UNIQUENESS AND PROPERTIES OF DISTRIBUTIONAL
SOLUTIONS OF NONLOCAL EQUATIONS OF POROUS
MEDIUM TYPE
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ABSTRACT. We study the uniqueness, existence, and properties of bounded
distributional solutions of the initial value problem for the anomalous diffu-
sion equation dru — L¥[p(u)] = 0. Here L¥ can be any nonlocal symmetric
degenerate elliptic operator including the fractional Laplacian and numerical
discretizations of this operator. The function ¢ : R — R is only assumed
to be continuous and nondecreasing. The class of equations include nonlocal
(generalized) porous medium equations, fast diffusion equations, and Stefan
problems. In addition to very general uniqueness and existence results, we
obtain stability, L!-contraction, and a priori estimates. We also study local
limits, continuous dependence, and properties and convergence of a numerical
approximation of our equations.

1. INTRODUCTION

In this paper, we obtain uniqueness, existence, and various other properties
for bounded distributional solutions of a class of possibly degenerate nonlinear
anomalous diffusion equations of the form:

(1.1) Opu — LM p(u)] =0 in Qr:=RY x(0,7)
(1.2) u(x,0) = ug(x) on RY

where u = u(x, t) is the solution and T > 0. The nonlinearity ¢ is an arbitrary con-
tinuous nondecreasing function, while the anomalous or nonlocal diffusion operator

LH is defined for any ¢ € C°(RY) as
3 o= [ (4 - v - DY) dae)

where D is the gradient, 1), <; a characteristic function, and p a nonnegative
symmertic possibly singular measure satisfying the Lévy condition [ |z[?A1du(z) <
oo. For the precise assumptions, we refer to Section

The class of nonlocal diffusion operators we consider coincide with the gener-
ators of the symmetric pure-jump Lévy processes [0, [7, B9] like e.g. compound
Poisson processes, CGMY processes in Finance, and symmetric s-stable processes.
Included are the well-known fractional Laplacians —(—A)2 for s € (0,2) (where
du(z) = CN,SIZIdTZ-FS for some cy s > 0 [24, [7]), along with degenerate operators, and
surprisingly, numerical discretizations of these operators!

In the language of [48], equation is a generalized porous medium equation.
On one hand, since ¢ is only assumed to be continuous, the full range of porous
medium and fast diffusion nonlinearities are included: ¢(r) = r|r|™~! for m >
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0. This is somehow optimal for power nonlinearities since if m < 0 (ultra fast
diffusion), then not only uniqueness, but also existence may fail [I2]. On the other
hand, since ¢ is only assumed to be nondecreasing, it can be constant on sets of
positive measure and then equation is strongly degenerate. This case include
Stefan type of problems, like e.g. when ¢q, ¢, T > 0 and

(r) = Cor, r <0,
A= c(r—=T)F, r>0.

Many physical problems can be modelled by equations like (L.1)). We mention flow
in a porous medium of e.g. oil, gas, and groundwater, nonlinear heat transfer, and
population dynamics. For more information and examples, we refer to Chapter 2
and 21 in [48] for local problems, and to [49] [34] [7, 46| 7] for nonlocal problems.

A key result in this paper is the uniqueness result for bounded distributional
solutions of and . Almost half of the paper is devoted to the proof of
this result. Once we have it, we prove a general stability result, and then we
obtain other properties like existence, L!-contraction, and many a priori estimates
from more regular problems via approximation and compactness arguments. As
straightforward applications of all of these estimates, we then obtain the following
results: (i) Convergence as s — 2~ of distributional solutions of

(1.4) du+ (—A)2p(u) =0 in Qr,
to distributional solutions of the local equation
(1.5) Oru — Ap(u) =0 in Qr;

(ii) continuous dependence in (m, s) € (0,00) x (0, 2] for the porous medium equa-
tion of [37],

(1.6) O+ (=A)Zulu|™ 1 =0 in Qr,

including for the first time also the fast diffusion range; and (iii) convergence of
semi-discrete numerical approximations of a class of equations including (cf.
and in Section .

The uniqueness result is hard to prove because of our very general assumptions
on the initial value problem combined with a very weak solution concept — merely
bounded distributional solutions. This combination means that many classical tech-
niques do not work: Fourier techniques are hard to apply because the problem is
nonlinear and the Fourier symbol of £# could be merely a bounded function, en-
ergy estimates do not imply uniqueness because ¢ is not strictly increasing, and
L'-contraction arguments do not apply since we do not assume additional entropy
conditions (cf. e.g. [B] for the local case), or equivalently, additional regularity
in time as in [37] (see the uniqueness result for so-called strong solutions). The
(weighted) L'-contraction argument for ordered solutions given in [15] avoids these
additional conditions, but it cannot be adapted here since it strongly depends on
the equation being like with 0 < m < 1 and s € (0,2). Finally, since our
solutions are not assumed to have finite energy, the classical uniqueness argument
of Oleinik [32] cannot be adapted either. We refer to [32] [48] for the local case,
and the uniqueness argument for so-called weak solutions in [37] for results in the
nonlocal case.

For the local equation , uniqueness for bounded distributional solution was
proven by Brezis and Crandall in [I8] under similar assumptions on ¢ and wug.
Their argument is quite indirect and rely on a clever idea using resolvents and their
integral representations (fundamental solutions). In this paper, we adapt such an
approach to our nonlocal setting. But because of the generality of our diffusion
operators, we cannot rely on explicit fundamental solutions for our proofs. Instead,



NONLOCAL POROUS MEDIUM EQUATIONS 3

we have to develop this part of the theory from scratch, using the equation and the
regularity that comes with our solutions concept to obtain the necessary estimates.
To do this, a key tool is to approximate the possibly singular integral operator L* by
a bounded integral operator and then carefully pass to the limit. This proceedure,
and hence also the proof, is truly nonlocal — there is no similar approximation
by local operators. The proof necessarily becomes much more involved than in
[18], and includes a number of approximations, a priori estimates, L!-contraction
estimates, comparison principles, compactness and regularity arguments. It also
includes new Stroock-Varoupolous inequalities and a new Liouville type of result
for nonlocal operators. Both our approach and intermediate results should be of
independent interest.

Let us give the main references for the well-posedness of the Cauchy problems
for and (L.5). We start with the local case (L.F). In the linear case, when
p(u) = u, it is the classical heat equation, cf. e.g. [26]. When ¢(u) = u™, it is a
porous medium equation, and a very complete theory can be found in [48]. In the
general case, is a generalized porous medium equation (or filtration equation).
We refer again to [48]. Uniqueness of distributional solutions of this equation was
proven in [I8] for bounded initial data and continuous, nondecreasing ¢, and in [28§]
for locally integrable initial data, ¢(r) = r™ for 0 < m < 1, and with regularity
assumptions on Jyu. Some nonuniqueness results can be found in e.g. [44] [45].
In the presence of convection, or if general L'-contraction results are sought, then
so-called entropy solutions are a useful tool to obtain well-posedness [31, 20]. A
very general well-posedness result which cover the case of merely continuous ¢ can
then be found in [5].

In the nonlocal case, one linear special case of is the fractional heat equa-
tion Qyu+ (—A)3u = 0 for s € (0,2). As in the local case, the initial value problem
has a classical solution u(z,t) = (K,(-,t) *u(-,0))(z) for F(K(-,t))(€) = e 6"t It
is well-posed even for measure data and solutions growing at infinity [8, [I4]. The
fractional porous medium equations are examples of nonlinear equations of
the form . In [36] [37], existence, uniqueness and a priori estimates for are
proven for so-called weak L'-energy solutions — possibly unbounded solutions with
finite energy. In [15] there are existence and uniqueness results for minimal distri-
butional solutions of with 0 < m < 1 in weighted L!-spaces (solutions can
grow at infinity). We also mention that logarithmic diffusion (¢(u) = log(1+u)) is
considered in [38], singular or ultra fast diffusions in [12], weighted equations with
measure data in [27], and problems on bounded domains in [13, 6l [I7]. Energy
solutions of equations with a larger class of nonlinearities ¢ and nonlocal opera-
tors L are studied in the recent paper [35]. The authors obtain results on well-
posedness, continuity /regularity, and long time asymptotics. The setting, solution
concept, and techniques are different from ours. Their operators £ can have some
a-dependence, but the (singular part) must be comparable to a fractional Laplacian
(i.e. be nondegenerate). Initial data in L> N L' is assumed for uniquenss. In the
z-independent case their assumptions are less general than ours, especially those
for £# and the regularity of the solutions. Other types of equations of the form
can be found in [6]. These equations involve bounded diffusion operators that
can be represented by nonsingular integral operators of the form . Because of
this, at least the well-posedness is easier to handle in this case.

It should be clear from the previous discussion that even if our uniqueness result
is very general, it is usually not strictly comparable to the other results. E.g. a price
to pay to work with general ¢ and a very weak solution concept, is that solutions u
have to be bounded. Our method of proof also requires that u —ug € L'(Qr). For
particular choices of ¢, these assumptions may not be optimal. E.g. if you change
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the solution concept and assume finite energy, then there are uniqueness results for
unbounded solutions of in L' in [36 [37]. There are even uniquness results
in weighted L!-spaces, see [15]. Here the solutions are allowed to grow at infinity,
but the uniqueness result is weaker in the sense that it only holds for minimal
distributional solutions.

There are other ways to generalize the porous medium equation to a nonlocal
setting. In [IT], 19, 40l 10, 4I] the authors consider a so-called porous medium
equations with fractional pressure. These equations are in a divergence form, and
no uniqueness is known except when N = 1. Finally, we mention that in the
presence of (nonlinear) convection, additional entropy conditions are needed to
have uniqueness as in the local case. Nonuniqueness of distributional solutions is
proven in [2], and several well-posedness results for entropy solutions are given in
[1, 22} 25]. These latter results requires ¢ to be linear or locally Lipschitz and hence
do not apply to our case where ¢ is merely continuous.

Outline. In Section [2] we state the assumptions and present and discuss our main
results. The proof of the uniqueness result is given in Section[3] This proof requires
a number of results and estimates for a resolvent equation — an auxiliary elliptic
equation — and these are proven in Section[6} In Section[d] we prove the main stabil-
ity and existence result, along with a number of a priori estimates. We then apply
these results to prove the convergence to the local case, continuous dependence,
and the properties and convergence of the numerical scheme in Section |5} Finally,
after Section [6] there is an appendix with the proofs of some technical results.

Notation. For z € R, z* := max{z,0}, = := (—2)", and sign™ (x) is +1 for
x> 0and 0 for x < 0. Welet B(z,r) = {y € R?: |z —y| < r}, 1a(x) be 1 for
re ACRYN and0 otherwise and supp % be the support of a function 1. Derivatives
are denoted by ’, dt, 04, Op,, and Dt and D?3 denote the - gradlent and Hessian
matrix of . Convolution is defined as f* g(z) = [f * g] (z) = [pn f(z —y)g(y) dy,
and (f,g9) = [g~ fgdz whenever the integral is well- deﬁned. If f,g € LQ(RN),
we write (f,g)r2@~). The L?-adjoint of an operator 7 is denoted by 7*, and the
reader may check that (L*)* = L* (see below for the definition of ;*). A modulus
of continuity is a nonnegative function A(¢) which is continuous in € with A(0) = 0.
By a classical solution, we mean a solution such that the equation holds pointwise
everywhere.

Function spaces: Cy, Cp, Cp° and CZ° are spaces of continuous functions that
are vanishing at infinity; bounded; bounded with bounded derivatives of all orders;
and smooth functions with compact support respectively. C([0,T]; L, (RY)) is the
space of measurable functions ¢ : RY x [0, T] — R such that (i) ¢(-,t) € L (RM)
for every t € [0,T]; (ii) for all compact K C RY, S (@, t) —(x, s)| dz — 0 when
t— s € [0,T]; and (iil) [[¢llc (om0 (k) = es85uDsefo. 11 [ [¥(2,1)] do < oo,

Measures: d,(x) denotes the delta measure centered at a € RY. Let X ¢ RY
be open and p a Borel measure on X. For x € X and 2 C X Borel, we denote
pe () = p(Q + ) where Q+ 2 = {y+ 2 : y € Q}. Moreover, p* is defined as
w*(B) = u(—B) for all Borel sets B, and we say that u is symmetric if p* = pu.
The support of a Borel measure p on is

suppp ={z € X : u(B(z,r)N X) > 0 for all » > 0}.

The Lebesgue measure of RY is denoted by dw if w is a generic variable on RY.
Moreover, the tensor product du(z)dw is a well-defined nonnegative Radon mea-
sure since p is o-finite (for more details, consult [3, Section 2.1.2].)
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For the rest of the paper, we fix two families of mollifiers wg, ps defined by

1 o
for fixed 0 < w € CX(RY) satisfying suppw C B(0,1), w(o) = w(—0), [w
and

(18) ps(r) =50 ()

I
—

2. THE MAIN RESULTS

In this section, we present the main results: first of all uniqueness, and then
stability, existence and a number of estimates for the solutions of and (1.2)). As
an application of our main results, we give compactness and continuous dependence
estimates. We introduce a semi-discrete numerical scheme for even more general
equations and show that convergence and other properties easily follow from our
previous results. Finally, we establish a new existence result that also cover local
diffusion equations.

Throughout the paper we assume that

(Ay) ¢ :R — Ris continuous and nondecreasing;
(Aug) o € L¥(RY);
(A,) pis a nonnegative symmetric Radon measure on R™ \ {0} satisfying
/ |2|? dpu(z) Jr/ 1dp(z) < oo.
|z|<1 |2[>1

Remark 2.1. (a) Without loss of generality, we can assume ¢(0) = 0 (by adding a
constant to ¢).
(b) A nonlocal operator defined by (1.3) is a nonpositive operator (see Lemma[3.7).

We use the following definition of distributional solutions of (1.1f) and (1.2)).
Definition 2.2. Let ug € L. (RY) and u € L (Qr). Then

loc loc
(a) w is a distributional solution of equation (1.1]) if
Ou — L'[p(u)] =0 in D'(Qr),
(b) w is a distributional solution of the initial condition (1.2)) if
ess lim u(z, t)(z,t)da = / uo(2)Y(2,0)dz Vo € CRY x [0,7)).
t—0t+ RN RN

The equation in part (a) is well-defined when e.g. and hold and u €
L>(Qr). Note as well that the initial condition ug is assumed in the distributional
sense (ug is a weak initial trace). See Lemmabelow for an equivalent definition.

We state the main result of this paper.

Theorem 2.3. Assume (A) and (AL). Let u(x,t) and a(z,t) satisfy

(2.1) u,u € L>(Qr),
(2.2) u—10 € LYQr),
(2.3) Ou — LM p(u)] = 0vi — L¥[p(a)]  in D' (Qr)

(2.4) esslim (u(z,t) — a(z,t))(x, t)de =0 for all € C(RYN x [0,T)).

t—0t RN

Then u =1 a.e. in Qr.
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Sections (3] I and |§| are devoted to the (long) proof of this result.

Corollary 2.4 (Uniqueness). Assume (A,), (A ,i and . Then there is at
most one distributional solution u of (L.1)) and ( such that u € L>®(Qr) and
uU— Uy € Ll(QT).

Proof. Assume there are two solutions v and 4. Then all assumptions of Theorem
2.3 obviously hold (||u— @z < [|u— |z + || —uol|z1 < 00), and u =a a.e. O

Remark 2.5. Uniqueness holds for ug € L*, for example ug(z) = ¢+ ¢(x) for c € R
and ¢ € L= (RY) N L' (RY). However, periodic ug are not included. In Section
below we discuss some extensions of the uniqueness result.

Next, we study under which assumptions solutions of
(2.5) Opun — LI [on(un)] =0 in - Qr,
converge to solutions of
(2.6) O — Llp(w)]=0 in Qr.

Theorem 2.6 (Stability). Assume L : C®(Qr) — LY (Q1), un satisfies (AL), on
and o satisfy (]ED, and un,u € L®(Qr) for every n € N. Then if {uy}nen s a
sequence of distributional solutions of (2.5)), sup,, ||un||re(@.) < 00, and

(i) LHo[b] — L[] in LY(RN) for all p € C2(RYN);

(ii) pn — ¢ locally uniformly;

(11i) w, — u pointwise a.e. in Qr;
then u is a distributional solution of (2.6)).

This result is proven in Section [4

Remark 2.7. The limit operator £ need not satisfy , Wwe caln recover any oper-
ator of the form L[] = tr[oo? D] + LF[1)]: the general form of the generator of a
symmetric Lévy process [7]. See sections and for more details and examples.
An extension of this result will be discussed in Section below.

The stability result will be used along with approximation and compactness
arguments to obtain the following existence result and a priori estimates.

Theorem 2.8 (Existence and uniqueness). Assume (A ., and ug € LOO(RN)
LY(RN). Then there exists a unique distributional solutzon w of (1.1)) and ( sat-
isfying

u € LOO(QT) N Ll(QT) n C([07 T]7 LIIOC(RN»

Remark 2.9. Existence results for merely bounded (and more general) initial data
can be found in Theorem 3.1 in [I5] in the setting of the fractional porous medium

equation (1.6)) with 0 < m < 1.

Theorem 2.10 (A priori estimates). Assume (A,), , ug, g € L2RN) N
LY(RN). Let u, @ be the distributional solutions of (1.1)) with initial data ug, g in
the sense of Deﬁnitz’on (b), respectively. Then

(a) (L*-contraction) [pn (u(z,t)—i(x, )" de < [on (uo(2z)—to(x)) " dx, ¢ € [0,T];
(b) (Comparison principle) If ug < g a.e. in RV, then u < 4 a.e. in Qr;

(¢) (L'-bound) [[u(,t)||Lr @~y < [luollLr @y, t € [0,T];

(d) (L

—bound) ||u(-,t)HLoo(]RN) < ||UOHLOO(]RN), te [O,T},
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(e) (Time regularity) For everyt,s € [0,T] and compact set K C RV,
ey t) = )220y < Ao (1= 513) + Cocgpruon (18 = 51 + It = s1)

where Ay, (0) = max|,|<s [[uo — uo(- + o)l 1wy, |K| is the Lebesgue measure
of K, and for some constant C' independent of K, ¢, ug, and p,

Crtipnn =CIKI( sup o] +1) [ min{jsP, 1) duz).
[r|<lluollLoe |z|>0

(f) (Mass conservation) If, in addition, there exists L,0 > 0 such that |p(r)| < L|r|
for|r| <4, then

/ u(z,t)da = / uo(x)dz, te€0,T].
RN RN
These results are proven in Section [4]

Remark 2.11. The condition |p(r)| < L|r| in Theorem (f) is sharp in the
following sense: If ¢(r) = r™ for any m < 1, then there is £L* = —(—A)3 such
that positive solutions u of (1.1) and ([1.2)) has extinction in finite time and hence
Ju# [up. Simply take N € N and s € (0,2) such that m < %: see [37] for
the details.

We now present several applications of the previous results.

2.1. Application 1: Compactness, local limits, continuous dependence.
We start by a compactness and convergence result for very general approximations

of (1.1) and (L.2).
Theorem 2.12 (Compactness and convergence). Assume L : CZ(Qr) — LY(Qr),
Wn satisfies (AL)), on and ¢ satisfy , and ug., € L= (RN) N LYRY) for every

n € N. Then if {un}nen s a sequence of distributional solutions of with
initial data {uon}tnen in the sense of Definition[2.9 (b), and
(1) sup,, le\>0 min{|z|, 1} du,(2) < oo;
(ii) sup,, |[uo,nll Lo @myy < 00;
(iii) L[] — L[] in LYRY) for all p € CZ(RY);
(iv) ©n — ¢ locally uniformly;
(v) uon — up in L (RY).
Then
(a) there exist a subsequence {un,}jen and aw € C([0,T]; LL (RY)) such that

loc
Up; = U in C([0,T); Li, . (RY)) as Jj — oc;
(b) the limit u from part (a) is a distributional solution of (2.6) and (1.2).

The proof can be found in Section Using this result, we study the case
LF = —(=A)%, s € (0,2). As expected, we find that solutions of the fractional
equation converge as § — 27 to the solution of the local equation .
Then we obtain a new result about continuous dependence on (m, s) for the porous
medium equation of [37], that is, equation (L.6).

Corollary 2.13. Assume (A,) and ug € L= (RN) N LY (RY).

(a) The distributional solution us of (L.4) and (1.2)), converges in C([0, T]; L, . (RY))
as s = 27 to a function u, and u is a distributional solution of (1.5) and (1.2).
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(b) Let u, and u be distributional solutions of and with (m,s) =
(mp, $n) and (m, s) = (m, 8) respectively. If
(0,00) x (0,2) 2 (M, $n) — (M, 3) € (0,00) x (0, 2],
then u, — 4 in C([0,T]; Li, (RN)).
The proof of this result can also be found in section

Remark 2.14. When ug € Ll(RN ), the authors of [37] show continuous dependence
in C([0,T]; L*(RY)) for and (1.2) for (m,s) (W,oo x (0,2]. When

m < (N]_Vs)+, we are in the fast diffusion range and Corollary (b) provides the

first continuous dependence result for this case.

2.2. Application 2: Numerical approximation, convergence, existence.
Surprisingly, our class of operators £* is so wide that it contains a lot of its own
numerical discretizations! It even contains common discretizations of local opera-
tors as well. We illustrate this by giving one such discretization, a basic and very
natural one, and then analyzing the resulting semidiscrete numerical method for
7 or rather . We prove that it satisfies many properties including conver-
gence, and conclude a second and more general existence result. Consider

(2.7) Ou— (L7 + L) [p(w)] =0 in Qr,
where £# is defined as before and L7 is a possibly degenerate local operator
Lo[Y)(z) := tr[oo” D*y(x)]

where 0 = (01,....,0p) € RNXP P € N, and 0; € RY. Note that L7 + L* is
the generator of a symmetric Lévy process, and conversely, any symmetm'c Lévy
processes has a generator like L7 4+ £# (cf. [7]). Moreover, equation (1.1)) and (| .
are special cases of since o and p may be degenerate or even zero.

For any h > 0, we approximate in the following way,

(28) 8tuh — (Lg + El}f) [go(uh)] =0 in QT.

where
-

29) L)) = 30 LR o) £ o) Z20(),
1=1

(2.10) LiW)(x) =Y (W@ + 2a) — (@) p (20 + Ri),
a0

and z, = ha, a = (ay,...,ay) € ZN, R;, = %[71, 1)N. This is a finite difference
approximation of L? and quadrature approximation of L.

Remark 2.15. (a) When o = e;, a standard basis vector of RV, then L¢ = o

9a7
Lip(x) = ¢<x+hei)_w(z)+w(w_hei): a classical finite difference approximation.

(b) Both LY and £} are in form and satisfy : cf. Lemma and
(¢) L74(x) = Lﬂﬁbwmm=22wﬁmwmz%wm
)
)

and

(d) LMYN(x) = Xaeze Lo sr, V(@ +2) — (@) du(z) ~ Ly [P (2).

(e) To avoid p(Ry) which may be infinite, we do not sum over o = 0 in L},
We now show that the scheme has many good properties, including convergence.

Proposition 2.16 (Properties of approximation). Assume (A, . ), 0 € RVxP
ug, tp € L= (RN) N LYRY), and h > 0.
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(a) (Existence and uniqueness) There exists a unique distributional solution uy, €

L>(Qr) N LYQ7) N C([0,T); L, (RN)) of and (L.2).

p—1
P

(b) (LP'Stable) Huh('at)”LP(RN) < ”uO”Loo(RN)HUOHEI(RN)’ pe [1’00]7 te [OvT]'
(c) (L'-consistent) For all ¢ € C°(RY)
L7+ Lh) [] — (L7 + L) [Wlllreyy =0 as A= 0.

(d)
(¢)

Monotone) If ug < tg a.e. in RN, then up < 4y, a.e. in Qr.

(
(Conservative) If in addition, there exists 6,L > 0 such that |¢o(r)| < L|r| for
|r| <4, then for allt € [0,T)

/RN un(z,1) da = /RN wo () da.

Proposition 2.17 (Compactness of approximation). Assume (]ED, , o €
RVN*F yy € L®RN) N LYRY), and h > 0. Then there is subsequence of dis-
tributional solutions uy, of and that converges in C([0,T]; L .(RY)) as
h — 0% to some function u. Moreover, u € L*°(Q7)NLY(Qr)NC([0,T]; Li .(RN))
and u 1s a distributional solution of and .

Note that Proposition also provide a new existence result:

Corollary 2.18 (Existence for (2.7))). Under the assumptions of Proposz'tion
there exists a distributional solution u € L°(Qr)N LY (Qr)NC([0,T); LL (RN)) of

loc
and )

In many cases we can combine the compactness result with uniqueness results
for the limit equations, and hence obtain convergence for the approximation.

Theorem 2.19 (Convergence of approximation). Under the assumptions of Propo-
sition and if in addition either 0 = 0 or uw = 0 and 0 = I (the iden-
tity matrixz), then the distributional solutions up of and converges in
C([0,T7; L, .(RN)) as h — 0T to the unique distributional solution u € L>®(Qr) N

LH(Qr) N C([0,T]; Lige (RY)) of R7) and (L.2).
The proofs will be given in Section [5.2]

Remark 2.20. (a) Our approximation is well-defined and converge for any prob-
lem of the type , including strongly degenerate Stefan problems and fast
diffusion equations. The scheme and convergence result thus cover cases that
have not been considered before in the literature. For nonlocal problems of this
type, there are very few results, and only for locally Lipschitz ¢ [43] 23] 42].

(b) To obtain a fully discrete numerical method, it remains to (i) restrict the
method to some spacial grid and (ii) discretize also in time. Time discretiza-
tion is easier and leads to a problem that no longer has the form ; we will
discuss it in a future work. Restriction to a spacial grid can always be done
after a change of coordinate system: see Section below.

(¢) The existence result is a result where existence for problems involving nonlocal
operators L are exported to problems involving the “closure” of this class of
operators — namely, operators of the form L + £#. The proof is completely
different from proofs based on nonlinear semigroup theory; see e.g. Chp. 10 in
[48], and [37].

2.3. Remarks and extensions.
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Alternative definition of distributional solutions.
(1) A more compact form that we will use in the proofs is the following:

Lemma 2.21. Assume (A.), (Au), (A and u € L>®(Qr). Then u is a
distributional solution of (1.1) and (1.2) if and only if

/OT /RN (u(x,t)aﬂ/)(m,t) + go(u(x,t))/;ﬂ[w(.,t)](x)) dz dt —1—/ o () (x,0) dz = 0

RN
for allp € CX(RYN x [0,7)).

The easy and standard proof is omitted.

About the initial conditions.
(2) The solutions provided by Theorem belong to C([0, T]; L .(RY)) and hence

loc
satisfy the initial condition in the strong Llloc—sense: For all compact K C R,

/ |u(z,t) —up(z)|dz — 0 as t— 0.
K

(3) If the initial conditions are satisfied in the strong L] -sense, then they are of
course also satisfied in the distributional sense of Definition

Extensions of the uniqueness result Corollary[2-7)

(4) With the same proof, we also get uniqueness for the initial value problem for
the inhomogenenous equation

Opu + L' [p(u)] = g(x,1).
(5) A close inspection of the proof reveals that we can replace continuity of ¢ in
(Ay) by continuity at zero, Borel measurability, and ¢(u) € L*(Qr) (cf. [18]).
Extensions of the stability result Theorem[2.6

(6) When ¢,, is independent of n, we only need weak convergence of £ in (i):
LP ] — L[] weakly in LM (RY) for all o € C=(Qr).

Moreover, by considering subsequences we can replace (iii) by u, — u in
L (Qr). These observations follow by slight changes in the proof of Theo-
rem in Section @
(7) A general condition for L'-weak convergence of £+ [21]: There exist o € RV*F
and a nonnegative Radon measure p such that for all A € RVXV
(i) sup,, f\Z|>0 min{|z|%, 1} dp,(2) < oo;
(ii) f\z|§1 zAzT dpy (2) — tr (00T A) + lelSI 2AZT du(z);

(iii) f\z|>1 dpn(z) — f|z\>1 du(z).

Here £ = tr[oo? D%+ L#: see [2]] for a general discussion and more examples.

Defining the scheme (2.8]) on a grid.
(8) By a coordinate transformation = Ay, L7 4+ L can be transformed into

Lo 4 R where Iy := { é 8 } e RVXN,

I is an identity matrix, and dji(z) = du(A~'2) satisfies (A,)). Up to permu-
tations of the components of y, A = QJ where Q@ € RV¥*N is orthonormal,
QooTQT = diag()\;) for A; > 0, and J = diag(,/c;) where ¢; = 1 if \; = 0 and
ci:)\% if \; >0fori=1,...,N.
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(9) For the new operator Lio4£F our approximations produce an operator L}I;’ +£Z
that can be restricted to the (y-)grid Gy, := hZN (h > 0), that is L1® + L}
RY9» — R9» is well-defined.

3. THE PROOF OF UNIQUENESS

3.1. Preliminary results. A crucial part in the proof is played by the following
linear elliptic equation

(3.1) ev.(z) — LF[v:)(z) = g(x) in RN,
where € > 0 and £ defined by (L.3). Its solutions will be denoted by
B gl(x) := v(x).
Formally, B¥ = (eI — £*)~! is the resolvent of £*. Note that £* may be very
degenerate and therefore Fourier techniques do not easily apply (cf. Example
and Remark 3.8 (a) below). The main results about equation (3.1)) are given below,
while most of the proofs will be given in Section [6] Note that in [I8] such results
are easy in view of an explicit representation formula for B¥. Here, on the other
hand, they are not easy and we have to work quite a lot to prove these estimates.
The method of proof is different, more nonlocal, and requires less of the operator.
Theorem 3.1 (Classical and distributional solutions). Assume (A,f) and € > 0.
(a) If g € C°(RY), then there exists a unique classical solution BY[g] € C°(RY)
of (3.1). Moreover, for each multiinder o € NV,
e[ D*BE{g]llz~ < [|D%gll -
(b) If g € LY(RY), then there exists a unique distributional solution BY[g] €
L*RN) of (3.1)). Moreover,
el BE[glll L evy < llgllor @y
(c) If g € L>=(RYN), then there exists a unique distributional solution BE[g] €
L=(RN) of (3.1). Moreover,
el BE[g]ll o vy < llgllpoe mrv)-

p—1

1
Remark 3.2. If g € L' N L>, then ¢||B¥[g]||r < [lgll % |lgll 1 for any p € (1,00).

When a smooth g depends also on time, then B¥[g] will be smooth in time and
space.

Corollary 3.3. Assume ([A,), € >0, and v € C°(RY x [0,T)). Then
(a) BE[y] € C(RY x [0,T)).
(b) BE[v](x,-) is compactly supported in [0,T).
(c) 0u(BE[Y]) = BLOy] and  BE[y], B£[0yy], £" [BL]Y]] € LY Q).
Proof. (a) A standard argument using difference quotients, linearity and uniqueness
of the problem, the L*°-bound of Theorem (a), and induction on n, gives that
(3:2) OrD BEL) = BLOID™] i Qr
for every n € N and o € NV, This argument is almost exactly the same as the one
given in the proof of Proposition (d) below. Then by Theorem (a),
ellof D*BEDllL=@r) < 1907 Dl L= (@r)-
(b) Holds since B¥ is an operator in the spatial variable z and B#[0] = 0.

(c) Note that 8;BE[y] = B£[07] by (3.2)), and by Theorem (b) and the time
continuity of v and B[],

el BEDlLi@n) < Mz @ns
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which is finite because v € C°(Qr). Hence it follows that

ellOu(BENDILr(@r) = llBEON L1 (@r) < 10YllLr(@r)
By equation (3.1), £#[BE[v]] = eB¥[y] — v for all (z,t) € Qr. Since both B[]
and v are in L(Q7), it follows that also L¢[BE[y]] € LY (Qr). O

The operator B is self-adjoint in the following sense:

Lemma 3.4. Assume ([A,)), g € L=RY), f € LY(RY), and e > 0. Then
[ Brl@s@ae = [ g@B @
RN RN
The proof is given in section [6] To prove these and other results in this paper,
we will need some properties of the nonlocal operator £* that are given below.
Lemma 3.5. Assume (A,).
(a) If € C?(RN) N L=(RYN), then
1
@) < g max D+ ) [P ) + 2l [ dute
2 |-l<1 l=1<1 |#1>1
(b) Let p € {1,00} be fived. If yp € W2P(RYN), then
1
Iy < GID*aoey [P+ 2y [ )

z|>1

~—

(c) If 1 € W2L(RYN) and 1 € WE2(RYN), then
/ 1 LM o] d =/ LH[1]1hs dz.
RN RN

Remark 3.6. (a) If ¢ € C2(RY) N L=°(RY), then £#[)](z) is well-defined by (a).
(b) If u(RY) < 0o, a density argument and the symmetry of u reveals that

£le) = [ (oa+2) - o(e) du(z),

and the assumptions of Lemma 3.4 can be relaxed to g € L®(RY), f € LP(RN)
for p € {1,00}, and ¢y € LY(RY) and 15 € L>=(RY) respectively in (a), (b),
and (c). The second derivative part of the estimates in (a) and (b) then have
to be dropped and the remaining term modified accordingly.

A proof of Lemma [3.5 can be found e.g. in Sections 1 and 4 in [3].
Lemma 3.7. Assume (A,)) and ¢ € CZ°(RY). Then
F(LMYN(E) = —ou(§)F(¥)(&),

where
oou() = / 1 —cos(z-&)du(z).
|z]>0

Moreover, ozu(§) > 0 and

(ee) =i

L2(RN) B L2(RN)

Remark 3.8. (a) ocw is the Fourier symbol of £#. In our generality it may not be
invertible or have any smoothing properties. An extreme example is y = ¢,, for
z0 # 0, where o2u(§) = 1 — cos zg - &; this is a bounded function with infinitly
many zeros.

(b) If v, LH[¢p] € L?(RY), then a density argument shows that the Fourier symbol
exists and the conclusions of Lemma still hold.
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(¢) The notation (£#)z is used to denote the square root of the operator £/ in the
Fourier transform sense.

Proof. By the definition of £#, Fubini’s theorem, and the symmetry of p,
F(Lr =(2m)" % g
@i =en ¥ [ e ]
(v(@+2) = v(@) ~ 2 DY@ ) dpu(z) da
= [ [FFO - FO© i 0 F@O) dits)
z|>

—F)©) [ (costz+ )~ 1) duce)
|z|>0

To show the second part of the lemma, note that oz > 0 and ¥, L*[¢)] € L2(RY)
(cf. Lemma (b)). It follows that F(¢),00eF (1) € L2(RY), and then by the

inequality 2ab < a2 4 b2, (020 )2 F(¢) € L2(RY). By Plancherel’s theorem,

(2" W’])Lz(m) _ (f@),f(ﬁﬂ[w}))wm = (F@), ~oenF W) | .
= (et F@L et rw) , o == i, .
which completes the proof. U

The following theorem is a key technical tool in our uniqueness argument.
Theorem 3.9. Assume and supp 1 # 0. If v € Co(RY) solves
LrY]=0 in  D'(RY),
then v =0 for all z € RV

We give the proof of Theorem in Appendix [A]l In the local case [18] such a
result follows for example from the Liouville theorem for the Laplacian. On one
hand, our result is much weaker since we need to ask for some kind of decay at
infinity. On the other hand, Theorem [3.9] covers very degenerate operators L/
which do not satisfy any sort of Liouville theorem.

Example 3.1. Let y = 027 + d_o. Note that holds and that for smooth
functions v,

LE](z) = v(z+ 27) — 20(z) + v(z — 27).
The function v = cos € Cg°(R) is an example of a nonconstant function that
satisfies £#[v](z) = 0 in R, and hence the Liouville theorem does not hold for £*.

3.2. The proof of Theorem We define
U(z,t) :=u(z,t) — d(x,t) and D(x,t) := p(u(z,t) — p(i(x,t)).
By the assumptions , , and (A,
UeL'(Qr)NnL¥(Qr), ®eL®Qr),
and by 7 , and Lemma

T
(3.3) /0 /RN (U@,ﬂ/} + @E”[w]) dedt=0 for all Y € CERY x [0,7)).

We emphasize that this equation also incorporates a zero intitial condition for U.
We now define the function h.(t) which will play the main role in the proof:

B4)  h(t) = (BEUICO.UCH) = [ BEUCD)@U L 1 de.
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Note that h, € L1(<0, T)) since ||h5HL1 0,1) < lHUHLm(QT) ||U||L1(QT) by Theorem
(b). For the proof of Theorem [2.3] we will now show that there is a sequence
en, — 0T such that lim. o+ he, (t) = 0. To do that we start by the following
lemma:

Lemma 3.10. Assume , U e LYQr)NL®(Qr), ® € L>®(Q7), and (3.3)
holds. Then
(a) // (Bg[U]aﬂ// + (eBY[®] — ®)¢> dzdt =0 forall ¢ € CZRY x[0,7T)).
QT
t
(b) BAU(-,1)|(z) :/ (ng[@(ﬁ)](x) —@(x,s)) ds ae (z,t) € RN x (0,7).
0
(c) For ae. t € (0,7, IBEUIC, 8w qen) < 2619 1w @r)-
Proof. (a) We fix v € C®(RY x [0,T)) and take 1 = B"[4] as a test function
in (3.3). Note that 1 is an admissible test function by a density argument using
Corollary (a)—(c) and U, ® € L>®(Qr). Then by (3.1) and Corollary (c),

o= [ (veumri + eet (B2h)) dod

- // (UB; [0,7] + ® (eBg Y] — ’y)) de dt.

Finally, the self-adjointness of BY (cf. Lemma [3.4) yields
T
/ / (B0 + (B41@] ~ ®)5) dwd =,
o Jrw

which completes the proof.

(b) This result follows from (a) and a special choice of test function. For 0 < s < T,
a>0,and 0 < 6 < T — a, we define

1 t<s—a
0.(t) = lf%(t75+a) s—a<t<s and Oas5(t) =04 * ps(t),
0 t>s

where the mollifier ps is defined in (L.8). Then 6,5 € C°((0,7)) N L'((0,T))
and supp{f,s} C [~o0,T). Let v € C*(RY) and take ¢(z,t) = 0,5(t)y(z) €
C>(RY x[0,T)) as a test function in part (a). Then we use properties of mollifiers
and Lebesgue’s dominated convergence theorem to send § — 0% and get

// (Bé‘[U]eg + (eBL[®] — @)ga)w dadf — 0.

By Fubini’s theorem and since 0/, (t) = —11,_,<4<s and supp{f,} = [0, s], we find

that N .
/ <1/ B[] dt+/ (cBY[®] <I>)9adt>fy dz =0,
RN \CQ Js—q 0

We now send a — 0%. Since [px BE[U(,1)](z)y(x)dz € L*(0,T) by Fubini’s
theorem,
1 S
f/ / BEU(- H)](x)y(z) de dt — BH[U(, 8)(z)y(x)dz as a— 0T
aJs—q JRN RN
for a.e. s by Lebesgue’s differentiation theorem. For the other term, we may use

Lebesgue’s dominated convergence theorem to pass to the limit. Since 6, — 1o )
pointwise, we find that for a.e. s € [0, 7],

/RN (B?[U(.,s)](m) + /O (5B5[<I>(.7t)](x) - @(x,t)) dt)’Y(m) de = 0.
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Since v € C(RY) is arbitrary, part (b) follows.
(c) By part (b) and Theorem (), IBEU](- )l oo vy < 2t[| P oo (r) ace. O

Proposition 3.11. Assume , U € LY(Qr) N L>=(Qr), ® € L=(Qr), and
. ) holds. Then he(t) deﬁned by 18 absolutely continuous and

The proof below is an adaptation of the proof in [I8, pp. 157-158].

Proof. Let the mollifier ps = ps(t) be defined in (1.8]), the extension U be U on Qr
and zero outside @7, and

Us(w,t) :== Ulx,-) * ps(t /stpgt—s)d

By Young’s inequality, [|Us||z=(qr) < [IUllL=(@r) and [Usllzr@r) < [UllL1(@m)-
Moreover, the time continuity of Uy, Corollary (c), and Lemma yields

d o L _ _
35 4 / BE[0]0; de = 2 / 0, (B! [U5]) Uy dx = 2 / 0,(TU) BU[T5] de
dt Jg~ RN RN
for t € R.
Let us show that
(3.6) BHU, / BH[U x)ps(t — s)ds in Qr.

First assume that U € C°(Qr) N LY(Q7). Then BA[U(-,t)] € C°(RY) N LY(RY)
for t € [0,7T], and thus, it solves pointwise in RY. Multiply this equation
by ps(s — t), integrate over R, and use Fubini’s theorem and the uniqueness in
Theorem [3.1] (b) and (c) to find that holds. A density/mollification argument
using uniqueness and L' (RY) and L>(R") estimates from Theoremthen shows
that ( also holds (a.e.!) for U € LY(Qr) N L>=(Qr).

Let the extension ® be ® on Q7 and zero outside Q7. Using Lemma (a)
with test functions ¢ € C2 (RN x (6, — §)) we get that

0B [Us(-,t)](z) = ((eBé‘[fD] - ®)(z,-) * p5> (t) ae. in RY x (6,7 —6).

For any © € C°((0,T)) and sufficiently small §, we then conclude from (3.5)) that

_ /OT (BEUs) (-, 1), Us(+, 1)) ©'(t) dt = Q/OT ((eBE[®] — @) * ps(t), Us(-, 1)) O(s) dt.
By properties of mollifiers and Theorem (b) and (c),

Us—U in LY(Qr),

(eBF[®]) — ®) x ps — eBX[®] —®  ae. in  Qr,

el BE[Us] L= (@r) < Ul (@r)»

|(eBL[®] — @) * ps| < 2]l (Qr)-

Now we send § — 0T using Lebesgue’s dominated convergence theorem, and then
by the definition of h., we find that

T T
- [ hwe =2 [ (Brialet - o(,0.UC )00 dt
0 0
That is, h. is weakly differentiable and the weak derivative is

h/e(t) = 2(535[(1)]('7t> —@(-1), U('vt))'
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Moreover, h’. € L'((0,T)) since by Theorem (c),

T
JRCACIETERL T g et
Hence, h.(t) is absolutely continuous, and the proof is complete. O

Proposition 3.12. Assume (A, , Uec LYQr)NL>®(Qr), ® € L=(Qr)
and (3.3) holds. Then
(a) For a.e. t €[0,T]

he(t) = el BEU)C, )17 + [1(£#) 2 [BEUN G, ) 7
(b) If a sequence e, BE [U] = 0 a.e. in Qr as e, — 0%, then for a.e. t € [0,T],
lim e, (t) = 0.

en—0
We need a technical lemma (cf. [I8]).
Lemma 3.13. Assume and . Then the Lebesgue measure of the set
S¢ = {(z,1) € Qr : |p(u(z, 1)) — p(a(z,1)| > &},

is finite for all £ > 0.
Proof. Define the set

S8 = {(z,t) € Qr : |u(x,t) — a(z,t)| > 6}.
If (x,t) € S¢, then by the continuity of ¢ there exists a § > 0 such that |u(z,t) —
a(x,t)| > 4, that is, S¢ C S. By (2.2),

5150 < // lu(, £) — (1) de dt < oo,

Qr

and thus, S¢ also has finite Lebesgue measure. O

Proof of Proposition[3.19 (a) By the assumptions, Theorem (b) and (c), in-
terpolation between L!'(RY) and L>(R"), and Fubini’s theorem, we have for a.e.
t € [0,7T) that U, BX[U] € L*(RY) and

(3.7) eBM[U] - LMBE[U])=U in D RY).

Hence it follows that £"[B#[U]] € L*(RN), where £" is defined through the relation

C'BMU)wdzdt = | BPUILMY]dzdt  forall e C(RN).
RN RN

Using Plancherel’s theorem and Lemma we then find that for any ¢ €
C&(RY),

RN

[ F@ B Fw = [ FehEe) i

= [ FBU)oe©)F W) de,

RN
and hence

F@)(©) (FE@ BAVN)©) + 0 (©F(BEUNE) ) dé =0,

RN
Then by a density argument, we conclude that

FLUBLUN)(E) = —ocn (©)F(BEUN(E)  in L*RY),
and thus, for a.e. t € [0,T], we have £'[B[U]] = LH[B[U]] in L2(RYN).
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Since U, BA[U],L#[BX[U]] € L*(RY), equation (3.7) holds in L*(RY). By
Lemma Remark (b), and the definition of h. (see (3.4])), we have for a.e.
t € [0, 7] that

he(t) = (BEUIC, 0, U, 1) o ooy

(1), eBEU]C, £) = LABEUN D) g
=l BEUN 1) 2 an — (BEUNG, 1), £ BEUT)( 1)
=l B3y + 1(£2) B e

(b) By part (a), Proposition B.11} and U® = (u — @)(p(u) — ¢(@)) > 0,

0 < he(t) = ho(04) + /t B (s) ds
0

L2(RN)"

(3.8)

<h:(0+) + 2/0 (eBE[®](-,5),U(:,s)) ds.

By the (absolute) continuity of h., Holder’s inequality, Lemma (c), and
Lebesgue’s dominated convergence theorem (valid since U € Ll(QT))

1t
he(0+) = lim — [ he(s)ds < lim f/ | BETUI(:, 8)|| oo @™y 1U (45 8) | 1 vy ds

t—0+ t Jo t—0+ ¢

< 2|19/l @r) tljfga/o 1T 8)llzr @) Lo, (s) ds = 0.

Let ¢ > 0. By the self-adjointness of B# (cf. Lemma and Theorem (b)
we get for a.e. t € [0,T)

EBEO)0.UC0) = [ BV 0)@) da

IA

1@ / EBE[U]] do + € eBEU]] da
{1®(z,t)|>E} {|®(z,t)|< &}

1|z /]RN leBEU ()] L@, dz + U D) 21 @)

Let ¢t be a point where this inequality holds and e,B¥ [U(-,t)] — 0 a.e. = and

leBEU8)](z)] < U@y a-e. x (using Theorem (¢)). For any n > 0, take

¢ such that £||U(-,¢)||;r < 1. Then note that |eBX[U]| 1jg(s,¢)|>¢ is dominated

by [|U||Le1|¢(z,¢)|>¢ Which is integrable by Lemma By Lebesgue’s dominated

convergence theorem it then follows that [oy |enBE [U(-, 0)]|1|a(mn>cdz < 37

when ¢, is small enough. Since this holds for a.e. ¢t € [0,T], we have proven that
lim (e,BY [®](-,1),U(-,t)) <0  forae.  te[0,T].

en—0t

IN

We conclude the proof using Lebesgue’s dominated convergence theorem to send
en — 07 in (B.8) (the integrand is dominated by ||®[|1e(@)IUG )| my) €
LY((0,T)) since U € LY (Q7) N L>=(Qr)). O

Proposition 3.14. Assume (A,)), suppp # 0, and g € L*(RY) N L= (RY). Then
there exists a sequence such that €, BY [g] — 0 a.e. in RY ase, — 07.

This proposition will be proven later in this section. We are now ready to prove
our main result.

Proof of Theorem[2.3 In the case that suppp =0, 4 =0 and £* = 0. Then equa-
tion (|1.1]) becomes the ODE w; = 0, and uniqueness follows by standard arguments
(e.g. one can easily deduce that [,y |u(z,t)—i(z,t)|dz < [on [u(z,0)—d(z,0)] dz).
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Now consider the case supp pu # 0. By Proposition and (a) and (b),
there is a sequence such that for a.e. t € [0,T],
(3:9)  enll BE [UIC0)lI72 + (L) [BE [UNC6)lI7: =0 as e, 07

Let ¢ € C>(RY). By Plancherel’s theorem, Lemma and Cauchy-Schwarz’
inequality, and finally, by (3.9)), we get for a.e. t € [0,T] that
- [ @B e s

R

< (L) 2 [BE (U] p2 ey I (£7) 2 []]| g2 vy — O

En

BE LM [¢] da
RN

as €, — 0. Moreover, by Cauchy-Schwarz’ inequality and (3.9)), we have for a.e.
te[0,7T)

/ en B [Ulp da
RN

Hence we conclude that as e, — 07,
U=e,Bt [U - LB U =0 in D(RY),
for a.e. ¢ € [0,7T]. That is,
u—a=U=0 in D(RY)
for a.e. t € [0,T], and then a.e. in Q7 by du Bois-Reymond’s lemma. O

In the rest of this section, we prove Proposition For v € C*(RY), we
let v, := B[] be the unique smooth classical solution (see Theorem (3.1 (a) and

Corollary (a)) of
(3.10) eve(z) — LM v ](x) = ey(x) for all z RN,

We want to prove that there exists a sequence such that v., = e, B [v] = 0 as
en — 0F for every x € RY and every v € C®(RY) .

< llenBE [Ulll 2@y [l p2eny = 0 as en — 0T

Lemma 3.15. Assume (A,) and v € C(RY). Then there exists a sequence
{enBéLn [7]}n€N that converges locally uniformly in RN as e, — 07. Moreover, the
corresponding limit v is uniformly continuous, lim|,| o, v = 0 and satisfies

LFv](z) =0 in D' (RY).

Lemma 3.16 (Barbalat). If ¢v € LYRY) is uniformly continuous, then
| l‘im P(z) =0.
x| — 00

For a proof, see e.g. Lemma 5.2 in [30] (take G = RY and B = R).

Proof of Lemma[3.15. We recall that v. := eB[y]. By Theorem [3.1] (a),
[Dve || oo vy < (DYl Lo oY)

for each multiindex o € N¥. So, then any sequence {v., },en is equibounded and

equilipschitz. By Arzela-Ascoli’s theorem, there exists a subsequence such that

ve, — v locally uniformly as n — oo. Since v, is uniformly continuous (the

derivative of v., exists and is bounded) and by the local uniform convergence, for

every 7 > 0 and R > 0 we can find some n > 0 such that max{|v(z) — v, (z)| : |z] <
R} < n. Thus, we have the following estimate for every R > 0 and |zl |y| < R,

[v(z) = v(y)| <lo(z) = ve, (@)] + ve,, (@) = ve,, (Y)] + |ve, (y) — v(y)]
<20+ || DY oo vyl — Yl

As R is arbitrary, v is Lipschitz continuous with Lipschitz constant ||D¥||f®~),
and thus, uniformly continuous. Furthermore, Fatou’s lemma and Theorem [3.1| (b)
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give that ||v|| g1 < liminf, o ||ve, |21 < ||7]/z:. By Lemma lim )00 v(2) =
Multiplying (3.10]) by a test function, integrating over R, and using self-adjointness
(cf. Lemma of L* we get

En/ Ve, Y da — / ve, LF[Y]) de = En/ v dx for all Y € C(RM).
RN RN

RN

Since ||ve, ||z < [|7]|z> by Theorem [3.1] (c), we use Lebesgue’s dominated conver-
gence theorem to take the limit as ,, — 0% , to find that

0= lim ve, LF[Y] de = / vLH Y] dx for all Y € C(RY),

en—0t RN RN

which completes the proof. 0

Lemma 3.17. Assume (A.) and g € LY(RY) N L>®(RY). Then there exists a

sequence {e, BY [g]}nen that converges in Li, (RY) as e, — 0.

Proof. Note that u. := eB¥[g] is the unique distributional solution (see Theorem
(b) and (c)) of the following elliptic problem

eus(x) — LM [ue)(z) = eg(x) in  D'(RY).
By Theorem 3.1/ (b) and (c) and the linearity of the above equation, for any h € RV,
luelle < llgllzoe,  lluellpr < llgllzr  and  [luc(- +h) —uellr < llg(- +h) —gllLr-

Now let K C RY be any compact set, and define wX(z) = u.(z)1x(z). The
uniform in ¢ bound ensures that the family M := {wX}.o¢ C L'(RY) is uniformly
bounded in L'(RY). Moreover, by continuity of the L!-translation, Theorem
(b) and (c), and Lebesgue’s dominated convergence theorem,

[wd (- + ) = wl |12

< (ue(- +h) —ue) 1 (- + h)||r + [Jue (Lx (- +h) = 1k) [0
<llg(-+h) = gller + llgllz= /N Mk (z+h)—1g(z)]dz =0 as [h] = 0.
R

Combining the above results, we see that M is relatively compact by Kolmogorov’s
compactness theorem (see e.g. [29, Theorem A.5]). Hence, there is a convergent
subsequence in L!(K).

Now, cover RY by a countable number of balls B,,. Then the above argument
holds for K := B,, for every n € N. A diagonal argument then allows us to pick a

subsequence which converges in L*(B,,) for each n, and thus in L] (R"). O

Remark 3.18. By Theorem (a) and Arzela-Ascoli, we can have D%, — w,,
locally uniformly in RY as ¢ — 0% for all multiindex o € NV. However, because
of the lack of uniqueness in L#[v](x) = 0, we do not know if D*v = w,. Hence, we
are forced to work with distributional solutions of L¥[v](x) = 0.

Lemma 3.19. Assume ([A,), g € L'(RVN)NL>(RY), and {e, B [g]}nen converges
in L, (RN). If en B [y](z) — 0 as e, — 0T for every x € RN and every v €

loc
C*(RN), then e, B [g] — 0 in L, (RY) as e, — 0.

loc

Proof. By the self-adjointness given in Lemma and the definitions u., :=
Ent [g]a Ve,, = Ent[’ﬂ, we have

[ veon@an= [ g, an
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Since [|ve, ||z < [[7]| L by TheoremB.1] (c), |g(z)ve, («)| < |g(z)][|7||ze. Then by
the assumption and Lebesgue’s dominated convergence theorem,

lim Ue, (z)y(x)dz =0 for all v € CZ(RY),
en—01 JrN
Hence u., — 0 in D'(RY), and since the distributional and Ll _ limits coincide (by

loc
uniqueness), it follows that u., — 0 in L _(RY) as g, — 0%, O

Proof of Proposition[3.1]} Let v € C°(RY) be arbitrary, and recall the definitions
eBE[y] = ve and eB¥[g] = u.. Lemma yields a subsequence such that v, — v
locally uniformly as e,, — 0% with v € Co(RY) and £#[v](x) = 0 in D’(RY). Then,
Theorem ensures that v(z) = 0 for every z € RV,

Hence, Lemma andgive that u., — 0in LL (RY) as e, — 0T. Finally,

loc
take a further subsequence (still denoted by ¢,) such that u., — 0 a.e. in RV as

en — 0T, O

4. STABILITY, EXISTENCE AND A PRIORI RESULTS

In this section, we will start by showing the stability result stated in Section
and then we continue by showing existence and a priori results for (1.1)). The latter
part will follow by regularization and compactness from results in [23] for the case
@ € W,b(R) and ug € L®(RY) N LY(RN).

Proof of Theorem[2.6 Since u,, are distributional solutions of , we will take
the limit as n — oo to see that so are also .

Assumption (iii) and the uniformly boundedness of |u,| (g, gives for all
P € CP(Qr) that

T T
/ / Uy Optp do dt — / / w0y do dt as n — 00.
o JrN 0 JRN

To prove convergence of the £#"-term in the distributional formulation we pro-
ceed as follows

T
/ / (‘D”(“n>5“" [4] —w(U)E[w]) dz dt
0 RN
’ T
:/0 /RN @n(un) (L Y] —c[w])dxdt+/0 /RN (6 (ttn) — () L0 do dt
T
N /O /RN (p(un) — () L[] dz dt.

Since ||t o (@) is uniformly bounded, ¢, — ¢ locally uniformly in R by assump-
tion (ii), and |¢n (un)| < |on(un) — @(un)| + |@(uy,)|, we obtain for n sufficiently
large

(4.1) lpn ()l (@r) < sup{le(r)] : Il < O} +1=: C,.

Then, using assumption (i), we get

T T
/ / on(un) (L' [Y] — L[P]) dedt| < c@/ / i [y] — L[] dzdt — 0
0 RN 0 RN

asn — oo. By the uniformly boundedness of ||wy || (@), and since ¢, — ¢ locally
uniformly in R by assumption (ii),

len(un) = @(un)l|L=(@r) < sup{len(r) =@(r): |r| <C} =0 as n — oo
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Since we assume that L[y] € L1(Qr),

/oT /]RN (n(wn) = p(un)) L[¢] dw dt

as n — oo. By assumption (iii) and (A), |¢(un) — @(u)] — 0 a.e. in Qr as
n — 00, and [[¢(un)| L= (@) < C for some C independent of n. Hence, [p(u,) —
¢(u)| is bounded by 2C. Moreover, since L[] € L'(Qr), Lebesgue’s dominated

convergence theorem yields
/ / (W) ||L[Y]|dzdt — 0

/ /]RN (up) — p(u)) L] de dt

as n — 0o. The proof is complete. O

< lpn (un) = @(un)ll Lo [ £[) |21 — 0

Let us turn our attention to proving the other main results in this section.

Theorem 4.1. Assume ( , , p € WIIOO(RN) ©(0) = 0, and ug,tp €

L>®RN) N LY(RY).

(a) There exists a unique entropy solution u € L*®(Qr) N C([0,T); LYRY)) of
(L.1).

(b) If u, i are entropy solutions of with initial data ug, iy respectively, then
for allt €]0,T]

lu(-,t) = a(-, )l pr@yy < |luo — ol 1 mry-
(¢) If u is a entropy solution of (1.1 with initial data ug, then for all t € [0,T)
[l Ol @yy < luollpreyy  and  flu(, )] e @) < [luollpee ).

Entropy solutions are defined in Definition 2.1 in [23], and the result holds by
Theorem 5.5 in [23] and Theorem 5.2 in [22].
In what follows, we let uy € L>(RY) N LY(RY) and define

(4.2) ¢y(x) == p*wy(z) — ¢ *xw,(0) where w, is given by (L.7) with N = 1.
Hence ¢, € WL*(R) ¢ C(R), it is nondecreasing by Ay, gon = 0, and

loc
¢y — ¢ locally uniformly in R. Let u, be the entropy solution of (| with ¢,
replacing . Since entropy solutions are distributional solutions (cf. Theorem 2.5
ii) and Section 5 in [22]),

(4.3)
T
/ / (unatw—i—gon(un)ﬁ“ [¢]) da dt—i—/ upli—odz =0 Vb € C(RY x[0,T)).
0 RN RN

Going to the limit as n — 07 in 7 we will prove the existence and the a priori
results given in Theorems [2.8] and [2.10) -

Remark 4.2. We will prove that the L'-contraction holds for limits of the functions
{uy}n>0. As a consequence of uniqueness (Corollary [2.4] . this result then holds for
all L> N L'-distributional solutions of .

Before these results can be proven, we need an auxiliary lemma.

Lemma 4.3. Assume (A,), uo € L=(RN) N LYRY), ¢, satisfy for all
n > 0, and @, — ¢ locally uniformly as n — 0%. If u, solves and satisfies
Theorem (b) and (c), then there exists a subsequence {u,, }nen and a u €
C([0,T7; LL .(RN)) such that as n, — 0

Uy, —> U in C([0,T7; L, (RY)).
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Moreover, for allt € [0,T]

luC O)llrwyy < lluollprwyy  and (1) e ) < [luoll Lo r)-
Proof. We will use Kolmogorov’s compactness theorem in the form of Theorem A.8
in [29]. Let K C RY be any compact set.
Step 1: u, is bounded independently of 7 in Q7 by Theorem (c)
Step 2: Since (1.1)) is translation invariant, v(z,t) = u,(z + h,t) solves (4.3) with
initial data vg(x) = uo(x + h) for every h € RY. Let v € RY. By Theorem (b)
and since translations are continuous in L,

sup / lun(x + h,t) — uy(z,t)|dz < sup/ lun(x + h,t) — uy(z,t)| de

[h|<|y] / K [h|<|y] /RN
< sup / o+ 1) = o) do < maxe oy (A1) = Ao (1)
[h|<|y| JRN [h|<

for some moduli of continuity Ay, Ay, -

Step 3: Let w(; be defined by (1.7) and let © E C°°((O T)). For any = € RY take
Y(y,t) = O(t)ws(z — y) as a test function in (#.3) to find that

o= [ [ (o wax—y)@’a)wn(un(y,t))wwa](x—y)@(t)) aya

:/ (. 8) 5 (@O (1) + (i - £) # £ s (@)Dt

0
For ps(t) defined by (1.8]), we choose

0) =050 = [ (pstr—10) ~pytr — 1)) .

where 0 < t; < to < T. For § > 0 small enough, O;(t) is supported in [0, 7] and is a
smooth approximation to a square pulse which is one in [t1,?2] and zero otherwise.

By (4.4),
T T
/ ps(t — t2) (uy (-, t) x ws) (z) dt = / ps(t —t1) (uy (-, t) * ws) () dt
0 0

T
+ [ 05t (e, + £ (@)
Let ug(xlt) = Uy(-, t) *ws(z). By Theorem (c) and the properties of mollifiers,
we send 6 — 0% in the previous equality to obtain the following pointwise identity,

(4.5) uf](:c,tg) - ug(x,tl) = / ) (¢ (ty (-, 1)) * L*[ws]) (x) dt.

t1

Now, we need to estimate the integral involving the mollified version of u,. Let
t,s € [0,T] and take 6 < min{¢,s}. Use (4.5) to find that

t
/\ui(x,t)—ui(m,s)ldxs//|(¢n(un(-,r « £1ws]) ()] dr da
K K Js

:/:/K/RN lon (uy(z =y, )| |£"[ws](y)| dydzdr

< llon(un)llzoe @ 1£¥ [wslll o1 @y [ K[ = ],

where | K| denotes the Lebesgue measure of the compact set K. As in the proof of
Theorem (see (4.1), we obtain for 7 sufficiently small

e (un)llL=(@r) < sup{le(r)] = |r| < fluollLoe )} + 1.
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Moreover, Lemma (b) and the properties of mollifiers yield

e walllzr ey < @ 21D%lrny + 1) [ minflaf?, 1} du(o).

|z|>0
Hence, taking 02 := |t — s|3 we see that
% 1
@0 [ It = uies) do < Coegn (1= sl +1e=]).
where
éK,cp’uo,u

= K110l 1) (s o) +1) [ w1} aute)

[r[<|luoll oo

By the triangle inequality and Theorem (b)
[ Jue0) =y (2.5) s
K
< / |ty (z,t) — uf](x,t)| dz +/ |uf7(x,t) - ug(ﬂc,s)\ dz
K K
—&—/K |uf,(:v,s) — up(z, s)|dz

< sup Hun<-,t)—un<-+o,t)l|p<w>+/K\uf,(ar,t)—uf,<w,s>ldx

<2 sup |luo — uo(- +0)|| e RN)+/ |u (z,t) —u (:1: s)|dx
lo|<8

<2‘max)\UO /|u (z,t) —u (a: s)| dx,

where )\uo is defined in Step 2 . Hence, by (4.6])

[ Junw.0) = (o 5) e <y (1= 513) + o (It =1 + 12 = 1)
K

=t Ak o[t = 51)
for some moduli of continuity Ay, and Ax o ug,u-

Step 4: The assumptions of Theorem A.8 in [29] hold by Steps 1-3, so we conclude
that there is a subsequence {u,,, }nen such that
L—u in C([0,T]; L, (RY))

as 1, — 07. Finally, u 1nher1ts the properties of u, given in Theorem [4.1] (c) by
Fatou’s lemma, and the fact that the limit of a uniformly bounded sequence which
converges a.e. is also bounded. O

Remark 4.4. If L* was not fixed in the above result, but rather p = p,, (with u,

satisfying (A | . then the result still holds and the proof is the same provided we

also assume that for some a > 0 there exists a function f € L2 ((0,a)) such that
HC“”[w,;MLl(RN) < (%) for every 6 € (0,a),

where ws is defined by (1.7)). Observe that the above inequality follows from the

assumption sup,, |- min{|z|?,1} dun(2) < oo in Theorem

Now, the proofs of the existence and the a priori results follow.
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Proof of Theorem[2.8 Let u,,, be the solutions of (cf. Theorem [.1)), u €
L= (Qr) N LY(Qr) N C([0,T); LL . (RY)) the function provided by Lemma and
define LH» = LM (that is, LF" = LV = L), ¢ := ¢y, and Uy, := uy,,. Then
assumptions (i), (ii), and (iii) in Theorem are satisfied by the n-independence
of £*, (42), and Lemma Moreover, sup,, ||tn| Lo (@) < lJuol|Le@yy < 0o by
Theorem [4.1] (¢). Hence, by Theorem u satisfies in the sense of distribu-
tions: cf. Lemma and Definition Moreover, we have that u—ug € L'(Q7).
So, u is in fact a distributional solution of in the sense of Definition and
it is unique by Corollary [2:4]

Thus, any subsequence has the same limit, and hence, the whole sequence

{uy }n>0 converges since it is bounded by Theorem (c). O

Proof of Theorem[2.10 (a) Let u, be the entropy solution of (4.2) (cf. Theorem
. Using the semi entropy-entropy flux pairs

(uy — k)* and + sign® (u,, — k)(f(uy) — f(k)) for all k € R,

and the corresponding definitions for entropy solutions in stead of the Kruzkov
entropy-entropy flux pairs in [22], we obtain

AN(un(x,t)—ﬂn(x,t))+dx§/ (o (2) — o (x))* d

RN

for w,, @, € L>®(Qr) N LY (Qr) N C([0,T); L, (RY)) with initial data ug,dy €
L®(RN) N LY(RYN). See [25] for the result and a proof.
By Lemma [.3] we can take subsequences such that u,,, @y, — u,% a.e. in Qr

as 1, — 0. Thus, Fatou’s lemma yield the result.

(b) By the contraction estimate obtained in part (a) and ug < g a.e. in RY, for
all t € (0,T), [on(u(z,t) —a(x,t))" do < 0. Hence, (u—a)" =0 and u < 4 a.e.
in QT-

(c) Follows by Lemma
(d) Follows by Lemma

(e) Using the triangle inequality, and taking u,u,, as in Lemma we obtain by
Step 3 in the proof of that lemma that for all t,s € [0,7] and any compact set
K CRY

lu(-,t) —u(-,s)|lLr (k)
< lult) = g, (5 Oy + llun, (1) — wn, (5 $) 21y + [, (5 8) —ul-, 8) |l x)
<2l t) = ug, () leqorer ®yy) + Ak g uou(lt = s[)

loc

for the modulus of continuity Ak ., (see the above mentioned proof). Since
= win C([0,T]; L, (RY)) by Lemma [4.3] the proof is complete.

Uny, loc

(f) Consider a standard cut-off function 0 < X € C>(RY) such that X(x) = 1
for [z] < 1 and X(x) = 0 for |z| > 2. We will write Xr(z) = X(§) for R > 0.
Following the proof of Lemma (b), with 6, as defined there, we can take
Y(x,t) = Xgr(x)0,(t) for any R > 0 as a test function in Definition (cf. Lemma
2.21)). Hence

% / /RN u(x,t)Xp(z)dzdt = /0 6.(0) /R _plula,t)L"[Xr)(x) do dt

+/]RN ug(z) Xr(x) dz.
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L (RN)), we can pass to the
limit as @ — 0T in the first integral to get [,y u(x, s)Xr(z) dz. For the second in-
tegral, we know that ¢(u) € L>(Qr), L*[Xg] € L*(RY) and 6, — 1 ;) pointwise
a.e. asa — 07, and thus, it converges as a — 07 to [ [pn o(u(w,t))LH[XR](x) dz dt
by Lebesgue’s dominated convergence theorem. In this way, we get

/RN u(z, $) X (v dl‘—/ /RN u(z, ) L[ XR](x )dxdt—l—/RN uo(2) Xp(z) d.

The function Xr converges pointwise as R — oo to 1, and it is also bounded
by 1. Then, since u(-,s),up € L*(RY), Lebesgue’s dominated convergence theorem
allows us to pass to the limit as R — oo in the first and the last integrals to
get [on u(z,s)dz and [y ug(z) dz, respectively, for all s € (0,7). Consider the
nonsingular part of the Lévy operator, i.e., f\z\>1 Xr (x + 2) — Xg (2) du(z) which
is bounded by 2u({z € RY : |z| > 1}) for every x € RY. Since Xr(y) — 1 pointwise
as R — oo for all y € RV, Lebesgue’s dominated convergence theorem shows the
pointwise convergence to 0 of the nonsingular part. For the singular part, Lemma

(b) gives

Since Xg is compactly supported and u € C ([O T; L

/ L ) X @) dut)

1
< gD ¥lgeey [ o du(a
|z]<1

which also goes to 0 as R — co. Moreover, by the assumption |o(r)| < Ls|r| for
r[ <9,

T T
o lnen < [ [ Lol dedt+ ol [ [ dod
0 Jul<s 0 Jul>s

Since u € L'(Qr), both terms on the right-hand side of the estimate above are
finite. Then by Lebesgue’s dominated convergence theorem,

u(z,t))LH[XR](z) dadt| — 0 as R — oc.
RN

The proof is complete. O
5. APPLICATIONS OF STABILITY

This section focuses on proving the results stated in Sections 2.1] and 2:2]
5.1. Compactness, local limits and continuous dependence.

Proof of Theorem[2.12. (a) Note that the sequence of solutions {u, } ,en satisfy the
hypothesis of T heorem 0 By the assumptions, Remark[4.4] and Lemma [£.3] the
result follows.

(b) This is a consequence of the stability given in Theorem For the initial

condition, note that by the assumption sup,, |[to,n| L @®~) < 0o and Fatou’s lemma,

ug € L>°(RY) N LY (RY), and the convergence of [px g (x)1(z,0) dz follows by

the L] -convergence of {ug , }nen- O

Lemma 5.1. Assume ([A))), s € (0,2), LV = —(=A)%, and ¢ € CX(RYN). Then
Sl_lgL H—(—A)§¢ - A,(/)HLI(]RN) =0

Proof. The fractional Laplacian has a representation in the form (|1.3]) with measure

du — dz " (N 1—cos(z1)d !
p=evap fr o ene= (N[ SpEd)
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where

(5.1) lim cy s =0,

s—2~

see e.g. Proposition 4.1 in [33]. Hence

—(—A)%w(x)=cN,s/ MHZ)_Z(IQVCL_Z'W(@ dz

[ Her-s,
|z]>1

|Z|N+s
where the last term goes to zero in L*(RY) as s — 2~ since it is bounded in L' (RY)
by en,s2/|Y] L1 rr) f\z\>1 |z|~N=1dz for s > 1.

The explicit form of ¢y s given in (5.1)) yields

1 —cos(z1)
|Z‘N+S

1 — cos(z1)

PLEE dz.

AY(z) = AY(z)en sN dz + AY(x)en s N

[z]<1 [z]>1

Again, the last term goes to zero in L'(R™) as s — 27 since |1 — cos(z;1)| < 2 and

then it is bounded in L' (RY) by cy s2N f|2|>1 |z|~N~1dz for s > 1. Using Taylor’s
2

theorem, we see that 1 — cos(z1) = 327 — 5721 cos(§) for some £ € [0, z1]. Hence,

1 —cos(z1) 1 / 22 1 24
5.2 / — v dz=c dz — — cos(€) dz,
(5:2) <1 |2V 2 Jjz<n |2V Fs 24 z1<1 |21V

and the following estimate holds:

N cos(&)z3 N 1
7A1/)(1')CN’S/ % dz S 7CN7S||Aw||L1(RN) / ToIN—2 dz
24 A<t 12 24 2<1 12|
I ‘_ Ll(RN) I ‘_
which goes to zero since le\<1 Mﬁ dz < oo and ((5.1)) hold.
To estimate the remaining term in (5.2)), note that for all r > 0,
NA@/J(x)/ 22dz = Aip(x) / |z|2dz = D*y(z)z - zdz,
|z|<r [z]<r |z|<r
and then
1 22 iD%(2)z - 2
—cn s NAY(x / 71dz=cN7 / 2= "7 "
27" (=) lz1<1 |2V e ° <1 |2V
We combine the all above estimates to get
T || = (~A)89(z) - AY(@) 1)
42) — —2.D —1p2 .
= lim ¢y, / k) ek ) i Ni(x) 1 DVle)z 2y, +0
527 [z|<1 |Z| L1(RN)

< i 1||D3¢|| / i d
im ey o= z,
= o N, 6 LY (RN) i<t |Z|N+S

where the last inequality follows from Taylor’s and Fubini’s theorems. Since the
z-integral is bounded by lel <1 M% dz < oo and (5.1)) hold, the limit is zero and
the proof is complete. - O

Proof of Corollary[2.13 (a) We will use Theorem and Remark to prove
the result, and now we verify the assumptions. By Lemma —(=A)3p —

Ay in LYRY) as s — 27 for all ¢y € C°(RY). Moreover, by Lemma (b),
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cn,sdz 0

|z|2 cN,s dz _
|z|>1 |z|N+s

properties of mollifiers, limg_,o— TN = 1, and lim,_,o-

lz]<1
(see previous proof),

s 1 cy.sdz cn.sdz
I(=A)swsllor = 2|1 D%ws]l e / PN s [ Nsd2
2 |z|<1 |z|NFs lz)>1 |2V TS

<1+ 5ID%ln)

for s close to 2. Hence, since also ¢ is fixed (independently of s), we may use Theo-
remand Remarkto get a subsequence {us, }jen and au € C([0,T]; Li, . (RY))
such that u,, — u in C([0,T]; L{,.(RY)) as j — oo. Finally, the uniqueness for the
limit (equation) [18], and the boundedness of the sequence {us}se(0,2) (Theorem

2.10| (d)), ensures that the whole sequence converges.

(b) Since (~A)F ) — (=A)3¢ in L*(RN) as n — oo (a similar argument as in
Lemma [5.1), ¢y, (r) = r™ — @m(r) = r™ locally uniformly as n — oo, and
[(—=A)F ws|lpr < C(1 + 672) by the proof of part (a), convergence for a subse-
quence follows by Theorem Moreover, the convergence of the whole sequence

follows from uniquenes of the limit (Corollary and boundedness of the sequence
(Theorem [2.10] (d)). O

5.2. Numerical approximation, convergence and existence. We start by
showing that a standard finite difference approximations of the Laplacian can be
written in the from and that convergence of the resulting scheme then follows
from our theory.

Example 5.1. Let ¢; € R™ for ¢ = 1,..., N be points with i-th component 1 and
the other components 0. Using §-measures and h > 0, we define
N

[ih = Z 5hei + 6—hei )

2
i=1
It is clear that yuy is a measure satisfying (A,)) for every h > 0. Moreover,

N
L v](z) ::/]RN v(x + 2) —v(x) dup(z) = Z v(x + he;) + U(hsc2— he;) — 21}(:15).

i=1

With u = pp, problem (2.5) can be reformulated as

- i plun(z + hei, t) + (un(@ — hei, 1) — 2p(up (2, 1))

(5.3)  Owup(x,t W2

=0
i=1
in D'(Qr).
For ¢ € C®(RY), an application of Taylor’s theorem reveals that there is a
C > 0 such that

/ £ [)(z) — Ag(z)| dz < h*C|| D) gy =0 as h— 07,
]RN

Moreover, for h small enough,

N
heil* + | — he,|?
w | min{|2f2, 1} dyun () = sup 3 eI hel” oy
h J)z1>0 h h

i=1
Then by Theorem [2.12] there existis a subsequence {up, };en of solutions of (5.3),
and a u € C([0,T); L, .(RY)) such that uy, — u in C([0,T]; LL  (RY)) as j — oo.
Moreover, the limit u satisfies equation (1.5)):

Ou—Ap(u)=0 in  D'(Qr).
In fact, as in the proof of Corollary the whole sequence {up,}r~0o converges.
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We can proceed as in this example to get convergence for a more general class
of second order local operators.
Lemma 5.2. Assume h >0, P€N, o= (01,...,0p), 0; RN fori=1,..,P, LY
is defined by (2.9), and ¢ € C°(RY). Then
e = [ (be+2) = p@) dm) = £ l4iw),
z|>0
1 P .
where the measure fip o = 7z Zi:1(5htn +6_no,). Moreover, up o, satisfies ,

sup/ min{|z|?, 1} dun.»(2) < oo,
h |z|>0
and

| £rme ] — tr[oa? D*Y]||pr =+ 0 as h— 0T,

Proof. By an elementary identity and Talyor’s theorem,

P
trloo” D*¢(x)] = Y (07 - D)*¢p(x)

i=1

P

v(z + ho;) + v(x — hoy) — 2v(x) 9 8
-y « Y Y LoDt
i=1 i=1|8|=4
Here we use standard multiindex notation, with multiindex 8 = (81, ..., 3,) € NV,

to account for the 4-th order derivatives. Since the first term of the last line is
L7[)(z), the rest of the proof follows along the arguments of Example O

We aim to consider the general operator £# defined in (|1.3]). In order to use our
stability result, we would like to prove that the operator £ defined in (2.10) is a
particular case of the operators studied in this paper. The following result ensures
this fact.

Lemma 5.3. Assume , h > 0, L} is defined in ([2.10), and ¢ € CZ(RY).

Then
ol = [ (v o) —u) dnte) = £olwiie)

where the measure vy, = Za;ﬁO (2o + Rp) 65, . Moreover, vy, satisfies (A,) and

Sup/ min{|z|?, 1} dvp(2) < oo.
h J|z|>0

Proof. By the definition of 4. _, it immetiatly follows that £}, = £"». Tt remains to

show that v, satisfies (A,)). For h < 1/v/N,

/|Z|>1 dvn(z) = Y 1 (2a + Rn) <u<{|2| > 1—\/JV;L}) <u<{lz > ;})

[za]>1

which is finite since p satisfies (A,)). Moreover, for A > 0 small enough,

/| )
< > / zal” du(z) < Y /

0<|z <1 at+Rn O<\z |<1 atRn

S/h/mmmg <z|+x/ﬁ2> du(z) < (1+m)2/|2|<2|z|2d,u(z),

which is also finite since p satisfies (A,)). The proof is complete. O

(11 +v2) " aute
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Lemma 5.4. Assume (A,), £L* and L}, are defined in (1.3)) and (2.10)) respectively,
and 1 € CX(RN). Then

L[] — LE ]| — 0 as h—0T.

Proof. The following inequality is just a use of the definitions,

|, eile) - i) do

:/RN

S (9 + 2a) — 9(2)) / du(z)

a#0 Za+Rn
2 [ G v ) o

[ (vl +2) - vte) auce)

/(

+1) /ZﬁRh (w(w +2a) —Y(z + z)) du(z) ) dz.

a#0

We will show that both terms go to zero with h. Indeed, for |z| < 1 we have that
|2|%1R, (2) — 0 pointwise as h — 0. Then, by Lebesgue’s dominated convergence
theorem, (A,)), and Lemma (b), we have as h — 0T

/RN /R h (42 + 2) = ¥(@) du2)

For the second term, we need to consider separately the cases when when we
are close or far from the origin. First note that for any z € z, + Rj, we have that

|2 — 2| < VN, Since p satisfies and ¢ € C°(RY),
Z / (1&(9& + 2zo) — (z + z)) du(z)| dz
zZa+Rp

Iext ::/
N
RY 1 alp>1

< [I1DY|l Ly @) Z 2o — 2] dp(2)
lalh>17 ZatEn

1
de < SID%lss [ B, ()dute) 0
z|<1

N
< h\F|D¢||L1(RN)/ du(z) =0 as h—0".
2 |z|>1/2

On the other hand, by the symmetry of u and also of the term in the sum, we have
that

Iint = /
RN

<),

RN

We make use of the Taylor expansions

V(@ +zo) =¢(@+2)+DY(x+2) (20 — 2) + G1(2, 2, 20) (20 — 2) * (24 — 2)
Diy(x + z) = DY(x) + Ga(x, 2) - 2

/zﬁRh (w(x +20) — Yz + z)) dpu(z)| de

0<|a|h<1

/za+Rh, <¢(x +za) — Y@ +2) = (20— 2) 'D¢(33)) du(z)| da.

0<|a|h<1
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where |G|y, dz) + |G2ll 1@y, az) < ClID?*Y|| 11 gy for some constant C' > 0.
In this way,

Iint S/
N
RY o<lalh<1

— O ey Y /

0<|alh<1 ! Zat i

h h\?
< CHDZw”Ll(RN)[ .3 <|z| + 2) du(z) -0 as h—0" .
B<lal<1+vVNY

Goz (20 — 2) + G1(26 — 2) - (2o — 2) ) du(2)| da
Za+R

(121120 = 21 + 20 — #I?) du(2)

Since the integrand is dominated by 2|z|?> which is an integrable function with
respect to the measure p on the set {z € RV : |2| <1} by (A,)), the last term goes
to zero by Lebesgue’s dominated convergence theorem. O

Proof of Proposition[2.16] Note that by Lemmas[5.2| and LY and £} are in the
class of operators defined by (1.3) and (A,).

a) Existence, uniqueness and regularity follow from Theorem [2.8

b) Follows from Theorem (c) and (d) and interpolation.

(
(
(¢) Lemmas and ensure the L'-consistency.
(d) Follows from Theorem [2.10] (b).

(

e) Follows from Theorem (f). O

Proof of Proposition[2.17. By Lemmas and and Proposition 2.16] (c),

sup/ min{|z|%, 1} d(pn.o + vi)(2) < o0,
h J|z|>0

and

| (L 4+ L) [] — (L7 + L*) [¥]||pr — 0 as h—0T.

Since also ¢ and wug are fixed (that is, independent of h), by Theorem there is
a subsequence {up, }nen of solutions of (2.5), that converge in C([0,T]; Li, .(RM))
to a function u. Moreover, this function u is a distributional solution of .
Finally, u also belongs to L>(Q7) N L*(Qr) by Proposition m (b) and Fatou’s
lemma. (]

Proof of Corollary[2.18 Any limit point u from Proposition [2.17]is a distributional

solution of (2.7) and (1.2). O

Proof of Theorem[2.19. By Proposition[2.17|there is a converging subsequence with
a limit u which has the right regularity and is a distributional solution of (2.6). As-
sume there is a subsequence that converge to another limit v. Then by Proposition
again, there is a subsubsequence that converge to a limit which is a distribu-
tional solution. By uniqueness of the limit, v is a distributional solution. But then
v = u by the uniqueness given in Corollary for the case ¢ = 0 or the local result
in [I§]. Hence all subsequence limits are equal to u and since the sequence itself is
bounded (Proposition 2.16] (b)), the whole sequence converges to u. O
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6. AUXILIARY ELLIPTIC EQUATION

In this section we study the elliptic equation (3.1]) introduced in Section [3| with
the ultimate goal to prove Theorem [3.1] and Lemma [3:4 We will also need the
following approximation of (3.1)) where the measure y is replaced by p, 1= 1.5,

(6'1) E'Ua,r(w) — L [va,r](‘r) = g(.’l?) in RNa
with € > 0,
ol = [ (62 —v@) dimle)

Note that for any r > 0, the operator £#[¢] is well-defined for merely bounded
1, and that Lemma [3.5] also holds for £#7: see Remark [3.6] (b). Also recall the
notation B¥ = (eI — £#)~! and define B#r := (el — L+r)~ L.

Remark 6.1. (a) Since and are linear equations, we have formally, for
any multiindex o € NV, that D%v is a solution of or with right hand
side D%g if v is a solution of the same equation with right hand side g.

(b) Let ¢ € C3(RY), and let p € {1,00}. Since

@ )@ = [ (b +2) —pie) — = Do) dne),
we have that £47[¢)] — LF[] in LP(RY) as » — 0% by Lemma (b) and
Lebesgue’s dominated convergence theorem.

6.1. Preliminary results. We will state and prove a very general Stroock-Varopoulos
type of inequality which is of independent interest. First we consider the bounded
operators L7,

Lemma 6.2. Assume (A,), v € L=RN)NLY(RY) and ¢ € C(R) is nondecreasing.
Then for any r > 0 we have,

L= [ cw)er @)
1
=—3 /RN /WO (C (@ +2)) = (@) (U + 2) = ¥(@)) dpr(2) da,

and in particular, I, < 0.

Remark 6.3. More generally, the above lemma holds as long as the integral I, is
well-defined for ¢ and ((¢).

In the proof we need a technical lemma which wil be proven in Appendix [A]

Lemma 6.4. Assume v is a nonnegative, symmetric and locally finite Borel mea-
sure on RN. Let A, B be Borel sets on RN, and let

Mi(A, B) :A([B du(x)) dz:/AV(B—z)dz.
Msy(A, B) :/B </AZ dV(x)) dz = /BI/(A—Z) dz.

Then Ml(A,B) = MQ(A,B)

Proof of Lemma[6-4 Observe that ((¢) € L>®(RY), and since [y |LF[¢]|dz <
2[[9|| 1 le|>T du(z), LM [¢] € LY(RY). Hence I, is well-defined.
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By the symmetry of p, the gradient term in the nonlocal operator vanishes.
Fubini’s theorem and a relabelling of the variables gives

I _/ C( /||>0 (x+z)—1/)(x)> dpr(2) da

_ / / P(2)) ($(2)) = B(2)) 1o Aty (2) da
RN |z7w\>0

- / / () (@) — $(2)) L jp—spor du—s(z) dz.
RN J|z—2]>0

Since p is a nonnegatlve symmetric and finite Radon measure on RY (and hence
a Borel measures), we can use Lemma E to see that

/RN /|z Z‘>0 () = P(2)) Ljg—z(5r dp—(2) dz
N /]RN /|x_z|>0 (2)) (¥(x) = ¥(2)) Lgz5r dp—s(2) da.

It then follows that

o SO ) s () b
L] COEEE) D) b dpa(e)de

] ) ) ()~ Y e o ()
Since (¢(¢(z)) — ¢(¥(2))) (¥ (x) — ¢(2)) >0 for all z,z € RN, I, < 0. O

Now we give the general result, considering the general nonlocal operator L.

Corollary 6.5 (General Stroock-Varopoulos). Assume (A,)), and ¢ € C*(R) such
that ¢' > 0.

(a) Letp € WL2(RN) N WEHRYN). Then

1= [ @) da

1
Y /]RN /Z o0 (C(W(2)) = C(W(2))) (¥(2) — ¥(x)) du(z) d

(b) Let v € WE(RN) n W2YRN). If Z € C*(R) is such that Z(0) = 0 and
(Z")2 = (', then

M 1 2
[wep@es—g [ [ (@06 - 20w) ) b
Moreover,

(20.£200) =5 [, /| ! )~ 20 ()

L2(RN) 2

L2'

= — etz

Remark 6.6. The (energy) norm in part (b) is much studied when £# = —(—A)z,
€ (0,2), and Z = I (see [7, B3]). In this case

o Casar =
<w< ) ey =3 o

LZ(]RN
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This is called the Gagliardo (semi)norm of ¢ and is denoted by [¢/] 5.2 (BN

Proof. (a) By Remark (b)

C)(LM = L)l de| < S L= ll(£* = L*)[Y]r =0 as 7 =0,

RN
and we may send r — 0% in Lemrna to get

[ @) W)@ ds

=g [ (W) - e (E) ~ v) dpa) b

By the assumptions on ¢, and ( ., (C((2) = C(W(2))) (¥(2) — ¥(z)) > 0 is
integrable with respect to dp—_,(z)dz on RN x RM\{0} since

/.

(62) < (@) I DYl | D] 1 /| ERTC

FAD ol [ du).

|z|>1

/ -0 (C((2)) = C((x))) (¥(2) = ¢(2)) dp—s(2)| dz

Thus, Lebesgue’s dominated convergence theorem gives the desired result.

(b) For a,b € R, the Fundamental Theorem of Calculus and Jensen’s inequality
gives the following pointwise inequality:
2

b b
(Z(b)—Z(a))2:</ Z’(t)dt> g(b—a)/ (2/(6)% dt
b
—(b—a) / ¢(t)dt = (b— a)(C(b) — C(a)).

By the assumptions, we can easily check that Z(¢) € W2 (RY) N W21(RN).
So the integral

(6.3)

L 2
2 /RN /|ZI|>O (2 (2)) = 2($(2))) dn—a(z) do

is well-defined using a similar argument as in (6.2). Then, part (a) and ( gives
the first result of part (b).
Next, part (a) yields

(200.21260) iy = =5 L [ (P0E) ~ 200 sy

L2(RN)

Moreover, since Z(1p) € W2 (RN)nW21(RYN), then by Lemma (b) and inter-
polation, both Z(3) and L*[Z(¢))] are in L2(RY). We then conclude the proof by
application of Lemma and Remark (b). 0

6.2. Results for the approximate elliptic equation (6.1)). We will now focus
on proving some a priori, uniqueness, existence, and stability results for (6.1)).

Proposition 6.7. Assume (A,)).
(a) If g € L=(RY) and v., € L= (RY) solves ev. , — L [v. ] < g a.e., then

eller) Tl @y < 11(9) " llLoe ).
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(b) If g € L=(RY) and v., € L®(RY) is an a.e. solution of (6.1), then
EllverllLoe®mny < Mgl Loo mrv)y-
(C) Let gagavs,mﬁs,r S LOO (RN)’ Evs,r 7‘CHT [Us,r} S g a.c. and sﬁs,r 7£#T [@s,r] Z g
a.e. If g < g a.e., then v, , < 0., a.e.
Proof. (a) Assume first that g,v., € C,(RY). Then for all § > 0 there exists a
x5 € RN such that
Ve r(x5) + 6 > sup{ver }.
Then, since v, , is an a.e. solution,

eve r(z5) < g(x5) +/

|z|>0

(va,r(:ﬂa +2) — va,r(ma)) dpr(2)

< (@) e ey + /|z|>,. (sup{ver} = ves(s)) dpa(z)

< (@) F llpoo ) + op({z € RY : |2] > r}).
Hence,
esup{ve,,} < eve,r(2) + €8 < [(9)F L@y + (e + u({z € RY 1 [2] > 1)),
and we pass to the limit as § — 07 to get

esup{ve,} < [|(9) "1z~

In the general case, when g,v.,, € L= (RY), we need a regularization argument.
Let vgr ‘= w5 * Ve, and mollify the inequality to see that

evg,r — LHr [vg,r] < gs in RV,

By the first part of the proof and the properties of mollifiers,
1
Ve (@) < |02, (2) = ve (@) + 02, (2) < o(1) + @) T llze @y as 607

for a.e. x € RY. Part (a) follows.

(b) In a similar way as in (a), we find that esup{—v.,} < [[(9)"[|p~®@v~) and
combine with (a) to conclude that el|ve ;|| Lo @®y) < (|9l Lo @YY

(¢c) Since w = v — Ve sOlves ew — LP[w] < g — g, by (a) and the assumptions,
it follows that e sup{w} < [|(g — §)" || @~) = 0. 0

Proposition 6.8 (Existence and uniqueness). Assume (A,).
(a) If g € CL(RY), then there exists a unique classical solution v., € Cy,(RN) of

G1).
(b) If g € L=(RY), then there exists a unique a.e. solution v., € L>®(RYN) of
E1).
(c) If g € L*(RY), then there exists a unique a.e. solution v., € L'(RY) of (6.1)).
(d) If g € C(RYN), then there exists a unique classical solution v. ,, € C°(RY) of
6.1). Moreover,
€||Da'U5,T||L°° < ||DagHL°°

for each multiindex o € N¥.

Proof. The proofs of (a), (b), and (c) follow from standard arguments using Ba-
nach’s fixed point theorem. Let X denote any of one of the spaces Cy, (RY), L>°(RY),
and L'(RY), and note that X is a Banach space. Let the operator T be such that
(6.1) is equivalent to the fixed point equation T'[u] = u:

1
Tve](z) := T e f‘z‘w 0 </|Z>T ve(x + 2) dp(z) —|—g(x)> .
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It is easy to check that T is a bounded linear operator on X, and straightforward
computations also shows it is a contraction:

f|z|>,« dp(2)
€+ f|2|>r du(2)

Hence by Banach’s fixed point theorem there exists a unique v, € X such that
ve = T[ve] in X and then also a.e. (everywhere if X = ().

(d) Let v., = Bt [g] and define 6; ,3 by

T+ he;) — Y(x
By part (a), we have uniqueness for Cy,(RY) solutions of (6.1)). Hence, v, ,.(z +

he;) = Bt [g(- + he;)](x), and then by uniqueness and linearity 6; ,v = BE[d; ng].

In addition, there exists a unique w; ¢, € C,(RY) such that w; . . = B¥" [0, g].
Using linearity and Proposition (b), we get

IT[ve] — T[]l x < allve — 0cl|x  for a= < 1.

ellwie,r = 0inverllLoe < 02,9 — GingllLoe-

When h — 07, 6; ng — 0, ¢ uniformly on RY, and hence 0i,hVe,r = Wi in L.
This implies that Jy,ve » = w; ¢ . Moreover, by Proposition (b),

10202l Loe = ||wie,r|lLoe < (10,9 L=
A similar argument shows that for each multiindex o € NV, D%, ,. = Bt [D%g],
and hence belongs to Cy,(RY). O
Corollary 6.9. Assume (A,) and g € C,(RY). If (g)* € L*(RY), then (Bt [g))t €
LYRY).

Proof. Note that g € C,(RY) implies that (g)* € C,(RY). By Proposition (a)
and (c), and the assumption on (g)*, we have that have that B4~ [g] € C,(R"™) and
Bir[(g)t] € LYRN)NCy(RY) are the unique classical solutions of with right-
hand sides g, (9)*, respectively. Proposition[6.7](c) ensures that B+ [(g)*] > 0 since
(g)* > 0. In the same way, we get B#"[—(g)~] € Cy,(RY) and B [—(g)~] < 0.

Adding the equations for B#r[(g)*] and BY"[—(g)~], and noting that (g)* —
(9)” =g € Cu(RY), we get

e(BLrl(9)*] - BEl(9)7]) = £ [BErl(9)*] - BEl(9)7]] = 9.
It follows that BEr[g] = B [(g)"] — B“"[(g)~] by uniqueness. We conclude that
0 < (BEr[g])* < BEv[(9)*], and thus, (BEr[g])" € L'(RY). 0

6.3. Results for the elliptic equation (3.1). Now, we state and prove compar-
ison, uniqueness and existence results for classical solutions of (3.1]). These results
will be obtained from the corresponding results for (6.1]) and limit procedures.

Lemma 6.10 (Comparison). Assume (A,)), g,9 € L®(RY), and v, 9. € C*(RV)N
L>(RY) are solutions of (3.1) with right-hand sides g, § respectively. If g < § a.e.,
then ve < 0. in RN,

Proof. Note that w = v — 0 solves ew — LF[w] < 0, and hence, also
ew— £ ] < (2" — £ e e
By Proposition (a), it then follows that
(@) vy < 02" — £7) [0l o vy
Assume for moment that w € CZ(RY). Then by Remark (b),

(L — LF) [w]|| oo vy — 0 as r—0t,
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and we conclude that w < 0.
The general case follows by mollification: ws = w *ws (cf. (1.7)) satisfies ews —
L#ws] <0 and hence by the first part of the proof and properties of mollifiers,

w(z) < ws(z) + |w(x) —ws(z)] <0+ o0(1) as §— 0"

for every x € RY. The proof is complete. O

Corollary 6.11 (Uniqueness). Assume (A,), and g € L=(RY). Then there is at
most one classical solution v. € C2(RN) N L= [RYN) of (3.1).

Proof. If g = g a.e., then Lemma gives v, = 0. in RY. O

Proposition 6.12 (Existence and Stability). Assume (A,)), g € C(RY), £ > 0.

(a) There exists a unique classical solution B¥[g] = v. € CZ of (3.1).
(b) Any sequence {ver, }nen of solutions of (6.1) converges locally uniformly to
ve = BH[g] of part (a) as r, — 0.

Proof. (a) Let 0 < 7, — 0T as n — oo, and let v, := v.,, € C°(RY) be the
unique solution of (6.1)) given by Proposition (d). Moreover, for all n > 0,

ellvnlle < llgllzee,  ellDvnllee < [|DgllLe,
el D?vplp < |ID?gllz,  el|DPvnllzee < | Dgllze.

The sequences {vy }rn>0, {DVn }n>0 and {D?v,, }n>0 are thus equibounded and equi-
lipschitz. By Arzela-Ascoli’s theorem there exists a subsequence (still denoted by
Vn, Dv, and D?v,) such that (v,, Dv,, D?*v,) converges locally uniformly (and
hence a.e.) as n — 0o to a limit (7, Dv, D2v) which is bounded and continuous.

We check that DT = Dv and D?T = D2v. Let a € NV denote a multiindex. By
Taylor’s theorem

on(y) = n(@) + Don(e) - (y = 2) + 5 DPen()y — 2) - (y — 2)

(6.4) 3 N 1 9
+|Z|:3O"(y_x) /0(1—t) D% vn( + t(y — 2)) dt.
Since
3 o [t o 1 y—z|®
> S [ 40Dttty - o)at] < H0tgle TSI
la|=3 la|=3

we can take the locally uniform limit in (6.4) as n — oo to obtain that

o(y) = o(z) + Do(z) - (y — 2) + %m(fﬁ)(y —2)-(y—2)+olly—=zl’) as y—a

By definition, it then follows that D = Dv and D?*7 = D?v.
We now go to the limit in (6.1) as 7, — 07, and we may assume that r, < 1.
In order to show the convergence, the nonlocal operator in (6.1)) will be written as

£ o)) = £ oal(o) + [

|z|>1

(n(@+2) = va(@)) du(2),

with

£ onl(e) = [

|21<1 <Un(x +2) —vn(z) -2 D”n(x)) dpr, (2).
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By the triangle inequality and Lemma (a),
L7 [on)(x) — L5 [](2)]|

< |28 fon = T)(@)| + [(£17 = L) [F](2)]
< 1 max |D2vn(x + 2) — D*%(x + z)| |22 du(z)
2 Jzl<1 EEs!
1
+ = max | D*v(z + z)| 121211, <, dp(z).

2 |zt l2|<1

So, the local uniform convergence and Lebesgue’s dominated convergence theorem
ensures that |£)™ [v,](x) — L} [](z)| — 0 as r, — 0T for all z € RY. The re-
maining term in the nonlocal operator also converges by Lebesgue’s dominated
convergence theorem:

/|Z|>1 (vn(x—l—z)—vn(a:)) du(z) — o

Sending 7, — 0T in (6.1)) then shows that v solves (3.1)). Moreover, the limit is
unique by Corollary

(b) In fact, part (a) shows that all limit points of the sequences {ve ,, }nen coin-
cide by uniqueness (see Corollary [6.11). By Proposition (d), every sequence is
bounded, and hence, the whole sequence converge locally uniformly to the solution

of (3.1) as r,, — 0T. O
Proposition 6.13. Assume , g € C(RN), e > 0, and v. = BF[g]. If

(g) € Ll(RN), then
S (Y dzx g dz.
/RN( E) § /RN( )

Proof. By Proposition (d), for any r > 0, there exists a unique function v, , €
C°(RY) such that

ever(2) — L' [vey)(2) = g(x)  in RV
Consider X € C°(RY) such that 0 < X,
<
x@={t <L
0 |z|>2

and define Xr(x) = X'(F) for R > 0. Then for every r > 0, by Proposition (d),
there exists a function ur € C2°(RY) such that

(6.5) eugr(z) — L [ug](z) = g(x)Xr(z) for all r € RV,

Let (5 : R — R, be a smooth approximation of the sign® function. More
precisely, (5(z) = 0 for x < 0, (5(z) > 0 and 0 < (s5(z) < 1 for z > 0. Since
0 < (gXr)* < (9)F € LY(RN), (ug)* € L'(RY) by Corollary[6.9} and

/ ur(s(ur)dz
RN

(@(x—i—z) —f(aj)) du(z) as rn — 0.

< l(ur) *llealIGs (ur) | e

/ 9XRGs(ur) dr| < ||g||L°°/ dz.
RN lz|<2R

Then by (6.5), |f]RN LFr[ug)Cs(ur) da:| < 00, and we may multiply (6.5)) by (s and
integrate over RV to find that

g/w ur(s(ur)dr = /RN L [up](s(ur) d$+/RN 9Xr(s(ug) dz.

I,
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So, Lemma, and Remark [6.9] gives that I, < 0 and hence

[ unGstunydr < [ gxaGtunydo< [ (@) do

RN

Letting Cs(ug) — sign™ (ug) as & — 07 in the above inequality (using Fatou’s
lemma on the left-hand side since ug(s(ugr) > 0) yields

(6.6) 5/}RN(UR)+ dz < /}RN(g)Jr dz.

We note that the sequence {ug}rso is equibounded and equilipschitz since

Proposition (d) gives

1
ur|lLe= < g||g||L°°

1 1 1 1
D o < — D X o < = _D oo 70 j— .
[Durl|Le~ < E|| (9&R) [z~ < EH gllre + - (R)

Hence, by Arzela-Ascoli, ug — u as R — oo locally uniformly in R (and thus a.e.
in RY). Sending R — oo in (6.5) shows that u = v ., that is, the unique solution
of given by Propositio (d). Furthermore, we can send R — oo in
(again using Fatou’s lemma) to obtain

[ entaes [ (@) dn

By Fatou’s lemma and Proposition (b), we can let r, — 07 in the above

estimate to get
[ @rtaes [ (9t
RN RN

where v, is the classical solution of (3.1]). O

Corollary 6.14. Assume (A,)), g € C°(RY), € > 0, and v. = B¥[g].

(a) If (9)~ € LY(RY), then € [pn (ve)” dz < [rn(9)~ da.
(b) If g € LY(RY), then € [on |ve|dz < [on |g| da

Proof. (a) Note that (g)~ € L*(R”) implies that (—g)* € L*(RY). Since B#[—g] =
—B*![g], we have by Proposition that

o] B as=c [ (Brdtars [ (o= [ 0

(b) Follows by noting that (v.)™ + (ve)™ = |ve]. O
Below, we collect the main results for (3.1)).

Theorem 6.15. Assume (A,), g € LL _(RY), and v. € LL _(RY) is a distributional

loc loc
solution of (3.1)).
(a) If (9)* € L'(RY), then

s/RN(vE)+ da < /]RN(g)+ da.

(b) If g >0 a.e. on RN, then v. >0 a.e. on RV.
Proof. (a) Let ws € C°(RY) be defined in (I.7)), and let v, 5 = v xws € C(RY).

By assumption,
6/ vawdy—/ vaﬁ“[w]dy:/ g dy
RN RN RN



NONLOCAL POROUS MEDIUM EQUATIONS 39

for all ¢ € C°(RY). Taking ¢(y) = ws(x — y) for z € RY, we get the pointwise
equation

eves — LM ve 5] = g * ws in RY.

Note that 0 < (g *ws)" < (9)T *ws € L*(RY) (see e.g. Lemma 5.1 in [25] ), so
Proposition gives

6/ (1}575)+d$§/ (g*ws)T da.
RN RN

Then by Fatou’s lemma

5/ liminf(ve 5) " da < hminfs/ (ves)tdz < liminf/ (9)" * ws da.
R RN RN

N 6—0t 6—0t §—0*t

Since (-)* is continuous, (g)* € LY(RY), and v. 5 € LL _(RY), the properties of

loc
mollifiers yields
E/ (vo)" da S/ (g)* dz.
RN RN

(b) Note that —wv,. solves ([3.1]) with right-hand side —g. If —g < 0 a.e. on RY, then
(—g)T =0 LYRY). By part (a), we deduce that ¢ [y (—ve)T dz < 0, and hence
that —v. <0 a.e. on RV, O

We are now ready to prove our main theorem for the elliptic equation (3.1)).

Proof of Theorem[3.1} (a) By the assumptions and Proposition [6.8] (d), for every
r > 0, there exists a unique classical solution v, , € CZ°(RY) of (6.1) satisfying

|| D%, |lp~ < ||D%ll  forall — aeNV.

An Arzela-Ascoli argument as in the proof of Proposition (in this case
combined with a diagonal extraction argument), shows the existence of classical
solutions v. € C°(RY) of (3.1)) satisfying

]| D%l < [|DYg|| L for all a e NV,
Moreover, Corollary ensures that the classical solutions v. are unique.

(b) Ezistence of L'-solutions: Let § > 0, gs = g x ws € C°(RY), where ws is
defined by (L.7)), and v.5 € C5°(R™) be the solution of (3.1)) with gs as right hand
side. By Remark (a), a difference of solutions is also a solution, and then by

Corollary (b),
ellves, — ves,llor < lgs, — gsollLr forevery 41,02 > 0.

Hence, {vc s }5>0 is Cauchy and there exists v. € L*(RY) such that ||v. s—vc|| 1 — 0
as § — 0t.
Since v, 5 satisfies (3.1) with right-hand side gs,

5/ Ve s dx — / ve s LM )] da = / gsv dx for all WP € CSO(RN),

and since ¢ 5,95 — Vs, g in LY(RY) as § — 0T, we send § — 0 and find that v, is
an L!-distributional solution of .

Uniqueness: Note that L' C L{ . Consider two distributional solutions v, 0.
of with right-hand sides g, € LY'(RY). If g — § = 0 a.e., then v, — 0. =
Bt[g — §] = 0 by Theorem (b).

L'-estimate: By the assumptions, we can take v. € L*(RY) c L _(RY) and
g € L*(RY). Then Theorem (a) gives

ell(we) iz < ll(g) "Il
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A similar argument as in the proof of Corollary concludes the proof.

(c) Ezistence of L°°-solutions: Proposition[6.8](b) ensures that there exists a unique
a.e. solution v, ,. € L=(RY) of

EVer — LhHr [Ue,r] =49,
and €|ver||L < ||g|lL=. Then, by Alaoglu’s theorem there exists v; € L>(RY)
such that, up to a subsequence, v, ,, A7z in L®°(RN) as r,, — 0T, That is,

lim Ve, 0 da = / epder  forall ¢ e LYRY).
RN RN

rp—01

To finish the existence proof, we need to show that v; is in fact a distributional so-

lution of (3.1). Consider a function v € C°(R™), then ~y, Lt [y], LF[y] € LY(RY)
(see Lemma 3.5 (b)). Since v -, is a pointwise a.e. solution and v, ., , LFm (v, . ] €
L>(RY), we have by integration and self-adjointness of £L#™ (cf. Lemma and

Remark [3.6] (b)) that
5/ Ve r,yda — / Ve,p, LH77 [y] da = / gydx for all v € CX(RY).
RN RN RN
The weak* L°°-convergence ensures that
lim Ve, yda = / ey dz forall v € CX(RY).
RN RN

rn—0t

By Remark (b), we have that, for any vy € C2°(RY), Lt [y] — LH[y] in LY(RY)
as r, — 0. Then, since [|ve,, || < L||glL~, we get as r, — 0"

/ Ve ,r, LH [y] dz
RN

:/ Ve, LH ] dx+/ Ve, (L7 — LE)[y]dz — T LM [v] d,
]RN RN ]RN

for all v € C°(RY). This shows that

5/ ﬂvdx—/ @ﬁ”[w]dx:/ gydz for all v € C(RY),
RN RN RN

that is, 7 is an L°-distributional solution of (3.1)).
Uniqueness: Note that L> C L{, . Consider two distributional solutions v, 0.

of (3.1)) with right-hand sides g,§ € L>=(RY). If g— ¢ = 0 on RY, then v, — 9. = 0
by Theorem (b).

L>°-estimate: Observe that +1|g||L~ € L>(RY) C L (RY) are distributional

loc

solutions of (3.1) with £||g||L~ as right-hand sides. Moreover, —||g|lr~ < g <
llgl| e . Then Theorem (b) gives |ve| < L|gllp- O

This section is concluded by a proof of the self-adjointness of B%.

Proof of Lemma[3] Let fs = f *ws and gs = g * ws where w; is defined by (L.7).
Then f5; € C2(RY) N W2HRY) and g € C°(RY), and then by Theorem [3.1
(a)-(c), BE[fs] € C*(RY) n W2H(RY), BE(gs] € C5°(RY), and

eBL(fs] = LH[BLfs)) = fs(z)  in RN,

eBllgs] — L[BLgs)] = gs(x)  in RY.
By the regularity and integrability of the terms of the equations (cf. Lemma ,
we may multiply the first equation by B¥[gs] and the second by BY[fs], and then
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integrate both equations in = over RY. By self-adjointness of £# (Lemma 3.5 (c)),
we then find that

| a8t e = [ (eBelsl - 1B {AS)) B lgs] da
RN RN
(6.7 = [, eB2las) = £ B2 lgs)) B3]

:/ gs BE(fs] da
RN

To pass to the limit as § — 0T, we first subtract equations to find that

eBY[f] —eBL[fs] — L [BELf] - BLlfsl] =f—fs  in D'RY),

and hence by Theorem (b), linearity, and properties of mollifiers,

el BELf] = B fo)llr = ell BE[f = folller < I = fsllpr =0 as 6 =07
On the other hand, by Theorem (b) and (c), and properties of the mollifiers,

el BEfollle < WIfller, el BE[fsllloe~ < I fllzee, el BE[gslllL~ < llgllzee,
and gs — g a.e. Using L'-convergence for the f-terms and the dominated conver-
gence theorem for the g-terms, we may send § — 0% in (6.7) to get the result. O
APPENDIX A. TECHNICAL RESULTS

A.1. Proof of Liouville type of theorem.

Proof of Theorem[3.9 By the definition of distributional solutions,
[ e uwa =0 ol v e CEEY)
RN

Let € RV, take ¢(y) = ws(z — y), where ws is defined in (1.7), and let vs =
vxws € Co(RY) N C°(RY). By Lemma (b), LF[¢] € L', and we may use
Fubini’s theorem to see that

(A.1) LF[vs)(z) =0 for every zeRY,

Assume that there exists an # € RY such that vs(%) # 0. We only consider the
case vs(Z) > 0; the proof in the other case is similar. Then M := sup,cpn v5 > 0,
and since vs € Co(RY) there exists an zo such that

0< M= = .
52%36 vs = vs(xo)

By equation (A.1]) and Lemma [3.5] (b), we then find that

0= £oil(an) = [

|z|<r

i /|z>;<; (U‘S(IO +2) - U‘*(IO)) dp(z)

(vg(xo +2) —vs(xo) — 2 - Dvg(xo)) dp(z)

§|D205|Lm(3(xoﬁ)>/ll< 1212 du2)

+ /|Z>R (v[;(sco +2z)— M) dp(z).

Take any zp € supp p. By definition, zp # 0 and u(B(z0,7)) > 0 for all » > 0.
Hence we can take r, x € (0,1) small enough such that

B(zo,r)N{z €RY : |2] <k} = 0.
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Since k < 1, vs(zo +2) — M < 0, and B(zp,7) C {z € RN : |z| > K}, the above
inequality yields that

[ (wston+2) = M) du@) 2 <1008l gy [ P bpn i),
B(zo,r) |z|<1

Taking the limit as k — 07 using Lebesgue’s dominated convergence theorem (the
integrand is dominated by |z|* which is integrable by (A,])) gives

/B<z0 ) (”5(5”0 + z) dp(z) — M p(B(z0, 7‘))) du(z) > 0.

Then by continuity, vs(zq + 2) = vs(zo + 20) + A(]z — 20|) in B(zp,r) for some
modulus of continuity A, and we find that
1

1(B(z0,7))

Hence, we may send r — 07 and get that vs(xg + 20) > M. It follows that
vs(xo + 20) = M since M is the maximum of vs.

Repeating the above argument, we find that vs(xg + nzo) = M for every n € N;
and thus

vs(zo + 20) + A(r) > / vs(xo + 2) du(z) > M.
B(z0,7)

limsup vs(xog + nzo) > M > 0.

n—oo
This is a contradiction since lim|;|_,o vs(z) = 0. So, we conclude that vs(z) = 0
for every x € RY.
By the properties of mollifiers, vs — v locally uniformly in RY as § — 0%, and
hence it follows that also v(x) = 0 for every x € RV, O

A.2. Proof of a measure theory result.

Proof of Lemma[6.J} Remember that we defined

M (A, B) :/A(/B_Z du(x)) dz:/Az/(B—z)dz,
Msy(A, B) :/B (/Az du(:v)) dz = /Bz/(Afz) dz,

and that we want to show that M; (A, B) = My(A, B).
Consider the set C C R2N defined as

C={(z,2) eR*¥N :2€ A, z€B-2z}.
Furthermore, define the sets

S={r=wp—za:24€A, zp€B}= U (B—1x4),

TA€A
Gy={2€A:zeB—-z}={2€A:2zeB—-z}=AN(B—x).
Note that C' can also be expressed as
C={(z,2) eR*™:2¢€8, 2€G,}.
Then
(A.2)

Mi(A,B) =
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FIGURE 1.

where the third equality follows by Tonelli’s theorem (the tensor measure is a non-
negative Radon measure), and | - | denotes the Lebesgue measure on RY.

We can proceed in the same way to change the order of integration in the ex-
pression for Mz(A, B), but first we make use of the symmetry of v

(a5 = [

B

v(A—2z)dz :/ v(—A+2z2)dz :/ (/ du(x)) dz.
B B \Jz-4
Using the same technique we consider the sets,
6:{(95,2) eR*™:2¢eB, z€-A+2z},
§:{$:x3+xA:xA€—A, xp € B} = U (xp — A),

rp€EB

Ge={2€B:zc—-A+z}={zeB:zcA+a}=Bn(A+uz).
Second, we follow (A.2) to get
(A.3) M,(A, B) = /A |G| dv(z).
g
Now, note that § = 5. Moreover, G, = AN (B — z) is just a translation of
Gy = BN (A+ z). Then |G,| = |G|, since the Lebesgue measure is invariant

under translations. (Consult Figure [1| for a visual overview of the sets.)

Finally, we can conclude by (A.2) and (A.3]) that
Mi(AB) = [ [Galdv(e) = [ |Gl dv(e) = Ma(4,B),
s 3

which completes the proof. O
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