




Chapter 6

Summary and Concluding
Remarks

6.1 Summary and Conclusion

In this thesis we have looked at four distinct methods for parameterization of the
interior of a physical domain, given its boundary. All the methods use B-splines
as basis functions, but they differ in computational complexity and sophistication.

We have seen that the least complex method, the Gordon-Hall algorithm, per-
forms well on simple geometries, but quickly unravels and becomes unable to
produce valid parameterizations for more challenging geometries, regardless of the
polynomial degree p.

The uncoupled Poisson method persists longer for increasingly challenging ge-
ometries, compared with the Gordon-Hall method, especially if we are able to find
a suitable gamma function, γ(x, y), for the geometry in question. We have seen
that if we are able to find such a function, the method is able to produce valid
meshes of geometries it otherwise would be unable to parameterize.

The quality of the mesh is strongly connected with γ(x, y), as an optimal γ-
function may enable the method to produce superior meshes, while a suboptimal
function may not improve the method at all. Furthermore, we wish to find a
general, automatic method for finding optimal parameterizations. It is then unde-
sirable to be dependent on finding a suitable γ(x, y) for the geometry in question.

The polynomial degree has minor impact on the results of the uncoupled Pois-
son method.

The linear elasticity approach has proved to be more tenacious than the Gordon-
Hall and uncoupled Poisson methods, but even this approach has to surrender
when used on the most challenging geometries. For more complex geometries, also
the linear elasticity method becomes dependent on finding an appropriate expres-
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sion for the elasticity matrix, D(x, y). This means that the performance of the
method, as with the uncoupled Poisson method, is governed by our ability to find
an appropriate expression for this matrix. We have seen that it can be challenging
to find a suitable modification of the elasticity matrix, and for some geometries
we are unable to find an expression of D(x, y) for the method to produce a valid
parameterization.

When applying the linear elasticity method, we have to choose values for the
material properties of Young’s modulus, E, and Poisson’s ratio, ν. This, combined
with the need to customize the elasticity matrix, D(x, y), makes automation more
difficult, and requires the method to be specifically adapted to each geometry
before it can be applied.

We have seen that the linear elasticity method can be enhanced, to some extent,
by increasing the polynomial degree, and thereby making the method capable of
parameterizing slightly more complex geometries.

The most complex method we have examined, the quasistatic method, has
proven to give the best overall performance, and to be the most versatile. We have
seen that the method performs on a high level, producing valid parameterizations
even on the most challenging geometries, where the other methods have failed.

Except for the specification of Young’s modulus and Poisson’s ratio, this method
also avoids dependency on finding geometry specific adaptations like the γ(x, y)
or D(x, y) for the uncoupled Poisson and linear elasticity methods.

The quasistatic method responded very well when the polynomial degree was
elevated, enabling the method to achieve high quality meshes on even more chal-
lenging geometries.

However, the results from a complex procedure such as the quasistatic method
comes with a trade off. Several iterations need to be performed to obtain the
parameterization meshes. As each iteration essentially solves an elasticity problem,
the computing multiplies proportional with the number of iterations as compared
with the second most complex method which was the linear elasticity method.
This may not be of large importance for small problems, but it may become a
limiting factor for larger problems.

Ultimately, the parameterization method to be used needs to be decided based
on the problem at hand and the requirements associated with the given geometry.

On a simple geometry, it may be sufficient to employ one of the less compu-
tationally intensive and time consuming methods, without standing the risk of
sacrificing the parameterization quality. The quasistatic method will in general
produce the mesh with the best overall performance, but this method may be un-
necessary complex for simple geometries. On simple geometries the other methods
may also produce parameterizations of sufficient quality with less computing and
in less time.
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6.2 Further Work

A natural continuation of the work done in this thesis would be to incorporate the
handling of the arrow shaped elements in the clover geometry for κ’s larger than
approximately 0.315, found in Section 5.2. Then, we would not have to disregard
these elements in the same way, and we would get a more complete impression of
the different parameterizations.

The scope of this thesis has been limited to consider parameterizations of pla-
nar geometries on non-convex domains. It would have been interesting to consider
more complex domains, but the methods we have presented are, for example, un-
able to parameterize domains with holes. By, for instance, introducing different
mappings between the parametric and physical domain, the methods can be ex-
tended to be able to handle such geometries as well.

Incorporating multipatch is also a possible extension to the work carried out
in this thesis. A possible application of multipatch is to make it possible to use
different parameterization methods on different parts of a geometry. That is, if one
method is best suited on one part of the geometry, and an other method on another
part of the geometry, these areas may be parameterized almost independently,
provided that their boundaries coincide.
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Appendix A

Source Code

The most important source codes for the four parameterization methods presented
in this thesis is included here. The code is presented in the same order as the
methods in Chapter 4. Functions and scripts used by all the parameterization
procedures are presented in the last section of this appendix, Appendix A.5.

A.1 Gordon Hall Solver

The Gordon-Hall algorithm is executed by initializing the values for p, n, and
κ and running GordonHallAlgorithm.m. The geometry also needs to be speci-
fied in DomainCurves.m. The GordonHallAlgorithm.m script makes a call to the
function GetNewBasis.m, which returns the control points after performing linear
interpolation on the domain curves. The control points are found through order
elevation in OrderElevation.m, and knot insertion in KnotInsertion.m. The
procedure also involves a function that evaluates spline functions in their associ-
ated Greville points, EvaluateGreville.m, and some functions that are common
for all the methods which is included in Appendix A.5.

GordonHalAlgorithm.m

1 geometry = ’ s i n e ’ ;
kappa = 0 . 5 ;
p = 2 ;
n = 22 ;

6 [ KnotVec , BottomTop , LeftRight , CornerPoints ] = GetNewBasis (p , n , kappa ) ;

F = BottomTop + LeftRight − CornerPoints ;
UU = F;

11 KnotVecX = KnotVec ;
KnotVecY = KnotVec ;
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q = p ;
NoDofs = length (UU) ;

16 Sx = reshape (F ( : , 1 ) , [ n , n ] ) ’ ;
Sy = reshape (F ( : , 2 ) , [ n , n ] ) ’ ;

GetGeometry
GenerateMesh

21

[N, dN] = PlotBas i s ( KnotVec , p , nv iz ) ;

ux = N∗Sx∗N’ ;
uy = N∗Sy∗N’ ;

26

f i g u r e ;
hold on
p lo t (ux , uy , ’ Color ’ , [ 0 0 .447 0 . 7 4 1 ] ) ;
p l o t (ux ’ , uy ’ , ’ Color ’ , [ 0 0 .447 0 . 7 4 1 ] ) ;

31 t i t l e ( ’Mesh ’ )
a x i s equal

JacobianTest

36 i f JacobianMinimum < 0
d i sp ( ’ Negative Jacobian ’ )

e l s e
Metr ics

end %i f

DomainCurves.m

f unc t i on po int = DomainCurves ( s , x , kappa )
% Bottom s i n e geometry :
n = length ( x ) ;

4 i f strcmp ( s , ’b ’ )
po int = [ x ; kappa∗ s i n (2∗ pi ∗x ) ] ;

e l s e i f strcmp ( s , ’ t ’ )
po int = [ x ; ones (1 , n ) ] ;

e l s e i f strcmp ( s , ’ l ’ )
9 point = [ z e r o s (1 , n ) ; x ] ;

e l s e i f strcmp ( s , ’ r ’ )
po int = [ ones (1 , n) ; x ] ;

end
end

GetNewBasis.m

f unc t i on [ t , BottomTop3 , LeftRight3 , CornerPoints3 ] = GetNewBasis (p , n , kappa )
2 addpath . . / SharedFunctions /

% Ful l b a s i s
t = l i n s p a c e (0 , 1 , n+1−p) ;
o = ones (1 , p ) ;
z = ze ro s (1 , p ) ;

7 t = [ z t o ] ;
x = l i n s p a c e (0 , 1 , n ) ;
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c = [ x ; 0 .5∗ s i n (2∗ pi ∗x ) ] ’ ;

% Linear b a s i s
12 tau1 = [ 0 0 1 1 ] ;

p l = 1 ;
e l e v a t i o n = p−p l ;

% bottom and top boundar ies :
17 x = l i n s p a c e (0 , 1 , n ) ;

c1 = DomainCurves ( ’b ’ , x , kappa ) ’ ;%[ x ; 0 .5∗ s i n (2∗ pi ∗x ) ] ’ ;
c2 = DomainCurves ( ’ t ’ , x , kappa ) ’ ;%[ x ; o ] ’ ;
j = 1 ;
BottomTop1 = [ ] ;

22 f o r i = 1 : n
BottomTop1 ( j , : ) = c1 ( i , : ) ;
BottomTop1 ( j +1 , : ) = c2 ( i , : ) ;
j = j +2;

end %i
27 c l e a r c1 c2

% l e f t and r i g h t boundar ies :
x = l i n s p a c e (0 , 1 , n ) ;
c1 = DomainCurves ( ’ l ’ , x , kappa ) ’ ;

32 c2 = DomainCurves ( ’ r ’ , x , kappa ) ’ ;
j = 1 ;
LeftRight1 = [ ] ;
f o r i = 1 : n

LeftRight1 ( j , : ) = c1 ( i , : ) ;
37 LeftRight1 ( j +1 , : ) = c2 ( i , : ) ;

j = j +2;
end %i
c l e a r c1 c2

42 % Corner po in t s :
x = l i n s p a c e (0 , 1 , 2 ) ;
c1 = DomainCurves ( ’ l ’ , x , kappa ) ’ ;
c2 = DomainCurves ( ’ r ’ , x , kappa ) ’ ;
CornerPoints1 = [ c1 ; c2 ] ;

47 c l e a r c1 c2

%Order Elevat ion botton−top and l e f t −r i gh :
[ tau2 , BottomTop2 ] = OrderElevat ion ( tau1 , p l , BottomTop1 , e l eva t i on , n) ;
[ tau2 , LeftRight2 ] = OrderElevat ion ( tau1 , p l , LeftRight1 , e l eva t i on , n) ;

52

%Knot i n s e r t i o n botton−top and l e f t −r i gh :
[ tau3 , BottomTop3 ] = KnotInser t ion ( t , tau2 , p , BottomTop2 , n) ;
[ tau3 , LeftRight3 ] = KnotInser t ion ( t , tau2 , p , LeftRight2 , n) ;

57 BT3 = [ ] ;
m = [ 1 : n ] ;
k = [ 1 : n : nˆ2−n+1] ;
f o r i = 1 : n

BT3(m, : ) = BottomTop3 (k , : ) ;
62 m = m+n ;

k = k+1;
end %i

BottomTop3 = BT3;
67

%Order e l e v a t i o n and knot i n s e r t i o n corner po in t s :
[ tau2 , CP2 ] = OrderElevationXiEta ( tau1 , p l , CornerPoints1 , e l e v a t i o n ) ;
[ tau3 , CP3 ] = KnotInsert ionXiEta ( t , tau2 , p , CP2, n) ;
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cpts3 = [ ] ;
72 counter = 1 ;

f o r i = 1 : n
cpts3 ( counter , : ) = CP3( i , : ) ;
cpts3 ( counter +1 , : ) = CP3( i+n , : ) ;
counter = counter + 2 ;

77 end %i
[ tau2 , CornerPoints2 ] = OrderElevat ion ( tau1 , p l , cpts3 , e l eva t i on , n) ;
[ tau3 , CornerPoints3 ] = KnotInser t ion ( t , tau2 , p , CornerPoints2 , n ) ;

end

OrderElevation.m

f unc t i on [ KnotVec , con t ro lPt s ] = OrderElevat ion ( KnotVecOriginal , p , . . .
c on t ro lPt sOr i g ina l , e l eva t i on , n)

4 % Order e l e v a t i o n o f knot vec to r
uniqueKnots = unique ( KnotVecOriginal ) ;
KnotVec = KnotVecOriginal ;
f o r i = 1 : e l e v a t i o n

KnotVec = [ KnotVec uniqueKnots ] ;
9 end

KnotVec = s o r t ( KnotVec ) ;

% Finding appro r i a t e c o n t r o l po in t s
[ N p , N pe ] = e v a l u a t e G r e v i l l e ( KnotVecOriginal , KnotVec , p , p+e l e v a t i o n ) ;

14

h = length ( c o n t r o l P t s O r i g i n a l ) ;
t e l l e r = [ 1 : p+e l e v a t i o n +1] ;
con t ro lPt s = [ ] ;
f o r i = 1 : 2 : 2∗ n

19 cont ro lPt s ( t e l l e r , : ) = N pe\N p∗ c o n t r o l P t s O r i g i n a l ( i : i+p , : ) ;
t e l l e r = t e l l e r + p + e l e v a t i o n + 1 ;

end
end

KnotInsertion.m

f unc t i on [ KnotVec , con t ro lPt s ] = KnotInser t ion ( t , tau , p , c o n t r o l P t s O r i g i n a l , n )

3 cont ro lPt s = [ ] ;
m = length ( t ) − (p+1) ;

counter = [ 1 : p+1] ;
f o r j = 1 : n

8 b = [ ] ;
c = c o n t r o l P t s O r i g i n a l ( counter , : ) ;
f o r i = 1 :m

mu = FindMu( tau , t ( i ) ) ;
cp = c (mu−p :mu, : ) ;

13 i f p == 0
b( i , : ) = cp (mu) ;

e l s e
b( i , : ) = getB ( t ( i +1: i+p) , mu, tau , p) ∗ cp ;



A.2. UNCOUPLED POISSON SOLVER 113

end
18 end

cont ro lPt s = [ cont ro lPt s ; b ] ;
counter = counter + p + 1 ;

end

23 KnotVec = t ;
end

A.2 Uncoupled Poisson Solver

The procedure for the uncoupled Poisson method starts by running UncoupledPoisson.m.
Here, the physical domain boundaries are parameterized, and the function Main.m

is run twice, once for the x-coordinate and once for the y-coordinate of the final
parameterization u = [x, y]. The function Main.m makes calls to several other
functions in order to set up and solve the Poisson problem.

Figure A.1 schematically shows the calls the main function makes each time
it is run. First, knot vectors, control points, boundary conditions and external
loads are specified in GetGeometry.m. Then, the elements are defined and the
connectivity between the basis functions are found inGenerateMesh.m. These two
functions make up the pre-processing part of the solver.

Next comes the processing part. It consist of the functions AssembleSystem.m
and BoundaryConditionApplication.m, as well as the actual solving of the sys-
tem AU = f . The system is solved by using MATLAB’s built-in operator.

The solution U is not the ”real” solution to the problem, but rather it contains
the value of the control variables. In order to get the actual solution we need to
post-process. This is done in postProcessing.m, where the spline basis functions
are used in combination with the control variables to represent the solution in the
same way as in equation (3.8) and (3.11). Once the post-processing is done, the
main sequence returns the solution to UncoupledPoisson.m where it is interpreted
as either the x- or y-coordinate.

Some of the functions used by the Main-sequence is used by the uncoupled Pois-
son solver, as well as the linear elasticity and quasistatic solver. These functions
can be found collectively in Appendix A.5.

UncoupledPoisson.m

1 alpha = @(x , y ) ( ( y ˆ(7/4) ) ∗(1−0.25∗x ) ) ;
kappa = 0 . 5 ;

% Solve f o r x−coord inate :
BottomBoundary = @(x , y ) x ;

6 TopBoundary = @(x , y ) x ;
LeftBoundary = @(x , y ) 0 + (y−y ) ;
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RightBoundary = @(x , y ) 1 + (y−y ) ;

Main
11 ux = u ;

Ux = U;

% Solve f o r y−coord inate :
BottomBoundary = @(x , y ) kappa ∗ s i n (2∗ pi ∗x ) ;

16 TopBoundary = @(x , y ) 1 + (x−x ) ;
LeftBoundary = @(x , y ) y ;
RightBoundary = @(x , y ) y ;

Main
21 uy = u ;

Uy = U;

% Test i f | J | > 0
JacobianTest

26

i f min ( min ( Jacobian ) ) < 0
d i sp ( ’ Negative Jacobian ’ )

e l s e
Metr ics

31 end

Main.m

% I n i t i a l i z a t i o n
GetGeometry

4 GenerateMesh

% Assemble the system Au = f
AssembleSystem

9 % Applying boundary c o n d i t i o n s to A and f
BoundaryCondit ionAppl icat ion

% Solve system
U = A\ f ;

14

pos tProce s s ing

p l o t t i n g
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main

GetGeometry

GenerateMesh

AssembleSystem

ApplyBC

Solve system

PostProcessing

Solution u

Connectivity

GetBasisAndDerivatives

GaussQuadrature

GetBasis

System
specifications

Specifies elements
and connectivities

Assembles A and f

Solve system
AU = f using

built-in functions

Process U and
groom for vi-
sualization

Figure A.1: Overview of the code implementation. The main function makes a
call to all the functions in the central column. Each of these utilizes the functions
in the right column, and some additional minor functions.
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GetGeometry.m

func = @(x , y ) 0 ;
startX = 0 ; endX = 1 ;

3 startY = 0 ; endY = 1 ;

% Sp l ine s p e c i f i c a t i o n
n = 20 ;
KnotVecX = l i n s p a c e (0 , 1 , n+1) ;

8 KnotVecX = [ 0 0 KnotVecX 1 1 ] ;
p = 2 ;
KnotVecY = KnotVecX ;
q = p ;

13 NoPtsX = FindMu(KnotVecX , KnotVecX( end ) ) ;
NoPtsY = FindMu(KnotVecY , KnotVecY( end ) ) ;
NoGaussPts = max(p , q ) + 1 ;
NoCtrlPts = NoPtsX ∗ NoPtsY ;

18 GetControlPts

% V i s u a l i z a t i o n s p e c i f i c a t i o n
NoPx = p+1;
NoPy = q+1;

23 uniqueX = unique (KnotVecX) ;
uniqueY = unique (KnotVecY) ;
NoElemX = length ( uniqueX ) − 1 ;
NoElemY = length ( uniqueY ) − 1 ;
nv iz = NoPx∗NoElemX ;

28 mviz = NoPy∗NoElemY ;

AssembleSystem.m

% Assemble s t i f f n e s s matrix A and r i g h t hand s i d e vec to r f
2

% I n i t i a l i z e A and f
A = ze ro s ( NoCtrlPts , NoCtrlPts ) ;
f = ze ro s ( NoCtrlPts , 1) ;

7 % Gauss quadrature po in t s and weights
[P, W] = GaussQuadrature ( NoGaussPts , 2) ;

f o r e = 1 : NoElem
% Element i n t e r v a l ( x i i , x i ( i +1) )

12 Xi e = ElemRange ( e , 1 : 2 ) ;
Eta e = ElemRange ( e , 3 : 4 ) ;

% C o n n e c t i v i t i e s on element e
Conn = ElemConn( e , : ) ;

17

f o r g = 1 : s i z e (W, 1 )
x i h a t = P(g , 1 ) ;
e ta hat = P( g , 2 ) ;
w = W( g ) ;

22

% Coordinates in parametr ic space :
Xi = 0 .5 ∗ ( ( Xi e (2 ) − Xi e (1 ) ) ∗ x i h a t . . .

+ ( Xi e (2 ) + Xi e (1 ) ) ) ;
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Eta = 0 .5 ∗ ( ( Eta e (2 ) − Eta e (1 ) ) ∗ e ta hat . . .
27 +(Eta e (2 ) + Eta e (1 ) ) ) ;

% Jacobian un i t square − parametr ic :
J2 = 0.25 ∗ ( Xi e (2 ) − Xi e (1 ) ) ∗( Eta e (2 ) − Eta e (1 ) ) ;

32 % Bas i s f u n c t i o n s and d e r i v a t i v e s
[N, dNdxi , dNdeta ] = GetBasisAndDerivat ives ( Xi , Eta , p , q , . . .

KnotVecX , KnotVecY) ;

% Jacobian parametr ic − p h y s i c a l :
37 jacob = cont ro lPt s (Conn , : ) ’∗ [ dNdxi ’ dNdeta ’ ] ;

J1 = det ( jacob ) ;
invJacob = inv ( jacob ) ;

% Use the d e r i v a t i v e wrt x and y in s t ead o f x i and eta
42 dNdx = [ dNdxi ’ dNdeta ’ ] ∗ invJacob ;

Alpha = alpha ( Xi , Eta ) ;
A(Conn , Conn) = A(Conn , Conn) + dNdx ∗ Alpha ∗ dNdx ’ ∗ J1 ∗ J2 ∗ w;
x = N∗ cont ro lPt s (Conn , 1 ) ; y = N∗ cont ro lPt s (Conn , 2 ) ;

47 f (Conn) = f (Conn) + ( func (x , y ) ∗ N’ ∗ J1 ∗ J2 ∗ w) ;

end %g
end %e

BoundaryConditionApplication.m

% Solves l e a s t squares problem on boundary

% Find b a s i s f u n c t i o n s at boundary
r ightNodes = f i n d ( cont ro lPt s ( : , 1 ) == endX) ’ ;

5 topNodes = f i n d ( cont ro lPt s ( : , 2 ) == endY) ’ ;
l e f tNode s = f i n d ( cont ro lPt s ( : , 1 ) == startX ) ’ ;
bottomNodes = f i n d ( cont ro lPt s ( : , 2 ) == startY ) ’ ;

NoP = 10 ;
10

NobottomNodes = length ( bottomNodes ) ;
NoleftNodes = length ( l e f tNode s ) ;
NorightNodes = length ( r ightNodes ) ;
NotopNodes = length ( topNodes ) ;

15

% Used f o r l o c a l element index ing
bottomElement = ze ro s (NoElemX , p+1) ;
l e f tE l ement = ze ro s (NoElemY , q+1) ;
r ightElement = ze ro s (NoElemY , q+1) ;

20 topElement = ze ro s (NoElemX , p+1) ;

% Used to keep track on the a c t i v e b a s i s f u n c t i o n s and
% c o n t r o l po in t s on each element boundary
bottomEdgeMesh = ze ro s (NoElemX , p+1) ;

25 leftEdgeMesh = ze ro s (NoElemY , q+1) ;
rightEdgeMesh = ze ro s (NoElemY , q+1) ;
topEdgeMesh = ze ro s (NoElemX , p+1) ;

f o r i = 1 :NoElemX
30 bottomEdgeMesh ( i , : ) = bottomNodes ( i : i+p) ;

topEdgeMesh ( i , : ) = topNodes ( i : i+p) ;
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bottomElement ( i , : ) = ( i : i+p) ;
topElement ( i , : ) = ( i : i+p) ;

end %i
35

f o r i = 1 :NoElemY
leftEdgeMesh ( i , : ) = l e f tNode s ( i : i+q ) ;
rightEdgeMesh ( i , : ) = rightNodes ( i : i+q ) ;
l e f tE l ement ( i , : ) = ( i : i+q ) ;

40 r ightElement ( i , : ) = ( i : i+q ) ;
end %i

B = ze ro s ( NoCtrlPts , 1 ) ;
C = ze ro s ( NoCtrlPts , NoCtrlPts ) ;

45

bottomC = ze ro s ( NobottomNodes , NobottomNodes ) ;
l e f t C = ze ro s ( NoleftNodes , NoleftNodes ) ;
r ightC = ze ro s ( NorightNodes , NorightNodes ) ;
topC = ze ro s ( NotopNodes , NotopNodes ) ;

50

bottomB = ze ro s ( NobottomNodes , 1 ) ;
l e f t B = ze ro s ( NoleftNodes , 1 ) ;
r ightB = ze ro s ( NorightNodes , 1 ) ;
topB = ze ro s ( NotopNodes , 1 ) ;

55

% Bottom boundary
f o r e = 1 :NoElemX

s c t r = bottomEdgeMesh ( e , : ) ;
sctrC = bottomElement ( e , : ) ;

60 Xi e = ElemRangeX( e , : ) ;
xiC = l i n s p a c e ( Xi e (1 ) , Xi e (2 ) , NoP) ;

N = GetBasisBoundary (KnotVecX , p , xiC ) ;
bottomC ( sctrC , sctrC ) = bottomC ( sctrC , sctrC ) + N’∗N;

65 x = N∗ cont ro lPt s ( s c t r , 1 ) ; y = N∗ cont ro lPt s ( s c t r , 2 ) ;
f f = BottomBoundary (x , y ) ;
bottomB ( sctrC ) = bottomB ( sctrC ) + N’∗ f f ;

end %e
70

C( bottomNodes , bottomNodes ) = C( bottomNodes , bottomNodes ) + bottomC ;
B( bottomNodes ) = B( bottomNodes ) + bottomB ;
fBottom = bottomC\bottomB ;

75 % Lef t boundary
f o r e = 1 :NoElemY

s c t r = leftEdgeMesh ( e , : ) ;
sctrC = le f tE l ement ( e , : ) ;
Eta e = ElemRangeY( e , : ) ;

80 etaC = l i n s p a c e ( Eta e (1 ) , Eta e (2 ) , NoP) ;

M = GetBasisBoundary (KnotVecY , q , etaC ) ;
l e f t C ( sctrC , sctrC ) = l e f t C ( sctrC , sctrC ) + M’∗M;
x = M∗ cont ro lPt s ( s c t r , 1 ) ; y = M∗ cont ro lPt s ( s c t r , 2 ) ;

85 f f = LeftBoundary (x , y ) ;
l e f t B ( sctrC ) = l e f t B ( sctrC ) + M’∗ f f ;

end %e

C( le f tNodes , l e f tNode s ) = C( le f tNodes , l e f tNode s ) + l e f t C ;
90 B( l e f tNode s ) = B( l e f tNode s ) + l e f t B ;

f L e f t = l e f t C \ l e f t B ;

% Right boundary
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f o r e = 1 :NoElemY
95 s c t r = rightEdgeMesh ( e , : ) ;

sctrC = rightElement ( e , : ) ;
Eta e = ElemRangeY( e , : ) ;
etaC = l i n s p a c e ( Eta e (1 ) , Eta e (2 ) , NoP) ;

100 M = GetBasisBoundary (KnotVecY , q , etaC ) ;
r ightC ( sctrC , sctrC ) = rightC ( sctrC , sctrC ) + M’∗M;
x = M∗ cont ro lPt s ( s c t r , 1 ) ; y = M∗ cont ro lPt s ( s c t r , 2 ) ;
f f = RightBoundary (x , y ) ;
r ightB ( sctrC ) = rightB ( sctrC ) + M’∗ f f ;

105 end %e

C( rightNodes , r ightNodes ) = C( rightNodes , r ightNodes ) + rightC ;
B( r ightNodes ) = B( r ightNodes ) + rightB ;
fRight = rightC \ r ightB ;

110

% Top boundary
f o r e = 1 :NoElemX

s c t r = topEdgeMesh ( e , : ) ;
sctrC = topElement ( e , : ) ;

115 Xi e = ElemRangeX( e , : ) ;
xiC = l i n s p a c e ( Xi e (1 ) , Xi e (2 ) , NoP) ;

N = GetBasisBoundary (KnotVecX , p , xiC ) ;
topC ( sctrC , sctrC ) = topC ( sctrC , sctrC ) + N’∗N;

120 x = N∗ cont ro lPt s ( s c t r , 1 ) ; y = N∗ cont ro lPt s ( s c t r , 2 ) ;
f f = TopBoundary (x , y ) ;
topB ( sctrC ) = topB ( sctrC ) + N’∗ f f ;

end %e

125 C( topNodes , topNodes ) = C( topNodes , topNodes ) + topC ;
B( topNodes ) = B( topNodes ) + topB ;
fTop = topC\topB ;

% So lv ing l e a s t−mean−square
130 Fix = [ bottomNodes l e f tNode s r ightNodes topNodes ] ;

FixedNodes = unique ( Fix ) ;
f o r i = s i z e (C, 1 ) : −1 :1 ;

i f not ( ismember ( i , FixedNodes ) )
C( i , : ) = [ ] ;

135 C( : , i ) = [ ] ;
B( i ) = [ ] ;

end %i f
end %i f

140 % Apply to boundary
Fixed = (C\B) ’ ;
f = f − A( : , FixedNodes ) ∗Fixed ’ ;
f ( FixedNodes ) = Fixed ;
A( FixedNodes , : ) = 0 ;

145 A( : , FixedNodes ) = 0 ;

f o r i = 1 : l ength ( FixedNodes )
A( FixedNodes ( i ) , FixedNodes ( i ) ) = 1 ;

end %i
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PostProcessing.m

k = 1 ;
2 S = ze ro s (NoPtsY , NoPtsX) ;

f o r i = 1 : NoPtsY
S( i , : ) = U( k : i ∗NoPtsX) ;
k = k + NoPtsX ;

7 end %i

[N, dN] = PlotBas i s (KnotVecX , p , nv iz ) ;
[M, dM] = PlotBas i s (KnotVecY , q , mviz ) ;

12 % So lut i on :
u = N∗S∗M’ ;
u x = dN∗S∗M’ ;
u y = N∗S∗dM’ ;

17 x = ze ro s (NoPtsY , NoPtsX) ;
y = ze ro s (NoPtsY , NoPtsX) ;

d = 1 ;
f o r i = 1 : NoPtsY

22 f o r j = 1 : NoPtsX
x ( i , j ) = cont ro lPt s (d , 1 ) ;
y ( i , j ) = cont ro lPt s (d , 2 ) ;
d = d + 1 ;

end %j
27 end %i

X = N∗x∗M’ ;
Y = N∗y∗M’ ;

A.3 Linear Elasticity Solver

The frame of the linear elasticity solver is relatively similar to the uncoupled Pois-
son solver, with some minor differences. In the linear elasticity case the solver is
run directly from the Main.m script and the geometry is defined in GetGeometry.m

in stead of being defined before running the Main.m. Aside from this, the basic
structure of the solvers are the same. Some differences occur in the way the sys-
tem is assembled and how the boundary conditions are enforced. In addition, the
elasticity matrix is included in the assembly of the stiffness matrix. Here, we have
only included the functions and scripts that have changed. That is, if a script is
the same as in the uncoupled Poisson solver it is not included here and the reader
is referred to the previous section.
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LinearElasticity.m

GetGeometry

GenerateMesh

5 LinearE las t i c i ty AssembleSystem

LinearE la s t i c i ty BoundaryCond i t i onApp l i ca t i on

U = A\ f ;
10

Ux = U( 1 : NoCtrlPts ) ;
Uy = U( NoCtrlPts +1:end ) ;

po s tProce s s ing
15

p l o t t i n g

JacobianTest

20 i f min ( min ( Jacobian ) ) < 0
d i sp ( ’ Negative Jacobian ’ )

e l s e
Metr ics

end %i f

LinearElasticity AssembleSystem.m

1 % Assemble s t i f f n e s s matrix A and r i g h t hand s i d e vec to r f
% I n i t i a l i z e A and f
A = ze ro s ( NoDofs , NoDofs ) ;
f = ze ro s ( NoDofs , 1) ;

6 % Gauss quadrature po in t s and weights
[P, W] = GaussQuadrature ( NoGaussPts , 2) ;

f o r e = 1 : NoElem
% Element i n t e r v a l ( x i i , x i ( i +1) )

11 Xi e = ElemRange ( e , 1 : 2 ) ;
Eta e = ElemRange ( e , 3 : 4 ) ;

% C o n n e c t i v i t i e s on element e and matrix B
Conn = ElemConn( e , : ) ;

16 ConnB = [ Conn Conn+NoCtrlPts ] ;

nn = length (Conn) ;
B = ze ro s (3 , 2∗nn) ;
pts = cont ro lPt s (Conn , : ) ;

21 R = ze ro s (2 ,2∗nn) ;

f o r g = 1 : s i z e (W, 1 )
x i h a t = P(g , 1 ) ;
e ta hat = P( g , 2 ) ;

26 w = W( g ) ;

% Coordinates in parametr ic space :
Xi = 0 .5 ∗ ( ( Xi e (2 ) − Xi e (1 ) ) ∗ x i h a t . . .
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+ ( Xi e (2 ) + Xi e (1 ) ) ) ;
31 Eta = 0 .5 ∗ ( ( Eta e (2 ) − Eta e (1 ) ) ∗ e ta hat . . .

+(Eta e (2 ) + Eta e (1 ) ) ) ;

% Jacobian un i t square − parametr ic :
J2 = 0.25 ∗ ( Xi e (2 ) − Xi e (1 ) ) ∗( Eta e (2 ) − Eta e (1 ) ) ;

36

% Bas i s f u n c t i o n s and d e r i v a t i v e s
[N, dNdxi , dNdeta ] = GetBasisAndDerivat ives ( Xi , Eta , p , q , . . .

KnotVecX , KnotVecY) ;

41 % Jacobian parametr ic − p h y s i c a l :
jacob = cont ro lPt s (Conn , : ) ’∗ [ dNdxi ’ dNdeta ’ ] ;
J1 = det ( jacob ) ;
invJacob = inv ( jacob ) ;

46 % Use the d e r i v a t i v e wrt x and y in s t ead o f x i and eta :
dNdx = [ dNdxi ’ dNdeta ’ ] ∗ invJacob ;

% B−matrix :
B( 1 , 1 : nn ) = dNdx ( : , 1 ) ’ ;

51 B(2 , nn+1:2∗nn) = dNdx ( : , 2 ) ’ ;
B( 3 , 1 : nn ) = dNdx ( : , 2 ) ’ ;
B(3 , nn+1:2∗nn) = dNdx ( : , 1 ) ’ ;

R( 1 , 1 : l ength (Conn) ) = N’ ;
56 R(2 , l ength (Conn) +1:end ) = N’ ;

Dmat = E l a s t i c i t y M a t r i x ( Xi , Eta , Youngs , po i s s on s ) ;

A(ConnB , ConnB) = A(ConnB , ConnB) + B’∗Dmat∗B∗J1∗J2∗w;
61 x = N∗ cont ro lPt s (Conn , 1 ) ; y = N∗ cont ro lPt s (Conn , 2 ) ;

f (ConnB) = f (ConnB) + ( func (x , y ) ∗ R ∗ J1 ∗ J2 ∗ w) ’ ;
end %g

end %e

ElasticityMatrix.m

1 f unc t i on D = E l a s t i c i t y M a t r i x (x , y , Y, v )
E = Y∗( y ˆ(5/8) +0.3) ∗(1−0.25∗x ) ;
d = [ 1 v 0 ;

v 1 0 ;
0 0 (1−v ) / 2 ] ;

6

D = E/(1−v ˆ2) ∗ d ;
end

LinearElasticity BoundaryConditionApplication.m

% Solves l e a s t squares problem on boundary
2 % Find b a s i s f u n c t i o n s at boundary

r ightNodes = f i n d ( cont ro lPt s ( : , 1 ) == endX) ’ ;
topNodes = f i n d ( cont ro lPt s ( : , 2 ) == endY) ’ ;
l e f tNode s = f i n d ( cont ro lPt s ( : , 1 ) == startX ) ’ ;
bottomNodes = f i n d ( cont ro lPt s ( : , 2 ) == startY ) ’ ;
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7

NoP = 10 ;
NobottomNodes = length ( bottomNodes ) ;
NoleftNodes = length ( l e f tNode s ) ;
NorightNodes = length ( r ightNodes ) ;

12 NotopNodes = length ( topNodes ) ;

% Used f o r l o c a l element index ing
bottomElement = ze ro s (NoElemX , p+1) ;
l e f tE l ement = ze ro s (NoElemY , q+1) ;

17 r ightElement = ze ro s (NoElemY , q+1) ;
topElement = ze ro s (NoElemX , p+1) ;

% Used to keep track on the a c t i v e b a s i s f u n c t i o n s and
% c o n t r o l po in t s on each element boundary

22 bottomEdgeMesh = ze ro s (NoElemX , p+1) ;
leftEdgeMesh = ze ro s (NoElemY , q+1) ;
rightEdgeMesh = ze ro s (NoElemY , q+1) ;
topEdgeMesh = ze ro s (NoElemX , p+1) ;

27 f o r i = 1 :NoElemX
bottomEdgeMesh ( i , : ) = bottomNodes ( i : i+p) ;
topEdgeMesh ( i , : ) = topNodes ( i : i+p) ;
bottomElement ( i , : ) = ( i : i+p) ;
topElement ( i , : ) = ( i : i+p) ;

32 end %i

f o r i = 1 :NoElemY
leftEdgeMesh ( i , : ) = l e f tNode s ( i : i+q ) ;
rightEdgeMesh ( i , : ) = rightNodes ( i : i+q ) ;

37 l e f tE l ement ( i , : ) = ( i : i+q ) ;
r ightElement ( i , : ) = ( i : i+q ) ;

end %i

Bx = ze ro s ( NoCtrlPts , 1 ) ;
42 By = ze ro s ( NoCtrlPts , 1 ) ;

C = ze ro s ( NoCtrlPts , NoCtrlPts ) ;

bottomC = ze ro s ( NobottomNodes , NobottomNodes ) ;
l e f t C = ze ro s ( NoleftNodes , NoleftNodes ) ;

47 r ightC = ze ro s ( NorightNodes , NorightNodes ) ;
topC = ze ro s ( NotopNodes , NotopNodes ) ;

bottomBx= ze ro s ( NobottomNodes , 1 ) ;
l e f tBx = ze ro s ( NoleftNodes , 1 ) ;

52 r ightBx = ze ro s ( NorightNodes , 1 ) ;
topBx = ze ro s ( NotopNodes , 1 ) ;

bottomBy= ze ro s ( NobottomNodes , 1 ) ;
l e f tBy = ze ro s ( NoleftNodes , 1 ) ;

57 r ightBy = ze ro s ( NorightNodes , 1 ) ;
topBy = ze ro s ( NotopNodes , 1 ) ;

% Bottom boundary
f o r e = 1 :NoElemX

62 s c t r = bottomEdgeMesh ( e , : ) ;
sctrC = bottomElement ( e , : ) ;
Xi e = ElemRangeX( e , : ) ;
xiC = l i n s p a c e ( Xi e (1 ) , Xi e (2 ) , NoP) ;

67 N = GetBasisBoundary (KnotVecX , p , xiC ) ;
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bottomC ( sctrC , sctrC ) = bottomC ( sctrC , sctrC ) + N’∗N;

x = N∗ cont ro lPt s ( s c t r , 1 ) ; y = N∗ cont ro lPt s ( s c t r , 2 ) ;
72 f f = BottomBoundary (x , y ) ;

bottomBx ( sctrC ) = bottomBx ( sctrC ) + N’∗ f f ( : , 1 ) ;
bottomBy ( sctrC ) = bottomBy ( sctrC ) + N’∗ f f ( : , 2 ) ;

end %e
C( bottomNodes , bottomNodes ) = C( bottomNodes , bottomNodes ) + bottomC ;

77 Bx( bottomNodes ) = Bx( bottomNodes ) + bottomBx ;
By( bottomNodes ) = By( bottomNodes ) + bottomBy ;

% Le f t boundary
f o r e = 1 :NoElemY

82 s c t r = leftEdgeMesh ( e , : ) ;
sctrC = le f tE l ement ( e , : ) ;
Eta e = ElemRangeY( e , : ) ;
etaC = l i n s p a c e ( Eta e (1 ) , Eta e (2 ) , NoP) ;

87 M = GetBasisBoundary (KnotVecY , q , etaC ) ;

l e f t C ( sctrC , sctrC ) = l e f t C ( sctrC , sctrC ) + M’∗M;

x = M∗ cont ro lPt s ( s c t r , 1 ) ; y = M∗ cont ro lPt s ( s c t r , 2 ) ;
92 f f = LeftBoundary (x , y ) ;

l e f tBx ( sctrC ) = l e f tBx ( sctrC ) + M’∗ f f ( : , 1 ) ;
l e f tBy ( sctrC ) = l e f tBy ( sctrC ) + M’∗ f f ( : , 2 ) ;

end %e
C( le f tNodes , l e f tNode s ) = C( le f tNodes , l e f tNode s ) + l e f t C ;

97 Bx( l e f tNode s ) = Bx( l e f tNode s ) + l e f tBx ;
By( l e f tNode s ) = By( l e f tNode s ) + l e f tBy ;

% Right boundary
f o r e = 1 :NoElemY

102 s c t r = rightEdgeMesh ( e , : ) ;
sctrC = rightElement ( e , : ) ;
Eta e = ElemRangeY( e , : ) ;
etaC = l i n s p a c e ( Eta e (1 ) , Eta e (2 ) , NoP) ;

107 M = GetBasisBoundary (KnotVecY , q , etaC ) ;

r ightC ( sctrC , sctrC ) = rightC ( sctrC , sctrC ) + M’∗M;

x = M∗ cont ro lPt s ( s c t r , 1 ) ; y = M∗ cont ro lPt s ( s c t r , 2 ) ;
112 f f = RightBoundary (x , y ) ;

r ightBx ( sctrC ) = rightBx ( sctrC ) + M’∗ f f ( : , 1 ) ;
r ightBy ( sctrC ) = rightBy ( sctrC ) + M’∗ f f ( : , 2 ) ;

end %e
C( rightNodes , r ightNodes ) = C( rightNodes , r ightNodes ) + rightC ;

117 Bx( r ightNodes ) = Bx( r ightNodes ) + rightBx ;
By( r ightNodes ) = By( r ightNodes ) + rightBy ;

% Top boundary
f o r e = 1 :NoElemX

122 s c t r = topEdgeMesh ( e , : ) ;
sctrC = topElement ( e , : ) ;
Xi e = ElemRangeX( e , : ) ;
xiC = l i n s p a c e ( Xi e (1 ) , Xi e (2 ) , NoP) ;

127 N = GetBasisBoundary (KnotVecX , p , xiC ) ;

topC ( sctrC , sctrC ) = topC ( sctrC , sctrC ) + N’∗N;
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x = N∗ cont ro lPt s ( s c t r , 1 ) ; y = N∗ cont ro lPt s ( s c t r , 2 ) ;
132 f f = TopBoundary (x , y ) ;

topBx ( sctrC ) = topBx ( sctrC ) + N’∗ f f ( : , 1 ) ;
topBy ( sctrC ) = topBy ( sctrC ) + N’∗ f f ( : , 2 ) ;

end %e
C( topNodes , topNodes ) = C( topNodes , topNodes ) + topC ;

137 Bx( topNodes ) = Bx( topNodes ) + topBx ;
By( topNodes ) = By( topNodes ) + topBy ;

% So lv ing l e a s t−mean−square
Fix = [ bottomNodes l e f tNode s r ightNodes topNodes ] ;

142 FixedNodes = unique ( Fix ) ;
f o r i = length (Bx) : −1 :1 ;

i f not ( ismember ( i , FixedNodes ) )
C( i , : ) = [ ] ;
C( : , i ) = [ ] ;

147 Bx( i ) = [ ] ;
By( i ) = [ ] ;

end %i f
end %i f

152 % Apply to boundary
Fixedx = (C\Bx) ;
Fixedy = (C\By) ;
FixedNodesX = FixedNodes ;
FixedNodesY = FixedNodes + NoCtrlPts ;

157 f = f − A( : , FixedNodesX ) ∗Fixedx ;
f = f − A( : , FixedNodesY ) ∗Fixedy ;
f ( FixedNodesX ) = Fixedx ’ ;
f ( FixedNodesY ) = Fixedy ’ ;
A( FixedNodesX , : ) = 0 ;

162 A( FixedNodesY , : ) = 0 ;
A( : , FixedNodesX ) = 0 ;
A( : , FixedNodesY ) = 0 ;

f o r i = 1 : l ength ( FixedNodesX )
167 A( FixedNodesX ( i ) , FixedNodesX ( i ) ) = 1 ;

A( FixedNodesX ( i )+NoCtrlPts , FixedNodesX ( i )+NoCtrlPts ) = 1 ;
end %i

A.4 Quasistatic Solver

As explained in Section 4.4 of the report, the quasistatic method is basically solving
the linear elasticity problem iteratively.

Quasistatic.m

1 geometry = ’ s i n e ’ ;
BottomBoundary = @(x , y ) [ x , (y−y ) ] ;
TopBoundary = @(x , y ) [ x , 1+(y−y ) ] ;
LeftBoundary = @(x , y ) [ ( x−x ) , y ] ;
RightBoundary = @(x , y ) [1+(x−x ) , y ] ;

6 Main ;

r = 0 . 0 ;
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kappa = 0 . 5 ;
i t e r e t i o n s = 10 ;

11

whi le r <= kappa
cont ro lPt s = [ Ux ’ ; Uy ’ ] ’ ;
BottomBoundary = @(x , y ) [ x , r ∗ s i n (2∗ pi ∗x ) ] ;
TopBoundary = @(x , y ) [ x , 1+(y−y ) ] ;

16 LeftBoundary = @(x , y ) [ ( x−x ) , y ] ;
RightBoundary = @(x , y ) [1+(x−x ) , y ] ;

L in ea rE l a s t i c i t y Ma in
r = r + kappa/ i t e r a t i o n s ;

21 end %whi le

i f min ( min ( Jacobian ) ) < 0
d i sp ( ’ Negative Jacobian ’ )

e l s e
26 Metr ics

end %i f

A.5 Shared Functions

The following functions and scripts are used in two or more of the solvers presented.

GenerateMesh.m

% Unique knots in x i and eta d i r e c t i o n
uniqueX = unique (KnotVecX) ;

3 uniqueY = unique (KnotVecY) ;

% Number o f e lements in x i and eta d i r e c t i o n , and in t o t a l
NoElemX = length ( uniqueX ) − 1 ;
NoElemY = length ( uniqueY ) − 1 ;

8 NoElem = NoElemX ∗ NoElemY ;

% Element c o n n e c t i v i t i e s and range
ElemConn = ze ro s (NoElem , (p+1)∗( q+1) ) ;
ElemRange = ze ro s (NoElem , 4) ;

13

chan = ze ro s (NoPtsY , NoPtsX) ;
counter = 1 ;

f o r i = 1 : NoPtsY
18 f o r j = 1 : NoPtsX

chan ( i , j ) = counter ;
counter = counter + 1 ;

end %j
end %i

23

[ ElemRangeX , ElemConnX ] = Connect iv i ty (p , KnotVecX , NoElemX) ;
[ ElemRangeY , ElemConnY ] = Connect iv i ty (q , KnotVecY , NoElemY) ;

e = 1 ;
28 f o r y = 1 :NoElemY

yConn = ElemConnY(y , : ) ;
f o r x = 1 :NoElemX
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c = 1 ;
xConn = ElemConnX(x , : ) ;

33 f o r i = 1 : l ength (yConn)
f o r j = 1 : l ength (xConn)

ElemConn( e , c ) = chan (yConn( i ) , xConn( j ) ) ;
c = c + 1 ;

end %j
38 end %i

e = e + 1 ;
end %x

end %y

43 e = 1 ;
f o r i = 1 : s i z e (ElemRangeY , 1 )

f o r j = 1 : s i z e (ElemRangeX , 1 )
ElemRange ( e , 1 : 2 ) = ElemRangeX( j , : ) ;
ElemRange ( e , 3 : 4 ) = ElemRangeY( i , : ) ;

48 e = e + 1 ;
end %j

end %i

Connectivity.m

f unc t i on [ ElemRange , ElemConn ] = Connect iv i ty (p , KnotVec , NoElem)
% The func t i on f i n d s the range and c o n n e c t i v i t i e s
% f o r each element in 1D

5 ElemRange = ze ro s (NoElem , 2) ;
ElemConn = ze ro s (NoElem , p+1) ;
ElemKnotInd = ze ro s (NoElem , 2) ;

element = 1 ;
10 prev ious = KnotVec (1 ) ;

f o r i = 1 : l ength ( KnotVec )
cur rent = KnotVec ( i ) ;
i f KnotVec ( i ) ˜= prev ious

15 ElemRange ( element , : ) = [ prev ious , cur r ent ] ;
ElemKnotInd ( element , : ) = [ i −1, i ] ;
e lement = element + 1 ;

end %i f
prev ious = cur rent ;

20 end %i

NoRepeated = 0 ;
f o r i = 1 : NoElem

ind = ( ElemKnotInd ( i , 1 ) − p + 1 ) : ElemKnotInd ( i , 1 ) ;
25 prev ious = KnotVec ( ind ) ;

cur r ent = ones (1 , p ) ∗ KnotVec ( ElemKnotInd ( i , 1 ) ) ;

i f i s e q u a l ( prev ious , cur r ent ) && ( length ( nonzeros ( prev ious ) ) > 1) ;
NoRepeated = NoRepeated + 1 ;

30 end %i f

ElemConn( i , : ) = ( ElemKnotInd ( i , 1 ) − p ) : ElemKnotInd ( i , 1 ) ;
end %i

end
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FindMu.m

1 f unc t i on mu = FindMu( KnotVec , x )
% mu = the value f o r which xi mu <= x < x i (mu+1)

i f abs ( x − KnotVec ( end ) ) < eps
x = KnotVec ( end ) − eps ;

6 end %i f

M = length ( KnotVec ) ;
f o r i = 1 :M−1

i f KnotVec ( i ) <= x && KnotVec ( i +1) > x
11 mu = i ;

end %i f
end %i

end

GetBasisAndDerivatives.m

f unc t i on [ bas i s , dNdxi , dNdeta ] = GetBasisAndDerivat ives ( xi , eta , p , q , KnotVecX ,
KnotVecY)
% The func t i on r e tu rn s the b a s i s and f i r s t d e r i v a t i v e s
% with r e s p e c t to the po in t s x i and eta .

5 i f abs ( x i − KnotVecX( end ) ) < eps
x i = KnotVecX( end ) − eps ;

end %i f
i f abs ( eta − KnotVecY( end ) ) < eps

eta = KnotVecY( end ) − eps ;
10 end %i f

% Get Bas i s :
[N, dN] = GetBasisAndDerivatives1D (KnotVecX , p , x i ) ;
[M, dM] = GetBasisAndDerivatives1D (KnotVecY , q , eta ) ;

15

k = 1 ;
f o r j = 1 : ( q+1)

f o r i = 1 : ( p+1)
b a s i s ( k ) = N( i ) ∗M( j ) ;

20 dNdxi ( k ) = dN( i ) ∗M( j ) ;
dNdeta ( k ) = dM( j ) ∗N( i ) ;
k = k + 1 ;

end %i
end %j

25

end

GetBasisAndDerivatives1D.m

f unc t i on [N, dN] = GetBasisAndDerivatives1D ( KnotVec , p , x )

mu = FindMu( KnotVec , x ) ;
4

% Bas i s :
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N = 1 ;
f o r k = 1 : p

R = 0 ;
9 f o r i = 1 : k

R( i , i ) = ( KnotVec (mu+i ) − x ) /( KnotVec (mu+i )−KnotVec (mu+i−k ) ) ;
R( i , i +1) = (x−KnotVec (mu+i−k ) ) /( KnotVec (mu+i )−KnotVec (mu+i−k ) ) ;

end %i
N = N ∗ R;

14 end %k

% Der iva t i ve :
dN = 1 ;
f o r k = 1 : ( p−1)

19 R = 0 ;
f o r i = 1 : k

R( i , i ) = ( KnotVec (mu+i ) − x ) /( KnotVec (mu+i )−KnotVec (mu+i−k ) ) ;
R( i , i +1) =(x−KnotVec (mu+i−k ) ) /( KnotVec (mu+i )−KnotVec (mu+i−k ) ) ;

end %i
24 dN = dN∗R;

end %k

f o r k = (p−1+1) : p
dR = 0 ;

29 f o r i = 1 : k
dR( i , i ) = (−1) / ( KnotVec (mu+i ) − KnotVec (mu+i−k ) ) ;
dR( i , i +1) = (1) / ( KnotVec (mu+i ) − KnotVec (mu+i−k ) ) ;

end %i
dN = dN∗dR;

34 end %k

dN = ( f a c t o r i a l (p) / f a c t o r i a l (p−1) ) ˆ(1) ∗dN;

end

GetControlPts.m

xpts = Contro lPo ints (p , startX , endX , KnotVecX) ;
2 ypts = Contro lPo ints (q , startY , endY , KnotVecY) ;

k = 1 ;
cont ro lPt s = ze ro s ( NoCtrlPts , 2) ;
f o r i = 1 : NoPtsY

7 f o r j = 1 : NoPtsX
cont ro lPt s (k , 1 ) = xpts ( j ) ;
c on t ro lPt s (k , 2 ) = ypts ( i ) ;
k = k + 1 ;

end %j
12 end %i

JacobianTest.m

%%% Get the Jacobian o f the paramete r i za t i on
Jacobian = ze ro s (NoElemY∗NoPy , NoElemX∗NoPx) ;

3 UU = [Ux Uy ] ;
xxx = 1 ;
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yyy = 1 ;

f o r e = 1 : NoElem
8 % Element i n t e r v a l ( x i i , x i ( i +1) )

Xi e = ElemRange ( e , 1 : 2 ) ;
Eta e = ElemRange ( e , 3 : 4 ) ;

x i = l i n s p a c e ( Xi e (1 ) , Xi e (2 )−eps , NoPx) ;
13 eta = l i n s p a c e ( Eta e (1 ) , Eta e (2 )−eps , NoPy) ;

Conn = ElemConn( e , : ) ;
D = ze ro s (NoPy , NoPx) ;

18 f o r i = 1 :NoPx
Xi = x i ( i ) ;
f o r j = 1 :NoPy

Eta = eta ( j ) ;

23 [N, dNdxi , dNdeta ] = GetBasisAndDerivat ives ( Xi , Eta , p , q , . . .
KnotVecX , KnotVecY) ;

jacob = UU(Conn , : ) ’∗ [ dNdxi ’ dNdeta ’ ] ;
detJ = det ( jacob ) ;

28 D( j , i ) = detJ ;

end %j
end %i

33 i f mod( e , NoElemY) == 1 && e˜=1
yyy = yyy + NoPy ;

end %i f

Jacobian ( yyy : yyy+NoPy−1,xxx : xxx+NoPx−1) = D;
38 xxx = NoPx∗mod( e , NoElemX) + 1 ;

end

Metrics.m

1 x = reshape (ux ’ , [ 1 , 3 6 0 0 ] ) ;
y = reshape (uy ’ , [ 1 , 3 6 0 0 ] ) ;
NoElemX = length ( xx )−1;
NoElem = NoElemXˆ2 ;
geometry = ’ s i n e ’ ;

6

[ s i z eMet r i c , shapeMetric , skewMetric ]= GetMetrics (x , y , NoElem , NoElemX , geometry )

SizeShape = s i z e M e t r i c .∗ shapeMetr ic ;
SizeSkew = s i z e M e t r i c .∗ skewMetric ;

11

% Root−Mean−Square :
sizeRMS = s q r t ( (1/NoElem) ∗ ( s i z eMet r i c ’ ∗ s i z e M e t r i c ) ) ;
shapeRMS = s q r t ( (1/NoElem) ∗ ( shapeMetric ’ ∗ shapeMetr ic ) ) ;
skewRMS = s q r t ( (1/NoElem) ∗ ( skewMetric ’ ∗ skewMetric ) ) ;

16 SizeShapeRMS = s q r t ( (1/NoElem) ∗ ( SizeShape ’ ∗SizeShape ) ) ;
SizeSkewRMS = s q r t ( (1/NoElem) ∗ ( SizeSkew ’ ∗SizeSkew ) ) ;

% MinMax :
sizeMM = min ( s i z e M e t r i c ) / max( s i z e M e t r i c ) ;

21 shapeMM = min( shapeMetr ic ) / max( shapeMetr ic ) ;
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skewMM = min ( skewMetric ) / max( skewMetric ) ;
SizeShapeMM = min( SizeShape ) / max( SizeShape ) ;
SizeSkewMM = min( SizeSkew ) / max( SizeSkew ) ;

26 RMS = [ sizeRMS shapeRMS skewRMS SizeShapeRMS SizeSkewRMS ] ;
MM = [ sizeMM shapeMM skewMM SizeShapeMM SizeSkewMM ] ;

GetMetrics.m

f unc t i on [ s i z eMet r i c , shapeMetric , skewMetric ] = GetMetrics (x , y , NoElem , NoElemX ,
geometry )
%(x , y ) are the paramete r i za t i on po in t s

3

to ta lArea = ze ro s (NoElem , 1 ) ;
shapeMetr ic = ze ro s (NoElem , 1 ) ;
skewMetric = ze ro s (NoElem , 1 ) ;
index = ze ro s (NoElem , 4 ) ;

8

index ( 1 , 1 : 2 ) = [ 1 2 ] ;
index ( 1 , 3 : 4 ) = [ NoElemX+2 NoElemX+3] ;

t e l l e r = 1 ;
13 f o r i = 2 : NoElem

i f mod( t e l l e r , NoElemX) == 0
index ( i , : ) = index ( i −1 , : ) + 2 ;

e l s e
index ( i , : ) = index ( i −1 , : ) + 1 ;

18 end %i f
t e l l e r = t e l l e r + 1 ;

end %i

f o r i = 1 : NoElem
23 ind1 = index ( i , 1 ) ;

ind2 = index ( i , 2 ) ;
ind3 = index ( i , 3 ) ;
ind4 = index ( i , 4 ) ;

28 A1 = [ x ( ind2 )−x ( ind1 ) x ( ind3 )−x ( ind1 ) ;
y ( ind2 )−y ( ind1 ) y ( ind3 )−y ( ind1 ) ; ] ;

AA1 = A1’∗A1 ;

A2 = [ x ( ind4 )−x ( ind2 ) x ( ind1 )−x ( ind2 ) ;
33 y ( ind4 )−y ( ind2 ) y ( ind1 )−y ( ind2 ) ] ;

AA2 = A2’∗A2 ;

A3 = [ x ( ind3 )−x ( ind4 ) x ( ind2 )−x ( ind4 ) ;
y ( ind3 )−y ( ind4 ) y ( ind2 )−y ( ind4 ) ; ] ;

38 AA3 = A3’∗A3 ;

A4 = [ x ( ind1 )−x ( ind3 ) x ( ind4 )−x ( ind3 ) ;
y ( ind1 )−y ( ind3 ) y ( ind4 )−y ( ind3 ) ] ;

AA4 = A4’∗A4 ;
43

to ta lArea ( i ) = ( det (A1) + det (A3) ) /2 ;

i f to ta lArea ( i ) < 0 | | . . .
norm ( ( det (A1)+det (A3) )−(det (A2)+det (A4) ) )>2∗eps

48 to ta lArea ( i ) = 0 ;
end %i f
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shapeMetr ic ( i ) = 8/((AA1(1 , 1 ) + AA1(2 , 2 ) ) / det (A1) + . . .
(AA2(1 , 1 ) + AA2(2 , 2 ) ) / det (A2) + . . .

53 (AA3(1 , 1 ) + AA3(2 , 2 ) ) / det (A3) + . . .
(AA4(1 , 1 ) + AA4(2 , 2 ) ) / det (A4) ) ;

i f shapeMetr ic ( i ) < 0 | | shapeMetr ic ( i ) > 1
shapeMetr ic ( i ) = 0 ;

58 end %i f

skewMetric ( i ) = 4 / ( s q r t (AA1(1 , 1 ) ∗AA1(2 , 2 ) ) / det (A1) + . . .
s q r t (AA2(1 , 1 ) ∗AA2(2 , 2 ) ) / det (A2) + . . .
s q r t (AA3(1 , 1 ) ∗AA3(2 , 2 ) ) / det (A3) + . . .

63 s q r t (AA4(1 , 1 ) ∗AA4(2 , 2 ) ) / det (A4) ) ;

i f skewMetric ( i ) < 0 | | skewMetric ( i ) > 1
skewMetric ( i ) = 0 ;

end %i f
68

end %i

NoElemY = NoElem / NoElemX ;

73 r e f e r e n c e S i z e = (1/NoElemX) ∗(1/NoElemY) ;
tau = tota lArea . / r e f e r e n c e S i z e ;
s i z e M e t r i c = min ( tau , 1 . / tau ) ;

end



Appendix B

Jigsaw Geometry Specifications

The jigsaw geometry presented in Section 5.3 is defined by four curves, ∂Ω1, ∂Ω2,
∂Ω3 and ∂Ω4, with a spline representation. As stated in Section 3.1.5, a spline
representation of a curve is given as

C =
∑
i

Ni,p(ξ)Bi.

When defining the curves in the jigsaw geometry, the Ni’s are the splines defined
by the knot vector Ξ = [0
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, 8

8
, 8

8
, 8

8
] and polynomial order

p = 2. The control points Bi = [∂Ωj(xi), ∂Ωj(yi)] for each of the four boundary
curves ∂Ωj, j = 1, 2, 3, 4 are given in Table B.1.

Table B.1: Control points for the jigsaw geometry shown in Figure 5.37a.

∂Ω1(x) ∂Ω1(y) ∂Ω2(x) ∂Ω2(y) ∂Ω3(x) ∂Ω3(y) ∂Ω4(x) ∂Ω4(y)
0 0 10 0 0 10 0 0
3 0 10 3 3 10 0 3
4 1 11 4 4 9 -1 4
3 1.5 11.5 3 3 8.5 -1.5 3
4 3 13 4 4 7 -3 4
6 3 13 6 6 7 -3 6
7 1.5 11.5 7 7 8.5 -1.5 7
6 1 11 6 6 9 -1 6
7 0 10 7 7 10 0 7
10 0 10 10 10 10 0 10
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List of symbols

Ai Jacobian matrix of element, wrt node i.
αi Determinant of Jacobian matrix Ai
a Area of reference element
Atot Total area of a domain
A Stiffness matrix
ai,j Element (i, j) of stiffness matrix A
Bi, Bij Control points
b, c∗ Vector for imposing boundary conditions
C Spline curve

C̃, C Mappings between spaces
D Elasticity matrix
e Error, e = u− uh
E Young’s modulus
ε, εxx, εyy, εxy Strain
f Force vector
fj Element of force vector
F Mapping
G Matrix for imposing boundary conditions
ΓD Dirichlet boundary
ΓN Neumann boundary
ΓR Robin boundary
γ(x, y) Function used in the uncoupled Poisson method
Jξ, Jξ̃ Jacobian of mappings

κ Parameter of problem difficulty

135
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λikl Element kl of the matrix product ATi Ai
MSize Size metric
MShape Shape metric
MSkew Skew metric
MSizeShape Combination metric size-shape
MSizeSkew Combination metric size-skew
mk
i The k-metric of element i

MM(·) Min-Max measure
m Multiplicity of a knot
Mj,q(η) Spline j induced by H with polynomial degree q
n, m Number of splines induced by Ξ, H
N Number of mesh elements
Ni,p(ξ) Spline i induced by Ξ with polynomial degree p
n Normal vector
ν Poisson’s ratio
Ω Physical domain

Ω̂ Parametric domain

Ω̃ Unit square (x, y) ∈ [−1, 1]2

∂Ω Physical domain boundary
p, q Polynomial degree
ϕi(·) Polynomials
RMS(·) Root-Mean-Square measure
R Set of all real numbers
R B-spline matrix
σi (αi + αi+2)/2a
Sp,Ξ Space spanned by Ni,p defined by Ξ
σ, σxx,σyy,σxy Stress
u Solution vector
uh Numerical solution
walpha,β Weight of Gauss point
Ξ, H Knot vectors
ξi, ηi Knot i in Ξ and H
Z Set of all integers
|| · ||L2(Ω) The L2-norm on Ω
|| · ||E(Ω) The energy norm on Ω


	
	
	
	
	
	
	

	
	
	
	
	
	
	

	
	
	


	
	
	
	
	
	
	
	
	
	
	

	
	
	
	
	
	
	

	

	
	
	
	
	

	
	
	
	
	

	
	


	
	
	
	
	
	

	
	
	
	
	

	
	
	
	
	

	
	
	


	
	
	

	
	
	
	
	
	
	
	

	
	

