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Abstract

We design two closely related state feedback adaptive control laws for stabilization of a class of 2 X 2 linear hyperbolic system
of partial differential equations (PDEs) with constant but uncertain in-domain and boundary parameters. One control law uses
an identifier, while the other is based on swapping design. We establish boundedness of all signals in the closed loop system,
pointwise in space and time, and convergence of the system states to zero pointwise in space. The theory is demonstrated in

simulations.
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1 Introduction
1.1  Background

We will in this paper consider systems on the form
of 2 x 2 linear hyperbolic partial differential equations
(PDEs), which can be used to model for instance traffic
flow [9] and pressure and flow profiles in oil wells [15].
Since equations of this type can be used to model a vast
range of different physical systems, extensive research
regarding control of this kind of systems have been per-
formed, and we list control Lyapunov functions [7], Rie-
mann invariants [10] and frequency approaches [16] to
name a few.

The pioneering backstepping approach presented in
[17] for stabilization of partial differential equations of
the parabolic type, has in recent years shown to be quite
useful and a general framework for analysis of PDEs.
The key ingredient of this approach is the introduction
of an invertible Volterra-like transformation that maps
the system to be investigated into an auxiliary system
designed to possess some desirable stability properties.
Due to the invertibility of the transformation, the sta-
bility properties of the two systems are the same.

The first use of backstepping to hyperbolic systems
was presented in [14], where among other applications,
hyperbolic PDEs were used to model actuator and sen-
sor delays in ordinary differential equations. Extensions
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of the backstepping technique to second order hyper-
bolic systems were presented in [18], and in [23] to 2 x 2
coupled linear hyperbolic PDEs. Explicit non-adaptive
controllers for a subclass of the systems covered in [23]
was also offered in [22].

Adaptive stabilization of PDEs with unknown system
parameters is a field that is well-established in the case
of parabolic PDEs, with contributions like [13], [19], [20]
and [21]. Material regarding adaptive control of hyper-
bolic PDEs, however, is currently limited. The first result
was presented in [6], where an adaptive output feedback
control law was derived for a single hyperbolic partial-
integro differential equation with non-local source terms,
while a subproblem of this was presented in [24] offering
a full-state feedback solution. Recently, state feedback
stabilization of coupled 2 x 2 linear hyperbolic systems of
PDEs with uncertain in-domain coefficients was solved
in [2] and [3] using an identifier and swapping design, re-
spectively. Boundedness and square integrability in the
Lo-sense of the states were established, while the impor-
tant result of convergence of the states to zero were not
established. In the present paper, boundedness, square
integrability and convergence to zero of system states
pointwise in space are provided, thereby completing the
missing aspects of [2], [3]. Another minor extension is
provided by considering the boundary parameters un-
known in addition to the in-domain coefficients consid-
ered in [2], [3]. A significant drawback of the result, lim-
iting it’s practical value, is the need for full state mea-
surements. Full state measurements are rarely available
in practice, however, for the particular problem motivat-
ing the present work, they can be considered available in
an approximate sense. When drilling oil wells, it is im-
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portant to control pressure accurately in the well. The
main obstacle to accurate modelling of the flow dynam-
ics in the well is the uncertainty of friction parameters,
which appear as coupling terms in the domain of the hy-
perbolic PDE. Emerging technology, referred to as wired
pipe, allows for distributed sensing along the drill-pipe
throughout the well. Sensors can be installed at every
pipe connection, about 30 meters apart, thereby pro-
viding an approximate measurement of the distributed
state of the PDE. That being said, solving the output
feedback problem is the ultimate goal, and is a topic of
our current research.

1.2 Paper structure

In Section 2, we formally pose the control problem to
be investigated. An adaptive control law based on an
identifier is presented in Section 3. The control law is for-
mally stated as Theorem 4. Then, in Section 4, another
control law based on swapping design is presented, and
the control law is formally stated as Theorem 7. Bound-
edness and square integrability of all states in the closed
loop system in the Lo-sense are proved for both con-
trollers, and pointwise boundedness, square integrabil-
ity and convergence to zero of the system states are also
proved. The performance of the controllers is demon-
strated in simulations in Section 5, while Section 6 offers
some concluding remarks, and lists some pros and cons
regarding the two proposed controllers.

1.8 Notation

For a time-varying, real signal f(t), the following vec-
tor spaces are used

regye ([Tiora) <@
0
for p > 1 with the particular case
f € L & sup|f(t)] < oo. (2)
>0
For the (possibly time-varying) vector signal u(z) de-

fined for 0 < z < 1, we introduce the following integral
operator

1
I, [u] :/0 eu(z)dx (3)

with the derived norm

1
ullz = Io [u”u] :/ e u” (z)u(z)de. (4)
0
The operator (3) is linear and has the property
21, [uu,] = eu?(1) — u*(0) — al|ul|?. (5)

The norm ||ul|, is equivalent to the standard Ly norm,
in the sense that there exist positive constants k1, ks so
that

kallulla < [ull < kallulla, (6)

and also that ||u|| = ||u|lo. Moreover, for the sum of
norms of u and v the shorthand notation

[, o] = [l + [Jo]| (7)

is used. Lastly, we will in subsequent sections often omit
writing the argument in time, so that e.g. u(x) = u(z, t)
and ||z]| = [[z(2)]].

2 Problem description

We consider systems on the form of 2 x 2 linear hy-
perbolic partial differential equations with constant in-
domain coeflicients. These type of systems were also in-
vestigated [22], and are on the form

ug(x,t) + Aug (z,t) = cru(z, t) + cov(z, t) (
ve(x,t) — pug(z,t) = csu(x, t) + cqv(z,t) (8b
u(0,t) = qu(0,1)
v(l,t) =U(t) (8d
defined for 0 < x < 1, t > 0, where u, v are the system
states, and

0<XeR, O0<peR (9)

are known transport speeds while the coefficients
Cl,CQ,C3,C4,Q€R (10)

are unknown. However, we assume we have some bounds
onc;,t=1...4and q. That is, we are in possession of
some positive constants ¢;, ¢ = 1...4 and ¢ so that

lal <. (11)

These assumptions merely accommodate the use of the
projection operator (see Appendix A for the definition
and properties) to limit the parameter estimates, and
do not restrict the class of systems (8) considered since
the bounds are arbitrary. Finally, we assume the initial
states u(z,0) = ug(x), v(z,0) = vo(x) satisfy

U, Vo € L2- (12)

leil <@, i=1...4,

The goal is to design a state feedback adaptive control
law U that achieves regulation of the system states u
and v to zero pointwise in space and time. Moreover, all
additional signals should be bounded.

3 Adaptive control using an identifier
3.1 Introduction

In identifier-based design, a dynamical system - re-
ferred to as an identifier - is introduced. The identifier is
usually a copy of the system dynamics with certain in-
jection gains added for the purpose of making the adap-
tive laws integrable. Lyapunov theory is then used to
derive adaptive laws, and also prove that the error be-
tween the system states and identifier states is bounded.
The backstepping technique is used for controller design
and to map the identifier into a target system for which
stability analysis is easier. Boundedness of the identifier
is then proved using the target system. Due to invert-
ibility of the backstepping transform and the estimation



error also being bounded, the original system states are
bounded as well. An identifier is sometimes termed an
observer, although it’s purpose is parameter estimation
and not state estimation.

3.2 Identification using an identifier
Consider the identifier

Bytiy () + A0ytiy (x) = @ (x)by + per(z)||@||? (13a)
Dy (¢) — pdyin (z) = @" (2)by + per ()|[||* (13b)

oo qu(0) +u(0)v?(0)
11(0) = 1+ 02(0) (13c¢)
(1) =U (13d)

for some design gain p > 0, and where

e1(z) = u(z) — a1 (x) (14a)
e1(z) = v(x) — 01(x). (14b)
are errors between u and v and their estimates 4 and 9,
w(z) = [u(x) U(x)] ! (15a)
by = {01 C2}T7 by = [03 C4}T, (15b)

and lA)l and 52 are estimates of b; and by, respectively.
The dynamics of (14) is

drer(x) + Adper () = @ (2)by — pes(a)||w|]*  (16a)
re1(z) — pdyer(z) = @ (x)by — per(x)||w|]*  (16D)
e1(0) = 11"58()0) (16¢)
61(1) (lﬁd)

where

G=q—4q4, G=c;—¢, fori=1...4.  (17)

Lemma 1 Consider the system (8), the identifier (13)
and let T'y, T's be positive definite matrices, v5 > 0, and

= oo

The following adaptive laws

by = [53 @JT. (18)

131 = projg, {1"1I,V [e1] ,51}

= projy, {rl /O 1 e e (2)w(z)d, 61} (19a)
gg = projs, {FQL, [e170] ,52}

= projy, {Fg /01 673:61(1’)@(%)(1:7],[)2} (19b)

g = projg {15€1(0)v(0)} (19¢)

with initial conditions satisfying the bounds (11), guar-
antee the following properties

|G| <e,i=1...4, |4 <q (20a)

llell, llerl] € Loo N Ly (20b)
lealll|=l], [lex]]||]| € L2 (20c)
le1(0)]; lex (D)1, lex (0)]; lex (0)v(0)] € Lo (20d)
b1, [ba], ] € Lo (20e)

qv(0)
m €Ly (20f)

PROOF. Consider the Lyapunov function candidate

Vi=Vo 4+ 0{T oy + 03T o + (21)
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where

Va = leal|Z, + [leall3- (22)

Differentiating (21) with respect to time and inserting
the dynamics (16a)—(16b) we find

Vi =2I_, {el(—/\[“)mel +wTh — pel||w|\2)}
+ 21 [er (udoer + =Thy — per ]|
+ 26T T 0y 4 26215 1oy 4+ My; 1G4 (23)
Using the property (5), inserting the adaptive laws (19a)
and (19b), and using property (A.12) of Lemma 9 in
Appendix A give
V; < —de 73 (1) + AeF(0) — )\’yHelHQ_7 + peYer(1)
— nei (0) — pylleal 5 — 2pI— [e7] || ]?
—2pL, [¢] ||@]]* + M5 dq- (24)
Substituting the boundary conditions (16¢)—(16d) and

the adaptive law (19c¢), using property (A.12) of Lemma
9 in Appendix A, and

e1(0) = qu(0) — e1(0)v*(0), (25)
we find
Th < —he €2 (1) — ued(0) — 2(0)0(0) — Mlle |2,
= mllely = 2plled] 2, [lll* — 20llenl 3l |]* (26)
which shows that V7 is bounded and from the definition
of V1 and V, gives (20a) and ||e1]], ||e1]] € Loo. Integrat-
ing (26) in time from zero to infinity gives ||e1||, ||e1]] €
L3, (20c) and |e1(1)], [e1(0)], |e1(0)v(0)| € L. From the
properties (20c), |e1(0)v(0)] € L3 and the adaptive laws
(19), (20e) follows. Using the following Lyapunov func-
tion candidate

1
V3 = %q ) (27)

and the property (A.12), we find

Vs

INA
|
=]
[
-
—~
(=)
=
<
~—~
o
SN~—"



This means that V3 is bounded from above, and hence
Va3 € Loo. Integrating (28) from zero to infinity gives

Vs € £, and hence (20f). From (25) and (16¢), we have

ei(0) = e1(0)(qu(0) - e1(0)v*(0))
- - doro @)
and from |e1 (0)v(0)| € L2 and (20f), |e1(0)| € L2 follows.

O

3.8 Adaptive control

In this section, a stabilizing adaptive controller is de-
signed for system (8). The controller is derived using
the backstepping technique where an invertible Volterra
transformation is used to map the identifier (13) into a
target system which is shown to be stable using Lya-
punov analysis.
3.3.1 Kernel equations

Consider the following equation in K = K(z,§,t),
L = L(z,¢,1)

uKy — AKe = (61 — é4) K + é3L (30a)

Ly + pLe = e K (30Db)

L(e,0) = 45K (2.0 (30c)

— 63
K(z,x) = i (30d)
defined over 77, given as

Ti=T x {t >0} (31a)
T={(¢§]0<¢{<x <1}, (31b)

The well-posedness of the equation is addressed in the
following Lemma.

Lemma 2 For every time t > 0, equation (30) has a
unique, continuous solution (K, L) with the following
properties

|K(z,6,t)] < K, V(z, &) e T,t >0 (32a)
|L(z,&,t)| < L, V(z,6) e T,t >0  (32b)
|Kt(w7§7 >| € £2a V(ﬂ?,f) €T (320)
|Lt(x7§7 >| € ['2; V(ﬂ?,g) €T (32d)

for some positive constants K, L depending on the pa-
rameter bounds (11).

The proof of this lemma is given in Appendix B.
Remark 3 For every time t > 0, explicit solutions of
(30) can (through a transformation) be found in [22].

3.8.2  Main theorem
Theorem 4 Consider the system (8) and the identifier
(13), and consider the control law

/Klg d£+/ L(L O () (33)

where K, L is the solution to (30). Then all signals in
the closed loop system are bounded and integrable in the

Ly-sense. Moreover, u(z,-),v(x,-) € Loo N Ly for all
z €10,1], and u(z, ), v(z,-) — 0 for all z € [0,1].

The proof of Theorem 4 is the subject of the next sec-
tions.

3.8.8  Backstepping transformation
For every time t > 0, consider the following adaptive
backstepping transformation

wy(x) = U (x) (34a)

2,’1 /KI’§ 5
- /O L(z, €)61(€)dE =: Tlan, 01](x)  (34b)

where K, L is the solution to (30). As with all backstep-
ping transformations with uniformly bounded kernels,
transformation (34) is invertible with an inverse on the
form

U1 () = wy () (35a)
o1 (z) = T Hwy, 21)(x) (35Db)

where T—! is an integral operator taking a similar form
as (34).

Lemma 5 The transformation (34) and the control law
(33) with kernels satisfying (30) map the identifier (13)
into the following target system

Opwr (z) + A0 w1 (x) = éwy (x) 4 éo21 ()
+ [ el gui©as+ [ w@omee

+ é1e1 () + éae1 () + per ()| |2 (36a)
10z z1(x) = 421 (x) — AK (x,0)geq (0)
— AK(z,0)qu(0) + AK (x,0)e1(0)

/ Koz, €)wn (€)dg
_ /0 Ly, )T [wy, 21](€)dE

+ T'[¢rer + ég€1, zer + Eaer](T)

Opz1(x) —

+ pTler, e1)(x)][w] (36b)
w1(0) = ¢21(0) + ge1(0) — e1(0) (36¢)
z1(1) =0 (36d)

with
w(z, &) =K (z,6)+ [ sz ,€)ds  (37a)

J e
K(z,§) = &2 L(,§) +/5 K(x ,E)ds  (37b)

satisfying
|w(z, &, 1) <, V(z,§) €T, t=0 (38a)
(2, &, 1) <, V(z,§) €T, t =0 (38D)

for some positive constants i, k depending on the param-



eter bounds (11). Moreover, there exist positive constants
k1 and ko such that

killwy, z1]] < ldy, 01| < kalfws, 2] (39)

for allt > 0, where the notation (7) has been used, and
k1, ko depend on the parameter bounds (11).

PROOF. Differentiating (34b) with respect to time, in-
serting the dynamics (13a)—(13b), integration by parts,
and inserting the boundary condition (13c) we find

0y01(x) = Ogz1 (z / Ki(z, &)1 (£)dE
+/0 Ly, €00, ()€ — MK (2, 2)iy ()
+ AGK (2,0)01(0) + A\GK (x,0)e1(0)
+ MK (2,0)qv(0) — AK (,0)e1(0)
/ Ke(w, )N (€)d€ + / K (2, €)é1an (€)de

+ /0 K (2, €)ere (€)d + /0 K (2, €)ety (€)de

xT ~ xr 2
+ /0 K (2, €)ener (€)d€ + p /0 K (2, €)ex (€)de] ||

+ L(aj, :I;’)pff}l (l’) - L(l’, 0)/“71 (O)

- [ retwguin e+ [ L@
0{1/‘ 0(1:
+ /0 Lz, €)éses (€)de + /0 Lz, €)éron (€)de
" /0 " (e, €)eer (€)de
tp /O " L, e (€)de] ] (40)

Equivalently, differentiating (34b) with respect to space,
we obtain

001 () = O0p21(x) + K (2, 2)h1 () + L(x, )01 ()
+ [ Ko gin@de+ [ L on(od 6

Inserting (40) and (41) into (13b), using the equations
(30) and inserting the inverse transformation (35), one
obtains (36b). Inserting (34) into (36a), changing the
order of integration in the double integrals and using
(37), we obtain (13a). The existence of a unique solution
k of (37b) is ensured by Volterra equation theory (see
e.g. [4, Lemma 9] for a proof). The boundary condition
(36¢) follows from inserting (34) into (13c) and noting
that

w1 (0) = qu(0) — e1(0) (42)
and

From the properties (32a)-(32b) with bounds K and L
depending on the parameter bounds (11), the bounds
(38) immediately follow. A similar argument holds for
the bounds (39), since the backstepping transformation
(34) has uniformly bounded kernels and is thus invert-
ible.

O

3.83.4  Stability
We are ready to prove the Theorem 4.

PROOF. [Proof of Theorem 4] Consider the Lyapunov
function candidate

‘/4 - V5 + CLV6, (44)
with
Vs = [lunll%5, Vo =lzll} (45)

and where a > 0, k, J are constants to be decided. It can
be shown using the properties of Lemmas 1 and 5, and
assuming d, k > 1 (see Appendix C for details), that the
derivatives of (45) satisfy

Vs < h123(0) — [A6 — ho| Vs + haVs + 11 Vs + 1o (46a)

Vo < — [ — he@®e"] 27(0) + hs Vs — [k — ha] Vs
+I3Vs + 14 Vs + 15 (46b)
wherel;,i = 1,...,5 are integrable functions (i.e. in £1),
and h; ... hg are positive constants. Letting
hy +1
_ (47)
I
gives
Vi < —[A6 — ha — ahs| V5 — [akp — ahy — h3] Vg
- [1- Clhﬁ(j26k} 22(0)
+ Z1X/5 + a13V5 + al4Vg + l2 + CLl5 (48)
and selecting
h h h h
5> 2t ans s dataha g
A ah

give
Vi < —cVi— [1—aheg®e®] 23(0) + 1V + 17 (50)

for some positive constant ¢ and integrable functions g
and [7. From the relationship

z1(0) = 91(0) = v(0) + €1(0) (51)
we find
23(0) < 20%(0) + 2¢3(0)
<2: 15220) 1+ 02(0)] + 2¢2(0)
’1}2
<277 gzo) [1+223(0) + 263(0)] + 2€3(0)



0)
2(0)
Inserting this into (50), we obtain

Vi < —cVi— [1—bG2g] 23(0) + 16V + I (53)

<2 21(} [1+22§(0)] + 6€1(0) (52)

where
v*(0)
97 1102(0) (54)
has the property
0<g<l, Vt>0, (55)
the function
=22
q"v=(0)
ls =17+ QahGekm + 6aheG2e™e?(0) (56)
is integrable, and
b = 4ahge® (57)

is a positive constant. From (28) and the property
(A.12), we have

Vs < —3g (58)
It then follows from Lemma 10 in Appendix E that
Vi€ LN Lo (59)

and hence ||w;]|| and ||22]| are bounded and integrable.
Due to the equivalence of norms (39) we then have
||’ll1||7 ||’lA)1H € Lo N Ly and

[[ull, [[v]] € Loo N Lo (60)

We proceed by showing pointwise boundedness and
square integrability. It was in [23] shown that system
(8) is through an invertible backstepping transformation
equivalent to the system

() + Aag(z) = h(z)B(0) (61a)

Bi(x) = pfa(x) =0 (61D)
a(0) = ¢B(0) (61c)
1) =U— | G1(&u(§)dg

— | G2(v(§)dg, (61d)

0

for some bounded functions h,G1,G2 € C of the un-
known parameters ¢; . .. c4 and ¢q. Equation (61) can ex-
plicitly be solved for t > A7 + =1 to yield (see e.g. [1,
Lemma 1] for details)

a(z,t) =qB(1,t —p~t = X"1a)
+)\71/0 R(T)B(1,t — =t = X"Ha —7))dr (62a)
Blz,t) = (1t —p~ (1 —x)). (62D)

From (61d), the control law (33) and the properties
Hull, o]l a1, [|01]] € Loo N La, it follows that 5(1,-) €
Loo N Lo, and from (62), that a(x, ), B(z,-) € Loo N Lo
for all z € [0, 1]. From the invertibility of the transform,
we will therefore also have u(z,-),v(x, ) € Lo N Ly for
all € [0,1]. From the structure of the identifier (13),
we will also have 11 (z, ), 01(x, ) € Loo N L2, and hence
e1(z, ), e1(x, ") € Loo N Lo.

We proceed by proving convergence to zero. We will
use Barbalat’s Lemma (see e.g. [12, Corollary A.7]),
which can be applied if V;, € LN L, and V; € L. We
already know that V; € £1N L., and it can be seen from
the derivations of (46a) and (46b) stated in Appendix C,
that V3 € L if €1(0),€1(0),21(0) € L. The first one
follows trivially from (16¢), while the two latter follow
from € (z,-),0(x, ), € Lo, since 21(0) = ©1(0). Thus,
VZ; € L, and Barbalat’s Lemma gives V4 — 0 and hence
llwi]l, [|z1]] — 0 and ||t@1]], ||01]] — 0. We note from (22)
that Vo € Lo, and hence ||e1]],||e2]| — 0, which from
(14) implies

[lull; [lv]] = 0. (63)

The same argument as above using (62) then yields
a(z,-), B(z,-) = 0 and thus

u(z,),v(z,) =0 (64)
for all z € [0, 1]. O

4 Swapping design
4.1 Introduction

When using swapping design, one designs filters cre-
ated so that they can be used to express the system
states as linear, static combinations of the filters, the
unknown parameters and some error terms. The error
terms are then shown to go to zero. From the static pa-
rameterization of the system states, standard parameter
identification laws can be used to estimate the unknown
parameters. The number of filters required when using
this method equals the number of unknown parameters
plus one.

4.2 Filter equations
We introduce the boundary parameter filter

1e(x) + A () =0, n(0) =v(0)  (65a)
o1(x) — pdu () =0, (1) =U (65b)
pe(z) + Aps(z) = w(z),  p(0)=0 (65¢)
ri(z) — pry(x) = w(x), r(1)=0 (65d)
where
T
p(@) = [p1(z) pa(a)] (66a)
T
r(@) = [r1(2) ra(a)] (66D)

and w is defined in (15a). All filters are defined for = €
[0,1], t > 0, and the initial conditions n(x,0) = no(z),
¢(2,0) = ¢o(x), p(x,0) = po(x) and r(z,0) = ro(x,0)



are assumed to satisfy 19, do, po, 7o € La2([0, 1]). We can
then construct non-adaptive estimates of the system
states as

u(x) = p" ()b +n(x)g (67a)
o(x) = 7 (2)by + ¢(x) (67b)

where by and by are defined in (15b). The corresponding
estimation errors

ea(z) = u(x) — u(x) (68a)
ea(z) = v(x) — v(x) (68Db)

can straightforwardly be shown to satisfy

Orea () + N0zea(x) = (69a)
Orea () — pdzea(x) = O (69Db)
e2(0) =0 (69c¢)
€2(1) =0, (69d)

which will be identically zero for ¢ > max{\~!, p~'}.

4.8 Adaptive laws

Motivated by the static relationships (67) and (71), we
propose the following adaptive state estimates @5 and 0

in(x) = p" (2)b + () (70a)
ba(x) = 17 (2)bs + ¢(). (70D)
with associated ”prediction errors”
éa(z) = u(x) — da(x) (71a)
é(z) = v(x) — v2(x), (71b)

and the following adaptive laws

: ) f éo(z)dx
by = proj;, ¢ I’ 0— 72a
1= prolp { 11+|IPII2+|I77||2 (720)

&(0)r(0)
EEARC H} (720)
j = ro —f() dx C
7=prols {7 1+||p||2+||n||2}’ (72c)

with initial conditions chosen inside the bounds (11),
and

Iy = diag{vs,v4} (73)

with v;, ¢ = 1...5 as positive design gains.

Lemma 6 Consider the system (8) with filters (65a)—
(65d). The adaptive laws (72) guarantee the following
properties

= diag{’)/la 72}3

&l <@, i=1...4, |§|<q (74a)
lleall, lle2]| € Loo MLy (74b)

l1é2]] ||é2]
, €Ly (74c)
VI +1pIP 1+ ]r[]?

|€2( s |€2( )| € Lo (74d)
b, lbal, 6] € Loo N Lo (Tde)

6Oy, ()
T+ r(0)]?

PROOF. Consider the Lyapunov function candidate

Vo=t /0 (2 — z)ed(x)de 4+ p* /0 (1+2)ex(x)dz

1z 1 4.
T, Thy + 575 142, (75)

Differentiating with respect to time, inserting the adap-
tive laws (72), using property (A.12) of Lemma 9 in Ap-
pendix A, and integration by parts, we obtain

V<=0 - | S -30) - [ S

J @7 (@)by + n(x))és(w)dx
T+ [[pl1% + [[n]2

_h T @ha@dr Ok o

o 4= 1
+ 5b%r;lb1 + §b§

L+ |r[? L+ [r(0))
From (67), (68), (71) and (70), we note that
éa(w) — ea(z) = p" (x)br + n(x) (77a)
éx(z) — ea(x) = rT (x)by (77b)
and find
1 1
Vi < —€3(1) —/ e2(x)dx — €3(0) —/ es(x)da
0 0
fo é3(x)dx fo éa(z)ea(x)dx
Ll +llpll> 1+ \|77||2 + [Ip[?
_ fol &()d Jr fo éa(w)es(x)d
L [[r[[? 1+H7‘H2
2 A
80 00 -
L+[r(0)* ~ 1+[r(0)]?

Using Cauchy-Schwarz’ inequality on the cross terms,
one finds

Vs < ~e3(1) ~ 36(0) ~ glleall? ~ Zlleal?
1 el 1 el
2T Tl + T~ 3T+ (I
180 (79)
21+ [r(0)]?

Thus V7 is bounded, and (74a) and ||eza||,||e2|] € Loo
follow. Integrating (79) gives ||ez]|, ||e2|| € L2, (7T4c)—

(74d) and % € L. Inserting

€2(0) = e2(0) + 7 (0)bs (80)



€2(0)

into W, we obtain
é2(0 0 .
VI+HOP ~ 1+ (0P
. _ 1 . é2(0)
Since €3(0) = 0 for ¢t > p~*, we obtain Tror € Lo

Lastly, consider for instance the first adaptive law of
(72a). Using the Cauchy-Schwarz inequality

o < o st
Tl o
p1 é2
DO Y |
VI TP I /T P+ T
PR — (52)

L+ [[nl* + [lpl[?

which from (74c) shows that |¢] is square integrable.

Using (77a) and the fact that e; = 0 for t > A7, we get
: [Ipalllle2]] [|€2]]
el <m <n
L+ {0l + lpl[? VI Inl? +1lpl?
[l b [ + [Indl|
L+ {nll* + [lpl?
< m(|b1] + |g]) (83)

which from (74a) shows that |¢;| is bounded. A similar
argument holds for the additional adaptive laws (72),
and hence (74e) follows. O

4.4 Adaptive control

4.4.1  Main theorem

Theorem 7 Consider the system (8) and the state es-
timates G, O generated from (70) using the filters (65a)—
(65d) and the adaptive laws (72). Consider also the con-
trol law

1 1
- / K(1,)iia(€)de + / L, E)oa(e)de  (84)
0 0

where (K, L) is the solution to (30). Then all signals
in the closed loop system are bounded and integrable in
the La-sense. Moreover, u(x,-),v(x,-) € Loo N Ly for all
z € [0,1], and u(x,-),v(z,-) = 0 for all z € [0,1].

Again, we split the proof over the next subsections.
4.4.2  State estimate dynamics

First off, we state the dynamics for the estimates o
and 09 generated from (70). It can straight forwardly be
shown to be

Oplia(x) + A0plia(z) = éru(x) + éau(z)
+p" (@b +n(x)q  (35a)
1Oy 0o(x) = éau(x) + éqv(x)

TT(I’)Z;Q (85b)
2(0) = u(0) (850)

8@2(95) —

Oo(1) = U. (85d)

4.4.8 Backstepping
Consider the same backstepping transformation as in
the previous section, namely (34)

wa(z) = da(x) (86a)
2a(x) = Tdg, 2] () (86b)
with inverse (35), namely
ta () = wa(x) (87a)
Do () = T~ Hwy, 22](2). (87Db)

Lemma 8 The backstepping transformation (86) and
the controller (84) with the backstepping kernels satisfy-
ing (30) maps the dynamics (85) into the target system

Opwa () + A0pwa(x) = éwe(x) + éa22(x)
+ éléz(x) + égég(ﬂ?)

+ /0 ", E)wa(E)dE + /

x

K(,§)z2(§)dE

+ T (2)by + 1(x) (88a)
Orzo(x) — POy za(x) = aza(x / Ki(x, §)wa(&)dE

- [ LT sl

— AK(z,0)Gé2(0)

+ T 0262 + C1€2,C362 + 0462]( )

/ K (@, €)n(€)ded

+T[p" bl, r b2]($) (88b)
w2(0) = §22(0) + Gé2(0) (88c)
22(1) =0, (88d)

where w, k satisfy (38). Moreover, there exists constants
ks and k4 such that

k3l|wa, 22| < ||tg, V2| < kallwa, 22| (89)

forallt > 0.

PROOF. The proof follows the same steps as the proof
of Lemma 5 and is therefore omitted. O

4.4.4 Boundedness

PROOF. [Proof of Theorem 7] Consider the Lyapunov
function candidate

13
Vs = Z a; Vi (90)
i=9

where

Vo=Ilpll’s  Vio=Ilrlli  Vii=Ilnll>s (91a)
Vig = |[ws]|? 5 Viz =||22|} (91b)



and the coefficients a;, © = 9...13 are some positive
constants.

It can be shown using the properties of Lemmas 6 and
8, and assuming 0,k > 1 (see Appendix D for details),
that

Vo < —(AJ — 1)V + hye®Vig + hsVis

+1loVi1 + lgVo + l10Vio + 111 (92a)
Vio < —plr(0)[* — (uk — 1)Vip + hre® ™ Vis + hsVis

+ 112V + li3Vio + li2Vir + lia (92b)
Vi1 < hoz2(0) + hoé2(0) — A6Vi, (92¢)

Via < h1022(0) 4 h1gé2(0) — [Ad — h11] Via

+2Vig + 15V + li6Vio + lig Vi1 + lis (92d)
Viz < —p22(0) + e*e2(0) — [kp — hao] Vis

+ ligVo + 120 Vio + 21 Via

+ l22Vig + 1l23Vis + loa (92e)

where h7 ... hyo are positive constants and lg . ..[lo4 are
integrable functions. From (90), we find

Vs < —ag(A6 — 1)Vy — aro(pk — 1)Vip — a1 A6V,
— [a122A8 — a12h11 — aghre® — aiohre® ] V1o
- [a13ku — a13h12 — aghs — aighs — 2a12] Vi3
— a1opur?®(0) — [a13p — a11hg — ai2hio] 23(0)
+ [a11ho + ar2h1o + arse®] 3(0)
+ [agly + aroli2 + a12li5 + aizlig] Vo
+ [aglio + a10l13 + a12l16 + a3l Vio
+ [agly + a1oli2 a12li6 + a13la1] Vi1 + a1olia
+ a13la2Viz + a13lazViz + aglis

+ ai2lig + a13las (93)
Let
ag =e~? apg =e F0 a1 =1 (94a)
h h
ajg =1 a3 = WRall (94b)
i
and then choose
1 hi1 + 2hy
5> 1, o, LT ARt 95
max{ 3 y } (95)
1 sh 2h 2
k>max{1,,““ 12+ 2hs } (96)
M aizp

then
Ve < —cVg — a1our?(0) 4+ be2(0) + los Ve + log  (97)

for some integrable functions los5 and log and positive
constants ¢ and

b= hg + h10 + a13€k. (98)
We now rewrite é3(0) as
_ 30
L+ [r(0)

20 0P, (99)

=0 RO

where the first term on the right hand side is integrable.
Inserting this, we find

Va < —cVi — |aron - b1+2|((()()))|2 ()P
+ 125 Vs + la7 (100)
where
lar = lys + bﬁ%w (101)
is an integrable function. Using
é2(0) = €2(0) + 77 (0)by (102)

and the fact that e3(0) = 0 for t > u~!, we obtain

Ve < —cVg — [aloﬂ — bb Gby | |r(0)]?

+ o5V + lor (103)
where
r(0)r*(0)
1+ |r(0)|? (104)

satisfies 0 < G = GT < 0. Furthermore, from the adap-
tive law (72b) and the property (A.12), we have that

Vig = %Bgr;% (105)
satisfies
Vig < —b2Gby. (106)
It then follows from Lemma 10 in Appendix E that
Vse LiNLs (107)

and ||p|], |71, |71, [lw]], ||z]] € Loo N L2 are established.
From the control law (84) and (70), it follows that U
is bounded and integrable, and from (65b), that ¢(z) is
bounded and integrable for all x. From (68) and (67),
we have

[ull < {lplloa] + [nlllgl + [lell (108a)
oIl < {lr[l1b2] + [I¢1] + [lell; (108b)
and hence, from (74a)—(74b), we get
[ull, ||[v]] € Loo N La. (109)
From (61) and (62), we get
u(z, ), v(x, ) € LooN Ly (110)

for all z € [0, 1], and from the structure of the filters, it
immediately follows that

pl(‘ra '),pg(fﬂ, ')7T1(:Ca ')aTQ(xv ) € Eoo N Ly
77(177 ')7¢(I7 ) € Eoo N EQ

for all € [0,1]. Then the same line of reasoning using

(111a)
(111b)



Barbalat’s Lemma as in the proof of Theorem 4 gives
u(z, ), v(z,-) = 0. (112)
for all z € [0, 1]. O

5 Simulation

The system (8) and the control laws of Theorem 4 and
7 were implemented in MATLAB. The system parame-
ters were set to

c1=-01,¢c=1¢3=04,¢c4=02, ¢g=4 (113)
while the a priori upper bounds were set to
¢y =10, ¢3 =10, ¢3 =10, ¢4 = 10, g = 10. (114)

This system is open loop (U = 0) unstable. The design
gains were for both controllers set to

M =7=7="7="7 =10, (115)
while for the controller of Theorem 4, we set
v =p=001 (116)

The initial conditions for the system were in both cases
the following

u(z,0) = sin(27x), v(z,0) =z, (117)

while the initial conditions of the identifier, filters and
estimated parameters were all set to zero. The system
states for the case of open loop is clearly shown to diverge
in Figure 1. In both the adaptive control cases, the sys-
tem states are seen to be bounded and converge to zero
in Figures 2 and 5, respectively. The actuation signals U
are also seen to converge to zero in Figures 3 and 6. All
estimated parameters are seen to be bounded in Figures
4 and 7. Convergence of the estimated parameters is not
guaranteed by any of the derived control laws, however.
The identifier-based method is slightly more aggressive
in terms of control, as can be seen from comparing Fig-
ure 3 with Figure 6. However, this does not have an im-
pact on the state norms observed in Figures 4 and 7.

Simulations were also performed to test for robust-
ness with respect to errors in the transport speeds A and
1, and indicate robustness to small errors in these pa-
rameters. For the specific case (113)—(117), stability was
preserved for errors up to plus/minus 10%.

6 Conclusions

We have derived two adaptive control laws for stabi-
lization of 2 x 2 linear hyperbolic PDEs with constant
in-domain coefficients. One control law is based on an
identifier, while the other is based on swapping design.
Proof of pointwise boundedness, square integrability and
convergence to zero are given and the theory is verified
in simulations.

The identifier based method requires the introduc-
tion of an auxiliary system - the identifier - which has
a dynamical order equal to the system itself, regardless
of the number of unknowns. However, for swapping de-
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Fig. 1. Norm of the system states in the open loop case.
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Fig. 2. Norm of the system states for the controller of The-
orem 4.
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2 T T
0 Lol
E; \ A/
S LY
_2 \I R
_4 . . . .
0 2 4 6 8 10
Time [s]

Fig. 3. Actuation signal for the controller of Theorem 4.

sign, one requires the introduction of a number of filters
equal to the number of unknown parameters plus one,
and hence, the dynamic order is higher. One advantage
of the swapping based controller, is that the static for-
mulation opens for a larger family of adaptive laws to be
used, as well as the possibility to create adaptive laws
that are not only square integrable, but also bounded.

Simulations did not show any particular advantage of
choosing one controller over the other one, with the two
performing very similarly and both achieving conver-
gence of the system states to zero after approximately
the same amount of time. The identifier-based method
is slightly more aggressive in terms of control effort, but
not enough to have significant effect on the state norms.
The transient performance can be slightly altered by
tuning the adaptation gains used.

An obvious drawback of the proposed methods, is the
need to have distributed measurements of the system
states, a property which is usually unrealistic in practice.
Ultimately, stabilization using output feedback should
therefore be investigated.
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A Projection operator

Let
T
9:[&.“94 (A1)
be a vector of unknowns. Assume a vector of bounds
_ B _.T
=0, ... 6 (A.2)
is known, so that foralli =1...n
0, < 0. (A.3)

12

Assume
R T
6=1[00 ... 0] (A4)

is an estimate of 6, which is generated using the following
adaptive law

0 = projg{r, 0} (A5)
for a vector of adaptive laws
T
T= {7'1 e Tn] (A.6)
and initial conditions
. R R T
6(0) = 6:1(0) .. 6,(0)] (A7)
satisfying, foralli=1...n
16,(0)| < 6;, (A.8)

while the projection operator acts element-wise, and is
for every element given as

A 0

projg, (7i, ;) = 1%

A9

T7; otherwise. (A-9)
Lemma 9 The adaptive law (A.5) using the projection
operator (A.9) has the following properties for allt > 0:
(1) Fori=1...n have

10:] < 6;. (A.10)
(2) The following inequalities hold
(projg(T, 9A))2 <72 (A.11)
and
—0Tproj(r,0) < -0 (A.12)
where
0=0-10 (A.13)

PROOF. Proof of (A.11) and (A.12) follow similar
steps as in [11, Lemma E.1], while for (A.10), we first

note thatAG,; is continuous. Assume 6; (t) > 6, for some
t. Since 6; is continuous, there exist ¢*,T" such that
0;(t) > 0; for all t € (t*,t* +T1, and () > 0 for some
t € (t*,t" + T]. Then 0;(f) > 0 implies that 7;(£) > 0,
which gives 60;(¢)7;(t) > 0, contradicting (A.9).

B Well-posedness of kernel equations

PROOF. [Proof of Lemma 2] For every time ¢, the ex-
istence of a unique, pointwise bounded solution of (30)
is ensured by [8, Theorem A.1], which also states point-



wise bounds on the form

|K(l‘,§,t)‘ < fl(él(t)v'“éél(t)?(j(t)) (B'la)
|K (2,8, t)| < f2(Cr(t), - Ca(t), 4(t)) (B.1b)

for all (z, §) € T and ¢t > 0. The set A of admissible
C1, - ..Cq,q, is compact due to prOJectlon f1 and f2 are
continuous functions of the estimates ¢1,...¢4,¢, and
hence f;1 and f; attain maximum (and minimum) values
on A. Let K be the maximum value of f;, and L the
maximum value of fy over A give the bounds (32a)-
(32b). Now differentiating (30) with respect to time, we
find

Ky — AKye = (61 — é4) Ky + é3Ly

+ (é1 — &) K + &L (B.2a)
pLig + pLie = 62Ky + &K (B.2b)
A A
wo I
C3
K ) = — . B.2d
t(z, ) i (B.2d)

Again using [8, Theorem A.1] on Equation (B.2) in
(K¢, L), we find that the equations have a unique solu-
tion (K¢, Ly) which is bounded as follows

|Ki(2, &) < Mi|éy| + Moléa| + Ms|cs)

+ My|éq| + Mgl (B.3a)
|Le(w, )] < Mg|ér| + Mr|és| + Ms|és|
+ Mo|éa| + Muold| (B.3b)
for some positive constants M;, i = 1...10. From the
property (20e), we find (32¢)—(32d). O

C Details regarding Theorem 4

We will in this section frequently use Cauchy-Schwarz’
inequality

I, [guv] <

k
1!g||||u||2 Hg|||| H2 (C.la)

which holds for any a and arbitrary positive constant k1,
and the following inequalities which hold provided a > 1

I, [u(w) / ' f(x@)v(ﬁ)d&}

|| 120+

I, [u<x> / f<x,5>v<5>df}

for arbitrary positive constants ks and ks, and where f
bounds |f(x,&)| for all (z,&) € T.

Also, we state an important property regarding the
transform (34) and its inverse (35). Consider three sig-

(C.1b)

IIUH

HfH

(C.1c)

e*|lvl[§
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nals a, b, u defined for x € [0,1], ¢ > 0, given from
u(z) = Ta,bl(x) (C.2a)
b(x) = T a,u](z). (C.2b)

Since the kernels (K,L) are uniformly, pointwise
bounded for every ¢, the following inequalities hold

[lul| < Axllal| + Az|[b]] (C.3a)
|16l < Billal| + Bal[ull (C.3b)
for some positive constants Ay, As, By, By depending

on the parameter bounds (11). From (14), (34) and (35),
we then have

1ol < fo1]] + lleal] = [|T7 [wi, z1]]] + [leal]

< Bil|wa ]| + Bal[z1]] + [leal] (C.4a)
[lwll < [aall + llexl]

< lwal] +[leal]- (C.4b)

C.1 Bounds on V5
Differentiating V5 in (45),
(36a), we find

inserting the dynamics

‘./5 == 72AI_5 [wlﬁmwl] + 261]_5 [w%] + 2&21_5 [wlzl]

w2rs [un [ e O]

Lor [w [ w9 <s>ds] 96T fwrer]
(C.5)

Using the properties (5) and (C.1) and the bounds (20a)
of Lemma 1 and (38) of Lemma 5, we bound the above
term as follows

Vs < M (0) — Adllwr][2 5+ 261 [un | 5

+ Sllwn 25 + [zl 25 + 20l ] 2

+ R lwn 2+ lzal|5 + S llwn |25 + el
+ &llwnllZ s+ lleall 5 + 2015 [wre] [|oo] >

+ 26915 [wye1] + 2pI_5 [wreq] ||w||2.

(C.6)
Consider the latter term. We find
201 [wier] ||w][* = 2pI_5 [wyer] [|w]|([Jul| + [v]])
< pPe(Is [wien])?| || |* + e~ ([[ul| + [[v]])®
< p?e (15 [wier])?| ||
+e (L4 By)lfwi || + Ballza]| + [lea]] + [lexl])?
< pPelJwn | sllen|[? sllel| + 4e7° (1 + B1)?[Jwn | |?
+4e7° B ||z21|]* + e~ |[e1||* + 4e 0| [ex]|?. (C.7)
Inserting this and the boundary condition (36¢), we ob-
tain
Vs < 3M\g%23(0) + 3¢%€3(0) + 3€2(0)
- [)\57261753725171?;2765
A(1 + B1)?][[wn |2
+(2+4B3)||z1[[} + 5llea] |25 + 5llenl |25

—C2



+pte el |2 sl [ |2 5 (C.8)
Which can be written as
Vs < h127(0) — [A6 — ha|lw1|%
+ Rz |7 + L lwi |2 + Lo (C.9)
since
lz1]l-s < [l21]] (C.10)
for the positive constants
hy = 3)\¢* (C.11a)
hy =26, + 05 + 20 + B> + ¢
+ 2 +4(1+ By)? (C.11b)
hs =2+ 4B2 (C.11¢)
and integrable functions
o= p*eler] 251wl (C.12a)
l» = 3¢7(0) + 3¢%¢1(0) + 5|les |25 + 5llex |25 (C.12b)

C.2 Bounds on Vg
Similarly, differentiating Vs in (45), inserting the dy-
namics (36b), we obtain
Vo = 2uly, [210021] + 2841y, [23] — 20T [21 K (2, 0)Geq (0)]
= 2XI}; [21 K (2,0)Gu(0)] + 21 [21 K (,0)e1 (0)]

— 21, {zl /x Kt(m,f)wl(f)df]

_or {zl /0 Li(w, )T~ [wl,zﬂ@)ds]

+ 21}, [s1T[é1e1 + éa€1, Eaeq + Cq€1]()]
+ 2pI, 21T [e1, 1](x)] HwH2 (C.13)

Using the properties (5) and (C.1), and inserting the

boundary condition, we obtain

Vo < =27 (0) — [kpn — 24 — 5] ||z1 [ + A2 K2g%3(0)e
+ A K?P0%(0)ek + N K26 (0)e + || Ky 2w 3
+ 2|y 2" (B[ [wi] | + B3|z [)
+ ||T[é1e1 + E2€1,Coe1 + 5461](1‘”‘%

+ 2pI [21T[ey, e1](2)] ||=||? (C.14)
where we have used that
||1Hk:%(6k—1)§€k (C.15)
for £ > 1. Now using
v(0) = 21(0) 4 €1(0) (C.16)

and

201y, [21T[er, e1] ()] ||w] |

< eI [ Tler, ea) (@) || [* + e ([ful] + [[v]])
< I 27T [er, ea)(@)] (|| * + e ([[ul| + [[o]])?
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<2€‘5+k( Hleall + A3l ler] )2 []21]17
e ((1+ B)l|wi]| + Ballz1]| + |leal| + [fex|])?
<2€‘5+k( Hleall + A3l le] ) [e]1?]]21]17
+4e7°(1 + By)?||w1||* 4 4e7° B3| | |2
—|—4(3“S||e1||2 +46_6||€1H2 (C.17)
we obtain
Vo < —pzi (0) — [kp — 284 — 5] [|21][} + A K¢°€(0)e”
+ 202K2§222(0)e" + 8NP K232 (0)e”
+ A2 K6 (0)e" + || K| [Pe” | fwn I3
+ 2[| Le|[*e* (B ||w1||* + B3||z1||)
+ |[T[¢1e1 + éa€1, E2e1 + aer](2)][7
+ 2" (ARflea || + A3ller |||z IR
+A4(1+ B)?|[wn |25 + 4e7° B[z

+4e”°|er||? + 4e70||ex| | (C.18)
Defining the positive constants
hy = 2)\2K? hs =4(1+ B;)?  (C.19a)
he = 2¢4 — 4B3 — 5 (C.19b)
and the integrable functions
I3 = | K| e TF + 2B7 || Ly| 2”7 (C.20a)
ls = 2B3||L¢||?e*
+2e"T*(Affler ]| + Allledl )l (C.20b)

= NE2ge1(0)e" + 8\ K*¢% 1 (0)e"
+de™’[lea[* + de ™0 [lea]|* + N K2 e} (0)e”

+ ||T[6161 + Co€q, Coeq + 6461](.1')‘@7 (CQOC)
(C.18) can be written
Vo < — [ — hege™] 27 (0) + hs||w1 > 5
— [k — ha] 2113
+ I3 Jwi |25 + L] 217 + 15 (C.21)

D Details regarding Theorem 7

Since the backstepping transformation of Lemma 8 is
the same as in Lemma 5, the bounds (C.3) hold.

D.1 Bounds on Vy
Using the dynamics (65¢), we find

Vo =—2M_s [p"pa] + 215 [p"w]. (D.1)
Using the properties (5) and (C.1), we obtain
Vo < e pT (1)p(1) + Ap™ (0)p(0) — Adl[pl 12 5
+Ipll2 s + 1wl (D.2)

Inserting the boundary condition (65c), we obtain

Vo < —(A0 = 1)]lpl[% 5 + [ 5. (D-3)



For the latter term, we have, using the bounds (C.3)
lwl125 < |lw]* = [ul® + [v]?
< (lwrl| + [lenl))? + (llaall + llewl])®
< (2 + 3B7)[|wa||* + 3B3]| 22
+2[[e2|” + 3[|é||?
< (2 + 3B7)[|wa||* + 3B3 |22

[|é2]|? 2 2
+ 22— (1 + [|n[|* + |[pI]7)
L+ [nl> + [IplI?
+34||62||2f(1—|—||r|\2) (D.4)
L+ [[r]]?

Inserting this, we obtain

Vo < —(A0 = 1)|[pl[2 5 + hre®|[wz |2 5 + hs|22 [}

+lolInll%s + lollpll*s + lollrl[f + lin (D.5)
where
|léz|]? 5
lg=2—F2"0 ¢ (D.6a)
L+ {[nl[* + [Ipl|?
lo = 3M, lii=eClg+1p (D.6b)
L+ [|r|?

are integrable functions and

hy =24 3B?, hg = 3B; (D.7)

are positive constants.

D.2 Bounds on Vi
Following the same steps as for Vg in the previous
subsection, using the dynamics (65d) and the boundary
condition (65d), we find
Vip < —ur?(0) — (uk — ||| + hre® F s || 5
+ hs||z2| [} + Lzl 25 + Lzllpl 2
+ lial|r|[f 4 la (D.8)
where

Lo =eMlg, liz =€y, lu=ehatlhs (D.9)

and where h; and hg are the same as in (D.7).

D.3 Bounds on Vi
Using the dynamics (65a) and the boundary condition
(65a), we find
Viy = =215 [ima]

= AP (1) + An?(0) = Adllnl|2

< 2?(0) = Adl[nl|%s

< hoz5(0) + hoé3(0) — Ad|In|[% s (D.10)
where

ho = 2 (D.11)

is a positive constant.
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D.4 Bounds on Vis
Using the dynamics (88a), we find
Via = —Xe w2 (1) + Mw2(0) — NoI_; [w3]
+ 2611_5 [w%] + 2621_5 [U)QZQ] + 261[_5 [U)Qég]

+ 26205 [waéo] + 215 {U& /Ozw(xvf)w(f)dﬁ]
+20s [ [t 0]

+21_5 [wng(x)gl} +21_5 |:U.)g77(.’ﬂ)(j:| . (D.12)

Using the properties (5) and (C.1), the boundary con-
dition (88c) and the bounds (38), we obtain the upper
bounds

Via < 2023 (0) + 203°€5(0)
— [0 =26, — & — 265 — 2w — R® — 2] [|wa|%5
+ 2||Z2'||2—5 +1e2|25 + lléal %5
+[[p"ba[25 + [Indl[% 5 (D.13)
which can be rewritten as
Viz < h1025(0) + h10é3(0) — [AS — haa] [Jwal[? 5
+2||221125 + Lisl[pl| 25 + Ll 717

+ Lg% + lis (D.14)
where
hip = 20§ (D.15a)
hip = 26, + G + 225 + 2w + &% + 2 (D.15b)
are positive constants, and
l15 = %65 + g{i)l (DlGa)
L+ ([l + l|pll
le = el (D.16b)
L+ |lr|?
[lé2|I? 29
17 = +4q (D.16¢)
L+ {0l + lpl[?
[lé=|I? [l€o]]?
lig = (D.164)
L+ |nl* +[lpll> 14 r|?

are integrable functions.
D.5 Bounds on Vi3
Lastly, using the dynamics (88b), we find
Vis = pz2(1) — pz2(0) — kudy, [zg] + 26413, [zg]
~2 a2 [ Kalwual)i]
0

op, [ZQ /0 "L, )T s, zﬂ(&)df}

— 2741k [22K (2, 0)€2(0)] + 21 [22T [0, E365]] ()
+ 21, [22T'[¢1 €2, E462]] ()



o [ / K, £)n(§)d§é]

YA [ZQT[pTél, TTEQ]} . (D.17)

Using the different properties, we bound this as follows
Vis < —pz3(0) — [kp — 264 — 5 — N@PK? — K?]||2|3
+ [ Kol [Pe"||wal[§ + 21 Lol [P (BE w2l [* + B3| |22])
+ [[1][7€3(0) + ||T[éaéa, éséol |7 + | T[er62, eaés]|I7
+@|Inllg + I T[p" by, 77 b |7 (D.18)
We investigate the four latter terms.
|| T2éz, eséo] || + || T[eré2, cacol||7
+@nllg + 17" by, v b1
< || Taés, &3és)||* + || T(ere2, eaéo]||?
+ @ [n|* + e[| T[p" by, rTbo] ||
< 2eM (AT + A3E3)||éa
+2eH(ATE + ASE}) e |
LQIIHHQ 1268 A3 b 211l + 26* A3bu 1]
(Alcl A203)Hé2”2
L+ [Inl* + [Ipl|?
ek (A3e3 + A3ci|leo|?
L+ [[r|?
+ 26" A3 (b1 |2 [pl|* + 2¢* A3 [bo |||

(L + [Inl* + [[pI*)

(L +11r11%) + @Il

(D.19)

Inserting this, and using the property (C.15), for k > 1,
we obtain

Viz < —p23(0) + €7 €3(0) — [kp — hao] ||22| |7
+ Lol pl125 + Loll7|[7 + LoalInl %

+ loa|[wal[2 5 + lasl| 22| [} + 24 (D.20)
for the positive constant
his = 264 + 5+ N2 @ K? + K? (D.21)
and the integrable functions
_2€6+k(A1C1 + A3c3)|éo|?
YT T P+ TlplP
4260k 42|y |2 (D.22a)
l20 = (Alci I ﬁl;f;l)HEQ” + 26kA§‘l;2‘2 (D.22b)
loy = %€’ (D.22¢)
loo = [[K¢|[e”" + 2BF|| L€ (D.22d)
laz = 2B§||Lt||2 (D.22e)
Iy — ek (A3e] + A3c)|[éa]?
1j;||77\|2 + Ilpll? )
cs5 + Ascy)l|é
e+ Ao (D.22t)
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E Stability lemma
Lemma 10 Let v1(t), va(t), 11(2), l2(t), f(t), be real-

valued functions, and G(t) a real-valued matriz of dimen-
sions n X n defined fort > 0, with

%I/T(t)Fflu(t)

for a signal vector v of length n and some matriz T > 0.
Suppose

v () = (E.1)

0 <wvi(t),va(t) VE>0 (E.2a)

0 <Ii(t),la(t), f(t) VE>0 (E.2b)

lila € L4 (E.2¢)

V] € Loo (E.2d)

0<G(t)=G"(t) < Inxn (E.2¢)

/t f(s)ds < AeP? (E.2f)

0

o (t) < —vT ()G ()r(t) (E.2g)
ba(t) < —cva(t) + L (t)va(t) + l2(t)

—a(l =" (O)G()(1)f(t)  (E.2h)

for some positive constants A, B, a, b and c¢. Then vy €

L1N Lo

PROOF. See [5].



