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Preface

Shellstructureswith defectsoccurin many situations.Thedefectsareusuallyintroducedduring
theweldingprocessnecessaryfor joining differentpartsof thestructure.

Higherutilizationof structuralmaterialsleadsto aneedfor accuratenumericaltoolsfor reliable
predictionof structuralresponse.The direct discretizationof the cracked shell structurewith
solid finite elementsin order to perform an integrity assessmentof the structurein question
leadsto largesizeproblems,andmakessuchanalysisinfeasiblein structuralapplication.

In this studya link betweenlocal materialmodelsandstructuralanalysisis outlined.An ”ad
hoc” elementformulation is usedin order to connectcomplex materialmodelsto the finite
elementframework usedfor structuralanalysis.An improved elasto-plasticline springfinite
elementformulation,usedin orderto takecracksinto account,is linkedto shellelementswhich
arefurtherlinkedto beamelements.In thiswayoneobtainaglobalmodelof theshellstructure
that alsoaccountsfor local flexibilities andfracturesdueto defects.An importantadvantage
with suchanapproachis a direct fracturemechanicsassessmente.g.via computed

���
integral

or �����	� . A recentdevelopmentin this approachis thenotion of two-parameterfractureas-
sessment.Thismeansthatthecracktip stresstri-axiality (constraint)is employedin determining
the correspondingfracturetoughness,giving a muchmorerealisticcapacityof cracked struc-
tures.The presentthesisis organizedin six researcharticlesandan introductorychapterthat
reviews importantbackgroundliteraturerelatedto thiswork.

PaperI andII addresstheperformanceof shellandline springfinite elementsasacosteffective
tool for performingthenumericalcalculationneededto performafractureassessment.

In PaperII a failureassessment,basedon thetestingof aconstraint-correctedfracturemechan-
ics specimenundertension,is proposed.Suchspecimenis designedin orderto have thesame
geometricalconstraintof therealstructurewhichhasto beassessed.

PaperIII presentsanalternative yield surfacesof planestrainsingle-cracked(SEC)specimens
valid for bothshallow anddeepcracks.Theperformanceof thebackward-Eulerreturnalgorithm
is addressedin orderto evaluatetheimplementabilityof theproposedyield surface.

In PaperIV a SENTspecimenis designedin orderto give a constraintlevel comparableto the
onecalculatedfor apipeby meansof themodifiedline springelement.

Paper V presentsa methodologyto link micro-mechanicallybasedcrackgrowth simulations
with line springanalysisby suggestinganalternative way to calculatethe

�
����������������
from

theline springframework. PaperVI presentsanapplicationof thenew line springfor pipelines
subjectedto e.g.largecurvatures.
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INTRODUCTION
October26,2001

TrondheimNorway

1 Intr oduction

The researchcouncil of Norway in connectionwith the oil industryhasin the last decadefi-
nancedmany researchprojectsthrougha forum called:”Stålmat”. Thepresentwork hasbeen
carriedout within a ”Stålmat”project.Oneof thetasksof theprojecthasbeentheintroduction
of steelswith significantlyhigherstrengthin submarinepipelines.
During thelast20years,steelswith a yield strengthexceeding400MPawereincreasinglyused
for offshoreconstructions.Therequirementonstructuralsteelplatesfor offshorestructuresdif-
fer becauseof varyingfield of applicationandlocation.Intensive researchactivities have been
undertaken in orderto supplystandardsfor thequalificationof structuralsteelwith respectto
reliability, easyfabricationprocess,safeserviceconditionsandafair price.Theresultsof these
activities have beenof fundamentalimportancefor meetingthe new situationthe oil industry
is confrontedwith. Lately for example,new deep-waterapplicationsrequiresteelwith aneven
higherstrengthin orderto decreasetheweightof thebearingstructure.Usuallythetime neces-
saryto includethemostrecentresultsin thestandardizedassessmentprocedureis long (10-15
years).Thereforeadvancedexpertiseremainsunutilizedfor far toolongbeforeit is finally taken
into use.This slows obviouslydown theprocessrequiredto developnew solutions.A needfor
takinginto usethemostrecentknowledge,testingmethodologyandacceptancecriteriafor frac-
tureassessmentis dictatedby thenew challengesfacedby theoil industry.
Productsandstructuresaredevelopedby usingextensively computerprograms.Finite element
calculationsareperformedin orderto verify that thestructureis properlydesignedin orderto
guaranteeanacceptablecapacitywith respectto failure.It is practicein structuralcalculationto
performnumericalanalysisby usinga combinationof beamandshellelements.Thecombina-
tion of beamandshellelementsallow engineersto verify theintegrity of thecompletestructure
with respectto variousextremeloadingcondition.A limitation with this kind of calculationsis
thattheonly tensilefailuremodetakenin to considerationis theonedueto plasticcollapse.In
orderto by-passthis intrinsic limitation ahighconservatismis usedin evaluatingthenumerical
results.A moreexhaustivedescriptionof thebehavior of thestructureby meansof bothfailure
modiandmaterialbehavior wouldallow amoreeffectiveuseof material.In orderto describein
detailthebehavior of structuresby meansof finite elementmethods,a3-dimensionalanalysisis
needed.Theuseof solidfinite elementfor structuralanalysiswould leadto largesizeproblems
that areinfeasiblein mostcases.Even thoughsuchanalysiscould be performed,the level of
expertiserequiredto evaluatethenumericalresultsis oftennotavailable.
Advancedelementformulationshave to beusedin orderto connectcomplex materialmodels
to thefinite elementframework usedfor structuralanalysis.Thepresentwork presentsa newly
developedline springfinite elementformulationusedto accountfor cracksin shellstructures.
Linking theseelementsto shell elements,andfurther linking the shell elementsto beamele-
ments,onehasa globalmodelof theshellstructurethatalsoaccountsfor local flexibilities and
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fracturesdueto defects.An importantadvantagewith suchanapproachis thepossibilityof a
directfracturemechanicsassessmente.g.via computed

���
integralor �����	� . A recentdevel-

opmentin thisapproachis thenotionof two-parameterfractureassessment.Thismeansthatthe
cracktip stresstri-axiality (constraint)is employed in determiningthe correspondingfracture
toughness,giving a muchmorerealisticcapacityof crackedstructures.
The presentwork gives a short introduction on fracture mechanicstheory, including two-
parameterfractureassessment.Furthermore,a short presentationof the line spring finite el-
ementformulation is given. The main focus of this work is to develop a link betweenlocal
materialmodelsandcomplex analysis.Thework is presentedby a seriesof papers:
 Paper I [1], addressesthe performanceof the line springfinite elementutilized for de-

scribinga surfacecrackin a bi-materialelasticplasticwide platestructure.Large scale
testresultsarecomparedto theresultsobtainedfrom botha 2D and3D numericalanaly-
sis.
 Paper II [2],addressestheperformanceof shellandline springfinite elementsasa cost
effective tool for performingthe numericalcalculationneededto perform a so called
”constraintcorrectedfailure assessment”.The proposedfailure assessmentis basedon
the testingof a constraint-correctedfracturemechanicsspecimenundertension.Such
specimensare designedin so that their constraintsaresimilar to that of the structure.
In this way similar fracturemechanismscanbeexpectedin both the specimensandthe
structure.

Paper I and Paper II highlight the limits of the line spring elementimplementedin the
ABAQUS softwareandwasthe startingpoint for a further implementationof the line spring
framework.
 In Paper III [3], accurateyield surfacesof planestrainsingle-cracked(SEC)specimens

having shallow, as well as deep,cracksare developedin order to improve the overall
performanceof theline springelement.Theyield surfaceis representedby equationsthat
automaticallysatisfythe convexity requirementandthat fit the resultof the finite limit
analysis.Theperformanceof thebackward-Eulerreturnalgorithmfor anaccurateyield
surfaceformulatedhereis addressedby meansof iso-errormaps.
 In Paper IV [4] shellline springcalculationsareperformedby meansof thenewly devel-
opedline springformulationin orderto calculatetheconstraintlevel of a pipewith sur-
faceor throughthethicknesscracks.A single-edge-notched-tensilespecimen(SENT) is
designedto giveaconstraintlevel comparableto theonecalculatedfor thepipe.Thecon-
straintcorrectedspecimenis testedin orderto obtainthecrack-tip-opening-displacement
( ������� ) versusthe crack growth increment( �� ) curve. The ������� � �� curve is
implementedin theline springformulationthroughoutanefficient numericalprocedure.
Ductile crackgrowth is takeninto accountin a propermanner.
 Paper V [5], presentsa discussionaroundthemeaningof the

��������������� ��� whencrack
growth occurs.The

��� �!�"�����#� �#� is regardedasa sort of accumulatedmeasureof the

2
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global deformationin the ligament.The completeGurson[6] is usedin order to sup-
port our observations.Furthermorea crackpropagationlaw relatinga local criterion for
crackgrowth to the global deformationfield is outlined.A methodologyto link micro-
mechanicallybasedcrack growth simulationswith line spring analysisis proposedby
suggestinganalternative way to calculatethe

���$����������� ��� from the line springframe-
work.
 Paper VI [7], addressesnonlinearfinite elementanalysisof pipelinessubjectedto e.g.
large curvatures.Cracksareaccountedfor by meansof a newly developedline spring
finite elementformulation.Linking theseelementsto shellelements,andfurther linking
the shell elementsto beamelements,one hasa global model of the pipeline that also
accountsfor local flexibilities andfracturesdueto defects(in thewelds).

2 Fractur emechanicstheory

The aim of fracturemechanicsis to provide engineerswith a meansto give quantitative esti-
matesfor thefractureresistanceof crackedstructure.Sincethebeginningof the %'&)(+* centurythe
focusof muchresearchhasbeenon establishingmathematicalexpressionsto characterizethe
stressandstrainconcentrationaheadof acrack.Theclassicaltheoryis basedupontheassump-
tion that thecracktip stressandstrainfield canbedescribedby a singleparameter. Thesingle
parameterscalestheamplitudeof a cracktip singularityand,whenthis singularitydominates
overmicrostructuralsignificantsizescales,it servesto correlatecrackinitiation andgrowth.
Thecombinationof plasticityandstructuralgeometrylimits thevalidity of thesingleparameter
theory. In recentyearsonehasintroducedan alternative theoreticalframework basedon two
differentparameters.Thefirst parameterscalesthezoneof thelargestressesandstrainandthe
secondparametersscalestheinfluenceof geometryconstrainton thenear-tip stress.

2.1 Characterization of crack tip fields

2.1.1 Linear elasticcrack tip fields

A numberof solutionshavebeenderivedto describetheneartip fieldsfor isotropiclinearelastic
materials.Westergaard[8], Irwin[9], Sneddon[10] andWilliams [11] wereamongthe first to
publishsuchsolutions.Employing polarcoordinates(

�
, , ) centeredat thecracktip, asshown

in Fig 1, it canbeshown thatthestressfield in any linearelasticcrackedbodyis givenby:-/. 021 3546 %)7 ��8:9 . 0'; ,'<>=?��@BA . @BA 0 = higherorderterms (1)

where -/. 0 is thestresstensor,
4

is thestressintensityfactorand 9 . 0 is adimensionlessfunction
of , . The secondterm of Eq. 1 is the � -stress,it actsparallel to - ACA andit is independentof�

and , . The � -stressis dependon geometry. Thehigherordertermsarean D ; � A!ECF < . Limiting
attentionto a small region surroundingthe stresssingularity( - . 0HG I when

� G & ) it is
sufficient to retainonly thefirst orderterm.
The asymptoticdescriptionof the stressfield given in Eq. 1 representsthe framework of the

3
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Figure 1: Definition of the coordinateaxis aheadof a crack tip usedfor a two dimensional
deformationfield.

linear elastic fracture mechanics (LEFM). Linearelasticstressanalysisof asharpcrackpredicts
an infinite stressat the cracktip. In real materialshowever the stressesarefinite, becausethe
cracktip radiusmustbefinite. Inelasticmaterialdeformation,suchasplasticityin metals,leads
to furtherrelaxationof cracktip stresses.While, in general,large-scaleinelasticeffectsusually
limit applicationof LEFM to the crackproblem,

4
may still characterizethe near-tip fields

if the size of the zonewhereplastic effects prevail is small comparedto other geometrical
dimensions.Sucha conditionis usuallyreferredto assmall scale yielding (SSY). A concept
of boundary layer formulation [12] and[13], hasemergedto analyzetheSSYproblem.In the
limit, whenplasticregion dimensionsarenegligible comparedto othergeometricdimensions,
thesurroundingelasticsingularitysetstheboundaryconditionson theelastic-plasticboundary
valueproblem.Thus,the SSY solutionfor modeI loadingmay be obtainedby consideringa
semi-infinitecrackedbodysee(Fig.2) with displacementsof theelasticsingularfield for (plane
strain)modeI imposedon theoutercircularboundarygivenby:O ; �'P ,Q< 1 4SR A�TVUWYX ZF�[2\N]_^�`BaFcb ;ed ��f#g�� \N]_^ ,Q<h ; �'P ,Q< 1 4�R A�TVUW X ZF�[ ^ji+k `NaFlb ;!d ��f#gm� \N]_^ ,Q< (2)

where
g

is Poisson’s ratio.
To theextent thatSSYconditionsprevail over sufficiently largelengthscales,thesurrounding
elasticcrack tip stressfields are identical for differentconfigurationsif their stressintensity
factorsareequal,andthusif materialpropertiesareidentical,the neartip stressesanddefor-
mationsarealsoidentical.Sincetheextentof theplasticzonein SSYundermodeI loadingis�'ncncop q ;srlt %)7u< ; 4�R tQ- o < F , quantitativeestimatesof

4
-dominance(whichensurethattheelastic

singularitycontrolsthelocaldeformations)aregivenby thestandardsof theAmericanSociety
for Testingof Materials(ASTM E-399),which requirethatvwP � P ;!x � ��<zy %/{ | 3}4�R- o 8 F q rB~ � n)nlop (3)

4
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,

y

x

r

Plasticregion

-/. 021��"�� F�[ Z 9 . 0'; ,Q<
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Figure2: Smallscaleyielding modelbasedonRice’sboundarylayerformulation.

where - o is thetensileyield stress,� is thecracksize, x is thespecimenwidth, ( x � � ) is the
uncrackedligamentlengthand

v
is thespecimenthickness.

2.2 Crack tip fieldsunder elastic-plasticconditions

@
a)Displacementat theoriginal b) Displacementat theinter-

-sectionof a [ F vertexcracktip

with thecrackflanks

@sharpcrack

bluntedcrack bluntedcrack

Figure3: Alternativedefinitionsof CTOD

For elastic-plasticconditionswherethe plasticity exceedsthe limitation for valid useof the
elasticparameter

4
, two differentapproachesareintroducedfor describingthecracktip con-

ditions.The �����	� introducedby Wells [14] andthe
���

integral introducedby Rice[15] give
a nearlysize-independentmeasuresof fracturetoughness,even for relatively large amountof

5
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cracktip plasticity. Limits for theamountof plasticityexist alsoin applicationof
�

and �����	� ,
however theselimits arelessrestrictive thanthosefor LEFM.
The �����	� is basedupon the assumptionthat the degreeof crack tip blunting of fracture
initiation is a measureof the fracturetoughness.Two alternative definitionsof ������� areal-
ternatively used,seeFig. 3. Theoriginal �����	� definition is thedisplacementat theoriginal
cracktip, Fig. 3a).LaterRice[15] suggesteda ������� definedasthe [ F radiansintercept,Fig.
3b),which is commonlyusedto introduce�����	� in finite elementanalysis.If thecrackblunts
in a semicirclethetwo definitionsareequivalent.
Usinga strip yield modelanexpressionfor the �����	� in an infinite platesubjectedto tensile
stresswasderivedas: @ 1�� - o �7>��� kz^j�l\ 3 7 -� - o 8 (4)

where- o is thematerialyield strengthand � half of thecracklength.For -���- o arelationship
between

4�R
and ������� reads: @ 1 4 FR� - o � (5)

where
�

is adimensionlessconstantthatis approximatelyr { & for planestressand %/{ & for plane
strainconditions.
An alternative approachto non-linearcharacterizationof the crack tip field was introduced
by Rice [15]. Rice showed that the non-linearenergy releaserate,

�
, could be written as a

path independentline integral by idealizing elastic-plasticdeformationas non-linear-elastic.
For largescale,but still limited, plasticitytheline integral is definedas� 1��V� 3V���_� � - . 0 � 0#� O�V� ��� 8 (6)

where � is a contoursurroundingthe cracktip beginning at the bottomfaceof the crackand
endingat thetop faceasshown in Fig. 4.

�
is thestrainenergy of thematerialdefinedas� 1����!� �� - . 0 �Q� . 0 (7)� 0 is the outward normalalong � , O is the displacementvectorand

���
is an elementof arc-

lengthalong � . Hutchinson[16] andRice andRosengren[17] independentlyshowed that
�

characterizesthe crack tip condition for a non-linearelasticmaterial.They both assumeda
Ramberg-Osgoodstressstrainrelationwheretheelasticstrainwasneglectedgiving:�� � 1�� 3 -- � 8�� (8)

where- � isareferencestressusuallyequalto theyieldstrength,

� � 1 - � t � is thecorresponding
referencestrain, � is a dimensionlessconstant,and

�
is thestrainhardeningexponent.

An expressionfor thecracktip singularfieldsundermodeI loading,which is now refferedto
astheHRR(HutchinsonRiceandRosengren)fields,is givenby:- . 0 1�- ��¡ W£¢¤j¥l¦§ R©¨ Zlª A�E�« � T¬A� � . 0 ; , P�� <� . 0 1 ¤W - �2¡ W£¢¤�¥l¦§ R©¨ Zlª � E�« � T¬A� x . 0 ; , P�� < (9)
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y

x

� 0
�#�

�
Crack

Figure4: Crack in a two-dimensionaldeformationfield with an arbitrarycontouraroundthe
cracktip.

where ® � is an integrationconstantthat dependson
�

and x . 0 ; , Pj� < and
� . 0 ; , P�� < aredimen-

sionlessfunctionof
�

and , . The
�

definesthe amplitudeof theHRR fields, just asthestress
intensityfactor

4
characterizestheamplitudeof thelinearelasticcracktip field. The

�_¯ A�Es« � T¬A�singularity of the HRR is also consistentwith the A� Z singularity for linear elasticmaterial
(
� 1°r ). However theHRR field persistslong after the linearelasticzonehasbeendestroyed

by cracktip plasticity.
As for the linear elasticfields the HRR singularityfields predict infinite stressesas

��� G & .
In reality large strainscausesthe crack tip to blunt, which reducethe stressesand the stress
triaxiality locally. Largestrainfinite elementanalysisperformedby McMeekingandParks[18]
indicatesthat theHRR field is not valid within a region approximately2-3 timesthecracktip
openingdisplacement@ . However as long as thereis a region surroundingthe crack tip that
canbedescribedby Eq. 9, theJ-integral uniquelycharacterizesthecracktip conditions,anda
critical valueof

�
is a size-independentmeasureof fracturetoughness.Thedominanceof the

HRRfieldsovera lengthof severalcracktip openingdisplacementsgivesauniquerelationship
betweenthe

�
integraland @ , expressedas[19]@ 1 � �

�- � (10)

wherethecracktip openingdisplacement@ in thisexpressionis definedastheopeningdistance
at the interceptionof the crackflanksanda [ F vertex, Fig. 3b).

�
� is a dimensionlessconstant

whichexhibitsastrongdependenceon thestrainhardeningexponent
�

, andamoderatedepen-
denceon the referencestrain

� � 1 ¥ §W . The radial distancefrom the cracktip over which the
HRR field dominatesis dependingon loading,strainhardeningandfinal geometry. Increased
plasticdeformationwill graduallyinvalidatea HRR descriptionof the cracktip field through
loss of stresstriaxiality. On the basisof finite elementanalysis,size requirementsfor HRR
dominancewereestablishedby Shih andGerman[20] andMcMeekingandParks[18]. Such

7
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requirementsfor obtaining
�

-controlledfractureinitiation areusuallygiven in the following
form: vwP � P ;!x � ��<±y gc² Z �- � (11)

where � is the cracksize, x is the specimenwidth, ( x � � ) is the uncracked ligamentlength,v
is the specimenthicknessand

gc² Z is a dimensionlessconstantdependingstronglyon strain
hardening

�
, weaklydependingon

¥ §W andalsodependingonloadingcondition.High hardening
givelessstrict requirementsthanfor low hardening.Reasonablevaluesof

gc² Z is from q %'&Q& for
tensionandfrom q %Q| for bending.Thus,bendinggiveshigh level of stresstriaxiality andvalid�

-integral for smallerspecimenandor largeramountof plasticdeformationthantension.

2.2.1 Two and thr eeparameter characterization of crack tip fields

In conventionalfracturemechanics,it is assumedthat cracktip stressfield is controlledby a
singleparameter, aspreviously presented,andthat thetoughnessobtainedfrom testswith one
specimengeometrycanbetransferredto structuralapplications.The factorsthat influencethe
transferabilityandinvalidatetheone-to-onerelationbetweencrackdriving force

�
-integraland

cracktip stressfield is calledconstraint.In general,therearetwo typesof constraintsin aweld:
 thegeometryconstraintcausedby cracksize,specimendimensionsandloadingmode;
 thematerialmismatchconstraintdueto inhomogeneousmaterialproperties.

Theseconstraintsmaybecharacterizedby the ³ or � parameters(O’Dowd andShih[21], Bete-
gonandHancock[22], Parks[26], Kirk andBakker [27]) andthe

�
-parameter(Ranestadetal.

[24], Zhanget al [25]), respectively.
Theconstraintsinvalidateconventionalfracturemechanics,i.e. for a givenvalueof crackdriv-
ing force

�
-integral, the cracktip stressfield is influencedby the constraintlevel. Fig. 5a il-

lustratesthegeometryconstrainteffect on thecracktip stressfield, wherea referencesolution
given by the uppercurve may be the HRR-field (i.e. a crackin an infinitely large specimen),
whereasthelowercurveis theactualstressfield.Hence,thereis noone-to-onerelationbetween
thecrackdriving forceandcracktip stressfield, andthefracturetoughnessobtainedfrom one
casecannotbedirectly transferredto anotherone.
For cleavagefractureoccurringaftersignificantplasticdeformation,with attainmentof a crit-
ical stress(normalor maximumprincipalstress)over a microstructurallyrelevantvolume,the
RKR (Richie-Knott-Rise)criterionsee[28], is a feasiblefailurecriterion.Brittle fractureiniti-
ateswhenacritical stressis reachedin front of thecracktip overasufficiently largedistance.If
this distanceis givenby point % in Fig.5a,thenoneseesthatthestressfield in a low constraint
situationhasreachedthecritical stressovera toosmalldistance,point r . Thissituationis illus-
tratedin Fig.5bconsidering

���
integrals.Here

� Z�´¶µ·´!Z¶´ � ² ´ is the
���

integral thatwouldexist in an
infinitely largespecimenwith thesamecracktip stressfield asin theactualspecimen.Fracture
would initiate in a low constraintspecimensfor applied

�
equalto

�'² Z A or
�'² Z F . Whenthese���

levels arereached,the RKR-criterion is fulfilled. Using the actualstressfield (accounting
for actualconstraint),andcomparingwith theHRR stressfield it is possibleto determinewhat

8
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σ
critical

Distance from crack tip

increasing constraint

σ

1 2

a)

referenceJ

Jcr;ref

Jcr1 Jcr2 Japplied

b)

constraint
increasing 

Figure5: a) effect of constrainton cracktip stressfield, b)relationshipbetweenappliedJ and
referenceJ

magnitudeof
�

-appliedthat is requiredto initiate fracture.Constraintinfluencesthe transfer-
ability andinvalidatetheone-to-onerelationbetweencrackdriving force

�
andcracktip stress

field. For specimensmadeof homogenousmaterials,the constraintis termedgeometrycon-
straint.It hasbeenproposedthatthestressfield atdifferentlevelsof geometryconstraintcanbe
characterizedby the

�¸� ³ theory, i.e. the
�

-integral and ³ , a hydrostaticstressparametersee
[21]. Accordingto the

�¸� ³ theory, thecracktip field insidetheplasticzonecanbeseparated
into two parts.Thefirst part is calledreferencefield which is controlledby

�
-integral, i.e. the

one-to-onerelationbetweenthe
�

-integral andstressfield is maintainedin thereferencefield.
Theactualstressfield is influencedby theconstraintlevel at thecracktip. Thereforeit modifies
thereferencefield.Thisleadsto asecondstressfield,calleddifferencefield,whichis practically

9
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controlledby theparameter³ . Thecompletestressfield canthereforebewritten:-/. 021�- Z¶´�µ. 0 =$³ - � @ . 0 (12)

Within themodifiedboundarylayerformulation,the
��� ³ theorycanbeshown to beequiva-

lent to the
�¸� � theory[23].

The materialstrengthdistribution in a real weld is complicatedandcertainsimplificationsof
a weld crackproblemareneeded.For a specimenmadeof inhomogeneousmaterialswith an
interfacecrack,theobservedfracturetoughnessof a referencematerialis obviously influenced
by the mismatchpropertiesof the materialon the other side of the interface.For materials
with identical elasticproperties,thereare threetypesmismatch:strengthmismatch,harden-
ing mismatch,andcombination.Recently, extensivenumericalstudieshave beencarriedout to
investigatethe effect of materialmismatchconstrainton the interfacecracktip stressfield of
bi-materialandtri-materialboundarylayermodels.In the

�¹� ³ � � formulationa general
approximationfor thedifferencefield hasbeenused,i.e. - .+º 0 1�- .+º 0 ; �'P , PN�»P ³ P·� < , [24], [25],
[29].
In orderto relate

� Z�´¶µL´�Z�´ � ² ´ to fracture,an approachwherethe fractureis relatedto testingof
weld thermalsimulated�����	� specimenshasbeenapplied,[30]. Thesespecimensrepresents
a homogenousmicrostructureof the mostbrittle part of the HAZ, hencethe mismatchcon-
straint,

�
, will be zero.For many steelmaterials,fractureafter weld thermalsimulationare

experiencedat a low �����	� , giving only a limited sizeof theplasticzoneandlittle relaxation
from the initial high constraintin small scaleyielding. In this way

� Z¶´�µ·´!Z¶´ � ² ´ canberelatedto
the failureof homogeneousmicrostructuresanda specimensizewherevalid

�
resultsareob-

tained(e.g.undersmallscaleyielding).A horizontallimit in Fig.5bcanbechosento represent
thecritical

�
experiencedin weld thermalsimulationtesting,andthe

�¼� ³ ��� approachis
thenusedto transferfrom this ”ideal” situationto theactualweldunderconsideration.

3 A method for obtaining fractur e mechanicalparametersdir ectly fr om
a structural analysis

3.1 Elastic-PlasticLine-Spring finite elementformulation

� F h N M� Ac
c

a) b)

� F �V½
�V½ h

� ; � A <

Figure6: Part-trough-surface-crackandplanestrainsolution.

Thepart-throughsurfacecrackis originally athreedimensionalproblemasseenin Fig. 6a.The
threedimensionalproblemis formulatedwithin the context of two-dimensionalplateor shell

10
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theory with the part-cracked sectionrepresentedas a line-spring.The line-springstake into
accounttheadditionalflexibility dueto thesurfacecrack.Thestiffnessof theline-spring,with
extensionalandrotationaldegreesof freedom; @ P ,Q< , is derivedfrom aplanestrainedge-cracked
strip loadedin tensionandin bending;!¾ P�� < , seeFig.6b,i.e.modeI [32]. It is compatiblewith
atwo-dimensionalplateor shellelementwith four nodes.A combinationof shellandline spring
elementsenablesustodescribethethreedimensionalpart-throughsurfacecrackproblemwithin
thecontext of two-dimensionalplateor shelltheory.¿ ��À

zone
¿ ��À

zone � 1 � ¾ � t %Á@ t % ¾
Â  Ã 

Á, t % � ¾°1 &
Figure7: Slip line field approximationin the

¿ ÀÄ�¼Å#Æl�u�
. a)slip line solutionfor pureextension.

b) GreenHundysolutionfor purebending

Thederivationof theelasto-plasticline-springfor themodeI casefollowstheclassicalplasticity
theory. For plasticconditions,only themodeI casewill beconsidered.It wassolvedfor theline-
springin termsof theupperboundsolution(slip line field,coloredareain Fig.7).Thederivation
of themode-Iline-springfollows theclassicalplasticitytheory, [32] :Ç ;�È P -¬É noËÊ �#< 1 & (13)� Ç 1 � Ç� È � È = � Ç� - o � -�É no 1 & (14)�#Ì"Í 1 �#Î � Ç� È (15)

whentheyield conditionis metEq. 13, therewill beplasticincrement

�#Ì Í
relatedto theyield

functionby normalityrule Eq.15.Additivesplit of elasticandplasticdeformationsin theliga-
mentis assumed: �#Ì 1ÐÏ Ì"Ñ = Ï Ì Í (16)

Theplasticresponseof theline springis governedby ayield surfaceshaving thecrackdepthas
parameter. Theyieldsurfacesimplementedin ABAQUS[33] describetheplasticbehavior of the
restligament.Theserepresentationsof theyield surfaceprovidesatisfactoryresultsfor acrack-
depth-to-thicknessratio

Â*¸Ò &»{ d . In [3] analternative yield surfacewhich is ableto univocally
characterizethe fully plasticyielding of bothshallow anddeepcrackdepthsis proposed.The
elasto-plasticconstitutive law for theline-springelementreads:� ÈY1�Ó Ñ Í	Ô Ï Ì (17)

11
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whereÓ Ñ Í is thecontinuumelasto-plasticstiffnessmatrixfor theline-springelementandreads:

Ó ÑLÕ 1×ÖØÙÚÓ ÑjÕ � ¡VÛ·Ü�ÝÛNÞ Ó ÑjÕ ª¬ß ¡VÛ·Ü�ÝÛNÞ Ó ÑjÕ ªÛ·Ü ÝÛNÞ Ó ÑjÕ Û·ÜÛNÞ � Û�Ü ÝÛ�Þ È Û�ÜÛ ¥càNáâ W'ã¥ àNáä�åsæ ¨�ç'èNéê (18)

ParksandWhite [34], arguethattheexponent
��ë

of Eq.18 is % andthe
¿
-factorof orderunity, �

is thelengthof therestligamentand - É no is theyield stressfor theline spring.Notethat
¿ P � and� ë

arethe quantitiescontrolling the plasticity in the ligamentregion,
¿ À2��Å#Æl�>�

in Fig 7. The
representationof theyield surfaceproposedin this study,

ÇVì µ , is usedherein orderto describe
the stressfield of the line-spring.Having determinedthe plastic deformationincrement,the
crack-tipopeningdisplacementis obtainedfrom:� @ p 1 � O p = 3 x % � � 8 � , p { (19)

Thevalidity of this relationwasinvestigatedby LeeandParks,[35]. Their resultsshow thatfor
shallow edgecracks ; � tQxÐí &»{ %Q< , the relation is inaccurate,[35]. Employing the connection
betweenthe

� p andtheDugdalecracktip solutioncorrectedfor constraint,onehas:� � p 1 î�- É no � @ p (20)

Here, î is a function of crackgeometriesandhardeningcharacteristics.The total
�

integral
maynow becalculated: � 1 � ´ = � p (21)

As theedge-crackis thebasiccasefor theline spring,computedvaluesof
�

for asurfacecrack
will bemoreaccuratein thecentercomparedto positionsapproachingthesurfaceat thecrack
ends.Combininga computed

���
integral with a measureof geometryconstraint,initiation of

fracturemaybepredicted.For theshellandline springfinite elementmodel,a convenientway
of determiningconstraintis by meansof the � � stress.The � � stressis the secondterm in
the asymptoticexpansionof the elasticsolution for the cracktip stressfield by Williams see
[11]. The � -stresshasthereforebeenconsideredasan elasticparameterwith a limited range
of validity. BetegonandHancock[22] have shown that the � � stressprovidesa goodestimate
of the constrainteven beyond the elasticandsmall scaleyielding regime.Lee andParks[35]
have proposeda methodfor calculatingthe � � stressfor the shell-line-spring-meshbasedon
Sham’sanalyticalwork see[36]. By useof themembraneforceandbendingmomentalongthe
semi-ellipticalcrackfront, the � � stressat any point alongthe crackfront canbe expressed,
i.e. � 1 � ; � P ¾ P·� < . Hence,a two-parameterfracturemechanicsapproachis possiblewith
shell/linespringelementsalso.
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Line spring elementsin a yield strengthmismatchsituation with
application to weldedwide plates

Matteo Chiesa1, Bjørn Skallerud and Christian Thaulow
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yield stressmismatch

Abstract. Higher utilization of structural materialsleadsto a needfor accurate numerical
tools for reliablepredictionof structural response. Analysiswith line spring finite elementsis
efficient in performingapproximatefracture mechanicsanalysisof surfacecrackedshells.The
presentstudyaddressestheperformanceof theline springfiniteelementutilizedfor describing
a surfacecrack in a bi-materialelasticplasticwideplatestructure. Someoutlinesfor theappli-
cationof the line spring in a yield strengthmismatch situationare obtainedfroma parameter
study, andutilized for the2D discretizationof weldedwideplates.Large scaletestresultsare
comparedto theresultsobtainedfrombotha 2D and3D numericalanalysis.

1 Intr oduction

Shell structureswith defectsoccurin many situations,for examplein pipelines,pressureves-
selsand offshoreplatforms.The defectsare usually introducedduring the welding process
necessaryfor joining differentpartsof thestructure.Weldmentsareoftenthemostcritical part
of a structurewith regardto unstablefracture.Properdesignandselectionof materialareof
vital importanceto structuralintegrity. Currentfabricationpracticein the industryadoptsan
approachbasedon a weld metalyield stressovermatch(with respectto the basemetal).The
overmatchweld hasthe advantageof increasingstructuralcapacity(with cracksin the weld
metals)for shallow andmediumsizecracks,andthusimproving theweldedjoints resistanceto
failure.Thesteelusuallyemployedis very ductile.As a consequence,thecrackedshellallows

1Author to whomall correspondenceshouldbeaddressed.
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significantdeformationwithout or beforefracturing.In orderto checkthe capacity, nonlinear
fracturemechanicscanbeutilized,typically by meansof theJ-integral or thecracktip opening
displacementCTOD supplementedby a parametermeasuringtheconstraintin thecracktip re-
gion.A methodologybasedonT-stressor Q-parameterhasbeendeveloped,see(O’ Dowd and
Shih I, II). TheJ-Q methodologyquantifiesthedependenceof thecracktip stressfield on the
geometrywhena homogeneousmaterialsystemis considered.Sucha methodologyhasbeen
further developedto take in to accountthe effect of the materialmismatchon the stressfield
by meansof anextra parameterM, see[9]. Theaim of theJ-Q-M approachis to determinethe
fracturetoughnessof weldmentsin smallscalefracturemechanicsspecimensandthentransfer
theresultsto structuralcomponents.

The direct discretizationof the cracked shell structurewith solid finite elementsin order to
computethe fracturemechanicsquantitiesleadsto largesizeproblems,andmakessuchanal-
ysis infeasiblein structuralapplication,see[8]. In order to calculatethe fracturemechanics
parametersdirectly in a structuralanalysis,it is possibleto usea combinationof shellandline
spring finite elementsinsteadof solid finite elements.The numberof degreesof freedomis
reducedin this way by oneorderof magnitudecomparedto the3D case.Theaccuracy of this
approximationseemsto besatisfactoryfrom anengineeringpoint of view. This approachhas
earlierbeenutilized for homogeneousmaterials,see[2]. Thepresentstudyaddressestheper-
formanceof inelasticshellfinite elementscombinedwith line springswhenutilizedto calculate
theresponseof inhomogeneousstructureswherethedefectis locatedin theweld metal.Some
outlinesfor the calibrationof the line spring in a bi-materialcasearegiven andutilized for
thenumericaldiscretizationof thewide platestested.Thetest-dataarecomparedto theresults
obtainedfrom both2D and3D modelof theconsideredgeometry.

2 Backgroun on testsand numerical simulations

2.1 Experimental program

As part of the work in the Europeanproject ACCRIS (Acceptancecriteria and level safety
for high strengthsteelweldments),twelve weldedwide plateswith a thicknessof 70mmhave
beentestedat � ������� , [18]. Thematerialtestedwasa ThermoMechanicalControlledProcess
(TMPC) steelwith a yield strengthof 500MPa.Theplateswereoxygentorchedinto 750mm
wide panelsby the manufacturer. FLUXOCORD 41-OP121TTwasusedasthe welding con-
sumablefor theovermatchweld.Theweld methodusedwasSubmergedArc Welding(SAW).
Theweldingpositionwashorizontalandits directionwasthesameastheoriginal rolling direc-
tion of theplate.After thewelding,thepanelswerecut into testplatesby oxygentorching,the
caplayerof theweldsandtheedgeof theWide Platesweremachinedflushwith theadjacent
surfaces.Thedepthof thefatiguecrackswaspredeterminedto beapproximately20mmdeep.A
notchwaspreparedby ElectroDischargedMachining(EDM). TheEDM notchwasmachined2
mm shorterthantheintendedfinal depthof thefatiguecrack.Cyclic loadingof thewide plates
in three-points-bendingproducedthe fatiguestart-cracksfor the fracturemechanicaltest.The
bendingwasperformedin a 2.5MN dynamiccompression-testingmachinerun underconstant
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Table1: MaterialProperties( �
	�� ��������� MPa �	 ��� � ).
BASE WELD

PARAMETERS MATERIAL MATERIAL HAZ��� � ��� MPa
�����

MPa � ��� MPa
hardening� ��� ��� � ��� ��� ��� ���

amplitudeloadcontrolat a frequency of 0.7 Hz. Thecrackextensionwascontrolledby moni-
toring thereductionof theplatecompliance.Thelargescaletestwasperformedon SINTEF’s
Large Scaletestmachine.The test specimenswere weldedbetweenthe frameswhich were
pushedapartby four hydrauliccylinderswith a stroke of 500mm.Eachcylinder candeliver
a maximumforce of 100MN. The following parametershave beenmonitoredduring the test:
forceanddisplacementfor eachcylinder,specimenelongation, crackMouthOpeningDisplace-
mentCMOD, thestrain in thebaseandweldmetal.After thetestthefollowing propertieswere
calculated:GrossStress[MPa]: thesumof loadat the4 cylindersof thetestmachinedivided
by thespecimenscross-section.SpecimenElongation [mm] : theaverageof thedisplacements
measuredby thetransducersinstalled. SpecimenStrain [%] : theaverageof thedisplacements
measuredby thetransducersinstalleddividedby themeasuringlength(750mm).

2.2 Shell and line spring finite elementformulation

All of theFEanalysiswerecarriedoutwith ABAQUSsoftware.An eight-nodediso-parametric
thick shell is used.This elementis formulatedfor theGreen-Lagrangestrainandtheconjugate
2. Piola-Kirkoff stressmeasure,and it is intendedfor large rotation with small or moderate
strains[1]. In theanalysis,deformationplasticityhasbeenappliedfor theshellelements,with
smallstraintheorycharacterizedby theRamberg-Osgoodmaterialmodel.�� � 	 �� ��� � ! �� �#"%$'&)( (1)

In theabove equation��� is the yield stressparameter, � is the plastichardeningexponent,� �
is the yield strain and � is the ”yield” offset [1]. The line spring elementsare only imple-
mentedfor lineargeometryundersmalldeformation.Theonly nonlinearityenteringthesystem
of equationsis dueto plasticity. Effectsof largedisplacementshasbeeninvestigatedin [15].

The part-throughsurfacecrack is originally a threedimensionalproblemasseenin Fig. 1a.
The threedimensionalproblemis formulatedwithin the context of two dimensionalplateor
shell theorywith the part-cracked sectionrepresentedasa line spring.The line springstake
into accounttheadditionalflexibility dueto thesurfacecrack.Thestiffnessof the line spring,
with extensionalandrotationaldegreesof freedom *,+.-0/�1 , is derivedfrom a planestrainedge-
crackedstrip loadedin tensionandin bending *324-�5�1 , seeFig.1b,i.e. modeI [12]. Theelastic
stiffnessis determinedby the energy releaseratecombinedwith the known solutionsfor the
stressintensityfactor: 6 	�798;:=< (2)

3



Matteo Chiesa,Bjørn Skallerud,Christian Thaulow

   b)

a

h

a(x)

c

c

x

x

x

3

2

1

1

a)

h

x

x

3

N M

2

Figure1: parttroughsurfacecrackandplanestrainsolution6 	?> @A-�BDCFEG-H<4	?> IG-;/JCFE (3)

Theadditionaldeformationdueto thecrack < is determinedfrom thestructuralequationsys-
tem,andfrom thesethe forcetransmittedat thecrackedshell sectionareobtained.For plastic
condition,only the modeI casewill be considered.It hasbeensolved for the line spring in
termsof upperboundsolution(slip line field, coloredareain Fig 2).A mixedmodeI/II solution
inelasticline springbasedon a lower boundsolutionhasbeenderivedby Skallerud[13]. The
derivationof themodeI line springfollowsclassicalplasticitytheory,[12] :K * 6 - �MLONP?Q0R 1S	DT (4)UOK 	WV KV 2 U 2 � V KV 5 U 5 � V KV ��� U �YX�Z� 	 � (5)U <\[%	D].<�V KV 6 (6)U < [ 	^].<\8 � ].< [ (7)U 6 	�798 [`_ ]a< (8)U 6 	Wbcda798;: � e�fhg�ifkj 798;:Fl E e�fhg�ifkj 798;:Flf�g ifkj 798;: fhgfhj � f�g ifkj

6 f�gf0mon�pq r�sm n�pt4u�vxwzy
{k|} ].< (9)

Parks and White, (1982),argue that the exponent ��~ of Eq. 9 is � and the � -factor of order
unity. � is the lengthof the rest ligamentand � X�Z� is the yield stressfor the line spring.Note
that �\-��o-;� ~ are the quantitiescontrolling the plasticity in the ligamentregion, ��� �D��� ��� in
Fig 2. The materialpropertiesin the ��� ���O� ��� needspecialconsiderationwhena weldment
is considered.Fig. 2 shows a simplifiedpictureof thestressfield in the ��� ���O� ��� underflow
conditionasaresultof aslip line analysis.The ��� ���O� ��� is in ourcaseheterogeneous,seeFig.2,
it containsdifferent materialswith different properties.The yield surfaceemployed here is
basedonanupperboundslip line solution[12], asimplementedin ABAQUS,see[1]. Defining� 	 � �x�M�� mJ�k���� �,�O�0� and ��	 � �� mJ�k��A�����O�0� � *'5�¡ ��¢z£ ��2%¡�1 theyield functionimplementedreads:K $ 	?* � � ��� � 1 � � ��� ��� *¤� � � 1 � � ��� ��¥ 	 �§¦ �o¨ �ª© ��� (10)K � 	 � $ � ��� � � � � � � � � ����« � � � � � (11)

4



Paper I: EngineeringFractur eMechanicsVol. 68,2001

k-c zone

k-c zone

Green Hundy solution for pure bending 

M

N=0

θ/2
.

WMBM
HAZ

Slip line solution for pure extension

N

M=-Na/2
δ/2
.

WMBM
HAZ

Figure2: Slip line field approximationin the ��� �¬�O� ��� .
Theyield surfacedescribestheplasticbehavior of the ��� ��O� ��� . Theyield stressvaluechosen
in the heterogeneouscasewill strongly influencethe plasticbehavior in the ��� �^�O� ��� . The
understandingof this influenceis themaingoalof thepresentstudy.

Having determinedthe plasticdeformationincrement,the crack tip openingdisplacementis
obtainedfrom slip line kinematicswhichdescribeUO®x¯ 	 U + ¯ � ! ¢� ��° " U / ¯ � (12)

Thevalidity of thisrelationhasbeeninvestigatedby LeeandParks,(1993I). Their resultsshow
thatfor shallow edgecracks * ° £±¢ © ��� ��1 it becomesinaccurate,[3]. Employing theconnection
betweenthe ² ¯ andtheDugdalecracktip solutioncorrectedfor constraint,onehas:U ² ¯ 	^³ � X�Z� U�®x¯ (13)

Here,m is a function of crackgeometriesandhardeningcharacteristics.The total ² integral
maynow becalculated: ²´	µ²�¶ � ² ¯ (14)

As theedgecrackis thebasiccasefor theline spring,computedvaluesof ² for asurfacecrack
will bemoreaccuratein thecentercomparedto positionsapproachingthesurfaceat thecrack
ends.
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3 Results

3.1 Discretization

Fig. 3 illustratesthe2D and3D FE meshfor theweldedwide platestested.Dueto thesymme-
triesof theplatesonly onehalf is modeled,with noallowancefor transversalmotionor rotation
of the nodesalongthesystemline. In theshell-line-springFE-model,on the left handsideof

1
2
3

1

2

3

1
2
3

1

2

3

Figure3: A 2D FE mesh[on theleft handside]is comparedto a 3D FE mesh

Fig. 3, thereare1240nodes4688-nodeshellelementsand36 line springelements.Theweld-
mentis locatedin thefinestpartof themeshandthesurfacecrackis locatedin themiddleof
theweldment.A fine elementmeshis chosenhereto beableto describethe inhomogeneities
of thesystem.In thesolidFE-model,on theright handsideof Fig. 3, thereare5893nodesand
47704-nodesolid elements.Thecpu-timeneededto completetheanalysisis five timeshigher
for the3D-analysisthanfor the2D one.

3.2 Line spring yield stresssensitivity

The3D modelFig. 3 is designedto complywith the70mmthick platetestspecimenwith X-
groove weld, [17], [18]. The crack is a surfacecrack locatedin the middle of the X-groove
weld.Therelative crackdepthsis ° £±¢¸· 0.3, thecrackwidth to shell thicknessratio is ��� £±¢¹·
3.75,andthecracklengthto theplate-widthratio is � £�º»· 0.2.Theareaof thecrackis small
comparedto theintactpartof theplate.

The differentspatialmaterialpropertiesare taken into accountin the 3D model throughthe
thickness.The descriptionof the X-groove in the 2D casewould needa varying description
of materialcharacteristicsthroughthe thicknessof the shellelement.In orderto avoid sucha
problem,a pragmaticmethodologyis usedto calibrateour 2D model.The magnitudeof the
areacharacterizedby theweld metalandtheweightedareaof theheataffectedzone(colored
zonein Fig. 4) is chosento bethesamein boththe3D caseandin the2D model.

The calibrationof the yield strengthin the line spring is importantin order to obtaina reli-
abledescriptionof theligamentplasticity. This canbeseenfrom thedependency of theplastic
stiffnessmatrix,eq.9, on theline springyield strength,� X�Z� . For thecasesanalyzedherein,the
cracksarelocatedin the weld material.Hence,the line springsarelocatedin the weld metal.
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Figure4: Representationof theweldmentin the3D and2D case

They are thereforeinitially calibratedas �Y¼%½� 	 � X±Z� 	 ����� 5�¾ ° , �¿	 ��� ��� . The stress-
displacementcurveobtainedfrom thisanalysisis comparedto thecurveobtainedby calibrating
the line springswith the propertiesof the basematerial ��ÀY½� 	 � X�Z� 	 � ��� 5�¾ ° , ��	 ��� ��� .
Thematerialpropertiesof thetwo analysesareotherwiseidentical.Furthermore,� and ��~ areas
implementedin ABAQUS [1] (Eq.9). Thestress-displacementcurve seemsto beonly slightly
dependenton the way the line spring is calibratedas seenin Fig. 5. This is due to the fact
that sucha curve representsthe macroscopicbehavior of the testspecimenanddoesnot de-

scribethe local behavior at the cracktip. Whenthe mismatchrelation moÁGÂ�mJÃ�Â� is increasedfrom
an under-matchto an overmatchsituationthe structuralresistanceis increased.This is a well
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Figure5: GrossStressvsElongationcurves.

known phenomenonwhich is thebasisfor theover-matchapproachcurrentlyadoptedasa fab-
rication practicein the industry. A parameterstudyhasbeencarriedout in orderto seeif the
line springsdescribesuchbehavior.GrossStressvsDisplacementcurvesfor four differentyield
stressmismatchsituation,seetable2, areplottedin Fig. 6. Thebehavior is well describedby
the2D-modelasseenin Fig.6.Thestress-displacementcurvesaremoving upwardsto anupper
boundarylimit whichdescribesthesituationin whichtheyielding is confinedto thebasemetal.

The local non-linearbehavior of the materialat the crackfront canbe describedby different
parameterssuchas:

� 5ÉÈ�Ê ,
�ÌË È�Ê , ² . In this study

� 5�È%Ê is preferredto the othertwo
parametersbecauseit is theonedirectlyobtainedfrom thelargescaletest.
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Table2: Parameterstudyin which differentstrengthmis-matchsituationareconsidered.( �Í	� ��������� MPa �	 ��� � ).
BASE WELD LINE

CASES MATERIAL[BM] MATERIAL[WM] SPRING[LS]
Even-match ��ÀY½ 	 � ��� MPa �Y¼%½Î 	 � ��� MPa � X�ZÎ 	 � ��� MPa
Under-match ��ÀY½ 	 � ��� MPa �Y¼%½Î 	 � � � MPa � X�ZÎ 	 � � � MPa
Over-match � ÀY½ 	 � ��� MPa � ¼%½Î 	 � � � MPa � X�ZÎ 	 � � � MPa
Over-match ��ÀY½ 	 � ��� MPa �Y¼%½Î 	 � � � MPa � X�ZÎ 	 � � � MPa
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Figure6: GrossStressvs Displacementcurvesfor differentstrengthmis-matchsituation,see
table2.� 5�È�Ê is verysensitive to thecalibrationof theline springasseenin Fig. 7 wheretheresults
of a parameterstudysimilar to theoneof Fig. 5 andFig. 6 arepresented.Thetrenddescribed
by Fig. 7 is similar to whatwe have previously observedin Fig. 6: a higherovermatchleadsto
anincreasein theligamentstiffness,andfinally to a completelyelasticligament.

3.3 Planestrain edge-cracked strip model

In orderto evaluateif thestructuralcapacityincreaseis correctlydescribedby thecurvespre-
sentedin Fig. 7 a further studyon the

� 5�È�Ê is carriedout. An axially loadedplanestrain
edge-cracked strip modelis considered.Fig. 8 representsthe FE modelfor the problem.Two
differentnumericalanalysesof the planestrainedge-cracked strip modelarecarriedout. The
scopeof theseanalysesis to comparethedifferentlocalparametersin orderto haveabetterun-
derstandingof whatinfluenceseachof them.Two differentmaterialcalibrationsareusedin this
study:a singlematerialcalibration,whereweld metalpropertiesareused ��¼�½Î 	 ����� 5�¾ ° ,� 	 ��� ��� all over, anda bi-materialmaterialcalibrationwith weld metal, � ¼%½Î 	 ����� 5�¾ ° ,�4	 ��� ��� , and ��ÀY½Î 	 � ��� 5É¾ ° , �4	 ��� ��� � . At thecracktip [local level] thetwo modelsarethe
samebothfrom a geometricalanda materialpoint of view. Fig. 9a)depicts

�ÕË È%Ê versusthe² integral.Thereis a linearrelationbetween
�ÌË È%Ê and ² . This shows thedirectrelationship
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Figure7: GrossStressvs CMOD curves.Theplot on theleft handsidecorrespondsto theone
in Fig. 5; andtheoneon theright handsidecorrespondsto theonein Fig. 6.
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Figure8: FE meshfor a planestrainedge-crackedstrip model
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betweenthephysicaldeformationdescribedby
�ÕË È�Ê andthe fracturemechanicsparameter² . This linear relation between

�ÕË È�Ê and ² underlinesthat
�ÕË È%Ê canbe regardedas a
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toughnesscriterion.Furthermorethe curvesfor the two differentmaterialcalibrationsmerge.
This illustratesthat the

�ÕË È%Ê andthe ² aretwo similar local parameterswhich describethe
samelocalphenomenon.Fig. 9b)showstherelationbetween

� 5�È%Ê and ² . The
� 5�È%Ê � ²

curvesseparateat incrementnumbersevenwhenthestressconditionsin thespecimenfor the
two casesstart to differ, seeFig. 10. Weld metalandbasemetalbehave in an elasticmanner

° 1 1
2
3

1

2

3

Inc number 7 æ 1 1
2
3

1

2

3

Inc number 7

Figure10:TheMises-stressdistributionat thecracktip for thetwo cases(WM, WM-BM)

up to incrementnumbersix at which thestressdistribution in thespecimenis similar for both
cases.At a further deformationincrementthe basemetalstartsyielding while the weld metal
still behavesin anelasticmanner, seeFig. 10.This leadsto a differentstressdistribution in the
specimen.Thestressdistributionsat the cracktip seemhowever to be the same.Henceit can
bestatedthatthe

� 5�È%Ê � ² includesglobaleffectscomparedto
�ÕË È%Ê � ² .

3.4 Outline for the calibration of the line spring

Theresultspresentedin theprevioussectionsshow how theyield stresscalibrationof the line
springsinfluencesthe numericalresults.In Fig 4, a qualitative pictureof the plasticzonehas
beendrawn. How theglobal stressdistribution influencesthedifferentfracturemechanicspa-
rametershasbeendiscussed.A reliablepredictionof the stressdistribution at the cracktip is
thefirst stepto obtainrepresentative fracturemechanicsparameters.Theyield functionwhich
characterizesthe plasticbehavior of the line springis derived from the slip line solutionthat
assumesyielding throughtherestligament� . In otherwords,thestressdistributionat thecrack
tip is dictatedby the line springelement(seeFig. 4 and ��� � �O� ��� in Fig. 2). Whentherest

ligamentis greaterthenthewidth of theweldmetal �Ìè $� *,é¹ê � é¹ë,1 � é¹ì�* mJí�î±ï�m ÁðÂ� 1 theline springs
arecalibratedwith thesamepropertiesasthebasemetal.Thewidth of theweldzonefor the2D
modelis calculatedby equatingtheareaof theweld metalin the3D model, ñ $ , to theareaof
theweldmetalin the2D model, ñ � :ñ $ 	Dñ ¼%½ � ñóòaô�õ � ò.ô�õ�� ¼%½� 	^ñ � (15)�� *¤é ê � é ë 1zö � ñ#÷¤ø � ��*,é ì¸ù öM1 � òaô�õ�� ¼�½� 	 æ ù ö � ñ#÷¤ø (16)æ 	 *,é¹ê � é¸ë,1� � �±é ì � ò.ô�õ�� ¼%½� (17)
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Figure11: GrossStressvsDisplacementfor the2D and3D analysis
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Figure12: GrossStressvsCMOD for the2D and3D analysis

whereé ê and é ë is thelargestandsmallestsideof theX-groove, é ì is thewidth of the
� ñ� ,ñ ¼%½ and ñ ò.ô�õ arethe areaof the weld materialandof the heataffectedzonerespectively,

and ñ ÷¤ø is the areaof the crack,seeFig 4. In this way the sizeof the HAZ canbealsotaken
in to account.In our casethe influenceof the weighted

� ñ� sizeis so small that it may be
neglected.

TheGrossStressvs DisplacementandtheGrossStressvs CMOD for thewide platewith two
differentrelativecrackdepths° £±¢S· ��� � and

��� �
areplottedin Fig. 11and12.Therestligament

is greaterthanthewidth of theweldmetalfor ° £±¢ð· ��� � , thereforetheline springsarecalibrated
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with thesamepropertiesasthebasemetal,while for ° £±¢S· ��� � theline springis calibratedwith
the propertiesof the weld sincethe restligamentis smallerthanthe width of theweld metal.
Theagreementbecomesworsewhentheshell-line-springmodelfor ° £±¢¸· ��� � is calibratedin
thesamewayasfor ° £±¢S· ��� � seeFig. 12.

It shouldbenotedthattheline springyield stressis keptconstantalongall of thecrackwidth.
This is reasonabledueto the low aspectratio a/c for the cracksanalyzed.In the line spring
elementat theendof thecrackthis introducesa small inaccuracy. For crackswith largercrack
front curvaturesthishasto beaccountedfor.

Thegivenoutlineis usedin orderto predictStress-DisplacementandStress-CMODcurvesfor
thewideplatestestedwheretheHAZ zoneis smallcomparedto theweldandto thebasemetal.

3.5 Comparisonwith largescaletests
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Figure13: GrossStressvs Displacement.Datafrom two testsareplottedandcomparedto data
obtainedfrom the3D-model[seetable1 for thematerialcalibrationof the3D model]andfrom
the2D-model[ �Y¼%½Î 	 ����� 5�¾ ° , �YÀ�½Î 	 � X�ZÎ 	 � ��� 5�¾ ° ]
The large scaletestwasperformedon SINTEF’s Large Scaletestmachineasdescribedpre-
viously. Themagnitudeof themaximalaxial loadwas ¾ · 30MN. Thematerialdatausedto
calibratethenumericalmodelwereobtainedfrom tensiletestsof theBM, HAZ, WM at differ-
entsamplingposition.The testdatafrom theplateswith thesmallestamountof ductilecrack
growth , · � ³ ³ , arecomparedto the dataobtainedfrom the numericalanalysiswhich does
not take into accountcrackgrowth. The testsfailed in brittle fractureat an elongationof � � �
and
� ³ ³ respectively. The Stress-Displacementandthe Stress-CMODcurvesfrom the large

scaletestareplottedtogetherwith thecurvesobtainedfrom thenumericalanalysis.In ourcase
the sizeof the rest ligamentis � 	 � � ³ ³ , the sizeof the weld metalzonefor the 2D model
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Figure14: GrossStressvs CMOD. Datafrom two testsareplottedandcomparedto dataob-
tainedfrom the3D-model[seetable1 for thematerialcalibrationof the3D model]andfrom
the2D-model[ �Y¼%½Î 	 ����� 5�¾ ° , �YÀ�½Î 	 � X�ZÎ 	 � ��� 5�¾ ° ]
accountingfor the heataffectedzoneis ���������� � é¹ìO* m í�î�ï�moÁðÂ� 1 · � � ³ ³ . Following the outline

givenin theprevioussectionandsince ö �A° è � � ��� �� � é ì * m í�î�ï�moÁGÂ� 1 , theline springis calibrated

with thesamematerialparameterasthebasemetal � ÀY½� 	 � X�ZÎ 	 � ��� 5�¾ ° . Both globaland
local behavior of the plateis well describedby the line springmodelasseenin Figs.13 and
14. Theelasticstiffnessof thestructureis underestimatedthesameamountin bothnumerical
analyses.This is dueto theboundaryconditionsappliedto theFE models.This inaccuracy at
theelasticlevel is acceptedsincethisstudymainly focuseson thefully plasticbehavior.

4 Conclusion

Regardingefficiency, theadvantagesin aline springbasedapproachcomparedto solidelements
analysisof crackedshellstructuresareapparent.This papershows thepossibilityof usingthe
line springsin orderto calculatefracturemechanicalparametersin mis-matchedsituationssuch
asweldedplateswith defectslocatedin the weld metal.Calibrationof the line springswith a
properyield strength,sothattheplasticstiffnessmatrixcanbeproperlycalculated,is presented
by meansof averagingtheweld metal/HAZmaterialarea.If thewidth of this averagedareais
lessthantheligament,thebasemetalmaterialpropertiesareemployedin theline springfinite
element.Otherwise,theweldmetalpropertiesareemployed.Comparisonwith largescaleplate
testsshowsgoodagreement.
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Abstract. Reelinghasprovento beanefficientandcosteffectivemethodfor offshorepipelay-
ing. During thereelingprocessthepipeundergoesdeformationthat canstrain thematerialby�������

. Theexistingfailureassessmentmethodsoftenturn out to betoo conservativeto allow
such a strain level in the structure. Theamountof conservatismcan be significantlyreduced
by usinga new failure assessmentapproach developedby SINTEF. Thisapproach dependson
finite elementcalculationsfor establishingthe non-linearfracture mechanicsparameters and
thestressandstrain distributionsin thepipe. Thepresentstudyaddressestheperformanceof
shellandline springfinite elementsasa costeffectivetool for performingsuch numericalcal-
culations.
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1 Intr oduction

Reelinghasproven to be an efficient andcosteffective methodfor offshorepipelaying.This
procedurestrainsthe materialcloseto the failure limit. A standardfailure assessmentanaly-
sis basedon � �
	��������� and � ����� , see[3], [9], would hardly allow flaws in the pipe because
of the high conservatisminvolved in the method.The Pipelayingprocessinvolvessubstantial
resources,soany delaysbecauseof ”unnecessary”repairsof flaws canbevery expensive.Fur-
thermore,repairingsmallflaws in theweld often leadsto a furtherdeteriorationof thequality
of thewelds.Thepotentialcostsavingsresultingfrom therelaxationof theconservatismof the
failureassessmentsproceduresareevident.

SINTEF hasdevelopeda new conceptfor failure assessmentfor low constraintapplications
which reducestheconservatismof thestandardfailureanalysis,see[12], [11]. Themethodis
basedon the testingof constraint-correctedfracturemechanicsspecimensundertension.So
far work hasbeenconcentratedon the SENT specimen.By varying the crack lengthandthe
distancebetweenthe clampswhenthe test is performedthesespecimenscanbe designedto
giveaconstraintlevel comparableto thatof apipewith surfaceor throughthethicknesscracks.
FE calculationof both the SENT andthe pipe arenecessaryto designSENT specimenswith
a constraintlevel comparableto thepipe.In additionFE calculationshave beenusedto derive
analyticalequationsfor theJ-integral for theSENTspecimen.Thediscretizationof thecracked
shellstructurewith solid finite elementsin orderto computethefracturemechanicsquantities
makes suchanalysistime consuming.The presentstudy addressesthe performanceof shell
andline springfinite elementsasanalternative tool for numericalcalculationsof the fracture
mechanicsparameters.Thisallows thenumberof degreesof freedomto bereducedby anorder
of magnitudecomparedto the3D meshesutilized. Theaccuracy of this approximationseems
to besatisfactoryfrom anengineeringpointof view.

Thenew methodbasedonconstraint-correctedspecimenshasseveraladvantages:� It makesthe failure assessmentmoreefficient andpreciseby relaxingthe high conser-
vatismof theusualprocedure.� It makesthetestingprocedurefor theSENTaseasyasfor thestandardSENB.� It providesalimit loadobtainedfrom theSENTthatcanbeutilizedto calculatetheplastic
collapseof thepipe.

The focusof this study is to find simpleproceduresfor the computationof the fractureme-
chanicsparametersnecessaryto performfailureassessmentof pipesby usingthenew method.
However, in our pursuitof engineeringmethodologies,a goal is to reducetheneedfor FE cal-
culations.Currentactivities focuson mappingtheconstraintin pipesandSENTspecimensfor
differentcrackgeometriesandloadingconditions,in orderto obtaina guidelinefor constraint-
correctedSENTspecimens.We alsointendto find explicit equationsfor thefracturetoughness
of SENTspecimens.With this,themethodwill notbemorecomplicatedthanthecurrentmeth-
odsandtheaccuracy will beimproved.
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2 Outline of the newconceptfor failur eassessment

2.1 Geometry-dependentfractur e properties

The low constraintconceptfor failure assessmentis basedon the testing of a constraint-
correctedfracturemechanicsspecimenundertension.So far work hasfocusedon the SENT
specimen.Thesespecimenscanbe fitted to give the sameconstraintlevels as for pipe with

CT (a/W = 0.5)

PIPE

SENT

SENB(a/W = 0.3)

SENB(a/W = 0.5)

GEOMETRY / CONSTRAINT   [T, Q, M]

FRACTURE 
TOUGHNESS

[J, K, CTOD]

Figure1: Schematicillustrationof theinfluenceof theconstraintandspecimengeometryonthe
fracturetoughness.

crackson the surfaceor throughthe entire thickness,seeFig. 1. The constraintlevel of the
SENTspecimencanbeadjustedby varyingthecrackdepthor thedistancebetweentheclamps.
The stressfields in the low constraintgeometries,suchas SENT andpipes,and in the high
constraintgeometries,suchasSENB,aredifferent,seeFig. 2. Similar fracturemechanismscan
beexpectedin geometrieswith acomparableconstraintlevel. If theconstraint-correctedSENT
specimenundergoesbrittle fracture,brittle fractureafterductilecrackgrowth, plasticcollapse,
or plasticcollapseafter ductile crackgrowth, the pipe will most likely suffer from the same
failure mechanism.It is importantto keepin mind that the fracturetoughnessderived from
constraint-correctedspecimensis limited to a specificgeometry, andshouldnot beappliedto
othergeometrieswithout first verifying that theconstraintin thegeometryis similar or higher
thanthatof thespecimen.Traditionalfracturemechanicspecimensgive lower boundsolutions
for thegeometries.This is onereasonfor thehighconservatismof thetraditionalapproaches.

Full-scaletestingshows that plasticcollapseis usually the main failure modethat shouldbe
taken into accountduringpipelinedesign.The integrity of the pipe is determinedby both the
plastic deformation(tensileproperties)in the rest ligamentand the crack tip fields (fracture
toughness).It is importantto verify thatthepipeis not susceptibleto brittle failure.Failureas-
sessmentsbasedonfracturetoughnessfrom traditionalSENBandCT specimensoftenpredicts

3
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Figure2: Ligamentstressfieldsin high constraintSENBspecimenandlow constraintgeome-
trieslikeSENTspecimensandpipes.

brittle fracture.However, full-scaletestingshows that it is plasticcollapsethat is the limiting
mechanism.Testingof constraint-correctedSENT specimensgives an improved estimateof
fracturetoughnessandplasticcollapseload.Furtherstudiescanthereforebe concentratedon
relaxingthehigh conservatismof theexisting proceduresfor thepredictionof plasticcollapse.

2.2 Plastic collapse

Standards� ����� and � ��	��������� , see[9] and[3], for the plasticcollapsefailure mechanismare
basedon analyticalsolutionsfor the limit load andtensileproperties.Plasticcollapseis pre-
dictedwhenthestressin the ligamentis equalto theflow stress(theaverageof yield strength
andtensilestrength).This analysisis conservative becausethehardeningis not entirely taken
into account.Themethoddevelopedhereinaccountsfor boththehardeningandinhomogeneous
materialzonesin thefailureassessmentanalysis.This is doneby takingthelimit loadsfrom the
constraint-correctedspecimens,including this informationin the calculationof the limit load
for apipe,andimplementingthisvalueinto thefailureassessmentdiagram,see[12], [10].

The ordinaryfailure assessmentmethodbecomeseven moreconservative for welds.The an-
alytical equationsfor the limit load analysisarebasedon systemsof homogenousmaterials.
The propertiesof the materialwith the loweststrengthareusedin the assessmentswhenthe
crack is locatedin a systemwith inhomogeneousmaterial.This choiceleadsto an increased
conservatism.It is alsodifficult to find the correcttensilepropertiesin differentpartsof the
weld zone.Suchpropertiesarenecessarywhenanalyzingtheplasticcollapseof a pipewith a

4
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crackedweld.Theloadingdirectionunderreelingis transverseto thegirth welds,but sincethe
weldsarevery narrow thetensilespecimenhasto betakenlongitudinally to theweld. In addi-
tion thecrosssectionof thespecimenis very small comparedto thecrosssectionof theweld
metalzone.For thesereasons,it is difficult to find representative andreliabletensileproperties
for the weld metal transverseto the welding direction.For weldswith soft zonesin the HAZ
theestablishmentof trustworthy tensilepropertiesis evenmoredifficult.

Onecanobtainacracktip field whichis comparableto thatof circumferentialcracksin pipesby
testingSENTspecimenstakenfrom thepipe-wall, with a thicknesscloseto thewall thickness,
with realisticcrackdepthsandloadssimilar to thesein thepipe-wall. A representative plastic
deformationof therestligamentis alsoobtainedwith this. In theplasticcollapseloadobtained
from thesespecimens,the effect of inhomogeneousmaterialzonesandthe full hardeningin
thesezonesaretaken in to account.This meansthatboth the fractureandthe plasticcollapse
propertiescanbedeterminedby constraint-correctedSENTspecimens.Theneedfor thetensile
propertiesof thedifferentpartsof theweld is thereforeeliminated.Theplasticcollapsestress
for theSENTspecimensis transformedto anequivalentplasticcollapsestressfor thepipeby
theanalyticalsolutionsfor a homogenousmaterial.Hereis assumedthatthis transformationis
independentof theinhomogeneityof thematerialstrength.As longasthedifferencein geometry
is minor thepotentialerrorin this assumptionis alsominor.

3 Numerical simulation

3.1 Shell and line spring finite elementformulation

TheFE analyseswerecarriedout with theABAQUS software.An eight-nodediso-parametric
thick shellis used.In theanalysis,deformationplasticityhasbeenappliedfor theshellelements,
with small straintheoryandisotropichardening.The part-throughsurfacecrack is originally
a threedimensionalproblemasseenin Fig. 3a.The threedimensionalproblemis formulated
within the context of two dimensionalplateor shell theorywith the part-cracked sectionrep-
resentedasa line spring.Theline springstake into accounttheadditionalflexibility dueto the
surfacecrack.Theelasticstiffnessis determinedby theenergy releaseratecombinedwith the
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Figure3: parttroughsurfacecrackandplanestrainsolution

known solutionsfor thestressintensityfactor:�������! #"%$
(1)�&� � ')(+*,�.-/( $0� � 1/(!23�.- (2)
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where
� �! 

representstheelasticstiffnessmatrixand 4657(!2�8 theextensionalandrotationaldegrees
of freedomof the line spring.For plasticcondition,only the modeI casewill be considered,
[18], [20]. It hasbeensolved for the line springin termsof upperandlower boundsolutions.
Thederivationof themodeI line springfollowsclassicalplasticitytheory:9 4 � (;:=<?>@�A!B 8 ��C

(3)DE�&� FGH ���! � I#JLK;MJLN "����! PO - I#JLK;MJLN "����! PO
J+K MJQN "3���; #" JLKJQN � JLK MJQN "3��" JLKJ;R%SLTU VXWR SLTY[Z;\^]`_

aQbc "%$
(4)

wherethecurrentplasticmodulusdfe , thelengthof therestligament g andtheconstantsh andikj arequantitiescontrolling the plasticity in the ligamentregion. The yield surfaceemployed
hereis basedon an upperboundslip line solution, see[18], as implementedin ABAQUS,
see[1]. Note that :ml�no denotesthe yield stressin the line spring.This enablesa possibility
of usingdifferentmaterialsin the plateandcracked region (e.g.a crack in a weld, see[4]).
The yield surfacedescribesthe plasticbehavior of the rest ligament.Having determinedthe
plasticdeformationincrement,the crack tip openingdisplacementis obtainedfrom slip line
kinematics: DEp e ��D 5Ee/qsrut � �wv�x D 2+e�y (5)

Thevalidity of this relationhasbeeninvestigatedby Leeet al., [7]. Their resultsshow that for
shallow edgecracks 4 vEz t[{}| y � 8 it becomesinaccurate,see[8].

Employing theconnectionbetweenthe ~ e andtheDugdalecracktip solutioncorrectedfor plane
stress/strainconstraint,onehas: D ~%e ��� : l�no DEp e (6)

Here,m is a function of crackgeometriesandhardeningcharacteristics.The total ~ integral
maynow becalculated: ~ � ~���q�~ e (7)

As theedgecrackis thebasiccasefor theline spring,computedvaluesof ~ for asurfacecrack
will bemoreaccuratein thecentercomparedto positionsapproachingthesurfaceat thecrack
ends.
The � -stressmeasurestheconstraintin thecracktip regionandis usedin combinationwith the~ �w� ik�`�L�?� v?� in orderto quantify thedependenceof thecracktip stressfield on thegeometry.
The � -stressis thesecondtermin theasymptoticexpansionof theelasticsolutionby Williams,
[22]. The � -stresshasthereforebeenconsideredasan elasticparameterwith a limited range
of validity. Betegon andHancock,[2], have shown that the � -stressprovidesa goodestimate
of theconstraintevenbeyondtheelasticandsmallscaleyielding regime.Parkset al., see[21],
have proposeda methodfor calculatingthe � -stressfor the shell-line-spring-meshbasedon
Sham’s analyticalwork. Parksarguesthat � canbeseenasthesummationof thecontributions
by themembraneforce, ��4���8 , andthemoment,��4��38 . Thusthe � -stressatany point alongthe
crackfront canbeexpressedas��4���8 � ��4��38t " �^� 4 v 4���8 z t 8�q �?��4���8t�� " ��� 4 v 4���8 z t 8 (8)
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where ��4��38 and ��4��38 have thesamemeaningasin Eq.2. Functions� � and � � arecalibration
factorsfor � in aSENspecimenwith acrackdepth

v 4���8 andthicknesst , underunit membrane
stress:m��4�:m� � ��4���8 z t 8 andunit bendingstress:X�+4�:X� � �?��4���8 z t � 8 . Sham,seeParks[21],
hastabulatedthe ��� and �^� functionsfor theSENspecimen.In this studythesamevaluesare
usedto calculatethe � -stressin the �fd���� specimenand in the pipe. The resultsobtained
from theshell-line-springmeshareverifiedby carryingoutboth2D and3D solidfinite element
calculationof thesamegeometries.

4 Resultsand Observations

4.1 Planestrain 2D- and shell-line-spring-simulation of a SENT specimen

4.1.1 Discretizations

1

2

3 1

2

3

Line Spring location

Figure4: 2D andshell-line-springFE mesh.Thecoordinatesystemsarelocal for eachof the
two mesh.

Fig. 4 illustratesthe 2D-meshfor the SENT specimenwith planestrainelementsandwith a
combinationof shell and line spring elements.Note that the coordinatesystemsfor the two
meshesin Fig. 4 arelocal for eachmesh;direction2 for theright-hand-sidemeshcorresponds
to direction3 for the left-hand-sidemesh,seeFig. 5. The boundaryconditionsat the endsof
the SENT specimencorrespondto clamped(no rotation is allowed). In the shell-line-spring
FE-modelthereare66 nodesand12 8-nodeshellelementsof type ����� , see[1], andoneline
springelement.Displacementin the2-directionandrotationaboutthe1-directionfor thenodes

 E E ¡E¡E¡ ¢E¢E¢£E£E£
Boundary condition for the 2D plane
strain model of a SENT specimen

Plane strain boundary condition for the shell-  
-line spring model of a SENT specimen
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Figure5: Clampedboundaryconditionutilized in themeshin Fig. 4

7



Matteo Chiesa,Bjørn Skallerud,Bård Nyhus,Christian Thaulow

at the top andat the bottomof the shell-line-springmodelareconstrainedin order to obtain
a planestrainsituationin themiddleof themodelseeFig. 5. In the2D-plane-strain-meshfor
the SENT specimenthereare 1619 nodesand 502 8-nodeplain elementsof type ¤���d
��� ,
see[1]. The cpu-timeneededto completethe analysisis 10 timeshigherfor the 2D-analysis
thanfor theshell-linespringone.It shouldbenotedthatalthoughthe line springfeasibility is
well established,thereasonfor thecomparisonbetweenthe2D planestrainanalysisandtheline
springanalysiscarriedouthereinisdueto thefactthatatypicalgeometryof theSENT-specimen
to beemployedin thetestingis ratherstocky, andis not verysimilar to ashellstructure.Hence
if theconstraintcorrectedSENTspecimenis to beanalyzedwith line springs,theaccuracy has
to beverified.

4.1.2 Results

The2D-plane-strainmodel,Fig.4, is designedto complywith the15mmthick SENTspecimen.
An idealizedhomogenousmaterialis consideredin thisstudyalongwith smalldeformationthe-
ory. A parameterstudyis carriedout for two differentmaterialyield strengths� :X¥ �  |�| ��� v � ,� : ¥ � � |�| ��� v � andfor differentcrackdepths:

v � � y | �¦� v � �#y § �¦� v � §Xy § �¦� v �¨ y § �¦� v � �#y § �¦� . GrossStressvsDisplacementcurvesfor thefivecrackdepthsareplotted
in figures6 and7. Theglobal behavior of the SENTspecimenis well describedby the shell-
line-springmesh.Thelocal stressfield at thecracktip is describedby eitherthe ~ ��� im�`�L�E� vE�
or the ¤��ª©
	 (crackmouthopeningdisplacement).Thereis a goodagreementbetweenthe ~
valuescalculatedfrom thetwo numericaldiscretizationfor ~ in therange � § |�| �}� |�|�| � z �¦� �
asseenin Figures8 and9, wherethe ~ �«� ik�^�Q�?� v?� is plottedagainsttheGrossStress.Expe-
riencefrom SENTtestinghasshown that the critical ~ -integral for mostpipelinesteellies in
the range � § |�| ��� |�|�| � z �¦� � . A betteragreementin the transitionzonecanbeobtained,see
(Lee et al. I andII, 1993).The agreementof both the GrossStressvs Displacementandthe~ �«� ik�`�L�?� v?� vs GrossStresscurvesis worsefor the shallow crack

v � � y | �¦� . This is due
to the yield function implementedin the ABAQUS software for the line-springelement,see
[14]. This yield surfaceis meantfor crackssufficiently deepthattheyielding is confinedto the
ligament.For thedeepestcrackit is alsosomedisagreements,this is dueto thestocky specimen
combinedwith a load transferthatdoesnot complywith shellmodelingassumptions.Figures
10, 11, 12 and13 representthe ~ � ¤���©�	 curvesfor thedifferentcracklengthsfor thetwo
numericalmeshes.

The shell-line-springmodel describesthe variationdue to the differentgeometriesin agree-
mentwith the resultsobtainedby the 2D-plane-strain-model.This shows that the shell-line-
spring-meshcanreplacethemoretime consuming2D-plane-strain-meshanalysisof theSENT
specimen.

4.2 3D- and shell-line-spring- simulation of a SENT specimen

4.2.1 Discretization

In the shell-line-springFE-model,Fig. 14, thereare190 nodesand48 8-nodeshell elements
of type �¬��� and3 line springelements.Due to the symmetriesof the SENT specimenonly
onehalf is modeled,with noallowancefor transversemotionor rotationof thenodesalongthe
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Figure6: Grossstressvs displacementcurvesfor differentcracklengths[
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Figure7: Grossstressvsdisplacementcurvesfor differentcracklengthsseeFig. 6 andfor yield
strength[ : ¥ � � |�| ��� v ].
symmetryline. In thesolid3D-meshfor theSENTspecimen,Fig. 14,thereare8711nodesand
13403D elementsof type ¤´��	 � | . Thecpu-timeneededto completetheanalysisis 12 times
higherfor the3D-analysisthanfor theshell-linespringone.Notethatsmalldeformationtheory
wasappliedherealso.
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Figure9: GrossstressvsJ-integral curvesfor differentcracklengthsfor [ : ¥ � � |�| ��� v �¹y ]
4.2.2 Results

The solid discretizationof the ��d��0� specimenis the bestway of representingthe real situ-
ation.A planestrainmodeldescribeswell the situationin the middle of the specimenwhere
thestresstriaxiality andtheconstraintarehigh. This is a conservative way of discretizingthe�fd���� specimenin orderto reducethe CPU time neededfor the numericalcalculation.The
line springmodelingis an alternative efficient way for performingsuchanalysiswithout us-
ing toomuchcomputingtime.Theshell-line-spring-meshdescribesthe3-dimensionalityof the
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Figure10:CMOD vsJ-integralcurvesfor differentcracklengthsandfor ayield strength[ : ¥ � |�| ��� v ] . (Planestrainanalysis)
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Figure11:CMOD vsJ-integralcurvesfor differentcracklengthsandfor ayield strength[ :X¥ � |�| ��� v � . (shell-line-springanalysis)

�fd���� specimenin abetterwaythantheplain-strain-mesh,relaxingtheconservatisminvolved
with it. Thedifferencefrom the previous meshlies in the differentboundaryconditionof the
shell-line-spring-model.Displacementin the2-directionandrotationaboutthe1-directionare
allowedfor thenodesalongtheline Ã�Ä andareconstrainedat thesymmetryline of theshell-
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Figure12:CMOD vsJ-integralcurvesfor differentcracklengthsandfor ayield strength[ : ¥ �� |�| ��� v ] . (Planestrainanalysis)
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Figure13:CMOD vsJ-integralcurvesfor differentcracklengthsandfor ayield strength[ :X¥ �� |�| ��� v � . (shell-line-springanalysis)

line-spring,seeFig. 17.Theresultsfrom the”3D” discretizationareplottedwith thosefrom the
”2D” discretizationfor onesinglegeometry(

v � �#y § �¦� ) aspresentedin Fig. 15 and16. Fig.
15showstheDisplacementvsGrossstresscurvesfor the”2D” andthe”3D” discretization.The
agreementbetweenthe”3D” meshesis betterthenfor the”2D” ones.This is dueto thefactthat
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Figure14:A 3D FEmesh[on theleft handside]is comparedto ashell-line-springFEmesh[on
theright handside] for half of theSENTspecimen.Thecoordinatessystemsarelocal for each
of thetwo mesh.
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Figure15: Displacementvs Grossstresscurvesfor differentmeshes:
� 	 �mË

plane-strain-2D-
mesh(Fig. 4), ��	 �kË

3D-solid-mesh(Fig. 14), °�� �ÍÌ=�Îv i�� � � ��� v�� i �mË plane-strain-shell-
line-spring-mesh(Fig. 4), °f�Ï��	 ”3D”-shell-line-spring-mesh(Fig. 14).

theshell-line-springmeshutilized in the”3D” discretizationis muchfiner thentheoneusedin
the”2D” discretization.Thesametrendcanbealsoobservedin Fig. 16 wheretheGrossstress
vs ~ �}� im�`�L�E� vE� for the differentmeshesis plotted.The shell-line-springmeshesseemto be
well suitedto describetheSENTspecimen.

4.3 Constraint calculation in planestrain

The � -stressmeasuresthe constraintin the cracktip region andquantifiesthe dependenceof
thecracktip stressfield on thegeometry. Thecalculationof the � -stressin theshell-line-spring
meshis carriedoutby following theoutlinesof Parks,Eq.8. Thecalculationis alsocarriedout
in a2D plain-strainmodel.Thenominalstressof theelementsalongthecrackflank ��Ð�Ð in Fig.
18 is readat differentdistances	 from thecracktip , seeFig. 18.Theconvergedvalueis read
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Figure17: Symmetriesof theSENTspecimenutilized in thenumericaldiscretization.
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Figure18: Representationof theway of calculatingT-stress

An elasticcalculationof the � -stresshasbeencarriedout andthe valuesobtainedby sucha
calculationareplottedin Fig. 19. The � -stressis taken at a similar local stresslevel [similar~ ��� im�`�L�E� vE� ]. The � -stressfrom theline springmodelis of courseindependentof thedistance
from thecracktip. Kirk etal. employedelementslocatedatadistance

�ÙØ`ÚR Ú in front of thecrack
tip in orderto determine� , seeFig. 18. This approachrequiresmorepost-processingof the
resultsthan in the presentapproach.Fig.20 presentsthe biaxiality factor Û for the differentv?z�Ü

relations.Û is a dimensionlessparameterwhich relates� to thestressintensityfactor Ý�Þ
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for theline springmeshandfrom the2D-plane-strain-mesh

throughEq.9.

Û � �
î ï vÝ�Þ y (9)

It is notedthattheresultsfrom the2D plane-strainanalysisandthosefrom theshell-line-spring
simulationdepartsfor cracksof depthlessthan | y ��§ Ü . Onereasonfor this is theassumption
inherentin Eq. 8. The

� 	 simulationsensesthe proximity of the freesurfacewhenthe crack
getshorter. However, for cracksdeeperthan | y ��§ Ü theagreementbetweentheshell-line-spring
meshandtheplane-strainmeshis good.
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4.4 3D- and shell-line-spring- simulation of a pipe

4.4.1 Discretization

1

2

3 1
2

3

Line spring elements

Figure21:A 3D FE meshanda shell-line-springFEmeshfor half of thepipe.

Non-linearsmalldeformationFEanalysisof a four meterlongpipewith a ?§ | �¦� longsurface
notchwith crackdepth

v?z�Ü � | y ¨ § underpuretensionhasbeencarriedout. The pipe wall
is
� §Xy ¨ �¦� andthe outerdiameteris � �X� �¦� . Fig. 21 illustratesthe 3D meshfor the pipe by

meansof solid elementsandby meansof a combinationof shellandline springelements.Due
to thesymmetriesof theconsideredgeometryonly onehalf is modeled,with no allowancefor
transversalmotionor rotationof thenodesalongthe symmetryplane.In the shell-line-spring
FE-model,Fig. 21, thereare1784nodesand560 8-nodeshell elementsof type ����� and9
line springelements.In thesolid 3D meshfor thepipe,on the left handsideof Fig. 21, there
are10200nodesand83708-nodeelementsof type ¤´��	�� . The cpu-timeneededto complete
the analysisis ð 10 timeshigher for the 3D analysisthanfor the shell-linespringone.This
differencein calculationtime could be even biggerif a longercrack is considereddueto the
factthat thenumberof degreesof freedomfor the3D meshwould grow almostproportionally
to the crack length.The ¤���ñ -time for shell-line-springanalysisis not effectedby changing
cracksize.

4.4.2 Results

Fig. 22andFig. 23show theDisplacementvsStresscurveandCMOD vsStresscurvesrespec-
tively for thetwo discretizationconsidered.Theagreementof theresultsobtainedfrom thetwo
meshesis excellent.This is partly dueto the fact that the shell-line-springmeshis very fine.
Fig. 24 representsthe stressvs ~ �«� im�`�Q�?� vE� at crackcenter, the agreementis againgood.In
Fig. 25 the � -stressis plotted from the tip alongthe crackflank for the deepestpoint of the
crack.The � -stressvaluefrom theshell-line-springanalysisis higherthenthevalueobtained
from the 3D analysisof the pipe asseenin Fig. 25. The numericalanalysisfrom which we
readthe � -stressis carriedout in theelasticregime.Thecalculationof the � -stressfor thepipe
geometryby meansof theshell-line-springmeshfollows theoutlinesof Parkset al., see[21],
asdiscussedearlier. Fromour resultsit seemsthatEq.8 canbeutilized alsofor thecalculation
of the � -stressof the pipe even if further investigationsneedto be carriedout to validatethe
methodfor differentcrackgeometries.
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Figure22:DisplacementvsStressfor thetwo differentdiscretizationsof thepipeseeFig. 21.
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Figure23: CMOD vsStressfor thetwo differentdiscretizationsof thepipeseeFig. 21.

5 Comparisonof þ with resultsfr om other studies

Fig. 26 comparesour calculationsof the biaxiality ratio Û with the calculationsperformedin
otherstudies,see[5]. A deviation betweenthetwo methodsis apparentfor shortcrackdepths.
In the2D casethis is dueto thedifferentmethodologyusedfor thecalculationof the � -stress.
In our study the � -stresscalculationsare performedat the crack flank for finite dimiension
geometries,while Kirk etal., see[5], calculatesthe � -stressatanormalizeddistancein front of
thecracktip usingMBL finite elementmodels.SeealsoFig.20. Thedeviationis lessfor deeper
cracksfor which thesurfaceeffecton thestressvaluesalongthecrackflank is negligible.

A deviation is alsoapparentfor thebiaxiality ratio ascalculatedfrom theshell-line-springand
from the3D mesh,Û l�n ÿ Þ ÿ�� �� Û���� ÿ Þ ÿ�� , asshown on Fig. 26.This is dueto thefactthatEq
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Figure24: Stressvs ~ � � im�`�L�E� vE� for thetwo differentdiscretizationsof thepipeseeFig. 21.
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Figure25:Displacementvs � -stressfor thetwo differentdiscretizationsseeFig.21.D [distance
from thetip alongthecrackfront.]

.8,by whichwecalculatedthe � -stress,is valid for awideplatewith a long,deepcrackandnot
directly for thepipe.Theconstraintcalculatedfrom theshell-line-springanalysisby usingEq
.8 givesconservativeresults,Û l�n ÿ Þ ÿ���� Û ��� ÿ Þ ÿ�� asshown onFig. 26.However, theranking
of thegeometryeffectusingthe Û parameterfrom theshell-line-springmodelandthe3D model
is similar, i.e. a reducedconstraintwhencomparedto theSENBspecimen.It is conclusedthat
the FE analysisfor the SENTspecimencanbeproperlycarriedout by usingthe line springs.
Furtherstudiesare,however, neededin orderto find ananalyticalequationwhichbetterrelates
themembraneforceandthemomentof thepipeto the � -stress.

Fig. 26 confirmswhathasbeenpresentedin section2, Fig. 1: thetraditionalbendingspecimen
SENBwith adeepnotchis far tooconservativewhenatubulargeometryundertensionor gobal
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bendingis considered.Theuseof a SENTspecimenwith thesamecracklengthasfor thepipe
relaxestheconservatismof thefailureassessment,seeFig.27.Thiscanbeseenin Fig 26where��� �"! !$#�%'&�()�"! *�+,*�#�-.��� !/#�%102()�"! *�+3*�#

.

The SENT specimencanbe constraintcorrectedwith the valueobtainedfrom the shell-line-
springanalysisof the pipe, seeFig 27. The constraintcorrectionconsistsin finding a SENT
specimenwith a propercrackdepthandgeometrysizeso that its constraintis similar to that
of thepipe.With thegivenSENTgeometryemployedhere,seeFig. 5, theconstraint-corrected
SENTspecimenwhichcorrespondsto thepipewith ���547698;: <5= is thespecimenwith �>�54?6
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8;: @58 , seeFig. 27. A representative ACBED�F for the pipe is obtainedby testingthis constraint-
correctedSENTspecimen.In orderto usethesameSENTspecimenfor fracturemechanicsand
limit loadanalysisthesame���54 -ratio asfor thepipehasto beusedfor theSENTspecimen
andthecorrectionis carriedout by varyingthegeometryof theSENTspecimen.

Oneshouldnote that for a slenderSENT specimenloadedin tension,a nonlineargeometry
effect may evolve as the specimenwill try to carry the load by puremembraneforces.This
is manifestedby finite out-of-planedeflectionsof thespecimenduring testing.As the ratio of
tensionandbendingin theligamentcontrolsconstraint,thefractureinititation maybeaffected.
In suchcasesall finite elementsimulationsperformedin theapproachshouldaccountfor large
deformations.For stocky specimensthiseffect is small.

6 Summary

This studyshows theperformanceof shell-line-springmodelsin calculatingthe responseand
fracturemechanicsparametersfor SENTspecimensandcrackedpipes.With this, thetimecon-
sumedfor FEcalculationin thelow constraintconceptfor failureassessmentis greatlyreduced.
Theproposedprocedurefor establishingthedimensionsof theSENTspecimento betestedis
asfollows:

G FE modelof a crackedpipe(shell-line-spring).

G Calculationof theT-stressfrom anelasticanalysis,by meansof Parks-Shamequations.

G FE modelof a SENTspecimen(shell-line-springs).

G Iterationof the designparametersfor the SENT specimenup to the level wherethe B -
stressis comparableto thatof thepipe,seeFig. 27.

G Constructionof thetestspecimenfollowing from thepreviouspoint.Thespecimenmay
containwelds

G Performthetest.

Thepotentialof themethodologywill beinvestigatedin a forthcomingpublication,wheresig-
nificanttestdatawill providea verificationbasis.
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Abstract. Theline spring finite elementis a versatilenumericaltool for performingapprox-
imate fracture mechanicsanalysisof surfacecracked shells.Theaccuracy of the shellsline
spring finite elementsolution for medium-sizedcracks is higher than the accuracy for the
shallow-sizedones.Propertreatmentof shallowcracks is importantbecausethey are theones
mostfrequentlyencountered in engineeringpractice. Accurate yield surfacesof planestrain
single-cracked (SEC)specimenshavingshallow, as well as deep,cracks are developedhere
in order to improve the overall performanceof the line spring element.Theyield surfaceis
representedby equationsthat automaticallysatisfythe convexity requirementand that fit the
resultof thefinite limit analysis.Thepresentstudyaddresses,furthermore, theperformanceof
thebackward-Euler returnalgorithmfor oneof theaccurateyield surfaceformulatedhere, by
meansof iso-error maps.
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1 Intr oduction

Pipelinesareacommonexampleof ashellstructurecontainingdefects.Thedefectsareusually
introducedduringtheweldingprocessnecessaryfor joining differentpartsof thepipeline.The
directdiscretizationof thecrackedpipestructurewith solidfinite elements,in orderto compute
the fracturemechanicsquantities,leadsto largeproblems,andmakessuchanalysisinfeasible
for thisapplication.In orderto calculatedirectlythefracturemechanicsparametersin structural
analysis,it is possibleto usea combinationof shell andline springfinite elementsinsteadof
solidfinite elements.

The part-throughsurfacecrack is originally a threedimensionalproblemasseenin Fig. 1a.
The threedimensionalproblemis formulatedwithin the context of two-dimensionalplateor
shell theorywith thepart-crackedsectionrepresentedasa line spring.Thestiffnessof the line
springis derivedfrom aplanestrainSECspecimenundertensionandbending.Generalyielding
loci for the SECspecimenwereobtainedfrom the known slip-line fields underbending.For
the openingbendingwith high tension,an upperboundyield surfacecan be obtainedfrom
a kinematicallyadmissibleflow field consistingof a slip alonga circular arc , see[20]. The
validity of theseyield surfacesis limited to deepcracks.It hasbeenobserved that the slip
line field of shallow cracksin predominantbendingis quitedifferentfrom thatof deepcracks,
see(GreenandEwing). For a shallow crack,thereexists an interactionbetweenthe crack-tip
field andthefront surface,andtheslip-linesareobservedto extendto thefront surface.In the
continuumfinite elementanalysisusingnon-hardeningplasticity, total equivalentplasticstrain
contours,whichcanberegardedasquasi-slip-lines,alsohave thesamefeature.

Propertreatmentof shallow cracksis importantbecausethesecracksarethe cracksmostfre-
quentlyencounteredin engineeringpractice.During pipe-layingby reeling,for example,the
materialis strainedcloseto its failure limit anda standardfailure assessmentanalysiswould
just allow shortflaws in thepipebecauseof high conservatisminvolvedin themethod.Thefo-
cusof this studyis to developyield surfacesthatunivocally containmoreaccurateinformation
aboutthe generalyielding behavior of shallow, aswell asdeep,SECspecimens.Theseyield
surfacesarecomparedwith Rice’s approximatequadraticform andwith yield surfacesderived
from theslip-line field. Oneof theproposedyield functionsis furthermoreimplementedin the
inelasticline springframework in orderto improvetheaccuracy of theline-springfinite element
solutionfor shallow cracks.Thedetailsof theimplementationof thebackwardEulerintegration
schemeat the integrationpoint of the line springelementin orderto accountfor plasticityare
herepresentedandthe performanceof the algorithmis assessedby meansof iso-errormaps.
Work is in progressto implementtheproposedelastic-plasticline-springfinite elementin the
framework of a commercialFEM program.

2 Elastic-PlasticLine-Spring finite elementformulation

Thepart-throughsurfacecrackis originally athreedimensionalproblemasseenin Fig. 1a.The
threedimensionalproblemis formulatedwithin the context of two-dimensionalplateor shell
theory with the part-cracked sectionrepresentedas a line-spring.The line-springstake into
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accounttheadditionalflexibility dueto thesurfacecrack.Thestiffnessof theline-spring,with
extensionalandrotationaldegreesof freedom

���������
, is derivedfrom aplanestrainedge-cracked

strip loadedin tensionandin bending
��	
����

, seeFig. 1b, i.e.modeI [20]. Theformulationof
theLine-Springelementis presentedin AppendixA. It is compatiblewith a two-dimensional
plateor shellelementwith four nodes.A combinationof shellandline springelementsenables

��� h N M���c
c

a) b)

��� ���
� � h

� � ��� �

Figure1: Part-trough-surface-crackandplanestrainsolution.

us to describethe threedimensionalpart-throughsurfacecrackproblemwithin thecontext of
two-dimensionalplateor shelltheory.

Thederivationof theelasto-plasticline-springfor themodeI casefollowstheclassicalplasticity
theory, detailsarepresentedin AppendixB. Fig. 2 shows a simplifiedpictureof theflow field
in the �����������! undera flow conditionresultingfrom theslip-line analysis.Theyield surface
implementedin ABAQUS is basedon the upper-boundslip-line solution [20], see[1]. The

�"��� zone�#��� zone �%$ � 	 ��&�'(� &�' 	
)�* + *

(� &�' � 	,$.-

Figure2: Slip line field approximationin the ���/�0�����! . a)slip line solutionfor pureextension.
b) GreenHundysolutionfor purebending

yield surfacesimplementedin ABAQUS describetheplasticbehavior of the ���1�2���3�4 . These
representationsof the yield surfaceprovide satisfactoryresultsfor a crack-depth-to-thickness
ratio

)5�6 -87 9
. Themain goal of this studyis to proposean alternative yield surfacewhich is

ableto univocallycharacterizethefully plasticyieldingof bothshallow anddeepcrackdepths.

3 Yield Surfaces

Theconstructionmaterialsutilized for pipelinesareoftensoductilethata partof or thewhole
ligamentbetweenthesurfacecrackfront andthefar shellwall undergoesyielding beforefrac-

3



Matteo Chiesa,Bjørn Skallerud,Dietmar Gross

turecriteriaaremet.Crackedpipelinescanbeanalyzedeffectively with anelastic-plasticline-
springmodelaspresentedin section2.A convex yield surface,Eq.38,is requiredfor theplastic
line-springmodel.Theyield surfacefor theplane-strainSECspecimen,subjectedto combined
tensileforceandbending,is utilized for this purpose.

3.1 Explicit yield surfaces

3.1.1 Upper-bound approach

Fig. 3a shows a kinematicallyadmissibleflow field for the plane-strainSEC specimenfor
a rigid-plasticnon-hardeningmaterial.The plane-strainsingle-edgespecimenis subjectedto
combinedtensionandbending.In Fig. 3,

�
is thework-conjugatedisplacementdueto theax-

ial force per unit length,
	

, and
�

is the work conjugaterotationdueto the bendingmoment
perunit length,

�
. Rice, [20], hasderiveda yield surfacefor the ligamentin modeI loading

� � :;�

	<��� &�'�=��� &�'
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Figure3: a)Planestrainsingle-edgecrackedspecimensubjectedto combinedtensionandbend-
ing, b) Kinematicallyadmissibleflow field usedby Riceto generateanupperboundyield sur-
face,where ? �>TUV$ ? � T�W � F &�' � � � ? � T
(N,M), basedon theslip-line field theory. Theyield surfaceproposedby Riceis valid for deep
cracksandfor a ligamentloadedpredominantlyin tension.Fig. 3bshowsthekinematicallyad-
missibleflow field usedby Riceto generateanupper-boundyield surface.Yielding occursby
discontinuousslip alonga circulararcof radius

G
with thecenterX at a distance

N
measured

positive to the right of thespecimensurface.Therearefour kinematicvariables
� E�� � EB� � N � G �

of whichonly one,afterimposingtwo geometricalconstraintsandminimizing theupperbound
inequality, is anindependentvariable.Ricechosethis to be EY� , in thiswayanupperboundyield
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surfacewasgraphicallyconstructed.Theresultreads:

E�Z $\[ 	 &�' I K O � -87 9-87 ] ^ � W`_ [ � W 	 ��&�'' I K O � ^ � �ba $.- (1)

where
ILK

is theyield strengthin shear, � is thecracklengthand
O
is theremainingligament

F $� W O . This explicit equation(representingtheyield surface)coversloadstatesof predominant
tension

��	 6 -8���#cd-e�
.

Flow is alsoreachedin the plane-strainsingle-edgespecimenwhena bendingmomentis su-
perposedto an axial force.The GH-field (seeFig. 2, GreenHundy) for purebendingcanbe
modifiedto producea slip-line field for the combinedloadingstate.White et al. obtainedthe
following yield surface:

EBfhg�i $ �I K O � � 	' I K O �j-87 'lk � �m& O � W -87 9e]on 	' I K O>p � � -87 k 9q$.- (2)

Theadditionof atensileforcehastheeffectof ”cutting off” aportionof theback-facecompres-
sive region,while theadditionof a compressive forceproducestheoppositeeffect. It waspre-
viouslyobservedby Whiteet al. thatthemaximumallowableaxial forceis

	sr )>t $.-87 u�u (� ' I K O �
and the minimum is

	 rwvyx $ � ' ILK O . In conclusion,Eq. 2 representsa good descriptionof
plasticity of the SECspecimenat the cracktip whensufficiently deepcracksareconsidered.
Furthermore,Eq.2 is to beconsideredasanupper-boundrepresentationof theyield surface.

3.1.2 Lower-bound approach

The yield surfaceof an uncracked strip subjectedto combinedtensionandbendingwaspro-
posedby GreenandEwing:

EBz $ '�{w|� {ILK F � W n 	' ILK F}p � �~a $.- (3)

where
F

is thethicknessof theuncrackedstripand |�%$��
is themomentaboutmid-specimen.

Eq.3 is to beconsideredexactsinceboththeupper-boundandthelower-boundapproacheslead
to thesameexpression.Replacingthethickness

F
with therest-ligamentsize

O
andinterpreting|�%$�� W 	 O &�' asthemomentaboutmid-ligament,Eq.3 providesalowerboundyield surface

for theSECspecimen.

3.2 Tabulated yield surfaces

Thevalidity of theyield surfacesdefinedby Eq.1 andEq.2 is limited to crackswhere
)5�6 -87 9

.
For suchcracks,it is possibleto considertheyield asconfinedto therestligament �����`�����! .
LeeandParkstabulateda yield surfaceby loadinga SECfinite-elementmodelof an isotropic
elastic-perfectlyplastic materialwith a combineddisplacement

�
and rotation

�
so that the

yielding point2 of thespecimenis reached,see[9]. Fig. 4 schematicallyillustratestheway Lee
2The yielding point is taken asthe limit load stateof the SECspecimenundercombineddisplacementand

rotation
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Figure4: Schematicillustration of a yield surfacein the generalizedforce spacefor a given
relativecrackdepth.Thecircledpoint representdatapointsobtainedfrom thecontinuumfinite
elementanalysis.

andParkstabulatedtheir yield surfaces,thecoordinates�� � $ f� � 5 � and �� � $ �� � � 5 arethegen-
eralizedforcesnormalizedby meansof theshearyield stress

ILK
. A setof dataobtainedfrom the

continuumfinite-limit analysisis representedby circularpointsin thegeneralized-normalized� � - � � space.Thesepoints representa yielding statefor the SECfinite-elementmodel.The
yield locusrepresentedby the solid line in Fig. 4 interpolatesthe pointsof the discretesetof
datawith the piecewise rational quadraticfunction and the Hermite cubic function, see[9].
LeeandParksobserveda discrepancy betweentheir computedyield functionandbothRice’s
quadratic,Eq.1, andthemodifiedGH yield surface,Eq.2, for shallow cracksof relative crack
depths

)5 $�-87 a and
-87 ' . The agreementof the analyticalyield surfaces,Eq. 1 and2, andthe

constructedyield surfacesproposedby Lee andParksis goodfor crackswhere
)5d6 -87 9

see
Fig. 5 and6. For deepcracks,the yield surfacesareobserved to fall on onemastercurve. In
Fig. 5 and6 thedatapointssetsobtainedfrom thecontinuumanalysisarerepresentedby filled
symbols,thedashedlines representE Z and E fhg�i andthesolid line representstheuncracked
yield surface E�z . In Fig. 5 and6, it is possibleto observe that the validity rangeof the yield
surface EBZ is limited, aspreviously discussed,to tensionloadings.For combinedload states,E fsg�i is a betterdescriptionof theSECyield surfacethantheequationproposedby Rice. E z
is anupper-bounddescriptionof anuncrackedSECspecimen,it representsa yielding locusin
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Figure5: Combinedtensionandbendingyield surfacesin the ¥e¥ and ¥e¥e¥ quadrantof thegen-
eralizedforcespace.
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Figure6: Combinedtensionandbendingyield surfacesin the ¥ and ¥� quadrantof thegener-
alizedforcespace.

whichall theothersurfaceshouldtheoreticallybecontained.

4 New accurateyield surfaces

Thenumericallyconstructedyield surfaceproposedby LeeandParks,see[9], characterizesthe
fully plasticyielding of SECspecimenshaving shallow, aswell as,deepcracks.Numerically,
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the implementationof tabulatedyield surfacesfor different relative crack depthsin the line
springframework is infeasible.

4.1 Limit load elliptical yield surfaces

4.1.1 Double-fitting yield surface

It is,atfirst,chosento representtheyieldsurfaceusingaparabolicequationsothattheconvexity
requirementfor theyield surfaceis automaticallysatisfied.Theproposedyield surfacereads:

E�®°¯ $ �� ��±� ®°¯� �²�� ��³8±� ®°¯� � ±: ®°¯� � Oe´ n OF p W �� � � ±� ®°¯� � ±� ®°¯µ n OF p � $.- (4)

where the coefficients ±� ®°¯v and
±: ®°¯v

are functions of the relative crack depth. The term� �� � ³ ±� ®°¯� � ±: ®°¯� ) ¶ ´ takesintoaccountthe”shaving-off” effectsdueto anadditionaltensileforce.

It is desirableto find a setof parameters±� ®°¯v ,
±: ®°¯v¸·

thatfits thedatasetobtainedby ParksandLee
for differentrelative crackdepths.Thecoefficientsof Eq. 4 arevariedsothat thesquareddif-
ference � �� � S ¹�º � �� �¼» ½ � � (5)

is minimized. �� � Sy¹�º is the normalizedgeneralabscissaof the tabulatedyield surfaceobtained
by LeeandParks,while �� �¼» ½ is thecorrespondentgeneralabscissaobtainedfrom theproposed
yield function (Eq. 4). In order to improve the solutiondueto possiblenon-linearitiesof the
problemin question,aquadraticextrapolationalgorithmis usedand,in orderto guaranteecon-
vergence,the quasi-Newton methodis employed.The adjustablecoefficientsarefurthermore
constrainedto be positive. Differentsetsof valuesfor different relative crackdepthsareob-
tainedin this way . Fig. 7 shows thebestpossiblefitting of Eq. 4, by meansof theLSQ (least
square)method,to the datapointsobtainedfrom the continuumfinite limit analysis.The pa-
rametersets ±� ®°¯v and

±: ®°¯v
, obtainedby theLSQmethodandutilizedin Eq.4, arereportedin Table

1. An attemptis now madeto fit a first andsecondorderpolynomialsO � $ ±� � W ±� � �F (6)

O � $ ±¾ � ³ �F ´ � W ±¾ � ³ �F ´ W ±¾ � (7)

to theobtainedsetof points
� ) 5 � ±� ®°¯v � , � ) 5 � ±: ®°¯v � , seeTable1, by meansof theLSQ method. The

coefficientsadjustedin thissecondfitting proceduresaretheparameters±� � and ±� � of Eq.6, and±¾ � , ±¾ � and
±¾ � of Eq.7. Theresultof thefittings reads:±� ®°¯� $À¿ 'Á³ �FÂ´ W -87 ]�Ã (8)

±� ®°¯� $À¿Ä-87 k u ³ �F ´ W -87 -lÅlÃ (9)±� ®°¯� $À¿Ä-87 u ³ �F ´ W -87 Å a Ã (10)
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Figure 7: Combinedtensionand bendingyield surfacesin the generalizedforce space.The
data-pointsetsarerepresentedby shadedsymbols.The solid lines representthe fitting curve
Eq.4 wherethevaluesof thecoefficientsof theequationarereportedin Table1

Table1: Bestfitting parameters( ±� ®°¯v ,
±: ®°¯v

))5 ±� ®°¯� ±� ®°¯� ±� ®°¯� ±� ®°¯µ ±: ®°¯�-87 a -87 _ -87 a -euÌ-87 Å k -87 u aÌa 7 'lk-87 ' a 7 a -87 a ]Ì-87 u a -87 k ] a 7 a ]-87 9 a 7 9Í-87 ' 9euÌ-87 u k -87 Î ' a 7 ' a-87 u a 7 ]Ì-87 9 k uÌ-87 k�k a 7 a 9 a 7 ] a
±� ®°¯µ $ ¿ a 7 ul9eu ³ �F ´ W -87 9eu�]�u Ã (11)±: ®°¯� $\[ k 7 Îe]�u ³ �F ´ � � Å�7 9e]�u ³ �F ´ W a 7 u�ulÎ k ^ (12)

Theuseof Eq.8-12for thecoefficientsof thedoublefitting yield surface,givesa setof curves
which arehardlydistinguishablefrom thosedrawn in Fig. 7 usingthecoefficientsreportedin
Table1. In conclusion,thedoublefitting yield surface E8®°¯ describesthe fully plasticbehavior
of a SECspecimenhaving shallow,aswell asdeep,cracksin a satisfactoryway andcanbe
employedin orderto describeinfinitesimalcrackgrowth.

4.1.2 Rotational elliptical yield surface

In orderto obtainasimpleryield surfacerepresentationthanEq.4, anelliptical functionis con-
sidered.As before,thereasonfor choosinganelliptical surfaceis simply to meettheconvexity
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requirement.Theyield surfacereads:

E�Ï�Ð $ n �� �±� Ï�Ð� p � W n �� �±� Ï�Ð� p � � ±� Ï�Ð� $.- (13)

where �� � and �� � are the generalizedforcesnormalizedby meansof the shearyield stressI K
. The ”shaving-off” effect is not directly taken into accountin the expressionof Eq. 13 in

a
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Figure8: Schematicillustrationof aconstructedrotationalyield surfacein thegeneralizedforce
space.

orderto keepthe proposedyield surfaceassimpleaspossible.An attemptis madeto fit Eq.
13 to the set of datapoints obtainedby the finite limit analysisfor the relative crack depth) 5 $Ñ-87 ' . The eccentricity  3 of the ellipses4 E�Ï�Ð is imposedto be equalto the eccentricity
of a convex piecewise rational quadraticfunction, [9], fitting the dataset, seeFig. 8a. The
eccentricityrequirementis satisfiedby thesetof parameters±� Ï�Ðv reportedin Table2.Afterwards,
theellipsisis roto-translatedsothatthedatasetsobtainedby thefinite limit analysisareproperly
described.The size of the ellipses,describedby the parameters±� Ï�Ðv , is kept constantwhile
undergoingtherigid transformations,seeFig. 8b. Thetranslationandrotationof theellipseof
anangleÒ � ) 5 � aroundits centerÓ reads:

¿ �ÔjÕ)�Öj×� * � �ÔjÕ)�Öj×� * � Ã n�ØÀ[ � �� � ^ p � $ ±� Ï�Ð� 7 (14)

3Theeccentricityis definedas: Ù/Ú~Û Ü�Ý�ÞeßÄÝÜ àâá whereã�Úåä æã�çjèéhê æã�çjèëíìÄî and ï!Úåä æã�çjèéhê æã�çjèî ìÄî , see[29]
4Theellipsis is thegeometriclocusof points ð for which thesumof thedistancefrom 2 fixedpoints ñ ë andñ î is constant.ò ð0óÁñ ë ò�ô0ò ð0óqñ î ò>Ú
õ>ã (theconstant2adescribesthesizeof theellipse)
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where
� � $ � � �2ö and

� � $ � � �ø÷ representthetranslationof theellipsisandtherotation
tensor

Ø
employedin orderto describea rotationof theellipsisaroundits center:Øù$\[ ����ú � Ò � �Vú3û�� � Ò �ú�û�� � Ò � ����ú � Ò � ^ (15)

The ”shaving-off” effect dueto anadditionaltensileforce is describedby roto-translatingthe
yield locus.Theshadedsymbolsin Fig. 9 and10 representthe setsof dataobtainedfrom the
continuumfinite limit analysiswhile theemptyonesrepresenttherotationalyield surface. Fig.

Table2: Bestfitting parameters( ±� Ï�Ðv , ÷ , ö and Ò in radians)) 5 ±� Ï�Ð� ±� Ï�Ð� ±� Ï�Ð� ÷ ö Ò (rad)-87 a -87 _ k aÌa 7 a Î � -87 u _ � -87 a ' 987 a ]-87 ' -87 _ k aÌa 7 a Î � -87 k u � -87 a u 987 a ]-87 9Í-87 _ k aÌa 7 a Î � -87 ]l9 � -87 a k 987 a k-87 uÌ-87 _ k aÌa 7 a Î � -87 Î�Î -87 -e] 987 -�-
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Figure9:Combinedtensionandbendingrotationalyieldsurfacesin thegeneralizedforcespace.

9 and10 show thatEq. 13 fits thenumericalsetsof datawell . Theparametersdescribingthe
magnitudeof the roto-translationof the systemÒ , ÷ and ö arereportedin Table2. The first
andsecondorderpolynomialsEq.6, 7 arefitted to theobtainedsetof points

� ) 5 � ÷ � , � ) 5 � ö � and� ) 5 � Ò � . Theresultof thedouble-fittingprocedurereads:

÷ $À¿ � -87 u�u ³ �F ´ � -87 u�u�Ã (16)
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Figure 10: Combinedtensionand bendingrotationalyield surfacesin the generalizedforce
spacein a limited domain.

ö $\[�-87 u ³ �F � -87 9 ´ � � -87 ' ^ (17)

Ò $ ¿ � -87 '�' u ³ �F�´ W 987 ' a ' u Ã (18)E Ï�Ð canbeemployedin orderto describeinfinitesimalcrackgrowth becauseof its simplicity.

4.1.3 Elliptical yield surface

A new elliptical yield surfaceis considered:E�� ¶ $\[ � � � ±� � ¶�±� � ¶� ^ � W  ±: � ¶� � � � W ±: � ¶� � W ±: � ¶� � � � � ±: � ¶µ �±: � ¶� � � � ±� � ¶� $=- (19)

Theequationproposedhere,in orderto representtheyield surfacefor theSECspecimen,con-
tainsa mixedtermwhich intrinsically takesinto accounttherotationof theellipsesin theforce
space

� � � � � . Eq. 19 is fitted,at first, to thesetsof datapointsobtainedfrom thefinite limit
analysis.In orderto simplify thefitting procedure,

±: � ¶� and ±� � ¶� arekeptconstant.Thecoefficient
of the mixed term,

±: � ¶� ±: � ¶� describesthe angleof rotationof the ellipserepresentedby Eq. 19.
Thebestpossiblesetof fitting parameters±� � ¶v ,

±: � ¶v
and ±� � ¶v is foundby meansof theleastsquare

method,seeTable 3, Fig. 11 and 12. As previously we try to fit a first and a secondorder
polynomials,Eq.6 and7 to theobtainedsetof points

� ) 5 � ±� v � , � ) 5 � ±: v � , seeTable1, by meansof
theLSQ method.Eq. 19 is very sensitive for any small changeof theparameterssothatfitted
polynomialsarenot goodenoughfor our purpose.In orderto bypassthesensitivity problema
fourthorderLagrangeinterpolationpolynomialcanbeused.This leadsto afar toocomplicated
descriptionof theyieldingsurfacewhichseemsnotto besuitableto describeinfinitesimalcrack
growth.

12
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Table3: Bestfitting parameter( ±� � ¶v ,
±: � ¶v

, ±� � ¶v ).) 5 ±� � ¶� ±� � ¶� ±: � ¶� ±: � ¶� ±: � ¶� ±: � ¶µ ±: � ¶� ±� � ¶�-87 a � -87 k ]�] a 7 a Å � -87 ' ] a 7 ] ' -87 a -87 a Å a-87 ' �sa 7 - k -eu a 7 Å�u � -87 9�9 a 7 u ' -87 9eu a a-87 9 �sa 7 Å�Å�u a 7 ]�] � -87 a k a 7 9 ' -87 k 987 ' a-87 u � ' 7 ' a�a ' 7 Å�] � -87 a 9 a 7 '�' ' a 7 a k 7 ' a
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Figure11: Combinedtensionandbendingyield surfacesin the generalizedforce space.The
datapointssetsarerepresentedby filled symbols.Thesolid line representsthefitting curveEq.
19.

5 Qualitati veverification of the proposedyield surfaces

5.1 A symmetric yielding locus, E
Thedoublefitting yield surface,Eq.4, is a parabolicfunction,thereforeits validity is confined
mainly to the ¥ and ¥� quadrantsof the generalizedforce space.E8®°¯ doesnot describethe
yielding behavior in the negative sectorof the generalizedforce spacein a correctway. An
alternative function, locatedin the upperboundlimit, hasto be implied in thesequadrantsof
the

� � - � � forcespace.

Undercompression,themagnitudeof theyieldingstressis expectedto bejustslightly lessthan
what obtainedfor the uncracked specimen.In this loadingstate,in fact, the specimencanbe
thoughtasif it wasuncracked.Theseobservationscanbegeneralizedto thebendingloading.
Thefunction E P®°¯ , symmetricto E8®°¯ with respectto the line

� � $�� � ��� � W � � � � , canbeusedin
orderto describethis yielding behavior in the ¥e¥ and ¥�¥e¥ quadrants.Theangle � betweenthe
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Figure12: Combinedtensionandbendingyield surfacesin the generalizedforce spacein a
limited domain.

symmetryline andthe
� � -axisis a linearfunctionof therelativecrackdepth

) 5
:� � �F ��$�� k �F 7 (20)

�� �� z � �� z�
�`�� z�

�� z �
� $.- ���$.-

�E�®°¯
�� ��� Z��� � $ �� Z�

�� � $ �� Z � �� �
�� Z �

�� � $ �� � ����� � � � W � � �� � $ �� � ����� � � � W � �
E P®°¯

E $�� E ®°¯�� �� � c �� � ����� ��� � W � �E P®°¯ � �� �! �� � �;��� � � � W � �
Figure13: Schematicalconstructionof asymmetricyielding locus

Fig. 13schematicallyrepresentsthesymmetricyielding locusconstructedwith E ®°¯ and E P®°¯ .
Thedouble-fittingyieldingsurfacecanbewritten in asimplerwayasE ®°¯ $ ÷ �� � W ö �� � W Ó �� � � W#" $.- (21)
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where ÷ $ ±� ®°¯� , ö $ � ³8±� ®°¯� � ±: ®°¯� ) ¶ ´ � ��& O � , Ó $ ±� ®°¯� ,
" $ � ±� ®°¯µ � ��& O � � . The parameters� ®°¯v

and
±: ®°¯v

arefunctionsof therelativecrackdepth,asdiscussedin section4.1.1.Thefunction E P®°¯ ,
symmetricto thedoublefitting yield surface,reads:E P®°¯ $ � ÷%$ �� �'&)(+* '�� W �� �,*.- � '��0/W ö1$ �`�� �2*3- � '�� W �� �4&)(+* '��0/W Ó5$ �� �2*3- � '�� � �� �4&)(+* '��6/ � W#" $=- (22)

Thesymmetricalyielding locus E is constructedby usingboth thedoublefitting yield surface
andits symmetriccounterpart.It is valid for thewholeforcespaceandreads:E $�� E ®°¯7� �� � c �� � ����� � � � W � �E P®°¯ � �� �  �� � ����� ��� � W � � (23)
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Figure14: Qualitativeverificationof thedoublefitting yield surface

A qualitative verificationof the proposedyield surfacesis carriedout by plotting the upper-
boundyield surface,Eq.3, with theproposedyield surfacesE . Thesolid line in Fig. 14 repre-
sentstheupper-boundyield surfacewhile thedashedline which interpolatestheemptycircle-
points,representsthedouble-fittingyield surfacefor anuncrackedSECspecimen

)5 $ -
. The

agreementbetweenE z and E�®°¯ is good.It is usefulto emphasizethat thesymmetricalyielding

locus E is anevenfunctionwhenit is expressedin therotatedcoordinatesystem
�?> � -

�@> � :E � � > � � � > � �Â$ E � � � > � � � > � �L7 (24)

The convexity requirementsfor the yield function E are satisfiedin the whole
� � - � � force

space.Theintersectionpointsof thetwo yielding surfaces,seeFig. 13, needto betreatedin a
carefulway during thenumericalimplementationof theyield locussinceits first derivative is
discontinuousin thesepoints.
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5.2 Combination of the rotational yielding surfaceand of the upper bound solution,
±E

The validity of the rotationalyield surfaceis, asfor the double-fittingyield function,mainly
confinedto the ¥ and ¥� quadrantsof the generalizedforce space.The yielding behavior in
the negative sectorof the generalizedforce spaceis not describedin a satisfactoryway. E Ï�Ð
is locatedoutsidethe locusdescribedby E z which is, asdiscussedin section3.1.2,anupper-
boundsolutionfor theyielding locus.An alternatilveyieldingsurface

±E is constructedby using
a combinationof boththerotationalyield surfaceandtheupper-boundsolutionandreads:±E $ � E Ï�Ð � �� � cb- A � �� �! - B E Ï�ÐDC E z �EBz � �� �  - B E�Ï�Ð 6 E�z (25)

Onceagain,theconvexity requirementsfor theyield function
±E aresatisfiedin thewhole

� � - � �
forcespace.Theintersectionpointsof thetwo yielding surfacesneedto betreatedin a special
wayduringthenumericalimplementationof theyield locussincethefirst derivativeof

±E is not
continuousat theintersectionpoint.

5.3 Observations

Thesymmetricyielding locus E , Eq. 23, is to bepreferredbecauseit is a betterdescriptionof
theoverall yieldingbehavior at therestligamentof theSECspecimen.

6 Numerical implementation of the proposedyield surface

Thedetailsof the implementationof thebackwardEuler integrationschemeat the integration
point of theline springelementin orderto accountfor plasticityarepresentedhereshortly for
thecaseof anelastic-perfectlyplasticmaterial.

6.1 Numerical procedure for returning to the yield surface

A returnmappingalgorithmprovidesaneffectiveandrobustintegrationschemeof theratecon-
stitutiveequationsat theintegrationpointof theline springelement.Geometrically, it amounts
to findingtheclosestdistanceof apoint to aconvex set,E , see[22] and[5] . At atimeincrement? �¼x , estimatesof theelasticpredictor?#� arepresumedknown.Thegeneralizedforcerate ? � ,
dueto theelasticpredictor, is obtainedsothat theforcestateat point ö is calculated.

�FE
will

mostlikely not satisfytheconsistency rule E $ - , therefore,a plasticcorrector ?5G'H E is used
asfirst corrector, where H E is theradiantto theyield surfaceat point öH E $JI EI � { E 7 (26)

Thegeneralizedforceestimateat point Ó :�FK
$�� E � ?5G2L1H E (27)
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will notalwayslie on theyield surface,and,therefore,furtheriterationsarerequiredin orderto
find aforcestatewhichsatisfiestheconstitutivelaw. ThebackwardEulerreturnis basedonthe
equation �FK
$�� E � ?5G2L1H K (28)

where H K is theradientto theyield surfaceat thefinal forcestateÓ . Thedetailsof theiterative
loop usedin orderto correct

� K
and ?FG to the right solution,canbe found in [22], [23], [5]

and[6].

6.1.1 Pragmatic solution at the corners

The yield surface E , Eq. 23, usedhere,hascornerslocatedon the line
� � $ � � ����� � � � W � � .

Thereexist differentsolutionswhich canbe implementedat thecornersin thecasewhentwo
active yield surfacesareactive, see[21] and[6]. In this study, a pragmaticreturnto the yield
surfacefrom the corneris adopted.The ”normal” at the corneris not unique,thereexists a
normal for the double-fittingyield surfaceandonefor its symmetriccounterpart.In order to
solve this non-uniquenessproblem,we considerthe function E ®°¯ to be the ”master” curve so
thatthe”normal” at thecorneris calculatedfor thiscurve.Thenormalis now uniquelydefined.
When E8®°¯ $\-

, E P®°¯ is checked. If this is violated further iterationscoments.The numerical
implementationis in this waykeptassimpleaspossible.

6.1.2 Accuracy analysis.Iso-error maps

Iso-errormapsprovideasystematicapproachto testtheaccuracy of theimplementedalgorithm.
The iso-errorsmap is constructedselectinga sequenceof specifiednormalizeddisplacement

�� �

?o� �
E P®°¯ E ®°¯

�� �?o� �?"� �
?o� �

ö ÷

Figure15: Symmetricyield surface:pointsfor iso-errorsmaps.

incrementsfor two symmetricforce states÷ and ö . The generalizedforcescorrespondingto
theprescribeddisplacementarecomputedby thealgorithm.Resultsarereportedin termsof the
relative rootmeansquareof theerrorbetweentheexactandcomputedsolution:M $ON $ � � �FP / $ � � �FP /RQN �SP;�SP Q T a -�- (29)
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where
�

is the resultobtainedby applicationof the algorithmand
� P

is the ”exact” solution
correspondingto thespecificstrainincrement.The”exact” solutionis obtainedby a subincre-
mentationof the strain increment,see[5]. The iso-errormapsshown in Fig. 16 areobtained
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Figure16: Iso-errormapsfor two symmetricforcestates÷ and ö .

for theyield surface E , Eq. 23, in thecaseof idealplasticity. ?"� � & ?"� � � and ?"� � & ?o� � � arethe
componentsof theelasticpredictornormalizedby meansof theelasticdisplacementassociated
with initial yielding.Theiso-errormapsfor thetwo symmetricforcestatesare,asexpected,the
same,seeFig. 16.Theerroris containedin a rangesatisfactoryfor engineeringaplication.The
accuracy of thesolutiondecreaseswhentheforcestatedueto thetrial increment

� E
is located

in thedashedareaof Fig.15.In this casebothyielding surfacesareactive andhave to besatis-
fied at theendof theintegrationalgorithm.Thesolutionis moresensitive on thedisplacement
incrementin theseareasof theforcespace.

7 Summary

Thisstudypresentsalternativedescriptionof theyieldsurfaceof SECspecimenundercombined
tensionandbendingloads.Theproposedyield surfacesprovideasatisfactorydescriptionof the
fully plasticyielding of bothshallow, aswell asdeep,cracks.

Thenumericalimplementationof anelasticpredictorplasticcorrectoritegrationschemeis also
presentedin orderto take into accountplasticbehavior. Theaccuracy analysisof thealgorithm
is carriedout showing anoverhallsatisfactorybehavior.

Work is in progressto implementtheinelasticline springelementin theframework of a com-
mercialFEM program.
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A Formulation of the Line-Spring element^ Thecrackline, Fig 1a,is discretizedinto a finite numberof line springelements.^ Theline springelementcanbeschematicallyrepresentedby two straightlines a Å and ' 9
connectedto eachotherby aseriesof springsasseenin Fig. 17.At zerodeformationthe
lines lie uponeachother. Whendeformationtakesplaceeachline displacesin opposite
direction.Thedisplacementis constrainedby thesprings.

a
' 9

Å

_ �_ �
a

'EB� E��

	 µ	 �
crackline

Line Spring
element

� �

9

Å � µ

� � � �	 �	 �

EY� _ µE µ_e�

el `

el û
a $ aa $ �qa a $.-

Figure17: Line springelement.^ Let �cb $ $ � b ��� b /ed and �2f $ $ � f ��� f /gd be the generalizeddisplacementsof the line
springat

a $ih a respectively. The relationbetweenthe generalizeddisplacementsand
thenodaldisplacements( _ v � E v ) reads: � P $kj P _ml (30)

� P $onppq �sr� r� E� E
tvuuw j P $onppq a - �qa - - - -%-- a - �qa - - -%-- - - - �sa - a -- - - - - �qa - a

tvuuw _ml $ npppppppppppq
_e�E��_ �E �_��E��_ µE µ

t uuuuuuuuuuuw
Thegeneralizeddisplacement� $ $ ���>� / d atanarbitrarypoint { a {xC a is assumedto vary
linearlywithin theelement.This reads:

� $kj0� P (31)

� $\[ �m� a ��8� a � ^ j,$\[ ±	 � - ±	 � -- ±	 � - ±	 � ^ � P $ynppq �sr�zr� E� E
tvuuw
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where ±	 � $ aí� a' ±	 � $ a W a' (32)^ Theequivalentnodalforces
��	 v ��� v �

arecalculatedasfollows:

nppq 	 �� �	 µ� µ
t uuw $ � nppq 	 �� �	 �� �

t uuw $|{,}�~ npppq ±	 � -- ±	 �±	 � -- ±	 �
tvuuuw [ 	� ^ ¾ ú 7 (33)

The vector � � $ $ 	 � ��� � �>	 � ��� � �>	 � ��� � ��	 µ ��� µ / Q is expressedas outlined above,
Eq.33,andreads: � � $k{4}�~h[ � j Q,�� � j Q � ^ [ 	� ^ ¾ ú 7 (34)^ Therelationbetweenthegeneralizedforce

�ù$ $ 	
��� / Q andthecorrespondinggeneral-
izeddisplacement� ata genericpoint { a {xC a reads:� $ L�� 7 (35)

where L is the stiffnessmatrix of the line spring at point
a

evaluatedas outlined in
literature[18].^ thesubstitutionof Eq.31andEq.32 into Eq.35 leadsto:� $ L j�j P _ l�� (36)

wherethe matrix multiplication
j�j P

is observed to be equalto
j P�P $ � $ 	 / � �%$ 	 / � .

Takinginto accountthisobservationandsubstitutingEq.36 into Eq.34,wecanwrite the
stiffnessequationfor theline springelementas� � $ {4}�~ j P�P�� L j P�P ¾ ú _ l�� (37)

The line springelementformulatedhereis compatiblewith a two-dimensionalplateor shell
elementwith four nodes.

B Accounting for elastoplasticityin the Line-Spring element

For plasticconditions,only themodeI casewill beconsidered.It wassolvedfor theline-spring
in termsof theupperboundsolution(slip line field, coloredareain Fig. 2). Thederivationof
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themode-Iline-springfollows theclassicalplasticitytheory, [20] :E ���
� H'���� � H ��$k� (38)¾ E $ I EI � ¾ � W I EI H ��� H ���� $k�
(39)¾ �c� $ � G I EI � (40)¾ � $ � � l W � � � (41)¾ � $ L l ��� � � (42)

¾ � $���� L l.� � ³4���s��)� L l.� ´ d ³4���s��)� L l.� ´�s� ��)��L l�� ������ � �s� ��)� � �s��.�z����  x¡� �s�¢�£ � ¤3¥�¦)§¨ � � (43)

ParksandWhite(1982),arguethattheexponent�2© of Eq.43 is ' andthe � -factorof orderunity,O
is the lengthof therestligamentand H } Qª is theyield stressfor the line spring.Note that � � O

and � © arethequantitiescontrollingtheplasticityin theligamentregion, �����#���3�4 in Fig 2.The
representationof theyield surfaceproposedin this study, E ®°¯ , is usedherein orderto describe
the stressfield of the line-spring.Having determinedthe plastic deformationincrement,the
crack-tipopeningdisplacementis obtainedfrom:¾ � T $ ¾¬« T W n F ' � � p ¾ � T 7 (44)

Thevalidity of this relationwasinvestigatedby LeeandParks,[10]. Their resultsshow thatfor
shallow edgecracks

� ��& F C -87 ' � , the relation is inaccurate,[10]. Employing the connection
betweenthe  T andtheDugdalecracktip solutioncorrectedfor constraint,onehas:¾  T $¯® H } Qª ¾ � T (45)

Here,
®

is a function of crackgeometriesandhardeningcharacteristics.The total  integral
maynow becalculated:  $  � W  T (46)

As theedge-crackis thebasiccasefor theline spring,computedvaluesof  for asurfacecrack
will bemoreaccuratein thecentercomparedto positionsapproachingthesurfaceat thecrack
ends.
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Abstract. Theline springfiniteelementis a versatilenumericaltool for performingengineer-
ing fracture mechanicsanalysisof surfacecracked shells.An accurate yield surfaceof plane
strain single-cracked (SEC)specimenshavingshallow, as well as deep,cracks is here imple-
mentedin order to improve theoverall performanceof the line spring element.Thedetailsof
the implementationof the backward Euler integration schemeat the integration point of the
line springelementin order to accountfor plasticityare presentedhere for a bilinear material
model.Theimprovedline springelementis utilizedwithin a new failure assessmentapproach.
Shellline springcalculationsare performedin order to calculatetheconstraint level of a pipe
with surfaceor throughthethicknesscracks.A SENTspecimenis designedto givea constraint
level comparable to theonecalculatedfor thepipe. Theconstraint correctedspecimenis fur-
thermore testedin order to obtaina

���������
	��
curve.

The presentstudy presents,furthermore, an efficient numerical procedure, based on the���������	��
curve obtained,in order to accountfor ductile crack growth within the line

springframework.A numericalcaseis presentedin order to showthat theproposedprocedure
is suitedto accountfor ductilecrack growth.
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1 Intr oduction

Surfacecrackedshellstructuresoccurin many applications,e.g.pipelines,offshorestructures,
pressurevesselsetc.Thedefectsareusuallyintroducedduringtheweldingprocess.Thedirect
discretizationof the cracked shell structurewith solid finite elementsin orderto computethe
fracturemechanicsquantitiesleadsto largesizeproblems,andmakessuchanalysisinfeasible
in mostcases.In orderto directlycalculatethefracturemechanicsparametersin structuralanal-
ysis,acombinationof shell[1] andline springfinite elements[2] insteadof solidfinite elements
is anattractiveoption.Theline springelementcanbeschematicallyrepresentedby two straight
lines ��� and ��� connectedto eachotherby a seriesof springsasseenin Fig. 15cseeAppendix
A. At zerodeformationthe lines lie uponeachother. Whendeformationtakesplaceeachline
displacesin oppositedirection.The displacementis constrainedby the springs.The stiffness
of the line spring is derived from a planestrainSEC(singleedgedcracked) specimenunder
tensionandbending.The generalyield surfaces� see[3], governing the plasticbehavior of
crackedshellsectionligament,is plottedin thegeneralizedforcespace����� � for differentcrack
depthto thicknessratio � � , seeFig. 15a. � containsmoreaccurateinformationaboutthegeneral
yielding behavior of shallow, aswell asdeepcracks,for theSECspecimenthanthe typically
employedyield surfaces.
A new conceptfor failureassessmentfor low constraintapplicationsis developed,see[4], [5].
It reducesthe conservatismof the standardfailure analysis,see[6]. The methodis basedon
the testingof constraint-correctedsingle-edge-notchedspecimensundertension(SENT).The
methodhasbeenusedin severalpipe-layingprojects.By varyingthecracklengthandthedis-
tancebetweentheclampswhenthetestis performedthesespecimenscanbedesignedto give
a constraintlevel comparableto that of a pipe with surfaceor throughthe thicknesscracks.
FE calculationof both the SENT andthe pipe arenecessaryto designSENT specimenswith
a constraintlevel comparableto the pipe. The discretizationof the cracked shell structureis
performedby combiningshell andline springfinite elements.A SENTspecimenis designed
hereasoutlinedin [6]. TheSENTspecimenhasaconstraintlevel comparableto thatcalculated
for thepipe.Theconstraintcorrectedspecimenis thentestedin orderto obtaina curve for tip
openingdisplacementversuscrackgrowth

����������	��
.

In orderto simulateinelasticbehavior andductile crackgrowth within the line springframe-
work, thegeneralizedforcestateaccountingfor plasticity is updatedconsideringtheyield sur-
facesize”frozen” with respectto crackdepthto thicknessratio( ��! #"%$'&)('* ). Thenthecracktip-
deformationparameter

�������
see[2], is computedby usingtheupdatedgeneralizeddisplace-

mentstateat the integrationpoint. Thecalculatedvalueof
�������

is usedin a
���+�,�-�.	/�

curve, developedhere,in order to quantify the amountof crack growth
	��

. Then the yield
surfaceis updateddueto crackgrowth, anda cuttingplanealgorithmis usedto iteratethegen-
eralizedforcesolutionpreviously obtainedbackto thenew yield surfacein orderto satisfythe
consistency requirement.Thedetailsof the implementationof thebackwardEuler integration
schemeat theintegrationpoint of theline springelementin orderto accountfor plasticityand
crackgrowth arepresentedherefor a bilinearmaterialmodel,see[3], [7].
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2 Theoretical background

2.1 Surfacecracked shell

Thepart-throughsurfacecrackis originally athreedimensionalproblemasseenin Fig.1a.Here�1032 �54 is thecrackdepthat
2 � . Thethreedimensionalproblemis formulatedwithin thecontext

of two-dimensionalplateor shell theorywith the part-cracked sectionrepresentedasa line-
spring.Theline-springstake into accounttheadditionalflexibility dueto thesurfacecrack.The

Yield surface � 016���87 6�,�87:9<;�= "%4> ? �A@CBED 6���GF 6�,�AHJILK 0:M �+NPO 4�1Q@CB D 6� �GR 6� � HJILK 0 M � NSO 4���  #T �,�  VU6���  XW�ZYZ[ � 6�,�  ]\YZ[ �:^ "_ #` �a�
Work hardening bdcfe  Vgih bdjAe  #kmldn�o p�qsr t u 9<v3w%byxze�� vzwJb|{  #} 9<; @�~%�� n ":���

bdx e+ @�~ �� n }����A� � &��y� �
Continuumtangent b g� 0z� v � ����������,����� � ����������,���z���� �������� �������� ��� ������ ������ ��� n� �:� us� � 4 b|j

b g� �� bd���bd�,��� bdj  �� b 	b|�V�
ElasticJ-integr.  ¡v  £¢ ^¤� � ¥�¦  ¨§�©%`«ª^y¬ � 6���� h 0 � � 4 NS® 6�,��¡¯ 0 � � 4�°
PlasticJ-integr. bA  ¦ � e  ¨± 9<;8bd² ¦ � ³3´ � ³zµ�¶s· e%� e
CTOD vs linespr.deformation bd² ¦ � ³3´ � ³zµ�¶s· e%� e  b 	 e N 0 ¶� ��� 4 bd�:e

Table1: Basicrelationshipsin line springmodel

stiffnessof theline-spring,with extensionalandrotationaldegreesof freedom
0z	 75� 4 , is derived

from aplanestrainedge-crackedstrip loadedin tensionandin bending
0 T 7 UV4 , seeFig.1b,i.e.

modeI [8]. A formulationof theLine-Springelementcompatiblewith a two-dimensionalplate
or shellelementwith four nodesis presentedin AppendixA.
The

�
-stressmeasuresthe constraintin the cracktip region andis usedin combinationwith

parameterssuchas the   �¹¸ &º*�» d¼ �d½ or the
�¾�+���

in order to quantify the dependenceof
the crack tip stressfield on the geometry. The

�
-stressis the secondterm in the asymptotic

expansionof theelasticsolutionby Williams, [9]. The
�

-stresshasthereforebeenconsidered
asanelasticparameterwith a limited rangeof validity. Wanget al., see[10], have proposeda

3
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Figure1: Part-trough-surface-crackandplanestrainsolution.

methodfor calculatingthe
�

-stressfor the shell-line-spring-meshbasedon Sham’s analytical
work. It isassumedthat

�
canbewrittenasthesummationof thecontributionsby themembrane

force, T 0 (L4 , andthemoment,U 0 (L4 . Thusthe
�

-stressatany pointalongthecrackfront canbe
expressedas ��0 (L4Â T 0 (m4` Ã * W 0z�10 (L4�Ä¡`14 N ® U 0 (L4` � Ã * \ 0Z�10 (L4�Ä¡`14 (1)

Wherefunctions* W and * \ arecalibrationfactorsfor
�

in a SENspecimenwith a crackdepth�10 (m4 andthickness̀ , underunit membranestress9�Å 0 9ÆÅ  �T 0 (L4�Ä¡`14 andunit bendingstress9<Ç 0 9<Ç  ® U 0 (m4�Ä¡` � 4 . Sham,seeParks [10], has tabulatedthe * W and * \ functions for the
SENspecimen.In this studythe samevaluesareusedto calculatethe

�
-stressin the È«É T �

specimenandin thepipeaspreviouslydoneby Chiesaetal, see[6].

2.1.1 An accurateyield surfaceof plane strain single-cracked (SEC)

In ahomogeneousmaterialsituation,thegeneralyield surfaces� , governingtheplasticbehavior
of crackedshellsectionligamentreads:

�  ? �À@CBED 6���ÊF 6�,�AHJILK 0 M �ÊN.O 4� Q@CB D 6� �ÊR 6� � HJILK 0 M � NPO 4 (2)

where�A@CB is aparabolicyield surfacewith avalidity confinedmainly to the Ë and ËyÌ quadrants
of thegeneralizedforcespace.It reads:�A@CB  { 6�,� NPÍ 6��� N �.6� � � N �  ¹� (3)

where {  ÏÎ� @CB� , Í  �¹Ð Î� @CB� � ÎÑ @CB� � ÒJÓ 0z� Ä ½ 4 , �  ÔÎ� @CB¿ ,
�  � Î� @CBÕ 0Z� Ä ½ 4 � . 6� �a \Y [ �:^ and6�,�  W�ZY [ � are the normalizedgeneralizedforces.The function � Q@CB , symmetricto �A@CB with

respectto theline � �  ¨* � & 0 M � N!O 4 � � , canbeusedin orderto describesimplified(conservative)
yieldingbehavior in the ËdË and Ë|Ë|Ë quadrants.Theangle O betweenthesymmetryline andthe� � -axisis foundto becloseto a linearfunctionof therelativecrackdepth � � :

O 0 �` 4Â ×Ö ® �` � (4)
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Figure2: Doublefitting yield surface

� Q@CB reads: � Q@CB  � { ¬ 6� �ÆÞ�ß|à � OáN 6� �Àà5â K�� O °N,Í ¬ � 6��� à�â KÊ� OáN 6��� Þ�ß|à � O °N � ¬ 6��� à�â KG� O � 6��� Þ�ß|à � O ° � N �  ¨� (5)

The � is plottedin thegeneralizedforcespace����� � for differentcrackdepthto thicknessratio �� ,
seeFig.2. � containsmoreaccurateinformationaboutthegeneralyieldingbehavior of shallow,
aswell asdeepcracks,for theSECspecimenthanthe typically employedyield surfaces.The
yield surfacerepresentedin Fig. 2, wereobtainedfrom finite elementlimit-load analysis,see
[3].

3 Constraint correctedfailur eassessment

A new concepthasbeendevelopedfor failure assessmentof low constraintapplications.The
conservatismof the standardfailure test is reduced.The proposedprocedurefor establishing
thedimensionsof theSENTspecimento betestedis asfollows:ã FE modelof a crackedpipe(shell-line-spring).ã Calculationof theT-stressfrom anelasticanalysis,by meansof Parks-Shamequations.ã FE modelof a SENTspecimen(shell-line-springs).ã Iterationof the designparametersfor the SENT specimenup to the level wherethe

�
-

stressis comparableto thatof thepipe

5
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ã Constructionof thetestspecimenfollowing from thepreviouspoint.ã Performthetest.

3.1 Geometry-dependentfractur e properties

The low constraintconceptfor failure assessmentis basedon the testing of a constraint-
correctedfracturemechanicsspecimenundertension.So far work hasfocusedon the SENT
specimen.Thesespecimenscanbe fitted to give the sameconstraintlevels as for pipe with

a)

CT (a/W = 0.5)

PIPE

SENT

SENB(a/W = 0.3)

SENB(a/W = 0.5)

GEOMETRY / CONSTRAINT   [T, Q, M]

FRACTURE 
TOUGHNESS

[J, K, CTOD]

b)

Figure3: a) Schematicillustration of the influenceof the constraintandspecimengeometry
on thefracturetoughness.b) Ligamentstressfieldsin high constraintSENBspecimenandlow
constraintgeometrieslikeSENTspecimensandpipes.

crackson the surfaceor throughthe entirethickness,seeFig. 3a).The constraintlevel of the
SENTspecimencanbeadjustedby varyingthecrackdepthor thedistancebetweentheclamps.
Thestressfieldsin thelow constraintgeometries,suchasSENTandpipes,andin thehighcon-
straintgeometries,suchasSENB,aredifferent,seeFig. 3b).Similar fracturemechanismscan
beexpectedin geometrieswith acomparableconstraintlevel. If theconstraint-correctedSENT
specimenundergoesbrittle fracture,brittle fractureafterductilecrackgrowth, plasticcollapse,
or plasticcollapseafter ductile crackgrowth, the pipe will most likely suffer from the same
failure mechanism.It is importantto keepin mind that the fracturetoughnessderived from
constraint-correctedspecimensis limited to a specificgeometry, andshouldnot beappliedto
othergeometrieswithout first verifying that theconstraintin thegeometryis similar or higher
thanthatof thespecimen.Traditionalfracturemechanicspecimensgive lower boundsolutions
for thegeometries.This is onereasonfor thehighconservatismof thetraditionalapproaches.

3.2 Constraint correction

In [6], FEanalysisof a two meterlongpipewith a ��� ��±ä± longsurfacenotchwith crackdepth� Ä¡`� å�A� ��� underpuretensionhasbeencarriedout usingABAQUS see[12]. The pipe wall
is `æ �'� � çL±ä± andtheouterdiameteris �<�8è ±ä± . In theshell-line-springFE-model,Fig.4a),
thereare5604-nodethick shellelementsand9 line springelements.
In the shell-line-springFE-modelof the SENT specimen,Fig. 4b), thereare48 4-nodethick

6
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b)
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Line springs

Figure4: a)A shell-line-springFEmeshfor half of thepipe.b) A shell-line-springFEmeshfor
half of theSENTspecimen.Thecoordinatessystemsarelocal for eachof thetwo mesh.
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Figure6: SENTspecimendesignin orderto meettheconstraintlevel of thepipe

shell elementsand3 line springelements.Due to the symmetriesonly onehalf is modeled,
with no allowancefor transversemotionor rotationof thenodesalongthesymmetryline. The
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Figure7:
����������	��

curve for theconstraint-correctedSENTspecimen

constraintcalculatedfromtheshell-line-springanalysisbyusingEq.1givesconservativeresults
asobserved in [6]. Fig.5 presentsthebiaxiality factor é for different

� Ä¡` relationsof È«É T Í
and È«É T � specimen.é is a dimensionlessparameterwhich relates

�
to the stressintensity

factor ¥/¦ throughEq.6. é  �,ê Ö �¥�¦ � (6)

Fig.5 confirmswhathasbeenpresentedin section3.1(seeFig.3): thetraditionalbendingspec-
imenSENBis far too conservativewhena tubulargeometryundertensionor globalbendingis
considered.Theuseof a SENTspecimenwith thesamecracklengthasfor thepiperelaxesthe
conservatismof thefailureassessment,seeFig. 5. TheSENTspecimencanbeconstraintcor-
recteduntil its constraintis similar to thevalueobtainedfrom theshell-line-springanalysisof
thepipethroughoutaniterativeprocess,seeFig 5. Theconstraintcorrectionconsistsin finding
a SENTspecimenwith a propercrackdepthandgeometrysizesothat its constraintis similar
to that of the pipe.Thecrackto thicknessratio is the only parameterusedherefor constraint
correction.TheconstraintcorrectedSENTgeometrywhichcorrespondsto thepipeis thespec-
imenwith

� Ä¡`á ¹�A� � andthickness̀á � ��±ä± seeFig. 6. Wecouldalsohaveusedaspecimen
with the samecrackdepthto thicknessratio asfor the pipe asseenin Fig. 5. The reasonfor
employing theproposedspecimenis dueto thefactsthat it is firstly conservative with respect
to thepipeandsecondlyit is easyobtainablefrom thepipewall..
A representative

���+�,�V�æ	��
curvefor thepipeis obtainedby testingtheconstraint-corrected

SENTspecimenseeFig. 7. Thecurve interpolatingthetestresultsreads:	��  0 �¾�+�,�� � ë¡ç 4 ª[zì íïî (7)

4 Numerical implementation of the proposedyield surface

In this sectionsomebackgroundon the implementationof the backward Euler integration
schemeat the integrationpoint of the inelasticline springelementarepresentedfor the case
of anelastic-linear-hardeningmaterial.

8
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4.1 Numerical procedure for returning to the yield surface

”Fr ozenyield surface” with respectto relative crack depth: � 0 � � 4
A returnmappingalgorithmprovidesaneffectiveandrobustintegrationschemeof theratecon-
stitutiveequationsat theintegrationpointof theline springelement.Geometrically, it amounts
to finding theclosestdistanceof apoint to aconvex set, � 0 � � 4 , see[15]. � is consideredin afirst
step”frozen” with respectto crackdepthto thicknessratio.At a time increment

	 * � , estimate
of theelasticpredictor

	 j is presumedknown.Thegeneralizedforceincrement
	 g , dueto the

elasticpredictor, is obtainedsothat theforcestateat point Í is calculatedseeFig. 8. g ¯ will

Q
1

Q2

due to hardening 
Traslation of 1φ

1φ

B

φ2

A

Elastic predictor 

(frozen yield surface)
Plastic correction C

Initial elastic force state

Figure8: Representationof anelastic-predictor-plastic-correctorreturnalgorithmfor theyield
surfacefrozenwith respectto crackgrowth.

mostlikely not satisfytheyield condition �  ¹� , therefore,a plasticcorrector
	/ð1ñ ¯ is usedas

first corrector, where
ñ ¯ is thegradientto theyield surfaceatpoint Íñ ¯ò ×ó � 0 � �<4ó g ô ¯«� (8)

Thegeneralizedforceestimateat point
�

:g/õf Vg ¯ �a	�ð��áñ ¯ (9)

will not alwayslie on the yield surface,and,therefore,further iterationsarerequiredin order
to find a forcestatewhich satisfiestheyield criterionseeFig 8. ThebackwardEuler returnis
basedon theequation g/õf Vg ¯ �
	�ð��áñ õ (10)

where
ñ õ is thegradientto theyield surfaceat thefinal forcestate

�
. Thedetailsof theiterative

loop usedin orderto correct g õ and
	/ð

to the right solution,canbe found in [7], [15], [16]
and[18].
Theyield surface � 0 � �y4 , Eq.2, usedhere,hascornerslocatedon theline � �G � � HJILK 0 M � N � 4 .
Thereexist differentsolutionswhich canbe implementedat thecornersin thecasewhentwo

9
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yield surfacesareactive,see[17] and[18]. In this study, apragmaticreturnto theyield surface
from thecorneris adopted.The”normal” at thecorneris not unique,thereexistsa normalfor
the double-fittingyield surfaceand one for its symmetriccounterpart.In order to solve this
non-uniquenessproblem,if we hada stresslocatedon �A@CB 0 �� 4� �� we considerthe function� @CB 0 � � 4 to be the ”master”curve sothat the”normal” at thecorneris calculatedfor this curve.
Thenormalis now uniquelydefined.When �À@CB 0 � �y4� -� , � Q@CB 0 � �d4 is checked. If this is violated
furtheriterationsarecarriedout.Thenumericalimplementationis in thiswaykeptassimpleas
possible.

4.2 Efficient numerical procedure for crack growth simulation.

In orderto simulateductilecrackgrowth within the line springframework a pragmaticproce-
dureis chosen.Thecracktip-deformationparameter

�������
is computedby usingtheupdated

generalizeddisplacementat theintegrationpoint, g÷ö . Thecalculatedvalueof
���+�,�

is used

Q
1

Q2

due to hardening 
Traslation of 1φ

1φ

φ2

a∆φ (a+     )

B

C

A
D cutting plane

correction 

Figure9: Representationof a cutting planereturnalgorithmfor the yield surfaceupdatedfor
crackgrowth.

in the
�¾�+�,���#	��

curve, obtainedby testingthe constraintcorrectedSENT specimen,in
order to quantify the amountof crack growth

	��
. Then the yield surfaceis updateddue to

crackgrowth seeFig. 9. Thegeneralizedforcestateg÷ö is mostlylikenot to lie on theupdated
yield surface � 0z� N 	�� 4 . A cuttingplanealgorithmis hereimplementedin orderto iteratethe
generalizedforcesolutionbackto theupdatedyield surfacein orderto satisfytheconsistency
requirement,point

�
in Fig. 9.

4.2.1 Cutting planealgorithm for crack growth simulation.

”Updated yield surface” fr ozenwith respectto relative crack depth: � 0 �JøÀù1��ú4
A cuttingplanealgorithmis chosenin orderto obtainageneralizedforcestatelying ontheyield
surfaceupdatedfor crackgrowth.Theforcestateatpoint

�
, g õ will mostlikely notsatisfythe

yield condition � 0z� N 	�� 4« ¹� , therefore,aplasticcorrector
	�ðÆ�áñ õ is usedasafirst correction

10
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of thegeneralizedforcestate.
ñ õ is thegradientto theupdatedyield surfaceatpoint

�
ñ õ  ó � 0z� N 	�� 4ó g ô õ � (11)

Thegeneralizedforceestimateat point
�

:g/û�  Vg�õ �
	�ð � �áñ õ (12)

will notalwayslie on theyield surface,and,therefore,furtheriterationsarerequiredin orderto
find a forcestatewhichsatisfiestheyield criterion.Thecuttingplanealgorithmis basedon the
equations: g�û� ø �  Vg/û� � ² ð � �áñºü û (13)

where ² ð � reads

² ð �  � 0z� N 	/� 4 ü ûñ h ü û �áñºü û N { (14)

where{ accountsfor hardeningeffect.Eq.13and14arerepeateduntil � 0 g û� ø � = � N 	/� 4_ýP*�$ ½z½ .
4.3 Observation

Ductile crackgrowth canalsobe implementedin the line-springframework in a moreformal
mannersincetheyield surfaceis suitableto accountfor infinitesimalcrackgrowth. Theproce-
durechosenin thepresentstudyallowsto keepthealgorithmassimpleaspossible.Furthermore
if the line springshellsimulationcanaccountfor ductilecrackgrowth in a properway, it may
besufficient for engineeringanalysis.

5 Numerical simulation

5.1 Planestrain shell-line-spring-simulationof a SENT specimen

5.1.1 Discretizations

Fig. 10 illustratesthe meshfor the SENT specimenwith a combinationof two shell and a
line springelement.The boundaryconditionsat the endsof the SENT specimencorrespond
to clamped(no rotationis allowed).Thenumericalresultsobtainedfrom USFOS[11], where
thenew yielding surfaceis implemented,arecomparedto thosefrom theABAQUS software.
Displacementin the2-directionandrotationaboutthe1-directionfor thenodesat the top and
at the bottomof the shell-line-springmodelareconstrainedin order to obtaina planestrain
situationin themiddleof themodelseeFig. 10.Thefeasibility of theline springimplemented
in the ABAQUS softwareis well established.Henceif the SENT specimenis to be analyzed
with theUSFOSsoftware,theaccuracy hasto beverified.
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þ,þÿ���� �� �������� 	
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1

Figure10: Shell-line-springFEmesh.Theboundaryconditionusedaredepicted.

5.1.2 Results

The shell-line-springmeshis designedto comply with the 10mm thick constraintcorrected
SENT specimen.An idealizedhomogenousmaterial is consideredin this study along with
smalldeformationtheory. Largedisplacementsarenot compatiblewith the implementationof
theline springin theABAQUS software.Theline springelementimplementedin USFOScan
copewith large displacements.GrossStressvs normalizeddisplacementcurvesfor the crack
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Figure11: a) Grossstressvs normalizeddisplacementcurvesobtainedby ABAQUS andUS-
FOSb) GrossstressvsCTOD obtainedby ABAQUS andUSFOS

depthto thicknessratio ��. �A� � areplotted in Fig. 11a).The global behavior of the SENT
specimenis well describedby theUSFOSsoftware.Thematerialbehavior of both line-spring
elementsfollowsanelastic-linear-hardeningmodel.Thelocaldeformationfield at thecracktip
is describedby eitherthe   �a¸ &�*�» y¼ �y½ or the

�������
(cracktip openingdisplacement).There

is agoodagreementbetweenthe
�¾�+���

valuescalculatedfrom thetwo finite elementcodesas
seenin Fig. 11b),wherethe

�������
is plottedagainsttheGrossStress.A parametricstudyfor

differentcrackto thicknessratiosis underprogress.The two FEM codesareexpectedto give
similar resultsfor deepcrackswhile for shallow notchspecimensdifferentresultsareexpected.
This is due to the yield function implementedin the ABAQUS software for the line-spring
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element,see[12]. This yield surfaceis intendedfor crackssufficiently deepthattheyielding is
confinedto theligament.
In orderto haveadetailedstudyof theperformanceof theline springelementimplementation,a
localstudyis carriedout.A generalizeddisplacementis imposedat thenodesof theline spring:�������������

 ��º� �� � ¿� ¿ Õ� Õ

!#"""""""""""$
 

�������������

 �� �� ¿� Õ�

!#"""""""""""$
where

?  � �  �  ¹� Õ �  ¿  ¹� (15)

A constantthicknessratio � �  #�A� � is considered.Thegeneralized-normalizedforce ��� is plot-
tedagainstthenormalizeddisplacement � at thenodesof theline spring.Thegeneralizedforce� � is nearlyzerofor thedisplacementconsidered.Fig. 13 shows theresultsobtainedfrom the
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Figure12: Generalized-normalizedforce vs the normalizeddisplacementat the nodesof the
line springfor two materialmodels.

two FEM codesfor theelasticidealplasticmaterialmodelandfor theelasticlinearhardening
one.Theagreementis good.

5.2 Ductile crack growth

The procedureproposedin section4 for describingcrackgrowth is implementedin the line
springframework assuggestedpreviously:ã thegeneralizedforcestateis determinedby performingan iterative processto the yield

surfaceconsideredfrozenwith respectof crackgrowth.
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ã a
���+�,�

is calculated.ã crackgrowth is observed whena critical valueof the
���+�,�

is reached.An arbitrary
value

�¾�+��� ³3´ is assumedhere.When
������� F ���+�,� ³3´ Eq. 7 is usedto obtainthe

amountof crackgrowth.ã the yielding surfaceis updateddueto crackgrowth anda further iterationprocedureis
carriedout in orderto satisfytheconsistency requirement.
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Figure13: Generalized-normalizedforce vs the normalizeddisplacementat the nodesof the
line springwhencrackgrowth is takeninto account.
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Figure14:Generalized-normalizedforcevs thenormalizeddisplacementcurvesat thenodesof
theline springfor differentvalueof A.

Fig.13showsthattheproposedprocedureissuitedtodescribethecombinedeffectof translation
of the yielding surfacedueto hardeningandthe sizedecreaseof the yielding surfacedueto
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crackgrowth. Notethata smallsofteningis observedasthenetresultof hardeningandductile
crackgrowth for abilinearmaterial.Eq.7 canbeexpressedin amoregeneralway as:	��  0 �¾�+�,�{ 4 ª@ (16)

For differentvaluesof { , differentamountof softeningis observedasexpectedseeFig. 14.

6 Conclusions

The improved line springelementis utilized within a new failure assessmentapproach.Shell
line springcalculationsareperformedin orderto calculatethe constraintlevel of a pipe with
surfaceor throughthethicknesscracks.A SENTspecimenis designedto giveaconstraintlevel
comparableto theonecalculatedfor thepipe.Theconstraintcorrectedspecimenis furthermore
testedin orderto obtaina

�¾�+�,���
	/�
curve.

The
������� �¹	/�

curve obtainedby experimentalresultsis implementedin the line spring
framework in orderto describeductilecrackgrowth. With thepresentimplementation,a very
efficient approachis obtained.Thesimulationshave goodaccuracy. Somecareis requiredre-
gardingloadincrementsizeswhenductilecrackgrowth is included.This is dueto thefactthat
a large incrementmaycausea very largecontractionof theyield surface.Work is underway,
usingtheabove implementationonstructuralproblemsaspipe-layingandreeling.
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A Formulation of the Line-Spring elementã Thecrackline, Fig 1a,is discretizedinto a finite numberof line springelements.ã Theline springelementcanbeschematicallyrepresentedby two straightlines ��� and ���
connectedto eachotherby aseriesof springsasseenin Fig. 15.At zerodeformationthe
lines lie uponeachother. Whendeformationtakesplaceeachline displacesin opposite
direction.Thedisplacementis constrainedby thesprings.

�
� �

�

 ¿ �

�

��Æ� � ¿

T ÕT!�
crackline

Line Spring
element

U �

�

� U Õ

U � U ¿T ¿T��

�º�  Õ� Õ �

el A

el
¸

B  �B  � � B  ¹�

Figure15: Line springelement.

ã Let jDC  ¬ ²EC+75�FC °HG and jJI  ¬ ²EI 75�FI °KG be the generalizeddisplacementsof the line
springat

B  ML � respectively. The relationbetweenthe generalizeddisplacementsand
thenodaldisplacements(  · 7:� · ) reads: ²ON  QP N  SR (17)

²SN  ���� ² l� l² ¯�'¯
! ""$ P N  ���� � � � � � � � � �� � � � � � � � �� � � � � � � � �� � � � � � � � �

! ""$  SR  
�������������

 ���� �� � ¿� ¿ Õ� Õ

! """""""""""$
Thegeneralizeddisplacementj  ¬ ²m75� ° h atanarbitrarypoint ô B ô ý � is assumedto vary
linearlywithin theelement.This reads: j  QP ² N (18)

j  �� ² 0 B 4� 0 B 4�� På �� ÎT � � ÎT � �� ÎT!� � ÎT�� � ² N_ ���� ² l� l² ¯�m¯
! ""$
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where ÎT �  � � B� ÎT �  � N B� (19)

ã Theequivalentnodalforces
0 T ·�7 U · 4 arecalculatedasfollows:���� T!�U �T ÕU Õ

!#""$  �
���� T��U �T ¿U ¿

!#""$  UTWV �
�����
ÎT!� �� ÎT �ÎT � �� ÎT��

! """$ � TU � b (|� (20)

The vector X v
 ¬ T!� 7 Ua� 7 T�� 7 U � 7 T ¿ 7 U ¿ 7 T Õ 7 U Õ ° h is expressedas outlined above,
Eq.20,andreads:

X v> QT V � � Y P hWZ� Y P h Z � � TU � b (|� (21)

ã Therelationbetweenthegeneralizedforce g× ¬ T 7 U ° h andthecorrespondinggeneral-
izeddisplacementj ata genericpoint ô B ô ý � reads:g� � j � (22)

where
�

is the stiffnessmatrix of the line spring at point
B

evaluatedas outlined in
literature[8].ã thesubstitutionof Eq.18andEq.19 into Eq.22 leadsto:g� � P[P\N  SR^] (23)

wherethe matrix multiplication P[P N is observed to be equalto P N_N  0 ¬ T ° 7 � ¬ Tä°Á4 .
Takinginto accountthisobservationandsubstitutingEq.23 into Eq.21,wecanwrite the
stiffnessequationfor theline springelementasXGv  T V � P N_N � � P N_N:b (  SR^] (24)

The line springelementformulatedhereis compatiblewith a two-dimensionalplateor shell
elementwith four nodes.
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[2] LeeH. andParksD. M., Fully plasticanalysisof planestrainsingleedgedcrackedspecimen
subjectedto combinedtensionandbending.InternationalJournalof Fracture 63,329-349,
1993.

[3] Paper III: ChiesaM., SkallerudB. andGrossD., Closedform line springyield surfaces
for deepandshallow cracks:formulationandnumericalperformance.Submittedfor publ.
ComputersandStructures2000.

[4] NyhusB., PolancoM., ØrjasæterO. High StrainTestingof PipeWeld. SINTEFreport.
Confidential,1999.

[5] NyhusB. Oseberg Hyperbaricweldingproceduredevelopment.Fracturemechanicstesting
andECA analysis.SINTEFreport. Unrestricted,1998.

[6] Paper II: ChiesaM., NyhusB., SkallerudB. andThaulow C., Efficient fractureassess-
mentof pipelines.A constrain-correctedSENTspecimenapproach.EngineeringFracture
Mechanics68,527-547,2001.

[7] SimoJ.C.,TaylorR. L. A returnmappingalgorithmfor planestresselastoplasticity. Inter-
nationalJournal for numericalmethodsin Engineering. 22,649-670,1986.

[8] RiceJ.R., Theline springmodelfor surfaceflaws. TheSurfaceCrack PhysicalProblems
andComputerSolutions. (edJ.L. Sweldow), ASME 1972.

[9] Williams M.L., On the StressDistribution at the Baseof a StationaryCrack. J. Applied
Mech. Vol 24,109-114,1957.

[10] WangY. Y., Parks,D. M., Evaluationof theelasticT-stressin surfacecrcakedplatesusing
theline-springmethod.Int.J. Frac.. 56,25-40,1992.

[11] USFOSTheoryManual.Version7.4 SINTEF, TrondheimNorway, 2000

[12] Hibbit KarlsonandSorenson.,ABAQUS Manual,version5.2.

[13] WhiteC.S.,RitchieR.O.,andParksD.M., Ductilegrowth of partthroughsurfacecracks:
experimentandanalysis.ASTMSTP803. (edsC.F.ShihandJ.P.Gudas),ASTM 1983.

[14] GreenA.P. andHundy B. B., Initial plasticyielding in notchbendtests. Journal of the
MechanicsandPhysicsof Solids16. 1956,128-144.

[15] SimoJ.C.,TaylorR.L. Consistenttangentoperatorsfor rate-independentelastoplasticity.
Computermethodsin appliedmechnanicsandengineering. 48,101-1181985.

[16] CrisfieldM.A. Non-linearFiniteElementAnalysisof SolidandStructuresVol 1.

[17] SimoJ. C., KennedyJ. C. andGovindeeS. Non-smoothmultisurfaceplasticityandvis-
coplasticity. Loading/unloadingconditionsandnumericalalgorithms.InternationalJournal
for numericalmethodsin Engineering. 26,2161-21861988.

[18] CrisfieldM.A. Non-linearFiniteElementAnalysisof SolidandStructuresVol 2.

18



Linking advancedfractur e modelsto structural analysis

Paper V
PresentedatNationalConferenceon

ComputationalMechanics

October26,2001
Trondheim,Norway

An engineeringmethodologytaking into accountthe effectof local
damageon the global behavior of surfacecrackedshell structur es.

Matteo Chiesa1 Erling Østby, Bjørn Skallerud and Christian Thaulow

Departmentof MechanicalEngineering
NorwegianUniversityof Technology, Trondheim,Norway

Key words: line spring,plasticity, yield surface,cracked shells,J-integral, elasticpre-
dictor, plasticcorrector, crackgrowth.

Abstract. Theline springfiniteelementis a versatilenumericaltool for performingen-
gineeringfracturemechanicsanalysisof surfacecrackedshells.Anaccurateyieldsurface
of planestrain single-cracked(SEC)specimenshavingshallow, aswell asdeep,cracksis
here presented.
A discussionaroundthemeaningof the

���������
	�������
whencrack growthoccurs is car-

ried out. The
����������	�������

is regardedas a sort of accumulatedmeasure of the global
deformationin theligament.ThecompleteGursonis usedin order to supportour obser-
vations.Furthermorea crack propagationlaw relatinga local criterion for crack growth
to the global deformationfield is outlined.A methodology to link micro-mechanically
basedcrack growth simulationswith line spring analysisis proposedby suggestingan
alternativewayto calculatethe

���������
	�������
fromtheline springframework.

Somedetailsof thenumericalimplementationof thebackward Euler integration scheme
at the integration point of the line spring elementin order to accountfor plasticity are
presentedhere for a bilinear materialmodel.An efficientnumericalprocedure, basedon

1Correspondingauthor details: R Birkelands Vei 2a N-7465 Trondheim Norway, email: Mat-
teo.Chiesa@matek.sintef.noe–mail
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a proposedcrack growthlaw, is alsopresentedin order to accountfor ductilecrack prop-
agation.A numericalcaseis consideredin order to showthat theproposedprocedure is
suitedto thepurpose.

1 Intr oduction

Surfacecrackedshellstructuresoccurin many applications,e.g.pipelines,offshorestruc-
tures,pressurevesselsetc.Thedefectsareusuallyintroducedduringtheweldingprocess.
Thedirectdiscretizationof thecrackedshellstructurewith solid finite elementsin order
to computethefracturemechanicsquantitiesleadsto largesizeproblems,andmakessuch
analysisinfeasiblein mostcases.In orderto directlycalculatethefracturemechanicspa-
rametersin structuralanalysis,a combinationof shell [1] andline springfinite elements
[2], [3] insteadof solid finite elementsis an attractive option. The line springelement
canbeschematicallyrepresentedby two straightlines ��� and ��� connectedto eachother
by a seriesof springsasseenin Fig. 1. At zerodeformationthelineslie uponeachother.
Whendeformationtakesplaceeachline displacesin oppositedirection.Thedisplacement
is constrainedby thesprings.Thestiffnessof theline springis derivedfrom aplanestrain
SEC(singleedgedcracked)specimenundertensionandbending.Thegeneralyield sur-
faces see[3], governingtheplasticbehavior of crackedshellsectionligament,is plotted
in thegeneralizedforcespace!#"%$ & for differentcrackdepthto thicknessratio '( , Fig. 3. containsmoreaccurateinformationaboutthegeneralyielding behavior of shallow, as
well asdeepcracks,for theSECspecimenthanthetypically employedyield surfaces.
Thematerialscommonlyusedfor offshorepipelinesarenormallyvery toughandductile.
Undersuchcircumstances,the initiation of the crackgrowth is often precededby fully
plastic yielding of the un-cracked ligamentsectionand someamountof ductile crack
growth canoftenbe toleratedbeforefractureinstability occurs.Ductile crackextension
is a consequenceof large plasticflow causingvoids to grow and coalesce,thereforea
reliabledescriptionof the fully developedyielding field in the rest ligament,see[3], is
importantfor a further developmentof the line-springelementin order to accountfor
crackgrowth. The

�)�*�����
	�������
is generallyconsideredto properlydescribethe strain-

dominatedfractureprocess,becauseit canconnectthe local micro-mechanismof crack
extensionto geometrydependentstressandplasticflow.
A discussionaroundthemeaningof the

���+�����
	�������
whencrackgrowth occursis here

presented.The
�,�-�����
	�������

doesnotreflectdirectlytheconditionatthecracktip, it should
beregardedassomeaccumulatedmeasureof theglobaldeformationin theligament.The
globaldeformationis dependenton stresstriaxiality anddamageaccumulationaheadof
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thegrowing crack.Damageaccumulationaheadof thegrowing crackis dueto void nucle-
ation,growth andcoalescence.Void nucleationandgrowth is describedby a dilatational
plasticitymodelintroducedby Gursonandlatermodifiedby TvergaardandNeedleman
[4]. The Gursonmodel can describethe softeningbehavior due to the nucleationand
growth of voids, but hasno intrinsic ability to predict the shift from the homogeneous
deformationmodeto a localizedmodedueto void coalescence.In thecompleteGurson
model,ZhangusesThomason’s plastic limit load modelas a coalescencecriterion for
theGursonmodel[5]. ZhangmodifiesThomason’s theoryby assumingthatthevoidsare
alwaysspherical.This modificationmakestheplasticlimit loadmodelfully compatible
with theGursonmodelseeAppendixA.
In this studythecompleteGursonmodelis utilized in orderto relatea local criterionfor
crackgrowth to the global deformationfield. Analytical expressionfor the full velocity
field in caseof ductile crackgrowth is very difficult to derive, andthereforesimplified
approachesmustbe seeked. The normalized

���/.0�
curvesobtainedfor two different

geometrieshappento collapseonto eachotherfor differentinitial void volumefraction132
. Thissuggeststhattheshapeof thecrackgrowth resistancecurve is mainlydecidedby

thespecimengeometry, andcanbemodifiedby a constantfactorto take theductility of
thematerialinto account.
An efficient numericalprocedure,basedon a proposedcrackgrowth law, is presentedin
orderto accountfor ductilecrackgrowth in the line springframework. In orderto sim-
ulate inelasticbehavior andductile crackgrowth within the line springframework, the
generalizedforcestateaccountingfor plasticity is updatedconsideringtheyield surface
size”frozen” with respectto crackdepthto thicknessratio ( '(547698 �;:<� ). Thenthedefor-
mationparameter

�
, is computedby usingtheupdatedgeneralizeddisplacementstateat

the integrationpoint. Thecalculatedvalueof
�

is usedin the
�=��.0�

curve, developed
here,in orderto quantify the amountof crackgrowth

.0�
. Thenthe yield surfaceis up-

dateddueto crackgrowth, andacuttingplanealgorithmis usedto iteratethegeneralized
force solutionpreviously obtainedbackto the new yield surfacein order to satisfy the
consistency requirement.Thedetailsof the implementationof the backward Euler inte-
grationschemeat the integrationpoint of the line springelementin orderto accountfor
plasticityandcrackgrowth arepresentedherefor a bilinearmaterialmodel,see[3], [6].
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2 Theoretical background

2.1 Surfacecracked shell

Thepart-throughsurfacecrackis originally a threedimensionalproblemasseenin Fig.
2a. Here

�?>A@ "CB is the crack depthat
@ " . The threedimensionalproblemis formulated

within thecontext of two-dimensionalplateor shell theorywith thepart-crackedsection
representedasa line-spring.

�
� �

�
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crackline
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element
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Figure1: Line springelement.
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Figure2: Part-trough-surface-crackandplanestrainsolution.

Theline-springstake into accounttheadditionalflexibility dueto thesurfacecrack.The
stiffnessof the line-spring,with extensionalandrotationaldegreesof freedom

>�.�QPR B , is
derivedfrom a planestrainedge-crackedstrip loadedin tensionandin bending

>�GSQ�J B ,
seeFig.2b,i.e.modeI. A formulationof theLine-Springelementcompatiblewith a two-
dimensionalplateor shellelementwith four nodesis presentedin [3].
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ElasticJ-integr.

� � 4¸· v¹� � º¼» 4�½ 2 xn¾v�¿ � T! " � ~ > ' (�B h�À T! & ��Án> '(YBuÂ
PlasticJ-integr. z � » $ |Ã4�Ä WYX z�Å » $ ÆOÇ ' Æ�È%É`Ê |�$ |
CTOD vs linespr.deformation z�Å » $ ÆOÇ ' Æ�È%É`Ê |�$ | 4yz . | h > É& �Ë� B
z R |

Table1: Basicrelationshipsin line springmodel

2.1.1 An accurateyield surfaceof plane strain single-cracked (SEC)

For a homogeneousmaterial,thegeneralyield surfaces , governingtheplasticbehavior
of crackedshellsectionligamentreads:

 �4 \  ^]`_Ìa T! "Íc T! &^d9eFf > g & h*j B Nk]`_ a T!#" l T!V& d9eFf >Pg & hÎj B (1)

where  �]`_ is a parabolicyield surfacewith a validity confinedmainly to the Ï and Ï�Ð
quadrantsof thegeneralizedforcespace.It reads: ^]`_V4�� T! & hÎÑ T! " hÎÒ T! & " h*Ó 4/M (2)
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see[3] for the fitting parameters� Q Ñ Q Ò Q Ó . The function  ?k]`_ , symmetricto  ]`_ with
respectto the line ! " 4 �����,> g & hÔj B ! & , can be usedin order to describesimplified
(conservative) yielding behavior in the Ï�Ï and Ï�Ï�Ï quadrants.The angle j betweenthe
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Figure3: Doublefitting yield surface

symmetryline and the !m" -axis is found to be closeto a linear function of the relative
crackdepth '( . The  is plotted in the generalizedforce space! "u$ & for different crack
depthto thicknessratio ' ( , seeFig. 3.  containsmoreaccurateinformation aboutthe
generalyielding behavior of shallow, aswell asdeepcracks,for theSECspecimenthan
thetypically employedyield surfaces.Thefittedyield surfacesrepresentedin Fig. 3,were
obtainedfrom finite elementthelimit-load analysisby LeeandParks[2], see[3].

3 Fractur emechanicsparameters

For verybrittle materials,exhibiting noor little plasticity, thecritical stressintensity, º0»%Û ,
or thecritical energy releaserate, Ü »%Û , expressesthe fracturetoughnessof thematerial.
For elasto-plasticmaterials,Rice[8] introducedthe

�
-integralasafracturemechanicspa-

rameter. The
�

-integral,for acrackassumedto propagatein the
@ " -direction,is evaluated

asa line integral from thefollowing expression:� 4yÝÞ{ßz�à ��á Ê3â�ã Êâ @ " z : (3)
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where { is the stain energy density,
á Ê are the tractions, ã Ê the displacementson the

path,
:
, over which the line integral is evaluated.In Rice’s original derivation of the

�
-

integral it wasactuallyassumedthatthematerialbehavedasanon-linearelasticmaterial.
If proportionalloadingis assumedaspecialfeatureof the

�
-integral is thatits valueis in-

dependentof thepatharoundthecracktip onwhich it is evaluated.In caseof proportional
loadingtheresultswill beequallyvalid for materialsobeying

� & deformationtheory. Fur-
ther, underthe assumptionof non-linearelasticmaterialthe

�
-integral will be identical

to theenergy releaserate, Ü . Hutchinson[9] andRiceandRosengren[10] alsoshowed,
usinga non-lineareigenvalueexpansion,that the

�
-integral would scalethestressesand

strainscloseto thecracktip in the leadingasymptotictermof theexpansion.In caseof
a morerealistic

� & flow theory, andtakingfinite deformationeffectsat thecracktip into
account,unloadingwill happenin thisregion,andthepathindependenceof the

�
-integral

is lost. However, if thezoneof finite deformationis containedwithin a region still con-
trolledbetheasymptoticbehavior the

�
-integralwill uniquelycharacterizetheconditions

at thecracktip. Recentstudiesontheeffectof specimengeometry, or constraintlevel,has
revealedthatsuchsituationsrarelyexists in finite specimengeometries,anda singlepa-
rameterdescriptionof theneartip stresslevel is notpossible.However the

�
-integralwill

still reflectthe sizeover which high stresses/strainsdevelop in the material,andis thus
still a usefulfracturemechanicsparameter.

a)

In the caseof ductile crackgrowth the
�

-integral is alsousedto expressthe materials
resistanceto suchcrackgrowth throughthe

�=��.0�
curve, where

.0�
is the amountof

ductilecrackgrowth. In thecracktip region significantnon-proportionalloadingwill oc-
cur, andstrongpathdependencefor the

�
-integral is found.However, if the

�
-integral is

evaluatedon contoursfar form thecracktip a moreor lesspathindependentbehavior is
observed.Thereasonfor this canprincipally beseenfrom thefollowing argumentation.
Whenthe crackgrows, the ligamentsizewill change.This will causethe most intense
plasticdeformationhereto translatewith thecrackgrowth, leaving a wake of plastically
deformedmaterial,asschematicallyshown for aspecimenloadedin tensionandbending,
respectively, in Fig. 4.
Farfrom thecracktip theductilecrackgrowth will haveverylittle influenceontheremote

7
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b)

Figure4: Moving plasticdeformationfield for a) a specimenloadedin tensionandb) in
bending

plasticdeformationpattern.The
�

valueevaluatedaccordingto Eq. 3 will now primar-
ily becontrolledby thecontribution from thefirst term,which containstheaccumulated
valueof themoving intenseplasticdeformationfield. Whencalculatedin anareawhere
theflow patternis not significantlyalteredby thecrackgrowth, thecalculated

�
-integral

is almostindependenton the integrationpath.It is however importantto realizethat this�
-value,oftenreferredto asthefar-field

�
, doesnot reflectdirectly theconditionsat the

crack tip, andshouldin steadbe regardedassomeaccumulatedmeasureof the global
deformationin the ligament.This interpretationwill be importantto keepin mind in the
following.

4 Micr o-mechanicaldamagemechanics

In contrastto the continuumdamagemodelwherethe damageis treatedby thermody-
namics,constitutiverelationscanalsobedirectly obtainedfrom micro-mechanicalbased
models.If we limited ouranalysisto polycrystallinemetalswhereductilefractureoccurs
by nucleation,growth andcoalescenceof micro-voidsoneof thebestmicro-mechanically
definedmodelsis thesocalledCompleteGursonmodelseeAppendixA. TheComplete
Gursonmodeldescribes:ä the decreasingload carryingcapacitydueto void nucleationandgrowth by a di-

latationalplasticity model introducedby Gursonandmodifiedby Tvergaardand
Nedlemanin a laterstage[11], [12];ä theshift from a homogeneousdeformationmodeto a localizedmodeby void coa-
lescencedueto a plasticlimit loadmodelintroducedby Thomason[13] [14]

8
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In conclusion,theCompleteGursonmodelintegratesboththedilatationalplasticitymodel
due to Gursonand the plastic limit load model due to Thomason.The main features
of both the dilatationalplasticity modelandthe plastic limit load modelwhich are the
fundamentalsof theCompleteGursonmodelarepresentedin detailsin AppendixA

4.1 Simulation of ductile crack growth

Theductilecrackgrowth behavior is studiedfor two differentgeometries.Thefirst oneis
a shallow cracked, 'å 47M^�`��æ , specimenloadedin tension,andthesecondgeometryis a
deepcracked, 'å 4/M^� æ , specimenloadedin bending.Thetwo specimengeometries,with
relevantdimensions,areshown in Fig. 5.
PlanestrainFEanalysisof thetwo geometriesareperformedusingABAQUS.Fournode

Figure5: Two specimengeometries,with relevantdimensions.

first orderelements(ABAQUS typeCPE4)areapplied,andlargedeformationeffectsare
accountedfor in theanalysis.Therelationbetweenplasticstrainandtheflow stressused
for thematrix materialis on theform:TW 4 W 2Vç � hßèFéè 2�ê � (4)

where TW is the flow stress,
W 2

is the yield stress,è�é is the equivalent plastic strain,è 2 4 W 2�ë�ì
is the strain at yield, and

�
is the hardeningexponent.A fixed ratio ofì#ë W 2 4¶æ�M�M , with

W 2 4¶��M�M Jyím� , and
� 4¶M^�`� is used.Further, threedifferent lev-

elsof initial void volumefraction,
1 2 4îM^� M�M�M�æ ,M^� M�M�� , and M^� M�M�æ , areusedto assessthe

9
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effectof varyingductility of thematerial.Oneshouldnotethatthelowest
1�2

valueis rep-
resentative for abasematerialsteelwhile theothertwo aretypical for theweldmaterial.

Figure6:
�Ã� .0�

curvesfor thetensilespecimenwhenthreedifferentlevelsof initial void
volumefractionareconsidered.

Theresulting
�¬�ï.0�

curvesfrom thenumericalanalysisareshown in Fig. 6 and7. From
Fig. 6, showing theresultsfor thetensilespecimen,it canbeseenthattheassumedinitial
void volume fraction hasa significanteffect on the crackgrowth resistance,both with
regard to initiation andslopeof the resistancecurve, expressedthroughthe

�
-integral.

Further, it canbeseenthatthecurvesexhibit asomewhatsteeperslopefor smallamounts
of crackgrowth,afterwhichanalmostlinearrelationbetween

�
and

.0�
exist.Theresults

for thebendspecimenareshown in Fig. 7. By comparisonwith theresultsfor thetensile
curveit canbeseenthatthecrackgrowth resistanceis lower, asexpecteddueto thehigher
geometryconstraintin this specimen.However, qualitatively they show muchthe same
behavior asthe tensilespecimen,with still a significanteffect of the initial void volume
fractionon thecrackgrowth resistance.
A qualitative explanationfor the highercrackgrowth resistancefor lower

1 2
is due to

the higherdeformationneededat the crack tip to causevoid coalescence.This will be
naturallyreflectedin ahigher

�
, becauseahigherincrementaldeformationin theremain-

ing ligamentis neededin orderto ”feed” deformationinto thecracktip to sustainductile

10
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Figure7:
�5��.0�

curvesfor thebendspecimenwhenthreedifferentlevelsof initial void
volumefractionareconsidered.

a)

11
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b)

Figure8: Normalized
�S��.0�

curvesfor a) thetensileandb) thebendingspecimen.

crackgrowth. Oneof the challengesin simulatingductile crackgrowth is to relatethe
local criterionfor crackgrowth to theglobaldeformationfield. Analytical expressionfor
the full velocity field in caseof ductile crackgrowth is very difficult to derive even in
the caseof elastic-ideally plasticmaterialbehavior, andsimplified approachesmustbe
seeked.Herewe point out onesuchpossibleway. In Fig. 8 we have replotedthe

�ï�+.¼�
curves,with the

�
-valuenow ”normalized” by the

�
valueat 1 mm of crackgrowth. A

strikingfeatureof thesecurvesis thatthesenormalizedcurvesalmostcompletelycollapse
ontoeachotherfor different

1 2
, both for the tensileandbendspecimens.This pointsin

thedirectionthat theshapeof thecrackgrowth resistancecurve is in principlegivenby
thespecimengeometry, andcanbemodifiedby a constantfactorto take theductility of
the materialinto account.However, we point out that the normalizationis not perfect.
Further, thechoiceof usingthe

�
valueat ��Ä�Ä of crackgrowth is alsosomewhatarbi-

trary. Despitethis,useof suchanapproximaterelationmayopenfor efficientuseof crack
growth simulationsin engineeringanalysis,taking theeffect of materialpropertieswith
sufficientaccuracy into account.Suchanapproachis outlinedbelow.

12
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5 Methodology to link micro-mechanicallybasedcrack growth sim-
ulations with line spring analysis

Thecontribution to theJ-integral canbesplit into anelasticandaplasticpart:� 4 ����ð h � | ð (5)

For fully plasticcondition,which is the relevant situationfor crackgrowth analysis,
����ð

remainsvirtually constantwith crackgrowth.Further, theelasticpartof the
�

-integralwill
besignificantlysmallerthantheplasticpart.A commonway to approximatetheplastic
partof the

�
-integral is foundfrom theexpression:� � | 4òñ6�x ó í z . | (6)

where ñ is a geometryfactordependingon modeof loading,relative crackdepth,andto
someextentmaterialparameters,6 is the ligament, x is thespecimenthickness,andthe
integral is the plasticwork in the deformationzonein the ligament,with

í
asa global

loadand
. | thecorrespondingplasticpartof thedisplacement.Theplasticwork canbe

obtaineddirectly by integratingthe plasticwork in the line springelement.The incre-
mentalincreasein the

�
-integral canbe found by differentiatingEq. 6 with respectto. | . Whatis furtherneededis a crackgrowth law to relatetheincrementin crackgrowth,z .¼� , to z � | ð . Two alternative approachesmay be proposedhere.The first approachis

basedonfitting the
����.0�

curve to a power law representation,leadingto thefollowing
incrementalcrackgrowth law: z .¼�z � | ðÃ4 Ò " Ò & � Û ¾ ª "| ð (7)

where Ò " is aconstantdependingonthematerialproperties,and Ò & dependson thespec-
imengeometry/modeof loading. Ò " and Ò & couldbedeterminedfrom systematicdamage
mechanicsanalysisof crackgrowth aspresentedabove.A moresimplifiedway couldbe
to assumealinearrelationbetween

.0�
and

� | ð , whichwouldleadto theincrementalcrack
growth law: z .¼�z � | ðÃ4 Ò E (8)

where Ò E dependson bothmaterialpropertiesandspecimengeometry/modeof loading.
The constantÒ E could be fitted to the almostlinear part of the

�ô�õ.¼�
curve, seenfor

largeramountsof crackgrowth in Fig. 8a)andb) . Suchanapproachwould beslightly
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conservative in that theinitially higherresistanceto crackgrowth is disregarded.Oncea
crackgrowth law is established,a fully coupledschemeto updatetheyield surfacein the
line spring,using

� | ð and
.0�

, canbederived.

5.1 Crack propagationlaw

A representative
�0�=.¼�

curve for thetensilespecimenis foundby fitting thenormalized
curve for

1 2 4¯M^� M�M�æ plottedin Fig 8a) with a power law aspreviously proposed.The
fitting power law reads: � 4 Ó " .¼��ö v h�Ó E (9)

whereÓ " 4/M^� ÷Y� , Ó & 4/M^� ÷�� and Ó E 4/M^� ��ø . Thevalueof the
�U�Í�����
	�������

at
.0� 47��Ä�Ä

is
��ù '9ú "Oû¨ûü4ýø�ø�M�pûþû . Eq. 9 is comparedto the

�=��.0�
for different

132
in Fig. 9. The

fitting is satisfactoryfrom anengineeringpointof view.

0.0 1.0 2.0 3.0 4.0
∆a [mm]

0.0

500.0

1000.0

1500.0

2000.0

J 
[N

/m
m

]ÿ
f0=0.0005
�
f0=0.002
�
f0=0.005
�

Figure9: Thefitting equationis comparedto the
�S�*.0�

curve obtainedfrom numerical
analysis

6 Numerical implementation of the crack propagationlaw in the line
spring framework

In thissectionsomebackgroundontheimplementationof thebackwardEulerintegration
schemeat the integrationpoint of the inelasticline springelementis presentedfor the
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caseof anelastic-linear-hardeningmaterial.
A returnmappingalgorithmprovidesan effective androbust integrationschemeof the
rateconstitutive equationsat the integrationpoint of the line springelement.Geometri-
cally, it amountsto finding theclosestdistanceof a point to a convex set,  > ' ( B , see[24]. is consideredin a first step”frozen” with respectto crackdepthto thicknessratio. At
a time increment

.�� � , estimateof theelasticpredictor
. � is presumedknown. Thegen-

eralizedforce increment
. } , dueto the elasticpredictor, is obtainedso that the force

stateat point Ñ is calculatedseeFig. 10. } Á will mostlikely not satisfytheyield condi-

Q
1

Q2

due to hardening 
Traslation of 1φ

1φ

B

φ2

A

Elastic predictor 

(frozen yield surface)
Plastic correction C

Initial elastic force state

Figure10:Representationof anelastic-predictor-plastic-correctorreturnalgorithmfor the
yield surfacefrozenwith respectto crackgrowth.

tion  �4üM , therefore,a plasticcorrector
.���� Á

is usedasfirst corrector, where
� Á

is the
gradientto theyield surfaceatpoint Ñ� Á 4 â  > '( Bâ } � Á � (10)

Thegeneralizedforceestimateat point Ò :} Û 4�} Á �Ë.��?����Á (11)

will not alwayslie on theyield surface,and,therefore,further iterationsarerequiredin
order to find a force statewhich satisfiesthe yield criterion seeFig 10. The backward
Eulerreturnis basedon theequation} Û 4y} Á ��.��?��� Û (12)

where
� Û is thegradientto theyield surfaceat thefinal forcestateÒ . Thedetailsof the

iterative loop usedin orderto correct } Û and
.��

to the right solution,canbe found in
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[16], [24], [25] and[27].
Theyield surface > ' (YB , Eq.1,usedhere,hascornerslocatedontheline !#"[4y!V& d�eFf > g & h� B . Thereexist differentsolutionswhich canbe implementedat the cornersin the case
when two yield surfacesare active, see[26] and [27]. In this study, a pragmaticre-
turn to the yield surfacefrom the corneris adopted.The ”normal” at the corneris not
unique,thereexistsanormalfor thedouble-fittingyield surfaceandonefor its symmetric
counterpart.In orderto solve this non-uniquenessproblem,if we hada stresslocatedon ]`_ > ' ( B04 M we considerthe function  ]`_ > '( B to be the ”master” curve so that the ”nor-
mal” at thecorneris calculatedfor thiscurve.Thenormalis now uniquelydefined.When ^]`_ > ' (�B�4ÞM ,  Nk]`_ > '(YB is checked. If this is violatedfurther iterationsarecarriedout. The
numericalimplementationis in this waykeptassimpleaspossible.

In orderto simulateductile crackgrowth within the line springframework a pragmatic
procedureis chosen.The

�Ë�������
	�������
is computedby using the updatedgeneralized

displacementat theintegrationpoint, }	� . Thecalculatedvalueof
�

is usedin the
�V� .¼�

Q
1

Q2

due to hardening 
Traslation of 1φ

1φ

φ2

a∆φ (a+     )

B

C

A
D cutting plane

correction 

Figure11:Representationof acuttingplanereturnalgorithmfor theyield surfaceupdated
for crackgrowth.

curve,obtainedby testingor numericaldamagestudiesin orderto quantifytheamountof
crackgrowth

.0�
. Thentheyield surfaceis updateddueto crackgrowth seeFig. 11.The

generalizedforcestate} � is mostlikely notto lie ontheupdatedyield surface >�� h .0� B .
A cutting planealgorithmis hereimplementedin orderto iteratethe generalizedforce
solutionbackto theupdatedyield surfacein orderto satisfytheconsistency requirement,
point Ó in Fig. 11.
A plasticcorrector

.��?��� Û is usedasa first correctionof thegeneralizedforcestate.
� Û
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is thegradientto theupdatedyield surfaceatpoint Ò� Û 4îâ  >�� h .¼� Bâ } � Û � (13)

Thegeneralizedforceestimateat point Ó :} ö " 4�} Û �+.�� " ��� Û (14)

will not alwayslie on theyield surface,and,therefore,further iterationsarerequiredin
orderto find a forcestatewhich satisfiestheyield criterion.Thecuttingplanealgorithm
is basedon theequations: } ö��
 " 4�} ö� � Å � � ���� ö (15)

where Å � � reads

Å � � 4  >�� h .¼� B � ö� ~ � ö ��� � ö h � (16)

where � accountsfor hardeningeffect. Eq. 15 and 16 are repeateduntil  > } ö��
 " ZC� h.0� B�� � 8 �O� .
7 Numerical simulation

7.1 Planestrain shell-line-spring-simulationof a SENT specimen

7.1.1 Discretization

Fig. 12 illustratesthemeshfor theSENTspecimenwith a combinationof two shelland
a line springelement.Theboundaryconditionsat theendsof theSENTspecimencorre-
spondto clamped(no rotationis allowed).Thenumericalresultsobtainedfrom USFOS
[19], wherethe new line springyielding surfaceis implemented,arecomparedto those
from the ABAQUS software.Displacementin the 2-directionandrotationaboutthe 1-
direction for the nodesat the top and at the bottom of the shell-line-springmodel are
constrainedin orderto obtaina planestrainsituationin themiddleof themodelseeFig.
12. The feasibility of the line springimplementedin the ABAQUS softwareis well es-
tablished.Henceif theSENTspecimenis to beanalyzedwith theUSFOSsoftware,the
accuracy hasto beverified.
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������������ �� �������� ��
����������  !!"" #$%�%&'�'(�(Line spring location

2

1

Figure12: Shell-line-springFE mesh.Theboundaryconditionusedaredepicted.

7.1.2 Results

The shell-line-springmeshis designedto comply with the 10mmthick constraintcor-
rectedSENT specimen.An idealizedhomogenousmaterialis consideredin this study
alongwith small deformationtheory. Large displacementsarenot compatiblewith the
implementationof theline springin theABAQUS software.Theline springelementim-
plementedin USFOSaccountsfor largedisplacements,[20]. GrossStressvs normalized
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Figure13: a) Grossstressvs normalizeddisplacementcurvesobtainedby ABAQUS and
USFOSb) GrossstressvsCTOD obtainedby ABAQUS andUSFOS

displacementcurvesfor thecrackdepthto thicknessratio ' (¬4/M^� � areplottedin Fig.13a).
Theglobalbehavior of theSENTspecimenis well describedby theUSFOSsoftware.The
materialbehavior of bothline-springelementsfollowsanelastic-linear-hardeningmodel.
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Thereis a goodagreementbetweenthe Ò á32 Ó valuescalculatedfrom thetwo finite ele-
mentcodesasseenin Fig. 13b),wherethe Ò á42 Ó is plottedagainsttheGrossStress.A
parametricstudyfor differentcrackto thicknessratiosis underprogress.The two FEM
codesareexpectedto give similar resultsfor deepcrackswhile for shallow notchspeci-
mensdifferentresultsareexpected.This is dueto theyield function implementedin the
ABAQUSsoftwarefor theline-springelement,see[21]. Thisyield surfaceis intendedfor
crackssufficiently deepthattheyielding is confinedto theligament.
In orderto haveadetailedstudyof theperformanceof theline springelementimplemen-
tation,a local studyis carriedout.A generalizeddisplacementis imposedat thenodesof
theline spring: 5666666666667

D " �"D & &DFE ED H H

8:99999999999; 4
5666666666667
D "MD &MDFEMD HM

8:99999999999; where

\ D " � D & 4/MD Hn� DFE 4/M (17)

A constantthicknessratio '()4ýM^� � is considered.Thegeneralized-normalizedforce ! "
is plotted againstthe normalizeddisplacementD " at the nodesof the line spring.The
generalizedforce !V& is nearlyzerofor the displacementconsidered.Fig. 14 shows the
resultsobtainedfrom thetwo FEM codesfor theelasticidealplasticmaterialmodeland
for theelasticlinearhardeningone.Theagreementis good.

7.2 Ductile crack growth

Theprocedureproposedin section6 for describingcrackgrowth is implementedin the
line springframework assuggestedpreviously:ä thegeneralizedforcestateis determinedby performingan iterative processto the

yield surfaceconsideredfrozenwith respectof crackgrowth.ä a
�S��������	�������

is calculated.ä crackgrowth is observedwhena critical valueof the
���+�����
	�������

is reached.An
arbitrary value

� ÆOÇ is assumedhere.When
� c � ÆOÇ Eq. 9 is usedto obtain the

amountof ductilecrackgrowth increment.
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Figure14: Generalized-normalizedforcevs thenormalizeddisplacementat thenodesof
theline springfor two materialmodels.

ä theyield surfaceis updateddueto crackgrowth anda furtheriterationprocedureis
carriedout in orderto satisfytheconsistency requirement.
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Figure15: Generalized-normalizedforcevs thenormalizeddisplacementat thenodesof
theline springwhencrackgrowth is takeninto account.
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Figure16: Generalized-normalizedforce vs the normalizeddisplacementcurvesat the
nodesof theline springfor differentvalueof A.

Fig. 15 shows that the proposedprocedureis suitedto describethe combinedeffect of
translationof theyielding surfacedueto hardeningandthesizedecreaseof theyielding
surfacedueto crackgrowth. Note that a small softeningis observedasthenet resultof
hardeningandductilecrackgrowth for abilinearmaterial.Fig. 16shows thattheamount
of softeningincreases,asexpected,whentheparameterÓ " of theequationdescribingthe
crackgrowth law, Eq.9, is decreased.

8 Conclusions

A methodologyto link micro-mechanicallybasedcrack growth simulationswith line
springanalysisis proposedby suggestinganalternativewayto calculatethe

�m� �����
	�������
from theline springframework. A parametricalstudyneedsto becarriedout in orderto
find out if the alternative J calculationis feasiblefor the framework it is meantfor. A
crackpropagationlaw is suggested.
Somedetailsof thenumericalimplementationof thebackwardEuler integrationscheme
at the integrationpoint of the line springelementin order to accountfor plasticity are
presentedherefor a bilinearmaterialmodel.An efficient numericalprocedure,basedon
theassumedcrackgrowth law, is alsopresentedin orderto accountfor ductilecrackprop-
agation.A numericalcaseis considered,showing thattheproposedprocedureis suitedto
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thepurpose.
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A The completeGurson model

A.1 The Gurson model

Theclassicaltheoryof plasticitystatesthatplasticdeformationwill notchangethemate-
rial volumeof a purematerial.Whena materialcontainsvoids, the volumewill change
underplasticstrainingandhydrostatictensionstress.The plasticflow becomesdilata-
tional [11]. Theconsequenceis thatthematerialwill softenandtheloadcarryingcapacity
will decrease.Themodelwhich describesin a betterway thesofteningeffect dueto the
presenceof voidsis theonedueto Gurson.ThemainassumptionsuponwhichtheGurson
yield functionis derivedare:ä von Mises condition is used to characterizethe yield and flow of the matrix

material,consideredincompressibleandundamaged

ä thelargestraininvolvedin theductilefractureprosessfollowsarigid-plasticmodel

ä a form is thenassumedfor thevelocity field in theaggregate.Thevelocity allows
the voids to grow underthe requirementof incompressibilityin the matrix. The
velocitymustmeetthekinematicboundaryconditioncorrespondingto deformation
rateson thesurfacesof theunit cube

Basedon theabove assumptionandon thesimplificationof sphericalvoids;Gursonob-
tainesa yield function  >�W �O� Q9WYXiQ 1 B wherethesofteningeffect andthedamagemeasure1

arecontained:

 >�WY���3QCW[ZnQ 1 B[4 W &�O�W &Z h �]\<" 1_^a`cbed ç � � \�& W XW Z ê ��> � h > \<" 1 B & B (18)

where
1 4 ]gfihkj � l��]gf � § � � is thevoid volumefraction, \<" Q \�&V4 � , W X is themeannormalstress,WY�O�

is theconventionalvonMisesequivalentstressand
W[Z

representstheflow stressof the
matrix material.Gurson’s main hypothesisis that microvoids arenucleatedat positions
sufficiently far apartasnot to result in initial interactionsbetweentheir local stressand
strainfields.

TheGursonmodelcannotpredictvoid coalescence,but describeswell bothgrowth and
nucleationof voids [5]. The void volumefraction of a materialduring a plastic strain
incrementwill changedueto:
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ä thegrowth of existingvoids

ä thenucleationof new voids.

The increaseof void volumefraction, z 1 , from existing voidsandnewly nucleatedones
will beaddedtogetherandhomogenizedas’one’ void for thenext loadincrementseeFig.
17: z 1 4yz 1nm Çpokq�É ( h z 1 �ar Æ ð � ' É`Ê o � � (19)

Void growth:

In order to define the growth of existing voids, z 1 m Çposq�É ( , under plastic straining,

z 1nm Çpokq�É ( 4yÐ & � Ð "z 1 �ar Æ ð � ' É`Ê o � 4yÐ E � Ð?&
11

1 2
2
3

realcase Gursonmodel

loadincrement homogenization

Gursonmodel

Figure17: Schematicplot of ductilefracturemechanism

we must take into accountthe hypothesisof incompressibilityfor the matrix material.z 1nm Çtosq�É ( canbewritten as: z 1nm Çtosq�É ( 4 > � � 1 B
z è éÊ u Å Ê u � (20)

whereè éÊ u is theplasticstraintensor.

Void nucleation:

Void nucleation is a highly material dependentprocess.Void nucleation depends,
in general,on particle strength,size, shapeand the hardeningexponentof the matrix
material.Thenucleationmechanismcanbestraincontrolled,or stresscontrolledwhere

24



Paper V: presentedat MekIT’01

thehydrostatictensionstressplaysa role. Thereareseveralnucleationmodels,but only
a few of themcanbeappliedto theGursonmodel.It hasbeencommonpracticeto relate
thevoid nucleationto anincrementof deformationwhichresultsin anincrementof strain
andanincrementof stress.Thegeneralnucleationlaw canbewritten as:z 1 �ar Æ ð � ' É`Ê o � 4/�Ãz è | ��� h*Ñ > z W û h z W �O� B (21)

whereè | �O� is theequivalentplasticstrainincrementassociatedwith theplasticstraintensor
and

WY�O�
is the Misesequivalentstress.In Eq. (21), the first term on the right handside

representsthe part of nucleationdue to the equivalentplasticstrain incrementand the
secondtermdueto thestressincrement.� and Ñ in Eq. (21) canbecalledthestrainand
stresscontrollednucleationintensity.

A.1.1 Observationsä Eq.18predictsthematerialwill softenandtheloadcarryingcapacitywill decrease
dueto growth andnucleationof voids whenincreasingplasticstrainis appliedto
thematerial.ä Eq. 18 doesnot containany fracturecriterion. It predicts v ductility. In orderto
improve the equationandpredicta more realistic lossof load carryingcapacity,
Tvergaardproposeddifferentvaluesfor theparameters\ " 4 ��� æ and \ & 4 � . Tver-
gaard’smodificationhastheeffectof amplifyingtheinfluenceof hydrostaticstress
atall strainlevels,but thevalueof thevoid volumefractionat fractureis still unre-
alisticallyhigh.ä A materialcurve derivedby usingtheGursonmodelfits well with a curve derived
by materialtestsup to a certainpoint wherea bifurcationbetweenthe two curves
takesplace.The modelpredictsa ductility for the materialwhich is muchhigher
than that observed oneby materialtests.The impossibility of describingthe ob-
servedbifurcationis dueto thefactthatnocoalescencemodelis takeninto account
in theGursonmodel.

Critical void volumefraction
The Gursonmodel fails to predict void coalescence.An alternative criterion hasto be
addedto the original model in order to describevoid coalescence.A possiblecriterion
to describesucha processassumesthat void coalescenceappearswhena critical void
volumefraction,

1 Æ is reached.In this way we adda localizationor bifurcationcondition
to the Gursonmodel.The weaknessof this criterion is that

1 Æ is not a materialparam-
eter; it dependsboth on the initial void volumefraction andon stresstriaxiality

á
. The
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dependenceon
á

canbe relaxed in the caseof small
132

. Oncethe void coalescenceor,
thebifurcationpoint,hasbeendeterminedto occuraccordingto acriterion,thevoid coa-
lescenceprocesscanbesimulatedby thefollowing functionintroducedby Tvergaardand
Needleman: 1xw 4zy 1 a for

1 � 1 Æ1 Æ h _a{| ª _ �_s} ª _ � > 1 � 1 Æ B a for
1�~�1 Æ (22)

where:1 Æ ��� critical void volumefractionat whichvoid coalescencestarts1 wr 47� ë \<" ��� in orderto keepnumericalstability, never equalto 11�� ���
volumefraction at final separationof the materialEq. 22 implies that,before

void coalescence,the void volume fraction and the decreaseof load carrying capacity
takes the ’normal’ way by the Gursonmodel. After the void coalescencehasstarted,
the void volumefractionwill beamplifiedto representthe suddenlossof loadcarrying
capacity. Thevoid coalescenceprocessis a really rapidprocesswith largevoid volume
expansion.

A.1.2 Observationsä Eq. 22 is not directly basedon a physicalprocess,but is the resultof numerical
fitting.ä It hasbeenshown thattheeffect of void coalescenceis well simulatedby thefunc-
tion 22. Once

1 4 1 Æ , the void growth rateis increasedso that in a few stepsthe
loadcarryingcapacityis artificially reached.ä 1 4 1 Æ correspondsto the startof void coalescence.Eq. 22 addsthe coalescence
processto Eq.18

ä Difficulty to determinethecritical void volumefractionparameter
1 Æ .

Limits of the Gurson modelä Non uniquenessof the initial void volumefractionanddamageevolution param-
eters.Many setsof parameterswhich describethe samematerialbehavior canbe
found.
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ä Difficulty in the calibrationof numericalmodelsdue to the high dependency on
lengthscale.ä Theparameter

1 Æw4 1 Æ > 132 Q �a�� §�� B is absolutelynot a materialindependentparameter.
It is fitted by comparingthe Gursonmodelresultandthe experimentalone.This
parameterpredictsvoid nucleation,measuringthe numericalvaluesat failure and
is not connectedwith a physicalfailuremechanism.

A.2 Plastic limit load: a localizeddeformation model due to void coalescence

Thedeformationof void containingmaterialscanbesplit, asdiscussedpreviously, into
two distinctivephases:thehomogeneousphaseandthelocalizedone.Thomason[11] de-
velopedhis theoryon a dualdilatationalconstitutiveequationtheoryfor ductilefracture.
It is basedon theobservationthatvoid coalescenceis causedby localizedneckingof in-
tervoid matrix. Thomasonarguesthat therearetwo deformationmodesin competition.
Both deformationmodesaredilatational.It meansthat they will resultin changeof ma-
terial volume.Thomasonstates,outof thermodynamicalconsiderations,thatthematerial
will alwaysfollow thedeformationmodewhich needslessenergy. Thomasonfoundthat
thelocalizeddeformationmodecanbedescribedby aplasticlimit modelstronglydepen-
denton the void/matrix geometry. For a materialwithout voids the plastic limit load is

WU> � � Ð ¾v_ B
W "[4 W & h � º

W¨> � � Ð�¾v B ~ W "

è "

W

è � "

localisedmode

homog.deformation

Instability

Bi-dimensionalcase

Figure18:HomogeneousdeformationmodevsLocalizeddeformationmode.

infinite. In thebeginningof the deformationprocess,thevoid dimensionsaresmall and
the correspondingplastic limit load is very large. In sucha situation,the homogeneous
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modedeformationprevails.Theplasticlimit loaddecreasesproportionallyto thegrowth
of voids.Oncethelocalizedstressis equalto theplasticlimit load,localizedmodedefor-
mationbecomespossible.Fig. 18 representsthe effect of increasingplasticstrain è " on
the ‘virtual’ plasticlimit loadstress

W � > � ��� Ð?_3B ,where ÐN_ is thevoid volume,andthe
actualstress

W " . Theconditionfor void coalescenceby internalneckingof the intervoid
matrix canbewritten in a unidimensionalcaseas:W X ouû�o m � � � o r�k" 4 W�� ouÆ ' ð Ê k � ]" (23)

where
W X o%û�o m � � � o r�k" is themaximumprincipalstressat thecurrentyield surfaceandrep-

resentsthe homogeneousdeformationmode;
W � ouÆ ' ð Ê k � ]" is the local maximumprincipal

stressandrepresentsthemicro-capacityof a voidedmaterialto resistthelocalizeddefor-
mation.Eq.23 impliesthat if theappliedloadhasreachedthecapacityof thematerialto
resistthevoid coalescence,theunstablelocalizeddeformationmodewill prevail andvoid
coalescencewill take place.

A.3 A completeGurson model

In thecompleteGursonmodel,ZhangusesThomason’splasticlimit loadmodelasacoa-
lescencecriterionfor theGursonmodel.ZhangmodifiesThomason’stheoryby assuming
that thevoidsarealwaysspherical.This modificationmakestheplasticlimit loadmodel
fully compatiblewith theGursonmodel.In thecompleteGursonmodel,void coalescence
is notdeterminedby thecritical void volumefraction

1 Æ . 1 Æ is thematerialresponseatvoid
coalescence.ThecompleteGursonmodelcontains:ä homogeneousyielding function:

 >�W �O� QCW Z Q 1 B[4 W &���W &Z h �]\ " 1 w ^a`cbed�ç �� \ & WYXW Z ê �õ> � h > \ " 1 w B & B (24)ä void grow andnucleation:z 1 4 > � � 1 B
z è éÊ u Å Ê u h �Ãz è | �O� h*Ñ > z W û h z W �O� B (25)ä void coalescencecondition:\ W " l W[Z ��> 1 Q è Ê�B no coalescence a 1 w 4 1W " 4 W Z ��> 1 Q è Ê B coalescencestart a 1 w 4 1 Æ (26)

the critical void volumefraction,
1 Æ , is the materialresponseat void coalescence.

It dependson stresstriaxiality andthe initial valueof void volumefraction
1 Æ�41 Æ > 1 o Q �a���� B .
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ä post-coalescenceresponse:1w 4 1 Æ h 1 wr � 1 Æ1�� � 1 Æ > 1 � 1 Æ B for
1�~�1 Æ (27)

A.3.1 Observationsä Thenon-uniquenessproblemis solved.
1 Æ is automaticallydetermined.ä If wesupposethatthevoidsarenucleatedat thebeginning,

1 2
is theonly parameter

which controlsthe failure behavior. This is not the real behavior, but givesgood
results.ä It is not possiblefor

1 2
aloneto describethe nucleationevent completely. Other

parametersmetallurgically determinedareusedfor this issue.Whenmetallurgical
analystsarenot available,testresultsof fracturestrainversusstresstriaxiality can
beusedfor fitting thenucleationparameters.ä Void nucleationparameterscalibratedby a fitting which takesin considerationthe
triaxiality level canbetransferredto differentgeometry.ä Themodelturnedin to afitting model.Theoneto onerelationshipbetweenmicro-
mechanismandthe parameterspresentedin the Gursondilatationfunction is not
longerachieved.ä Consideringa simplified nucleationmodelalsoknown assingleparameternucle-
ation model(

1�2
(initial nucleation)or � (continuousnucleation),sucha parameter

canbeusedasa criterionin orderto classifymaterialsindependentof geometry.
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Abstract. Thepresentstudyaddressesnonlinearfiniteelementanalysisof pipelinessubjected
to e.g. large curvatures.Cracks are accountedfor by meansof a newly developedline spring
finiteelementformulation.Linkingtheseelementsto shellelements,andfurther linking theshell
elementsto beamelements,onehasa global modelof thepipelinethat alsoaccountsfor local
flexibilities andfracturesdueto defects(in thewelds).Thishasobviouspractical advantages,
e.g. relatedto easymeshing/preprocessing, in addition to havinga tool that directlyprovides
fracture mechanicsquantities,such as J-integral/CTOD etc, that is compared to the fracture
toughnessof thematerial.A recentdevelopmentin this respectis thenotionof two-parameter
fracture assessment.This meansthat both the crack tip stresstri-axiality (constraint) and the
correspondingfracture toughnessis employedin theassessment,giving a much more realistic
capacityof crackedstructures.Theabovesimulationsarecarriedout by meansof thesoftware
USFOS,accountingfor largedisplacementsandplasticity.
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1 Intr oduction

Pipelinesaresubjectedto severeload historiesduring reelingandlaying. The pipe segments
are joined by meansof girth welds,introducinglocal stressconcentrationsandweld defects.
Usingexisting fractureassessmentmethodson a pipesubjectedto e.g..reeling,maynot allow
for any flaws at all dueto the inherentconservatismin the method(e.g.PD 6491,BS, 1999).
Productionof weldedpipelinesfreeof defectsis difficult or evenimpossible.Thereforeit is of
primaryimportanceto have feasibleassessmenttoolsthataremoreaccurate,giving morereal-
istic capacitiesof pipecrosssectionswith cracks.With this, it canbeshown thatsomedefects
canbeaccepted,andstateof theart weldingproceduresmaybesufficient.

a)

CT (a/W = 0.5)

PIPE

SENT

SENB(a/W = 0.3)

SENB(a/W = 0.5)

GEOMETRY / CONSTRAINT   [T, Q, M]

FRACTURE 
TOUGHNESS

[J, K, CTOD]

b)

Figure1: Effectsof constrainton fracturetoughness.

Thepresentstudyaddressesnonlinearfinite elementanalysisof pipelines.Thecracksareac-
countedfor by meansof a newly developedline springfinite elementformulation[1], [2], [3].

2



Paper VI: presentedat OMAE

Linking theseelementsto shell elements,and further linking the shell elementsto beamel-
ements,one hasa global model of the pipeline that also accountsfor local flexibilities and
fracturesdue to defects.An importantadvantagewith suchan approachis a direct fracture
mechanicsassessmente.g.via computed

���
integral or �����	� . A recentdevelopmentin this

approachis thenotionof two-parameterfractureassessment.Thismeansthatthecracktip stress
tri-axiality (constraint)is employedin determiningthecorrespondingfracturetoughness,giving
a muchmorerealisticcapacityof crackedstructures.
Fig.1aillustratestheeffectof constraintonfracturetoughness.It is notedthattheusualfracture
mechanicstestspecimens
��������������� havehighconstraintin thecracktip stressfield, result-
ing in low toughness.A maincharacteristicwith thesespecimensis thattheligamentis loaded
in bending.A ligamentloadedprimarily in tension,suchasin a pipeor a singleedge-notched
tensilespecimen
��������� , providesa lower constraintanda highertoughness.Themaximum
allowablecrackobtainedusingthefracturetoughnessfrom a ������ or ��� specimen,givena
largeexternalloador deformation,would bevanishinglysmall.
The weldsareoften the mostcritical part of the structureregardingunstablefracture.Proper
designandselectionof materialsgovernstructuralintegrity. Currentfabricationpracticeadopts
a weld metalovermatchwith respectto thebasemetal.Theovermatchweld hastheadvantage
to increasestructuralcapacity(for cracksin theweldmetal)for shallow andmediumsizecracks
andthusimprove resistanceto failure of the weldedjoint. However, for crackslocatedin the
heataffectedzone(HAZ), weld metalovermatchmay have detrimentaleffectssee[4]. With
theintroductionof new highstrengthstructuralsteels,undermatchweldsmaybeexpected.The
bestsolutionwould beevenmatch,however, this is difficult to achieve in practice.Therefore,it
is necessaryto quantify theeffect of weld metalmismatch.It turnsout thata constraintbased
approachmaybeemployedto obtainrepresentative fracturetoughnessfor thiscasealso.
Often someductile crackgrowth occursbeforethe critical fractureevent is met.Fig.1b illus-
trateshow constraintcorrectionof the toughnessworks.Theconstraintmaydecreaseinitially
dueto increasedplasticdeformation,but asthecrackgrows,morebendingis introducedin the
ligament,andtheconstraintincreasesagain.Thefully drawn line representsthefracturetough-
ness,whereasthe dottedlines indicateseffect of materialmismatch(undermatch/evenmatch).

2 Theory

2.1 Two- and thr ee-parameterfractur e mechanics

In conventionalfracturemechanics,it is assumedthat cracktip stressfield is controlledby a
singleparameter, e.g. the stressintensity factor � or the

���
integral, andthat the toughness

obtainedfrom testswith onespecimengeometrycanbe transferredto structuralapplications.
In general,therearetwo typesof constraintsin a weld: i) the geometryconstraintcausedby
cracksize,specimendimensionsandloadingmode;ii) the materialmismatchconstraintdue
to inhomogenousmaterialproperties.Theseconstraintsmay be characterizedby the � or �
parameterandthe � -parameter, respectively (O’Dowd andShih[5], BetegonandHancock[6],
Ranestadet al. [7], Zhanget al [4], Parks[8], Kirk andBakker [9]. Theconstraintsinvalidate

3



Bjørn Skallerud,Matteo Chiesa,ToreHolmås

Table1: Nomenclature

�
Rice’spathindependentintegral

� stressintensityfactor� ��� � � forceandbendingmomentincrements� � � �"! line springdeformationincrements#%$ & componentsof stresstensor' $ & Kronecker delta

�)( tangentstiffness# yield stress

�*�+�,��� constraintparameters- � ! polarcoordinates.0/+1 � cracktip openingdisplacement

conventionalfracturemechanics,i.e. for a givenvalueof crackdriving force
�

, the cracktip
stressfield is influencedby theconstraintlevel. Fig.2aillustratesthegeometryconstrainteffect
on the cracktip stressfield, wherea referencesolutiongiven by the uppercurve may be the
HRR-field (i.e. a crackin an infinitely large specimen),whereasthe lower curve is the actual
stressfield. Hence,thereis no one-to-onerelationbetweenthe crackdriving force andcrack
tip stressfield, andthefracturetoughnessobtainedfrom onecasecannotbedirectly transferred
to anotherone.For cleavagefractureoccuringaftersignificantplasticdeformation,with attain-
mentof a critical stress(normalor maximumprincipalstress)overa microstructurallyrelevant
volume,theRKR criterionsee[10], is a feasiblefailurecriterion.Brittle fractureinitiateswhen
a critical stressis reachedin front of thecracktip over a sufficiently largedistance.If this dis-
tanceis givenby point 2 in Fig.2a,thenoneseesthatthestressfield in a low constraintsituation
hasreachedthe critical stressover a too small distance,point 3 . This situationis manifested
in Fig.2bconsidering

���
integrals.Here

�547698�6�496�:<;=6
is the

�>�
integral thatwould exist in an in-

finitely largespecimenwith thesamecracktip stressfield asin theactualspecimen.Fracture
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σ
critical

Distance from crack tip

increasing constraint

σ

1 2

a)

referenceJ

Jcr;ref

Jcr1 Jcr2 Japplied

b)

constraint
increasing 

Figure2: a) effect of constrainton crcaktip stressfield, b)relationshipbetweenappliedJ and
referenceJ

would initiate in a low constraintspecimensfor applied
�

equalto
� ;=4+?

or
� ;=4A@

. Whenthese���
levels arereached,the RKR-criterion is fulfilled. Using the actualstressfield (accounting

for actualconstraint),andcomparingwith theHRR stressfield it is possibleto determinewhat
magnitudeof Jappliedthatis requiredto initiate fracture.
The factorsthat influencethe transferabilityand invalidatethe one-to-onerelation between
crackdriving force

�
andcracktip stressfield is calledconstraint.For specimensmadeof ho-

mogenousmaterials,theconstraintis termedgeometryconstraint.It hasbeenproposedthatthe
stressfield at differentlevelsof geometryconstraintcanbecharacterisedby the

��� � theory,
i.e. the

�
integraland � , a hydrostaticstressparametersee[5]. Accordingto the

��� � theory,
thecracktip field insidetheplasticzonecanbeseparatedinto two parts.Thefirst part is called
referencefield which is controlledby

�
, i.e. the one-to-onerelationbetweenthe

�
andstress
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field is maintainedin the referencefield. Theactualstressfield is influencedby theconstraint
level at thecracktip, it thereforemodifiesthereferencefield. This leadsto asecondstressfield,
calleddifferencefield, which is practicallycontrolledby theparameter� . Thecompletestress
field canthereforebewritten: # $ &CB # 47698$ &ED � # $ & ' $ & (1)

Thematerialstrengthdistribution in a realweld is complicatedandcertainsimplificationsof a
weldcrackproblemareneeded.For aspecimenmadeof inhomogenousmaterialswith aninter-
facecrack,theobservedfracturetoughnessof areferencematerialisobviouslyinfluencedby the
mismatchpropertiesof thematerialon theothersideof theinterface.For materialswith identi-
cal elasticproperties,therearethreetypesmismatch:strengthmismatch,hardeningmismatch,
andcombination.Recently, extensivenumericalstudieshavebeencarriedout to investigatethe
effect of materialmismatchconstrainton the interfacecracktip stressfield of bi-materialand
tri-materialboundarylayermodels.In theJ-Q-M formulationa generalapproximationfor the
differencefield hasbeenused,i.e. #%$GF & B #%$GF & 
 - � ! � � �0�*���H� , [4], [7] , [11].
In orderto relate

� 476980674767:<;=6
to fracture,an approachwherethe fractureis relatedto testingof

weld thermalsimulated�����	� specimenshasbeenapplied.Thesespecimensrepresentsaho-
mogenousmicrostructureof the mostbrittle part of the HAZ, hencethe mismatchconstraint,� , will be zero.For many steels,fractureafter weld thermalsimulationareexperiencedat a
low ������� , giving only a limited sizeof theplasticzoneandlittle relaxationfrom the initial
high constraintin small scaleyielding. In this way

�I49678�674767:<;=6
canbe relatedto the failure of

homogeneousmicrostructuresanda specimensizewherevalid
�

resultsareobtained(e.g.un-
dersmallscaleyielding).A horizontallimit in Fig.2bcanbechosento representthecritical

�
experiencedin weld thermalsimulationtesting,andthe

��� � � � approachis thenusedto
transferfrom this ”ideal” situationto theactualweldunderconsideration.

2.2 Finite elementformulation

Thefinite elementemployedhereinis quadrilateralthin shellelementwith six degreesof free-
dom at eachnode,i.e. a higher order membranedisplacementinterpolation(drilling degree
of freedom),denotedANDES (acronym for assumednaturaldeviatoric strain). It is a non-
conforminghigh-performanceshellelement,see[12], [13]. Theplasticitymodelingis basedon
asimplifiedversionof Ilyushin’sstressresultantyield criterion.Oneadvantagewith thesimpli-
fied yield surfaceis thatoneonly have oneactive yield surfaceat any time in thestressupdate
in additionto not having to integrateover shell thickness,see[14]. The line springelementis
a one-dimensionalelementintroducingadditionalflexibility in theshelldueto surfacecracks.
Theelasticstiffnessis obtainedfrom known solutionsfor edgecrackedstripssee[15]. Thetan-
gentstiffnessis obtainedby theflow rule,consistency condition,andassumingadditivesplit of
elasticandplasticdeformationsin theligamentJ �"��"KML B J � ��N!OL 6 D J � ��N!OL5P (2)

Here
�"�

is the incrementalline springextensionand
�"!

incrementalline springrotation.The
plastic responseof the line spring is governedby yield surfaceshaving the crack depthas
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Figure3: Yield surfacefor differentcrcakdepths( W X5Y B[Z � Z]\ 3_^%� Z]\ ` )
parameter, seeFig.3. The tangentstiffnesshascrack depth,yield stress, and hardeningas
parameters: J � �� � L BOa�b 
�Wc� #edIf �� dIfg � J �"��N! L (3)

With this one may employ weld metal materialpropertiesin the line spring if the crack is
locatedin theweld,see[16]. Thefracturemechanicsparametersmaybedeterminedby means
of elasticandplasticJ-integral contributions.The elasticJ is determineddirectly from stress
intensityfactors,theplasticJiscalculatedincrementallyfrom theincrementalplasticline spring
deformations,i.e. � 6 B � @h�X]
i3 �kj @ �� � P BHl 
 �"� P � �"! P �� P BHm � � P� B � 6 D � P
Combininga computed

�>�
integral with a measureof geometryconstraint,initiation of frac-

ture may be predicted.For the shell and line spring finite elementmodel,a convenientway
of determiningconstraintis by meansof the � � stress.The � � stressis the secondterm in
the asymptoticexpansionof the elasticsolution for the cracktip stressfield by Williams see
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Figure4: Constraintasa functionof crackdepthto thicknessratio for differentspecimens[3].

[17]. The � -stresshasthereforebeenconsideredasan elasticparameterwith a limited range
of validity. Betegon andHancock[6] have shown that the � � stressprovidesa goodestimate
of the constrainteven beyond the elasticandsmall scaleyielding regime.Lee andParks[18]
have proposeda methodfor calculatingthe � � stressfor the shell-line-spring-meshbasedon
Sham’s analyticalwork see[19]. By useof the membraneforce andbendingmomentalong
the semi-elliptical crack front, the � � stressat any point along the crack front can be ex-
pressed,i.e. � B ��
�Wc�������O� . Hence,a two-parameterfracturemechanicsapproachis possible
with shell/linespringelementsalso.The following parameteris usedto measureconstraint:v B �*w xzy{}| . This dimensionlessparameteris plottedin Fig.4. It is observed that a higher( is
obtainedfor theSENBspecimenascomparedto theSENTspecimen.

3 NUMERICAL SIMULA TIONS

3.1 Surfacecracked plate in four-point bending

Surfacecrackedplatein four-pointbendingThiscasehasbeenanalyzedearlierby two alterna-
tiveformulations(eithera thick shellelementor solidelementanalysis),see[20]. In thepresent
study, a thin shell elementis usedwith the new line spring formulation.A rectangularplate
with two oppositeboundariespinned,the two other free, subjectedto symmetricfour point
bendingload.Thepinnedboundariescancarry membraneforces(in plane)in additionto the
transverseload,seeFig.5a.Fig. 5b shows the total load versusload-linedisplacementfor an
intact plateanda surfacecracked plate.A membraneforce effect is notedin addition to the
increasedflexibility dueto thecrack.
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a)

a)

Figure5: a) finite elementmesh,b) loaddeflectioncurves.

3.2 Pipe subjectedto bending

Test resultsfor the presentcaseis reportedby Eide et al. [21]. It is a pipe subjectedto four
point bending.The pipe is girth weldedat midsection,anda semi-ellipticalsurfacecrack is
initiatedthere.Thepresentcaseanalyzedis denoted� ` , thecrackdepthto crackwidth is Z]\ Z ^ ,
andthe crackdepthto shell thicknessis Z]\ ^ . Theshell thicknessis 2 ZI~�~ , andpipediameter
is ^ Z5�I~�~ . Thespecimenlengthis `5�I�NZI~�~ . Yield strengthandplastichardeningmodulusis
approximately�N`5Z ���eW and � `5Z ���eW , respectively. The weld can be consideredevenmatch.
Thefracturetoughnesswasdeterminedby meansof ctodtestingof three-pointbendingtestsof
bothbasematerialandweld metal.An averagecritical ctodwas Z]\ � ~�~ . Notethatcrackdepth
to thicknessratio for thesetestswas Z]\ ^ . Accordingto Fig.4 thecorresponding( is about Z]\ � , a
highconstraint.Fig.6showsthecomputedandmeasuredresponsegivenby normalizedbending
momentanddeflection.Thenormalizingmomentis therigid plasticmomentcapacity. Thetest
failed for a deflectionabout Z]\ 3 timesthediameterin a brittle manner. Eideet al. [21] useda

9
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a)

Figure6: Globalresponseof surfacecrackedgirth weldedpipe.

level ` failureassessmentdiagramin determiningthecritical .0/+1 � at failure.With this,acritical
ctod of 3 \ `I~�~ waspredicted,i.e. muchhigher thanthosemeasuredby the three-pointbend
specimens.This is well explainedby theconstraint,sincethecomputedconstraintby meansof
thecurrentapproachis aboutzero(seealsoFig.4).Hence,dueto areducedconstraintin thepipe
comparedto theSNEBtestresults,thefracturetoughnessis increasedsignificantly. Combining
the global shell andline springfinite elementcalculationwith a constraintcorrectedfracture
toughnessgivesa morerealisticcapacityassessmentwith respectto fracture.Fig.7 depictsthe
contoursof equivalentplasticstrain in the shell elementsin centralpart of the pipe. The red
color representsstrainshigher than 3_� . It is notedthat somestressreductionin front of the
crackgivesa redistribution to theintactpartof theshell.Theline springelements(not shown)
alsohave a highutilization.

4 Concluding Remarks

A methodologyaccountingfor cracksin girth weldedpipesis presented.It is basedonacombi-
nationof line springelements,shellelements,andtwo-(or three-)parameterfracturemechanics
assessments.The centralpointsare that three-dimensionalmodelingof the crack is not nec-
essary, andfracturemechanicsparametersarecomputedin anefficient manner. In additionto
the usualcalculationof

�>�
integral or �����	� , the fractureassessmentis supplementedby a

constraintmeasurethatscalesthefailurecondition.In mostcasesthis is manifestedby having
veryconservativecritical CTOD valuesfrom thetypical fracturemechanicstestspecimens,and
with a constraintcorrectionrepresentative for the actualpipe, the conservatismis reduced.A
consequenceof this is that presentweld proceduresmay be satisfactoryandfinite sizedweld
defectsmaybeaccepted.
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a)

Figure7: Globalresponseof surfacecrackedgirth weldedpipe.
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[7] RanestadØ., ZhangZ. L. andThaulow C., Two-parameter(J-M) descriptionof crack-tip
stress-fieldsfor anidealisedweld in smallscaleyielding. Int. J. of Fracture 2000.

[8] Parks D. M., Advancesin characterizationof elastic-plasticcrack tip fields. Topics in
fractureandfatigueJ. Press.VesselsTech. 104,287-292,1992.

[9] Kirk M., and Bakker A. Constrainteffects in fractureand application. secondvolume
ASTMSTP1244,Philadelphia.

[10] RitchieR. O.,Knott J.F. andRiceJ.R., Ontherelationshipbetweencritical tensilestress
andfracturetoughnessin mild steel.J. Mech. Phys.Solids21 , 395-410,1973.

[11] ZhangZ. L., HaugeM. andThaulow C. Two-parametercharacterizationof the neartip
stressfieldsfor abi-dimensionalelastic-plasticinterfacecrack. Int. J. Fracture. 79, 65-83,
1996.

[12] FelippaC. A. andMilitello C. Membranetriangleswith cornerdrilling freedoms:II. The
ANDES element.Finite Elem.in Analysis� Design. 12,189-201,1992.

[13] HaugenB. Buckling andstability problemsfor thin shell structuresusinghigh perfor-
mancefinite elements.Ph.D.thesis,Univ. Colorado,Dept.AerospaceEngng.12,189-201,
1994.

[14] SkallerudB. andHaugenB. Collapseof thin shell structures:stressresultantplasticity
modelingwithin aco-rotatedANDESfinite elementformulation.InternationalJournal for
numericalmethodsin Engineering. 46,1961-1986,1999.

[15] RiceJ.,andLevy N. Thepart throughsurfacecrackin anelasticplate. J. AppliedMech.
185-194,1972.

[16] Paper I: ChiesaM., SkallerudB. andThaulow C., Line springelementsin ayield strength
mismatchsituationwith applicationto weldedwideplates.To appearin EngineeringFrac-
tureMechanics.

[17] Williams M.L. Onthestressdistributionat thebaseof astationarycrack.J.AppliedMech.
24 , 109-114,1957.

[18] Lee,H. andParksD.M., Enhancedelastic-plasticline springfinite element.Int. J. Solids
Struct.32 , 2393-2418,1995.

[19] ShamT.L., Thedeterminationof theelasticT-termusinghigherorderweight functions.
Int.J. Fracture. 48 , 81-102,1991.

[20] SkalerudB. andZhangZ.L. Finiteelementmodelingof crackedinelasticshellswith large
deflections:2D and3D approaches.Int. J. FatigueandFract.EngngMater andStruct. 24
, 109-114,2000.

[21] Eide O.I., Berge S., and Lereim J. Fracturetestsof girth weldedtubular modelswith
surfacecracks.WELDTECH’88,London.

12


