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Figure 4. Plot of the relative difference in the recorded signals from the simulation with only
the HF wave and the simulation with both LF and HF waves, P l

HF −(P l
LF HF −P l

LF )
p0

. The first
peaks are from the outgoing wave, and the second peaks are from the scattered wave. We see
that both the outgoing and reflected wave signals clearly differ, and that the difference in the
scattered signal is larger than the outgoing signal, relative to the signal amplitudes seen Figure
2.
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Figure 5. Plot comparing the relative difference in HF and LFHF signals obtained from simu-
lations with the Lagrangian and Eulerian equtions. We compare P l

LF HF −P l
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− P e

LF HF −P e
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to

P l
HF −P e

HF
p0

. The relative difference is about a factor ten larger for the Lagrangian simulations.
It is interesting to note that the difference in the outgoing signal is zero for P e, but not for P l.
This can be explained by the variation in displacement caused by the intersecting LF waves,
since this variation is only accounted for in the Lagrangian equation.
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The results shows a small but clear difference in the received signal in the reflected wave when
the intersecting LF wave is present. Figure 4 also shows that the difference is more significant
in the Lagrangian equations than in the Eulerian equations. This indicates that the effects
from the displacement variations accounted for in the Lagrangian equations can contribute in
explaining the observations in the experiment by Angelsen and Myhre. These results can be
important. If they can help to explain how a small calcium particle better can be detected,
must be decided by others, preferably by linking experiments and simulations more closely and
using signal processing.

Summary and further work

In this thesis we have investigated the equations governing acoustic waves. We have seen how
the approximations in classical Eulerian formulation of these equations in some situations can
be inaccurate. As an alternative to the Eulerian equations, we derived the Lagrangian equa-
tions, and pointed out why these equations are more suited to model waves in heterogeneous
materials and in interaction with particles. We then investigated conservation of energy and
energy attenuation, and showed how a frequency dependent viscoelastic attenuation term can be
added to the Lagrangian equations. We continued to develop a second order numerical scheme
to solve the Lagrangian equations, and did a numerical experiment using this scheme, where we
also compared the Eulerian and Lagrangian equations.

If the work in this thesis should be taken further, it would be interesting to compare the
results in Chapter 6 with experimental data, and to use a more powerful computer or a faster
programming language, to be able to simulate larger computational domains and longer simula-
tion times. One should also think of other scenarios where the Lagrangian equations could serve
as a better model, e.g. in modeling micro bubbles or waves that interact with moving parts of
the body. The numerical method should also be further analyzed, and implemented in paral-
lel, and it would be interesting to develop a numerical scheme using a pseudospectral method
[31]. It would also be interesting to further investigate the Lagrangian equations, especially the
pressure equation (3.42).
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Appendix

1 %%% NUMERICAL SCHEME FOR A 2-D NONLINEAR WAVE EQUATION %%%
2 %%% IN LAGRANGIAN COORDINATES USING A MODIFIED %%%
3 %%% LEAPFROG-STAGGERED GRID SCHEME, AND IN EULERIAN %%%
4 %%% COORDINATES USING A REGULAR LEAPFROG-STAGGERED GRID%%%
5 %%% SCHEME. %%%
6
7
8 %grid spesification etc.
9 Lx=3000*10ˆ-6; %x-length, meters

10 Ly=3000*10ˆ-6; %y-length, meters
11 I=250; %x-steps
12 J=250; %y-steps
13 dx=Lx/I; %spatial increments
14 dy=Ly/J;
15 T=2*10ˆ-6; %simulation time, seconds
16
17 %material parametres etc.
18 kappa ambient=5.269*10ˆ-10; %background compressibilty
19 rho ambient=9.28*10ˆ2; %background density
20 beta ambient=6.14; %nonlinearity parameter
21 rho 0=rho ambient*ones(2*J,2*I);
22 kappa 0=kappa ambient*ones(2*J,2*I);
23 beta=beta ambient*ones(2*J,2*I);
24
25 % Field variables: pressure, displacement, velocity, etc.
26 % for both Lagrangian and Eulerian(marked pE, vE etc.) simulations
27 %pressure
28 p=zeros(2*J,2*I);
29 px=p;
30 py=p;
31 pE=zeros(2*J,2*I);
32 pxE=p;
33 pyE=p;
34
35 psource=p;
36 %displacement
37 u1=zeros(2*J,2*I);
38 u2=zeros(2*J,2*I);
39 %velocity
40 v1=zeros(2*J,2*I);
41 v2=zeros(2*J,2*I);

57



42 v1E=zeros(2*J,2*I);
43 v2E=zeros(2*J,2*I);
44 %boundary condition for v
45 yz=zeros(1,2*I);
46 xz=zeros(2*J,1);
47
48 %reference grid/lagrangian coordinates
49 [X,Y]=meshgrid(linspace(0,Lx,2*I),linspace(0,Ly,2*J));
50
51
52 %defining the heterogeniety/particle
53 rho p=2.8; %scaling factors for background density etc.
54 kappa p=0.05; %in the particle region
55 beta p=0;
56 lx=8; %defining the size of the particle in
57 ly=8; %number of steps
58 Istart=ceil(I); %position of the particle
59 Jstart=ceil(J);
60 % %Square particle
61 rho 0(Jstart:Jstart+ly,Istart:Istart+lx)=...
62 rho p*rho 0(Jstart:Jstart+ly,Istart:Istart+lx);
63 kappa 0(Jstart:Jstart+ly,Istart:Istart+lx)=...
64 kappa p*kappa 0(Jstart:Jstart+ly,Istart:Istart+lx);
65 beta(Jstart:Jstart+ly,Istart:Istart+lx)=...
66 beta p*beta(Jstart:Jstart+ly,Istart:Istart+lx);
67
68 %%Circular particle
69 % sx=ceil(I);
70 % sy=ceil(J);
71 % r=30;
72 %
73 % for i=1:I
74 % for j=1:J
75 % if( sqrt((i-sx)ˆ2 + (j-sy)ˆ2) ≤10)
76 % rho 0(j,i)=rho p*rho 0(j,i);
77 % kappa 0(j,i)=kappa p*kappa 0(j,i);
78 % end
79 % end
80 % end
81
82 %Triangualr particle
83 % H=20;
84 % for i=0:H
85 % for j=i:H
86 % rho 0(Jstart-j,Istart-i)=rho p*rho 0(Jstart-j,Istart-i);
87 % kappa 0(Jstart-j,Istart-i)=kappa p*kappa 0(Jstart-j,Istart-i);
88 % beta(Jstart-j,Istart-i)=beta p*beta(Jstart-j,Istart-i);
89 % end
90 % end
91
92 %time integration parameters
93 kappa min=kappa ambient*kappa p;
94 CFL=.2;
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95 c max=sqrt(1/(kappa min*rho ambient));
96 dt=min(dx,dy)*CFL/c max;
97 steps=ceil(T/dt);
98
99

100
101 %Construction of the PML
102 PML=zeros(2*J,2*I);
103 pml sz=ceil(I/5);
104 pml factor=10ˆ8;
105 damp=pml factor*(linspace(0,1,pml sz)).ˆ2;
106
107 for k=pml sz:-1:1
108 PML(k,k:end+1-k)=ones(1,2*I-2*(k-1))*damp(pml sz+1-k);
109 PML(k:end+1-k,k)=ones(1,2*I-2*(k-1))'*damp(pml sz+1-k);
110 end
111
112 for k=1:pml sz
113 PML(end-pml sz+k,(pml sz-k+1):(end-pml sz+k))=...
114 ones(1,2*I-2*(pml sz-k))*damp(k);
115 PML((pml sz-k+1):(end-pml sz+k),end-pml sz+k)=...
116 ones(1,2*I-2*(pml sz-k))'*damp(k);
117 end
118
119
120
121
122 %source conditions for exciting waves, frequencies etc
123 LF=1*10ˆ6;
124 HF=10*10ˆ6;
125 SW=1400*10ˆ-6; %source width
126 SSW=200*10ˆ-6; %apodization width
127 sigmaHF=(1/(.3*HF))/4.3;
128 sigmaLF=(1/(.5*LF))/4.3;
129 t mLF=1/(.5*LF);
130 t mHF=1/(.5*HF);
131 p 0=2*10ˆ6;
132 z 0=(rho ambient*sqrt(1/(rho ambient*kappa ambient)));
133 %source apodization to avoid unwanted oscillations
134 SA=apodization(SW,SSW,J,Ly);
135
136
137 t mid=(1/2)*T;
138
139
140
141 for i=1:J;
142 k(i)=2*i;
143 end
144
145
146 %received signal, comparison etc.
147
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148 p rec mean=zeros(1,steps);
149 pE rec mean=p rec sum;
150
151 for n=1:steps
152
153
154 % imposing different boundary conditions/ pressure source
155
156 % v sin source HF=2*(p 0/z 0)*sin(2*pi*HF*(n*dt-t mHF))...
157 %*exp(-((n*dt-t mHF)ˆ2)/(2*sigmaHFˆ2))*SA;
158 v sin source HFdelay=2*(p 0/z 0)*sin(2*pi*HF*(n*dt-t mHF))...
159 *exp(-((n*dt-t mid)ˆ2)/(2*sigmaHFˆ2))*SA;
160 % v sin source LF=-2*(p 0/z 0)*sin(2*pi*LF*(n*dt-t mLF))...
161 %*exp(-((n*dt-t mLF)ˆ2)/(2*sigmaLFˆ2))*SA;
162 % v sin source contHF=2*(p 0/z 0)*sin(2*pi*HF*(n*dt-t mHF))*SA;
163 v sin source contLF=2*(p 0/z 0)*sin(2*pi*LF*(n*dt-t mLF))*SA;
164
165 % %
166 psource(:,pml sz)=-v sin source HFdelay;
167 psource(:,pml sz+1)=psource(:,pml sz);
168 % %
169 psource(end-pml sz,:)=v sin source contLF';
170 psource(end-pml sz+1,:)=psource(end-pml sz,:);
171
172
173
174 %Discrete operators for U
175 du2dy=(1/dy)*([u2(2:end,:);yz]-[yz;u2(1:end-1,:)]);
176 du1dx=(1/dx)*([u1(:,2:end),xz]-[xz,u1(:,1:end-1)]);
177 du2dx=(1/dx)*([u2(:,2:end),xz]-[xz,u2(:,1:end-1)]);
178 du1dy=(1/dy)*([u1(2:end,:);yz]-[yz;u1(1:end-1,:)]);
179
180
181 dpdx=(1/dx)*([p(:,2:end),p(:,end)]-[p(:,1),p(:,1:end-1)]);
182 dpdy=(1/dy)*([p(2:end,:);p(end,:)]-[p(1,:);p(1:end-1,:)]);
183 dpEdx=(1/dx)*([pE(:,2:end),pE(:,end)]-[pE(:,1),pE(:,1:end-1)]);
184 dpEdy=(1/dy)*([pE(2:end,:);pE(end,:)]-[pE(1,:);pE(1:end-1,:)]);
185
186 %Integration of v1,v2
187 v1=v1-(dt./rho 0).*((1+du2dy).*dpdx -du1dy.*dpdy) - (dt)*PML.*v1;
188 v2=v2-(dt./rho 0).*((1+du1dx).*dpdy-du2dx.*dpdx) - (dt)*PML.*v2;
189 %Linear integration, Euler equations
190 v1E=v1E-(dt./rho 0).*dpEdx - (dt)*PML.*v1E;
191 v2E=v2E-(dt./rho 0).*dpEdy - (dt)*PML.*v2E;
192
193 %Discrete operators for p, v1, v2
194 dv1dx=(1/dx)*([v1(:,2:end),xz]-[xz,v1(:,1:end-1)]);
195 dv2dy=(1/dy)*([v2(2:end,:);yz]-[yz;v2(1:end-1,:)]);
196
197 dv1Edx=(1/dx)*([v1E(:,2:end),xz]-[xz,v1E(:,1:end-1)]);
198 dv2Edy=(1/dy)*([v2E(2:end,:);yz]-[yz;v2E(1:end-1,:)]);
199
200 V1=(1/4)*([v1(:,2:end),xz]+[xz,v1(:,1:end-1)]...
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201 +[v1(2:end,:);yz]+[yz;v1(1:end-1,:)]);
202 V2=(1/4)*([v2(:,2:end),xz]+[xz,v2(:,1:end-1)]...
203 +[v2(2:end,:);yz]+[yz;v2(1:end-1,:)]);
204
205 %Integration of p, u1, u2
206 px=px-dt*Kinv(kappa 0,beta,p).*(dv1dx-.5*(1/dx)*psource)-(dt)*PML.*px;
207 py=py-dt*Kinv(kappa 0,beta,p).*(dv2dy-.5*(1/dx)*psource)-(dt)*PML.*py;
208 p=px+py;
209
210 pxE=pxE-dt*Kinv(kappa 0,beta,pE).*(dv1Edx-.5*(1/dx)*psource)-(dt)*PML.*pxE;
211 pyE=pyE-dt*Kinv(kappa 0,beta,pE).*(dv2Edy-.5*(1/dx)*psource)-(dt)*PML.*pyE;
212 pE=pxE+pyE;
213
214 u1=u1+dt*V1;
215 u2=u2+dt*V2;
216
217
218 p rec mean(1,n)=mean(p((J-20):(J+20),pml sz+20));
219 pE rec mean(1,n)=mean(pE((J-20):(J+20),pml sz+20));
220
221 %plotting
222 if mod(n,20)==0
223 x=X+u1;
224 y=Y+u2;
225 %
226 %
227 pcolor(x(k,k),y(k,k),p(k,k));
228 xlabel('meter')
229 ylabel('meter')
230 shading interp;
231 colormap('bone')
232 % plot(x(J,k),p(J,k))
233 title(strcat(num2str(n*dt),'seconds'))
234 h=colorbar;
235 ylabel(h,'Pressure, Pa')
236 drawnow
237
238
239 end
240
241 end
242
243
244 %Apodization function
245 function [ pB ] = apodization(Cw,Sw,J,Ly)
246
247 smoothJ=ceil(2*J*Sw/Ly);
248 sourceJ=ceil(2*J*Cw/Ly);
249 smooth2=[.5*(1+sin(linspace(-pi/2,pi/2,smoothJ))),ones(1,sourceJ)...
250 ,.5*(1+cos(linspace(0,pi,smoothJ)))];
251 l=length(smooth2);
252 pB=zeros(1,2*J);
253 pB(1,(J-ceil(l/2)):(J+floor(l/2))-1)=smooth2';
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254
255
256 end
257
258 %Kinv function
259
260 function [ dK inv ] = Kinv(kappa 0,beta,p)
261
262 dK inv=1./(kappa 0 -2*beta.*kappa 0.ˆ2.*p);
263
264 end
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