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Andreev reflection in altermagnets
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Recent works have predicted materials featuring bands with a large spin-splitting distinct from ferromagnetic
and relativistically spin-orbit coupled systems. Materials displaying this property are known as altermagnets
and feature a spin-polarized band structure reminiscent of a d-wave superconducting order parameter. We here
consider the contact between an altermagnet and a superconductor and determine how the altermagnetism affects
the fundamental process of Andreev reflection. We show that the resulting charge conductance depends strongly
on the interfacial orientation of the altermagnet relative to the superconductor, displaying features similar to
normal metals or ferromagnets. The zero-bias conductance peaks present at the interface in the d-wave case are
robust toward the presence of an altermagnetic interaction. Moreover, the spin conductance strongly depends on
the orientation of the altermagnet relative the interface. These results show how the anisotropic altermagnetic
state can be probed by conductance spectroscopy and how it offers voltage control over charge and spin currents

that are modulated due to superconductivity.

I. INTRODUCTION

The interaction between magnetism and superconductivity
is a major research topic in modern condensed matter physics
[1-4]. Its allure stems both from a fundamental viewpoint and
cryogenic technology applications such as extremely sensitive
detectors of radiation and heat as well as circuit components
such as qubits and dissipationless diodes [5, 6].

To understand the transport of charge, spin, and heat in
such structures, it is crucial to understand the basic transport
mechanism involving the Cooper pair condensate: Andreev
reflection [7]. Whereas Andreev reflection in ferromagnetic
materials has been studied in great detail [3], antiferromag-
netic materials have received less attention. A particularly
interesting example is recently discovered antiferromagnets
[8, 9] that break time-reversal symmetry and feature a spin-
splitting that does not originate from relativistic effects such
as spin-orbit coupling [10]. Dubbed altermagnets [11] in the
literature, these are spin-compensated magnetic systems with a
huge momentum-dependent spin splitting even in collinearly
ordered antiferromagnets. Ab initio calculations have iden-
tified several possible material candidates that can host an
altermagnetic state, including metals like RuO; and MnsSi3
as well as semiconductors/insulators like MnF, and La,CuOy4
[12-15, 20].

The interaction between superconductivity and altermag-
netism has only very recently started to be explored [16—19].
An interesting analogy exists between altermagnets and un-
conventional superconductivity in the high-7, cuprates where
the order parameter has a d-wave symmetry in momentum
space [21]. Similarly, the band structure of altermagnets has
a spin-resolved d-wave symmetry which mimics the struc-
ture of the d-wave superconducting order parameter (see Fig.
1). Since hybrid structures of superconductors and magnetic
materials are attracting wide interest due to their functional
properties, we here consider Andreev reflection in an alter-
magnet (AM)/superconductor (SC) bilayer. We allow for both
conventional s-wave superconductivity and unconventional
d-wave superconductivity. Importantly, we allow for different
crystallographic orientations of the interface between the mate-

rials to explore both how the nodal orientation of the SC order
parameter and the spin-resolved Fermi surface orientation in
the AM affect transport.

We find that the altermagnetism strongly influences both
charge and spin currents flowing into the SC for high-
transparency contacts. Depending on the crystallographic
orientation of the interface relative to the spin-polarized lobes
of the altermagnetic Fermi surface, the zero-bias charge con-
ductance peak in d-wave superconductors can be either en-
hanced or suppressed relative to the normal-state with increas-
ing altermagnetic strength. Moreover, the spin conductance
strongly depends on the orientation of the altermagnet rela-
tive the interface. Our findings demonstrate how the unique
momentum-dependent spin polarization of the altermagnetic
state is revealed in conductance spectroscopy by using super-
conductors.

II. THEORY

The Hamiltonian for the AM, using a field operator basis
Y= [l//T,l!/l,d/T',l,bI]T, is given by
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in which « is the parameter that characterizes the altermag-
netism strength, o, denotes the Pauli matrix, m, is the electron
mass, u is the chemical potential and ... is notation for a
2x2 matrix. The four eigenpairs are obtained as: E; = E,
with (1,0,0,0)7 for e T, E; = E_ with (0,1,0,0)7 for e |,
E3 = —E, with (0,0,1,0)" for 4 T and E; = —E_ with
(0,0,0, I)T for i |, using e/h for electron/hole excitations.
The eigenenergies are
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Considering an excitation with energy E, the x-components
of the four possible wave vectors in the AM are given

by ke(nyos = ih_l\/Zme(y +' E) - 2k2 + a?m2kih? —
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FIG. 1. Andreev reflection is probed in a bilayer consisting of an
altermagnet (AM) and a superconductor (SC). The order parameter
in the SC can have a s-wave or d-wave symmetry, including different
nodal orientations of the d-wave case. Different interface orientations
are also considered, effectively rotating the spin-resolved Fermi surface
in the AM for majority (blue ellipse) and minority (red ellipse) spin
carriers. A voltage V is applied to the system and the differential
conductance provides information about the Andreev reflection.

aomekyh™2, where o = +1(-1) for spin-T (|), " = +(-) for
e(h). The + sign in the subscript denotes propagation direction
along +x. Translational invariance is assumed in the y-direction
with associated momentum k,, of the incident particle. In the
superconducting region, we use well-known expressions for
the Hamiltonian and eigenenergies/states, allowing for both
s-wave and d-wave symmetries (see appendix for details).

The altermagnetic Hamiltonian modifies the standard expres-
sions for the charge current and boundary conditions satisfied
by the scattering wavefunctions. To see this, consider for
concreteness an e T incident from the AM side of an AM/SC
bilayer. We have

YaM,et = ((1)) elkers 4 p ((1)) eket =X 4 p, ((1)) elkniax

. y-
v_e
) elde+* 4 ¢ (

Uy
Wsc,er =1 (V+e—m

) efiqh,—x, (3)
in which r, r4, t and ¢ 4 describe the normal reflection, Andreev
reflection, normal transmission, and Andreev transmission,
respectively. We consider a superconducting gap which can
be anisotropic, A = Agg(6s) with g(fs) = 1 for the s-wave
case and g(0s) = cos (205 — 23) for the d-wave case, where
e = g(0.)/|g(0.)| with 6, = 5 and §_ = -0 are defined.
The scattering angle 65 in the SC is determined from 6 in the
AM by using conservation of momentum k.

To derive the boundary condition for the e T incident, anti-
symmetrization of the altermagnetic term
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is necessary to ensure hermiticity of the Hamilton-operator,
where ©(x) is the step function. Above, k, = —id,. Applying
HY = EVY and integrating over [—¢, €] with € — 0, we obtain
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Here the imaginary number i appears in k o, - since we consider
ky invariance (unlike k, = —idy). The boundary conditions for
incident e |, h T and h | particles can be found in the appendix.

To compute the conductance of the junction, the charge cur-
rent produced by all possible types of incoming quasiparticles
toward the interface must be considered . The electric current
is computed by taking the quantum mechanical expression for
the charge current and multiplying it with the density of states
(DOS) and distribution function of the incident particle. The
DOS of quasiparticles in the superconducting region is well-
known but is worth presenting in the altermagnetic region. We

consider again an incident e T with energy E from the AM side
W2 (K2+Kk2
for concreteness. We have £ = E, = % - H+akyky.

The general expression for 2D DOS of a band E (k) is given by

N(E) = N

1 J‘ dl
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which can be used to compute the k-anisotropic DOS in the
altermagnetic case. When « < #2/m, = a.., a constant energy
contour defines an elliptical energy surface in k-space for e T.
The ellipse has semi-major (minor) axis a (b), which can be
obtained as
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On the other hand, when @ > «., the energy dispersion
corresponds to a hyperbola, which can not define a closed
integral path. Therefore, we confine our attention to @ < @, in
this work.

The quantum mechanical charge current density for e T
channel in the AM is given by

eak
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We can compute the total charge current flowing in the AM
by using Eq. (9) in the e T channel and integrating over all
incoming modes after multiplying jo .+ with the distribution
function for the incoming particles. Assume that a voltage
is applied across the AM/SC junction so that the distribution
function for electrons [holes] is f(E — eV) [f(E + eV)] on
the AM side while it is f(E) for quasiparticles on the SC
side. For instance, an incoming hole from the AM side can be

h
ot = —;—e[ﬁm{f*Vin‘m{g*Vg}] -

. 1\ ;
Andreev-reflected into the e T channel as ¢ = ry4 (0) etker.—x
and contributes with a current
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The total charge current / is then obtained by first computing
the total electric current flowing in the e and & channels for
both spins on the AM side, each contribution determined by
Jo,ifi(E) where jo ; is the charge current density produced
by an incoming particle channel i, f;(E) is the distribution
function for channel i, and then integrating over all energies and
all possible transverse modes via f dk, = f dE (dky/dE) and

f dky. In performing the integration over transverse modes,
conservation of momentum k, needs to be taken into account.
We find that the charge current carried in the e and / channels
are equal, and it thus suffices to consider only transport in the e
channel for spin-T and |. Specifically, the total charge current
I, flowing in the electron channel for spin o is obtained as:
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where ]5‘: is the charge current produced in the e, o channel
from a particle that is incoming from channel 7, giving a total
current = Iy + I}. Andreev-reflection and normal-reflection
contribute to the conductance qualitatively in the same way
as in the BTK model (the former enhancing and the latter
suppressing the conductance) [27]. The conductance is then
G (V) = dI/dV and we normalize it against the high-voltage
conductance (normal-state) Gy = lim,y s, G(V), which can-
cels the proportionality constant, which includes the area of
the junction, in Eq. (11). The spin current /g is obtained by
computing the difference Iy — I} between the currents carried
by e T and e |, and the spin conductance is Gs = dIs/dV with
a similar normalization as for the charge current.

We will show how the conductance of the AM/SC junction
depends strongly on the crystallographic orientation of the
interface between the materials. This can be modeled by
replacing akyk, — (k2 - ki)/2 in H,,,, corresponding to
a 45 degree rotation of the interface. This leads to different
expressions for the wavevectors
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and the charge current density

Jjo.ethyo =Im{f*Vf}(—eh/m. ¥ eac[h)
+Im{g*Vg}(=eh/m, =" eac/n).  (14)

The boundary conditions for incident e |, & T and & | par-
ticles can be found in the appendix. A similar procedure as
described earlier can then be used to compute the charge and
spin conductances of the junction.

III. RESULTS

The dimensionless parameter Z = rg;lf; 0 with kg = 4/ 2";:’”

characterizes the quality of electric contact between the AM
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FIG. 2. (Color online) Normalized charge conductance G/G as a
function of bias voltage for different types of AM/SC junctions. The
barrier is set to Z = 0, which describes a high-transparency contact.
The columns correspond to different superconducting order parameter
symmetries. Upper row: case (a) in Fig. 1 [AM term akxky in H 5]
Lower row: case (b) in Fig. 1 [AM term a(k)zc - kg)/Z in H 1

and SC [27]. The high-transparency limit Z < 1 is routinely
achievable experimentally using point-contact spectroscopy
measurements [23, 24] or very high-quality interfaces. A
tunneling interface, modeled by Z = 3 in this work, can be
achieved with the same experimental technique by increasing
the tip-sample distance or by explicitly inserting a thin insulator
between the AM and SC. Both transport regimes are interesting,
and the altermagnetic interactions reveal themselves differently
in these two cases.

To understand the results for the conductance, it is useful
to consider the wavevectors of the incident electrons with the
corresponding Andreev-reflected holes. In the NM case, there
is only a very slight mismatch between the wavevectors of the
incident and Andreev-reflected particles as the sign of the energy
changes: the wavevector is proportional to factor v + E vs.
Vu — E. However, for ferromagnetic materials (FMs), there
is a much larger mismatch between these wavevectors due to
the presence of a (momentum-independent) spin-splitting or
exchange energy Jex: Vit + Jex vs. Vi — Jex. This large change
in momentum suppresses the Andreev-reflection process as Jex
increases.

We can now compare this with the altermagnetic case. For
simplicity, let us focus on particles close to normal incidence,
ky — 0, which contribute the most to the transport across the
junction. In the k. k, orientation of the spin-bands of the AM,
the wavevectors of the incident and Andreev-reflected particles
are then almost equal, distinguished only by their sign in energy,
just like the NM case. In contrast, in the k)zc - k% case, the
wavevectors can be strongly mismatched even for k, — 0 as
seen from Eq. (12). This is similar to the FM case.

With increasing k., however, the mismatch increases in the
kyky case while it decreases in the k2 —ki case. This is different
from both the NM and FM cases and is a unique feature of the
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FIG. 3. (Color online) Normalized charge conductance G/G as a
function of bias voltage for different types of AM/SC junctions. The
barrier is set to Z = 3, which describes a low-transparency contact.
The columns correspond to different superconducting order parameter
symmetries. Upper row: case (a) in Fig. 1 [AM term akxky in H 5]
Lower row: case (b) in Fig. 1 [AM term a(k)zc - k%)/Z in Hypl

altermagnetic band structure. For larger &, Andreev-reflection
thus becomes less favorable in the k k, orientation compared
to normal incidence, whereas the opposite is true in the k2 — ki
orientation.

The conductance in the high-transparency case is shown
in Fig. 2. In this case, increasing the magnitude of the spin-
splitting « in the altermagnetic band structure substantially
changes the conductance. In the s-wave and d-wave 8 = 0
cases, both known not to feature interfacial bound-states, the
conductance is suppressed with increasing «. In the d-wave
B = /4 case, known to feature zero-energy bound states at
interfaces and defects, the conductance is either enhanced
or suppressed relative to the normal state depending on the
orientation of the spin-polarized elliptical Fermi-surfaces of
majority and minority spin carriers.

As explained before, it can be seen that the influence of the
k% — k3 altermagnetism on the conductance for the orientation
shown in case (b) in Fig. 1 (corresponding to the lower row of
Fig. 2) is similar to that of a conventional FM/SC junction [29]:
the magnetic interaction simply suppresses the conductance.
This can be understood physically from the fact that the most
dominant trajectories contributing to transport in the junction
are the ones normal to the interface. For such directions of 4,
the band structure of the altermagnet is qualitatively similar
to a ferromagnet in that one spin species dominates over the
other independently of momentum. Our model can also be
directly applied to describe the conventional FM by considering
—% — 1+ Jex0o, which can give the same trends as
shown in [29]. Interested readers are referred to the appendix
for more details.

Case (a) in Fig. 1 (corresponding to the upper row of Fig. 2)
is more complex and interesting. In this k,k, AM case, there is
no spin-polarization for normal incidence 6 = 0, while spin-| is

Hpy =

the majority carrier for incident electrons with # > 0 and spin-T
is the majority carrier for 8 < 0. The total spin polarization of
the incident particles cancel since the majority and minority
spin bands contribute equally when integrating over all possible
angles of incidence toward the AM/SC interface. Therefore
the AM behaves similarly to a NM with zero spin-polarization,
as mentioned before. Compared with the FM, the reduction
in spin-polarization for incident particles then causes a lesser
suppression of the charge conductance, consistent with the
upper row of Fig. 2 for s-wave and d-wave § = 0. On
the other hand, the conductance relative the normal state
increases with altermagnetism for the d-wave g = n/4 SC,
which corresponds to the behavior with a higher effective
barrier introduced by altermagnetism, as will be explained
below, based on comparison with the the NM/d-wave SC
B = /4 shown in Fig. (2c) in [26]. Note that in the left top of
Fig. 2, a slight peak at the gap edge appears for a/a. = 0.9,
which is similar to the conductance behavior when adding a
weak barrier (e.g., Z = 0.5) at the interface of a NM/s-wave
SC bilayer (e.g., Fig. 7 in Ref. [27]). Here this weak effective
barrier is introduced by and proportional to the altermagnetism

mzkzytr) in

strength, i.e., the second term in ko & = %(U() +
the boundary condition described by Eq. (6).

In Fig. 3, we show the case of a tunneling interface between
the AM and SC for completeness. In this case, the altermag-
netism has less effect on the charge conductance, even for large
values a/a. = 0.9. However, it is interesting to note that the
zero-bias peak present for a d-wave § = n/4 order parameter
[25, 26] survives for both orientations of the AM [case (a) and
(b) in Fig. 1]. This suggests that the zero-bias conductance
peaks known to be present at d-wave interfaces are robust to-
ward the presence of altermagnetism. Furthermore, comparing
Fig. 2, center top, to Fig. 3, center top, it can be seen that
going from the high transparency to the tunneling limit can
reverse the dependence of the conductance on the altermagnet
strength relative to the normal state, which might be probed in
experiments. This behavior can be understood by comparing
with the NM/d-wave SC g = 0 bilayer ( Fig. 2 in [26]): In the
high transparency limit with Z = 0, the second term in k,_
acts as the only effective barrier whose strength increases with
a, playing a role as a weak Z. In the low transparency limit
with Z = 3, the second term in k., can partially compensate
Z = 3 in the first term, giving rise a slightly lower but still
strong Z.

Finally, we consider the spin-polarization properties of the
current flowing in the junction. For case (a) in Fig. 1, similar
to NM, the spin conductance G is zero since the total spin
polarization of the incident particles cancels upon averaging
over all incident angles. For case (b) in Fig. 1, the transmitted
current is spin-polarized and shows similar behavior as a
ferromagnet/superconductor bilayer [29]. The magnitude of the
spin conductance G g vanishes for @ = 0. The low-transparency
case is considered in the lower row of Fig. 4. Similarly to the
charge conductance, the altermagnetic interaction has very little
impact on the results in this case. Therefore, high-transparency
contacts between altermagnets and superconductors will offer
the clearest transport signature of the altermagnetic interaction.

In this work, two representative AMs with 0 and 45-degree
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FIG. 4. (Color online) Normalized spin conductance Gg/Gg as a
function of bias voltage for case (b) in Fig. 1 [AM term a( k)zc - k%) /2
in H ;1. The columns correspond to different superconducting order

parameter symmetries. Upper row: high-transparency contact Z = 0.

Lower row: low-transparency contact Z = 3.

rotation relative to the interface are investigated. As for the
AM with arbitrary rotation, it can be modeled based on the
combination of our established 0 and 45 degree cases, i.e.,

K2v?
Hyy=—5— —n+aikdyo + @ (ky = k3)o2/2, (15)
e

in which two different altermagnetism strength parameters a
and a; are introduced and the arbitrary angle is determined
by 64 = % arctan(ai/a;). More details can be found in the
appendix.

We also comment on the altermagnetism ratios used in
the plots. We have defined the altermagnetism strength as

J

@ = ng,, in which @, = i /me is its critical value and n, is
the ratio, e.g., (0, 0.6,0.9). Interms of energy, the ratio between
the altermagnetic and kinetic coefficients are «/ % =2n,.
Previous ab initio calculations have predicted spin splittings of
order eV for metallic altermagnets. If we assume that the Fermi
energy 1 = h*k%/2m, in the normal state is of order eV, then
we note that our choice of n, = 0.6 corresponds to a maximal
altermagnetic spin splitting in k-space (roughly approximated
as ozkzF) of similar magnitude as the ab initio calculations.

IV. SUMMARY

In conclusion, we have shown that charge and spin conduc-
tances are strongly affected by altermagnetism for junctions
with high-quality interfaces. The zero-bias conductance peaks
present for d-wave superconductors remain robust in the pres-
ence of altermagnetism. The spin conductance demonstrates
a strong dependence on the orientation of the altermagnetic
crystal structure relative the interface. Our predicted effects
can be tested experimentally using a metallic altermagnet such
as RuO», and point the way toward a further investigation of
interesting spintronics effects in heterostructures comprised of
altermagnets and superconductors.
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Appendix A: Wave vectors in the AM

The Hamiltonian for the altermagnet (AM), using a field operator basis ¢ = [y, ¥, z//;, lﬂI]T, is given by

Arn = (EAM - ) (AD
—ZAM
with
K2v?
Hoy = ——— — i+ ao.kyoky, (A2)
Ham 2m, HT @OzRxKy

in which « is the parameter that characterizes the altermagnetism strength, o, denotes the Pauli matrix, m, is the electron mass, u
is the chemical potential and . . . is notation for a 2x2 matrix. The four eigenpairs are obtained as: E; = E, with (1,0,0,0)7
fore T, E; = E_ with (0,1,0,0)7 for e |, E3 = —E, with (0,0,1,0)7 for & T and E4 = —E_ with (0,0,0,1)7 for 1 |. The
eigenenergies are described by

R* (k3 + k3)

E. =
* 2m,

— i+ akik,y. (A3)



Applying E| = E; = E3 = E4 = E, the x-components of the wave vectors in the AM are given by
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1 a?mik?  amqk
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in which the + sign in the subscript denotes the propagation direction along the +x. Here we assume translational invariance in the
y-direction with an associated conserved momentum k. The momentum k,, of the incident particle appearing in Eqs. (A4-A7) is
determined by the Fermi surface of the incident particle, which is described as follows.
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Consider an e T particle in the AM. We then have E = E, = % — p+akyky in Eq. (A3), which defines an elliptical

Fermi surface in the k-space when @ < K% /m. = a.. On the other hand, Eq. (A3) corresponds to a hyperbola when @ > a, which
can not define a closed integral path. Therefore, we confine @ < a. in this work. The general equation of the ellipse is given by

22 2 i
X akyky + - (L+E)=0 A8
2m, a y 2m, (u ) (A8)
from which the semi-major (minor) axis can be obtained as
2me(p+E) 2me(p+E)
_ b L A9
a K2 —mea ! 2+ mea (A9)
Consequently, the wave vectors on the Fermi surface of ¢ T in the AM are described by
. ab;
kyer =718in0, ky.p=r1cosl, 71y = , (A10)

\/b% COs2(8 + /4) + a2 sin (6 + 1/4)

in which 6 is the incident angle in the AM with respect to the x-axis. Therefore, we use k, = ky .1 in Eq. (A4-A7) to get the
x-component of the wave vector belonging to incident e T particles on the AM side.
Similarly, we can obtain the wave vectors on the Fermi surface of e |, 4 T and & | particles in the AM, i.e.,

kyel =r2sinf, ky, =rycos6,

ry = azb> Zme(ﬂ"'E) zme(/,t+E) (A1D)
= 7 f b 2mep+ E)
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rs = aszbs , / ,;: (p - ) r;ltz (u—E) (AL2)
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kyny =rasin€, kyp =rscoséb,
b 2 E 2 E
ra = a4D4 , ’;:e(/l ) ’;llze(,u ) (A13)
P2 cos2(6 — x/4) + aZ sin’(6 — 7/4) "\ -mea e



By inserting ky = ky .|, ky = ky 7t and ky, = ky | into Eq. (A4-A7) we can get the x-components of the wave vectors induced
by e |, h T and & | incidents on the AM side, respectively, which will appear in the wave functions to describe the propagation
along the x-direction.

Note the relation between the two x-components of the wave vectors involved, e.g., ky o1 and k¢t +: kx o1 is the x-component
of the wave vector of e T particle on the Fermi surface for a given value of the angle 6, and is thus uniquely defined. Instead, k1 .
are the two possible solutions for the x-component of the momentum on the Fermi surface which both have the same value for k.
Thus, k.1 . can be used to describe the x-component of incident and reflected e T particles for a given k,-value. Only when
considering the e T incident from the AM with ky, = ky .1, kx .1 is equivalent to either k1 ; or k.1 _ depending on the value of
6. To construct the wave functions, we have thus assumed & invariance and include the x-components of the wave vectors for
different scattered particles to describe the reflection and transmission procsesses. In effect, Eq. (A4-A7) are utilized as wave
vectors in the wave functions.

Appendix B: Wave vectors in the SC

Based on the BTK (Blonder-Tinkham-Klapwijk) theory [27], the Hamiltonian for the superconductor (SC), using a field operator
basis ¢ = [Y1, ¥, zp;, ‘/’I]T’ is given by

e T 0 A
. 0 -EZ_, A 0
Hgc = 0 ZTZ* 22 ru 0 (B1)
2me
A 0 0o B2

2me

The superconducting gap is denoted as A = Agg(8s), where Ay is the gap amplitude and g(6s) describes the superconducting pair
symmetry. g is the scattering angle in the SC, which can be determined from 6 in the AM by using conservation of momentum
along the y direction.

In a s-wave SC, the superconducting gap is isotropic, i.e., g(6s) = 1. The four eigenpairs are obtained as: E; = E, with
(10,0,0,v0)T for e T, E; = E_ with (0,ug, —vo,0)T for e |, E3 = —E, with (0, vq, —ug,0)T for h T and E4 = —E_ with
(v0,0,0,u0)T for i |. The eigenenergies are described by

72(g2 + g2
E+=E_=\/(M—,u)2+|A|2, (B2)
2m,

. | E2-A2 ! E2-A}
Applying E1 = E> = E3 = E4 = E, we have the usual coherence factors ug = \ 5(1 + ~—5—) and vo = \ 5(1 — =—%—). The
corresponding x-components of the wave vectors in the s-wave SC are given by

\/Zme(,u +E? - A(Z)) -12q3

Ge = - ; (B3)
\/2me(u — JE? - A) — 123

qn = 7 ; (B4)

which describe the electron-like and hole-like quasiparticles, respectively. Here we consider the transverse component of the wave
vector is conserved across the interface, i.e., g, = k, in the AM.

In a d-wave SC, the superconducting gap is anisotropic, i.e., g(fs) = cos (205 — 2f3), in which g defines the d-wave type.
Due to the gap anisotropy, the eigenvectors are modified compared with those in the s-wave case: (u, 0,0, vie )T fore 1,
(0,us,—vie~ =, 0)T fore |, (0,vie™, —uy,0)7 for h T and (vie'”*,0,0,u.)T for h |. Depending on the quasiparticle motion

. ' E2-A3g2(0) | E2-A3g2(0:)
direction, the coherence factors are us = \ 5(1 + ~——F——) andv: = \| 5(1 - —F%——) with6, =fs and 6_ = 7 — 0.



In addition, the factor ¢+ = é ngg‘ is introduced. Consequently, the x-components of the wave vectors become

\/Zme(u +JE? - Ajg*(6.)) — 123

Ge,+ = 7 s (BS)
\/2me(u - JE - Re20.) -
qn,+ = W ; (B6)

where the + sign in the subscript represents the propagation of the quasiparticles along the +x axis. Again, g, = k, is applied for
the conservation of momentum along the y direction.

Note that the energy-dependent wave-vectors and coherence factors in the SC as introduced above are only applicable for
positive energies, i.e., £ > 0. When E < 0, the following replacements should be made: ge(n) = Gn(e)> to — —v and vo — u
for s-wave and ge(n),+ — Gn(e),+> U+ — —Vi and vy — u} for d-wave. A detailed explanation regarding the negative energy
wave vectors and coherence factors can be found in the Appendix of Ref. [28].

In the following, we will focus on the d-wave SC since the s-wave case can be treated as a simplified version of d-wave with

g(0:) = 1.

Appendix C: Wavefunctions in the AM and SC

Aiming to investigate the differential conductance of the AM/SC bilayer system as shown in Fig. 1 in the main text, we focus on
different incident particles from the AM side.
Consider the e T incident from the AM side based on the AM/SC bilayer, we have

WaM,er = ((1)) eker+¥ 4 ((1)) etker-X 4 4 ((1)) eiknLex, ©n

iy-

u i v_e -
lPSC,eT =t (V+ei—iy+) elde+* 4 A ( ) )6 l(]h,—x, (CZ)

in which we use ky = k, .1 given in Eq. (A10). r, ra, t and t4 describe the normal reflection, Andreev reflection, normal
transmission and Andreev transmission, respectively, whose values can be solved by applying appropriate boundary conditions

(see the next section for details).
Consider the e | incident from the AM side based on the AM/SC bilayer, we have

s
— Uy iGesx veer\ i«
Wscep =t{_y g €5 HIa L e (C4)

in which we use ky, = k, .| givenin Eq. (A11).
Consider the & T incident from the AM side based on the AM/SC bilayer, we have

Yam,nt = ((1)) etknt-x 4 ((1)) etkntax 4 ra ((1)) eik‘)‘l"x, (©5)
¥, =t Ve —iqn-x 44 Us iGe+X (Co)
SC,h = —u e A _v+e—1y+ e 5

in which we use k, = ky ;1 givenin Eq. (A12).
Consider the & | incident from the AM side based on the AM/SC bilayer, we have

Wam,n] = ((1)) etkni-x 4 p ((1)) etkniaX 4y ((1)) elker=x (C7)



v_el”-\ Uy ;
¥ =t e X 1t i | etdert C8
SC,h| u_ A Ve iye 5 ( )

in which we use ky = ky 5| givenin Eq. (A13).

In the SC, the approximation g, + = ge,— = g+ = qn,— = qr can be applied since E < u is considered in this work. Therefore,
the scattering angle 85 in the SC can be related to the incident angle 6 in the AM as fs = Re[mctan(%)] due to the conservation
of momentum along the y direction. Note here the Re[- - - | is necessary to cover the case when there exists no point on the SC
Fermi surface which can satisfy conservation of k, in the AM. For the same reason, we apply real parts of all wave vectors in the
SC,e.g., ge,+ =Re[ge ]

Appendix D: Boundary conditions

To derive the boundary condition, we write down the electron Hamiltonian of the bilayer system as

2y2 a

+Upo(x) + ﬁ{kx,G(_x)}o-m (D)
2m, 2 —

H

in which only the terms affecting the boundary conditions are included, i.e., the superconducting gap terms are excluded. The
anticommutator is necessary to ensure hermiticity of the Hamilton-operator and ®(x) is the step function. Above, k, = —idy. Eq.
(D1) can be rewritten as

2v72
MV oo+ 2 (ko= D2)

H=-
2m, 2

where oo = +1(—1) fore T (|). In Eq. (D2), we have

{kx, ©(=x)}¥ = kx [O(—x)¥] + O(—x) (k«'¥)
= —i[P0,O(—x) + O(—x)0,¥] —iO(—x)0, ¥ (D3)
=16(x)¥ — 2i0(—x)0, 7.

Apply HY = EV¥ and integrate over [—¢, €] with € — 0, we have

+€ 2m +€ lafk o 2m +€ . 2m +€
J *Wdx = hze J (Uo + Zy )o(x)Wdx — h—zeJ ik, oO®(—x)0¥Ydx - h—zeJ EW¥dx. (D4)
—€ —€ —€ —€
Consequently, the remaining nonzero terms are
2m, iokyo
0|, -0 = ?(UO +— )Y, . (D5)

with ¥|, =¥| _and o =+I(-1) fore T ({).
For notation convenience, we rewrite the boundary conditions for e T incident from the AM side based on the AM/SC bilayer as

%mﬁﬂwm=@, (D6)
k(l, lf
0xWsc|,_o — OxWam|,_o = (k(z:1g) , (D7)

where ko = %(U@ + kay(r) with o = +1(-1).
The boundary conditions for 4 | incident from the AM side have the same forms as Eqgs. (D6,D7). On the other hand, for e |
and & T incidents from the AM side, the second boundary condition described by Eq. (D7) changes to

k( ,—lf
6x‘PSC x=0 aleAML\,:O = (k;’+1g) s (DS)
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Appendix E: DOS in the AM

For e T incident from the AM side based on the AM/SC bilayer, we have

Rk + k)

E=E. 2m
e

— p+ akyky. (ED)
The general expression for 2D density of states is given by

N(E) = (E2)

L
4n% ) |VRE(k)|’

which can be used for anisotropic DOS.
i) When a < #%/m,, Eq. (E1) defines an elliptical energy surface. In Eq. (E2), we can use

i = (%o (%)%9, (E3)

VR E (k)] = \/< OF o o (9E g

Ak, ok,
2 2k
- \/(hmkx +aky)? + ( — Y+ aky)?. (E4)
e e

Insert ky = ky .t and ky, = k, .1 in Eq. (A10) into Egs. (E3) and (E4), |ViE (k)| is expressed in terms of E and 0, i.e.,
|VkE(k)| = K(E, 8). Consequently, Eq. (E2) can be rewritten as

2r
N(E)=| N(E,6)ds, (ES)
0
. \/(dkx,eT /d6)? + (dky 1/d6)?
N(E.6) = 73 K(E,0) (E6)

in which N(E, 8) corresponds to the DOS at a given incident angle 6.

ii) When & > #?/m., Eq. (E1) corresponds to a hyperbola, which can not define a closed integral path. Therefore, we confine
a <K /m, in this work, as mentioned before.

Following the same procedure as described above, the DOS in the AM for e |, & T and % | incidents can be calculated.

Appendix F: Conductance

The quantum mechanical charge current density for e T channel in the AM is given by

k
- 2SR - g, F1)

Joer = —% [Sm{f*V )} + Im{g"Ve)]

The charge current density for /2 | channel in the AM has the same form as Eq. (F1). On the other hand, for e | and & T channels,
the charge current density expression changes to

k
(S = 1gP). (F2)

. eh - *
Jo.el(h?) = —m—e[i‘m{f Vf}+3m{g"Vg}] +

Use Eq. (F1), we can compute the charge current contributions 1-5 to the e T channel in the AM. Assume that a voltage is
applied across the AM/SC junction so that distribution function for electrons is f(E — eV) on the AM side while itis f(E) on the
SC side.
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* 1: contribution from the incoming e T on the AM side:

w1=(3emﬁﬂ, (3)
hker.  aky

o1 = —e(—t 4 T2 F4

Jo1 = —e( o 3 ) (F4)

This contributes to the total charge current density in the e T channel on the AM side with

Jo1 = f(E-éV)joi

= —ef(E - eV)(hkeT * %). (F5)

* 2: contribution from the reflected e T produced by the incoming e T on the AM side:
Uo=r ((1,) eiker—x, (F6)
jor = —elr P %%, (F7)

me

in which ry is the solved reflection coefficient from the wave functions given by Egs. (C1,C2). This contributes to the total
charge current density in the e T channel on the AM side with

Jor=f(E—eV)jor

= el (E - ey (el 4 2

h

). (F8)

* 3: contribution from the transmitted e T produced by the incoming e T on the SC side:

%zhﬁamx’ (F9)
ok

Jjos = —elta P (——= Iker, 7y), (F10)
(3

in which #, is the solved transmission coefficient from the following wave functions:

u_ i Uy i v_el’-\ _;
_ . Ge,-X . iqe+X iqn,-x
Yse = (V_e_ly_)e ¢ +r (V+8_W+)e T+ T A ( " e b, (F11)

Yam =12 ((1)) ekl =X 4145 (?) etknlex, (F12)
This contributes to the total charge current density in the ¢ T channel on the AM side with

Joz = f(E)jo3

ok
SN (F13)
. T

¢ 4: contribution from the Andreev-reflected e T produced by the incoming 4 | on the AM side:

m:m{&”%ﬁ (F14)

hkep - ak
Jos = =elraP(—E= + =), (F15)

C

in which r 43 is the solved Andreev reflection coefficient from the wave functions given by Eqs. (C7,C8). This contributes to
the total charge current density in the e T channel on the AM side with

Joa=[1-f(-E—-eV)]joa

ke_
= el 11~ F(-E = eV (o 4 2, (F16)

e
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* 5: contribution from the Andreev-transmitted e T produced by the incoming % | on the SC side:

Ys =1tas ((1)) etker, (F17)
hker - ak
. 2 el, y
= —elt + —2), F18
Jos = —eltaa]*( e - ) (F18)
in which 744 is the solved Andreev transmission coefficient from the following wave functions:
V+ei)/+ iqh.+X v—ei)L —ign.-Xx Uy iqe+X
Yoc = ( ", ) etdh+X 4y ( w e D= 4§ a4 poe-ive e'derX (F19)
¥ _ 0 ikp +x 1 ikep,-x
AM =14 | e +1a4 0l€ . (F20)
This contributes to the total charge current density in the e T channel on the AM side with
Jos = f(E)jos
hiker - ak
= —eltaal F(E)(—= + =2, (F21)
Me h

When computing the differential conductance as described in the main text, only contributions induced by incident particles
from the AM side contribute since we have chosen to apply the bias voltage there, e.g., the differential conductance originates
from jp3 and jos becomes zero when calculating dI/dV in the e T channel. As a result, we only need to consider incidents from
the AM side, as mentioned before. The physics is unchanged if one chooses to apply the voltage in a different manner, so long as
the voltage difference between the AM and SC is the same.

Appendix G: 45 degree rotated AM

Here we summarize the useful equations for the rotated Hamiltonian, i.e.,

v a
Hyy = =5,- ~ 1+ 5 (6 = K)o, GD)

which corresponds to a 45 degree rotation of the AM/SC interface.

* 1: eigenpairs:
The four eigenpairs are obtained as: E; = E, with (1,0,0,0) fore T, E; = E_ with (0,1,0,0)7 fore |, E3 = —E, with
(0,0,1,0) for h T and E4 = —E_ with (0,0,0, )7 for & |. The eigen-energies are described by

B2 (k2 + kg)

E. =
* 2m,

a
" E(ki - k3). (G2)

e 2: wave vectors in the AM to construct the wave functions:

2me(u+E +ak}/2) - h2k3
keT,i ==

B2+ mea ’ G3)

key s = i\/ el ;_ aff) i) (G4)
- e

A \/2me<u - ;:Zc%f) - @)
;

knps = i\/ 2meli= 52_ Cﬁfzz) i (G6)
- e
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¢ 3: wave vectors on the AM Fermi surface:

kyer=718in6, ky 1 =r1c086,

ry= @by 2mg(u+E) 2me(p+E) G7)
= ’ f b 2me i+ E)
\/b%cosz(9+n/2)+a% sin?(6 + 71/2) me@ 2+ mea

kyel =r2sinf, ki =rycosé,

b 2 +E 2 +E
ry = azby = f ;Zefﬂ ), by = ;;l; (u ) (G8)
\/b% cos2 6 + a% sin? @ e +mea

kynt =r3sin®, kypp =r3cosb,

b 2me(u—E 2me(y - E
ry = asbs Cas= 1;:;(/1 ). by = f;:ze(u ) (G9)
\/b§ cos?(0 +r/2) +a§ sin?(0 + /2) —mea + Mo
ky,hl =T4 sin o, kx,hi = r4 COS 9,
b 2 -E 2 -E
ra = daba agm g e B) 2= E) G10)
\/b?t cos? 6 + a2 sin 6 hE — mee he+mea
* 4: boundary conditions:
Wam o = ¥scl,o = (Jgf) 7 (G11)
_ (1+ mea/hz)axf _ 2m.Uy (f
ax‘PSCLC:O ((] - mea/hz)axg |x: n? 8 (G12)

for e T and & | incidents. To get the above boundary conditions, we follow the similar procedure as described in Appendix
D by considering the Hermitian electron Hamiltonian of the bilayer system as

22
a
H=- E[kxg(_x)kx - ky®(_x)ky]2, (G13)
in which k, = —id.
On the other hand, we have
_ (1 - mea'/hz)axf _ zmeUO f
O¥sclo ={ (14 meafiyane ) b0 = 5 (g (G1
for e | and & T incidents.
* 5: charge current density expressions for different channels:
. eh * * ea * *
Joerny = =~ [Im{fVf}+Im{g"Ve}] - —=[Im{f*Vf} — Im{g"Vg}], (G15)
e
. €h * * ex * *
Jo.etih = = [SM{FVf} + Im{g V] + S [Im{fVf} - Im{g' V). (G16)
e

Appendix H: Arbitrary-angle rotated AM

The arbitrary-angle rotated AM can be modeled based on the combination of our established 0 and 45 degree cases, i.e., a more
general Hamiltonian is
nv? s
H,\= . —,u+a/1kxky2+a2(kx—ky)2/2, (HI)

e
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in which two different altermagnetism strength parameters | and @, are introduced and the arbitrary angle is determined by
Oq = % arctan(a; /a). Following the same procedure as introduced before, the eigenvalues and wave vectors can be solved from
the Hamiltonian, e.g.,

72 (k2 + k2) @
E, = # —utarkyky £ jz(ki -K2), (H2)
e
1 arm, (af + a%)m%kg
kot o =2 ————1[2 EYl+ =) -h2 4+ +—= "2
e h+azme/h\/ me(p+ E)1+=037) = hoky + n
aymeky,
- ey H3
2 +mear "

which reveal features of both the 0 and 45 degree cases. To ensure that the energy dispersion corresponds to an elliptical energy

surface rather than a hyperbola, the altermagnetism parameters should satisfy @ = a/% + a/g < a, = h?/m,. The corresponding
semi-major and semi-minor axes are a = % and b = /% for electron incidents, based on which the DOS can be

calculated. Similarly, the boundary conditions and charge currents expressions can be derived from the Hamiltonian with all
necessary details included in our previous explanation for the 0 and 45 degree cases.

Appendix I: Ferromagnet

To model a normal ferromagnet (FM), we use the Hamiltonian
r?v?
Hpy = _m _,U"'Jexﬁs In
in which J¢ is the exchange energy in the FM.

* 1: eigenpairs: The four eigenpairs are obtained as: E; = E, with (1,0,0,0)7 for e T, E; = E_ with (0,1,0,0)7 fore |,
E3 = —E, with (0,0, 1,0)7 for h T and E4 = —E_ with (0,0,0, 1)7 for & |. The eigen-energies are described by

R2(k2 + k2)

e (12)
e
¢ 2: wave vectors in the FM to construct the wave functions:
1 212
ketos = i%\/Zme(,u+E—Jex) —R2K2, (I13)
1 272
keps = i%\/Zme(,u+E+Jex) — w2k, (14)
1 21,2
Kitoe = 22 = E = Jox) = W24, as)
1 272
Knje = i%\/Zme(,u—E+JeX) — K2, (16)

¢ 3: wave vectors on the FM Fermi surface:

1

kyet=rising, kyer=ricosf, ri= ﬁ\/ng(y +E - Jex) a7
1

kyel=rasinf, kyo =rpc086, ry=—-2m.(u+E+Je) I8)

h

1
kynt =738in6, kyp =rycosd, r3= ﬁ\/Zme(,u —E-Jy) (19)

1
kyny =r4sin€, kyp =r4cosf, r4= ;—_I\IZme(,u —E +Je). (I110)
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Following the same approach as described for AM, the DOS for FM can be derived based on the above new wavevectors.
Here we found the DOS at angle 6 is given by

N(E,0) = 47%2’ I11)
which is the same for e T, ¢ |, & T and & | incidents.
* 4: boundary conditions:
el o = ¥sclo = (f;) : (112)
0x¥scl o = 0x¥rml,_, = % (;’) : (113)
These boundary conditions apply fore T, e |, 2 T and & | incident cases.
* 5: charge current density expressions for different channels:
. eh
Jo= —m—e[f’m{f*Vf} +Im{g"Vg}] (114)

which has the same form fore T, ¢ |, 4 T and & | channels.

Based on the above expressions, we can investigate the charge and spin conductances for the FM/SC bilayer. We have done so
and our results agree with [29], in which the charge conductance decreases with increasing Jex.

Appendix J: Andreev-reflection probability

We here determine the Andreev reflection probabilities for different incident angles.
The probability coefficients are derived by applying the continuity of the probability current at the k2 — ki AMY/SC interface. In

the k2 — kg AM, if we write the wave function in the form of ¥y = (f, g)7, the probability current is given by

. h * * ra * *
Jpt =~ [Im{fVf} - Im{g"Ve}] + —[Im{f'Vf}+Im{g"Ve}l, an
e
in which +" = + for e 7 ( |) incident and + = — for e | (h 1) incident. In the SC, if we write the wave function in the form of
Wsc = (f,g)7, the probability current is given by
:SC h * *
Jpr =~ [Bm{fVf} - Im{g"Vg}], a2
Ne

which has the same form for e T, e |, & T and | incidents. By applying j-| _, = jf}ML:O and inserting the explicit expressions of
the wavefunctions, the probability coefficients of the Andreev reflection, normal reflection, Andreev transmission and normal
transmission can be derived, and the sum of the four probability coefficients induced by the same incident is as 1.

Except for the AR probability, the normal reflection (NR) probability should also be considered since NR suppresses the
conductance. We here focus on a particular example: the d-wave 8 = /4 SC at a small incident angle, e.g., 6 = 7/8. Unlike the
AR, in order to get conductance in the ¢ T (|) channel through NR, the NR probability is derived based on the wavefunctions
induced by the e T () incident. In addition, we compare the probability behaviors between AM/SC and FM/SC, as shown in the
Fig. 6.
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