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Abstract—In this paper, the recurrent neural networks (RNNs)
with a generalized activation function class is proposed. In this pro-
posed model, every component of the neuron’s activation function
belongs to a convex hull which is bounded by two odd symmetric
piecewise linear functions that are convex or concave over the real
space. All of the convex hulls are composed of generalized activa-
tion function classes. The novel activation function class is not only
with a more flexible and more specific description of the activation
functions than other function classes but it also generalizes some
traditional activation function classes. The absolute exponential
stability (AEST) of the RNN with a generalized activation function
class is studied through three steps. The first step is to demonstrate
the global exponential stability (GES) of the equilibrium point of
original RNN with a generalized activation function being equiv-
alent to that of RNN under all vertex functions of convex hull.
The second step transforms the RNN under every vertex activation
function into neural networks under an array of saturated linear
activation functions. Because the GES of the equilibrium point of
three systems are equivalent, the next stability analysis focuses on
the GES of the equilibrium point of RNN system under an array of
saturated linear activation functions. The last step is to study both
the existence of equilibrium point and the GES of the RNN under
saturated linear activation functions using the theory of M -ma-
trix. In the end, a two-neuron RNN with a generalized activation
function is constructed to show the effectiveness of our results.

Index Terms—Absolute exponential stability (AEST), convex
hull, generalized activation function class, piecewise linear func-
tion, recurrent neural networks (RNNs).

1. INTRODUCTION

N RECENT YEARS, absolute stability (ABST) and ab-
I solute exponential stability (AEST) analysis of neural
networks have received a great deal of attention (see, for
example, [2]-[5], [10], [11], [17]-[23], [33], [36], and [37]).
A neural network is called ABST (AEST) if there is a unique
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and globally asymptotically stable (globally exponentially
stable) equilibrium point for every neuron activation function
belonging to a given activation function class and for every
constant input vector to the neural networks. The interest in
ABST and AEST analysis comes from practical problems, such
as in optimization, signal processing, pattern recognition, and
associative memories, when the activation functions belong to
some known function class but the exact shape is not known or
its model is difficult to describe mathematically. In designing
a neural network, one is concerned not only with the stability
of the system but also with the convergence rate, that is to say,
a fast response in the neural network is usually preferred. On
the other hand, in most of the applications of neural networks,
the networks’ convergence speed is expected to increase in
order to cut down on the neural computing time. Thus, it is
also important to determine the exponential stability. AEST
is an interesting and significant topic in the stability analysis
of neural networks. The AEST result extends many types of
stability such as global asymptotical stability (GAS) [1], [3],
[10], [11], [38], [43], global exponential stability (GES) [31],
[33], [44], [45], and [49], local stability [46], [50], and ABST
[2], [10]-[13], [37], etc., thus AEST is the strongest one.

A suitable and more generalized activation function can
greatly improve the neural networks’ performance. For ex-
ample, the property of the activation function is important to
the capacity of neural network. Morita et al. showed in [24] and
[32] that the absolute capacity of an associative memory model
can be remarkably improved by replacing the usual sigmoid
activation function with a nonmonotonic activation function.
Therefore, it is very significant to design a new artificial neural
network with a more generalized activation function class. In
recent years, many researchers have devoted themselves to at-
tain this goal by proposing new generalized activation function
classes. So far, there are five kinds of activation function classes
being proposed for neural networks.

1) Sigmoid function class S [1], [6], [10]: a function f(x) :
R™ — R™ is said to be in class S if fori = 1,---,n,
fi(z;) : R — R is aC; function with 0 < f/(x;) and
fi(z;) is bounded for all z; € R.

2) The class of globally Lipschitz continuous (g.l.c.)
and monotone nondecreasing activation functions GL
[11]: for ¥8,p € R and 6 # p, there exist constants
l; >0,(i =1,2,---,n) such that

9:(0) — gi(p)

0<
0—p

<l;.

3) The class of partially Lipschitz continuous (p.l.c.) and
monotone nondecreasing activation functions PL [19]:
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for Vp € R, there exist constants [;(p)(i = 1,2,---,n)
such that V8 € R and 0 # p

gi(0) — gi(p)

0<
b—p

< < Li(p).

4) The class of locally Lipschitz continuous (l.l.c.) and
monotone nondecreasing activation functions £L£ [17]:
for Vz;, € R, there exist a ¢;, and a constant [;, > 0,
(1 =1,2,---,n) such that V8, p € [z;, — €4y, Tig + €ip)
and 0 # p

9i(0) — gi(p)

0<
= g—p

< Lo.

5) The class of g.1.c. and monotone increasing activation func-
tions whose derivative has upper and lower bounds G (18]
for V8,p € R and 6 # p, there exist constants [; > [; >
0,(i =1,2,---,n) such that

9:(0) — gi(p)
b—p

C

o~

0<; < <.
As Hu et al. pointed out in [17], the aforementioned activation
function classes satisfy GL C PL and GL C LL.

In [5], [17]-[23], [33], [36], and [37], researchers studied
the AEST of neural networks with the different kinds of acti-
vation function classes mentioned previously. Zhao et al. [33]
studied the exponential stability of delayed neural networks
by assuming the activation functions belonging to GL, where
l; = 1. The AEST of delayed bidirectional associative memory
neural networks with the activation function belonging to GL
is investigated via the Lyapunov stability theory in [23]. In
[18], a necessary and sufficient condition is established for
ascertaining the AEST for a class of finite delayed neural net-
works with the activation function belonging to G. In [22], the
AEST of a class of delayed neural networks with the activation
function belonging to GL is studied. In [17], AEST of a class
of continuous-time recurrent neural network (RNN) with the
activation function belonging to £L£ is studied.

In earlier papers (Chua et al. [7]-[9], Roska et al. [25]-[28],
Civalleri et al. [29], and Arik et al. [1], [3]), the activation func-
tion for cellular neural networks is assumed to be the following
saturation function:

f(@) =05 (e + 1] = |z —1]). ()

It is considered a widely employed piecewise linear neural net-
work, where infinite intervals with zero slope are presented in
activations.

As stated earlier, the selection of activation functions is very
important in designing a neural network, especially for a neural
network which is absolutely exponentially stable. Recently, the
stability analysis of the systems with saturation nonlinearity was
studied in [15], [16], and [46]-[48]. In [15] and [16], a gen-
eralized sector bounded by piecewise linear functions was in-
troduced for the purpose of reducing conservatism in the abso-
lute stability analysis of systems with nonlinearity and/or uncer-
tainty. Inspired by the idea of a generalized sector condition, and
following the previously mentioned activation function classes,
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Fig. 1. Linear sector.

in this paper, we propose a new generalized activation function
class for RNNs.

First, we will show the difference between our proposed gen-
eralized activation function class and the traditional activation
class. For example, if we use the activation function class G,
consider the following recurrent neural networks:

dz(t)

g = () + Ag(x(t) +1 2

where a(t) = [r(t),a2(t),...,an()]7 and gla(t) =

the neuron’s activation function g(z(t)) belongs to function
class G, respectively. Assume there is an equilibrium point z¢
for the system. By coordinate transformation, we can obtain
the following new system whose equilibrium point is at origin:

dy(t)

dt

where f(y(t)) = g(y(t)+2°)—g(z°) and y(t) = z(t)—x°. For
system (3), as the ith component f;(y;(¢)) of f(y(t)) belongs
to G, we can obtain the inequalities

=—Cy(t) + Af (y(t)) G

{0 <Ol < fi (i (1) < yi (DL, asy;(t) 20 @
02>yl > £ (y;(t) 2 y; (D), asy;(t) <0.

As Fig. 1 shows, the ith component f;(y;(t)) of f(y(t)) be-
longs to a linear sector formed by two lines (the dot line) y; (¢)l;
and y; (t)lvZ Therefore, every component of the neuron’s activa-
tion function of the neural network (3) belongs to a linear sector,
respectively. All of these linear sectors are composed of the ac-
tivation function class G. The other activation function classes
we mentioned earlier, such as S, GL, LL, and PL, have similar
linear sector structures.

In the generalized activation function class proposed in this
paper, we assume every component of the neuron’s activation
function in the neural network belongs to the convex hull, re-
spectively. All of the convex hulls are composed of the general-
ized activation function class. In contrast to the slope of activa-
tion function bounded by two straight lines, such as S, G, GL,
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LL, and PL, we use two odd symmetric piecewise linear func-
tions that are convex or concave over R to bound an (uncertain)
activation function. The proposed generalized activation func-
tion class can describe the activation functions more flexibly and
more specifically. Moreover, our new activation function class
should include more activation functions, which the other paper
could not have considered, such as piecewise linear activation
function.

However, the flexible description of the activation function
by the new function class makes the neural network model com-
plex. This brings some difficulties in the next stability analysis.
To overcome these difficulties, we will show that the equilib-
rium point of RNN with a generalized activation function class
is GES if and only if the equilibrium point of RNN under every
vertex activation function of the convex hull is GES. As the GES
of the equilibrium point of two systems is equivalent, we will
focus on the stability analysis of the RNN system under every
vertex function of the convex hull. In what follows, the neural
network under every vertex activation function is transformed
into neural networks under an array of saturated linear activation
functions. The existence of an equilibrium point of RNN with
a saturated linear activation function is studied by Brouwer’s
fixed-point theorem. In the end, based on the M -matrix theory,
the GES of the equilibrium point is studied. By the definition of
absolute exponential stability, we can conclude AEST of RNN
with the generalized activation function class.

This paper is organized as follows. In Section II, some prelim-
inaries are given on convex combination, convex hull, convex
(concave) function, exponential stability theorem and its con-
verse, and the lemmas on Brouwer’s fixed-point theorem and
the M-matrix theory. In the model description, we describe in
detail the new proposed generalized activation function class K.
As every component of the generalized activation function class
belongs to the convex hull of two piecewise linear functions, we
prove that the original RNN with generalized activation function
class K is equivalent in GES to RNN under every vertex acti-
vation functions of the convex hull. The neural networks under
all vertex activation functions are then transformed into neural
networks under an array of saturated linear activation functions.
In Section III, the main results of this paper are discussed. By
Brouwer’s fixed-point theorem, we first verify the existence of
an equilibrium point. Then, using the theory of M -matrix, the
GES of the RNN with a saturated linear activation function is
studied. In the end, the AEST of the original RNN with the
generalized activation function is obtained. In Section IV, a
two-neuron RNN with a generalized activation function is con-
structed to show the effectiveness of our results. To demonstrate
the advantage of our results, a comparison with the previous
ones was drawn. In Section V, conclusions are drawn.

Notation: The following notation will be used throughout
this paper: R denotes the set of real numbers; Rt denotes the set
of nonnegative real numbers; and R™ denotes the n-dimensional
Euclidean space. The notation X > Y (respectively, X > Y),
where X and Y are symmetric matrix, means that X —Y is posi-
tive semidefinite (respectively, positive definite); ||-|| denotes the
vector norm (or matrix norm) in finite-dimensional space; || - ||1
and || - ||2 denote L;- and Ly-norm in finite-dimensional Eu-
clidean space, respectively; and co{x1, zo, ..., z;} denotes the

12 The concave function
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Fig. 2. Concave function.

convex hull of vectors z1, x2, . . ., 2y, i.e., co{w1, Ta,...,x1 }:=
{Eizl Vil Zézl vi = 1,v; > 0}. For two integers k1 and
ko, k1 < ko, we denote I[k’h /i:z] = {kl, ki+1,..., kz}. sat(:v)

denotes the saturation function, where sat(z) = 0.5(]z + 1| —
|z — 1|).

II. PRELIMINARIES AND MODEL DESCRIPTION

A. Preliminaries

1) Convex Combination and Convex Hull: Let V be a vector
space over R". Let X be a set of elements of V. Then, a convex
combination of elements from X is a linear combination of the
form

Y1Z1 + Y2x2 + -+ TnTn

for some n > 0, where z; € X,y > 0, X;v; = 1, and
1=1,2,---,n.

Let co(X) be the set of all convex combinations from X. We
call co(X) the convex hull of X.

2) Convex and Concave Functions: Suppose {2 is a convex
set in a vector space over R (or C), and suppose f is a function
f:Q — R. Assume the following:

a) f(z) is continuous, piecewise differentiable, f(0) = 0,

and (df ()/dz)|s=0 > 0;
b) f(z) is odd symmetric, i.e., f(—z) = —f(x).
If for any 2,y € Q,2 # y and any A € (0,1)

fQz+ (1= Ay) < Af(z) + (1= A)f(y)

we say that f is a convex function. If for any =,y € ) and any
A€ (0,1)

fQz+ (1= ANy) 2 Af(z) + (1= A)f(y)

we say that f is a concave function (see Fig. 2). If either of the
inequalities is strict, then we say that f is a strictly convex func-
tion, or a strictly concave function, respectively. Fig. 2 shows
the concave function in the first quadrant.



The concave function has the following properties.

a) A function f is a concave function if and only if —f is a
convex function. For this reason, majority of the following
discussion only focuses on the concave function. Similar
results hold for the convex function.

b) On R, a differentiable function is concave if and only if
/! is monotone decreasing.

3) Exponential Stability Theorem and Its Converse: Con-

sider the autonomous nonlinear system

dx(t)

w0 = f)

dt )

where f : R™ — R"™ is continuously differentiable and the
Jacobian matrix [0 f/0x] is bounded on R"™. Then, we have the
following theorem.

Lemma 1 (Exponential Stability Theorem and Its Con-
verse)[14], [30]: Let x = 0 be an equilibrium point for system
(5) and let M and X be positive constants. Then, the following
two statements are equivalent.

a) The origin of system (5) is globally exponentially stable

if for any z¢ € R"™ the trajectory of the system satisfies
lz(t)l| < Mllzolle™" vt > 0.
b) There exists a function V' : R™ — R satisfying the in-
equalities

allall® <V (@) < ol
%
S f(@) < — eallal?

W < calle]
oz || — 4

for some positive constants ¢y, ¢z, c3, and c¢4.
Proof: The proof can be seen in [14, pp. 163-165].

4) Brouwer Fixed-Point Theorem and M -Matrix Theory:

Lemma 2 (Brouwer Fixed-Point Theorem): Suppose that the
continuous operator 7" maps closed bounded convex set K C
R™ onto itself, then the operator 7" has at least one fixed point
in set K.

Lemma 3 [34], [38]: Let matrix A = (a;),, ., have nonpos-
itive off-diagonal elements. Then, A is a nonsingular M -matrix
if and only if one of the following conditions holds:

a) all principal minors of A are positive;

b) A is nonsingular and the elements of A~ are all nonneg-

ative;

c) A has all positive diagonal elements and there is a vector
x=(&,8&,...,&)7T (or y), whose elements are all pos-
itive, such that all the elements of Az (or ATy) are posi-
tive, namely

aii > > laijlé; | ai&i > lajil¢; i=1,2,...,n
JjEi Jj#i
which can be rewritten as
1=1,2,...,m;

Zaijf]‘ >0 Zaﬁfj >0 s
j=1 j=1

IEEE TRANSACTIONS ON NEURAL NETWORKS

The convex hull of g‘i’ and gi_
14464 ....... ' ......... | AAAAAAA | l" || | ...... | ....... '

g co(g.g;)

g,x)

-3-2-10 1 2 3 5 8

-1.4464

Fig. 3. Convex hull of g7 and g; .

d) the real parts of all the eigenvalues of A are positive;

e) there is a diagonal matrix, P = diag(p1,p2,-.-,Pn)s
with p; > 0,4 = 1,2,...,n, such that PA + ATP is
a positive—definite matrix.

B. Model Description

The RNN with a generalized activation function is described
by the following differential equation:
dx(t)

L = _Cx(t) + Ag (z(t) + T

dt ©

where z(t) = [21(t),72(t),...,2,(t)]T and g(z(t)) =

constant matrices. A = {a;;}, . denotes the feedback
matrix. ¢ = diag(cy,ca,...,¢,) denotes the self-feed-
back matrix, which is positive—definite diagonal matrix.
I =[I,Is,...,1,]T denotes the external bias. For simplicity,
we denote g; = g;(z:(t)) and ¢ = g(z(¢)). In system (6),
we assume the activation function g;, the ith component of
g, belongs to the convex hull of g; and g;, where g; and g;
are the convex or concave piecewise continuous differentiable
linear functions, respectively. That is g; € co{g;,g:}. Then,
the activation function class for ¢ is the convex hull of 2"
decoupled functions

1

g = [91179127"'79111]T

lelll1,2"] @)
where g! = g; or ;. Here, we denote this activation function
class as co{g' : [ € I[1,2"]}, which is composed of all the
convex hulls co{g;, g;}, wherei = 1,2, ..., n. Fig. 3 shows that
an activation function g; belongs to the convex hull co{g}, g; }
which is bounded by a pair of continuously piecewise linear
concave functions g; and g; , where g; = 0.6g; + 0.4g, . The
convex hull lies between functions g; and g, .

To sum up, we denote the following function class K.

Definition 1 (Function Class K): We say that g € K if and

only if g € co{g' : | € I[1,2"]}, where ¢' = [g},g5,.... 9, r

and gﬁ = g; or g;, and g;, the ith component of g, belongs to the
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Fig. 4. Saturation function g; ().

convex hull of g; and ¢;, where g; and g; are a pair of continu-
ously piecewise differentiable convex/concave linear functions.
The convex hull is bounded by them, i.e.,

1=1,2,...,n.

®)

Remark 1: As discussed earlier, the activation function class
K is a more flexible and more specific description of the ac-
tivation function than some function classes. As g; = g;, the
activation function of neural networks (6) becomes a determin-
istic piecewise linear function. That is, g; = §; or g;. Because
a smooth nonlinear function can be approximated with a piece-
wise linear function, we can use a piecewise linear function to

gi € co{gi, Ji},

The piecewise linear function
2.4306F T T ' ' : 7

g,x)

-2.4306t h . . . ) E
24 6.2

Fig. 5. Piecewise linear function ¢/ (x;).

approximate well-known activation functions such as the sig-
moidal activation function.

Figs. 4-6 show how a saturation function g¢;(z;)
(w/2) arctan(4z;) is approximated by a piecewise linear func-
tion. Fig. 4 is a saturation function g;(z;) = (7 /2) arctan(4z;).
Fig. 5 is the piecewise linear function g.(z;), where g;(x;) is
shown in (9) at the bottom of the page.

In Fig. 6, we see that the saturation function g;(z;) is well
approximated by the piecewise linear function g;(x;).

With the definition of the function class &, we can give the
definition of AEST.

( T orct (32) 167 n 2m if 2 € ( 6.1546]
— — — —T;, 1 i — ,—0.
g Hretan 1025 [ T 102570 BEETOY
10 2
- {g arctan(20) — ﬁ} n ﬁxh if 2; € [~6.1546, —3.7514]
s 6 27
_ — _ - . 1 . _ |4 _
{2 arctan(12) 145} + VTRl if z; € [-3.7514, —2.4014]
s 4 2w
T LI A if 2; € [~2.4014, —1.34
{ 5 arctan(8) 65} + a5 T ifz; € 014, —1.3400]
2 2
- {g arctan(4) — 1_77r} + 1—7;:17, if z; € [-1.3400, —0.2897]
gi(z;) = { 27w, ifz; € [—0.2897,0.2897] )
2 2
{g arctan(4) — 1—7;} + 1—77% if 2; € [0.2897, 1.3400]
4 2
{g arctan(8) — %} + 6—75rx if z; € [1.3400, 2.4014]
s 6 2w .
{5 arctan(12) — 145} + i if z; € [2.4014, 3.7514]
T arctan(20) — 0m | | 27 if 7; € [3.7514, 6.1546]
— arctan - — —ux;, if z; ) ,6.
2 401 f T 401
T arctan(32) — o | | 27 if ; € [6.1546, +00)
— arcta - — —;, if @; . , .
[ 2 1025 [ T 10257 v R, e



Approximation of saturation function by piecewise linear function
24306 F

—-2.4306

Fig. 6. Approximation of saturation nonlinear function ¢;(x;) by piecewise
linear function g ().

Definition 2: A neural network (6) is said to be AEST with
respect to function class K if it possesses a GES equilibrium
point for every activation function ¢ € K and for every input
vector I € R™.

Next, we will prove an important lemma of this paper, which
establishes the equivalence of the original RNN with the gener-
alized activation function (6) and RNN under every vertex func-
tion of convex hull (10) regarding GES.

Lemma 4: Assume Lyapunov function V(z) is dif-
ferentiable and radially unbounded. Given a convex set
co{g' : 1 = 1,2,...,2"}, the equilibrium point of the neural
network system (6) is GES if and only if the equilibrium point
of the following system is GES

dx(t)

L = _Cu(t) + Ag' (z(t)) + T

I (10)

for every [ € I[1,2"], where g¢'(x(t)) =
(9 (z1(1)), g5(z2 (1)), -, gp (@ ()" and gi(zi(t)) =
gi(zi(t)) or gi(zi(t)), i = 1,2,...,n. Here, we define system
(10) as the RNN under every vertex activation function of
the convex hull.
Proof: The proof of the theorem is given in the Appendix.

As the GES of the equilibrium point of the previous two sys-
tems are equivalent by Lemma 4, in the following study, we
will focus our attention on stability analysis of every individual
system (10).

In this paper, as a class of piecewise linear functions, we de-
fine the nonlinear function g; (§; are similar) as

( ki]\ﬂxi — &N, if x; € (—OO,—biNJ

./(Enll?i — €i1, if 2; € [—bin, —bi1]
Gi(w;) =  kiowi, if #; € [—biq, bi1] (11
kirzi + €1, ifz; € [57:171312]

\ Kiy, i + €y,

i

ifz; € [I;iNiv‘i'Oo)
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where 0 < b;, < b;, < --- < b; . By the properties of the
concave func}ion in Sectior} 1I-A2, we see that if g; is concave,
then k;;, > ki > - > kiN- > —ooand 0 < g;, < €, <
- < &5, < oo.If g; is convex, then k;, < ki < --- <
ki, <ooand0 > e; > e, > --> ¢ .
This means that
EZ'GI[].7NZ']7 LEI[].,?’L]
The Biﬁ can be determined from e;. and Eiﬁ by the continuity
of the function
_ Cir — Cif _ _
bij, = ——tu izl h; € I[1, Ny,

, 1€ I[1,n].
kip, = kip,—1

As an example of piecewise linear function (11), Fig. 7 shows
a piecewise linear concave function with four bends and Fig. 3
shows three piecewise linear concave functions with six bends.

By some simple transformations, equations in (11) are equiv-
alent to the following equations with respect to i:

_ - B} kio — kir;
Gi(xi) = ki, i + €4y sat <17L1$1
e”h
= ki xi + €, 5at (0, 2) - (12)

In order to use a new set of vertex functions (12) to replace
the piecewise linear vertex functions (11), we cite the following
useful lemma from [16].

Lemma 5 [16]: Consider the piecewise linear con-
cave/convex function

(kig,wi — &y, ifx;€ (—OO.,I;,‘,Ni]
Ellxi €i1 lfo € I:_l;’i27 _I;Ll]
gi(zi) =  kigzi, if 2; € [—bi1, bi1] (13)
11T + €1 ifz; € [bihbiz]
kinwi+ ey, ifw; € by, +00)
and
( kvij\vfiwb éi]\vfi, ifx; € (—Oo,bvi Vi:|
bt — i, if w; € |~bi, —bvn}
Gi(wi) = kigmi, ifz; € -—bn;bun} (14)
];ilxi + €i1, ifz; € —builabvn]
\k\;iN/iwi-i_é/iNi? ifz; € :bui]\v,i,-l—oo).
For h; € I[1,N;], h; € I[1, N;], and i € I[1,n], define
g,;};i(a:i) = ki, xi + €,sat (i, 2;) (15)
and
gvihvi () = ];ith- x; + evihvz_ sat (’lji;{il’i) . (16)
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8 = kigxi €,

&= kt;"i' e
7’
—_

7
kuxz €

Fig. 7. Piecewise linear concave function with four bends.
Then

colgi, gi} € co{gi" g™+ by € I[1, N,

hi € I[1, N3], i € I[Ln]} .

Proof: The proof can refer to [16]. Thus, it is omitted here.
By Definition 1 and Lemma 5, we have

gi € co{gi,gi} C co {g jh h;

hi € I[1, N3], i EI[l,n]}.

I[LNZ 3

—_

Thus, it is easier to see that

gi € co{g};h .4 ,}“ hi € I[1, Ni], h; € IT1, Ni),i € I[1, n]}

Remark 2: In [12], Forti uses piecewise linear functions with
two bends, which is the special case of (13) or (14), to approx-
imate Sigmoidal function S. As we discussed in Remark 1, by
choosing g; = g;, the activation function class X includes the
activation function class used in [12] as a special case.

Remark 3: In [1], [3], [7]-[9], and [25]-[29], the activation
function for cellular neural networks is assumed to be saturation
function (1), which is a piecewise linear concave function with
two bends. It is obvious that function (1) is the special case of
(13) or (14). Again, by denoting g; = ¢; in Definition 1, the
activation function class K includes the function (1) as a special
case.

Again, similar to Lemma 4, we first assume that the GES of
the equilibrium point of every system (10) is equivalent to that
of the neural networks under every vertex activations g or éf“ ,
hi € I[1,N;], hi € I[1,N;], i € I[1,n] (this assumption will
be proven later in Lemma 6). Therefore, in the following study,
we focus our stability analysis on system (6) under piecewise

activation functions g . For simplicity, we denote g, hi =
Ry ohs
g;horg;".

orq

As

9 (w3) = ki, wi + eip,sat (vip, 1)

h; € I[1, N;], 1el[l,n] (17)
then
9" = [.f/lzl-/.qg’zy---;.qﬁ’l]; hi € I, N;], i€ I[l,n]
has H := N; x N2 x --- x N, vertices. If we assign a

number p € I[1, H] to each vertex function corresponding to
(h1,ha,- -, hy), then each of the vertices has the form

o = ol (@) ob (o), gl ()]
— K, ()2(t) + Eysat (Vya(t)) (18)
where p € I[1, H] and

Kp = diag (klf” s k2£27 crey k‘nﬁn)

T P P p
E, =diag (eihl-,€2h2-, 7enhn)
T P P p
V, =diag (v1} ,vah,. vah )

Noting that

gi € co {gl LG by € ITL NG, B € I[L, N, i € I, n]}
thus

g€ co{[gf’l,ggz,...,. ;l - h; € I, Ni]i € I11, n]}
where g,f“ = 91 or éf“.

Then, like Lemma 4, we can prove the following Lemma.

Lemma 6: Let H := Ny x Ny x --- x N,, and g/ = g or
g:“ For convex sets co{[g]'", g42, . .. 7gn"] th; € I[1,N;),i €
I[1,n]}, assign a number p € I[1, H| to each vertex func-

tion g;"* corresponding to (h1, ha, - -+, hy,), then the equilibrium



point of every neural network system (6) is GES if and only if
each of the equilibrium points of the following systems is GES:

dx(t
”:li ) - _ (C — AK,(t)) z(t) + Epsat (V,z(t)) + 1
Vp e I[1,H] (19)
where
Kp = diag (k‘lzl s le})LQ, ety knin)
E, =diag (elﬁl , eQIZQ e enﬁn)
V, = diag (vlﬁl SV ,vnzn)

Proof: With (18), we have

dz_@ = — Cu(t) + Ag" (x(t)) + 1,

= — (C = AKy(t)) z(t) + Epsat (Vyx(t)) + 1.

We can then prove this lemma similarly to the proof of Lemma
4.

From Lemma 6, we can see the equivalence of system (6)
and the neural networks under all vertex activation functions
[system (19)] regarding GES. In the following, we will focus our
attention on the GES of the equilibrium point of every system
(19).

III. MAIN RESULTS

A. Existence of Equilibrium Point

Theorem 1: For every p € I[1, H], every system (19) has an
equilibrium point if the matrix C, = C' — AK,, is invertible,
respectively.

Proof: This theorem can be proven by the well-known
Brouwer’s fixed-point theorem (Lemma 2). A vector
zp = (2f,25 ;... ,wip)T is an equilibrium point of system

(19) if

p € I[1, HJ.

(20)

For any p € I[1,H], as C, is invertible, then C,

exists. In view of (20), we denote a mapping T,(z(t))

(T : R — R™) for z(t) = (z1(t), z2(¢), . ( ))T eER",

where T,(0(0) = (I (5:(1). T, (52(0), - Ty, (7 ()T
witl

—(C—AK (1)) xi4Eysat (V,-25) +1, = 0,

Ty, (z(1)) = Op_1 (Epsat (V, - z(t)) + 1) .

Then, there exists a constant matrix 2, such that

1T (@ (DI = [|Cp ™" (Bpsat (V, - a(t)) + 1,)|
< NG £ lIsat (Vi - 20D+ 1)
1€ NI + 12,1

<
<1y I-
We define a sphere

Ky = {z(t) e R" : lz(®)[] < [ Ryll}-
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One can see that
z(t) € K, = T, (z(t)) € K,.

From the continuity of the nonlinear activation functions sat(-),
it follows that the mapping 7}, : K,, — K, is continuous. By
Lemma 2, there exists a fixed point z;, € K, of the mapping.
Therefore, for every p € I[1, H], the fixed point z}, is the equi-
librium point of every system (19), respectively. The proof is
completed.

Remark 4: As Definition 1 (function class K) shows, the ac-
tivation function in this paper is allowed to take an arbitrarily
large positive value and is also allowed to have infinite intervals
with zero slops. The existence of an equilibrium point is guar-
anteed if the conditions of Theorem 1 hold.

By Theorem 1, we assume that, for any
p € I[1,H], each system (19) has an equilibrium point

e T . .
r, = (21,,%5,,.-.,2;,) . In order to simplify our proofs,
we will shift the equilibrium point to the origin using the
transformation y;(t) = z;(t) — z§,. Then, every system (19)
can be transformed into the form

dy(t
% = (=C + AK,)y(t) + E, [sat (Vya(t)) —sat (V)]
=(=C+ AK,)y(t) + Epg (Vy(t)) 21)
where
9 50(0) = (92 (0F,120) 92 o], )
T
o (08, m(0) )
and
Gi (vli yl(t)) = sat (vszxl(t)) — sat (viﬂwfp) ) (22)
By (22), we have
sgn (yi () gi (vih wi(t)) < ik |yi(t)]. (23)

Equations in (21) are equivalent to the following equations:
dyi(t)
)+ Z aijk Jh y;(t

dt
wherep € I[1, H], H := Ny XNy X- -
I[1,n].

The stability behavior of the trivial solution z = z, of each
system (19) is equivalent to that of the origin of the systems
(21), respectively. Thus, in the following study, we only focus
attention on the stability behavior of the origin of every system
(21).

= _Ciyz + ezh 9i (Uzh yz(t))

(24)
XNy, hi € I[1,N;],i €

B. Absolute Stability of Equilibrium Point

Theorem 2: For each system (21), if the matrix C, = C —
AK,,p € I[1, H] is invertible and the matrix I, = C—E,V,,—
|A| K, is M-matrix, then the origin of each system (21) is GES.
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Proof: As1l, = C — E,V, — |A|K, are M-matrix, by
using ¢) in Lemma 3, there exist constant numbers &; > 0(i =
1,2,...,n) such that the following inequalities hold:

(ci — e, vih,) & — Xjoylajilkiy & > 0.

Moreover, it is easy to prove that there exist constants \; such
that the previous inequality still holds, namely
[(Ci — eiiq_’l}iii) — /\Z] fi — E?:1|aﬁ|kif”£j > 0. (25)

For each p € I[1, H], construct the radially unbounded Lya-
punov function

V(D) = Y M (1) 26)

In view of inequality (23), the derivative of V(y(t)) along the
trajectories of the system (24) is given by

n

Viy(t)=)

s ) & [0+ sl 1,0
=1

+ ey gi (viﬁiyi(t))] }
+ Xn: e ME i (1)
i=1
< ifiekit{_ci [y (8) |+ 25 laij i, 1y, (£)]
i=1
+ed vl |yi(t)|}

+ z": fi)\i,@)"t
i=1

n
=Y M el S lajilkif, & +eih vih &}
=1

yi (1)

X |yi(t)] + Z Eidiet

=1

=S [(a-ed, o) N &
=1

- zyznamkia@} (0]

yi(t)]

Hence, with inequality (25), we have
1% (y(t)) < 0.

By integrating the previous inequality from 0 to ¢(> 0), we have

> A ] < 3 )

or

vl =Y (O < D 1ga(0) e < [ly(0)]f, e "
=1 =1

where A = min;(X\;), i = 1,2,...,n. By a) in Lemma 1, the
origin of every system (21) is GES. The proof is completed.

Theorem 3: If the conditions in Theorem 2 hold, then the
trivial solution z = z° of system (6) is AEST.

Proof: 1If the origin of every system (21) is GES, then the
trivial solution z = z;, of every system (19) is GES. Thus, the
trivial solution z = z° of system (6) is GES with Lemma 6. By
Definition 2, we can conclude that the trivial solution z = x° of

system (6) is AEST. The proof is completed.

IV. COMPARISON AND EXAMPLE

In this section, we will construct an example to show the ef-
fectiveness of our results. Then, we will compare our results
with the previous ones.

A. Example and Simulation

Example: Consider a neural network with two neurons,
where every component of the activation functions belong to
the convex hull of a pair of piecewise continuous linear func-
tions, which is described by the following differential equation:

dx(t)
dt

= —Cu(t) + Ag (a(t)) + 1 @7)

where

Every component of g(z) belongs to a convex hull which
is bounded by a pair of piecewise linear functions, namely,
g1(z1) € co(gi(w1),21) and ga(w2) € co(ga(w2),2) (see
Figs. 8 and 9). The functions g1 (z1) and g2(x2) are defined by

 —1.4281, ifz; € [—o0, —3]
0.3218x1 — 0.4627, ifzx; € [—3, —1]
51(1171) =< 0.7845x4, ifx, € [—1, 1] (28)
0.3218x1 + 0.4627, ifx; € [1,3]
\ 1.4281, if 1 € [3,4+00]
(—1.8528, if 1 € [—o0, —4]
0.1419x9 — 1.2852, ifzo € [—4,—2]
gz(l’g) = 0.7845x4, if xo € [—2, ] 29)
0.1419z¢ + 1.2852, ifx, € [2,4]
\ 1.8528, if 1 € [4,400]

~ The piecewise linear function (28) has three bounds with
N; = 2 and

(1o, 11, k10) = (0.7845,0.3218,0) (30)
(€10,€11,€12) = (0,0.4627,1.4281) (31)
(6107 b1y, b712) =(0,1,3) (32)

(V11,712) = (1,0.5493). (33)



94(x4)

Fig.

gy(%y)

Fig.

9, belongs to the convex hull of g‘1’ and g;

: : : g € €0(9},97)
14281 .............. ............. ...... ,,,,,,, .......... > o
: : : g,
0 .......................................................................
14281 T A
-3 -1 0 1 3

X4

8. The g, belongs to the convex hull of g7 and g, .

9, belongs to the convex hull of g‘z’ and g;

: : : 9,€ 00(92 9,)
18528 ....... v .............. .............. ..... g]z/ﬁ . ............
%g.z
0 ................................................. i
18528 T
4 2 0 2 4

9. The g- belongs to the convex hull of g3 and g, .

The piecewise function (29) also has three bounds with N, = 2

and

(K20, k21, k2y) = (0.7845,0.1419,0) (34)
(€20, €21, €22) = (0,1.2852,1.8528) (35)
(20, b21,b22) =(0,2,4) (36)

(Va1,729) = (0.5,0.4234). (37)

Functions g1 (x1) = 1 and g2(22) = x2 have one bound.
We have the following four RNNs under the vertex activation

functions:

dxq(t
m;t( ) = —c1z1(t) + a11g1 (z1(t)) + a12g2 (z2(t)) + I4

dxao(t
%() = —C2$2(t) + azlgl (xl(t)) + a22g2 (.TQ(t)) + 1—2

(38)
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dxc}t(t) = —an(t) + ang (21(t) + ar2ga (#2(8)) + L
dx;t(t) = —cawa(t) + a1 (21(1)) + azaga (v2(1)) + I

(39)
dxc}t(t) = —ani(t) + angi (#1() + a12ga (v2()) + 1o
dx;t(t) = —coma(t) + anngi (21(1)) + agaga (22(1)) + I

(40)
dx(;t(t) = —ari(t) + angr (21(t)) + a12g2 (22(1)) + I
ddet(t) = —caw2(t) + an g1 (21(8)) + agaga (22(t)) + I

(41)

where C1 = C2 = 2, a1] = A22 = 1, a2 = 11, and a1 = 1.2.
Next, using Theorem 2, we study the GES of the previously
mentioned four RNNs with the vertex activation functions.
1) We have rewritten the neural network system (38) in form

Of(19) As N1 = 2 and N2 = 2, H(gg) = N1 X N2 =
2 x 2 =4;s0p € I[1,4]. Hence

K, = diag(0.3218,0.1419)

E; = diag(0.4627, 1.2852)

Vi = diag(1,0.5)

K, = diag(0.3218,0)

B, = diag(0.4627, 1.8528)

Vs = diag(1, 0.4234)

K3 = diag(0, 0.1419)

Es = diag(1.4281, 1.2852)
= diag(0.5493, 0.5)

K. = diag(0,0)

Ey = diag(1.4281, 1.8528)

Vi = diag(0.5493, 0.4234).

Thus, we can calculate
8.3564 —1.1352
Cr=C = Ak, = (—0.6436 8.2905 )

8.3564 0 )

Cy =C — |A|Ky = <_0,6436 9.0000

Oy =C — |A|K; = (9'0800 ;12§%i2>
Cy=C—|A|K, = <3 8)

I, =C - E\V, - |AIK, = < 708322’?6 _71611?;?>
II, =C — E, V5 — |A|K, = < 708(?2;6 82(1 )
= B = (25 242)
Iy =C - E4Vy — |A|Ky = (8'2355 8.2(155) '

It is easy to see that C'y — Cy are invertible. From Lemma 3,
we know that IT; —II, are M -matrices. Hence, by Theorem
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94(x4)

Fig. 10. The g1(z1).

2, the trivial solution x = z° of neural networks system
(38) is GES.

2) For neural networks system (39), ]\71 = 1and 1\72 =1,
H 3g) :Nl ><]\72: 1 x1=1;s0p=1.Hence

K, = diag(1,1)
E, = diag(0,0)
V1 = diag(0,0).

?

Using Theorem 2, we can calculate
7 -8
-2 4
7 -8
-2 4 )
It is easy to see that Cj is invertible. From Lemma 3,
we know that IT; is M-matrix. Hence, by Theorem 2, the
trivial solution x = z° of neural networks system (39) is
GES. - y
3) For neural networks system (40), N1 = 2 and N» = 1,
H40) = N1 Xx Ny =2 x 1 =2;s0p=1,2. Hence
K, = diag(0.3218,1)
E, = diag(0.4627,0)
V1 = diag(1,0)
K, = diag(0,1)
E, = diag(1.4821,0)
Vo = diag(0.5493, 0).
Using Theorem 2, we can calculate

qzc_pqu<

I, =C — E\Vi — |A|K, = (

cr=c 11k = ( i oo )

Oy = C — |A[K, = (3 _48)
I e
)

Fig. 11. The g2(x2).

It is easy to see that C and Cs are invertible. From Lemma
3, we know that II; and Il are M -matrices. Hence, by
Theorem 2, the trivial solution z = x° of neural networks
system (40) is GES.
4) For neural networks system (41), Nl = 1land N, = 2,

Hy) =Ny x No=1x2=2;s0p=1,2. Hence

K, = diag(1,0.1419)

E, = diag(0,1.2852)

V1 = diag(0,0.5)

K, = diag(1,0)

E, = diag(0,1.8528)

Vo = diag(0,0.4234).
Using Theorem 2, we can calculate

70000  —1.1352
O =0~ |AlK, = (-2.0000 8.2905 >
70
D
7.0000  —1.1352
I, =C - E,\V; — |AlK, = <_2_0000 7.6479 )

HZZC_EZVZ_MH(Z:(?.OOOO 0 )

—2.0000 8.2155

It is easy to see that C; and Cs are invertible. From Lemma
3, we know that II, IT5 are M -matrices. Hence, by The-
orem 2, the trivial solution x = xz° of neural networks
system (40) is GES.
According to 1)-4), by Theorem 3, we can conclude that the
trivial solution 2 = x¢ of the neural networks (27) is AEST.
For numerical simulation, we arbitrarily select one of the
activation functions in co(g1(z1),21) and co(ga(z2), z2), re-
spectively. For example, let g1(z1) = 0.6g1(x1) + 0.42; and
g2(x2) = 0.7g2(x2) + 0.3x4 in system (27). The selected acti-
vation functions are shown as ¢; and ¢, in Fig. 10 and Fig. 11,
respectively. The following three different initial conditions are
given:
Case 1) initial state zo; = (2, —3)7;
Case 2) initial state 7o, = (—2,3)7;
Case 3) initial state 7o, = (0,1)7.
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Fig. 12. Transient response of the state variables.

Fig. 12 shows the time responses of the states z1(t) and (%)
with the three initial conditions. We see that all the states are
convergent to the unique and GES equilibrium point of the
system. The equilibrium point is at the origin.

B. Comparison

From neural network (27), we can compare our M -matrix cri-
teria with some stability criteria. In [2],[10],[11],[17],[19], [20],
[39], and [41], the absolute stability or absolute exponential sta-
bility were also studied. However, the stability criteria in these
papers only gave some conditions on the interconnection weight
matrix, suchas A € My, A € Cy,and —A € Py, where My, C
and Py are denoted in [38] and [40]. As Cao et al. pointed out in
[38], A may not belong to Mg, Cy, — A nor it may belong to Py.
Therefore, our results are less conservative than the references
mentioned. In (27), we can see that matrix A does not belong
to Co, My, or Py; so, the stability of the equilibrium point of
system (27) could not be shown by the stability criteria in the
references mentioned.

V. CONCLUSION

In this paper, both the existence of an equilibrium point and
the AEST of RNN with a generalized activation functions are
addressed. Every component of the activation function of neural
networks belongs to the convex hull of two piecewise linear
functions. This generalized activation function allows a more
flexible or more specific description for the activation functions.
We demonstrate that GES of the equilibrium point of original
RNN with a generalized activation function is equivalent to that
of RNN under all vertex functions of convex hull. Then, the
neural network under all the vertex activation functions is trans-
formed into neural network under an array of saturated linear ac-
tivation functions. Again, we demonstrate that GES of the equi-
librium point of RNN system under all vertex functions of the
convex hull is equivalent to that of neural network under an array
of saturated linear activation functions. Because of the equiva-
lence of three systems, the stability analysis is focused on the
RNN system under an array of saturated linear activation func-
tion. In the end, a two-neuron RNN with a generalized activation
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function is constructed to show the effectiveness of our results.
To demonstrate the advantage of our results, a comparison with
the previous ones was drawn.

APPENDIX
PROOF OF LEMMA 4

Proof: “Only if:” Assume (6) is GES. As g C co{g' : ] €
I[1,2™]}, by set I € I[1,2"] in (6), we have

dx(t)
dt

which implies every system (10) is GES.

“If:” Now, we assume that every individual system (10) is
GES. We need to show that system (6) is also GES.

Because every system (10) is GES, with b) in Lemma 1, there
exists a function that V' : R™ — R satisfies the following in-
equalities:

= —Cz(t)+ Ag (z(t))+ I = —Cx(t) + Ag' (z(t))+1

allz)* <V(z) < coll|? 42)
oV
%fl(@ < —csll=|? (43)
oV
‘ e < eql|z|] (44)
T o)

for some positive constants c1, ca, c3, and ¢y, where f!(z) =
—Cz(t) + Ag'(x(t)) + I.

To show that system (6) is also GES, we need to prove that
forV : R™ — R, the following two inequalities hold with b) in
Lemma 1:

Vv 9
— < —e¢s 4
5@ <~ csllol @5)
aVv
Ha_ < colal (46)
T 1)
for positive constants c5 and cg, where
flx) = -Cx(t) + Ag (z(t)) + I. (47)

Then, we can use a) and b) in Lemma 1 to prove that system (6)
is also GES.

Proof of Inequality (45): As assumed previously, g;, the
ith component of g, belongs to the convex hull of g; and g,
and g; and g; are continuously piecewise differentiable on R.
According to the definition of the convex hull in Section II-Al,
it is not difficult to prove that g; is also continuously piecewise
differentiable on R. In view of (47), f(x) is continuously piece-
wise differentiable on R™. Thus, the Jacobian matrix [0 f /0]
is bounded on R".

In view of (43), there exists a constant c5 such that

() = G (Cat) + Ag (1) + 1)

< max {VV(2)- (=Ca(t) + Ag" (#(t)) + 1)}
= max av(w)fk(fﬂ)

1<k<2n Oz

IN

— sz (48)

Therefore, the inequality (45) holds.
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Proof of Inequality (46): To prove the inequality (46), the
following two inequalities have to be proven.
For system (5), the following two inequalities hold:
2
< 2L [zl

d ¢ p
7 [:1: (t)a:(t)] (49)

(@)l < [lwollzexp(Lt)

(50)

As inequality (50) can be easily obtained by (49), we mainly
prove (49). Because the Jacobian matrix [0f/0z] is bounded
on z € R", there is a constant positive number L such that

of
ox

For system (6), we assume that there is an equilibrium point
at the origin. Then, it is easy to know that f(0) = 0. As f(z) is
differentiable on R™, by mean-value theorem, there is {¢ = 0z,
where 0 < # < 1, such that

619

< L.
2

1) = 1) = Ly - 0).

In view of inequality (51), we have

l2llzll2 < Lilz]]2-

0
1)~ 1Ol = 7o), < | 5
Tl(a=¢)
(52)

With system (5), we have

d

o [xT(t)x(t)]‘ =2z ()i(t)] = 2|2" (t)f(x)]. (53)

By Holder inequality

|27 () f(@)] < Nz [1f ()], (54)
Thus, by (52)—(54), it follows that

d

- [T 2(0)]| < 2L (OIS (55)

The last assertion (50) can be easily proven by integrating
both sides of inequality (49) from ¢, to ¢. With simple calcula-
tion, we can obtain inequality (50).

Let ¢(t; x), which begins with z, denote the solution of the
system (5) at time ¢. Then

o(t:7) = P(0;) + / F (¢ (ri(r))) dr.
0

Taking partial derivatives with respect to x yields

o9(t) / O (¢ (r: () 96 (rsa(r)

9o (ti) = Oz 0 (1;2(1)) Ox

T.

(56)
Differentiating with respect to ¢, it can be observed that ¢, sat-
isfies the sensitivity equation
0. (t; )

o A(9)pa(t; )

where A(p) = (0f/0¢)(¢p(t;x)) and ¢, (0;2) = N, where N
is a constant matrix. Since

of
lo

on R, with the inequalities (49) and (50), ¢, satisfies the bound

(57)

<L
2

| (t; 2)[|5, < [|N]2€™*. (58)

Let

where ¢t > (. Therefore, with a) in Lemma 1 and inequality (58),
we have

o
oz ||,

t

= | [ 26" s a)en(riarar
0 2
/ 2|67 (5 2)||, 16 (7 )] dr 2

0
t

< /2||M||2||N||2IIxollze_MeLTdTllwllz
0
_ 2| M2V |l2]loll> [1
(A=1)

IN

= =D Ja.

Thus, by choosing A > L, the inequality (46) is satisfied with

2[| M][2[|Nl2lzoll2 —(—L)t
- 1- 0.
6 (A—1L) 1o ]>

Using (42), (45), and (46), b) in Lemma 1 is satisfied. Thus,
from Lemma 1, we can conclude that system (6) is GES. The
proof is completed.
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