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Chapter 5 
 

Selective Gain Tuning in Erbium 
Doped Fibres1 
 
 

���������
A new technique for spatially windowing the effective gain in erbium doped fibre 
is presented. The technique is demonstrated experimentally and an application for 
this process is described with supporting numerical  results.��

 
 
 
 

	
�� �����������
 
Erbium doped fibre lasers offer several key advantages that make them attractive 
for use in remote sensing applications. In 1994, Kringlebotn ������ demonstrated 
the first distributed feedback fibre laser (DFB-FL) [1]. Based on a phase shifted 
fibre Bragg grating, a short cavity length DFB-FL produces an output with very 
narrow linewidth and robust single frequency operation. 

For remote sensing applications of DFB-FLs, sensitivity to back reflections 
[2] and noise performance [3] are important considerations. A common 
dependency to both these characteristics is the product term k� of the fibre 
Bragg grating, where k is the coupling coefficient and � is the length of the 
grating. Subject to a limit defined by internal loss [4] and non-linear refractive 
index changes, reflection sensitivity and laser noise performance are expected to 
improve with host gratings of increasing k� value [5]. However with high k� 
gratings, all longitudinal modes have reduced gain thresholds, and hence higher 
order longitudinal modes may be close to threshold. Further, for practical 
gratings it is expected that grating phase imperfections manifest in a reduced 
threshold margin between the fundamental and higher order modes. Therefore, 
improving threshold margin is an important consideration for high-k� DFB-FL 
designs. In this paper, we present a new technique for sidemode suppression 
based on apodizing the effective signal gain over the length of the grating in the 
DFB-FL. We demonstrate for the first time a method of achieving selective gain 
tuning based on CO2 laser exposure. 
 
                                                      
1 This manuscript is submitted to the postdeadline session of �	

��� ���
�����
������������
���������������
���� (Sydney, Australia), July, 2001.  Authors:  M. A. Englund, S. W. Løvseth, 
D. Yu. Stepanov, and E. C. Mägi. 
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It is well known that core dopants in germanosilicate fibre diffuse at high 
temperatures [6]. Diffusion of core dopants alters the refractive index profile of 
the fibre which correspondingly changes the mode field diameter (MFD). It is 
also clear that diffusion of the core dopants in erbium fibres during fibre 
manufacture can lead to changes in the maximum signal gain achievable [7]. 
Diffusion at raised fibre temperatures alters the overlap between the signal and 
pump fields and the erbium distribution. The magnitude and sign of the resulting 
gain change is dependent on the dopant concentration profiles. Therefore, the 
local signal gain in a section of erbium doped fibre may be tuned by exposure to 
an appropriate heat source. Extending this notion to a length of erbium doped 
fibre provides a means of imposing a longitudinal signal-gain profile. In the 
context of a DFB-FL, this provides a means for discriminating against higher 
order modes of the cavity. 

To appreciate how this process can be used for higher order mode 
suppression we consider the spatial distribution of the longitudinal mode 
intensities in a DFB-FL cavity, as depicted in Fig. 1(A). The power distribution 
of the fundamental mode in high k� lasers is tightly confined around the phase 
shift in the grating. In contrast, the ±1 and ±2 higher order mode power 
distribution is less concentrated and have peak intensities towards the outer 
regions of the grating structure. By decreasing the relative signal-gain available 
in these outer regions an increase in the threshold of the higher order modes is 
induced relative to the fundamental mode. In addition, by not apodizing the 
grating strength in these regions, a higher k� value is maintained for the 
fundamental mode and all the aforementioned performance advantages.  
 
 

	
�� �����������������
 
To examine the effect of apodizing the signal gain across a DFB-FL cavity, a 
modified version of the transfer matrix method used in [8] was developed. We 
configured the model for a 10 cm long grating structure with a k of 167.5 m-1, 
and gain parameters multiplied by a factor of two compared to [8]. We have 
assumed that the thermal diffusion process is able to reduce the signal gain by a 
maximum of 50%. 

A series of apodization functions, �(�), of the form, 

))exp(1(5.0)(
6

˜
¯

ˆ
Á
Ë

Ê
-+=

�
�

��  

of varying width � were applied to the signal and pump absorption and gain 
coefficients. � is the position relative to the centre of the grating. The model 
calculates the steady state output power of the lasing modes of the structure as a 
function of window width. A plot of the results appears in Fig. 1(B), where the 



  63 

output power of the fundamental mode and the total output power of the side 
modes are plotted as a function of �. It is clear that the window has minimal 
effect on any of the modes until the width of the window decreases to 6 cm. 
From this point, there is a rapid decrease in the power of the side modes until, at 
��= 4.2 cm, the side modes are below the lasing thresholds. The power of the 
fundamental mode is largely unaffected, and does not significantly decrease until 
� is less than 2 cm. The threshold grating coupling coefficients for the higher 
order modes were also calculated for a window width of 2 cm and then 
compared to a uniform gain DFB-FL that otherwise had the same characteristics. 
The grating strength required for the gain-apodised laser to reach higher order 
mode threshold was 213.5 m-1 and for the uniform-gain laser it was significantly 
lower at 162 m-1. It should also be noted that the thresholds of the higher order 
modes were particularly sensitive to changes in gain parameters. Overall these 
results suggest there is a significant advantage in reducing the available signal 
gain on the wings of the grating structure. This increased threshold margin 
provides the potential to fabricate DFB-FLs with very high grating strength 
without the onset of higher order modes. For sensor applications where it is not 
always possible to isolate the laser from perturbations, this increased threshold 
margin is particularly important. 
 

�
Figure 1: A) Plot of theoretical intensity distribution of fundamental and higher order modes for 
typical DFB-FL. B) Plot of power distribution between modes as a function of apodization length. 
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To verify the proposed technique a CO2 laser was set up to repeatedly scan a 
length of Er fibre as depicted in the schematic of Figure 2.  

The Er fibre used in this experiment had a small signal absorption of 17 
dB/m at 1530 nm. A series of CO2 scans were done across an 80 mm section of 
the 100.mm Er fibre sample. The induced fibre temperature was estimated to be 
in the range of 1400-1700 C. At the conclusion of each scan, the small signal 
absorption and the background loss were both characterised. The former was 
measured at 980 and 1530 nm and the latter at 1300 nm, these results are plotted 
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in Figure 3. The absorption peaks at 980 nm and 1550 nm were observed to 
decrease monotonically, whereas the background loss was seen to slightly 
increase but remain relatively stable. It should be noted that the signal level at 
the absorption peaks moved in the opposite direction to the signal level at  

WLS OSACO2 laserTranslation stage

100 mm Er fibre sample

WLS OSACO2 laserTranslation stage

100 mm Er fibre sample
 

Figure 2: Experimental setup for CO2 processing of Er fibre. OSA: optical spectrum analyser, 
WLS: white light source.  
 
 
1300 nm and increased.  These results firmly suggest that the CO2 exposure has 
decreased the overlap between the MFD of the pump and signal and the Er 
distribution. Therefore, we have correspondingly reduced the small signal gain 
in the fibre. During the exposure intervals the cut-off wavelength was seen to 
remain within a few nanometres of the original value of 970 nm, suggesting the 
normalised frequency remained approximately invariant. The magnitude of the 
absorption change achieved at 980 nm and 1530 nm was ~1.25 and ~2 dB/m 
respectively. To achieve a spatial profile in gain the CO2 exposure time and/or 
induced fibre temperature can be profiled during the CO2 exposure. 
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Figure 3: Small signal absorption change at 980 and 1530 nm plotted with signal level change at 
1300 nm. 
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We have proposed a new technique for achieving high k� DFB-FLs with 
high�side mode suppression. A numerical model has been developed to 
investigate the quantitative implications of modifying the local gain. The 
numerical results indicate a significant improvement in the threshold margin of 
the side modes in a DFB-FL. We have demonstrated for the first time the use of 
a CO2 laser for selective gain tuning along a length of Er fibre. Tailoring the 
spatial distribution of signal gain is expected to have wider applications to other 
optical waveguide devices, this may include multimode (transverse modes) 
waveguides and optical amplifiers. 
 
 
 
We acknowledge P. Blazkiewicz, J. Canning, J. Chow and G. Town for 
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Analysis of Multiple Wavelength DFB Fiber Lasers
Sigurd Weidemann Løvseth and Dmitrii Yu Stepanov

Abstract—The behavior of multiwavelength distributed feed-
back fiber lasers is simulated in a comprehensive numerical
model. Multiple fundamental modes can coexist, even though the
coupling coefficients of their respective refractive index gratings
are not equal, due to induced dynamic gain gratings. We have
investigated the effect on the lasing state of variations in coupling
strengths, gain parameters, grating Bragg frequency separation,
relative phase between the gratings, length of the structure relative
to the beat lengths between the gratings, grating center phase-shift
errors, and saturation level of the UV-induced refractive index
change.

Index Terms—Distributed feedback lasers, erbium, optical fiber
Bragg gratings, optical fiber lasers, optical hole burning, sampled
optical fiber Bragg gratings.

I. INTRODUCTION

M ULTIPLE wavelength, distributed feedback (DFB) fiber
lasers [1], [2] are attractive for a range of applications

in optical communications, including soliton and microwave
generation. In conventional DFB fiber lasers, comprising a
UV-induced Bragg grating fabricated in a rare-earth-doped
fiber, two fundamental polarization modes can coexist, and
such lasers are analyzed in [3]–[5]. However, in conventional
doped single-mode fibers, the frequency spacing between the
two polarization modes is a function of both intrinsic and
UV-induced birefringence and, as such, is difficult to control
and limited to a few gigahertz. In this work, we will consider
erbium-doped DFB fiber lasers where the grating structures
are superpositions of several individual Bragg gratings with
different Bragg frequencies, and each laser operates with two
or more lasing modes sharing the same gain medium. These
grating structures can also be viewed as sampled gratings, and
offer predictable and flexible frequency separation. Although
such lasers have been demonstrated experimentally [2], there
has been little work in the literature regarding the understanding
of multiple wavelength DFB lasers. In this paper, we argue that
the coexistence of two or more fundamental modes of the same
polarization can be attributed to the effect of dynamic gain
gratings set up by the intra-cavity standing waves of different
laser modes. As discussed in [6], a gain grating is in anti-phase
with the standing-wave pattern that created it, and, therefore,
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its presence is destructive for the corresponding laser mode. On
the other hand, its interaction with other laser modes is small
because of the frequency mismatch. Thus, the effect of the gain
gratings is a reduction of the power of the dominant mode and
an increase of the available gain for the other modes, resulting
in stable multiple wavelength operation of the laser. This type
of spatial hole burning has been well understood since the
1960s [7], [8] and was early identified as the reason for multiple
longitudinal mode lasing in other types of erbium-doped fiber
lasers [9]. However, because of carrier diffusion, dynamic
gain gratings are usually not an issue for semiconductor lasers
[10], and similar semiconductor DFB lasers would, therefore,
probably show a lot of mode partition noise or be single mode.

By combining the theory given in [6] with the conventional
coupled-mode formalism, we have constructed a numerical
model that calculates the power and detuning of an arbitrary
number of modes for an arbitrary complex index coupling
function. We have simulated multiwavelength phase-shifted
DFB fiber lasers as a function of gain parameters, coupling
strengths, laser frequency separations, grating phase-shifts,
relative phases between the superimposed gratings, structure
length relative to the beat length and the degree of saturation of
the UV-induced refractive index change during writing of the
grating.

II. M ULTIPLE DFB GRATING STRUCTURES

In this work, we consider multiple number of Bragg grat-
ings with different periodicity superimposed in a single rare
earth-doped fiber, as illustrated in Fig. 1(a). For the remainder
of the paper, the individual superimposed Bragg gratings and
the resulting grating structures will be referred to as subgrat-
ings and multiple DFB structures, respectively. Dualgrat-
ings are also known as a Moiré-gratings, and if the two sub-
gratings have equal coupling strength, a dualstructure will
be a Bragg grating without chirp and with a sinusoidally mod-
ulated coupling coefficient , as illustrated at the bottom half
of Fig. 1(a). With the sinusoidal modulation function, aphase
shift has to be introduced at each zero of, and the beat length of
the modulation is inversely proportional to the Bragg frequency
mismatch between the subgratings. If the subgratings do not
have equal strength, the periodic amplitude modulation ofwill
no longer be purely sinusoidal, and the discrete phase shifts will
be replaced with a continuous chirp.

For a larger number of subgratings, the multiplestruc-
ture will become more complex, but the chirp and amplitude
modulation will be periodic if the Bragg frequency separation
between the subgratings are multiples of each other. Multiple

structures are, therefore, often called sampled gratings and
viewed as a sampling of a uniform Bragg grating with a gener-
ally complex sampling function.

0018–9197/01$10.00 © 2001 IEEE
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(a)

(b )

Fig. 1. (a) Dual� DFB grating structure. (b) Index profile around the center
phase shift of a dual� DFB grating structure with�� = 0 and�� = �. The
� phase shifts (PS) of the index modulation are indicated.

Just as in conventional semiconductor DFB lasers, we intro-
duce an additional phase shift ofin the center of the grating to
facilitate single-mode lasing in the transmission stopband cor-
responding to each subgrating. These modes, which will have
their power distribution concentrated around the center phase
shift, we call fundamental. This is in line with the terminology
used in other papers on DFB lasers, but note that there may be
several such fundamental modes for a multipleDFB struc-
ture, one for each subgrating. With large gain or grating strength,
higher order modes, with frequency outside the stopbands and
with a wider spatial distribution, may also reach threshold.

A superposition of Bragg gratings will not lead to a super-
position of their reflection spectra, because the resulting spec-
trum is dependent on the phase relation between the subgrat-
ings. This is particularly important in center phase-shifted, mul-
tiple DFB structures, because most of the power is concen-
trated in a small region around the phase shift. Depending on the
phase relation between the subgratings, the local superstructure
around the phase shift will be very different, leading to different
values for the detuning of the laser modes from the subgrating
Bragg frequencies. In the case of a dualstructure, the two ex-
treme cases are if the subgratings are in phase ( ) and
anti-phase ( ) at the center. This means that the phase
shift is located at a node and anti-node, respectively, of the beat
pattern of the structure, as illustrated in Fig. 1(b). For dual
structures where the two subgratings have equal strength, the
case corresponds to a removal of the sign shift of one
of the beat pattern nodes.

Apart from the detuning, could affect the effective re-
flectivity of the two half sections of the grating at each side of
the center phase shift. If we again consider dualstructures,
the integrated values of of the two half sections, and thus
the cavity finesse seen by the two modes, are dependent on
if the total laser length is not equal to an integral number of
half-beat lengths . If, in addition, is not equal to

or 0, the reflectivity of the two halves of the grating will be
different even though they have the same length, leading to an
asymmetric power output.

The influence of on detuning, cavity finesse, and power
output decreases with larger Bragg frequency separation be-
tween the subgratings and smaller coupling strength. The reason
is that the coupling strength integrated over a sampling period
then will be smaller, or, as seen in the frequency domain, that
the overlap between the reflection spectra of the different sub-
gratings becomes smaller.

III. N UMERICAL MODEL

A. Coupled-Mode Analysis

We have constructed a numerical model that calculates the
steady state of all the modes of a general, single polarization,
multiple DFB fiber laser. We describe the spatial distribution
of the laser modes by slowly varying complex amplitudes,
and for the right and left propagating mode number, re-
spectively. In this notation, the total local field of the mode be-
comes

(1)

Here, is the average Bragg wavenumber of the subgratings,
which will be used as a reference for the detuning, andis
the angular frequency of mode. In order to calculate the spa-
tial field distribution of the modes, we use a coupled-mode for-
malism [11] with a spatially varying complex coupling coeffi-
cient , given by

(2)

Here, , , and are the coupling strength,
the Bragg wavenumber, the period, and a generally-dependent
phase term, respectively, of subgrating number. is the total
number of subgratings.

Including the effect of dynamically induced gain gratings [6],
[12], the relevant coupled-mode equations become

(3)

where

Here, is the detuning of the mode from the average Bragg
wavenumber , and are the average gain and gain grating
coefficients, respectively, to be discussed and properly defined
in Section III-B, and is the unbleachable losses of the fiber.

Since the laser modes have different frequencies, there is no
direct coupling between them. However, the modes influence
each other through the gain parametersand .

Equations (3) have to be modified in order to describe the in-
teraction between laser modes in different polarizations, and an
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in-depth analysis of dual-polarization DFB fiber lasers was per-
formed in [3]–[5]. Here, we assume that all modes are operating
in the same polarization. Permanent single-polarization DFB
fiber lasers have been fabricated by writing a polarization-de-
pendent grating [13] or adding a polarization-dependent phase
shift during post processing [14], [15].

B. Gain Model

We assume that homogeneously broadened Er-doped media
can be described by two-level rate equations [16], which is
a good approximation for Er-doped silica fibers, even when
pumped with a 980-nm source [17]. It is further assumed that
the erbium doping radius is small compared to the mode field
radius of the fiber, so that the radial variation of the Er
inversion can be neglected [18]. Using the formalism developed
in [5], we divide the erbium ions into sub-media to allow for
UV-induced lifetime quenching for a certain fraction of the
ions. By performing a Fourier integral, the zeroth-order
and second-order Fourier component with respect to of
the total spatially varying, but locally pseudo-periodic, gain
function [6], [12], [19] for each gain mediumcan be found [5]

(4a)

(4b)

(4c)

where

and are called themean gainandgain gratingco-
efficients, respectively. In (4), mediumconsists of a fraction

of the total number of erbium ions, that have their sponta-
neous emission lifetime quenched by a factor of. is the
pump power, is the ratio between the pump and signal wave-
lengths, is the spontaneous emission power per unit length
before the onset of UV quenching, and, , , and are the
signal and pump gain at full inversion and signal and pump ab-
sorption at zero inversion, respectively. Furthermore, is the
total number of modes, and the superscript “” denotes complex
conjugation.

The total gain parameters used in the coupled-mode equations
(3) are found by summing the contributions from the different
gain media [5]; thus

(5)

Here, is the total number of gain media.

From (4) and (5), it can be deduced that the presence of a
standing wave pattern ( ) increases the average gain ()
compared to the case where all waves are incoherent. If one
mode locally has a higher power than the other modes,will
couple the forward and backward propagating waves of that par-
ticular mode in a destructive manner, since the phase ofis
determined by the phase of , which is again largely depen-
dent on the field of the high power mode. However, the other
modes will be almost unaffected by because of the spatial
frequency mismatch, and only benefit from the increase of
[6]. If all modes have approximately equal amplitudes,will
provide negative and equal feedback for all modes. Thus, the
presence of gain gratings will reduce any threshold differences
between laser modes, and enable multiple modes to simultane-
ously coexist in the laser. The negative feedback from the gain
grating will decrease for each mode with an increasing number
of modes. Therefore, the stabilizing effect of the gain gratings
is strongest for lasers with relatively few modes.

Gain diffusion, i.e., nonradiative migration of electronic exci-
tation of Er , is ignored in the model used in this work. We do
not believe gain diffusion is important for the Erconcentra-
tions typically found in DFB fiber lasers, but if diffusion played
a role, the higher harmonics of the gain function would attain
smaller values [10]. We have also assumed that no clustering is
present in the gain medium. Apart from increasing the lasing
threshold and inducing self-oscillations, such clustering will re-
duce the mean lifetime of the erbium ions, thus lowering the
strength of the gain grating.

C. Numerical Implementation

The DFB fiber structure was divided into several sections, and
in each section the coupled-mode equations were solved using a
transfer matrix approach [20]. Thus, we calculated the complex
amplitudes of mode at the right end of sectionfrom the field
of the sections to the left

(6a)

with

(6b)

Here, is the length of section, and in expressions (6b),
all quantities are to be evaluated in the center of segment. The
section numbers are assigned in increasing order from left to
right. In order to get accurate results, the length of each section

needs to be short enough to resolve the spatial variation
of the modes and in the structure, i.e., in a multiple struc-
ture needs to be considerably shorter than the shortest beat
length between the individual subgratings. The lasing condition
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TABLE I
LASER PARAMETERS USED IN THE CALCULATIONS

(SYMBOLS ARE DEFINED IN THE TEXT)

is fulfilled when the transmissivity of the structure is infinite for
all modes [20], or

(7)

Here is the total number of segments. It can be shown that
this condition is mathematically identical to the round-trip con-
dition used in [3].

Equation (7) is solved by iteration, where the detuning and the
left output power of the modes are varied. The gain parameters

and are found as a function of the local signal and pump
fields from (4) to (5). The pump absorption and, thus, the
local pump power is found from through the following
relation [3]:

(8)

IV. SIMULATION RESULTS

Using the algorithm outlined in Section III, we investigated
the laser performance as a function of a range of different vari-
ables, including coupling strengths, Bragg frequency separa-
tion, grating phase shift, erbium concentration, degree of UV
saturation during fabrication of gratings, phase relationship be-
tween the subgratings, and laser length. Although the numerical
model can handle an arbitrary number of subgratings, we have
for simplicity restricted the analysis in this work to dualstruc-
tures. In all calculations, we assumed a laser grating structure
that was 10-cm long. Except when considering saturation
effects, each subgratingalso had a uniform coupling strength

, and had a phase shift in the center . Except when the ef-
fect of varying this phase shift was investigated, its value was,
corresponding to a quarter of the Bragg wavelength of the sub-
grating. All other laser parameters common for the simulations
are given in Table I, where the gain parameters are taken from
one of the DFB fiber lasers characterized in [5]. That laser had
a length of only cm, but we have chosen longer structures
in our examples since the photo-sensitivity has to be shared be-
tween two subgratings in a dualstructure.

A. Spatial Field and Gain Distributions

In order to understand the mechanism behind multimodal op-
eration of DFB fiber lasers, we have found it useful to plot the

Fig. 2. Spatial distribution of gain parameters and the power of the two modes
of a dual� DFB fiber laser with�� = 10 GHz,�� = �, andl = 10 cm.
The stopbands of the two subgratings with coupling coefficients of� = 73:5

m and� = 160m support one mode each, plotted with solid and dashed
curves, respectively. Top: Local power ofA , with B plotted with a dotted
curve. Middle:g andjg j. Bottom: F .

spatial distribution of , , and the power of the laser modes.
Not only the amplitude, but also the phase ofis important.
In order to understand the significance of the phase of, we
define for mode

(9)

It can be deduced from (3) that if the phase of this feedback
parameter averages around , the coupling due to the
gain grating provides destructive interference for mode. On
the other hand, if fluctuates quickly, the reflections from
different sections of the gain grating will not be in phase and the
gain grating will not affect the power of the mode.

In Figs. 2 and 3, we have plotted the power distribution of
the lasing modes , , and for two lasers with dual
gratings. We have chosen a relatively small separation between
the Bragg frequencies of GHz, so that the beat lengths
are long enough to be clearly seen in the plots. The fundamental
modes of single DFB lasers have a close to exponential growth
of the fields on both sides of the phase shift. In the top graph of
both Figs. 2 and 3, we see that these profiles are perturbed by
ripples. This will generally be the case for multiplegratings,
because the local degree of coupling between the forward and
backward traveling waves is dependent on the absolute value
of the total complex coupling function, and the phase rela-
tion between the grating and the standing wave pattern of the
mode, both of which are varying in a periodic manner. The re-
sulting ripples in gain and mode field power distribution will
have an increase in frequency and decrease in amplitude with
larger Bragg frequency separation between the subgratings.

In Fig. 2, the DFB laser structure has m ,
m , , and cm. The structure
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Fig. 3. Same as Fig. 2, but here� = � = 150 m . The two fundamental
modes (solid curve) and higher order modes (dashed curve) are plotted. Only
F for one of the fundamental modes and higher order modes are plotted; for

the other fundamental mode and higher order mode, the sign is opposite.

is lasing in two fundamental modes, operating in the stopband
of the subgratings that will be denoted grating 1 and grating 2,
respectively. Since grating 2 is much stronger than grating 1,
the corresponding laser mode 2 has a lower lasing threshold.
However, as discussed in [21], if of a DFB fiber laser be-
comes large enough, the maximum power of its fundamental
mode around the phase shift will be clamped due to the intrinsic,
unbleachable losses of the fiber. Once the maximum power
of the mode is clamped, the output power will decrease when
the coupling strength is increased as the mode becomes more
confined to the area around the phase shift. Thus, more gain is
left for other modes, and mode 1 has, in fact, larger output power
than mode 2. As predicted by (4), the profiles ofand espe-
cially do not depend only on the total average power, but
also on the standing wave phasorof the fields. For instance,
the small values of around cm indicate that is
close to zero in these areas, and the local maxima and minima
of do not correspond to the local minima and maxima, re-
spectively, of the sum of the power of the modes. In regions
where mode 1 has much larger power than mode 2, ,
whereas the phase of is oscillating rapidly in regions where
mode 2 is larger, and vice versa for . Thus, the gain grating
locally suppresses the dominating mode. If the subgratings had
approximately the same coupling coefficients, the fundamental
modes would have approximately the same spatial field distribu-
tion, and if one mode grew much larger than the other, it would
experience negative feedback in the whole laser structure. Thus,
the gain gratings always try to equalize the powers of the modes.

In Fig. 3, m , , and cm.
Since the coupling coefficients of the two subgratings are equal,
the spatial distribution of their corresponding fundamental
modes are also identical. Again, since the coupling coefficients
of the two subgratings are rather large, the fundamental modes

are only able to saturate the gain around the phase shift of the
laser, and enough gain is left for two higher order modes to
reach threshold. Because of the symmetry in the dualDFB
structure, also the frequencies of the higher order modes are
detuned in a symmetrical manner from the two subgrating
Bragg frequencies, and thus also the two higher order modes
have identical power distribution. Although the total stored
energy of the higher order modes is smaller, and they have a
higher threshold, their output power is larger than that of the
fundamental modes, and their frequencies are located between
the two grating stopbands. In most applications, such higher
order modes are not wanted because they are less stable and
more susceptible to back reflections into the cavity. Because of
the symmetry of the frequencies and amplitudes of the modes,

now has zeros. One of the zeros is at the phase shift, which
is as expected since .

B. Laser Operation as a Function of Coupling Strengths,
Laser Length, and

Prior to the fabrication of DFB fiber laser, it is useful to know
what grating strength is needed to reach lasing threshold and
maximum output power [21]. In many applications also, the
threshold of higher order modes is of interest. In Fig. 4, the total
left output power of the fundamental and higher order modes
of dual DFB lasers are plotted as functions of the integrated
coupling coefficient for different structure lengths
and the two extreme values of , and . The
power is plotted for lasers with 10 GHz, and with lengths
equal to and

half-beat lengths of the grating amplitude modulation func-
tion. For comparison, the power of singlelasers with identical
grating lengths are shown in the same plots.

As mentioned in Section II, the reflectivity of the grating will
change with if is not an integer, leading to a -de-
pendent threshold when in Fig. 4. For

, the reflectivity is larger for the case
than for , resulting in a lower threshold in the former
than for the latter and single case. As can be deduced from
Fig. 1(a), this will generally be the case when the integral part
of is an odd number. However, when the integral part
of is an even number, the case has a higher re-
flectivity, and thus has the lowest threshold. When is an
integer, the reflectivities of the two dualcases and the single
case are similar at the lasing wavelength, and no significant dif-
ference in threshold has been found. For larger values of,
where the output power drops, the case has the highest
power regardless of the length of the structure. As mentioned in
Subsection IV-A, the internal loss determines the output power
in this regime. For the case , the coupling coefficient in
the middle of the laser is zero. Thus, the central peak where the
gain medium is bleached the most is broader than in the single

case, and the fundamental mode will, therefore, experience
larger loss. The case , on the other hand, has a max-
imum of the coupling coefficient at the phase shift, and thus has
the largest output power.

For some applications, back reflection into the cavity is not
avoidable, but the detrimental effect on laser performance can
be reduced if the reflectivity of the cavity mirrors are increased
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Fig. 4. Calculated total left output power of the fundamental (solid curve) and
higher order (dashed curve) modes of dual� DFB fiber lasers with�� = 10

GHz and different�� andl as functions of integrated coupling strength� l.
The corresponding curves of single� DFB lasers are also plotted. Top:l =
9:22 cm equal toh = 9 half-beat lengths. Also shown is the higher
order modes of structures with�� = 50 GHz and the samel = 9:22 cm and
h = 45. Upper middle:l = 9:73 cm andh = 9:5. Lower middle:
l = 10:24 cm andh = 10. Bottom:l = 10:75 cm andh = 10:5.

[22]. Unfortunately, as discussed in Section IV-A, high values
of enable higher order modes to lase. The thresholds of these
modes are, therefore, of interest, even though these thresholds
can be increased somewhat by removing the sharp outer edges
of the grating through apodization [23]. By comparing the dif-
ferent curves of Fig. 4, it is evident that the onset of higher order
modes for the dual lasers is highly dependent on , es-
pecially when is an integer. Usually, the thresholds of
higher order mode operation are lower than in the singlecase,
because the higher order modes with lowest threshold will op-
erate between the stopbands of the subgratings, and, therefore,
their detuning will be smaller. However, higher order modes in
the single case will see a bit higher gain, since the two funda-
mental modes of a dual structure saturate gain to a larger de-
gree than a single mode because of the gain gratings. The lasing
higher order modes of a dualstructure in the case of
GHz are close in frequency to the Bragg frequency of the com-
pound grating. Thus, around each phase shift of the dualDFB
structure there will be a DFB-like subcavity for these modes,

Fig. 5. Illustration of subcavities formed for higher order modes around each
� phase shift of dual� DFB structures. Top: The subcavities at the grating ends
are symmetric, corresponding to�� = 0 and odd integerh or�� = �

and even integerh . Bottom: The subcavities at the grating ends are not
symmetric, leading to higher mirror losses.

as illustrated in Fig. 5. If all subcavities are symmetric, as will be
the case for , and , ,
the thresholds for these modes are significantly lowered com-
pared to the single case. However, if the outermost phase
shifts of the dual structure are closer to the edge of the grating,
the cavity at the ends of the fiber will not be balanced. Such
unbalance causes an increase of cavity loss and, thus, higher
threshold for higher order mode operation. Keeping and

constant, the -threshold for higher order modes
will decrease slightly with increasing cavity length, as it does
for the single cases plotted in Fig. 4. Although the lowest
threshold we simulated for the dual lasers was as high as

, it is important to bear in mind that this threshold
is strongly dependent on the unbleachable losses, and could go
as low as for larger values of . If the center phase
shift is not optimal, if there are phase errors in the gratings, or
if the gain is higher, the higher order modes could be further
enhanced. In Fig. 4, also the higher order modes for
GHz are shown for the two cases of for . As ex-
pected, the separation between and is smaller
than in the case GHz, , which has the
same physical length.

C. Unbalanced Coupling Strengths

In the previous section, we assumed that the coupling coef-
ficients of the subgratings were equal. In practice, however, the
effective coupling coefficients often will be different either pur-
posely, due to imperfections of the grating fabrication setup, or,
as discussed in Section IV-E, due to saturation of the UV sen-
sitivity of the fiber. At the top of Fig. 6, the powers of the two
fundamental modes of dual DFB fiber lasers are plotted as
functions of for and . There is a detuning
of GHz between the subgratings, and the structure
length is . is kept constant at m
and m , respectively. When , this corre-
sponds to the maxima of the output powers plotted in Fig. 4.
Mode 1 has the higher frequency of the modes, but for the output
power it does not matter which mode has the lowest frequency,
since we have assumed that the gain is equal for the two modes.
For a fairly large range of values of around , the two fun-
damental modes are lasing with comparable output powers. In
the same graph we have also plotted the power of the modes
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Fig. 6. Calculated left output power and detuning of the laser modes of dual
� DFB fiber lasers as a function of� . The frequency of mode 1 and mode
2 are in the stopband of the subgratings with coupling coefficients� and� ,
respectively. For all calculations,�� = 10 GHz andh = 9:5. Top:
Power of modes,� = 72:5 m and�� = �, and� = 80 m and
�� = 0, respectively. For�� = �, also the case with the gain gratings ignored
is included. Middle: Detuning of the modes in the top plot. Bottom: Power of
modes with� as a parameter,�� = � andh = 9.

when the gain gratings are ignored by setting in the
gain model. In this case, the two modes cannot coexist, unless
the difference in coupling coefficient between the two subgrat-
ings is very large and we have global spatial hole burning of the
type shown in Fig. 2. Thus, the gain gratings enable multiple
fundamental modes in a DFB fiber laser. For different values of

, keeping at the overall power maximum, the plots
are similar around , but generally the slopes are smaller
in the case than , since the latter has a larger
output power for higher coupling coefficients, as discussed in
Section IV-B. For most grating fabrication setups, it is probably
also easier to fabricate good gratings with , so that is
perhaps the preferred choice of for most applications. Note
that for at the top of Fig. 6, both modes are lasing for
all values of above the threshold of Mode 1. This will also
be the case for many values of when , although
it is not the case for . The difference between the
extreme cases of decreases with increasing frequency sepa-
ration, since the amplitude and period of the ripples in the spatial
power distributions become smaller.

The middle graph in Fig. 6 shows the detuning of the modes
plotted in the top graph. The detuning is referenced relative to
the closest Bragg frequency of the subgratings. Mode 1 still has
the highest frequency of the two modes; if it had the lowest fre-

quency, all the detuning values would shift sign because of the
symmetry of the problem. For the case , the modes
are detuned toward each other, whereas in the case ,
the modes are repelled from each other. This will be the case
for all values of , , , and for a dual structure
with a center phase shift value of, and could be understood
by extending the discussion of Section II. A fundamental lasing
condition is that the round-trip phase should be zero, which for
a symmetric cavity means that each grating half needs to have a
real reflectivity. For a phase-shifted single DFB fiber laser,
this condition will be met at the Bragg frequency, when reflec-
tions from all parts of the grating mirrors will be added in phase.
For a dual DFB fiber laser, reflections from different parts of
the grating will not be added in phase because of the phase shifts
or chirp of the grating, and the two modes will be at frequencies
where the imaginary contributions cancel each other. For a weak
grating or large , these two laser frequencies will be close to
the Bragg frequency of the subgratings. However, for stronger
gratings and smaller , the cancellation will not be exact at
the subgrating Bragg frequencies because of the quasiexponen-
tial decline of the modal power with increasing distance from
the phase shift. This has to be compensated by a detuning of the
modes, whose sign depends on, i.e., the location of the sign
shift in the beat pattern.

We also investigated the effect of varying for higher and
lower values of , and an example is shown in the lower part
of Fig. 6 for and . The maximum output
power of the laser in this case is at m .
When increasing to 90 m , the slopes of the curves become
lower around , but this decrease in fabrication tolerance
comes at the expense of lower output power. For values of
lower than 79.1 m , the output power also decreases but, at the
same time, the power dependence of the modes onaround

increases, because the fundamental modes are closer
to the lasing threshold. We have also investigated the effect of
increasing or decreasing the gain parameters, and found that an
increase in gain increases both the robustness of the dual mode
lasing and the output power, but in fiber fabrication higher gain
often comes at the cost of lower photo-sensitivity and/or Er
clustering.

D. Dependence on the Value of the Center Phase Shift

If the discrete center phase shift of an ordinary singleDFB
fiber laser deviates from the optimal value of, the frequency of
the fundamental mode will gradually be moved away from the
Bragg center frequency. Also the fundamental mode frequencies
of a multiple laser will move, but the individual modes will
be affected differently. In the dual case with equal subgrating
strength, the detuning of the two modes fromwill no longer
have the same absolute value. This asymmetry in detuning leads
to an asymmetry in the mirror reflectivity, because the real, con-
structively interfering, contributions to the reflectivity for the
two modes will come from different regions of the amplitude
modulated grating mirrors. In Fig. 7, this effect has been illus-
trated by plotting the output power of various duallasers as a
function of the center phase-shift value. We have assumed that
the deviation from the optimal phase-shift value is the same for
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Fig. 7. Left output power of all modes for various dual� DFB fiber lasers as
a function of center phase shift. Mode 1 (solid curve) has higher frequency than
mode 2 (dashed curve), andl = 9:22 cm corresponding to an odd integer value
of h for all structures. 1:�� = 10 GHz,�� = �, � = � = 79:1

m . 2:�� = 10 GHz,�� = 0, � = � = 80:4 m . 3:�� = 90 GHz,
�� = �, � = � = 80:7 m . 4:�� = 10 GHz,�� = �, � = � =

110m . Bottom:�� = 10GHz,�� = �, � = 85 m , � = 79:1m .

both subgratings in the DFB structures. Both subgratings of the
structures plotted in the top plot of Fig. 7 have equal strength,
and the curves are, therefore, antisymmetric around the center
phase-shift value of .

For , the mode lasing in the stopband with the lowest
frequency will move further away from the closest subgrating
Bragg frequency when the value of the phase shift gets larger
than , and, thus, the effective finesse of the cavity decreases.
For the case m , which for a phase-shift value
of yields maximum output power, the power of the mode will
then decrease with increasing phase shift. However, for higher
coupling coefficients, the output power will initially increase for
reasons discussed in Section IV-B. The other mode, however,
will initially get closer to its Bragg frequency and its output
power will thus increase for lower coupling coefficients and de-
crease for higher coupling coefficients. When the phase shift is
around for the case m , the high-fre-
quency mode is lasing at the subgrating Bragg frequency, but
continues to gain power as the power of the other mode de-
creases, and it ceases to lase only for a phase-shift value around
1.77 with a negative detuning of 1.93 GHz, not far from the
edge of the stopband. For , we see roughly the same
trends with opposite signs for the two modes. Again, in this case
the curves are slightly steeper than in the case . When
the frequency separation between the two modes is larger, it is
expected that the modes respond to changes in the phase shift in
a more uniform manner. However, the power difference between
the two modes in the case of GHz is still considerable,
with a maximum power difference of 0.15 mW, or about 30%
relative to the mode with the highest power. It is interesting to

note that at quite high, but obtainable, values of the coupling co-
efficient and rather low frequency separations, the DFB struc-
ture will never cease to lase with at least one mode, regardless
of the value of the phase shift, as shown by Curve 4 in Fig. 7.

Since a change in the value of the phase shift leads to a change
of the power difference between the modes, it should be possible
to equalize the power of the two modes by tuning the phase
shift. This is exemplified in the lower part of Fig. 7, where the
response of the modal output powers to the tuning of the phase
shift for a dual structure with m , m ,

GHz, and is plotted. In spite of the difference
in the subgrating coupling coefficients, the output powers of the
two modes are equalized at a phase-shift value of 1.25radians.

E. Errors in Chirp and Grating Amplitude Modulation Due
to UV Saturation

Except for variations in the value of the center phase shift, we
have so far assumed that the gratings are perfect. However, in a
typical grating writing setup, the quality of the grating could be
limited by factors such as unintended quadratic and linear chirp,
finite UV beam size, and, finally, saturation of the UV-induced
refractive index change of the fiber. Quadratic and linear chirp
may affect the quality of a multiple DFB fiber laser, but can in
theory be measured and corrected for during fabrication. Since
the UV beam size is finite in any setup, the spatial resolution is
limited, and it may, therefore, be difficult to write several super-
imposed Bragg gratings with large frequency separation in one
single scan. However, the problem can be eliminated by using
multiple scans.

For a specified subgrating strength, the maximum absolute
value of the intended total multiple coupling function in-
creases with the number of subgratings. Thus, saturation of the
UV-induced refractive index change of the fiber is more likely
to cause problems in multiple gratings than in single grat-
ings. Such saturation generally limits the maximum achievable
grating strength, but in the multiple case it also leads to peri-
odic errors in the absolute value ofand, more seriously, peri-
odic chirp. In order to evaluate these effects, we chose an expo-
nential response of the refractive index change as a function of
the UV fluence:

(10)

Here, is the intended local index change assuming a
linear response to the UV fluence, is the saturation level
of the index change, and is the actual local index change.
In the following, it is assumed that the total fluence averaged
over a period of the grating is constant along the DFB structure

(11)

Here, is constant, whereas is proportional to the
intended local amplitude of the complex coupling function,
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Fig. 8. Saturation of the UV-induced refractive index change in a dual�

grating structure. The intended (dotted curve) and actual (solid curve) of�n

and j�j are shown in the top and middle graph, respectively. The saturation
level is� = �n = 20. The bottom graph shows the resulting variation
in detuning,� .

and is its intended phase. By assuming that and
the derivative of are slowly varying, we can calculate the
zeroth- and second-order Fourier component of from
(10) and (11). The zeroth-order Fourier component corresponds
to the mean local refractive index, whereas the second-order
Fourier component corresponds to the local grating strength.
Performing these Fourier integrals leads to the following
expressions for the additional detuning and absolute value
of the complex coupling coefficient

(12)

(13)

Here, we have defined , where is the
coupling coefficient expected from a linear response, and the re-
lationship between refractive index modulation and the coupling
coefficient provided by [11] has been used. is the mod-
ified Bessel function of the first kind and order, and is the
refractive index. The effect of saturation of the UV induced re-
fractive index shift on , and is illustrated in Fig. 8.
The average shift is ignored in equation (12),
and, thus, when and , otherwise.
The reason that we get a negative shift of for larger values
of , is that there is larger saturation for higher values of

. Thus, at average there will be more saturation in regions
of the fiber with larger index modulation, even though the mean
UV fluence, quantified by , is constant along the fiber axis.
From (12) and (13), the coupling function corrected for UV sat-
uration effects becomes

where

(14)

In the integral of (14), it is, as before, assumed that the grating
center is located at .

Fig. 9. Left output power and detuning of modes as a function of saturation
level for a dual� laser where both subgratings have an unsaturated coupling
strength of 130 m over a lengthl = 9:22 cm. Both the cases with and without
chirp induced by UV saturation are plotted, but the detuning for the unchirped
case is omitted. Top:�� = 50 GHz,�� = �. Middle: �� = 10 GHz,
�� = �. Bottom:�� = 10 GHz,�� = 0.

In Fig. 9, we have plotted the power and detuning of the two
modes of a dual DFB with m as a function of
saturation level for various laser structures, with the modi-
fied coupling function given in equation (14). In addition, we
have plotted the power of the modes for the same structures, but
with no chirp induced by saturation of the UV-induced refrac-
tive index change, or . The figure shows that the sat-
uration seriously affects the output power of the lasers. Firstly,
the deviation from the correct values ofleads to a lower re-
flectivity in the two stopbands of the gratings. In addition, there
will be several weaker stopbands in the reflection spectrum of
the grating, since the deviation from the correct profile repre-
sents an introduction of higher order harmonics in the amplitude
modulation function. However, the two fundamental modes are
affected in a symmetrical manner, and in the absence of any
extra chirp, their powers remain equal to each other. On the
other hand, the introduction of leads to a split of the output
power levels and breaks the symmetry of the detuning of the
modes. Since decreases with increasing , the low-fre-
quency mode will be less detuned from the grating in regions
with large values of than in regions where is smaller,
while the opposite will be true for the high-frequency mode.
Therefore, the effective mirror reflectivity will be larger for the
low-frequency mode than the high-frequency mode. Again, the
effect seems to be larger for and for smaller , in
the latter case because becomes larger relative to the total
detuning between the grating and the laser modes.

V. CONCLUSION

We have analyzed multiple wavelength DFB fiber lasers
using a comprehensive numerical model. Such lasers consist of
several superimposed phase-shifted Bragg gratings, and modes
can lase in or at the edge of the stopbands of the individual
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gratings, sharing the same gain medium. We have studied
the effect of variations of grating coupling strengths, phase
relationship between the superimposed gratings, structure
length, gain parameters, grating Bragg frequency separations,
grating phase-shifts, and saturation level of the UV-induced
refractive index variation, on the number of lasing modes and
their respective powers and frequencies.

We have found that several fundamental modes with sim-
ilar spatial field distribution can lase simultaneously with iden-
tical polarization in the same gain medium, although the modes
have slightly different thresholds. The simultaneous lasing of
multiple modes is attributed to the dynamically induced gain
gratings, which cause destructive feedback for the modes with
the highest power. Without this effect, the mode with lowest
threshold would clamp the gain to its threshold value, and two
or more modes would not coexist.

A structure with two superimposed Bragg gratings sharing
the same gain medium can support two fundamental modes with
comparable output powers, even though the difference between
the coupling strengths of the two gratings is quite large. If the
two gratings are in anti-phase around the phase shift, we have
found that the difference in lasing powers usually is less sen-
sitive to changes in coupling strength than if the two superim-
posed gratings are in phase. The location of the phase shift in
the former case also puts fewer demands on the spatial resolu-
tion of the grating writing process, since the phase shift would
be located at a minimum of the grating superstructure, and is,
thus, probably the preferred choice in most applications. The
importance of the phase relationship between the two gratings
decreases with increasing frequency separation. We have also
found that an increase in the available gain leads to more stable
dual-mode operation, as well as higher output power.

The thresholds for both the fundamental and higher order
modes are dependent on the phase relationship between the
superimposed gratings and the length of the structure relative
to the beat lengths between the superimposed gratings. For a
structure with two superimposed gratings of equal strength,
the threshold for higher order mode operation is highest
if the gratings are either in phase at the center phase-shift
position and an even number of half-beat-lengths long, or in
anti-phase at the center phase-shift position and an odd number
of half-beat-lengths long.

Deviation from the ideal phase-shift value ofbetween the
two halves of the gratings leads to changes in the difference be-
tween the output powers of the lasing modes. These changes
in the output powers are caused by detuning of the resonant fre-
quencies of the superimposed gratings. Even if the phase shift is
correct, the resonances are detuned from the center frequencies
of their respective solitary Bragg gratings because their reflec-
tion spectra interact in the superimposed structure. For a dual
wavelength DFB fiber laser, where the modes initially do not
have equal output powers, it is in many cases possible to com-
pensate for the imbalance by tuning the phase shift.

Saturation of the UV-induced refractive index change has
been identified as a possible limitation for the fabrication of
multiwavelength DFB lasers. This saturation puts a limit on the
maximum grating strength, and it could make it impossible to
obtain the relative large coupling coefficients needed for mul-

tiple mode lasing. In addition, such saturation leads to periodic
chirp in a structure with multiple superimposed Bragg gratings,
favoring the mode with lowest frequency. However, if using a
fiber with sufficiently high photo-sensitivity and compensation
for any periodic chirp, saturation of the UV-induced refractive
index does not need to be a problem. The periodic chirp can be
compensated for by either using a spatially periodic UV fluence
during grating writing, writing one of the gratings stronger than
the other one, or deviating the phase-shift value fromradians.
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��) *��� �	��� )(�

�	� �"� �"�
����"�	� ��H�$ )� �	��"� �"�� ���� 	��" �� ����� �' ��
������������� � <  � �  � � :! �	���� �' �� ���� ������ "� 	 ������������
��	�� ��	����$ 3���� ����� �� ��5����� #�	���	��� ������� �� �������������
�" 
	�'��� �������� ��#���	��"�� #�	����#���� "� ��" #�	���	��� �	� ��
	���
�� �' ��	����� �� �"���� "� �"� �"�	��6	��"�� � �!$

4� ��������� �� P	���� �� ����������� �����	�� ���� �	���� ��������
��� ��	��� ������ �"��������	� #"�� "���	��"� �	� �� #	�� �' ������� 	
�	��������� ��H �� 	 �	�� �	�� �"��� ���� ��,�   !$ 3����� �"�	��6	��"�
"���	��"� �	� �� "��	���� �"� ����	��� �' ����� �"�	��6	��"� ��������� ��	��
���� � &!$ )� �	��� ���-����' ���� �-�	� �� �"�� ���-����' �� �� ��	����
��"� �	�� "� �� ��	���� �� �� �	��� #"�� �"�	��6	��"�$ )� �������� "� ��
�	��� #"��� 	�� �'���	��' � �� �: �(6� ��� #�	�� �	� ������ ����"��
	
� #�� ���� ���"����"� �� �� #�	���	�� �	� �"�����"����� �	���
�
�	�� ������ ��H�$ 4�"��� 	�
	��	�� ��� ������ ����"�� �"#�	���
��� �� �	���
� 	�����	��
� �� �	� �" �"#���. "��"�������"���� �� ������
�" ������"�	�� �� ����"�$ ������� 	
� ���� ��#"����	��� �"� 	 ��#���
"� ����"� 	�����	��"��� �"#� "� ��� 	�� ������ �� P	���� �$ ���� �	���
������ ��H�� ��	� �"�	��6	��"� ������ �	� �� ���� �" ��#���	��"���'
#�	���� ��" #�	���	��� � +!$

�"� �� �	���
� 	�� 	���
� �	��������� ��H ����"��� �� ���"�	�� ����
	� �� ��*����"� �������# �"�� ���-����' �	��� "5 �� 	� �.�"�����	� #	����
��"# �� �	�� ����$ )� �5����
� �	
��' ����� �� 	���".�#	���' ��
�����'
��"�"���"�	� �" �� ��	���� �������$ )��� �� �5����
� ������� ����� �� �	�
�"���� �	� �� ����� "� �� ��	���� � ,!� #�	���� �	� �������	��"�� �	�
	�	' ��"# �� �	�� ���� �" �"� �������	���' 	5��� �� ���"�	��� ���-����'$

��H� ��� ����"��� ��������������� 	�� "���� �	���� �	#���� ��	����� "�
#������� �	
������ ���� ��	�� ��	����� ��;���H�$ 4 ��#��� �����"��	�
�	#����� ������"� �"�����"��� �" 	 ������"����"� "� ��" ����"�# ��	��
��	����� ��� ��5����� -� $ )� ��*����"� ������	 "� ��� ��	����� ���� 	
�
��" ��*����"� ��	�� ������' ������� ��"# �� ��"� �	��� "� �� ��" ���
����#�"��� ��	�� ��	�����$ �' ����� #"�� �"#���. �	#����� ������"���
"� ������#�"���� #"�� ��	����� ��� ��5����� ����"�����' @� ��	����� ���
��
��	� ��*����"� ��	�� ��� ��#��	� �	��� 	�� ����� �	� �� #	�� � /!$
("��
��� ����� ���� �� 	 ��#�� �" �� ����	���
� ����. �"���	�� �	� �	� ��
	���
�� �� 	 ���� ��	����� �� #	.�#�# 	���
	��� ��*����"� ������� ����
�����	�� ��� �����	���� ��#��� "� ������#�"��� ��	�� ��	�����$

9������'� 	 ��	� �	
������ ������ �	� ���"����� ����� ��	� �	
��
����� ��H� ��� 	 ������ �	�� ���� � 0!$ 3�� �	���� �" �"� 	
� 	 ��#��
�"�����"� �-��
	����� ����� ��#��"�����"� �	���� �" �"� 	
� �� ��	��	�
"�� ������� #��	���# ��-����� �"� ��	��� #����#"�� "���	��"� � 2!$ ���
�	��� �� ��" #"��� 	
� 	�#"�� "
���	����� #"�� ��"����� ���� �	���� ����
	
� 	 
��' ��	��� ��	� ���-����'� ��� �	� �� �����6�� �� #���"�	
� � F!
	�� �"���"� �����	��"�$ 4 ������ "� ��� ���� "���	���� ��� �"�� #"���
����������� �� ��" �"�	��6	��"�� 	�� ��" ��"� �	���� 	� 	��" ���� ���� �"�
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��#���	��"�� ���	�� 	�� ��#���	���� #�	����#���� �&:!$ %� �� �"������ �"
#	�� ������� ��� #"�� #"���� ��� �� #	.�#�# ��#��� "� #"��� ��
��#���� �' �� 	
	��	��� ����	��
� ����. �"���	�� "� �� ����$ ;� �	�� ���
�	���� #������� �	
������ ������� ��;���������$

%� ��� �	����� �� ���� �"� �	� �� �� �"������ �" ��� 	 �"#���	��"� "�
#������� �	��������� ��H� �" #	�� 	���
� 	�� �	���
� ����"�� ��� ��
���"����"� �� ��	�� 	�� �� #�	���	��� �����6��� �	� �	��������� ��H
	�� ������ ����"�� 	�� #"�� �������
� �" �������	��"�� 	�"��� ���� �	��
�����$

��  ��!��"
�

)� ��"�"��� ����	��	
��' ����������� ����"� �"������ "� ��
��	� ������#�
�"��� "� �	���' "
���	����� �	��������� ��H� ��� ��5����� -�$ %� ����
��� 2$��	� 	� �.	#��� ��� � < + ������#�"��� ��	������ ��� �� ����
�	�� �����	����� �� �� �"��"����� �� �"��$ )� �����	����� * < �			� 	
�
����
���	� �	�� ������ L3�� ���	�	��� ��"# �	� "��� 	�"�� �� ���� 	.��$
)� ���-������� "� �� �	��"� ��*����"� �������# �"���� �"�����"�����
�" �� ��5����� �����	����� ���� ��� �� #"�� �������
� �" �������	��"�� ��



��� -�	���.�� )('

��5����� ��	��	� ����"�� "� �� ���������$ )� ��	��	� ����������"� "� 	 ����
����	��"� �	� �� #�	����� �' ��	����� �	� �"�� ���-����' �� �� ��	���
#����"� + �-� "� ��*����"� #�-� �������# "� �� �;���H ���������$ )�
�"�� ���-������� �	� �"� ����	��� �� #�	����� �' ��� "� 	 ���	��� �	���
��� ��������"#����� �"���"� �&�!$

�' ����� �	�� �	�� �"��� ����� ��� �	��� ��� ���������� #	' 	��" ��
���� 	� �;��������� 	� �������	��� �� ������ 2$����� ���� 	 ������ ��
��#��� �' 	 �"���� ��� �	
������ 0�$ L�"
���� �� ��������� 	� �	���
��"�� �	�� 	�� �����	���� ��������� �� �	� ��	�� �" �	�� �� �� ��"� �	��
"� 	�� � �����	������ ��� ���-������� -�� * < �		�$ )� �	#� ��	��	� ����
"����"� �	� �� 	���
�� ��� �
�� ���� ���"����"� �� �� #�	���	�� �	�
�"� �� �	���
� ���������$ 3���"�� �	��� "� �;�������� �	� �� ��#���
��"# "�� "� �"� ���� 	�� ������"�	��� ��"# ����� ���$ �"� ��	����� 	��
���� "���� ��5������	� #�	����#���� "��' �� ��	� ���-������� �������
�� #"��� ���� �" �� #�	�����$ %� 	��" �� 	��"���� 
	��� "� �� #�	����
	�� �� ������� 	� ��	�� "�� �	��� ���-����' 	� �" �� #�	����� ����� �"�
����	��� ��������"#����� �����-���$ 4�����	��
��'� 	�� �	��� ���-������� �	�
�� #�	����� �������'$

4� ��� �	��������� ��H� ����"�� 	�� ��	� �"�	��6	��"� �������� ��
�	��" "� �	��� �� ������������� �" �	��� �� ��	�� ��	���� ���-����' 	� 	
������ "� 	 �������	��"� ��5��� ������� #�	���	���$ )��� �� ��"�"��� ����
�������� �;���H ����"� �	� ��#���	��"���' #�	���� ��" #�	���	��� �'
��������� �"� �� ���-����' ���� 	�� �� �"�	��6	��"� ���-����' ��������� "�
�� ��*����"� �������# �"���� "� �	� ����	
��'$ %� 	 ��	� �"�	��6	��"� �#�
���#���	��"� "� �� ��"�"��� �;������� ����"�� �� ��" #�	���	��� �	�
�� ���	�	��� �' ��#���	��"���' #�	������ �� �"�	��6	��"� ��	� ���-����'
	�� "�� "� �"� "� �� �	��� ���-������� "� �	� �����	����$

4� ��� 	�� ��H ��
����� �;���H 	�� �;������� ����"�� �	� ��
�	
������ #�������.�� ����	��' "� �� �	�	����$ )��� �� �� �"� ����	��� �"��
����� �" #�	���� �� ��	��	� ����������"� "� 	 #�	���	�� ��	�����$

%� ������� 2$ �� ����"� ��������� �� �������	��� �� #"�� ���	��$ )�
�"��� ����������"�� ��� * < �			�� ��������� ��"# ���"#��� "����	� �	
��
1� ��� ���-������� -� �� 	 �;���H ���� �� "�� �"�� �� ������ 2$��	�
	�� �������$ 4� 	�"
�� -� �� �-�	� �" �� �"�� ���-����' "� �����	����
*$ 4� �	� -�� �� "����	� �	
� ���� ���"�	�� 	�"��� �� �	�� ���� "�
�� �"�����"����� �����	����$ )� �"��� ���� ��"� �	���' �� 	 ��"�� �"
�.�"�����	� #	���� 	� 	 ������"� "� ���� � ���� �$�$ �� ��"���� "� ����	���
��"# �	�� ���� * 	�� �� �����	���� �������$ %� �	��� ���� �� �� 
	�'���
	�"�� �� ���� 	.��� ���� � ��� �"��� �� ����������� ��� �� ������	� "� ��
��� ������� �" ������$ )� #"��� "� 	 �;�������� ���� �� "�� �"�� ��
������ 2$����� ���� 	
� 	 ��#��	� #"�	� ��	��	� �"��� ����������"�$ %� ������
2$ � �� 	
� 	��" ��"���� 	 ��	��	� ����������"� "� 	 #�	���	�� 2 	�"�� ��
���� 	.��$ )� #�	���	�� �	� �"� ����	��� �� ��#���	����� ���	��� ��	��� "�
	�"����� ��������� �"���� "� 	�' "��� �'���	� -�	����' �	� �	� ������� ��
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 �� ��� �������

�5����
� ����	���
� ����.�  � "�  �� ����"�����' @ "� �� ��	���� ����������
"� �� ������������� � <  � �  � "� �� ����$ 3���� ���� �� ������ "
���	�
������� �� ��	��	� �"��� ����������"��� 	�� ��� ������� ������ � ,!� "�
�� ��5����� #"���� ��' ���� 	
� ��5����� ����"��� �" 2 � 	�� �� �"��
���-����' ����� "� #"�� � 	��  ���� �� "� "��"���� ���� �"#�	��� ��� ��
���-����' ����� "� #"�� & 	�� +$

��� #����� ��	 $�%�������� �����	��������

)� ������� "� ��#��� "� �����	����� �	� �	� �� ������#�"��� �� 	 ��
��
���� �� ��#���� �' �� #	.�#�# 1E�������� ����	���
� ����. �	��� "� ��
����$ �"� �"� �;���H 	�� �;������� ����������� ����"�� �	� #�	��
���� �� 	 ��#�� "� �� 	���
	��� ��	��	� ���"����"� �"� 	 ��
�� ��	���� �����$
�"� �� �;�������� �� ��#��� "� �	���� �	� �	� �� ������#�"��� ����
�� ��#���� ����� �� #���"� ��*����
��' 	� �" �� 	�"
� ����"�� �� 	��
�����	�����$ �"� 	 �	���
� �;���H� ���� �� �" ����	#���	� �"��� ��#��
"� �� �����	���� �������$ ("��
��� 	� �� �����	���� ������� ���"#��
�"���� �� �"��� ����������"� ���"#�� ����� 	� �	� ���"�	���� �5����
��'
��"	������ �� �������
� ����� "� �	� �����	����$ 4� �� �	#� ��#� ��
������	� ���� "� �� ��*����"� �������# �"�� ���� �� �	����� ��	���� �"
�"��� ���"����"� �� �� #�	���	��$ ("��
��� "� �5����
��' �� 	
	��	���
����	���
� ����. �"���	�� �	� �� �����6�� �� �	����' 	 -�����"� "� ���
�� ������
	�� �	����	��"� �����-���� 	�� �� ��� �����"� �� ���� ������� �� ��	�������'
"� ��5����� 	���"	���$
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���Æ������ ��� � / &���7 ��� �	
	 �	� �� �	���	�	� ������

������ 2$& �������	��� 	 ������"����"� "� ���� ����"�# �����	����� ���
�-�	� �"������ �"�Æ������ �� < �� < ��� �	� 	�� 	
� 	 �	�� ���� L3�
"� � �� �� #�����$ )� ��	������ ��������� ���� �	�� ������ 	�� ��	�
��	��' ������ ��"# �	� "���� ��	���� �" 	 ��	���� ��������� ��#��	� �" ��
"��� �"�� �� ������ 2$�$ )� �����	����� 	�� "��' �	���	��' "
���	������
	�� �� �	�� ���	��"� ������� �� �����	����� �	���� 	� �	� �����	����
�	�� ����$ )�� ������� �� 	 �"�	� �"������ �"�Æ����� ��������� ���� �"�
�� ��	� 	#������� 	�� �P ��
�� 
	�' �������	���' 	�"�� �� ��	���� 	.��$
������ �� ��"�"���"�	� �" �� ��-����� ����	���
� ����. �"���	��� 	�� �� ��
�����"�� ��� �� ��	� 
	���� "� ������ 	�� �" 	
� �� �"����� ��"���� ��
�"�����	� ����	���
� ����. �"���	�� �� "��� �����"�� "� �� ��	���� ���� ��
�""��' �����6��$

%� ������ 2$+ 	�"��� �;���H ��� ���� �	��������� �����	����� ��
�������	���$ )� ����	���� ������� �� � �	�� ����� L3� "� �� ��5�����
�����	����� * < �			& 	�� �� �	#� 	� �� ������ 2$&$ 4��" ��� �� ��*���
��
��' "� �� �����	���� #���"�� 	�� �-�	� �" �	� "���� ��� �� �����	����
�������� 	�� 
	���� 	�"�� �� ���� 	.�� �� ��� 	 �	' �	� �� ������ ��	�

	���� "� ������ �� �� �	#� �� 	�� �����"�� "� �� ��	����$ P"#�	��� ���
�� ���
�"�� �.	#��� �"�� �� ������ 2$&� ��� ��	�� �" 	 ���	.�� ����	��
��
� ����. �"���	�� "� ��������� ����� ��-����#��� �"� 	 ��
�� �����	����
��*����
��' ��
��$ ������#"��� �� "���� �" �����	�� �� ��	��	� ���"����"� "�
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��� ����	������ ���� ��"�	��� ��	��������� ������� ����	���� �����

���
��� ��� ������ ��� ��� ������� ���Æ������ ������$�� 
�	 �Æ����� ��� �
 ���

	�
	������ ����* ����	���� ��� ������� ���Æ������ �	� �� �	���	�	� ������

�� ����"�� �� ���"�	�� #"�� ���� ����������"�� �"��� 	
� 	� ������ "
���
�	� 	� �"������$ )�� "
���	� �����	��� ��� �����	���� �����	���� �������
������� �� �	�� �����$ )�� �� ���	��
� �	�� ��5������� ������� ��
�����	����� 	�� "���#�6�� ������� �� �	�� ����� �� "���� �" #	.�#�6� ��
�����	���� ������� �"� 	 ��
�� ����	���
� ����. �"���	��� �$�$ #	.�#�# ����$
%� �"��� �� �� ������� �	� �� ���� �����	����� 	�� ��
�� �� �	��$ )��
"���#�6	��"� �����-�� ���� ��������� �� ������ ���	�� �� 4������. 2$4$

)� ���� �.	#��� �"�� �� ������ 2$,� �� 	��" 	 ��������� �"�������� "�
���� ������#�"��� �	��������� ��	�� ��	������ ��� �� �	#� �	�� ����
���	�	��"�� 	� �� ������� 2$&�2$+$ (��� �� �����	����� 	�� �"� "
���	�����
������� �� �	�� �����$ %����	�� �� "
���	� ������� �� ���"�	���� ��
#���#�6�� �' 	�������� �	� �����	���� 	�� 	
	��	��� ����. �"���	�� 	�"���
��� �	�� ����$ 7������� �� ��������� �� ��#��	� �" �� "�� �"�� �� ������
2$+� �� �	� �� ��-����� ����	���
� ����. �"���	�� �
��'���� �� �� �	#��
��� ����� ���� �� �" ��	���� ������"����"� ������� �� �	�� ������ ��
�����������	���� �	�� �	� �� ��� �	�� �� "���#�6�� 	� �� ����� "� ��
��	����$

��� ����&���

%� �� ����� 	�� "� ������ 2$/� �� �	����	��� #"�	� ���� ����������"�� "�
	 �;������� "� �� ������ �'�� �������	��� �� ������ 2$+ �� ��"����$ )�
#"��� 	�� �"��� ����� 	 �"����� #"�� ��	����� #	���. #��"� � 2!$ )�
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���� ���� ����$����� �
 ��� 	�
	������ ����* ����	���� ��� ������� ���Æ������ �	�

�� �	���	�	� ������

��	���� ��������� �"������ "� & ������#�"��� �����	������ 	�� �� �����	��
��� �	�� ����� 	�� ��	�� ���-������� 	�� ��	���  $, �# 	�� �: H(6 	�	���
��������
��'$ )� �"�	� ��	���� ����� �� � $& �#� 	�� �� #	.�#�# �"�	�
��	���� ������� ������ ��  :: #�� �"�����"����� �" 	 ����	���
� ����. #"���
�	��"� 	#������� "� 	���".�#	���' K < �:��$ ;�� �� "���#�6�� ���	��
�
�	�� �� �� ����� "� ���� ������� �� �	�� ������ ��� �"�����"��� �" 	
�����	���� ������� "� 2F #��$

)� �"��� ��5������ ������� �� #"�� �"������ 	�� ��.� #"�� �"������
#"�� 	� �� �	�� ����� ��  : �� 	� �� ������ �	�� ���� 	��   ��
	� �� "���� �	�� �����$ )� ��	��	� �"��� ����������"� "� �� ���� 	�
�� ��5����� ������	� �"���� ��� 	� �������	� �	���
� ��������� ���� ��
��#��	�� 	� �������	��� �� �� �"��� 	�� "� ������ 2$/$ )�� �����	��� �	�
�� #	.�#�# ���"����"� �"� 	 �	���
� �'���# �	� �� #�� ���� �	�  $,
�# 	� �� ��� �.	#���$ %� �	��� �"� ���"�� ��	����� �� �	� �� �"�� �	� ��
�	
��' ����� �"� �	� ���"�	��� * �� 	���".�#	���' ��������� ���� ������ ��
�� �"������ �"�Æ����� "� �����	���� * 	�"��� ��� �	�� ����$ )��� �� �	�
"�� �"� 	 #	.�#�# ��	��	� ���"����"� "� �� ����"� �-�	� �" �� #	.�#�#
	���
	��� ��	���� �������� "� �& !?
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����������� ��	���� ���	��� ��� ������	� �	��������� ����� �	� ����� ���� ����

��� ��	���� .�����' ��� ����	 ����	������� 	������� 
	�� �� �������� ���� �� ���

����	� 	�A������ �����	�� ����� �� � ������� >@�+.4� +�	 	�
�	���� ��� ����	

����	������� �
 ��� ����	� ���	 ���� �
 ��� >@�-+.�+( �� ����� �� ��� ����

��� ���� ������ �����

(��� K���
��� �� �� #	.�#�# 	���
	��� ��	��	� ���"����"� "� �� ����"��
K �� �� �� #	.�#�# 1E�������� ����	���
� ����. 	#�������� 	�� @ ��
�� ��	���� ����"�����'$ ;�� '��"��� �"	���� ���#	���# �"��� �����
K �� � , � �:�� �	� �� 	���
�� �&&!� �"�����"����� �" K���
��� � :	�##
	� 0� < �,,: �#$ ("��
��� ��	����� ������� �� �"��'��"���	��� �����
���� �" �� #"�� ��	��� 	�� 	
� �"��� �"��� 	�� �� �"��'��"���	��� H��
�"��� "� �"��"��� ��H� �����	�� ����� �� #	.�#�# ����	���
� ����. 	#����
���� �� �'���	��' K �� �  	, � �:�� 	�� K �� � + � �:�� �&+!� �"�����"���
��� �" K���
��� �  ## 	�� K���
��� � � ##� ��������
��'$ %� �� #"��
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��Æ���� �" �	����	�� �"��'��"���	��� �	�� �	�� �"��� ����� ������ �"�
������� ��� �� �"�"�������
��'� ��� K �� � , � �:��� �"�����"�����
�" K���
��� � �: ## �	� �� 	���
�� ����� 	 H��� �"��� �"�"�������
�
���� �&,!� ����	� K �� � �	� � �:�� �"�����"����� �" K���
��� � + ##
	� ���� ���"���� �"� 	 ��������# ���� �"	��� ���� "� ��� ���� � ,!$ )�
#	.�#�# ����	���
� ����. 	#�������� 	�� �"�����"����� #	.�#�# ���"���
��"�� �"� �� 
	��"�� ���� �'��� 	�� ��##	��6�� �� )	��� 2$�$

%� ������ 2$0� �� �	����	��� ��	��#����"� �������# "� �� ��	���� ������
���� ��������� �� �� ���
�"�� �	�	��	� �� ��"����� ��� ��� ��#� ���"��
�	��$ I
�� ��� ��� ���	��
��' �#	�� �����	���� ��	�� ���-����' ���	�	�
��"�� ���� �� "��' �"#� "
���	� ������� �� �����	���� 	�� �� ���� ��"�
�	��� �� �� �������# 	�� ���	��' ���	�	���$ )�� �	��� �� ������"�	��"�
	��� 	� ���� �� ��������� ���"�� ������� 	 ���	��
� ����	� ����"��� "� �� ����



))$ *����+,������ ���������� ����� %����

�"�$ )� ��"� �	�� �"����� ��� �� �� ��	��#����"� �������# 	���	� 	�
�	��"� ��	��� 	�� �"" �	��"� �" �� �"#������' ���"�
�� �� �� ��#��	��"��$
P�"��� ������� "��
�� ��
�	� �	� �� ��������� 	���#	.�#�# ��;(��
"� �� �����	� ��"� �	�� �"�� �� 	���".�#	���' :$/ �(6� �"�����"�����
�" :$&, #Q �� ��#���	���� �&/! "� +$+ �3 �� ���	�� �&0! 	� 	 �	
������
"� �,,: �#$ ("��
��� 	� #����"��� �� 3����"� 2$&� �� �������� �������
���"���' "� �� ��	���� ����� 	�� �������$ �"��"���� �� ��������"� ��"#
�� ���
�"�� �	�	��	�� �	� �����	���� * ���� 	
� 	 ����� "� 	���".��
#	���' � ##< ���� �� 	 �;���H ����"� �������� �"� #	.�#�# ��	��	�
���"����"� 	�"�� �� ������ ��	���� ����� ������� �� 	 �"��'��"���	���
��H���"�"��� ���� ��� #	�' �����	�����$ 3�� 	 �"�� ����� 	�� ��
�� ������ �� 	 �"�� �������� 	� ��"	� 	� /: H(6� �"�����"����� �" &, Q
�� ��#���	���� 	�� :$+#3 �� ���	��$ )��� �� "���� �" #	�� �� ���"�	����
�	���� 	�� 	
� ��	�"�	��� ���"����"� �� �� #�	���	��� �� �"�	� ��	����
�"��� �� #	�� �"���� �	� �� �������
� �����$ )	� ��� �	� �����	����
�"��� �.���� 	 ����	�� ����� �	�� �� ���� "� �� �������
� �����	����
�	�� ����� ����"� 	� �	� ���� "� �� �;���H ���������$ %� ���������� ��
��*����"� �������# �"�� �	� �� #	�� 	�����	���' �	��� 	 ��	���� ��� ��
�	#� ������� �� < � ##�� "� ����� & �# �"� ����	��� 	� 	 ��	��#����"�
�"�� �������� "� "��' 2 #(6$ 3�� 	 �	��"� �"�� �"��� "� �"���� ��
�.���#��' ��Æ���� �" ������$ %� ��	����� �� 	���	� #�	���	�� ���"����"�
������ "� �� ������"�	��"� �����-�� 	�� �	� �� �"� ���� 	�� �"���
�	� �	� �� ��	��#����"� �"�� �������� ��������$ %� �"#�	���"�� ��
���"����"� "� �� �;������� ����"� ������� #"�� �������' "� �� �	���
#"�� ��������� 	��"�� �� ���"����"� 	��" ��� ���� ������ "� �� ������
�"�	��"� �'���#$ �"� ��	��� ����	�� �� �� �� ��������� �"������ �" 	
��	�� "
��
	 �"�� ��#� �" 	���
� �� 	����	�'� ����	� �"� �'�	#�� ����	�� ���� �"���
�"#���#�� "��' 	 ����	�� ���-����' �	�� "� �� �"��� �������# �� "� ������
��� �&2!$ ������� ��� 	 �������� "� � �(6 	�� �"##����	��' 	
	��	����
	�� �'���	� ������� 	
� 	 �������� �� �� �	��� � � � �: �(6 �&F� +:!�
�"�����"����� �" 	���".�#	���' :$,�, �Q �� ��#���	���� 	�� :$��� �3 ��
���	��$

4 #�	���	�� �	� 
	���� ����	��' "� -�	��	���	��' 	�"�� 	 ���� ��	��
��� ������� 	 ����	� "� -�	��	��� ����� ��������
��'� "� �� ��	���� ����"�$
;� �����"�� ��
�����	��� �� �5��� "� 	���'��� 	 ���� "� 
	�'��� 	#����
���� �" �� ��������� ��"���� �� ������ 2$/ �"�������� "� ���� ������#�"���
�����	������ 	�� �� ������� �� �� �	��� "� ����	� 	�� -�	��	��� ���� 	��
�"�� �� ������� 2$2 	�� 2$F� ��������
��'$ %� �� ����� 	�� "� �� ������
�� �������� ��"# �� �: H(6 ��	�� ���-����' ���	�	��"� ������� �� ����
��	����� 	�� ��"����� ����	� �� �� �"��� 	�� �� ��	� ���-������� �������
�� ��	��	��' #����� #"�� 	�� �� ���� 	�� ���� #"��� 	�� ��"����$ %� ��
����	� ���� �	��� ���� ��" ��	� ���-������� 	�� �-�	� �" �	� "��� ���	���
"� �� �'##���' "� �� ��
���$ )� ����"��� �� ��	�"�	��' ����	�� ���
�	��� �� ������"�	��"� "� �� ����"�� ��� 	 ����	� ���� �	����� ��"# � : �"
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	�#����� ������� �������! ���

��	�� ����� ������ �� +���	� :�= �� � 
������� �
 ����	 ���	��

 : H(6M# 	�� 	 -�	��	��� ���� ������� �,,: H(6M#� 	�� ,,: H(6M#�$
)� �	��� �� �� ����	� ���� �	�� �"�����"��� �" 	 ��#���	���� ��	�����
�	��� "� 	���".�#	���' �� QM# "� ���	�� ��	����� �	��� "� ��+/ �3�#$
)� �	��� �� �� -�	��	��� ���� �	�� �"�����"��� �" 	 ���"�� "���� )	'�"�
�"�Æ����� "� 	���".�#	���' �& : QM#� �� ��#���	���� 	�� �+ #3�#� ��
���	��$

;� 	
� ��#��	��� ��
��	� "��� ���������� "� 	�� �� ������ �'��� ����
������ �� 3����"� 2$&$ �' �"#�	���� ��5����� �;�������� "� ��5�����
������ ��� �-�	� �	
��' ������ �� �	� �"��� �	� ���������� "� �� �'��
�������	��� �� ������ 2$& '������ �� ����� ����	���' 	�� �	����� �'�	#��
�	��� �� �� #�	���	�� ��� 	�� #"��� "���	����� ����	� �� �'�� ������
��	��� �� ������ 2$, 	� �� #"�� �"�����	� ����"��� 	�� ��#���� �'�	#��
�	���$ ("��
��� 	� ��������� �� 3����"� 2$& �� �"�#�� ������ ��-����� �"����
��	����� 	��M"� ���� ����	���
� ����. �"���	��� 	�� ��� �"�� �"� ��
� ��
���� ����"��� �� ��#��	��"�� 	�� �#�"��� "� �� ��6� "� �� �"������ �"�Æ�����
"� �����$

J"�����	���' �� �� ����"��� �	� �� �	����	��� �"� �� 	 ��#��� ��	�����
����"�� ��� ��� ���"#�� #"�� ��Æ���� �"� 	 ����������� �;���HM�;�
������ ����"� ��� #	�' �����	����� �	� 	�� �.�"��� �" 	�����	�' ��	�
��	� #�	���	�� ����������"��$ ;� �����
� �� ���	��
��' �#	�� �"�����	������
�	� �.��� �� �� ����"��� 	�� �	���� #	���' �' ��" #��	���#�$ ������'� 	
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���� ���� ������ "���� �	��� "� 	 �����	���� ��"# �� �����	� �	�� 	�"���
�� �	�� ����$ )��� �"� �	��� ����� �� ��*����
��' "� �� "���� �	��� ����
�����	�� �"#��	� �"#�	��� ��� �� �����	� �	��$ ;�� �� �����	����
�� �"� �'##����� 	�"��� �� �	�� ����� 	� ���� �� �� �	�� �"� �"#� "�
�� ���������� ��������� �� 3����"� 2$&� �� �"�� ���-����' ��5������� ����
�"� ��	�� ��"�"���"�	��' �" 	 ����	� ����$ )�� ���� 	��" �����	��' �� ��
�	�� �� �� ���� �� �"� �������' ����	�$ 3��"���'� 	�� #"�� �#�"��	��� �� ��
�"�����	���' �	���� �' �� ������� �� �� ���"�	��� �"��� ����������"��� 	�
���� �� ������ 2$/$ )��� ������� 	�� 	 �"���-����� "� �� ��������������
"� �� ��	���� � 2!� 	�� �����	�� �� 	#������� 	�� ����"�����' ��� �����	��
��� �����	���� ��	� ���-����' 	�� �����	���� �"������ �"�Æ�����$ ;�� 	
�"�� ���-����' �	����� �� ������� "� ��� �"�����"����� �"��� ���������
��"� ���� #"
� ���	��
� �" �� ��	���� ��������� 	�� �� "��� �	�� �����$
)��� �"#� �"�����	���' ���� �� ������� �� �� ��	� ���-����' ����"��� ���
�	��� "� �	���� �� �� ��	��	� "
���	� ������� �� ���"�	����� 	�� 	 �	���
�����	���� ��	�� ���-����' ���	�	��"� �� ������ �"� �� ����	���'$ 7� ��
"��� 	��� 	 ����������� �;������� ����"� ��� 	 �#	�� ������#"�	�
���-����' ��	���� �	� �� ������"�	��� ����� 	 ��#��� ��	� ���-����' #�	�
����#���� 	�� 	��" �� �	���
� �;���H ����"� �� �	���� �" ������"�	�� ���
	 �#	�� ���-����' ��	����$ %� 	�����"� 	 �#	�� ��	� ���-����' #�	�� �	�
�� ����"� �	� �� �	����	��� ��� �Æ����� ��� "� �� �"�"�������
��' �����
	 ������ ��	� "� �� 1E �"����� 	� ��������� �� 4������. 2$4$ )��� �� #"��



��# /�	����� ))'

�	��� �� ���� �� �����	��� �" 	
� �� ��	�� ���-������� ��	��� 	� ������' 	�
�� ����	���' ��-����#��� �"� �� ��
�� 	�����	��"� 	��"��$

4�	�� ��"# �"�����	������� 	 ������������ �����	�� �� �5����
� �	
��'
������ �� �� �	�� ������ �;���H ����"� ���� �����	�� �� ���� "� ��
��*����"� �������# �"�� �"#��	�$ %� �� ������ �	��� �� �����	�� ��
�	
��' ������ �	���� �� "����� �"��� � 2� +�� + ! 	�� �"��� ����"�#	���
�+&!$ ;�� ����	�� �'��� "� ��	���� �������	��"�� 	��" ���� "���� #"���
#	' �� ������� �++!$ ("��
��� ���� ���	���� #"���� ��� 	
� ����
���-������� "������ �� �����	���� ��"� �	��� 	�� 	�� ���� ��	��	��' �"�����
�	� �� ����	#���	� #"���� 	�� ���� �����' �" �� ������� �� 	 �;�������
��� ��	��	��' ���	�	��� �	�� ����� �	� �� 	 �"�
����"�	� �;�������
��� 	�� �	�� ����� �"��"�	���� ����� �� ����	#���	� #"��� "� �� �"�#��
������ �	���	�� �� �	�� �� 	 �	���� ��	���"� "� �� ��	���� ��������� �����$

��' �����
����

;� 	
� ��������� 	 ��� �'�� "� 	���
� 	�� �	���
� ����	��	
��' "����	�
���� ��	�� ��	���� ����"��$ %� �� ��� ������� �� �� ���"����"� �� ��
#�	���	�� "� �	��������� ��	�� ��	���� ����"�� �� �"#����� ��� ��
��	��	� ���"����"� �' �	���' "
���	����� ��	����� ��� ��5����� ����"�����'$
3���� �� ����	#���	� ���"�	��� ���-����' "� �	� ������#�"��� ��	����
�� #"���' ��������� "� �� ����"�����' 	�"��� ��� �	�� ����� �� ��	��	�
����������"� "� 	 #�	���	�� �	� �� �������� �' ��	����� �� ��*����"� �����
���# �"���� "� �� ���������� "� �� �� ���� 	� �	��� �' #�	������ ��
���-����' "� �� �	��� #"���$

)� #	.�#�# 	���
	��� ��	��	� ���"����"� ������� "� �� ������� ����
"����"� �� �� #�	���	��� �� ��������� ������ 	��� #"�� �#�"��	���'� ��
#	.�#�# �"�"������� ����	���
� ����. �"���	�� "� �� ����$ ;� �"���
�	� �� #	.�#�# ��	��	� ���"����"� �"� 	 �	���
� ����"� �'�� �� �� �� �	���
:$� �  ##� ��������� "� �� ���� �'�� 	�� ������ "� '��"��� �"	����$ �"�
	 ��	���� ������� �� 	 �	�� �	�� �"��� ���� 	�����	��� �"� �;���������
	 #	.�#�# ��	��	� ���"����"� "� , ## �� #"�� ��	������$ )� #�	���	��
���"����"� �� ��������� "� �� ��	���� ������ 	�� ������"�	��"� �����-�� ��
�� �	���
� �	��� ����	� 	 �;������� ����"� 	� 	 �"�����	� ���"����"�
�� ��#���	���� 	�� ���	�� �� �� �	��� "� :$,�, �Q 	�� :$��� �3� ��������
��'$

3"#� ����	���
� ����. �"���	�� 	�� ��� ��	��	� ���"����"� �	� �� �	����
�' "���#�6��� �� ���	��
� �	�� ������� �� �����	����� 	�� ����
���	��'

	�'��� �� ������� "� �	� ������#�"��� ��	���� 	�"�� �� ���� 	.��$ %�
	�
	���� ��	���� ������� ������� 	�� �� �� ���-����' ���	�	��"� �������
�� ������#�"��� ��	����� �� �"� �"" �	���� ��#���� �' �� 1E ��"� ��6��
��� ���������� �	� �� �	����	��� ��� "�� ������ ��	� �' �� 1E �"����$
�' "
���	'��� �� ����
���	� ��	����� "�� �' "�� ���� ���-����' ���	�
�	��"� ������� �� �"�� "� �	��� ���-������� �	� �� 	���
��� ��� �� ��
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���	��
� �	�� ������� �� ��	����� �� "���#�6��� ���� ���� �� �"#� �	�����
�	��"�� ������� �� ��	����� �
��'����$ )��� �� �"���	�� �" ������ ��	�
�	����	��"� �"#� "� �� 	
	��	��� ����	���
� ����. �"���	�� ���� �� �	����$

;� 	
� ��#��	��� �� ����"��� "� ���������� ��� �� �" ���� ������
�#�"��� ��	����� ��� 
	�'��� ������ "� ����	� 	�� -�	��	��� ����$ )�
���-����' ����� "� �� ���"�	���� ����"���� -���� ����	��' ��� �� ����
	#�������$ ;� �����"�� �����
� ��� ����"�� �	� �� 	� 	���	���
� 	�����
�	��
� �" #�	���� �"�� ����	��� ����������"�� �� �"� ����	��� ��#���	����
"� ���	��$ 4�����	��
��'� #	�' ��� ���������� �	� �� #�������.�� �� "����
�" #�	���� ��	����� ����������"�� "
�� �	���� ������$ %� 	�' �	��� �.�����
#���	� �"�� 	� �" �� ����"�#�� �� "���� �" ������ �� ��	����	���' "� ��
��"�"��� ��
����$

�((��	�)*

���  !� +(����,����� �� ������-� .!��� %������

�
%�������� ��	 ��� �����"
����� ��� �/0

$12 ��%��������

4� ��������� �� 3����"� 2$&� �� �����	���� ������� �"� 	 ��
�� ��#�� "� ������
�	� �� "���#�6�� �' 	�D������ �� ���	��
� �	�� ������� �� �����	�����$
4���#��� �	� 	�� �����	����� 	
� �-�	� ������� �� 	�� �	� �� 	
�
�-������	�� ���-����' ��	���� ������� �� �����	������ �� 	
�?
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(���� K-� �� �� ��	����������"� �����	���� ��	�� ���-����' ��5�������
����	� K �� �� �"�����"����� ��	�� �	
���#��� ��5������ �� �� ����$
�� �� �� �	�� "� ��	���� *� ����	� K���� �� �� �	�� ��5������ �������
��	���� * 	�� ��	���� �$ ;�� 	�� ��� * < �			� 	�� �-�	�� �� #	.�#�#

	��� "� ������ �� ���� ��� �� 	��	���� 	� � < ���K� ���� � �� 	�
�������$ ("��
��� �� �� �"������ �" 	
"�� ���� �"��� �	�� #	.�#	 �� ������
	�� �������	���' �"��� �� ��-����� ����	���
� ����. �"���	�� �' "���#�6���
���	��
� �	��� ������� �� �����	�����$ �"� � < & �� �� �	�' �" ��	��6�
�	� �� ��� �� �#	����� �"������ ������ �� ������ ���?

K��� < �� =K��� �2$+�

)� #	.�#�# 
	��� "� ������ �� ��� ������� ��"# &�� �"  	 &��$ ���������
�� �	� �� �"�� �	� �� #	.�#�# 
	��� "� ������ �	� �� ������� ��"# +��
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�"  	//�� �"� � < + ��"
���� �	�?

K��� < �� =K���

K��� < �� �K���
�2$,�

�"� � < , �� #	.�#�# 
	��� "� ������ �	� �� ������� ��"# ,�� �"  	20�� $
������� �� "���#	� �	�� �� 	� 	�	�'���	� �	' ���"#�� �����	�����' ��Æ����
��� �	���� �$ ("��
��� �� �� �	�' �" ��� �	� �� K������� * <  			� ��
����������� ����"�#�' �� �����	���� "���� ��"# : �"  � �"� �	��� �� #"�� "�
�� �"���� ���#� �� �-�	��"� �2$�� ���� �	���� �	� "��� "��� 	�� ��� ��
#	.�#�# ������ �� ������� �" 	 
	��� ��"�� �" ��

	
�$ %� "���� �" ��� ��

"���#	� �"����"� �"� 	 ��
�� �� ��#����	� #��"�� 	
� �" �� ����� 	��
�"� � < �/ �� #	.�#�# 
	��� "� ������ �	� �"��� �" �� ���

	
�=:	0,� <

+	0,�� �+,!$ %� ���� ���' "���#�6�� �;���H�� #�� "� �� 	#�������
#"���	��"� �� �� �5��� ��	���"�#�� �" �	�� #"���	��"�$ ("��
��� �� ����
�"� �� �"������ �" #	���	�� ��� ���	� �	�� ���	��"� �
��'���� �� �� �;�
��HM�;������� ����"�� ��������� �� ��� �	����� ����� �� �����	����
�	�� ����� 	�� �"� �"��"�	���$

%� �� �#�"��	�� �" �""�� �� ���� #��"� "� ��	���� �	����	��"� �� "����
�" �����6� �� ���� �"�����	� "� �� 	#������� #"���	��"� �	�����	��"��$ )���
	�� ��" �������	� �	'� "� �	����	���� �;���H�$ I���� �� �;���H� 	��
��"����� �' "
���	'��� �� �����	����� "�� �' "��� "� ��' 	�� �	����	���
�' ������� �� �;���H �� "�� ��	� ����� 	 �"#���. �	#����� ������"�
��� 	� ����. ��"��� �-�	� �" �� ��# "� �� ����
���	� �����	�����$ )�
	�
	��	�� "� �� �"�#�� #��"� �� �	�� ���	������ "� �� ��	�� ���-����'
��	���� ������� �� �����	������ 	 �� ��	��	� ���"����"� �� �"� ��-����� ��
�� ��	���� ������� �����$ ("��
��� �� #	' �� ��Æ���� �" �"���"� �� ���	�
��
� �	��� ������� �� �����	����� ��� ��Æ����� 	����	�'$ 4�'�	'� �	�
������������' ������� �����	���� ���� �"�������� �" 	 ���� �� �� #�	� ���
��	���
� ����. �	� �� ����������� "� ��� �	�� �+,!$ �"� 	 ������� �����	�����
��� ���� �-�	�� 	�� �� ��	���"���	� 	#������� "� �� ����. #"���	��"�$
)��� �
�� �� �� ���	��
� �	��� 	�� ���	��' "���#�6��� �� �"��� ��#�� "� ��
������ ����	���
� ����. �"���	�� �"� �� �;���H �� ��� �	�� �"�����"���
�" 	 ��	���� "� ������� �� =

	
����� $ ;������ �� �����	����� "�� �'

"�� �� 	 �""� ���	 �� �� ����"� 	�����	��"� ��-����� 	 �	��� �'�	#�� �	���
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