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Generalized Evolutionary Spectral Analysis and the
Weyl Spectrum of Nonstationary Random Processes

Gerald Matz, Student Member, IEEE, Franz Hlawatsch, Member, IEEE, and Werner Kozek, Member, IEEE

Abstract— The evolutionary spectrum (ES) is a “time-varying
power spectrum’” of nonstationary randem processes. Starting
from an innovations system interpretation of the ES, we introduce
the generalized evolutionary spectrum (GES) as a novel family
of time-varying power spectra. The GES contains the ES and
the recently introduced transitory evolutionary spectrum as special
cases. We consider the problem of finding an innovations system
for a process characterized by its correlation function, and we
discuss the connection between GES analysis and the class of
underspread processes.

Furthermore, we show that another special case of the GES—a
novel time-varying power spectrum that we call Weyl spec-
trum—has substantial advantages over all other members of the
GES family. The properties of the Weyl spectrum are discussed,
and its superior performance is verified experimentally for syn-
thetic and real-data processes.

Index Terms—Nonstationary random processes, spectral anal-
ysis, time-frequency analysis, time-varying systems.

I INTRODUCTION

PECTRAL analysis of (wide-sense) stationary random

processes by means of the power spectral density (PSD)
is a useful concept. However, in many applications the signals
must be modeled as nonstationary processes. Extensions of
the PSD to nonstationary processes result in “time-varying
power spectra” such as the Wigner—Ville spectrum [1]-{3],
the physical spectrum [4], and the evolutionary spectrum (ES)
[51-191.

This paper discusses and extends the ES. The original defi-
nition of the ES is'based on an expansion of the nonstationary
random process under analysis into complex exponentials with
uncorrelated, random, time-varying amplitudes [5]. Alterna-
tively, the ES can be expressed via the transfer function of
a linear time-varying (LTV) innovations system [5], [9], [10].
Following the introduction of the ES by Priestley [5]-[7], nu-
merous researchers have discussed the theoretical framework
of the ES [2], [3], [8]-[12], applications of the ES to special
types of nonstationary processes [13], [14], and the estimation
of the ES [15]~[18]. Furthermore, extensions to parametric
models have been established [19], and a concept dual to the
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ES—the transitory evolutionary spectrum (TES)—has been
introduced recently [20].

In this paper, motivated by the innovations system inter-
pretation of the ES, we define the generalized evolutionary
spectrum (GES) as a family of time-varying power spec-
tra extending both the ES and the TES. Subsequently, we
concentrate on a specific member of the GES family—the
novel Weyl spectrum—that has important advantages over all
other GES members [21]. The paper is organized as follows.
Section II reviews the ES. Section III reviews the TES and
gives a novel innovations system interpretation of the TES.
An important process classification (underspread/overspread)
[22]-[24] is considered in Section IV. The GES is introduced
in Section V using the generalized Weyl symbol [25], and
the properties of the GES are discussed. The construction
of an innovations system and, specifically, the advantages of
the positive semidefinite innovations system are considered in
Section VI. In Section VII, we introduce the Weyl spectrum
[21] as a new member of the GES family with substantial
advantages over all other GES members. In Section VIII, our
theoretical results are verified experimentally for synthetic and
real-data processes. '

II. THE EVOLUTIONARY SPECTRUM

A. The Stationary Case

The ES can be motivated by the stationary case. Thetefore,
we first consider a zero-mean, wide-sense stationary random
process z(t) with autocorrelation function r,(7) = E{z(t +
7)z*(t)} and PSD! ‘ o

Se(f) = /rw(yr)e_jz"ﬁ dr > 0.

Since [, Su(f) df = E{|z(t)|*}, the PSD can be interpreted
as a spectral distribution of the average power. It is related

‘to an expansion® of the process z(t).into complex sinusoids

er2m It [26]

o(t) = /f X( /)i df M

where the expansion coefficients can be shown to be uncorre-
lated, with the PSD as average ‘intensity:

E{X(f1)X"(f2)} = S=(f1)6(f1 = f2).

Integrals are from —oco to oo unless stated otherwise.

2This expansion and similar expansions used in the foflowing are to be
interpreted in the mean-square sense [26].

)
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Let us set X(f) = N(f)A(f), where N(f) denotes sta-
tionary white noise with normalized average intensity, i.e.,
E{N(f1)N*(f2)} = 6(f1 — f2), and A(f) is a deterministic,
complex-valued weighting function. The left-hand side of (2)

then becomes E{X (f1)X*(f2)} = |A(f1)[26(f1 — f2) so that
the RSD is seen to be
| S.(f) = 1A(P. 3)

A second important interpretation of the PSD is obtained
by representing the process z(t) as the output of a linear
time-invariant (LTI) “innovations system” H whose input is
stationary white noise n(t) [26]:

z(t) = /h

with E{n(t1)n*(t2)} = 6(t1 — t2). The PSD then equals the
magritude squared of the system’s transfer function H(f) =
[y h(t )e 2rft qy

n(t') dt’

So(f) = H(f)I?. @

It is easily seen that H(f) = A(f) if we take N(f) to be
the Fourier transform of n(t). Hence, the PSD expressions (3)
and (4) are equivalent.

B. Definition and Interpretation of the Evolutionary Spectrum

We next consider a zero-mean, nonstationary random
process z(t) with correlation function R, (i1,%) =
E{z(t1)z*(t2)} [26]. Motivated by (1), we postulate an
expansion of z(t) into complex sinusoids e727f*

wﬂzéxuw%“# )

where the expansion coefficients X;(f) are time-varying but
again assumed to be uncorrelated:

E{X:(f1)X{(f2)} = ESz(t, f1)8(f1 — fa)- (6)

This constitutes an implicit definition of the ES. In order
to make this definition more precise, we set Xi(f) =
N(f)A(t, f), where N(f) denotes stationary white noise with
normalized average intensity and A(t, f) is a deterministic,
complex-valued weighting function. The expansion (5) then

becomes
z(t) = / N(f

and the left-hand side of (6) becomes E{X:(f1)X;(f2)} =
|A(t, f1)126(f1 — f2) so that [5]

= |A(t, )2 ¢))

With (7), it is easy to show that the process ’s average instan-
taneous power can be written as E{|z(¢)*} = [, |A(t, f)|* df
s0 that the ES is a spectral distribution of the average instan-
taneous power, i.e., [ ES,(t, f) df = E{|z(¢)|?} (“marginal
property”).

Alt, f)el ¥ st df Q)

ES..(t, f)
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We now ask if the expansion (7) underlying the ES exists
and is unique and how the ES can be derived given the correla-
tion function R, (¢1,t2). Introducing ¢(t, f) = A(t, f)e?"f1,

(7) becomes
= [ Nt a )

and it is easily shown that the correlation function can be
expressed as Ry (t1,t2) = [, ¢(t1, f)¢* (2, f) df. In operator

“notation, this reads R, = ®®™, where R,, is the correlation

operator (i.e., the positive definite or semidefinite, self-adjoint
linear operator whose kernel is R.(t1,t2)), ® is the linear
operator whose kernel is ¢(, f), and ®* is the adjoint of the
operator ® [27]. Hence, for given correlation operator R, ®
is a solution to the factorization problem ®®+ = R,. Such
a solution always exists since R, is positive semidefinite, but
it is not unique: If ® is a solution, then so is & = ®U,
where U is an arbitrary unitary operator (i.e., UUY = I with
I the identity operator). Hence, the ES as defined in (8) is not
unique [5]; the specific ES obtained depends on the particular
solution to the factorization problem #&+ = R,.

It is important to note that the interpretation of the ES
as a time-varying power spectrum is restricted to the case
where the “amplitude function” A(¢, f) weighting the complex
sinusoids e/27f¢ in (7) is slowly time-varying. Indeed, only in
this case can the function ¢(¢, f) = A(t, f)e/?™f* in (9) be
interpreted (as a function of ¢) as a narrowband, amplitude-
modulated signal (an “oscillatory function” [5]) spectraily
localized around f so that the parameter f in ES,(¢, f) =
|A(t, f)|? can be interpreted as “frequency” in a meaningful
sense. This restriction amounts to a kind of quasistationarity
assumption.

C. Innovations System Interpretation

We can express z(t) as the response of an LTV innovations
system H to stationary white noise n(t) [28]:

/Htt'

with E{n(t;)n*(t)} = 6(t; — t2).

Calculating the correlation function of x(t) from (10) yields

z(t) = (Hn)( (10)

Ry(t1,t2) = / H(ty, ¢ YH*(ta,t) dt/ (11
t/

so that the innovations system H is obtained as (nonunique)
solution to the factorization problem HH+ =R, ie., His
a “square root” of the correlation operator R, (cf. Section
VI) It is easily shown that (10) is equivalent to (9), i.e.,

= [; N(f)¢(t, f) df with N(f) the Fourier transform

of n( ) and ¢ t f [, H(t,t")e?m 1% dt'. We then obtain

At, f) =¢(t, fle™ 2T
= /H(t,t — e T dr = Zg(t, f)

where Zy (¢, f) is the time-varying transfer function of H as
defined by Zadeh [29]. Hence, the ES can be reformulated
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TABLE 1 :
DUALITY OF EVOLUTIONARY SPECTRUM AND TRANSITORY EVOLUTIONARY SPECTRUM (F DENOTES THE FOURIER TRANSFORM OPERATOR)

Evolutionary Spectrum

Transitory Evolutionary Spectrum

z(t) = [; N(f) 6(t, f) df X(f) = fyn(t) 9(t, f) dt
Ry(t1,t2) = [; ¢(t1, f) ¢*(ta, ) df Bx(fu, f2) = [i9(t, f1) ¢ (8, f2) dt
$(t, ) = A(t, f) 21t Y(t, f) = alt, f) e 92t
z(t) = (Hn)(t) = [, H{t, ') n(t) dt’
$(t, f) = Fal {H {1t ¢)} Bt f) = Fos p{H(t, ')}
At f) = Zu(t, f) = LY (¢, f) a(t, f) = Zu(t, f) = L2t 1)

as the squared magnitude of Zadeh’s transfer function of the
innovations system H [5], [9], [10]:

ES.(t, f) = |Zu(t, ).

This result is very intuitive and extends the PSD expression (4)
obtained in the stationary case. However, recall that the inter-
pretation of the ES as a time-varying power spectrum requires
A(t, f) to be slowly time-varying. Since A(t, f) = Zu(t, f),
this means that Zg(t, f) should be slowly time-varying as
well. Furthermore, (12) is intuitively meaningful only if the
LTV system H acts as a weighting in the time—frequency (TF)
domain, i.e., if the TF shifts caused by the innovations system
H are small. These considerations will lead us to the class of
underspread systems and processes discussed in Section IV.

12)

III. THE TRANSITORY EVOLUTIONARY SPECTRUM

The transitory evolutionary spectrum (TES) has recently
been introduced [20] as a time-varying spectrum that is dual
to the ES (see Table I). The TES is matched to “quasiwhite”
processes. '

A. The Nonstationary White Case

We first consider a zero-mean, nonstationary white ran-
dom process z(t) with correlation function Ry(¢1,%2) =
g (t1)6(t1 — t2), where ¢,(t) > 0 is the process’s average
instantaneous intensity [26]. The process allows a trivial
expansion into Dirac impulses

z(t') = /x(t)é(t’ — 1) dt 13)
t
or, taking the Fourier transform
X(f) = /tx(t)e"j%tf dt. (14)
Here, the expansion coefficients z(t) are uncorrelated |
E{z(t1)x*(t2)} = qu(¢1)0(t1 — t2). (15)

Let us set z(t) = n(t)a(t), where n(t) is stationary white noise
with normalized average intensity and o(t) is a deterministic
function. The left-hand side of (15) is then B{z(¢1)z*(t2)} =
|a(t1)|26(t1 — tg) so that

¢2(t) = la(t)|*.

The relation z(t) = n(t)a(t) can be interpreted in the sense
that stationary white noise n(t) is passed through a linear
“frequency invariant” (LFI) system, i.e., an LTV system acting
as a multiplier. This is dual to the interpretation of stationary

processes in terms of an LTT innovations system (cf. Section
II-A).

B. Definition and Interpretation of the
Transitory Evolutionary Spectrum

We next consider a zero-mean,. nonstationary random
process z(t) with correlation function R, (t1,t2). Motivated
by the expansion (14) in the nonstatlonary white case, let us
postulate an expansion

X(f) = /txf(t)e_jsz dt:/tn(t)a(t,f)e—ﬂ”ﬁ dt (16)
= [nttwie.s) at. |

Here, n(t) is stationary white noise with average intensity one,
a(t, f) is a deterministic, complex-valued weighting function
defined by z4(t) = n(t)alt,f), and (i, f) = a(t,f)
e~927/t The expansion coefficients x(t) are frequency-
varying but still assumed uncorrelated

E{:L‘f(tl)x;(tg)} = TESx(tl, f)&(tl - tz).

The frequency variation in z¢(t) will be seen to imply a
broadening of the Dirac impulses in (13).

Equation (18) constitutes an implicit -definition of the
TES. With z(t) n(t)alt, f); (18) can be rewritten as
E{xs(t1)z}(t2)} = la(ts, /)I6(t1 — t2) so that

£) = la(t, ).

With (16), one can show that the TES is a temporal distribution
of the average spectral energy density, i.e., the TES satisfies
the “marginal property” [, TES,(¢, f) dt = B{|X(f)|*}.

Taking the inverse Fourier transform of (16) or (17), the
process z(t') is represented as

() / A8 1) de

t

where £(¢,¢ ff tf)eﬂfftf df = ff alt, f)e—92mt]
eI 2wt gf, If a(t, f) is slowly varying with respect to. f,
then £(¢',t), as a function of ¢/, is localized about ' = ¢

a7

18)

TES, (¢, (19
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(in the limiting case where a(t, f) = a(t), we get £(t',t) =
a(t)é(t’ — t)). The TES is then based on an expansion of
x(t'} into narrow pulses with uncorrelated coefficients, which
justifies the interpretation of the TES parameter ¢ as “time.”
Note that the assumption that a(¢, f) is slowly varying with
respect to f amounts to a “quasiwhiteness” property of z(¢').

With (17), the spectral correlation function Rx (f1, f2) =
E{X(f1)X*(f2)} (which is related to the temporal correla-
tion function R,(t;,t2) by a 2-D Fourier transform) can be
expressed as Rx(f1,f2) = [, ¢t fu)v*(L, f2) dt. Hence,
calculation of (¢, f) given R,(¢1,t2) amounts to solving the
factorization problem ¥+ = Ry, where ¥ is the linear
operator whose kernel is U(f, %) = ¢ (¢, f). Again, ¥ always
exists, but it is not unique; therefore, the TES as given by
(19) is not unique either.

C. Innovations System Interpretation

We now establish a novel reformulation of the TES in terms
of LTV innovations systems. In (10), we have modeled z(t)
as the response of an LTV system H to stationary white noise
n(t). Taking the Fourier transform of (10) with respect to t,
one reobtains (17) with ¢(¢', ) = [, H(t,t)e 72"/t dt so
that

a(t, f) = (¢, e’
- / H(t + 7,8)e=927 dr = Zy(t, f).

Hence, the amplitude function a(t, f) can be interpreted as a
time-varying transfer function Zg1(¢, f) of H, which, however,
is different from Zadeh’s function Zy (¢, f) arising in the case
of the ES. With (19), the TES can be expressed as the squared
magnitude of the new transfer function of the innovations
system H:

TES.(t, f) = | Zu(t, f)|*.

Compared with (12), we see that the only difference between
the ES and the TES is in the definition of the time-varying
transfer function. This viewpoint will motivate the definition
of thé GES in Section V. ~

The identity a(t,f) = Zu(t,f) suggests that Zg(t, f)
should be a smooth function of f as it was required for a(t, f).
In addition, the interpretation of TES, (¢, f) via the transfer
function of H is meaningful only if H acts as a weighting in
the TF domain (i.e., the TF shifts caused by H are negligible).
This restriction was already encountered in the context of the
ES and will be further considered in the next section.

IV. UNDERSPREAD SYSTEMS AND PROCESSES

We have argued above that a meaningful interpretation of
the ES in terms of a process expansion into uncorrelated
narrowband signals is restricted to quasistationary processes,
while the interpretation of the TES in terms of an expansion
into uncorrelated short pulses is restricted to quasiwhite pro-
cesses. These restrictions correspond to the requirement that
the transfer functions Zg (¢, f) and Zy(t, f) be smooth with
respect to t and f, respectively, and that the innovations system
H act as a pure TF weighting in the sense that it introduces
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Fig. 1. Effective support of the spreading function of a self-adjoint LTV
system H.

negligible TF displacements. For later use, we will now discuss
characterizations of the TF displacements of the innovations
system and of the correlation structure of the resulting process.

A. Underspread Systems

The TF shifts caused by an LTV system H are characterized
by the generalized spreading function [23], [25]

S§ () = / H@ (¢, 7)e~92m™ gy (20)
t

with
H(a)(t,*r) =H(t+ (% - )Tyt — (% + a)7).

Here, 7 and v denote time lag and frequency lag, respectively,
and « is a real parameter. Since the magnitude of Sg” )(7-, v)
is independent of «, we will use the simplified notation
|Su(r, )] = |S&)(r,v)|. For given (r,v), |Su(r,v)| in-
dicates how much the TF-shifted input signal (S, ,z)(t) =
x(t — 7)eI2™* contributes to the output signal [25]. It follows
that the TF shifts caused by an LTV system are crudely
characterized by the effective support of |Sg(7,v)|. Let us
define the “displacement spread” og [23], [24] as the area of
the smallest rectangle Ry (centered about the origin of the
(7,v) plane) containing the effective support of |Sy(7,v)|,
as shown in Fig. 1. A system H is called underspread if
ou < 1, meaning that | Sy (7, )| is concentrated about the
origin of the (7,v) plane so that H causes only small TF
shifts. Furthermore, an underspread system H will be called
strictly underspread if Ry is oriented parallel to the 7 and v
axes, such that A7 = 7z and Av = vy, where Ar, Av, 4,
and vy are defined in Fig. 1. Here, oy = 4mgvy so that
a system is strictly underspread if 4rgryy < 1. Quasi-LTI
systems with small frequency shifts (small zq1) and quasi-
LFI systems with small time shifts (small 751) are potentially
strictly underspread systems.

B. Underspread Processes

Quasistationary processes have small spectral correlation,
whereas quasiwhite processes have small temporal correla-
tion. These two situations are generalized by the concept of
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underspread processes. We first define the expected ambiguity
function (EAF) [22], [23] of a nonstationary process z(t) as

:E{(S_.,-/g —v/2T, S.,./g v/2$>}
- _ 5 —j2nvt
- /tR (t+ Tt 2) dt

where again (S, z)(t) = 2(t — 7)e??"**. The EAF describes
- the average correlation of all' TF locations separated by 7
in time and by v in frequency. Noting that the EAF is the
spreading function (with o = 0) of the correlation operator
R, that is, A (T,v) = ng (r,v), we are led to define the
TF correlation spread o, of z(t) as the displacement spread

Zm(T, v)

of the correlation operator, i.e., 0, = or,. Then, a process
x(t) is underspread if o, < 1 {22], [23], which means that the
EAF is concentrated about the origin of the (r, v)-plane, and
hence, that components of z(¢) that are sufficiently ‘separated
in the TF plane will be nearly uncorrelated.

The effective support of the EAF can also be described by
the quantities 7, = TR, and v, 2 vR, (see Fig. 1), and z(¢)
will be called strictly underspread if the correlation operator
R, is strictly underspread, ie., 4r,v, < 1. Two potential
special cases of strictly underspread processes are quasista-
tionary processes (with small v,) and quasiwhite processes
(with small 7).

The TF shifts caused by the innovations system H are
related to the TF correlation structure of the associated process
z(t). It can be shown [23] that the correlation spread of
x(t) is bounded in terms of the displacement spread of H as
0, < 4og. Hence, an underspread innovations system implies
an underspread process. Conversely, if z(t) is (strictly) under-
spread, then it is not true that every innovations system H is
(strictly) underspread, even though a (strictly) underspread H
can always be found (see Section VI).

V. THE GENERALIZED EVOLUTIONARY SPECTRUM

A. Definition and Interpretation

The expressions ES. (¢, f) = | Zu(t, f)|* and TES.(¢, f) =
|Zw(t, f)|? suggest an extension of the ES and TES. Indeed,
the time-varying transfer functions Zy (¢, f) and Zy (¢, f) are
just two special cases of a family of time-varying transfer
functions known as generalzzed Weyl symbol [23], [25] and
defined as

L 1) = [ B e dr

where H(™)(L,7) has been defined in (20). The transfer
functions underlying the ES and the TES are reobtained with
a =1/2 and a = —1/2, respectively, ie.,

ZH(ta f) =

We now introduce the generalized evolutionary spectrum

(GES) as [21]

LGP0 ad Zaltf) = LV ).

GES((t, f) 2 L (1, NI 1)
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The GES comprises the ES and TES as special cases with
a = 1/2 and o = —1/2, respectively:

ES,(t, f) = GES(/2 (¢, f)
TES, (¢, f) = GESC VD (¢, f).

The definition of the GES in (21) contains a twofold ambiguity
corresponding to the choice of the innovations system H: and
of the parameter . This will be discussed in Sections’ VI and
VIIL :

For a strictly underspread process, one can always find an
innovations system H that is strictly-underspread (see Section
VI); here, the primary effect of H is a TF weighting, or
equivalently, the TF shifts caused by H are small. Let us for
the moment assume that the GES is based on this H.

The average energy content of a process x(t) around a
TF analysis point (¢, f) can be measured by the physical
spectrum [4] Py (t, f) = E{|(z, g®"))|?}, where gt (¢) =
g(t' — t)e?®>™/t" with g(t') being a normalized “window” or
“test function” that is real-valued, even, and concentrated
about the origin of the TF plane (note that g(-f)(#') is then
normalized too and is properly concentrated about the analysis
TF point (¢, f)). For a strictly underspread innovations system
H, it is proved in Appendix A that

GES{™(t, f) = Pu(t, f) 22)

which shows that the GES is here physically meaningful. For
a = 0, (22) holds even when H is (weakly) underspread.
Hence, the GES with « = 0 is meaningful for a w1der class
of processes (see Section VII).

From the fact that the right-hand side of the approximation
(22) is independent of ¢, it follows that the GES based on
a strictly underspread innovations system 1is approximately
independent of «, i.e., GES;"‘l)(t,f) ~ GES;""")'(t,f). Let
us compare two GES that are based on the same (strictly un-
derspread) innovations system H but have different o values.
It can then be shown (see Appendix B) that the difference
A(t, f) = GESL (¢, ) — GES{#2) (¢, #) is bounded both in
a pointwise and an La-norm sense:

A, )] < 7|Aal(drave)® t?{RY?}
} (23)
Al < 8r|Aal(4rave)*? o{R,}

where Aa = a3 — ag,73p and vy have been:defined in
Fig. 1, tr{-} denotes the trace of an operator [27], and RY%i
the positive semidefinite, self-adjoint operator square root of
R... Hence, for a strictly underspread innovations system, the
choice of the GES parameter o-is not critical. This is not true
for weakly underspread processes since here no innovations
system with small Tyrigg exists.

The generalized spreading function introduced in Section
IV can be shown [23], [25] to be the 2-D Fourier transform
of the generalized Weyl symbol underlying the definition, of
the GES:

S (rv) = /L /f LG e 27D didf. (24)

For an underspread H, Sl(f )(T, v) is ‘con‘centrayted about the
origin of the (, /) plane, and thus (24) implies that L) (¢, £),
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and hence GES\™(t,f), is a 2-D lowpass function (i..,
a smooth function). In particular, a small spread of H in
the v direction implies that L(}‘I" )(t, /) and GES{™(¢, f) are
smooth with respect to {, whereas a small spread in the 7
direction implies that Lg‘ )(t, f) and GES{¥(t, f) are smooth
with :respect to f. These are the two situations allowing a
meaningful interpretation of the ES and TES, respectively.
This is consistent, as the response of a quasi-LTI system to
stationary white noise is a quasistationary process, and the
response of a quasi-LFI system to stationary white noise is a
quasiwhite process.

B. Properties

In the following, we discuss some important properties of
the GES.

1) Consistency: For a stationary process, the GES can
be shown to reduce to the PSD and to be independent of
t,GES{*)(¢, f) = 8.(f). For a nonstationary white process,
the GES reduces to the average instantaneous intensity and is
independent of f, GES{¥ (¢, f) = ¢,(t). For a stationary white
process with S, (f) = ¢.({) = Ny, the GES is constant over
the entire TF plane, GES{*)(¢, ) = N,.

2) Positivity: The GES is real-valued and nonnegative
GES{(t, f) > 0.

3) Self-Adjoint Innovations System: It can be shown that
LY f) = Lgﬁ*(t,f), where H is the adjoint of H.
Hence, the GES with parameters o and —a are identical for
a self-adjoint innovations system H:

H=Ht == GES{"(t, f) = GES\™(, f).

In particular, H = HT implies ES, (¢, f) = TES.(t, f). Thus,
even though the ES and TES are based on different expansion
models, they will produce identical results if they are based on
a self-adjoint innovations system (which can always be found;
see Section VI).

4) Marginals: The ES has correct time marginals

| cEstrae. ) df = qlat)
f
while the TES has correct frequency marginals

| GBS, ) de = B{IX ()P
t

If (and only if) the innovations system is normal, HH* =
H*H, then both the ES and the TES will satisfy both marginal
properties, i.e., we also have

/ GESY/D(t, f) dt =E{|X(f)?} and

/ GESCY/D(t, f) df =E{jz(t)[?}.
f

It can be shown that underspread systems are approximately
normal [23].

For a # +1/2, the marginal properties will not be sat-
isfied exactly, but they will be approximately satisfied for
strictly underspread innovations systems. Indeed, the deviation
between the time marginal of the GES and the expected
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instantaneous power A; (£) £ ff GES\™(t, f) df —E{|z(t)[}
can be bounded as

(AL(Y)] <4n|a — 3 va (4ravn)® 0 {RY/?}
lA1]] €2l = 3| \/va (dravm) tr{R,}

where 7y and vy have been defined in - Fig. 1.
Similarly, the deviation between the frequency marginal
of the GES and the expected spectral energy density

Ao(f) 2 [.GES(t, f) dt—E{|X(f)[2} can be bounded as

|A2(f)| <4nla+ t|ra(4mavn)? ©?{RY/?}
Az]] <27|a + %|\/7'H(4THVH) tr{R.}.

Note that the above bounds correctly reflect the fact that the
ES (o = 1/2) has correct time marginals, while the TES
(o = —1/2) has correct frequency marginals.

5) Finite Support: From the marginal and positivity prop-
erties, it follows that the GES with o = +1/2 and normal H
satisfies the following “strong” finite support properties:

E{|z(t0)|>} =0 => GESEY (45, f) =0
E{|X(fo)]?} =0 = GESE¥2(¢, f3) =0.

For || < 1/2 and normal H, the GES satisfies the following
“weak” finite support properties:

E{|z(8)]’} =0, t ¢ [t,85] =
GES{(t,f) =0, t ¢ [t1, 2]
E{|X(f)*} =0, f ¢ [f1, f2] =
GES{(t, ) =0, f ¢ [f1, fa].

6) TF Shift and Scaling Covariance: Let GES(®(¢, f) be
based on an innovations system H,. If z(¢) is shifted in
time by 7 and in frequency by v, ie., Z(t) = (S;.2)(t) =
z(t — 7)e?™, then the correlation operator of the shifted
process Z(t) is Rz = S,,,,Rij’,,, and a specific innovations
system of #(t) is H; = S, ,H,S},. If (and only if) the
innovations system used for calculating the GES of Z(t) is
chosen as H; = ﬂi, then the GES of the shifted process is
an appropriately shifted GES

GES\™)(t, f) = GES(t — 7, f — »).

By choosing the respective positive semidefinite innovations
systems for both z(t) and Z(¢) (see Section VI), it is guaran-
teed that H; = H; so that the above “covariance property”
will always be satisfied. In a similar manner, it can be shown
that the GES will satisfy the covariance property with respect
to a TF scaling

#(t) = V/|alz(at) => GES{(t, f) = GES(® (at,f )

a

if it is based on the positive semidefinite innovations system.
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7) LTV System.: 1f z(t) is transformed by a positive
semidefinite LTV system K with kernel K (t,t")

y(t) = (Ka)(t) = / K, )t di

then the correlation operator of the transformed process y(¢)
is R, = KR,K = KH,H}K, where H, is an innovations
system of z(t). For reasons to be explained in Section VI,
we choose H, to be the positive semidefinite innovations
system, and we look for the positive semidefinite innovations
system H, of y(¢). Let us assume that K and H, are
jointly strictly underspread in the sense that the effective
supports of their spreading functions are both bounded by
. the same rectangular region that is parallel to the 7 and v
axes and whose area is much less then 1 (this requires that
both systems K and H, are individually strictly underspread,
ie, 4y, < 1 and 4rgxvk < 1), It can then be
shown that H, ~ K¥/?H,K'/? and LS}MHEKUQ(L f) ~

Lt DI (4 NI (8, 1) = L, LS, £) 23],
so that the GES of y(t) is

GES{(L, ) ~ LG gy gy (6 I
~ LS (¢, HLE) (8, NP

=L (¢, )P GBS, ). (29)

Thus, the GES of the output process is approximately equal
to the GES of the input process multiplied by the squared
magnitude of the generalized Weyl symbol of the LTV system
K. This relation suggests to interpret the effect of K as a
TF weighting characterized by |L§? )(t, #)|2. It generalizes the
relation Sy (f) = |G(f)|?S.(f) obtained when a stationary
process is transformed by an LTI system with transfer function
G(f) and the relation g,(t) = |m(t)|?¢.(t) obtained when a
nonstationary white process is transformed by an LFI system
with multiplier function m(t).

VI. THE FACTORIZATION PROBLEM

For given correlation operator R, the innovations systems
H are defined by (11) or equivalently

HH" = R,. (26)
The solution to this- factorization problem is not unique.
Indeed, if H is a valid innovations system satisfying (26), and
if U is an arbitrary unitary operator (satisfying UU* = T),
then H = HU is an innovations system as well: HH* =
HUUYH" = HH* = R,.

In the stationary case, the innovations systems H are time
invariant and have identical transfer. function magnitude. A
similar situation exists in the nonstationary white case. How-

“ever, in the general nonstationary case, different choices of
H will lead to different generalized Weyl symbol magnitudes
and, hence, to different GES results. This ambiguity of the
GES definition can be resolved by imposing certain constraints
on H. For example, the Wold-Cramér ES [9], [10] is obtained
with a causal H. In this section, however, we will discuss the
advantages of the positive semidefinite H.
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It is reasonable to adopt the “maximally underspread””
innovations system H for which TF displacement effects are
minimized (see Section IV). This system primarily-produces a
TF weighting that can be described by the squared magnitude
of the generalized Weyl symbol, which. is the GES. This
permits the interpretation of the GES as an average TF energy
distribution and is also consistent with -the conditions that
Zxi(t, f) and Zg(t, f) be smooth with respect to ¢ and f,
respectively. In the following, the maximally underspread H
will be defined as the H minimizing the TF displacement
radius

2
2 ATH 2
Pt = gy T TV

where T is an arbitrary normalization time constant and -

//72|SH(7',1/)|2 dr dv
_2—é TV

"o /T/JSH(T,V)P drdv

//V2|SH(T, )2 dr dv

2 A TSV )

g = 5
//|SH(T, v)|? dr dv

measure the extension of the spreading function in the 7 and
v direction, respectively. The minimization of py will be
performed within the class of normal H (satisfying HH* =
H'H). A normal system is advantageous since here both
marginal properties are satisfied by both the ES and the TES
(see Section V-B). Any normal innovations system H allows
a polar decomposition [27] :

H=HU

27

@8

where H,, (satisfying H,HI = R,) is the positive semidefi-
nite, self-adjoint operator square root of R, H, = Ri/ % and
U is a unitary operator constrained by the normality of H.
The kernel of H, is

Hy(t,t') = v un(b)ui(t)
k=1

where Ar > 0 are the eigenvalues and ug(t) are the eigen-
functions of the correlation operator R.,.

Since H, is fixed, the unitary factor U minimizing the TF
displacement radius p#; remains to be chosen. It is shown in
Appendix C that the solution to this problem is the identity
operator up to a trivial phase factor that will be set to 1
in the following, i.e., Uy = I [30]. Thus, the innovations
system with minimum TF displacement radius is the positive
semidefinite root of R, :

Hep = Hp = Ri/Q.

We note that this maximally underspread innovations system
will lead to a generalized Weyl symbol and, in turn, a GES
that is maximally smooth: (cf. Section V-A).

Using the positive semidefinite root of R, -as innovations
system has another important advantage. Consider a unitary
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transformation of the process, ie., Z(t) = (Uz)(¢), where
UUt = I The correlation operator of the new process #(t) is
R; = UR,UT, and its positive semidefinite root is given by
H, = UHPU+, where H,, is the positive semidefinite root of
R,,. This relation between the innovations systems of z(¢) and
Z(t) was seen in Section V-B to guarantee the shift covariance
and scaling covariance properties of the GES when U is a TF
shift operator and TF scaling operator, respectively. Positive
semidefinite factorization is thus consistent with unitary signal
transformations. This is not generally true for other types of
factorizations.

VII. THE WEYL SPECTRUM

A. Definition and Interpretation

The definition of the GES in Section V contained a twofold
ambiguity, namely, the choice of the parameter « and that
of the innovations system H. We now consider the case
« = 0, where the generalized Weyl symbol reduces to the Wey!
symbol, Lu(t, f) = L\9(t, f) [31]-[34]. Furthermore, for
reasons explained in the previous section, we adopt the positive
semidefinite root H, = R+/? of the correlation operator R, as
the innovations system. These two choices result in a member
of the GES family given by>

WS, (t,/) & GBSO, )| = L, (4, f)

. 2
= T 4T\ izmsr
= {/7_Hp(t+ 2,t 2)6 dT} .

This time-varying power spectrum will be called the Weyl
spectrum (WS) [21]. Because it is the GES with a = 0 that
uses the positive semidefinite innovations system, the WS is
uniquely defined for given R.. It has important advantages
over all other GES members obtained for o« # 0 and/or
H # RY%

* The approximation GES(*) (¢, f) ~ E{|(z, g2} (see
Section V-A) imparting an energetic interpretation to the
GES holds for & # 0 only if the process z(t) is strictly
underspread. In contrast, the WS will satisfy the above
approximation even if 2(t) is merely weakly underspread,
ie., if 6, < 1 but not 47, < 1. Hence, the WS is
physically meaningful for a broader class of processes. In
particular, the WS is much better suited to processes with
“chirp components” (appearing as slanted structures in
the TF plane) than is the ES or the TES. Some examples
will be shown in Section VIIIL.

* The WS is based on the positive semidefinite innovations
system that introduces minimal TF displacement effects.
This favors the interpretation of the WS as a proper
time-varying power spectrum. In addition, the use of the
positive semidefinite innovations system is a prerequisite
for covariance properties with respect to unitary signal
transformations such as TF shifts or TF scalings (see
Section VI).

3Note that the Weyl symbol of self-adjoint operators is real-valued so that
|Lu, (8. )2 = Ly (2. 1).
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* The WS is based on the Weyl symbol (generalized Weyl
symbol with @ = 0) whose symmetric structure leads
to important advantages over generalized Weyl symbols
with « # 0. This entails corresponding advantages of the
WS over other members of the GES family. In particular,
the WS satisfies certain covariance properties that are not
satisfied by the GES with o # 0, as detailed further
below.

B. Properties

We now discuss the properties of the WS in more detail.
Since the general properties of the GES have been discussed
in Section V-B, we concentrate on WS properties that are not
satisfied by other GES members.

1) TF Coordinate Transforms: There exist a class of
unitary signal transformations U corresponding to area-
preserving, affine TF coordinate transforms (¢, f) — (at+bf—
7,ct + df — v) with det(Z 2) = ad — bc = 1. Specific signal
transformations U depend on the TF coordinate transform
parameters a,b,c,d,7, and v [35]. The WS satisfies the
following general covariance property with respect to the
unitary transformations U:

i(t) =(Uz)(t) =
WSz(t, f) = WSa(at + bf —m,ct + df —v). (29)

Important special cases are listed in the following. For any
set of parameters a,b,c,d, 7, and v with ad — bc = 1, the
corresponding signal transformation U can be composed of
some of these special transformations.

e TF Shifts:

i(t) = (S;,7)(t) = z(t — 7)™ =
WSi(t, f) = WSa(t — 7, f — v).

* TF Scalings:

Z(t) = +/|alz(at) = WSz(¢, f) = WS, (at, g)
e Chirp Multiplication:

#(t) = ™ g(t) = WSz(t, f) = WS, (¢, f — ct).

» Chirp Convolution:

#(t) = V]’ xa(t) = WSi(t, f) = WS, (t - { f).

* Fourier Transform:
i(t) = ]| X (ct) = WSi(t, f) = WS, (-{-,a).

We emphasize that the GES with o # 0 satisfies only the
covariance properties with respect to TF shifts and TF scalings
provided that the innovations systems of z(¢) and Z(t) are
related as H; = UH,U™T (see Section V-B). The general
covariance property (29) will not be satisfied for o # 0.
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2) Marginals: For the important class of (weakly) under-
spread processes, the marginal properties will be satisfied by
the WS in an approximate manner. Specifically, the deviation
between the time marginal of the WS and the expected
instantaneous power Aq(t f  WS(t, f) df — E{|l=(t)*}
can be bounded as

|AL(t)] <8mAv 0;1/2 w2{RL/%}
ALl 27V AV op12 t{Re}

and the deviation between the frequency marginal
of the WS and the expected spectral energy density

Ao ftWS (t, f) dt — E{|X(f)|?} can be bounded as
|As(f)| <87AT 02, PRI/}
”AQH §27TV AT O'R1/2 tI‘{Rm}

Here, Av and A7 have been defined in Fig. 1. Since ORL/2 <

1 for underspread processes, these bounds imply the approx1—

mate validity of the marginal properties. Note that for the GES

with & # 0, approximate validity of the marginal properties

required z(t) to be strictly underspread in general (see Section

V-B). ‘
3) Superposition Law: Let

=

z(t) =) zx(t)

k=1

be the sum of N uncorrelated, zero-mean processes xy(t).
Since Ry, o, (t,t") = E{ze(t)z; ()} = 0 for k # I, one
has R, = ij:l R, In general, there is no simple way to
express an innovations system of 2(¢) in terms of innovations
systems of the component processes z(¢). However, if the
realizations of the z(t) belong to orthogonal signal spaces,
then it can be shown that the positive semidefinite root of R,
(cf. Section VI) is equal to the sum of the positive semidefinite
roots of the Ry, , e, H,, = Eszl H, ., . By the linearity
of the Weyl symbol, we then obtain

]

WSCCIc (ta f)

x>
|_\

I
Mz

ES
Il

1

N
+ 22 Z LHp,mk (tv f)L

k=11=1
k£l

Hp,wl (t7 f)

With the assumption that the realizations of the processes
xr(t) are TF disjoint (which then also implies that they
belong to orthogonal signal spaces [36]), the cross terms
2Lm,,, (t, f)Ln,., (t,f) with k # [ vanish since the
Ly, (t, f) do not overlap. We then obtain the superposition
law

N
Sa(t, f) =D WSa, (8, f)- (30)
k=1
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In practice, the zx(¢) will typically be effectively TF disjoint
rather than exactly TF disjoint, in which case (30) is valid in
an approximate sense.

4) Deterministic Signal Components: Let us now assume
that zx(t) = arsi(t), ie.,

.
t) = arsu(t)
k=1~

with deterministic, orthonormal signals s3(t) and uncorrelated,
zero-mean random factors a with powers pi = E{|ag|?}.
The positive semidefinite innovations system of z(t) is given
by Hp ., (t,t) = prsi(t)si(t'). If the si(t) are TF disjoint in
the sense that their Wigner distributions W, (¢, f) [36]-[40]
do not overlap, then we obtain with (30)

N
L= W
k=1

5) Chirp Processes: The WS features superior TF concen-
tration for “chirp processes” corresponding to slanted struc-
tures in the TF plane. Let us consider a chirp process z(i) =
aw(t)ei™ with zero-mean random factor « and determmls-
tic envelope w(t). The WS is obtdined as

WS, (t, f) = pRW2(L, f ~ ct)

€2Y)

(32)

where W, (¢, f) is the Wigner distribution of w(t). This result
shows that the WS of a chirp process is well concentrated
along the instantaneous frequency f,(¢) = ct. This can be gen-
eralized to multicomponent chirp signals whose components
are approximately nonoverlapping in the TF plane [see (31)].
Numerical examples illustrating these results are provided in
Section VIII.

C. Comparison with the Wzgner—Vzlle Spectmm

The Wigner—Ville spectrum (WVS) [1]-{3] is an 1mp01’tant
time-varying spectrum defined as the Weyl symbol of the
correlation operator

=7 G TN L
Wm(t7f) = LRz(t7f) = / Rac(t“i' §7t - '2“)6 T dT-
The WVS satisfies many desirable properties; in particular, it
is unitarily related to the correlation function R, (ty, t2), and
it satisfies both marginal properties. However, it may assume

negative values [41]. k

In the case of an underspread process z(t), the WS and
WVS yield very similar results. Indeed, for R, underspread,
it can be shown (using techniques similar to those used in
Appendices A and B) that L? 1/2(t f) = Lr,(t,f), i
taking the square root of the correlatlon operator is approx-

imately ‘compensated by taking the square of the resulting
Weyl symbol. Hence

WSa(t, ) = L (t, f) = Le, (¢, f) Wt f)-

Note that the approximate equivalence of the WS and WVS
for an underspread process implies that the WVS of an
underspread process is approximately nonnegative.
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Fig. 2. Synthetic process consisting of three “parallel” chirp signals. (a) WS. (b) ES/TES with positive semidefinite innovations system. (c) WVS. (d)
Magnitude of EAF (a hatched square of area | is included in this and subsequent plots to allow an assessment of the process’s underspread property).
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(a) (b

Fig. 3.
system. (c) WVS. (d) EAF magnitude.

Although the WS and WVS are similar for underspread
processes, they may be quite different otherwise. Let us
reconsider the multicomponent process in (31) consisting
of deterministic, TF disjoint signals s;(t) with statistically
independent random factors aj. WS and WVS are here
obtained as [cf. (32)]

N
WS.(t, f) = Y pAW2 (L f)
k=1

We see that the WVS is given by a weighted superposition
of the Wigner distributions of the individual components,
whereas in the WS, these Wigner distributions are squared.
This squaring entails a sharper representation of the process
components in the WS (see Section VIII).

VIII. NUMERICAL SIMULATIONS

We now apply the WS and GES to the TF analysis of
synthetic and real-data processes. The duration of all processes
considered is 128 samples. Our first example, which is shown
in Fig. 2, illustrates the superiority of the WS over other
members of the GES family in the case of chirp processes. The
(synthetic) random process under analysis is of the type (31); it
consists of three TF-shifted windowed “parallel” chirp signals
sk(t) = w(t — ty)ed™e(t=t)* 327 fit with identical chirp rates
¢ and statistically independent amplitude factors «, with equal

©) d)

Synthetic process consisting of three “nonparallel” chirp signals and a Gaussian signal. (a) WS. (b) ES/TES with positive semidefinite innovations

average powers. The EAF in part (d) shows that this process
is reasonably underspread but not strictly underspread. As a
consequence, the WS performs satisfactorily, whereas the ES
(simultaneously the TES due to the use of the positive semidef-
inite innovations system) totally fails to resolve the three
chirp components. The WVS, which is shown for comparison,
performs satisfactorily as well. Fig. 3 shows that the good
performance of the WS extends to the case where the overall
process is not underspread but all process components are TF
disjoint and individually underspread. The process underlying
Fig. 3 consists of three windowed “nonparalle]l” chirp signals
sp(t) = w(t)ej’”’ct2 (with different chirp rates ¢;) and a
Gaussian signal, again with statistically independent amplitude
factors a. Note that the ES/TES does not correctly indicate
the frequency modulation of the three chirp components.

Whereas the WS and the ES/TES yielded dramatically
different results in Figs. 2 and 3, Fig. 4 shows that these
spectra become very similar for strictly underspread processes.
The process under analysis, whose correlation function was
constructed using the TF synthesis method proposed in [42],
consists of three uncorrelated random components appearing
as smooth structures in the TF plane. The EAF shows that the
process is indeed strictly underspread. The strong similarity
of the WS and the ES/TES corroborates the approximate «-
invariance of the GES in the case of strictly underspread
processes (see Section V-A). The WS and ES/TES are also
very similar to the WVS, as predicted in Section VII-C.

Fig. 5 corroborates the approximation (25) for the GES of a
filtered process. The three-component process z(t) from Fig. 4
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LTV filtering of the strictly underspread process from Fig. 4. (a) Squared Weyl symbol of LTV filter K. (b) WS of input process [see Fig. 4(a)]

multiplied by squared Weyl symbol of K (approximation to WS of filter output process). (c) Exact WS of filter output process. (d) Magnitude .of

spreading function of K.

was filtered by an LTV system K in order to isolate the middle
component. Comparing the spreading function of K with the
EAF of z(t) [which is shown in Fig. 4(d)], we see that z(¢)
and K are jointly underspread, which is the condition for the
approximation (25). Fig. 5 shows that the WS of the output
process (Kz)(¢) is indeed approximately equal to the WS of
the input process () multiplied by the squared Weyl symbol
of the LTV system K. Similar results (which are not shown)
are obtained for the ES/TES. .

We finally applied the WS, ES, and TES to cylinder pressure
signals measured in the course of combustion cycles in a car
engine4 [43], [44]. This process is well described by the mul-

ticomponent process model discussed in Section VII-B [see

(31)]. The signal corresponding to a given combustion cycle
consists of several resonant components (due to knocking).
Within one cycle, the resonance frequencies decrease with
time due to the decreasing gas temperature. All spectra shown
are based on an estimate of the process’ correlation function
that was. derived from 149 realizations corresponding to 149
different combustion cycles, Fig. 6 shows that the resulting
WS is considerably more concentrated than the ES/TES. In
particular, the ES/TES does not clearly indicate the decrease
of the resonance frequencies. Fig. 6 also shows that the results
obtained with the positive semidefinite innovations system are
much better than those obtained with the causal innovations
system. . Finally, it is seen that the WS shows better TF
concentration and contains smaller interference terms than the
WVS.

4We are grateful to D. Konig and J. F. Béhme and to Volkswagen for
making these data accessible to us.

IX. CONCLUSIONS

We have introduced and studied a family of time-varying
spectra called generalized evolutionary spectrum (GES). While
two prominent special cases of the GES are the Classical
evolutionary spectrum and the recently introduced transitory
evolutionary spectrum, we have shown that another special
case of the GES—the novel Weyl spectrum (WS)—features
significant advantages over all other GES members.

Based on the definition of the GES in terms of an in-
novations system of the process under analysis, we have
furthermore shown the importance of an underspread property
for a satisfactory interpretation of the GES as a time-varying
spectrum. Here again, the WS is advantageous since it merely
requires the process to be underspread, whereas the other GES
members require the process to be strictly underspread.

We have also shown and verified by simulations that. in
the underspread case, the WS is approximately identical to
the Wigner—Ville spectrum; for deterministic signal compo-
nents, however, it is more concentrated than the Wigner—Ville
spectrum.

APPENDIX .- A
PROOF OF APPROXIMATION (22)

In order to prf)ve5 (22), we first note that E{|(z, g2} =~
E{|(Hn, g®)*} with g®/)(#') = g(t' — £)e>"/* can be

5The basic technique of proof used here and also in Appendix B has been
developed-in [23]. We note that other bounds and -approximations mentioned
in this paper can be derived in a similar manner.
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Fig. 6. Cylinder pressure process. (a) Typical process realization. (b) WS. (c) ES/TES with positive semidefinite innovations system. (d)~(f) GES with causal
innovations system with (d) o = 0, (¢) @ = 1/2, and (f) « = —1/2. (g) WVS. (h) EAF magnitude.

reformulated as
E{|(Hn, ")}
= / / / Sy (r,v)SH (', V)
. Ag('/'/ -, ]// — V)e]?ﬂ'((Tl—T)f‘-(I/l-I/)t)
eI =) e dy dr! dY

where A,(7,v) is the ambiguity function [40], [45] of g(t).
Similarly, using (24), the GES can be written as

GES(t, ) = |L{(t, £)|?
:/// / Sta(r, ) St (', )
Y (=m0
2TV =) G dy dr

The difference Ao(t, f) = B{|(z,g®N)|2} — GES™ (¢, f)
can hence be expressed as

Ao(t7f):/T/Vj{,/U,SH(T,V)SI"‘{(T—I—T’,Z/+V’)

. ej27r('r'f—-1/'t)ej27roz(‘ru'+7"u+‘r't/')

L= Ayl V')ejQW‘ﬁ(a)(T’”’T/’”/)] dr dv dr' dv/

where ¢ (10,7, V') = Tv -1V —a(rV + T'v+7'V') and
the domains of integration are (7,v) € [—ma, Ta] X [—vH, VH]
and (7', 1') € [-27w, 2ma] X [~2vu, 2vu) since H is assumed
to be strictly underspread. The magnitude of A (¢, f) can now

be bounded as

[Bo(t, )
<[ [ [ [ 1satonsat v+

1= Ay (7, V)ed2m 8 ot O e dy dr! dy

211].[ TH rvu
comn [T ([
—2vy —T141 Y —VH

—2TH
- Ag(T’,u')eﬂ”‘i’(a)("””r/’”/)| dr du} dr’ dv

27TH

where we have used |Su(7,v)| < tr{Rgl/ %1 [23]. Since the
domain of integration is very concentrated around the origin,
we use the approximation A,(7,v) ~ 1 [a more rigorous
but lengthier derivation could be given by using a higher
order Taylor expansion of A,(r,v) around (0,0)]. Furthermore,
using

|1 — eﬁ“"s(a)(””ﬁ/’”/” < 2| SiIl(ﬂ'(]S(a)(T, v, )]
< 2x|p ) (r,v, 7 V)| < 20 (1 + ) (7| + [7'v])
+ ]oaHTll/I[] < 27(1 + 2|a|)on

(on the integration domain) leads, after integrating, to the final
bound |Ag(t, f)] < € with € = 87(1 + 2|a|)of; w2{RY/*}.
This bound approaches zero with decreasing spread oy of the
innovations system, which proves the approximation (22).
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APPENDIX B
PROOF OF THE BOUNDS (23)

The difference between two GES based on the same inno-
vations system H can be expressed as

A(t, f) =GESL(t, f) ~ GESL(1, /)
= Lig (6, HLE (0 ) - Lig” (6 DI (6. )

L [

e]27rAa(T v -—Tl/)]
'632”[(" == g dy dr’ v

where we have used (24) and the relation S(ag)( v) =
S’I(_Ial)(T,u)eﬂ’””A“ with Ao = @y — . The magnitude of
A(t, f) can then be bounded as

tf|<[[ﬁ/|sHTu||sH<r V)

— gi2mAa(r'y “”’)| dr dv dr’ dv'

_2/T/V/T/|SH £ )|Sa ()|

sin[rAa(r’v — )] dr dv dr' dv'.

We now assume that H is strictly underspread, which means
that the (effective) support of S’I(f‘ >(7', v) is enclosed by the
rectangle [—7w, 7| X [— v, i), Which limits the domain of
integration accordingly. Using |sinz| < |z| and the fact that
|7’V — rv| < 2mvm within the domain of integration, we
further obtain

A, )| < 7|Aal 4THVH/ /VH [Su (T, )| dr dv

/ / \Syr(r', /)| dr’ dv'.

Using |Su (7, v)| < tr{Rglc/2} [23], it follows that

TH vy
/ / |[Su(r,v)| dr dv
-7 Y —VH

<tr{RY?} / dr dv = w{RY/?} dmpom.

—
This  finally yields the first bound in (23) |A(¢, f)] <
| Ac|(4ravm )P {Ry7Y.

We next consider the Ls-norm of A(t, f). With (24) and
Schwarz’ inequality, we obtain

jal? = | /f (A, £ dt df
-/ / GO, HLE( £)

— Lig? (6 )L™ (4, )P dt df

27Ty vy
/ / / / S (r v +0)
2T 2vyg —VH

al)* )
2

dr dv

. [1 _ ej27rAa(Tz/+T'u+-ru')] dr' dv/
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27T 2
S B A
2T 2vi —VH

- sin?[rAa(rv + v + 1)) dr’ dz/}

[/ / |Su (T 47", v+1) 2 dr’ dv }deu
.

where the relation S (r,v) = S (7,
been used. With sin® 7 < 22 and the fact that |7'1/+7' v+rv/| <
8y within the domain of integration, we further obtain

) 2rTrvAn ‘has

A2 < 1672(Aa)*(4ravm) /%H /zm

2T 2vy

) [/ / |Su (7, v)|* dr’ du’]\ dr dv
—mH J—vH ‘

=64r%(Aa)?(4rave )0 {R,}

where we have used [ [ |Su(r,v)|* dr dv = [H|?® =
tr{R, }.This proves the second bound in (23).

APPENDIX C
MINIMIZATION OF THE DISPLACEMENT RADIUS

Following [30], we shall minimize the squared TF displace-
T2 5 .4 5 5 .
ment radius pf; = Z& +T2vg with 75 and v defined in (27),
under the side constraint of a normal innovations system H:

A .
H,,. = arg min P
HH+=H+H

We use the polar decomposition (28) H =

H,U, where
H, = RY/*. The kernel of H,, is

= 3 Vs (t)
k=1

where A, and wuy(t) are the (known) eigenvalues and eigen-
functions, respectively, of R,. Since H is assumed normal,
the kernel of the unitary operator U must be of the form

Ut t) = e u(t)ul(t)
k=1

with arbitrary . Hence, the kernel of the innovations system
H=H,Uis

(33)

=Y Vel Prur(tup(t).

k=1

Since the A, and wug(t) are given, our minimization is only
with respect to the eigenvalue phases ¢r.

We first- consider the minimization of 7. The denom-
inator of % [see Q7] is [ [ [Su(r,»)|? dr dv =
[ Jo [H@E)? dt dt! = 3732, A, which is independent
of the ¢r. Hence, it suffices to minimize the numerator of
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%, which can be rewritten as
//TZISH(T, V)|? dr dv = // (t — )2 |H(t,t")|* dt dt’
TJY tJt
=://QHH@¢N2ﬁdV
iJe
—2//ﬁﬂﬂﬁ¢mzﬁd#
tJ
+//Wm@wﬁﬁw.
tJt

The first and the last term can again be shown to be indepen-
dent of the ¢;. Thus, our minimization problem reduces to
the maximization of the quantity

M://wm@wﬁﬁw
tJt

which, after a few manipulations using the eigendecomposition

(33), can be written as
oo oo

M = Z > muicos(or — 1)

k=11=1
with mp = A /tuk(t)uf(t) dt
t

Since my; > 0, M is maximized for cos(ypx — @) = 1,
which implies that all ;, are identical, i.e., ¢ = g, where
@o is arbitrary. Inserting in (33), we see that the optimum
system minimizing 7 is given by Ho,, = e??°H,,. The same
solution is obtained when 22_1— is minimized instead of %,
and thus, I,,; minimizes the squared TF displacement radius

T2 5
ph = 4 + T?vd as well.

2
> 0.
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