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Abstract 

The pinch analysis method has been applied to different processes successfully for heat integration. 

Since it does not include pressure as a factor in low temperature processes and it has important role 

in those processes, Extended Pinch Analysis and Design (ExPAnD) method has recently developed 

for heat integration in low temperature processes. 

The main motivation for this Master thesis is to further develop the ExPAnD methodology by 

considering cyclic processes and utilities, where the quality of the design is measured by the Exergy 

Transfer Effectiveness (ETE).  

In this project, the exergy concept is studied. A review among literatures has been done and 

different definitions for exergy efficiency are identified. The pinch analysis method and ExPAnD 

method are also reviewed briefly. Exergy analysis based on Exergy Transfer Effectiveness (ETE) 

has been applied to operation units which are used in LNG production processes. Moreover, dual 

independent expander refrigeration cycles process for LNG production has been analyzed from the 

exergy point of view.  The related heuristic rules of ExPAnD method are studied. This method has 

been applied to the process of dual independent expander refrigeration cycles successfully. Finally, 

a new approach is proposed which improves the exergy efficiency of the cyclic low temperature 

processes. 
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1. Introduction 
Most scientists and engineers consider a process that work below -235°F (-148°C) as a low 

temperature process. This is due to the fact that the normal boiling point of most permanent 

gases (e.g. helium, hydrogen, nitrogen, air etc.) is below this temperature (ASHRAE handbook 

of refrigeration, 2006). According to the given definition, low temperature processes include 

LNG production, air separation, hydrogen liquefaction, nitrogen liquefaction processes and etc. 

However, the temperature range of a low temperature process has never been defined exactly. 

Basic Pinch Analysis has been successfully applied in the design and retrofit of heat exchanger 

networks where the temperature is the only operating variable used in the design. However, in 

low temperature processes temperature levels are obtained through one or more compressions 

and expansions. Such a combination implies pressure manipulations. These adjustments make 

the pressure of a process, the most important variable in its design.  

A design methodology for low temperature processes has been under development in the 

department of energy and process engineering at NTNU for last few years. This methodology is 

called ExPAnD (Extended Pinch Analysis and Design), that is an extension of the basic Pinch 

Analysis applied to processes where pressure plays an inevitable role. 

The development of ExPAnD has been started in parallel with the invention of a new process for 

offshore natural gas liquefaction. Throughout this invention several heuristics were identified. 

This design method and the corresponding heuristics are innovative and include new approaches 

that have not been used in the design of other processes so far.  Therefore, in order to turn this 

methodology into a more general and robust one, it is crucial applying it to a variety of low 

temperature processes such as cyclic one. 

In addition, the quality evaluation of design by thermodynamic measures is a demanding 

requirement. Exergy efficiency is a suitable tool. However, researchers have not agreed on a 

specific definition and realization of this measure. Thus, this can cause confusion while 

comparing exergy efficiency of two processes. Additionally, most of these definitions are not 

applicable to a low temperature process. 
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To such an extent, our group has started to develop a new definition for exergy efficiency. The 

definition is based on a new understanding about exergy transfer, and the decomposition of 

thermo-mechanical exergy into a temperature based component and a pressure based component.  

This enables the establishment of a new Exergy Transfer Effectiveness (ETE), focusing on 

exergy sources and exergy sinks.  The decomposition of exergy is particularly important below 

ambient temperature due to the discontinuity in the definition of temperature based exergy at 

ambient temperature. 

In chapter 2, I have studied the exergy concept and its classification. Temperature based exergy, 

pressure based exergy, and mechanical exergy are reviewed. Exergy balance equation for a closed 

system and control volume are derived, destruction exergy due to heat transfer and pressure drop is 

explained. A review among literatures has been done and different definitions for exergy efficiency 

are identified. The pinch analysis method and ExPAnD method are also reviewed briefly.  

In the third chapter, I have applied exergy analysis based on Exergy Transfer Effectiveness (ETE) 

to operation units which are used in LNG production processes. Effect of pressure and temperature 

on exergy efficiency of these units are identified by analytical and sensitivity analysis techniques. 

Moreover, dual independent expander refrigeration cycles process for LNG production has been 

analyzed from the exergy point of view.   

In the fourth chapter, the ExPAnD heuristic rules for streams with a target pressure that differs from 

the supply pressure are examined. The application procedure has been successful and improved the 

exergy efficiency of a given process. Additionally, I have proposed a new approach which 

significantly improves the exergy efficiency of the cyclic low temperature processes. 
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2. Theory 

In this chapter, exergy concept and exergy efficiency will be introduced. Moreover, pinch 

analysis and Expand method will be introduced briefly. 

2.1. Exergy 

Energy is conserved in a process or equipment.  It can transform from one state to another, but it 

will not be destroyed. Although quantity of energy is conserved, quality of energy may be 

changed. For instance, consider a system which consists of a room and a container of fuel. If we 

burn the fuel to warm up the room, our system has the same amount of energy as it has initially. 

So, the quantity of energy will remain constant but the quality of energy will change since the 

energy of fuel is more valuable economically than warm air.  

‘’ Energy conservation idea alone is inadequate for depicting some important aspects of resource 

utilization (Moran & Shapiro, 2006)’’. As a result, we should define a parameter which explains 

the quality of energy. We can define exergy as potential for use. 

For explaining exergy in a precise way, we can consider two different systems at different states. 

One of the systems is environment and another one is our system of interest. Exergy is maximum 

theoretical obtainable work as these systems interact to be in equilibrium with each other. 

Now it is necessary to define the environment. ‘’Environment is a very large body or medium in 

the state of perfect thermodynamic equilibrium. Thus, this conceptual environment has no 

gradients or differences involving pressure, temperature, chemical potential, kinetic or potential 

energy. Therefore, there is no possibility of producing work from any form of interaction 

between parts of environment (Kotas, 1995)’’. So, any system outside of environment which has 

any different parameters compared to environment, has a potential for producing work when it 

interact by environment. 

In conclusion, ‘’exergy is a measure of the departure of the state of a system from that of the 

environment (Moran & Shapiro, 2006)’’. The value of exergy is always positive or zero when 

the system condition changes to dead state. Exergy is not conserved and destroyed by 

irreversibility. 
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2.1.1. Classification of exergy 

Figure (2-1) shows the classification of exergy. 

 
Figure  2.1 Classification of exergy (Gundersen, 2011) 

As we can see in figure (2-1), total exergy of a stream of matter can be obtained with equation 

(2-1). 

ܧ ൌ ௞ܧ ൅ ௣ܧ ൅ ெ்ܧ ൅  ௖                                                                                                          (2-1)ܧ

Where Ek is kinetic exergy, Ep is potential exergy, ETM is thermo-mechanical exergy, and Ec is 

chemical exergy. By introducing specific exergy as ߝ ൌ /ܧ ሶ݉ , we can write this equation in 

specific form. 

ߝ ൌ ௞ߝ ൅ ௣ߝ ൅ ெ்ߝ ൅  ௖                                                                                                             (2-2)ߝ

Chemical exergy is important for processes with separation, mixing, or chemical reaction. Since 

in natural gas liquefaction none of these processes is used, we will skip chemical exergy and 

discuss about other exergy components in detail.  

2.1.2. Mechanical exergy 

The kinetic and potential energy of a stream can be fully converted to work in an ideal device by 

100% efficiency. Figure (2-2) shows different devices which can transfer kinetic and potential 

energy to shaft work. 
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Figure  2.2  Example of transformation of kinetic and potential energy to work (Kotas, 1995) 

As we can see the kinetic energy of water jet can rotate the turbine and produce work. In another 

case, the potential energy of box which is stored in gravitational form can drive the winch and 

produce work. As a result, by considering the definition of exergy, kinetic and potential exergy 

are equal to kinetic and potential exergy. Thus: 

௞ܧ ൌ  ሶ݉ ஼మ

ଶ
                                                                                                                                  (2-3) 

௣ܧ ൌ  ሶ݉ ݃ாܼ                                                                                                                               (2-4) 

Where ሶ݉  the mass flow rate of stream, C is the bulk velocity of stream, Z is altitude of the 
stream above the sea level and gE is constant of gravitational acceleration (Kotas, 1995). 

2.1.3. Thermo­mechanical exergy 

I should mention that Kotas categorized exergy in different way. In his category, physical exergy 

is same as thermo-mechanical exergy in the category which is introduced sooner. Kotas define 

thermo-mechanical (physical) exergy by ‘‘Physical exergy is equal to the maximum amount of 

work obtainable when the stream of substance is brought from its initial state to the 

environmental state defined by P0 and T0, by physical processes involving only thermal 

interaction with the environment (Kotas, 1995)’’. 
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We can derive an expression for thermo-mechanical exergy by using the definition of exergy in 

connection with an ideal device in which stream undergo a reversible process as shown in figure 

(2-3). 

 
Figure  2.3  A reversible device for determining thermo‐mechanical exergy (Kotas, 1995) 

The inlet stream potential and kinetic energy is negligible. The pressure and temperature of inlet 

stream is P1 and T1. The inlet stream brought into equilibrium with environment in a reversible 

device, so the produced work is maximum. Heat transfer takes place at ambient temperature. 

We can write energy balance for this control volume by neglecting the changes in kinetic and 

potential energy: 

ௗா೎ೡ

ௗ௧
ൌ ሶ݉ . ሾ ሺݍ଴ሻோா௏ െ ሺݓ௑ሻோா௏ ൅ ሺ݄ଵ െ ݄଴ሻሿ                                                                           (2-5) 

By assuming steady state condition energy balance will be simplified into: 

ሺݍ଴ሻோா௏ െ ሺݓ௑ሻோா௏ ൅ ሺ݄ଵ െ ݄଴ሻ ൌ 0                                                                                        (2-6) 

Equation of entropy balance for reversible devise is: 

ௗௌ೎ೡ

ௗ௧
ൌ ሶ݉ . ቂ 

ሺ௤బሻೃಶೇ

బ்
൅ ሺݏଵ െ ଴ሻቃݏ ൅ ௖௩ሶߪ                                                                                        (2-7) 
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In which 
ௗௌ೎ೡ

ௗ௧
 and ܧௗሶ  are zero by assuming steady state condition and no irreversibility in 

process. So, the entropy balance equation will simplify to: 

ሺ௤బሻೃಶೇ

బ்
൅ ሺݏଵ െ ଴ሻݏ ൌ 0                                                                                                              (2-8) 

By combining equation (2-6) and (2-8) we will have: 

ሺݓ௑ሻோா௏ ൌ ሺ݄ଵ െ ݄଴ሻ െ ଴ܶሺݏଵ െ  ଴ሻ                                                                                       (2-9)ݏ

By referring to thermo-mechanical exergy definition, specific thermo-mechanical exergy is equal 

to specific reversible work which is delivered by reversible devise. 

ெ்ߝฺ ൌ ሺ݄ଵ െ ݄଴ሻ െ ଴ܶሺݏଵ െ  ଴ሻ                                                                                          (2-10)ݏ

As shown in figure (2-1) we can decompose the thermo-mechanical exergy to pressure based and 

temperature based. The accuracy of exergy analysis is improved by splitting the thermo-

mechanical exergy to pressure base and temperature based exergy. To find pressure based and 

temperature based exergy we can consider either adiabatic and isothermal processes or isobaric 

and isothermal processes (Morosuk et al., 2005). Figure (2-4) shows the decomposition of 

thermo-mechanical exergy based on isothermal and isobaric processes. 

 

Figure  2.4 Decomposition of thermo‐mechanical exergy (Gundersen,2011) 

We can decompose thermo-mechanical exergy in two ways by using isobaric heat transfer and 

isothermal expansion or compression according to figure (2-4): (a+b) and (c+d). Calculating 
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temperature based and pressure based exergy from each of these ways leads to same result for 

ideal gas. But for none ideal gas, each path gives different result.  

In general, there is an agreement in the literatures to calculate temperature based and pressure 

based exergy. The temperature based exergy relates to changing the temperature of stream from 

T to T0 when the pressure is kept at constant pressure P. The pressure based exergy relates to 

changing the pressure of stream from P to P0 when the temperature is kept at constant 

temperature T0 (Gundersen, 2011).  

By using the above definition for temperature and pressure based exergy, following equations 

describe them. 

ெ்ߝ
் ൌ ሾ݄ሺܶ, ሻ݌ െ ݄ሺ ଴ܶ, ሻሿ݌ െ ଴ܶ. ሾݏሺܶ, ሻ݌ െ ሺݏ ଴ܶ,  ሻሿ                                                          (2-11)݌

ெ்ߝ
௣ ൌ ሾ݄ሺ ଴ܶ, ሻ݌ െ ݄ሺ ଴ܶ, ଴ሻሿ݌ െ ଴ܶ. ሾݏሺ ଴ܶ, ሻ݌ െ ሺݏ ଴ܶ,  ଴ሻሿ                                                    (2-12)݌

‘’ It is interesting that within the total thermo-mechanical exergy, the two component can be 

trade-off against each other (Gundersen, 2011)’’. In the cryogenic process, a pressurized stream 

can be expanded and provide cooling and power. This is done by increasing temperature based 

exergy at the cost of pressure based exergy (Aspelund et al, 2007). 

2.1.4. Exergy balance for a closed system 

We can find the exergy balance equation for a closed system by combining energy and entropy 

balance. For a closed system, energy balance equation is: 

ሺܷଶ െ ଵܷሻ ൅ ሺܧܭଶ െ ଵሻܧܭ ൅ ሺܲܧଶ െ ଵሻܧܲ ൌ ׬ ܳߜ
ଶ

ଵ െ ܹ                                                     (2-13) 

And, entropy balance is: 

ܵଶ െ ଵܵ ൌ ׬ ሺఋொ

்
ሻ௕

ଶ
ଵ ൅ ௚ܵ௘௡                                                                                                       (2-14) 

where b denotes the boundary and Sgen is the entropy generation in system due to internal 

irreversibility. By multiplying equation (2-14) by atmosphere temperature and subtracting from 

equation (2-13), we can find exergy balance for a closed system: 
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ଶܧ െ ଵܧ ൌ ׬ ሺ1 െ బ்

்್
ሻܳߜ

ଶ
ଵ െ ሾܹ െ ଴ܲሺ ଶܸ െ ଵܸሻሿ െ ଴ܶ ௚ܵ௘௡                                                     (2-15) 

We can see from equation (2-15) that exergy change in the system is caused by exergy transfer 

by heat and work and exergy destruction because of internal irreversibility. 

2.1.5. Exergy balance for a control volume 
Since the control volume is most useful for engineering analysis, an equation for exergy balance 

in control volume is driven. The exergy of a system is given by equation (2-16). 

਻ ൌ ߝ݉ ൌ ݉ሺ݁ െ ݁଴ሻ ൅ ݉ ଴ܲሺݒ െ ଴ሻݒ െ ݉ ଴ܶሺݏ െ  ଴ሻ                                                                 (2‐16)ݏ

Where subscript ‘’0’’ refers to environment. Since environment properties are constant, rate of 

changes for E becomes: 

ௗ਻

ௗ௧
ൌ ௗሺ௠௘ሻ

ௗ௧
െ ݁଴

ௗ௠

ௗ௧
൅ ଴ܲ

ௗ௏

ௗ௧
െ ଴ܲݒ଴

ௗ௠

ௗ௧
െ ଴ܶ

ௗሺ௠௦ሻ

ௗ௧
൅ ଴ܶݏ଴

ௗ௠

ௗ௧
                                          (2-17) 

By using ݄଴ ൌ ݁଴ ൅ ଴ܲݒ଴ we can simplify equation (2-17). 

ௗ਻

ௗ௧
ൌ ௗሺ௠௘ሻ

ௗ௧
൅ ଴ܲ

ௗ௏

ௗ௧
െ ଴ܶ

ௗሺ௠௦ሻ

ௗ௧
െ ሺ݄଴ െ ଴ܶݏ଴ሻ ௗ௠

ௗ௧
                                                               (2-18) 

Now we can write mass balance, energy balance, and entropy balance for control volume: 

ௗ௠

ௗ௧
ൌ ∑ ሶ݉ ௜ െ ∑ ሶ݉ ௢                                                                                                                  (2-19) 

ௗா

ௗ௧
ൌ ௗ௠௘

ௗ௧
ൌ ∑ ܳ௖௩ሶ െ ሶܹ௖௩ ൅ ∑ ሶ݉ ௜݄௜ െ ∑ ሶ݉ ௢݄௢                                                                       (2-20) 

ௗௌ

ௗ௧
ൌ ௗ௠௦

ௗ௧
ൌ ∑ ொሶ೎ೡ

்
൅ ∑ ሶ݉ ௜ݏ௜ െ ∑ ሶ݉ ௢ݏ௢ ൅  ሶ௖௩                                                                           (2-21)ߪ

Where subscript ‘’i’’ refers to inlet stream and ‘’o’’ refers to outlet stream. By substituting 

equations (2-19)- (2-21into equation (2-18) we will have: 

݀਻
ݐ݀

ൌ ෍ ܳ௖௩ሶ െ ሶܹ௖௩ ൅ ෍ ሶ݉ ௜݄௜ െ ෍ ሶ݉ ௢݄௢ ൅ ଴ܲ
ܸ݀
ݐ݀

 

െ ଴ܶ ቂ∑ ொሶ೎ೡ

்
൅ ∑ ሶ݉ ௜ݏ௜ െ ∑ ሶ݉ ௢ݏ௢ ൅ ሶ௖௩ቃߪ െ ሺ݄଴ െ ଴ܶݏ଴ሻ ௗ௠

ௗ௧
                                                       (2-22) 
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ฺ  
݀਻
ݐ݀

ൌ ෍ ሶܳ௖௩ ൬1 െ ଴ܶ

ܶ
൰

ሶ
 

െ ሶܹ௖௩ ൅ ଴ܲ
ܸ݀
ݐ݀

 

൅ ෍ ሶ݉ ௜ߝ௜ െ ෍ ሶ݉ ௢ߝ௢ 

െ ଴ܶߪሶ௖௩                                                            (2-23) 

The first right hand term of equation (2-23) is exergy transfer accompanying heat, the second one 

is exergy transfer accompanying shaft/boundary work, the third one is exergy transfer 

accompanying with flow, and the last one is exergy destruction due to irreversibilities within the 

system. ਻ௗ ൌ ଴ܶߪሶ௖௩ is positive when irreversibility is present in the system and it is zero for 

reversible process. 

By referring to equation (2-23), the rate equation for exergy could be stated verbally as: 

Rate of exergy storage = Transfer by heat + Transfer by shaft/ boundary work + Transfer by flow        

– Exergy destruction (Sonntag, 2003). 

Since exergy destruction is always positive or zero, for steady state condition and fixed boundary 

control volume, we can conclude that: 

∑ ሶܳ௖௩ ቀ1 െ బ்

்
ቁ

ሶ
െ ሶܹ௖௩ ൅ ∑ ሶ݉ ௜ߝ௜ െ ∑ ሶ݉ ௢ߝ௢ ൒ 0                                                                      (2-24) 

Heat transfer and friction are two important factors in exergy destruction. To find effect of heat 

transfer and friction on exergy destruction, we can write the exergy balance for the counterflow 

heat exchanger which is shown in figure (2-5).  

 

Figure  2.5 Counter flow heat exchanger to discuss the effect of heat transfer and friction on exergy 
destruction (Bejan et al., 1996) 
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Before writing this equation, it is useful to define thermodynamic average temperature. For 

defining that, consider a control volume with one inlet and one outlet which experience heat 

transfer. We can write entropy balance. ሺொሶ೎ೡ

௠ሶሶ
ሻ௜௡௧ ௥௘௩ ൌ ௔ܶሺݏ௢ െ  ௜ሻ. Where Ta is theݏ

thermodynamic average temperature (Bejan et al, 1996). 

ฺ ௔ܶ ൌ
׬ ்ௗ௦

೚
೔

௦೚ି௦೔
                                                                                                                          (2-25) 

By considering ݄݀ ൌ ݏ݀ܶ ൅  .we can rewrite above equation ܲ݀ݒ

ฺ ௔ܶ ൌ
ሺ௛೚ି௛೔ሻି׬ ௩ௗ௉

೚
೔

௦೚ି௦೔
                                                                                                             (2-26) 

If we assume there is not any change in pressure, for example in case of ideal heat exchanger 

with no pressure drop, we can simplify equation (2-26). 

ฺ ௔ܶ ൌ
ሺ௛೚ି௛೔ሻ

௦೚ି௦೔
 (constant pressure)                                                                                         (2-27) 

Then, we can define exergy transfer due to heat transfer by equation (2-28). 

ሶ௤ܧ ൌ ሺ1 െ బ்

்ೌ
ሻ ሶܳ                                                                                                                         (2-28) 

We can write exergy balance for subsystem A by using thermodynamic average temperature 

term. Subsystem A is a wall which separates hot and cold stream. Heat transfer through the wall 

is ሶܳ . Equation (2-29) is exergy balance for this subsystem. 

0 ൌ ቀ1 െ బ்

்೓ೌ
ቁ ሶܳ െ ቀ1 െ బ்

೎்ೌ
ቁ ሶܳ െ  ሶ஽                                                                                      (2-29)ܧ

where ܧሶ஽ is exergy destruction. Tha and Tca are thermodynamic average temperature for hot 

stream and cold stream.  

ሶ஽ܧ ฺ ൌ ଴ܶ ሶܳ ்೓ೌି ೎்ೌ

்೓ೌ ೎்ೌ
                                                                                                                             (2-30) 
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By considering heat transfer is proportional to difference temperature between hot and cold 

stream, we have, Eሶ D ן T଴
ሺT౞౗ିTౙ౗ሻమ

T౞౗Tౙ౗
. This equation shows that exergy destruction due to heat 

transfer will increase by increasing the temperature difference between cold and hot stream. 

For finding the exergy destruction due to friction we can consider subsystem B which is a control 

volume including the channel where hot stream is flowing at steady state. Friction is the only 

irreversibility in this control volume (Bejan et al, 1996). 

We can write the exergy balance for this control volume by assuming kinetic and potential 

exergy terms are equal in the inlet and outlet, 

Eሶ D ൌ ቀ1 െ Tబ

T౞౗
ቁ Qሶ ൅ mሶ ሾሺh୧ െ h୭ሻ െ T଴ሺs୧ െ s୭ሻሿ                                                                   (2-31) 

By considering Qሶ ൌ mሶ ሺh୭ െ h୧ሻ we can simplify equation (2-31). 

 Eሶ D ൌ T଴mሶ ሾሺs୭ െ s୧ሻ െ ୦౥ି୦౟

T౞౗
ሿ                                                                                                 

By using equation (2-26) in above equation, we can write it in format of equation (2-32). 

 Eሶ D ൌ െT଴mሶ
׬ ୴ୢP

౥
౟

T౞౗
                                                                                                                   (2-32) 

We can simplify above equation by using Bernoulli equation: 

׬ vdP
୭

୧ ൅ ଵ

ଶ
൫V୭

ଶ െ V୧
ଶ൯ ൅ gሺz୭ െ z୧ሻ ൅ Wሶ ౙ౬

୫ሶ
൅ h୪ ൌ 0                                                            (2-33) 

Where Wሶ ୡ୴ represents the work which is developed by control volume and hl is the head loss 

which shows the rate of irreversibility changes of mechanical energy to internal energy. hl is zero 

when there is no irreversibility such as friction. For our case of study we can simplify equation 

(2-23) toh୪ ൌ െ ׬ vdP
୭

୧  . So, the exergy destruction equation due to friction is 

Eሶ D ൌ Tబ୫ሶ ୦ౢ

T౞౗
                                                                                                                               (2-34) 
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The term head loss is involving two terms, the wall friction due to passing of gas or liquid 

through the pipe and flow thorough resistances like valve or elbow. So, we can formulate head 

loss as equation (2-35). 

 h୪ ൌ ∑ ሾሺf ସL

D
ሻ Vమ

ଶ
ሿ୮୮ ൅ ∑ ሾK Vమ

ଶ
ሿ୪୪                                                                                              (2-35) 

Where the first term of right hand is pipe friction and the second term is resistance. f is friction 

factor which depends on relative roughness of the wall and Reynolds number. K is loss 

coefficient for resistance. (Bejan et al, 1996). 

So, by using equation (2-35) we can find the exergy losses due to friction in the case of study. 

 Eሶ D ൌ
Tబ୫ሶ ሺ୤రL

D
ሻVమ

మ

T౞౗
                                                                                                                       (2-36) 

As we can see in equation (2-36), exergy destruction varies directly by mass velocity and friction 

factor and inversely by temperature. So, by decreasing the temperature, effect of friction is more 

on exergy destruction. As a result, for low temperature processes its effect is significant. 

Exergy destruction in heat transfer are important in LNG processes, since it needs to be 

compensated by higher power input, and heat transfer at low temperature gives higher 

destruction. (Pettersen, 2009) Figure (2-6) shows the heat transfer between hot stream and cold 

stream below ambient temperature (T0). 
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Figure  2.6 Temperature entropy diagram for heat transfer at sub‐ambient temperature (Pettersen, 

2009) 

Heat transferred from hot stream to cold stream. So, area below hot stream and cold stream 

which corresponds to heat transfer should be equal. The exergy is transferred from cold stream to 

hot stream in opposite direction of heat transfer. The exergy which is transferred from cold 

stream to hot stream is more than which is received by cold stream. As a result, there is exergy 

loss in heat transfer which is shown by W. It is clear that by increasing T, exergy loss will be 

increased. The exergy loss or loss work should be compensated by additional work input. So, in 

designing heat exchanger it is favorable to reduce T. However, there is a limitation in reducing 

T which increases the capital cost due to increase in area of heat exchanger. 

2.1.6. Exergy efficiency 

Efficiency is a fundamental concept which describes the performance of a system or process.  

For assessment of a system or process, the relation between output which obtained the effect and 

input which supplied the effect are considered. So, definition of output and input will influence 

on the value of efficiency. Since there is not any scientifically unique definition for the values of 

input and output; there are many different treatments for describing efficiency. Some of them are 

incorrect and leads to senseless values. For instance, in some definitions, the efficiency of an 

imperfect process is more than 100%. On the other hand, the efficiency of an ideal process is less 

than 100% (Brodyansky, 1994). 
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To evaluate the performance of a process or system, it is necessary to consider that from 

economy point of view. Other factors such as impact on society and environment are important 

too. Since these parameters are instable, thermodynamic can be a good guide to evaluate the 

performance of a process. 

In modern thermodynamic exergy efficiency developed to measure the thermodynamic 

performance of a process with respect to irreversibilities and losses. (Marmolejo-Correa & 

Gundersen, 2011) The less irreversibility in process, the greater work can be done and the 

decrease in availability reserves will be less. Moreover, ‘’ it is desirable to accomplish a given 

objective with the smallest irreversibility is an economic one (Sonntag, 2003)’’. However, we 

should consider that many factors have influence on economical design. For example, by 

decreasing T in heat exchanger, irreversibility will be less but the capital cost will increase due 

to increase in area of heat exchanger. 

In general, exergy efficiency is described by equation (2-37). 

௘ߟ ൌ
∑ ா೐೑೑

∑ ா೐ೣ೛
ൌ  

∑ ா೐ೣ೛ି∑ ஽

∑ ா೐ೣ೛
ൌ

஺೐೑೑

஺೐ೣ೛
                                                                                                                  (2-37) 

Where ∑D is the sum of exergy losses in the process, Aeff is produced useful effect in a system, 

and Aexp is system’s expenditures. There are different approaches to define useful effect and 

system’s expenditures in literatures which lead to different definition for exergy efficiency and 

confusion when they are used to describe the performance of a process. The best known one is 

introduced in equation (2-38): 

௘ߟ ൌ
∑ ா೚ೠ೟

∑ ா೔೙
                                                                                                                                              (2-38)     

This definition is simple and expenditure and useful effect are well defined but it cannot evaluate 

the performance of a process well since it usually calculates the efficiency of process close to 

one. The reason is due to the fact that part of exergy which enters to the process and remains 

unchanged dilutes the weight of irreversibilities (Marmolejo et al., 2011). 

Another approach is based on subtraction. Kotas categorized exergy transfers into desired output 

and necessary input. The exergy input and output take different format of exergy such as work, 

exergy associated to heat transfer, exergy of flow of matter and change of exergy of stream 
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which passes through a control volume like heat exchanger. By definition of exergy input and 

output we can write exergy balance (Kotas,1995). 

 ∑ ሶ௜௡ܧ∆ ൌ ∑ ሶ௢௨௧ܧ∆ ൅  ሶ                                                                                                            (2-39)ܫ

Where ∑ ∑ ,ሶ௜௡ is the sum of all input exergy transfersܧ∆  ሶ௢௨௧ is the sum of all output exergyܧ∆

transfers, and ܫሶ corresponds to irrevesibilities. Since ܫሶ ൒ 0, 
∑ ∆ாሶ೚ೠ೟

∑ ∆ாሶ ೔೙
൑ 1 . As a result, the ration of 

exergy output and exergy input is suitable to evaluate the performance of a process. Kotas called 

that ration rational efficiency (Kotas,1995):  

 ൌ
∑ ∆ாሶ೚ೠ೟

∑ ∆ாሶ ೔೙
                                                                                                                              (2-40) 

The difference between input exergy transfers and output exergy transfers depends on degree of 

irreversibility of process. 

To define exergy efficiency Bejane defined product and fuel. Fuel is the resource to produce 

product. Product is the desired result of process. By this definition, we can write the exergy 

balance for a process by equation (2-41). 

ሶிܧ ൌ ሶ௉ܧ ൅ ሶ஽ܧ ൅  ሶ௅                                                                                                                 (2-41)ܧ

where, ܧሶி is the exergy of fuel, ܧሶ௉is the exergy of product, ܧሶ஽ is destruction exergy of process, 

and ܧሶ௅ is exergy losses from process. The exergy efficiency will be the ratio between exergy of 

product and exergy of fuel. 

ߝ ൌ ாሶು
ாሶಷ

                                                                                                                                       (2-42) 

‘’ The exergetic efficiency shows the percentage of the fuel exergy provided to a system that is 

found in the product exergy’’ (Bejan et al, 1996). The difference between exergy of product and 

fuel shows how much exergy is wasted in the process. For using this definition, it is necessary to 

introduce fuel and product properly. The purpose of the system determines the fuel and product 

of the system. For example, the purpose of pump or compressor is increasing the outlet pressure 

by means of input power. As a result, fuel is input power and product is the difference between 

inlet and outlet exergy. On the other hand, since the purpose of turbine is to generate power, the 
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product is generated power and fuel is the difference exergy of inlet and outlet stream. (Bejan et 

al, 1996) 

Since, heat exchangers can have different purposes in different situations, the definition of fuel 

and product is different. The purpose of a heat exchanger which works above ambient 

temperature is increasing the exery of cold stream at expense of decreasing the exergy of hot 

stream. So, the difference between exergy of inlet and outlet of the cold streams is product and 

the exergy difference between inlet and outlet hot streams is fuel. In the other hand, for a heat 

exchanger which works below temperature, the definition of fuel and product is different since 

its purpose is to transfer exergy from cold stream to hot stream. (Bejan et al, 1996) 

Since it is possible to define fuel and product or exergy input and exergy output differently in 

these definitions, there is not any unique result for exergy efficiency. For example, exergy 

increasing due to increasing concentration of components which are separated in separation 

process can be considered as useful effect. However exergy increasing can be result of an 

increase in their partial pressures. Generally, expenditure can be interpreted differently. 

The third approach is based on subtracting of exergy which has not changed qualitatively. By 

excluding the unchanged exergy flows, it is possible to separate and evaluate those 

transformations of exergy which are essential to the purpose of system. This idea leads to 

evaluate the transformations of exergy which are important to the system’s purpose. Brodyansky 

suggest equation (2-43) to calculate exergy efficiency. 

௘ߟ ൌ
∑ ா೚ೠ೟ିா೟ೝ

∑ ா೔೙ିா೟ೝ                                                                                                                                        (2-43) 

Where, Etr is transient exergy. ‘’ Transient exergy is a constant part of the exergy flow passing 

through a system’s control surface which, within the limits of the the considered system, is not 

transferred into exergy of a new compound, new kind or component of exergy and is determind 

by the least magnitudes of the same kind of exergy flows at the system’s input and output 

(Brodyansky, 1994)’’. Since, transient exergy can be understood in different ways, it is necessary 

to define that uniquely according to purpose of system. Table (2-1) shows how we can calculate 

transit exergy for different exergy carrier. I should mention that chemical exergy is not discussed 

in this table since it is not involved in the exergy analysis in the thesis. 
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Table  2‐1 Formulas for calculating different kinds of transit exergy (Brodyansky, 1994) 

Exergy carrier Transit in an overall exergy 
stream 

Transit in each exergy substream (stream) 

Work flow min [∑ ௜௡,௪௪ܧ , ∑ ௢௨௧,௪௪ܧ ]  

Heat flow min [∑ ௜௡,௤௤ܧ , ∑ ௢௨௧,௤௪ܧ ] a. ௜ܶ௡ ൐ ଴ܶ, ௢ܶ௨௧ ൐ ଴ܶ 

ܳ௧௥ ܶ௠௜௡ െ ଴ܶ

ܶ௠௜௡  

b. ௜ܶ௡ ൏ ଴ܶ, ௢ܶ௨௧ ൏ ଴ܶ 

ܳ௧௥ ܶ௠௔௫ െ ଴ܶ

ܶ௠௔௫  

c. ௜ܶ௡ ൏ ଴ܶ, ௢ܶ௨௧ ൐ ଴ܶ or ௜ܶ௡ ൐ ଴ܶ, ௢ܶ௨௧ ൏ ଴ܶ 

ܳ௧௥ ଴ܶ െ ଴ܶ

଴ܶ
ൌ 0 

Thermo-
mechanical 
exergy of 
material flow 

min [∑ ௜௡,௣,்௕ܧ , ∑ ௢௨௧,௣,்௕ܧ ] min[ܧ௜௡,௣,்,  [்,௢௨௧,௣ܧ

Sum of 
temperature 
based and 
pressure based 
exergy 
components of 
material flow 

 a. ௜ܶ௡ ൐ ଴ܶ, ௢ܶ௨௧ ൐ ଴ܶ 

்,௣ܧ
௧௥ ൌ min ሾܧ௜௡൫ܶ௠௜௡, ,௜௡൯݌ ,௜௡൫ܶ௠௜௡ܧ  ,௢௨௧൯݌

,௢௨௧൫ܶ௠௜௡ܧ ,௜௡൯݌ ,௢௨௧൫ܶ௠௜௡ܧ  ௢௨௧൯ሿ݌

 

b. ௜ܶ௡ ൏ ଴ܶ, ௢ܶ௨௧ ൏ ଴ܶ 

்,௣ܧ
௧௥ ൌ min ሾܧ௜௡ሺܶ௠௔௫, ,௜௡ሻ݌ ,௜௡ሺܶ௠௔௫ܧ  ,௢௨௧ሻ݌

,௢௨௧ሺܶ௠௔௫ܧ ,௜௡ሻ݌ ,௢௨௧ሺܶ௠௔௫ܧ  ௢௨௧ሻሿ݌

 

c. ௜ܶ௡ ൏ ଴ܶ, ௢ܶ௨௧ ൐ ଴ܶ or ௜ܶ௡ ൐ ଴ܶ, ௢ܶ௨௧ ൏ ଴ܶ 

்,௣ܧ
௧௥ ൌ min ሾܧ௜௡ሺ ଴ܶ, ,௜௡ሻ݌ ௜௡ሺܧ ଴ܶ,  ,௢௨௧ሻ݌

௢௨௧ሺܧ ଴ܶ, ,௜௡ሻ݌ ௢௨௧ሺܧ ଴ܶ,  ௢௨௧ሻሿ݌

 

 

Some points should be explained to use this table. b is index of material flows at inlet and outlet, 

w is index for work, and q is index for heat flow. Temperature based and pressure based exergy 

can be calculated only for each stream not for overall exergy flow. Since, it is not possible to 
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sum up the temperature based exergy of streams at different pressure. As we can see in table (2-

1), the transit exergy of heat and temperature based component of material flow depends on 

temperature of inlet and outlet. This is due to the fact that at temperature above ambient, 

minimum temperature based exergy is for the stream with minimum temperature. On the other 

hand, at temperature below ambient, the least temperature based exergy is for the stream with 

maximum temperature. 

Brodyansky suggested general formula for calculating exergy efficiency. (Brodyansky, 1994) 

௘ߟ ൌ
∑ ሺா೚ೠ೟,೜೜ ିா೜

೟ೝሻା∑ ሺா೚ೠ೟,ೢೢ ିாೢ
೟ೝሻା∑ ሺா೚ೠ೟,೛,೅್ ିா೛,೅

೟ೝሻ

∑ ሺா೔೙,೜೜ ିா೜
೟ೝሻା∑ ሺா೔೙,ೢೢ ିாೢ

೟ೝሻା∑ ሺா೔೙,೛,೅್ ିா೛,೅
೟ೝሻ

                                                             (2-44) 

Theses definitions are not suitable to calculate the performance of low temperature processes. ‘’ 

This incompatibility is due to the lack of a proper treatment of exergy flows inside the process 

unit (Marmolejo-Correa and Gundersen, 2011)’’. Since calculation of exergy efficiency is more 

important for these processes because of work requirement in refrigeration cycles, Marmolejo 

defines proposes a new expersion to calculate Exergy Transfer Effectiveness (ETE). ‘’The ETE 

is focused on measuring the exergy transfer within processes and rate the goodness of exergy 

transformations from sources to sinks (Marmolejo-Correa & Gundersen, 2011)’’. ETE can be 

calculated by equation (2-45). 

ߝ ൌ ா௫௘௥௚௬ ௌ௜௡௞

ா௫௘௥௚௬ ௌ௢௨௥௖௘
                                                                                                                      (2-45) 

To define exergy sink and source we can use a general rule for units which work above ambient 

temperature or below ambient temperature. All the positive changes in exergy of a process 

stream or its component are categorized as exergy sink while the negative changes represent 

exergy sources. There is only one exception for changes in exergy due to pressure drop. Pressure 

drop always has positive effect on exergy source and negative effect on exergy sink. We can 

explain that by referring to figure (2-7). 
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Figure  2.7 Pressure drop effects in the exergy transfer for the system (a) above T0 (b) below T0 
(Marmolejo‐Correa & Gundersen, 2011) 

Stream 1-2 is hot stream and 3-4 is cold stream. Points 2’ and 4’ are outlet stream by assuming 

no pressure drop. In case (a) the change in exergy of hot stream is source and the change in 

exergy of cold stream represents the exergy sink since (E2-E1)<0 and (E4-E3)>0. On the other 

hand, for case (b) change of exergy of hot stream act as sink and exergy change of cold stream 

act as exergy source. So, As we can see in figure (2-7) pressure drop causes reducing of sink and 

enlarging of source. As a result, exergy destruction will increase by pressure drop. 

Table (2-2) shows the sink and source for different operation units which work below and above 

atmosphere temperature. 
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Table  2‐2 Sources and sinks for selected unit operations above and below T0 (Marmolejo‐Correa & 
Gundersen, 2011) 

  Above T0 Below T0 

Heat Exchange 
Source ቀܧሶு,௜௡

்
െ ሶு,௢௨௧ܧ

்
ቁ ൅ ሺܧሶு,௜௡

௉
െ ሶு,௢௨௧ܧ

௉
ሻ ቀܧሶ஼,௜௡

்
െ ሶ஼,௢௨௧ܧ

்
ቁ ൅ ሺܧሶ஼,௜௡

௉
െ ሶ஼,௢௨௧ܧ

௉
ሻ 

Sinke ቀܧሶ஼,௢௨௧
்

െ ሶ஼,௜௡ܧ
்

ቁ െ ሺܧሶ஼,௜௡
௉

െ ሶ஼,௢௨௧ܧ
௉

ሻ ቀܧሶு,௢௨௧
்

െ ሶு,௜௡ܧ
்

ቁ െ ሺܧሶு,௜௡
௉

െ ሶு,௢௨௧ܧ
௉

ሻ 

Compression 
Source ሶܹ ሶ௜௡ܧ 

்
െ ሶ௢௨௧ܧ

்
൅ ሶܹ  

Sinke ܧሶ௢௨௧
்ெ

െ ሶ௜௡ܧ
்ெ

ሶ௢௨௧ܧ 
௉

െ ሶ௜௡ܧ
௉ 

Expansion(expander) 
Source ܧሶ௜௡

்ெ
െ ሶ௢௨௧ܧ

்ெ ܧሶ௜௡
௉

െ ሶ௢௨௧ܧ
௉ 

Sinke ܹ ሶ௢௨௧ܧ
்

െ ሶ௜௡ܧ
்

൅ ሶܹ  

Expansion(valve) 
Source ܧሶ௜௡

்ெ
െ ሶ௢௨௧ܧ

்ெ ܧሶ௜௡
௉

െ ሶ௢௨௧ܧ
௉ 

Sinke Dissipative losses ܧሶ௢௨௧
்

െ ሶ௜௡ܧ
் 

 

For the operation units with heat exchange which work acroos theatmospheric temperature, we 

should introduce an intermediate state i (T0, pi). Then, the exergy source is the sum of 

temperature based exergy for cold and hot stream from supply temperature to T0 and exergy sink 

is the sum of temperature based exergy change from T0 to target temperature. By considering 

that temperature based exergy at T0 is zero and effect of pressure drop on sink and source, the 

source and sink definition for heat exchange operation across T0 are shown in table (2-3). 

For compression across the ambient temperature source is equal to sum of the work and change 

in temperature based exergy from supply temperature to T0 and exergy sink is sum of the change 

in pressure based exergy and the change in temperature based exergy from T0 to target 

temperature. (Marmolejo-Correa & Gundersen, 2011) 

The sink of expansion across the atmosphere temperature is sum of the produced work and the 

temperature based exergy from T0 to the target temperature and exergy source is the sum of the 

change in pressure based exergy and change in temperature based exergy from supply 

temperature to T0. (Marmolejo-Correa & Gundersen, 2011) 

The source and sink of operation unit across atmospheric temperature is shown in table (2-3). 
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Table  2‐3 Sources and sinks for selected unit operations across T0 (Marmolejo‐Correa & Gundersen, 
2011) 

  Above T0 

Heat Exchange 
Source ቀܧሶு,௜௡

்
൅ ሶ஼,௜௡ܧ

்
ቁ ൅ ሺܧሶு,௜௡

௉
െ ሶு,்଴ܧ

௉
൅ ሶ஼,௜௡ܧ

௉
െ ሶ஼,்଴ܧ

௉
ሻ 

Sinke ቀܧሶ஼,௢௨௧
்

൅ ሶு,௢௨௧ܧ
்

ቁ െ ሺܧሶ஼,்଴
௉

െ ሶ஼,௢௨௧ܧ
௉

൅ ሶு,்଴ܧ
௉

െ ሶு,௢௨௧ܧ
௉

ሻ 

Compression 
Source ሶܹ ൅ ሶ௜௡ܧ

்
 

Sinke ܧሶ௢௨௧
௣

െ ሶ௜௡ܧ
௣

൅ ሶ௢௨௧ܧ
்
 

Expansion(expander) 
Source ܧሶ௜௡

௣
െ ሶ௢௨௧ܧ

௣
൅ ሶ௜௡ܧ

் 

Sinke ܹ ൅ ሶ௢௨௧ܧ
் 

Expansion(valve) 
Source ܧሶ௜௡

௣
െ ሶ௢௨௧ܧ

௣
൅ ሶ௜௡ܧ

் 

Sinke ܧሶ௢௨௧
் 

 

2.2. Pinch analysis method 

Setting the amount of Tmin in the heat exchangers is important in heat recovery. This value 

adjusts the minimum amount of external cooling and heating in entire network of heat 

exchangers. If Tmin =0, there will be a point in heat exchanger where the driving force is zero 

for heat transfer. As a result, the area of heat exchanger must be infinite. It leads the capital cost 

to be infinite in return. Although by increasing Tmin the capital cost reduces, the cost of energy 

will be increased due to increased external cooling and heating duty. So, there is a trade-off 

between capital cost and energy cost. 

Tmin is normally observed in one point between hot stream and cold stream called the pinch 

point. Now, it is possible to divide the process into two regions, above and below the pinch 

point. Above the pinch process acts as a heat sink since it is received heat from hot utility. Heat 

is rejected from below the pinch point to the cold utility and it acts as a heat source. 

For maximising heat recovery and minimizing external duty, designer should avoid heat transfer 

across the pinch, using the cold utility above the pinch, and using the heating utility below the 

pinch. 
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If XP amount of heat transfers across pinch, it will create a deficit of XP above the pinch and 

surplus of XP below the pinch. So, for removing these effects we should add the external duty 

for heating and cooling utility by XP. 

 

Figure  2.8 Process‐ process heat transfer across the pinch (Smith, 2008) 

If the external cooling XP is used to cool the hot stream above the pinch, energy balance in that 

region will be imbalanced. So, additional amount of external heating (QHmin+XP) is needed to 

balance the energy. 

 
Figure  2.9 Cold utility above pinch (Smith, 2008) 

If XP additional amount of hot utility is used below the pinch, then XP additional amount of cold 

utility is needed to balance the imbalanced enthalpy below the pinch region.  
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Figure  2.10 Hot utility below pinch (Smith, 2008) 

Avoiding heat transfer across the pinch and appropriate use of utility are sufficient rules to 

ensure maximum heat recovery is achieved. 

Pinch design method is a strategy which is adopted for heat recovery design based on the rules 

which are explained earlier (Smith, 2008). 

1. The design should be started at the pinch point to avoid temperature difference less than 

Tmin or using excessive utility. 

2. As Tmin occurs at the pinch, by moving away from pinch the difference in temperature 

of cold and hot streams must increase. So, CP of hot stream must be greater or equal to 

CP of cold stream below the pinch and CP of cold stream must be greater or equal to CP 

of hot stream above the pinch. 

3. By listing the values of CP in descending order, it will clear the matches of stream in the 

region of the pinch. As using cooling utility above pinch is inappropriate, hot streams 

must be cooled to the pinch point by heat recovery. It is inappropriate to use heating 

utility below the pinch, so cold stream duty must be matched with hot stream duty below 

pinch to be warmed to pinch point. 

4. Designers should minimise the capital cost after matching around pinch by minimising 

the number of units. 

5. Designer can discriminate the region away from the pinch on the basis of operability, 

plant layout and etc.  



25 
 

2.3. ExPAnD method 

The design of heat recovery is an important issue due to cost of energy. Pinch analysis is thus a 

strong method for reducing external cooling and heating, integration of separation system, and 

evaluation of using heat pump in an industrial plant. There is an important limitation in pinch 

analysis that it does not consider pressure and composition as a quality parameter for stream 

(Aspelund et al, 2007). 

Pressure is an important design variable. In the processes above ambient temperature, changing 

the pressure of distillation columns and evaporators leads to changes in the temperature of heat 

sinks and heat sources. In the sub-ambient processes, pressure is more important since 

pressurized stream is a potential cooling resource. If the pressurized stream expands, its 

temperature will decrease and it can be used for cooling. As a result, pressure should be 

considered as an important parameter like does the temperature in low temperature processes 

(Gundersen et al, 2009). In exergy analysis, temperature, pressure, and composition of streams 

are considered as stream parameters but it focuses on equipments rather than the entire process. 

By considering the pressure as stream data beside temperature, task definition for heat recovery 

will change. In traditional heat recovery task, the path between supply and target stream is 

unique and defined by temperature. In new definition the path from the supply state to the target 

state is not fixed, and can be changed by expansion and compression (Gundersen et al, 2009).  

Extended Pinch Analysis and Design (ExPAnD) is a method for designing heat recovery in 

extended definition as bellow: 

‘’ Given a set of process streams with a supply state (temperature, pressure, and resulting phase) 

and target state, as well as utilities for external heating and cooling; design a system of heat 

exchangers, expanders and compressors in such a way that irreversibilities are minimized 

(Aspelund et al, 2007)’’. 

The extended method is more complex than classical one due to: 

 Pressure of stream will change in addition to changes in temperature. 

 The cold stream often acts like cooling utility. 

 Hot stream may act as cold stream and vice versa. 
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 The phase of stream may be changed by changing the pressure (Gundersen et al, 2009). 

A set of heuristic rules are proposed for sub-ambient process by Aspelund et al (2007) to reduce 

external heating and cooling:  

By expanding the pressurized stream, pressure based exergy can transform to temperature based 

exergy and produce cooling and work. So, the cold utility duty will be reduced. From pinch 

analysis point of view, expansion should be done below the pinch. If expansion is needed above 

the pinch, it should be done through the valve to minimize the increase in utility consumption. 

On the other hand, in the case that target pressure is greater than supply pressure, power is 

required and heat is added to the system which may reduce hot utility requirements. So, 

compression should be done above the pinch point. Furthermore, fluid should be pumped to save 

compressor work.  

Temperature difference greater than Tmin (between cold stream and hot stream) results in 

unnecessary irreversibility in the heat exchanger. In this case, the stream pressure should be 

manipulated to decrease irreversibility and the need for heating and cooling utility.   

In the case that target pressure is equal to supply pressure, if compressed stream above the pinch 

be cooled to near pinch point and then expanded, the need for cold utilities and hot utilities will 

be reduced. Moreover, phase transition is necessary in a liquid stream because the effect of 

changing the pressure in the liquid phase alone is marginal. 
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3. Exergy analysis on LNG production processes 

‘’ The method of exergy analysis aims at quantitive evaluation of the exergy destructions and 

losses associated with a system’’ (Bejan et al, 1996). In this chapter author will study effects of 

different parameters on exergy efficiency of operation units. Moreover, exergy efficiency of 

LNG production process with dual independent refrigeration cycles will be discussed. Exergy 

transfer effectiveness is used for analysing the exergy efficiency of the units and process. The 

study will focus on exergy efficiency of compressor which works above or across T0, expander 

which works below T0, and heat exchanger in all the temperature ranges, since these units are 

operating in the mentioned level of temperature in LNG processing. 

3.1. Exergy analysis of operation units in LNG production processes 

Since, compressor, expander, and heat exchanger have the most important role in LNG 

processing, it is important to find effect of different parameters on exergy efficiency of these 

units. 

3.1.2. Exergy analysis of compressor 

We should identify the parameters which have effects on efficiency of the compressors. In 

general, a compressor has seven parameters which define its characteristic: mass velocity, inlet 

pressure and temperature, outlet pressure and temperature, work, and isentropic efficiency. By 

assuming constant mass velocity, we have 6 variables. By considering two equations: energy 

balance and relation between isentropic work and real work, we should set four parameters to 

define characteristic of compressor. So, we can define exergy efficiency of compressor as a 

function of inlet temperature, inlet and outlet presser, and the isentropic efficiency of 

compressor. 

஼ߝ ൌ ݂ሺ ௢ܲ௨௧, ௜ܲ௡, ௜ܶ௡,  ௜௦ሻ                                                                                                          (3-1)ߟ

஼ߝ݀ ฺ ൌ డఌ಴

డ௉೚ೠ೟
݀ ௢ܲ௨௧  ൅ డఌ಴

డ௉೔೙
݀ ௜ܲ௡  ൅ డఌ಴

డ்೔೙
݀ ௜ܶ௡ ൅  డఌ಴

డఎ೔ೞ
 ௜௦                                                     (3-2)ߟ݀

The isentropic efficiency of rotary machines depends on different factors like losses due to heat 

exchange to cylinder wall, losses due to gas flow through valves and ports and tightness losses 
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type of machines. So, ߟ௜௦ depends on design parameters of compressor, as a result the last term 

of equation (3-2) is zero. Typical compressor isentropic efficiency is 70-88% (Sonntag et al. 

2003). 

The exergy efficiency for a compressor which works above ambient temperature is calculated by 

equation (3-3): 

஼ߝ ൌ ாሶ ೅ಾ
೚ೠ೟ିாሶ ೅ಾ

೔೙

ௐሶ ಴
                                                                                                                     (3-3) 

Where,ܧሶ ்ெ
௢௨௧ െ ሶܧ ்ெ

௜௡ ൌ ݉.ሶ ሾ݄௢௨௧ െ ݄௜௡ െ ଴ܶ. ሾݏ௢௨௧ െ  ௜௡ሿሿݏ

and, ሶܹ ஼ ൌ ݉.ሶ ሾ݄௢௨௧ െ ݄௜௡ሿ 

஼ߝฺ ൌ ௛೚ೠ೟ି௛೔೙ି బ்.ሾ௦೚ೠ೟ି௦೔೙ሿ

௛೚ೠ೟ି௛೔೙
ൌ 1 െ ଴ܶ. ௦೚ೠ೟ି௦೔೙

௛೚ೠ೟ି௛೔೙
                                                                        (3-4) 

Figure (3-1) shows how exergy efficiency of compressor will change by changing isentropic 

efficiency. In this case study, the working fluid is methane and its mass velocity is 1 (kg/s). Inlet 

pressure and outlet pressure are set at 30 and 70 bar and inlet temperature is 30°C. SRK is used 

as equation of state. 

 

Figure  3.1 Effect of isentropic efficiency on exergy efficiency of compressor 

As we can see in figure (3-1), by increasing isentropic efficiency of compressor, its exergy 

efficiency will increase. Equation (3-5) is an expression which calculates isentropic efficiency 
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for a compressor where hout,s is the enthalpy of outlet stream when the isentropic efficiency of the 

compressor is 100%. 

௜௦,௖௢௠ߟ ൌ
௛೚ೠ೟,ೞି௛೔೙

௛೚ೠ೟ି௛೔೙
                                                                                                                                                 ሺ3‐5ሻ 

By increasing isentropic efficiency, exergy destruction will decrease. So, the exergy efficiency 

will increase. If the isentropic efficiency is 100%, there is no exergy destruction in compressor. 

As a result ܧ௧௛
௢௨௧ െ ௧௛ܧ

௜௡ ൌ ௦ܹ. So, the exergy efficiency is 100%. 

By considering h=h(P,T) and s=s(P,T), we can find 
డఌ಴

డ௉೚ೠ೟
 ,  

డఌ಴

డ௉೔೙
 , and 

డఌ಴

డ்೔೙
  to find an extensive 

expression for equation (3-2): 

డఌ಴

డ௉೚ೠ೟
ൌ

డఌ಴

డ௛೚ೠ೟
. ሺ

డ௛೚ೠ೟

డ௉೚ೠ೟
ሻ் ൅

డఌ಴

డ௦೚ೠ೟
. ሺ

డ௦೚ೠ೟

డ௉೚ೠ೟
ሻ்                                                                                                             (3-6) 

where  
డ௛೚ೠ೟

డ௉೚ೠ೟
 and 

డ௦೚ೠ೟

డ௉೚ೠ೟
  depend on the temperature and working fluid. We can find 

డఌ಴

డ௛೚ೠ೟
 and 

డఌ಴

డ௦೚ೠ೟
 

from equation (3-4): 

ฺ 
డఌ಴

డ௛೚ೠ೟
ൌ ଴ܶ

௦೚ೠ೟ି௦೔೙

ሺ௛೚ೠ೟ି௛೔೙ሻమ                                                                                                                                        (3-7) 

ฺ 
డఌ಴

డ௦೚ೠ೟
ൌ െ ଴ܶ

ଵ

௛೚ೠ೟ି௛೔೙
                                                                                                                                          (3-8) 

By using equations (3-7) and (3-8) in equation (3-6) we will have: 

஼ߝ߲

߲ ௢ܲ௨௧
ൌ ଴ܶ

௢௨௧ݏ െ ௜௡ݏ

ሺ݄௢௨௧ െ ݄௜௡ሻଶ ሺ
߲݄௢௨௧

߲ ௢ܲ௨௧
ሻ

೚்ೠ೟
െ ଴ܶ

1
݄௢௨௧ െ ݄௜௡

ሺ
௢௨௧ݏ߲

߲ ௢ܲ௨௧
ሻ

೚்ೠ೟
 

ฺ 
డఌ಴

డ௉೚ೠ೟
ൌ

்଴

௛೚ೠ೟ି௛೔೙
ሾ

௦೚ೠ೟ି௦೔೙

௛೚ೠ೟ି௛೔೙
ሺ

డ௛೚ೠ೟

డ௉೚ೠ೟
ሻ

೚்ೠ೟
െ ሺ

డ௦೚ೠ೟

డ௉೚ೠ೟
ሻ

೚்ೠ೟
ሿ 

ฺ
డఌ಴

డ௉೚ೠ೟
ൌ

்଴

௛೚ೠ೟ି௛೔೙
ሾሺ

ଵିఌ಴

బ்
ሻሺ

డ௛೚ೠ೟

డ௉೚ೠ೟
ሻ

೚்ೠ೟
െ ሺ

డ௦೚ೠ೟

డ௉೚ೠ೟
ሻ

೚்ೠ೟
ሿ                                                                                     (3-9) 

Equation (3-10) shows the changes of exergy efficiency of compressor by changing the inlet 

pressure. 

డఌ಴

డ௉೔೙
ൌ

డఌ಴

డ௛೔೙
. ሺ

డ௛೔೙

డ௉೔೙
ሻ்೔೙

൅
డఌ಴

డ௦೔೙
. ሺ

డ௦೔೙

డ௉೔೙
ሻ்೔೙

                                                                                                             (3-10) 

We can find 
డఌ಴

డ௛೔೙
 and 

డఌ಴

డ௦೔೙
 from equation (3-4). 
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ฺ 
డఌ಴

డ௛೔೙
ൌ െ ଴ܶ

௦೚ೠ೟ି௦೔೙

ሺ௛೚ೠ೟ି௛೔೙ሻమ                                                                                                                                     (3-11) 

ฺ 
డఌ಴

డ௦೔೙
ൌ ଴ܶ

ଵ

௛೚ೠ೟ି௛೔೙
                                                                                                                                             (3-12) 

By using equations (3-11) and (3-12) in equation (3-10) we will have: 

ฺ
డఌ಴

డ௉೔೙
ൌ െ ଴ܶ

௦೚ೠ೟ି௦೔೙

ሺ௛೚ೠ೟ି௛೔೙ሻమ . ሺ
డ௛೔೙

డ௉೔೙
ሻ்೔೙

൅ ଴ܶ
ଵ

௛೚ೠ೟ି௛೔೙
. ሺ

డ௦೔೙

డ௉೔೙
ሻ்೔೙

 

ฺ 
డఌ಴

డ௉೔೙
ൌ

ି்଴

௛೚ೠ೟ି௛೔೙
ሾ

௦೚ೠ೟ି௦೔೙

௛೚ೠ೟ି௛೔೙
ሺ

డ௛೔೙

డ௉೔೙
ሻ்೔೙

െ ሺ
డ௦೔೙

డ௉೔೙
ሻ்೔೙

ሿ 

ฺ
డఌ಴

డ௉೔೙
ൌ

ି்଴

௛೚ೠ೟ି௛೔೙
ሾሺ

ଵିఌ಴

బ்
ሻሺ

డ௛೔೙

డ௉೔೙
ሻ்೔೙

െ ሺ
డ௦೔೙

డ௉೔೙
ሻ்೔೙

ሿ                                                                                             (3-13) 

By the same procedure, we can find
డఌ಴

డ்೔೙
. 

డఌ಴

డ்೔೙
ൌ

డఌ಴

డ௛೔೙
. ሺ

డ௛೔೙

డ்೔೙
ሻ௉೔೙

൅
డఌ಴

డ௦೔೙
. ሺ

డ௦೔೙

డ்೔೙
ሻ௉೔೙

                                                                                                              (3-14) 

By using equations (3-11) and (3-12): 

ฺ
డఌ಴

డ்೔೙
ൌ െ ଴ܶ

௦೚ೠ೟ି௦೔೙

ሺ௛೚ೠ೟ି௛೔೙ሻమ . ሺ
డ௛೔೙

డ்೔೙
ሻ௉೔೙

൅ ଴ܶ
ଵ

௛೚ೠ೟ି௛೔೙
. ሺ

డ௦೔೙

డ்೔೙
ሻ௉೔೙

 

ฺ 
డఌ಴

డ்೔೙
ൌ

ି்଴

௛೚ೠ೟ି௛೔೙
ሾ

௦೚ೠ೟ି௦೔೙

௛೚ೠ೟ି௛೔೙
ሺ

డ௛೔೙

డ்೔೙
ሻ௉೔೙

െ ሺ
డ௦೔೙

డ்೔೙
ሻ௉೔೙

ሿ 

ฺ
డఌ಴

డ்೔೙
ൌ

ି்଴

௛೚ೠ೟ି௛೔೙
ሾሺ

ଵିఌ಴

బ்
ሻሺ

డ௛೔೙

డ்೔೙
ሻ௉೔೙

െ ሺ
డ௦೔೙

డ்೔೙
ሻ௉೔೙

ሿ                                                                                             (3-15) 

By using equations (3-9), (3-13), and (3-15) in equation (3-2): 

஼ߝ݀                              ฺ ൌ  ݀ ௢ܲ௨௧. ൥
்଴

௛೚ೠ೟ି௛೔೙
൭ቀଵିఌ಴

బ்
ቁ ቀడ௛೚ೠ೟

డ௉೚ೠ೟
ቁ

೚்ೠ೟

െ ቀడ௦೚ೠ೟

డ௉೚ೠ೟
ቁ

೚்ೠ೟

൱൩ 

൅݀ ௜ܲ௡. ቎
െܶ0

݄௢௨௧ െ ݄௜௡
ቌ൬

1 െ ஼ߝ

଴ܶ
൰ ൬

߲݄௜௡

߲ ௜ܲ௡
൰

்೔೙

െ ൬
௜௡ݏ߲

߲ ௜ܲ௡
൰

்೔೙

ቍ቏ 

൅݀ ௜ܶ௡. ሾ
െܶ0

݄௢௨௧ െ ݄௜௡
ቌ൬

1 െ ஼ߝ

଴ܶ
൰ ൬

߲݄௜௡

߲ ௜ܶ௡
൰

௉೔೙

െ ൬
௜௡ݏ߲

߲ ௜ܶ௡
൰

௉೔೙

ቍሿ 
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஼ߝฺ݀ ൌ
்଴

௛೚ೠ೟ି௛೔೙
. ሺ ݀ ௢ܲ௨௧ ൭ቀଵିఌ಴

బ்
ቁ ቀడ௛೚ೠ೟

డ௉೚ೠ೟
ቁ

೚்ೠ೟

െ ቀడ௦೚ೠ೟

డ௉೚ೠ೟
ቁ

೚்ೠ೟

൱ െ ݀ ௜ܲ௡ ൭ቀଵିఌ಴

బ்
ቁ ቀడ௛೔೙

డ௉೔೙
ቁ

்೔೙

െ ቀడ௦೔೙

డ௉೔೙
ቁ

்೔೙

൱ 

െ݀ ௜ܶ௡ ൭ቀଵିఌ಴

బ்
ቁ ቀడ௛೔೙

డ்೔೙
ቁ

௉೔೙

െ ቀడ௦೔೙

డ்೔೙
ቁ

௉೔೙

൱ሻ                                                                                                           (3-16) 

By using thermodynamic relations we can rewrite equation (3-16). 

ሺ
డ௛

డ௉
ሻ் ൌ ߴ ൅ ܶሺ

డ௦

డ௉
ሻ்                                                                                                                                           (3-17) 

ሺ
డ௦

డ௉
ሻ் ൌ െሺ

డణ

డ்
ሻ௉                                                                                                                                                  (3-18) 

௉ܥ ൌ ሺ
డ௛

డ்
ሻ௉ ൌ ܶሺ

డ௦

డ்
ሻ௉                                                                                                                                         (3-19) 

By using equations (3-17)-(3-19) in equation (3-16) we will find: 

஼ߝฺ݀ ൌ
்଴

௛೚ೠ೟ି௛೔೙
ሺ ݀ ௢ܲ௨௧ ቆߴ௢௨௧ ቀଵିఌ಴

బ்
ቁ ൅ ሺ1 െ ௢ܶ௨௧ ቀଵିఌ಴

బ்
ቁሻ ቀడణ೚ೠ೟

డ ೚்ೠ೟
ቁ

௉೚ೠ೟

ቇ 

                                െ݀ ௜ܲ௡ ቆߴ௜௡ ቀଵିఌ಴

బ்
ቁ ൅ ሺ1 െ ௜ܶ௡ ቀଵିఌ಴

బ்
ቁሻ ቀడణ೔೙

డ்೔೙
ቁ

௉೔೙

ቇ 

                               െ݀ ௜ܶ௡ ቆቀଵିఌ಴

బ்
ቁ ௉ܥ െ

஼ು

்೔೙
ቇሻ                                                                                                     (3-20) 

We can simplify equation (3-20) for ideal gas by considering ܲߴ ൌ ܴܶ  ฺ  
డణ

డ்
ൌ

ோ

௉
ൌ

ణ

்
                                                      

஼ߝฺ݀ ൌ
்଴

௛೚ೠ೟ି௛೔೙
ሺ ݀ ௢ܲ௨௧ ቀߴ௢௨௧ ቀଵିఌ಴

బ்
ቁ ൅ ሺ1 െ ௢ܶ௨௧ ቀଵିఌ಴

బ்
ቁሻ

ణ೚ೠ೟

೚்ೠ೟
ቁ 

                                െ݀ ௜ܲ௡ ቀߴ௜௡ ቀଵିఌ಴

బ்
ቁ ൅ ሺ1 െ ௜ܶ௡ ቀଵିఌ಴

బ்
ቁሻ

ణ೔೙

்೔೙
ቁ 

                               െ݀ ௜ܶ௡ ቆቀଵିఌ಴

బ்
ቁ ௉ܥ െ

஼ು

்೔೙
ቇሻ                                                                                                      

஼ߝฺ݀ ൌ
்଴

௛೚ೠ೟ି௛೔೙
ሺ݀ ௢ܲ௨௧

ణ೚ೠ೟

೚்ೠ೟
െ ݀ ௜ܲ௡

ణ೔೙

்೔೙
െ ݀ ௜ܶ௡ ቆቀଵିఌ಴

బ்
ቁ ௉ܥ െ

஼ು

்೔೙
ቇሻ     

஼ߝฺ݀ ൌ
்଴

௛೚ೠ೟ି௛೔೙
ሺܴ

ௗ௉೚ೠ೟

௉೚ೠ೟
െ ܴ

ௗ௉೔೙

௉೔೙
െ .௉ܥ ݀ ௜ܶ௡ ቆቀଵିఌ಴

బ்
ቁ െ

ଵ

்೔೙
ቇሻ                                                                ሺ3‐21ሻ          
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As we can see from equation (3-21), exergy efficiency of compressor will increase by increasing 

outlet pressure and decreasing inlet pressure (increasing pressure ratio) for ideal gas when the 

inlet temperature and isentropic efficiency are constant.  

It is difficult to decide about the sign of 
ௗఌ಴

ௗ௉೚ೠ೟
 and 

ௗఌ಴

ௗ௉೚ೠ೟
 by referring to above equations. By using 

sensitivity analysis technique, we can find the effects of inlet and outlet pressure and inlet 

temperature on efficiency of compressor in a specified range. In these study cases, the working 

fluid is methane and its mass velocity is 1 (kg/s). The isentropic efficiency of compressor is 

equal to 82% and SRK is used as equation of state.  

Figure (3-2) shows effect of outlet pressure on exergy efficiency of compressor. In this case inlet 

pressure is 30 bar and inlet temperature is 30°C. 

 

Figure  3.2 Effect of outlet pressure on exergy efficiency of a compressor 

Figure (3-3) shows effect of inlet pressure on exergy efficiency of compressor. In this case outlet 

pressure is 100 bar and inlet temperature is 30°C. 

0.825

0.83

0.835

0.84

0.845

0.85

0.855

0.86

0.865

0.87

0.875

0.88

30 40 50 60 70 80 90 100 110 120

ε

P out (bar)



33 
 

 

Figure  3.3 Effect of inlet pressure on exergy efficiency of a compressor 

As we can see in figures (3-2) and (3-3), by increasing pressure ratio exergy efficiency of 

compressor will increase.  For describing effect of pressure ratio on exergy efficiency of 

compressor we can refer to figure (3-4).  

 

Figure  3.4 Exergy‐enthalpy diagram for a compressor which works above ambient temperature 
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The slop of line between point 3 and point 1 is the exergy efficiency of compressor which 

increase the pressure from P1 to P3, since ݁݌݋݈ݏሺ1 െ 3ሻ ൌ ாሶ ೅ಾ
యିாሶ ೅ಾ

భ

ሺுయିுభሻ
ൌ  ஼.  With the sameߝ

discussion the slop of line between point 2 and point 1 is the exergy efficiency of compressor 

which works between P1 and P2. If we can prove that the slope (1-3) is larger than slope (1-2), 

we can conclude that by increasing pressure ratio, exergy efficiency increases. For proving this 

fact we can use the below approach.  

From isentropic efficiency definition:ߟ௜௦,௖௢௠ ൌ
ுమ,ೞିுభ

ுమିுభ
ൌ

ுయ,ೞିுభ

ுయିுభ
 

ฺுమ,ೞିுభ

ுయ,ೞିுభ
ൌ

ுమିுభ

ுయିுభ
                                                                                                                                                        ሺ*ሻ 

Moreover, for an isentropic compressor we have: ்ܧெ
௢௨௧,௦ െ ெ்ܧ

௜௡ ൌ ௢௨௧,௦ܪ െ  ௜௡ sinceܪ

entropy is constant. 

ܯܶܧฺ
ܯܶܧെݏ,2

1

ܯܶܧ
ܯܶܧെݏ,3

1
ൌ

ுమ,ೞିுభ

ுయ,యିுభ
                                                                                                                                            ሺ**ሻ 

(*) and (**)ฺܯܶܧ
ܯܶܧെݏ,2

1

ுమିுభ
ൌ

ܯܶܧ
ܯܶܧെݏ,3

1

ுయିுభ
 

ܯܶܧฺ
2െሺܯܶܧ

2െܯܶܧ
ܯܶܧሻെݏ,2

1

ுమିுభ
ൌ

ܯܶܧ
3െሺܯܶܧ

3െܯܶܧ
ܯܶܧሻെݏ,3

1

ுయିுభ
 

ܯܶܧฺ
2െܯܶܧ

1

ுమିுభ
െ

ܯܶܧ
2െܯܶܧ

ݏ,2

ுమିுభ
ൌ

ܯܶܧ
3െܯܶܧ

1

ுయିுభ
െ

ܯܶܧ
3െܯܶܧ

ݏ,3

ுయିுభ
                                                                                ሺ***ሻ 

ெ்ܧ
ଷ െ ெ்ܧ

ଷ,௦ ൏ ெ்ܧ
ଶ െ ெ்ܧ

ଶ,௦since slope of exergy-enthalpy line at constant pressure will 

increase by increasing pressure. We can see that in figure (3-5) And ܪଷ െ ଵܪ ൐ ଶܪ െ  ଵ we canܪ

conclude that: 

 
ܯܶܧ

2െܯܶܧ
ݏ,2

ுమିுభ
൐

ܯܶܧ
3െܯܶܧ

ݏ,3

ுయିுభ
                                                                                                                    (****) 

(***) and (****)ฺܯܶܧ
3െܯܶܧ

1

ுయିுభ
൐

ܯܶܧ
2െܯܶܧ

1

ுమିுభ
ଷିଵߝฺ  ൐  ଶିଵߝ
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Figure  3.5 Exergy‐enthalpy diagram (Kotas, 1995) 

The effect of inlet temperature on compressor’s exergy efficiency depends on magnitude of 

exergy efficiency and inlet temperature. As we can see in equation (3-20) 
ܥߝ݀

݀ܶ݅݊
ൌ െܲܥ ቆቀ1െܥߝ

ܶ0
ቁ െ

1

ܶ݅݊
൰. If ௜ܶ௡ሺ1 െ ஼ሻߝ ൐ ଴ܶ, exergy efficiency of compressor will decrease by increasing inlet temperature 

for ideal gas. Otherwise, it will increase. Since ௜ܶ௡ሺ1 െ ஼ሻߝ ൐ ଴ܶ occurs in very high 

temperature, we can simply say that exergy efficiency of compressor will increase by increasing 

inlet temperature. 

Figure (3-6) shows effect of inlet temperature on exergy efficiency of compressor. In this case 

outlet pressure is 70 bar and inlet pressure is 30 bar. 
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Figure  3.6 Effect of inlet temperature on exergy efficiency of a compressor 

The effect of pressure and temperature on compressor which works across ambient temperature 

are found analytically only, since all the compressor which works in the process study case (Dual 

independent refrigeration cycles) are working above ambient temperature. The exergy efficiency 

for a compressor which works across ambient temperature is calculated by equation (3-22): 

஼ߝ ൌ ாሶ ೛೚ೠ೟ିாሶ ೛೔೙ାாሶ ೅೚ೠ೟

ௐሶ ಴ାாሶ ೅೔೙
                                                                                                              (3-22) 

We can rewrite equation (3-22) in format of equation (3-23). 

஼ߝ ൌ 1 െ ሶ݉ ଴ܶ
௦೚ೠ೟ି௦೔೙

ௐሶ ಴ାாሶ ೅೔೙
                                                                                                                            (3-23) 

஼ߝ ฺ ൌ 1 െ ଴ܶ
݊݅ݏെݐݑ݋ݏ

ሺ௛೚ೠ೟ି௛೔೙ሻା൫௛೔೙ି௛ሺ బ்,௣೔೙ሻ൯ି బ்ሺ௦೔೙ି௦ሺ బ்,௣೔೙ሻሻ
 

஼ߝ ฺ ൌ 1 െ ଴ܶ
݊݅ݏെݐݑ݋ݏ

൫௛೚ೠ೟ି௛ሺ బ்,௣೔೙ሻ൯ି బ்ሺ௦೔೙ି௦ሺ బ்,௣೔೙ሻሻ
                                                                                               (3-24) 

We can calculate effect of different parameters on exergy efficiency of compressor which works 

across ambient temperature with the same approach as we have calculated equation (3-20). 

ௗఌ಴

ௗ௉೚ೠ೟
ൌ

డఌ಴

డ௛೚ೠ೟
. ሺ

డ௛೚ೠ೟

డ௉೚ೠ೟
ሻ் ൅

డఌ಴

డ௦೚ೠ೟
. ሺ

డ௦೚ೠ೟

డ௉೚ೠ೟
ሻ்                                                                                                           (3-25) 

We can find 
డఌ಴

డ௛೚ೠ೟
 and 

డఌ಴

డ௦೚ೠ೟
 from equation (3-24): 
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ฺ
డఌ಴

డ௛೚ೠ೟
ൌ ଴ܶ

௦೚ೠ೟ି௦೔೙

൫௛೚ೠ೟ି௛ሺ బ்,௣೔೙ሻ൯ି బ்ሺ௦೔೙ି௦ሺ బ்,௣೔೙ሻሻమ                                                                                                  (3-26) 

ฺ
డఌ಴

డ௦೚ೠ೟
ൌ െ ଴ܶ

ଵ

൫௛೚ೠ೟ି௛ሺ బ்,௣೔೙ሻ൯ି బ்ሺ௦೔೙ି௦ሺ బ்,௣೔೙ሻሻ
                                                                                                (3-27) 

By using equations (3-26) and (3-27) in equation (3-25) we will have: 

஼ߝ݀

݀ ௢ܲ௨௧
ൌ ଴ܶ

௢௨௧ݏ െ ௜௡ݏ

൫݄௢௨௧ െ ݄ሺ ଴ܶ, ௜௡ሻ൯݌ െ ଴ܶሺݏ௜௡ െ ሺݏ ଴ܶ, ௜௡ሻሻଶ݌
ሺ
߲݄௢௨௧

߲ ௢ܲ௨௧
ሻ

೚்ೠ೟
െ ଴ܶ

1

൫݄௢௨௧ െ ݄ሺ ଴ܶ, ௜௡ሻ൯݌ െ ଴ܶሺݏ௜௡ െ ሺݏ ଴ܶ, ௜௡ሻሻ݌
ሺ

௢௨௧ݏ߲

߲ ௢ܲ௨௧
ሻ

೚்ೠ೟
 

ฺ 
ௗఌ಴

ௗ௉೚ೠ೟
ൌ

்଴

൫௛೚ೠ೟ି௛ሺ బ்,௣೔೙ሻ൯ି బ்ሺ௦೔೙ି௦ሺ బ்,௣೔೙ሻሻ
ሾ

௦೚ೠ೟ି௦೔೙

൫௛೚ೠ೟ି௛ሺ బ்,௣೔೙ሻ൯ି బ்ሺ௦೔೙ି௦ሺ బ்,௣೔೙ሻሻ
ሺ

డ௛೚ೠ೟

డ௉೚ೠ೟
ሻ

೚்ೠ೟
െ ሺ

డ௦೚ೠ೟

డ௉೚ೠ೟
ሻ

೚்ೠ೟
ሿ 

ฺ
ௗఌ಴

ௗ௉೚ೠ೟
ൌ

்଴

ሶܹ ሶܧ൅ܥ ܶ݅݊
ሾሺ

ଵିఌ಴

బ்
ሻሺ

డ௛೚ೠ೟

డ௉೚ೠ೟
ሻ

೚்ೠ೟
െ ሺ

డ௦೚ೠ೟

డ௉೚ೠ೟
ሻ

೚்ೠ೟
ሿ                                                                                   (3-28) 

ௗఌ಴

ௗ௉೔೙
ൌ

డఌ಴

డ௛ሺ బ்,௣೔೙ሻ
. ሺ

డ௛ሺ బ்,௣೔೙ሻ

డ௉೔೙
ሻ்೔೙

൅
డఌ಴

డ௦೔೙
. ሺ

డ௦೔೙

డ௉೔೙
ሻ்೔೙

                                                                                            (3-29) 

We can find డఌ಴

డ௛ሺ బ்,௣೔೙ሻ
 and 

డఌ಴

డ௦೔೙
 from equation (3-24). 

ฺ
డఌ಴

డ௛ሺ బ்,௣೔೙ሻ
ൌ െ ଴ܶ

௦೚ೠ೟ି௦೔೙

൫௛೚ೠ೟ି௛ሺ బ்,௣೔೙ሻ൯ି బ்ሺ௦೔೙ି௦ሺ బ்,௣೔೙ሻሻమ                                                                                       (3-30) 

ฺ డఌ಴

డ௦೔೙
ൌ ଴ܶሺ

ଵ

൫௛೚ೠ೟ି௛ሺ బ்,௣೔೙ሻ൯ି బ்൫௦೔೙ି௦ሺ బ்,௣೔೙ሻ൯
െ బ்ሺݐݑ݋ݏെ݊݅ݏሻ

൫௛೚ೠ೟ି௛ሺ బ்,௣೔೙ሻ൯ି బ்൫௦೔೙ି௦ሺ బ்,௣೔೙ሻ൯
మሻ                                   (3-31) 

By using equations (3-30) and (3-31) in equation (3-29) we will have: 

ฺ
ௗఌ಴

ௗ௉೔೙
ൌ െ ଴ܶ

௦೚ೠ೟ି௦೔೙

൫௛೚ೠ೟ି௛ሺ బ்,௣೔೙ሻ൯ି బ்൫௦೔೙ି௦ሺ బ்,௣೔೙ሻ൯
మ . ቀడ௛ሺ బ்,௣೔೙ሻ

డ௉೔೙
ቁ

்೔೙

 

൅ బ்

൫௛೚ೠ೟ି௛ሺ బ்,௣೔೙ሻ൯ି బ்൫௦೔೙ି௦ሺ బ்,௣೔೙ሻ൯
ሺ1 െ బ்ሺݐݑ݋ݏെ݊݅ݏሻ

൫௛೚ೠ೟ି௛ሺ బ்,௣೔೙ሻ൯ି బ்൫௦೔೙ି௦ሺ బ்,௣೔೙ሻ൯
ሻ. ሺ

݊݅ݏ߲

߲ܲ݅݊
ሻ

ܶ݅݊

 

 

ฺ 
ௗఌ಴

ௗ௉೔೙
ൌ

ି்଴

൫௛೚ೠ೟ି௛ሺ బ்,௣೔೙ሻ൯ି బ்൫௦೔೙ି௦ሺ బ்,௣೔೙ሻ൯
ሾ

ሺ௦೚ೠ೟ି௦೔೙ሻ

൫௛೚ೠ೟ି௛ሺ బ்,௣೔೙ሻ൯ି బ்൫௦೔೙ି௦ሺ బ்,௣೔೙ሻ൯
ቀడ௛ሺ బ்,௣೔೙ሻ

డ௉೔೙
ቁ

்೔೙

 

                                                                            ‐ሺ1 െ బ்ሺݐݑ݋ݏെ݊݅ݏሻ

൫௛೚ೠ೟ି௛ሺ బ்,௣೔೙ሻ൯ି బ்൫௦೔೙ି௦ሺ బ்,௣೔೙ሻ൯
ሻሺ

డ௦೔೙

డ௉೔೙
ሻ்೔೙

ሿ 

ฺ
ௗఌ಴

ௗ௉೔೙
ൌ

ି்଴

ௐሶ ಴ାாሶ ೅೔೙
ሾሺ

ଵିఌ಴

బ்
ሻሺ

డ௛ሺ బ்,௣೔೙ሻ

డ௉೔೙
ሻ்೔೙

െ ஼ሺߝ
డ௦೔೙

డ௉೔೙
ሻ்೔೙

ሿ                                                                                (3-32) 

By the same procedure, we can find
డఌ಴

డ்೔೙
. 

ௗఌ಴

ௗ்೔೙
ൌ

డఌ಴

డ௦೔೙
. ሺ

డ௦೔೙

డ்೔೙
ሻ௉೔೙

                                                                                                                                              (3-33) 
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By using equations (3-31): 

ฺ
ௗఌ಴

ௗ்೔೙
ൌ ଴ܶሺ

ଵ

൫௛೚ೠ೟ି௛ሺ బ்,௣೔೙ሻ൯ି బ்൫௦೔೙ି௦ሺ బ்,௣೔೙ሻ൯
െ బ்ሺݐݑ݋ݏെ݊݅ݏሻ

൫௛೚ೠ೟ି௛ሺ బ்,௣೔೙ሻ൯ି బ்൫௦೔೙ି௦ሺ బ்,௣೔೙ሻ൯
మሻ. ሺ

డ௦೔೙

డ்೔೙
ሻ௉೔೙

 

ฺ 
ௗఌ಴

ௗ்೔೙
ൌ

்଴

൫௛೚ೠ೟ି௛ሺ బ்,௣೔೙ሻ൯ି బ்൫௦೔೙ି௦ሺ బ்,௣೔೙ሻ൯
ሺ1 െ బ்ሺݐݑ݋ݏെ݊݅ݏሻ

൫௛೚ೠ೟ି௛ሺ బ்,௣೔೙ሻ൯ି బ்൫௦೔೙ି௦ሺ బ்,௣೔೙ሻ൯
ሻሺ

డ௦೔೙

డ்೔೙
ሻ௉೔೙

 

ฺ
ௗఌ಴

ௗ்೔೙
ൌ

்଴ఌ಴

ௐሶ ಴ାாሶ ೅೔೙
ሺ

డ௦೔೙

డ்೔೙
ሻ௉೔೙

                                                                                                                                  (3-34) 

By using equations (3-28), (3-32), and (3-34) in equation (3-2): 

஼ߝ݀                              ฺ ൌ  ݀ ௢ܲ௨௧. ቈ ்଴

ሶܹ ሶܧ൅ܥ ܶ݅݊
ሺሺ

ଵିఌ಴

బ்
ሻ ቀడ௛೚ೠ೟

డ௉೚ೠ೟
ቁ

೚்ೠ೟

െ ቀడ௦೚ೠ೟

డ௉೚ೠ೟
ቁ

೚்ೠ೟

ሻ቉ 
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ௐሶ ಴ାாሶ ೅೔೙
ሺሺ

ଵିఌ಴

బ்
ሻ ቀడ௛ሺ బ்,௣೔೙ሻ

డ௉೔೙
ቁ

்೔೙

െ ஼ߝ ቀడ௦೔೙

డ௉೔೙
ቁ

்೔೙

ሻ቉ 

                                             ൅݀ ௜ܶ௡. ሾ
்଴ఌ಴

ௐሶ ಴ାாሶ ೅೔೙
ሺ

డ௦೔೙

డ்೔೙
ሻ௉೔೙

ሿ 

஼ߝฺ݀ ൌ
்଴

ሶܹ ሶܧ൅ܥ ܶ݅݊
. ሺ ݀ ௢ܲ௨௧ ൭ቀଵିఌ಴

బ்
ቁ ቀడ௛೚ೠ೟

డ௉೚ೠ೟
ቁ

೚்ೠ೟

െ ቀడ௦೚ೠ೟

డ௉೚ೠ೟
ቁ

೚்ೠ೟

൱ 

                                    െ݀ ௜ܲ௡ ൭ቀଵିఌ಴

బ்
ቁ ቀడ௛ሺ బ்,௣೔೙ሻ

డ௉೔೙
ቁ

்೔೙

െ ஼ߝ ቀడ௦೔೙

డ௉೔೙
ቁ

்೔೙

൱ ൅ ݀ ௜ܶ௡ ቆߝ஼ ቀడ௦೔೙

డ்೔೙
ቁ

௉೔೙

ቇሻ               (3-35) 

By using thermodynamic relations (3-17)-(3-19) we can rewrite equation (3-35). 

஼ߝฺ݀ ൌ
்଴

ሶܹ ሶܧ൅ܥ ܶ݅݊
. ሺ ݀ ௢ܲ௨௧ ൭ቀଵିఌ಴

బ்
ቁ ሺߴ௢௨௧ ൅ ௢ܶ௨௧ ቀడ௦೚ೠ೟

డ௉೚ೠ೟
ቁ

೚்ೠ೟

ሻ െ ቀడ௦೚ೠ೟

డ௉೚ೠ೟
ቁ

೚்ೠ೟

൱ 

                                 െ݀ ௜ܲ௡ ൭ቀଵିఌ಴

బ்
ቁ ሺߴሺ ଴ܶ, ௜௡ሻ݌ ൅ ଴ܶ ቀడ௦ሺ బ்,௣೔೙ሻ

డ௉೔೙
ቁ

బ்

ሻ െ ஼ߝ ቀడ௦೔೙

డ௉೔೙
ቁ

்೔೙

൱ ൅ ݀ ௜ܶ௡ ቆߝ஼ ቀడ௦೔೙

డ்೔೙
ቁ

௉೔೙

ቇሻ 

஼ߝฺ݀ ൌ
்଴

ሶܹ ሶܧ൅ܥ ܶ݅݊
ሺ ݀ ௢ܲ௨௧ ቆߴ௢௨௧ ቀଵିఌ಴

బ்
ቁ ൅ ሺ1 െ ௢ܶ௨௧ ቀଵିఌ಴

బ்
ቁሻ ቀడణ೚ೠ೟

డ ೚்ೠ೟
ቁ

௉೚ೠ೟

ቇ 

                                െ݀ ௜ܲ௡ ൭ቀଵିఌ಴

బ்
ቁ ൬ߴሺ ଴ܶ, ௜௡ሻ݌ െ ଴ܶ ቀడణሺ బ்,௣೔೙ሻ

డ்
ቁ

௣೔೙
൰ ൅ ஼ߝ ቀడణ೔೙

డ்೔೙
ቁ

௣೔೙

൱ 

                                 ൅݀ ௜ܶ௡ ቀߝ஼
஼೛

்೔೙
ቁሻ                                                                                                                      (3-36) 

We can simplify equation (3-36) for ideal gas by considering ܲߴ ൌ ܴܶ  ฺ  
డణ

డ்
ൌ

ோ

௉
ൌ

ణ

்
                                                      



39 
 

஼ߝฺ݀ ൌ
்଴

ሶܹ ሶܧ൅ܥ ܶ݅݊
ሺ ݀ ௢ܲ௨௧ ቀߴ௢௨௧ ቀଵିఌ಴

బ்
ቁ ൅ ሺ1 െ ௢ܶ௨௧ ቀଵିఌ಴

బ்
ቁሻ

ణ೚ೠ೟

೚்ೠ೟
ቁ 

                                െ݀ ௜ܲ௡ ቆቀଵିఌ಴

బ்
ቁ ቀߴሺ ଴ܶ, ௜௡ሻ݌ െ ଴ܶ

ణሺ బ்,௣೔೙ሻ

బ்
ቁ ൅ ஼ߝ

ణ೔೙

்೔೙
ቇ 

                                 ൅݀ ௜ܶ௡ ቀߝ஼
஼೛

்೔೙
ቁሻ                                                                                                                      

஼ߝฺ݀ ൌ
்଴

ሶܹ ሶܧ൅ܥ ܶ݅݊
ሺ݀ ௢ܲ௨௧

ణ೚ೠ೟

೚்ೠ೟
െ ݀ ௜ܲ௡ߝ஼

ణ೔೙

்೔೙
൅ ݀ ௜ܶ௡ ቀߝ஼

஼೛

்೔೙
ቁሻ                                                                      (3-37) 

As we can found from equation (3-37), the exergy efficiency of a compressor which works 

across ambient temperature is increased by pressure ratio and inlet temperature. 

3.1.3. Exergy analysis of turbine 

With the same method as we analysis the exergy efficiency of compressor, we can define the 

exergy efficiency of turbine as a function of four parameters which is shown in equation (3-38). 

்ߝ ൌ ݂ሺ ௢ܲ௨௧, ௢ܲ௨௧, ௜ܶ௡,  ௜௦ሻ                                                                                                                                (3-38)ߟ

்ߝ݀ ฺ ൌ ሺ
డఌ೅

డ௉೚ೠ೟
ሻ݀ ௢ܲ௨௧  ൅ ሺ

డఌ೅

డ௉೔೙
ሻ݀ ௜ܲ௡ ൅  ሺ

డఌ೅

డ்೔೙
ሻ݀ ௜ܶ௡ ൅ ሺ

డఌ೅

డఎ೔ೞ
ሻ݀ߟ௜௦                                                            (3-39) 

Since the isentropic efficiency of turbine is related to design parameters, it is constant and the 

last term of equation (3-40) is zero. It is necessary to find the effects of other parameter on 

exergy efficiency of turbine. Exergy efficiency of turbine which works below ambient 

temperature is calculated by equation (3-40). 

்ߝ ൌ
ௐሶ ಴ାሺாሶ ೅೚ೠ೟ିாሶ ೅೔೙ሻ

ாሶ ು೔೙ିாሶ ು೚ೠ೟
                                                                                                                                         (3-40) 

where,  ሶܹ ் ൌ ݉.ሶ ሾ݄௜௡ሺܶ, ܲሻ െ ݄௢௨௧ሺܶ, ܲሻሿ 

and ܧሶ ்௢௨௧ െ ሶܧ ்௜௡ ൌ ሶ݉ . ሾ൫݄௢௨௧ሺܶ, ܲሻ െ ݄௜௡ሺܶ, ܲሻ൯ െ ൫݄௢௨௧ሺ ଴ܶ, ܲሻ െ ݄௜௡ሺ ଴ܶ, ܲሻ൯ሿ 

                                     െ ሶ݉ ଴ܶሾ൫ݏ௢௨௧ሺܶ, ܲሻ െ ,௜௡ሺܶݏ ܲሻ൯ െ ሺݏ௢௨௧ሺ ଴ܶ, ܲሻ െ ௜௡ሺݏ ଴ܶ, ܲሻሻሿ 

and ܧሶ ௉௜௡ െ ሶܧ ௉௢௨௧ ൌ ሶ݉ . ሾ൫݄௜௡ሺ ଴ܶ, ܲሻ െ ݄௢௨௧ሺ ଴ܶ, ܲሻ൯ െ ଴ܶ൫ݏ௜௡ሺ ଴ܶ, ܲሻ െ ௢௨௧ሺݏ ଴ܶ, ܲሻ൯ሿ 

்ߝ ฺ ൌ 1 െ ଴ܶ
൫௦೚ೠ೟ሺ்,௉ሻି௦೔೙ሺ்,௉ሻ൯

൫௛೔೙ሺ బ்,௉ሻି௛೚ೠ೟ሺ బ்,௉ሻ൯ି బ்൫௦೔೙ሺ బ்,௉ሻି௦೚ೠ೟ሺ బ்,௉ሻ൯
                                                                           (3-41) 
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We can find the three first terms of right hand of equation (3-39) by referring to equation (3-41). 

Equation (3-42) calculates the changes in exergy efficiency of turbine by changing the outlet 

pressure. 

ฺ
ௗఌ೅

ௗ௉೚ೠ೟
ൌ

డఌ೅

డ௛೚ೠ೟ሺ బ்,௉ሻ
.

డ௛೚ೠ೟ሺ బ்,௉ሻ

డ௉೚ೠ೟
൅

డఌ೅

డ௦೚ೠ೟ሺ బ்,௉ሻ
.

డ௦೚ೠ೟ሺ బ்,௉ሻ

డ௉೚ೠ೟
൅

డఌ೅

డ௦೚ೠ೟ሺ்,௉ሻ
.

డ௦೚ೠ೟ሺ்,௉ሻ

డ௉೚ೠ೟
                                      (3-42)                               

We can find  
డఌ೅

డ௛೚ೠ೟ሺ బ்,௉ሻ
 , 

డఌ೅

డ௦೚ೠ೟ሺ బ்,௉ሻ
  ,and 

డఌ೅

డ௦೚ೠ೟ሺ்,௉ሻ
 from equation (3-41): 

డఌ೅

డ௛೚ೠ೟ሺ బ்,௉ሻ
ൌ െ ଴ܶ

൫௦೚ೠ೟ሺ்,௉ሻି௦೔೙ሺ்,௉ሻ൯

ሾ൫௛೔೙ሺ బ்,௉ሻି௛೚ೠ೟ሺ బ்,௉ሻ൯ି బ்൫௦೔೙ሺ బ்,௉ሻି௦೚ೠ೟ሺ బ்,௉ሻ൯ሿమ                                                                   (3-43) 

డఌ೅

డ௦೚ೠ೟ሺ బ்,௉ሻ
ൌ ଴ܶ

ଶ ൫௦೚ೠ೟ሺ்,௉ሻି௦೔೙ሺ்,௉ሻ൯

ሾ൫௛೔೙ሺ బ்,௉ሻି௛೚ೠ೟ሺ బ்,௉ሻ൯ି బ்൫௦೔೙ሺ బ்,௉ሻି௦೚ೠ೟ሺ బ்,௉ሻ൯ሿమ                                                                    (3-44) 

డఌ೅

డ௦೚ೠ೟ሺ்,௉ሻ
ൌ െ బ்

൫௛೔೙ሺ బ்,௉ሻି௛೚ೠ೟ሺ బ்,௉ሻ൯ି బ்൫௦೔೙ሺ బ்,௉ሻି௦೚ೠ೟ሺ బ்,௉ሻ൯
                                                                            (3-45) 

By using equations (3-43)-(3-45) in equation (3-42) we will find: 

்ߝ݀

݀ ௢ܲ௨௧
ൌ ଴ܶ

൫݄௜௡ሺ ଴ܶ, ܲሻ െ ݄௢௨௧ሺ ଴ܶ, ܲሻ൯ െ ଴ܶ൫ݏ௜௡ሺ ଴ܶ, ܲሻ െ ௢௨௧ሺݏ ଴ܶ, ܲሻ൯
. 

                              ሾെ
൫௦೚ೠ೟ሺ்,௉ሻି௦೔೙ሺ்,௉ሻ൯

൫௛೔೙ሺ బ்,௉ሻି௛೚ೠ೟ሺ బ்,௉ሻ൯ି బ்൫௦೔೙ሺ బ்,௉ሻି௦೚ೠ೟ሺ బ்,௉ሻ൯
.

డ௛೚ೠ೟ሺ బ்,௉ሻ

డ௉೚ೠ೟
൅

                                బ்.൫௦೚ೠ೟ሺ்,௉ሻି௦೔೙ሺ்,௉ሻ൯

൫௛೔೙ሺ బ்,௉ሻି௛೚ೠ೟ሺ బ்,௉ሻ൯ି బ்൫௦೔೙ሺ బ்,௉ሻି௦೚ೠ೟ሺ బ்,௉ሻ൯
.

డ௦೚ೠ೟ሺ బ்,௉ሻ

డ௉೚ೠ೟
െ

డ௦೚ೠ೟ሺ்,௉ሻ

డ௉೚ೠ೟
ሿ                             (3-46) 

By considering 
൫௦೚ೠ೟ሺ்,௉ሻି௦೔೙ሺ்,௉ሻ൯

൫௛೔೙ሺ బ்,௉ሻି௛೚ೠ೟ሺ బ்,௉ሻ൯ି బ்൫௦೔೙ሺ బ்,௉ሻି௦೚ೠ೟ሺ బ்,௉ሻ൯
ൌ ଵିఌ೅

బ்
 from equation (3-41) and 

ாሶ ು೔೙ିாሶ ು೚ೠ೟

௠ሶ
ൌ ൫݄௜௡ሺ ଴ܶ, ܲሻ െ ݄௢௨௧ሺ ଴ܶ, ܲሻ൯ െ ଴ܶ൫ݏ௜௡ሺ ଴ܶ, ܲሻ െ ௢௨௧ሺݏ ଴ܶ, ܲሻ൯ we can simplify the 

above equation. 

ௗఌ೅

ௗ௉೚ೠ೟
ൌ ሶ݉ బ்

ாሶ ು೔೙ିாሶ ು೚ೠ೟
ሾെሺ

ଵିఌ೅

బ்
ሻ

డ௛೚ೠ೟ሺ బ்,௉ሻ

డ௉೚ೠ೟
൅ ሺ1 െ ሻ்ߝ డ௦೚ೠ೟ሺ బ்,௉ሻ

డ௉೚ೠ೟
െ

డ௦೚ೠ೟ሺ்,௉ሻ

డ௉೚ೠ೟
ሿ                                         (3-47) 

By using equations (3-17) and (3-18) we can simplify equation (3-47). 

ฺ 
ௗఌ೅

ௗ௉೚ೠ೟
ൌ ሶ݉ బ்

ாሶ ು೔೙ିாሶ ು೚ೠ೟
ሾሺ

డణ೚ೠ೟

డ ೚்ೠ೟
ሻ௉೚ೠ೟

െ ቀଵିఌ೅

బ்
ቁ ሺߴ ௢ܲ௨௧, ଴ܶሻሿ                                                                        (3-48) 

For ideal gas ሺడణ೚ೠ೟

డ ೚்ೠ೟
ሻ௉೚ೠ೟

ൌ ோ

௉೚ೠ೟
 and ߴሺ ௢ܲ௨௧, ଴ܶሻ ൌ ோ. బ்

௉೚ೠ೟
 

ฺ 
ௗఌ೅

ௗ௉೚ೠ೟
ൌ

௠ሶ ோ బ்

௉೚ೠ೟ሺாሶ ು೔೙ିாሶ ು೚ೠ೟ሻ
 (3-49)                                                                                                                             ்ߝ
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With the same procedure we can find effect of inlet pressure and inlet temperature on exergy 

efficiency of turbine. Equation (3-50) calculates the changes in efficiency of turbine by changing 

the inlet pressure. 

ௗఌ೅

ௗ௉೔೙
ൌ

డఌ೅

డ௛೔೙ሺ బ்,௉ሻ
.

డ௛೔೙ሺ బ்,௉ሻ

డ௉೔೙
൅

డఌ೅

డ௦೔೙ሺ బ்,௉ሻ
.

డ௦೔೙ሺ బ்,௉ሻ

డ௉೔೙
൅

డఌ೅

డ௦೔೙ሺ்,௉ሻ
.

డ௦೔೙ሺ்,௉ሻ

డ௉೔೙
                                                        (3-50)                               

We can find  
డఌ೅

డ௛೔೙ሺ బ்,௉ሻ
 , 

డఌ೅

డ௦೔೙ሺ బ்,௉ሻ
  ,and 

డఌ೅

డ௦೔೙ሺ்,௉ሻ
 from equation (3-41): 

డఌ೅

డ௛೔೙ሺ బ்,௉ሻ
ൌ ଴ܶ

൫௦೚ೠ೟ሺ்,௉ሻି௦೔೙ሺ்,௉ሻ൯

ሾ൫௛೔೙ሺ బ்,௉ሻି௛೚ೠ೟ሺ బ்,௉ሻ൯ି బ்൫௦೔೙ሺ బ்,௉ሻି௦೚ೠ೟ሺ బ்,௉ሻ൯ሿమ                                                                        (3-51) 

డఌ೅

డ௦೔೙ሺ బ்,௉ሻ
ൌ െ ଴ܶ

ଶ ൫௦೚ೠ೟ሺ்,௉ሻି௦೔೙ሺ்,௉ሻ൯

ሾ൫௛೔೙ሺ బ்,௉ሻି௛೚ೠ೟ሺ బ்,௉ሻ൯ି బ்൫௦೔೙ሺ బ்,௉ሻି௦೚ೠ೟ሺ బ்,௉ሻ൯ሿమ                                                                   (3-52) 

డఌ೅

డ௦೔೙ሺ்,௉ሻ
ൌ బ்

൫௛೔೙ሺ బ்,௉ሻି௛೚ೠ೟ሺ బ்,௉ሻ൯ି బ்൫௦೔೙ሺ బ்,௉ሻି௦೚ೠ೟ሺ బ்,௉ሻ൯
                                                                                  (3-53) 

By using equations (3-51)-(3-53) in equation (3-50), we will find: 

்ߝ݀

݀ ௜ܲ௡
ൌ ଴ܶ

൫݄௜௡ሺ ଴ܶ, ܲሻ െ ݄௢௨௧ሺ ଴ܶ, ܲሻ൯ െ ଴ܶ൫ݏ௜௡ሺ ଴ܶ, ܲሻ െ ௢௨௧ሺݏ ଴ܶ, ܲሻ൯
. 

                              ሾ
൫ݏ௢௨௧ሺܶ, ܲሻ െ ,௜௡ሺܶݏ ܲሻ൯

൫݄௜௡ሺ ଴ܶ, ܲሻ െ ݄௢௨௧ሺ ଴ܶ, ܲሻ൯ െ ଴ܶ൫ݏ௜௡ሺ ଴ܶ, ܲሻ െ ௢௨௧ሺݏ ଴ܶ, ܲሻ൯
.
߲݄௜௡ሺ ଴ܶ, ܲሻ

߲ ௜ܲ௡
     

െ ଴ܶ. ൫ݏ௢௨௧ሺܶ, ܲሻ െ ,௜௡ሺܶݏ ܲሻ൯

൫݄௜௡ሺ ଴ܶ, ܲሻ െ ݄௢௨௧ሺ ଴ܶ, ܲሻ൯ െ ଴ܶ൫ݏ௜௡ሺ ଴ܶ, ܲሻ െ ௢௨௧ሺݏ ଴ܶ, ܲሻ൯
.
௜௡ሺݏ߲ ଴ܶ, ܲሻ

߲ ௜ܲ௡
൅

,௜௡ሺܶݏ߲ ܲሻ
߲ ௜ܲ௡

ሿ 

By considering 
൫௦೚ೠ೟ሺ்,௉ሻି௦೔೙ሺ்,௉ሻ൯

൫௛೔೙ሺ బ்,௉ሻି௛೚ೠ೟ሺ బ்,௉ሻ൯ି బ்൫௦೔೙ሺ బ்,௉ሻି௦೚ೠ೟ሺ బ்,௉ሻ൯
ൌ ଵିఌ೅

బ்
 from equation (3-41) and 

ாሶ ು೔೙ିாሶ ು೚ೠ೟

௠ሶ
ൌ ൫݄௜௡ሺ ଴ܶ, ܲሻ െ ݄௢௨௧ሺ ଴ܶ, ܲሻ൯ െ ଴ܶ൫ݏ௜௡ሺ ଴ܶ, ܲሻ െ ௢௨௧ሺݏ ଴ܶ, ܲሻ൯ we can simplify the 

above equation. 

ௗఌ೅

ௗ௉೔೙
ൌ ሶ݉ బ்

ாሶ ು೔೙ିாሶ ು೚ೠ೟
ሾ

ଵିఌ೅

బ்

డ௛೔೙ሺ బ்,௉ሻ

డ௉೔೙
െ ሺ1 െ ሻ்ߝ డ௦೔೙ሺ బ்,௉ሻ

డ௉೔೙
൅

డ௦೔೙ሺ்,௉ሻ

డ௉೔೙
ሿ                                                       (3-54) 

By using equations (3-17) and (3-18) in equation (3-54) we can simplify it. 

ฺ 
ௗఌ೅

ௗ௉೔೙
ൌ ሶ݉ బ்

ாሶ ು೔೙ିாሶ ು೚ೠ೟
ሾሺ

ଵିఌ೅

బ்
ሻߴሺ ଴ܶ, ௜ܲ௡ሻ െ

డణ೔೙ሺ்,௉ሻ

డ்೔೙
ሿ                                                                                  (3-55) 

For ideal gas  
డణ೔೙

డ்೔೙
ൌ ோ

௉೔೙
 and ߴሺ ௜ܲ௡, ଴ܶሻ ൌ ோ. బ்

௉೔೙
. 
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ฺ 
ௗఌ೅

ௗ௉೔೙
ൌ െ

௠ሶ ோ బ்

௉೔೙ሺாሶ ು೔೙ିாሶ ು೚ೠ೟ሻ
 (3-56)                                                                                                                            ்ߝ

As we can see in equations (3-49) and (3-56) by increasing outlet pressure and decreasing inlet 

pressure (decreasing pressure ratio) exergy efficiency of turbine which works below T0 will 

increase for ideal gas. 

We can show effect of the discussed parameters on exergy efficiency of turbine by using 

sensitivity analysis technique for non ideal gas. In these study cases, the working fluid is 

methane and its mass velocity is 1 (kg/s). The isentropic efficiency of turbine is equal to 85% 

and SRK is used as equation of state. 

Figure (3-7) shows the changes in exergy efficiency of turbine by changing in outlet pressure. In 

this case, inlet pressure and inlet temperature are set at 60 bar and -10°C. 

 

Figure  3.7 Effect of outlet pressure on exergy efficiency of turbine 

Figure (3-8) shows the changes in exergy efficiency of turbine by changing inlet pressure. In this 

case, outlet pressure and inlet temperature are set at 20 bar and -10°C. 
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Figure  3.8 Effect of inlet pressure on exergy efficiency of turbine 

We can see in figures (3-7) and (3-8), the exergy efficiency of turbine will increase by 

decreasing pressure ratio. 

By increasing inlet temperature, the produced work increases but the diferrence between 

temperature based exergy at inlet and outlet will decrease more than the increase in produced 

work. So, the exergy efficiency of turbine will decrease. Figure (3-9) shows the effect of inlet 

temperature on exergy efficiency of turbine. In this case, inlet and outlet pressure are set at 60 

bar and 15 bar.  

 

Figure  3.9 Effect of inlet temperature on exergy efficiency of turbine 
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Finally, we should find effect of isentropic efficiency of turbine on its exergy efficiency. Typical 

turbine isentropic efficiency is 70-88% (Sonntag et al. 2003). Figure (3-10) shows how exergy 

efficiency of turbine will change by changing isentropic efficiency. In this case study, the 

working fluid is methane and its mass velocity is 1 (kg/s). Inlet pressure and outlet pressure are 

set at 60 and 20 bar and inlet temperature is -10°C. SRK is used as equation of state. 

 

Figure  3.10 Effect of isentropic efficiency on exergy efficiency of turbine 

As we can see in figure (3-10), by increasing isentropic efficiency of turbine, its exergy 

efficiency will increase. Equation (3-57) represents the definition of isentropic efficiency for 

turbine where hout,s is the enthalpy of outlet stream when the isentropic efficiency of the turbine 

is 100%. 

௜௦,௖௢௠ߟ ൌ
௛೔೙ି௛೚ೠ೟

௛೔೙ି௛೚ೠ೟,ೞ
                                                                                                                                             (3-57) 

By increasing isentropic efficiency of turbine, exergy destruction will reduce and exergy 

efficiency will increase. Moreover, increasing isentropic efficiency of turbine will increase 

exergy efficiency of process, too, since it does not effect on source of turbine. As a result, 

relative source will be constant but exergy efficiency will increase. 
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3.1.2. Exergy analysis of heat exchanger 

As I discussed in chapter (2-1-6), pressure drop has positive effect on source and negative effect 

on sink. Since it increases the irreversibility, it causes reducing exergy efficiency. Moreover, the 

effect of pressure drop in exergy efficiency is significantly smaller than the effect of temperature 

except for two phase flow or highly viscous flow (Marmolejo-Correa and Gundersen, 2011). 

By increasing the pressure level, the difference between pressure based exergy due to constant 

pressure drop in heat exchanger will be decreased. So, we can conclude that increasing the 

pressure decrease the magnitude of source and increase the magnitude of sink which leads to 

increasing the exergy efficiency in heat exchanger.  

For further studying of heat exchanger to find effect of temperature level on its exrgy efficiency, 

author assumes no pressure drop. Analytical analysis of exergy efficiency for heat exchanger is 

complicated. As an example, author has done this technique for heat exchanger which works 

above ambient temperature. 

For a heat exchanger which works above ambient temperature exergy efficiency is calculated by 

equation (3-58). 

ு௑ߝ ൌ
ாሶ ೅಴,೚ೠ೟ିாሶ ೅಴,೔೙

ாሶ ೅ಹ,೔೙ିாሶ ೅ಹ,೚ೠ೟
ൌ

௠ሶ ಴ሾ൫௛಴,೚ೠ೟ି௛಴,೔೙൯ି బ்൫௦಴,೚ೠ೟ି௦಴,೔೙൯ሿ

௠ሶ ಹሾ൫௛ಹ,೔೙ି௛ಹ,೚ೠ೟൯ି బ்൫௦ಹ,೔೙ି௦ಹ,೚ೠ೟൯ሿ
                                                         (3-58) 

For increasing exergy efficiency, it seems that we can increase mass velocity of cold stream, 

decrease mass velocity of hot stream, increase the temperature difference between outlet and 

inlet of cold stream, and decrease the temperature difference between inlet and outlet of hot 

stream. But we should mention that all of these parameters are related to each other by energy 

balance in heat exchanger. For instance, if we increase the mass velocity of cold stream, the mass 

velocity of heat stream will increase too. So, we cannot consider effect of one parameter on 

exergy efficiency of heat exchanger without considering others.  

Energy balance for heat exchanger with one cold stream and one hot stream is: 

ሶ݉ ஼൫݄஼,௢௨௧ െ ݄஼,௜௡൯ ൌ ሶ݉ ு൫݄ு,௜௡ െ ݄ு,௢௨௧൯                                                                             (3-59) 

By assuming ideal gas we can rewrite equation (3-58) and (3-59). 
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ு௑ߝ ൌ
ሺ௠ሶ ஼೛ሻ಴ሾ൫்಴,೚ೠ೟ି்಴,೔೙൯ି బ்൬௟௡

೅಴,೚ೠ೟
೅಴,೔೙

൰ሿ

ሺ௠ሶ ஼೛ሻಹሾ൫்ಹ,೔೙ି்ಹ,೚ೠ೟൯ି బ்൬௟௡
೅ಹ,೔೙

೅ಹ,೚ೠ೟
൰ሿ

                                                                                   (3-60) 

ሺ ሶ݉ ௣ሻ஼൫ܥ ஼ܶ,௢௨௧ െ ஼ܶ,௜௡൯ ൌ ሺ ሶ݉ ௣ሻு൫ܥ ுܶ,௜௡ െ ுܶ,௢௨௧൯                                                               (3-61) 

஼ܶ,௢௨௧ ൑ ுܶ,௜௡ െ ∆ܶ and ஼ܶ,௜௡ ൑ ுܶ,௢௨௧ െ ∆ܶ . Since by increasing T the exergy destruction will 

increase in heat exchanger, we assume ஼ܶ,௢௨௧ ൌ ுܶ,௜௡ െ ∆ܶ and ஼ܶ,௜௡ ൌ ுܶ,௢௨௧ െ ∆ܶ to decrease 

exergy destruction. So, for ideal gas with above assumption, ሺ ሶ݉ ௣ሻ஼ܥ ൌ ሺ ሶ݉  ,௣ሻு. Moreoverܥ

author assumed constant temperature difference between inlet and outlet of hot stream ுܶ,௜௡ െ

ுܶ,௢௨௧ ൌ  .Then we can rewrite equation (3-60) .׏

ு௑ߝ ൌ
ି׏ బ்൬௟௡

೅ಹ,೔೙ష∆೅

೅ಹ,೔೙ష׏ష∆೅
൰

ି׏ బ்൬௟௡
೅ಹ,೔೙

೅ಹ,೔೙ష׏
൰

                                                                                                           (3-62) 

ฺ ௗఌಹ೉

ௗ்ಹ,೔೙
ൌ

.׏ బ்ሾ
൭׏ష೅బቆ೗೙

೅ಹ,೔೙
೅ಹ,೔೙ష׏ቇ൱

ቀ೅ಹ,೔೙ష∆೅ቁቀ೅ಹ,೔೙ష∆೅ష׏ቁ
ି

൭׏ష೅బቆ೗೙
೅ಹ,೔೙ష∆೅

೅ಹ,೔೙ష׏ష∆೅ቇ൱

೅ಹ,೔೙ቀ೅ಹ,೔೙ష׏ቁ
ሿ

ሺି׏ బ்൬௟௡
೅ಹ,೔೙

೅ಹ,೔೙ష׏
൰ሻమ

                                                                 (3-63) 

As we can see, analysing equation (3-63) without numerical calculation is very difficult. 

Moreover, we should mention that this equation was calculated by some assumption. 

Considering exergy-enthalpy diagram can be used to find effect of temperature level and 

magnitude of difference between inlet and outlet on exergy efficiency. But, it is not useful since 

we cannot generalize the result to all heat exchanger because of different scenarios which can 

happen.  Figure (3-11) shows the exergy-enthalpy diagram for the heat exchanger which works 

above ambient temperature and the pressure of cold stream and hot stream is the same. 
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Figure  3.11 Exergy‐enthalpy diagram for the heat exchanger which works above ambient temperature 
and the pressure of cold stream and hot stream is the same 

As we can see by increasing the temperature level at the constant pressure, the difference 

between temperature based exergy of inlet and outlet of hot stream is increase more than the cold 

stream because the slop of exergy-enthalpy line at the constant pressure increases with increasing 

the temperature. As a result, the exergy efficiency decreases. 
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Figure  3.12 Exergy‐enthalpy diagram for the heat exchanger which works above ambient temperature 
and the pressure of cold stream is less than hot stream pressure 

Figure (3-12) shows the exergy-enthalpy diagram for the heat exchanger which works above 

ambient temperature and the pressure of cold stream is less than hot stream pressure. In this case 

by increasing the temperature level, the difference between inlet and outlet temperature based 

exergy of cold stream is increased more than hot stream since the slope of exergy enthalpy line at 

constant pressure increase more by decreasing pressure(figure (3-5)). So, the exergy efficiency 

will increase. 

In conclusion, it is difficult to predict the behaviour of exergy efficiency of heat exchanger by 

changing the temperature level generally. The best way is using sensitivity analysis technique by 

considering working condition. 
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3.2. Exergy analysis of dual independent expander refrigeration cycles 
for LNG production  

3.2.1. Brief description of process 

This process is using for liquefaction natural gas using dual independent expander refrigeration 

cycles with at least two different refrigerants (Foglietta, 2002). This process includes two 

independent cycles in which natural gas exchange heat with expanded refrigerants at the same 

time or independently. The first refrigerant is selected from methane, ethane, or treated inlet gas.  

The second refrigerant is nitrogen. The schematic flow diagram of this process is shown in figure 

(3-13). 

 

 
Figure  3.13 Dual independent expander refrigeration cycle (Foglietta, 2002) 

This process has some advantages. First, it is adoptable for liquefaction of natural gas with 

different quality. By adjusting the flow rate of nitrogen and/or methane cycle we can make the 

process efficient. Since, changes in the flow rate of nitrogen and methane leads to changes in 
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temperature difference between hot stream and cold stream in main heat exchanger. Moreover, 

refrigerants are in gaseous phase which eliminates the need for phase separator and makes design 

and construction of heat exchanger easier.  

High pressure inlet gas stream 11 enters to treatment unit 71 to removed acid gas like H2S and 

CO2 which can cause corrosion in piping and equipments. Furthermore, the inlet gas will be 

dehydrated as water freezes in low temperature heat exchanger and cause plugging. The treated 

stream 12 is precooled with water in cooler 12 and conventional mechanical refrigeration unit 

73. The treated precooled stream 20 enters to heat exchanger 75 at ambient temperature (25°C) 

and 62 bar to be cooled and liquefied with heat exchange by first refrigeration cycle 81 and 

second refrigeration cycle 91. 

The stream 20 is liquefied and subcooled to -155°C in heat exchanger 75.  The subcooled stream 

22 is expanded in liquid expander 77 to 1 bar. Expanded stream 24 finally enters to nitrogen 

removal unit 99 to produce LNG product 26. Stream 27 which is enriched with nitrogen is 

usually used for low pressure fuel gas. 

In the refrigeration cycle 81, the expanded cold methane stream 44 enters to heat exchanger 75. 

This stream absorbs heat from natural gas and high pressure methane stream and leaves heat 

exchanger at 25°C. Stream 46 is compressed at two stages. It is further cooled to 30°C in water 

cooler 98. High pressure stream 40 enters to the main heat exchanger and cooled. Stream 42 is 

expanded in methane expander 90 to provide cold stream for cooling of natural gas and high 

pressure methane stream. 

As the minimum temperature approach in the heat exchanger is 3°C, the inlet temperature of cold 

nitrogen must be -158°C by considering the outlet temperature of subcooled natural gas from the 

main heat exchanger is -155°C where the pinch point is at the cold end of heat exchanger. In the 

refrigeration cycle 91, the cold expanded nitrogen stream 34 enters at -158°C to the main heat 

exchanger and is warmed in the heat exchanger. Stream 36 leaves the heat exchanger at 25°C. 

The stream 36 is compressed in two stages compression. It is cooled by water cooler 88 to 30°C. 

High pressure stream 30 enters to the main heat exchanger, cooled and leaves the main heat 

exchanger and expanded in nitrogen expander 80 to provide nitrogen cold stream. 

The input data for streams and composition of natural gas are introduced in table (3-1) and (3-2). 
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Table  3‐1 Data for input streams in dual independent expander refrigeration cycle 

stream        20 

Component  Natural gas

Total Flow      (Kg/s )    1 

Temperature(°C)          25 

Pressure          (bar)      62 

 

Table  3‐2 Composition of natural gas (U.S. patent 6412302) 

Nitrogen  0.05816286

Methane  0.83433614

Ethane  0.07119936

Propane  0.02256318

iso‐Butane  0.00401123

n‐Butane  0.00601685

iso‐Pentane 0.00120337

n‐Pentane  0.00150421

n‐hexane  0.0010028 

 

Degree of freedom is the number of independent variable which can be varied and specify the 

system or process. It can be calculated by equation (3-64). 

ܨܱܦ ൌ ݈ܾ݁ܽ݅ݎܽݒ ݂݋ ݎܾ݁݉ݑ݊ െ  (64-3)                                                        ݊݋݅ݐܽݑݍ݁ ݂݋ ݎܾ݁݉ݑ݊

There are 17 streams, which mean there are 17*3=51 unknowns for the streams (mass velocity, 

pressure, temperature). In the process, four compressors and 3 turbines are used which add 7 

more unknowns for their power. Furthermore, the duties of the cooling waters are unknown 

which add 4 more to the numbers of variables.  

Mass velocity, temperature, and pressure of feed are constant. Also, temperature of stream no.22 

and pressure of stream no.24 are fixed.  

As a result, we have 51+7+4-5=57 variables. 

We have 14 equations for mass balance: 

ሶ࢓ (1) ૝૟ ൌ ሶ࢓ ૝૟ି૛ 

ሶ࢓ (2) ૝૟ି૛ ൌ ሶ࢓ ૝૟ି૜ 

ሶ࢓ (3) ૝૟ି૜ ൌ ሶ࢓ ૝૟ି૝ 
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ሶ࢓ (4) ૝૟ି૝ ൌ ሶ࢓ ૝૙ 

ሶ࢓ (5) ૝૙ ൌ ሶ࢓ ૝૛ 

ሶ࢓ (6) ૝૛ ൌ ሶ࢓ ૝૝ 

ሶ࢓ (7) ૜૟ ൌ ሶ࢓ ૜૟ି૛ 

ሶ࢓ (8) ૜૟ି૛ ൌ ሶ࢓ ૜૟ି૜ 

ሶ࢓ (9) ૜૟ି૜ ൌ ሶ࢓ ૜૟ି૝ 

ሶ࢓ (10) ૜૟ି૝ ൌ ሶ࢓ ૜૙ 

ሶ࢓ (11) ૜૙ ൌ ሶ࢓ ૜૛ 

ሶ࢓ (12) ૜૛ ൌ ሶ࢓ ૜૝ 

ሶ࢓ (13) ૛૙ ൌ ሶ࢓ ૛૛ 

ሶ࢓ (14) ૛૛ ൌ ሶ࢓ ૛૝ 

In addition to 8 energy and entropy balance equations for compressors, 6 energy and entropy 

balance equations for turbines, 4 energy balance equations for cooling waters, and 1 energy 

balance equations for main heat exchanger (75). In general, we have 19 energy balance 

equations. 

The outlet pressure of the first compressors in two stages compression is defined by: 

૝૛ି૜ࡼ  (34) ൌ ඥࡼ૝૟.  ૝૟ି૝ࡼ

૜૟ି૜ࡼ (35) ൌ ඥࡼ૜૟.  ૜૟ି૝ࡼ

There are 9 equations for pressure drop in each side of heat exchanger no.75 and cooling waters. 

The minimum approach temperature in heat exchanger should be designed by trade off between 

capital cost and energy cost. By assuming Tmin in cooling waters is 5°C, the temperature of 

streams no. 36-3, 30, 46-3, and 40 is 30°C. This is chosen to decrease the exergy losses in 

cooling water heat exchangers. 

By assuming Tmin in hot side of heat exchanger no.75 is 5°C:  

૝૟ࢀ (49) ൌ ૝૙ࢀ െ ૞ ൌ ૛૞ 

૜૟ࢀ (50) ൌ ૜૙ࢀ െ ૞ ൌ ૛૞ 
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By assuming Tmin in cold side of heat exchanger no.75 is 3°C: 

૜૝ࢀ (51) ൌ ૛૛ࢀ െ ૜ ൌ ૚૞ૡ 

We should consider that equations number 49-51 are not constant and are chosen to reduce the 

temperature difference between hot streams and cold streams in heat exchanger. Moreover, by 

accepting the equation 51, we have specified the pinch point in the LNG heat exchanger. 

Although this point can be varied in the length of heat exchanger, setting that in the cold end 

makes study of improving the performance of the process easier. In general, we have 51 

equations. 

Degree of freedom: 

ࡲࡻࡰ ൌ  ݊௩௔௥ െ ݊௘௤௦ ൌ 57 െ 51 ൌ ૟ 
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3.2.2. Exergy analysis of process 

By considering a boundary around the process, the exergy efficiency of this process is defined by 

equation (3-65): 

௣ߝ ൌ
ௐ೅ళళାௐ೅ఴబାௐ೅వబା൫ா௫మర

೅ିா௫మబ
೅൯

ௐ಴ఴమାௐ಴ఴలାௐ಴వమାௐ಴వలା൫ா௫మబ
ುିா௫మర

ು൯
                                                                                                    (3-65) 

For improving the exergy efficiency of the process, one should study the performance of not only 

external characteristic but also internal structure. For optimisation of exergy efficiency, although 

the qualitative characteristics of each element may change, the internal structure of process will 

remain constant. Evaluation of effects of these characteristics on performance of the process 

results in improving the efficiency (Brodyansky, 1994). 

For finding the effect of each element on exergy efficiency of process, we should define an 

equation which shows the exergy efficiency of process as a function of characteristic of each 

element. We can use the following approach to find this equation.  The efficiency of the process 

is defined by equation (3-66): 

௣ߝ ൌ
௦௜௡௞೛

௦௢௨௥௖௘೛
ൌ

௦௢௨௥௖௘೛ି஽ି௅

௦௢௨௥௖௘೛
ൌ 1 െ

஽ା௅

௦௢௨௥௖௘೛
                                                                                                    (3-66) 

where D is the exergy destruction and L is exergy losses in the process. By defining Di as the 

destruction and Li as the losses in element i-th, we can write equation (3-67).  The losses 

occurred at coolers since water transfer exergy to atmosphere. 

ܦฺ ൅ ܮ ൌ ∑ ௜ܦ ൅ ∑ ௜ܮ                                                                                                                                      (3-67) 

where ܦ௜ ൅ ௜ܮ ൌ .௜݁ܿݎݑ݋ݏ ሺ1 െ  ௜ሻ                                                                                                                 (3-68)ߝ

.௣݁ܿݎݑ݋ݏฺ ൫1 െ ௣൯ߝ ൌ ∑ .௜݁ܿݎݑ݋ݏ ሺ1 െ  ௜ሻߝ

௣ߝฺ ൌ 1 െ ∑ ௦௢௨௥௖௘೔

௦௢௨௥௖௘೛
. ሺ1 െ ௜ሻ௔௟௟ ௕௟௢௖௞௦ ௘௫௘௣௧ ஼ௐ௦ߝ                                                                                          (3-69) 

where efficiency of the whole process and the efficiency of i-th element are denoted by εp and 

εi..By defining ߣ௜ ൌ ௦௢௨௥௖௘೔

௦௢௨௥௖௘೛
 as relative source of each element to source of process we can write 

equation (3-69) in format of equation (3-70). 
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௣ߝฺ ൌ 1 െ ∑ ௜ሺ1ߣ െ ௜ሻ௜ߝ                                                                                                                                     (3-70) 

As we can see from equation (3-70), the exergy efficiency of process is function of exergy 

efficiency of each element and relative source of each element. Equation (3-71) shows the effect 

of efficiency of elements on exergy efficiency of process.  

௜ݖ ൌ ቀ
డఌ೛

డఌ೔
ቁ ൌ  ௜                                                                                                                                                       (3-71)ߣ

zi can vary to from a number close to zero to hundreds and more. The zi is greater; the efficiency 

of i-th element has more influence on the efficiency of process (Brodyansky, 1994).  

Since the input and output parameters of turbine 77 are fixed, the efficiency of that is constant. 

So we should study the effects of efficiency and relative source of other elements on improving 

the efficiency of whole process. 

The parameters which affect on the performance of the elements should be discussed. For 

identification of these parameters, it is necessary to take a look on the definition of efficiency for 

each of these equipments. 

Table  3‐3 Sink and source for each unit in LNG processing by dual independent expander refrigeration 
cycle 

Equipment 

Position 

according 

 to T0 

Sink  Source 

Compressor 92  above  ሶܧ ்ெ
ସ଺ିଶ െ ሶܧ ்ெ

ସ଺  ሶܹ ஼ଽଶ 

Compressor 96  above  ሶܧ ்ெ
ସ଺ିସ െ ሶܧ ்ெ

ସ଺ିଷ  ሶܹ ஼ଽ଺ 

Compressor 82  above  ሶܧ ்ெ
ଷ଺ିଶ െ ሶܧ ்ெ

ଷ଺  ሶܹ ஼଼ଶ 

Compressor 86  above  ሶܧ ்ெ
ଷ଺ିସ െ ሶܧ ்ெ

ଷ଺ିଷ  ሶܹ ஼଼଺ 

Turbine 90  below  ሶܹ ஼ଽ଴ ൅ ሺܧሶ ்ସସ െ ሶܧ ்ସଶሻ ሶܧ ௉ସଶ െ ሶܧ ௉ସସ 

Turbine 80  below  ሶܹ ஼଼଴ ൅ ሺܧሶ ்ଷସ െ ሶܧ ்ଷଶሻ ሶܧ ௉ଷଶ െ ሶܧ ௉ଷସ 

LNG HEX  across 

൫ܧሶ ்ெ
ଶଶ െ ሶܧ ்ெ

ଶ଴൯ 

൅ܧሶ ்ସଶ ൅ ሶܧ ்ଷଶ 

൅൫ܧሶ ௉ସଶ െ ሶܧ ௉ସ଴՜ସଶ,்଴൯

൅൫ܧሶ ௉ଷଶ െ ሶܧ ௉ଷ଴՜ଷଶ,்଴൯

൫ܧሶ ்ெ
ସସ െ ሶܧ ்ெ

ସ଺൯ ൅ ൫ܧሶ ்ெ
ଷସ െ ሶܧ ்ெ

ଷ଺൯

൅ܧሶ ்ସ଴ ൅ ሶܧ ்ଷ଴ 

൅൫ܧሶ ௉ସ଴ െ ሶܧ ௉ସ଴՜ସଶ,்଴൯ 

൅൫ܧሶ ௉ଷ଴ െ ሶܧ ௉ଷ଴՜ଷଶ,்଴൯ 



56 
 

Now, we should study the parameters which have effects on performance of units and as a result 

on performance of process: 

‐ Compressors 

All the compressors which are used in the process are working above ambient temperature.  

All of the studies which have done in chapter (3-1) showed the effect of different parameters on 

exergy efficiency of compressor. When we want to find their effects on exergy efficiency of 

process, we should consider the effects of these parameters on product of ߣ and ሺ1 െ  ሻ sinceߝ

changing these parameters will change relative source and efficiency of compressor 

simultaneously. 

For compressor which works above ambient temperature, 

௖௢௠௣൫1ߣ  െ ௖௢௠௣൯ߝ ൌ
௦௢௨௥௖௘೔

௦௢௨௥௖௘೛
ሺ1 െ

ாሶ ೅ಾ
೚ೠ೟ିாሶ ೅ಾ

೔೙

ௐሶ ಴
ሻ                                                                                       (3-72) 

By considering source of process in our study case, we can find (1-ε) for a compressor. 

௣݁ܿݎݑ݋ݏ  ൌ ሶܹ ஼ ൅ ൫ݔܧଶ଴
௉ െ ଶସݔܧ

௉൯ ൅ ∑ ሶܹ௖௢௧௛௘௥ ௖௢௠௣௦  

௖௢௠௣൫1ߣฺ െ ௖௢௠௣൯ߝ ൌ
ௐሶ ಴

ௐሶ ಴ା൫ா௫మబ
ುିா௫మర

ು൯ା∑ ௐሶ ೎೚೟೓೐ೝ ೎೚೘೛ೞ
ሺ

ௐሶ ಴ିாሶ ೅ಾ
೚ೠ೟ାாሶ ೅ಾ

೔೙

ௐሶ ಴
ሻ 

௖௢௠௣൫1ߣฺ െ ௖௢௠௣൯ߝ ൌ
ௐሶ ಴ିாሶ ೅ಾ

೚ೠ೟ାாሶ ೅ಾ
೔೙

ௐሶ ಴ା൫ா௫మబ
ುିா௫మర

ು൯ା∑ ௐሶ ೎೚೟೓೐ೝ ೎೚೘೛ೞ
                                                                           (3-73) 

൫ݔܧଶ଴
௉ െ ଶସݔܧ

௉൯ ൅ ∑ ሶܹ௖௢௧௛௘௥ ௖௢௠௣௦  is not function of parameters of compressor, so it is constant 

and we assume its value is equal to X. 

௖௢௠௣൫1ߣฺ െ ௖௢௠௣൯ߝ ൌ
ௐሶ ಴ିாሶ ೅ಾ

೚ೠ೟ାாሶ ೅ಾ
೔೙

ௐሶ ಴ା௑
                                                                                                        

௖௢௠௣൫1ߣฺ െ ௖௢௠௣൯ߝ ൌ ሶ݉ ௢ܶ
௦೚ೠ೟ି௦೔೙

ௐሶ ಴ା௑
                                                                                                               (3-74) 

By referring to equation (3-72): 

ฺ
డఌ೛

డ௉೚ೠ೟,೎೚೘೛
ൌ െ

డఒ೎೚೘೛൫ଵିఌ೎೚೘೛൯

డ௉೚ೠ೟,೎೚೘೛
ൌ െ ሶ݉ ௢ܶ

ങೞ೚ೠ೟
ങು೚ೠ೟,೎೚೘೛

ሺௐሶ ಴ା௑ሻି
ങೈሶ ಴

ങು೚ೠ೟,೎೚೘೛
ሺ௦೚ೠ೟ି௦೔೙ሻ

ሺௐሶ ಴ା௑ሻమ                                    (3-75) 
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We can find  
డௐሶ ಴

డ௉೚ೠ೟,೎೚೘೛
 from definition of compressor work: 

ሶܹ ஼ ൌ ݉.ሶ ሾ݄௢௨௧ െ ݄௜௡ሿฺ 
డௐሶ ಴

డ௉೚ೠ೟,೎೚೘೛
ൌ ሶ݉

డ௛೚ೠ೟

డ௉೚ೠ೟
                                                                                               (3-76) 

By using equations (1-34) we can simplify equation (1-33): 

ฺ
డఌ೛

డ௉೚ೠ೟,೎೚೘೛
ൌ െ ሶ݉ ௢ܶ

ങೞ೚ೠ೟
ങು೚ೠ೟,೎೚೘೛

ሺௐሶ ಴ା௑ሻି௠ሶ
ങ೓೚ೠ೟
ങು೚ೠ೟

ሺ௦೚ೠ೟ି௦೔೙ሻ

ሺௐሶ ಴ା௑ሻమ                                                                                (3-77) 

For finding effect of outlet pressure on exergy efficiency of process, sensitivity analysis is used. 

In this case we assumed X is equal to 1754. 

 

Figure  3.14 Effect of outlet pressure on (1‐ε) for a compressor 

By increasing the outlet pressure, ߣ.(1-ε) will increase. By referring to equation (3-70) we can 

see that exergy efficiency of process will decrease. 

Equation (3-78) shows how the process efficiency changes by changing the inlet pressure of 

compressor. 
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ሶܹ ஼ ൌ ݉.ሶ ሾ݄௢௨௧ െ ݄௜௡ሿฺ 
డௐሶ ಴

డ௉೔೙,೎೚೘೛
ൌ െ ሶ݉

డ௛೔೙

డ௉೔೙
                                                                                                (3-79) 

By using equation (3-79) we can simplify equation (3-78). 

ฺ 
డఌ೛

డ௉೔೙,೎೚೘೛
ൌ ሶ݉ ଴ܶ

ങೞ೔೙
ങು೔೙,೎೚೘೛

ሺௐሶ ಴ା௑ሻି௠ሶ
ങ೓೔೙
ങು೔೙

ሺ௦೚ೠ೟ି௦೔೙ሻ

ሺௐሶ ಴ା௑ሻమ                                                                                        (3-80) 

We can use sensitivity analysis to find effect of inlet pressure on exergy efficiency of process. 

 

Figure  3.15 Effect of inlet pressure on ߣ.(1‐ε) for a compressor 

As we can see in figure (3-15) by increasing the inlet pressure, the value of ߣ.(1-ε) will decrease, 

so the exergy efficiency of process will increase. In general, these studies show that by 

decreasing pressure ratio of compressor, the exergy efficiency of process will increase 

For finding effect of inlet temperature of compressor on exergy efficiency of process we can use 

sensitivity analysis technique. 
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Figure  3.16 Effect of inlet temperature on ߣ.(1‐ε) for a compressor 

Figure (3-16) shows effect of inlet temperature on ߣ.(1-ε) for a compressor. By increasing inlet 

temperature of compressor, ߣ.(1-ε) will increase. So, we can find that by increasing inlet 

temperature of compressor, the exergy efficiency of process will decrease.  

In general, increasing inlet temperature and pressure ratio leads to improvement of exergy 

efficiency of compressor, but decrease the exergy efficiency of process. On the other hand, 

increasing isentropic efficiency of compressor increases exergy efficiency of compressor and 

process. This is because of that by increasing isentropic efficiency, exergy destruction will 

reduce. We can see that in figure (3-17). By increasing isentropic efficiency ߣ.(1-ε) will 

decrease. As a result, exergy efficiency of process will increase. 
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Figure  3.17 Effect of isentropic efficiency on ߣ.(1‐ε) for a compressor 

‐ Turbine 

For finding the effects of these parameters on exergy efficiency of process we should refer to 

equation (3-70). With the same procedure as we have done for compressor, we should study 

effect of inlet pressure and temperature and outlet pressure of turbine on product of relative 

source and exergy efficiency of turbine. Source of turbine which works below ambient 

temperature is equal to   ܧሶ ௉௜௡ െ ሶܧ ௉௢௨௧. So, it does not included in the source of process directly. 

For turbine which works below temperature  
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                                                                                    (3-81) 

 Denominator of the right side in equation (3-81) is not function of inlet pressure and temperature 

and outlet pressure of turbine, So we assumed it is constant and equal to X’.                      
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Now by using equations (3-70) and (3-82) we can find డఌು

డ௉೚ೠ೟,೟ೠೝ್
 , 

డఌು

డ௉೔೙,೟ೠೝ್
, and 

డఌು

డ்೔೙,೟ೠೝ್
. 

డఌು

డ௉೚ೠ೟,೟ೠೝ್
ൌ െ

ఒ೟ೠೝ್ሺଵିఌ೟ೠೝ್ሻ

డ௉೚ೠ೟,೟ೠೝ್
ൌ െ

௠ሶ బ்

௑ᇱ

డ௦೚ೠ೟

డ௉೚ೠ೟,೟ೠೝ್
                                                                                              (3-83) 

By increasing the pressure at the constant temperature, entropy will decrease, so 
డ௦೚ೠ೟

డ௉೚ೠ೟,೟ೠೝ್
 has 

negative value. As a result 
డఌು

డ௉೚ೠ೟,೟ೠೝ್
 is positive which shows that by increasing outlet pressure of 

turbine, exergy efficiency of process will increase. We can see this trend in figure (3-18). 

 

Figure  3.18 Effect of outlet pressure on ߣ.(1‐ε) for turbine 

In this case study, inlet temperature and pressure are set at -10°C and 60 bar and X’ is 3000 

(KJ/s). As it is clear by increasing outlet pressure, (1-ε) will decrease. So, the exergy efficiency 

of process will increase. 

డఌು

డ௉೔೙,೟ೠೝ್
ൌ െ

ఒ೟ೠೝ್ሺଵିఌ೟ೠೝ್ሻ

డ௉೔೙,೟ೠೝ್
ൌ

௠ሶ బ்

௑ᇱ

డ௦೔೙

డ௉೔೙,೟ೠೝ್
                                                                                                     (3-84) 

By increasing inlet pressure of turbine, entropy will decrease. As a result 
డఌು

డ௉೔೙,೟ೠೝ್
 is negative 

which show that by increasing inlet pressure of turbine, exergy efficiency of process will 

decrease. We can see this trend in figure (3-19). In this case study inlet temperature and outlet 

pressure are set at -10°C and 20 bar and X’ is 3000 (KJ/s). 
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Figure  3.19 Effect of inlet pressure on ߣ.(1‐ε) for a turbine 

We can see in figure (3-20) by increasing inlet temperature of turbine, exergy efficiency of 

process In this case study, inlet and outlet pressure are set at 60 and 15 bar. X’ is equal to 3000 

(KJ/s). 

 

Figure  3.20 Effect of inlet temperature on ߣ.(1‐ε) for a turbine 

In general, by increasing pressure ratio and inlet temperature of turbine exergy efficiency of 

process will decrease.  
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‐ LNG heat exchanger 

For finding the effect of mass velocity of methane and nitrogen on efficiency of LNG heat 

exchanger we should use sensitivity analysis technique since analytical analysis is very 

complicated because of different parameters related to LNG heat exchanger. The pressure and 

temperature of all the streams which are connected to the LNG heat exchanger are fixed as given 

in table (3-4).  

Table  3‐4 The stream data for analyzing LNG heat exchanger efficiency 

Name of stream  20  22  40  42  44  46  30  32  34  36 

Temperature  25  ‐155  30  ‐7.27896 ‐84  25  30  ‐82  ‐158  25 

Pressure  62  61.8  57.8  57.6  14  13.8  83.8  83.6  14  13.8 

 

When the mass velocity of methane changes, the mass velocity of nitrogen should be changed 

simultaneously to balance the energy in LNG heat exchanger. Figures (3-21) and (3-22) show the 

effect of mass velocity of methane and nitrogen on exergy efficiency of LNG heat exchanger. 

 

Figure  3.21 effect of mass velocity of methane on LNG heat exchanger 
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Figure  3.22 effect of mass velocity of nitrogen on LNG heat exchanger 

It should be mentioned that by increasing the mass velocity of methane more, the exergy 

efficiency of LNG heat exchanger increases more, but the difference temperature between cold 

stream and hot stream will be less than 3°C. 

‐ Main process 

The degree of freedom of process is calculated and it is 6. By set the mass velocity of methane 

and nitrogen, the temperature of stream no.44 at -84°C, pressure of stream no.40, no. 30 and 

no.34 we can simulate the process. Figure (3-23) shows the flow diagram of simulation. 

 
Figure  3.23 Flow sheet of simulation 
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Figure (3-24) shows the effect of pressure on methane cycle on efficiency of process. By 

increasing the pressure of methane after the compressor (stream no.46-4), the outlet pressure of 

turbine will increase to set the temperature of stream no.24 equal to -155°C. As we can see, 

dependency of efficiency of process on pressure in methane cycle is low. By increasing the 

pressure in refrigeration cycle, the efficiency of process will decrease because of negative effect 

of expander and compressor on exergy efficiency of process by increasing the pressure ratio of 

them. 

Moreover, changing the pressure can result in changing the exergy efficiency of LNG heat 

exchanger if the temperature of streams which enter and leave the heat exchanger can change. 

Since in this master thesis changing of temperature is not considered, all the temperature of 

streams is fixed and as a result, the exergy efficiency of LNG heat exchanger will not change 

significantly. 

 

Figure  3.24 effect of pressure of methane cycle on exergy efficiency of process 

Figure (3-25) shows dependency of the exergy efficiency of process by pressure in nitrogen 

cycle. 
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Figure  3.25 effect of pressure of nitrogen cycle on exergy efficiency of process 

As we can see in figure (3-25), the efficiency of process is a little higher when the high pressure 

in nitrogen cycle is at 60 and 80 bar. In these cases, the difference temperature in the LNG heat 

exchanger is less than 3°C. But we can see that, even in this situation, the pressure of nitrogen 

cycle does not have significant effect on efficiency of process although the exergy efficiency in 

heat exchanger increase due to closer temperature difference between cold and hot stream. 

Figure (3-26) shows the effect of mass velocity of methane on efficiency of process. 

 

Figure  3.26 effect of mass velocity of methane on exergy efficiency of process 
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Table (3-5) shows the exergy efficiency of unit operations at different mass velocity of methane 

and nitrogen. 

Table  3‐5 Exergy efficiency of operation units and process at different refrigerant mass velocity 

Methane mass velocity (kg/s) 1.5 2.5 3.75 

Nitrogen mass velocity (kg/s) 8.9 6.35 3.13 

Exergy efficiency of C92 84.9% 84.9% 84.9% 

Exergy efficiency of C96 85.2% 85.2% 85.2% 

Exergy efficiency of C82 86.4% 86.4% 86.4% 

Exergy efficiency of C86 86.6% 86.6% 86.6% 

Exergy efficiency of T90 83.8% 83.8% 83.8% 

Exergy efficiency of T80 84.8% 84.8% 84.8% 

Exergy efficiency of T77 98.7% 98.7% 98.7% 

Exergy efficiency of CW94 6.4% 6.4% 6.4% 

Exergy efficiency of CW98 6.2% 6.2% 6.2% 

Exergy efficiency of CW84 5.1% 5.1% 5.1% 

Exergy efficiency of CW88 4.4% 4.4% 4.4% 

Exergy efficiency of LNG HX 60.8% 67.6% 83.7% 

Exergy efficiency of process 51.3% 56.5% 65.18% 

 

As we can see in table (3-5), although the exergy efficiency of coolers are low, it does not have 

much effect on exergy efficiency of process since its relative source is smal. Moreover, exergy 

efficiency of process increase significantly by increasing exergy efficiency of LNG heat 

exchanger. 

In conclusion, by referring to above explanation we can see that mass velocity of nitrogen and 

methane has more effect on exergy efficiency of process since it can affect on efficiency of LNG 

heat exchanger significantly. Changing the pressure in nitrogen and methane cycles cannot 

improve the efficiency of process as it has low effect on efficiency of compressor, turbine, and 

LNG heat exchanger. Finally, LNG heat exchanger has the most important role in the process 

since increasing its exergy efficiency leads to increase in exergy efficiency of process 

significantly. 
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4. Using of ExPAnD method in dual expander cycle  

It is useful to study very simple case to find out how the ExPAnD method can be used to heat 

integration in a process. In this case, methane should be cooled form -10°C to -85°C at 2 bar. The 

cold stream carries nitrogen. Its supply temperature is -55°C and target temperature is 10°C. The 

pressure of nitrogen should be changed from 4 to 1 bar. Mass velocity of both cold stream and 

hot stream is 1 kg/s. Tmin in heat exchanger is 5°C. The total duty of hot stream is 160 kw and 

toal duty of cold stream is 68.5 kw. So, there is not enough temperature driving force and duty in 

cold stream to cool down the hot stream.  The total change in temperature based exergy of hot 

stream is 53.2 kw. Since the pressure of hot stream does not change, the change in pressure based 

exergy of hot stream is zero. The change in temperature based exergy of cold stream is 13.3 kw 

and in pressure based exergy is 122.6 kw. 

There are different scenarios to reach the target points. The first scenario is to expand nitrogen 

before entering to LNG heat exchanger as it is shown in figure (4-1). 

 

Figure  4.1 The first scenario flow sheet 

The result of exergy efficiency and duty of operation units are given in table (4-1). 

Table  4‐1 Results of first scenario 

Component  Duty (KJ/s) 

Expander  62,31 

Heater  25,93 

Cooler  55,16 
 

  Exergy 
efficiency 

Expander  82% 

LNG HX  54% 

Heater  80% 

Cooler  93% 

Process  70% 
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The second scenario is to expand nitrogen after warming in the LNG heat exchanger as it is 

shown in figure (4-2). 

 

Figure  4.2 The second scenario flow sheet 

Table  4‐2 Result of second scenario 

Component  Duty (KJ/s) 

Expander  74.1 

Heater  100.97 

Cooler  118.41 
 

  Exergy 
efficiency 

Expander  82% 

LNG HX  69% 

Heater  90% 

Cooler  93% 

Process  68.7% 
 

By comparing the result of the first and second scenario we can find that nitrogen expander 

produces more work when it works at higher temperature. Moreover, in the first case pressure 

based exergy of inlet nitrogen convert to temperature based exergy before nitrogen enters to 

LNG heat exchanger. So, the duty of cold stream in LNG heat exchanger is higher than the 

second scenario. As a result, duty of heater is less in the first scenario than the second one. The 

duty of heater and cooler in the second scenario is higher than the first one which means that heat 

integration in the first has done better in the first one. So, the exergy efficiency of the first 

process is more than the second one. 

The third scenario is to heat up nitrogen, expand it, and heat it up again as we can see in figure 

(4-3). 
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Figure  4.3 The third scenario flow sheet 

In this scenario, the expanded stream (N3) enters to the LNG heat exchanger again. Since the temeparure 

of N3 is less than N1 after expansion, there is enough driving force in the cold end of LNG heat 

exchanger. As a result the duty of cooler will reduce. Since the maximum temperature of N4 must be -

15°C because of driving force in the hot end of LNG heat exchanger, there is always constant temperature 

difference between N4 and N5. So, the duty of heater will remain constant. 

Table  4‐3 Result of third scenario 

N3 Temp  ‐110⁰C  ‐100⁰C  ‐90⁰C 

N2 Temp  ‐45.2⁰C  ‐31.5⁰C  ‐17.9⁰C 

Component  Duty (KJ/s)  Duty (KJ/s)  Duty (KJ/s) 

Expander  65.2  69.22  73.25 

Heater  25.93  25.93  25.93 

Cooler  52.3  48.25  44.22 

 

Component  Exergy efficiency  Exergy efficiency  Exergy efficiency 

Expander  82%  82%  82% 

LNG HX  60%  69%  81% 

Heater  80%  80%  80% 

Cooler  93%  93%  93% 

Process  72.4%  75.7%  79.1% 
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By decreasing temperature of N3, the temperature of N2 will decrease since there is constant 

pressure ratio between N2 and N3. So, the duty of cold stream will decrease because the enthalpy 

difference between stream N1 and N2 decreases. As a result, the temperature of outlet hot stream 

(M2) will increase and higher cooler duty is need to reach the target temperature of methane. 

Furthermore, the difference temperature between cold and hot stream will increase by decreasing 

temperature of cold stream. So, the exergy efficiency of LNG heat exchanger decreases which 

decreases the exergy efficiency of process. 

In general, since the duty of cooler is less than the first case because of enough temperature 

driving force in LNG heat exchanger and the produced work of expander is more in the third 

scenario since it works in higher temperature (The nitrogen stream heated up first and then 

expanded), the exergy efficiency of the third scenario is more than the first one. We should also 

mention that in this scenario one stream is added to the LNG heat exchanger which can decrease 

the temperature difference between cold and hot stream by manipulating the pressure and 

temperature. 

In the fourth case, the nitrogen expanded first to 2 bar, it heated up in LNG heat exchanger and 

after leaving the LNG heat exchanger, it expanded to 1 bar (figure (4-4)). 

 

Figure  4.4 The fourth scenario flow sheet  
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Table  4‐4 Result of fourth scenario 
 

Component  Duty (KJ/s) 

Expander1  34.32 

Expander2  40.85 

Heater  67.1 

Cooler  83.47 

  Exergy 
efficiency 

Expander1  83.73% 

Expander2  83.68% 

LNG HX  60% 

Heater  87% 

Cooler  93% 

Process  73.2% 

In this case duty of heater increases compare to third case. This is because of producing extra 

cold stream by expansion of N3 which is not used to integrate with the hot stream. The duty of 

cooler is more than the first and third case. The temperature of nitrogen stream which enters to 

the LNG heat exchanger (N2) decreases by expansion of inlet nitrogen (N1). The temperature of 

methane which leaves the LNG heat exchanger decrease to provide enough temperature driving 

force in the cold end of LNG heat exchanger. So, we need more duty in cooler to reach the target 

temperature of methane. On the other hand, the produced work in two expanders is more than in 

one expander. Also, the exergy efficiency of LNG heat exchanger in the fourth case is more than 

the first case since the temperature difference in the cold end of LNG heat exchanger is less. 

Because the outlet temperature of expander decreases by decreasing the outlet pressure of 

expander.  

In the fifth case two expanders are used as it shown in figure (4-5). 

 
Figure  4.5 The fifth scenario flow sheet 
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Table  4‐5 Result of fifth scenario 
 

Component  Duty (KJ/s) 

Expander1  39.84 

Expander2  37.07 

Heater  25.93 

Cooler  40.56 

  Exergy 
efficiency 

Expander1  83.69% 

Expander2  83.68% 

LNG HX  89% 

Heater  80.3% 

Cooler  93% 

Process  82.2% 

This case has all the benefits which described for case 3. Moreover, it has more cold stream 

which results in closer temperature difference between cold and hot stream in LNG heat 

exchanger. So, the irreversibility in heat exchanger decrease and its exergy efficiency will 

increase. Also, the duty of cooler is less than other cases and produced work in expanders is 

more. So the exergy efficiency of this case is more than the others. 

In conclusion, pressurized stream can be expanded and provide cooling duty to cool down the 

hot stream and reduce the duty of cooler. Expander produced more work at higher temperature. 

Additional expansion will add more cold stream to the LNG heat exchanger. So, by manipulating 

the pressure and temperature the difference temperature between cold steam and hot stream can 

be decreased which leads to reducing irreversibility in LNG heat exchanger and increasing the 

exergy efficiency of process. Also, it is desirable to heat up the cold stream before expansion to 

produce enough temperature driving force and produce more cold duty. 

In cyclic processes for LNG production expander is used to produce cold stream by transforming 

pressure based exergy to temperature based exergy. There are some options to improve the 

design based on ExPAnD method. 

First, high pressure stream no.40 enters to the LNG heat exchanger after expansion as it shown in 

figure (4-6). 
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Figure  4.6 The first option to improve design of process with ExPAnD method 

Although by using this option we can reduce cooling utility by omitting CW96 and produced, it 

is not useful, since there will not be enough pressure based exergy in stream no.42 to produce 

cooling duty to cool down the hot stream. 

Another option is to expand high pressure stream no.42 two times after cooling in the LNG heat 

exchanger like the fifth scenario in the study case as it shown in figure (4-7). 

 

Figure  4.7 Flow sheet of the second option to improve design of process with ExPAnD method 

In this method all the parameters set with the same value of base case (stream data of base case is 

given in appendix A). When we changed the pressure stream no.42-2, the temperature of stream 

42-1 is changed to temperature of stream no.22 reach to -155°C. We can see the result in table 

(4-6). 
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Table  4‐6 Result of second option to improve design of process with ExPAnD method 

Pressure of stream no.42-2                   (bar) 25 35 Based case

Exergy efficiency of process 56.5224% 56.5218% 56.5205% 

 

If we set pressure of stream no,42-2 at 40 bar, we can find the effect of temperature stream 

no.42-1 on exergy efficiency of process when temperature stream no.44 is not fixed. In this study 

temperature stream no.42-3 is adjusted to temperature stream no.22 reach to -155°C.  

Table  4‐7 Result of second option to improve design of process with ExPAnD method 

Temperature of stream no.42-1             (°C) 0 -5 -10 

Produced work in expanders(T90-1,2) (kw) 294.2149 294.19 294.1779 

Exergy efficiency of process 56.5227% 56.5229% 56.5216%

 

In all of these studies the mass velocity of methane has not been changed. It means that we did 

not use the additional cold utility which produced by two expansion for heat integration in the 

process. So, the exergy efficiency has not been changed significantly. 

Third option is to expand cold stream two times when we changed the mass velocity of 

refrigerant to use the additional cold duty in the process as it shown in figure (4-8). 

 

Figure  4.8 Flow sheet of the third option to improve design of process with ExPAnD method 
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In this option, the pressurized nitrogen expanded in T80-1, heated up in LNG heat exchanger, 

and again expanded in the T80-2. In the base case the pressure of high pressure stream of 

nitrogen is 84 bar and the low pressure is 14 bar. But the mass velocity of nitrogen is changed. 

When the pressure of stream no.32-3 was changed, the temperature stream no. 31-1 was changed 

to temperature stream no.22 reach to -155°C. We can see the result in table (4-9). 

Table  4‐8 Result of third option to improve design of process with ExPAnD method 

Methane flowrate (kg/s) 2.5 2.5 2.5 2.5 

Nitrogen flowrate (kg/s) 6.3525(base case) 6 6 6 

Temperature of 32-1  -51.12 -55.64 -59.08 

Pressure of 32-3  40 35 30 

Exergy efficiency of process 56.5205% 61.1655% 61.1662% 61.1669%

 

By reviewing the results, we can find that heat up the cold stream and expand it again has 

positive effect on exergy efficiency of process. But the magnitude of improvement is not 

significant if we do not change the mass velocity of refrigerant. It seems that this amount of 

improvement in exergy efficiency is not economical if we consider external capital cost because 

of increasing in piping in LNG heat exchanger and using two expanders instead of one. If we 

expand the pressurised stream in two level and heat the first expanded stream in LNG heat 

exchanger we can produce more cold duty. By decreasing the flow rate of refrigerant we can 

utlise the extra cold duty and increase the exergy efficiency of process. Moreover, we can see in 

the results that, the pressure of stream after first expansion does not have important influence on 

exergy efficiency of process.  

 

   



77 
 

5. Conclusion and suggestions for future work 

Basic Pinch Analysis is a well established method for the heat integration in low temperature 

processes. But in this method the temperature is only considered as a quality parameter. Thus, it 

effective enough in low temperature processes where pressure, has a significant role. A new 

methodology has developed in the department of energy and process engineering at NTNU 

which is called. It is an extension of the basic pinch method which is applied to processes where 

pressure plays an essential role. 

ExPAnD has been used to design a new process for offshore natural gas liquefaction. To 

generalize this methodology it is necessary to use this method in other processes. In this thesis, 

ExPAnD method has successfully applied to the process of dual independent refrigeration cycles 

for LNG production which is a cyclic process. 

Moreover, Exergy Transfer Effectiveness (ETE) introduced to measure the performance of a 

process from the thermodynamic points of view. Although the previous proposed definitions are 

not suitable, our definition for exergy efficiency can evaluate the performance of a low 

temperature process effectively. 

The result from the study signifies that increasing the efficiency of one unit operation may 

increase or decrease the efficiency of the process; since, this is not the only factor which has an 

effect on the exergy efficiency of a process. Another factor which should be mentioned is the 

relative source of operation unit to the source of the main process. As an example, increasing the 

pressure ratio of a compressor which works above the ambient temperature results in a higher 

exergy efficiency of the corresponding compressor; while it decreases the exergy efficiency of 

the main process. On the other hand, decreasing the pressure ratio of a turbine which works 

below ambient temperature has a positive effect on both the exergy efficiency of turbine and the 

main process. 

Additionally, we found out that the LNG heat exchanger is the most important unit operation in 

the main process. That is because of the significant effect of its exergy efficiency on the exergy 

efficiency of the main process.  
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Another result is about the trivial effect of the pressure variation of refrigeration cycles on the 

exergy efficiency of the main process; due to the fact that pressure variations have not influence 

on the exergy efficiency of LNG heat exchanger. However, changing the mass velocity of a 

refrigerant can change the exergy efficiency of process significantly by improving the exergy 

efficiency of LNG heat exchanger. Changing the flow rate of refrigerants results in closer 

temperature difference between cold and hot stream. So, the irreversibility, due to the heat 

transfer at limited temperature difference, decreases. As a result the exergy efficiency of LNG 

heat exchanger and the main process increase. 

Expanding a pressurized stream results in producing cold duty. This fact has been used in the 

design of cyclic processes for LNG production. We can improve the exergy efficiency of the 

main process using the following procedure. First the pressurized stream should be expanded. 

Then it should be heated up in the LNG heat exchanger. Finally, it should be expanded again to 

reach the target pressure and provide enough temperature driving force in the cold end of LNG 

heat exchanger. By applying this procedure, we can produce more cold duty in the main process.  

But this is not enough to improve the exergy efficiency, thus we continue to reduce the mass 

velocity of the refrigerant to increase the exergy efficiency of the main process. The pressure 

after the first expansion and flow rate of refrigerant should be changed as long as energy balance 

in LNG heat exchanger is not violated. 

The ExPAnD  method is not widely used yet. As an example, the compression effect is not 

examined nor explained in our project. Analyzing the compression effect to reduce the hot utility 

is a good opportunity for future work. In addition, ExPAnD method has ten heuristic rules. In 

this thesis the rules for streams with target pressure different from the supply pressure are used. 

It is important to study other rules by considering appropriate processes. Another research topic 

is to check the possibility of insight aggregation of these heuristics at a higher level. 
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Appendix A. Data of base case 
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