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Abstract

An asymptotic formula for the 2kth moment of a sum of multiplicative Stein-
haus variables is given. This is obtained by expressing the moment as a 2k-
fold complex contour integral, from which one can extract the leading order
term. The 2kth moment of a truncated characteristic polynomial of a unitary
matrix is also computed. This is done by expressing the moment as a com-
binatoric sum over a restricted region, and then invoking each restriction by
introducing some complex integral. This gives a 2k-fold integral that is very
similar to the 2kth moment of the sum of multiplicative Steinhaus variables,
which in turn gives an asymptotic relation between the two.

Similarly, an asymptotic formula is given for the 2kth moment of a sum of
multiplicative Rademacher variables, and the 2kth moment of the truncated
characteristic polynomial of a special orthogonal matrix is found. This gives
an asymptotic relation between these two.



Sammendrag

Det utledes en asymptotisk formel for det 2kte momentet av en sum av mul-
tiplikative Steinhausvariabler. Dette gjores ved a uttrykke momentet som
et multipelt, komplekst konturintegral, for sa a finne en asymptotisk formel
for dette integralet. I tillegg beregnes det 2kte momentet av det avkort-
ede, karakteristiske polynomet til en uniteer matrise. Dette blir gjort ved
a uttrykke momentet som en kombinatorisk sum over et begrenset omrade,
for sa a uttrykke hver begrensning ved hjelp av et komplekst konturintegral.
Dette gir et konturintegral, som ligner pa uttrykket for det 2kte momentet av
summen av multiplikative Steinhausvariabler, som igjen gir en asymptotisk
relasjon mellom de to.

Pa samme mate utledes en asymptotisk formel for det 2kte momentet av
en sum av multiplikative Rademachervariabler, og det gis en formel for det
2kte momentet av det avkortede, karakteristiske polynomet til en spesiell-
ortogonal matrise. Dette gir en asymptotisk relasjon mellom de to.
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Preface

This master’s thesis was written during six months in the spring of 2015,
as the final part of the study program Industrial Mathematics, within Ap-
plied Physics and Mathematics at the Norwegian University of Science and
Technology (NTNU).

The initial goal of this thesis was to find asymptotic expressions for the
even moments of certain sums of random multiplicative functions using tech-
niques from complex analysis. It soon became clear that Winston Heap was
working on very similar things, and we therefore decided to combine our
work into an article. In our article we compute the mentioned asymptotics
in addition to the even moments of the truncated characteristic polynomial
of a unitary and a special orthogonal matrix. After about a months work my
thesis was therefore extended from analytic number theory to also deal with
some random matrix theory.

As all the main results I have proved during the writing of this thesis are
included in our article, this is the most essential part of my thesis, and it has
been included in its entirety. The style of writing in a mathematical article
is much more sparse than what one perhaps might expect from a masters
thesis, and I have therefore also included an additional chapter containing
a more detailed description of one of the derivations in our article. I have
also included an introduction that is meant for someone who isn’t already an
expert on the topics discussed in the article.

I would like to thank Kristian Seip and Andry Bondarenko for being
excellent supervisors. This thesis could not have been completed without
their very useful input and help. During the past months I have been lucky
enough to be able to write an article with Winston Heap, who I would like
to thank for having the patience to work with a masters student. It has been
a pleasure working with the three of youl!
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Chapter 1

Introduction

1.1 Outline of thesis

All the main results of this thesis are included in the article [9], which is
included in its entirety as Chapter 2. In addition to the results in the article,
a more general introduction to the central topics is given in the rest of this
chapter, and in Chapter 3 one of the derivations in the article is presented in
more detail. This means that there naturally will be a lot of overlap between
Chapter 2 and the remaining chapters. In the rest of this text any mention
of “the article” refers to [9].

1.2 Notation

The following asymptotic notation is used.
flx)=0(g(x) asz —a <= 3IC>0:|f(x)| <C|g(x)| Vx near a,

where a € R or a = £+o00. If a € R,“x near a” means that this holds for all
x in some neighborhood of a. If a = +00, “x near a” means that this holds
for all x > xg for some 2y € R, and similarly for a = —oo. When it is clear
what a is, the above will be stated as f = O(g). In this text a is either +o00
(when considering e.g. a truncated sum) or 0 (when considering functions of
the type 1 near s = 0).

Further,

f(z)=o0(g(x)) asz —»a <= glcgr}l% =0



and

_ f(x)
flz) ~g(x)asz —a <= ilir(ll o) 1,
where a € R or a = +00, as before. Also in these cases a will not be stated
explicitly unless it is unclear which value is considered.

Expectation will be denoted by E[-], possibly with a subscript to make it
extra clear which probability measure the expectation is taken with respect
to.

The expression [ [, f(p) always denotes a product over all primes p.

When using product notation several times in the same term, the con-
vention is as follows. Instead of writing ([[. (7)) (I[, 9(¢)), the parenthe-
ses are occasionally dropped. When the same index is used in two con-
secutive products it is then understood that this is the intended mean-

ing. Therefore [[; f(7) [T; () = (IL; f(2))(IT; 9(9)), but TL; f(1) IT; 904, 5) =
IL (f(z) [1; 90, j)) The same goes for more than two products. As soon as
an index is reused, all previous products are “ended”, i.e. [[; []; f(4,5) [1; 9(5) =

<HZ I1; f(, j)) (H] g(j)). Usually the intended meaning will be clear from

the context, and if there is some ambiguity the necessary parentheses are
included.

For a complex variable s the convention is to write s = ¢ and Qs = t,
ie., s =0+ 1t.

1.3 Random multiplicative functions

1.3.1 Steinhaus variables

Let {X,} be independent identically distributed random variables indexed by
the primes. Let each X, be uniformly distributed on the complex unit circle,
that is, X, is uniformly distributed on {e? : 0 < 6 < 27}. For n € N, let
n =[], p*® be its prime factorization. The random variables { X} are then

extended to all natural numbers, by defining X, =[], X, ) This definition
gives that X, is multiplicative in n. The variables {X,}, are referred to as
multiplicative Steinhaus variables.

Denote the expectation with respect to this product measure by E[].
Some basic properties of the Steinhaus variables are then that EX, = EX,, =



0 and E|X,|?> = 1 for all n € N. This then gives that EX,X,, = 1 if n = m
and zero otherwise.
The partial sums of X, are of great interest. Specifically, consider the

F(z) =) X,. (1.1)

n<x
If one associates p~* with X, for each prime p, this sum is expected to behave
similarly to the sum
> (1.2)

n<x

In fact, one has that these two sums have the same moments, as

. 1/q 1 (T . 1/q
_ : - —it
(E \E A D - (TIEEOT / \E i dt) (13)

for all ¢ > 0. Note that this is a special case of a more general result
with arbitrary coefficients. One way of showing this is by writing the sum
in (1.2) as a power series in (2; = 27% 2y = 374 ... 2, = p it . ..),
and applying Birkhoff’s ergodic theorem to the ergodic flow (79, 72,...) —
(tipy ™, Topy ™, ...). Alternatively, one can adopt the method mentioned in
the article by showing the identity (1.3) first for even integer ¢ and then
extending it to all ¢ > 0 by using the Weierstrass approximation theorem.
This is done in [7].

The similarity of (1.2) and the Riemann zeta function is striking. As
always, the Riemann zeta function is given by

()= (=1 (1.4)

and by the analytic continuation of this for ¢ < 1. This gives a meromorphic
function with a single simple pole at s = 1. In the rest of the complex plane
¢ is holomorphic. The expression in (1.4) is a Dirichlet series, and (1.2)
appears to be a partial sum of this series for o = 0.

This comparison makes it natural to consider the sums (1.1)-(1.2) also
for other values of ¢ than ¢ = 0. Therefore, consider

X
F(x)=Y 22 1.5
=3 (15)

'But of course the full sum doesn’t converge for o = 0



and .

n<x
It still holds that

Vi 1/q
Xn |1 1T 1 ¢
<E ‘ ; ne ]) B (Tlggo T /0 ‘; notit dt) ; (1.6)

so it is clear that there is some connection between F,(z) and the partial
sums of the Riemann zeta function.

In practice, computing the odd moments in (1.6) turns out to be a
formidable task. Omn the other hand, for the even moments it is possible
to compute asymptotic expressions for the moments, which is one of the
main goals in this thesis.

It is also worthwhile mentioning the first moment in particular, as a
conjecture of Helson [8] states that the first moment for ¢ = 0 is o(y/z).
In the article we present a conjecture stating that E H Y < X"H ~ Cy/x,
where the constant C' is given to a reasonable accuracy.

1.3.2 Rademacher variables

Similarly, one can instead consider i.i.d random variables Y, that are uni-
formly distributed on {£1} and indexed by the primes. As before this is
extended to all n € N by requiring Y,, to be multiplicative, but now it is
also required that Y,, is non-zero only if n is square-free. That is, Y,, # 0 iff
lu(n)] =1. If n=1], p*®) it is thus defined that

Y, = ()| T v
p

The variables {Y,,}, are referred to as multiplicative Rademacher variables,
and similarly as for the Steinhaus variables one has that EY,, = 0 and EY,? =
1 for all square-free n € N. One also has that EY,Y,, =1if n =m and n,m
are square-free, and zero otherwise.

Note that Y,, € R for all n € N, and for square-free n one has |Y,,| = 1.
In some sense one can therefore think of Rademacher variables as the real
version of Steinhaus variables.



As in the Steinhaus case, consider the moments of a sum of multiplicative

Rademacher variables, namely (E H Y o< Ynm)l/ ‘. As before it is difficult
to compute this for odd ¢, but for the even moments one can compute an
asymptotic expression. This is done very similarly as for multiplicative Stein-
haus variables, and is another main goal of this thesis.

1.4 Random matrix theory

1.4.1 Unitary group

One says that an N x N matrix M is unitary if M*M = M M* = Iy where
M* denotes the conjugate transpose of M. The group of unitary N x N
matrices is denoted by U(N).

As det(M*) = det(M), one has that |det(M)| = 1 for all matrices M €
U(N). It can easily be shown that all eigenvalues of a unitary matrix have
absolute value 1. Indeed, let A be an eigenvalue of M € U(N), and let = be
a corresponding eigenvector. Then Mz = Az and x*M* = Az*. Multiplying
these two expressions together and using M*M = I gives z*x = |\[*z*x, so
one has || = 1.

Now, consider the characteristic polynomial of a matrix M € U(N), given
by

N N

A(z) =det(I — zM) = (1 = Nj2) = [J(1 — e™2), (1.7)

j=1 Jj=1
where the product is over all eigenvalues of M, and it is used that any
eigenvalue can be expressed as A = €% for some . If one multiplies out the
final expression in (1.7) one gets a polynomial in z of degree N, namely

Az) =) enl(n)(=2)",

where the coefficients cy;(n) are known as the secular coefficients. Next,
consider the truncated characteristic polynomial

An(z) = en(n)(=2)", (1.8)

where N’ < N. Another main concern of this thesis is to find an expression
for the moments of this truncated characteristic polynomial.
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1.4.2 Haar measure and expectations

In order to be able to talk about moments of the truncated characteristic
polynomial (1.8) one needs to introduce a probability measure. A natural
choice is to use Haar measure, as this has many desirable properties. The
existence and properties of Haar measure are given by Haar’s theorem.

Theorem (Haar’s theorem). Let G be a compact topological group. There
exists a probability measure m defined on the o-algebra B(G) of Borel subsets
of G such that m(zE) = m(E) for all x € G and all E € B(G), and m is
reqular. There is only one such reqular rotation invariant probability measure

on (G,B(G)).

As U(N) is a compact topological group one can apply Haar’s theorem
to get a probability measure p. Denote expectation with respect to pu by

Ey(n[-]. One can then consider the moments of the truncated characteristic

polynomial in (1.8), which are given by (Ey () HAN/(z)\q])l/q.

At this point it is worthwhile mentioning that there is a conjectured
connection between the Riemann zeta function and random matrix theory.
One of the most notable conjectures is the Hilbert-Pélya conjecture, which
states that the nontrivial zeroes of the Riemann zeta function share the same
distribution as the eigenvalues of some random matrix. Several interesting
results concerning this connection are mentioned in the introduction to our
article, see Section 1 of the article, and so they will not be repeated here.

Another goal of this thesis is to find an expression for the even moments
of the truncated characteristic polynomial of a unitary matrix. Given the
above connection it is not so surprising that this then leads to an asymptotic
relation between these moments and the even moments of the sum in (1.5).

1.4.3 Special Orthogonal group

If one instead considers real N x N matrices which satisfy M M7 = MTM =
Iy, where M7T is the transpose of M, one gets the orthogonal group O(N).
Consider the determinant of M € O(N). As det(M) = det(M7) one gets
(det M)? = det(I) = 1. Now, M € O(N) is a real matrix, so one must have
det M € R. This in turn gives det M = £1. Note that an orthogonal matrix
is just a real unitary matrix.

If one instead considers only those matrices in O(NV) that have determi-
nant equal to +1 one gets the special orthogonal group SO(N). In particular

6



SO(2N) will be of interest.

As for the unitary group, Haar’s theorem gives the existence of Haar
measure on SO(2N). Let Eso@ny|[-] denote expectation with respect to Haar
measure on the special orthogonal group. The final goal of this thesis is
to find an expression for the even moments of the truncated characteristic
polynomial of a special orthogonal matrix of size 2N x 2N, i.e.,

(Esogn [JAv(2)[2])"* (1.9)

where the truncated characteristic polynomial Ay/(z) is defined as in (1.8).
This will give an asymptotic relation between the moments in (1.9) and the
corresponding even moments of sums of Rademacher variables.

In some sense it seems appropriate that there is a similar kind of rela-
tion between Steinhaus variables and U(N) as there is between Rademacher
variables and SO(2N). Rademacher variables take values on the real sub-
set of the complex unit circle, and orthogonal matrices are just real unitary
matrices. It is on the other hand not clear why one has to consider SO(2N)
instead of just O(N).
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MOMENTS OF RANDOM MULTIPLICATIVE FUNCTIONS AND
TRUNCATED CHARACTERISTIC POLYNOMIALS

WINSTON HEAP AND SOFIA LINDQVIST

ABSTRACT. We give an asymptotic formula for the 2kth moment of a sum of
multiplicative Steinhaus variables. This was recently computed independently by
Harper, Nikeghbali and Radziwill. We also compute the 2kth moment of a trun-
cated characteristic polynomial of a unitary matrix. This provides an asymptotic
equivalence with the moments of Steinhaus variables. Similar results for multi-
plicative Rademacher variables are given.

1. INTRODUCTION

In the study of the Riemann zeta function there are two probabilistic heuristics
which have had significant recent attention. Omne of these is the use of random
multiplicative functions in problems of an arithmetic nature and the other is the use
of random matrix theory to model various statistics of the zeta function.

The study of random multiplicative functions was initiated by Wintner [23] when
he modelled the Mobius function as the multiplicative extension to the squarefree
integers of the random variables ¢,, each of which takes the values {£1} with equal
probability. This provided a model for the reciprocal of the Riemann zeta function
and hence an appropriate’ probabilistic interpretation of the Riemann hypothesis.
More recently, random models have been used in association with Dirichlet characters
in the work of Granville and Soundararajan (e.g. in [9, 10]) and also for the quantities
p"t when p ranges over the set of primes [11, 18, 19].

The connection between the Riemann zeta function and random matrix theory is
well known and has been extensively studied. One of the more remarkable predictions
of random matrix theory is the Keating—Snaith conjecture [16] regarding the moments
of the zeta function. This states that

1

(1) 7| I+ it ~ kg oe 7Y

2010 Mathematics Subject Classification. 11M50, 60G50, 11N64.

Research supported by grant 227768 of the Research Council of Norway.

IWe say ‘appropriate’ here since previous models simply used a random 41 as the coefficients
which, as objected to by Levy [21], did not take into account the multiplicative nature of the

problem.
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MOMENTS OF RANDOM MULTIPLICATIVE FUNCTIONS 2

where g(k) is a certain geometric factor involving the Barnes G-function and

k2 oo

(2) a(k;):H(l_l) ZM

. r) = P

with di(n) being the k-fold divisor function. In essence, the reasoning behind the
Keating—Snaith conjecture can be stated as follows. Since the zeros of the zeta
function are conjectured to share the same distribution as eigenvalues of a random
matrix in the CUE, it is reasonable to expect that the characteristic polynomial of
a matrix provides a good model to the zeta function in the mean. Thus, for an
appropriate choice of N one could expect

1

(3) - /OT S+ i)t ~ a(k) By ||A(M, )]

where A(M, z) denotes the characteristic polynomial of the matrix M and the ex-
pectation is over all unitary matrices of size N with respect to the Haar measure.

Recently, Conrey and Gamburd [7] showed that the asymptotic in (3) holds if
one both truncates the characteristic polynomial and replaces the zeta function by
a Dirichlet polynomial of length o = o(T'/*). This allowed them to deduce that

2k
dt ~ a(k)e(k)(logz)**,  keN

where a(k) is given by (2) and ¢(k) is the volume of a particular polytope in R¥’.
This result may be stated in the more general framework of random multiplicative
functions as follows.

Given the set of primes, associate a set of i.i.d. random variables {X,}, equidis-
tributed on the unit circle with variance 1. We extend these to the positive integers
by requiring that X,, is multiplicative; that is, if n = [, p*®) then X, = I, X,
We let E[] denote the expectation. We refer to the X,, as multiplicative Steinhaus
variables. The association p” <+ X, is then seen to be more than just formal in light

of the identity
2q : 1 T —o—it
| = jim 7 [

n<x

2q
dt

]E“ZXn/n”

n<x

which holds for all o € R and ¢ > 0. This can be proved by first demonstrating it
for ¢ € N and then applying the Weierstrass approximation theorem to the function
fry—y2

Our main aim is to extend the results of Conrey—Gamburd to more general o,
in particular to o = 0, and to exhibit the connection between moments of random
multiplicative functions and random matrix theory.
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Theorem 1. For fized k € N and 0 < 0 < 1/2 we have

(4) E “ 3 X, /07

n<x

where, a(k) is given by (2), B(1) =1, and

] a(k)Bk) T2k —1) oo -
] ~ (1 _20-)2k—1 F(/{)Q x (log$) )*

2k

1 ds;
5) k) [ [ e e IT 2
27” (LR (b2) i1 51T S H jekt1 5

for k> 2. Here, f(bj) = bl;]:f;o and b; > 0 for all j.

In the significant case 0 = 0, Theorem 1 has been proved independently by Harper,
Nikeghbali and Radziwilt [13]. It is of interest to note that the constant in their result
involves the volume of the Birkhoff polytope By. By comparing coefficients we get
that vol(By) = k¥ '3(k). It is an open problem to determine a closed form for the
volume of the Birkhoff polytope [22] and a representation in terms of such contour
integrals may be new. A direct proof of the equation vol(By,) = k¥~13(k) can be found
by applying the methods of section 4.2 to the formula for the Ehrhart polynomial
given in [4]. Also, our methods work equally well in the case 0 = 1/2 and thus by
comparing coefficients with Theorem 2 of Conrey-Gamburd [7], we get a contour
integral representation for their constant (see equation (21)).

It should be noted that the expectation on the line ¢ = 0 counts the number of
solutions (m;) € N?* to the equation myms - - - My, = My4q - - - Moy, With the restriction
1 < m; < z. In the case k = 2, Ayyad, Cochrane and Zheng [2] computed this
quantity to a high accuracy. Theorem 1 therefore extends these results to k& > 3,
although we do not achieve their level of accuracy. By including the extra condition
(m;,q) = 1 in the equation, a slight modification of our methods give the following
asymptotic formula for Dirichlet character sums.

Theorem 2. Let x be a primitive Dirichlet character modulo q and suppose q has a
bounded number of prime factors. Then for fixed k € N,

(6)
Z\Zx | ~al )ﬁ(k)H(degp) F(ﬁfk;l)xk@ogw)w—w

X#XO n<z plg m=0

as x, ¢ — oo with x* < q where xo denotes the principal character.

Our results on the random matrix theory side are as follows. Let U(N) denote
the group of unitary matrices of size N. For a matrix M € U(N) with eigenvalues
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(e );V:1 let

A(z) = MM, 2) = det(I — zM) H (1—e%z) =) cu(n)(—2)"

where the cy;(n) are the secular coefficients. For N’ < N we consider the truncated
characteristic polynomial given by

Ani(2) =) en(n)(—2)".

n<N’

Let Ey(v)[-] denote the expectation over U(NN) with respect to Haar measure.

Theorem 3. Let k € N be fized and suppose |z| > 1. Then for all N > klogx we

have

Bk 2k -1
) B [ves ] ~ s e
where B(k) is given by (5) and
(8) Fi(2) =o F1(1 =k, 1 — k;2 —2k; 1 — |2|72)

Fk(Z)iL‘Qk log | 2| (log x)(k71)2

with o F being Gauss’ hypergeometric function.

One may notice a certain similarity between Theorems 1 and 3. Indeed, by in-
cluding the work of [7] in the case 0 = 1/2 we have the following.

Corollary 1. Let k € N be fized and let z, be any comlpex number such that |z,| =
e?=7. Then for 0 < o < 1/2 and N > klogx we have

o B | 52 X[ ~ o698 s

n<x

where a(k) is given by (2) and

1-20

2k—1
1—e?9—-1 1/2—0\—1 <
Cg(k): ( ) Fk(e ) , 0_0’<1/2

1, o=1/2.

A problem which has garnered some attention recently is to determine the first
moment of |}, X,|. A conjecture of Helson [14] states that this is o(y/Z), but
this seems doubtful now given the evidence in [5, 13]. Another motivation for the
present article was to provide a conjecture for the first moment via Corollary 1.

Let us then assume that Corollary 1 holds for 0 < & < 1. Then (presumably) the
average on the right side of (9) can be taken over matrices of size N = logz which
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leads to a computation of the full characteristic polynomial. By an application of
Szeg6’s Theorem, Chris Hughes has shown ([15], formula (3.177)) that for |z| < 1

2
1 S
1 E A% ~ [ ————
(10) oo 4GP ~ (=)
as N — oo. On applying the functional equation
A(M, z) = det M(—2)NA(MT,1/z)

o—1/2

with |z| =e we obtain the following conjecture.

Conjecture 1. For 0 < k<1 and 0 < 0 < 1/2 we have

(11) ]EU S X/ ﬂ ~ 5 a(k)Fe(€ )7 ian)

~= _ er—l)(k—lF(l _ 20)%—1

For k = 1/2 and ¢ = 0 we can compute the constants to a reasonable accuracy.
The arithmetic factor a(k) admits a continuation to real values of k via the formula

" k+m—1 I'(k+m)
a7 = ( )=

We then find that a(1/2) = 0.98849.... The other constants are given by

Ao =agn(1- 1 L1 ) = 0790009

where agm(z,y) is Gauss’ arithmetic-geometric mean and

. 1/4
( ) = 1.21250... .
e—1

Thus, on combining the constants we acquire the conjecture

(12) E U P ] ~ 0.8769.../7.

n<zx

m

F1/2(€1/2)_1 =2F (

N =

One can instead consider multiplicative Rademacher variables. In this case, asso-
ciate a set of i.i.d. random variables {Y,}, which are +1 with uniform probability,
to the set of primes. Extend this to all positive integers by requiring Y,, to be multi-
plicative and non-zero only on the square free integers; that is, Y, = |u(n)| Hmn Y,.

Let

RN (e

1=0
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and

(14) A (k QM% / /

where b; > 0 for all j. We then have the following result.
Theorem 4. For fired k € N, k > 2 we have

ZY

n<x

2k

2s;
| | Jde,
Z+Sj

=1

1) 1<i<y<2k

(15) ~ (k)b(k)2%* 2 (log )" 3.

Let SO(2N) denote the group of orthogonal 2N x 2N matrices with determinant 1,
and let Ego(2n)[-] denote the expectation over SO(2NV) with respect to Haar measure.

Theorem 5. Let k € N be fized and suppose z € R, |z| > 1. Then for all N > klogx
we have

(k) og > 2
(16) Esoen) [|Aloga(2) ] ~ (1-— \z|*1)2k5’72k1 el (log 2)** %
where y(k) is given by (14).
Corollary 2. For fired k € N, k > 2 and all N > klogx we have

“ } ~ b(k)2%%(1 — e/ *Egom [| Atog (e/2)*]

where b(k) is the arithmetic factor given by (13).

n<x

Similarly to the case of Steinhaus variables, we expect that the 1st moment is
~ ¢4/ for some constant ¢. Unfortunately we have not been able to find an analogue
of (10) for the special orthogonal group and so cannot make a precise conjecture.

For some recent results on the order of > _ Y, see [12, 20].

2. ASYMPTOTICS FOR STEINHAUS VARIABLES: PROOF OF THEOREM 1
2.1. A contour integral representation for the expectation. We have

D R e

n<z ni-ng=
Nk+1°"N2k
n;<x

We invoke the condition n; < x in each j by using the contour integral

a7) e {

21 Sy o s

1, y>1

, b>0
0, y<l1 ( )
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with y = «/n;. For each j we take a specific line of integration b;. For reasons that
will become clear we take by =€ <1—20if 0 < 1/2 and by =2 if 0 = 1/2. In both
cases we may take the other lines to be sufficiently large so as to guarantee absolute
convergence; b; = 2 say (j = 2,...,2k). This gives

IR (O
Ny = (1 -+ nak)? (270)%% J ) (b1) j=1 \TY Sj

N1 N2k

1 2 ds
'Qk/ .../ Fk(0'+81’...70-+82k>]i[x8j_]
7”) (b2r) (b1) j=1 §j

EUZXn/n”

n<x

where

1
Fi(z1,- - 20) = E : P

ni-np= 1
Ng+1°N2k

Since the condition ny - - - ng = ngiq - - - Ngy is multiplicative we may express Fy(z) as
an Euler product:

1
Fk’(zla sy ZQk H : : pm121+"'+m2k22k

mi+-+mg
=Mpq 1+ F+Mag

1s) —H(HZ > oS )

i=1 j= k—|—1
=Ak(z1,. .. ZQkHHCzZ—i-zJ
i=1 j=k-+1
where
1
(19) Ak(’zla R ZQk) = H |:H H ( ZZ+Z]):| ' Z pm121+“‘+m2k22k :
p i=1 j=k+1 mi+-+myg

=Myy1++mak

Upon expanding the inner products and sum whilst referring to the middle line
of (18), we see that Ag(z1,...,29) is an absolutely convergent product provided
R(zi+2) >1/2for 1 <i<kk+1<j<2k.
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2%k 1
1:W/(b)"‘/b Ap(o+s1,...,0 + 591)
2k 1

XH H (20 + s; + ;) H:USJ

i=1 j=k+1

We now have

IE“ZXn/n“

n<x

2.2. The case o = 1/2. Although the case 0 = 1/2 has already been investigated
by Conrey-Gamburd [7], we will go over it with a proof that is instructive for the
case 0 <o < 1/2.

Set ¢ = 1/2 in (20). We write the resulting 1ntegra1 as

2%
1 ds;

By(s1,- . Sok) Il ” ||e£sj—J

2772 /ka) /b1 S; + Sj =1 Sj

i=1 j=k+1

where £ = logx and

Bk(Sl,...,SQk) = Ak(% —I—Sl,...,%—f-SQk)H H (Si —f—S])C(lﬁ-SZ +Sj).

i=1 j=k+1
This function is holomorphic in a neighbourhood of (0,0,...,0) and the constant
term in its Taylor expansion about this point is given by Ak(%, ce %)

We now make the substitution s; — s;/L in each variable to give an integral of
the form

cr
W/(Ck).../(vCl)Bk(Sl/ﬁ,...,SQk/L H H

i=1 j=k+1

.. ds;
s JH 5

1

First, note that we may shift the contours so as to be independent of £, to R(s;) = 2
say. We now truncate the integrals at height T = o(£) and take a Taylor approxi-
mation to Bg(s) about the point (0,0, ...,0). Then upon letting £ — oo we see that
this integral is asymptotic to

2k
1 ds
' 3) 5w / / [[ev—
(27” P Jewy o) Sit sy S

A short calculation gives Ay(3,...,3) = a(k) where a(k) is given by (2). The re-
maining constant is given by

(21) alk) == (2732,)% /(b)/ H H

(1) =1 j—k+1

Ak<

l\'ll»—‘

1
270
=1 j= k+1

ds,;
[
sﬂ—sj S;
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We may express a(k) as a volume integral and hence recover the constant of
Theorem 2 in [7]. This is achieved by first writing (s; + ;)™ = [ e 95 d;;
for each term in the product over i,j so that the full product is then given by a
k%-fold integral. Upon exchanging the orders of integration and applying (17) the
result follows.

2.3. The case 0 < 0 < 1/2. Returning to our expression for the expectation given
n (20), we first make the substitutions s; — s; + 1 — 20 for k+1 < j < 2k. This

gives
2k
2’“] :xka—%)(L) / /
2mi (c2k) (b1)

XAk(O'—i—Sl,... U+Sk,1—0+8k+1,"' 1—0’—|-82k)
2k

ds.:
LT covaes Hw s

i=1 j=k+1 ijﬂ

EUZXn/n“

n<x

In the case 0 = 1/2, the leading order term was essentially given by the poles at
s; = 0. In the present case we must first make the appropriate substitutions to bring
the leading order contributions to s; = 0. Only then can we make the substitution
s;— s;/L.

We first extract the polar behaviour of the integrand. Write

(23) Gro(s1y...,8o) = Ap(o +51,..., 04+ Sk, 1 — 0+ Sgy1, ..., L — 0 + So)

X H H (si+s;)C(1+s; + s4)

i=1 j=k+1

so that our integral becomes

95120 Qk/ / Gkasla-- SQkHH
(car) (b1)

S;i+ S5
i=1 j=k-+1 i TS
k 2k
Xeﬁ(51+"'+52k)H_d8j 7d13j 5
S S — 20
j=1 "7 j=k+1 it

The function Gy (s1, ..., So) is analytic in the region R(s; +s;) > —1/2for 1 <i <
kk+1<j<2k.

We now make the substitutions s; — s; — sy for k+1 < 7 <2k and s; — s; + 54
for 2 <4 < k. This gives an integral of the form
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5,
k(1-20) e G — —
T - k,0(81,52—|—81...,Sk—FSl,Sk_H S1y...,8%% Sl)X
(278)%* Jiape) (b1)
ko 2k k 2%
1 ] £ yds1 ds; ds;
% e So+-+Sok) J J

Now, for j =2,3,...,2k we let s; — s;/L. This gives the integral

1
k(l—QU)E(k—l)2 . /
x ;
(270)*F J(ea) (b1)

Gro(s1, 81+ s2/L, ..., s1+ sk/L,—S1 + Spy1 /L, ..., —S1 + S /L) X
2%

. & 1 sgtetsgp 70 d81 - dsj dsj
X[HHSi+SJ:| H—+81 11 (Z—s1+1-20)

S
=2 j=k+1 i~k 41 i(Z

Once again, we may shift the lines of integration in the integrals over so, s3, .. ., Sox
so as to be independent of £; back to R(s;) = 2 say, and truncate the integrals at
some height 7" = o(L). From the definition of G, given in (23), we see that

ngrolonﬁ(sl,sl +s9/L,. .. 81+ S/ L, =81+ Sp1/Ly ., —S1 + S /L)
=Ap(c +5s1,...,0+s1,l—0—51,...,1 —0 — 59)
—A4(0,...,0,1,...,1)
=Au(3,.... 1)

2
where in the last two lines we have used the symmetry of A;. As previously claimed,

this last quantity is given by (2). The other limits are easily evaluated.
Thus, as £ — oo we have

~ a( ) k(l—QO’)E(k—l / /
} Qk (b2r) (b1)
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For the integral over s; we push the line of integration to the far left encountering
a pole at s; = 0. The integral over the new line vanishes in the limit and so

1 dSl 1 dk_l ( _k>
_— _ o
271 (b1) S’f(l — 20 — 51>k (/{Z _ 1)' dSlf_l ( o 51)

1 T(k+(k—1))/T(k)
(k—1)!  (1—20)%1
2k —1) 1

T(k)2 (1 —20)2%k-1

s1=0

The remaining integrals are given by (k) of equation (5).

Note that although it appears as if one should be able to make the substitution
s; — s;/L directly in (22) without first shifting the variables by sy, this is not the
case. Upon truncating the integrals at height T' = o(L), the largest error terms arise
from the (-factors in G}, when they are evaluated close to t = 0. For this to occur
in all terms of the form ((1+ (s; +s;)/L) and ((1+ s;/L) for i =2,... k, j =k +
1,...,2k, one must have t; ~ —t; = Ofori =2,...,2kand j =k +1,...,2k. When
looking at the error arising from cutting some s; at height 7', this large contribution
clearly is excluded, as one has |t;| > T" > 0 for this . On the other hand, if one makes
the substitution s; — s;/L directly in (22) and attempts to cut all integrals at height
T = o(L), a large error arises from ¢, ~ —t; fori=1,...,kand j =k +1,...,2k.

3. CHARACTER SUMS: SKETCH PROOF OF THEOREM 2

We shall only sketch the proof of Theorem 2 since it is very similar to the proof
of Theorem 1. Recall the orthogonality property of Dirichlet characters: for m,n
coprime to ¢

0 otherwise.

1 — 1 if m=n mod q,
— g x(m)x(n) =
wlg) < () {
This implies that for all 2% < ¢

S wm)

©(q)

g Z Z x(my -y )X (Mg - - magg)

M= 1Mok
m;<x
(mi,q)=1
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On applying the line integral (17) we acquire

1 2 ds;
1:7/ Hk7 (81,...,82k) l‘sj—]
2 @)™ Jowy  Joy H 5

my-Mp=Mk41 M2k

m;<T
(mi,q)=1
where
1
Hyg(s1,. .., 501) = > PO
= My - Moy,
mi-Mp=Mg41 M2k
(mj,q)=1

Expressing this as an Fuler product gives

1 - 1
Hkﬂ(sl, ey Sgk) = H ( Z - pm181+"'+m2k82k> H Z _ pm1s1+...+mgks%

plgq mi+-+mp= p mitetmy

My 1+-+maog .
1 -1
B H ( Z pm181+---+m2k32k) Ak(sl C 52k) H C(Sl + 8j>
plg \ mitetmp= H

M1 ++mag

=Ch (81, - -, Sox) H C(si + 55),

.3

say. Here, the function Ag(si,...se) is that of equation (19). Since the number
of prime factors of ¢ remains fixed, Cj4(s1,...,S2) is holomorphic in the same
regions as Ag(s1,...,S9). The arguments of the previous section now follow, with
the arithmetic constant being given by

1 -1

Myt my=
M1t +Mak

=a(k) [ ] <i %) 71.
Now

2k:@<#x+o(2w@)>zk
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where w(q) represents the number of distinct prime factors of ¢. Since we're assuming
w(q) is bounded this last error term is O(1) as ¢ — oo. Hence,

ol (50)" 5 < ()

n<x q q

Since this is of a lower order than the main term when w(q) is bounded the result
follows.

4. MOMENTS OF THE TRUNCATED CHARACTERISTIC POLYNOMIAL IN THE
UNITARY CASE: PROOF OF THEOREM 3

4.1. A formula for the expectation. We begin by recalling the definitions. Let
U(N) denote the group of unitary matrices of size N. For a matrix M € U(N) with
eigenvalues (")), let

N
A(z) = det(I — zM) Hl—efz ZCM
J=1

The coefficients cj(n) are known as the secular coefficients. We have ¢/ (0) = 1,
cv(l) = Tr(M) and cp(N) = det(M). In general, note that these coefficients
are symmetric functions of the eigenvalues. For N’ < N, consider the truncated
characteristic polynomial given by

An(2) =) en(n)(—2)".

We will compute the expectation of this object as the following multiple contour
integral.

Proposition 3. Let k € N. Then for all z € C and N > kL we have
r 2k

m [[A(2)*] = 2k/ /Hz N k+1(“1212 |Z|QUiuj)]1:[ du;

D us(1 — uy)
where the integration is around small circles of radii less than min(|z|™,1).
Our plan is to expand |A(2)|?*, push the expectation through, and then use the
results of Diaconis-Gamburd [8] regarding the expectation of products of the coeffi-
cients cps(j). To state their result we must first detail some notation.

For an m x n matrix A denote the row and column sums by r; and c; respectively
and define the vectors

row(A) = (r1,...,7m),
col(A) = (¢, ..., ¢n).
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Given two partitions p = (p1,. .., ) and gt = (fi1, ..., fin) we let N,; denote the
number of matrices A with row(A) = p and col(A) = fi. The notation (1%12%2...)
is used to represent a partition with a; parts equal to 1, as parts equal to 2 etc. For
example, (5,3,3,2,1) = (1121324°5),

Theorem ([8]). Let (a )J 1+ (b)), be sequences of nonnegative integers. Then for
N > max (ijljaj, ijljbj) we have

l
{H aJCM b} :Nuﬁ

where p = (112%2 ... and ji = (1712b2...),

On expanding the polynomial and pushing the expectation through we get

M [[Ac(2)[*]

= Z ]EU(N) [CM(nl) .. 'CM(nk)m(nk-H) .. W(nzk)] L L RS b T

n1,.,nop <L

=Ev(w) [lear (L) ] |2
+ |Z’ (2k—-2)L Z EU(N) [CM(E)k—ch(m)m(Eyc—lm(n)] S L

m<L
n<l—1

On taking N > kL the condition of the Theorem is satisfied for all terms in the sum,
and can thus be applied.
Consider the first term. Note that we may write

By [|ear(£))%] |24 = Z S Sy mi) (05, Sy mag)
(mZ]) 1€Bk(‘c)

_ Z |Z|?Z§:1 oy mis

(mij)?,j:1EBk(£)

where

Bk(ﬁ):{mw Zm,]—ﬁ me_ }



MOMENTS OF RANDOM MULTIPLICATIVE FUNCTIONS 15

Similarly, for the second term we may write

3237 By [ea(£)*eas (myeai (£)* g (n)] 272"

m<L
n<l—1

k k k k
— § E 221 2ot MG F2 =1 Daj=1 ]

< \k
72251 (mij)i j=1€Ck(L;m;n)

where

k k
Cr(L,m,n) = {(mij) € Z’;O : Zmij =L for 0<i<k— 1,kaj =m;
j=1

Jj=1

k k
=1 '

This set is empty unless m = n in which case we can write the second term as a sum
of |z|%. Continuing in this fashion we see that

k k .
(25) Booo [IAc)P] = 3, JaPmiomm

(miz)k_ €DR(L)

where
k k
j=1 i=1
We now invoke the conditions ) m;; < £ with the formula

1 e du _{1, m< L

26 —
(26) 27 |u|:6u u(l —u) 0, m>L

which follows on expanding (1 —u)~! as a geometric series. This gives

k koo 1
EU(N) UA£<2)’2]€] - Z ’zPZi:l Zj:l N (271.2')% o /| | X
ul|=€1

iy >0 [uak|=¢an

< uTlnll+m12+'"+m1k*ﬁu;n21+m22+---+m2k*l: L u?k1+mk2+---+mkk*ﬁ
2k

Tn11+mz1+~~~+mk1—Cum12+m22+---+mk2—£ mig+mog+-+mpr—L

d’u]'
X Uy k42 T Uy

(=)

On collecting like powers and computing the geometric series we acquire Proposition
3.
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4.2. Asymptotics for the multiple contour integral. Denote the integral in
Proposition 3 by I. Thus,

_ 2k
[ e
27” (2mi)?* Hz 1 j= k+1( - |Z|2uiuj) j=1 uj(l B U’j)

where the contours of integration are positively oriented circles of radii |u;| = ¢;.
We choose 1/|z|? < gy < 1/|2], g; = &7 2|~ 251/£ (j=Fk+1,...,2k) and g; = 61(5]1-/£
(j=2,...,k) with 6; < 1/|z]*. With these ch01ces of ¢; the conditions of Proposition
3 are satisfied, provided |z| > 1. We will now perform similar manipulations to those
in section 2.3

First, let u; — ui'|2|2u; for j =k +1,...,2k. Then

2klogZ/ / u2k;) L
Hz I j= k+1( — Uy U'“j)

ﬁ 2k de
j=1 u] 1_u]) —k4+1 u](l_ul_l"z’72u]>
Now let u; — wju; for j =2,... k. After a bit of rearranging we have
2k log |z / / u%) —L du1
(2mi)? Hz 2 H] k:—i—l( Uiuj) ur (1 = u)
H 2k du,
L ulu» w0~ el )
Consider the integral with respect to us, ..., ugs:
“Ugk) u du;
J = / / 2k H I
(2mi)?-1 Hz 2 H] k;+1( — uitl;) 35 u;(1 = uruy)

2k

de
11 i (1 — ) (1 =y 2|2 )

j=k+1

The contours of integration are given by circles of radii ; = 6;/ ﬁ, j=2,...,2k. We
may now choose the d; to be small but independent of £ since this does not alter
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the value of the integral. Then, writing J in its parametrised form gives

/ T 52 52k> 1 —z£(92+ +6021) ﬁ
— [T QHJ ki (1 — (6;07)1/Ceitios) (1 —wd; / i)

J=2

2k

10 db;
(1 — 01/ ei®s)(1 — upt|2|=26)  eifs)

j=k+1 j

Performing the substitutions 6; — 6;/L and writing ¢; = log 0, we have

—(c2+i02+--+cop+ib2y)
27‘(‘ (9. \2k—1 / /7r£ H’L ) H (1 _ e(cz'-&-i@i-&-cj-—&-i@j)/ﬁ)

j=k+1

k
H 0 H do; '
e (1 —uy 6(03“9 i)/ L) et L(1 — elei+i0)/£)(1 — yy |z ~2elei+i0:)/£)

We now divide by £ and take the limit as £ — co. By an argument involving
dominated convergence we may pass the limit through the integral. Then, since
L(1 — e #/F) ~ 2, we acquire

J Lo 1 /oo /oo
(1= w)* =1L =y ]2k (2m)% 1 S

—(cotia+tcop-+ifay) 2% &0
: ; Hde I1 739
Hz QHJ kH( Ci_zei_c] 29 j= k+1 G —1t j)

Finally, we let 6; — —0;. Upon noting that —c; is postlve, we see that this last
integral is the parametrised form of (k) of equation (5). Therefore,

_1)2 1 1 dU1
I ~ ﬂ k $2klog|z|£(k 1) _/ -
" - wri-u

2mi F(1—ui 2| 72)F w

It remains to show that

1 1 du; 1 ub=1
h=o— k “T—2Vk w:  9mi s Rt
(27) 2mt ) (1 —w)R(1 —uytz|2)F we 2mi ) (1 —up)*(ur — |2]72)
1 ['(2k —1)
- —2\2k—1 Fi(2)

(1 =127 (k)
where
(28) Fr(2) = Fi(1 =k, 1 —k;2 — 2k;1 — |2|7?)

and o F} is the usual hypergeometric function.



MOMENTS OF RANDOM MULTIPLICATIVE FUNCTIONS 18

Note that in I; we are still integrating over a circle of radius ¢ < 1/|z| since we
made no substitutions in the variable u;. Thus, the only contribution is from the
pole at u; = |z|72. Therefore,

1 dk—l uk—l
)
(k= Dldur='\ (1 —w)* ) |-

2 ()l - e

(29) e
_;’“ ~(k=1\ Lltm)/T(k)  T(h) o
TG mZ( ) (=2 Tt 1)
1 _ < Tk+m)/ 1 \™
CER) ) = ( )F(m+1)(1—\212) '
As a quick aside, we note that
k—1 m
R S R Sy L= R

and that this can be written in terms of the Legendre polynomials P,(x) via the
formula (see [3], section 3.2)

QF]_(_)\,)\ + 1; 1,2’) = PA(l - 22)

Continuing with our manipulations, the last line of equation (29) may be rewritten
as

|2|* — I'(2k —1—m) 2\m
o) o S () 0

Mzk [(2k — 1) k-1 (1—Fk)pw (1 —k)p o
ST T 2w ez D

m=0

where (z),, is rising factorial or Pochammer symbol defined by

@n=1 " Y
Hm = zz+1)---(x4+m—-1), m>=1.

This last sum is the hypergeometric function oFy(1 — k,1 — k;2 — 2k;1 — |2]?). B
formula (18) in section 2.9 of [3] we have

2 (1—a,1—b2—c2)=1—-2""%F(a+1—c1—b2—cz/(z—1)).
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On applying this the result follows.

5. MOMENTS OF RADEMACHER VARIABLES: PROOF OF THEOREM 4

5.1. A contour integral representation for the norm. Notethat E[Y,, ---Y,, | =
1if nq - - - ngy is a square number and n; is square-free for 7 = 1, ..., 2k, and otherwise
it equals zero. Therefore we have

Z 2k
Ya

n<x

= Z [u(na)l - - - [p(nar)|.

n1---Ngk square
n;<z

As earlier we invoke the condition n; < z in each j by using (17) with y = x/n;. For
each j we integrate along the lines b; = 2. This gives

2k s ds.

o J

E Yl | = 02 / / s
ny-- ngk square (b2x) b1) J

n<x

(32) lp(nj)l=1

ds
S J
Fr(s1,...,S2) | |xﬂ—
27m (271)2k S
(bar) (b1) j=1 J

Fk(Zh o Z2k> _ Z |:u(n1)| Ce |H(”2k)| .

S1 e Sk
1y Mok

where

n1---Ngp square

Since the condition n; - - - ng, being square is multiplicative we may express F(z) as
an Euler product:

1
I b | D D ey

p mi+--+mg even
0<m;<1

1 1
=11 (H > = tO (Zﬁ))
p

1<i<j<2k

:Bk(zl,...,z%) H C(Zi+zj)

1<i<j<2k
where

1 1
Bk(Zh v 722]9) = H [ (1 B pzi—l—z]')] ) Z pm121+"'+m2kz2k )
1<i<j<2k

m1-+--+mgE even
Oémj <1
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Similarly as in the proof of Theorem 1 we get that By (z) is an absolutely convergent
product provided R(z; + z;) > 1/2 for 1 <i < j <2k,

Now we make the substitution s; — s; +1/2 for j = 1,...,2k in the second line
of (32) to get

ZY

n<x

1 /
k
=" [ Gilst,. . osm) ][]
Cmi)* Joy Sy

iy S
1<i<j<2k

2%k
]. Hajsj dSJ
i -+ Sj - Sj -+ L
7j=1
where we define
Gi(z1,. oy za0) = Br(si +1/2, s +1/2) [ €O+ 50+ 55)(si + ).
1<i<j<2k

The function G(z) is analytic in the region R(z; + z;) > —1/2 for 1 < i < j < 2k,
and G(0,...,0) = By(1/2,...,1/2). Finally we make the substitution s; — s;/L
for j =1,...,2k to get

2%k

2 1 1 ds;
k p2k2—3k s j
L (2m’)2’“/ /Gk(81/£,...,52k/£) | | Ry jlzlle SJL+T

1<i<j<2k

Shift the lines of integration to be independent of L, say back to R(s;) = 2 for
j = 1,...,2k and truncate each line at height 7" = o(£). Computing the Taylor
expansions and then taking the limit as £ — oo gives

ZY

n<x

where b(k) = Bi(1/2,...,1/2) is the arithmetic factor given in (13) and ~(k) is the
integral given by (14).

~ b 22kl'k£2k2_3k’7(k’)

6. MOMENTS OF THE TRUNCATED CHARACTERISTIC POLYNOMIAL IN THE
SPECIAL ORTHOGONAL CASE: PROOF OF THEOREM 5

6.1. A formula for the expectation. As for the U(V) case we begin by expressing
the expectation as a multiple contour integral.

Proposition 4. Let k € N, £L > 1. Then for all z € R and N > kL we have

Esou[Ae(:)*] = o [+ [ ) LT
so@N) LR i) H1<z<]<2k — 22uiug) L w1 — uy)

7j=1

where the integration is around small circles of radii less than min(|z|™,1).
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To prove this we must use an alternative method to before since there is no anal-
ogous result of Diaconis—-Gamburd [8] for the special orthogonal group. Instead, we
use the following result of Conrey-Farmer-Keating-Rubinstein-Snaith.

Theorem ([6]). Let du denote the Haar measure on SO(2N). Then for m > 1 we
have

/‘ Awy) - - - Awn)dpt =
SO(2N)

| Y (ﬁ ) I —

e;e{l,—1} I<icjem L — Wi W,
To begin with, we use the integral
1 d 1, Y>0
(33) L P G (¢ > 0)
2mi J (o) s 0, Y<O0
to write . p
s
Ar(2) = A Lo
e(2) = 2mi () (ze)e S

for each of the factors Az(z). Pushing through the expectation then gives

1 I
. e A ze_sl ﬁsl
(271-2)% (car) (c1) H ] H

i=1
where, for reasons that will become apparent, we take ¢; > ¢co > -+ > cop >
max{0,log|z|} and ¢; — ¢;—1 > 2log|z| for i = 2,...,2k. Using the theorem with
w; = ze % for i = 1,...,2k then gives

2k
Bsoew ME(Z)QIC} B (2mi 2k/ / |2 (H ZNeie_NEiSi) X
(e2k) (c1) i=1

Esoen) [Az(2)*] =

36{1
2k
S ee— P
1 _ 22661'51'-}—6]'83' S.:
1<i<j<2k j=1 J

We would like to show that any term with ¢; = 1 for some j € {1,...,2k} gives
zero contribution. To this end, let n = min{j € {1,...,2k} : ¢, = 1}. When
integrating over si,...,s,_1 we only need to keep track of the highest power of e®*»
For the s; integral, write

§ ZZm m(—s1+e€;s;)
1 — 22 —s1+€;8;

m>0
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for j = 2,...,2k. Using (33) we see that m < £ in each sum, so the highest possible

contribution of powers of e* is e“*». Further, as e = --- = ¢,_;, this integral
contributes a nonpositive power of e, ... e*1.
Continuing in this fashion and integrating s,, ..., s,_1, we deduce that one is left
with
/ / / 1 - (£-2N)sa (6(n—1)£sn 1. ) dsn
(97 \2k—n+1 _ 52,8p+€iS;
2m (car) (ent1) \/(en) ;2 n+1 zZ2esnTeis; Sn
2k
H Nej (L-N=Ne))s; 11 1 ds;
1 o 2266i5i+€j8j S
j=n+1 n+1<i<j<2k j=n+1 7/

multiplied by some power of z, where the additional terms in (e(”_l)ﬁsn + .- ) are
all lower powers of e*». For the innermost integral, expanding the factors in power
series gives

1 ds
(L—=2N)spn (,(n—1)Lsn “on
27-” /Cn ‘ — 22pSnt€;S; T 2 sntes © (6 + ... ) 5
1 2 ds
_ % ( H Z—2e—sn—6js]- Z x—2m€(—sn—5j5j)m> €(£—2N)sn (e(n—l)ﬁsn + .. ) 8_"
(cn) j=n+1 m>0 n

The highest possible power of e amongst all terms is e(2¢—7+n=DL+L=2N)sn which
is negative for N > Lk and £ > 1. By (33) all terms are thus zero.
This leaves

|| Es]
_ 22 —8;—8;

In order to arrive at the contour integral, we expand each factor of the product as

1 _ Z ZZmij 6(781'78]')771»;]' )
1 — 22e 5%

m;; >0

Esoen) [Ac(2)*] = RE:
(c2r) (c1) 1<z<]<2k

Separating the integrals and using (33) then gives

IE:'SO 2N) [AL( ) } = Z Qzlgiqg%mij
(mz]) IEAk(,C)

Ap(L) = {(mm ) € Z53Y Zmﬂ+ Z my < L, 2_1,...,21@}.

Jj=i+1
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As for U(N) we invoke the conditions ) m;; < £ with the formula (26), giving

1
Esoen) [Ac(2)*] = AR e R L p— / / %
Z (271-2)214 [uan|=¢as |ui|=¢1

myg ZO

2k
m12+m13+~~~+m1,2k—Eum12+m23+"'+m2,2k—ﬁ my ok +ma op+-+mag—1,2k—L de

...u I— .
1 2 2k - Uj(l—Uj)

On collecting like powers and computing the geometric series we aquire Proposition
4.

6.2. Asymptotics for the multiple contour integral. Denote the integral in
Proposition 4 by 1. Again we perform manipulations similar to those in section 4.2.
Let uj — |z|tu; for j = ,2k. Then
2%

2k10g| |/ / qu) —L H de
27-” 2k H1<z<]<2k‘ Ui’LLj) i U](l — |Z|_1uj)'

Next, let u; — ul/L for j =1,...,2k. This gives

2k:10g| |/ / u2k> 1 12_11 de
(2mi)>* H1<z<]<2k — (uuy)'/€) iy Lug(1— 2]~ 1u1/£)

which can be expressed as

1 2%

I _ / / ng) H dU,]
kalog\z\EQkQ 3k 27TZ 2k H1<z<]<2k ( (uiuj)l/ﬁ) e U](l N |Z| 1u1/£>

Here, the contours wind around the origin £ times. We now choose the radii of the
contours to be independent of £ and then write the integral in parametrised form.
Upon taking the limit as £ — oo and pushing the limit through the integrals we
acquire

2_
2k log |z|£2k 3k

o
where (k) is given by (14).

7. CONCLUDING REMARKS

Admittedly, our evidence for Conjecture 1 is rather weak and there is a certain
level of ambiguity in choosing the size N of the matrices. However, it is interesting
that for our choice of N = log x the random matrix expectation seems to capture the
phase change that we expect to see from the expectation of the Steinhaus variables.
Indeed, if the conjecture holds for & = 1/2, then we can obtain the order of magnitude
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predicted by the conjecture for 0 < k£ < 1 using Hélders inequality since we know
the value at k = 1. Also, it seems a little strange, but not impossible, that one could
obtain more than square-root cancellation in the case £k = 1/2 as conjectured by
Helson.

Finally, we note the following argument taken from [5] which gives an upper bound
on the Steinhaus expectation for k = 1/2. Let 0 < u,v < landlet S, = > _ X,.
By the Cauchy—Schwarz inequality we have

E[|S.]]% <E[|(1 — uXa)(1 — vX3)S, ] - E[|(1 — uXy)(1 — 0X3)| 7]

(34) - 1 _ . 2
- UQ)E[|(1 Xo)(1 —vX3)S, ]

Now,

E[(1 - uXo)(1 — vX3)S, ]

=E {(1 — 2uR(Xo) + u? — 20R(X3) + duvR(X2)R(X3) — 2u’vR(X3)
(35)
+ 0% = 2u*R(Xy) + u2v2) |S$|2}

~x<1—u+u2—§v+§uv—§u2v+vz—uv2—|—u2 2).

In this last line we have expanded the square of S, and used

For 0 < u,v < 1, the minimum of the function

1—u+u2—§v+§uv—§u2v+v2—uv2+u2v2

is found to be =~ 0.8164965809.... Taking square roots gives
E[|S.]] < (1+0(1))-0.903...y/z.

Of course, further optimisations may prove to disprove conjecture (12).
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Chapter 3

Derivation of Theorem 1:
taking the limit as £ — oo

3.1 Outline

In the proof of Theorem 1 in the article, we say that we truncate the integrals
at height 7" = o(L), which then makes it safe to take the limit as £ — oc.
This gives equation (24) in the article. In this chapter a similar truncation
and the resulting limit are performed in full detail by using Taylor series,
which gives an explicit error term. In the rest of this chapter, set £ = log x.

Define

T (1-20)
Ik<$) = —/ / Ak 0'—|—81, .. U—l-Sk, 1— 0'+$k;+1, .. 1 0+82k)
271 2k b2k (b1)

2k

ds.
[T IT cossiss) Hw‘%— I 7, 6

i=1 j=k+1 51 i

with by =e <1—20 and b; =2 for j =2,--- ,2k and

Ak(zh e ZZk H [H H ( zl-i-zj )] ) Z pm121+'3l'+m2kz2k.

i=1 j=k+1 mi1+...+mg
=Mpq1+-+mog

(3.2)
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Referring to equation (22) in the article this gives

‘ZXn/n"

n<x

2’1 L), (3.3)

The goal is to show that this is asymptotically equal to a(k)g(k)z(1—20)k L1,
where a(k) is the usual arithmetic factor

ak) =] (1 - %)k i M, (3.4)

m
p m=0 p

dp(n) = an-unk:n 1 is the k-fold divisor function, and

ot ], (L s
g N (271'2)2k (bai) (b2) bl) S]f 1—20— Sl)k

2k

ds;

s +---s J
xHH P 2 %Hds] . (35)

i=2 j=k+1 J j=k+1 5
Substitute s; — s; +s; for j = 2,...,k and s; — s; — s for j =
kE+1,...,2k. The necessity of this substitution will become clear when

computing the error term from the truncation. This gives

1 20
wo) = [
27” (car) (c2) J(b1)

Ay (J—|—31,0+32+31,.. 0+sk+31,1—0+8k+1—31,...,1—0+52k—31)

d Sids. 2k $ids.
L e | e L

Si+ s
i=2 j=k+1 j=k+1 j=2 it Vi=k

(3.6)

where ¢; = b; —by =2 —¢efor j =2,...,kand ¢; = b; +b; = 2+ € for
j=k+1,...,2k.

From here the first step is to cut the integrals over s, ..., so. at some
height T" = C'. Then the correct power of L is extracted by substituting
sj > s;/L for j =2,...,2k. Because the integrals are cut at an appropriate
height one can express the integrand as a Taylor series to get the leading
order term.
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3.2 Truncation error

The integrals in (3.1) are not absolutely convergent, so one can therefore not
bound the truncation error directly. Instead the same smoothing technique as
in [4, Chapter I1.5] and [1] is used. Namely, we first integrate the expression
for Ij(x) with respect to x, then cut the integrals at the desired height and
finally take the derivative with respect to x.

Integrating with respect to x gives

/:]k(t LG /(0%) /c2 /bl Ar(. H H C(1+ si+5;)

i=2 j=k+1
1+(1 20)k+sa+-+Ssok ds
Hcl+8])1+(1+20)k‘+8+ +s o
Pl 2 2k S1
k 2k
de H de
11 . (3.7
iy Sj + S1 ikt Sj +1—20— S1
At this point, one would like to cut the integrals over ss, ..., S9, at some

height T" = C. In order to avoid a too high error term from the fac-
tor glt(1=20)k+s2t+s2r gne first has to shift the lines of integration over
g, , Sox to dj = 2L, which can be done, as the integrals are absolutely
convergent. The error terms after cutting the integrals at height C' will be

of the form i
/- /d L] e .
/d% /_;c __/(d2) /(bl) () (3.9)

]

for j =2,--- 2k, with the integrand the same as in (3.7).
In order to bound these error terms the following estimates will be used

to bound the zeta function terms. The Laurent series of ((1 + s) is given by
2, Formula (2.1.16)]

and

C(1+s) :§+7+O(|s\) (3.10)

where 7 is Euler’s Gamma constant. This will be used for |s| < C, which
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gives ((1+s) = £+ O(1). For |s| near zero it will be used that

<1 =1 1
=) =Y i<y (311
n=1 n=1

The last relation in the above can be shown using e.g. Euler summation [3,
p. 4.
For |s| large, the following theorem is used.

Theorem 3.1 (Theorem 3.5 in [2]). We have

¢(s) = O(log|t]) (3.12)

uniformly in the region

A
l—-—<0o<2 (t>tp)
logt

where A is any positive constant and ty is a fived constant.

Note that there exist stronger results for the region o > 1, to which this
will be applied, in e.g. [6]. As such an improvement will not have any effect
on the order of the error term, the bound in (3.12) is sufficient.

It is instructive to consider three different cases before computing the
full error. First, consider the integral (3.8) integrated only over those regions
where |t;+t;| > to and |t;| > tofori =2,...,kand j = k+1,...,2k. Bound-
ing ’x1+(1—20)k+52+"'+82k‘ — x1+(1—20)k+d2+~--+d2k < i[)l+(1_20)k and Ak( ) ) <

1!, and using Theorem 3.1 for all zeta-terms gives that this is

k 2%k 2k
<<x(1—20)k+1/.../H H 10g|t7j+tj| H 10g|tj|

=2 j=k+1 j=k+1
k 2k
11+ 894 -+ s9z| |s1] i |sj + s1] P lsj +1—20 — s4|

The remaining integral can be bounded independently of z, as by = € is

independent of x. The integral converges in the mentioned region, giving an
error O(x1+1=20)k),

1See the discussion after Equation (19) in the article
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Next, consider the region where £7¢ < |ty + tor| < to, and |t; + ;| > 1o,
|t;| > to for all other values of i,j. Further, assume |t; — tox| > o for
j =k+1,...,2k — 1. The integral over sy is then of length less than
to = O(1). For the factor ((1 + s2 + sax), (3.10) is used to give

1

C(1+ 89+ s0k) K <
( 2 2) |82—|—$2k| |t2+t2k|

< LY,

and for the other zeta terms the bound in Theorem 3.1 is used as before.
When integrating over s, in this region one can essentially use the M-L
inequality to replace all instances of sy by —so, and multiply by the length
of the integral. This leaves an error

k 2k 2k 2k—1
< $1+(120)k£a/. . /H H log‘tZ +tj| H log’tﬂ H log‘tj _t2k|
i=3 j=k+1 j=k+1 j=k+1
1 1 |d81|
’1+<1—20)k+83+"'+82k,1‘|$1—82]€‘ ’51‘
k 2k
ds; ds;
e |s; + s1] Pl |s; +1—20 — s1]

where the integral converges in the mentioned region, and is independent of
x once more, to give an error O(x!+(1=20)k £a),

Thirdly, consider the region where |to + tor] < L£7% and [t; + t;| > to,
|t;] > to, |t; — tax| > to as before. Using (3.11) gives ((1 + s2 + S9) < L in
this region. When integrating over s, the M-L inequality is used again, to give
something very similar to (3.14), except that the length over the sy-integral
is O(L~?). This gives an error O(z'+(1=20)kLL=a) = O(g+(1-20)k gl=a),

One could continue like this to bound each region separately, but it is
clear that the above three tricks should cover everything. Depending on our
choice of a, the largest error term will occur in one of the following cases.

(i) |ti+t;| < L% and |¢;] < L7 for as many as possible terms.
(i) L7 <|t; +t;| <ty and L7 < |t;| <ty for as many as possible terms.

So far it hasn’t been specified which integral is being truncated, so assume
that the so-integral is cut. This gives that |t3] > C, and choosing C' = 2t
gives |ty| > 2ty. It is clearly not possible to have |to+t;| < ¢y and |¢;| < o at
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the same time as |to| > 2ty. This gives that there are at most k% — k (-terms
that contribute a factor £ in the first case, and a factor £ in the second
case. The remaining k (-terms can be bounded by Theorem 3.1.

In the first case, the integrals over ss,- - - , so; are each of length O(L£~%),
and the M-L inequality will give 2k — 2 factors £7%. In the second case
each of these 2k — 2 integrals are of length O(1). In both cases the final
integrals over si, so are convergent and can be bounded independently of x.
Combining this gives an error

9] <:L,1+(1720')k (ﬁa(l@fk) + £k27k72a(k71)>> .

The leading order term for the full integral will be of order O ( 1+(1=20)k £ (k—1) ) ,
so one needs to choose a in such a way that

alk® — k) < (k —1)?,

k2 —k —2a(k —1) < (k- 1)*. (3.15)

The first requirement reduces to a < 1 — % and the second requirement
reduces to a > % Choosing e.g a = % then gives a lower order error for
k> 3.

The above gives a bound for the error introduced from cutting the so-
integral. Similarly, the truncation error from the integrals over ss, ..., so

can be bounded, to give

T 1 dop+iC do+iC
o [ [

ok —1C' 2—iC (b1) i=2 j=k41

_ k 2k

145, dl
H N J)1+(1—20)k+52+---+82k S1 j:25j+81j£15j+1_20_81

=41
L0 ( L+(1-20)k pa(k?=k) | $1+(1—20)k£k2—’f—2“(’“—1)) (3.16)
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3.3 Taylor series

The next step is to expand the integrand in (3.16) as a Taylor series in L.
In order to do this, substitute s; — s;/L for j = 2,...,2k. This gives

x x1+(1720)k£(k71)2 bog+iT ba+iT
/ To(t)dt = et / /
0 (2mi) bojo—iT boiT J(b1)

Ak(0+81, 0'—81—|—82/£ 0'—81+Sk/£ 1—0’—81+Sk+1/£, ey 1—0—81+82k/£)

[T ae(re &“ﬂji%qH%)

1=2 j=k+1
Soborts 2k
€2+ +s2k ﬁH dS] H dsj
L+ (1=20)k+ =522 5y 03+ 20 F+1-20—5

L0 (x1+(1—2o)k£a(k2— ) 4 gl (1—20)k£k2—k—2a(k—1)>

where b; = 2 for j = 2,...,2k as before, and T'= CL.

As T = O(L) one can use (3.10) to get £¢(1+(s;+s;)/L) = sH_s +0 (%)
and 2¢(1+s;/L) =L +O0(4) fori=2,...,kand j =k+1,...,2k. The
remaining terms in the integrand are all nicely bounded as L’ — 00, SO
replacing +C(1 + (s; + s;)/L) by % everywhere, and +¢(1 + s;/L) by %
everywhere introduces an error O(z!T(1-20)k L(k=1)°-1),

For Aj(---) one has that lim; ., Ax(0 + $1,0 — s1+82/L,...,0+s1+
sp/Lil—0c—s1+ s /L,...,1—0—s1+8x/L) = Ax(0+51,- - ,0+8,1—
o—81, - ,1—0—s1)=a(k) by (3.2) and (3.4). Expanding the remaining
terms that depend on £ as a Taylor series in £7! then gives

T k) plt(1-20)k p(k—1)? bor+iT bo+iT k- 2k 1
[ e = 55 o [ I1]
0 (L+ (1 = 20)k)(2mi)** )y, _ir bo—iT J(b a1 Si S

(b1) =2

2k
ds;

es2t tsak ds;
51(1_20_51 H j] 1 5
+O< 14(1-20)k <£a (k?— k)+£k2 k—2a(k—1) ﬁ(k_1)2_1>>, (3.17)

It now only remains to extend the integrals back to the full vertical lines,
and then take the derivative with respect to x. FExtending the integrals
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back to their full height gives error terms of the form (3.8)-(3.9), where the
integrand is equal to the integrand in (3.17), the truncation is at height T
instead of C', and one has fs; = b; = 2 instead of Js; = % for j =2,...,2k.

In order to bound these terms, one essentially uses that s <7 MjﬁH .
and then treats the cases |t;+t;| < |o;+0;| = O(1) and |t;+t;| > |o;+0;]| sep-
arately. In all cases one gets an error of lower order than z't(1=20)k(k=1)=1
so the integrals can be extended back to their full height.

3.4 Derivation with respect to z

Combining the definition of g(k) in (3.5) and the manipulations in the pre-
vious section gives

z pl+(1—20)k (o_1)?
I(t)dt = ——— L' k)g(k
| 0t = g e ettt

L0 ( 1+(1-20)k (ﬁ(kfl)kl + pok?=k) 4 ﬁkQ*k*%(’“*l))) . (3.18)

Using (3.18) with « + h and x, and subtracting, one arrives at

z+h - 14+(1-20)k
[ e = S ot ) albg(h)

plH(1—20)k o
BN 7)1 a(k)g(k)

L0 < 1+(1-20)k (ﬁ(k—l)Q—l 4 Lok?=k) 4 £k2—’€—2“("3—1)>> ., (3.19)

where h is chosen in such a way that h = O(x). Then, using

1
flz+h)— f(z) = hf'(z)+ h2/ (1 —t)f"(x + th)dt (3.20)
0
with f(2) = £me L5 a(k) g (k) gives

z+h
/ Ik‘(t)dt = a,(kj)g<k)hx(1—20)k:£(k_1)2

10 < 1+(1-20)k (L(k 12-1 , pa(k?=k) £k2—k—2a(k—1)>)_|_0 (h2x(1—2o)k—1£(k—1)2>
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and then

Ix(z) = a(/{:)g(lﬁ)x(l_%)kﬁ(lﬂ_l)2 + 0 (hm(1_2a)k_1£('€_1)2 + h_1L>

L0 (h—1$1+(1—2a)k (E(k—l)Q—l L pati=k) 4 £k2—k—2a(kz—1)>> . (3.21)

with L = [ |1(t) = Ly(z)|dt,

At this point it is needed that I is increasing in x. To see this, expand
the powers on the left in (3.3) and push the expectation through. This is
then a multiple sum of non-negative terms. The terms are non-negative
because E [], X; [T, X; is either 0 or 1 for finite products (see Section 1.3.1).
Increasing = then adds more terms, so Iy (z) < I (y) if z < y. Therefore,

L x+h|fk(t)—[k(:z:)\dt§ / thk(t)dt— / ihlk(t)dt,

and if one uses (3.20) and similarly
1
fla) = flo = 1) = hp'@) =1 [ (1= 01" = thyat

for f(z) = %(log ) =1D%a(k)g(k) together with (3.19), one then gets

[ < pita-20)k (L(k—l)Q—l 1 pak?=k) | £k2—k—2a(k—1)> 1 2 (-200k=1 p(k=1)

The term h~'L in (3.21) is then included in the other error terms. Finally,
choosing h = xL'/? gives

Ty(x) = a(k)g(k)a > (log ) *1)
10 <x(1—2a)k (<10g x)(k—1)2—1/2 + (log x)a(k2—k)—1/2 + (log x)kQ—k—l/Q—Za(k—l)>>

for % <a<1landk> ﬁ As mentioned previously, choosing e.g. a = %
gives
2
Ii(z) ~ a(k)g(k)a"—** (log 2)*~Y

for £ > 3. The case k = 1 can be easily computed and the case k£ = 2 has
been computed to a greater accuracy in [5], so it doesn’t matter that these
cases are lost here.

42



3.5 Shifting the variables by s;

To get from (3.1) to (3.6) the substitutions s; — s; +s1 for j =2,...,k and
sj + s; — sy for j = k+1,...,2k were made. These substitutions might
have seemed somewhat unmotivated at the time, but the necessity of the
substitutions becomes clear when considering the error introduced in Section
3.2. Here it was essential that one couldn’t have |t; +t;| < £ and |t;| < ¢,
fori=2,...,kand j =k+1,...,2k all at the same time. This was ensured
by always cutting some integral at a height greater than ¢,.

If one tries to do the same things directly to the integral in (3.1), the
equivalent region contributing a large error will be |t;+¢;| < tofori=1,....k
and j = k+1,...,2k. But even though some integral is cut, all of these
inequalities can be satisfied at once. This in turn results in an error term
larger than the main order term, so one doesn’t get any results from this.

3.6 Rademacher case

The derivation in the Rademacher case is very similar to the derivation in
the Steinhaus case, so it will not be repeated here in any greater detail than
presented in Section 5 of the article.

It is still worthwhile noting why the error term is small enough also in the
Rademacher case. As before, the main error term will come from all {-factors
being evaluated near zero. For the Rademacher expression this translates to
[t +t;] < to for 1 <i < j <2k. If one has |t;| > C = 2t, for some j these
conditions can’t all be fulfilled at once, which makes the truncation possible.
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Chapter 4

Final comments

4.1 Higher accuracy

The results in theorems 1 and 4 in the article are both asymptotic results.
For Theorem 1 in the article an explicit error term is given in Chapter 3. In

4
5], Ayyad—Cochrane-Zheng show that £ X,| | = Az?logx+ Ba®+
n<x

o(x?) with explicit constants A and B. It is interesting to see if one could
obtain a similar polynomial for general k, i.e. something like

2k
E ‘ Z Xn = A(k—1)2x2k(10g $)(k_1)2 + A(k—1)2_1$2k(log m)(k_l)Q_l + -
n<x
o+ Ay log x4+ Agz® + 0 (22F)  (4.1)
for explicit constants A;, i« = 0,...,(k — 1)?, and a similar expression for
o #0.

If one follows the exact same procedure as in Chapter 3, with o = 0, it is
not immediately clear how to be more precise for the truncation error in Sec-
tion 3.2, but for the Taylor series in Section 3.3 one could in principle include
more terms in the Taylor expansion to get a more precise result. If one were
to do this, the limit for the number of terms in the polynomial (4.1) will

come from the error O (x%(logx)“(kz’k)*lﬂ) + 22 (log )k ~k-1/2-2a(k=1) )
Choosing a very close to 1, one sees that the best obtainable error term
is o <x2k(log x)k2_3k+2>, which holds for & > . Nevertheless, this means
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that one in principle could obtain the first k coefficients in (4.1) for large k,
by including more terms in the Taylor expansion.
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