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Abstract. This paper covers stochastic particle methods for the numerical so-
lution of the nonlinear filtering equations based on the simulation of interacting
particle systems. The main contribution of this paper is to prove convergence of
such approximations to the optimal filter, thus yielding what seemed to be the
first convergence results for such approximations of the nonlinear filtering equa-
tions. This new treatment has been influenced primarily by the development of
genetic algorithms (J. H. Holland [11], R. Cerf [2]) and secondarily by the pa-
pers of H. Kunita and L. Stettner [12, 13]. Such interacting particle resolutions
encompass genetic algorithms. Incidentally, our models provide essential insight
for the analysis of genetic algorithms with a non-homogeneous fitness function
with respect to time.
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1. Introduction

The basic model for the general nonlinear filtering problem consists of a non-
linear plant X with state noise W and nonlinear observation Y with observation
noise V. Let (X,Y’) be the Markov process taking values in S x R and defined
by the system:

X ~ (bhK)

1.1
Y, = h(Xn)+V,, n>1, (11)

sy

where S = R%, d > 1, h: S — R and Vj, are independent random variables
having a density g, with respect to the Lebesgue measure. The signal process X
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that we consider, is assumed to be a temporally homogeneous Markov process
on S with transition probability kernel K and initial probability measure v. We
assume that the observation noise V and the state plant X are independent. For
simplicity, the observation process Y is taken real valued, the extension to vector
observation processes is straightforward. One can study filtering problems in
more general settings. We choose not to do so here, and prefer to focus on the
central ideas. The methods used in this paper can be extended, if desired.

The filtering problem is concerned with estimating a functional of the state
process using the information contained in the observation process Y. The
information is encoded in the filtration defined by the sigma algebra generated
by the observations Y7, ...,Y,. Let f be an integrable Borel test function from .S
into R. The best estimate of X,, given the observations up to time n, is the
conditional expectation

() E(F(X) 1YY, Y"E (M. ).

With the notable exception of the linear-Gaussian situation, general optimal
filters have no finitely recursive solution [3]. This paper covers stochastic particle
methods for the numerical solution of the nonlinear filtering equations based on
the simulation of interacting particle systems. Such algorithms are an extension
of the Sampling/Resampling (S/R) principles introduced by Gordon, Salmon
and Smith in [10] and independently by Del Moral, Noyer, Rigal and Salut
in [4] and [5]. Several examples of practical problems that can be solved using
these methods, are given in [1] and [8], including problems in Radar/Sonar signal
processing and GPS/INS integration. Such particle nonlinear filters will differ
from the others [6, 7] in the way they store and update the information that is
accumulated through the resampling of the positions.

We start by giving some general notation and we recall some basic facts
related to the theory introduced by Kunita and Stettner [12, 13]. In Section 3
we introduce the interacting particle approximation and we design a natural
stochastic basis for the convergence study. In Section 4 we describe recursive for-
mulas for the conditional distributions and the context that we are interested in.
We propose a natural framework which allows to explicitly formulate mean error
bounds in terms of the likelihood functions related to the resampling/selection
procedure. The hardest point of our program is contained in Section 5: the
convergence study of our algorithm requires a specific development because of
the difficulty to compute mean error estimates which are essential to perform
convergence rates. The key idea is to introduce in the mean square error es-
timates a martingale with unit mean, using the functions g,. This martingale
approach simplifies drastically! The evaluation of the convergence rates is dis-
cussed in Section 6. This last section contains our main result: we prove that
the interacting particle filters converge to the conditional distribution, as the
number of particles tends to infinity. The convergence rate estimates arise quite
naturally from the results and associated methodologies of Sections 5 and 6.
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2. Non linear filtering equation

2.1. General notations

Before starting the description of the nonlinear filtering equation, let us first
introduce some general notation.

Let C(S) be the space of bounded continuous functions on S with norm
| flloe = sup,eg | f(z)]. Let P(S) be the space of all probability measures on S
in which the weak topology is induced:

lim p, =p in P(S) <= forall fe€(C(S) nEToo/fM":/fM'

n——+oo

Let p € P(S), f € C(S) and, let K; and Ky be two Markov kernels. We will
use the standard notation

pkildy) = [ p@o) Ki(edy)  Kia(e,ds) = [ Kilody) Kay.d2)

Kife) = [ Koy ) ut = [ uldo) fo).
With m € P(S?) we associate two measures m and m € P(S) as follows,

forall feC(S): mf= /m(dml,dxg)f(xg), mf = /m(dml,dxg) f(z1).

With a Markov kernel K and a measure p € P(S) we associate a measure p X
K € P(5?) by setting

forall f€C(S2): (uxK)f = /u(dxl) K(a1,dws) f(zr, 22).

Finally we denote by C(P(S)) the space of bounded continuous functions F' :
P(S) — R.

2.2. Recursive filters and Bayes’ formula

In this section we describe recursive expressions for the conditional dis-
tribution of X, and (X,,Xn,+1) given the observations Y = (Y1,...,Y,).
Let (2 = Q1 x Qo, F,,,P) be the canonical space for the signal observation
pair (X,Y). Therefore P is the probability measure on 2 corresponding to the
filtering model F(X | Y), when

e v is the probability measure of Xj;
e the marginal of P on € is the law of X;

e V, =Y, —h(X,) is a sequence of independent random variables with
densities gy, .
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We use E(+) to denote expectation with respect to P on . To clarify the
presentation, we will also write

Mng1 = X K. (2.1)

Using Bayes’ Theorem, we see that the conditional distribution of X,, given the
observations up to time n is given by

Tp = pn(ﬂ'n—laYn) n>1 m=v, (22)

where

it y)f = J f(@) guly — h(=)) (n K)(dz) (2.3)
S gn(y = h(x)) (0 K)(dx)
for all f € C(S), p € P(S), y € R and n > 1. Much more is true. Follow-
ing Kunita and Stettner [12, 13], the above description enables us to consider
the conditional distributions 7, as a (o(Y™), P)-Markov process with infinite
dimensional state space P(S) and transition probability kernel II,, defined by

I, F (1) = / F(pu(yt.9)) gy — h(2)) (u ) (d2) dy

for any bounded continuous function F : P(S) — R and p € P(S). In other
words, with some obvious abuse of notation

dp(yna Tny Tn—1 | 7771—1)
= On (yn - h(xn)) dyn 7rn71(dxn,1) K(.’Enfl, d.’En) (24)
/ It — 1)) (s K)(d) (2.5)

P(Yn/Tn-1)

Now, the construction of the recursive expression for the conditional distribution
of (X, X,11) given the observations Y™, is a fairly immediate consequence
of (2.1) and (2.2). Using the above notation one easily gets

Mp41 = (I)n(mnaY;L) n>1 mg=vX Kv (26)

where

J f(@1,22) gn(y — h(21)) m(dxo, dxy) K (21, ds)
J gn(y = h(z1)) m(dzo, dz1)

for all f € C(S?%), u€ P(S) and y € R.

3. Interacting particle systems

3.1. Description of the algorithm

The particle system under study will be a Markov chain with state space SV,
where N > 1 is the size of the system. The N-tuple of elements of S, i.e. the
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points of the set SV, are called systems of particles and they will be mostly
denoted by the letters z,y,z. Given the observations ¥ = y, we denote by
(T, Tpt1)n>0 the P(S?)-Markov process defined by the transition probabilities

Pryi{ (Fo, 21) € d(20,21)} = mo(dzf, dzY)

=

bS]
Il
-

P[y]{(i‘\naxn—&-l) € d(zo,21) ‘ (Tp—1,Tn) = (3707331)}
N 1 N
- pr:[l (I)"(N; 5<ra,xi>,yn)(d(zé’,z€>)- (3.1)

By the very definition of mg and ®,, we also have the following.

Initial Particle System
) N
Pui{@o = dz} = ] v(da?),
p=1
Sampling/Exploration

N
Piy{on =do | Zn1 =2} = [[ K(",da?),

p=1

Resampling/Selection

~ . N N o (Yn, — h Zi

Finally one gets a sequence of particle systems

Tpoa=@ .. 2 ) — = (2}, 2Ny — 2, =(@,...,2)).
It is essential to remark that the particles Z¢ are chosen randomly and indepen-
dently from the population {z}, ..., 2V} by the law 72 defined by the likelihood

functions and the present measurement Y,,. Namely

N ,
¥ = gn(Yn = h(z3,)) 5. .
' ; S0y gnlyn — h(zh)) " (3.2)

Then it moves to x?, 11 using the transition probability kernel K. In other words,
the S™V-valued Markov chain Z,, = (2%, ...,Z") is obtained through overlapping

noy
another chain 7,, = (x},...,zY), representing the successive particles obtained
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by exploring the probability space with the transitions K. More precisely, the
motion of particles is decomposed into two stages:

Sampling/Exploration Resampling/Selection
Tn T Tpn41- (33)

The algorithm constructed in this way, will be called an interacting particle
filter. The terminology interacting is intended to emphasize, that the particles
are not independent and it differs from the particle resolutions introduced in [7]
and [6].

Remark 3.1. The formulated algorithm permits generalisation in the case that
the selecting procedure is used from time to time. In practical situations, a sim-
ple way to do this consists of introducing a resampling schedule. For instance,
we may choose to resample the particles, when fifty percent of the weights is
lower than AN P for a convenient choice of A > 0 and p > 2.

To point out the connection with genetic algorithms and to so emphasize the
role of the likelihood functions g,, assume further that

1. the state space S is finite;

2. the Markov transition kernels K;(z,z) are governed by a parameter [
with Kj(x, z) = 1,(2), as [ tends to infinity;

3. a noise observation V,,, also governed by a parameter [, with distribution

exp (=V(v)logl)dv

Vv _
dPn (v) = [ exp (=V(u)logl) du’

4. homogeneous series of observations with respect to time

foraln>1 Y, =y V(y — h(z)) of fx).

The corresponding Exploration and Selection mechanisms are governed by a
parameter [ and they take the following form:

N
Pr{x%) =dx ’ 0 = z} = H K (27, 2?)
p=1
A —f("
pria® 1O o _ l L (2P
r{mn T ‘ NS z} pl;[l ; Z;V:1 ) ® (a?)

For this very special situation, Cerf [2] gives several conditions on the rate of

decrease of the perturbations 1/logl(n), to ensure that all particles plln)e
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visit the set of global maxima of the fitness function f in finite time, when the
number of particles N is greater than a critical value.
Unfortunately there is a critical lack of theoretical results on the convergence
of such algorithms for numerically solving the nonlinear filtering equations.
The crucial question is of course, whether the empirical random measure

1 N
¥ %
i=1

converges to the conditional distribution ,,, when the size of the particle system
is growing. This is positively answered in Theorem 6.2 Section 6. We will show
that for every bounded Borel test function f: S — R and for n > 1

Tim E(’%Z f(f;)fwn(f)‘) —0. (3.4)

N—+oco 2
i=1

We give a new and detailed analysis of this problem. These results are
largely recent, although the question of local convergence occurs in [5]. Unlike
genetic algorithms it should be emphasized that we are not necessarily trying to
exactly recover the unknown state variables. The conditional distribution gives
the conditional minimum variance estimate, but the error does not in general
converge to zero as time tends to infinity (see Kunita [12]).

Such particle nonlinear filters differ from those introduced in [7] and [6].
It clearly encompasses the genetic algorithms introduced by Holland [11] and
recently developed by R. Cerf [2]. An advantage of this procedure is, that it
simultaneously explores the probability space using the a priori Markov kernel
and updates the information that is accumulated through resampling of the
positions. In introducing such adaptation/selection laws, the particle system
acquires certain configurations, so as to represent an estimate of the conditional
distribution. They provide a natural procedure for a system of particles to sense
its environment through their likelihood functions and the observations.

It is clear that such particle resolutions could be formulated in an natural way
in other contexts as neural networks, model parameter identification, optimal
control ([9]).

3.2. The associated Markov process

Next we shall proceed to model such interacting particle procedure and the
nonlinear filtering problem on a natural stochastic basis. In the preceding para-
graph we have remarked on the fact that the particles coincide with the support
of random measures that estimate the conditional distribution. A convenient
tool for analysing the modelling of such interacting particle systems is the split-
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ting transition kernel
P(S?) <% { Z O+ 20 652} c P(8?), (3.5)

defined for every F € C(P(S?)),n € P(S?) and N > 1, by

CnxF(n /F ) Cx(n, dm) déf/ (%Z 8y ) n(dzN). (3.6)

§2N i=1

The interpretation of Cy is the following: by starting with a measure n € P(S?),
the next measure is the result of sampling N independent random variables z*
with common law 7

nﬂ m:%Z O -

Given a series of observations Y = y, we observe that the random empirical
measures

N
Mnt1 = N Z 5@”;“)
i=1
are the result of sampling N independent random variables with common law

— h(z3,))

n

O (my yn) =7y x K = EZJ 1gn(yn—h(m%))

The above observation enables us to consider the empirical measures m,, as a
canonical P(5?)-valued Markov process (€', ., P,)), by setting

5% x K.

Pp{m €dn} = Cn(®n(mo,yn),dn)
P[y]{mizv+1 € dn | mTJ;I =puy = ON(Pn(pt,yn),dn). (3.7)
Now we design a stochastic basis for the convergence of our particle approxima-

tions. To capture all randomness we list all outcomes into the canonical space
defined as follows.

1. Recall (2, F,,,P) is the canonical space for the signal observation pair
(X,Y).

2. We define Q=" xQand F, = 8, x F,, and, for every @ def (Wl w? wd) e
Q, we define
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3. For every A € 3, and B € F,,, we define P as follows:

P{A x B} dzef/ﬁ[y(w)] (A) dP(w). (3.8)

As usual we use E () to denote the expectation with respect to P, and E[y] )

to denote the expectation with respect to |5[y]_ With some obvious abuse of
notation we have

dﬁ(m{v,...,mfzv, Yy sYn)
= H ON (Pr—1(mp_y, ye—1),dmy ) dp (Y1, - yn) ,
k=1

with the convention ®q(md’,yo) = v x K.

4. General recursive formulas

In this section we shall adopt an unconventional model for the conditional
distributions. The choice is dictated by our desire to have very simple rela-
tionships between the likelihood functions and the conditional distributions.
Initially, this will require a quite different setup from the one used in Sections 2
and 3, but in the end of our investigations will resemble more and more the
models presented in Section 2.

The setting is the same as in Section 3.1. In particular, unless otherwise
stated, we assume the observation data to be a fixed series of real numbers Y =
Y.

This assumption enables us to consider the conditional distribution m,, as a
probability parametrised by the observation parameters y1,...,%n,.... There-
fore, when the context is unambiguous, we will often write for brevity g, ()
instead of ¢, (yn — h(x,)). Using this notation, an alternative notation for (2.2)
is the recursive formula

7Tnf _ 7Tn—lI(( fgn)

—_— for all f € C(S5).
7T.nfll((gn) ' f ( )

4.1. Likelihood functions analysis

The proof of the convergence (3.4) involves

1. the Maximum Log-likelihood functions given by

PWns - Ypia [ Tpi1))2
Vi) = swp log [ (Pt L) (), (1)
p+1<n

Vn(y) = Z‘/p/pfl(y)ﬂ (42)
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where
® D(Yn, .-, Ypt+1 | YP) denotes the density under P of the distribution
of (Ya,...,Yp41) conditionally on Y? = (Y7, ...,Y)),
® p(Yns---,Ypt+1 | Tp+1) denotes the density under P of the distribution
of (Yy,...,Yp+1) conditionally on X4,

o dp(zpy1 | 3p) = K(zp, dzpi1);
2. the conditional expectations for 0 < p < n — 1, given by
f'r(Lp) (xp) = E(f(Xn) | Xps Ypt1,- -3 Yn) (Tps Ypt1s- - -5 Yn)- (4.3)

The functions V,, /, represent Log-likelihood functions on the observation process
Y and they are closely related to the resampling/selection mechanism of our
algorithm. This relationship is due to the fact, that the selection mechanism is
formulated in terms of the fitness functions and of

PYn | 2n) = Gn(Yn — h(xn)) (4.4)
P(Yns-- s yp | p) = /p(ym cosYprt | Tpr) dp(Tprr | 2p). (4.5)
S

Example 4.1.
1. Assume here that state and observation processes (X,Y’) are given by the
linear dynamics
Xn = AXn—l + Wy (46)
Y, = CX,+V,, (4.7)
where X,, € R, Y, € R, Y; = 0, A and C are real numbers and Xy, W,
and V,, are normally distributed with means 0 and respective non-negative co-

variances Qg, @Q and R. The conditional densities of Y}, given X,, and Y~ ! =
(Y1,...,Y,_1), are given by
PYn [ 2n) = gnl(yn —Can) = S ( - 1(yn - Cfvn)zR’l)
/27| R| 2
1
\/27|C? P, p1 + R]

plyn [ y"7h) =

1 ~
X exp ( - §(yn —CAX, 1)*C? Pyjn—1+ R)_l),

with the well known measurement update equations

Xo E EX, [ Y") = AX, 1+ K (Yo —CAX, )
K, déf CPn/n—l (Czpn/n—1+R)71
def n— 2
Pn/nfl = E (Xn - E<Xn/Y 1)) = A7 Pnfl/nfl + Q

Poima & E(Xp —E(X, /Y™ h)? = (Pt jmst CR'C) .



Nonlinear filtering: interacting particle resolution 11

In this very special situation
|C2Pn/n71 + R|
|R|

Further manipulations yield

|C?Pyji-1 + R + B[ > _
Vn/p < log [H Csz . n R‘ exp ((Yk - CAXk_l)z(CQPk/k_l + R) 1):|,

Vn/nfl(y) < IOg |: eXp ((Yn - CA)?n—l)Q(CQPn/nfl + R)_l):|

with Sy = 0 and, for A # 1,

1— Ak

E ((Xk —E (Xk/Xp))2> = Sk—p = 1-A

2. Let X be a discrete time Markov process belonging to a finite discrete set S
and assume that the observation noise V, is a sequence of independent, random
variables with

exp ( Un)
[ exp (=Up,(v)) dv
In this hidden Markov model, V},/,—1(Y) <2 sup,eg Un (Y — h(2)).

dp¥ (v) = U,:58 >R

The functions (4.1), (4.3) and (4.5) will be used in our analysis of the con-
vergence (3.4). This analysis requires a specific development, because of the
difficulty of estimating mean errors. For instance we have

N
Ea (5 0 F@)) = Ewlml?)
= LB () + (1 - By ()

LB (R (- 7D + B (7).

Thus, Chebyshev’s inequality and convenient estimates of

S N B (S~ gnln = hEh)
() = En((D s s fa) ) @)
i=1 j=1Yn\Yn n

would give a complete answer concerning convergence in LO(IS[y]). Unfortu-
nately, it is difficult to estimate (4.8) or even E[y] (7 f).

Accordingly, in order to point out the connections between (4.3) and (4.5)
and to so emphasize the role of the Log-likelihood functions V;,/,, we first in-
troduce a natural framework in which the relationship between (4.3) and (4.5)
is made explicit. The recursive expressions described in the next section, will
be used repeatedly for the convergence (3.4) in the last part of the paper.

2|~
l
z
=
[\v]
S—
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4.2. Recursive formulas

The main purpose of this section is to introduce recursive expressions for
(4.3) and (4.5). The technical approach presented here, is to work with the
same given sequence of observations Y = y. The conditional distributions 7,
and the conditional expectations (f ))1§p§n will be formulated as a probabil-
ity and a sequence of functions parametrised by the observation parameters y.
The recursive formulas described in this section, will show how the sequence
of observations scales the updates of both =, and f,(f ). Our constructions will
be explicit and the recursions will have a simple form. First, let us give some
details on the use of Bayes’ formula in our setting. With some obvious abuse of
notation, we have for all 1 < p < n the recursion

P(Yn, - - - » Yp | xp) = p(yp | xp)p(yn, < Yptl | xp)

= p(yp | xp) /p(yna <o Yptl | $p+1) dp(xp—H | Ip)

p(ynv~-~7yp ‘ J7317) _ p<yp | xp) /p(yna <o Yptl | J73p+1) dp(x " | - )
PWns - yp | YY) p(yp [ yP~1) P(Ypt1 | yP) i P
PWns - y1) = pWn | YY) W1 [ 472 p(y2 | y1) p(y1).

To clarify the presentation, we introduce for all 0 < p < n the following defini-
tions
1 (p) —
- gn (xp) p(ynv“'ﬂyp | xp)
2. Gnjp-1(2p) = P(ns - Yp | ) /D(Yns - yp [P 7H).

With a slight abuse of notation we will often write g, () instead of g,(f) (zn) =
D(Yn | Zn). It is now easily checked from the above remarks, that

duppr(@p) = gP(zy) / to(dzp ) K(zpo1,dz) 0P () (4.9)
0P = golay) / K (2pdzpe1) g2+ (1) (4.10)
g"/pfl(xp) = gp/pfl(xp)/K(xp>dxp+1)gn/p(33p+l)- (4-11)

Summarising, we have the backward recursive formulas.

Proposition 4.1. Forevery 0 <p<n—1

gT(Lp) = g (Kgr(lp+1))
g
Gn/p—1 _— (4.12)
Wp—lKgr(zp)

9n/p—1 = Yp/p—1 K(gn/p)'
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We will adopt the conventions m_1 K = v and g(()o) =1
N

n?’

J f(2) gu(yn — h(2)) Mn(dz)
f gn(yn - h(z)) mn(dz)

Moreover, by the very definition of 7, and x.', one gets

N .
N _ In(Yn — h(z3,)) o
For brevity we will write
_mn(gnf) N _mnN(gnf)

Continuing in the same vein, we derive the conditional expectations f,(Lp )

introduced in (4.3).
Using Bayes’ rule we have for all 1 < p < n the following basic equation

)

dp(x’na xp ‘ mp*lvy;lh ) yn)

= dp(xn | Tps Yp+1y--- ayn) dp(xp | Tp—1,Ypy--- ay’n)
P(Yny - Yp | Tp)
p(yrw s 7yp ‘ l'p_l

dp(xn | *xpaypqu, .. ayn) ) dp(xp | xp*l)'

By the same line of arguments, for all 1 < p < n, we get

dp(Tp, Tp, Tp—1 | Y")

= dp(Tn | TpsYp+1s- - Yn) dp(Tp, Tp—1 | Y")
P(WYns -5 Yp | Tp)
P(Yns-- Yp [ yP71)

x dp(zp | Tp1)dp(Tp-1 ‘ yp_1)~

= dp(‘rn | xpayp+1,"'ayn)

Thus we arrive at

f mp—1(dzp—1) K(wp—1,dx)p) Y(Lp)(mp) ggp)(xp)

Tnf = @ , (4.14)
J mp(drp—1) K(xp-1,dxp) g (2p)
for all f € C(S), 1 <p <n. Additionally we have
(p) (p)
f,(f_l)(xpfl) _ J K(zp-1,dzp) i (xp) g (xzo)7 (4.15)

| E(zp-r,day) g ()

for all f € C(S), 1 < p < n. Summarising, our conditional expectations ff,,p )
can be described as follows.
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Proposition 4.2. Forevery f € C(S), the conditional expectations (fflp))lgpgn
satisfy the recursive formula. For every f € C(S) and 1 <p<mn

eKT(Lp)ni K7(zp) 7(Lp)
Flo—1) def Un” gnfp1) _ K" g ) forall 1<p<n. (4.16)

K(gn/p—l) K(gglp))

Moreover, for every f € C(S) and 1 <p<mn

puf = T VD 0) @t K (1 gy )
e (mp-1 K) (gﬁlp)) N (mp—1 K) (g’ﬂ/p—l) - (4.17)

We will adopt the convention fffl) e v( A gﬁo))/y(gflo)).

5. Mean square estimates

In this section we analyse the structure of the Log-likelihood functions V,, /,,,
whilst pointing out explicit bounds. Our next objective is to estimate the con-
vergence rate and mean errors. We shall do this now, beginning with some
lemmas that will be used repeatedly in this section.

Lemma 5.1. Let f : S — R be any integrable Borel test function, and let
n>0 amd~ N > 1.

We have P-a.e.
) (mlaf 1 B) =7 f By (N f | B) =wV K (5)
By (mr )7 B2) = o () + (1= 30) (¥ £)? (52)
i) (T )7 B2) = W K(2) + (1= D) VK (53)

Proof. Tt suffices to note that

m(f) Cn (Y x K,dm) =7 f

n

Ev) (md 1 f]8.) =

Epyy (mh 1 (£)%/Bn)

= SN+ 5) @Y
By (TN f | Ba) = / m(f) Cn(r x K,dm) = 7K f
Ewy (1 ()2 | ) = / (7 f)? O (x x K, dm)

= G INE() 4 (1) GNE S
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Next we derive a technical recursive formula in p, for the expressions

Epv) (M1 (gnyp FPT9) | By) 0<p<n-1.

Lemma 5.2. Let f : S — R be any integrable Borel test function and let
n>0and N > 1. For every 0 < p < n — 1 we have the recursion

Eiy) (1 (Gnyp FFT) [ Bp) = 7p K (guyp fPTV)

_N (p)
_ my (gn/p—l fn )7 P-a.e. (5.4)

m}z)v (9p/p—1)

Proof. Using the inductive definition of fr(lp ), gn/p and Lemma 5.1, we have

E[Y} (mzl)v+1(gn/pfrsp+l)) | Bp) = ﬂ;’VK(gn/pf”(LP'.'l))

. 1
m;}v (gp/p—lK(gn/pf}Ler )))

m1]7\[(917/1771)
m}z)v (gn/pfl fép))

mzjov(gp/pfl)

5.1. Martingale approach

For estimating mean square errors, the key idea is to introduce a (IS,Fn)—
martingale UY, using the functions g, /n—1 and the random measures mﬁf . More
precisely, we define U} as follows.

Definition 5.1. We denote by U" the stochastic process defined by
vl =1, Ul =m (gnjn-1) Un 4, for all n>1. (5.5)

In other words,
n

N 1 - ¢
U, :H (Nng/k—l(xk))'

k=1

Lemma 5.3. U} is a (P, F,,)-martingale with E(UN) = 1 and P-a.s.
Ey)(U2) = 1.

Proof. The first statement follows by recalling that

In () _ gn (Yo — h(z))
7Tnfl[(gn p<Yn | Yn—l) '

gn/n—l(m) =
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This gives P-a.s.

E(Uvjzv I Fn—l)

Unly / M(Gn/n—1) Cn (7h_y x K,dm) dp(y, | Y™ 1)

Uy, / g — h(2)) (TN K)(d2) dy, = U,

and the first assertion follows. To prove E[y](UT]LV ) = 1, the above discussion
goes through with some minor changes. Indeed, P-a.s.

E[Y](Urjzv) = E[Y](mry(gn/n—l)Ufz\il)

= Eyy(Ey (M) (gnyn-1) | Ba-1)Un1). (5.6)
Now, using the inductive definition of g,,/,, we obtain

Ié[Y] (mggn/nfl | anl) = mgfl(gn/n72)/mgfl(gnfl/n72)-
Then (5.6) gives

E[Y](Uév) = INE[Y] (mﬁcl(gn/n—z) Uy y)
= Epp(Epy 01 (gn/n—2) | Bu—2)UY ).

This procedure can be repeated. Using the recursive formulas described in
Section 4.2, we note that

EviUY) = Ep1(Emy(m) (9n/p-1) | Bp-1)UpL1)
En ) (M) (9njp—1) | Bo1) = 051 (Gnjp—2) /M0 1 (Gp—1/p—2)-

Then ~ ~ ~
Ev)(Un) = Ep] (Epyy (M0 1 (9njp—2) | Bp—2)UpLs).

Using backward induction in p, the result follows from the fact that
Eiy) (M7 (9n0)) = VK (gnj0) = 1.
O

The analysis of U is a powerful tool to study the convergence rate of
our interacting particle filter. That is, introducing the process U~ makes the
calculation of mean errors possible, then these estimates will be reinterpreted
back. As a typical example we have the following lemma.

Lemma 5.4. For any integrable Borel test function f : S — R, we have

Ié[Y] (U’I]LV mrjz/;rl (f - an)) =0, P-a.e. (5.7)
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Proof. Using Lemma 5.3, this is equivalent to proving
E[Y] (U’VJLV mf’bv—i-lf) = 7Tn.f'

Now, using Lemma 5.1 and the fact that f,(L") = f, note that

E[ ]( n n+1f) = E[Y](E[Y (mgcdf ‘ 5n)Ur]zv)
E[Y](mnN+1f|ﬂn) = Nf my, (gn/n 1f>/m (gn/n71)~

Then

Now, using backward induction in 1 < p < n — 1 and the recursive formulas
described in Section 4.2, we have

Ep1(Up M1 (gnsp ) = Epg(Up By (M5 (gnyp £ET) | Bp))

E[Y]( p+1(gn/jl7 f(p+1 ) | ﬁp) m;fzv(gn/p—l fr(pp))/mr[yfl(gp/p—l)-

Hence ) ]
By (Un" mn'1 f) = By (Upy 13 (9n /-1 £7))-

The result finally follows from the recursive formulas described in Section 4.2
and the fact that

VK (gnj0 f1V)

B (2 (gm0 £510)) =K lgugo £17) = = LS

:an'

5.2. Mean square estimates

To prove the convergence (3.4), it clearly suffices to prove that

i B0 <17 =0 B (5 3010 - o))

(5.8)
The main purpose of this section is to provide a way for estimating the rate of
convergence of (5.8) in terms of the log-likelihood functions V;, /,,. Such compu-
tations are at the heart of the development. They will drastically simplify the
evaluation of the convergence rates discussed in the last section.
We first quote the following result.

Proposition 5.1. For every series of observations y € RN,
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1. forall0 < p<mn,
Vn/p(y) < Vn/nfl(y) + anl/n72(y) +oe Vp+1/p(y) < Vn(y)a

2. forevery 0 <k <nand0<pg<- - <pgp_1<pr =mn, we have

Z o s () < Va(y).

Proof. The proof is a straightforward computation using that

In/p = K(g7z/p+1) 9p+1/p
implies
Vn/p(y) = log ||K(g727,/p)||00 < Vn/p-&-l(y) + Vp+1/p(y)'
O

Next we want to develop explicit formulas for expressing the effect of the
population size and the observation likelihood functions on the mean square
errors (5.8). The following propositions will be used repeatedly in the last
section.

Proposition 5.2. For every N > 1 and n > 0 we have P-a.e.

L Ep (U -1)?) < zn: (1_7)71%

k=1

X Z exp (Z A ( ),

0<po<---<prp=n
2 Em(@y-1?) < (1-(1- %) ) e,

Proof. Inequality 2 is clearly a consequence of inequality 1 and Proposition 5.1.
Let us prove inequality 1. Using Lemma 5.3

Eyy((UY = 1)) = Epp((UN)?) - 1.

Hence, with the standard convention ), = 0, it is sufficient to prove that

< i %(1 - %)nik Z exp (Z A ( ) (5.9)

k=0 0<po<---<prp=n

me

The proof of (5.9) is based on backward and forward induction in n and max-
imisation techniques. Using Lemma 5.1 and the recursion in Lemma 5.2, we
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have
Eni((U)?) = Epnp(Ep) (M (9n/n—1)? | Bumr) (Un21)%)
E —N 2 < i N K 2 1_i N K 2
[Y](mn (gn/n—l) |ﬁn71) S N7Tn71 (gn/nfl)"i_ I (ﬂ—nfl gn/n—l)
1 1 TN 1 (Gn/nz) \2
< _— V,,L/nfl(Y)_i_ 1 — n—1\9n/n .
e ( N)(mﬁfq(gn—l/n—z))
Thus,

~ 1 ~
By (U2)?) < 5 e/ By (U250)?%)
1\ -~ -
+ (1= ) (v (701 (9ujm2)? | Buma) (UN-0)%)

By the same line of arguments, for every 1 <p <n—1

E (N 2 1 v 1 7y (gn/p-1) 2
E[Y] (mp+1(gn/p) | Bp) = N e + (1 N) (m;f;v(gp/p—l))
E —N 2 1 Vi oY) 1 2
Ery (MY (9ny0)? | Bo) < N e /0T 4 (1 - N) (VK gns0) -

Cascading in the above expression

B (O27) = (1= 35) " X (1) e ().

Suppose the inequalities (5.9) have been proved for every ¢ < n — 1, that is

B () <Y e (1-5)" S e (i Vot (Y)),

k=0 0<po<---<pr=gq

1 k
X Nk+1 Z exp (Vn/m (Y) + Z VPL/PLA (Y)),
=1

0<po<---<prp<n

and the result follows. O

The same techniques then establish the following result.
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Proposition 5.3. For any bounded Borel test function f : S — R, N > 1 and
n > 0, we have P-a.e.

(3 7680 - ms))) <l 3o 1)
x 3 exp (ivpl/pll(y)). (5.10)
0<po<:+<pr—1<pr=n =1
Therefore
~ 1 N . 2
En (522 7@ —mar)UY))
1=1

< (- (1-5)" ) e ey, )

Proof. Let us prove the first statement. For any bounded Borel test function
f S — R, using the recursive formulas described in Section 4.2, we have

N 1L 2
(7 X @)
= Epy)(Epyy (mp1 ) | Ba) (UR)°)
—N 2
ST (R Y (R CITEE

m

) ((m) L (HUN)?)

Ervy ((mn41.5)* | Ba)

IN

Epy
1
N N mnN(gn/n—l)
Then
E 1 -
Epvy (((m),, HUN)?) < v 1£11% Epy (UN)?)
1 C —
+(1 - N) Evy (M (gnjn—1H)UN1)?).- (5.12)
Arguing as above, for every 1 <p <n — 1 we get
Er(m 2
E[Y] (mngl(gn/pfr(Lerl))UéV) )
= By (B (s (s L7 | ) (U)?)

E[Y] (mi,\cd (gn/pr(Lp-;-l))? ‘ 511)

mV (p)
< Lysg sy (1o Ly(TE s £y
— N o N m}fg\f (gp/p_ : )

E[Y] <W{V (gn/ofr(Ll))2 | Bo)

1 1
< 2 SVaso(Y) _ = 2
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Using the above inequalities with expression (5.12), we conclude that
Evy (1 () UL)?)
1

n n—k - n+1
< aniokz(l—}v) Vet (O + (1= ) (),

with the convention V},/,, = 0. Then, using formula (5.9) we easily obtain

E[y] ((mgq-l (f = mnf) Urlzv)Q)

sl - o
< Z N ( - *) Z exp (Z sz/pzfl(y))
0<po<--<pi<pi41=n s=1
n+1
1 1\ (n+1)—1
< AR (- %) > exp(z o2 (V)
=1 0<po<---<pi—1<p1=n

The second statement follows from the first inequality in Proposition 5.1 and

the fact that (7) < ("7). m

6. Convergence theorems

We are now ready to prove the convergence of the interacting particle ap-
proximation described in Section 3. The following theorem is our main result,
and it states the relevant consequences of the mean square error estimates stated
in Propositions 5.2 and 5.3.

Theorem 6.1. For every N > 1, n > 0, any bounded Borel test function
f:S—=R,T>0,and 0 < e < 1/2, we have

-

< % (1 - (1 - %)Tﬂ) Paec, (6.1)

- 1 X 4
sup P[y]{’NZf@Z)—an
i=1

ne0,T]

with A(T, f,Y) = 2 sup (4 f|%,1) "7Y). Moreover,

)

< B(T.f, Y)(l - (1 - %)Tﬂ)m P-ac., (6.2)

sup E[Y](‘NZ]C — T f

nef0,T)

with B(T, f,Y) = 4 f||oc €"70)/2.
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Proof. Using Propositions 5.2 and 5.3 and the Cauchy —Schwarz inequality, we
have

~ 1 X .

Evi (| 2 £@) =t
=1

o (7 2000 |02) + i ([ 070 =
=1

B(T, f,y)(l _ (1 3 %>n+1)1/g

and the inequality (6.2) follows. To prove (6.1), write

1—UN))

IN

N
A=Y z1-c)  B={|T Y f@) - mas
i=1

.

Using Proposition 5.2 and the fact that

|UN —1| <e, forall0<e<1
implies
UVJLV > 1755
we have
Po{Un 21-¢} 2 Ppp{lU) 1| <¢}
1 = N 2
> 1= By (U 1))
1 1\"
> - — - V’n(Y)
> 1-5(-(1-5) )
Therefore,

IS[Y]{Z} < Slz(l — (1 — %)nﬂ) eV (Y,

On the other hand, proposition 5.3 gives the inequalities

|S[y]{B N A}

IA

E[y](‘NZf — T f 21A

IN
—~
_
—_
™
~—
N
S
!
=
—
—
—
2|~
~
~—
8
|
3
3
[y
~—
~—
[\v]
~—

IN

2 n+1
(- () ) e
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Finally, the inequality
and the fact that 0 < € < 1/2 implies € < 1 — &, complete the proof. O

Corollary 6.1. For every N > 2, n > 0, for any integrable Borel test function
f:S—=R,T>0,and 0 < e < 1/2, we have

A(e, T, f,Y
>€}§ (67]\;.}0? )’

Sup P[Y]{’N Zf n 7Tnf
where A(e, T, f,Y) =4T A(T, f,Y)/e*
Proof. From the inequality e¥ > 1 + y, it follows that

(1= ) s o (1 1) = (D log ()

and that logax < a — 1. Thus, we conclude that

n+1
1_(1_i> <n+1<2(n+1)<4£
N “N-17 N T N
for all N > 2 and for all n > 1. This completes the proof. O

Theorem 6.2. Let Y =y € RN be a series of observations such that V,(y) <
+ o0o. For every bounded Borel test function f: S —- R N > 1 andn > 0, we
have

N

for all p > 0, sup E[y] ((% Z f@i) — an)p) — 0. (6.5)

nelo,T] P N—+o0

Proof. Using the inequality

foralle >0,  Ey ((% XN:f(fi) ~mf)’)
=1

< @@l y]{\NZf )=

- e)

and Corollary 6.1, the result follows. O
Consider the following assumption on the observation process:

V) foralln >0 E(V,(Y)) Y a(n) < +oc. (6.6)

This assumption enables us to estimate the convergence rate of our approxima-
tions in spaces LP(P) with p > 0.
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Theorem 6.3. Assume (V) is satisfied. For every bounded Borel test function
f:S=RN>1,n>0,0<e<1/2and M > 0, we have

N
D 1 ~i 1 A(Ta Ma f’ E)
sup P ‘— f@y) —mpf|>ep < — 4+ ————, 6.7
o P @) [ TR (67
with A(T, M, f,e) = 8sup (4] f||oo, 1) T M (1) /4,
Proof. Using Theorem 6.1
| X
— ) — <
2 D F@) = mf| < e}
- A(f) eMe) 1\ n+1
> < — — S
> P(Vo(Y) < Ma(n)) 5 (1-( N) ).
with A(f) =2 sup (4 || f|lo, 1), we get
1 <
— DY <
P{’N ;f(x”) W”'f‘ = 5}
1 A(f) eMa(n) 1\ n+l
> 1—(—+=2  (1-(1-= ,
= (g - 0g) )
The arguments used in the proof of Corollary 6.1 complete the proof. a

Finally, the following corollary is derived by the same reasoning as in Theo-
rem 6.2.

Corollary 6.2. Assume V is satisfied. For every bounded Borel test function
f:S—=R, N>1andn >0, we have

VNN P
for all p > 0, S E((ﬁ ; F(@) - wnf> ) VO (6.8)
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