61 s = fgetl(fid);
62 [dims, count] = fscanf(fid, '%e');
63 n = count/5;
64 dims = reshape(dims, 5, count/5)';
65 dims = dims*1e−2; % file contains dimensions in cm
66 % rearrange into a−, a+, b−, b+
67 z = dims(:,1);
68 bp = dims(:,2);
69 bn = −dims(:,3);
70 an = −dims(:,4);
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71 ap = dims(:,5);
72 if (max(abs(an+ap)) < 1e−6) & (max(abs(bn+bp)) < 1e−6)
73 geomtype = 1;
74 horndims = [z ap bp];
75 else
76 geomtype = 2;
77 horndims = [z an ap bn bp];
78 end;
79 end;
80 fclose(fid); %close the file �

c.3 radiation impedance

The modal radiation impedance is calculated by numerical integration. For high ka-values,
the MSD-method is used. The code for this method, reffered to by the function call quad_rad
is not included in the appendix, in agreement with the author, Andreas Asheim.

Below: function to calculate the modal radiation impedance for rectangular duct, sym-
metrical modes only.

Listing 3: MPM_RECbaffledradz.m

1 % [Z, t] = MPM_RECbaffledradz(k, rho, c, a, b, n, m, usequadrad)
2 %
3 % Calculates the modal radiation impedance for the
4 % end of a rectangular duct terminated in an infinite baffle
5 % by numerical interation.
6 % Calculates ONLY symmetrical modes.
7 %
8 % Input parameters:
9 % k : wavenumber

10 % rho : density of medium
11 % c : sound speed in medium
12 % a, b : half width and half height of the duct
13 % n, m : mode numbers n(1) = n_x, n(2) = n_y etc.
14 % usequadrad : (optional) use quad_rad integration algorithm by A. Asheim
15 %
16 % Output parameters:
17 % Z : modal radiation impedance
18 % t : calculation time
19 function [Z, t] = MPM_RECbaffledradz(k, rho, c, a, b, n, m, usequadrad)
20 %Zmat = zeros(maxmodes, maxmodes, length(k));
21 if nargin < 8
22 usequadrad = true;
23 end;
24 S = 4*a*b;
25 nx = n(1);
26 ny = n(2);
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27 mx = m(1);
28 my = m(2);
29

30 Z = k;
31 t = 0*k;
32 f = ffunc(nx,ny,mx,my);
33 Z3 = (−k.*a.*log(2*k*a)+1.5*k*a).*f;
34

35 mode = 0;
36 testcnt = 0;
37

38 n1 = 10;
39 n2 = 15;
40

41 if usequadrad
42 t01 = tic;
43 Z = conj(−1i*1*k(end)/(2*pi*S).*quad_rad(k(end), ...

@(x,y)ffunction(x,y,n,m,a,b),2*a,2*b,n1,n2));
44 tref = toc(t01);
45 end;
46

47 for ii=1:length(k)
48 t01 = tic;
49 kk = k(ii);
50 if mode==0
51 Z(ii) = 1i*rho*c/(2*pi*S)*(Z3(ii) + BaffleradzI1I2(kk, a, b, ...

nx,ny,mx,my, f));
52 t(ii) = toc(t01);
53 if (ii>2)&&(kk*sqrt(a*b)>2)&&usequadrad
54 if t(ii) > 1.5*tref%t(ii−2) % is the calculation time increasing ...

fast?
55 mode = 1;
56 testcnt = 0;
57 end
58 end;
59 elseif mode==1
60 if testcnt == 0 %time for testing?
61 % checking the accuracy of quad_rad
62 Z(ii) = 1i*rho*c/(2*pi*S)*(Z3(ii) + BaffleradzI1I2(kk, a, b, ...

nx,ny,mx,my, f));
63 Zt = conj(−1i*kk*c*rho/(2*pi*S^2).*quad_rad(kk, ...

@(x,y)ffunction(x,y,n,m,a,b),2*a,2*b,n1,n2));
64 error = abs((Zt−Z(ii))/Z(ii));
65 if error < 0.1
66 n1 = 10;
67 n2 = 25;
68 end;
69 %disp(sprintf('checking... k = %.2f, e = %e', kk,error));
70 if error < 1e−3
71 mode = 2; % acceptable accuracy, continue with quadrad
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72 disp(sprintf('transfering to quad_rad at k = %.2f, mode ...
(%d,%d),(%d,%d)', kk,nx,ny,mx,my));

73 else
74 testcnt = 0;%floor(max(min(log10(error),0),5));% not accurate ...

enough, wait a few frequencies and try again0
75 end;
76 else
77 testcnt = testcnt−1; %wait...
78 Z(ii) = 1i*rho*c/(2*pi*S)*(Z3(ii) + BaffleradzI1I2(kk, a, b, ...

nx,ny,mx,my, f));
79 end;
80

81 elseif mode==2
82 % Zt = 1i*rho*c/(2*pi*S)*(Z3(ii) + BaffleradzI1I2(kk, a, b, ...

nx,ny,mx,my, f));
83 Z(ii) = conj(−1i*kk*c*rho/(2*pi*S^2).*quad_rad(kk, ...

@(x,y)ffunction(x,y,n,m,a,b),2*a,2*b,n1,n2));
84 % error = abs((Zt−Z(ii))/Z(ii));
85 % disp(sprintf('checking mode 2... k = %.2f, e = %e', kk,error));
86 end;
87 t(ii) = toc(t01);
88 end;
89

90

91 function Z = BaffleradzI1I2(k, a, b, nx,ny,mx,my, f)
92 eps = 10.^(−log(2.5*k*min(a,b))−1);
93 eps = max(min(0.01,eps),1e−6);
94 k2a = 2*k*a;
95 k2b = 2*k*b;
96 %disp(sprintf('Symmetric radiation Z for mode (%d,%d),(%d,%d) at ...

k=%f\n',nx,ny,mx,my,kk));
97 Z1 = dblquad(@(x,y) Integrand1(x,y,k2a,k2b,nx,ny,mx,my,f), 0,k2a,0,k2b, ...

eps, @myquad);%
98 Z2 = quadl(@(x) Integrand2(x,k2a,k2b,nx,ny,mx,my,f),0,k2a,eps);
99 Z = Z1+Z2;

100

101 function f = ffunc(nx, ny, mx, my)
102 % sinc(x) = sin(pi*x)/(pi*x), so skip multiplying by pi.
103 f = Nnx(nx)*Nnx(mx)*Nnx(ny)*Nnx(my)*(sinc((nx+mx)) + sinc((nx−mx))) * ...

(sinc((ny+my)) + sinc((ny−my)));
104

105 function N = Nnx(nx)
106 if (nx==0)
107 N = 1;
108 else
109 N = sqrt(2);
110 end;
111

112 function G = Gfunc(nx, mx, ksi, a, divksi)
113 if nargin < 5
114 divksi = true;
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115 end;
116 if (ksi==1)&(divksi)
117 ksi = 0.999999999;
118 end;
119 if (nx==0)&(mx==0)
120 G = 2*(2*a−ksi);
121 if divksi
122 G = G./(1−ksi);
123 end;
124 else
125 % sinc(x) = sin(pi*x)/(pi*x), so skip multiplying by pi.
126 sa1 = (nx+mx)*(1−ksi/(2*a));
127 ca1 = (nx−mx)*pi*ksi/(2*a);
128 sa2 = (nx−mx)*(1−ksi/(2*a));
129 ca2 = (nx+mx)*pi*ksi/(2*a);
130 G = (2*a−ksi).*( sinc(sa1).*cos(ca1) + sinc(sa2).*cos(ca2));
131 if divksi
132 G = G ./ (1−ksi);
133 end;
134 G = Nnx(nx)*Nnx(mx).*G;
135 end;
136

137 function I1 = Integrand1(x,y,ka,kb,nx,ny,mx,my,f)
138 onem1 = (1−x/ka);
139 onem2 = (1−y/kb);
140 rt = sqrt(x.^2+y.^2);
141 Gf =Gfunc(nx,mx,x/ka,0.5).*Gfunc(ny,my,y/kb,0.5);
142 %Gf = Gf./((1−x./(ka)).*(1−y./(kb)));
143 I1 = onem1.*onem2./rt.*(exp(−1i*rt).*Gf−f);
144

145 function I2 = Integrand2(x,ka,kb,nx,ny,mx,my,f)
146 rt = sqrt(x.^2+(kb).^2);
147 I2 = (1−x./ka).*(log(kb+rt)+ (x−rt)/kb).*f;
148

149

150 function q = myquad(f,a,b,tol,trace,varargin)
151 q = quadgk(@(x)f(x,varargin{:}),a,b,'RelTol',tol);
152

153 function f = ffunction(x,y,n,m,a,b)
154 nx = n(1);
155 ny = n(2);
156 mx = m(1);
157 my = m(2);
158 f =Gfunc(nx,mx,x,a, false).*Gfunc(ny,my,y,b, false); �

Function to calculate the modal radiation impedance for rectangular duct, symmetrical
and asymmetrical modes.

Listing 4: MPM_RECAbaffledradz.m
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1 % [Z, t] = MPM_RECAbaffledradz(k, rho, c, a, b, n, m, usequadrad)
2 %
3 % Calculates the modal radiation impedance for the
4 % end of a rectangular duct terminated in an infinite baffle
5 % by numerical interation.
6 % Calculates both symmetrical and asymmetrical modes.
7 %
8 % Input parameters:
9 % k : wavenumber

10 % rho : density of medium
11 % c : sound speed in medium
12 % a, b : full width and full height of the duct
13 % n, m : mode numbers n(1) = n_x, n(2) = n_y etc.
14 % usequadrad : (optional) use quad_rad integration algorithm by A. Asheim
15 %
16 % Output parameters:
17 % Z : modal radiation impedance
18

19 function [Z, t] = MPM_RECAbaffledradz(k, rho, c, a, b, n, m, usequadrad)
20 %Zmat = zeros(maxmodes, maxmodes, length(k));
21 if nargin < 8
22 usequadrad = true;
23 end;
24 ka = k*a;
25 kb = k*b;
26 S = a*b;
27 nx = n(1);
28 ny = n(2);
29 mx = m(1);
30 my = m(2);
31 Z = k;
32 t = 0*k;
33

34 mode = 0;
35 testcnt = 0;
36

37 f = ffunc(nx,ny,mx,my);
38 Z3 = (−0.75*k.*a.*log(k*a)+0.875*k*a).*f;
39

40 n1 = 10;
41 n2 = 15;
42

43 if usequadrad
44 t01 = tic;
45 Z = conj(−1i*1*k(end)*c*rho/(2*pi*S^2).*quad_rad(k(end), ...

@(x,y)ffunction(x,y,n,m,a,b),a,b,n1,n2));
46 tref = toc(t01);
47 end;
48

49 for ii=1:length(k)
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50 t01 = tic;
51 kk = k(ii);
52 %adaptive accuracy
53 if mode<2
54 eps = 10.^(−log(2.5*kk*min(a,b))−1);
55 eps = max(min(0.01,eps),1e−6);
56 %eps = 1e−6;
57 ka = kk*a;
58 kb = kk*b;
59 end;
60 if mode==0
61 %disp(sprintf('Asymmetric radiation Z for mode (%d,%d),(%d,%d) at ...

k=%f\n',nx,ny,mx,my,kk));
62 % Z1 = dblquad(@(x,y) Integrand1(x,y,ka,kb,nx,ny,mx,my,f), 0,ka,0,kb, ...

eps, @myquad);%
63 % Z2 = quadl(@(x) Integrand2(x,ka,kb,nx,ny,mx,my,f),0,ka,eps);
64 % Z2 = quadv(@(x) Integrand2(x,ka,kb,nx,ny,mx,my),0,ka,eps);
65 Z(ii) = 1i*rho*c/(2*pi*S)*(Z3(ii) + AbaffleradzI1I2(kk, a, b, ...

nx,ny,mx,my, f));
66 t(ii) = toc(t01);
67 if (ii>2)&(kk*sqrt(a*b)>2)&usequadrad
68 if t(ii) > 1.5*tref%t(ii−2) % is the calculation time increasing ...

fast?
69 mode = 1;
70 testcnt = 0;
71 end
72 end;
73 elseif mode==1
74 if testcnt == 0 %time for testing?
75 % checking the accuracy of quad_rad
76 Z(ii) = 1i*rho*c/(2*pi*S)*(Z3(ii) + AbaffleradzI1I2(kk, a, b, ...

nx,ny,mx,my, f));
77 Zt = conj(−1i*1*kk*c*rho/(2*pi*S^2).*quad_rad(kk, ...

@(x,y)ffunction(x,y,n,m,a,b),a,b,n1,n2));
78 error = abs((Zt−Z(ii))/Z(ii));
79 if error < 0.1
80 n1 = 10;
81 n2 = 25;
82 end;
83 disp(sprintf('checking... k = %.2f, e = %e', kk,error));
84 if error < 1e−3
85 mode = 2; % acceptable accuracy, continue with quadrad
86 disp(sprintf('transfering to quad_rad at k = %.2f, mode ...

(%d,%d),(%d,%d)', kk,nx,ny,mx,my));
87 else
88 testcnt = 0;%floor(max(min(log10(error),0),5));% not accurate ...

enough, wait a few frequencies and try again0
89 end;
90 else
91 testcnt = testcnt−1; %wait...
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92 Z(ii) = 1i*rho*c/(2*pi*S)*(Z3(ii) + AbaffleradzI1I2(kk, a, b, ...
nx,ny,mx,my, f));

93 end;
94

95 elseif mode==2
96 Z(ii) = conj(−1i*1*kk*c*rho/(2*pi*S^2).*quad_rad(kk, ...

@(x,y)ffunction(x,y,n,m,a,b),a,b,n1,n2));
97 end;
98 t(ii) = toc(t01);
99 end;

100

101 function Z = AbaffleradzI1I2(k, a, b, nx,ny,mx,my, f)
102 eps = 10.^(−log(2.5*k*min(a,b))−1);
103 eps = max(min(0.01,eps),1e−6);
104 % eps = 1e−6;
105 ka = k*a;
106 kb = k*b;
107 Z1 = dblquad(@(x,y) Integrand1(x,y,ka,kb,nx,ny,mx,my,f), 0,ka,0,kb, eps, ...

@myquad);%
108 Z2 = quadl(@(x) Integrand2(x,ka,kb,nx,ny,mx,my,f),0,ka,eps);
109 Z = Z1+Z2;
110

111

112 function I1 = Integrand1(x,y,ka,kb,nx,ny,mx,my,f)
113 onem1 = (1−0.5*x/ka);
114 onem2 = (1−0.5*y/kb);
115 rt = sqrt(x.^2+y.^2);
116 Gf =Gfunc(nx,mx,x/ka,1).*Gfunc(ny,my,y/kb,1);
117 Gf = Gf./((1−x./(2*ka)).*(1−y./(2*kb)));
118 I1 = onem1.*onem2./rt.*(exp(−1i*rt).*Gf−f);
119

120 function I2 = Integrand2(x,ka,kb,nx,ny,mx,my,f)
121 rt = sqrt(x.^2+kb.^2);
122 I2 = (1−0.5*x./ka).*(log(kb+rt)+ (x−rt)*0.5/kb).*f;
123

124 function G = Gfunc(nx, mx, ksi, a)
125 if (nx==0)&(mx==0)
126 G = 2*(a−ksi);
127 else
128 % sinc(x) = sin(pi*x)/(pi*x), so skip multiplying by pi.
129 sa1 = (nx+mx)*(1−ksi/(2*a));
130 sa1b = (nx−mx)*ksi/(2*a);
131 ca1 = sa1b*pi;
132 sa2 = (nx−mx)*(1−ksi/(2*a));
133 sa2b = (nx+mx)*ksi/(2*a);
134 ca2 = sa2b*pi;
135

136 G = cos(ca1).*0.5.*((2*a−ksi).*sinc(sa1)−ksi.*sinc(sa2b)) ...
137 + cos(ca2).*0.5.*((2*a−ksi).*sinc(sa2)−ksi.*sinc(sa1b));
138

139 G = Nnx(nx)*Nnx(mx).*G; % ./ (1−0.5*ksi);
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140 end;
141

142 function f = ffunc(nx, ny, mx, my)
143 % sinc(x) = sin(pi*x)/(pi*x), so skip multiplying by pi.
144 f = Nnx(nx)*Nnx(mx)*Nnx(ny)*Nnx(my)*(sinc((nx+mx)) + sinc((nx−mx))) * ...

(sinc((ny+my)) + sinc((ny−my)));
145

146 function N = Nnx(nx)
147 if (nx==0)
148 N = 1;
149 else
150 N = sqrt(2);
151 end;
152

153 function q = myquad(f,a,b,tol,trace,varargin)
154 q = quadgk(@(x)f(x,varargin{:}),a,b,'RelTol',tol);
155

156 function f = ffunction(x,y,n,m,a,b)
157 nx = n(1);
158 ny = n(2);
159 mx = m(1);
160 my = m(2);
161 f =Gfunc(nx,mx,x,a).*Gfunc(ny,my,y,b); �

Function to interpolate the modal radiation impedance from a precalculated table, sym-
metrical and asymmetrical modes.

Listing 5: MPM_RECbaffledradzmatrixIntp.m

1 % Zmat = MPM_ASbaffledradzmatrixIntp(k, rho, c, S, maxmodes, bz)
2 %
3 % Calcualtes the modal radiation impedance matrix for the
4 % end of a rectangular tube terminated in an infinite baffle
5 % by interpolation of a lookup table.
6 % The fundamental (plane wave) mode impedance is calcualted
7 % by analytical functions.
8 %
9 % The matrix Zmat is a square, symmetrical matrix.

10 %
11 % Input parameters:
12 % k : wavenumber
13 % rho : density of medium
14 % c : sound speed in medium
15 % a : half width of opening
16 % b : half height of opening
17 % Nmodes : number of modes calculated in each direction
18 %
19 % −−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−− ...

−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−
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20

21 % freq = logspace(log10(1), log10(20000), 200);
22 % k = logspace(log10(0.01), log10(30), 200);% 2*pi*freq/c;
23 %
24 % a = 1;
25 % b = 1;
26 % c = 1;
27 % rho = 1;
28 % Nmodes = 2;
29

30

31 kain = k*a;
32 modeindex = MPM_GetRectModeIndexing(Nmodes);
33 N = size(modeindex,1);
34 ZmatOut = zeros(N, N, length(k));
35

36 if abs(a/b−1)<0.1
37 load ZmatRecSq16x16.mat;
38 L = length(Zmat(:,1,1));
39 if L < N
40 error(sprintf('to many modes! Current: %d, Requested: %d', L, N));
41 return;
42 end;
43 L = length(k);
44 for i=1:N%n
45 for j=1:N%m
46 negexpol = find(kain < min(ka));
47 intpol = find((kain ≥ min(ka)) & (kain ≤ max(ka)));
48 posexpol = find(kain > max(ka));
49 Y = squeeze(real(Zmat(i,j,:)));
50 R1 = interp1(ka', Y, kain(negexpol)','pchip','extrap');
51 R2 = interp1(ka', Y, kain(intpol)','spline','extrap');
52 if (i==j)
53 R3 = 0.25*ones(size(kain(posexpol)'));
54 else
55 R3 = zeros(size(kain(posexpol)'));
56 end;
57 %R3 = interp1(ka', Y, kain(posexpol)','linear','extrap');
58 R = [R1; R2; R3];
59 %R = ones(size(kain'));
60 Y = squeeze(imag(Zmat(i,j,:)));
61 X1 = interp1(ka', Y, kain(negexpol)','linear','extrap');
62 X2 = interp1(ka', Y, kain(intpol)','spline','extrap');
63 X3 = interp1(ka', Y, kain(posexpol)','linear','extrap');
64 X = [X1; X2; X3];
65 Zmn = R +1j*X;
66 ZmatOut(i,j,:) = Zmn;
67 end;
68 end;
69 else
70 disp(sprintf('Aspect ratio: %.10f',a/b));
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71 error('No tabulated values for this aspect ratio!');
72 end;
73

74 ZmatOut = rho*c/(a*b)*ZmatOut; % the 4 in S (S=4*a*b) is already accounted for
75

76 clear Zmat;
77

78 % figure(1);
79 % Z = squeeze(ZmatOut(1,1,:));
80 % Z2 = squeeze(ZmatOut(2,3,:));
81 % semilogx(kain, real(Z), 'k', kain, imag(Z),'r', kain, real(Z2), 'b', kain, ...

imag(Z2),'m'); �
Function to interpolate the modal radiation impedance from a precalculated table, sym-

metrical and asymmetrical modes.

Listing 6: MPM_RECAbaffledradzmatrixIntp.m

1 % Zmat = MPM_RECAbaffledradzmatrixIntp(k, rho, c, S, maxmodes, bz)
2 %
3 % Calcualtes the modal radiation impedance matrix for the
4 % end of a rectangular tube terminated in an infinite baffle
5 % by interpolation of a lookup table.
6 % Asymmetric modes are included.
7 %
8 % The matrix Zmat is a square, symmetrical matrix.
9 %

10 % Input parameters:
11 % k : wavenumber
12 % rho : density of medium
13 % c : sound speed in medium
14 % a : full width of opening
15 % b : full height of opening
16 % Nmodes : number of modes calculated in each direction
17 %
18 % −−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−− ...

−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−
19 % This file is part of the Modal Propagation Method (MPM) Toolbox by Bjørn ...

Kolbrek.
20 % freq = logspace(log10(1), log10(20000), 200);
21 % k = logspace(log10(0.01), log10(30), 200);% 2*pi*freq/c;
22 %
23 % a = 1;
24 % b = 1;
25 % c = 1;
26 % rho = 1;
27 % Nmodes = 2;
28

29
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30 kain = k*a;
31 modeindex = MPM_GetRectModeIndexing(Nmodes);
32 N = size(modeindex,1);
33 ZmatOut = zeros(N, N, length(k));
34

35 if abs(a/b−1)<0.1
36 % load ZmatRecASq16x16.mat;
37 load ZmatRecASq16x16.mat
38 if length(Zmat(:,1,1)) < N
39 error(sprintf('too many modes! Must be < %d', length(Zmat(:,1,1))));
40 return;
41 end;
42 max(ka)
43 L = length(k);
44 for i=1:N%n
45 for j=1:N%m
46 negexpol = find(kain < min(ka));
47 intpol = find((kain ≥ min(ka)) & (kain ≤ max(ka)));
48 posexpol = find(kain > max(ka));
49 Y = squeeze(real(Zmat(i,j,:)));
50 R1 = interp1(ka', Y, kain(negexpol)','pchip','extrap');
51 R2 = interp1(ka', Y, kain(intpol)','spline','extrap');
52 if (i==j)
53 R3 = ones(size(kain(posexpol)'));
54 else
55 R3 = zeros(size(kain(posexpol)'));
56 end;
57 %R3 = interp1(ka', Y, kain(posexpol)','linear','extrap');
58 R = [R1; R2; R3];
59 %R = ones(size(kain'));
60 Y = squeeze(imag(Zmat(i,j,:)));
61 X1 = interp1(ka', Y, kain(negexpol)','linear','extrap');
62 X2 = interp1(ka', Y, kain(intpol)','spline','extrap');
63 X3 = interp1(ka', Y, kain(posexpol)','linear','extrap');
64 X = [X1; X2; X3];
65 Zmn = R +1j*X;
66 ZmatOut(i,j,:) = Zmn;
67 end;
68 end;
69 else
70 error('No tabulated values for this aspect ratio!');
71 end;
72

73 ZmatOut = rho*c/(a*b)*ZmatOut; % the 4 in S (S=4*a*b) is already accounted for
74

75 clear Zmat;
76

77 % figure(1);
78 % Z = squeeze(ZmatOut(1,1,:));
79 % Z2 = squeeze(ZmatOut(2,3,:));
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80 % semilogx(kain, real(Z), 'k', kain, imag(Z),'r', kain, real(Z2), 'b', kain, ...
imag(Z2),'m'); �

c.4 F -matrix

Functions for calculating the F-matrix: the first loops through the horn, and then calls the
second function for each discontinuity.

Listing 7: MPM_makebigfmat.m

1 % bigF = MPM_makebigfmat(N, coords, bz, geomtype)
2 %
3 % Calculates the scattering matrices F for all discontinuities in the
4 % horn. bigF(:,:,i) is the matrix F at position i in the horn.
5 %
6 % Input parameters:
7 % N : number of modes (in each direction for rectangular horns)
8 % coords : horn coordinates
9 % bz : zeros of Bessel function J1 (axisymmetric horns only)

10 % geomtype : determines the geometry of the horn:
11 % 0 : axisymmetric (default)
12 % 1 : quarter symmetric rectangular
13 % 2 : asymmetric rectangular
14 % (no other geometries supported yet)
15 %
16 function bigF = MPM_makebigfmat(N, coords, bz, geomtype)
17 if nargin<4
18 geomtype = 0;
19 end;
20

21 Lc = size(coords,1);
22 if geomtype == 0 % axisymmetric horn
23 bigF = zeros(N,N,Lc);
24 for iz = 1:Lc−1% (length(coords)−1):−1:1
25 L = coords(iz+1,1) − coords(iz,1);
26 if (L==0) %propagate across discontinuety
27 R1 = coords(iz,2);
28 R2 = coords(iz+1,2);
29 F = MPM_ASmakefmat(N,R1,R2,bz);
30 bigF(:,:,iz)=F;
31 end;
32 end;
33 elseif geomtype == 1 % quarter symmetric rectangular
34 bigF = zeros(N^2,N^2,Lc);
35 for iz = 1:Lc−1% (length(coords)−1):−1:1
36 L = coords(iz+1,1) − coords(iz,1);
37 if (L==0) %propagate across discontinuety
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38 a1 = coords(iz,2);
39 a2 = coords(iz+1,2);
40 b1 = coords(iz,3);
41 b2 = coords(iz+1,3);
42 F = MPM_RECmakefmat(N,a1,a2,b1,b2);
43 bigF(:,:,iz)=F;
44 end;
45 end;
46 elseif geomtype == 2 %asymmetric rectangular
47 bigF = zeros(N^2,N^2,Lc);
48 for iz = 1:Lc−1% (length(coords)−1):−1:1
49 L = coords(iz+1,1) − coords(iz,1);
50 if (L==0) %propagate across discontinuety
51 a1 = coords(iz,2:3);
52 a2 = coords(iz+1,2:3);
53 b1 = coords(iz,4:5);
54 b2 = coords(iz+1,4:5);
55 F = MPM_RECAmakefmat(N,a1,a2,b1,b2,false);
56 bigF(:,:,iz)=F;
57 end;
58 end;
59 %F = MPM_RECAmakefmat(N,a1,a2,b1,b2, forceexact);
60 else
61 error(['Geometry type ' num2str(geomtype) ' not supported!']);
62 end; �

Listing 8: MPM_RECmakefmat.m

1 % F = MPM_RECmakefmat(N,R1,R2,bz);
2 %
3 % Calculates the scattering matrix F, used to propagate modes across
4 % a discontinuity (rectangular case).
5 %
6 % Input parameters:
7 % N : number of modes in each direction
8 % a1 : half x−width of tube 1
9 % a2 : half x−width of tube 2

10 % b1 : half y−height of tube 1
11 % b2 : half y−height of tube 2
12 % forceexact : set to true to avoid approximation for small a1/a2 (not
13 % implemented)
14 %
15 function F = MPM_RECmakefmat(N,a1,a2,b1,b2, forceexact);
16 if nargin<6
17 forceexact = false;
18 end;
19

20 betax = a1/a2;
21 betay = b1/b2;
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22 bx=betax;
23 by=betay;
24 unitx = false;
25 unity = false;
26 vx = false;
27 vy = false;
28

29 if (betax > 1)
30 betax = 1/betax;
31 vx = true;
32 elseif (betax==1)
33 X = eye(N^2, N^2);
34 unitx = true;
35 end;
36

37 if (betay > 1)
38 betay = 1/betay;
39 vy = true;
40 elseif (betay==1)
41 Y = eye(N^2, N^2);
42 unity = true;
43 end;
44

45 if (unitx && unity)
46 F = eye(N^2, N^2);
47 return;
48 end;
49

50 if ((bx>1) & (by<1))|((bx<1) & (by>1))
51 warning('The horn is expanding in one dimension and contracting in the ...

other.');
52 % expand first in x
53 Fx = MPM_RECmakefmat(N, a1, a2, b1, b1, forceexact);
54

55 % then expand in y
56 Fy = MPM_RECmakefmat(N, a2, a2, b1, b2, forceexact);
57 % if vy
58 % Fy = inv(Fy);
59 % end;
60 if vx
61 F = Fx\Fy;
62 elseif vy
63 F = Fx/Fy;
64 else
65 F = Fx*Fy; %should not come here...
66 end;
67 return;
68 end;
69 X = zeros(N^2, N^2);
70 Y = X;
71 rt2 = sqrt(2);
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72

73 modeindex = MPM_GetRectModeIndexing(N);
74 L = size(modeindex,1);
75

76 for n=1:L
77 for m=1:L
78 nx = modeindex(n,1);
79 ny = modeindex(n,2);
80 mx = modeindex(m,1);
81 my = modeindex(m,2);
82 if (nx==0)&(mx==0)
83 X(n,m) = 1;
84 elseif ((nx==0)&(mx>0))
85 X(n,m) = rt2*sinc(mx*betax);
86 else
87 X(n,m) = 2*sinc((mx*betax−nx))*mx*betax/(mx*betax+nx);
88 end;
89 if (ny==0)&(my==0)
90 Y(n,m) = 1;
91 elseif ((ny==0)&(my>0))
92 Y(n,m) = rt2*sinc(my*betay);
93 else
94 Y(n,m) = 2*sinc((my*betay−ny))*my*betay/(my*betay+ny);
95 end;
96 end;
97 end;
98

99 if unitx
100 X = eye(N^2);
101 end;
102 if unity
103 Y = eye(N^2);
104 end;
105

106 F = X.*Y; �
Listing 9: MPM_RECAmakefmat.m

1 % F = MPM_RECAmakefmat(N,a1,a2,b1,b2, forceexact);
2 %
3 % Calculates the scattering matrix F, used to propagate modes across
4 % a discontinuity (rectangular, asymmetric case).
5 %
6 % Input parameters:
7 % N : number of modes in each direction
8 % a1 : x−widths of tube 1
9 % a2 : x−widths of tube 2

10 % b1 : y−heights of tube 1
11 % b2 : y−heights of tube 2
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12 % a1(1) is the negative (left) width, a(2) is the positive (right) width
13 % etc.
14 % forceexact : set to true to avoid approximation for small a1/a2 (not
15 % implemented)
16 %
17 function F = MPM_RECAmakefmat(N,a1,a2,b1,b2, forceexact);
18 if nargin<6
19 forceexact = false;
20 end;
21

22 alphax1 = a1(2)−a1(1);
23 alphax2 = a2(2)−a2(1);
24 alphay1 = b1(2)−b1(1);
25 alphay2 = b2(2)−b2(1);
26

27 betaxt = alphax1/alphax2;
28 betayt = alphay1/alphay2;
29 vx = false;
30 vy = false;
31

32 if (betaxt > 1)
33 betaxt = 1/betaxt;
34 vx = true;
35 end;
36

37 if (betayt > 1)
38 betayt = 1/betayt;
39 vy = true;
40 end;
41

42 if (vx & ¬vy)|(¬vx & vy)
43 warning('The horn is expanding in one dimension and contracting in the ...

other. NOT YET IMPLEMENTED!');
44 F = eye(N^2);
45 return;
46 end;
47

48 if (betaxt==1)&(betayt==1)
49 F = eye(N^2);
50 return;
51 end;
52

53 modeindex = MPM_GetRectModeIndexing(N);
54 L = size(modeindex,1);
55 ip = 2; in = 1;% indexing
56

57 A1 = a1(ip)−a1(in);
58 A2 = a2(ip)−a2(in);
59 beta_xt = A1/A2;
60 if beta_xt > 1
61 beta_xt = 1/beta_xt;
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62 beta_xa = (a2(ip)+a2(in)−2*a1(in))/A1;
63 else
64 beta_xa = (a1(ip)+a1(in)−2*a2(in))/A2;
65 end;
66

67 B1 = b1(ip)−b1(in);
68 B2 = b2(ip)−b2(in);
69 beta_yt = B1/B2;
70 if beta_yt > 1
71 beta_yt = 1/beta_yt;
72 beta_ya = (b2(ip)+b2(in)−2*b1(in))/B1;
73 else
74 beta_ya = (b1(ip)+b1(in)−2*b2(in))/B2;
75 end;
76

77 rt2 = sqrt(2);
78 X = ones(L,L); Y = X;
79 for n=1:L
80 for m=1:L
81 nx = modeindex(n,1);
82 ny = modeindex(n,2);
83 mx = modeindex(m,1);
84 my = modeindex(m,2);
85 if (nx==0)&(mx==0)
86 X(n,m) = 1;
87 elseif ((nx==0)&(mx>0))
88 X(n,m) = rt2*sinc(mx*beta_xt*0.5)*cos(mx*pi*0.5*beta_xa);
89 else
90 X(n,m) = sinc((nx−mx*beta_xt)/2)*cos(pi/2*(nx−mx*beta_xa))...
91 + sinc((nx+mx*beta_xt)/2)*cos(pi/2*(nx+mx*beta_xa));
92 end;
93 if (ny==0)&(my==0)
94 Y(n,m) = 1;
95 elseif ((ny==0)&(my>0))
96 Y(n,m) = rt2*sinc(my*beta_yt*0.5)*cos(my*pi*0.5*beta_ya);
97 else
98 Y(n,m) = sinc((ny−my*beta_yt)/2)*cos(pi/2*(ny−my*beta_ya))...
99 + sinc((ny+my*beta_yt)/2)*cos(pi/2*(ny+my*beta_ya));

100 end;
101 end;
102 end;
103

104 F = X.*Y;
105

106 function FF = OneDimFMatrix(modeindex, a1, a2, xy, forceexact)
107 % xy is the is the direction, x=1,y=2
108 L = size(modeindex,1);
109 ip = 2; in = 1;% indexing
110 alpha1 = a1(ip)−a1(in);
111 alpha2 = a2(ip)−a2(in);
112 beta_xt = alpha1/alpha2;
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113 if beta_xt > 1
114 beta_xt = 1/beta_xt;
115 beta_xa = (a2(ip)+a2(in)−2*a1(in))/alpha1;
116 else
117 beta_xa = (a1(ip)+a1(in)−2*a2(in))/alpha2;
118 end;
119 rt2 = sqrt(2);
120 FF = zeros(L,L);
121 for n=1:L
122 for m=1:L
123 nx = modeindex(n,xy);
124 mx = modeindex(m,xy);
125 if (nx==0)&(mx==0)
126 FF(n,m) = 1;
127 elseif ((nx==0)&(mx>0))
128 FF(n,m) = rt2*sinc(mx*beta_xt*0.5)*cos(mx*pi*0.5*beta_xa);
129 else
130 FF(n,m) = sinc((nx−mx*beta_xt)/2)*cos(pi/2*(nx−mx*beta_xa))...
131 + sinc((nx+mx*beta_xt)/2)*cos(pi/2*(nx+mx*beta_xa));
132 end;
133 end;
134 end; �

c.5 impedance calculations

Function for calculating the impedances throughout the horn.

Listing 10: MPM_getimpedances.m

1 % BigZ = MPM_getimpedances(k, coords, bz, Zend, BigF, rho, c, geomtype, ...
progressreport)

2 %
3 % Calculates the modal impedances at every duct junction in a horn defined
4 % by the coordinate list coords.
5 % The F matrices (BigF) must have been calculated on beforehand.
6 % The resulting matrix BigZ contains the modal impedances n,m at point iz
7 % and wavenumber index ik as BigF(n,m,iz,ik)
8 %
9 % Input parameters:

10 % k : wavenumber (vector)
11 % coords : horn coordinates
12 % bz : zeros of Bessel function J1 (axisymmetric horns only)
13 % Zend : (radiation) impedance at the mouth end of the horn
14 % BigF : scattering matrix F for all junctions
15 % rho : density of the medium
16 % c : sound speed in medium
17 % geomtype : (optional) determines the geometry of the horn:
18 % 0 : axisymmetric (default)
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19 % 1 : quarter symmetric rectangular
20 % 2 : asymmetric rectangular
21 % (no other geometries supported yet)
22 % progressreport : (boolean, optional) prints the current wavenumber and the
23 % percentwise progress. Default is off. Calculations are slightly faster
24 % with this option turned off.
25 %
26 function BigZ = MPM_getimpedances(k, coords, bz, Zend, BigF, rho, c, ...

geomtype, progressreport)
27 if nargin<8
28 geomtype = 0;
29 end;
30 if nargin<9
31 progressreport = false;
32 end;
33

34 if geomtype == 0
35 S = pi*coords(:,2).^2;
36 N = size(BigF);
37 N = N(1);
38 I = eye(N);
39 BigZ = zeros(N,N,length(coords), length(k));
40 BigZ(:,:,end,:) = Zend;
41 for fi = 1:length(k)
42 if progressreport
43 disp(['Calculating k = ' num2str(k(fi)) ' (' ...

num2str(fi/length(k)*100) '%)']);
44 end;
45 kn = MPM_ASmakekm(k(fi),coords(end,2),bz,N);
46 Z = Zend(:,:,fi);
47 % propagate back to throat
48 for iz = (size(coords,1)−1):−1:1
49 R1 = coords(iz,2);
50 R2 = coords(iz+1,2);
51 %R2 = duct(iz+1,1);
52 %beta = R1/R2;
53 L = coords(iz+1,1) − coords(iz,1);
54 if (L>0) %propagate along straight duct
55 kn = MPM_ASmakekm(k(fi),R1,bz,N);
56 D1 = diag(sin(L*kn));
57 D2 = diag(1i*sin(L*kn));
58 D3 = diag(tan(L*kn));
59 Zc = diag(k(fi)*rho*c./(S(iz)*kn));
60 D2Zc = D2\Zc;
61 iD3Zc =(1i*D3)\Zc;
62 invZc = diag((S(iz)*kn)./(k(fi)*rho*c));
63 %Z = (Z + 1i*D3*Zc)/(1i*D3*invZc*Z+I);
64 %Z = (1i*D3)^−1*Zc − D2^−1*Zc*(Z+(1i*D3)\Zc)^−1*D2^−1*Zc;
65 Z = iD3Zc − D2Zc/(Z+iD3Zc) * D2Zc;
66 else %propagate across discontinuety
67 F = BigF(:,:,iz);
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68 if R1>R2
69 Z = F\Z/F.';
70 else
71 Z = F*Z*F.';
72 end;
73 end;
74 BigZ(:,:,iz,fi) = Z; %keep the impedance for velocity forward ...

propagation
75 end;
76 end;
77 elseif (geomtype == 1)|(geomtype == 2) % quarter symmetric and asymmetric ...

rectangular
78 N2 = size(BigF,1);
79 N = sqrt(N2);
80 I = eye(N2);
81 if (geomtype == 1)
82 S = 4*coords(:,2).*coords(:,3);
83 else
84 S = (coords(:,3)−coords(:,2)).*(coords(:,5)−coords(:,4));
85 end;
86 modeindex = MPM_GetRectModeIndexing(N);
87 BigZ = zeros(N2,N2,size(coords,1), length(k));
88 for fi = 1:length(k)
89 if progressreport
90 disp(['Calculating k = ' num2str(k(fi)) ' (' ...

num2str(fi/length(k)*100) '%)']);
91 end;
92 %kn = MPM_RECmakekm(k(fi),coords(end,2),coords(end,3),N,modeindex);
93 % Zc = diag(k(fi)*rho*c./(S(end)*kn));
94 Z = Zend(:,:,fi);
95 % propagate back to throat
96 for iz = (size(coords,1)−1):−1:1
97 if (geomtype == 1)
98 alphax1 = coords(iz,2);
99 alphax2 = coords(iz+1,2);

100 alphay1 = coords(iz,3);
101 alphay2 = coords(iz+1,3);
102 else
103 a1 = coords(iz,2:3);
104 a2 = coords(iz+1,2:3);
105 b1 = coords(iz,4:5);
106 b2 = coords(iz+1,4:5);
107 alphax1 = a1(2)−a1(1);
108 alphax2 = a2(2)−a2(1);
109 alphay1 = b1(2)−b1(1);
110 alphay2 = b2(2)−b2(1);
111 end;
112 L = coords(iz+1,1) − coords(iz,1);
113 if (L>0) %propagate along straight duct
114 if (geomtype == 1)
115 kn = MPM_RECmakekm(k(fi),alphax1,alphay1,N,modeindex);
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116 else
117 kn = MPM_RECAmakekm(k(fi),a1,b1,N,modeindex);
118 end;
119 D1 = diag(sin(L*kn));
120 D2 = diag(1i*sin(L*kn));
121 D3 = diag(tan(L*kn));
122 Zc = diag(k(fi)*rho*c./(S(iz)*kn));
123 D2Zc = D2\Zc;
124 iD3Zc =(1i*D3)\Zc;
125 %invZc = diag((S(iz)*kn)./(k(fi)*rho*c));
126 %Z = (Z + 1i*D3*Zc)/(1i*D3*invZc*Z+I);
127 %Z = (1i*D3)^−1*Zc − D2^−1*Zc*(Z+(1i*D3)\Zc)^−1*D2^−1*Zc;
128 Z = iD3Zc − D2Zc/(Z+iD3Zc) * D2Zc;
129

130 %D3 = diag(tan(L*kn));
131 %Zc = diag(k(fi)*rho*c./(S(iz)*kn));
132 %invZc = diag((S(iz)*kn)./(k(fi)*rho*c));
133 %Z = (Z + 1i*D3*Zc)/(1i*D3*invZc*Z+I);
134 %%Z = (1i*D3)^−1*Zc − D2^−1*Zc*(Z+(1i*D3)\Zc)^−1*D2^−1*Zc;
135 %%Z = D3\Zc − D2\(Z+D3\Zc)\D2\I;
136 else %propagate across discontinuety
137 F = BigF(:,:,iz);
138 if (alphax1>alphax2) & (alphay1>alphay2)% contraction in both ...

directions
139 Z = F\Z/F.';
140 else
141 Z = F*Z*F.';
142 end;
143 end;
144 BigZ(:,:,iz,fi) = Z; %keep the impedance for velocity forward ...

propagation
145 end;
146 end;
147 end; �

Helper function for MPM_getimpedances.m.

Listing 11: MPM_RECmakekm.m

1 % kn = MPM_RECmakekm(k,a,b,M,ModeIndices)
2 %
3 % Calculates the modal wave number matrix km.
4 %
5 % Input parameters:
6 % k : free space wave number
7 % a : half width of the duct
8 % b : half height of the duct
9 % M : number of modes in each direction

10 % ModeIndices : sorted index of modes
11 %
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12 function kn = MPM_RECmakekm(k,a,b,M,ModeIndices)
13 alpha2 = (ModeIndices(:,1)*pi/a).^2+(ModeIndices(:,2)*pi/b).^2;
14 alpha2m = alpha2(:,ones(1,length(k)));
15 kn = k(ones(M^2,1),:);
16 co=find(alpha2m>kn.^2);
17 kn = sqrt(kn.^2−alpha2m);
18 kn(co)=−kn(co); �

Listing 12: MPM_RECAmakekm.m

1 % kn = MPM_RECAmakekm(k,a,b,M,ModeIndices)
2 %
3 % Calculates the modal wave number matrix km.
4 %
5 % Input parameters:
6 % k : free space wave number
7 % a : vector of duct widths, [a− a+]
8 % b : vector of duct heights, [b− b+]
9 % M : number of modes in each direction

10 % ModeIndices : sorted index of modes
11 %
12 function kn = MPM_RECAmakekm(k,a,b,M,ModeIndices)
13 an = a(1);
14 ap = a(2);
15 bn = b(1);
16 bp = b(2);
17 A = ap−an;
18 B = bp−bn;
19 alpha2 = (ModeIndices(:,1)*pi/A).^2+(ModeIndices(:,2)*pi/B).^2;
20 alpha2m = alpha2(:,ones(1,length(k)));
21 kn = k(ones(M^2,1),:);
22 co=find(alpha2m>kn.^2);
23 kn = sqrt(kn.^2−alpha2m);
24 kn(co)=−kn(co); �

c.6 volume velocity calculations

Function to calculate the mouth volume velocity.

Listing 13: MPM_getmouthvolvel.m

1 % Umouth = MPM_getmouthvolvel(k, coords, U0, bz, BigZ, BigF, rho, c, geomtype)
2 %
3 % Calculates the modal volume velocity at the mouth of a horn defined
4 % by the coordinate list coords, given a modal throat velocity U0.
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5 % The F and Z matrices (BigF, BigZ) must have been calculated on beforehand.
6 %
7 % Input parameters:
8 % k : wavenumber (vector)
9 % coords : horn coordinates

10 % U0 : throat modal velocity
11 % bz : zeros of Bessel function J1 (for geomtype = 1)
12 % BigZ : impedance matrices for all points in the horn, and all wavenumbers
13 % BigF : scattering matrix F for all junctions
14 % rho : density of the medium
15 % c : sound speed in medium
16 % geomtype : (optional) determines the geometry of the horn:
17 % 0 : axisymmetric (default)
18 % 1 : quarter symmetric rectangular
19 % 2 : asymmetric rectangular
20 % (no other geometries supported yet)
21 %
22 function Umouth = MPM_getmouthvolvel(k, coords, U0, bz, BigZ, BigF, rho, c, ...

geomtype)
23 if nargin<8
24 geomtype = 0;
25 end;
26

27 Umouth = [];
28 SS = size(U0);
29

30 if geomtype==0
31 S = pi*coords(:,2).^2;
32 N = size(BigF,1);
33 for ki = 1:length(k)
34 if SS(2)>1
35 U = U0(:,ki);
36 else
37 U = U0;
38 end;
39 Sm = S(end);
40 for iz = 1:length(coords)−1
41 R1 = coords(iz,2);
42 R2 = coords(iz+1,2);
43 L = coords(iz+1,1) − coords(iz,1);
44 if (L>0)
45 Z0 = BigZ(:,:,iz,ki);
46 kn = MPM_ASmakekm(k(ki),R1,bz,N);
47 D2 = diag(1i*sin(L*kn));
48 E = diag(exp(−1i*L*kn));
49 Zc = diag(k(ki)*rho*c./(S(iz)*kn));
50 invZc = diag((S(iz)*kn)./(k(ki)*rho*c));
51 U = (−D2*invZc*(Z0−Zc)+E)*U;
52 else
53 F = BigF(:,:,iz);
54 if R1>R2
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55 U = (F.')\U;
56 else
57 U = F.'*U;
58 end;
59 end;
60 end;
61 Umouth = [Umouth U];
62 end;
63 elseif (geomtype == 1)|(geomtype == 2) % quarter symmetric and asymmetric ...

rectangular
64 N2 = size(BigF,1);
65 N = sqrt(N2);
66 if (geomtype == 1)
67 S = 4*coords(:,2).*coords(:,3);
68 else
69 S = (coords(:,3)−coords(:,2)).*(coords(:,5)−coords(:,4));
70 end;
71 modeindex = MPM_GetRectModeIndexing(N);
72 for ki = 1:length(k)
73 if SS(2)>1
74 U = U0(:,ki);
75 else
76 U = U0;
77 end;
78 Sm = S(end);
79

80 for iz = 1:length(coords)−1
81 if (geomtype == 1)
82 alphax1 = coords(iz,2);
83 alphax2 = coords(iz+1,2);
84 alphay1 = coords(iz,3);
85 alphay2 = coords(iz+1,3);
86 else
87 a1 = coords(iz,2:3);
88 a2 = coords(iz+1,2:3);
89 b1 = coords(iz,4:5);
90 b2 = coords(iz+1,4:5);
91 alphax1 = a1(2)−a1(1);
92 alphax2 = a2(2)−a2(1);
93 alphay1 = b1(2)−b1(1);
94 alphay2 = b2(2)−b2(1);
95 end;
96 L = coords(iz+1,1) − coords(iz,1);
97 if (L>0)
98 Z0 = BigZ(:,:,iz,ki);
99 if (geomtype == 1)

100 kn = MPM_RECmakekm(k(ki),alphax1,alphay1,N,modeindex);
101 else
102 kn = MPM_RECAmakekm(k(ki),a1,b1,N,modeindex);
103 end;
104 % kn = MPM_ASmakekm(k(ki),R1,bz,N);



C.7 Field Point Pressure Calculations 119

105 D2 = diag(1i*sin(L*kn));
106 E = diag(exp(−1i*L*kn));
107 Zc = diag(k(ki)*rho*c./(S(iz)*kn));
108 invZc = diag((S(iz)*kn)./(k(ki)*rho*c));
109 U = (−D2*invZc*(Z0−Zc)+E)*U;
110 else
111 F = BigF(:,:,iz);
112 if (alphax1>alphax2) & (alphay1>alphay2)
113 U = (F.')\U;
114 else
115 U = F.'*U;
116 end;
117 end;
118 end;
119 Umouth = [Umouth U];
120

121 end;
122

123 end; �
c.7 field point pressure calculations

Various functions to calculate the raditated pressure. This function uses the Rayleigh inte-
gral.

Listing 14: MPM_getfieldpointpressures.m

1 % prext = MPM_getfieldpointpressures(k, Umouth, pe, DimM, Nr, bz, rho, c, ...
geomtype)

2 %
3 % Calculates the sound pressure of a horn in the free field, given the mouth ...

velocity
4 % and the field point coordinates. The mouth is divided into Nr concentric
5 % rings, and the particle velocity of each ring is determined. Numerical
6 % integration is performed over the surface using the Rayleigh integral, to
7 % obtain the pressure in the free field.
8 %
9 % Input parameters:

10 % k : wavenumber (vector)
11 % Umouth : modal mouth velocity
12 % pe : field point coordinate list. One point per row. Columns are (z,r) or
13 % (z, x, y).
14 % DimM : mouth dimensions: radius for axisymmetric horns, x,y for
15 % rectangular horns.
16 % Nr : mouth radius resolution: the number of points in the radial direction.
17 % Determines partly the resolution of the calculated field point
18 % pressure.
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19 % bzN : zeros of Bessel function J1 (for geomtype 0), number of modes for
20 % rectangular geometries.
21 % rho : density of the medium
22 % c : sound speed in medium
23 % geomtype : (optional) determines the geometry of the horn:
24 % 0 : axisymmetric (default)
25 % 1 : quarter symmetric rectangular
26 % 2 : asymmetric rectangular
27 % (no other geometries supported yet)
28

29 function prext = MPM_getfieldpointpressures(k, Umouth, pe, DimM, Nr, bzN, ...
rho, c, geomtype)

30 if nargin<8
31 geomtype = 0;
32 end;
33

34 prext = [];
35

36 if geomtype==0
37 r = (0:DimM/(Nr−1):DimM);
38 rp2=r(2:end);
39 rp1=r(1:end−1);
40 rp=(rp1+rp2)/2;
41 a = max(r);
42 phi = MPM_ASgeteigenfunctions(a, rp, bzN, true);
43 Ur = phi*Umouth; %volume velocity as function of radius
44 uo = Ur / (a^2*pi); % mouth particle velocity
45

46 prext = zeros(length(pe), length(k));
47 Np = size(pe);
48 for ii = 1:Np(1)
49 pext = pe(ii,:);
50 pr = MPM_ASrayleighint(k, r, uo, pext, rho, c);
51 prext(ii,:) = pr;
52 end;
53 elseif (geomtype==1)|(geomtype==2)
54 [phi, coords] = MPM_RECgeteigenfunctions(bzN, DimM, Nr, Nr, geomtype);
55 Ur = phi*Umouth;
56 uo = Ur/(DimM(2)*DimM(3)*4);
57 Np = size(pe);
58 prext = zeros(Np(1), length(k));
59 % make coordinates 3D, add z−axis
60 Lc = size(coords, 1);
61 Cz = zeros(Lc, 1);
62 coords = [coords Cz];
63 dx = DimM(2)*2/Nr;
64 dy = DimM(3)*2/Nr;
65 dS = dx*dy;
66 for ii = 1:Np(1)
67

68 pext = pe(ii,:);
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69 pr = RECrayleighint(k, uo, pext, coords, rho, c, dS);
70 prext(ii,:) = pr;
71 end;
72 end;
73

74 function pr = RECrayleighint(k, uo, pext, coords, rho, c, dS)
75 pr = zeros(size(k));
76 pext = pext(ones(size(coords,1),1),:);
77 % create vector of distances from pext to all coord points on the surface
78 r = sqrt(sum(((coords−pext).^2)')');
79 % calculate the Rayleigh integral
80 for ik = 1:length(k)
81 expmat = exp(−1j*k(ik)*r)./r;
82 integrand = uo(:,ik).*expmat;
83 integral = dS*sum(integrand);
84 pr(ik) = 1i*k(ik)*rho*c/(2*pi)*integral;
85 end; �

This function uses the modal amplitudes in the mouth directly. For symmetrical horns.

Listing 15: MPM_RECmodalradiatedpressure.m

1 % prext = MPM_RECmodalradiatedpressure(k, a, b, v0, Pe, rho, c)
2 %
3 % Calculates the radiated pressure in front of a baffled
4 % rectangular aperture with a given modal velocity distribution.
5 % The radiator is assumed to be in the z = 0 plane.
6 % Total number of modes included depends on the size of v0.
7 %
8 % Input parameters:
9 % k : wavenumber

10 % a, b : x and y dimensions
11 % v0 : the modal velocity amplitudes
12 % Pe : exterior point, (x,y,z).
13 % rho : density of the medium
14 % c : sound speed in medium
15 %
16 function prext = MPM_RECmodalradiatedpressure(k, a, b, v0, Pe, rho, c)
17 Nmodes = sqrt(length(v0(:,1)));
18 modeindex = MPM_GetRectModeIndexing(Nmodes);
19 Np = size(Pe,1);
20 prext = zeros(Np, length(k));
21 %avoid very small numbers, that may give non−zero values for thetax and
22 %thetay even if the angle really is zero.
23 iv = find(abs(Pe) < 1e−6);
24 Pe(iv) = 0;
25 for ii = 1:Np
26 pe = Pe(ii,:);
27 R = norm(pe);
28 thetax = atan2(pe(1),pe(3));%y,x
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29 thetay = atan2(pe(2),pe(3));
30 sx = k*a*sin(thetax);
31 sy = k*b*sin(thetay);
32 ModalSum = 0;
33 for nm = 1:Nmodes^2
34 AnBm = v0(nm,:);
35 n = modeindex(nm,1);
36 m = modeindex(nm,2);
37 if n>0
38 AnBm = AnBm*sqrt(2);
39 end;
40 if m>0
41 AnBm = AnBm*sqrt(2);
42 end;
43 Gn = fGn(sx,n);
44 Gm = fGn(sy,m);
45 ModalSum = ModalSum + AnBm.*Gn.*Gm;
46 end;
47 pf = 1i*rho*c*(4*a*b)/(2*pi*R)*exp(−1i*k*R).*k;
48 prext(ii,:) = pf.*ModalSum;
49 end;
50

51 function g = fGn(x,n)
52 if n==0
53 g = sinc(x/pi);
54 else
55 g = (−1)^n*(x.*sin(x))./(x.^2−(n*pi)^2);
56 end; �

Listing 16: MPM_RECgeteigenfunctions.m

1 % [psi, coords] = MPM_RECgeteigenfunctions(Nmodes, throatdims, Nx, Ny, geomtype)
2 %
3 % Calculates the eigenfunctions for a rectangular duct of dimensions given
4 % in throatdims at the coordinates calculated based on Nx and Ny.
5 %
6 % Input parameters:
7 % Nmodes: number of modes in each direction
8 % dims: dimensions of the duct, in the same format as ordinary
9 % horn coordinates (column 1 is z)

10 % Nx, Ny : number of sample points in each direction
11 % geomtype : determines the geometry of the horn:
12 % 0 : axisymmetric (not supported in this function, use ...

MPM_ASgeteigenfunctions)
13 % 1 : quarter symmetric rectangular
14 % 2 : asymmetric rectangular
15 % (no other geometries supported yet)
16 %
17 % Output parameters:
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18 % psi : the eigenfunction matrix. Each column is a mode combination,
19 % each row is a point on the surface, given in coords.
20 % The matrix is (Nx * Ny) rows and (Nmodes^2) columns.
21 % coords : list of the coordinates used
22 function [psi, coords] = MPM_RECgeteigenfunctions(Nmodes, dims, Nx, Ny, ...

geomtype, thx, thy)
23 modeindex = MPM_GetRectModeIndexing(Nmodes);
24 if geomtype==1
25 % get the x and y coordinates at the center of rectangular elements
26 if nargin < 6
27 thx = ([−Nx/2:Nx/2−1]+0.5)*2*dims(end,2)/Nx;
28 thy = ([−Ny/2:Ny/2−1]+0.5)*2*dims(end,3)/Ny;
29 end;
30 % thx = linspace(−dims(1,2),dims(1,2),Nx);
31 % thy = linspace(−dims(1,3),dims(1,3),Ny);
32

33 [X,Y] = meshgrid(thx,thy);
34 coords = [reshape(X,Nx*Ny,1),reshape(Y,Nx*Ny,1)];% zeros(nx*ny,1)];
35 % eigenfunctions, x
36 ax = coords(:,1); % x values
37 ax = ax(:,ones(1,Nmodes^2));
38 modenx = modeindex(:,1)';
39 modenx = modenx(ones(size(ax,1),1),:);
40 phinx = sqrt(2)*cos(modenx.*ax*pi/dims(1,2));
41 m0 = find(modenx==0);
42 phinx(m0) = 1;
43 % eigenfunctions, y
44 ay = coords(:,2); % y values
45 ay = ay(:,ones(1,Nmodes^2));
46 modeny = modeindex(:,2)';
47 modeny = modeny(ones(size(ay,1),1),:);
48 sigmay = sqrt(2)*cos(modeny.*ay*pi/dims(1,3));
49 m0 = find(modeny==0);
50 sigmay(m0) = 1;
51 elseif geomtype==2
52 %thx = ([0:Nt−1]+0.5)*throatdims(1,2)/Nt;% more to do here!!!!!
53 aneg = dims(end,2);
54 apos = dims(end,3);
55 bneg = dims(end,4);
56 bpos = dims(end,5);
57 if nargin < 6
58 thx = linspace(aneg,apos,Nx);
59 thy = linspace(bneg,bpos,Ny);
60 end;
61 [X,Y] = meshgrid(thx,thy);
62 coords = [reshape(X,Nx*Ny,1),reshape(Y,Nx*Ny,1)];% zeros(nx*ny,1)];
63 % eigenfunctions, x
64 ax = coords(:,1); % x values
65 ax = ax(:,ones(1,Nmodes^2));
66 modenx = modeindex(:,1)';
67 modenx = modenx(ones(size(ax,1),1),:);
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68 % phinx = sqrt(2)*cos(modenx.*ax*pi/dims(1,2));
69 phinx = sqrt(2)*cos(modenx.*(ax−aneg)*pi/(apos−aneg));
70 m0 = find(modenx==0);
71 phinx(m0) = 1;
72 % eigenfunctions, y
73 ay = coords(:,2); % y values
74 ay = ay(:,ones(1,Nmodes^2));
75 modeny = modeindex(:,2)';
76 modeny = modeny(ones(size(ay,1),1),:);
77 sigmay = sqrt(2)*cos(modeny.*(ay−bneg)*pi/(bpos−bneg));
78 % sigmay = sqrt(2)*cos(modeny.*ay*pi/dims(1,3));
79 m0 = find(modeny==0);
80 sigmay(m0) = 1;
81 end;
82 psi = phinx.*sigmay; �

c.8 other functions and files

Various helper functions or utility functions used in the toolbox.

Listing 17: MPM_GetRectModeIndexing.m

1 % rmi = MPM_GetRectModeIndexing(Nmodes);
2 %
3 % Creates a vector of (m,n) mode pairs for rectangular ducts. The same
4 % number of modes is assumed in each direction.
5 %
6 % input parameter:
7 % Nmodes : number of modes in each direction
8 function rmi = MPM_GetRectModeIndexing(Nmodes);
9

10 Ntot = Nmodes.^2;
11 rmi = zeros(Ntot,2);
12 indx = 1;
13 for i=0:Nmodes−1
14 for j=0:i
15 if j==i
16 rmi(indx,:) = [i j];
17 indx = indx+1;
18 else
19 rmi(indx,:) = [j i];
20 indx = indx+1;
21 rmi(indx,:) = [i j];
22 indx = indx+1;
23 end;
24 end;
25 end; �
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This appendix includes the functions and scripts used to test out various parts of the
bend modal method.

d.1 bessel related functions

Function to calculate the real roots of the dispersion relation for real arguments. This
function may be extended to all roots.

Listing 18: BesselCrossproductRoots.m

1 function BCR = BesselCrossproductRoots(kr, R1, R2)
2

3 if abs(imag(kr)) < 1e−6*abs(real(kr))
4 % real argument
5 kr = real(kr);
6 % do the initial bracketing of the real roots
7 x1 = 0;
8 x2 = kr*R2; % angular wave number should be ≤ kr ???
9 n = 1000; % this should be enough???

10 xb1 = zeros(1,n);
11 xb2 = zeros(1,n);
12

13 nbb=1;
14 v = x1;
15 dx = (x2−x1)/n;
16 fp = RealCrossproduct(v,kr*R1, kr*R2);
17 for i=1:n
18 v = v+dx;
19 fc = RealCrossproduct(v,kr*R1, kr*R2);
20 if (fc*fp) < 0
21 xb1(nbb) = v−dx;
22 xb2(nbb) = v;
23 %disp(sprintf('Interval: %f−%f , function values: %e %e', ...

xb1(nbb), xb2(nbb), fc, fp));
24 nbb = nbb+1;
25

26 end;
27 fp = fc;
28 end;
29 %disp(sprintf('%d roots in the interval %d,%d', nbb−1, x1, x2));
30 BCR = zeros(nbb−1,1);
31

32 for zn = 1:nbb−1
33 v0 = [xb1(zn) xb2(zn)];
34 BCR(zn) = fzero(@(v) RealCrossproduct(v,kr*R1, kr*R2), v0);
35 end;
36 % for zn=1:nbb−1
37 % disp(sprintf('Interval: %f−%f , zero: %f', xb1(zn), xb2(zn), bzs(zn)));
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38 % end;
39 end;
40

41

42

43

44 function rcpv = RealCrossproduct(v,A,B)
45 rcpv = dbesselj(v,A).*dbessely(v,B) − dbesselj(v,B).*dbessely(v,A); �

Functions for calculating the derivative of Bessel functions Jν and Yν.

Listing 19: dbesselj.m

1 function dJ = dbesselj(v,x)
2 %dJ = 0.5*(besselj(v−1,x) − besselj(v+1,x));
3

4 if (abs(imag(v)) < abs(1e−8*real(v))) | (imag(v) == 0)
5 v = real(v);
6 dJ = −besselj(v+1,x)+v./x.*besselj(v,x);
7 else
8 dJ = 0*v;
9 for iv = 1:length(v)

10 vv = v(iv);
11 dJ(iv) = −gbesselj(vv+1,x)+vv./x.*gbesselj(vv,x);
12 end;
13 end; �

Listing 20: dbessely.m

1 function dY = dbessely(v,x)
2 %dY = 0.5*(bessely(v−1,x) − bessely(v+1,x));
3 dY = −bessely(v+1,x)+v./x.*bessely(v,x); �

Function for calculating the Bessel function Jν for all orders and arguments by series ex-
pansion. Works for real as well as for imaginary and complex arguments, but is somewhat
slow.

Listing 21: gbesselj.m

1 function bj = gbesselj(v,z)
2

3 % series expansion
4 bj = zeros(length(v), length(z));
5 L = length(z);
6 for jj = 1:length(v)
7 n = fix(v(jj));
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8 for ii = 1:L
9 bjx = 0;

10 m = 0;
11 factor = 1e6;
12 if (abs(n−v(jj)) > 0) | (abs(imag(v)) > 0)
13 while abs(factor) > 1e−12
14 sgn = (−1)^m;
15 if m==0
16 invfac = 1;
17 else
18 invfac = invfac / m;
19 end;
20 factor = (z(ii)/2).^(2*m+v(jj));
21 factor = invfac * factor ./ cgamma(m+v(jj)+1);
22 bjx = bjx + sgn*factor;
23 m = m+1;
24 end;
25 else
26 bjx = besselj(v(jj),z(ii));
27 end;
28

29 bj(jj,ii) = bjx;
30 end;
31 end; �

d.2 dispersion relation

Script for plotting the dispersion relation.

Listing 22: DispRelationPlotting.m

1 % angular wave number
2

3 % equation: g'(x,rho) = J'v(x)*Y'v(rho*x) − J'v(rho*x)*Y'v(x) = 0
4 % test 1: real roots of g' for real arguments
5 k = 25;
6 Ri = 0.5;
7 Ro = 1.5;
8

9 vmax = 50;
10

11 x = k*Ri;
12 rho = Ro/Ri;
13

14 v = linspace(0,vmax,300);
15 lims = [−1 1];
16

17 s = 1:vmax;
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18 asrt = s*pi/log(k);
19 asrtv = 0*asrt;
20

21 y = disprelation(v,x,rho);%dbesselj(v,x).*dbessely(v,rho*x) − ...
dbesselj(v,rho*x).*dbessely(v,x);

22 y=RealCrossproduct(v,k*Ri,k*Ro);%
23 figure(1);
24 plot(v,real(y));%,v,yy3);%, v, real(yy),asrt,asrtv, 'o' );%,v,ya);%.\ ...

imag(y));%, v, imag(y));
25 title(sprintf('Dispersion relation, k=%.2f, Ri=%.2f, Ro=%.2f',k,Ri,Ro));
26 ylim(lims);
27 xlim([min(v),max(v)]);
28 grid;
29 xlabel('\nu');
30 ylabel('g''(x,\rho)');
31 roots = BesselCrossproductRoots(k,Ri,Ro)
32

33 %%
34 %test 2: imaginary roots of g' for real arguments,
35 % comparison with Cochran's approximation
36 k = 25;
37 Ri = 0.5;
38 Ro = 1.5;
39

40 vmax = 5;
41 % x = 8;
42 % rho = 0.2;
43

44 x = k*Ri;
45 rho = Ro/Ri;
46

47 v = 10;
48 v = linspace(0,vmax,500);
49 lims = [−1 1];
50

51 s = 1:vmax;
52 asrt = s*pi/log(k);
53 asrtv = 0*asrt;
54

55 y = disprelation(v*1i,x,rho);%dbesselj(v,x).*dbessely(v,rho*x) − ...
dbesselj(v,rho*x).*dbessely(v,x);

56 yd = dbesselj(v,x)./dbessely(v,x);
57 yy = −(1i*v/(rho*pi*x^2)).*exp(v*pi).*sin(v*log(rho));
58 %ya = −(v./(rho*pi*x^2)).*exp(v*log(rho));
59 r = real(y);
60 yi = y;
61 y = imag(y);
62

63 s = sign(y);
64 y2 = s.*log10(abs(y));
65 yy = imag(yy);
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66 s = sign(yy);
67 yy3 = s.*log10(abs(yy));
68

69 %%
70 figure(2);
71 plot(v,y2,v,yy3);%,v,yy3);%, v, real(yy),asrt,asrtv, 'o' );%,v,ya);%.\ ...

imag(y));%, v, imag(y));
72 title(sprintf('Dispersion relation, k=%.2f, Ri=%.2f, Ro=%.2f',k,Ri,Ro));
73 % ylim(lims);
74 xlim([min(v),max(v)]);
75 xlabel('\nu');
76 ylabel('g''(x,\rho)');
77 legend('Actual','Approximation');
78 %%
79 figure(3);
80 plot(v,real(yi)); �

Function used in the above script

Listing 23: disprelation.m

1 function BZ = disprelation(v,x,rho)
2 if (abs(imag(v)) < 1e−12*real(v)) | (imag(v) == 0)
3 BZ = dbesselj(v,x).*dbessely(v,rho*x) − dbesselj(v,rho*x).*dbessely(v,x);
4 else
5 BZ = dbesselj(v,x).*dbesselj(−v,rho*x) − dbesselj(v,rho*x).*dbesselj(−v,x);
6 end; �

Script to plot the sound field in a bend

Listing 24: test_fieldplot.m

1 % test plotting field
2

3 R1 = 0.2;
4 R2 = 0.5;
5 x0 = [0 0];
6 k = 15;
7 % k = 1600*2*pi/344;
8 m = 10;
9

10 Rmr = @(k_phi, k_r, r, R1) besselj(k_phi,k_r*r) − ...
(dbesselj(k_phi,k_r*R1)./dbessely(k_phi,k_r*R1)).*bessely(k_phi,k_r*r);

11

12 r = linspace(R1,R2, 100)';
13 ang = linspace(0,pi, 200);
14

15 broots = BesselCrossproductRoots(k, R1, R2);
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16 % length(broots)
17 mmax = min(length(broots), m);
18 % kphi = broots(m);
19 % mode function in r direction
20 M = zeros(length(r),length(ang));
21 for m=1:min(length(broots), mmax);
22 kphi = broots(m);
23 Rdir = Rmr(kphi, k, r, R1);
24 Angdir = exp(1i*kphi*ang);
25 Mm = Rdir*Angdir;
26 % Rmat = Rdir(:,ones(1,length(ang)));
27 % Angmat = Angdir(ones(length(r),1),:);
28 % Rmat .* Angmat − Mm
29 M = M + Mm;
30 end;
31

32

33 % plotting
34 x = r*cos(ang);
35 y = r*sin(ang);
36 z = 20*log10(abs(M));%real(M); %sin(x.^2+log(y+1))+sin(x.^2+x);
37

38

39 figure(1);
40 contourf(x,y,z,25);
41 view(2);
42 axis equal
43 shading flat
44 colorbar;
45 title(sprintf('sound field at k = %.2f, %d propagating modes', k, mmax));
46 xlabel('x [m]');
47 ylabel('y [m]');
48

49 %%
50 fpdata = readFPdata('horns\ArcField_FPData.txt');
51 x2=fpdata.coords(:,1);
52 y2=fpdata.coords(:,2);
53 [x3,y3] = meshgrid(x2,y2);
54 z2=x3;%real(fpdata.data(1,:));
55 figure(2);
56 contourf(x3,y3,z2,25);
57 view(2);
58 axis equal
59 % shading flat
60 colorbar; �





E
F I L E S

The files listed above, and the complete MPM toolbox code are in-
cluded in the attached zip-file. In addition, the geometry files for the
three horns investigated, and the text files containing containing the
data from the BERIM simulations (including functions to read them
into Matlab) are included.
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