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Abstract 

An in-situ study on the directional solidification of an inoculated Al-20 wt%Cu alloy 

under well-controlled constant cooling rates and temperature gradients has been carried 

out using a microfocus X-radiography set-up. The influences of temperature gradient 

and cooling rate on the heterogeneous nucleation rate and growth kinetics of equiaxed 

grains have been studied quantitatively. It is shown that under the same cooling rate, 

the nucleation rate of grains decreases with increasing temperature gradient. A high 

temperature gradient also promotes preferential growth of dendrite arms along the 

temperature gradient direction, and therefore the formation of elongated grains. 

However, the temperature gradient effects on nucleation and grain growth decrease 

with increasing cooling rate. It is revealed that the propagation velocity of the 

nucleation front in directional solidification castings is approximately equal to the ratio 

between cooling rate Ṫ and temperature gradient ܩ . Based on the experimental 

observations, a novel numerical grain size prediction model has been proposed, in 

which the temperature gradient effect on the nucleation kinetics was rigorously treated 

by introducing two new concepts termed as ‘inhibited nucleation zone’(INZ) and 

‘active nucleation zone’(ANZ). The model has been applied to simulate the present in-

situ solidification experiments. A good agreement was achieved between the predicted 

grain number density and the experimental measurements, showing the importance of 

including the temperature gradient effect on heterogeneous nucleation. Furthermore, 

the present model also has the capability to predict the temperature gradient necessary 

for the transition from equiaxed to columnar grain growth.  
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refinement, Al alloys 



2 
 

1. Introduction 

Grain refinement by inoculation is an important technique to reduce hot tearing 

susceptibility and to improve the structure homogeneity and mechanical properties of 

aluminum castings [1-4]. The grain refinement mechanism by inoculation and the 

influences of different factors on the grain refinement performance have been 

extensively studied in the last decades. Now it has been well accepted that the 

heterogeneous nucleation of grains on inoculant particles is a deterministic, instead of 

stochastic process, while the undercooling needed for the formation of a freely growing 

grain is dependent on the size of inoculant particles [5-9]. In addition to the type, size 

distribution and addition amount of inoculant particles, the chemical composition of 

alloys also strongly influences the grain refinement effect, which stems from the solute 

effect on restricting grain growth. The growth restriction effect can be evaluated by the 

so-called Q factors of alloying elements in the alloys [5, 10]. Generally, a high Q value 

is beneficial for the grain refinement, provided that the solute does not interact with the 

inoculant particles or other solutes. Also, a nucleation stopping mechanism is important 

for understanding the grain refinement behavior of inoculated aluminum alloys. 

Recalescence has long been understood to be the effective nucleation stopping 

mechanism for most of the castings where recalescence is non-negligible [5, 11]. For 

those castings where recalescence is not present, for example, unidirectional 

solidification, it has been proven, both experimentally and by numerical modeling, that 

the nucleation stops due to solute segregation stifling [12].  

So far most of the experimental studies on grain refinement have been based on TP-1 

type test [5, 13-18], which can provide standard solidification conditions for different 

inoculated alloys.  The experimental results of TP-1 test have been widely used to 

validate the grain size prediction models, most of which have been based on the 

isothermal melt solidification assumption. However, temperature gradients always exist 

in the melt of castings. This is also true for TP-1 type castings, although the temperature 

gradient in the melt is small.   

The effect of temperature gradient on the columnar to equiaxed transition (CET) has 

been extensively studied by both well controlled unidirectional solidification 

experiments in Bridgman furnace and non-steady state directional solidification by chill 
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casting methods [19-24], as well as modeling studies [25-31]. It is well understood that 

a lower temperature gradient in the melt promotes CET.  

Research efforts have also been made to understand the effects of addition level of grain 

refiners [32] and solidification velocity (or pulling velocity) [23, 32-34] on the grain 

size of inoculated aluminum alloys during Bridgman type directional solidification. 

These studies show that a higher solidification velocity favors the formation of smaller 

and more equiaxed grains. However, dedicated studies on the effect of temperature 

gradient on the nucleation and growth behavior of equiaxed grains in inoculated 

aluminum alloys have been few, and the conclusions are somewhat contradictory and 

confusing. Jung et al. [23] studied the equiaxed grain size of Al-5Ti-1B inoculated Al-

Ni alloys under two different temperature gradients (G=14 K/cm and G=20 K/cm) by 

Bridgman-type directional solidification experiments. The experimental results show 

that the grain size is smaller for the high G condition than the low G condition within 

the whole pulling velocity range (even under the same cooling rate for the two different 

G conditions). Vandyoussefi et al. [32] investigated the effects of varying G on the 

grain structure and size in Bridgman solidification samples of inoculated Al-4.15 wt.% 

Mg alloy by both experiments and cellular automaton-finite element (CA-FE) modeling. 

It showed that ‘the grains are relatively large and equiaxed at low G, and become 

smaller and progressively more elongated as G is increased’ at constant pulling velocity 

[32]. Since at constant pulling velocity, a change of G will also change the cooling rate 

of the melt, the size and morphology evolution of the equiaxed grains is a result of the 

combined effect of G and cooling rate. Thus, it is difficult to isolate the G effect on the 

nucleation of grains. Based on the analytical analysis using the interdependence model 

[35], Easton et al. [3] suggested that an increase in temperature gradient has two effects 

on the grain size.  One is to decrease the grain size by decreasing the distance from the 

growing grain to the point of maximum supercooling. The other is to reduce the 

magnitude of the supercooling, which would increase the grain size and in extreme 

cases suppress equiaxed nucleation entirely. It was also suggested that high temperature 

gradient is “more influential at much higher cooling rates” for grain refinement.  

To understand the heterogeneous nucleation and grain growth behavior, and to predict 

the grain size in castings of inoculated aluminum alloys, many numerical and analytical 

models have been developed in the last decades [5, 11, 12, 36-47]. The early models [5, 

11, 37, 43, 44, 47] are mostly based on the spatially isothermal melt assumption and 
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recalescence nucleation-stifling mechanism, following the framework of Maxwell-

Hellawell model [11].  

Quested and Greer [40] proposed a soft impingement induced nucleation stopping 

mechanism, which can be used for grain size prediction of steady-state directional 

solidification cases without recalescence. In their model [40], the thickness of the soft 

impingement zone, where no new nucleation could happen due to reduced undercooling, 

was assumed as twice the radius of growing grain, 2R for spherical grains, and as the 

radius of growing grain, R, for dendritic grains. Such a soft impingement zone was later 

also considered by Shu et al. [44] as the ‘solute suppressed nucleation’ zone and StJohn 

et al. as the ‘nucleation free zone’ [45]. In a recent work, Du and Li [46] did a more 

rigorous treatment of the thickness of the solute diffusion layer and the soft 

impingement zone around growing grains, and proposed a new grain size prediction 

model based on the solute segregation stifling nucleation mechanism, applicable for 

solidification cases without recalescence.  After a further development to include the 

dendritic growth kinetics of grains, the model has been validated by the in-situ 

isothermal melt solidification experiments with constant cooling rate [12]. Though 

intended for directional solidification, the above models are still based on a local 

isothermal melt solidification assumption, while the effects of temperature gradient on 

the heterogeneous nucleation of equiaxed grains are neglected.  

There have been some modeling works that consider the temperature gradient indirectly. 

Vandyoussefi et al. [32], Quested et al. [18, 48]  and Liu et al. [49] used the cellular 

automaton-finite element (CA-FE) method to model the grain refinement of Al alloys 

during Bridgman-type directional solidification. By using a Gaussian distribution of 

nucleation events as a function of undercooling [50, 51], the above models are able to 

illustrate the trends in the variation of grain size with pulling velocity and temperature 

gradient (only one simulation test by Vandyoussefi et al. [32]). However, as commented 

by Quested [18], heterogeneous nucleation is not treated as deterministic. Besides CA-

FE, several multiscale modeling approaches were developed to simulate the as-cast 

grain size distribution of real castings, in which nucleation is treated based on the free 

growth criterion [5] (critical nucleation undercooling determined by the nucleant size). 

Bottger et al. [41] coupled the microscopic phase filed model with a 1D temperature 

solver. Mirihanage and Browne [52] used a combined analytical/numerical 2D model 

to model the nucleation and growth of equiaxed grains during ingot casting. Bedel et al. 
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[53] did the process-scale modeling of DC-casting. Nevertheless, there is still a way to 

go, and more rigorous treatment of grain nucleation on inoculant particles under 

temperature gradients is still in demand. 

In this work, a series of in-situ X-radiography solidification experiments have been 

designed and carried out to investigate the isolated effect of temperature gradient and 

cooling rate on the heterogeneous nucleation and grain growth of inoculated Al alloys 

during directional solidification. Based on the experimental findings, a novel grain size 

prediction model which includes the effect of the temperature gradient on 

heterogeneous nucleation is proposed. The modeling results have also been compared 

with the experimental results. 

2. Experimental 

The material used in the experimental study is an Al-20Cu (wt.%) alloy prepared by 

melting 5N (99.999%) purity aluminum and 4N (99.99%) purity copper in a clay 

graphite crucible using a Nabertherm melting furnace. After complete melting and 

mixing of the raw metals, 0.05 wt.% Al-5Ti-1B (wt.%) master alloy (of the total melt) 

was added, followed by stirring and 30 minutes holding. Afterwards, the melt was cast 

into a rectangular copper mold and solidified into a small ingot. Plate-shaped samples 

of roughly 1 mm thickness were cut from the ingot, manually ground and polished, up 

to 1 µm silica suspension, to reach the final dimension of 5 × 50 × 0.2 ±0.01 mm 

(X×Y×Z).  

The microfocus X-radiography setup used in the current study, including the XRMON 

Gradient Furnace, has been extensively described elsewhere [54-56]. In the present 

study, a Mo transmission target with fine focus power setting of 50 keV and 60 µA was 

employed for the X-ray source. The sample was aligned in a configuration where the 

broad surface (X-Y plane) of the sheet-like sample is perpendicular to the gravity (Z || 

g), by which the melt convection and grain motion were reduced to a large extent. The 

Bridgman furnace was operated in the so-called near-isothermal mode [12, 57], and 

later in standard directional solidification mode with imposed temperature gradients G 

along the sample length direction (G || Y). In the near-isothermal mode, the furnace 

temperature (melt temperature) at the commencement of the experiment is 630 oC; 

During directional solidification experiments, the starting temperature of the liquid in 

the cold side of the furnace was set as  630 oC, while the temperature in the hot side 
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was set to the designated ones based on the temperature gradient  ܩ௒ , e.g., the 

furnace/melt temperature at the hot side is 730 oC with ܩ௒ =10 K/mm prior to 

solidification. Constant cooling rates ሶܶ  , in the range of 0.025-1.0 K/s, were applied by 

a controlled power down technique, rather than by sample motion. Due to the efficient 

heat conduction, the latent heat released in the thin sample during solidification could 

be quickly extracted through the glassy carbon crucible and the sample holder with 

large heat capacity and therefore constant cooling rates can be achieved [12]. The size 

of the field of view (FOV) in the settings applied was 2877x1916 µm2. The images 

were recorded at a frame rate of 2 Hz. The images were subsequently processed with 

ImageJ [58] to enhance the contrast, and extract microstructure information. 

3. Experimental Results 

3.1. Effect of temperature gradient 

3.1.1. Solidification at cooling rate of 0.025 K/s 

Selected representative images from the X-radiography sequences recorded in-situ 

during solidification of inoculated Al-20Cu at constant cooling rate of 0.025 K/s, are 

shown in Fig. 1. The time labeled in the images indicates the solidification time since 

the first grain was observed in the FOV (t=0 for the first solidification event). The 

images in the left column are for near-isothermal condition with ܩ௒ ≅ 0, and the right 

column for the directional solidification with ܩ௒ ൌ	5 K/mm.  

It has to be noted that for the near-isothermal melt solidification condition, a small 

temperature gradient ~0.2 K/mm exists in the melt along the X-axis indicated in Fig. 1, 

due to limitations in the present gradient furnace, which only allows for regulating G 

along the Y-axis [12]. Therefore, equiaxed grains appear slightly earlier in the right side 

of the FOV. However, in the Y-direction, parallel to the controlled heat extraction, no 

distinct temperature gradient exists, as evidenced by a rather symmetric grain 

nucleation at the upper side and lower side of the image. The small temperature gradient 

in the X-axis will not affect the generality for the comparison of the nucleation behavior 

in the Y-direction. 

Under a temperature gradient of 5 K/mm (Fig. 1b), nucleation of grains (e.g., Grain A) 

starts from the cold side of the sample (upper side of the image), and gradually moves 

towards the hot side, along positive Y.  It can be seen that the morphology of new grains 
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nucleated in the FOV is equiaxed in the initial growth stage, while it tends to become 

elongated as growth continues. Dendrite arms with tips pointing towards higher 

temperature, grow faster than the other dendrites.  For example, in Grain B the dendrite 

arm 1, most likely along one of the <100> directions, grows faster than the other 

primary dendrite arms. In contrast, the growth of dendrite arms with tips pointing to 

lower temperature direction (dendrite arm 2 of Grain B) is very slow and therefore the 

dendrites have little development in the negative temperature gradient direction. This 

should be ascribed to the soft impingement of the solute segregation zone with that of 

the previously formed grains [59], for example, Grain A and Grain C. However, for 

those dendrite tips pointing to the positive Y direction, the dendrite growth can last for 

a long time until they are stopped by the newly formed grains, for example, dendrite 

arm 1 of Grain A.  As a result, many grains have elongated, instead of equiaxed, 

morphology.  

Another difference between the near-isothermal melt solidification and directional 

solidification is that the total grain number in the latter case is much smaller. The 

evolution of the total number of aluminum grains in the FOV as a function of 

solidification time since the turning up of the first grain has been extracted from the 

recorded X-radiographic images and plotted in Fig. 2. As can be seen from Fig. 1 and 

2, in both solidification cases, the number of grains in the FOV increases with the 

solidification time, i.e., decreasing melt temperature, until a maximum value is reached 

and then remains constant. In near-isothermal solidification, a maximum number of 17 

equiaxed grains is achieved in the FOV within 65 s, corresponding to an average 

nucleation rate of 2.37 ൈ 10଼݉ିଷିݏଵ . However, in directional solidification, it takes 

300 s to form only 9 grains in the whole FOV. The average nucleation rate is 

2.64 ൈ 10଻݉ିଷିݏଵ, which is about one order of magnitude smaller than that in near-

isothermal solidification. The results show that the nucleation rate and the final grain 

number is reduced significantly when a temperature gradient is applied in the sample, 

although the cooling rate during the solidification process is the same. 

The growth of primary dendrite arms of individual grains in these two solidification 

conditions has been analyzed through tracking the primary arm tips over time in the X-

radiographic images. Each dendrite arm is labeled with a numbers 1 or 2 for grains A 

~ F, as illustrated in Fig. 1. The primary dendrite arm length is measured from the 

nucleation center of grains, and the results are plotted in Fig. 3a. As can be seen, during 
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near-isothermal melt solidification, the difference in length of different primary 

dendrite arms in the same grain is quite small, showing an equiaxed growth. In contrast, 

at G = 5 K/mm, the length of different primary dendrite arms of each grain is very 

different; those dendrite arms with growth direction close to the positive temperature 

gradient direction grow much longer into the liquid.  

The growth velocity of individual primary dendrite arms has been obtained from the 

first derivative of growth curves in Fig. 3a and the corresponding results are shown in 

Fig. 3b. As can be seen, during near-isothermal melt solidification, the growth velocity 

of different primary dendrite arms shows about the same behavior: the dendrite tip 

velocity reaches a peak value within 50 s, drops down sharply and then decreases 

gradually with increasing solidification time. In the late stage of grain growth, the tip 

velocity is very small, mostly in the range of 0.2~0.5µm/s, which should be ascribed to 

the constraining effect caused by the soft impingement of the solute diffusion filed. 

During directional solidification, a fast increase of growth velocity to the maximum 

followed by a sharp drop is also observed in the early stage of grain growth for those 

slow-growing dendrite arms, e.g., dendrite arm 2 of Grain B. The maximum growth 

velocity measured is about 3.5-4 µm/s, which is quite close to the ones in near-

isothermal solidification (3.5-4.5 µm/s). However, for the fast-growing dendrites arms, 

the high growth velocity can keep for a much longer time (dendrite arm 1 of Grain A), 

until new grains nucleate and grow in front of the dendrite tip and therefore cause soft 

impingement. The reason that the dendrite arm could keep a high growth velocity for a 

longer time should be the lack of nucleation of new grains in front of the dendrite tip. 

As a consequence of such type of preferential growth of dendrite arms, a large fraction 

of elongated grains can be observed in the FOV of directional solidification. 

The volume fraction of solid grains, ௦݂, as a function of solidification time is extracted 

from the in-situ solidification images under both near-isothermal melt and directional 

solidification conditions, as shown in Fig. 4. In the early stage of solidification during 

near-isothermal melt solidification, ௦݂ increases much faster than that during directional 

solidification. After the nucleation process is completed (within the FOV) for both near-

isothermal and directional solidification, the growth rate of  ௦݂ becomes similar for the 

two cases. It indicates that the evolution of ௦݂  is controlled by both heterogeneous 

nucleation and grain growth. In the nucleation stage, the increase of ௦݂ is slower, and 

dominated by the nucleation rate, which depends on the local undercooling and the 
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inoculant particles (number and size/potency). For directional solidification, nucleation 

rate, grain growth velocity and solidification front are influenced by the temperature 

gradient (thermal state of the sample), thus ௦݂  delays in comparison to the near-

isothermal melt solidification. While after nucleation has ceased,  ௦݂ is determined by 

grain growth and increases faster, which is similar for both solidification cases.  

3.1.2. Solidification at cooling rate of 0.1 K/s 

Fig. 5 shows the X-radiographic images taken during the solidification at a cooling rate 

of 0.1 K/s, with three different temperature gradients (G=0, 5, 10 K/mm). In comparison 

to the solidification cases of 0.025 K/s cooling rate shown in Fig. 1, the total number of 

grains formed in the FOV for the directional solidification condition with the same 

temperature gradient, G =5 K/s is much higher, showing that high cooling rate has the 

influence of promoting the nucleation of grains during directional solidification, which 

is the same trend as found for the near-isothermal melt solidification condition. By 

comparing the G =5 K/mm and G =10 K/mm conditions, one can find that for the latter 

condition, the total number of grains is less and that the grains become more elongated. 

Besides, the grain nucleation front of the directional solidification castings, as labeled 

by the dashed lines in Fig. 5b and 5c, propagates gradually towards the hot side of the 

FOV. The new grains formed in the nucleation front have the influence of blocking the 

growth of previously formed grains behind them by solutal impingement. For grains 

without new grains forming ahead of them, the grain growth is free to continue, and 

accordingly these grains will develop into elongated morphologies, e.g., Grain A and 

Grain B in Fig. 5c, or in the extreme case even into columnar dendrites if enough space 

is left free for propagation. The position of the nucleation front along the Y-direction, 

as a function of solidification time, was measured from the X-radiographic image 

sequences by ImageJ [58], and the results are plotted in Fig. 6a. Based on a linear fit to 

the experimental data, an average velocity of 20.2 and 11.9 µm/s was obtained for the 

propagation of the nucleation front under temperature gradients G=5 and 10 K/mm, 

respectively. These two values are very close to the moving velocity of liquidus 

temperature isotherm of the melt, calculated by ݒ ൌ ሶܶ ⁄ܩ , in the two directional 

solidification cases, 20 and 10 µm/s, respectively. It indicates that the propagation 

velocity of the nucleation front is proportional to the cooling rate while inversely 

proportional to the temperature gradient G. 
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The corresponding evolution of number of grains in the FOV as a function of 

solidification time is shown in Fig. 6b. As can be seen, both the nucleation rate and the 

final grain number density decrease with increasing temperature gradient. Different 

from the continuous growth curve of grain number with increasing solidification time 

during near-isothermal melt solidification, the evolution of grain number of directional 

solidification, especially at G = 10 K/s, shows a stepwise curve. This is consistent with 

the observed stepwise propagation character of grain nucleation front.  

The grain growth in three different solidification cases at 0.1 K/s are also analyzed (not 

shown here). Growth behavior of dendrite arms similar to that for 0.025 K/s cooling 

rate (Fig. 3) is observed. 

3.1.3. Solidification at cooling rate of 0.5 K/s 

Fig. 7 shows the X-radiographic images recorded before and after nucleation ceasing 

in the melt of FOV solidified at 0.5 K/s cooling rate under different temperature 

gradients (ܩ௒ =0, 5, 10, 15 K/mm). As can be seen, the total number of grains in the 

FOV decreases while the fraction of elongated grains increases with increasing 

temperature gradient, showing that a high G favors the preferential dendrite growth of 

grains and suppresses the nucleation of grains.   

Fig. 8a shows the Y-position of the nucleation front as a function of solidification time. 

Again, the measured data points can be well fitted by a linear function, the slope of 

which indicates the propagation velocity of the nucleation front. For G=5, 10 and 15 

K/mm, the nucleation front velocities are 98.5, 60.1 and 41.2 µm/s, respectively, close 

to ሶܶ  .for each solidification condition ܩ/

The evolution of total grain number in the FOV with solidification time is shown in Fig. 

8b. As can be seen, for all solidification cases the number of grains increase nearly 

linearly with time until nucleation stops in the FOV. It means that the number of grains 

nucleated per volume under constant ሶܶ  and G is uniform in the sample. It can also be 

seen that the grain nucleation velocity and the final grain number decrease with 

increasing temperature gradient. It further confirms that a higher temperature gradient 

has the influence of reducing the grain refinement efficiency of inoculant particles. 

3.2. Effect of cooling rate 
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To further study the influence of cooling rate on the heterogeneous nucleation during 

directional solidification, different ሶܶ  values were applied under a fixed temperature 

gradient of G=5 K/mm, which is a typical temperature gradient during solidification of 

DC castings of aluminum ingots [60].  Fig. 9a displays the final grain number density 

after nucleation ceasing of in-situ samples, in comparison to the near-isothermal melt 

solidification samples under the same cooling rates. The final grain number densities 

were calculated by dividing the number of grains nucleated in the FOV by the total 

volume of the FOV (sample thickness=200 µm) directly. As can be seen, the final 

number density of grains increases as cooling rate increases in both solidification 

conditions. Present results agree well with the pulling-type directional solidification [33, 

34] (controlling pulling velocity instead of cooling rate). It can also be seen that near-

isothermal melt solidification samples always have higher grain number density than 

directional solidification samples at the same cooling rate. However, the difference in 

grain number density between the two solidification conditions decreases with 

increasing cooling rate. At the cooling rate of 1.0 K/s, the difference is already rather 

small. It means that a higher cooling rate can compensate the suppressing effect of 

temperature gradient on the heterogeneous nucleation of grains of inoculated aluminum 

alloys.  

The average propagation velocity of the nucleation front under different cooling rates 

is shown in Fig. 9b.  The propagation velocity was determined from the in-situ images 

using the same approach as used to extract the data shown in Fig. 6a and Fig. 8a. As 

can be seen, the propagation velocity increases with increasing cooling rate. Further, 

the experimental data are well fitted by a linear function with a slope equals to 198.6 

µm/K, which is very close to the value of 1/G (200 µm/K). It further confirms that the 

average propagation velocity of the nucleation front is proportional to the cooling rate.  

4. Model description 

The numerical model used in this work is an extension to our previous isothermal melt 

solidification model [12], now modified to include the effect of temperature gradient. 

In the model, a specific calculation domain is defined, with a size of 2 ൈ 2 ൈ 2	݉݉ଷ, 

as shown in Fig. 10. In isothermal melt solidification, the solidification process starts 

from the nucleation of the first class of grains on the biggest inoculant particles in the 

whole melt. In directional solidification, on the contrary, solidification starts from the 
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cold side of the melt, and only a fraction of the most potent particles (with larger size 

and therefore smaller free growth undercooling) in the left side of the calculation 

domain can be activated to nucleate grains in the beginning. Afterwards, the nucleation 

of new grains in the melt with temperature lower than the critical nucleation 

temperature can be calculated in real time (see detailed description in Section 4.1) with 

a movement of the liquids isothermal line. The propagation velocity of liquidus 

isotherm is ሶܶ ⁄ܩ . Hetrogeneous nucleation of grains proceeds progressively from the 

cold side to the hot side of the melt, as observed from the in-situ X-radiography 

experiments. 

4.1. Nucleation 

The heterogeneous nucleation of grains on inoculant particles is based on the free 

growth criterion [5]. The quasi-steady state solute concentration profile in the liquid 

outside of the spherical grain envelope can be approximated as [61, 62]: 

ሻݎ௟ሺܥ  ൌ ଴ܥ ൅
ܴ௚
ݎ
ሺܥ௟

∗ െ ଴ሻܥ  (1)

where ܥ଴ is the bulk melt composition, ܥ௟
∗the solute concentration in the liquid at the 

solid/liquid interface, ܴ௚ the radius of grain envelope, and ݎ  the distance to the center 

of the grain. 

Fig. 11a is a schematic drawing to show the liquidus temperature profile of the liquid 

metal around a growing equiaxed grain, with a temperature gradient ܩ௒ , and the 

corresponding supercoolings. As shown, in the direction perpendicular to the 

temperature gradient no temperature gradient exists; the nucleation of grains on 

inoculant particles is the same as the isothermal melt solidification condition. Due to 

the reduced supercooling by solute segregation, nucleation of new grains in the melt 

within the solute suppressed nucleation (SSN) zone is completely inhibited. The 

thickness of the ‘inhibited nucleation zone’ (INZ), ߜூே௓ିூ,  is the same as that of the 

solute suppressed nucleation zone ߜௌௌே (shown in Fig. 11b), given by [12, 46]: 

ߠூே௓ିூ,ሺߜ  ൌ
ߨ
2
ሻ ൌ ௌௌேߜ ൌ ቆ

∆ܶ െ ∆ ௥ܶ

∆ܶ െ ∆ ௙ܶ௚
ቇ ∙ ܴ௚ (2)

where ∆ܶ, ∆ ௥ܶ  and ∆ ௙ܶ௚ are the maximum total undercooling in the melt (when the 

temperature gradient is not considered), curvature undercooling and free growth 

undercooling for specific inoculation particles under consideration, respectively.  
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In the other directions, the undercooling of the melt is influenced not only by the solute 

concentration but also by the temperature gradient. Thus, the INZ is obviously different 

from the SSN zone, and it is a function of the angle ߠ between the direction under 

consideration and the temperature gradient. Along ܩ௒, the thickness of the INZ has two 

extreme values. Towards the higher temperature side (ߠ ൌ 0ሻ, INZ includes two parts. 

One part is within the solute segregation zone, caused by both the segregation and ܩ௒,  

with a thickness,  ߜூே௓ିூሺߠሻ, which is larger than the size of the SSN zone,	ߜௌௌே. The 

other part is outside of the boundary plane of ݎ ൌ  ,ூே௓ିூூ, where the local temperatureݎ

ܶሺݎሻ is equal to the critical nucleation temperature of the melt, ௡ܶ. ௡ܶ is slightly lower 

than the local liquidus temperature, ௟ܶሺݎሻ. In the melt between these two INZ regions, 

nucleation of new grains is possible. This region is termed as the active nucleation zone 

(ANZ).  In the direction towards the lower temperature side ሺ	ߠ ൌ ሻߨ , due to the 

negative temperature gradient, the thickness of INZ is smaller than that of the SSN zone, 

ሻߠூே௓ିூሺߜ ൏  ௌௌே. In this direction, the liquid metal has the smallest thickness of theߜ

INZ when the impingement between the solute segregation zone of the present grain, 

and that of the previously formed grains in the lower temperature region is ignored. 

As shown in Fig. 11, for an arbitrary direction with an angle ߠ to ܩ௒ ( 0 ൑ ߠ ൑  the ,(ߨ

local melt temperature is given by: 

 ܶሺݎሻ ൌ ௟ܶ
଴ െ ∆ܶ ൅ ሺݎ െ ܴ௚ሻ ∙ ௒ܩ ∙ (3) ,ߠݏ݋ܿ

where ௟ܶ
଴ is liquidus temperature of the alloy.  

With the local liquidus temperature of the melt around the grain obtained from Eq. (1), 

the local undercooling ∆ܶሺݎሻ can be calculated as: 

 ∆ܶሺݎሻ ൌ ௟ܶሺݎሻ െ ܶሺݎሻ ൌ ௟ܶሺݎሻ െ ௟ܶ
଴ ൅ ∆ܶ െ ሺݎ െ ܴ௚ሻ ∙ ௒ܩ ∙ ߠݏ݋ܿ ∙ (4)

The active nucleation zone is determined as the volume in between the two boundary 

planes ݎ ൌ ݎ ሻ andߠூே௓ିூሺݎ ൌ  ,ሻ is the lower boundary planeߠூே௓ିூሺݎ ሻ, whereߠூே௓ିூூሺݎ

and ݎூே௓ିூூሺߠሻ  is the upper boundary plane of the ANZ. The values of  ݎூே௓ିூሺߠሻ and 

ሻߠூே௓ିூூሺݎ  can be determined by ∆ܶሺݎሻ 	ൌ ∆ ௙ܶ௚ , where ∆ ௙ܶ௚  is the minimum free 

growth undercooling needed for the available inoculant particles in the melt to initiate 

new free growth grains. Thus, the total volume fraction of the INZ is determined by: 
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 ூ݂ே௓ ൌ ൝෍ቈ݊௜ ∙ න ሻߠூே௓ିூሺݎሺߨ ∙ ሻߠூே௓ିூሺݎሻଶ݀ሺߠ݊݅ݏ ∙ ሻ|ߠݏ݋ܿ|
గ

଴
቉ ൅ ூே௓ିூூ݈݋ܸ

ே

௜ୀଵ

ൡ

 ,ௗ௢௠௔௜௡݈݋ܸ/

(5)

where ׬ ሻߠூே௓ିூሺݎሺߨ ∙ ሻߠூே௓ିூሺݎሻଶ݀ሺߠ݊݅ݏ ∙ ሻ|ߠݏ݋ܿ|
గ
଴  is the volume of the inhibited 

nucleation zone around one grain that enclosed by ݎூே௓ିூ  in 3-D space, the 2-D 

projection of which is shown in Fig. 11b as the red region marked with INZ-I.  i is the 

class number of grains, N is the total size classes of nucleated grains, and ݊௜  is the 

number of the solid grains of size class i. ܸ݈݋ூே௓ିூூ and ܸ݈݋ௗ௢௠௔௜௡ are the volume of 

the INZ-II (red region marked with INZ-II in Fig. 11b) and volume of the whole 

calculation domain, respectively. Eq. (5) can be solved by numerical integration in the 

model.  

It should be noted that when ߠ ൌ 2/ߨ  or ܩ ൌ 0 , Eq. (5) will become ூ݂ே௓ ൌ

ቀ∑
ସ

ଷ
ௌௌேሻ௜ݎሺߨ

ଷ݊௜
ே
௜ୀଵ ቁ / ௗܸ௢௠௔௜௡ , which is identical to the fraction of the SSN in the 

isothermal melt solidification case. Therefore, Eq. (5) is a general equation for both 

isothermal melt solidification and directional solidification. In addition, ூ݂ே௓ depends 

upon the diameter of the specific inoculant particle under consideration (namely, the 

size class of particles, j) since the free undercooling ∆ ௙ܶ௚  required for successful 

initiation of a grain on a given TiB2 particle is related to the particle diameter d by the 

free growth criterion [5]. 

Assuming the inoculant particles are uniformly distributed in the melt, only those lying 

in the active nucleation zone are able to initiate new grains, while the rest are inhibited. 

Therefore, the number of newly activated inoculation particles (thus the number of 

newly formed grains) from particle size class j at each time step, ∆ ௝݊ is given by:  

 ∆ ௝݊ ൌ ሺ1 െ ூ݂ே௓ሻܰሺ݀ሻ௝ െ ݊଴௝, (6)

where ܰሺ݀ሻ௝  is the total number of inoculant particles in size class j of inoculant 

particles in the whole domain, and ݊଴௝ is the number of particles in this class that have 

nucleated grains in the domain. In addition, these newly nucleated grains are assigned 

to a new size class of grains. 

It should be noted that the solidification condition in Fig.11 is for ܩ ൑  ௖, whereߜ/ܶ∆

ܩ  ௖ is the thickness of the solute diffusion layer. For the cases withߜ ൐  ௖, theߜ/ܶ∆

INZ-II region will move close to the growing grain and the volume of the ANZ will be 
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reduced. Therefore, the nucleation rate of grains in front of growing grains will be 

decreased.  At high enough G, the fraction of the ANZ will become zero and the 

nucleation of new grains will be completely suppressed, thus the formed grains will 

grow into a columnar dendritic morphology.   

4.2. Grain growth 

After nucleation, it is assumed that the new grain grows in a spherical (globular) shape 

in the initial stage as described by Maxwell and Hellawell [11], and Greer et al. [5]. 

According to the stability criterion proposed by Mullins and Sekerka [63], the spherical 

growth would become unstable, and the grain morphology would transform into 

dendritic when the radius reaches a critical value. The equiaxed growth model including 

the globular to dendritic transition (GDT) is the same as the one developed in a previous 

work [12]. The detailed governing equations for keeping mass, volume and solute 

balance can be found in Ref. [12], here only some basic information is given. 

For globular grains, only two region or phases are defined, namely a fully solid and a 

liquid phase. For each equiaxed dendritic grain cell, three regions or phases are 

discriminated, namely solid phase, interdendritic liquid phase inside the grain envelope, 

and extradendritic liquid phase outside the envelope. It is assumed that the 

concentration in the interdendritic liquid phase is uniform and equal to the liquid 

concentration at the dendritic tip, ܥ௟
∗.  

The growth rate of globular grain ௚ܸ,௜ in size class i, is given by [46, 64]: 

 ௚ܸ,௜ ൌ
ܴ݀
ݐ݀

ൌ
௟ܦ ∙ ௜ߗ
ܴ௚,௜

, (7)

where ܴ௚,௜  is the radius of growing grains in size class i, ܦ௟  is the solute diffusion 

coefficient in liquid Al, and ߗ௜ is the solute supersaturation ratio of grain class i: 

௜ߗ  ൌ
௟,௜ܥ
∗ െ ௟ܥ

௟,௜ܥ
∗ ሺ1 െ ݇ሻ

, (8)

where k is the partition coefficient of solute element, ܥ௟   the average solute 

concentration in the bulk melt and ܥ௟,௜
∗   the liquid concentration at the solid-liquid 

interface of grain class ݅.  

The dendrite tip growth velocity, ௗܸ,௜, is calculated by the model proposed by Kurz et 

al. [61], based on the hemispherical needle approximation to the dendrite tip: 
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 ௗܸ,௜ ൌ
௟ܦ ∙ ݉ ∙ ሺ݇ െ 1ሻ ∙ ௟,௜ܥ

∗

ଶߨ2 ∙ ߁
ሺߗ௜ሻଶ, (9)

where ݉ is the slope of liquidus line in phase diagram, and ߁ is the Gibbs-Thomson 

coefficient. 

4.3 Calculation of grain size 

Heterogeneous nucleation and grain growth continue as solidification time increases 

and the calculation stops when nucleation ceases in the whole predefined calculation 

domain. Mathematically, ூ݂ே௓ ൌ 1  is the nucleation ceasing criterion. A maximum 

grain number, ௧ܰ௢௧, in the whole calculation domain with the volume  ܸ݈݋ௗ௢௠௔௜௡ could 

be obtained and the final grain size ܦഥ is approximated by [5]: 

ഥܦ  ൌ ඥ0.5/ሺ ௧ܰ௢௧ ⁄ௗ௢௠௔௜௡݈݋ܸ ሻయ  (10)

 

5. Modelling results 

In this section, the proposed model is used to simulate the in-situ X-radiography 

solidification experiments of 0.05 wt.% Al-5Ti-1B inoculated Al-20Cu alloy under 

different temperature gradients and different constant cooling rates.  

The physical parameters used in the numerical model are listed in Table 1. The size 

distribution of inoculant TiB2 particles is based on the experimental measurement 

reported in a previous work [12]. The total number of potent TiB2 particles per unit 

volume melt, for per addition of 0.1 wt.% Al-5Ti-1B, ଴ܰ ൌ 2.5	 ൈ 10ଵଵ	݉ିଷ, tuned 

from a previous modeling study of an Al-10Cu alloy [12] is used in this study. 

Fig. 12 shows the predicted and measured grain number density as a function of 

temperature gradient for the inoculated Al-20Cu alloy solidified at 0.1 and 0.5 K/s. As 

can be seen, at both cooling rates, the model reproduces the experimentally determined 

evolution trend of grain number density in relation to the temperature gradient and 

cooling rate. Taking into account that the added number of inoculant particles was taken 

from isothermal melt solidification simulations for Al-10Cu alloy [12], and no more 

tuning was done here, the agreement between the predicted and measured results is 

surprisingly good. In comparison to 0.1 K/s cooling rate, under 0.5 K/s cooling rate 

solidification conditions, the measured grain number density is less sensitive to the 
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temperature gradient. This has also been captured well by the present grain size 

prediction model. It proves that the proposed modeling approach to treat the inhibited 

nucleation zone and active nucleation zone around growing equiaxed grains under 

temperature gradient effects is indeed feasible.  

The present model has also been tested in the high temperature gradient conditions. Fig. 

13 shows the predicted propagation length of the nucleation front at nucleation stopping, 

and the corresponding grain number density of different solidification cases with 

temperature gradients ranging from 10-50 K/mm, and under a constant cooling rate of 

0.025 K/s. It can be seen that the nucleation stops earlier while the grain number density 

decreases as G increases. For example, at G=40 K/mm, only a very limited number of 

grains could nucleate in the casting, but no more nucleation could happen ahead of the 

growth front at a growth length below 100 µm, indicating that columnar growth would 

dominate after nucleation ceasing. Therefore, the present model has the potential to 

predict the temperature gradient necessary for the transition from equiaxed to columnar 

grain growth.  However, a quantitative validation is still necessary. 

6. Discussion 

The effect of temperature gradient G and growth velocity V on CET during 

unidirectional ingot casting or Bridgman type directional solidification of aluminum 

alloys has been investigated extensively either in-situ or post-situ. It is well accepted 

that during CET, the equiaxed grains nucleate in the constitutional undercooling zone 

in front of the steady-state growing columnar dendrites, where the constitutional 

undercooling provides the necessary nucleation undercooling of grains on inoculant 

particles. However, for normal casting of well-inoculated aluminum alloys, the bulk 

solidification process is dominated by nucleation and growth of equiaxed grains, and 

columnar dendritic grains are rarely observed, except for in the surface layer of shape 

castings, or chill surface of casting ingots (for example, DC-casting). Even in such 

regions, it is difficult for the columnar grains to reach a stead state grain growth. Instead, 

they are in the transient growth stage, which is close to the elongated dendritic grains 

shown in the in-situ experiments in this study.  

However, only few studies have been focused on the effect of G on heterogeneous 

nucleation of grains and grain size of inoculated aluminum alloys. The in-situ X-

radiographic results presented herein, clearly show that the existence of temperature 
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gradient enhances the preferential growth of grains along temperature gradient direction, 

reducing the heterogeneous nucleation rate and consequentially to an increase of the 

final grain size of castings. However, even at an extremely low cooling rate, 0.025 K/s, 

and a temperature gradient of 5 K/mm, most of the grains show nearly equiaxed 

morphology while no steady state columnar grain growth could be reached. This is due 

to the nucleation of new grains in front of the dendrite tips of growing grains, which 

stops further growth of the existing grains by soft impingement mechanism. Another 

important finding of the experimental study is that the temperature gradient effect on 

the grain morphology and grain size can be compensated by the cooling rate. The 

difference in grain number density between the near-isothermal melt solidification and 

directional solidification of the in-situ studies decreases with increasing cooling rate. 

One of the biggest challenges to predict grain size of the well-inoculated directional 

castings is the rigorous treatment of the heterogeneous nucleation of grains under the 

effect of the temperature gradient. In the previous grain size prediction models on 

directional solidification, the nucleation of grains has been treated locally as an 

isothermal melt solidification condition [40, 42, 45, 46], by which the temperature 

gradient effect on nucleation was ignored. As illustrated by the schematic drawing in 

Fig. 11, the temperature gradient does have a strong effect on nucleation by increasing 

the fraction of INZ when the G value is high. The nucleation of grains both along the 

X and negative Y will be stopped by solute segregation stifling. The nucleation along 

the positive Y will be controlled by the volume of the ANZ. As G increases, the 

available undercooling in the local melt decreases and thus the volume of the ANZ 

reduces, which would hinder the nucleation of equiaxed grains. When G is large enough, 

the volume fraction of the ANZ will be reduced down to zero. Then the nucleation 

process in the directional casting is completely stopped, and a columnar dendrite growth 

will most likely happen. This is exactly the simulated cases shown in Fig. 13.  

By using the equiaxed dendritic grain growth model based on hemispherical dendrite 

tip growth kinetics, the numerical model has well reproduced the influence of 

temperature gradient and cooling rate. Furthermore, the predicted grain number density 

is quantitatively in a good agreement with the experimental results. It verifies the 

feasibility of the method to calculate the volume fraction of the ANZ proposed in this 

work.  
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It is worth noting that in the model the nucleation of new grains on inoculant particles 

is purely controlled by the available undercooling in the local melt. When the total 

undercooling is equal or larger than the free growth undercooling needed for an 

inoculant particle, a new grain will form. In this case, the existence of a larger 

constitutional undercooling zone does not help the nucleation but will reduce the 

fraction of ANZ and thus hinder the further nucleation of grains. Based on the schematic 

drawing in Fig. 11, one can imagine that a thinner solute segregation layer, namely a 

smaller ߜ௖ (for example caused by low diffusion rate of solute elements or by intensive 

melt shearing) will favor the nucleation of grains. This is also true for the isothermal 

melt solidification with constant cooling rate since the size of the ANZ is increased due 

to the decreasing of the solute segregation layer. Nevertheless, the segregation of 

solutes in the surrounding melt of growing grains will reduce the growth velocity of the 

dendrite tip and give more time, and accordingly more thermal undercooling for the 

nucleation of new grains on inoculant particles in front of the growing grains. In this 

sense, the constitutional undercooling and the growth restriction effects coming from 

the solutes will facilitate the nucleation of grains. Moreover, the available undercooling 

and size of the ANZ are also determined by the cooling rate. A high cooling rate or a 

fast heat extraction promote the formation of a larger bulk melt undercooling and a 

larger fraction of the ANZ.  

It has to be noted that the present model is based on equiaxed grain growth and can not 

predict the columnar grain growth and the grain morphology change from equiaxed to 

elongated.  A better treatment of grain growth with coupled solute diffusion calculation 

can be realized using modified Cellular Automaton model [28, 69, 70]. For grain size 

prediction of real castings, the convection of melt, varying cooling rate and temperature 

gradient, as well as the flotation of grains and inoculant particles have to be taken into 

account, which needs multiscale modeling approaches. The present work provides an 

approach to treat the influence of temperature gradient on grain nucleation for those 

comprehensive solidification models. 

7. Conclusions 

A quantitative study on the isolated temperature gradient effect and cooling rate effect 

on the heterogeneous nucleation and grain growth during directional solidification of 

inoculated Al alloys has been realized by using an in-situ X-ray radiographic 

solidification study. 
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The key findings are: the propagation velocity of the nucleation front in the directional 

casting is following the liquidus temperature line and approximately equal to ሶܶ ⁄ܩ ; the 

existence of temperature gradient reduces the heterogeneous nucleation rate, promotes 

elongated grain growth and increases the final grain size; these effects increase with 

increasing temperature gradient when the cooling rate is kept constant. It is also found, 

however, that the temperature gradient effect on grain nucleation and grain growth can 

be reduced by increasing cooling rate. 

A physical model is proposed to quantitatively address the temperature gradient effect 

on the heterogeneous nucleation of grains in the melt surrounding the growing grains, 

in terms of active nucleation zone (ANZ) and inhibited nucleation zone (INZ). Based 

on this model, a numerical model has been developed to predict the grain size for 

equiaxed directional solidification. The predicted grain size and number density of 

grains show a good agreement with the measurement results of in-situ solidification 

experiments. The model also has the capability to predict the temperature gradient 

necessary for the transition from equiaxed to columnar grain solidification. It confirms 

the importance of a rigorous treatment of the temperature gradient effect on the 

heterogeneous nucleation of grains in terms of INZ and ANZ for grain size prediction 

models. Such an approach can be applied for multiscale solidification structure 

simulation models.  
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Fig. 1. Selected X-radiographic images from in-situ studies of solidification of inoculated Al-

20Cu alloy under the same cooling rate of 0.025 K/s but with two different temperature 

gradients G: (a) near-isothermal solidification with ܩ௒ ≅ 0 and (b) directional solidification 

with ܩ௒ ൌ 5	K/mm. 



 

Fig. 2. Evolution of the total number of grains in the FOV as a function of solidification time 

since the first grain appears in the FOV in two solidification cases, near-isothermal 

solidification (ܩ௒ ≅ 0) and directional solidification (ܩ௒=5 K/mm) shown in Fig. 1 (Ṫ=0.025 

K/s). 



 

Fig. 3. (a) Evolution of individual primary dendrite arm length over time (Error bars denote 4 

pixels, ±5.7 µm) and (b) corresponding growth velocity for several grains selected from in-situ 

X-radiographic images (labeled in Fig. 1, Ṫ=0.025 K/s) in two solidification conditions: near-

isothermal solidification ሺܩ௒ ≅ 0ሻ and directional solidification (ܩ௒=5 K/mm). Error bars are 

only drawn for some data points for clarity. 



 

Fig. 4. Evolution of the solid volume fraction as a function of solidification time since the first 

grain appears in the FOV in two solidification cases, near-isothermal solidification (ܩ௒ ≅ 0) 

and directional solidification (ܩ௒=5 K/mm) shown in Fig. 1 (Ṫ=0.025 K/s). 

 

 

 



 

Fig. 5. Selected X-radiographic images from in-situ studies of solidification of inoculated Al-

20Cu alloy at 0.1 K/s cooling rate under three different temperature gradients G: (a) ܩ௒ ≅ 0, 

(b) ܩ௒=5 K/mm and (c) ܩ௒=10 K/mm. The dashed red lines in (b) and (c) indicate the position 

of the nucleation front.  

 

 



 

Fig. 6. (a) Propagation distance of the nucleation front (indicated by the red dashed lines in Fig. 

5) in the Y-direction as a function of solidification time for directional solidification shown in 

Fig. 5 (Error bars ±5.7 µm not shown for clarity). (b) Evolution of the total number of grains 

in the FOV as a function of solidification time in three solidification cases shown in Fig. 5 ( ሶܶ  

=0.1 K/s, 10 ,5 ,0=ܩ K/mm). 



 

Fig. 7. Selected X-radiographic images during solidification of inoculated Al-20Cu alloy at a 

constant cooling rate of 0.5 K/s, with different temperature gradients G, (a) ܩ௒=0, (b) ܩ௒=5 

K/mm, (c) ܩ௒=10 K/mm, and (d) ܩ௒=15 K/mm. 



 

Fig. 8. (a) Propagation distance of the nucleation front in the Y-direction as a function of 

solidification time for the in-situ directional solidification experiments shown in Fig. 7 (Error 

bars ±5.7 µm not shown for clarity). (b) Evolution of the number of grains in the FOV with 

solidification time for solidification cases shown in Fig. 7 ( ሶܶ  =0.5 K/s, 15 ,10 ,5 ,0=ܩ K/mm). 



 

Fig. 9. (a) Final grain number density of the inoculated Al-20Cu alloy sample as a function of 

cooling rate in two different solidification cases: near-isothermal solidification and directional 

solidification with G=5 K/mm. (b) Propagation velocity of the nucleation front as a function of 

cooling rate in directional solidification with G=5 K/mm.  



 

Fig. 10. Schematic illustration of the solidification modeling domain (2-D section along G) and 

the heterogeneous nucleation and grain growth behavior in the domain. Both globular and 

dendritic grains are simulated, and the dashed line represents the liquidus isotherm. 



 

Fig. 11. Schematic drawing to show the influence of temperature gradient on the nucleation of 

new grains around one single grain. (a) Liquidus temperature ௟ܶሺݎሻ, melt temperature ܶሺݎሻ and 

the corresponding local undercooling of the liquid ∆ܶሺݎሻ outside the grain envelope that along 

the temperature gradient direction. (b) 2-Dimensional illustration of the inhibited nucleation 

zone (INZ), active nucleation zone (ANZ), and the corresponding boundary. 



 

Fig. 12. Predicted and measured grain number density of the inoculated Al-20Cu alloy as a 

function of temperature gradient in the solidification cases of 0.1 K/s and 0.5 K/s cooling rate. 

 

Fig. 13. Predicted propagation length of nucleation front at nucleation stopping and grain 

number density in the modeling domain as a function of temperature gradient in the directional 

solidification of the inoculated Al-20Cu alloy under 0.025 K/s cooling rate. 



 

Table 1 Physical parameters used in the model for the Al-20Cu alloy. 

Quantity Symbol Units Value Ref. 
Gibbs-Thomson 
coefficient 

Γ m K 2.41×10-7 [47, 65, 66] 

Diffusivity in 
Al melt (Cu) 

Dl m2 s-1 4.65×10-9 [67, 68] 

Liquidus slope m K wt.%-1 -3.4 [68] 
Partition 
coefficient 

k  0.14 [68] 

 

 



Appendix 

Nomenclature 

   

 ଴ bulk melt composition (wt.%)ܥ

 ௟ average solute concentration in the bulk meltܥ

௟ܥ
∗ solute concentration in the liquid at the solid/liquid interface (wt.%) 

௟,௜ܥ
∗  liquid concentration at the solid-liquid interface of grain class ݅ (wt.%) 

d particle diameter
 ௟ solute diffusion coefficient in liquid Al (m2 s-1)ܦ
 ഥ average grain size (m or µm)ܦ

ூ݂ே௓ total volume fraction of inhibited nucleation zone
G temperature gradient (K/mm or K/m) 
 ௒ temperature gradient along the Y-direction (K/mm or K/m)ܩ
i Specific size class of the grains 
j Specific size class of the particles 
k partition coefficient of solute element
m slope of liquidus line in phase diagram 

 (K wt.%-1) 
݊௜ number of the solid grains of size class i 
N total size classes of nucleated grains
∆ ௝݊ number of newly activated inoculation particles (thus the number of newly 

formed grains) from particle size class j at each time step 
ܰሺ݀ሻ௝ total number of inoculant particles in size class j of inoculant particles in 

the whole domain
݊଴௝ number of particles in this class j that have nucleated grains in the domain 

௧ܰ௢௧ maximum grain number in the whole calculation domain 
 distance to the center of the grain (m or µm) ݎ

 ሻߠூே௓ିூሺݎ
boundary position of INZ-I or distance of INZ-I to the center of the grain 
in θ direction (m or µm)

 ሻߠூே௓ିூூሺݎ
boundary position of INZ-II or distance of INZ-II to the center of the grain 
in θ direction (m or µm)

ܴ௚ radius of grain envelope (m or µm) 

ܴ௚,௜  radius of growing grains in size class i (m or µm) 

Ṫ  Cooling rate (K/s)

௟ܶ
଴ liquidus temperature of the alloy (K) 

ܶሺݎሻ local temperature (K) 

௟ܶሺݎሻ local liquidus temperature (K) 

௡ܶ critical nucleation temperature of the melt (K) 
∆ܶ maximum total undercooling in the melt (K) 
∆ ௥ܶ curvature undercooling (K) 
∆ ௙ܶ௚ free growth undercooling for specific inoculation particles (K) 
∆ܶሺݎሻ local undercooling (K) 

௚ܸ,௜ growth rate of globular grain in size class i (m/s) 

ௗܸ,௜ dendrite tip growth velocity of grain size class i (m/s) 
 ூே௓ିூூ volume of the INZ-II (m3)݈݋ܸ
 ௗ௢௠௔௜௡ volume of the whole calculation domain (m3)݈݋ܸ

 
Greek symbols  



Γ Gibbs-Thomson coefficient (m K) 
 ௜ solute supersaturation ratio of grain class iߗ
 ௌௌே thickness of the solute suppressed nucleation (SSN) zone (m or µm)ߜ
 ூே௓ିூ thickness of the ‘inhibited nucleation zone’ (INZ) I (m or µm)ߜ
 ௖ thickness of the solute diffusion layer (m or µm)ߜ
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