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Abstract—This paper presents two types of adaptive lattice decision-
feedback equalizers (DFE), the least squares (LS) lattice DFE and the
gradient lattice DFE. Their performance has been investigated on both
time-invariant and time-variant channels through computer simulations
and compared to other kinds of equalizers. An analysis of the self-noise
and tracking characteristics of the LS DFE and the DFE employing the
Widrow-Hoff least mean square adaptive algorithm (LMS DFE) are also
given. The analysis and simulation results show that the LS lattice DFE
has the faster initial convergence rate, while the gradient lattice DFE is
computationally more efficient. The main advantages of the lattice DFE’s
are their numerical stability, their computational efficiency, the flexibility
to change their length, and their excellent capabilities for tracking rapidly
time-variant channels.

I. INTRODUCTION

N high speed digital communications, efficient use of

available channel bandwidth is often limited by the presence
of intersymbol interference caused by the nonideal channel
characteristics. Maximume-likelihood sequence estimation
(MLSE) is the most effective detection technique (optimum
in the sense of minimizing the probability of a sequence error)
for digital signals corrupted by intersymbol interference and
additive noise [1]. Despite its effectiveness, the computational
complexity of the MLSE technique limits its applications.
In practice, linear equalizers! and decision-feedback equalizers
(DFE) are more often used [2]1-[4].

The linear equalizer is widely used for equalization of tele-
phone channels. Usually, a transversal (tapped-delay-line)
filter structure is employed, with tap weight coefficients
that are adjusted adaptively using the gradient-type LMS
(least mean square) algorithm due to Widrow and Hoff [5],
[6]. On channels that have spectral nulls, the linear equalizer
yields very poor error rate performance. Since this kind of
channel characteristic is often encountered on time-variant
channels, the linear equalizer is inadequate for equalization
of such channels [4].

The DFE has a similar computational complexity as the
linear equalizer, but it has a better error rate performance,
especially on channels having spectral nulls. As a result, the
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! In general, there are two types of linear equalizers: the nonrecursive and
recusive linear equalizer. Since the nonrecursive linear equalizer is primarily
used in practice, when we mention the ‘‘linear equalizer’, in this paper, we
mean the nonrecursive linear equalizer. The same holds for the lattice linear
equalizer.

DFE is appropriate for equalization of time-variant multi-
path channels, :

The simplest adaptive DFE consists of two transversal
filters, a feedforward filter and a feedback filter, and uses
the Widrow~-Hoff LMS algorithm [5] to adapt its coeffi-
cients. This LMS DFE is computationally efficient and gives
good performance in slowly time-variant channels; however,
its slow convergence rate limits its performance on rapidly
fading multipath channels such as HF, as shown in the paper
by Hsu er al. [7]. It has also been shown in the same paper
that a Kalman DFE, which uses the Kalman algorithm [8]
to adjust its coefficients, can be used to track rapidly time-
variant multipath channels.

To reduce the computational burden of the Kalman algo-
rithm, which requires a number of operations for each itera-
tion proportional to N2 where NV is the length of the equalizer,
more efficient algorithms, including the least squares (LS)
and gradient lattice algorithms [9], [10] and the fast Kal-
man algorithm [11], have been developed. The linear lattice
equalizers described in [9] and [10] have many advantages,
including insensitivity to roundoff noise and the flexibility
to increase or decrease the number of stages.

This paper presents two types of adaptive lattice DFE
algorithms, the least squares lattice DFE and the gradient lat-
tice DFE. The former has been derived in our previous work
{12}, [13], while the latter is briefly described in [13].
The performance of these algorithms is investigated on both
time-invariant and time-variant channel models by means of
computer simulations. An analysis of the self-noise and track-
ing characteristics of the DFE algorithms is also given.

The lattice DFE algorithms differ from conventional
multichannel least squares lattice algorithms [14], which are
restricted to have the same number of stages in each channel,
i.e,, the same number of feedforward and feedback stages.
In some applications the restriction is highly undesirable
and many cause numerical instability, The lattice DFE algo-
rithms presented in this paper allow for a different number of
feedforward and feedback stages.

1. LATTICE DFE ALGORITHMS

In this section, we present the least squares lattice DFE
and the gradient lattice DFE algorithms. First, however, we
establish some notation and introduce an equivalent discrete-
time channel model.

The following notation is used. A boldface character
represents a matrix or a vector, A prime denotes the trans-
pose of a matrix or a vector. A star “*” denotes the complex
conjugate of a scalar or the complex conjugate and transpose
of a matrix or a vector.

A. Discrete-Time Channel Model

A simplified discrete-time equivalent model is adopted for
digital transmission over a time-dispersive channel. The {rans-
mitted information sequence {x(n)}, n = 0, 1, -, ¢, -, is
passed through a channel which introduces intersymbol inter-
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ference and additive noise. The model for the channel to be
used in the investigation has a tapped delay line (TDL) fil-
ter structure with tap spacing equal to the symbol interval.
The transfer function of the TDL filter can be written as

M-1

H(Z) = 2 a;z— i.

=0

(2.1)

For modeling a time-invariant channel, the a;’s are constant.
For modeling a time-variant channel, such as HF, these coeffi-
cients are functions of time and are written as a;(¢). We model
the a;(¢f) as narrow-band Gaussian random processes with
zero mean. Each sample function of the random process is
generated on a digital computer by passing white Gaussian
noise through a low-pass filter of a specified bandwidth,

B. The Least Squares (LS) Criterion

To retrieve x(t), the decision-feedback equalizer (DFE)
uses the linear combination of the received signal, y (1), its
delays, y(¢ — i), and the previously detected samples of x(¢),
denoted as X(t). The estimate of x(¢), denoted as Xppg(?),
is expressed as

Ny

FprE(D =2, ci(y(t—i+ 1)

=1

Ny

+ Y cian (OF(— D) =C'(DYpre(t)  (2.2)
=

where the N-dimensional coefficient vector for the DFE at
time ¢ is

C([) = [Cl(r)! Cl(t)’ ) CNl+N2([)] ,: (23)
the data vector is
Yprp(®) = (@), y(t - 1), =, y( — Ny + 1),
(- 1), %t~ N (2.4)

and N=N; + N,.
The coefficient vector C(r) is selected to minimize the
time average error € g(¢), defined as

n=0

t t
eLs(t)= 2, wi=n|x(n) ~ tLs() 2 =, wi-n
n=Q

“Jx(n) - Cos*(©)Ypre(n)?

where w is the exponential weighting factor, which is less
than but close to 1. It is easy to show that Cpg(?) satisfies
the equation

(2.5)

CLs(1) =Ry s~ Ht)0Ls(1) (2.6)
where
r
Rus() =2, w="Ypre(n) Ypre*(n) 2.7)
n=0
and
I3
Ors(t)= 2, wi="¥Yppp(n)x*(n). (2.8)

n=g0

Equation (2.5) can be solved recursively in time. One al-
gorithm that is applicable is the conventional Kalman algo-
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rithm [8]. Another is the square-root Kalman algorithm [15].
A third is the computationally efficient fast Kalman algorithm
[11].

Although these algorithms have optimal convergence pro-
perties and good tracking ability, they have some drawbacks.
The Kalman algorithm is computationally complex. It re-
quries about 2.5N2 + 4.5N operations per iteration. It is
also known to be sensitive to roundoff noise. The square-
root Kalman algorithm using an L-D-U decomposition [15]
exhibits less sensitivity to roundoff noise, but its computa-
tional complexity also increases with N2, Specifically, it
requires 1.5N?% 4+ 6.5N operations per iteration.

The fast Kalman algorithm is computationally'very effi-
cient, It requires about 20N operations per iteration. How-
ever, the main problem with this algorithm is its sensitivity
to roundoff noise. Qur simulation results, as well as those
of others, show that after several thousand iterations the
coefficients determined by the fast Kalman algorithm diverge
from their optimum values due to the buildup of roundoff
noise, even when floating point arithmetic is used in computer
simulations. Some newly derived algorithms reduce the com-
putational complexity further [16], [17], but the problem
of the sensitivity to roundoff noise still exists.

An alternative to Kalman-type algorithms is to employ a
lattice filter structure to solve the least squares problem of
(2.5). Lattice equalizers are known to exhibit less sensitivity
to roundoff noise and also have a computational complexity
proportional to N. Another advantage of the lattice structure
is the orthogonality property, which makes it possible to
increase or decrease the number of lattice stages without
affecting the parameters of the previous stages.

C. The Least Squares and Gradient Lattice DFE’s

Since the input signals of a DFE are from two scalar sources,
the received signal y(¢) and the detected signal ¥(¢), the LS
lattice DFE can be realized by using a two-channel version of
the lattice algorithms. The LS lattice DFE algorithm was
first derived in [18] by M. Shensa. Although his algorithm
is correct if the DFE has the same number of feedforward and
feedback stages, it fails to give the least squares solution when
the numbers are not equal. In general, however, it is desirable
to have a DFE with an unequal number of feedforward and
feedback stages. We have recently derived generalized LS
and gradient multichannel adaptive lattice algorithms [13],
[19], which have the property that the number of stages in
each channel may be different. Lattice DFE’s using 2 modified
two-channel version of these algorithms have been simulated
and their performance has been evaluated for both time-
invariant and time-variant channels. These DFE’s are presented
below.

The data vector Ypyg(r) defined in (2.4) is an (N| + N, )-
dimensional vector. Similar to the case of the linear equalizer,
a certain shifting property exists for Ypgg(¢). Without loss
of generality we assume that Ny 2> N,. Also, we define a set
of data vectors as follows: for m = 1, -, Ny, we let

Y, ()= [y(0), ~, y(t = m+ 1], (Q<m<N; -N;y)

2.9
Yo (1) = [v(2), = 9t = m + 1),
X - 1), %t —m+ Ny - N,
Ny = Ny <m<Ny). (2.10)

Y,,(¢) is the same as the data vector of the linear equalizer
form <Ny — N,. For m > N; — N,, we can show that

Yie1() =Ty [Y/n,(t)’y(t* m),x(t—m+N; — Ny + 1)],

=81 [y(@), X1 - 1), Ym’(t_ 1)], Q.1n
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where T, 4, and S,,,, are permutation matrices which have
been used in [11] for deriving the fast Kalman algorithm.
Furthermore, we define a set of least squares estimation
problems as follows. Let

em () =x(t) = X (1) = x(1) = Cp, ()Y, (1)
(1<m<nN) (2.12)

where C,, (1) is the coefficient vector that minimizes the sum
of the weighted squared errors e,,,(¢) for each m. By specializ-
ing the generalized form of the LS multichannel algorithm
given in [13], [19], we can solve for %,,(t) recursively in
order and in time for m = 1, =*, N;. For m = N, we obtain
)‘ch(t) = %y g(2) required by the LS DFE described in (2.5)~
(2.8).

The least squares lattice DFE algorithm is given below.
The assumption is made that Ny => N,. If N, > N;, the
generalized LS lattice algorithm given in {13], [19] can be
used directly. During equalization, x(¢) is not known at the
receiver. In that case, the DFE algorithm takes the so-called
a priori error form, namely, C,, (¢ — 1) is used to estimate
X (1), as proposed in [9], [13]. The derivation of the algo-
rithm is lengthy and will be omitted. The interested reader
may refer to [13] and [19] for the derivation of the generalized
multichannel lattice algorithm.

Initialization

bo(1) = fo(t) =y(t), kpm®0)=0 (M=N;-Ny) (2.13)
rol (1) = rg?(t) = wro/(t ~ 1)+ [¥(D 2, eg(r) =%(2),

%o(H)=0 (2.14)

() =1, k,*0)=0, 7r,7(0)=r,%0)=56
(m=1,",N, - N, — 1) (2.15)
km(0) =k, (0)=0, £,0)=0, k,*(0)=0 (2.16)
rmf(0)=r,,2(0) =81 (m=N; — Ny,~,N{). (2.17)

Scalar Lattice Stages (0 < m < N; — N, unless otherwise
specified)

Sn(®) = Fm - 1(0) = km*(t = Db 1(t = Drim—1°(t=2)

(2.18)
b (t) = by — 1 (t— 1) = k(= D g 1 ()7 1 (r = 1)
(2.19)
k()= wkp(t — 1)+ a1 = Do 1* ()b 1 (1—1)
: (2.20)
P (1) = Py 17 (0) = Lk (VP frm 1 Pt — 1)
i (m <N, - N3) (2.21)
() =1 20 = 1) = [k (D) 2 fryy 17 ()
(m <N, — N) (2.22)

X (1) = Xy 1 () F Ky ** (€ = )by 1 (D)1 (= 1)
‘ (2.23)

U (1) = Oy — 1 (1) = | b — 1 (D — 1 (D) P/ 1 1 (1) (2.24)

em(t) =%() — k()  (O<m<N| - Np) (2.25)

k()= wkp,*(t — D+ a, _1(Depm— 1 *(0) b, - 1(0).
(2.26)

Transitional Lattice Stage (M = Ny — Ny)

bag(1) = epg— 1 (1~ 1) = kag®(t = Dy 1 (8Yrag — 27 (¢ = 1)
(2.27)
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ka(t) = Wka(f —_ 1) + Qpp l(t

— D1 *(t = Deyr 1 (2= 1) (2.28)
Fu (= [0, eyt = DI (2.29)
bar() = [by (D), bar(D)’ (2.30)
r?(8) = wrag/ (¢ — 1)+ apg (2 — D) () far* (1) (2.31)
ra® () = wrp®(t = 1) + oy (D)b (Db * (). (2.32)

Two-Dimensional Lattice Stages (N; — Ny < m < N,
unless otherwise specified)

fm(t) =fm—1(t) - km*(t - l)rm—l_b(t - z)bm—l(t" 1)

(2.33)
B (£) = By 10t — 1) = i (t = Dy =1t = Dy _ ()
(2.34)
k() =wkp(t — 1)t oy, (¢ = 1)bpy 1 (t— D)fm 1 *(1)
(2.35)
P () = wr S (t — 1)+ e, (t — Df i (OF m * () (2.36)
P P(£) = W (1 — 1) F 6 (DB ()b, *(2) (2.37)
0y (1) = 0y — 1 (1) F Qg — 1 2Oy — 1 *(D)P =~ 2(2)
“bm_1(D) (2.38)
R (1) = Ry 1 () F Ky **(t = Dy~ 2(t = Dby 1 (1)
(m <Ny) (2.39)
em(t) =X(1) — X (1) (2.40)
Ko *(1) = Whin (= 1)+ Gy (DB — 1 (e — 1 *(2)
(m < Ny). (2.41)

In the above algorithm, all the quantities take complex
values. Hence, this algorithm is suitable when M-ary PSK or
QAM signals are used. f,,(¢), b,,(¢t), and k*(t) are 2 X 1
vectors, and r,,7(t), r,,%(¢), and k,,(¢) are 2 X 2 matrices. All
other quantities are scalars. We also denote the inverses of
r,, /(&) and r,%(t) by r,~7(t) and r,,—0(¢), respectively.
In (2.15) and (2.17) § is a small positive number.

The structure of the LS DFE is depicted in Fig. 1. It
consists of a multichannel lattice predictor part and a joint
estimator part. The multichannel lattice predictor has M =
N; — N, single-channel lattice stages followed by N, — 1
two-channel lattice stages. The joint estimator part is similar
to the conventional joint process lattice algorithms. The heavy
black lines indicate that the quantities f,,(¢) and b,,(¢) are
2 X 1 vectors. The lattice DFE has two inputs. One input
signal is the received signal y(¢). The second is the detected
symbol X(¢). During training periods the true transmitted
symbol x(t) is used instead of X(¢).

Although this algorithm does not allow one to change
the number of feedforward and feedback stages individually
after it is started, a pair of stages can be added or dropped
during operation, while keeping the difference between the
number of feedforward and feedback stages unchanged. To
determine the optimal length of the DFE, the average output
error is monitored. If stage m has a sufficiently small average
error, x,,(r) is used as the estimate of x(¢) and is compared
with the threshold to produce X(¢).

The gradient lattice DFE can be obtained from the LS
lattice DFE by performing some minor modification to
(2.13)-(2.41). If we set all @, (1) equal to 1, the LS lattice
DFE will degenerate to the gradient lattice DFE. Since o, (1)
is always equal to unity, (2.24) and (2.38) can be omitted.
The remaining equations remain unchanged.
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N1~N2 Single Channel Lattice Stages
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N.-1 Two Channel Lattice Stages

2
£ (t) £(6) £, (4] ( £,(t) £y, (0
P | =i M | hed. 1
t) £ (t) £ (0
w1 R v n |l
L K¢
bl(t)— _ qi_z(—t_)_ By(® by 4 ® k(e
k;j(*c—l) G el k;;-l(t—l
b X 5
(t-1) T (- x, (1)
%(t) el % (5) ENL . —
"\sz - le(t) hm(t) bml(t)
~ » Single Channel Lattice
Cna 1 o Stage m
z = M (®
- - A_ - - - - Threshold
Ve, (t) [ e, (t) % D
e® T4 2 (® (t)
o M-l M ] ag® o, (® Lo f ®
———— “m Fml
x(t) —— on— + o
PICES SO
K 1(-2)
el Z‘l +
bt b1 (8
Two Channel Lattice
Fig. 1. Structure of lattice DFE. Stage m
TABLE 1
COMPUTATIONAL COMPLEXITY OF ADAPTIVE DFE ALGORITHMS /
1200 4
/
Total Number Number of /
Algorithm of Operations Divisions
10004 Xalman DFE / Square-root Kalman DFE
Gradient transversal DFE 2N + 1 0 . AN _(L-D-U Decomposition)
Fast Kalman DFE 0N +5 3 2 /
Kalman DFE 25N2 4+ 45N 2 & 8004 / LS Lateice DFE
Square-root Kalman 1.5N* + 65N N oy
Gradient lattice DFE 13N, + 33N, — 36 2N -
LS lattice DFE I8N, + 39N, — 39 2N, S 6004
o
. . - Fast Kalman DFE
D. Comparison of Computational Complexity G 4004
. W
Table I compares the computational burden of the LS, the ¢
gradient lattice, the fast Kalman, the square-root Kalman, = ]
and the transversal gradient DFE’s. In the table, N = N; +
N, is the total number of parameters of a DFE, where N
and N, are the number of feedforward and feedback stages 0
. X BE . T L L L]
of a DFE, respectively. 0 5 10 15 20 25 30 35
To facilitate the comparisons, the number of operations is Total Number of Taps
plotted in Fig. 2 as a function of N, In the lattices we assume Fig. 2. Computational complexity of adaptive DFE’s.

that Ny = N, = 0.5N. We observe that the LS lattice is more
efficient that the Kalman DFE or the square-root Kalman,
when N is greater than 12. We also observe that the computa-
tional burden of the gradient lattice DFE is close to the fast
Kalman DFE. The numbers of divisions required by the
lattice DFE’s and the square-root Kalman DFE are also similar,

1. AN ANALYSIS OF SELF-NOISE AND TRACKING
CHARACTERISTICS OF THE DFE’s USING THE
LMS AND LS ALGORITHMS

It is well known that all adaptive filters capable of adapting
at real-time rates experience a loss in performance because
their adjustments are based on time averages taken with limited
sample sizes {6]. The loss in performance is due mainly to two
sources of error. First, the adaptive algorithm yields a mis-
adjustment of the estimated coefficients relative to their
optimum values. This is basically an estimation error resulting
from the additive observation noise corrupting the signal.

Second, in time-variant channels there is always a ‘‘lag” be-
tween the estimated values and the optimum values of the
DFE’s coefficients. Both sources of error add to the minimum
mean square error.

The extra error due to the coefficient misadjustment is
also called self-noise. An adaptive algorithm capable of track-
ing a rapidly changing environment will yield a smaller lag,
i.e., better tracking performance, but larger self-noise. In
this section we compare these two factors for the LMS and
LS adaptive DFE’s.2 The effect of the channel characterijstics
on the tracking performance of the DFE’s is also considered.
The results explain the poor tracking characteristics of the
LMS DFE on time-variant channels.

2 Different LS DFE algorithms differ from each other in computational
complexity and numerical stability. Since their tracking characteristics are
similar, we refer to all of them as LS algorithms in this section.
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A. The Self-Noise of the LMS and LS DFE’s

Detailed analysis of the LMS algorithm has been given in
many papers, including [2] and [6]. Here we summarize the
results for the LMS DFE.

For an adaptive transversal DFE using the LMS algorithm
having a step size A, the average self-noise, €4c1¢, can be
expressed as

A
eself=;Tr [RDFE]fopt (3.1)

where €,y is the minimum mean square error, Rppg =
ElYpreYprge™], where E[ ] denotes the ensemble average
operator, is the autocorrelation matrix of Yppg, and
Tr [Rpyg] is the trace of Rppg. It is easy to show that

N
Tr [Rprel] = 2 Ap = N (Average of \,) (3.2)
p=1

where A,’s are the eigenvalues of RpyE.
If we want to maintain the self-noise equal to a certain
percentage of €4, €.8., €se1f = N*€qpy, it is necessary that

N
A= 2h7-<2 xp> = 28/(N,E[y2(n)] + N, E[2 (n)])
Pl ' (3.3)

holds. We can make Egzl A, = N by controlling the power of
y(n) and x(n). In such a case

€self 2"2-_ ANegpy (3.4)

where N = N; + N, is the dimension of Rppyg.

For an exponentially weighted LS DFE, a even simpler
formula exists for its self-noise. For the LS DFE having a
weighting factor w, we have

€self LS = €opt N (1 — w)/(1 + w). (3.5)

If w= 1, we obtain
N .
€self LS z;(] - W) €opt- (3.5a)

The above formula was first given in [20], for LS linear
predictors. We have extended it to any shape windowed LS
estimator and filter by using a new derivation, which is given
in [21]. The formula is verified by the simulation results also
givenin [21].

From (3.5) we notice that the level of the self-noise for the
LS DFE does not depend on the power of the input signal.
This makes it easier to choose w than A. If (3.4) is satisfied
and w is close to unity, for A = (1 — w) we will have the
same self-noise for both the LMS and LS algorithms.

B. The Tracking Characteristics of the LMS and LS Algorithms

When a DFE is operating on a time-variant channel, it is
attempting to adapt to a nonstationary environment. Since
both the LMS algorithm and the exponentially weighted LS
algorithm are geometrically converging processes, it is possible
to place exponential envelopes on the adaptive processes. The
time constants of the exponential envelopes describe the
tracking characteristics of the algorithm.

For the LMS algorithm, as given by Widrow et al. in [6],
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the convergence rate or time constant is different for each
coordinate, sometimes called mode, which corresponds to a
particular eigenvalue of the autocorrelation matrix of the in-
put vector.3 For the eigenvalue )\p, the time constant 7, is

(3.6)

Since a smaller )\p corresponds to a larger T, the speed at
which the LMS algorithm completely converges from one state
to a new state is determined by the time constant correspond-
ing to the smallest eigenvalue. By using (3.1) and (3.2) we
conclude that if we maintain €5q1¢ = hégpt, We have

T, =Tr [Rprel/(4hXp)

= N (average of eigenvalues)/(4 h?\p). (3.7)
If some eigenvalue of R gg is much smaller than the average
of the eigenvalues, it would take a long time for the algorithm
to converge to its new optimum state. For the LS algorithm,
there exists a unique convergence time constant regardless
of the eigenvalue distribution. We have shown this property
in [21]. The time constant of the LS algorithm can be ex-
pressed as

TLS = 1/[2(1 — W)]. (38)
If we use the same criterion to maintain the self-noise level
as in the LMS algorithm, we obtain from (3.8) and (3.53)

Tyg=Nj4h. (3.9)

Comparing (3.7) and (3.9), it is easy to see that max {T,} =
Tys if and only if all )\p are equal. At this point we can con-
clude that the tracking ability of the LS DFE is always better
than the LMS DFE. The LMS DFE may approach the per-
formance of the LS DFE only if the DFE’s autocorrelation
matrix has equal eigenvalues, and the power of the input
signal is maintained at a fixed level. The first condition is not
satisfied when intersymbol interference exists, and the second
condition is usually not satisfied for time-variant channels.
Hence, the LS DFE is always a better choice for equalization
of such channels.

C. The Eigenvalue Distribution of the DFE’s Autocorrelation
Matrix

The eigenvalue distribution of the autocorrelation matrix of
an equalizer’s input data vector, which is termed the equali-
zer’s autocorrelation matrix in the sequel, plays an important
role in the tracking ability and performance of the equalizer.
It is well known that the eigenvalues of the linear equalizer
are determined by the channel spectral characteristics. The
ratio of the maximum to the minimum eigenvalues is approxi-
mately equal to the ratio of the maximum value to the mini-
mum value of the spectral density of y(n). It is also equal to
the ratio of the maximum to minimum magnitude squared of
the channel frequency response. Since the convergence rate of
the LMS algorithm mainly depends on the minimum eigen-
value, if the channel has nulls in its frequency response, the
convergence of the LMS linear equalizer will be very slow.
Now, we show that this is also true for the LMS DFE.

The autocorrelation matrix of the DFE is

Rpre =E[Ypre(®) Ypre*(1)] (3.10)

3 When the channel is time-variant, we assume that time variations are slow
compared to the convergence rate of the LMS algorithm. Thus, even when the
eigenvalues change (slowly) with time, (3.6) for the time constants still
obtains.
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as given in Section II. We partition ¥ppg(t) into two parts,
the feedforward signal part Y,;(¢) and the feedback signal
part Y, (2), i.e.,

Y
Ypre(?) = [Yl gﬂ
2

We can rewrite Rppg as
_[E[Yl (OY ()] E[Y, ()2 *(r)]] _ [R, UJ
DFE = -

E[Y,(0)Y *(0)] E[Y2()Y2*(D)] v 1
(3.12)

3.1

where [/ is the identity matrix.

From the definition of the vector Y;(¢) we can view R,
as an autocorrelation matrix of some linear equalizer that has
dimension Ny < N. If Ny > 1, R| will have the property of
the linear equalizer mentioned above.

Assume that Ay in, Mmin 80d Amax, Mmax are the minimum
eigenvalues and the maximum eigenvalues of Rppg and Ry,
respectively. It is easy to show, cf. [22], that A in < Umin
and Apax 2 Mmax. Hence, if the length of the feedforward
part is not too short, the eigenvalues of Rp g also depend on
the channel frequency response. If the channel has deep nulls
in its spectrum, the minimum eigenvalue will be small com-
pared to the average of the eigenvalues. When this situation
occurs, it takes a long time for all the modes to converge.
This is the case that is often encountered on time-variant
channels and causes the poor performance of the LMS DFE.

Since the LS algorithm converges with the same time con-
stant for the whole system regardless of the eigenvalue spread,
the LS DFE is adequate for equalization of time-variant
channels. With regard to the gradient lattice DFE, if the
channel changes relatively slowly, the backward prediction
errors at the different stages are uncorrelated. Each lattice
stage converges independently with the same time constant.
Hence, the eigenvalue spread will not affect the convergence
rate of the gradient lattice DFE. Its convergence is close to
the convergence of the LS DFE.

IV. SiIMULATION RESULTS

The two adaptive lattice DFE’s were simulated on a digital
computer. Single precision floating point arithmetic is used
unless otherwise specified. The mantissa is represented by 22
bits. Simulation results of the LMS DFE and the lattice linear
equalizer are also given for the purpose of comparison. All the
DFE’s used have nine feedforward stages and two feedback
stages .

A. The Simulated Discrete-Time Channel Model

Three discrete-time channel models were used in the simula-
tion. Each channel consists of three taps. The discrete-time
channel maodels are described by the following transfer func-
tions:

H((2)=03+09z71 +0.3z-?
Ho(z) = 0.408 + 0.81621 + 0.4082~2
H3(z) = ag(t) + ay(t)z— ! +ay(t)z—2.

The first two channels are time-invariant, and the third channel
model represents a fading channel with {e;(¢)} varying with
time. The time-variant coefficients {a,-(t)} are generated on
a digital computer by passing white Gaussian noise through a
low-pass filter of a specified bandwidth. If we assume that we
have a nominal 3 kHz HF channel, the signaling rate is 2400
symbols/s, and the low-pass filter is a two-pole Butterworth
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filter having a 3 dB bandwidth of 0.5 Hz. The curves of the
tap values changing with time are depicted in Fig. 3. The first
100 samples were used as a training sequence for the lattice
DFE’s (for the LMS DFE the first 1000 samples were used
as a training sequence).

B. Initial Convergence

The time-invariant channels 1 and 2 were used to evaluate
the initial convergence rate of the DFE’s. The ratio of the
maximum to minimum squared values of the channel fre-
quency response is equal to 25 for channel 1. Since channel
2 has nulls on its spectrum, this ratio may be considered to
be infinite.

Figs. 4 and 5 show the simulation results for channels 1 and
2, respectively. The weighting factor w for both lattice algo-
rithms is 0.99. The step size A for the gradient transversal
equalizer is 0.02. From the plots we observe that the LMS.
DFE converges slowly on these channels. As expected, the
LS lattice DFE has the most rapid convergence rate. It con-
verges in about 30-50 iterations. It is more than ten times
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faster than the gradient transversal DFE. The gradient lattice
DFE converges in about one-half the rate of the LS DFE,
but it is still far superior to the LMS DFE. It is quite interest-
ing to note that these two lattice DFE’s yield almost identi-
cal output noise after they converge. Since A > (1 — w), the
self-noise produced by the LMS DFE is greater than the self-
noise of the lattice DFE’s. This verifies the analytical results
given by (3.4), (3.5), and (3.5a).

Another point that we wish to make is that the initial
convergence rate of the LS lattice DFE is almost the same as
the Kalman DFE. The simulation results on the convergence
of these two DFE’s have been given in another paper [12].

C. Error Probability in a Time-Invariant Channel

Fig. 6 shows the error probability versus SNR for channel
2. For comparison we also give the simulation results for the
LS linear equalizer. It is apparent from these curves that the
DFE gives much better performance than a linear equalizer.
The two lattice DFE’s have almost identical performanceé, so
we only use one curve to represent both the LS and gradient
lattice DFE’s. In the same plot we also give the simulation
results for the optimum DFE, whose coefficients are set to
yield minimum mean square output error, and the LMS
DFE. The difference between the lattice and the optimum
DFE is less than 0.5 dB. We also observe that the lattice DFE
always performs better than the LMS DFE, especially in the
high SNR region.

D. Performance on a Fading Channel

The simulated fading channel 3 was used to evaluate the
capability of the lattice DFE’s to track time-variant disper-
sive channels. Fig. 7 shows the performance of the DFE’s
in terms of error probability versus SNR. In the simulation,
all the symbols fed back are correct, i.e., we assume that all
the symbols are known. As a comparison, the theoretically
optimum DFE was also simulated. This is a transversal DFE
with coefficients selected according to the exact characteris-
tic of the channel at each time instant, to yield minimum
mean squared error. From the simulation we found that a

" smaller weighting factor w in the lattice DFE’s or a larger
step size A in the LMS DFE vyields lower error rates in the
high SNR region, but higher error rates in the low SNR region.
This means that the tracking ability is better but the self-noise
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is higher for smaller w. However, when w is less than 0.95
or A is greater than 0.05, the performance gets worse for any
SNR. The best result is obtained around w = 0.97 and A =
0.03, for our simulated fading channel. )

It is interesting to note that the error rate performances of
the LS and the gradient lattice DFE’s are almost the same (the
difference is within 1 percent). Again we use one curve to
represent the performance of both lattice DFE’s. We also
note that the performance of the lattice DFE’s is quite close
to the theoretical optimum. In the low SNR tegion the per-
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(detected symbols fed back with training symbols inserted).

formance difference is no more than 1 dB, and about 1.5 dB
for SNR’s greater than 10 dB. It is observed from the same
figure that the LMS DFE gives very poor performance in a
fading channel. It saturates at P, = 0.01 when the SNR >
15 dB.

Fig. 8 shows the simulation results of the lattice DFE’s
using the detected symbols in the feedback section. Because
the channel is time-variant, during some time periods the
instantaneous SNR may become very small, although the
average SNR is still quite high, e.g., when the average SNR
is 15 dB, the instantaneous SNR is less than 3 dB at around
5000 and again at about 23 000 samples. In this low SNR
region the coefficients of the DFE may diverge from the
optimum value. This behavior is caused by the high error
rate of the symbols fed back. We used the following method
to keep the DFE tracking the channel characteristic in this
region. The exponentially weighted output error is monitored
throughout the whole equalization process. Once this SNR
is below 3 dB, a training sequence is inserted, until the output
SNR becomes greater than 3.5 dB. In Fig. 8 we give the error
rate versus SNR and the percentage of training time used in
the simulation as well. For an input SNR equal to 14 dB, a
3.0 percent training time was needed and the error rate is
0.004. For an SNR greater than 17 dB, no training was re-
quired over the time period of the simulation. The above
method was proposed originally in [7]. In a real communica-
tion system, a feedback link is required to inform the trans-
mitter when to start and to stop inserting the retraining se-
quence. If it is impossible to have such a feedback link, the
lattice DFE’s will work by using a periodic training sequence.
From simulation we observe that, even after the coefficients
of the lattice DFE’s have departed from their optimum values
due to the high feedback error rate, inserting a training se-
quence can bring them back to the normal condition again.

E. Sensitivity to Roundoff Noise

From our simulation, the lattice DFE’s did not suffer from
instability, even when fixed point arithmetic with a word
length as short as 8 bits was used. When the word length
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is longer than 12 bits, very little degradation in performance
is observed, compared with floating point arithmetic, When
the word length is reduced to fewer than 10 bits, the probabil-
ity of error increases, due to the effect of roundoff noise.
However, the lattice DFE’s are still stable, and no coefficient
divergence was observed even in a long run of 10 samples.
The exponential weighting factor used in the simulations was
chosen in<the range from 0.9 to 0.975. This behavior is better
than the square-root Kalman DFE, which requires reinitializa-
tion to ensure stable operation when a short word length is
used [15].

When a fixed-point implementation is used, the scale factor
is also easier to choose for the lattice DFE than for the square-
root Kalman DFE. This is due to the fact that the optimum
scaling for lattice algorithms does not depend on the signal
characteristics, which may change during equalization, but
for the square-root Kalman algorithm, it does.

V. CONCLUSIONS

This paper has focused on efficient stable lattice algorithms
for decision-feedback equalization. We have investigated
quantitatively the self-noise behavior and the tracking ability
of the DFE’s using the LMS and LS adaptive algorithms. Simu-
lation results have been given to show the advantages of the
lattice DFE’s and to reinforce the analytical results.

We have shown that the DFE employing the LMS algorithm
cannot track rapidly time-variant channels well, because its
tracking ability is affected by the large eigenvalue spread
of its autocorrelation matrix due to the nulls in the channel
frequency response. The tracking capability of the LS algo-
rithms and the gradient lattice algorithm is not affected by
the channel characteristics. Consequently, the LS DFE’s
and the gradient lattice DFE, in general, have a much better
error rate performance than the LMS DFE in time-variant
channels. This has been demonstrated by simulation results.

With regard to the two kinds of lattice DFE’s, the LS lattice
DFE has a faster initial convergence rate as expected, but re-
quires a little more computation (about 4:3 for LS versus gradi-
ent). Both lattice DFE’s are computationally more efficient than
the Kalman and square-root Kalman algorithms. In particular,
the gradient lattice DFE requires only a little more com-
putation than the fast Kalman DFE. The error rates of the LS
and the gradient lattice DFE’s are almost identical for both
time-invariant and time-variant (fading) channels. They are
similar in performance to the results obtained from a simula-
tion of the Kalman DFE, and are close to the theoretical
optimum. Since the performance of both DFE’s is so similar
and the computational complexities are also close, the choice
of an algorithm depends on the requirements of the applica-
tion. When the computational burden is critical, the gradient
lattice is appropriate. If fast initial convergence rate is highly
desirable, the LS lattice would be preferable.

Simulation results also indicate that the lattice DFE’s are
relatively insensitive to roundoff noise. No reinitialization
was required in simulation for both lattice DFE’s, even when
a very short computer word length was used. This is a better
result than the stable square-root Kalman algorithm. These
facts suggest that the lattice DFE’s are an attractive choice
for the equalization of rapidly time-variant multipath channels,
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