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Summary

Thisthesisis composed of three main parts: Thefirst part that uses classic track modelsasa
basis for further developments, the second part that deal s with constitutive behaviour of granu-
lar materials and the third part that describes the development of anew triaxial cell apparatus
and the testing of a ballast material using this apparatus.

Thedescription of classic track model sisfocused on the beam-on-€l asti c-foundation model (ab-
br. BOEF mode!), which make use of the Winkler foundation, and asimplebeam element model
with linear discrete support. The shortcomings of the BOEF model is discussed: It assumesa
continuous foundation, a continuously welded track, the weight of the track ladder is not incor-
porated, linear support which imply prediction of tension in the uplift regions, no shear defor-
mation intherailsistaken into account, it cannot predict stresses and strainswithin the granular
layers. While some of the shortcomings may easily be incorporated others are not: Especially
to removetension in the uplift zones, and to cal cul ate stresses and strainsin the granular layers.
Thelatter actually requires acontinuum approach. A track model that approximately eliminates
thetension in the uplift regions has been developed for asingle axleload. Asexpected, the mod-
el shows that the length of the uplift zone and the amount of uplift have higher values than pre-
dicted by the BOEF model. The model may be useful when considering contact problemsin the
track, for instance in a buckling-of-rails analysis.

For the BOEF model atool that makes use of dimensionless sensitivity diagrams has been de-
veloped. The method will in an easy way provide the new maximum track reactions when one
or more track parameters are changed. It is hoped that this tool will prove very helpful in a de-
sign process, at least as afirst step. Dimensionless sensitivity diagrams have been worked out
for rail deflection, rail moment, rail seat |oad, tensional rail base stress and vertical stress be-
tween sleeper and ballast. The parameters considered are the design wheel |oad, rail moment of
inertia, position of neutral axis in therail, sleeper spacing, sleeper width and the length of the
sleeper that carriesthe vertical load. The dimensionless sensitivity diagramsfor the BOEF mod-
el may be used both for asingle axle load and for a double axle load. Also for abeam element
model with linear discrete support the dimensionl ess sensitivity diagrams may be used, but only
for asingle axle load which islocated directly above one of the supports, i.e. a sleeper. For the
beam element model the diagrams for the rail deflection, rail seat |oad and vertical stress be-
tween sleeper and ballast are ailmost identical to the ones for the BOEF model, while the dia-
grams for the rail moment and tensile rail base stress are somewhat different.

A beam element model with Euler-Bernoulli beam elements resting on nonlinear discrete sup-
ports was developed for a single axle load. The discrete supports, which were located at the
sleeper positions, were modelled by atwo-parameter power function. The model takes advan-
tage of a measured |oad-defl ection relationship, which is aso modelled by atwo-parameter
power function. Theselatter parameters are generally found by regression of the measured data,
while the two parametersfor the discrete supports are found as part of the overal | solution to the
problem. The present version of the model only takesinto account a short track section and fur-
ther development of the model is therefore needed. The track ladder weight and ano tension
option inthe uplift region are not incorporated in the present version. The model is useful when
the BOEF model cannot be used because of nonlinear track response.

Regarding constitutive behaviour it is argued that the plastic strain per load cyclein awell func-
tioning railway track must be very small and normally below 1/100 000 of the elastic strain per
load cycle. If aso the hysteresis of the material during aload cycleis small, then an elastic ap-
proximation could bejustified when it comes to cal cul ating the stresses. The plastic strains may
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then be detached from the stress-strain calculation and modelled separately on the basis of 1ab-
oratory or field measurements.

Severa elastic congtitutive models are described: The Hooke's law generalised to three dimen-
sions, the cross anisotropic elastic model, two versions of the k-6 model, and two hyperelastic
models. The general elasto-plastic framework with isotropic hardening is a so described.

Thebasics of repeated loading of africtional system isdescribed by anal ogy to asimple model
with springs and frictional sliders. Thismode can be viewed asthe basisfor the pure kinematic
multisurface model by Mréz and Iwan. Through energy considerationsin cyclic loading of the
frictional system the concept of reclaimed plastic strain is rejected.

The concept of initia stressesand strainsis discussed. Itisargued that initial stresses cannot be
largeintheupper part of aroad or railway embankment. Themain reason for thisisthat granular
materials cannot self equilibrate stresses through tension.

Thedevelopment and construction of triaxial equipment for testing railway ballast initsoriginal
grading is described. The specimens are 300 mm by 600 mm (diameter by height). A new and
direct way of applying the confining load was devel oped, which allowed faster variation of the
confining stress. A new instrumentation concept was invented where instrumentation rings are
fastened to material particlesinstead of being attached to the outer membrane or to plugs em-
bedded in the material. This arrangement measures the horizontal deformation. The vertical de-
formation has to be measured over the whole specimen length asresilient particle rotations
prevented on-sampl e instrumentation.

A test serieson Vassfjell railway ballast was conducted to evaluate the feasibility of the new
apparatus and to characterise the ballast material. The overall performance of the apparatuswas
found to be good with areliable repeatability, but some modifications were suggested to im-
prove the loading procedure in the beginning of the load steps.

Thetest serieson Vassfjell ballast was rather limited and no advanced modelling of the results
was found to be appropriate. Instead an isotropic linear €l astic approach wasfollowed. Moisture
was added, to the natural retention capacity, to some of the specimens. It was found that the add-
ed moisture only dightly affected the mechanical behaviour of the material. A somewhat denser
grading was also tested, but the observed effect on the materia propertieswas limited.
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cuaprter 1 Introduction and scope

1.1 Theimportance of railway track design

Throughout the time since the invention of guided ground transport, of which conventional rail-
way systems are the most prominent, an appropriate design of the various track elements has
been of major importance. Whilethe earliest yearswere affected by 'trial and error’, the design
procedures soon became an engineering discipline. In thelater decadesthisfield of engineering
has grown to be a science where alot of research is going on. This increasing tendency of 'sci-
entification’ has many causes, but two motivation factors seem very important: The everlasting
demand of more cost-effective transports and the scientists’ curiosity. These two factors are
closely interconnected, as both are needed i n afruitful development of railway track design. Ex-
amples hereof are the development of high speed rail transport and heavy haul services.

As thisthesis focuses on the track foundation, and especially on the ballast layer, arelevant
guestion is how the ballast layer could contribute to an increased overall cost-effectiveness. To
answer such a question one needs to understand what functions the ballast layer should have,
and, conseguently, how the ballast layer fulfils these functions. And here, at thisjunction, the
science comes aong.

Inorder to givean ideaof the economicsinvolved somefiguresfromthe 4178 km of Norwegian
public railway network will be given. In 2002 about NOK 2.9 billion, equivaent of € 380 mil-
lion, will be spent on operating and maintaining the railway network /24/. About two thirds of
this amount is spent on operational tasks, while the rest is spent on maintenance. No figuresfor
the costs of maintaining the ballast layer are available. As arule of thumb, ballast cleaning have
acost of about NOK 1000 (€ 130) per metre of track. However, the costs of fouled ballast are
not limited to the cost of ballast cleaning. It iswell known that fouled ballast also causes track
misalignment, poor drainage and increased dynamic loads, just to mention a few of the main
related problems. These effects will generate needs for maintenance of other parts of the track
- with increased costs as aresult.

1.2 Scope of thethesis

The overall scope of the present work can be summarised in the following items:;
(1) Review classic mechanica design procedures of railway tracks.
(2) Suggest improvements of current design practices.
(3) Look into the constitutive behaviour of frictional granular materials.
(4) Tobuild atriaxial testing device for railway ballast material.
(5) Tousethetriaxia device to test ballast materials.
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Thefirst twoitemsof thelist may befoundin Chapter 2. Thethirditem isconsidered in Chapter
3. Item no. 4 and 5 are dealt with in Chapters 4 and 5.

1.3 Thecontents of thethesis

A short chapter by chapter description will be given here. Referenceis also made to the table of
contents.

Chapter 2 dealswith the design of arailway track as based upon classic theory, and first of al,
themodel that treatsthe track superstructure as beams on aWinkler foundation. Somebasic fea-
tures of thismodel are discussed asfor instancetherail moment and the seat |oad. Alsothemain
shortcomings of thisclassic model are explored. Design charts called dimensionless sensitivity
diagrams are presented by which it is possible to estimate in an easy way how a changein var-
ious track parameters will alter the maximum track reactions. A new track model has been de-
veloped where no tension is assumed between the sleepers and the ballast. A simple beam
element model with linear discrete support is described and compared with the Winkler foun-
dation model. The beam element model is modified by applying nonlinear discrete support. A
short description of time dependent (dynamic) modelsisalso given.

Chapter 3 describes congtitutive modelling of granular materias. The finite element method is
briefly described. Also the fundamentals of classic elasto-plasticity are presented and some of
its deficiencies when it comes to describing repeated response are commented. A phenomeno-
logical model of repeated |oading of frictional materialsis given. Anisotropy is briefly de-
scribed. Thetopic of initial effects, i.e. initial stressesand initial strains, is discussed in a
qualitative manner.

Chapter 4ismostly devoted to the devel opment of the large-scale triaxial equipment, the test-
ing materials and the procedures related to triaxial testing of railway ballast. Various ballast re-
guirements are described, both Norwegian and those from some other countries. The purpose-
built triaxial apparatus, with its instrumentation and data acquisition system, is presented. The
material s tested are described a ong with the test procedures.

Chapter 5 describes the results from the triaxia testing along with discussions.

Chapter 6 statesthe conclusions drawn from the present work. In addition suggestionsfor fur-
ther work are made.
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cuaptEr 2 Thedesign of railway tracks
based upon classic approaches

2.1 Introduction

Before the invention of the Finite Element Method (which will be described briefly later, in
Chapter 3) in the early sixtiesthere were not many options when the problem of mechanical be-
haviour of arailway track structure was to be examined. In the literature the various options
more or lessboil down to the so-called * beam-on-el asti c-foundation model’, or the BOEF model
(an abbreviation also used by others, see/7/). Thismodel isin European terms also known under
the name ‘ Zimmermanns method’, after the German H. Zimmermann who made substantial
contributions to the BOEF model and its usein railway track design. In North Americait is
called either  beam-on-elastic-foundation model” or ‘ Winkler’ smethod’ . During theyears some
modifications to this model have been implemented.

A common feature of most classic approachesisthat they are specifically tailored to railway
tracks and try to describe the track behaviour as awhole with very simplified material models.
The results obtained by such methods are commonly quite selective in accuracy: While some
reactions are accurately computed, others display poor accuracy or are even left unknown. As
opposed to this, the finite e ement method (FEM) is a general -purpose method and can be ap-
plied to ailmost any structure with arbitrary geometrical shape and of compound materials. De-
pendent upon modelling aspects the reactions can be cal culated within an acceptable accuracy.
However, with complex material models, included behaviour at the materia interfaces, and
withinvolved geometry in 3D, the FEM isvery expensivein terms of computational resources.
Asaresult ageneral-purpose FEM code is not the preferred design tool for the practising rail -
way engineer, although this might change within afew years because of ever increasing capac-
ity of computers. But for the time being, the engineer is still apt to use a classic track model or
simple FEM modelstailored for railway track usage. Both types of models are described in the
present chapter, but in terms of FEM model s only simple 2D beam element models areincluded
as these are based on much the same philosophy as the BOEF method.

2.2 Finding the design wheel load

Throughout this chapter the emphasiswill be on the vertical behaviour of the track, consequent-
ly thevertical load will be of major concern. Tacitly theloadsin thelongitudinal and transversal
directions are assumed to be zero although this isamost never the case in reality dueto factors
like curve negotiation, hunting, track irregularities and thermal effects.

There exist several methods for cal culating the vertical load for which the railway track isto be
designed. The reason for this situation is that the design load is dependent upon awhole range
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of complicating factors. A conspicuous exampleisthe problem of dynamic interaction between
thetrain and the track. However, acommon approach is to divide the design load into three con-
tributions: The static, the quasi-static and the dynamic components. These contributions repre-
sents the nominal wheel load®, the load due to |oad transfer in curves and side wind effects, and
finally theload dueto track and wheel irregularities. In thissection threewell known procedures
for calculating the vertical design load will be briefly presented, namely the German and Aus-
trian procedure, the North American procedure, and the British procedure.

2.2.1 The German and Austrian procedure

Thismethod was originally developed by Eisenmann /18/, but the version described hereistak-
en from Riessberger /69/. Also Brandl /6/ describes this approach, and he points out that this
procedure is commonly used by German Railway Authorities. The basic formulafor ng
the design axle load adopts a probabilisti c approach assuming a Gaussian normal distribution of
the axle loads:

Q4 = Qnom” I(quasi “(1+t-s) (21)

where

design axle load [KN]

nomina (static) axleload [kN]

additional load due to cant deficiency (or cant excess when low or zero veloc-

ity), usually assigned avalue of 1.1-1.2. Often denoted the quasi-static |oad

increment.

t = number of standard deviations, assuresthe appropriate security for thevarious
track components, see Table 2.1 below.

S = vaue of the standard deviation (to be explained below)

Qg
Qnom

uasi

Table2.1: Number of standard deviations and level of security for track components
according to /69/.

Probability for not
Track components Number of t 4
exceeding
Rails and fastening components 3 99.85 %
Sleepers 2 97.50 %
Ballast, subbase and subgrade 1 84.15 %

a. Equalsthe probability that the value iswithin the range of the expected value
+ ts, added to the probability that the value is bel ow this range.

Thismethod of ng the design wheel load is based on extensive measurementsin thetrack
and may as such be denoted an empirical method.

Thevaue of the standard deviation, s, in Eqn. (2.1) is calculated according to s=k+y. Here, kis
atrack quality factor assumed to be related to the importance or traffic of the linein question

1. Throughout the thesisthe term wheel load will be utilised assuming that the track is always |oaded with
two identical wheel loads that sums up to one axle load.
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and y isavelocity factor which is also dependent upon the type of train. Values of k are given
in Table 2.2 and values of y are givenin Table 2.3.

Table2.2: The track quality factor k /69/.

Type of track k-value
High speed lines
Heavily trafficked main lines 0.15
Suburban lines (e.g., the German ' S-Bahn’)
Lesstrafficked main lines 0.20
Other lines 0.25
Table2.3:  Thevelocity factor v /69/.

Velocity and train type

Velocity factor y

Both passenger and freight trains: V < 60 km/h 1
Passenger trains: 60 <V < 300 km/h _
g < = 1 + 05 . V_GO
190
Freight trains; 60 < V =< 140 km/h _
g =VE 1405 -VS—OGO

By way of example, Table 2.4 gives the design loads for the various track components for typ-
ical Norwegian train characteristics. Thetableis made on the basis of Egn. (2.1), Table 2.1, Ta

ble 2.2 and Table 2.3.

Table 2.4:

Design loads according to the German and Austrian method for typical

Norwegian trains. Kqag is assumed to be 1.15 and the lineis a heavily
trafficked main line (impliesk = 0.15).

Design loads [kN]

Passenger train, Freight train,

Track component V=100 km/h, V =80 km/h,

Qnom =80 kN Qnom =100 kN
Rails and fastening components (t = 3) 138 173
Sleepers (t=2) 123 154
Ballast, subbase and subgrade (t = 1) 108 134
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2.2.2 The North American procedure
In /29/ Hay describes two more or less similar ways of assessing the design loads.

Thefirst of these methodsis due to professor Tal bot and cal cul atesthe design load according to
Egn. (2.2):

Qg = Quom {1+0,01 -f; '(Vmph_S)} (2.2)
where

Vinph = velocity in miles per hour

fi = Ags/A, =theratio of rail-wheel contact area of awheel of 33 inches of diam-

eter to awheel of winches of diameter

Table 2.5 givesthe rail-wheel contact areas for different whedl diameters.

Table2.5:  American procedure: Rail-wheel contact areas for different wheel diameters.

Wheel diameter [in.] 28 33 36 38 40 42
Contact area[sq. in.] 0.160 0.190 0.210 0.230 0.240 0.250

Eqgn. (2.2) increases the design load with increasing speed, and the relationship also takes into
account that smaller wheels exert larger impact oads on the track than larger wheels (the f;-fac-
tor).

The AREA! manual from 1980-81, cited by Hay /29/, uses the following equation:

D33 V,

Qg = Qnom'{l"' D Trg(af} (23)

w

where
D33
DW

33 inches (diameter of the reference whedl)
diameter of the whee! for which theload is to be calcul ated

Theformulain Egn. (2.3) isthe sameasin AREA Manual for 1996 /2/. Theterm to the right of
the plus sign is often called the AREA impact factor for track.

Thetwo formulas Egn. (2.2) and Eqgn. (2.3) are quite similar, while they both differ somewhat
from the procedure described in Section 2.2.2.

1. American Railway Engineering Association; from October 1, 1997, reorganised as American Railway
Engineering and Mai ntenance-of-Way Association (AREMA).

URN:NBN:no-3305
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2.2.3 TheBritish procedure

This procedure from British Rail Research?, as described by Hunt /38/, was originally designed
to caculate the dynamic load contribution in a dipped rail joint. Based on measurement in the
track the total wheel-rail force was modelled asin Figure 2.1 for a particular vehicle.

400 .’K“ P, peak P2 pesk
350 -
300
250 -
200 -
150 -
100 +
50

0 ‘ ‘ ‘ ‘ ‘ ‘

0 2 4 6 8 10 12 14 16
Time[s107¥

Figure2.1: Predicted wheel rail forces at an idealised dipped joint. Redrawn from /38/.

Total force [kN]

In Figure 2.1 the P; and P, are dynamic load contributions associated with certain modes of vi-
bration. In frequency terms P is associated with frequencies greater than 200 Hz, while P, is
associated with frequenciesin the interval 30-100 Hz. The P,-forces were found to be particu-
larly damaging to the track, and these forces were adopted by British Rail as adesign criterion
for vehiclesin order to minimise track damage. When damping and track mass terms are ne-
glected the expression for the Po-force, in Newtons, reads

P, = av,/Km, (2.4)
where

o = dipangle[rad]; for design load purposesthisis set to 20 milliradians

Y = vehiclevelocity [m/s]

K = track stiffness[N/m]; this parameter is defined through Egn. (2.22) and the

value lies normally between 30-10% N/m and 100-10° N/m.
unsprung mass of the vehicle [kg], usually between 2000-3500 kg.

mu
Thetotal load exerted by the wheel isthen
Qd = Qnom+ PZ (2'5)

The more sophigticated versions of this procedure take into account more detailed characteris-
tics of the railway vehicle aswell as the track structure. For instance, rail profileirregularities
can be prescribed in more detail such that idealised or measured track profiles can be studied.

The computer code Vampire is afurther development of these methods and integrates vehicle
and track behaviour. More details on dynamic track models are found in Section 2.11.

1. Now apart of AEA Technology, and renamed AEA Technology Rail.
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2.2.4 Concluding remarks

TheGerman/Austrian method and the North Ameri can method are empirical methods, whilethe
British method is more linked to mathematical solution of amechanical vehicle-rail system. It
isworth noting that all three procedures predict a strong dependence on the vehicle velocity.

For aroutine cal cul ation the German/A ustrian method may give sufficient accuracy asit differ
between passenger and freight trains and also takes into account the track quality to a certain
extent. In addition it provides a sound probabilistic philosophy regarding the design process of
the different elementsin arailway track structure. The method is also easy to use, as the param-
etersthat entersthe equations are quite readily accessible. On the other hand, the method is not
very specific when it comes to quantifiable train and track characteristics.

The AREA method only takes into account the wheel diameter in addition to the train vel ocity.
Besides, the wheel diameter is not that easy to have reliable information about as the wheel di-
ameter is reduced during its lifetime because of wear and workshop reprofiling.

The British method, in its simple version, requires knowl edge about the track modulus and the
unsprung mass of the vehicle. The former isnot easy to assess without measurement inthetrack,
but such measurementswill be necessary if thetrack isto be modelled mathematically. The un-
sprung massis given in the specifications from the rail vehicle manufacturer.

It should also be mentioned that therail car industry uses sophisticated software packagesto an-
alyse track-train interaction where the wheel-rail 1oads are also calculated /40/. The loads are
then afunction of track and train characteristics and of the vel ocity of thetrain. Thisway of cal-
culating the wheel-rail forces represents a shift in perspective as these forces are generated as
part of the analysis. These forces are thus treated as any other internal forces of thetota train-
track system and are not explicitly defined prior to analysis.

For the rest of the thesis, when not explicitly mentioned otherwise, the German and Austrian
method will be employed whenever awhed design load is needed. This particular choice was
made mainly because of the easy access to the parameters and the appealing differentiating of
load levels for the various parts of the track.

2.3 The beam on elastic foundation model (BOEF model)

2.3.1 Introduction

Given the design wheel |oads and some track parameters, the BOEF model may be used to cal -
culatetherail deflection, therail moment and therail shear force together with their distribution
along therail. From therail deflection the foundation pressure, asaline load, may be calculated
and from the rail moment the rail bending stressis calculated. With the help of some auxiliary
assumptionsit is aso possible to calculate the rail seat forces and the average vertical stress be-
tween the sleeper and the ballast. When it comes to the stress distribution below the interface
between the sleeper and the ballast, the method is not suitable.

In ahistoric view, the BOEF model isby far The Classic Method and also forms the backbone
of many of the subsequent improvements made to track design. The likely reason for its popu-



URN:NBN:no-3305

2.3 Thebeam on elastic foundation model (BOEF model) 9

larity is that this model has a sound mathematical formulation with a quite clear and simple
physical interpretation.

A good historic review on the devel opment of the beam on elastic foundation track model isgiv-
en by Kerr /48/. It seemsthat E. Winkler in 1867 was the first to formul ate and solve the beam
on elastic foundation differential equation (Egn. (2.7)) for railway track purposes. Other con-
tributors to the early stages of the beam on elastic foundation model are J. W. Schwedler (in
1882, found bending moments in therail with one concentrated load) and H. Zimmermann (in
1888, solutions for many specia casesincluding a double axle load). When the cross deeper
gradually substituted the longitudinal sleeper, a fundamental question arose whether the cross
sleegper design could be analysed using the continuous support assumption of the BOEF differ-
entia equation. Investigators like A. Flamache (in 1904), S. Timoshenko (in 1915) and the
ASCE-AREA Specia Committee on Stressesin the Railroad Track (in 1918-1929, whose re-
ports are often referred to as the ' Talbot reports') used the continuous approach also for the
cross sleeper track design. The latter development was supported by the fact that the sleeper
spacing decreased asthe axleloads wereincreasing over the years. Other researchers compared
anayses of discrete elastic support with the continuous support case. Also measurementsin the
track were carried out for comparison.

An overview of various techniques of foundation analysis can, among others, be found in Ron-
ald Scott’ s book ' Foundation Analysis' /71/. Thisreference offers a broad range of foundation
topics, including solutions for beams on el astic foundations.

2.3.2 Thebasics - deflection and moment caused by a single axle load

Since the basic features of the model are well known by most railway engineers only a brief
presentation is given here. More elaborate presentations of the model are, among others, given
by Hetényi /30/ and Timoshenko /78/, both from amechanical and mathematical point of view.
Eisenmann /18/ presents the model in a more railway-like setting.

The model assumes the rail modelled as an infinite Euler-Bernoulli beam with a continuous,
longitudinal support from a Winkler foundation. The concept isillustrated in Figure 2.2.

Undeflected rail head

Longitudinal rail
support force

Figure2.2: Beamon elastic foundation model.
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The Winkler foundation may be regarded as equivalent to an infinite longitudinal line of verti-
cal, uncoupled and el astic springs. This foundation is characterised by the following equation:

p(x) = —k-y(x) (2.6)
where

p(X) = compressive stress exerted on the rail at position x [N/mm]

X = longitudinal coordinate [mm]

k = track modulus [N/mm?]

y(X) = vertical deflection at position x [mm]

Thetrack modulus can be interpreted as the foundation resisting force per mm when therail is
deflected 1 mm. Esveld /22/ indicates that atrack modulus! of 9 N/mm?isapoor one, while 90
N/mm? is a good track modulus.

It should be noted that in this context apositive p(x) is directed downward, hencethe minussign
in Egn. (2.6). This makes the sign of p(x) consistent with that of y(x).

By taking the static equilibrium between the distributed force needed to bend the rail and the
foundation resisting force according to Winkler one arrives at the following differential equa-
tion:

El d—4¥ +ky =
S Tky = 0 2.7
dx

where
Y oung’s modulus of elasticity for rail steel [N/mm?] or [MPa], E=2.1-10°
MPa

moment of inertia of the rail with respect to vertical bending [mm

E

| N

The product El is often denoted the flexural rigidity.

The boundary conditions may be listed as follows:
(1) vy approaches zero as x approaches + infinity
(2) vy (thecurvature) approaches zero as X approaches * infinity
(3) ax=0,y'=0
(4) a x=0the shear force equals 0.5Q, for one half of the beam

The solution of Egn. (2.7) given the boundary conditions aboveis

B3

_ Q4 T X (1M
v0) = e (oo + sin( ) @9
where
X = longitudinal coordinate with itsorigin at the point wherethedesignloadis ap-
plied [mm]
L = aparameter often denoted the’ characterigtic length’ [mm], explained by the

following expression

1. Esveld /22/ uses the term foundation coefficient for what herein is called track modulus.
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L. (%)1/4 2.9)

Some cross sectional datafor somerail profilesin common usein Norway aretabulated in Table
2.6 below.

Table 2.6: Cross sectional area, moment of inertia, height from base to neutral axis and
mass per meter for somerail profilesin use in Norway, /66/.

, .| Crosssectional | Vertical moment | Height from baseto |Mass per meter
Rail profile > N 4 -

area[mm?] | of inertia[mm®* | neutral axis[mm] [kg/m]
49 6297 1.819.107 733 49.43
S54 6948 2.073-107 75.0 54.54
64 8270 3.250.107 80.61 64.92
UIC54 6934 2.346-107 71.5 54.43
uIC60 7686 3.055.107 80.95 60.34

The reason for the absolute value signsin Egn. (2.8) isthat the deflection for physical reasons
has to be symmetric with respect to the axis through which the load acts, i.e. x=0, for asingle
axle load.

Asamodification of Egn. (2.7) one may use dimensionless variables. Among others, thiswas
the approach of Tsai and Westmann /79/ when solving the BOEF problem when thereisno ten-
sion between the sleeper and the foundation.

An alternative to a deflection based approach is to use the rail moment as the primary variable
in the governing differential equation, Eqn. (2.7), asindicated by Scott /71/.

Therail moment is obtained by twice differentiating the expression for the deflection, i.e. Egn.
(2.8), and multiplying the result with El:

M(x) = Qd4' L . e_ '(cos(%() —sin(%)) (2.10)

x

When therail moment isknown, an estimate of therail tensile or compressive stresses along the
cross sectional symmetry line may be calculated according to the well-known formula

o(x) = Wlﬁ ‘h, (2.11)

where h,, is the distance from the neutral axis. To assess the stresses to a more accurate degree
itisimportant to know the residual (initial) stress distribution, the effect of the rail geometry
and longitudinal contributions like temperature stresses and train braking stresses. A more de-
tailed, ' non-FEM’ -calculation of rail stressesis described by Esveld /22/.
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2.3.3 Finding therail seat load

Therail seat |oads between the rail and the sleepers will be of interest as these forces are the
cause of the stresses in the ball ast layers and in the subgrade. Often the task of finding the rail
seat load isconsidered to betrivia using thefollowing very straightforward expression (as, e.q.,
Hay /29/ does):

S, =pP,;c=ky,C (2.12)
where

S, = rail seat load for sleeper no. n[N].

n = dleeper no. n.

P, = pressure per unit length of rail for sleeper no. n [N/mm].

Yn = deflection for sleeper no. n[mm].

c = dleeper spacing [mm].

Eqgn. (2.12) takesthe deflection of each sleeper as amean val ue representing therail length half-
way to the neighbouring sleeper on either side. In thisway Eqn. (2.12) may be said to be deflec-
tion consistent because the seat load is calculated on the basis of the BOEF deflection at the
coordinate where the sleeper is positioned. However, the shape of the deflection curve (accord-
ing to Eqgn. (2.8)) indicates that the sleeper deflections will not exactly be representative for the
surrounding rail section. From simple cal culusit can be shown that the deflection at the sl eeper
position is bigger (in absolute value) than the average deflection (taken over a section midway
to the neighbouring sleepers) in regions where the second derivative of the deflection is nega-
tivel. Obviously, in regions where the second derivative is positive the opposite is true. This
corresponds to an overestimation of the seat forces for sleepers positioned under or near the
wheel load, and an underestimation for sleepers positioned somewhat farther away. In addition,
largerelative errorsin seat loads may be found for sleepers positioned near the pointswhere the
calculated deflection is zero. Because most of the load is transferred to the slegpers nearest to
thewhesl, the net effect in most casesis that the sum of the seat |oads will exceed the value of
the wheel load and therefore static equilibrium is viol ated.

If one still assumes lumping of the forces to the sleeper to be justified, the exact (in terms of
BOEF theory) expression that satisfies static equilibrium reads

X, +0.5¢ |y

- Koy - L. X) 4 gn( X
S, = K ¥Ymax I e (cos(l_) + sm( LDdX (2.13)
x,—0.5¢
where
Ymax = Maximum rail deflection as given by Eqgn. (2.8) with x=0 [mm].
X, = coordinate of sleeper no. n [mm].

Kerr /48/ argues that Eqn. (2.13) isthe correct one, while Eqn. (2.12) is an approximation. In
Marquis et a. /57/ the expression in Eqn. (2.13) has also been used.

Evaluation of theintegral in Egn. (2.13) may be done with the help of appropriate computer
software?. Alternatively, one could use numerical integration techniques (e.g. Simpson’s rule,
Gaussian quadrature). (An analytica solution does exist but islengthy and separate expressions

1. Here, the deflection istaken to be positive in the downwards direction (asin Eqn. (2.8)).
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must be developed when theintegral isto be evauated on an interval with the origin in thein-
terior.)

However, the deviation of the deflection consistent expression in Egn. (2.12) from the static
equilibrium consistent expression in Egn. (2.13) isin most cases acceptabl e and the former
equation should be preferred because of easier calculations. M oreover, the maximum seat force
as calculated by Eqn. (2.12) is dlightly higher than the static consistent solution and therefore
on the safe side. In Table 2.7 the two methods are compared for a given wheel load.

Table2.7: Example of numerical comparison between design seat |oads as calculated by
the 'standard method' (Eqn. (2.12)) and the ' lumping’ method (Egn. (2.13)).
The design load corresponds to that of a typical freight train and isthe same as
in Table 2.4. The sleeper spacing is assumed to be 600 mm.

Qg=154 kN
T S T St T S T S3 T Sy
Track Meth Seat loads [kN] and % deviation from 'lumped’ value
modulus e; .
[N/mm?] © S | S | S N | S N| S %
Soft Sid. 48.0 359 175 4.87 -0.778
k=730 2.8 0.56 -1.6 -5.8 -30
Lump. 46.7 35.7 17.7 5.17 -0.598
. Sid. 63.2 39.3 11.3 -0.814 -2.68
Mkef'g%m 48 011 6.0 110 45
Lump. 60.3 394 12.1 -0.388 -2.57
e Sid. 718 39.5 7.40 -2.65 -2.39
ks—tT;so 6.1 -0.91 12 -18 -1.6
- Lump. 67.7 39.9 8.40 -2.24 -2.35

a Inpractise ak-value of 150 N/mm? may not be obtainable when soft rubber pads are installed between
the sleepers and therails.

As can be seen from Table 2.7 the maximum seat loads, S, are found to be more or less the
same for the two methods. On the outskirts of the deflected section the two methods may come
up with quite different predictions.

Tosum up thissection, itisnot atrivial task to calculatetherail seat forces accurately, although
reasonable results may be obtained for the four to five sleegpers nearest to the single axle wheel
load. In the case of Eqn. (2.12) the rail seat forces are consistent with the deflection at their

2. The author has made use of Mathcad PLUS 6.0 Professional Edition, a product from MathSoft, Inc.
Throughout the present chapter either the abovementioned product or Microsoft Excel 97 spreadsheet
has been used for the numerical calculations.
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locations (according to Winkler, Eqn. (2.6)), but static equilibrium is not fully satisfied. Eqn.
(2.13) predictsrail seat forces that sums up correctly to the applied design wheel load, but the
trade off isthat the forces are not consi stent with the predi cted deflections at the positions of the
sleegpers. These difficulties are fundamentally connected to the usage of a continuous deflection
model to assessdiscreterail seat forces. To overcomethese shortcomingsit is necessary toleave
behind the BOEF model and model the track with more discrete rail support. Models with dis-
crete support are described in Section 2.9.

2.3.4 Multiple axle loads

Thefact that the BOEF model islinear allows usto superpose two or more axle loads and cal-
culate the deformations and reactions as a sum of the corresponding values produced by each
load individually. As an example, the resulting defl ection at the point of interest, which for con-
venienceis assigned the coordinate x=0, is given by

Yres = Y(X7) + Y(X0) + ... + Y(X) (2.14)
where

the resulting deflection
the coordinate of axle no. i

Yres

X

Theresulting val ues of the rail moment and therail seat loads may be calculated by expressions
similar to Eqgn. (2.14). It should also be pointed out that multiple axle loads do not add more
complexity to the model as compared to the single axle load case (apart from an adding proce-
dure asin Egn. (2.14)). Thisisdue to the linearity of the model.

For convenience influence coefficients are sometimes introduced for deflection and rail mo-
ment. These are simply the damped wave part of the corresponding full expressions of Eqgn.
(2.8) and Egn. (2.10). For therail deflection the influence coefficient reads

x|

- ot (cos ) + gn(X
nix) = e (cos(l_) + sm( L D (2.15)
The corresponding influence coefficient for the rail moment is

w(x) = e_T (cos(@ —-s n(I%[D (2.16)

Because of the oscillating nature of the deflection and moment there arein fact combinations of
axle spacings, track moduli and rail flexura rigidities (El) that will reduce the maximum values
of deflection and rail moment compared with the single axle case. It may be shown that the max-
imum reduction for a double axle bogie is approx. 21% for the moment at an axle spacing of
0.5l and for the deflection amaximum reduction of about 4.3% is obtained at an axle spacing
of mL.

1. Combined number of sleepers on both sides of asingle axle load.
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2.3.5 Fictitious longitudinal sleeper sand foundation coefficient

Because the formation of the differential equation, Eqn. (2.7), assumes acontinuous foundation
support it may be reasonableto ask if thereisaway to single out the effect of various geometric
sleeper properties (i.e. sleegper dimensions and sleeper spacing) from the effect of track resilien-
cy. Thetraditional answer to thisisto transpose the cross sleepers into two fictitious longitudi-
na sleepers, one under each rail, asillustrated in Figure 2.3. Theideaisthat per unit length of
track the area giving support to the load should be the same after the transition to longitudinal
sleepers.

D <> KD
c d c c c

Figure2.3: Transition of cross sleepersinto longitudinal sleepers.

Referring to Figure 2.3 the expression for the width, b, of the longitudinal deeper is

b = ﬂ'Z‘Tml (2.17)

where

width of each cross sleeper [mm]

length of each cross sleeper [mm)]

length of an assumed unsupported area in the middle of the sleepers[mm]
sleeper spacing [mm]

d
I
m
c

From anumerical example provided by Eisenmann/18/ mhas been assigned aval ue of 500 mm,
but no reason for this particular valueis given'. A common way to bring some justification to
the assumption of an unsupported areaiis that most of the pressure underneath the sleepersis
transferred within the tamped zones, which are located in the vicinity of therails.

The vertical stress between the sleeper and the ballast for sleeper no. n, i.e. o, may then be as-
sessed through the expression below, assuming a uniform stress distribution:

o = % (2.18)

1. For twin block deepers m should be taken as the length of the connecting steel rod, which should pro-
duce more accurate results.
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The foundation coefficient C (with units of N/mm?3) is defined through the following equation:
k =bC (2.19)

In thisway the track modulus, k, is separated into two factors. The longitudinal sleeper width,
b, which accounts for slegper shape, slegper spacing and length of unsupported area, while the
foundation coefficient, C, accounts for the resilient properties of therail pads, sleepers, ballast
and subgrade. This split-up makesit possibl e to separate the effect of changing geometric sl eep-
er properties, including sleeper spacing, from that of changing the resilient properties. Thismay
be convenient in someinstances, and in al expressions where the track modulus k occurs the
product b-C may be used instead.

It should be emphasised that the longitudinal sleeper isonly meant to transfer vertical loading,
and do not in any way improve the ability of the superstructure to take shear loads or moments.
Thus the concept of a’longitudinal sleeper’ is not so much of area sleeper as of a continuous
longitudinal support in the vertical direction.

2.3.6 Findingthetrack modulus

Among others, Selig and Li /73/ and Cai et al. /7/ have described methods for measuring the
track modulus k. The various methods may be categorised as follows:;

(1) Deflection basin test,

(2) Single axleload test,

(3) Multiple axle load test, and

(4) Calculation with the help of other analytical or numerical methods.

Deflection basin test. This method is based on the vertical equilibrium of therail. Allowing
multiple axle loads the expression reads

0

ZQdi = J.p(x)dx = kjy(x)dx (2.20)

where the left side sums up the design axle loads. The track modulus, K, is assumed constant.
Theintegral on the very right side of Eqgn. (2.20) expresses the deflection basin area that may

be estimated by measuring the deflection of the loaded sl eepers taking into account the sleeper
spacing. The track modulus is then calculated as

ZQdi
CZ Yn
n=1

wherey,, isthe deflection of sleeper no. n and cisthe sleeper spacing.

k

(2.22)

Toimprovetheaccuracy of the method one could takeinto account only the portion of the load-
deflection curve that surrounds the load level for which the calculated k is to be used. In this
case one should subtract the lower load limit and the corresponding deflection basin area from
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the equation above. In this way a more representative tangent modulus is obtained from agen-
erally non-linear load-deflection relationship. One major reason for non-linearity of the load-
deflection curveisslack in thetrack, i.e., some sleepers are not in good contact with the ballast
(dueto, e.g., settlements or inappropriate tamping), and a soft response is expected until those
sleepers are pressed down to firm contact. A second reason isthat most of the track materials
do not in general respond linearly to applied load.

Thistest requires alarge number of sleeper deflection measurements and istherefore quite time-
consuming. In addition, as seen for seat load calculations, the accuracy may not necessarily be
improved when deflections for more distant sleepers are taken into account, although this can
be necessary to satisfy vertical equilibrium. A benefit is that the model is applicable for both
single and multiple axle loads.

Singleaxleload test. Thistest requiresonly deflection measurements directly beneath asingle
axle load. In thisway atrack stiffness, K, may be calculated as follows:;

Qq

ymax

K = (2.22)

To account for non-linearity the equation may be revised such that a representative tangent
modulusis calculated.

From BOEF theory it can then be shown that the track modulusis calcul ated as:

4
K3

k = - (2.23)

4-(El )é

where El, as before, isthe flexural rigidity of the rail.

Thismethod is a simple and efficient one, and performed with some care it should produce re-
liable results at least for cars equipped with single axles. For cars with trucks the method may
be of more questionable accuracy.

Multiple axleload test. This method may be seen as an extension of the’single axleload test’
to multiple axle loads. The following iterative procedureis referenced in Cai et d. /7/ and is
originally dueto Zarembski and Choros /88/:

n

1

k — Qgimi| =¢ 2.24
ZymaxL i; di " ( )

wheree isaprescribed error of tolerance and r); isthe deflection influence coefficient described
by Eqgn. (2.15). Note that also n; is afunction of k.

Also Egn. (2.24) should be possible to modify such that amore realistic tangent modulusis cal-
culated in case of a non-linear |oad-deflection rel ationship.

An alternative to Eqn. (2.24) isto use the BOEF deflection expression for a multiple axle load
directly (Egn. (2.14)) and comparewith the measured defl ection. One may theniterate on k until
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the two deflections match. Theiterations, whether you iterate on Egn. (2.24) or Egn. (2.14), are
best carried out using computer software, e.g. a spreadshest.

Calculation with the help of other analytical or numerical methods. This group of methods
may at first seem superfluous asthe track modulusis of limited i nterest when the BOEF model

isnot theoneto use. Infact, what actually constitutesthe concept of track modulusisthe BOEF
track model. Other track models may be able to cal culate the various quantities of interest with
no help of the BOEF track modulus. Non the less, a calculated track modulus may be valuable
asaquick way of comparing foundation properties of aternative track designs asthe track mod-
ulus concept iswell known to most track design engineers.

The easiest way to find atrack modulus from atrack modd is perhaps to take the calculated
deflection together with the applied load as input parametersto the ‘ single axle load test’ equa-
tions, alternatively the ' multiple axle load test’” equations. In this way the cal culated track mod-
ulus will be deflection consistent, i.e. the predicted deflection will be the same for the BOEF
model as for the model initially used for calculating the deflection. This will be areasonable
approach if the k-valueisto be used for deflection calculations.

If the k-value is to be used for rail moment or seat load calculations it will be more natural to
takethe calcul ated rail moments or seat |oads as a starting point for calculating the correspond-
ing k-value consistent with these quantities.

Oneway of calculating the track modulusis explicitly mentioned here since it may have some
practical interest. This method cal culates k as a function of the Y oung’ s modulus and the Pois-
son' sratio. Scott /71/ describes several methods for this, on the basis of work done by Biot,
Vesic, Vlasov and Levontiev.

Biot and Vesic have found solutionsfor aninfinite beam resting on ahomogenous, linearly elas-
tic and three dimensional continuum and loaded with a point load. Vesic found the following
relation for k:

1
- O65E, [Ef b‘j 12

(2.25)
2 | El
1-v;
where
E; = Young'smodulusfor the foundation material
v¢ = Poisson’sratio for the foundation material
b = isthebeam width, or fictitious beam width

The difference between a continuum solution compared to a BOEF solution with k as in Egn.
(2.25) isaccording to Vesic generally less than 10 percent. Equation Eqgn. (2.25) provides an
approximate general rel ation between the foundation parameters, and there is therefore a poten-
tia of improving therelation if one wants more accurate correspondence between the two mod-
elsfor a selected track reaction. The cost isthen of course that there are different expressions
for k for the varioustrack reactions. Scott providesan exampl etaken from Biot of what k should
beif the maximum moments should be identical in the two models.

Inthe model of Vlasov and Leontiev K is given by
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_E@-vpb 7,
k = a2 O(g) dz (2.26)

where g isthe assumed function describing the variation of vertical displacement with depthin
the foundation layer. g could for instance be alinearly decreasing function or an exponential
decreasing function. The foundation layer may be either finite or infinite in depth. The E; and
v; describe the material properties of the foundation in a plane strain problem.

2.3.7 Some comments about predictability

Since the BOEF-modd is used to cal culate a k-vaue, one should not be surprised if one gets
nearly the same deflections from the BOEF model as from measurementsin the track. Thisis
especially so if the k-value at that location has been measured with nearly the same axle load.
Such agreeing results are not, however, to beinterpreted asthe BOEF mode being agood mod-
el with a high degree of predictability. In fact, when using the same method for measuring the
k-value and the deflection (or possibly another track reaction), one haslost much of the strength
of predicting the overall track behaviour. Such an exercise is therefore very close being tauto-
logical, much like acircular definition. On the other hand, one could gain someinsight into the
repeatability if the calculated result is checked against one or more measurements.

If atrack model should display ahigh degree of predictability, it should be able to predict apar-
ticular reaction in the track from a means of testing that do not involve measuring the same re-
actioninthetrack. For instance, measure the material or component propertiesin thelaboratory
and then calculate the response in the track with an appropriate track model. If the reactionsin
the track as cal culated from the track model coincides with the reactions measured in the track,
the track model may have ahigh degree of predictability, but many such tests have to be carried
out to be reasonably sure of the method' s predi ctability. Another possible courseto follow isto
use atrack modulus consistent with a particular reaction to cal cul ate another reaction. By way
of example, use adefl ection consistent k-value when calculating the BOEF rail stress. Compare
this cal cul ated value with the measured rail stress. If the BOEF model isreally predictive the
calculated and the measured stresses should be similar. As can be deduced from this, the main
point for real and strong predictability is not to use the very same equation or procedure for cal-
culating a needed parameter and to predict areaction when the input parameters are el se the
same.

The comments above place strong requirements on amodel to be really predictive. From athe-
oretical and modelling point of view these requirementsaretheideal ones. Thisisof coursealso
beneficial for the practising engineer, but the practitioner may see this different. She may very
well be satisfied with using adeflection consistent k-value for cal cul ating the maximum deflec-
tion as long as the calculated value does not deviate too much from a’real’ (measured) one. In
fact, she may get very good results if she happensto have the same load as when the k-value
was measured. But then she does not really need ak-value, asthe origina deflection measure-
ment (made to calculate k) will suffice. The crucia question is rather what range of |oads that
could be used while still maintaining acertain accuracy. Therefore, k-values are even more val-
uableif the measured track reactions (at least the deflection) and load values are given along
with the track moduli. Only then qualified extrapol ation may be done.

After all, it isthe actual loads and the corresponding real track reactions that are the most valu-
able quantities, everything elseisinterpretation. If loads and track reactions are given you also
have a possibility of using alternative modelsif the track design isknown. Also, if possible, re-
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cordings of the variation of the k-value (along with corresponding loads and track reactions)
through the seasons are most valuable.

2.3.8 Limitations of the BOEF model

I n addition to the fundamental problem of circul ar definition when measuring k there are several
more evident limitations that are inherent in the BOEF model. It isimportant to be aware of
these restrictions in an actual design processin order to avoid using the method in situations
where it is not appropriate. The most prominent aspects that can be questionable may be de-
scribed asfollows:

Continuousfoundation. Thisisaconsequence of the formulation of the governing differential
equation (Eqgn. (2.7)) where acontinuousfoundation is assumed. Assuming aconventional track
design, therails are discretely supported by the sleepers. As described in Section 2.3.3 thisdis-
crete support may cause some trouble when considering the seat |oads at some distance from
the wheel load. In the vicinity of the load the results are reasonabl e if the track is not too stiff
(with ak exceeding that of Table 2.7) or if the sleeper spacing isnot too wide. Thelatter effect
isaso pointed out by Timoshenko /78/.

Tensilestresses possible. In those parts of the track that experience upward deflection® tensile
forces will develop in the foundation according to the BOEF model. Thisis because we have
only made an assumption about resilience, according to Winkler, and not made any reservations
concerning the development of tensile stresses. However, by enforcing anon-tensile-stress ma-
terial model we would have introduced serious troubl e because we will then not know a priori
which parts of the track ladder that are in contact with the foundation. The problem then be-
comes nonlinear, and ismore difficult to solve, see Section 2.5. However, in an actual track con-
struction there might, to alimited extent, be some justification for dastic tensile stresses. Two
reasons may be given: The trapezoidal cross-sectional shape of most concrete sleepers, being
wider at the base than at the top, may cause uplift of some of the crib ballast material which re-
turn into place without loss of energy when thetrain has pa&edz. This adds weight to the track
ladder and may to a certain degree be considered as equivalent tensile forces. Secondly, which
probably is abigger effect, there are small dastic shear strains developing on the interface be-
tween the sleepersand thecrib ballast and al so within thecrib ballast itself. The combined effect
of these two mechanismsis probably not very big, but together with the dead weight of thetrack
ladder the effect may be sufficient to avoid the development of uplift relative to the original
BOEF model (with zero track ladder weight).

Theresponse of thetrack isassumed linear. Thisisaccording to Winkler, Egn. (2.6). Gener-
ally speaking, geomaterials do not behave linearly, and the sameis a'so true for most pad and
sleeper materials. For frictional materials a hardening behaviour is expected, and for some co-
hesive materia s a softening behaviour is expected. Since most railway tracks are ballasted a
hardening behaviour is anticipated. Another factor contributing to the non-linear behaviour is
slack (free play) between the sleepers and the ballast as briefly discussed in Section 2.3.6. The
slack will cause a hardening behaviour of the track.

M aterial behaviour only in thevertical direction - no stressdistribution can be predicted.
The Zimmermann method is a one-dimensiona modedl, i.e. it takesinto account only the reac-

1. These zones are located periodically out from the point of load application. It can be shown that the
period is 2xL, and thefirst tensile zone is at X&<3mL/4, 7TmL/4>.

2. Thispresumesthat no ballast material fallsinto the gap developing underneath the sleepersduring train
passage so that the sleepers return exactly into their initial positions.
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tions and deflections in the vertical direction. As a consequence the model isnot in aposition
of predicting anything el se than the vertical lineload p(x), or the foundation vertical stress o(X)
if the fictitious longitudinal sleeper width b istaken into account. However, o(X) is often as-
sumed constant in the transversal direction. If a constant stress approach is adopted, which in
thiscontext isasimple auxiliary theory of stressdistribution, the stress between therail and the
pad may be calculated on the basis of contact area.

Shear deformation intherailsisnot included. These deformations are small compared to the
bending deformation. To account for the shear deformation one could usethe Rayleigh-Timosh-
enko beam instead of the Euler-Bernoulli beam.

Continuously welded rails (CWR) are assumed. This assumption justifies the ability of the
bending moment to be transferred in the rails. However, it is possible to account for the effect
of joints, and Esveld /22/ has the expressions for such atrack.

The weight of therailsand sleepersisassumed to be zero. The plausible reason for thisis
that the weight of the track ladder will be negligible compared to the forces exerted by theroll-
ing stock. Nevertheless, the effect can easily be taken into consideration by reformulating the
governing differential equation:

4
B vk =g (2.27)
dx

where g [N/mm] isthe constant line load equivalent to half of the combined weight of therails
and the sleepers. (The half makes the equation comply with earlier definitions).

The particular solution of this non-homogenous differential equation issimply given by the con-
stant function y=qg/k so that the general solutionis

09 = g oo )+ sn(§) @29

The particular part of the solution (g/K) represents adownward rigid body motion that does nei-
ther produce any extrarail moment nor rail stress. Normally the particular part will at most add
afew tenths of amillimetre to the deflection.

According to Egn. (2.28) it may be shown that no tension will occur (i.e. y(X) =0V X) if g=0.5¢"
T.Qg/L (= 0.022 Qy4/L). This condition is satisfied in most cases when we are considering com-
mon nominal wheel loads on atrack with concrete sleepers. Making the evaluation for adesign
wheel load (taking into account quasi-static and dynamic contributions) may not produce the
same conclusion.

No time dependence. Finally it may be worth noting that the BOEF model says nothing about
time dependent or dynamic behaviour of the track. It isevident that the track is subjected to dy-
namic loading when trains pass over it, and especially so if thetrain speed is high and the foun-
dation is soft. A few aspects of dynamic behaviour are discussed in Section 2.11.
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2.4 The dleeper asa beam on elastic foundation

The sleeper, being of finite length, may a so be analysed as a beam on elastic foundation. This
will make it possible to more accurately assess the sleeper deflection, the vertical stress distri-
bution between the bottom of the sleeper and the ballast, and also the moment and shear distri-
bution in the sleeper itself. The general procedure is developed by Hetényi /30/ and also
described by Timoshenko /78/.

a)

b)

c)

Figure2.4: Modelling of a sleeper as a beam on elagtic foundation (redrawn from /78/). a)
Original problem. b) Loads on an infinitely long beam. ¢) End conditioning
force Qg and end conditioning moment M applied to the infinite beam.

Referring to Figure 2.4 the original problemin a) is viewed as a sum of the two problemsin b)
and c) in the following way:
(1) First caculatethereactions on an infinitely long beam subjected to the two seat
loads S, asin Figure 2.4 b).
(2) Calculate the shear forces and the bending moments in the infinite beam at the
positions of the sleeper ends.
(3) Find the end-conditioning forces! Qg and Mg by requiring that the total shear
force and moment should be zero at the sleeper ends (free ends).
(4) Thedleeper reaction isthen a superposition of the reactions of the seat |oads and
the end-conditioning forces.

The end-conditioning forces are thus imposed to ensure that the middle portion of the infinite
beam, i.e. the sleeper, behaves as if it was abeam of finite length. Formally, these end-condi-
tioning forces are applied outside the positions of the sleeper ends on the infinite beam, but still
infinitely close to the sleeper ends. The equationsinvolved are givenin /30/ and /78/.

1. Theterm end-conditioning forcesis used by Hetényi /30/.
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A numerical example will be given. Consider a concrete sleeper with E=40 GPa, | =2.2:108
mm?, length | =2600 mm and width d =280 mm. This corresponds approximately to the Nor-
wegian NSB95 sleeper. The sleeper pad has astiffness of 70 kKN/mm, which correspondsto that
of afrequently used sleeper pad /28/. The vertical stress distributions beneath the sleeper will
be calculated for the loads and track moduli of Table 2.7 on page 13.

To find the k-modulus for the slegper (not the same as the track modulus) when the total track
modulusis given, one may use asimplification based on linear springs coupled in aseries. An
assumption is made that only the sleeper pad and the foundation bel ow the sleeper provide ver-
tical resiliency in the structure. Looking at one half of the slegper, the foundation modul us for

the sleeper, kgeeper, isgiven by

2c  k-Kpag
I(sleeper = T Kpad —T('C (2.29)

where

sleeper spacing
sleeper length

track modulus

pad = sleeper pad stiffness

AX T O

Referring to Table 2.7, the numerical values of kyeener are 18.6 N/mm? and 182 N/mm? for the
soft (k=30 N/mm?) and medium (k=90 N/mm?) track, respectively. For the stiff track (k=150
N/mm?) the value of Kyeeper turnsout to be negative which indicates that the pad is so soft that
such ahigh overall track modulus would not be possible.

Thedesignloads are taken asthe maximum seat loadsin Table 2.7, i.e. 48.0 kN for the soft track
and 63.2 kN for the medium track. After calculating the deflection, the stresses are calculated
by using the Winkler equation (Egn. (2.6)) and dividing by the sleeper width. Theresultsfor the
vertical stresses under the sleeper are shown below in Figure 2.5.

[kPa]
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Osoft (X) N

Omegium (X)
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Figure2.5: \Vertical stresses between a concrete sleeper and the underlying ballast for a soft
track and a medium stiff track. The needed data are given in the text.
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From Figure 2.5 it can be deduced that the vertical stresses below the deeper are more concen-
trated when the track is stiffer. Also, the overall stresslevel is higher because of bigger seat
loads when the track as awhole is giffer.

2.5 Tensionless BOEF modelsfound in theliterature

Asdescribed in Section 2.3.8 the BOEF model tacitly assumesthat tensile stresses can develop
in exactly the same way as compressive stresses on the interface between the sleepers and the
rest of the foundation. Since this cannot be physically valid for granular materials, thereisa
need for tensionless track models. Such models are nonlinear since the length of the contact
zone cannot be known in advance and will vary dependent upon the size of the load.

Among others, Tsai and Westmann /79/ and Adin et a. /1/ have described tensionless models
based on a Winkler foundation. The two models differ abit in mathematical approach.

2.5.1 Model accordingto Tsai and Westmann

Tsai and Westmann /79/ arrive at the following differentia equation (whichisslightly modified
to comply with earlier definitionsin thisthesis):

4
El d—% +ky = g+ kyH(~y) (2.30)
dx

where H( ) isthe Heaviside step function.

When evaluating H(-y) we notice that H(-y) = 0 when -y<0, which occurs when y>0. In other
words, we get back Eqgn. (2.27) when the deflectionis positive, i.e. downward. H(-y) isequa to
1 when the deflection is negative, i.e. upward. In this case the ky factor cancels from the equa-
tion and we arrive at the ordinary beam equation with no continuous support.

Eqgn. (2.30) is solved with the help of Green’s function, and Tsai and Westmann /79/ arrive at

the following general solution for asingle axleload (somewhat modified from their dimension-
less solution):

(2.31)

+ 2_1L e L '(cos(x—zg) + sin(lx—za)) “Y(E) - H(-y(§))dg

where € is a parameter introduced through Green’s function.

Thenumerical solution of Egn. (2.31) is obtained by successive approximations. The zeroth ap-
proximation is taken as the classic solution as given by Egn. (2.28). Higher order approxima:
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tions follow by successive substitution. Recognising n( ) as the influence coefficient for the
deflection from Eqgn. (2.15) we get:

Vo0 = 9+ 2 ) )

0

Va(%) = Yo+ o [ n(x=2)-yo(&) - H-yo(E)de
N > (2.32)

0

Vo0 = Yo0) + o [ =)y, (8) - -y (8

—00

@w

Yo%) = o)+ o [ m0=8) vy _4(8) Hy, _y(E))cE

—00

Although no complete proof of convergence is presented, it was found that the degree of con-
vergence decreased with increasing values of the load.

179/ also presents graphs of the deflection for various loads, Figure 2.6. Hereyy= Q4/(2kL) is
the deflection directly beneath awheel and caused by alimit load Qg such that uplift just begin.
Theload must then be Qq = 2€”"qL.
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Figure2.6: Deflectionsfor a no tension BOEF model /79/ (slightly modified). a) Effect of
load magnitude. b) The no tension effect for equal loads (numerical example).

From Figure 2.6a) it isevident that the uplift effect israpidly increasing when theload increases
(nin the figure being the number of limit loads). In part b) we see the differencein deflection
between the conventional BOEF model and the no tension model when the load is four times

the limit load.
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2.5.2 Model accordingto Adin et al.

Adin et a. /1/ have solved the no-tension problem by applying the finite element method. They
used beam elements with exact stiffness matrices especially developed for abeam onaWinkler
foundation.

The problem to be solved is of amore general nature than that of Tsai and Westmann /79/ as
several zones of uplift arealowed, Figure 2.7.

Figure2.7:  General deflection of a beam on elastic foundation. (Redrawn from/1/.)

Figure 2.7 illustrates the problem to be solved a so from amore analytical, non-FEM viewpoint
/1/. If there are N transition points where the deflection is zero (points B, C, D, Eand F in the
figure) there are N+1 zones of either compression or tension. Two differential equations of the
sametype as Eqgn. (2.27), onewith parametersfor compression and one with parametersfor ten-
sion, are solved. When not imposing any boundary conditions at this stage the solutions read:

yj(x) = A cos(ij) cosl1(ij) + A, cos( A x)sinh(ij) (2.33)
+ A3sin(ij) cosiw(ij) + A4sin(ij)sinh(ij) + Yy

wherej iseither c or t dependent upon compression or tension, A;_4 are constants to be deter-
mined from the boundary conditions for each zone, the As equals 1/L and y, is a particular so-
[ution depending on any line load.

For each zone the number of unknowns sum up to 4 (A;_,), hencethe total number of unknowns
for the beam being 4(N+ 1) if the coordinates X; of the transition points are known. However,
the X; are not known in advance, thus N more unknowns are added to the problem which now
have 5N +4 unknowns. In addition the problem isaggravated by the fact that the number of tran-
sition points cannot be fully determined before the solution starts. From the examples given it
nevertheless seemsthat the number of transition pointsin most casesisthe same asin thelinear
elastic solution.

The 5N +4 conditions needed to solve for the 5N +4 unknowns may be listed as follows:
(1) continuity of deflection at X;
(2) continuity of slope (1st derivative) at X;
(3) continuity of moment (2nd derivative) at X;
(4) continuity of shear force (3rd derivative) at X;
(5) boundary conditions at the beam ends
(6) at X thedeflections are zero

The 5N +4 equations are then solved in an iterative process.
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Returning to the finite element formulation in /1/ the nodal force-displacement relation is*
wherev is the nodal displacement vector, v!={y;, 81, y,, 85}, and Sisthe nodal force vector,
S'={F1, My, F5, My}, both explained in Figure 2.8.

a) ya

b)
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Figure2.8: BOEF element. a) Nodal degrees of freedom. b) Nodal forces. (Redrawn from
14.)
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The exact element stiffness matrices k for the tension zone and for the compression zone are
givenin/1/.

For the bi-moduli foundation (in which the no tension option is a specia case) two types of
nodes are used: @) Primary nodes are used at points of load application, local supports and dis-
continuities of the beam or foundation. These nodes remain stationary throughout the solution
process, and will contribute to an exact solution when the foundation (or track) modulusis con-
stant. b) Secondary nodes are placed at the points of zero deflection, and their position will vary
during the iterative solution process. The iteration is stopped when the coordinates of the sec-
ondary nodes remain unchanged within a predefined limit.

Severa examples are given in /1/ with different types of point loading including moments.
Graphs of deflection, shear force and beam moment are presented.

2.6 A compensating load approach to the no tension problem

This section describes amodel developed by the author based on adding equal but opposite
|oads to the BOEF model in the regions where uplift occurs. It will be demonstrated that this
approach is equivalent to the more formal method by Tsai and Westmann /79/ and may thus be
viewed as a physical interpretation of this forma method.

2.6.1 Thebasicidea and an inter pretation of Tsai and Westmann’'s model

This section describes amodel developed by the author based on adding equal but opposite
|oads to the BOEF model in the regions where uplift occurs. It will be demonstrated that this
approach is equivalent to the more formal method by Tsai and Westmann /79/ and may thus be
viewed as a physical interpretation of this forma method.

1. Adinetdl. /1/ use the notation [S|{d} ={ A}.
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Thebasicideaof the method goeslikethis: In areaswherethetrack islifted up with correspond-
ing tensile stresses, equal but compressive stressesis added to thetrack ladder in such away that
the total vertical stresses between the track ladder and the foundation sum to zero in the uplift
regions. Thus the track ladder experiences no stresses from the foundation at these zones (and
may therefore be noted tensile free where uplift istaking place). Thisis morein conjunction
with thewell established fact that coarse graded granular material s cannot sustain tensile stress.

When adding distributed loadsto therail we need to know how much deflection these loads will
cause.

A 0% 6

4

& *)‘EL&K; & X X, &
g - x-&

Figure2.9: Definitions used for calculating the deflection of an arbitrary line load.

With referenceto Figure 2.9, aninfinitesimal load p(g)dg will cause thefollowing infinitesimal
deflection dy at point x:

dy = mEZ“k'Lug-n(X—E) (2.35)

Integration over the wholeline load, from €, to &, produces the total deflection at point x (the
value of xisarbitrary):

&,
V) = S Lp(&) (x-E)dE (236)

Normally the convolution integral in Egn. (2.36) has to be eva uated numerically.

The method of using convolution integrals to calculate deflections from distributed |oads has
also been utilised by Kerr /49/, dthough for a different foundation model.

Returning to the no tension problem, the line load function p(g) in the tension zones must be
P(E) = k-y(&) tofully compensate for the tension load (opposite sign as compared with Egn.
(2.6) on page 10). Thus, animplicit expression may be established for the total deflection when
the track ladder weight isincluded:

0

y00 = 9+ 2 00+ [ y() m0-9) - iy o (237)

where H( ) isthe Heaviside step function (asin Eqgn. (2.30) and Egn. (2.31)).
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By using the Heaviside step function together with infiniteintegration limitsin thelast term one
makes sure that only the uplift regions are taken into account and that all of them are included.

When comparing Eqgn. (2.37) to Egn. (2.31) it is evident that they are identical. It has therefore
been demonstrated that theformal procedure employedin /79/ isequivalent of applying an exact
opposite load in the tension regions.

It should be emphasised that the solution in Eqn. (2.37) isonly valid for asingle axle load
(where Qg is half an axle load). If multiple axle |oads are considered the deflection cannot be
superimposed as the response is not linear. Instead, the whole analysis has to be redone.

Although Egn. (2.32) and Egn. (2.37) may do areasonable job of finding the deflection, some
aspects regarding the analysis of railway structures come into play. First, the measurements of
the track modulus are probably not done with respect to a no tension approach, see Section
2.3.6. Asaresult the calculated ' no tension’ deflection directly beneath the load will not in the-
ory bethe same asthe one measured when ng thetrack modulus! However, the difference
isvery small and may in practice be neglected. Second, it is not necessary to evaluate the inte-
gralsin the abovementioned equations from minusinfinity to plusinfinity. Thisis so because
the only uplifts that occur in practice are the two nearest to the axle load, one on each side. For

the number two uplift from theload to start it can be shown that Qg > 2e3“qL. Evenfor the most
favourable conditionsfor this uplift to occur the design wheel load must be far beyond its max-

imum limits. Thus, it is only required that the integrals are evaluated in the two uplift regions
situated symmetrically on either side of the axle load.

2.6.2 Themain ingredients of the new model

An alternative to theiterative procedure employed by Tsai and Westmann /79/ (as described by
Eqgn. (2.32)) isto assume a compensating pressure in the uplift region and then solve a set of
simultaneous equations based on certain conditions that may be established. These equations
are nonlinear and must be solved with the help of mathematical software. The method will be
demonstrated for a single axle load.

The assumed compensating pressure must be closeto the exact one so that the resulting pressure
iscloseto zero, and at the same time this pressure function must be simple to work with. An
appealing choiceisto pick adeflection function of the sametype as the BOEF expression with
self weight included (compare with Egn. (2.28)) and then multiply it with the no tension track
modulus K:

X

_ _ q Q L, X (1
PO = Ky Yp(X) = ki {Es I e (cos(Lg) . S‘”(LUD} (2:38)

where subscript p indicates quantities that are unique for the deflection functiony,, and x is re-
stricted to the uplift regions. E and | are assumed to be the same as for the track in question, so
the unknown parameters are Ky, d,, k, and Q,,. The ki is the track modul us consistent with the
no tension approach (to be commented upon below). Theroles of the g, the k, and the Q, are
to be curve fitting parameters, asthey do not necessarily represent measurable quantitiesin the
track.

Thetotal deflection for asingle axle load when no tension is present between the track ladder
and the foundation is approximated by
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EUZ _E(]l
) = Yo+ 5 Lkm~yp<a)~n<x—a)da+ [ 1o (@ o2z

01 _EUZ

wherey, isthe deflection according to Eqn. (2.28) (but with ky), Eo; and &g arethe zero inter-
cepts on the x-axis.

Themodel iscalibrated in away that makes the maximum deflection caused by the design load
alone (i.e. the deflection caused by the weight of the track ladder is subtracted) exactly the same
asfor the traditional BOEF model. However, other schemes of calibration may be possible. The
reason for the present calibration is simply to make this new model in agreement with measure-
ments of the maximum deflection, asis the case for the traditional BOEF model. For practical
reasons, the measurements of the maximum deflection only invol ve the deflection caused by the
applied axle load (as indicated from the equations given in Section 2.3.6). So, for asingle axle
load ki will always be slightly bigger than the ordinary k; and this compensates for the extra
deflection beneath the axle caused by the added pressure in the uplift regions. Because of this,
the total maximum deflection will be slightly smaller for the no tension model, since the deflec-
tion caused by track ladder weight will be smaller when the track modulusincreases. These dif-
ferencesin track moduli and maximum deflections will be negligible when it comesto railway
track behaviour, but the concept may be useful for other applications and thus makes the model
more general.

Another feature of the model described by Eqn. (2.39) isthat only two potential uplift zones are
taken into account, i.e. those nearest to the load on either side. These two symmetrical zones of
uplift are the only zones where uplift actually occur (as previously described (page 29)). Be-
cause of thenonlinearity of themodel the uplift zoneswill vary bothin position and extent when
the load isvaried. Thiswill also cause k;,; to not being unique for a specific track design as op-
posed to the BOEF track modulus k.

2.6.3 The set of equationsto be solved

Thesix unknownsin the model arekyy, g, Ky, Qp, Eo1 and Egy. Therefore, six conditions|eading
to six equations have to be established. These are:

D yu(EoD)=0 A
@) yulEo2) =0
3 Yp(Eo)=0
(@) Yo(Eer)=0
5) 9 -2 ’ (2.40)

Y = 50 = Y
max, measured 2kL nt -
E02
(6) I I(nt : {ym(X)—yp(X)}dx =0
E01

As can be seen, the first four equations simply state that the no tension deflection curve along
with the compensating deflection curve should be zero at the zero intercepts. Thefifth equation
does the calibration against measured or calculated maximum values. The sixth equation en-
sures vertica force equilibrium in the no tension zones as a whole, but pointwise there might
still be unbalanced pressures due to the fact that the pressures resulting from y,,, do not com-
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pletely cancel the pressure fromy,, (i.e. yy isonly approximately equal to -y,,). From numerical
experiments these unbalanced pressures seem to be small.

The equation set in Egn. (2.40) was solved using mathematical software, and the calculation
time was only afew minutes on a standard PC. Some trial and error with the starting valuesis
necessary to ensure convergence of the solution.

It should be pointed out that the solution is only an approximation to the problem - by the very
nature of the solution scheme. The reason is that y, in the compensating pressure function in
Eqgn. (2.38) is only approximative.

2.6.4 Someresults from the new model

To study real track behaviour the position and Iength of the uplift zone as afunction of the
BOEF track modulus, see Figure 2.10.

a) 3200 B) 2000
— X 180eF ; Qu=100 kN
3000 A —Xon ; Qu=100kN 1800 +
Q —&~ X o1,80eF ; Q=150 kN 1600 -
2800 . —
= A\\\\ —% Xoyn ; Qu=150 kN 1400 |
g 2600 —6- Xo180eF ; Qa=200 kN =
- - 04=200 kN £ 1200
g 2400 —A- Xount 5 Qd :
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Figure2.10: Numerical example that compares the BOEF model with the new no tension
model. g= 2.8 N/'mm which corresponds approximately to the half weight of a
new track with UIC 60 rails and NSB95 slegpers. a) Distance fromload to first
uplift. b) Length of the uplift zone.

Ascan be seen from Figure 2.10 the effect of ano tension model isto lengthen the zone of uplift,
especially when theload and track modulus attain large val ues. Not mentioned inthefigure, but
the values for adesign load of 200 kN and track moduli above 100 N/mm? must be viewed as

approximate because the residual forcesin the uplift zone cannot longer be considered to be
negligible.

An example of a deflection curve is shown in Figure 2.11 below. Here the design load is 200
kN and the track modulusis 50 N/mm?, and the track parametersare else the same asfor Figure
2.10. For comparison the deflection curve for aBOEF model is aso shown.
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Figure2.11: Example of deflection for the no tension model compared to the BOEF model.
Q=200 kN, k=50 N/mm?, other parameters asin Figure 2.10. a) one half of
the curve, b) detail of the uplift zone.

2.6.5 Conclusions of the new model

To concludeit is evident that when uplift occur in thetrack, i.e. no tensiona forces are active
on the interfaces between the sleepers and the ballast, the length of the uplift zones are consid-
erably longer than calculated by traditional BOEF theory. Also, the amplitudes of the upliftsare
larger. Thetwo uplift zones near the axleload, one on each side, arethe only onesthat are likely
to occur when considering a railway track.

The usefulness of the model may be demonstrated in at least two cases:

(1) A buckling-of-rails problem: If there is a buckling-of-rails hazard, it will be
very valuable to know the lateral resistancein the track. If the track is loaded,
i.e. atrain ispassing, the lateral resistance will be dependent of how large a por-
tion of the track ladder that is actually in contact with the foundation. What this
new method shows is that the zone of contact is smaller than expected from
origina BOEF theory.

(2) Contact problems are very computational demanding in terms of afinite ele-
ment formulation, and besides, alot of effort has to be put into the modelling if
the answers should be reasonabl e accurate. So, the present method provides a
quite simple algorithm, and an aternative, that may solve the problem to an
acceptable accuracy.

The present model is hopefully an improvement compared to the traditional BOEF model, as
the no tension property of the foundation is taken care of, at least approximately. Also, the
weight of thetrack ladder isincorporated. However, it should be noted that the new model still
suffers from the other BOEF limitations as listed in Section 2.3.8.
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2.7 Dimensionless sensitivity diagrams

A track model is at itsbest agenera and avery comprehensive model. In practical engineering,
on the contrary, oneis usual interested in the design reaction val ues, i.e. the maximum track re-
actions, and wherethey occur in the track. Furthermore, what isinteresting to the track engineer
ishow do the design val ues change if the track is changed. An example may be the question of
how much the maximum rail deflection changesif the sleeper spacing isincreased. More gen-
eraly, the need for knowing how thetrack response changes may arisein several situationssuch
as

(1) Selection of the best performing track design among several alternatives

(2) Evaluation of effective measures to renovate an existing track

(3) Increasein permitted axle load and the effect of countermeasures

To meet these needs atool called ' dimensionless sensitivity diagrams' has been devel oped.
These diagrams respond to questions like 'if track design parameter n is altered x percent how
many percent will track reactionr be changed? . If the nominal values of the new track reactions
are wanted, one has to perform a compl ete cal cul ation on one basis track design, which often
will be an existing track design. The effects on track reactions of changing this basisdesi gn will
then be answered by the dimensionless sensitivity diagrams. The concept of dimensionless sen-
sitivity diagrams has also been described in /74/.

2.7.1 BOEF model with a single axle load

A BOEF track model with asingle axleload is not acomplex system, and may not even justify
the use of such diagrams, but will neverthel ess provide an easy way of explaining the construc-
tion of such diagrams. Eqgn. (2.41) givesthe fully written out expression for the maximum rail

deflection under a single axle load when the weight of the track ladder isignored:

Qg 1 _ _ _ _
ymax = >bCL = 23/4' E1/4 . Qd . C3/4. | 1/4 . d 3/4 . (| _m) 3/4 . C 3/4 (241)

Figure 2.3 on page 15 explains some of the parametersin Egn. (2.41). In the present context the
m-parameter (length of unsupported section of the sleepers) should not be considered adesign
parameter unless more justification to its assessment can be brought forward.

If we divide the written out part of the expression in Egn. (2.41) with the corresponding param-
etersfor abasis design, equipping theselatter parameters with subscript 0, we get thefol lowing:

(o) () (9 (7 ()™ ()™ ()™ e

Ymax,

Theleading factor 1 indicates that to vary Young's modulusis normally not an option in ade-
sign procedure as the various rail steels have almost identical moduli.

If one of the design parametersisvaried in Eqn. (2.42), keeping the other parameters the same
asinthe basis design, the result will tell how the maximum rail deflection depends on that par-
ticular parameter. If the other parameters are varied one by one in the same way, the result will

show how the maximum rail deflection depends upon the various track parameters. Since Egn.

(2.42) describesthe dependenciesin a dimensionless way, the same expression may be used for

all aternative designs provided that abasis design has been calculated first.
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When it comes to this basis design, the BOEF model with asingle axle load does not need a
specifictrack designto serveasabasis. Thisisbecausethe devel opment of Eqgn. (2.41) and Egn.
(2.42) was possible through a purely analytical approach without needing any presumptions
about the track design. Any track may therefore serve as the basis track design. However, this
featureisuniqueto the BOEF model with asingle axleload and does not generally apply to oth-
€r cases.

In addition to the maximum deflection, diagrams may be constructed for other track reactions
aswell. Figure 2.12 on page 35 provides dimensionless sensitivity diagrams for maximum val -
ues of rail deflection, rail moment, rail tensile stressin rail foot, seat load and vertical ballast
pressure underneath the sleepers. The equationsfor these quantiti es have been given previously
in Sections 2.3.2, 2.3.3 and 2.3.5. It should be noted that the seat |oad and the vertical ballast
pressure are derived from the deflection according to Egn. (2.18), and that the rail tensile stress
inrail foot is derived from the rail moment according to Eqn. (2.11). For the seat load it is em-
phasised that the diagram in Figure 2.12 €) is based on Egn. (2.12) (and not the more involved
Eqgn. (2.13)). More detailed diagrams that can be used in an actual design process are given in
Appendix A.

Some comments regarding the diagrams in Figure 2.12 may be appropriate:

« All the curves traverse through the point (1, 1). Naturally, if no changes are made
to the track, no changes in track reactions will occur.

+ All reactions are linearly dependent on the level of the design load. Thereason is
that the BOEF model islinear.

+ Therange of variation of track parametersiswide (up to three times the basis
value). Thisisonly needed for some of the design parameters and certainly not for
all of them.

« All the curves are power functions with the parameter ratio as the independent var-
iable. The exponents are typical 1.0, 0.75, 0.25, -0.25 or -0.75 (al of them repre-
sented in Figure 2.12, part €)).

As an example of how to use the diagrams consider the following case:

A main lineis evaluated for the effect of increasing the design axle load by 20%. The counter-
measuresto be taken areto change from $49 rail sto S54 and to reduce the sleeper spacing from
60 cm to 54 cm. Changing therails corresponds to an increase in vertical moment of inertia of
14% (according to Table 2.6 on page 11), while the reduction in sleeper spacing is 10%. The
parameter ratios are therefore 1.2, 1.14 and 0.9 for the changein design load (Qg), moment of
inertia(l) and sleeper spacing (c), respectively. According to the diagram describing the deflec-
tion, the factors to multiply the present deflection by are 1.2 (caused by increased design load),
0.97 (caused by increased rail moment of inertia) and 0.92 (caused by decreased sleeper spac-
ing). Multiplying all thesefactorswill givethetotal factor of changein deflection: 1.2:0.97-0.92
=1.07. l.e,, anincrease of about 7% in maximum rail deflection for asingle axle load should be
expected when the load and track is changed as described above. For the rail moment the mo-
ment ratios from the diagram are 1.2 (Qg), 1.03 (1) and 0.97 (c), which produce an increase in
maximum rail moment of about 20%.

2.7.2 BOEF model with multiple axle loads

The principles of how to use the dimensionl ess sensitivity diagramsin Figure 2.12 even for mul-
tiple axleloads will be considered here. Using such diagrams for multiple axle loads will be an
alternative to more direct techniques as described in Section 2.3.4.
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Figure2.12: Dimensionless sensitivity diagrams for a BOEF modd with a single axle load.
a) rail deflection, b) rail moment, c) tensile stressin rail base (h;, isthe height
fromrail base to neutral axis), d) rail seat |load and €) vertical stress between
sleeper and ballast. Larger diagrams can be found in Appendix A.
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Theratio of the axle spacing to the characteristic length, the a/L ratio, will prove useful as adi-
mensionl esslength measure inthefollowing. But sinceL will changewhenever 1, ¢, (I-m), dand
C are changed it may be practical to have adiagram that showstheratio of thenew L tothebasis
L asafunction of the parameter ratios. Such adiagram is shown in Figure 2.13 below.
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Figure2.13: The characteristic length ratio as a function of track parameter ratios.

For multiple axle loads the values from the diagrams for asingle axle load are multiplied with
factorsthat attribute to the multiple axle load effect. With the use of influence coefficients as
givenin Egn. (2.15) and Egn. (2.16) on page 14 for rail deflection and rail moment, respectively,
one may establish the factors given in Egn. (2.43) and Eqgn. (2.44).

& Qai

fy = 1+-Z Qs nx) (2.43)

i=2
_ N Qq

f, = 1+-Z o u(x;) (2.44)

i=2
where

fy = multipleaxleload factor for deflection, rail seat load and vertical ballast stress

f, = multiple axleload factor for moment and tensile stress in rail base

n = no.of axles

Qgi = designload for axle no. i

Qg1 = designload for basis axle (denoted axle no. 1)

X = distance from basis axleto axle no. i

Eqgn. (2.44) will providethe factor that multiplied with the maximum reaction ratios from Figure
2.12 will produce the maximum rail moment and rail base stress for amultiple axle load. This
is because the maximum rail moments and rail base stresses are always directly beneath the
points of load application. Unfortunately, this does not generally apply to deflections and the
derived quantities. In this case the maximum values are located directly below theloads only if
the axle spacing equals to nxL, where n is an integer.

For adouble axle|oad where the loads are identical in magnitude, thefy and f,,, factors are given
in Figure 2.14. Herethe axle spacing is denoted a, and L is, as before, the characteristic length.
Asmay be seen from thefigure, the factorsfy and f,,, are close to 1.0 when the a/L ratio exceeds
about 3. Thisimpliesthat for acombination of high track moduli and large axle spacings the
reactions for adouble axle load are ailmost the same as for a single axle load.
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Figure2.14: Thefactorsfy and f,,, for a double axle load with the same |oad on both axles.

To be completely accurate when cal culating maximum deflection (and derived quantities) one
hasto ook more into the details. The method described inthe following isrestricted to adouble
axleload, with identical design loads, and will prove useful both when using dimensionless sen-
sitivity diagrams and when using more standard methods. For the rail seat load and the corre-
sponding vertical stress on the ballast one has to assume that the axle in question is directly
above a sleeper.

To locate the maximas of deflection (and derived quantities) one has to differentiate the deflec-
tion function for several combinations of axle spacings and characteristic lengths. Doing thisin
a systematic way, denoting the distance from one axle to the maximum deflection location as
Xmax: the result may be displayed in a dimensionless diagram asin Figure 2.15.
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Figure2.15: BOEF, double axle load: The distance X, from one axle to the point of
maximum defl ection as a function of a/L.

In Figure 2.15 theratio X,,/a is 0.5 aslong astheratio a/L is below about 1.6 (it turns out that
theexact valueis/2 = 1.57), which imply that there is only one maximum deflection point and
thisislocated at the midpoint between the axles. With a higher a/L ratio the maximum deflec-
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tion isnearer to the axles, which meansthat now there aretwo maximas. The curve crosses zero
at an a/L ratio of t and here the axle load position and the position of the deflection maximum
are coincident.

Tofurther illustrate the nature of the deflection caused by a double axle load as afunction of the
a/L ratio, see Figure 2.16. Here we clearly seethe division of the maximas asthe a/L ratio in-
creases. Also, the maximum value of the deflection decreases asthe a/L ratio increases. Thisis
expected since the additive effect on the defl ection the two axle loads have on each other is di-
minishing as the |oads are moving apart (or alternatively, asL is decreasing).

¥

Figure2.16: A 3D-plot of the deflection, y, for a double axle load as a function of a/L ratio.
Note that the deflection axisis chosen to be positive in an upward direction. The
axle spacing (a) increase has been symmetrically distributed along the x-axis.

Knowing where the maximas are located, the crucia question related to the use of the dimen-

sionless sensitivity diagramsishow large the differences are between the maximum valuesand
the values at the point of load application. Figure 2.17 gives an answer to this by displaying a

correction factor f4.or, that the deflection and the derived quantities at the point of load applica-
tion are to be multiplied by to get the maximum reactions. As can be seen from Figure 2.17 the
differences between the reactions at the point of wheel contact and the maximum reactions are
normally small and less than 10% for al a/L ratios. For an a/L ratio exceeding 2.0 the error is

less than 2% and istherefore negligible.

When using the dimensionless sensitivity diagrams for asingle axle load to calcul ate the reac-
tions for a double axle load the following steps should therefore be taken:
(1) Findthe appropriate reaction ratio from the diagrams for asingle axle load (Fig-
ure2.12).
(2) Findthenew L from Figure 2.13.
(3) UseL fromitem (2) to find fy and fgeqrr, OF Ty, dependent on what reaction that
is solved for.
(4) Multiply the ratio from item (1) by the factors found in item (3).

In order to investigate further the practical accuracy of a double axle deflection calculation it
would be interesting to see what values the axle spacing, characteristic length and foundation
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Figure 2.17: Finding the maximum deflection. Correction factor, f4eqr to be multiplied with
the values for deflection at the point of load application for a double axle load.

coefficient will take if the error should be lessthan, say, 2% when taking the deflections at the
axle positions as the maximum deflections. According to Figure 2.17 an error less that 2% oc-
curswhen a/L ishigger than 2 (or lessthan 0.33, but this|atter option isof no practical interest).
Figure 2.18 triesto illuminate what combinations of C and a that may be allowed if the error
should be less than 2%.

3500
3000
Above curves:
- < 2% error
a UIC 60 design
2500
[mm]
2000
130TBelow curves:
> 2% error
1000 0 0.05 0.1 0.15 0.2 0.25 0.3 0.35 0.4 0.45 0.5
C [N/mm?3]

Figure2.18: Double axle load: Combinations of foundation coefficient, C, and axle
spacings, a, for two common track designs that make the error 2% when taking
the deflections at the axle positions as the maximum deflection. The fictitious
longitudinal sleeper width, b, istaken to be 490 mm for the UIC 60 design and
410 mm for the 49 design.

In practice there are very few doubl e axled bogies where the axle separation is below 2000 mm.
Inthat case, if the error of using the deflection at the axle positions as the maximum deflection
should exceed 2% then the foundation coefficient must be below approx. 0.05 N/mme. A con-
sequence of a foundation coefficient lower than 0.05 N/mm? is that the rail deflection will ex-
ceed 3 mm for areasonabl e design load, which in most cases will be unacceptable. Therefore,
combinations of C and a that are below the curvesin Figure 2.18 are not very likely to occur in
areal situation.
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So, to conclude, if a/L is greater than or equal to 2.0 then it is acceptable to take the deflection
at the axle positions as the overall maximum deflection for a double axle load. The error of do-
ing thisisat most 2%. Thisalso appliesto rail seat load and vertical stress between sleeper and
ballast as these quantities are derived from the deflection.

The correction curve for the deflection (and derived quantities) has only been calculated for a

double axle bogie with the axles equal ly |oaded, see Figure 2.17. Consequently, the description
given in this section is not complete for axle configurations consisting of more than two axles

or with differing axle loads in adoubl e axle bogie. However, it may be argued that for any axle
configuration the difference between the deflection calculated at the axle positions and the glo-
bal maximums are small, and may be neglected in most cases without significant loss of accu-
racy. The details of this are considered to be beyond the scope of thisthesis.

2.8 Other typesof continuous models

Kerr /49/ and Scott /71/ review several types of elastic foundation models. A common feature
of some of the modelsis that they try in various waysto tie the springs in the Winkler model
together. Other models use a semi-infinite elastic half-space as a starting point. In the Winkler
model, see Section 2.3.2, the vertical springs are uncoupled lateraly, and the vertical forcethey
exert on therail isidentical to buoyancy inaliquid. In this respect the foundation coefficient C
may be regarded as the specific weight of the liquid, while the track modulusk is the buoyancy
force exerted by the liquid per unit length of the foundation (fictitious sleeper) and per unit de-
flection. By analogy, any upward deflection is counteracted with a corresponding suction force
set up by theliquid. A detail that make the Winkler model diverge from the'liquid analogy’ is
that the pressure exerted by thefoundation on the beam isin the same direction asthe deflection,
whilealiquid would exert a pressure normal to the beam regardl ess how the beam is deformed.
Thisdifference comes only into play when the deflection islarge or the beam is heavily curved
in the vertical direction and is not normally relevant to arailway track.

Filonenko-Bor odich foundation. Inthis model theinteracti on between the foundation springs
is obtained by connecting the top ends to a stretched el astic membrane with a constant tension
field T. Taking the equilibrium in the vertical direction of a beam element yields the relation

2
d
p=ky-T (2.45)
dx
where T is a constant tensional force [N].

Paster nak foundation. Thisfoundation model assumes shear interactions between the Winkler
springs. The resulting equation in thismodel isidentical with Eqgn. (2.45).

Scott /71/ places these two models into a more general framework where the pressure p from
the sail is given by

(2)

p = ay(o) +by ™ + cy(4) + ... (2.46)

where the superscripts denote the order of the derivatives. Thefirst term to the right isthen the
Winkler assumption (confer Egn. (2.6)), whilethethird term represents the pressure component
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resulting from the bending action of abeam. The second term isthen the one represented by the
stretched membrane. With the sixth and higher derivatives the physical connection diminish.

This stretched membrane approach has aspecia relevanceto railway track design asthetension
and compressionin therailsvary with temperature when the rail s are continuously welded. Het-
ényi /30/ describes solutions for beams on el asti ¢ foundation under both vertical and axial load-
ing. Whentherail is subjected to compression, which will bethe case on asunny day during the
summer season, the vertical deflection will be larger than when no axial forces are present. On
the other hand, the deflections will be smaller when the rail is subjected to tension, which typi-
cally occur during winter conditions. According to numerical experiments the effect on the de-
flection is small when reasonabl e tension or compression is present in therails. The effect may
be larger if, for instance, ano tension model isloaded axially.

Reissner foundation. Reissner uses the equations of a continuum as a starting point. He then
assumesthe horizontal stresses (in-plane stresses) in the foundation layer to be negligibly small
compared to the vertical stresses. Also, the horizontal displacements of the upper and lower
boundaries of the foundation layer are assumed to be zero. The resulting relation is then

2 2
. dy_ Cdp
YO =P Ze ax (247

where ¢, =E¢/H and ¢,=HG;/3. Here E; and G; are elastic constantsfor the foundation material,
while H isthe thickness of the foundation layer.

Itisworth noting that for aconstant or linear p, and redefining ¢, and ¢, to kand T, respectively,
Eqgn. (2.47) will be identical with Egn. (2.45).

Vlasov and L eontiev approach. The displacements are represented by finite series where each
term is a product between a dimensionless assumed function and a function to be found in the
calculations. The assumed function describes the variation of the displacement with depth, and
here some reasoning has to be done both to keep the function simple and to keep it reasonable
accurate. The unknown function has the dimension of length and describes how the vertical de-
flection variesin the x-direction. Through avariational process adifferential equationin theun-
known functionisarrived at and the solution of this equation will eventually solvethe problem.

2.9 Classic beam element modelsfor railway track

Thisisaclass of models that makes use of the Finite Element Method with beam elements. The
theory behind such simple models can be found in numeroustextbooks on structural mechanics
and structural finite element method, e.g. in Cook et al. /12/. Herein modelswhere only therails
are discretised as elements will be worked out. The discrete support from the sleepersis then
replaced with springslocated at the same positions as the sleepers. Contrary to the BOEF mod-
els, beam element models will not depend upon the assumption of continuous foundation sup-
port, but the other limitations mentioned in Section 2.3.8 also apply here. The quantitiesto be
calculated are the same as for the BOEF model and are mentioned in Section 2.3.1 on page 8.
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2.9.1 An Euler-Bernoulli beam e ement model

A simple Euler-Bernoulli beam element model has been devel oped to model thetrack behaviour
when therail is discretely supported by the sleepers. Two model s have been developed one or-
dinary model with linear spring support in both tension and compression, and another model
with linear spring support only in the compression mode. The latter one could be said to be a
"notension’ model. A sketch of both modelsis shownin Figure 2.19.
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Figure2.19: Beam element model of a track section.

In Figure 2.19 the support of therail at the slegper positions has been modelled as bars and not
as springs which is more common. Thisis due to the computer software used to calculate the
model, which isacomputer program named Focus Kongtrukgon (ver. 5.6) - aNorwegian struc-
tural program for frames. This software allows only barsto have ano tension option. Symmetry
considerations allow us to model only a quarter of the track when proper |oads and boundary
conditions are imposed. The symmetry is the reason why only half the design wheel load and
half the sleeper weight (one quarter at the left end) are taken into account. The restrained de-
grees of freedom at the left end are also aresult of symmetry considerations. At the right end
the type of restraining is not that important, provided no change in the other boundary condi-
tions, when the focusis on how the track nearest to the load performs. Thisis so because there
is asufficient number of sleeper spacings from the point of |oad application to the right bound-
ary, and amost no part of the load will be counteracted at the right end.

Thestiffnessof the foundation barsis given by an analogy to the BOEF model asthefoundation
coefficient C (defined by Egn. (2.19) on page 16) collocated at the centre of the rail-sleeper con-
tact areawill give the spring stiffness, kgying:

k =b-C-c=k-c (2.48)

spring

Asbefore, b isthe width of the fictitious longitudinal sleeper, ¢ isthe centre to centre sleeper
spacing and k is the track modulus. Eqgn. (2.48) isvalid for a beam element model where the
foundation springs have the same stiffnessin tension asin compression.

When ano tension option isimposed, the spring stiffness is modified in the following way:

k-c ;y=0

ks;pring,nt = {0 .y <0 (2.49)
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2.9.2 Comparison between beam element models and BOEF models

For the purpose of comparison, deflections for asingle axleload for four different models were
calculated. The models are the following:
+ The BOEF model with track ladder weight included (Egn. (2.28)).
+ Thenew no tension model devel oped on the basis of the BOEF model (Section 2.6
and Eqn. (2.40)).
+ TheEuler-Bernoulli beam element model with the same spring stiffnessin tension
asin compression (Egn. (2.48)).
+ TheEuler-Bernoulli beam element model with zero spring stiffnessin tension and
agtiffness of kc in compression (Egn. (2.49)).

A design load of 200 kN was chosen as this|oad will be big enough to reveal any differences
between the models. At the same time this load may be considered a practical upper bound on
the design wheel loads. The track parameters are listed as follows:
+ UIC60 railswith mass 60.34 kg/m, equivalent to ag;,;; of 0.59 kN/m. The moment
of inertiaof therail is| =3.055-10" mm®*.
+ NSB95 sleepers weighing 270 kg. The corresponding halfweight of the sleeper,
0.5-Qgeepers 1S 1.32 kN.
+ Sleeper spacing, ¢, is 600 mm.
Track modulus, k, is 50 N/mm?.
+ Track ladder weight, g, for the BOEF model is 2.8 N/mm.

*

The overall deflection curves for the four models are depicted in Figure 2.20.
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Figure 2.20: Example of deflection curves for three different track models. Track parameters
and loading level given in the text.

The two BOEF models have been made deflection consistent; i.e. the maximum deflections are
identical. The two beam element model s have not been made consistent to the maximum deflec-
tion. But as can be seen from the deflection pattern in Figure 2.20 the maximum values are very

similar.
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The ordinary beam element model and the BOEF model produce an almost identical deflection
pattern as can be seen from Figure 2.20. Only at the right end the beam element model seemsto
have a smaller downward deflection, but thisis entirely due to the boundary condition at this
end. Thetensionless beam element model and the tensionless BOEF model aso have very sim-
ilar deflections. As expected, thetensi onless models produce bigger upward deflectionsthan the
other two. At theright end thetensi onless beam element model behavessimilarly to theordinary
beam element model.

A more detailed picture of the part of the beam that is subjected to upward deflection is given
in Figure 2.21.
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Figure2.21: Theupward deflection part of the three models givenin Figure 2.20.

Again, from Figure 2.21, it is difficult to differ the deflection of the BOEF model from that of
the ordinary beam element model. The difference between the two deflection curvesfor theten-
sionlessmodels are now clearly visible, but still the two curves agree with each other to alarge
extent.

A conclusion to be drawn from this particular example, with track parameters ason page 43, is
that there is very little difference in deflection between the model s with continuous foundation
compared with the models with discrete support. Whether thisconclusionisalso valid for other
track parameters and for other track reactionsis not obvious and further work has to be done.
The part of this question that deals with the two types of linear foundation is addressed in Sec-
tion 2.9.3.

2.9.3 Dimensionless sensitivity diagramsfor an Euler-Bernoulli beam ele-
ment model

When not dealing with the ordinary BOEF model a basic track design has to be specified. In
Norway the following design is common for al new lines and major realignments /43/:
« UIC60rals
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+ NSB 95 sleepers
+ 600 mm sleeper spacing
+ ballast thickness of at least 350 mm beneath the sleepers®

Together with thistrack design atrack modulus of 50 N/mm? is assumed for the basic track de-
sign. Egn. (2.48) will transform the track modulus into a foundation spring stiffness, thus as-
suming the same behaviour both in tension and compression. The design wheel load is set to
200 kN in the basic model. The same model asin Figure 2.19 is utilised, but with the modifica
tionthat dy 5 and Qg eeper bOth are set to zero. This modification is necessary when theresulting
diagrams are to be compared with the ones from the ordinary BOEF model (Section 2.7). The
calculation of these diagrams has also been described in /74/.

In the same way as for the BOEF model the diagrams are constructed by taking one parameter
at atime and vary its value to see the effect on the various track reactions. The track reactions
are then made dimensionless by dividing them with those of the basic design before the result
is plotted in the diagram. The various values used in the analysisare given in Table 2.8.

Table2.8: The values used for loading and track parametersin an Euler-Bernoulli beam
element model to establish dimensionless sensitivity diagrams.

Quantityto| Basis
bevaried | model

Other values used in the analyses

Qq[kN] 200 | 50 | 350

30 40

k [N/mm?3] 50 10 20

¢ [mm] 600 | 450 | 500 | 550 | 650 | 700

| [107mm?]3| 3.055 [1.3675| 1.819 | 2.073 | 2.308 | 2.346

a. Vauesfrom actual railsin use, confer Table 2.6.

In contrast to the BOEF model the values of (I-m), d, C and h,, have for simplicity not been ex-
plicitly treated in the analyses with the Eul er-Bernoulli beam element model. Thefirst three pa
rameters are actually included in the track spring stiffness, through the track modulus (see Eqn.
(2.48)). To eval uate their separate effect one could use Egn. (2.17) and Eqgn. (2.19). h, isonly

present in the calculation of rail bending stresses, and its effect may be treated separately by us-
ing Egn. (2.11) together with the appropriate rail moment. Thisisin fact the same approach to
h, asin the BOEF modd.

In Figure 2.22 only the three most fundamental dimensionless sensitivity diagrams for the Eul-
er-Bernoulli beam element model are given, i.e. the diagrams for deflection, rail moment and
rail seat load. The solid linesin the diagrams represent the BOEF sensitivity lines, while the
filled circles represent the beam element mode. In diagram b) (for the rail moment) open circles
have been used for the moment of inertiain order to avoid confusion with other parameters. Al-
S0, the regression coefficients for regression functions of the power type are shown, but the ac-
tual regression curves are, however, not shown here. The regression was done with the’ Trend
line' option in aMicrosoft Excel spreadsheet. For comparison, the corresponding parameters

1. Theregulations/43/ actually specifies a minimum total height of 750 mm from the base of the ballast
to the top of therail, and this makes the depth of the ballast layer beneath the sleepers approx. 350 mm.
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for the BOEF sensitivity lines are also given. Asfor the ordinary BOEF model, more detailed
diagrams are provided in Appendix A.

Rail moment ratio (new/basis) Rail deflection ratio (new/basis)
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Figure2.22: Dimensionless sensitivity diagramfor a beam element model (filled or open
circles) compared with the BOEF model (solid lines). Regression coefficients
for the beam element model given along with the corresponding coefficients for
the BOEF model. Larger diagrams can be found in Appendix A.

As can be seen from Figure 2.22 thereis avery good correspondence between the BOEF sensi-
tivity lines and the corresponding beam element markers when it comes to rail deflection and
rail seat load. Thisisalso reflected in the tables next to the diagrams. For the rail moment there
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are somedifferences, especially for the moment of inertiaand sleeper spacing. Itisworth noting
that all the reactions are linear with respect to the design load both in the BOEF model and in
the beam element model. Thisis of course due to the fact that both models actualy are linear
and also were intended to be linear.

With reference to the discussion at the end of Section 2.9.1 the general conclusion must be that
for therail deflection there are almost no differences between the ordinary BOEF model and the
beam element model. For the rail moment there are some differences as the impacts from the
track modulus and rail moment of inertia are bigger for the beam element model, while the im-
pact from the sleeper spacing is smaller.

Another interesting property of the regression lines of the beam element model isthat the power
functions describe these lines very accurately sincethe R%-valuesarevery closeto 1.0in al cas-
es. Thisalso impliesthat the curvestraverse very closeto the coordinate (1,1), which represents
the basismodel . The physical meaning of these considerationsisthat the basismodel for alinear
beam element mode with a single axle |oad does not matter much. In other words, the dimen-
sionless diagrams for this type of model have a quite general validity, and they should not be
regarded just as regression lines for those particular values used in the analyses. In practical en-
gineering, for asingle axle load, these diagrams could be used in precisely the same way asthe
diagrams for the BOEF model.

Asanillustration of the differences between the current diagrams and the ones described for the
BOEF model (Section 2.7) the same exampl e as on page 34 will be recalculated. As before, the
parameter ratios are 1.2 (Qg), 1.14 (1) and 0.9 (c). According to the new diagram describing de-
flection, the deflection ratios are 1.2, 0.97 and 0.92 which are the same as for the BOEF model.
Hence the deflection isincreased by 7 %. For the rail moment theratios are 1.2, 1.04 and 0.99,
and the rail moment is then about 24 % greater than the basis rail moment. For the BOEF case
the rail moment was increased by 20 %, so the new diagram predicts aslightly greater rail mo-
ment in this particular case.

2.10 Outline of a new beam element model with nonlinear support

2.10.1 Therelationship between wheel load and maximum deflection

Thismodel developed by the author is motivated by the fact that the load-deflection curve for a
railway track is often, if not always, nonlinear. The nonlinear behaviour is usually of the hard-
ening type with increasing track stiffness! asthe load increases. In such amodel the track stiff-
ness must be regarded asthe derivative of the load with respect to deflection. This type of load-
deflection relationship is schematically shown in Figure 2.23 below.

Theload as a function of deflection may then be modelled asin Eqn. (2.50) for asingle axle
load:

Qm = A Qr—r; )B (2.50)

where

1. SeeEqn. (2.22) on page 17 for the definition in the linear case.
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Whee! load
A

>
Deflection

Figure2.23: Sketch of a typical relationship between wheel load and rail deflection.

Qn = measured or known wheel load [N]

Ym = measured deflection of therail directly below the wheel load [mm]
Ve = areference deflection, set equal to 1.0 mm

A = regression constant with same unit as Q,

B = regression constant

The nonlinear track stiffness, Ky, is given as the derivative of the expression in Egn. (2.50):

Kay) = G = 28(L)" (251)

Toegablishtherelationin Egn. (2.50) one only needsto measurethe load and deflection at two
different load levels. An easy way of doing this, with acceptable accuracy, isto measure therail
deflection for passing trains at low speed. When the speed is low the wheel 1oads are approxi-
mately the nominal wheel loads given in the specificationsfromtherolling stock manufacturers.
These loads are quite accurate provided that the cars are empty. Preferably the two load levels
should be quite different in magnitude and this may require that some of the railway cars be
loaded. When morethan two measurements of deflection and |oads are carried out one may per-
form a statistical regression to obtain the constants A and B.

The expressionin Egn. (2.50) may also apply to cases of two or moreaxles. Then Qp,isstill the
wheel load, while y,,, is the maximum deflection measured. There may be arisk that the maxi-
mum deflection y,, is not directly below awhedl load when you have multiple axle loads. This
phenomenon is more articulated when the track response is soft (confer the discussion in Sec-
tion 2.7.2). Sincethetrack stiffnessin the current model increase with load, confer Egn. (2.51),
the track is also soft when the load is small. The difference between the deflections below the
wheel |oads and the maximum deflections are in most cases small and may be neglected. An-
other important property with anonlinear modd is that a summation of the rail deflections or
momentsis not possible when thesereactionsare produced by multiple axles. I nstead, aseparate
anaysis has to be made for each axle configuration.

Thereisno direct physica interpretation of the parameters A and B. However, as can be seen

by inspection of Eqgn. (2.50), thetrack behaveslinearly if B=1, it hardensif B>1andif B<1
the track shows asoftening behaviour. The reason why an expression likethe onein Egn. (2.50)
was chosen wasthat this expression would give a sufficient nonlinear behaviour at acost of only
one more parameter compared with the linear model. As argued above thisimply that only two
measurements of deflection at different |oad levelsare needed. Aswill be evident later, thislim-
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ited number of parameters will also be beneficial for the beam element modd as only two ad-
ditional egquationsin addition to the ordinary stiffness relations have to be established.

2.10.2 Establishing and solving the model equations

The crucial question next is how to transfer from an overall track stiffness model to abeam €l-
ement model. Therail will, as before, be modelled as Euler-Bernoulli beam elements with only
one element per sleeper spacing if there are no loads between the sleepers. Therail support will

be modelled with the same model as for the overall track but, of course, with other parameters
aandp,i.e.:

Yn \P
=a-|— (2.52)
Sn (yref)
where
S, = rail seat load for sleeper no. n
o, p = regression parameters analogousto A and B in Egn. (2.50)
Yo = deflection for sleeper no. n

It is emphasised that Eqn. (2.52) represents an assumption on the behaviour of therail support.
There have not been made any tests to establish this relation. However, Egn. (2.52) was an ap-
pealing choice since the overall track behaviour was modelled by the same type of expression.
If the rail was completely stiff and of finite length, o would equal A divided by the number of
rail supportsand § would be identica with B. The numerical values of o and  will befound as
part of the analysis.

The next step is to establish the element model for the track. Asordinary structura frame com-
puter codes normally cannot deal with this problem, it is necessary to establish the equations
manually. Thisis done by applying ordinary stiffness relations from structural mechanics, but
withthemodel in Eqgn. (2.52) for therail support. In structural mechanics this processisknown
asthedirect method. The stiffness rel ations provide as many equations as there are unspecified
degrees of freedom (dofs), but two more concurrent relations have to be established in order to
solveasofor a and . One additional equation is established by using the ordinary stiffness re-
lation for the specified dof, i.e. the known overall deflection. It isthen necessary that thisrela
tion containsthe two unknowns . and 3, and the only requirement for thisto be satisfied isthat
the known deflection is measured at a slegper position.

The last necessary equation is established by equilibrium between external energy applied by
theload and internal energy stored in the track model. The external energy supplied by asingle
wheel load is

Y B+1
Bt = | Qi = 555 () (259
0 rel

The energy stored internally in the track because of the whedl |oad is a sum of the energies
stored in the nonlinear support springs, ZE,,, and the bending energy of the rail, E, 4
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y B+1 1 5
En = DE B = Lty (52) + g (Moo (259
n n

rail
where nisrail support no. n and M(X) isthe rail moment.

Asthe principle of conservation of energy formsone of the model equationsthe model isenergy
consistent. Thisalso providesuniquenessto themode, i.e. thereisaone-to-one correspondence
between load and deflection. As such the model could be said to be nonlinear elastic.

Currently the model has 14 unknowns, six deflections, six rotations, and o and . A general-
purpose calculation programme run on a PC was used to solve the resulting set of nonlinear
equations. The software utilises akind of Newton-Raphson technique to solve the equation set.

2.10.3 Someresultsfor the new beam element model

From various analyses of asingle wheel load the a. and f are found to be reasonably constant
for different load levels within the same overall model (same A and B). A calculation with A=
20000 N, B=1.5and with S54 rail el ements spanning six sl eepers on each side of theload shows
that the variation is at most around 1 % for both parameters, but they deviate in opposite direc-
tions. The deviation in the support load (seat load) by using o and 8 from different load levels
isthusonly inthe order of 0.2 %. That o and 3 being constant for any load isimportant for Eqn.
(2.54) to be valid.

Some results from analysing asingle axle load are given. In all cases there were a single wheel
load Q=100000 N with A=25 000 N, B=2.0, and with maximum deflection y5=2.0 mm. The
track consists of UIC60 rails and the slegper spacing was 600 mm. Analysed track length was
3600 mm to each side of the wheel load, but only the half to the right of the wheel load was
analysed, asthe two partsare symmetric. o and p was cal cul ated to be 7650 N and 2.32, respec-
tively. The deflection consistent track modul us was cal culated to be 24.8 N/mm?. Rotation, but
no vertical deformation is alowed at the rightmost sleeper. In Figure 2.24 the deflection distri-
bution of the new model is compared with the BOEF model.
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Figure2.24: Deflection distribution for the new nonlinear beam element model compared
with the ordinary BOEF model with the same maxi mum deflection.
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The corresponding rail moment distribution is depicted in Figure 2.25.
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Figure2.25: Rail moment distribution for the new nonlinear beam element model compared
with the ordinary BOEF model with the same maximum deflection.

As can be seen from the diagrams in Figure 2.24 and Figure 2.25, there are no big differences
either in rail deflection or in rail moment between the BOEF and the current new model, espe-
cially near the point of load application. It seems however that he new model has an impact on
thetrack farther away from theload than that of the BOEF model, confer Figure 2.24. In’linear
responseterms’ this should imply a softer behaviour for the new model. But with regard to the
seat loads, the new model concentrates these loads nearer to the axle load, as can be seen from
Figure 2.26. The seat loads for the new model thus indicates a stiffer behaviour near the point

of load application. All in all it can be said that the new model givesatrack that is stiff where
the load is applied, but soft farther away from the load.
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Figure 2.26: Seat load distribution for the new nonlinear beam element model compared
with the ordinary BOEF model with the same maximum defl ection. The BOEF
seat loads are calculated using Egn. (2.12).
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The seat load for the new model at the very right end in Figure 2.26 seems to be substantially
higher than for the neighbouring sleeper, but thisisan error due to the end support conditions.
If more elements were added to the right end this erroneous seat |oad would diminish.

Analyses made with also the vertical deflection at the rightmost sleeper as a free dof revealed
unredlistically big upward deflection at this position. For he same data as those used in the fig-
ures above, the upward deflectionis calculated to be 0.56 mm. It is believed that this behaviour
isdueto therelatively short model and also the fact that any preloading from therails and sleep-
ers has not been accounted for. However, a somewhat bigger upward deflection is expected be-
causethetrack isvery soft when the deflection isaround zero, and thisalso comply with thefact
that ballast material s cannot sustain tension.

2.10.4 Concludingremarks

Thenew model representsa’top down’ approach in the sensethat you first establish the overall
track model (Egn. (2.50)) then you proceed to the element reactions by calcul ating the various
responses and the needed nonlinear spring datain the same operation. In principle, thisismuch
the same approach asthe ordinary BOEF method. In the BOEF method you establish the overall
model by assuming a Winkler foundation and solving the resulting differentia equation. Then
you measure thetrack modulus, which isaparameter created by the BOEF model, and you may
then calculate the various reactions. The main difference in the general solution proceduresis
that for the BOEF model it is only needed to solve the differential equation once and for all,
while for the new nonlinear model you have to solve the equation set each time you change the
input data.

Normally afinite element analysisisa’bottom up’ approach as the element properties (geomet-
ric properties and material properties) are used to build atotal model. The deflection of the point
of load application is not known, in fact this deflection is often the one that is important to find
by such an analysis. Thisisaso true for anonlinear analysis. But in anonlinear analysisit is

often required to incrementally apply the load on the structure and perform the analysis step-

wise. For the current model, however, when by somemeans o and § areknown apriori one may
calculate the dofs by applying the whol e load to the model and using the stiffnessrelationsonly.

The capabilities of the new model have not been fully explored, hence the notion 'outling’ in
the heading of this section. Some of the most important facets of the model that need further
exploration may be summarised as follows:

(1) Themodel hastoinclude more rail and spring elements especially when one
wants to model the response from multiaxial loading.

(2) More datafrom track measurements, especially deflections, but also rail
stresses and seat |oads, are needed to explore the usefulness and reiability of
the model. To get reliable data for rail stresses and seat loads is however more
challenging than for the deflections.

(3) The effect of the track ladder weight may be advantageous to include in the
model.

(4) 1t may be possible to separate the effects from the rail pads and the sleepersand
then deduce from the overall behaviour what behaviour should be left with the
ballast and substructure.

Inthefuture, this method will hopefully provide aconceptually simple but still amore accurate
tool for the railway track engineer. Especially when the track shows a clear nonlinear |oad-de-
flection relationship the present model will be advantageous, and in particular when it comesto
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seat |oad calculations. The fact that the method may be based on measuring therail deflection
only, makes the data capturing as easy as for the BOEF method. To measure the rail deflection
one may use one or more LVDTs (Linear Variable Differential Transformers).

2.11 Dynamic models

According to Clough and Penzien /11/ adynamic load is defined as aload where its magnitude,
direction or position varies with time. As aresult, the structural response, i.e. deflections and
stresses, is aso dynamic or time-varying. Hence adynamic model aims at describing the dy-
namic response to dynamic loading. By examining the loading of arailway track we will soon
find that there is dynamicsinvolved when atrain moves aong the track.

Thefield of dynamics of railway tracksisvast, and only a scratch on the surface will be made
here. Because of its complexity, dynamic analyses of railway tracks are not made on a routine
basis even today. However, dynamic analyses of railway cars within the rolling stock industry
are now feasible with an acceptable accuracy. Examples hereof are the software packages of
ADAMS Rail/Medyna, Gensys, Nucars, Simpack and Vampire /40/. These packages also have
simplified models of thetrack itself, but the main objective of the computer codesisto calculate
the responses of various rolling stock items.

In acertain respect one may say that the loading of thetrack is’ more dynamic’ than the loading
of the rolling stock. This may be evident when atrain at constant speed moves along a tangent
track with perfect geometry and with uniform vertical resiliency along thetrack. Apart from any
hunting behaviour the individual cars experience very small dynamic loads. On the other hand,
alocationinthe track will undergo several onloadings and offloadings during the time it takes
for the total number of train axles to pass. The crucia question in adesign processiswhether a
dynamic analysis of the track is necessary to get reliable response data for the critical stresses
and strains. It islikely that dynamic track analyses will be more common in the future because
of higher train speeds, better material data and more accurate numerical tools. The present-day
problem of high speed trainstravelling at velocities that at some places exceed the critical soil
velocity may show the usefulness of dynamic analyses also in practical engineering.

Clough and Penzien /11/ mention two basically different types of structural dynamic loading,
namely a prescribed dynamic loading and arandom dynamic loading. In the former casethe
structure can be analysed in a deterministic manner, whereas in the latter case a nondeterminis-
tic, or stochastic, analysis hasto be performed. A deterministic analysisnormaly leadsto adis-
placement-time history that corresponds to the prescribed loading history, and the other
responses, such asstresses and strains, are normally cal culated in asecondary phase onthebasis
of the displacements. However, in a stochagtic analysis the variation of the displacements with
timeisnot known, and all responses have to be eval uated independently from separate stochas-
tic anayses. In the proceeding sections only prescribed dynamic loading and deterministic anal-
yses are addressed.

In addition to /11/, which is agood general textbook for the introduction to dynamics of struc-
tures, Fryba/25/ is more specific on moving loads. The latter textbook! is often referenced by
researchersin thefield of railway track dynamics.

1. The 1972 edition (1st ed.)
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2.11.1 Modeswith given loading

An example of asimple dynamic model of an Euler-Bernoulli beam is given by Esveld /22/.
Such abeam loaded at x=0 with a concentrated harmonic load

i2nft

F(t) = Qg e (2.55)
may be modelled with the following differential equation:
9 0’ 9
ELTWOx O]+ moTw(x, ]+ o fw(x )]+ w(x. 1) = 0 (2.56)

wherei isthe complex unit, f isthe loading frequency, t isthe time variable, w(x, t) isthe de-
flection function, misthe track vibrating mass and c is the track damping. mand c areinthis
context given per unit length of track. Theleft-hand side of this differential equation is describ-
ing a foundation model that is known as the Kelvin model.

With similar boundary conditions as for Eqn. (2.7) on page 10 the solution of Egn. (2.56) has
the form:

i 27 ft

w(x, t) = y(x)-e (2.57)

Hence Eqgn. (2.56) can be rewritten to aform similar to Eqn. (2.7) for the statically loaded
BOEF:

4
E|%[y(x)] +[k—4n’Pm+i2nfc] - y(x) = 0 (2.58)

Thetrack modulusin the static case must however be replaced by acomplex track modulus, k* :

. 2nfc
. |aIan{722 }
ke = J[k—an?2m] + 4nt%c -e  k-4afm (2.59)

An alternative version of the same model is provided by El-Sibaie/20,21/ onthe basis of Fryba
/25/. Here the load is assumed to be moving at steady speed along the track, and the governing
differential equation is modified to

4 2
EI%[W(X,t)H m;_t[w(x,t)]+c%[w(x,t)]+w(x,t) = Q(1)- d(x—vyt) (2.60)

where Q(t) isaload that varieswith time, 9 is the Dirac delta function and v, is the constant
velocity by which the load Q(t) moves along the track. /21/ also shows the solution of the sim-
plified problem when the load is constant, i.e. do not vary with time. The advantage of Eqgn.
(2.60) over Egn. (2.56) isthat the effect of moving loadsis taken into account.

A typical deflection shapeis shown in Figure 2.27 below. Note that the deflection and rail mo-
ment are not perfectly symmetric asin the static case. Thisis caused by the velocity of the mov-
ing load and the foundation damping.
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Figure2.27: Rail deflection v(s), rail moment M(s) and rail shear force T(s) when inertial
and damping characteristics are included. Light damping (f=0.1) and
subcritical speed (¢.=0.5). From Fryba /25/.

With advanced computer softwareit is possibleto make amodel where no track loads are given
explicitly but rather come out of an analysis of thetotal track-train system. Thewhed loads are
then aresult of the vehicle weight, track irregul arities (misalignments), track curving, wheel ir-
regularities (i.e. wheel flats) coupled with track and train characteristics.

2.11.2 Satic versus dynamic analysis

The question whether a static or dynamic analysis of atrack section should be performed is de-
pendent upon several factors:

+ Accuracy

« What data are needed

« Train speed

« Foundation characterigtics

If, for instance, data are needed for damping characteristics for atrack on soft ground trafficked
by high speed trains, a dynamic analysis should be performed.

Another way of deciding whether adynamic analysis hasto be carried out isto measure the de-
flection in the track when atrain passes. If the deflection is reasonably symmetric with respect
to the maximum deflection it islikely that a static analysis will capture most of the reaction ef-
fectsin thetrack.
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cHapTER 3 Elements of constitutive modéd -
ling of railway ballast

3.1 Introduction

In this chapter some facets of the modelling of mechanical behaviour of frictional soil will be
looked upon more closely. The focus will be on elasto-plasticity, repeated |oading and friction
- with aview to railway engineering. The use of the finite el ement method is also briefly dis-
cussed.

Railway track dynamics and track-train interaction will not be focused upon as the track |oads
are assumed to be of aquasi-static nature. With respect to the loads, referenceis madeto Section
2.2.

While Chapter 2 deals with the reactions in the upper part of the railway structure, the present
chapter will be relevant when looking upon the compl ete structure - from subgrade to rail. It
may therefore be pertinent to define the various parts of arailway structure in more detail, see
Figure 3.1. Thisfigure istaken from Selig and Waters /72/ and is more relevant to American
conditions than to Norwegian conditions. For instance, in Norway we do not differ between top
ballast and bottom ballast, and the subballast layer and the placed soil fill will be onelayer and
frequently made up of rock-fill material. Also note the term ' superstructure’ only includes the
rails, thefastening system, the sleepersand the crib ballast, whiletheterm’ substructure’  covers
the ballast layers beneath the sleepers, the placed sail fill and the natural ground.

3.2 Some commentson modelling

3.2.1 General requirementsto a mathematical model

In general, agood mathematical model should have high standards regarding the following as-
pects:

Answer the posed question(s).

Generality.

Accuracy.

Few parameters needed, easy to use.

* 6 00

Asan exampletothefirst item, the BOEF model discussed in Chapter 2 cannot answer the ques-
tion about strainsin the ballast layer given only those data needed by the model. There might
be a chance of getting a very rough estimate when some layer thicknesses and some ad hoc hy-
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Figure3.1: Thevarious parts of a conventional, ballasted railway track structure. From
Selig and Waters /72/.

potheses of load distribution in granular layers are given. These extra pieces of information do
not, however, interact with therail behaviour; rather, thisinformationisused for post processing
the original output from the BOEF model. As such, the BOEF model describesthe track behav-
iour from therail point of view.

The second item onthelistisof profound importancein al modelling. A good model should be
so general that it will make reasonable predictions of track behaviour for a broad range of input
data. Since thisis difficult to achieve the recommended range of the input data should be de-
scribed. If the model is not well known it should be described when results from model predic-
tions are reported. In some cases the model employed is actually mentioned implicitly when
requesting the input. Thisisthe casefor linear elastic models, where Y oung’s modulus E and
Poisson’ sratio v are required input (alternatively, the bulk modulus K and the shear modulus
G). Also the BOEF model falls into this category, since atrack modulusk, in addition to rail
parameters, is required.

Further, the requirement of high accuracy may seem obvious, but givesrise to certain funda-
mental problems. One of the more serious onesisthe question of strainsand stressesin the gran-
ular layers. Certainly, the materia in coarse granular layers is of adiscrete nature with
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individual particles assembled together, and this does not encourage a continuum mechanics ap-
proach for strains and stresses. Moreover, this discrete nature of the material makesit difficult
to measure the exact strains and stresses beneath a passing train. Generally speaking, one may
divide the problem of accuracy into two parts. Onethat consider the accuracy of the material
model ling and asecond that consider the accuracy of the geometrical model of the object to be
anaysed. Oneof themajor pros of thefinite element method isits ability to handle both material
behaviour and geometry accurately.

Thegenerality and the accuracy requirements may be combined to a predictability requirement.
Some comments regarding predictability has also been given in Section 2.3.6, although with the
emphasis on the BOEF model. It should also be mentioned that the first three aspects listed
above regarding modelling are most often interrelated. A very general model will lose much of
itsraison d'étreif it is not able to answer frequently asked questionsin track design or if itis
not reasonably accurate.

Considering thefinal point, the requirement of simplicity may be contradictory to thefirst three
points. However, amodel with many parameters may betailored especialy for one purpose and
therefore loses its generality. Furthermore, an easy-to-use model will attract more users and
may in the future form the framework for more advanced models.

The advent of the finite element method (FEM) has enabled engineersto put more effort into
material modelling than into classical solution techniques. Thisshift of perspective has brought
about major progressin material modelling, while solution techniqueslike the FEM work inthe
background and produce the answers without bothering the engineer with the computational de-
tails. Consequently, the requirement of simplicity may focus on the material behaviour part of
the model. A greater responsibility is however put on the engineer to evaluate the results from
the finite element analysis as this is a numerical approximation to the problem.

3.2.2 Srain and stress measur es

When talking about strain and stressthere exist several definitions. Here an assumption of small

strains and deformations is taken, as the railway embankment structure is assumed to perform

satisfactorily. Generally it should be noted that the assumption of small strains do not necessar-
ily imply small deformations, confer, e.g., a cantilever beam with atransversal tip load, but for

our purposes the deformations could aso be considered small.

When not otherwise stated the strain measure is the Cauchy strain/15/, i.e. strain based on the
original configuration. In one dimension the Cauchy strain, €, reads

[—I
g = —9 (3.1
whereljistheorigina length and | isthe deformed length. Thisstrain measureisalso called the
engineering strain.
Also, the stress measureis based on the original configuration, i.e. the numerical values of the
stresses are cal cul ated on the basi s on unchanged areas. Henceit is assumed that the stresses are
engineering stresses.

The geotechnical sign convention isused, i.e. compressive stresses and strains are positive
while tension and elongation is negative.
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3.2.3 Typesof nonlinearities

Many common metallic materials behave linearly, at least for moderate strains. Hence, thereis
alinear relationship between stresses and strains. Soils, on the other hand, are generally known
to exhibit anonlinear behaviour.

Generally a mechanics problem is nonlinear if the stiffness matrix or the load vector depends
on the displacements/12/. Threeimportant sources of nonlinear behaviour are briefly discussed
below /3/: Materia nonlinearity, geometric nonlinearity and boundary nonlinearity.

Material nonlinearity is associated with changes in material properties when the materia is
deformed. Plastic behaviour will in any case give rise to nonlinearities, but also elastic behav-
iour may be nonlinear. The foundation spring model of Section 2.10 is an example of anonlin-
ear elagtic model. Plasticity istreated later in the present chapter.

Geometric nonlinearities occur when the deformations are large during an increase of forces
from zero to the fina values. These deformations will change the geometric shape of the struc-
ture so that the behaviour for the first load steps are significantly different from the behaviour
when the load approachesitsfinal value. What in effect isanalysed is a series of geometrically
different structures. Exampl eshereof are buckling of columns, snap-through buckling of curved
beams or shells, squeezing of soft layers between stiff layers. Thistype of nonlinearity is not
treated any further in the present thesis.

Boundary nonlinearities may beregarded asaspecial type of geometric nonlinearity ascertain
nonlinear effects occur only at the boundary. The source of any boundary nonlinearity is that
the boundary conditions change during the analysis. Contact problems areinthis category, e.g.
the track models described in Sections 2.5 and 2.6. The theory of boundary nonlinearities will
beleft here asit is considered to be beyond the scope of the thesis.

3.3 Thefinite element method

3.3.1 Introduction

Thefinite element method isinextricably tied to constitutive modelling asthis method makesiit
possible to numerically solve boundary value problems where a constitutive model is an ingre-
dient. There also exists other methods, but the finite element method seems to be the most pop-
ular and therefore it deserves a brief description asit is ill not so much used by railway track
engineers.

Thefinite element method was invented in the late 50s and early 60s as ameans of calculating
stresses and strainsin structural mechanics. After thisinitial stage of development it was recog-
nised that the method could al so be empl oyed more generally to solve abroad range of boundary
value problems. Nowadays the method has evolved to amore or less standard numerical tool in
almost every branch of engineering science. In railway technology the method is utilised in as
various fields as aerodynamics, electrical engineering and acoustics in addition to numerous
structura analysis applications.
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The scope of this section is not to give a thorough description of the finite eement method
(whichishardly possible even for standard textbooks), but rather to provideaglimpse of insight
to readers not familiar with this method. M orein-depth descriptions can be found in numerous
textbooks on general FEM, among which are the books of Cook et a. /12/, Zienkiewicz and
Taylor /91/, and Bathe /3/, just to mention afew. The following description is limited to stress
and strain computations in static structural mechanics.

3.3.2 Thefinite element method for structural mechanics

An analytical solution procedure takes as a starting point the governing differential equations
together with boundary conditions. In principle an analytical solution, when correctly carried
out, will provide aclosed form solution where the stresses and strai ns are functions of some po-
sition coordinate in addition to material and loading parameters. In moreinvolved cases, asin
elastic layer theory, numerical solutions have to be invoked to solve the exact equations. The
|atter case may therefore be denoted semi-analytical. But in both cases pointwise (or particle-
wise) static equilibrium is assumed, and any errors must therefore be due to erroneous solution
techniques in addition to numerical noise in the case of a semi-analytical approach. In other
words, the stresses and strains at every point in the structure are the exact correct ones, assumed
that the material behaviour isexactly describedinthe model, and exact static equilibriumin eve-
ry point is assured.

However, when the materia in the structure behaves more complex and the geometry of the
structureisirregular, an analytical solutionisvery difficult, if not impossible, tofind. And here
the finite element method shows to advantage.

Simplistically speaking, the finite element method is a piecewise approximation to the actual
stress and strain fields. As such the finite element method generally provide neither exact solu-
tions nor static equilibrium for every particle in the structure (in contrast to anaytical solution
techniques). Instead of equilibrium for every particle, the method offers equilibrium in a piece-
wise manner throughout the structure. To be more accurate, the structureis divided into a
number of pieces of finite size, not necessarily of equal size, caled finite elements (hence the
name of the technique). Theindividual element isassured to be in static equilibrium by thetech-
niques inherent to the method?. Certainly, every point within an element is not in equilibrium,
but the element as awholeis. Since the whole structure is made up of elementsin equilibrium,
the structureitself isin equilibrium. The advantage of using this pi ecewise approximationisthat
within each element the approximation is carried out with very simple functions.

When the structure is divided into elements the individual elements are assigned a set of nodes
in-between which theinternal deformation of the element isinterpolated. This suggeststhat the
deformations are known at the nodes, which in fact is true when the analysis is completed. At
the level of eement analysisthe nodal deformations (often referred to as degrees of freedom,
abbr. dof(s)) constitutesthe set of unknownsfor the element. At the structureleve all nodal dofs
constitute the total number of unknownsin theanalysis. These unknown dofs are found by solv-
ing asystem of simultaneous equations provided by the method.

The nodal degrees of freedom are typically a selection of the x-, y- and z-deformations at that
node (Cartesian coordinate system assumed). The ones to pick are of course dependent of the
dimensionality of the problem - a2D problem do not need the third nodal dof (e.g. the dof in z-
direction). All or most of the nodes are placed at the borders of the element, although internal

1. One of the frequently used methods isthe principle of virtual work, in which FEM may be recognized
as acalculus of variations procedure.
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nodes are perfectly OK and may aso be beneficial in some cases. To get high accuracy many
nodes at each element is necessary, but the penalty isthat this would occupy alot of CPU and
storagein the computer during analysis. The simplest element for practical usein structural me-
chanicsisthetwo-noded bar element with two dofs, and one of the most complex isthe 27-nod-
ed 3D element with 81 dofs. These and other examples of types of finite elementsare shownin
Figure 3.2 below.

\"’a)\o\, ] L. | T .
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Figure3.2: Examplesof different types of finite e ements (nodes and dofs indicated by small
circles and small arrows, respectively): a) Two-noded linear truss element (for
axial loads only), b) Beam element that allows axial, transversal and moment
loads, ¢) Four-noded 2D element, d) Eight-noded 2D element, €) 20-noded 3D
element and f) 27-noded 3D element (with local coordinate system indicated
through the centre node). (Elements €) and f) with only three of the dofs
displayed.)

The accuracy of the method depends mainly upon two factors. Firgt, the size of an element de-
cideshow large a“particle’ must beto assure equilibrium. If we want to look at aregionthatis
smaller than the element size, we may find that the static equilibrium conditions are violated.
However, if we choose to divide our structure into smaller elements, equilibrium is satisfied at
more and smaller subregionswithin the structure. Thiswill in most casesimprovethe accuracy.
Second, the way the deformations are allowed to vary within an element will also affect the ac-
curacy. Thisis closely related to the number of dofs of each element. Assuming polynomial in-
terpolation and with reference made to Figure 3.2 it may be argued that with two dofs at an
element edge, the variation of deformation between the nodes can at most be linear, with three
dofsthe deformation may vary parabolic, and so on. If the deformationsare only allowed to vary
linearly, so that the corresponding strains and stresses are constant within an element, the accu-
racy ispoorer than if the deformations are allowed to vary with functions with asomewhat high-
er order. Thisis so because we cannot in advance know exactly how strains and stresses vary
(thisisactually something we want to calculate during the analysis!), and the more intricate var-
iations we alow the greater isthe chance that we actually are close to the right one. However,
the functionsthat provide thisinterpol ation within an el ement must also take care of caseswhere
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the solution requires lower order interpolation functions (i.e., the polynomials must be com-
plete).

A conseguence of the accuracy problem isthat in regions of the structure where the strains and
the stresses are expected to vary greatly over small distances, there should be more and smaller
elements. If possible, you will also benefit from substituting simple elements with more ad-
vanced e ementswith more nodes and dofs. Again, any improvement of accuracy gained inthis
way must be balanced against increased computing costs.

A more mathematical approach to the finite el ement method may be found in numerous text-
books as mentioned in Section 3.3.1.

3.4 Elastic modelsfor transportation structures

Therearenumerous €l astic model s that have been used for transportation structures. Here abrief
review isgiven for some of the most common models. Many of the models are tailored for road-
building materia s but the concepts may be equally applicable to railways. A general reference
on constitutive laws for geologic materialsisthe book by Desai and Siriwardane /15/.

3.4.1 Linear, isotropic elasticity

The elastic model may comein several versions, but the one that assumes isotropic conditions
isthe one described here and is adopted from /64/. When the constitutive matrix is denoted D,
the generalised Hooke's law reads:

o = Deg (3.2
where
T
0 = [0y, 0y, 033,035, 033, Gp5] = [0y, G, 0, T Ty, Tl (3.3
T
€ = [€9, &, &35, 2815, 2813, 2853] = [€,, €1 €4 Viyr Yz Vydl (34)
_1—v Y Y 0 0 0 1
v 1-v v 0 0 0
Y v 1-v O 0 0
___E o o o2 o o
D =T 2 (35)
o 0o 0o o0 =2 g
2
O 0 0 0 0 1‘22"

Here, Eis Young's modulus and v is Poisson’sratio.
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The various stress components in Egn. (3.3) are defined as stresses on the surfaces of acubical
material el ement:

O33
031 O3,
Oy 01 011
X3
“ 021 |07
2 (oY)

X1

Figure3.3: Sresscomponents.

The strain components, Eqn. (3.4), may beillustrated similarly asin Figure 3.3.

Theflexibility matrix, theinverse of the constitutive matrix, is sometimes useful for manual
strain calculations:

1 -—wv-— 0 0 0
-v 1 —v 0 0 0
Elo 0 0 21+v) © 0
0 00O 0 2(1+v) 0
|0 0O 0 0 2(1+v)
The strain isthen given by
¢ =D o (3.7)
Using the bulk modulus, K, defined by
_ E
K = 3—(1—2v) (3.8)
and the shear modulus, G, defined by
E (3.9)

G = 3a+

the constitutive matrix D reads

URN:NBN:no-3305
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K+26 k26 k=26 000

3 3 3
2 4 2
K-3G K+3G K-3G 000
D= 2 2 4 (3.10
K-5G K-3G K+3G 000
0 0 0 GO0O
0 0 0 0GO
0 0 0 00G]

The bulk modulus, K, connects the volumeltric strain, €, defined by

€, = €10t Epp +Eqg (3.11)

\'4

and the mean stress, 0,,,, defined by
1
o, = 5(011 + 0y *+ 033) (312

through the following equation

o, = Ke

(3.13)

\'4

Likewise, the shear modulus, G, connects the deviatoric strain, e, and the deviatoric stress, s.
The deviatoric strain is defined by

e=e—g (3.14)
where

(em)' = 3le,.6,,8,,0,0,0] (315)
The deviatoric stressis defined by

S=0-0 (3.16)
where

T
(Gm) = [Gm' Oms Om>

0,0,0] (3.17)
The deviatoric strain and the deviatoric stressis then linked as follows:
s = 2Ge (3.18)

In some cases it is convenient to have expressonsfor E and v in terms of K and G:
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_ 9K _ 9KG
E—1+35—3K+G (3.19)
G
_1. 1 _;(3K—2G)
v=731 K.1| =3 a0 (3.20)
G

Linear, isotropic elasticity iswell suited for metals subjected to moderate stresses within the
working range. For soilsthis model isless suited because of anisotropy, stiffening or softening
behaviour and the lack of tensile strength, just to mention afew facets of soil behaviour not co-
herent with linear and isotropic dasticity.

3.4.2 Crossanisotropic elasticity

Transportation structures made of granular materials are often compacted vertically during the
construction phase. After construction the service loads act mostly in the vertical direction and
may have an additional compactive effect. However, in the horizontal direction neither active
compaction effort nor much service loading is applied. The constituent granular material may
therefore behave differently inthevertical direction than in the horizontal direction, thusgiving
rise to abehaviour termed cross anisotropic elasticity or transversal elasticity. Another source
of anisotropy isflaky or elongated material particles asthese will tend to orientate with along
axisin the horizonta direction. Both the compaction effect and the particle shape effect will
cause ahigher stiffnessin the vertical direction than in the horizontal direction. Assuming the
Xz-axis asthe vertical one, the flexibility matrix for such a material reads /87/

Y Y
1 _YHH _PYvH 0 0o o0
E, E; E,
Y Y
e 1 Y 0 0 0
E, E; Ey
Y Y
D = v v Fv (3.21)
2(1+v
0 o0 (* Vi) 0
By
1
0 0 0 0 G 0
1
0 0 0 0 0 2Gor
where
Ey = Young'smodulusfor horizontal compression
Ey = Young'smodulusfor vertical compression
vyy = Poisson’sratio for expansion in one horizontal direction due to compression
in the other horizontal direction
Vyy = Poisson’sratio for expansion in the horizontal plane due to vertical loading
vy = Poisson’sratio for expansion in the vertical plane due to horizontal loading
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Gy = shear modulusfor shear deformation in avertical plane

Usually the matrix in Egn. (3.21) is considered to be symmetric with five independent parame-
tersto measure /64/, as vy is set equal to vy

3.4.3 Nonlinear resilient modelsfor pavement design

An overview of some of the most popular modelsis given in Hoff /34/. These models are based
on conventional triaxial testing on unbound road building materials, i.e. natural gravel or
crushed stone aggregates.

The K-8-model. This model is described by Hicks and Monismith /31/ based on their own re-

search and earlier works by others. The model calculatesthe resilient modulus M,, which isthe
ratio of deviator stressto the recoverable axial strain, in the following way:

(3.22)

where
0 = meanstress=o0y,
K7 and K, are regression coefficients from regression analyses of triaxial test results.

To avoid problems with the units, a version with dimensionless coefficients may be preferred:
_ * g KZ
M, = Ko, (G) (3.23)

where Kl* isaregression coefficient (amodification of K;) and o, isareference pressurewhich
often is set to 100 kPa (approx. 1 atm.).

Theresilient modulusistypically used as an effective Y oung’' s modulus along with ameasured
or assumed Poisson’ s ratio, the latter being constant. When used in a boundary value problem,
e.g. in afinite element formulation, this approach is known to have convergence difficulties
132].

The Uzan model. Uzan /80/ modified the K-8-model to include the effect of the deviatoric
stress. The resilient modulus is then

M, = AB°q" (3.24)
where A, B and C are regression coefficients and q is the deviatoric stress:
q=0,-04 (3.25)

The Pappin and Brown model. Pappin and Brown /67/ divided the mechanical behaviour into
avolumetric and adeviatoric part. A modified form of the model is given /58/:

g, = [(/@ (- an)J (3.26)
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E

g = (g) n (3.27)
where

g, = resilient volumetric strain

€ = resilient shear strain

p = meanstress=ay,

n =ap

A, B, C, D and E are regression coefficients.

The bulk and shear moduli can now be calculated as

K = f (3.28)
\%
"

G =3l (3.29)

The Boyce model /5/. The volumetric strain is given by

1-B
- o8 L _ 1.2
g, =p [Bs 68, r]} (3.30)

while the shear strain is given by

[%

E. =

(o8]

2

where B, B, and B3 are material parametersfrom triaxial testing. B, and B may be interpreted
as nonlinear shear and bulk moduli, respectively. The secant bulk and shear moduli can be cal-
culated by using Eqgn. (3.28) and Egn. (3.29).

Hornych /37/ reports a potential function that the Boyce model can be derived from. This po-
tential has the form of acomplementary strain energy function.

The Boyce relations have also been modified to include anisotropy /19, 37/.

3.4.4 Nonlinear hyperelastic models

Hyperelastic models aredefined in terms of astrain energy function fromwhich the stress-strain
relation is derived. These type of models are al so denoted Green elastic models. The main ad-
vantage of hyperelastic modelsis that there is a one-to-one correspondence between stress and
strain, i.e. the same stress-strain path is used for unloading asfor loading. Assuch, Hooke' slaw
represents alinear hyperelastic model, and the nonlinear elastic models described in Section
3.4.3 are also meant to be hyperelastic athough this was not aways explicitly stated in thelit-
erature.

Thehyperel astic models assumethat astrain energy density U can be defined interms of strains:
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U = U(e) (332

Since an infinitesimal change in strain energy may be accomplished by multiplying the stress
by an infinitesimal changein strain, the stress itself may be calculated by differentiating the
strain energy with respect to strain:

_
0= (3.33)
Theindividual stress component is calculated by taking a partial derivative of the strain energy
function with respect to the strain component corresponding to the stress component.

Two nonlinear hyperel astic model s are presented in the following. They have in common acou-
pling property between shear and volumetric deformation that accounts for shear deformation
and pressure-dependent behaviour.

Modéd accordingto Hjelmstad and Taciroglu /32/. Given the strain matrix E

&1 €10 &3

E = (3.34)

€21 €20 €33

€31 €3p €33

and the deviatoric strain matrix E’

€1 € €3 €1 & &3 1 e, 00

€1 € €3] = |81 €2 €53 73| 0 &, 0

€31 €3 €33 €31 €3p €33 0 0e,

E = (3.35)

where g, is given by Egn. (3.11), adeviatoric strain measure e is defined as the square root of
the second deviatoric strain invariant J,%:

1 T 2 2 2
e= «/JE = /Etr(E E) = «/— €11€9) —€11€33 = €833+ €15 + €13+ €53 (3.36)

The square of the strain energy density function is then assumed to be aproduct of abulk strain
energy Al (g,) and adeviatoric strain energy V(e):

U(e) = ,/23U(e,)V(e) (3.37)

The stress is obtained by the help of Egn. (3.33):

6=—=1+—n (3.38)

where| istheidentity matrix and n isatensor representing the direction of the deviatoric strain:
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_de_e
n=== (3.39)

Thetangent constitutive matrix D = 0o/ d¢ can be eva uated from Eqgn. (3.38).

132/ gives examples of the use of the present moddl. It is concluded that the model iswell suited
for FEM application and it is amenable to large-scale computation. The shear dilatancy iswell
captured, but the lack of tensiona strength of granular materialsis not taken into account.

M odel according to Hoff et al. /35/. The soil model described herein isthe model developed
by Hoff and co-workers at the Norwegian University of Science and Technology.

Themodel is developed for coarse graded unbound granular material s and describes how the
dilatancy of the material can betaken into account in away that actually showsto advantagein
describing the behaviour of the aggregate. It turns out that when including the dilatancy the un-
realistic tensile stresses calculated using isotropic €l astic theory are substantially reduced or
even eliminated. A hyperelastic description is used to assure path independence. The strain en-
ergy function reads

2
U = %K(If) +D 0,5 +2GI° (3.40)
where
1,5 = thefirst strain invariant =¢,
D = aparameter accounting for the dilatancy of the material, determined through

triaxia tests, with units of Pa.
the second deviatoric strain invariant

(]
N
™
1

The stresses are found by taking the partial derivatives of the strain energy with respect to the
corresponding strains. For instance isthe constitutive relation between the principal stressesand
the principal strains asfollows

o, K+3G+Dg; K-iG-3jDe; K-3G-;De,| |g,
O, = |K-3G-1De; K+iG+De, K-2G-1iDg,|Us, (3.41)
O3 K-2G-3iDe, K-iG-3iDe; K+3iG+Degy| |&3

The correct constitutive relation for atriaxial case, where 0,=03 and £,=¢€3, intermsof o4and

Onis
Y 3G I €
I = 27 Faig (3.42)
Om ‘e, K g,
where
Gy = 01-03
gq = 5(g;—¢3), thework consistent deviatoric strain

The non-symmetry of the constitutive matrix in Eqn. (3.42) is simply due to the definitions of
the stresses and strains used. The more general constitutive matrix in Egn. (3.41) is symmetric.
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Traditionally, there exist several ways of getting around the problem of tensional stresses! in
the bottom of granular layers described by isotropic soil parameters. Hoff et al. /35/ describe
some of the most frequently used strategies used to avoid the tensional stresses:

(1) Permanent horizontal compressive stresses from compaction are assumed

(2) Using Poisson’sratio larger than 0.5

(3) Anisotropic stiffness

(4) Stress adjustment using the Mohr-Coulomb failure criterion

Researchersrelying on item (1) anticipate high levelsof initial stresses so that the soil never fac-
estensile stresses during loading. Using a Poisson’ sratio larger than 0.5 has as a consegquence
apeculiar materia behaviour wherethe material expands when subjected to isotropic compres-
sive stress. The fourth aternative represents an ad hoc procedure that 'repairs' the stresses but
violatesthe origina boundary val ue problem with its el asti ¢ constitutive assumption. Thethird
alternative isafruitful one that does not make any additional assumptions beyond that of ani-
sotropy. However, this aternative does not dways display material parameters that are consist-
ent with those found in triaxial testing /35/. The model described by Hoff et a. isthereforea
conceptually very promising aternative.

One major disadvantage of the model by Hoff et al. isthat it will fail if

3GK — gozsﬁ =0 (3.43)

3.5 Featuresof elasto-plasticity

3.5.1 Introduction

For transportation structureslike railway tracks and highwaysthere are numerous models when
it comes to calculating the elasto-plastic behaviour. For the railway part, the models generally
fall into two categories:

+ Overal models which try to describe the settlement of the track ladder. This type
of approach triesto simulate ameasured settlement asafunction of mainly the axle
load and the number of axles. Some models also take into account the state of the
track, increased settlement after tamping and a nonlinear effect of differing axle
loads. A review of thistype of modelsis done by Dahlberg /14/ and is not treated
further in thisthesis.

« Continuum models that calculate the plastic strain at amicro level, in essence for
every soil particle, and the summation to atota settlement is often done by afinite
element code. The material data needed are normally obtained by laboratory test-
ing of the various materia sthat constitute arailway track. These models are gener-
ally expensive in computer time, and especially so if repeated loading isto be
taken into consideration.

The latter category of models may be subdivided further, aswill be evident | ater.

1. When fines are present there may be suction in the interstitial pore water corresponding to an apparent
tensile strength.

URN:NBN:no-3305
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Thetypes of strains that may occur in amaterial may be resilient, permanent or even time de-
pendent. Table 3.1 displays two grouping schemes based on time dependence and permanency

of the strains.

Table 3.1: Srains. Two grouping schemes and the relation between them.
Resilient, €® Permanent, €°
i I nstantaneous I nstantaneous
Instantaneous, € . .
eladtic, €'® plastic, 'P

Time dependent, ¢!

Time dependent
elastic, £

Time dependent plas-
tic (viscous), e

A material subjected to a constant stress during alimited period of time may expose aone-di-
mensional behaviour like the onein Figure 3.4.

Sress
\
obL---_-_-____
} | Time
Strain | i
\ | |
- : _
! gie
g!e :
&t ! g
! cte
Foud
gie 51?3 -
& P
g gp
t=1 t=1t Time
Figure3.4: Relationships between various types of strain. The dashed line continuing from

the peak of the curve indicates that if theload islong lasting the growing part of
the deformation will be the time dependent plastic part (assumed linear) as the
elastic time dependent part will stop increasing.

If t; islarge enough compared to t, the time-vs.-strain-curve will become linear for many ma-
terial s when approaching t;, as the time dependent plastic strain is the only contributing strain
component. Thisisindicated by the upper dotted line around t; that is parallel to the lower dot-
ted linefromtytot;.
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In the further discussion, when not otherwise stated, only strains and stresses corresponding to
an instantaneous response will betreated. For brevity, the superscripts e and pwill be used sole-
ly for instantaneous response. The reason why the time dependent behaviour isleft at this point
isthat in arailway track, apart from the subgrade, the structural materials are not considered to
have atime dependent response. Time dependent behaviour is thus beyond the scope of the
present work.

In order to get afeeling for the order of magnitude of the plastic deformation compared to the
elastic and total deformation in arailway track it may be pertinent, at this stage, to make aqual-
ified estimation. L et us define the problem as finding the plastic deformation in the granular lay-
ers per load cycle (or axle) when the total plastic deformation from one tamping action to the
next should be kept within reasonablelimits. We assumethat thistotal plastic deformationis 10
mm over aperiod of 1100 days (3 years), the latter being anormal tamping interval for the Nor-
wegian railway network. Further, let the daily number of trains be 20, each train having an av-
erage of 50 axles - which could be reasonable numbers for aNorwegian mainline carrying both
passenger and freight traffic. Thus the number of axlesin the 1100 day period totals 1 100 000.
The plastic deformation per load cycleis then on average about 110 mm. If the elastic defor-
mation on top of the granular layersis about 1 mm, which is actually alow number, the plastic
deformation is not more than 1/100 000 of the elastic deformation.

The average plastic deformation mentioned above may hide substantial variation, for instance
isit reasonableto believe that the development of plastic deformation ismore rapid directly af-
ter tamping than later on (Dahlberg /14/). Also, one should be aware of that the measured plastic
deformation in the track isthe net deformation; it may be possible that larger contributions al-
most cancel when summed. By way of example, it islikely to believe that horizontal plastic de-
formation that occur in the track when the axleload i s positioned on one sleeper is counteracted
by the corresponding plastic deformation when the axle load is transferred to the next sleeper.
Although the numbersin the example above could be questionabl e, it isto be hoped that the ex-
ample gives theright picture of the order of magnitude of the net plastic deformation per axle.
If the plastic deformation on average should be substantially larger, say 5 or 10 times, the cu-
mulative plastic deformati on would not be acceptabl e and the track would find itself in afailure
condition with respect to its practical use. But still, even with thislatter deformation, the plastic
deformation per axle would only be atiny fraction of the total deflection. The conclusion to be
drawn on a per axle level isthat the plastic or permanent deformation could be neglected in a
structura analysiswithout significant loss of accuracy if thetrack is else assumed to have anor-
mal plastic deformation rate. Ona cumulative level, however, the plastic deformationisrelevant
asmost conventional tracks needslifting and tamping fromtimeto time. Y et, on the cumulative
level, it may be necessary to do cal cul ation on the per axle level in order to get the correct total
plastic deformation for all axles. Thefact that the plastic strain per axle passage is so small com-
pared to thetotal strain may lead to asimplified model for the development of cumulative plas-
tic deformation.

Since the plastic deformation per axle load is so small, there are practical difficulties of meas-
uring it with more or less standard deformation measuring devices, where undoubtedly limited
precision comesinto play. This problem is even more pronounced when it comes to describing
the path of the plastic strain with respect to some stress quantity for one load cycle. One may
therefore be forced to deduce from the course of the cumul ative deformation what the average
plastic deformation per loading cycle should be.

In the following some of the most well known approachesto elasto-plasticity are described. A
closer look into the existing theories motivates a simplified approach to the problem of calcu-
lating the accumulated cyclic strains. It is emphasised that the focus is quite practical, i.e. the
calculation of (engineering) stresses and strainswhen the structureisfully loaded and the plastic
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strains after one or more loading cycles. What happens during one particular cycleis explored
in more detail in Section 3.7.

3.5.2 Classic elasto-plastic continuum theory

The general framework for classic elasto-plastic continuum models can be found in numerous
textbooks, e.g. in Chakrabarty /10/, Mendel son /59/ or Khan and Huang /47/. A good introduc-
tion to elasto-plasticity for soilsisfound in Scott /71/. In the development of this framework
researcherslike Coulomb, St. Venant, Lévy, von Mieses, Prandtl, Reuss and Drucker are often
mentioned. What we today know as Classic Plasticity was finalised by the works of Drucker
around 1950. Much of the general framework was worked out with a view to metal plasticity.

The description in the following is adopted from Nordal /64/. To help further description refer-
ence is made to Figure 3.5 that describes uniaxial behaviour.

ok D

“y

o cC F

Figure3.5: Sress-strain relationship in a uniaxial test.

With reference to Figure 3.5 the part of the curve denoted OA is said to be linear elastic. After
the yield point at A the materia hardens until the failure point at D. From D to E the material
softens. The failure point D represents the maximum stress point, and point E represents a re-
sidua strength in the material after failure. Unloading and reloading at any point are assumed
to be purely linear. Loading beyond the yield point A produces permanent strain, which in the
figureisrepresented by the distance OC. Therecovered, elastic strain is the distance CF. When
reloading from C anew yield point is met at B and the material returns to the curve towards D
and E.

Inathree dimensional context theyield point A will be generalised to ayield surface in astress
space. Thissurface originatesfrom all different combinations of stressthat producesyieldingin
the material. Likewiseit is possible to define afailure surface.

Within the yield surface the response is purely elastic, much in the same way asin Figure 3.5
between O and A. When the stressisincreased and an equilibrium state cannot be found within
theelasticregion, i.e. withintheyield surface, astressstatethat lies on the outside of theorigina
yield surfaceisthe only possihility. This correspondsin the uniaxia case to go from apoint on
the OA-lineto a point B beyond the origina e astic region. But in the process of ’hitting’ the
yield surface and trying to reach for a stress state on the outside, theyield surfaceitself ispulled
along by theincreasing stress; it may translate or expand or both. In other words, when plastic
flow developsthe stress state dwayslies on theyield surface. Consequently, any unloading will
bein the elastic region and reloading to the prior stress state will not produce any additional
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plastic strain. During such an unloading-rel oading loop the yield surface remains unchanged.
These considerations are anal ogous to the uniaxial case, e.g. traversing the points OABCB for
the curvein Figure 3.5.

Moremathematically thefollowing ingredientsare needed inaclass c el asto-plastic stressstrain
model:
(1) A principlefor adding elastic and plastic strains:

de = de®+ de” (3.44)

where de isthe total strain, de®isthe eastic strain and deP isthe plastic strain.
Thisisthe same principle for addition asin the uniaxial case.

(2) A rdationship that governs the el astic contribution:

de® = D 'do (3.45)

where D isthe elastic constitutive matrix, e.g. the one given by Eqgn. (3.5). If iso-
tropiclinear elasticity isassumed then Eqgn. (3.45) isthe Hooke'slaw generalised
to three dimensions.

(3) Ingredientsto control the plastic contribution:
(& A vyiedcriterion.
(b) A flow rule.
(©) A hardening rule.

Thethird item above will be examined further, as the two former are explained by their very
definitions. Thethreeingredientsthat control the plastic contribution will answer the following
three questions:

+ (Theyidd criterion) Where in the stress space does the yield start?

+ (Theflow rule) What direction in the stress space will the yield follow?

+ (The hardening rule) What is the numerical size of the plastic strain contribution?

As argued above theyield criterion isimplemented as ayield surface in a stress space,

F(o,k) =0 (3.46)
wherek isastate variable. It is possible to have more than one state variable, but for simplicity
only oneisassumed here. The state variable controls the size of the yield surface. Examples of
state variables may be the degree of mobilisation, f, and the preconsolidation pressure for over-
consolidated clays, p.

For soils the Mohr-Coulomb and the Drucker-Prager yield criterions are frequently used.

The flow rule determines the direction of the plastic flow. The yield surfaceis pulled along by
the increasing stress, consequently dF =0, which implies that during loading

;
oF oF .
{60} do + 2ok = 0 (3.47)

In Egn. (3.47) the term {0F/0a is recognised as the outward normal to the yield surface. Egn.
(3.47) is called the consistency equation. Yielding occurs only when {9F/dg "do > 0, if
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{0F/d6 "do = 0 neutral loading is taking place (corresponds to loading tangentially to theyield
surface) and if {0F/d¢ "do < 0 we have elastic unloading. The component of do that is parallel

to the outward normal {9F/0q is denoted the plastifying stress component, do®, and isin this

context considered astherea cause of the plastic strain increment. Since the consi stency equa-
tion only appliesto neutral and plastic loading (softening not being considered) one may usethe
plastic stress component, doP, instead of the total stress, do , in Eqn. (3.47).

Eqgn. (3.47) will describe an isotropic kind of hardening, i.e. the yield surface expands by the
same amount in al directionsin stress space. An alternative is the kinematic type of hardening
where theyield surface translatesin stress space without changing size. Kinematic hardening is
also termed the Bauschinger effect, especialy for uniaxial loading. In mixed hardening theyield
surface both expands and translates in stress space. Most materials, included soil, may be de-
scribed by a kinematic or mixed type of hardening, leaving isotropic hardening as alimiting
case that is convenient mathematically.

If we assume direct proportionality between doPand deP, and assume as above that doP is par-
alel to{0F/0d the plagtic strain increment may be written

oF

P _
de —d)\a(j

(3.48)

where d\ is ascaar proportionality factor to be determined by the hardening rule. Egn. (3.48)
isaflow rulethat is associated with the yield surface, hence the notion associated flow rule.
However, the plastic strain may be connected to a separate surface called the potential surface
Q, and if Q#F the flow ruleis said to be nonassociated. To wit,

P _ g 99
de” = oA S (3.49)

In case of anonassociated flow rule the consistency equation is fill valid, i.e. theyield surface
isstill pulled along by the stress increment, but the actual calculation of the plastic strain incre-
ment is not connected with the yield surface but rather with the plastic potentia surface. Gran-
ular materials often obey the nonassociated flow rule.

Thehardening rule definesthe size of the scalar dA inthe flow rules Egn. (3.47) and Egn. (3.48).
To calculate d\ the consistency equation for strain hardening may be reformulated to

T =P
oF OF dk de _
{ao} do + [aKdép d)\) d» =0 (3.50)

where ” isascalar measure of cumulative plastic strain which is expressed by

a 2
@ = Yaed = ey = a5 (351)

for a nonassociated flow. The term (dk/ d?:p) isavailable from alaboratory curve wherek is
plotted as afunction of e (dsp/d)\) isavailable through Eqgn. (3.51).
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Likewise, for work hardening the consistency equation may be written as

.
oF aF dx de)

Zlg T2 dh =0 3.52
{60} o+ (G o (352

where WP is ameasure of the dissipated energy that cumulates during the yielding process:

W= S oTde = Zd)\oT{g%} (353)

In Egn. (3.52) the term (dk/dWP) is given from alaboratory curve relating k and WP, while
(dWYd\) is obtained from Eqn. (3.53).

Formally, the two consistency equationsin Eqgn. (3.50) and Egn. (3.52) may be written in terms
of aplastic resistance number A (also denoted plastic modul us /90/):

;
oF _
{ 60} do —AdA = 0 (3.54)

where for strain hardening

OF dk de”
- Fhe (3.55)
and for work hardening
oF dk dwP
= kAW an (3.56)

The consistency equation Eqgn. (3.54) is now used to isolate dA, thus arriving at the final hard-
ening rule:

T
_1foF
d\ = A{ao} do (357)
What type of hardening Eqgn. (3.57) describes is decided by the nature of A, of which two ex-

amples are given in Egn. (3.55) and Egn. (3.56).

By introducing Egn. (3.57) into Egn. (3.49) and putting thisresult into Eqgn. (3.44) together with
Eqgn. (3.45) one gets for the total strain increment

T
_ plgg + 1001 [0F
de = D “do + A{ 60}{ 60} do (3.58)
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Asbefore, the Q symbolises anonassociated flow and could bei nterchangred by F if associated

flow isassumed. Also, observe that the vector product {0Q/ do} {0F/do} ' makesafull matrix.
. . . -1 L

The elasto-plastic compliance matrix Dep May now be written

T
4 _ o1, 1foQ| foF
ot -0 328 o

so that the relation in Egn. (3.58) may be abbreviated to
de = D do (3.60)

However, in most finite el ement codes the constitutive matrix will be needed; in other words,
Dep and not D, ! will bethe useful one. Si mply inverting the latter one is not the recommended
practise as cases where A=0 (perfect plasticity) will cause trouble. Therefore an other proce-
dure, dueto Yamadaet al. (published 1968) and Zienkiewich et al. (published 1969), isnhormal -
ly adopted. The details of the derivation may be found in Nordal /64/, and only the resulting
elasto-plastic stiffness matrix is given:

T
0Q ) oF
D{ do Hao} D
D— (3.61)

Dep Y 20
vl

Hence the genera stress-strain relationshipis

do = D, de (3.62)

During the derivation of Egn. (3.61) an aternative expression for dA was arrived at. This ex-
pression assures that dA also hasa specific value even for perfect plasticity (A=0), whichisnot
the casein Egn. (3.57):

o
{%} Dde

A = - (3.63)
oF| 5J0Q
{5l o)

Theframework of classic elasto-plastic theory is of an incremental nature, i.e. thetheory relates
increments of stressto increments of strain, and may therefore be denoted a hypopl astic theory.

Some of the disadvantages of the classic el asto-plastic theory (at least for i sotropic hardening
behaviour) may be stated as follows:
(1) Thetheory requires an elastic region, bounded by ayield surface, where no
plastic strains can develop.
(2) When several identical load cycles are applied to the track structure, only the
first cycle produces any plastic strain while the other cycles produce only elastic
strains. Thisis a consequence of the first item.
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(3) Onaper axlelevel the plastic deformation in awell conditioned track isvery
small (see the discussion in Section 3.5.1) and it is questionable whether this
behaviour can be modelled by classic elasto-plasticity. One main reason for this
isthe need of ayield surface, which has to be established by experiment. Since
the plastic deformations are very small no yield in the classical sense may be
observed.

(4) For computational purposesyou haveto follow each cyclevery accurately. This
necessitates huge computational resources when the cumulative effect of all
load cycles during the service life of an embankment is to be evaluated.

Notethe practical consequences of thefirst two itemsinthelist above: During construction only
one pass with astatic compaction roller would be sufficient and no further compaction (i.e. plas-
tic strain) occurs when additional passes are employed. When the track is put into service no
additional plastic deformation would take placeif the traffic loads are smaller than the compac-
tion loads. In reality none of these predictions of the classic elasto-plastic theory are true.

3.5.3 Other plagticity theories

A few other commonly known classes of models are briefly mentioned below; amore thorough
treatment of them may be found in the references given.

Generalised plasticity. Thisframework is directly based on classic el asto-plasticity as de-
scribed in Section 3.5.2., and the classic plasticity theory may be considered asa particular case
of generalised plasticity. The theory described hereisfrom Zienkiewicz et al. /90/ but using a
dightly different notation. The concept wasinitially proposed by Mréz and Zienkiewicz /61/
and by Zienkiewicz and Mr6z /92/ in 1985. Later extensions are referenced in /90/.

In generalised plasticity thereis no need to define explicitly any surfacesfor yield or failure. In
case of nonassociated flow, no potential surface needsto be defined. Instead, normalised direc-
tion vectors are defined. These direction vectors are generalisations of the gradient vectorsin
classic plasticity defined by { 0F/do} and { 0Q/dc} . One vector is defined for separating loading
from unloading (plays therole of F), while two vectors are defined for the plastic contribution
- onefor loading and onefor unloading (play therole of Q). Also, no hardening rules are needed
in generalised plasticity.

Multiple surface plasticity. Thismodel was introduced by Mr6z /62/ in 1967 as an extension
of the classic elasto-plastic framework. Independently Iwan /39/ developed a similar model on
the basis of rheological models with springs and frictional elements. Modifications have since
been made to the mode and is briefly reported in /90/. The model by Mr6z /62/ utilise severa
yield surfaces where each surface embrace possible inner surfaces and is itself surrounded by
possible outer surfaces. The model isto a certain degree able to model stress-strain history in-
cluded the effect of stressinduced anisotropy. M ore on the use of multiple surface plasticity and
the lwan model may be found in Section 3.7.2, but then with aview to cyclic loading of fric-
tional systems.

Bounding surface model. In thismodel the number of surfacesislimited to two, and afield of
hardening moduli isdescribed by prescribing the variati on between the two surfaces. The model
was independently proposed by Krieg /53/ and Dafalias and Popov /13/ in 1975. Some of the
subsequent modifications are described in /90/.
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Endochronictheory. Valanis proposed in 1971 /82/ endochronic plasticity asan alternativeto
classic plasticity in the description of rate independent but <till history dependent response of
materias. There are three main features that differ endochronic theory from classic plasticity
theory /81/: (a) A yield surfaceisnot required, (b) the physical assumptions havetheir originin
irreversible thermodynamics of internal variables, (c) the material memory is defined in terms
of anintrinsic time scale as amateria property.

3.6 Simplifying approachesto elasto-plasticity in cyclic loading

The motivation for looking at el asto-plasticity in cyclic loading with new eyes was the fedling
that the classic elasto-plasticity, or its generalisation in the generalised theory of plasticity, was
far to complex when it came to cyclic loading. As pointed out before, anumerical calculation
for some thousands of cycles would not be possible within reasonable limits when it comes to
computer costs even today. Also, classic elasto-plasticity theory will not generate additional
plastic strains beyond the first load cycle.

3.6.1 Theuseof classic and generalised plasticity in cyclic loading

Despite the limitations of the basic theories, as stated on page 78, some adjustments may be
donein order to get some information even for cyclic development of plastic strain. Theideais
to circumvent the need for calculating all cycles (as stated in item (4) on thelist on page 79) by
calculating the stresses and strains for one representative cycle and then applying the result for
an interval of cyclesthat may be represented by the cycle investigated. An assumption that has
to be madeisthat theyield and potential surfaces are possibleto construct on the basis of meas-
urements on monotonic loading and, optionally, unloading.

Referring to Figure 3.6 an elasto-plastic loading-unloading cycle OABC has been applied re-

peatedly to model cyclic loading with development of accumulated plastic strain (a phenome-
non often referred to as rachetting or cyclic creep).

oA

“y

O C
Figure3.6: Using classical elasto-plasticity for cyclic loading in the uniaxial case.

The shaded areasin Figure 3.6 represent the saved energy by cycling the load as opposed to a
(fictitious) monotonic loading OABD. This violates the condition of 'stability in thelarge’ as
formulated by Drucker and is not considered to be good modelling practise /27/. Generally it
should be noted that Drucker stability requirements is more of a classification scheme as ob-
served behaviour is not always coherent with them. Also, these requirements are not a conse-
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guence of thermodynamical considerations. From a practical standpoint, where the total
accumulated plastic strainstogether with the peak stresses are wanted, the type of modelling de-
scribed by Figure 3.6 may nevertheless be approved.

However, it is ailmost impossible to establish the yield and potential surfaces from one cycle
only when considering the small plastic strain in the service state of transportation structures. A
regression or back-cal culation of the strains based on the accumul ated plastic strain over several
cyclesistherefore necessary. Also, the method only works when all the loads, for the sequence
that is to be modelled, are identical.

3.6.2 Theelastic approximation

Another way of calculating cyclic behaviour isto split the strain after each cycleinto an elastic
part and aplastic part asin classic plagticity. But instead of doing acomplete analysiswith total
strain and total stress, the elastic strain is connected with the stress, while the plastic strainis
modelled on basis of |aboratory measurements. In terms of uniaxia behaviour thisapproachis
explained in Figure 3.7 both for elastic-perfectly-plastic behaviour, and elastic-linear-elasto-
plastic behaviour with unloading in both cases.

OA a) OA b)
B
A B A
E E
o C & i3 ol ¢ cC & i3

Figure3.7:  Two simple cases of elasto-plasticity. a) Elastic-perfectly-plastic, b)Elastic-
linear-elasto-plastic.

InFigure 3.7 @), at point A we may apply azeroincrement of stress, i.e. do=0, to get unlimited
plastic strain. Applying instead afinite increment of strain we may have a stable stress-strain
state at point B. When unloading from point B, assuming the unloading modulus being the same
aswhen loading, both the plastic strain and the elastic strain reveal their numerical sizes. When
the elasto-plastic part is monotonically increasing, asin Figure 3.7 b, the applied stress incre-
ment will only cause afinite amount of plastic strain. Asin part @) of the figure, the elastic and
plastic strain components are measurabl e after unloading.

In both casesthetotal stresso at the point of load reversal (point B) can be calculated using the
unloading modulus of elasticity and the el astic strain only - hence no dependence on €P. Since
the point of load reversal isarbitrarily chosen ageneral relation exist for all points on the two

cyclic stress-strain curves in Figure 3.7:

o = Es® (3.64)
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One assumption must here be taken for both cases: That the unloading is purely eastic, i.e. no
plastic strains develop during unloading. In other words, the plastic strains areidentica at the
peak point (B) and at the unloaded point (C), but the numerical value reveasitsdlf at the un-
loaded point.

Both €P and €€ for point B are known when unloading to point C, provided that proper measure-
ments have been taken during the loop OABC. Inthese s mple modelsthere is no need to model
the plastic strain contribution in away suggested by the classical framework as its numerical
value will be apparent from laboratory tests when unloading.

This motivates to separate an elasto-plastic stress-strain analysis for cyclic loading into two
parts for such simple models as above:
(1) A partthat calculates the stress. The stressis given by the elastic model only.
(2) A part that calcul ates the plastic strain based on measurementsin the laboratory
and the results from (1).

Since the stress level is so important for the calculation of plastic strains, as may be seen from
Figure 3.7, it isimportant that the elastic model initem (1) above is accurate.

From Figure 3.7 it isalso seen that it is the elastic response that provide the resistance against
plastic deformation. In @) the material has no further elastic response - it is purely plastic - and
there is no resi stance against the devel opment of plastic strain. In b) some elastic responseis
till possible after point A and the development of plastic strains are limited.

The energy absorbed in the uniaxial model of Figure 3.7 will however not be correctly calculat-
ed when using only the dastic stress-strain curve. The total volumetric energy absorbed until
point B isrepresented by the areaunder the curve OAB, while an elastic model only will absorb
the energy under the curve BC. The energy absorbed by the models on loading may be divided
into a dissipative part and an elastically stored (conservative) part:

B B B
W = joo(a)ds :j o(a)dse+j o(e)de” (3.65)

(6] (6]

The elastic models neglect the dissipative part of the energy, only the elastic part istaken into
account.

The extension to amultidimensional stress-strain space will be made with acomparisonto clas-
sic elasto-plastic theory. First it isimportant to note that classic theory relates stressincrements
do to total strain increments de, conf. Eqn. (3.62). Second it is worth noting that the procedure
of calculating Dg, may beinterpreted as an attempt to calculate deP, which makes it possible to
calculate the stress from the elastic strain and the el astic constitutive matrix. This may be dem-
onstrated by inserting Dg, (Egn. (3.61)) and dA (Eqgn. (3.63)) into Egn. (3.62). Hence the incre-
mental stress-strain relation Eqn. (3.62) may now be written

do

Dde —Dd)\{g%} - Dde—Dde” (3.66)

or
e

do = Dde (3.67)
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whichisthe samerelation as Eqn. (3.64) but extended to amultidimensional stress-strain space.
This exercise shows that to calculate the stress from a purely elastic theory isin perfect agree-
ment with the classic elasto-plastic theory provided that the elastic strains are known.

Tofind the correct elastic strainsin astructureis however not only afunction of the elastic prop-
erties but aso a function of the plastic properties. Hence, using Eqgn. (3.67) to caculate the
stressesin a structure where some partsyield will not produce the correct solution. The reason,
inshort, isthat yielding will redistribute stressfrom volumes suffering from large plastic strains
to volumes experiencing less plastic strains in away that assures static equilibrium at every
point in the structure. In a displacement based finite element analysi s the resulting algebraic
equations are derived from a principle of stationary potential energy, thus needing all parts of
the energy to be taken into account when acorrect solution is aimed at. The consequence of ne-
glecting the plastic contribution will be an underestimation of the deformations /61/.

Theenergy (work) absorbed by the material inthe multiaxial caseisastraightforward extension
from the uniaxia case. At aninfinitesimal level this energy is expressed as

dW = dWf+dWP = ¢ de®+ o' de” (3.68)

The plastic part of the energy is the same as the one encountered in Egn. (3.53) and represents
the dissipated part of the energy on loading. More on energy exchangein cyclic loading is pro-
vided in Sections 3.7.1 and 3.7.2.

When only asmall portion of the energy isdissipated during aload cycle an elastic approxima:
tion may bejustified. Asin the one-dimensional casethe net ¢®and €P after each cycle are meas-
ured directly instead of being calculated by more indirect use of laboratory dataasin classic
elasto-plastic theory. The measuring of these strains requiresthat the stress path used for loading
is exactly reversed for unloading.

When doing an elastic approximation like this there is no need for any yield surface, potential

surface or hardening parametersin the sense of classic elasto-plasticity. Instead theplastic strain
ismodelled by itself on the basis of, among other factors, the stress from an elastic calculation.
Thus, the split up of the analysisin two stagesisalso valid for amulti-dimensiona stress-strain
state, i.e. one analysisfor the stress, using elasticity only, and one analysisfor the plastic strains.

3.6.3 Definitions of loading and unloading. The cause of the plastic strain.

In classic elasto-plasticity the definition of loading is that of a stressincrement having an out-
ward component normal to the yield surface, thus producing a plastic strain increment. During
loading the yield surfaceis displaced outward in the direction of the outward normal so that the
stressincrement still lies on the surface. For neutral |oading the stressincrement istangential to
the yield surface, and for unloading the stress increment is bringing the stress state away from
ayielding state thus producing elastic response only. These definitions are shown in Figure 3.8.

As mentioned in Section 3.5.2 on classic plasticity, the component do® of do is parale to the
outward normal {0F/dg; and isdenoted thereal cause of the plastic strainincrement. The plastic
strain is at its maximum when do is parallel to doP, and both pointing in the direction of
{0F/dq , and zero when perpendicular to doP. However, it should be noted that also elastic
strain develops as long as the yield surface is expanding, even for a stress increment causing
maximum, but limited, plastic strain. In achain of causes and effects it may be pertinent to ask
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0 Ado oF do s
do do do
do
o o o
a) b) c)

Figure3.8: Definition of loading and unloading in classic elasto-plasticity. a) loading, b)
neutral loading and ¢) unloading.

what is the cause of doP. Asfor the uniaxial casein Section 3.6.2 the answer isthat it isthe
elastic propertiesin the material that is responsible for do and hence the component doP.

When dealing with definitions of loading and unloading it may berelevant to consider asimple
uniaxial case asin Figure 3.9.

3 o) A b) o) ) o\ G

o B % o B % o B %
DL

Figure3.9: Loading, unloading and reloading in the uniaxial case. a) Loading and
unloading to 6= 0, b) Loading and unloading to € = 0, ) a loading-reloading-
loop.

Referring to Figure 3.9 one may distinguish between to types of loading and unloading:
(1) Loading and unloading in terms of the stress. Thisisdepicted in part a) of the
figure.
(2) Loading and unloading in terms of the strain. Thisis depicted in part b) of the
figure. A better terminology would perhaps be that of straining and unstraining.

Thedefinition of item (1) will be used inthe present work asthisdefinition ismore natural when
it comesto structureslikerailways and highways. Thisdefinition will also make sensewhenthe
development of plastic strainisnot ruled out for any load increment asno part of the stress space
isapriori considered to be apurely elastic region.

In amultidimensional stress space apure unloading must be cons dered astraversing the stress
pathin exactly the oppositedirection asthat of loading. Hence when dealing with moving loads,
the loading and unloading do not follow the same stress path. This is due to the rotation of the
principal stressdirections during apassage of awheel. Applying the stress-strain relation in Fig-
ure 3.9 ¢) some components of stress may then follow astress-strain path OA upon loading and
apath of ABCDE upon unloading.
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3.6.4 Relationsfor plastic strains

There exist numerous relations for plastic strains in the literature. Lekarp /56/ has described
some of them. In his study he state that the permanent deformation response of granular mate-
rialsis affected by the following factors:
* Stresslevel
Principal stress rotation
Number of load applications
Moisture content
Stress history
Density
Grading and aggregate type

L ZER 2R 2R 2R 2R 4

Some of these factors will be addressed | ater in the thesis. For now, a consequence upon the
plastic strains when using the el astic approximation is discussed.

Using the elastic approximation, where the plastic strain has been detached from the calculation
of stress, does not imply that the calculation of plastic strain has been detached from stress. The
stressisin fact an important parameter in calculating the plastic strain, although other parame-
ters contribute as stated above. Since the stress and the elastic strain are tied together through
Eqgn. (3.67), the stress may be interchanged by the elastic strain when calculating the plastic
strain. Schematically this can be shown asin Figure 3.10.

‘ o and other parameter#

¢

‘ €® and other parameterq

Figure3.10: When calculating €P, o or €€ may be used.

Veverka. Most researchers usethe stressasa parameter to calculate the plastic strain in granular
materia sin addition to the number of cycles. The possibility of using of the elastic strain when
calculating the plastic strain has been used by Veverka/84/:

Zsp = ag®\° (3.69)

where N is the number of load repetitions and a and b are material parameters. The model of
V everkahas not been confirmed by other researchers, according to /56/, but the concept of using
elastic strain instead of stress should be valid when an el astic response is able to approximate
the real response.

Hoff and Nordal /33/. From the measurements the plastic strains have to be interpolated in or-
der to cover the possible stress ranges and cyclic stress peaks. Also, the number of load repeti-
tionsis an important parameter.

Hoff and Nordal /33/ have developed amodel that describes the total vertical plastic strain on
the basis of triaxia test results on crushed well graded aggregates. According to this model the
plastic strain,e}, is:
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p_ dINO
g = ————+ | [BmLY(N) (3.70)
L dy+ N
where
d = measured permanent vertical strain after 10 000 load cycles for achosen de-

gree of shear mobilisation.

reference strain set equal to 1 %o

calculated degree of shear mobilisation in the material point

number of equal load repetitions

shape factor for the plastic strain devel opment with respect to N, evaluated on
the basis of triaxial tests.

coefficient for long-term strains due to wear and other long term effects
afunction responsible for the long-term strain’ s dependence upon N, for the
time being set equal to N.

g(N)

3.7 Cyclicloading of frictional systems

Asthemechanical behaviour of granular materials are substantially governed by friction, aclos-
er look into frictional systems are pertinent. Stress-strain curves for some simple rheological
models are presented, along with some energy considerations. A principle will emanate that di-
vides the stress into adissipative part and a conservative part, and this will show to advantage
when hysteresisis considered.

3.7.1 Basicsof cyclicloading of africtional system

In cyclic loading, as for monotonic loading, the total energy supplied to the material during
loading is transformed into recoverable energy and dissipated energy (in addition a small part
of the energy may be stored). According to classic dasto-plasticity, with linear unloading, the
recoverable energy is entirely connected with the el astic response, while the dissipated energy
isentirely connected with the plastic response. However, some researchers claim that thisis not
so for cyclic loading of frictional materials. Jefferies /42/ reported that some part of the plastic
strain energy isrecovered on unloading of adilatant sand. This part of the energy was connected
with the recoverable part of the dilatancy. Mréz and Zienkiewicz /61/ and Mréz /60/ concluded
that during unloading recoverable plastic strains devel oped. Furthermore, the purely elastic un-
loading response could be constructed by taking initial moduli of small loading-unloading cy-
cles at consecutive points along the overall unloading curve. Not stated in /60/, but the
difference between the actual unloading curve and the constructed elastic unloading curve
shows that plastic strain energy is recovered during unloading.

The dissipated energy is assumed to be connected with internal friction in the material, which

may or may not lead to net plastic deformation during aload cycle. A rubber-like materia may
show large hysteresis |oops, but the net plastic deformation is close to zero. The energy dissi-

pated will partly increase theinternal kinetic energy of the material (resulting in atemperature
increase) and partly transfer to ambient materia as heat. For africtional soil there may aso be
net plastic deformation after aload cycle.

For acloser look into cyclic behaviour, consider the model of Figure 3.11 where a) represents
a phenomenol ogical model and b) and c) represent its rheological aternatives with b) asthe
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most direct representation. Thismodel will be useful asabasic model when discussing frictional
soil behaviour. The model may be viewed as a St. Vénant model where linear hardening has
been added /68/.

3) N b)

(ke/kg) (ks Kr)
C) 9
Fr =k O 5 — A
5=0 Fr = Fe+ ks T

Figure3.11: a) A phenomenological model, b) direct rheological modd of a), ¢) . Vénant
rheological model with additional parallel spring representing the model in a).

With analogy to africtiona soil, the grey box of Figure 3.11 is anindividua soil grain. kg rep-
resentsthe volumetric elastic stiffness of thegrain, ks represents acombined stiffness consisting
of the shear stiffness of the grain and a stiffness in the contact point resisting tangential forces.
F; isthesliding force in the frictional element. A more complete model would involve the two
springs and the frictiona element on al sides of the grain that are in contact with other grains,
but the configuration in Figure 3.11 &) will suffice for the uniaxia behaviour that is described
in the following.

In Figure 3.11 &) the applied horizontal force Q is counteracted by aspring force ksd and afric-
tionforceF; or aspring forcek;d. When the deformation of the system is &; the friction el ement
cannot withstand the applied force and will for increasing force and deformation slide with con-
stant force Fs. When F; has been mobilised, the spring with stiffness kg will be theonly onethat
can counteract the increased load. The normal force N will be the cause of the F;, but will not
enter the rheological modelsin b) and c).

If the system of Figure 3.11 is subjected to cyclic loading a picture of the force-deformation re-
lationship like the one in Figure 3.12 will result. Only compressional loading is considered as
frictional soil is not capable of resisting tensional |oading.

Qa B
F _-/C
A ”” /D
Ff 7 ’,” I'
o & E S 5

Figure 3.12: Behaviour of the rheological model in Figure 3.11.

From Figure 3.12 thefirst loading cycle will be the path OABDE where OE represents the net
plastic deformation. Note that at C the F¢ will change direction when unloading, and at D the
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frictional element starts sliding and will continue to do so until E. Upon subsequent loading-
unloading cyclesthere will not be produced any extra net plastic deformation, hence the cycles
will traverse the path EFBDE. In classical elasto-plastic terms, on loading along OA the behav-
iour isentirely elagtic while from A to B an elasto-plastic behaviour is encountered. Upon un-
loading an el astic behaviour is obtai ned along BD while an elasto-pl astic behaviour is seen from
D to E. If the unloading was purely elastic the path BDG would be traversed, and the distance
from E to G may be considered asthe recovered plastic strain. The plastic strain after unloading
(net plagtic strain) is therefore not the same as on top of the load cycle. The system of Figure
3.11 actually possesses a pure kinematic type of hardening with the dotted line OC as the mid
points between the yield lines AB and DE.

Considering the energiesinvolved it is seen that the recoverable energy is the area under BDE,
while the areainside OABDE represents the dissipated energy. However, not all the dissipated
energy is connected with the development of net plastic strain. An aternative path OAFE would
have produced an equivalent plastic strain as the path OABDE. Hence the energy constrained
by the path EFBDE isnot involved in producing any net plastic strain but must be dissipated by
frictional sliding whichresultspartly inanincreaseininternal kinetic energy and partly asaheat
transfer to the surroundings. The consequenceisthat the net plastic strain is not connected with
the plastic work in a one-to-one correspondence, something which makes work hardening with
respect to the net plastic strain less meaningful in cyclic loading of the model in Figure 3.11.

Likewise, within aclassica elasto-plastic framework, not all the energy that isrecovered can be
denoted elastic strain energy as some of the recovered energy may be interpreted as recovered
plastic strain energy, the latter represented by the area EGD in Figure 3.12. The conjectures of
recovered plastic strain and plastic strain energy have probably evolved because the unloading
path isnot linear. However, the recovered plastic strain energy seemsto have the same proper-
ties asthe recovered elastic strain energy. In particular, this energy is aso capable to do work
on an external system in the same way as the elastic recovered energy. Thisleadsto arather
confusing conclusion: On unloading we may differ between the plastic recovered energy and
the elastic recovered energy, but they both seem to have identical intrinsic propertiesin terms
of doing work on an external system. Thisillustrates the problem of the concept of plastic re-
covered energy and the recovered plastic strain.

The notion of recovery of plastic strains and of plastic strain energy may aso be explained on
the backgrounds of two quite different views on loading and unloading. In a kinematic harden-
ing regime the unloading from D to E actualy is considered as|oading since plastic strain starts
to develop (irrespective of the direction of the strain). On the other hand, when taking an eve-
ryday or practical approach, the unloading is defined as removing loadsfrom an aready |oaded
state. Thislatter definitionisadopted in the present thesis, asalso stated in Section 3.6.3. Within
amechanical framework thisisthe hypoelasticity approach and considers al recovered strain
and strain energy as elastic. In hypoelasticity the unloading curve may be different from that of
loading. It is however admitted that some researchers, e.g. Kolymbas and Herle /52/, argue that
when unloading is different from |oading the stress-strain rel ationship should be denoted hypo-
plastic as such models are so-called incrementally nonlinear.

The kinematic hardening approach is nevertheless useful for a physical understanding of what
happens when the external load is (gradually) removed. At point B of figure Figure 3.12 both

springs of the model are compressed. When removing load from point B these internal springs
will continue to apply internal loads to the grey box, i.e. we have an internal onloading mecha-
nism when removing external load from point B. From B to D thereisfrictional locking so the
responseisentirely elastic. (Strictly speaking, in kinematic hardening plasticity thereis unload-
ing from B to C (C isaneutral state), but after C thereisloading.) From D to E plagtic strains

develop asthefriction element no longer locks but slide with constant force, and this processis
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identical to the one from A to B (the unloading path BDE turned upside down is exactly the
same as the loading path EFB). Note that when sliding the friction increase (here in one step
from Oto Fy), and the stiffness drops. Thisis caused by the deactivation of the spring connected
to thefrictional element thus leaving the spring with stiffness kg as the only one capable of mov-
ing the grey box. The box will move until the external load is zero, and then the friction force
equals the spring force.

Theanalogy to africtional soil is quite straightforward at this stage: Considering a soil particle,
comprising severa individua grains, theinternal elastic stresses together with the friction will

resist the external stresses at the point of maximum load. When unloading the (gradual) removal

of the external stresseswill makethe interna stresses cause a (reverse) loading of the particle.

These stresses originate from the storage of elastic strain energy upon loading. After some point
of internal loading plastic strains start to develop - and will not stop to devel op before theinter-
nal elastic stressis entirely balanced by the friction when the external load is zero. This effect

will cause the unloading curve being different from the loading curve, but in areal soil particle
there may also be other factors causing differences in the shape of the loading curve from that

of the unloading curve.

At the unloaded point E a permanent deformation OE has been produced which is also the de-
formation of the spring with stiffness k. The spring with stiffness k; is deformed & but in the
opposite direction of the other spring. The deformations and corresponding forces, the latter be-
ing self-equilibrating, may be denoted initial deformations and initial forces, respectively.
When constructing a soil structural component the placing and compaction would have brought
the structureto astate similar to point E prior to any serviceloads. The energy stored in the mod-
el when unloaded to point E is shown as the shaded area in Figure 3.13. The energy amount
stored isnot big, and in a soil layer component this energy is not easily released. Heavy vibra-
tions or earthquakes may rel ease some of the energy with soil expansion as aresult. More on
initial stresses and strains may be found in Section 3.8.
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Figure3.13: Energy stored in the model after cyclic loading to E (shaded area).

One may state that in kinematic hardening plasticity, as also in most elasto-plasticity theories,
one focuses on the devel opment of plastic strains at the cost of simplifying the el astic response
(often with one set of valuesfor Y oung’ s modulus and Poisson’ sratio). The plastic strains may
be calculated at any stage during aload cycle. In a hypodlastic theory one focuses on how the
elagticity varies through loading and unloading and plastic strains develop during load cycles
only. Theoretically, hypoelasticity and plasticity models may be both be viewed as ways of de-
scribing plastic (or viscoplastic) phenomena/93/. If the net strain after aload cycleisof primary
importance, asit isin the present thesis, a hypoelastic approach could be pursued.
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3.7.2 Modelling cyclic behaviour by adapting the wan model

The objectives of the present section are to demonstrate a more refined phenomenol ogical mod-
el capable of taking care of some additiona effects. The simple model described in the previous
section was adequate in describing a simple phenomenological understanding of frictional soil
behaviour subjected to cyclic loads. However, to achieve adeeper understanding the following
additional effects should be included:

(1) The net plastic strain should increase as the maximum load increases.

(2) Cyclic creep, i.e. rachetting, should be possible.

(3) Increasing stiffness with increasing medium stress.

(4) Reduced cyclic creep as the number of load cyclesincreases.

Only item (1) will be fully explored here.

There are more advanced rheological models that more closely can follow a hysteretic stress-
strain curve for real materials. One example isthe lwan model /39/. The model issimilar to the
multiple surface model by Mréz /62/ but has as a sarting point arheological model. The lwan
model have several units consisting of aparalld spring and africtional element, asin the left
part of Figure 3.11 ¢), coupled in aserieswith asingle spring at one end. Thefrictiona elements
havedifferent limiting friction forces and are thus activated in turn as the external forceincreas-
es. Theresulting stress-strain curve is more curved but still piecewise linear. An exampleis
shown in Figure 3.14 for a model with three spring-and-friction units and asingle spring - all
coupled in a series. The mechanical behaviour is much the same as for the more simple model
in Figure 3.11, but depending on the number of elementsthe model is able to model increasing
net plastic strain for thefirst cyclewith increasing stresslevel (item (1) above). This behaviour
may allow arelation between the work put into the system and the plagtic strain (work harden-
ing) for thefirst cycle, but will fail onsubsequent cycling of theload asno plastic strain devel op.
It is also seen that on rel oading the behaviour is much stiffer than that of initial loading. Con-
necting to plasticity theory it isseen that the lwan model isarheol ogical representation of apure
kinematic model with multiple yield surfaces.

Ll

€

Figure3.14: Sress-strain curve for an lwan model with three spring-and-friction unitsand a
single spring coupled in a series. a) Sress-strain curve of loading, unloading
and reloading, b) Elastically stored energy (white) and dissipated energy
(shaded) during loading

From agraphical procedure on theloading curve of Figure 3.14 theenergy hasbeen divided into
stored elastic energy and dissipated energy, see Figure 3.14 b). The stored el astic energy of each
of thefour el ementsis shown aswhite triangl es, while the dissipated energy is shown as shaded



URN:NBN:no-3305

3.7 Cyclicloading of frictional systems 91

rectangulars. Upon unloading the elastically stored energy isthe only part that isavailableto the
mechanical part of the system, as coupling between thermal and mechanical propertiesis not
considered. When unloading the stored el astic energy istransferred into three parts (aswas a so
the case for the simpler model of Figure 3.11):

(1) Recovered elastic energy

(2) Dissipated energy

(3) Stored elastic energy

Thestored elastic energy after the first unloading will not change during subsequent |oading cy-
cles, thus remaining at the level from the first unloading. Consequently, the elastic energy sup-
plied upon reloading will only be transferred to recovered and dissipated energy during
unloading; no part will be stored. This effect is due to the present model setup and is not gener-
aly vdid.

It is, despite the limitations of the current model, interesting to note the different behaviour of
thefirst cycle, the response being softer, compared to the subsequent cycles. Thisis dueto the
fact that initially no energy is stored inthe model, i.e. no springsare strained. In areal soil spec-
imen thisis not the case due to, e.g. overburden loadsin situ or compaction. It is however not
probable that in situ loading or compaction will eliminate the present effect completely since
these prior loading mechanisms are not likely to beidentical of the laboratory loading during
thefirst loading cycle. Therefore, asomewhat different behaviour during thefirst loading cycle
compared with subsequent cycles should be expected even for real soil specimens. Within kin-
ematic hardening plasticity, one may say that at the outset of thefirst loading of the model the
stress state isin the centre of the elastic region, but on subsequent unloading and rel oading the
stress state is always at the yield surface when unloading or reloading starts.

From Figure 3.14 it is evident that the dissipative energy increase its share of the total energy
input as the model approaches afailure state. At failure al or most of the extra energy input is
dissipated through friction. If additional elementswith aspring and africtional slider in parallel
are added to the model the model could be refined. Provided that the new friction sliders have
africtional dlip force between those of the basic model, the response curve would approach a
continuous and smooth curve if a sufficient number of additional elements are added. Also the
frictional curvewould approach acontinuous and smooth curve. These curvesfor unloading are
shown schematically in Figure 3.15 where the dissipated energy is shaded.
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Figure 3.15: Smooth elastic and frictional stresses when loading. Elastic energy is white,
dissipated and permanently stored energies are shaded.
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In Figure 3.15 superscript g has been applied when the quantity it belongs to is connected with
the elastic energy, while superscript d is used for dissipative quantities. Subscript | denotesload-
ing and subscript u will later denote unloading.

Generally during loading the external applied energy WP will partly be temporarily stored as
elastic energy (W9, partly dissipated (V\/ld) and partly stored more permanently (W,%):

W= Wi W WP (3.71)

The stored contribution, W%, may be defined inaway such that it is not rel eased upon unloading
along astress path exactly opposite that of loading. It may, asstated before, be released by other
loading events not following the same stress path. W;® is, however, difficult to measure. When
the amount W;® is absorbed by the material during loading it may be interpreted as adissipative
part of the energy, and when it is released by the material during unloading itislikely to bein-
terpreted as recovered elastic energy. It may also be possible that W;® is released during subse-
guent loading or absorbed during unloading. With apossible exception for initial loading where
no prior energy isstored withinthe material, the W;> may probably be considered small and may
be neglected. Still, from a phenomenological point of view, the notion of astored part W° may
be fruitful, although its definition may be debated.

When unloading, only the elastic energy part, W%, may at the very best be recovered. Usually
someof itisdissipated and some of it may be stored more permanently. Considering theinternal
loading mechanism when unloading, W% isthe only energy available to the system. Then

W = W+ W+ W (372)
from aloaded state to a unloaded state. Comparing Egn. (3.71) and Eqn. (3.72) it is seen that
Wl <w (3.73)

The energy conversion during unloading, as stated by Eqn. (3.72), isillustrated in Figure 3.16
a) whilethe total dissipated and stored energy is depicted in part b) of the figure. In part b) WA
and WE is the sum of their contributionsin loading and unloading.

oA a) oA b)

wWa+ we
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Figure3.16: a) Energy conversion during unloading, b) total amount of dissi pated and
stored energy.
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Note the consequences of a high degree of dissipation also when unloading: The rebound will
be stiff in the sense of a steep curve, thus producing a higher resilient modulus (defined on
page 67) than amaterial exhibiting the sametotal strain but with abigger elastic strain. In such
a case the material with the least modulus should be preferred as this material dissipates less
energy and has a higher resistance against permanent deformation. In other words, thereisapit-
fall when choosing materials only on the basis of their resilient moduli.

Inthelimit, where an infinite number of springs and frictional sliders constitutes the lwan mod-
el, thecurvesin Figure 3.15 will be completely smooth. Thisrepresentsa pure kinematical mod-
el with an infinite number of yield surfaces and where the purely elastic region shrinksto a
point. The of movement of the yield surfaces during loading, unloading and reloading isillus-
trated in Figure 3.17, though for alimited number of yield surfaces.

a) Gij b) Gij c) Gij

Figure3.17: Purekinematicyielding in stress space during cyclic loading. a) Initial material
state, stress (represented by point P) equal to zero, b) material state at
maximum stress during the stress cycle, ¢) unloaded state when stressis equal
to zero.

Itisseenfrom Figure 3.17 that during initial loading moreyield surfaces are activated than dur-
ing unloading. During an unloading-reloading cycle only the two inner surfaces are activated,
so during cyclic loading the material stateswill oscillate between the two states of b) and c) in
thefigure. Thus, in asoil particle the loading has changed the materia propertiesin theloading
direction, something that is known as stress induced anisotropy. Note also that the two outer
surfaces have not been activated. These surfaces will only come into play when the load is suf-
ficiently increased, i.e. the model has amemory of the maximum load level.

The discussion above |eads to adivision of the stress component into a part where the corre-
sponding part of the applied work is stored elastically, and is thus available to the system on
rebound (unloading), and a part whose related energy is dissipated. On unloading the stresscan
be partitioned in a similar way. The sum of these two components must form the total stress:

o =0c%+¢" (3.74)

where 0% is the stress that is capable of storing and releasing mechanical energy and 0% isthe
stress that i s responsible for dissipating energy. The strain associated with these stressesisin
both casesthe total strain. For a drained, frictional material the total stressisto be considered
the effective stress. A thermomechanical justification of this partitioning of the stressis given
by Ziegler /89/ and is briefly reproduced in Appendix B. What herein has been called elastic
stored energy isin thermomechanical terms similar to the free energy.

Eqn. (3.74) is also valid for other types of stress that is of adissipative nature; hence 69 may
also be aviscous stress component dependent upon the strain rate. Viscous behaviour is gener-
ally recognised by the fact that the maximum stress occurs prior to the maximum strainin cyclic
loading.
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To establish from experiment the numerical values of the two components of stressis difficult
for asoil specimen subjected to loading in aconventiona triaxial cell with standard instrumen-
tation. Therefore this split-up of the stressis more of a phenomenologica framework that may
prove to be useful when considering dissipation effects and else cyclic behaviour.

3.7.3 Basic modelling of the conservative and dissipative stresses

According the discussion above, the friction is very low at the outset of loading but increases
when onloading and becomes the dominant part near failure. It is also reasonable to believe that
the ratio of the frictional stress to the total stressis monotonically increasing or constant with
the strain. Otherwise, incrementally negative diss pative energy contributions could result pro-
vided the other material properties remain constant. On this background afunction is defined
that describes the ratio of dissipative stress to total stress with respect to strain:

0 ;e=0
d
rd(s) = %si)) = O<rd(s) <1 ;0<e<g; rd(s)<rd(s+ds) (3.75)
1 ;e=¢

where & is the minimum strain where no elastic stresses are present (dtatic failure) and de isa
positive strain increment. The rd(s) is supposed to be smooth and continuous over itstotal do-
main. Eqgn. (3.75) is monotonically increasing and has the value 1 at € =&, thus being dightly
more restricted than necessary.

Likewise, it is possible to define a function where the ratio of dlastic stressto total stressis de-
scribed:

o) = TE = 1 9e (3.76)

a(e)

By way of example, without any experimenta justification, an assumed linear relation would
produce the following ratios for the first loading:

diey = £

r(e) = e, (3.77)
€rcy = 3

r(e) = 1_5 (3.78)

Hence the dissi pative stress and the el astic stress are

a%(e) = £ o(e) (3.79)
&

o%(e) = (1—83) Co(e) (3.80)
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For unloading a pure kinematical approach may be pursued. Then the sizes of theyield surfaces
are constant and hence the frictional dlip stress connected with the individual springswill be
constant. But when it comes to the elastic part, the modulus will double because each infinites-
imal spring will take twice asmuch stress and strain before the associated frictional element and
the next spring are activated.

3.8 Initial stresses and initial strains

Initial stressesand initial strains represent a stress-strain state that is present in the structure pri-
or to the structural load case that is to be analysed. Thus there are no relations between the
present structural load case and theinitial stress-strain state, and the causes behind this stress-
strain state must be sought in the history records of al contributing effects experienced by the
structure. However, any substantial initia stresses may affect the subsequent deformation due
to loading since the mechanical behaviour of granular materialsis generally stress dependent.

In structural mechanicsinitial stresses and strains may be the effects of change in temperature
(according to the degree of thermal expansion allowed), swelling (e.g. because of moisture),
misfit of structural members or material working (especially working of metals). Freeze-thaw
cyclesisaspecia case of combined thermal and swelling effects, as the problems connected
with such processes are mainly related to the phasetransition of the interstitial soil water. Ther-
mal (apart from freeze-thaw effects) and misfit effects (at amacro level) oninitia stressesin
unbound granular materials may normally be neglected. Swelling action may in some cases pro-
duce substantial initial pressures, but is not a frequent encountered problem as it is dependent
upon the presence of certain typesof clay minerals (e.g. montmorillonite). In granular materials
like soil afrequent cause of initial stresses and strains is compaction during construction, by
traffic loads or by other means. This compaction process may at amicro-level be regarded as
misfit forces between individual grains. Another likely source is freeze-thaw cycles. Gravity
forces can be treated separately (as an additional structural load) although the stresses and
strains originating from gravity may very well be viewed asinitial stresses and strains because
they are present prior to any service loading for which the structure isto be analysed.

In general amaterial may subjected to both initial stressesand initial strains. The ratio between
those two is decided by the constraints that the particular material point is subjected to. If the
materia isfully constrained the material will display zero initia strain but fully developed ini-
tial stress. On the other hand, if there are no constraints around the material there will benoin-
itial stresses and fully developed initial strains. Of course, these two extremes are rarely found
and the materia findsitself in an intermediate state. A pertinent example of extremes may be
continuously welded railsvs. bolted rails. In thefirst casethere are almost no strains, whilelarge
stressesmay arise. For the bolted rail scasetherails are allowed to move fredy (within the limits
of rail spacing in thejoints) causing considerably strain and little stress.

Initial strains may be converted to initial stresses, and vice versa, with the help of the constitu-
tiverelation that existsfor the material. If one assumes the condition of the structure at the start
of the analysi sto be the undeformed/reference condition theinitial strainsareby definition zero.
Consequently only theinitial stresses have to be dealt with.

Although the causes of aninitial stress-strain state may be known to a certain extent, the numer-
ical vaues of these stresses and strains are difficult to obtain for an existing railway embank-
ment. To numericaly quantify the initia stress and initial strain one hasto have arédation
between the actua cause and the resulting stress or strain. In the case of compaction, assuming
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sufficient side support, it has been argued that the compaction creates|arge passive stresses, i.e.
asituation where the maximum principal stressis horizontal when the compaction deviceis re-
moved /80/. Deep ditches may counteract this effect, at |east partly and in regions where the in-
itial stresses are most wanted.

An estimate of the initial stresses (or residual stresses) inarailway or road embankment can be
considered to be important for several reasons:

*

*
*

The soil behaviour is stress dependent and therefore also dependent on the initial
stresses. Stress dependent soil models are described in Section 3.4 for the elastic
case.

Justification of elastic soil models - avoiding tensile stresses.

Failure calculations.

Despite the difficulties in measuring or calculating the initia stressesthere are, however, some
important features of initial stressesin a coarse graded unbound aggregate that should be em-
phasised. The following points are postul ated, partly based on the discussion above:

@

)

©)

(4)

(%)

(6)

(7)

)

Initia stresses are always to some extent present in amaterial where the mate-
ria particles are not allowed to move freely. Thisimpliesthat fluids in astatic
state do not have any initial stresses, while solid materials do.

Initia stresses are self-equilibrating, no external action hasto be applied to sat-
isfy equilibrium (thisis actualy a part of the very definition of initial stresses!).
Theinitial stresses can not possibly be larger than the strength of the material.
(The material strength is here considered as afailure state where unlimited plas-
tic strainswill occurl, which is astate that may change during the life of the
structure (e.g., because of hardening or softening behaviour)). Thisimplies that
materials with high strengths may demonstrate high initial stresses, while weak
materials do not.

Theinitial stresstensor generally consists of normal stresses (both compressive
and tensile) and shear stresses. If no tensional stresses are allowed in the mate-
ria, asin a cohesionless unbound granular materia, theinitial stresses may not
be tensional either.

The consequence of item (2) and (4) above for agranular materia is that any
initial compressive stress has to be equilibrated by shear stresses, not by ten-
sional stresses (as may be the case for metallic materials). This leads to |ower
compressive stresses in another part of the structure, but never to tensile stresses
asin metals. The shear stresses transfer the differencein compressive stresses
between the two areas. (The stress state cannot possibly be both compressive
and tensional within the same materia particle.)

According to classical geotechnics, e.g. /65/, initial shear stresses are not possi-
ble in acohesionless and weightless material. But if the material weight is
added shear stresses may be mobilised proportional to the normal compressive
stresses? (which for a half space areidentical with the gravitational pressure).
Consequently, if no cohesion is present, the (compressive) initial stresses are
zero at the top of the embankment and may grow gradually in the downward
direction. (Not to be confused with the horizontal resting pressure).

If the maximum initial stresses according to item (6) and (7) are present in an
embankment, the embankment will be at the edge of afailure condition. Certain
load patterns (dependent upon magnitude and placement) will then produce fail-
ure earlier than a case with small initial stresses present.

1. Thisdefinition of strength isin most cases not acceptablefor aroad or railway in service - here some
bounds on the magnitude of plastic deformations must be imposed.
2. According to Coulomb.
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(9) Thehorizontal pressure at rest is a consequence of gravity and is, at least con-
ceptually, best treated as a separate |oad. There may, however, be arching
effectsin part of the structure that |eads to higher horizontal pressures than the
ones according to gravity. These arching effects are similar to those of stone
arches, e.g. in bridges. The resulting excess stresses must then be acknowledged
asinitial stresses. In agranular structure these arching effects may be regarded
as variability in compaction and they have probably arandom occurrence
throughout the structure.

(10) Any reinforcement embedded in the granular material, like geosynthetics, will
alter the strength characteristics of the materia. Since the material is strength-
ened, mostly in the tensile region, one may expect that more residual stresses
are imposed.

This description of initial stresses and strainsis rather qualitative, although some bounds on
magnitude have been pointed out. The actual numerical values of theinitial stresses and strains
inroad or railway pavements are very difficult to measure, not to mention to calculate accurate-
ly. It should aso be emphasised that for our purpose the horizontd initia stresses, or those par-
alle to the granular surface, have been focused herein and also in the literature /80/. These
stresses are perhaps easier to conceive as proper side confinement and arching effects can ex-
plaintheir origin. Vertical initial stresses are also possible, but to be useful these stresses have
to be transmitted to the structure through shear stresses at the sides. These shear stresses must
point in adownward direction so that the vertical compressive stress will increase inside the
structure. It may be questi onable whether such shear stresses are able to transmit over long dis-
tancesin granular materials.

To conclude, itisnot likdly that theinitial stresses are substantial in the unbound granular parts
of aroad or railway pavement. Compaction processes do induceinitial stresses and strains. But
asfar asstrengthening of the material isconcerned it isprobably the densification itself that con-
tributes most to the strengthening process and not any presence of initial stresses. In fact, as
pointed out initem (8) above, high initial stresses may lead to an earlier failure of the structure
and are not always beneficia. To utiliseinitial stresses of amagnitude that countsin adesign
process will therefore be dubious, if not risky. In adesign processit is also a question whether
theinitial stresses at the time of construction will last during the lifetime of the structure.

3.9 Using constitutive modelsand FEM for arailway track

If the railway track is stable in the sense that the plastic strain accumulation is reasonable and
not accelerating the net plastic strain from each cycle can be viewed as very small compared to
the elastic ones. This argument has been discussed in more detail in Section 3.5.1, and is anec-
essary but not sufficient condition to use elasticity to model the behaviour. As seen in Section
3.7 the hysteresis can be noteworthy for each cycle even for frictional systems, thus the stress-
strain relationship is not unique. The hysteresis being small, which actually aso imply that the
net plastic strain is small, isa sufficient condition for approxi mating the behaviour with an elas-
tic model. The elastic model is then of ahyperelastic type, which imply that there exists afree
energy that interrelates the stresses and strains.

Onthe other hand, if thetrack is sufficiently unstable or the materialsinvolved show large hys-
teresis loops, then an elastic approximation may be doubtful. An elasto-plastic analysis must
then be carried out, but a cal culation for thousands of load cyclesis not performed on aroutine
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basis today. A calculation for one representative load cycle may then be an alternative as a
meansto get afeeling for the order of magnitude of the deformations on a per cyclelevel.

The constitutive modd must be based on testing the materials that the actual track section con-
sists of. Some part of thismaterial testing is focused in Chapter 4. In addition to a material mod-
el withtheright parameters one needsatool to sol ve the boundary value problem. As mentioned
in Section 3.3 thistool isoften the finite e ement method. Unlike roads and airfieldsthe railway
track is not possible to approxi mate with an axisymmetric model wherethe axis of symmetry is
vertical. In the finite element method an axisymmetric model is considered to be two- dimen-
siona. A railway track must be modelled as athree-dimensional problem and this makes the
anaysis considerably larger than atwo-dimensional one.
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CHAPTER 4 Triaxial equipment and testing of
railway ballast

4.1 Introduction

Triaxial testing is nowadays carried out on aroutine basisin traditional geotechnicsto obtain
strength parametersfor soils. But triaxia testing of granular materialsisalso afield of research,
e.g. intraditional geotechnics, in road pavement design and in assessing railway ballast proper-
ties.

Judging by the name of the test method, the objective isto determine the material properties by
varying the stresses on three perpendicul ar planesinthe specimen. If thestressesareto bevaried
independently on all three planes at the ssmetime one hasto use atruetriaxial testing unit. This
kind of testing unit uses cubical specimensand is mainly intended for research purposes. More
information on such devices may be found in /16/.

The most commonly used device for triaxial testing isthe conventional triaxial cell that uses
cylindrical specimens. The soil specimen is covered with a membrane and subjected to a con-
fining stress applied through apressure fluid (air, water or oil) and an axial pressuretransmitted
through end platens attached to the specimen. Because of the cell pressure two of the three prin-
cipal stresses are equal, typically o3 = 05, while o isin the axial direction. The present chapter
describes these kind of devices with afocus on the testing of railway ballast.

Aswith the truetriaxia testing unit the hollow cylinder deviceis mainly used for research pur-
poses. Thisdeviceis similar to the conventional triaxia cell but uses tubelike specimens and
may al so impose shear stresses by applying torsion to the end platens. The outer cell pressure
may for some devices be different from the pressure on theinner side of the specimen. A review
of some of the types of hollow cylinder devicesis givenin /70/.

4.2 Conventional triaxial testing unitsfound in theliterature

Thereview herefocuseson the conventional triaxial cell intended for testing coarse grained ma-
terials. Nowadays ballast materials for railway purposes are commonly made of crushed rock
with a maximum particle size in the range of 50-80 mm. Section 4.4 contains more on the re-
guirements for railway ballast.

Because of the size of the material the specimens to be tested need to be large. Typically amin-
imum diameter of the specimen is 5-7 times the maximum grain diameter. Also, to obtain a

height to diameter ratio of 2:1 or more, as recommended by /4/ and /17/, it is clear that the spec-
imens have to be substantially larger than the ones normally encountered in traditional geotech-
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nics. Asaresult, there are quite few studies on triaxial testing on railway ballast, but large
triaxial cells have also been used to study morewell graded materialsfor, e.g. constructing road
pavements, high embankments and earth dams.

Knutson et al. /50/ at the University of Illinois at Urbana-Champaign, USA, describe atriaxial
cell with the capability for testing specimenswith adiameter of 203 mm (8 inches) and aheight
of 406 mm (16 inches). Several types of ballast were tested, but the maximum particle size was
that of the AREA no. 4 ballast (see Section 4.4.2) which is 51 mm. The confining pressure was
supplied by means of air pressure and was constant during the tests. The deviatoric stress was
repeated and applied by a hydraulic actuated piston. 50 haversine load pulses per minute, each
of 0.15 seconds duration, were applied. The maximum deviatoric and confining pressuresinthe
standard test sequence were 827 kPa (120 psi) and 103 kPa (15 psi), respectively. For one pre-
liminary test the confining stress was 138 kPa (20 psi) for the same maximum deviator stress.
Theaxial deformationswere measured both by an LV DT at thetop of the hydraulic actuator and
by two electronic-optical scanners. Collimators measured the vertical motion of black and white
targets placed at the upper and lower quarter points of the specimen. The outer LVDT was pri-
marily measuring the permanent deformation, while the electronic-optical system primarily
measured the resilient deformation.

Institut fir Geotechnik at ETH in Zirich, Switzerland, has performed a series of triaxial tests
on railway ballast to determine the mechanical properties as afunction of thelevel of fouling
/23/. The specimen size is 262 mm of diameter and approx. 500 mm of height. A broad range
of gradations have been investigated, from a new ballast with maximum grain size of 63 mm
and minimum size of 31.5 mmto aheavily fouled ballast with maximum grain size of 22.4 mm
and 40% passing the 0.5 mm sieve. A hydraulic actuated piston supplied the deviatoric stress
with afrequency of up to 25 Hz, but 10 Hz seems to have been the normal testing frequency for
the repeated part of thetest. The maximum deviatoric stress during testing was 260 kPa (for the
|east fouled materials). The confining stresswas applied through pressurised water and washeld
at 30 kPaduring all tests. The axial deformation was recorded by a displacement transducer in
the deviator piston, and in addition there was one externa displacement transducer (no infor-
mation on wherethislater transducer was placed). No lateral displacement measurements were
made, instead volume changes were measured by weighing the flow of water in and out of the
cell. Dueto inertia of the water, the changes of volume were not possible to detect during the
repeated tests, but only during the quasi-stati ¢ tests with a frequency of 0.01 Hz.

Kolisoja/51/ describesatriaxial cell capable of testing 300 mm by 600 mm specimensthat has
been developed at Tampere University of Technology, Finland. Most of the materials tested,
and reportedin/51/, have abroad gradation and amaximum particle size of 32 mm or less. Two
of the materials are open-graded with a C,, around 2-3 and a maximum particle size of 64 mm
which makes these materials similar to arailway ballast. Only the deviator load is cycled, and
this loading system is servo-hydraulic. The maximum deviator stressis about 2.8 MPaand the
maximum frequency is20Hz, whilea5 Hz loading frequency seemsto have been the maximum
(during preconditioning). The maximum deviatoric stress during the testing is not given but is
probably considerably lower than the one achievable by the actuator. During the resilient test-
ing, procedureswith haversine pulseswith 0.1 sec. duration and aresting period of 0.9 sec. have
been applied. The confining stressis applied by using air pressure and it seems that the maxi-
mum confining pressure has been 138 kPa, i.e. the maximum confining pressure according to
SHRP Protocol P46 /77/. Generally, the testing has been conducted using the three procedures
of SHRP, CEN and NGI*. Axia deformation is measured by two to four strain gauge transduc-
ers mounted on the 200 mm central part of the specimen. Radial strain is measured by two dia-

1. SHRP - Strategic Highway Research Program, CEN - European Committee for Standardization, NGl -
Norwegian Geotechnical Institute
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metrically placed proximity transducers at one third from top of specimen. These transducers
measure the distance to small metal plates glued to the specimen. For the 300 mm specimens a
strain gauge instrumented ring a so measures the radial strain at one third from the base end.

Norwegian Geotechnical I nstitute (NGI) hashbuilt atriaxial apparatus capable of testing spec-
imens with adiameter of 625 mm and a height of 1250 mm /86/. Six materials weretested in
the study, four of which were well graded and two were uniformly graded. The maximum par-
ticle size varied between 32 and 120 mm, the latter being valid for one of the uniformly graded
materias. The equipment and software originate from MTS, USA. The deviatoric stress capac-
ity isabout 2.6 MPa, but only 600 kPawas used in thetests. Theloading procedure used implied
acosine-shaped deviatoric load pul se with duration 0.1 sec. with aresting period of 0.9 sec. The
confining stress was applied by using a constant partial internal vacuum, equivalent to a maxi-
mum confining stress of 80 kPa. Five instruments (not mentioned which type) are used for
measuring the vertical deformation, and are fixed on the central half of the specimen. Two of
the instruments measure repeated strains while the remaining three measure the permanent
strain. It seems that strings are fixed to the specimen and the change of length (height) is meas-
ured at the base of the cell. Threeinstruments are used to measure change in specimen circum-
ference with the help of spring loaded strings.

L ekarp and | sacsson /54/ describe the devel opment of alarge triaxial apparatus at the Royal
Institute of Technology in Stockholm, Sweden. The specimen sizeis 500 mm by 1000 mm and
the maximum particle size is 100 mm. However, the materials tested so far have a quite non-
uniform gradation as the uniformity coefficients (C,=dgg/d;) are around 10 with a maximum
particle size of 90 mm. The apparatus is capable of cycling both the deviatoric and the cell pres-
sure. Thefrequency of load applicationisnormally 1 Hz when both stresses are cycled (normal-
ly in phase), but isincreased to 10 Hz when only the deviatoric stressis cycled. Theloading
system consists of servo-hydraulic actuators from M TS that provide up to 1270 kPa of deviator
stress and 620 kPaof confining stress. The maximum frequencies of the equipment is20 Hz for
the deviator stress and 2-3 Hz for the confining stress, but these frequencies seems not to have
been used in testing of the materials. The confining fluid is silicone oil and the confining stress
isapplied by ahydraulic actuator that operates on a separate pressure cylinder that is connected
to the cell chamber through a 1-inch bore tube. The strain measurements are done by LVDTSs.
Vertically three LVDTs measurethe strain in the 600 mm mid portion of the specimen, and they
are fixed to the specimen with expandableroller plugsin predrilled holesinto the specimen ma-
terial. The horizontal strain measurements are carried out with a’ string of wheels' mounted
around the specimen at mid height and with one LV DT mounted at the junction of the string.
The 15 sets of whedls are supposed to roll freely on the membrane surface thus providing an
average measurement of the horizontal strain.

Van Niekerk et al. /83/ report on alargetriaxial cell capable of testing specimens of 300 mm
by 600 mm (diameter by height) developed at the Delft University of Technology, The Nether-
lands. The material tested seemsto be well graded with an upper particle size of 45 mm. A hy-
draulic actuator applies the deviatoric stress, and the maximum stressis about 2.1 MPa, while
the maximum frequency is5 Hz. The confining stressisapplied by partial internal vacuum, thus
limiting the confining stress between 0 and 90 kPa. There are no means of applying repeated
confining pressure. The deformations are measured by on-sample LV DTs. At 1/3 and 2/3 of the
specimen height small blocks are glued to the membrane. On these blocks two self-centring
rings are laid which serve as alocal reference basis for three axial and two sets of three radial
LVDTs.

Smaller triaxial cellsfor testing coar se graded unbound aggregates. There are several re-
search institutions that operate conventional triaxial cellsfor testing coarse graded aggregates.
These materials are mainly intended for base course layersin roadwork construction. Among
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others, Hoff /34/, Galjard et a. /26/ and Hornych and Gerard /36/ describetriaxial cellsthat test
specimens with smaller maximum diameters, typically up to 150 mm. Such devices cannot be
used for testing of railway ballast in the natural gradation, athough there have been reports on
testing scal ed-down ballast materia in cellsthat can take specimenswith diameters of 100 and
150 mm /41/.

4.3 Thetriaxial testing unit used in the present study

The equipment used in the present study isaconventional large scale triaxial cell for repeated
loading, which comprises three main parts

+ Thetriaxial cell with loading actuators

« Theload control unit

« Thedata capture unit

Thetwo latter units consist of a PC, an amplifier and two controllers.

What makes the present triaxial unit abit special isits capability of cycling both the deviatoric
stress and the confining stress. The unit is made for testing railway ballast, thusrequiring large
specimens of 300 mm of diameter and 600 mm of height.

4.3.1 Thetriaxial cell with loading actuators

Thetriaxial cell used in the present work has also been described in /75/. Reference is made to
Figure 4.1 on page 103 for a sketch of the triaxial cell. When studying the figure, bear in mind
that the total height of the apparatusis nearly 3.6 m, and the steel table is square with side
lengths of approximately 1.0 m.

As can be seen from the figure, the cell chamber itself is mounted on a stedl table. Others, like
Kolisoja/51/ and Lekarp and | sacsson /54/, place the cell on or near thefloor which enables easy
access for instrumentation and for dismantling operations. However, the present design pro-
vides space for the confining stress actuator, which together with the bellows arrangement,
transmit pressure to the confining fluid. Especially when it comesto variable confining pres-
sure, where rapid response isimportant, a design like the onein Figure 4.1 will be beneficial
because of the direct and easy way of applying the confining stress.
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Hydraulic actuator (deviator stress)

Load cell
Load piston

Top end platen

LVDT for vertical strain measurements

LVDT for radial strain measurements
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. — Chamber rods

| Confining fluid (water)

L Specimen sealing (rubber membrane)

Base end platen

L Opening allowing transmission of
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. Sted table
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| — Hydraulic actuator
(confining stress)

¥

Figure4.1: Thetriaxial cell apparatus with specimen (cables not shown).

A hydraulic actuator mounted on top of thecell chamber provides the deviatoric stress. Theload
istransmitted through a piston to the top end platen of the specimen. The technical specifica

tions of the hydraulic actuators, which are manufactured by MTS Systems Corp., USA, aregiv-
eninTable4.1.
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Table4.1: Data of the hydraulic actuators from MTSused in the triaxial apparatus.

Deviatoric actuator Confining actuator
Type of actuator MTS Model 244.22 MTS Model 244.21
Nominal repeated force capacity +100 kN +50 kN
Sandard piston stroke +75 mm +75 mm

The hydraulic power supply is provided by aunit from MTS designated MTS Model 510.10D.
Thisunit provides401/min. of flow at 210 bar continuous pressure. The oil reservoiris142litres
and the electric power requirements are 220V, 3 phase, 50Hz and 18 kW. This unit waslocated
in a separate room to avoid some noise.

Converted to stresses, the hydraulic system can apply deviatoric stresses up to about 700 kPa

and confining stresses up to about 400 kPa. The working frequency of the repeated stressesis
5Hz, if the full piston stroke length is not used. For small stresses a frequency of 10Hz may be
achieved.

The vertical forces applied to the specimen (both deviatoric and confining) are counteracted
through tensional forces in the chamber rods. A more usual way of dealing with these forcesis
to have a strong outer frame that takes the deviatoric force, while the chamber rods only take
the vertical component from the confining pressure. Since both the stresses and the deforma-
tions are measured inside the cell, our design should be no source of error.

Water was used as the confining medium. Distilled water was supposed to give lessresilience
upon loading compared to water taken directly from the tap. But some tests after the completion
of the ballast testing showed that it is acceptable to use ordinary water. It is however recom-
mended that the water is allowed to adjust to ambient temperature before testing begins. Then
the water will also reach an equilibrium air content. A low air content is beneficia to the con-
fining pressure actuator because the increased stiffness causes the stroke length of the piston to
be smaller, thus allowing faster loading. Further, water is’ clean’ to work with. A cotton filter
cartridgeis mounted between the water storage tanksand thetriaxial cell to remove contaminant
particles that have entered the water from the laboratory environment or because of punctured
specimen membranes.

However, water conducts electricity and contributes to corrosion of steel parts. The electrical
conductivity of water ishazardousto any electrical signalswhereany livepart isin contact with
the water. As aconsequence, all current carrying parts have to be waterproof. Corrosion inside
the cell is avoided by choosing non-corrosive materias like aluminium, brass and stainless
stedl.

One of the frequently used alternatives as a confining medium is silicone oil. Thisliquid insu-
lates electric live parts, but isin nearly every other aspect more troublesome to work with. In
addition to being moreexpensive, itismore’dirty’ inthe sensethat you havetotreat it asspecia
waste when you replace the oil. When it comes to mechanical properties, the high viscosity
compared to water makes rapid flow of the oil more difficult in variable confining stress tests.

Air may aso beused astheconfining fluid in triaxial testing. However, air isvery compressible,
thus requiring long stroke lengths of the confining pressure actuator. Thiswill limit the maxi-
mum repeated confining pressure. Since air stores considerably more energy for the same pres-
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sure compared to oil or water thereisahigger safety hazard if the cell chamber is punctured or
fragmented. Air as a confining medium is normally limited to constant confining stress tests.

4.3.2 Theload control unit

The deviator actuator is connected to an MTS Model 407 controller, whilean MTS Model 406
controller takes care of the confining pressure actuator. The hydraulic systemis controlled by a
PC program that runs the tests and collects pressure and deformation data. The PC program is
written in LabWindows CVI, and runs under Win95. The system can define different load se-
guencesfor specimen testing. Each sequence consistsof astaticload with adynamic cyclicload
on top. The dynamic load signa is normally sinusoidal (haversine) with no rest time between
the cycles, but other signal forms can easily be applied. The load sequencesfor the deviator and
the confining pressure are controlled independently, but on the same time basis. This enables
support for arbitrary phase difference between the load cycles applied to the actuators. In addi-
tion to specifying any phase difference in the load sequences, it is possible to adjust the phase
difference during testing. Thisis convenient if the one wantsto accurately adjust the phase dif-
ference on the basis of the continuously measured values of the |loads. When testing a sample,
several load sequences can be run in succession to define aload program.

For the current adjustments of the load control unit the horizontal load is smaller in the begin-
ning of each load step than the one actually specified. The deviator load has the correct value
straight away. After a 30-60 cycles, the loads are adjusted to the specified ones.

4.3.3 Thedata capture unit

The deformations of the specimen are measured by eight LVDTs (Linear Variable Differentia
Transformers) manufactured by the British company RDP Electronics. TheLV DTsused, which
have designation MD5/500W, are submersible and can withstand pressures up to 35 bars (3.5
MPa). The stroke length of the LVDTsis+12.5 mm. Submersible LVDTs makeit possible to
usewater asthe confining medium. Compared to ordinary LV DTS, that are neither submersible
nor can withstand pressure, our LVDTsare about 3 timesasexpensive. A tota of eight LVDTs
are used, and the positioning of them is approximately asin Figure 4.1. Six of the LVDTsare
used for horizontal deformation measurements whilethe remaining two are used to measurethe
axial deformations. In addition, dataare collected frominternal LV DTsin the actuators, but this
data areintended for internal controlling of the piston positions. The deviatoric stressis meas-
ured by aload cell mounted on the deviatoric piston and the cell pressure ismeasured by apres-
sure transducer in contact with the confining water. More on mounting the LVDTs on the
specimensisfound in Section 4.5.3.

The specimen LV DTs are connected to HBM SPIDERS 4.8 kHz carrier frequency amplifiers
(made by Hottinger Baldwin Messtechnik GmbH, Germany). Asthe SPIDER8 amplifiersonly
support inductive transducersin full or half bridge mode, the primary (excitation) input leads
onthe LVDTsare not used. Instead the secondary (response) output leads are connected to the
amplifiers together with the centre tap, in ahalf bridge connection. Asthis could lead to de-
creased linearity inthe LVDT response, the LVDTs are calibrated against a micrometer rig
through a procedure producing a polynomial calibration curve of third order. This gives very
good sensor linearity, andit isthe PC control program that doesthe linearisation. The measuring
system has a resolution of about 1um over thewhole LVDT stroke length.
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The control program reads deformation data from the SPIDER8 amplifiers and force signals
from the MTS controllers at arate of minimum 200Hz. For a number of load cycles, the PC
computes the maximum and minimum signal values for each sensor by a regression procedure.
Regression over five load cycles has been used for the tests reported in Chapter 5, apart from
the first few seconds where only two cycles have been used for regression to enable faster com-
putation. This regression procedure calculate sinus functions that approximates the actual sig-
nal sthe best through aleast squarefit. The program further averagesthe cal cul ated deformation
signals to compute strain values for axial and radial directions, and combines them with the
stresses to compute Y oung’s moduli and Poisson’ s ratios (the latter two are not stored at the
PC's hard disk, but only displayed at the screen during testing). The maximum and minimum
values from these regression curves, the strain being the average, are the ones that are reported
in Chapter 5 and Appendix D astheresults of the tests. Regresson values from each sensor are
however stored at the PC’ s hard disk to enable later verification of proper sensor function. The
interval for which data are stored varies from about 10 to 20 cycles. It isalso possible at up to
10 timesfor each load step to save the sensor signals asthey areread by the system, i.e.ina
non-processed form.

4.4 Specificationsfor ballast material

The emphasisis put on the Norwegian requirements as these are the one applicabl e for the ma-
teria tested. Some of the requirements from other parts of the world are described.

4.4.1 Norwegian specifications

According to The Norwegian National Rail Administration (Norw. Jernbaneverket, abbr. JBV)
the ballast materia delivered should comply with the specifications put forward in /44/. The
overall functional requirements state that the ballast should

+ have sufficient bearing capacity

« drain water

+ beclean (i.e. be free from contaminants and fine grained material)

+ ensure a suitable and uniform resilience along the track

In Norway the railway network is divided into 5 priorities according to the number of passen-
gers and the freight tonnage, but this division do not reflect in the ballast requirements. Only
one quality is asked for, but asmaller sized grading is allowed at yards.

Crushed rock with anominal grading of 25 to 63 mm is used as ballast material. Up to 10% by
weight of the material may belessthan 25 mm, and up to 10% of the material may be between
63 and 73 mm of size. 73 mm isthe maximum size. Not more than 0.5% of the material should
be less than 1.6 mm. The resulting gradation limit curves are shown in Figure 4.2.

A Los Angelestest is performed for determining the resistance against abrasion and impact. 5
kg of sample of one of the three fractions 25-32 mm, 32-40 mm or 40-50 mm? isplacedinaLos
Angeles testing machine with acharge of 12 steel spheres each weighing approx. 440 g. The

machine rotatesits total load for 500 revolutions. The percentage material crushed to less than

1. Only thefraction 32-40 mm istested at routine controls, according to /45/.
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Figure4.2:  Gradation limit curves for Norwegian railway ballast.

2 mm isreported asthe Los Angeles value. The ballast fulfilsthe requirementsif the LA-value
plotsinthe’Good' or'Very good sectors of the diagram in Figure 4.3.
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Figure4.3: Classification diagram for LA-values according to JBV (translated and slightly
changed from /44/).

The requirement for particle shapeisthat the material should be as cubical as possible. A test
where 100 particles are picked at random and classified as cubical, flat or elongated is per-
formed. Here, aflat particleis defined as being more than twice as wide asit is thick, whereas
an elongated particle is said to be morethan twice aslong asit iswide. The number of particles
in each category is counted and the percentages calculated and plotted as a single point in adi-
agram asthe onein Figure 4.4. The particle shape of the material is accepted if at |east 65% of
the particles are cubical.

URN:NBN:no-3305
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Figure4.4: Classification diagram for particle shape according to JBV (translated and
dlightly changed from /44/).

4.4.2 Ballast specifications of some other railway administrations

Sweden /85/. Banverket, the Swedish railway track authorities, owns most of the railway net-
work in Sweden and isalso responsible for the Swedish ballast requirements. The requirements
are not dependent upon the annual tonnage, but a separate quality, class 2 ballast, may be used
on yard areas. Class 1 ballast, used on most of the railway network, has anominal grading of
32-63 mm. At most 4% by weight may be finer than 31.5 mm, while at most 10% may be be-
tween 63 and 80 mm, thelatter being the maximum size. Class 2 ballast for yards hasanominal
gradation of 11-32 mm. Regarding mechanical properties, Banverket prescribes impact values
(according to Swedish FAS Method 210) and Los Angeles values (according to ASTM C535,
but with some deviations).

Finland /85/. Also in Finland the state owns most of the railway network through VR Track, a
part of the VR Group. VR hasdivided therailway network into four different categories depend-
ent upon annual tonnage and number of passengers. The ballast requirements for mechanical
properties arerelative to the classification of the specific line, while the gradati on requirements
are not. The gradation has the nomina size 32-64 mm. From the limit curves given in /85/ it
seems that 70 mm is the maximum size and that up to 15% by weight of the material may be
retained on the 64 mm sieve. Also, up to 7% of the material may pass the 32 mm sieve with 1
mm asalower limit. Themechanical properties are tested with aLLos Angeles-like test and with
an impact test, but the test procedures are not the same as in Sweden. For both tests there are
given different limit val ues that correspond to the line category.

CEN /8/. The European Committee for Standardisation (CEN) has proposed a European stand-
ard for railway aggregates /8/. This standardisation proposa suggestsfive gradingswhere three
of them have nomina sizes 32-50 mm and the remaining two have 32-63 mm. For all gradings
maximum 3% is allowed to be finer than 22.4 mm. Also, more than 50% of the material shall

be within 32-50 mm (for one grading the upper limit is 63 mm). When plotted it is seen that the
five gradations are quite similar, and one gradation (desi gnated E in /8/) contains the other four
as subsets. Additional limits on fines content may be imposed. The standard opens up for spec-
ifying the particle shape by using flakiness index, shape index and the particle length. When it
comes to mechanical propertiesthe aggregate may betested by amodified Los Angelestest, by



URN:NBN:no-3305

4.5 Specimen prepar ation 109

amodified impact test or a modified micro-Deval test. When the present CEN proposal is ap-
proved it will also be valid for Norway.

AREA /2/. AREMA, former AREA (seefootnote 1 on page 6), isan organisation formed by the
North American railway industry. Among other tasks, AREMA submits an annually updated
design and maintenance manual for the member railways, the AREMA Manual. This manual
also provides detailed specification of ballast material. There are seven various gradations spec-
ified, ranging from two finer gradations primarily for yards to five more conventional coarse
gradations. Gradation no. 4 is one of the frequently used coarser gradations for main lines /50/.
This gradation has a maximum size of 51 mm, with maximum 10% of the material larger than
38 mm. Maximum 15% should be smaller than 19 mm, while less than 5% should be smaller
than 9.5 mm. The content of fines smaller than 0.075 mm should be less than 1%. Thus, ARE-
MA gradation no. 4 is finer than Nordic ballast gradations, but coarser AREMA gradations do
exist. Also, the specifications used by the individual railway company may vary from those of
AREMA. When it comes to mechanical propertiesthe Los Angeles value according to ASTM
C 535, and the degradation value limits (LA-values) ranges from 25% to 40% dependent upon
parent rock type. AREMA also specify other types of tests, e.g. the Sodium Sulphate Test
(ASTM C 88), Percent of Flat and/or Elongated Particles (ASTM D-4791-89).

4.5 Specimen preparation

The specimens tested in this study had a cylindrical shape with a diameter of 300 mm and an
intended height of 600 mm, thus occupying about 42.4 dm® of volume and wei ghing about 75-
80 kg. The ballast materials were split and the fractions used to compose gradings complying
with the curvesin Section 4.6.

In order to test the performance of the equi pment various tests have been conducted. Thesein-
cludetests of compaction procedures, actuator loading, instrumentation, toughness of the mem-
branes and other teststhat are necessary to be ableto run amateria test with reliable accuracy.
In short one may say that the present equipment and procedures originate from numerous tests,
sometimes aided by calculations, but very often carried out along a'trial and error’ scheme.

4.5.1 Fractioning and blending

The material from the quarry was sieved into individual fractions using large quadratic sieves
with side edges of 500 mm. The nominal apertures were 1.6 mm, 11.2 mm, 25 mm, 31.5 mm,
40 mm, 50 mm and 63 mm and 75 mm. To avoid clogging of the sieves not more than about 12
kg of material was sieved at once. The sieveswere placed on avibrating table, and the vibration
time was about one minute. Afterwards, based on visua inspection, some of the particles were
manually angled through the sieves without using force; this could apply to at most three or four
particles on each sieve, and especially to flaky or elongated particles. Visual observation con-
firmed that the sieving procedure did not wear the material much. The fractions less than 11.2
mm and larger than 63 mm were not used in the specimens. The fractions left were blended into
the predetermined gradations, see Section 4.6.

The specimens were made of six equal layers of material. To ensure auniform gradation al the
layers have been blended according to the specified gradation. From each layer two medium
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sized and cubical stones were selected as instrumentation stones. The instrumentation would
later be glued to these stones, and a smooth face of each stone was marked.

4.5.2 Compaction of specimens

In theliterature several methods of compaction are described. Hoff /34/ presents some of the
most common methods, and his tabulated examples are reproduced below in Table 4.2.

Table4.2: Compaction methods utilised in the preparation of triaxial specimens of
unbound granular materials /34/.

Specimen
Source diameter Method.of No. of Materials tested
compaction layers
[mm]
. Vibrating table +
NTNU, previously 100 tatic load 5 Natural gravel
NTNU, Hoff /34/ 150 Gyrator 1 Gravel, crushed rock
SHRP standard 150 | Handhddpneu- |,
matic hammer
Recommended by the Static load + vibra-
SCIENCE project 150 tion of mould L Gravel, crushed rock
Pappln and Boyce, Not- 150 Vibrating table 7 Gravel, crushed rock
tingham, UK
Technical Umyersty of 300 Vibrating tamper 6 Gravel, crushed rock
Tampere, Finland
Arkansas 150 Triaxial apparatus 5
NGI, Norway 625 Vibrating hammer 8 Gravel, crushed rock

Inthe present study the material iscompacted in adry state, any moistureisadded after the spec-
imen isinstalled in the triaxial cell, see Section 4.5.6. The aggregate material is compacted in
an unimpaired steel tube mould with an inner diameter of 300 mm and a height of 2000 mm.
The compaction device consists of two vibrating motors mounted on top of asteel shaft withthe
compaction steel platen welded to the lower end. This compaction plate has the size of the full
cross section of the tube, thus eliminating the need for moving the compactor around on top of
each layer. Figure 4.5 shows a sketch of the compactor device. The two steering plates are
screwed together and, because there are holes made in them for the shaft, they can glide verti-
cally. When compacting, the upper steering plate will be at the top end of the mould, whilethe
lower one will be just inside the mould preventing the shaft from moving horizontally relative
to the mould. The axles of the two vibrating motors are rotating in opposite directions which
cancels out the horizontal force component when the rotations are synchronised. The synchro-
nisation takes place automatically, without any external regulation, when the motors have
reached their working speed after start-up. In thisway the useful vertical component becomes
the sum of the two components from each motor.
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Vibrating motors

o

a) b)

Steering plates

I
Compaction plate

Figure4.5:  Sketches of equipment for making specimens. a) The steel tube mould (300 x
1000 mm). b) The vibrating plate compactor.

The motors of the compactor are produced by Svedala/Dynapac and have designation ER 705.
I'n our testswe employed a maximum centripetal force of 12 kN (the combined effort of thetwo
motors). The achievable maximum forceis 32 kN. The adjustment of the centripetal forceiseas
ily done by adjusting the position of the excentric weights mounted on the motor axles. The fre-
guency is 2870 rpm, which corresponds to about 48 Hz, and the power consumption is 1500 W
each. The total mass of the compaction device is approximately 220 kg.

The material for each layer is split into two parts. The first part provides a base for the instru-
mentation stones, the latter being placed with the marked face outward at midlayer height. Then
the second part is placed in the mould and | evelled before compaction starts.

Thetotal compaction timeis1 second per centimetre specimen height, i.e. 60 seconds for a 600
mm triaxial specimen, hence the six equally thick layers are compacted for 10 seconds each.
Some crushing has been observed, but the amount is limited to about 2-3% of the stones by
weight and is not considered a serious problem for good quality railway ballast. The major part
of the crushing consists of splitting one particle into two pieces.

The compaction procedure and the compaction equipment used in the present study have also
been described in /75/.

4.5.3 Instrumentation and mounting of specimensinto thetriaxial cell

After compaction the specimenis pushed out of the mould by ahydraulic piston, and at the same
time the inner rubber membraneis pulled on at the specimen surface. Suction (pressure below
the atmospheric pressure) of at least 60-70 kPa, provided by avacuum pump, is applied inside
the specimen in order to avoid collapse. This suction must be applied until thetriaxial cell has
been filled with water and pressurised.
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After demoulding the specimen is placed in the triaxia rig for instrumentation. The membrane
is punctured at the positions where the instrumentation is to be fixed to the sample, i.e. onthe

prepl aced i nstrumentati on stones. The hol esin the membrane should not be bigger than acouple
of millimetresin diameter to avoid drop ininterior suction. Adhesivetapeor small piecesof thin
rubber membrane may be necessary as atemporary sealing of the holes. Epoxy is put into the

holes and onto the stones. An epoxy 'rosette’ of 20-25 mm in diameter on each instrumentation
stoneisaimed at. After ensuring that the epoxy is hardened and the specimenisair tight, holes
equivalent to the diameter of the mounting plates, whichis 15 mm, are made in the rubber mem-
brane where the epoxy 'rosettes’ were placed. The mounting plates are thereafter glued to the

instrumentati on stoneswith epoxy. Theinstrumentation ring, the arrangement for fixing thering
to the specimen and a detail of an LVDT with spring loaded armature are shown in Figure 4.6.

Inner and outer membrane
Epoxy

Mounting plate

Convex washer
Concave washer
Bracket

j Instrumentation ring

‘ hasaananannaanan

b)

Armature with spring Plate 0 armature

Figure4.6: a) Instrumentation ring, b) arrangement for fixing the instrumentation rings to
the specimen, ¢) LVDT with spring loaded armature.

Horizontal LVDT

When al the mounting plates have been fixed to the specimen asecond, outer rubber membrane
is placed onto the specimen to seal it properly. This membrane will cover the mounting plates,
and it must be punctured at the locations of the threaded holes in the mounting plates to alow
the instrumentation rings to be fastened. Leakage is avoided by pressing a washer against the
rubber membrane by tightening the screw that holds the instrumentation ring in place. Then the
LVDTs are mounted on the instrumentation rings and adjusted. Because of the rugged surface
of theinstrumentation stones and a possibletilting of them during compaction thereisaneed of
adjusting the fastening arrangement so that the instrumentation rings remain horizontal. This
has been accomplished by using convex and concave washers asin Figure 4.6 b). By loosening
the brackets it is also possibl e to adjust the position horizontally and verticaly.

Six instrumentation ringsand LV DTsare used for horizontal deformation measurement. Ascan
be seen from Figure 4.6 a) the rings use a’ caliper principle’ for measuring the deformations.
The heights from the bottom platen to the ring fixation points on the specimen are intended to
be approx. 5 cm, 15 cm, 25 cm, 35 cm, 45 cm and 55 cm, i.e. a mid layer heights. Every other
ring is turned 90 degrees horizontally so that measurements are equally taken at perpendicular
diameters. The exact placing of the rings is somewhat dependent upon reliable fixing to the
specimen.
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The fastenings for the vertical LVDTs may now be screwed to the end platens, see Figure 4.1.
Thevertical rods, on which the LVDTsareto be clamped, are fastened to the bottom end platen
of the specimen. If the rods were fastened to the top end platen more sideways movements of
the rods and LVDTs had to be anticipated during loading (specimens A, B and C actually had
this configuration). Two rods and LVDTs are used for vertical deformation measurements and
they are placed at diametrically opposite sides of the specimen.

In order to adjust for any specimen tilting (central axisis out of vertica position), adjustment
platens are needed between the base end platen of the specimen and the cell pedestd. Itisim-
portant that the specimen is vertical so that deviatoric force is applied at the centre of the top
end platen. The fully instrumented specimen is shown in Figure 4.7 b).

Finally the chamber isfilled with water and pressurised. The specimenis no longer dependent
oninternal suction. Thework involvedinmaterial processing, specimen making and instrumen-
tation will normally take about three working days for one person.

4.5.4 Discussion of the selected instrumentation concept

The particular choice of instrumentation concept results from several preliminary tests and has
proven to work satisfactorily in the present study but is not claimed to be the optimal solution.
Generally, experience from Hoff /34/ and results described by Gaaljard /26/ showed that instru-
mentation with LVDTsis reliable in triaxial testing of unbound granular materials.

Avoiding membrane effects. Hoff /34/ used three rings and LV DTs mounted on the central
third of the specimen for horizontal deformation measurements and two LVDTs mounted be-
tween the two outer rings for vertical deformation measurements. The rings were clamped to
the specimen by spring load, with curved plates on the outside of the membranes asthe only part
in contact with the specimen. Any deformation of the membranes during testing will then be
included in the measurements. However, Hoff used constant cell pressure during histests so the
deformation of the membraneswas of no significance. For the new triaxial apparatus, where cy-
clic confining pressure isalso applied, it was evident that the instrumentation had to be placed
on the materia itself and not on the outside of the membranes.

Thechoice of gluing theinstrumentation directly to the stoneswastaken in favour of using studs
embedded in the material, which has been done for finer graded material /26/. The reason for
thiswas mostly practical asit was considered difficult for the open graded ballast material to
keep any studs in place without adding some binding material (cement or equivalent) at thein-
tended spots. Also, the use of any added material was regarded unfavourable for the material
that should be tested. This method of fixing the instrumentation directly to individual particles
is probably a new way of instrumenting triaxial specimens. Gluing the instrumentation to the
outer membrane is however quite common /26/.

Horizontal deformation measurements. It was decided to use six rings for this new triaxial
apparatus. Thisismainly dueto the nature of thematerial tested. Railway ballast isconsiderably
coarser than the materials tested by Hoff and this challenged us with the problem of represent-
ativity of the deformation measurements. Certainly, one measurement of the deformation be-
tween two diametrically opposite particles cannot be taken as representative of the total
deformation. But with more measurements the average deformation will be closer to the correct
one. Also, if something should happen to one or more LV DTs during testing it is reassuring to
have a certain degree of redundancy. In Hoff’ s research /34/ the curved plates that fixed the
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rings to the specimen embraced more particles and asingle measurement thus represented more
material particles.

Thetrade off with six hoops is that some of the measurements are taken nearer to the ends of
the specimen than is usually recommended, as the two nearest are located 5 cm from the ends.
Thisimpliesthat any end effects will be more pronounced for thiskind of instrumentation than
for central third instrumentation. However, we do believe that the adverse effect of doing this
issmall, particularly when the repeated stresses are not close to afailureload.

The use of string-of-wheels for horizontal deformation measurements, as reported by Lekarp
/54/, was not considered appropriate because of the rugged surface of the specimens, see Figure
4.7.

Vertical deformation measurements and the problem of particlerotation. Measuring the
vertical deformation over the whole height of the specimen, asin the present study, is not the
recommended practise either. However, trials with on-sampl e instrumentation over the mid
third did produce quite scattered results for the vertical deformations. Occasionally the defor-
mation signal from one or more sensors was 180 degrees out of phase with the deviatoric load,
something that normally indicates erroneous sensor definition in the data capture program. An
alternative explanation is that the specimen is el ongated when the deviatoric stress is compres-
sive, something which normally gives no sense. It was neverthel ess found that the sensors
functioned properly but the reason for the strange results was resilient particle rotation. The
mechanism behind the particlerotation is probably the varying stiffnesses of the supportive con-
tacts, in addition to the positions of the support points rel ative to the axis of the applied force on
the stone. As aresult the instrumentation stones tilted when they were subjected to repeated
loads.

With asmall mirror fixed to the mounting plate at the instrumentation stone, and alaser beam,
the angle was possible to measure. The rotation of one of the instrumentation stones was meas-
ured to be in the order of 0.1-0.2 degrees about a horizontal axis paralel to the circumference
at about 200 kPa of repeated deviator stress and 90 kPa of confining stress. A preliminary con-
clusion for constant confining stress is that the vertical measurements suffered the most from
this phenomenon. Also, the problem is probably more pronounced when the specimen, includ-
ing the instrumentation stones, consists of large particles because the rotary arm out to the
LVDT islonger.

The conclusion of the investigation was that it was better to measure deformations over the full
specimen height, taking therisk of any end effects, than to try on-specimen instrumentati on with
very scattered results. Another argument isthat it is desirable with along measurement basis
when the material is as coarse as the railway ballast material.

Thechoice of measuring principlefor the LVDTs. Asshownin Figure 4.6 c) thearmatureis
spring loaded o that it exerts a small force on the plate mounted on the other half of the instru-
mentation ring. Hence there is no moment transferred through the contact point. Any lateral
force transferred is frictional and is thus some fraction of the normal force at the point of con-
tact. If the spring is not too stiff the normal force will be small and consequently the frictional
or lateral force will be small. To grease the contact point will also be beneficia. With this type
of arrangement the locking of LV DTs during testing is avoided, which is beneficial for the re-
silient deformation measurements. Also, any initial locking is easily avoided by only tapping
the instrumentation ring gently. Then the armature and the LV DT automatically adjust to are-
leased position. Thistype of connection has al so the advantage of a short construction length.
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One major problem with thistype is the difficulties of keeping the plate, against which the ar-
mature is pressed, perpendicular at al times. If thearmature movesrelative to the plate, and the
plateis not perpendicular to the armature, then the permanent deformation recorded will be
somewhat erroneous. However, the dastic deformation in repeated tests should not suffer too
much from this.

Alternative arrangements for the LVDTs have been considered /75/ but the present principle
was found to perform the best. The main problem of the alternatives was that they were able to
transfer moment, thus having a higher tendency of locking the LVDTSs.

The weight of the on-sample instrumentation. The total mass of the on-sampleinstrumenta-
tion, which is the instrumentation for horizontal deformation, is about 2400 g excluding the
LVDT cables. Roughly 30% of theweight is compensated for by buoyancy when the cell cham-
ber isfilled with water. Because the LVDTs are heavier than the leaf springs on the other side
of the rings, there are some unbalanced weights. Therefore the LVDT cables have been tied to
vertical rods placed inside the cell, thus relieving most of the unbal anced weights. The instru-
mentation weight that is |eft over to the specimen to bear should not in any case cause any sig-
nificant errors as these |oads are very small compared to the load applied during testing. This
conclusion holds even if one considers the forces on the instrumentation stones alone: Assume
that aforce equivalent to the weight of 1500 g is born by the specimen. This equals 125 g or
1.23 N per instrumentation stone. A small instrumentation stone has a mass of about (3.0
cm)3-3.0 g/cm3 which equals approximately 80 g, the equivalent weight being 0.78 N. Themin-
imum stress applied to the specimen is 20 kPa, which for an instrumentation stone with aface
areaof 9.0 cm? (= 3.0-3.0 cm?) isequivalent to aforce of about 18 N. Even with these unfavour-
able assumptions the external force and the weight of the stone is about 15 times greater than
the weight applied by the instrumentation.

In some cases, due to movements during compaction, the instrumentation stones may not be
very well embedded in the rest of the material. In such cases the weight of the instrumentation
may influence somewhat on the measurements. Because of thisit isimportant that the instru-
mentation stones are supported and embedded properly when placed during specimen making.

4.5.5 Membranesand sealing

The selection of reliable membranes and of proper sealing is of outmost importance asamajor
water |eakage into the specimen will makeit collapse. The particul ar choice for membranes and
sealing in the present study is aresult of several preliminary trial-and-error tests.

Initially 1 mm latex membranes from Polymer Dipping Center (PDC), Sweden, were used.
These were perfectly adequate for well graded material swith no large voids and were also used
for thefirst two specimenin thetest series, specimen A and B, see Table4.5. Figure 4.7 @) shows
specimen A covered with a1 mm latex membrane as the inner one. Note the stretch over some
of the voids. Unfortunately, these membranes punctured so for the rest of the test series (speci-
men C-G) 2 mm membranes in para rubber was used. These |atter membranes were made of
sheets of para rubber that were butt glued to the required cylindrical shape and with arubber
band glued on top of the joint as reinforcement. The para rubber membranes performed well
with no major leakages.

A third type of membranewas also tested, a2 mm latex membrane from PDC, but was not used
in the test series reported here. The approximate strengths of the membranes for repeated |oad
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Figure4.7: &) Specimen covered with 1 mm latex as an inner membrane; mounting plates
are glued to the instrumentation stones. b) Outer membrane and
instrumentation fixed to the specimen.

triaxial testing of railway ballast as experienced during preparatory testing are given in Table
43.

Table4.3:  Approximate strengths of some membrane types valid for repeated load triaxial
testing of railway ballast complying with Norwegian grading specifications.
The cell pressureis repeated.

Type of membrane 1 mm latex 2 mm latex 2 mm para rubber

Failurecell pressure [kPa] 110 230 270

For finer and morewell graded material the values of Table 4.3 are not valid. For such materials
the membranes do not need to bridge large voids and can thus withstand considerably higher
cell pressure before failure.

To seal the membranes to the end platens one or two rubber o-rings and one hose clamp were
used at each platen for each membrane. For the outer membrane the hose-clamp for the base end
platen should be fastened below the o-ring for theinner membrane, whilethe hose clamp for the
top end platen should be fastened abovethe inner o-ring. The hose clamp on the base end platen
for the inner membrane is fastened in the beginning of the demoulding process and it isimpor-
tant that this hose clamp iswell tightened so that the membrane staysin place.

URN:NBN:no-3305
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Asthe inner membrane one may reuse an outer membrane from aprevioustest if there are no
big holesin it. The small holes from the screws that fasten the instrumentation ringsto the
mounting plates can be sufficiently sealed by small sheets of thin rubber attached to the mem-
brane by grease. A complete airtight inner membraneisin fact not ideal, asthis would prevent
the outer membrane from adhering to the inner one. The outer membrane must be new and un-
impaired when placed on the specimen.

4.5.6 Adding moistureto the specimens

In the present study moisture has been applied to some of the specimens after their installation
into the triaxial rig with a confining stress applied. It was felt that the compaction effect could
be different if the water was added prior to compaction. Also, more crushing could probably be
expected. Thewetting of the specimenswas done by entering water through theinlet in the base
end platen normally used for the vacuum pump. A hole in the top end platen connected with a
tubeto the outside of the cell allowed the air to escape when the water entered the specimen. It
wasimportant to allow the water to enter slowly, otherwise pressure buildup might have caused
the specimen to collapse. When water flooded through the tube attached to the top end platen
the water supply was closed. For the tests conducted in the present study the intention was only
to moisturise the material to the natural retention capacity, consequently the specimens were
drained after flooding. Small amounts of fineswere carried out by the draining water. The mois-
ture content was not measured but is believed to be below 1% for such uniform and coarse
grained materials as railway ballast.

4.6 Materialstested in the present study

Seven specimens were made and tested in the present study. The have designations A to G in
the following. Specimen no. D was tested twice, first in adry state then in awet state.

4.6.1 Parent material

Thematerial used inthe present study isdesignated Vassfjell andistaken from aquarry situated
some 15 km southeast of thetown centre of Trondheim, Norway. The parent rock typeisgabbro
with a serpentine content; the colour is greyish to light green. The quarry produces the railway
ballast in atwo stage crushing process. The material used in the present study was delivered
from the quarry in December 1997. The grading of the delivered materia was sightly to the
coarse side of the limit curves for Norwegian railway ballast.

Themateria hasthe properties as described in Table 4.4. The Los Angeles values are obtained
by using the procedures described in Section 4.4.1, while the particle density is obtained by a
method specified by Norwegian road authorities (method 14.422) /76/. The particle shape was
found by adlightly different method than the one described in Section 4.4.1: Instead of choosing
100 random particles, asample of 10 kg complying withthe JBV gradation wasanaysed. When
eva uating the particle shape result in table Table 4.4, bear in mind that the method used will
emphasi se the shape of the smaller particles as these outnumber the larger onesin a represent-
ative sample. Thevalues of Table 4.4 comply with the requirements stated in Section 4.4.1, and
the material may therefore be used as railway ballast in Norway.
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Table4.4: Los Angeles values, particle shape and specific density of the material used.

Los Angelesvalue Particle shape Specific density
(two samples) % flat, elongated and cubical particles [g/cm3]
114
101 20, 3.8, 76 3.02

4.6.2 Material meeting the requirements

Five specimens, i.e. specimens A-E, were made with agradation fulfilling the requirementsfor
railway ballast specified for the Norwegian railway network. These requirements are givenin

Section 4.4. The gradation for these specimensis given in Figure 4.8. The target mass of spec-
imens A and B was 72 kg, while for specimens B-E it was 75 kg.

100
90 1 Grain size[mm] | % share
80 1 63-75 0
70
2 50-63 27
60 i
g_ 5 | 40-50 29
L% 0| 31.5-40 26
30 B 25'31.5 11
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Figure4.8: Thegrainsizedistribution for the material tested that complied with the
requirements, indicated by the thick line. Thin lines indicate the limit curves.
Data for the gradation is also given in the table to theright.

4.6.3 Material with increased amount of smaller grains

Two specimens, i.e. specimens F and G, were made with agradation with an increased amount
of smaller grains than allowed by the requirements for railway ballast specified for the Norwe-
gianrailway network. The gradation for these specimensis given in Figure 4.9. Thetarget mass
of these specimens were 78 kg.
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Figure4.9: Thegrain sizedistribution for the material tested that had a higher content of
smaller grains, indicated by the thick line. Thin lines indicate the limit curves.
Data for the gradation is also given in the table to theright.

4.6.4 Moisture content

M oi sture was added to specimens E-G before loading and al so to specimen D after aload series
when the specimenwasdry. There are two reasons why moisture was added to some of the spec-
imens. First, it was felt that a moist state of the ballast is more critical to the ballast behaviour,
and thisis also a state frequently encountered especially in the western and northern parts of
Norway. It isknown that the parent rock isweaker when the micro cracks are filled with water.
Tests have shown areduction of roughly 30%, but strength reductions up to 50% have also been
measured /63/. Second, it is valuable to compare the behaviour of the dry ball ast with the moist
ballast. Sincethe specimenswere drained after flooding, refer to the procedure described in Sec-
tion 4.5.6, the moisture content isthat of anatural retention capacity for the ballast material. The
amount of moisture retained was not measured but is believed to be less than 1%.

When thematerial isonly moist or partially saturated, suction comesinto play. For partially sat-
urated sand it is known that the shear strength is higher than for adry sand. Thisisthe effect
experienced on a sandy beach where the dry sand feels loser that the wetted one. Kolisoja/51/
reports on studies done by othersthat the strengthening effect isa so valid for coarse and open
graded materias up to 10 mm of particle size. But for the tests on the ball ast like materials he
included in hisown research, there was no evident strength change due to any moisture content.
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4.6.5 Summary of specimen data

A summary of the specimen datais given below in Table 4.5.

Table4.5: Summary of specimen data.

Sper?grhen Dr%/krg]ass hei!;ﬂlttl[ar#m] Bl[JlLkg/ciier:?’]ty Grading| Moisture| Membrane
A 72.0 579 1.76 BV Dry 1 mm latex
B 72.0 574 1.77 JBV Dry 1 mm latex
C 75.0 610 174 BV Dry 2 mm para rubber
D dry 75.0 596 1.78 BV Dry 2 mm pararubber
D wet 75.0 5962 1.78 JBV Moist |2 mm pararubber
E 75.0 602 1.76 BV Moist |2 mm pararubber
F 78.0 605 1.82 Denser Moist |2 mm pararubber
G 78.0 612 1.80 Denser Moist |2 mm pararubber

a. Not measured; valuefor D dry given.

4.7 Triaxial testing proceduresfound in theliterature

4.7.1 Introduction

For conventional triaxial testing there are many stress paths that may be followed. One way of
dividing the various stress paths iswhether confining stressis constant or variable. Another and
even more fundamental categorising is whether the deviatoric stress is negative or positive. In
the case of negative deviatoric stresses the deviatoric load system has to be made for tensional
loads. In the present study both variable and constant confining stress tests have been per-
formed, al of which with a zero or positive deviatoric load.

When dealing with repested triaxial testing it is customary to use the deviator stressq or o4 de-
fined by

g=04=0,—04 (4.1)

and the mean stress p defined by

D= %E(crl +206,) 4.2)

where 0, and o3 isthe major and minor principal stresses, respectively. p-q plotsare often used
to represent the stress paths. The stress paths are characterised by their starting and ending
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pointsin stress space, e.g. ag-p-space. In variable confining stresstests one may in addition re-
fer to the various paths by their g/p ratio, or, more correctly, to their Ag/Ap ratio. For brevity,
the term g/p ratio may be used in the following instead of the Ag/Ap ratio.

4.7.2 Proceduresfound in theliterature

To the knowledge of the author, no internationally accepted standard exists that describes the
testing procedurefor arailway ballast aggregate in atriaxial apparatus. However, there do exist
triaxial testing standards for quarry aggregates of smaller size, and some of the featuresin these
standards may be adopted even for railway ballast.

prEN 00227413, adraft for aEuropean standard, describescyclicload triaxial testsfor unbound
and hydraulic bound mixturesfor roads/9/. The proposal describes proceduresfor both constant
confining stress, limited to materials with maximum particle size of 63 mm, and variable con-
fining stress, limited to materials with maximum particle size of 31.5 mm.

For the variable confining stresstests a conditioning of 20 000-100 000 cyclesisfirst specified.
Here, 0, = 0-600 kPa and 03 = 0-100 kPa, thusthe g/p ratio is 2.0. Alternatively o3 = 10-110
kPafor weaker specimens.

Theresilient testing is performed for g/p ratios/maximum deviatoric loads (units of kPa) of
0.5/150, 1.5/600, 2.0/600 and 2.5/300. The deviatoric load isincreased in steps until the maxi-
mum load for each path isreached. First aserieswith o3 = 0is performed, then aserieswith o3
=10 kPa. For each |oad step the strains must stabilise before the recordings are taken (at cycles
90 to 100 after stabilisation). The two series with slightly differing confining pressures are ac-
tually very closeand it may be pertinent to ask whether any differencesin material behaviour is
due to theload difference. More likely the stress-strain history effect will cause such differenc-
€s.

For permanent strain testing a separate specimen has to be made. One of the abovementioned
stress pathsis run for 80 000 cycles.

For the constant confining stress tests the different stress paths are created by incressing o5 in
steps of 10 kPa. The confining pressures/top deviatoric loads are (units of kPa) 10/70, 20/140,
30/210, 40/280. For each 05 the repeated deviatoric loads areincreased step by step until thetop
load is reached. The recordings are taken for the last 10 cycles after strain stabilisation. Also
these loading paths are quite close to each other and stress-strain history effects may overshad-
ow the stress difference effect. There are no procedure specified for the permanent stress behav-
iour for constant confining stress.

A revised version of the prEN has recently been worked out. The details are not known to the
author.

SHRP Protocol P46 /77/. This procedureisvalid for unbound materials bel ow 37.5 mm of par-
ticle size. The protocol differentiates between subgrade soils and base/subbase materials. The

description hereinis limited to base/subbase material s as the stresses are higher and morerele-
vant evenfor ballast materials. All the stress paths have aconstant confining stress, and theload
pulsesare haversine shaped with aduration of 0.1 sec. with a0.9 rest period. First aconditioning
of 500-1000 cyclesis applied. Here the constant + cyclic deviatoric load isequivaent to 10.3 +
93.1 kPa, while the confining stressis kept at 103.4 kPa. The testing then begins; the confining
pressures/top deviatoric loads are (units of kPa) 20.7/62.1, 34.5/103.4, 68.9/206.8, 103.4/206.8
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and 137.9/275.8. The deviatoric load isincreased in steps until the maximum |load for each path
isreached. 100 cyclesis performed for each load step and the resilient deformation is the aver-
age deformation for these cycles. The permanent strain is recorded after the resilient test se-
guence, and permanent strain testing is not specified. If possible, arapid shear test is performed
on the specimen after the resilient testing is performed.

The load paths of the P46 are more distant to each other than in the prEN proposal and may
therefore cover abroader range of stress states. Also, the present test is not so susceptible to
stress-strain history effects.

NGI /86/ reports on a procedure used for coarse materials with specimens of 625 mm of diam-
eter and 1250 mm of height. Partial internal vacuum was used as an equivalent confining pres-
sure of 80 kPa. 1000 haversine cycleswith aload pulse duration of 0.1 sec and aresting period
of 0.9 sec. were performed for each load step. The lowest deviatoric load is 40 kPaand isin-
creased in stepsof 20 kPaor 40 kPa (thel atter used for some of the specimens) until amaximum
deviatoric load of 600 kPaor a permanent axial strain of 2.5% was reached.

4.8 Triaxial testing procedure used in this study

4.8.1 The objectivesand outlines of thetesting

First it may be pertinent to state the main objectives of the laboratory investigations. These may
be summarised in the following points:
(1) Totest thefeasibility of testing ballast materialsin the triaxial apparatus devel-
oped.
(2) If possible, to find materia properties of the Vassfjell railway ballast:
+ To establish the possible range of the ratios between o3 and 0
+ Determine the elastic properties
+ Determine the permanent or plastic properties

The latter item must be viewed relative to the two material parameters gradation and moisture
as specified in Section 4.6.

Thetesting procedure may be outlined as follows:
+ Anisotropic loading which aso serve as a conditioning
« Variable confining stress tests
+ Constant confining stress tests
« Static load tests

The order of the bulleted list indicates the chronological order of the tests performed on each
specimen. The intended loads are tabulated in Appendix C and may also be read from Figure
4.11. The actual applied loads may be read from the curvesin Appendix D.
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4.8.2 A discussion of stressesfor variable confining stresstests

To establish the possible range of the ratios between 03 and a4 imply that the testing must adopt
aprocedure that is able to state whether a certain ratio between these principal stresses is pos-

siblewithout failure or other stress-strain statesthat cannot be achieved in areal structure. Here-
in, aconstant stress ratio will be adopted for each loading step, which more specifically implies
that the repeated stresses are varied in phase and proportionally. Proportional loading implies

that the stress paths can be extended through the origin in a stress space.

Why isthis stressratio important? The answer i s obvious when considering athree dimensional
stressstate: Normally, al the principal stresseswill changeif the material element isloaded. For
alinear elastic material, not necessarily granular, this do not apply when the material hasaPois-
son' sratio equal to zero and when the material element is not constrained in one or two direc-
tions orthogonal to the load. In the latter case the material element will be subjected to larger
strains in the unconstrained directions.

To conclude, if the conventional triaxial cell should simulatethe stressregimeinagranular lay-
er one may assume that

0'y = 05+ K[ACY, (4.3
where

0’3 = minor principal effective stress after |oading

0'3p = minor principal effective stress prior to loading

K = principa stressratio

Ao’y = major principal effective stress increment after loading

The definition of K is

B Ad', ag
"~ Ad (4.4)

where
Ao'; = minor principal effective stressincrement after loading

Hereafter the primes () are omitted, as the stresses considered are always the effective ones.

The possible values of K can be determined through triaxial tests. But it may be useful to use
some physica argument to limit the values that K may attain. Assuming a hon-softening behav-
iour, anegative K is not physically meaningful as an increasein 0, leadsto adecrease in 03.
The casein which K is zero corresponds to a constant confining stress test as the applied con-
fining stress (03) does not vary with the applied major principal stress (o4). If K equals 1.0 the
stressincreaseisisotropic sincethe stressincreaseisequal in all directions. A K bigger than 1.0
impliesthat we are performing some sort of extension test. Depending upon the value of K and
the values of 01 and 03, thismay lead to aswap of the principal directions. The conclusion is
that for a conventiona triaxial compression test the K-value is between 0 and 1.0.

The g/p ratio may be expressed in terms of K:

Ag _ 3(1-K) (4.5)
Ap 1+2K
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Theinverseis

5 g
K = —52P (4.6)
289, 3

Using these formulas, arange of K from 1 to O corresponds to a Ag/Ap range of 0to 3. There-
lation between K and Ag/Ap isillustrated in Figure 4.10.

125

0.75

0.5

0.25

Figure4.10: Therelation between K and Ag/Ap.

Ascan be seen from Figure 4.10 the curveis steepest near the isotropic end. Thisjustifies some-
what smaller g/p increments for K near 1.0 than elsewhere in order to cover abroad range of
stress states with few tests. Initially the g/p ratios were chosen to be 0.0, 0.3, 0.7, 1.2, 1.8 and
2.2. Thelast g/p ratio was chosen aso on the basis of thelow minimum confining stress. Based
onthetest resultsfor specimen D, which wasthefirst to reach acompl eteload series, it wasalso
decided to test for g/p ratios of 1.5 and 2.0. The reason for introducing these additional |oad
paths wasthat afailure state approached when the g/p ratio was around 1.8 so that a ¢/p ratio of
2.2 was possibly not achievable for all specimens.

4.8.3 The stresses used in thetest

Reference is made to Appendix C for the intended stresses used. The stresses appear in chron-
ological order. Appendix D shows the actual applied |oads.

The minimum confining pressure was set to 20 kPa at the middle of the specimen for two major
reasons:
(1) The specimen should experience sufficient confining stress to prevent it from
faling apart.
(2) Thevariation in confining stress should not be too big over the height of the
specimen.

Considering the latter item, it is seen that when the specimen height is 600 mm the confining
water pressure is 6 kPa higher (approx. 35%) at the base of the specimen than at the top. This
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difference will of course diminish when the confining stressis increased during aload cycle.
Some of the loading paths have higher confining stresses.

Thestress paths used are showninap-q plot in Figure4.11. 10 000 continuous haversine pul ses
(no rest period) have been applied for each load step for all the repeated | oading stress paths
unless failure required the test to be stopped. Failure was defined as 0.25% permanent vertical
strain for one complete stress path.

700
—=— Proportional loading with 03 i, =
20 kPa (g/p ratio given at the graphs)
600 == Proportional loading with 03 i =
60 kPa (¢/p ratio given at the graphs)
-o- Loading with constant cell pressure
500 || __ gtatic test (partly hidden)

400

g [kPa]

300 1

200 1

100 1

0 50 100 150 200 250 300 350 400
p [kPa]

Figure4.11: Stress paths used for triaxial testing.

If al the stress paths of Figure 4.11 isto be applied to one specimen the test run will take about
10-12 working days. Someinstants of remoisturing the specimen to ensurethat itismoist at all
timeareincluded, and so are afew events of draining the cell and removing the cell chamber to
adjust instrumentation etc. Included 2-3 days of specimen making the total time spent for one
specimen is about 15 working days.
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cHapTErR 5 Results and discussion of results
from triaxial testing

5.1 Introduction

Thetest series described in Section 4.6 is limited and it is not possible to draw conclusions on
all the aspects of the Vassfjdll ballast behaviour. However, indications on the behaviour of the
material may be obtained, and the graphs of the following pagesillustrate some important char-
acteristics of the behaviour of the Vassfjell railway ballast. Even so, moretests are necessary to
map the behaviour of thismaterial in order to obtain amore complete prediction of its behaviour
inarailway track.

The obtained triaxial test results show that the triaxial equipment iswell suited for testing rail-
way ballast. This was also one of the objectives with the tests as mentioned in Section 4.8.1.
Thus, amajor goal of the project has been reached.

Thecurves from thetesting, calculated as described in Section 4.3.3, are displayed in Appendix
D inchronological order. These curvesarethebasisfor the graphsdisplayedin Sections5.3 and
5.4 and for the static strength parameters in Section 5.5.

5.2 Interpreting thetest results

5.2.1 Introduction

The limited number of tests does not motivate advanced modelling at this stage. Instead the re-
silient properties are interpreted within an isotropic linear el astic framework, while the plastic
properties are displayed as permanent strains. Despite the deficiencies of linear elasticity, itis
hoped that some of the characteri stics of the material may be displayed. Linear elasticity isalso
awell known framework. For the plastic behaviour there exists no obvious framework within

which the results could be interpreted. Consequently the strains are displayed as they are meas-
ured.

Generally speaking the Y oung’ s modul us and the Poisson’ sratio from triaxial tests will be se-
cant values cal culated on the basis on two stress states, namely the minimum and maximum
stresses during aload cycle. Thisisillustrated in Figure 5.1. When the load differences are big,
i.e. for thelast load stepsin aloading path, the val ues for the el astic parameterswill cover many
stress states. Testing with a broader variety of minimum stress states would therefore be bene-
ficia for the accuracy, but more tests would then have to be carried out.
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A
Stress Maximum stress
Eq Ve

E2, Vo

Minimum stress

Str"ain
Figure5.1: Theelastic parametersinterpreted as secant values.

5.2.2 Expressionsfor Young's modulus and Poisson’sratio

When the results from the triaxial testing are to be explained by alinear elastic behaviour, ex-
pressions for Y oung’'s modulus and Poisson’ s ratio are needed. Their simplest definitions are
giveninterms of auniaxia test, but for athree dimensional stress state their values have to be
calculated on the basis of the generalised Hooke' srelation, i.e. Eqn. (3.2) and (3.5) on page 63.
In triaxial testing for highway engineering purposes the Y oung’s modulus, E, isnormally re-
ferred to asthe resilient modulus, M, (conf. Section 3.4.3), in order to being areminder of any
non-linear (stress dependent) behaviour.

Fortunately, in constant confining pressure (CCP) tests, the definitions of these parameters are
identical with the onesin the uniaxia case:

JAYo

M, = —* (5.1)
€
Se

v == (5.2)
e
€

Where Agy isthe change in deviator stress during one load cycle.

In variable confining pressure (V CP) tests, however, one has to take the 3D stress-strain state
into consideration:

_ (Ao, —Aog)(Ao, +2A0y) _ 3AgAp (5.3)
(A0, + A0 ) [E; ~2A0,[E;  3ApE;—ACE,
AG,ES— Ao, E° Ac£S—Aqge,
- 38, —A0E;  _ A0Fy 3 (5.4)

(Ao + Ao B — 20058,  3Ape; —Ao£,
e. . . . . e e e
where g isthe direct deviatoric strain, €4 = €, — €4

Thefirst parts of the Equations (5.3) and (5.4) have aso been reported by Lekarp et al. /55/.
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An aternative isto calculate the bulk modulus, K, and the shear modulus, G, according to the
following formulas valid for conventional triaxia testing:

_ %m _ E
K=% = 3(1-2v) 59

\'4

0,-03 _ E
© 2(g,—€3)  2(1+V) (5.6)

Y oung’ s modulus, E, and Poisson’ sratio, v, may then be solved for by using Equations (3.19)
and (3.20) on page 66.

5.2.3 From sensor signalsto elastic and plastic parameters

Asexplained in Section 4.3.3 the signal of each sensor is transformed to maximum and mini-
mum values through aregression procedure. The details of this are found in the same section.
This procedure always leaves the repeated part positive, as the repeated part is the difference
between the maximum and minimum values. The minimum part is for strains the permanent
part. This concept is shown in Figure 5.2.

Strain ¢ Repeated part
Permanent
' ' ' - Time
I Repeated part
Permanent part/4 ¢ » P
Figure5.2:  Thedefinition of repeated part and permanent part of the processed sensor
signals.

To decide whether the resilient €5 is 180 degrees out of phase with theresilient €, one has to
look into thelogged sensor signalsfor individual cycles. Unfortunately the deformation signals
were not logged properly. It seemsthat the cal cul ated sinusoidal deformation signals have been
written to thefilesinstead. It is therefore not possible to judge from the data when the resilient
€3 isreversed compared with €,. For the constant confining stress tests the sign of €3 has been
reversed manually in the logging files, as apositive compressive strain is physically unlikely
when the deviator is at amaximum. For the variable confining stresstests with ag/p ratio equal
to 1.5 or more, the €53 may aso have been reversed for someload steps but thisis not possible
to verify. No sign corrections have therefore been made for these g/p ratios.

Asafirst step to adjust the data the recordings from any malfunctioning LVDTs are removed.
The only cause of malfunctioning which is considered to justify this data correction iswhen the
armature has g ected from the coil. Any LVDT locking is however included in the data set, as
itisimpossible to differ locking from a correct zero strain measurement.
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The following steps are then taken to calculate Y oung’ s modulus and Poisson’ s ratio:

(1) The processed stress values (only one sensor each) and the average of the strain
values, adjusted for any malfunctioning LV DTs, are the basis for the calcula-
tions (these values are displayed in Appendix D).

(2) Fromthe stresses and strainsin item (1) the values of Young's modulus and
Poisson’sratio are calculated using the equationsin Section 5.2.2. Values of K
and G are calculated first and from them the E and v are calculated.

(3) Thevalues representing the load step are taken as the median val ues of the
Y oung’s modulus and Poisson’ s ratio calculated in item (2).

(4) Occasionaly the median valueis not defined because one of the valuesin the
domain isadivision by zero. This happens when €, =0 and when €, - £5=0.
Then the undefined val ues are substituted by dummy values. The resulting
median valueisthen inserted as dummy vauesin an iterative process. The con-
vergenceis usualy fast.

Using the median values in favour of the average valuesin item (3) above is an effective way
of filtering extreme values that are not physicaly possible, results from numerical noise or re-
sults from temporarily instrumentation malfunctioning.

The following steps describes the calculation of the permanent strain for each load step:

(1) A zerolevd for theload step is calculated in either of two ways: a) If the load
step starts aload sequence, the logging immediately before 10 seconds after
start istaken asthe zero level. In this case there is partial vacuum inside the
specimen that must allow draining out. Thisis of course a debatable practise,
but the reason isto avoid including permanent strains that are due to the release
of theinterna vacuum in the specimen. b) The last recorded permanent strain
from the previous load step.

(2) The permanent strain for the current load step isthe last recorded permanent
strain in the load step minus the zero leve strain from item (1).

The partia vacuum mentioned in item (1) aboveis a precaution to avoid distortion of the spec-
imen in the beginning of the loading when the loads are ramping up to the correct level. This
ramping is not necessarily smooth for the deviator stress and the confining stress.

Vaues of E and v have not been calculated for all diagrams and load steps shown in Appendix
D, but only for those with intended |oads and with repeated |oad steps that have some duration.
Thedisplay of permanent strains has been even more restri cted asthese strainsrequire an almost
completed load step to be valid.

5.2.4 Uncertaintiesin results because of the testing procedure

Themain reasons for uncertain results caused by the testing procedures can be tracked down to
the following factors (quantities with least assumed accuracy in parentheses):
+ Removal of internal suction at the beginning of the first load step (permanent

strains).
+ Not completing the load step because of excessive permanent axial strains (perma-
nent strains).

« Disturbance of the specimen causing excessive deformation, e.g. when acciden-
tally no confinement was applied to the specimen (both resilient and permanent
strains are affected). Some of these disturbances have been reported in Appendix
D.
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5.3 Resultsfrom thevariable confining stress tests
Theresults displayed herein also include the isotropic stress tests (Figure 5.3 below).

Theerror barsinthediagramsfor Y oung’ smodul us and Poisson’ sratio show the statistical 10th
percentile and the 90th percentile.
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Figure5.3: g/p=0.a) Young's moduli, b) Poisson’s ratios, c) axial permanent strain per
load step, d) radial permanent strain per load step. For specimens A and B the
repeated confining stress was 85 kPa for the second load step, while it was 100
kPa for the other specimens.

From Figure 5.3 it is seen that:

+ TheYoung'smodulusissmaller for specimens A, B and C. The results show some
scatter and no trends with regard to the test variables are seen. The value of the
Young's modulus is about 50 kPa.

+ ThePoisson’sratioissimilar for all specimens and with ahigh value of about 0.45.

+ Since only the bulk modulus is defined for isotropic loading if the material isiso-
tropic the values of Young's modulus and Poisson’s ratio should not be possible to
calculate. The results therefore show that the material is anisotropic.

+ Both permanent strains are higher for specimens E, F and G than for the others.
Specimen D wet should be similar in properties as specimen E apart from that D
wet have been tested previously in adry state.
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Figure5.4: g/p=0.3.a) Young's moduli, b) Poisson’'sratios, ¢) axial permanent strain per
load step, d) radial permanent strain per load step.

From Figure 5.4 it is seen that:

+ Young's modulus is considerably higher than for the isotropic tests, around 400
kPa. Also, the modulus increases with increasing load steps. Some scatter in the
results, especially specimen B and C show lower moduli.

+ Poisson’sratio is quite scattered, but when removing specimens B and C atrend of
lower Poisson’sratios for open graded materialsisindicated. A trend of decreasing
values with increasing loads is indicated. The values are lower than for the iso-
tropic test.

+ Axial and radia permanent strains are higher for the moisturised specimens than
for thedry ones. Theradia permanent strainis still mainly compressive, indicating
that the load step is mainly isotropic.
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Figure5.5: g/p=0.7. a) Young's moduli, b) Poisson’s ratios, ¢) axial permanent strain per

load step, d) radial permanent strain per load step.

From Figure 5.5 it is seen that:

*

Similar Young's moduli for all specimens, the value for the dry specimen is being
somewhat smaller. Increasing modulus with increasing stress. The valueis a bit
higher than for the previous load step.

Poisson’s ratios are somewhat higher for the denser graded specimens (F and G),
and also for thefirst load step for specimen E. Poisson’s ratios are either constant
with load or decreasing, the latter being typical for specimens E, F and G. The val-
ues are lower than for the preceding o/p ratio.

The dry specimen (D dry) seemsto have smaller axial strain than the wet ones
including those with denser grading.

The horizonta permanent strains are small, thus indicating that a transformation
from compressive strains to expansional strains may be taking place. Horizontal
permanent strain for specimen E, first load step, seemsto be larger than for the
other specimens. This may be due to the procedure of subtracting some of the
strains in the beginning of the first load step. Referring to Appendix D itis seen
that most of the strain occurs in the beginning of thefirst load step.
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Figure5.6: g/p=1.2.a) Young's moduli, b) Poisson’'sratios, ¢) axial permanent strain per
load step, d) radial permanent strain per load step.

From Figure 5.6 it is seen that:

+ Very agreeing results for the Young's modulus, specimen D wet is alittle bit
stiffer. Very good repeatability. Increasing moduli for increasing loads. The value
isstill increasing compared to the previous load step.

+ The Poisson’s ratio variation may perhaps be divided into three groups: @) The dry
specimen displaying an almost congtant ratio, b) the wet open graded specimens D
wet and E displaying decreasing ratios with load, ¢) the wet dense graded speci-
mens F and G are also showing decreasing ratios with increasing loads but with
higher numerical values for the Poisson’s ratio than for case b).

+ Similar permanent axial strainsfor all specimens. The value is about twice the
value for the preceding load step.

+ Permanent radial strains are for thefirst time clearly expansional. Quite similar
results.
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Figure5.7: g/p=1.5. a) Young's moduli, b) Poisson’s ratios, ¢) axial permanent strain per
load step, d) radial permanent strain per load step.

From Figure 5.7 it is seen that:
+ TheYoung's modulusis again very agreeing among the specimens. The numerical
valueis not increasing much from the previous load step.
+ ThePoisson’sratios have similar values, but the values for specimen E is decreas-
ing more rapidly.
+ Similar values for both permanent strains. The radial expansional strains have
approximately doubled compared to the preceding load step.
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Figure5.8: g/p=1.8. a) Young's moduli, b) Poisson’'sratios, ¢) axial permanent strain per
load step, d) radial permanent strain per load step.

From Figure 5.8 it is seen that:

+ Young's modulusisvery agreeing for al the specimens. The valueis about the
same as for the previous load step, but the tendency of increasing modulus with
increasing stressis now diminishing.

+ ThePoisson'sratio isalittle bit lessfor specimens E, F and G than for the previous
g/p ratio, but el se with the same pattern. The Poisson’s ratio for specimen D wet,
for the first load step, is negative and with wide variation. Thisis dueto the near
zero values in denominator in the expression for calculating Poisson’s ratio.

+ Theaxia permanent strainis biggest for the wetted specimens. Note that the latter
load step for specimen G has been interrupted so early that no permanent axial and
radial strains are given.
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Figure5.9: g/p=1.8.a) Young's moduli, b) Poisson’s ratios, ¢) axial permanent strain per
load step, d) radial permanent strain per load step.

From Figure 5.9 it is seen that:

+ Specimens F and G are the only ones that have been tested with g/p = 2.0, but the
strength of the specimens D dry, D wet and E from testing with g/p = 1.8 could also
justify testing with g/p = 2.0 as the testing with g/p = 2.2 was not successful.

+ The Young's modulusisamost identical for the two specimens, and it isaso sm-
ilar to the modulus for the previous load step. It does not increase with load any
more.

+ ThePoisson'sratio agreeswell too, and is abit smaller than the one from the pre-
vious step.

+ The permanent strains show that the specimens are approaching failure as only two
load steps could be performed. The variation in permanent strain from one load
level to the other seems to have little effect on the resilient properties.
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Figure5.10: g/p= 0.7 control step. a) Young's moduli, b) Poisson’s ratios, ¢) axial

permanent strain per load step, d) radial permanent strain per load step.

From Figure 5.10 it is seen that:

*

*

The Young's modulus has increased somewhat compared to the first time the same
o/p ratio was applied.

For the Poisson’s ratio the results for the control path is more scattered than for the
first loading.

The permanent axial strains seem to have astabilising tendency at larger |oad steps
for the control loading.

The permanent radia strains are clearly compressive for the control run, while they
were around zero fore the first run.

All in all, the changes since the first run with g/p = 0.7 shows that a stress-strain
history effect is present.
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Figure5.11: g/p= 0.7 with high confining stress. a) Young's moduli, b) Poisson’sratios, c)
axial permanent strain per load step, d) radial permanent strain per load step.

From Figure 5.11 it is seen that:
+ The Young's modulus increase compared to the same g/p ratio with lower confin-
ing stress.
+ Poisson’sratio amost stays constant at the level from the previous load step.
+ The permanent strains are small compared to the preceding loading.
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Figure5.12: g/p= 1.2 with high confining stress. a) Young's moduli, b) Poisson’s ratios, c)
axial permanent strain per load step, d) radial permanent strain per load step.

From Figure 5.12 it is seen that:
+ The Young's modulus is amost doubled compared to the run with lower confining
stress. Also, the modulus does not increase with load.
+ The Poisson’sratio is comparable with the one from the run with lower confining
stress.
+ The permanent strains are lower. Almost no radial permanent strain occurs.
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Figure5.13: g/p= 1.5 with high confining stress. a) Young's moduli, b) Poisson’sratios, c)
axial permanent strain per load step, d) radial permanent strain per load step.

From Figure 5.13 it is seen that:
+ For theresilient properties the same conclusion as for the previous loading applies.

+ The permanent strains are lower than in the run with lower confining stress and

same g/p ratio.
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Figure5.14: g/p= 1.8 with high confining stress. a) Young's moduli, b) Poisson’s ratios, c)
axial permanent strain per load step, d) radial permanent strain per load step.

From Figure 5.14 it is seen that:
« Again, adoubling of the Young's modul us i s seen when increasing the confining
stress, while the Poisson’sratio is essentially the same.
+ The permanent strains are of a similar magnitude as when lower confining stress.
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Figure5.15: g/p= 2.0 with high confining stress. a) Young's moduli, b) Poisson’sratios, c)
axial permanent strain per load step, d) radial permanent strain per load step.

From Figure 5.15 it is seen that:

« Itisdifficult to make fair comparisons when there is only one specimen, but the
tendency from the preceding loading seems to be valid here as well.
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Figure5.16: g/p= 3.0 with confining stress of 20 kPa. a) Young's moduli, b) Poisson’s
ratios, c) axial permanent strain per load step, d) radial permanent strain per

load step.

From Figure 5.16 it is seen that:
+ The Young's modulus is agreeing between the specimens. It also increases with
load. Compared to the tests with variable confining stress the modulus is lower.
+ Quite agreeing results also when it comes to the Poisson’sratio. The value
increases with increasing loads. Note that Poisson’sratio is above 0.5 for some
load steps. This indicates expansion of the specimen.
+ Also the permanent strains shows similar results among the specimens. Note that
theradial strainisabit to the expansional side.
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Figure5.17: g/p= 3.0 with confining stress of 60 kPa. a) Young's moduli, b) Poisson’s
ratios, c) axial permanent strain per load step, d) radial permanent strain per
load step. For specimen D wet the repeated deviatoric load was 100 kPa for the
first load step, while for the others it was 118 kPa.

From Figure 5.17 it is seen that:
+ The Young's modulus isindependent of load within the stress path. The modulus
is approximately doubled compared to the preceding tests.
+ ThePoisson'sratio has still high values, but is below the expansion limit of 0.5.
The values increase with increasing | oads.
+ The permanent strains are moderate.
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Figure5.18: g/p= 3.0 with confining stress of 150 kPa. a) Young's moduli, b) Poisson’s
ratios, c) axial permanent strain per load step, d) radial permanent strain per
load step.

From Figure 5.18 it is seen that:
+ TheYoung'smodulusisincreased since the previousloading path but the modulus
decreases dightly with loading in the present loading path.
+ The Poisson’'sratio issmaller than for the previous loading path, but still increases
with loading in the present loading path.
« Axial permanent strain is growing, but the radial permanent strains are moderate.

5.5 Resaultsfrom the static tests

Static tests were performed for specimens D wet, E, F and G, see Appendix D. The tests were
stress controlled and unnecessary large datafiles were created. Table 5.1 givestheresultsin a
Mohr-Coulomb setting. The attraction a isthe intercept with the normal stress axes. For some
of theloadingsthefailure was surprisingly visible on the curves, whilefor other loadings agrad-
ual evolvement towards failure was seen.

Ascan be seen from Table 5.1 it seems as specimens F and G have a somewhat higher strength
(tand) while the attraction is higher for specimens D wet and E. The higher shear strength for
specimens F and G was expected asthese have abit higher bulk density and abroader gradation.

It is admitted, however, that the results from the static tests are somewhat dependent upon sub-
jective judgement of where the failure occurs. Hence some uncertainty regarding these results
remains.
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Table5.1: Results from the static tests.
Specimen Confining Devigtoricstressat ) tan ¢ Attraction a
stress[kPa] failure[kPa] [degrees] [kPa]
100 490
D wet 34 0.69 88
150 620
20 235
E 60 380 35 0.70 74
150 590
20 255
F 60 450 40 0.85 55
150 740
20 235
G 60 385 37 0.75 62
150 635

5.6 Summary of test results

Theindicative conclusions from the tests can be summarised as follows:

@D
)

©)

(4)

(%)

(6)
(7)

(8)

Generaly the tests show that good repeatability is achieved. The equipment per-
forms quite well and is suited for triaxial testing of railway ballast.

Thetests give valuable information regarding possi bl e stress combinations.
Failure appears to occur around a g/p ratio of 1.8 to 2.0 for the tests with 20 kPa
as confining stress. For 60 kPathe g/p ratio may increaseto 2.0 to 2.2.
Poisson’s ratio shows more scatter than Young's modul us from specimen to
specimen. But within each load step the scatter is remarkably low, as shown by
the error bars indicating the 10th percentile and the 90th percentile; some
exceptions exist though.

The scatter of the Poisson’s ratio could in some cases be interpreted as the Pois-
son's ratio having a greater sensitivity to the test variables than being the case
for the Young's modulus.

For the VV CP tests with minimum confining pressure of 20 kPathe Young's
modulus increases with |oad within the same stress path for al g/p ratios except
for g/p = 2.0. For the VCP tests with minimum confining pressure of 60 kPathe
Young's modulus increases with load only for g/p = 0.7, which is the lowest g/p
ratio for this minimum confining pressure.

From avariable confining stress test with 20 kPa as minimum confinement to a
test with 60 kPa of confining stress the Young's modul us typically doubles.

An increase in minimum confining stress for the variable confining stress tests
seem to increase the Young's modul us while the Poisson’s ratio remains the
same.

The presence of moisture seems to have little effect on the resilient properties.
The permanent strains are slightly smaller for p/q ratios not exceeding 1.2.
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(9) Denser grading seemsto increase slightly the Poisson’s ratio for p/q ratios not
exceeding 1.2, while the situation for Young's modul us seems to be constant.
The permanent strains were not significantly changed by a denser grading. A
conclusion isthen that the grading should be changed moreif any significant
impact on the material behaviour should be measured.

(10) For the CCP tests al the specimens were moist. No clear dependency on grad-
ing was encountered for any of the parameters analysed.

(11) The need of apartia internal vacuum for the first load step should be elimi-
nated.

(12) The PC program deficiency that makes it impossible to find the real sign of the
repeated radial strains must be corrected.

(13) Satictests arein this study performed with stress control. Strain control may
have been easier, and the amount of data may then have been reduced.
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cHAPTER 6 Conclusions and

recommendations

6.1 Conclusions

The main conclusions of the work done can be summarised as follows:

D

)

©)

(4)

(%)

(6)

(7)

For the beam-on-€ astic-foundation model (BOEF model) and for asimplelin-
ear beam element model atool called dimensionless sensitivity diagrams has
been devel oped. These diagrams are claimed to be a powerful tool to assess the
impact on the track reactions when changing the track parameters. For the
BOEF model the method may be used both for asinge axle load and for a dou-
ble axle load, while for the beam element model the method may be used for a
single axle load.

A new track model has been developed where no tension is assumed between
the track ladder and its foundation. The no tension property has successfully
been implemented by adding compressive stresses in the uplift regions of the
track ladder. Compared to the BOEF model, the predicted length of upliftis
longer, the uplift deflection is bigger and the uplift begins closer to the load.
The deflection of the track with this continuous no tension model is similar to
that of abeam element model where the discrete support cannot take tension.

A beam element model with nonlinear discrete support has been suggested. The
model takes advantage of a measured nonlinear force-deflection relationship,
which is modelled as a power function with two parameters. Also the discrete
support is modelled with a power function with two parameters; the two param-
eters being solved for during the analysis. The model displays promising
results, but needs to be further explored.

For frictional materials subjected to cyclic loading the concept of reclaimed
plastic strain must be rejected. The basis for this conclusion isthe energy bal-
ance and the dissipation of energy during cyclic loading.

Itisconcluded that initial stresses cannot contribute substantially to the bearing
capacity in structures made of unbound granular aggregates. Thisis mainly due
to the lack of tensiona strength in such materials.

A large scale triaxial device for testing normally graded railway ballast materi-
als has successfully been developed. Both the deviatoric and confining stresses
can be cycled. The direct way of applying the confining stress works very well.
The new method of gluing the fastenings for the instrumentation for horizontal
deformation measurements directly to aggregate particles seems to work well,
one major advantage being the avoidance of any membrane effects.

The mechanism of resilient particle rotation made it difficult to fix the vertical
deformation transducers directly to individual aggregate particles. Instead the
vertical deformation had to be measured over the whole length of the specimen.
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(8)

)

(10)

(11)

(12)

In general, the performed triaxial tests show that good repeatahility is being
achieved. The equipment performs quite well and it seems aso well suited for
triaxial testing of railway ballast.

For the Vassfjdll railway ballast materia the cumulative plastic strains grew
rapidly when the g/p ratio was 1.8-2.0 or more when the specimen was sub-
jected to proportional loading.

The Young's modulus and Poisson’s ratio were in general found to be stress
dependent.

In the tests the Poisson’s ratio showed more scatter than the Young's modulus
from specimen to specimen. It is not clear whether this scatter is due to the test
conditions or can be related to real material behaviour.

The impact on the material behaviour from moisture and the denser grading is
small and limited to ¢/p ratios not exceeding 1.2. The Poisson’s ratio seemsto
increase dlightly because of denser grading, while the permanent strains tend to
be dightly smaller when moisture is added.

6.2 Suggestionsfor further work

@D

)

©)

(4)

(%)

(6)

For the new tensionless track model (Section 2.6) only deflection has been cal-
cul ated. Further developments of the model should a so include the rail moment
and rail shear forces.

The beam element model with nonlinear support (Section 2.10) needs further
developments. The most urgent one isto make the model able to analyse longer
track sections. Also, the incorporation of the track ladder weight should be
explored. By this, perhaps the uplift regions of the track ladder could be treated
better in the model so that more of the tension is avoided.

In connection with cyclic loading of frictional materials (Section 3.7) it would
have been interesting to see if there are some possibilities to identify mecha
nisms that can explain the cyclic rachetting without leaning on any viscous
behaviour. More literature review is here necessary.

A more thorough look into the thermomechanics for frictiona granular materi-
alswould be useful for a better understanding of the constitutive behaviour. Itis
felt that thermomechanics forms avery profound and sound basis for the consti-
tutive modelling. More literature review is then necessary.

It is possible to modify thetriaxial device in a quite simple manner in order to
test specimens with a diameter of 400 mm and a height of 800 mm. Thiswould
be beneficia for increasing the ratio of the diameter of the specimen to the max-
imum diameter of the particles. Hopefully a higher accuracy would be obtai ned.
The testing procedure could preferably been altered so that ramping of the
stresses in the beginning of the load sequence is avoided. From theoretical con-
siderations the response of thefirst load cycle is very different from that of the
subsequent cycles. A changein loading procedure also requires datalogging
through the first cycle. The practical way of getting the stresses correct even for
the first cycle may be to have avery low frequency so that automatic stress cor-
rection schemes are able to follow the intended stress curves. If the stresses are
reliable from the very beginning, it will not be necessary to haveinternal suc-
tion in the specimen in the start of loading (as the confining pressure applied by
the loading system may then berelied on). If internal suction is avoided the per-
manent stresses for the first load step will be more accurate.
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()

(8)

)

(10)

Thetest series conducted was very limited. Other types of rock, different grad-
ings and different loading patterns should be tested to map a broader range of
materials and loading conditions.

If abroader test series is conducted more advanced constitutive models could be
justified. A broader basis for modelling a so the permanent behaviour would
then be at hand.

The deficiency inthe PC logging program prevented us from ascertain the stress
states where the repeated horizontal strain changesits sign. From physical rea-
soning it can be argued that the repeated horizontal strains should always be
tensiona when awheel load passes directly over the material element consid-
ered. In the future the testing may preferably be concentrated on stress states
that make the horizontal strains tensional.

A further step based on thisthesisasawholeis to utilise the data from the triax-
ial testsin amore advanced constitutive model and apply the finite element
method to atrack section in order to calculate the track reactions, e.g. in order to
do aparametric study. It would aso be of interest to compare finite element
ana yses with the track models from Chapter 2. Thisrequires more triaxial test-

ing.
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APPENDIX A Dimensionless sensitivity diagrams

When using dimensionless sensitivity diagramsin a design process one may need larger dia-
grams in order to achieve better accuracy. Such diagrams are reproduced here, both for the or-
dinary BOEF model and for the conventional beam element model.

A.1 Diagramsfor the ordinary BOEF model
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Figure A.1l: Diagramfor rail deflection.
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FigureA.2: Diagramfor rail moment.
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Figure A.3: Diagramfor rail base stress.
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FigureA.4: Diagramfor rail seat load.
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Appendix A

A.2 Diagramsfor a beam element model

Below three dimensionless diagrams for a beam element model are shown, i.e. for rail deflec-

tion, rail moment and for rail seat load. The datafor the basis model are given in Table 2.8 on

page 45. Regression curves are established and have al so been extrapolated i n order to cover the
samerangeasin the ordinary BOEF model. Both BOEF curvesand beam element model curves
are shown, but in many casesthethicker curve of the beam element model hidesthethinner one
of the BOEF model.
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Diagram for rail deflection. Markers represent actual calculated values,
whereas the thick lines are regression curves. Regression curve formulas given
in boxes along with the RZ-value. Thin lines represent the BOEF model. Note
that the track modulus k has been used in the beam element model in stead of (1-
m), d and C (as in the BOEF model).
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Diagramfor rail moment. Markers represent actual calculated values, whereas
the thick lines are regression curves. Regression curve formulas given in boxes

along with the R2-value. Thin lines represent the BOEF model. Note that the
track modulus k has been used in the beam element model in stead of (I-m), d
and C (asin the BOEF mode!).
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whereas the thick lines are regression curves. Regression curve formulas given

in boxes along with the RZ-value. Thin lines represent the BOEF model. Note
that the track modulus k has been used in the beam element model in stead of (1-

FigureA.8:

m), d and C (as in the BOEF model).
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APPENDIX B Brief thermomechanical background

A brief introduction is given to thermomechanics, a branch of mechanicsthat emphasis the me-
chanical properties of solids and fluids through thermodynamical principles. The description
given hereis adopted from Ziegler /89/1. The purpose of this exerciseisto gain more and broad-
er insight into dissipative systems included frictional ones. Especially, thermomechanics will
bring about some more profound justification of the splitting of the stressinto a conservative
('éastic’) part and adisspative part asin Eqgn. (3.74).

Let astate of a system be described by a set of mutually independent kinematical coordinates
or parametersay (k=1, 2,..., n) and by the absolute temperature T. In terms of the kinematical
state, a particular useful case iswhen the strain components ;; play the roles of the ay.

If the state of the system isinfinitesimally altered, the elementary work done on the systemis
dw = A, da, (B.1)

where A, are denoted the forces corresponding to a,. In Egn. (B.1) summation isimplied over
repeated indices (Einstein summation convention).

Thefirst fundamental law of thermodynamics states the existence of astate function called the
internal energy U(a,, T) such that

dU = dW+dQ = A da, +dQ (B.2)
where dQ isthe heat supply to the system. Eqgn. (B.2) is often considered as an energy balance
equation. When dQ =0 the process is adiabatic, and when dW = 0 the processis referred to as

pure heating.

The second fundamental law of thermodynamics state the existence of another state function
called the entropy Sa,, T) such that

TdS=dQ (B.3)
where equality only holds for reversible processes as opposed to irreversible ones.

A useful decomposition of the entropy is the following:

ds = ds +ds (B.4)
where
- dQ
ds = = (B.5)

isthereversibleincrement of S, also called the entropy supply from outside the system. Further,

dsS >0 (B.6)

1. Referencesare found in the Reference Section before Appendix A.
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istheirreversible increment of Sor the entropy production inside the system.

Using Egn. (B.2), Egn. (B.5) and Egn. (B.4) the elementary work may be written

dW = dU—-dQ = dU-TdS = dU-TdS+TdS (B.7)

Recalling that U and Sare state functions, Eqn. (B.7) is rewritten asfollows

T2 da, +( 2= dT +TdS (B.8)

U _0S (au_Ta_
da, 0da 0T 0T

dw = A, da, = (

It can beargued, e.g. by investigating Egn. (B.2) and Eqgn. (B.3) or by considering pure heating,
that

U

_T95
T

TaT -

0 (B.9)

which simplifies Egn. (B.8) to

u_9s

%2, Toa da, +TdS (B.10)

dw = A, da, = (

Eqgn. (B.10) suggests that the elementary work can be divided into two parts, namely, the qua-
siconservative e ementary work, dWd, and the dissipative elementary work, dwWe:

_ (90U -0S _ad
awA = (6ak T84, = Al da, (B.11)
dW' = TdS = Al da, (B.12)

Note that Eqn. (B.12) together with Egn. (B.6) implies that
dW! = Alda, >0 (B.13)

Hence, the dissipative elementary work is never negative.

From Eqgn. (B.11) we see that the quasi conservative forces AE may be written

_ oS

q
A= 58, o8, (B.14)
Using Egn. (B.10) and Egn. (B.12) the dissi pative forces Ag of the system will be
o _ U, S
A= A 9, +T 2a, (B.15)

Equations (B.10), (B.11), (B.12), (B.14), (B.15) make it possible to decompose the forces A,
corresponding to the a, (e.g. the strains) as
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_ Al d
A= AHA (B.16)

Thus, in terms of thermodynamics, the mechanical stresses (interpreting what Ziegler /89/ de-
notes forces) of a system may be split into a quasiconservative part, as defined by Eqgn. (B.14)
and adissipative part as defined by Eqgn. (B.15). Also, the strains (interpreting the kinematic pa-
rameters) connected to these forces are the total ones. Hence, from athermomechanical point
of view there is no need to distinguish elastic strains from the plastic ones, it suffices that the
dissipative work is possible to separate from the quasi conservative work. In this respect one
may say that one hastransferred from atotal stress- divided strain setting in classic el asto-plas-
ticity, to adivided stress - total strain setting with the help of thermomechanics.

Introducing a state function called the free energy of the system one may arrive at another ex-
pression for the quasiconservative forces. Defining the free energy as

Y =U-TS (B.17)
the differentia will be
d¥ = dU-TdS-SdT (B.18)

Writing out the terms of Eqn. (B.18) by the partial derivatives of W with respect to T and &y,
and taking into account Eqn. (B.9), will produce the following two equations:

S= _ﬁ (B.lg)
Al = ¥ (B.20)
oa,

In Egn. (B.20) the result from Eqgn. (B.14) has also been applied.

It isthus clear that the free energy playstherole of a potential asthe partia derivatives with
respect to temperature and kinematic parameters are the negative entropy and the quasiconserv-
ativeforces, respectively. The adjective’ quasiconservative’ may now be explained: Theforces
AE are conservative in the sense that they can be derived from apotential (the free energy), but
this potential is not dependent upon a, alone but al so upon temperature T. Thisjustifiesthe pre-
fix quasi.

The free energy we have been using here is a so denoted the Helmholtz free energy /68/ or the
strain energy. It is also possible to use Gibbs free energy, which is defined in terms of stresses
in stead of strain as for the Helmholtz free energy. These two energy functions are related
through the Legendre transformation /68/.

The plasticity theory based on thermomechanicsis often denoted hyperplasticity. In thistheory
the constitutive behaviour of amaterial can be completely defined by two potential functions
/89/: Onethat describesthe free energy and another that describes the diss pation. Asmentioned
by /68/ the free energy function is either the Gibbs free energy or the Helmholtz free energy.
Provided that Gibbsfree energy is used, the second function needed is either adissipation func-
tion or ayield function /68/.
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APPENDIX C Stressesapplied to the specimens

Sresses applied to the specimens. Table continues until page C-4. Legend on

TableC.1:

page C-4.
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APPENDIX D Measured stresses and strains from thetests

In the present Appendix the data from the tests are plotted. For the strains the data plotted are
the average values for the vertical and horizontal LVDTs. Table D.1 contains alegend to the
plots.

TableD.1l:  Legend for the figuresfor stress and strain fromthe triaxial tests.

Sress Srain
Colour of curve Type of stress Cc;lljJruvreof Type of strain
, Horizontal, cumulative
—— Cell, static, (03 min) ——
' and permanent, (¢5)
— | Céll, static + repeated, (03 myy) Horizontal, repested, (£5°)

Vertica, cumul ative and

Deviatoric, static, (01, min) —— permanent, (&)
Deviatoric, atic + repeated, )
(0 Vertical, repeated, (£,°)

In the graphs the permanent strain isthe minimum strain in the cycle relative to the beginning

of the test, while the maximum strain is the permanent strain plus the resilient strain. Theresil-
ient strains are thus always positive, and one has to look into the individua cyclesto determine
whether the vertical and horizontal strains are in phase or 180 degrees out of phase.

The graphs appear in the order the tests were performed; the order may differ abit from that of
Appendix C. The graphs are ordered inrows, i.e. for each test read horizontally first, then ver-
tically. Also, resultsfrom some additional testsare shown, e.g. where specimens unintentionally
have been run with partial internal vacuum, as these may give some additional information.
Every graph is marked on top with specimen number and g/p ratio; figure captions as well as
section headings are hence omitted. Note that the scale of the ordinate axes varies. Also refer to
Appendix C for theintended stresses.

No. A, g/p=0.0 No. A, g/p=0.3 No. B, g/p=0.0 No. B, g/p=0.3
100 :

N B
oo
-

0.1 = |

0:0 L

~ 1 v |
-0.1 - —
-0.2 H ) N

Strain [10°9]

0O 5 10 15 200 5 10 15 200 5 10 15 200 5 10 15 20
Cycle no. [x 1000] Cycle no. [x 1000] Cycle no. [x 1000] Cycle no. [x 1000]
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Strain [10°
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No. D wet, g/p=1.2 No. D wet, g/p=1.8
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No. D wet, g/p=3.0, conf. 60 kPa

Cycleno. [x 1000] with partial internal vacuum. Add

approx. 65 kPato the confining
stressfor thistest.

After thefirst load step a second load step was
attempted with g, = 200 kPa. This second load
step was applied for afew cyclesonly, but
distorted the specimen a bit. Axial permanent
strain of 3.7%o and horizontal permanent strain of
4.2%0 accumulated during these few cycles. This
may have affected the specimen. A new load step
with g, = 150 kPa was then applied (as shown).
In thisnew load step internal vacuum (approx.

65 kPa extra confinement) was erroneously applied
for thefirst 1350 cycles.
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No. E, g/p=1.2 high conf.
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For g/p=2.0 the test was first
run with partial internal
vacuum. Add 65 kPato the
static confining stress for this
first run. The second test with
g/p=2.0 was run as intended.
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Strain[10°

partia internal vacuum. Add 65 kPa to the static confining stressfor this
first run. The second test with g/p=1.2 was run as intended.
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