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NOTES ON THE SHORT C*’S

JOHN ERIK FORNZAESS AND RATNA PAL

ABSTRACT. Domains that are increasing union of balls (up to biholomorphism) and on which
the Kobayashi metric vanishes identically arise inexorably in complex analysis. In this article
we show that in higher dimensions these domains have infinite volume and the Bergman spaces
of these domains are trivial. As a consequence they fail to be strictly pseudo-convex at each of
their boundary points although these domains are pseudo-convex by definition. These domains
can be of different types and one of them is Short C*’s. In pursuit of identifying the Runge
Short C*’s (up to biholomorphism), we introduce a special class of Short C*’s, called Loewner
Short C*’s. These are those Short C*’s which can be exhausted in a continuous manner by a
strictly increasing parametrized family of open sets, each of which is biholomrphically equivalent
to the unit ball and therefore, they are Runge up to biholomorphism. Although, the question of
whether all Short C*’s are Runge (up to biholomorphism), or whether all Short C*’s are Loewner
remains unsettled, we show that the typical Short C*’s are Loewner. In the final section, we
construct a bunch of non-autonomous basins of attraction, which serve as interesting examples
of Short C%’s.

1. INTRODUCTION

For k > 2, let Q C CF be an increasing union of unit balls, i.e.,

MCHC CUC Y S Co={J
i=1

where each Q; is biholomorphic to the unit ball in C*.

Definition 1.1. An increasing union of unit balls Q C CF, for k > 2, is called Short CF if
the Kobayashi metric vanishes identically on €2 but there exists a non-constant bounded above
plurisubharmonic function (psh) defined on €.

Genesis of these Short C¥’s lies in the union problem: Is an increasing union of Stein manifolds
always Stein? In [0], the first author settled this question by showing that in dimension three
onwards, there exist increasing sequences of balls whose final unions are not Stein (also see
[17]). Another related theme is to look for the model domains for increasing unions of balls.
The possible model domains for increasing unions of balls when the Kobayashi metric does not
vanish identically therein, was discussed in [§] (also see [9]). In particular, it follows (from []])
that in dimension two, up to biholomorphism any such domain €2 is either the unit ball or the
product domain A x C, where A is the unit disc. On the other hand, when the Kobayashi
metric on an increasing union of balls ) vanishes identically, one can immediately see that 2
could be all of C* or a biholomorphic copy of C¥, the so called Fatou-Bieberbach (FB) domain.
Further, in [7], another possible model domain for 2 was found when the Kobayashi metric
vanishes identically on Q: It was shown that Q could be a Short C* which is evidently never
biholomorphic to any FB domain (or Ck ). These domains appear naturally in complex dynamics
as non-autonomous basins of attraction of automorphisms of C¥.
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Although, recently many interesting examples of Short C*’s are found ([2], [], [5]), mainly on
par with its sibling FB domains, the general theory of Short C*’s is not yet well-developed. The
present article started off with an aim to recognize the fundamental properties of Short CF’s.
Of our particular interest is to compare the properties of Short C*’s and C* (or FB domains).
Being a biholomorphic copy of C*, any FB domain has infinite volume. So a natural question
is whether all Short C*’s have infinite volume or not. During the course of seeking the answer,
we ended up proving a more general result which answers the before-mentioned question in the
affirmative.

Theorem 1.2. For k > 2, let {Q;}i>1 be a sequence of domains in Ck, each of which is bi-
holomorphic to the unit ball, such that Q; C Q;41 for i > 1 and the Kobayashi metric vanishes
identically on Q. Then the volume of Q) is infinite and the Bergman space

A2(Q):{f:§2—>(c:/ |f|2<oo}
Q
consists only of the function f = 0.

As an immediate corollary we get the following.

Corollary 1.3. Short C*’s have infinite volume. Further the Bergman space of any Short CF
is trivial.

Next we discuss some other intriguing by-products of Theorem

A remark on Bedford conjecture: We address Problem 24 in [I]. Let {Fj};>1 be a sequence
of automorphisms of C* such that F;(0) =0, for all j > 1. Further, assume that Fj’s satisfy
uniform bound condition, i.e., there exist 0 < ¢ < d < 1 such that

cllzll < [F(2)ll < dlj=]),

for all z € B(0,1), the unit ball in C¥. Then the Bedford conjecture (see [1]) states that the
non-autonomous basin of attraction

Q{Fj}:{zeCk:Fno---oFl(z)—>Oasn—>oo}

is biholomorphic to C*. While the conjecture still remains open, it is well-known that Q Fy} s
an increasing union of balls and the Kobayashi metric vanishes identically on 2z . Therefore
by Theorem [L.2] Qy F;} has infinite volume and has trivial Bergman space.

In [15], it was shown that the dimension of the Bergman space of any domain in C is either 0 or
0o. He also showed that the result is not true in higher dimensions by finding explicit examples
of domains with finite dimensional Bergman space. However, the domains he constructed are
(Reinhardt but) not pseudoconvex. This triggered the question whether there exists a pseudo-
convex domain in higher dimension with finite dimensional Bergman space. This question is still
unsettled. However, it was addressed in some recent works (see [11], [12], [14]). In particular,
in [12] Gallagher-Harz—Herbort gave a sufficient condition for pseudo-convex domains to have
infinite dimensional Bergman spaces in terms of their cores. Further they found three differ-
ent classes of pseudo-convex domains which satisfy the “core” condition and thus have infinite
dimensional Bergman spaces. We discuss these domains briefly here:

e Let O be a domain and let p € 02 be such that there exists a continuous psh function ¢,
defined on a one-sided open neighbourhood N, such that ¢%(z) < 0 for all z € N}, \ {p}
and ¢j(p) = 0 where @5(2) = limsup,,_,, ¢,(2'). Thus p is a local peak point for the
class of continuous psh functions. In this case, dim A2(2) = oo;

o If there exists a point on the boundary of €2 near which 9 is C'**° smooth and of finite
type in the sense of D’Angelo, then dim A%(Q) = oc;
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e If there exists a point on the boundary of 2 near which the domain is strictly pseudo-
convex, then dim A%(Q) = occ.

In light of the above discussion, we get:

Corollary 1.4. For k > 2, let Q C CF be an increasing union of balls on which the Kobayashi
metric vanishes identically (in particular, if Q is a Short CF), then it has neither a local peak
point nor any point of finite type on its boundary. Further, O fails to be strictly pseudo-convex
at each of its point and Q cannot have any strictly pseudo-convex neighbourhood.

For k > 2, the primary source of examples of Short C*’s are the non-autonomous basins of
attraction of sequence of automorphisms F}’s of C* which are of the form:

(1.1) Fi(z1, - ,21) = (zfl—l—Pl,j(zl,...,zk),Pg,j(zl,...,zk),...,Pk,j(zl,...,zk)> ,

where d > 2 and the degree of P; ;’s are at most (d — 1). Further, the moduli of the coefficients
of P, ;’s are at most 7; = af with 0 < aj41 < a; <1, for j > 1. These Short Ck’s turn out to
be the 0-sublevel sets of global psh functions, i.e.,

Q{Fj} = {Z S ck . (p(Z) < 0},

for some psh function ¢ on C* which can be obtained by modifying the Green’s functions of the
sequences of automorphisms {F};}’s. In dimension 2, another source of these domains are the
sublevel sets of Green functions of Hénon maps which are the most important class of polynomial
automorphisms of C2. They are of the form (z,w) + (p(z) + dw, z) where p is a polynomial in
z of degree d > 2 and 0 # 0 (see [7] for details). Further the Green’s function for a Hénon map
H is

1
dn
for (z,w) € C2, where log™ (x) = max{logz,0}. Now both of these classes of examples are Runge,
i.e., holomorphic functions on these domains can be approximated uniformly on compact sets
by polynomials, simply because they are sublevel sets of global psh functions. However, there
exist examples of Short C*’s which are not Runge. In [I6], Wold gave an example of a Fatou
Bieberbach domain U C C? which is not Runge. He showed that there exists a compact set
K C U whose polynomial convex hull contains points outside the domain U. Now let F' be a
biholomorphism between U and C2. There are plenty of Short C2’s, belonging to the large class
of before-mentioned examples, each of which contains F(K). Now carrying back these Short
C?’s via F~! we get Short C%’s in U containing K. Clearly these Short C?’s are non-Runge but
biholomorphic to Runge domains. In fact, to best of our knowledge, all known examples of Short
C*’s are either Runge or biholomorphic to Runge domains. Rather a bit more can be said: If
QCCFisan increasing union of €2;’s, for ¢ > 1 and if each €2; is biholomorphic to the unit ball
via a global automorphism of C*, then by Prop. 1.2 in [10], Q is Runge (this criterion holds for all
known examples of Short C¥’s). These observations prompts the question: If not Runge, whether
a Short C* always biholomorphic to a Runge one? In an attempt to answer this question, we
introduce a sub-class of Short C¥’s called Loewner Short CF’s. They are those Short C*’s which
can be parametrized on the positive real axis by strictly monotonically increasing domains each
of which is biholomorphically equivalent either to the unit ball or to the unit polydisc. Being a
biholomorphic copy of C*, any FB domain enjoys this kind of holomorphic exhaustion by balls.
So while comparing FB domains and Short CF’s it is natural to be inquisitive about whether
Short C*’s can also be exhausted by a holomorphically varying parametrized family of strictly
increasing balls. This serves as another motivation to define Loewner Short C*’s.

Gly(z,w) = —-log™ |H" (2, w)|,

Definition 1.5. A Short C*  is Loewner if the following holds:
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(1) Q@ = U0, where either the domain ; is biholomorphic to the unit ball in Ck, for
each t > 0 or for each t > 0, the domain € is biholomorphic to the unit polydisc in C¥.

(2) forany 0 <t <'s, Q; CC Q.

(3) For all t > 0, Qt = Ut’<tQt"

(4) For all ¢/ < t, ﬁt/ = mt>t’Qt-

Proposition 1.6. Any Loewner Short C* is biholomorphic to a Runge domain.

Using Thm. 4.2 in [3] we get that for each n > 0, the pair (€2, Q,11) is a Runge pair and then
Prop. follows using Thm. 3.4 in [3], Thus our previously posed question on Runge embedding
of Short C*’s can be modified as follows:

Question: Is any Short C*¥ Loewner?
Although we could not settle the question, we identify a large class of Loewner Short CF’s.

Theorem 1.7. Let 0 < a1 < ap < 1 for alln > 1. Let Fy(z,w) = (2% + qu(2) + 0pw, §,2)
with 1 < deg(qy) < (d — 1) such that the moduli of the coefficients of g, and 0, are bounded by
al™ . Then the basin of attraction

Q={(z,w): F,o0---0F(z,w) — 0}
is a Loewner Short C2.

From [7, Thm. 1.4] it follows that Q is a Short C*. Further it follows (from the proof of
[7, Thm. 1.4]) that for » > 0 sufficiently small, Q = [J;2, F(n) " (A(0;7,7)), where F(n) =
Fyo---0F and A(0;r,7r) = {(z,w) : |z|,|w| < r}. Moreover, Q, = F(n)"* (A(0;r,7)) C
F(n+1)""(A(0;7,7) = Qup1, for all n sufficiently large. To prove Q to be Loewner it is
sufficient to show that €2,, can be stretched to 2,41 via a holomorphic family of strictly increasing
open sets, each of which biholomorphic to polydisc. In fact, for all n > 1, that F,(A(0;r, 7)) can
be expanded to A(0;7,7) in the above-mentioned way suffices the purpose. It is straightforward
to see that for all n > 1, A(0;7,7) can be shrunk holomorphically to F,(A(0;r,7)), but a priori
it is not clear whether this can be performed in a monotonic manner too. The key step in the
proof of Thm. [[.7 is to construct a parametrized family of automorphisms £}, ; for each n > 1
and for all 0 < ¢ < 1 such that F,, g = F,, F,,; = Id and F, (A(0;r,7)) CC F, s(A(0;r,7)),
whenever s > t. If one looks carefully at the proof of Thm. [[7 then it becomes apparent
that the particular form of F,’s plays the most crucial role in constructing F;, ;’s with desired
properties. Nevertheless, we can stretch the family of F},’s a bit to higher dimensions.

Let ay,’s be as before and let for k > 3, F,,(z1,22,...,2k) = (zfl—l—qn(zl) + 2k M1y -+ s MnZk—1)
with 1 < deg(qn) < (d — 1) such that the moduli of the coefficients of q, and n, are bounded by
al™ . Then the basin of attraction

Q={(z,w): F,o0---0F(z,w) — 0}
is a Loewner Short Ck.

If we consider any non-autonomous basin of attraction 2 of polynomial automorphisms of the
form (L)) (which is known to be Short C* from [7l Thm. 1.4]), it is not clear how to construct
the intermediate automorphisms F;, ;’s. Nevertheless, we believe that these {2’s are also Loewner.

Next we prove that the sublevel sets of Green’s functions of Hénon maps are Loewner. As
before the form of Hénon maps plays the pivotal role. That any sublevel set of the Green’s
function of a Hénon map can be realized as the basin of attraction of a sequence of Hénon maps
with rapidly decaying coefficients (in other words, hypotheses of Thm. [[7] are satisfied) leads us
to the following theorem.
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Theorem 1.8. Let H be a Hénon map and let GJI_} be the Green’s function of H. Then for any
r >0, the set
Q, ={z€C?:G(2) <1},

is a Loewner Short C2.

We conclude the article by constructing new examples of Short C?’s.

Example 1: Instead of a single Hénon map, we consider a random sequence of Hénon maps
{Fy }n>1 such that the moduli of the coefficients of F;,’s are uniformly bounded above. Then it
follows from [13] Prop. 1.1] that the corresponding random Green’s function

. 1
Glrg(zw) = lim o logh||Fy 0.0 Fy(z, w)]l,

for (z,w) € C?, exists where d = deg(F,) for all n > 1 and log™*(z) = max{log z,0}. In spirit
of [7, Thm. 1.12] (which shows that the sublevel sets of the Green’s function of a single Hénon
map are Short C?’s), we prove the following:

Theorem 1.9. Let {F,} be a sequence of Hénon maps of the form Fy(z,w) = (2% + q.(2) +
dpw, z) where g,’s are polynomials of degree at most (d — 1) > 1 and 6, # 0, for all n > 1.
Further, assume that the moduli of the coefficients of q,,’s and &, s are uniformly bounded above.
Then for any r > 0, the sublevel set

_ 2.
Q{Fn}vr - {(Z,'UJ) G (C * G?Fn}(zaw) < 7‘}
is a Short C2.

Example 2: For 0 < ¢ < 1, let F,(z,w) = (22 + ¢¥"w,c*" 2) for all n > 1. Then by [7, Thm.
1.4], it follows that the non-autonomous basin of attraction of F,,’s at the origin is always a
Short C2. The following theorem records that if we replace the coefficients of the linear terms
of F,,’s by ¢tn with t,, converging to 2, the corresponding basin of attraction is not necessarily
always a Short C2. The following theorem can also be compared with [7, Thm. 1.10].

Theorem 1.10. Forn > 1, let Fj,(z,w) = (22 + cnw, c'nz) where t, — 2 and 0 < ¢ < 1. Let
Q={(z,w): F,o---0F(z) = 0}

be the non-autonomous basin of attraction of the sequence of automorphisms {F,} at the origin.
Then,

A. There exists a sequence t, — 2 such that Q is a Short C2.
B. There exists a sequence t, — 2 such that Q is a Fatou-Biberbach domain.

Acknowledgements: The present article was initiated during the 2020 Complex Dynamics
conference at the CIRM-Luminy, France. Both authors are grateful to CIRM for providing local
hospitality during the conference. The second author would like to thank Koushik Ramachan-
dran and Sivaguru Ravisankar for partially supporting her travel to CIRM. The second author
was supported by National Board of Higher Mathematics postdoctoral fellowship.

2. VOLUME OF SHORT CF’s: PROOF OF THM.

Proof. Let Q@ = UX,Q;. Let B(0,1) be the unit ball in C2. We choose biholomorphisms ¢; :
B(0,1) — Q;. We can assume that 0 € )y and hence in all Q;’s. After pre-composing with
automorphisms of the unit ball, we can assume that ¢;(0) = 0 for all 1.

Pick an € > 0. Let £ denote a tangent vector at 0 of length 1. Since the Kobayashi metric of 2
vanishes at 0 identically, there exists a holomorphic map ¢ : A — 2 so that |¢//(0)| = X for some
constant A > %, where A is the unit disc in C. Hence there is a holomorhic map 1; : A — Q
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such that 1] (0) = A\/2. Then the image is a compact subset of some ;. After small rotation
we then know that there is a relatively open neighbourhood of £ in the unit sphere so that for
each ¢ in this neighbourhood there is a map f : A — €; so that f(0) = 0, f(0) = p& with
> 2/e. This then is true for all larger i. Hence by compactness of the unit sphere, there is
an integer j so that for any tangent vector £ at zero of length one, there is a holomorphic map
[+ A —Qjsothat f(0) =0 and f/(0) = A{ for some A > 2/e. This is true for any large j.
Next consider the composite maps g = qﬁ»_l o f. These are holomorphic maps from the unit

j
disc to the unit ball. Moreover, ¢g(0) = 0 and

g'(0) = (671 (f(0)).1'(0) = (; 1) (f(0)(AE)-
Then by Schwarz lemma it follows that

17 (FONAGI < 1, e, 1071 (FONE] < 1/A < e/2.

Let € be the unit vector in the direction of (qu_l)’(f(O))(ﬁ). Then (qﬁj_l)’(f(O))({) = o€ and

o < €/2. Therefore ¢;(0)(5) = g Thus it follows that Hqﬁ;(O)(g)H > % But as £ runs over all
unit tangent vectors, the same is true for the vectors 5 . Therefore, we have shown: For any large
enough j, we have that if £ is any unit tangent vector at the origin, then [¢%(0)(&)] > =

Let A be a 2 by 2 matrix so that ||A(z)|| > 2||z|| /e for every vector x. Then the inverse matrix
B satisfies ||B(y)|| < €||y|l/2. Hence each entry in the matrix of y has size at most €/2. Then
the Jacobian of the matrix can be at most ¢2/2. But this implies that the Jacobian of A is at
least 2/€2.

To finish the proof we only need to show that there is no non-trivial L? holomorphic function
on Q. In particular this shows that the function f = 1 is not in L?(Q) which implies that the
volume of € is infinite. So assume to the contrary that there is such an f on €. We could have
chosen the point 0 differently, so we can assume that f(0) = ¢ # 0. Then for every i, we have
that sz |f|? < 1. By the change of variable formula this shows that

/ I(f 0 ¢5) x Jac(¢)|* dV < 1.
B(0,1)

Let g; = (fog;)xJac(¢;). Then g; is a holomorphic function on the unit ball with |g;(0)| > 2|c|/€?
and f]B(o 1 lg;|> < 1 for all large enough i.

After writing g;(z) = ¢:;(0) +h.o.t., if we estimate the integral of |g;|? we get an estimate from
below by integrating only the constant term. This gives a contradiction if we choose € small

enough. ]

3. LOEWNER SHORT CF’s

Proof of Theorem [IL7. By Thm. 1.4 in [7], it follows that € is a Short C2. Now we prove
that € is Loewner.

Test Case: To make the idea of the proof transparent, we first deal with the simplest case:
Namely, 2 is non-autonomous basin of attraction of quadratic Hénon maps F),’s where F),(z, w) =
(22 4+ a2"w,a2" 2) with 0 < a,11 < a, <1, for all n > 1.

For 7 > 0 sufficiently small, let A?(0;7,7) be the bidisc of radius r and
Q,=Flo--- 0 F7HA2(0;r,7)).

It follows from Thm 1.4 in [7] that €,, C Q,41 and Q = U2 ,8,,. We show that for any n > 1,
F,(A%(0;7,7)) can be deformed holomorphically and monotonically to A2(0;7,7).
For 0 <t <1, define A? = A%(0, (1 +t)r, (1 + 2t)r) and F,,; on A? as follows:

Fni(z,w) = (1 — )22 + [a2" + rtjw, a2 2).

n n
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Note that when ¢t = 0, then F,o = F, and A3 = A2%(0,r,r). For t = 1, F,1(z,w) =
((a%n +7)w,a?" z) and the image of A? under the map F,; becomes A2 (0, (a%" +1)3r, a%n2r).
First we show that as t increases, the images of A?’s under the map F, s strictly increase,

ie, if 0 <t <s <1, then
(3.1) F, (A7) CC By i(A2).
Fix a zp with |z9| < (14 ¢)r. Now we consider the vertical slice L,, = {w € C: |w| < (1 +2t)r}.
The image

Foi(Ly,) = {((1 — t)zg + [a%n + rt]w, aflnzo) Dlw] < (1T+ 2t)r} ,
is the horizontal disc at height a2" 2y with center (1 —t)22 and radius (a2" + 7t)(1 + 2t)r. The
image of L, under the map F, s gives the horizontal disc with center (1 — s)z% and radius
(2" 4 7s)(1 + 2s)r at the same height. The condition of strict monotonicity is the following:

n
(1 —8)|z0]* + (a2 +7s)(1 4 25)r > (1 — t)|20]* + (a2" + rt)(1 + 2t)r,
which is equivalent to
(a2 +rs)(1+28)r — (a2 +7t)(1+ 26)r > (1 — t)|20]*> — (1 — 8)|20?,
i.e. to
[a2" (1 +28)r — a2" (1 + 2t)r] + [r2s(1 + 25) — r2t(1 4 2t)] > (s — t)|20|*.
Thus it suffices to prove that
r2s(1 4 2s) — r2t(1 4+ 2t) > (s — t)|20|?,
which is equivalent to
r2(s —t) + 2r(s* — t?) > (s — t)|20)?,
in other words, to
r2(1 4 25 + 2t) > |20)°.
Now since |zp| < (1 +t)r and s > t, it suffices to prove that (1 + 4t) > (1 + t)? which is clearly
true since t < 1.

For 0 <t <1, let © = F,,;(A?}). We now show that Q; = J, , Qv. Since (BI)) holds, clearly
Uy <t e € Q4. To prove the reverse containment, let (zg,wo) € Q. Then

(20,w0) = Fpt(z,w) = (1 = )2* + [a3" + rt]w, a2 z)

n

for some (z,w) € A?. Thus z = wg/a2" and (1 —t)2% + [a2" + rt]w = zo. If there exists ¢ < t

n
such that F,, »(2/,w") = (20, wp) for some (z/,w') € A%, then

t

2™ n,./
2 4t

(1-t)22 402" +rtlw=(1-t)2* +[a
ie.,
' — )22+ (02" +rt)w = (a2 + rt')u’

n n

which is equivalent to

(a2 +rt)
To check the existence of some w’ with |w'| < (1 4 2t)r, it is sufficient to check if ¢’ < ¢ can be
chosen so that

(t—t) 2
ol + gy [l + 1] < (20,
n

i.e.,

(3.2) |wl (1 + ((t_t/)r ) + ( (t—t) 2% < (1 + 2t)r.

a2" +rt) a2" +rt)
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To check whether ¢’ < ¢ exists so that ([3.2]) holds, it is enough to see whether the following holds
for ¢’ sufficiently close to t:

t—t t—t
(3.3) |wl (1 + > y - )\212 < (1+2t)r.

an an
an n

Now there exists £ < t such that |w| < (1 + 2¢)r. Thus it is possible to choose ¢’ < t such that
(B3) holds. This proves
O = U Q.

t<t
Next we prove that Q; = (-, Q. That Q; C (-, Qv follows from @I). Now let (20, wp) €
Qu for all ' > t. Therefore,

(20,w0) = ((1 — )z + [a2" + rtlwy, a2 2y)

for some (2, wy) € AZ. This implies z = 2y = wp/a2" for all ¥’ > ¢ and

2
w n
(1—-1) 27}11 + (a2 +7t") wy = 20,
an
i.e.,
w(z] 1
2| @)

Wy = |20 — (1 —t/)

for all ¢/ > t. Now clearly (z,w;) = lim, oo (z, wy) € A_% and F, (z,w:) = (20, wp). Therefore
nt/>t Qt/ g Qt.

Till now we proved that for all n > 1, Qg = F},(A2(0;7,7)) can be expanded monotonically to
0 = A2 (0, (a2" +1r)3r,a2" 27“) via a holomorphically varying family of domains 2; for 0 <¢ <1
that satisfies the properties enlisted in Definition Now it is easy to see that the bidisc
Q) = A%(0, (a2" +7)3r,a2"2r) can be expanded to the bidisc Q) = A2(0;r,r) monotonically
and holomorphically via bidisc } = (0;tr + (1 — t)(a2” +7)3r,tr + (1 — t)a2"2r) for 0 < ¢/ < 1.
Further, this family of bidiscs satisfies the properties indicated in Definition Therefore, for
each n > 1, we showed existence of domains {€,, +}o<¢<1 such that Q, ¢ = F, (AQ(O; 7‘,7‘)) and
Qn1 = A2%(0;r,7). Further Qe CC Qs if 0 <t <5 <1, Quy = Uy Qe and [
Nyss Qnp- In turn for each n, we have

Q1 =F oo F Y (F,(A%(0;r,7) C--- CFy oo BN Q)
(34) C - CF o o Bt (Qus) ©oor S F o o EH(A2(07,7))) = Qe
This proves 2 is Loewner when for each n > 1, deg(F,,) = 2 and a,, is real.

General Case. For each n > 1, Fj,(z,w) = (pu(2) + dpw, 6,2) , where p,(2) = 2% + g, (2) with
gn a polynomial of degree d — 1. For each n > 1, we modify F}, as follows. Let 0 <, < 27 be
such that 6], = e""§,, > 0. Define

Fu(z,0) = (pu(2) + 8,0, 5,2)

where pp(2) = pn ((6),/0n) 2). As before we can show that for any n > 1, the bidisc AZ(0;7,7)
can be deformed to F,(A2(0;7,7)). Choose M >> 2% 4 d/r?. For each n > 1, define F),; on
A2 = A2(0,(1+t)r, (1 + 2t)r) as follows:

Fy(z,w) = ((1 — ) (2) + [0, + Mrét|w, 5;2) .

As before, for fix a zp with |zp| < (1 + ¢)r, the condition of strict monotonicity, i.e., for 0 <t <
s <1, F (AF) CC Fpo(A2) is

(5; - Mrd_lt) (1+2t)r + (s — t)|pn(20)| < (5; - Mrd_ls) (1 + 2s)r,
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which is equivalent to showing
8L [(1 4 28) — (1 +28)] 7 + MrdLs(1 + 2s)r — Mrd=1e(1 + 2t)r > (s — t)|pn(20)]-
Thus it is sufficient to show
Mrd(s —t) + 2Mri(s® —2) > (s — t)|pn(20)],
or equivalently,

(3.5) Mrd(1 + 25+ 2t) > |pn(z0)].

Now since |z| < (140, [Ba(z0)l < (146 +a2" (144 ot (140 +1) <
24rd 4 d. Thus clearly (3.5) holds.

Thus £, 1(A%(0;7,7)) and thus A%(0;7,7) can be deformed holomorphically and monotonically
to F0(A%(0;7,7)). We claim that Fy, o(A%(0;7,7)) = Fno(A%(0;7,7)). Fix a 2 with |2| < 7,
then F,(20,w) = Fy, ((6,/0))20, (8,/0,)w). Thus F, o(A2(0;7,7)) C E,o(A2(0;7,7)). Similarly
it follows that F}, o(A%(0;7,7)) C F,0(A2(0;7,7)). The rest of the proof follows as before.

Proof of Thm. [I.8. We complete the proof in three steps.
Step 1: Let deg(H) = d and let 7, T r as n — oo. Let § < 1 and for each n > 1, let us choose
m(n) > n such that

(36) e(T’n+1—rn+2)dm(") < é

~
Let [|(z,w)||; = max{|z|, |w|}. For each n > 1, set
Q, = {(Z,’w) S (C2 . ”Hm(n)(Z’w)Hl < ern+1dm(n)} '

Now since (B.6]) holds,

)
(Tn1 — 7’n+2)dm(n) < log <;> < —logn

logn
= (Ppg2 = Tng1) > Jm(n)
|
(3.7) = Tpe1+ % < Tpio.

Claim: , is increasing union of ,’s.
There exists L > 1 such that
(3.8) G1(z,w) <log™® |(z,w)|; + L
for all (z,w) € C2. Now

o 1o ) w0y < s
for all (z,w) € Q,. Thus by [B.8),

Gy o H™™ (z,w) <log™ |[H™™ (z,w)||, + L
pre) log™ |H (%W\h*‘w <Tnt2 <T.
The second last inequality follows from (B.7). We can choose m(n + 1) large enough such that

(3.9) = Gj(z,w) <

/

L
log® || H™™ (2, w)]||, + gy < T2 <7

log™ [ H™" Y (z,w)|, <

1
dmn+1) dmn)

for some L' > 0 and for all (z,w) € §,,. Therefore,
MO CC--- = Uzozlgn C Q,.
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To prove the converse, let G7;(z,w) < r. This implies G};(z,w) < 7y, for some k > 1. Therefore,
S log |, w)ly <y

for all n > ng. Therefore, (z,w) € €, for some large n. Thus the claim follows.

Step 2: Note that for each n > 1, the global map ®,, = @) © H™™) maps Q,, to A%(0;1,1)

where @) (2, w) = (e_’"”“dm(n)z, e"“”“dm(n)w). Now we claim that

Q, = {(z,w) € C*: &, (2,w) — 0 as n — oo}.
For any (z,w) € Q,, there exists ng large enough such that (z,w) € Q, for all n > ny. Now
if (z,w) is in the non-escaping set K;; = {(z,w) € C*: |[H"(z,w)|| < M for all n > 1}, then
clearly, ®,(z,w) — 0 as n — oc. Let (2,w) ¢ K, and let (2,w) € Q,, for all n > ng, then there
exists a large natural number, without loss of generality, m(ng) say, such that H™("0)(z, w) € Vg
where V7 = {(z,w) € C?: |2| > max{|w|, R} }. Now
gm(n)—m(ng)

], = e )~ )

gm(n)—m(ng)

Thus

qm(n)

H(I)n(zjw)” = H(pm(n) o Hm(n)(z7w)H < e(‘rn+1+rn0+1) =0

as n — oo. Conversely, it is straightforward to see that if ®,(z,w) — 0 as n — oo, then
(z,w) € Q.

Now without loss of generality, we assume that A%(0;c,c) C Q,, for ¢ > 0 sufficiently small.
Let ®,(z,w) € A%(0;¢,c). This implies

HHm(n) (va)Hl < cern+1dm(n).

Therefore combining ([3.7) and (3.9]), we get

1 1
—dm(n) 10g+ HHm(n)(z,w)Hl < —d?ng(nc) + Tn+1
log ¢ L log c
= oot || gmntl)
= gy o8 [ e, < G+ e + o < ey + e

Thus ®,,,1(z,w) € A%(0;¢,c). This shows ®,1(A2%(0;¢,¢)) C @nil(Az(O;c, ¢)) for all n. Also
we have Q, = [J02, ©,1(A%(0;¢,¢))

Step 3: Without loss of generality we further assume that A%(0;1,1) C €,.. Let ®; = Id. Then
P, = (q)noq)gil)o((I)n_lo(I)T_LE2)o---o(<I>20q)_1)o((I)1o(I)_l)o<I>0 =F,o0---0F] 0k

where F,, = &, o @;&1 = Qm(n) © H™(n)-—m(n=1) 4 %n 1) for n > 1 and Fy = Id. Note that
F(n)~1(A2%(0;¢,¢)) € F(n+1)71(A%(0;¢,¢)) where F(n) -+ 0 Fj o Fy for all n. Further,
Q, = U F(n)™t (Az(O; c, c)) .
n=0

Now we show that for each n, A%(0;c,c) can be distorted monotonically to Fy,(A2%(0;¢,c)) which
in turn proves that , is Loewner as in Thm. [[.71 For each n, consider arbitrary sequence of
real numbers satisfying

Tn = T'm(n—1) < Tm(n—1)+1 < Tm(n—1)+2 << Tm(n)—1 < Tm(n) = Tn+1-



NOTES ON THE SHORT Ck’S 11

Further let

d[’”(”*l)“ﬂ]z7 e Tim(n—1)+k4

_ [m(n—1)+K]
Pmn—1)+k(2, W) = (6 Mm(n—1)+] w)

Now note that
Prn(n) © Hm(n)—m(n—l) o 1

m(n—1)
= |:(’pm(n) oHo 90;&”)_1} o |:(10m(n)—1 oHo 90;&”)_2} 0---0 [‘Pm(n—l)—i—l oHo gp;in_l)}
= Lum) © Lintny—1° " © Lip(n—1)+1-
Now as in Thm. [[.7}, one can show that A%(0; ¢, ¢) can be distorted monotonically to L;(A%(0;c¢,c))’s
and therefore, A?(0; ¢, ¢) can be distorted monotonically to gpm(n)OHm(")_m("_l) ogpghin_l) (A%(0;¢,¢)) =
F,(A%(0;¢,c)). This completes the proof.

4. EXAMPLES OF SHORT C?’s

Proof of Theorem .91 The proof follows a similar line of arguments as in Thm. 1.12 in [7].
We start the proof with a claim.
Claim: For any compact set K C Qp, . and for any € > 0, there exist an open set U C Qp 1,
and an automorphism ® of C? such that ®(U) = B(0,1) and ®(K) C B(0;¢) where B(0;1) and
B(0;€) are balls with center at the origin and of radius 1 and ¢, respectively.

We denote the random Green’s function corresponding to the sequence of Hénon maps { £}, }r,>m
by G?Fn},m and following the notation in the introduction of this article we have G?Fn}’l = G?Fn}‘
By Prop. 1.1 in [13], we have

(4.1) G?Fn}’mﬂ oFy,o0--0F(z,w) = de?Fn}(z, w),
for all (z,w) € C? and for all m > 0. Further, there exists L > 1 such that
(4.2) Gy () < log™ (2, w) | + L,

for all (z,w) € C? and for all m > 1. Now choose 0 < 71 < ro < 7 such that K C Qpare -

Further, choose n sufficiently large such that e("1=72)4" < ¢ and set

U= {(z,w) €C?: (z,w) € F{lo-- o F? <B <O,e’"2dn>)} C Upye-
This choice is possible since (d1]) and (2] hold.
Let ¢ : (z,w) — (z/e"?" w/em?") for (z,w) € C* and let ® = @ o F, 0--- 0 Fy. Then
®(U) = B(0,1) and ®(K) C B(0,e).
Let r, * r and R, — 00, as n — oco. Now Qpy, = Un21 K,, where K,, = Q, N Vg,
and Vg, = {(z,w) € C? : |2|,|w|} < R,}. For each n > 1, there exists m(n) > 1 such that
e(rn+1=rat2)d™™ 1/n and

U, = {(z,w) €C?: (z,w) € Flo w0 Fn;gn) (B <0, er””dmm))} C YUpyr

Thus there exists a sequence of automorphisms ®,, = () © Fip(n) © - -+ 0 Fy such that
1
o,(K, CB <0, ;) and @, (U,) = B(0,1).

where G (z,w) = (Z/eTn+2dm(n) : w/er’”zdm(")),
Let p € Qp,1,» and ¢ be a tangent vector at p. Without loss of generality, assume p = 0.
Let p € U, for all n > ng. Now ®,,(p) = 0 for all n. Let (F; 'o-- o FT;(an))’(O)(no) = (. Now

(Fr o0 Fnt Y(0) () = ¢ where gy = (Fyugn) © - © Fguge1)) (0)(mo)- Clearly, | < |l



12 JOHN ERIK FORNASS AND RATNA PAL

for all n > ng. So for any R > 0, we can choose n sufficiently large such that the map
p(A) C B(0,e+2%") where p(z) = Rnpz and A is the unit disc. Now consider the map
T,=Flo---o0 Fn;gn) op: A — Q,. Note that T,,(0) = 0 and T (0) = R¢. Thus the Kobayashi
metric vanishes identically on {0, 1. This completes the proof.

4.1. Proof of Theorem [1.10k We first show the existence of a sequence t,, — 2 such that the
corresponding basin of attraction is a Short C2.

Proof of A. Let 0 <1’ <r <1and r; =r(r'). Then
(4.3) Foi(A2(0;7))) © A2(0;72 + cnit),
Claim: For large n, tln > H'Tl, for all [ > 1.
Let n be so large such that ¢, > 1.9, then for [ = 1, the claim follows. Assuming that it holds
for [, we shall prove that it holds for [ + 1. Note that

I+1 I 19 1 9 19_ 1 28 1+2
el g > T 19 =194+ 2 > -4 > T D
n n>2 9 92+2>2+2+2_2—|—2>2
Therefore,
log ¢ttt = " log ¢
n n (+1
(b )t loge < () T D 1og e
n (11 a L (+1
< (n+l)( 1 )IOgC—F(nH)%logc
< logr(l—r)+(1+1)logr’

for n sufficiently large and for all [ > 1. Thus

il <r(l— T)r/(l-',-l) < T(r/)l+1 _ ,r,2(,r,/)l+1 < T(r/)l+1 _ rg(r,)m

which gives
2, il
ri +cntt <.
This proves that for large n,
(4.4) Fo1(A%(0;77)) € A%(0;7141)

for all I > 1. Once we prove (£4]), that Q is an increasing union of balls and the Kobayashi
metric on ) vanishes identically, follow exactly in the same way as in Thm. 1.4 in [7].
Choose a sequence {t,, },,>1 such that

-1
(4.5) £ > onl

One such example is given by t, = 2(1=%) with 0 < ent1 < €, < 1, for all n > 1. Now let
F(n)=F,o0---0F) foralln > 1 and

n(zw) = max{|(F(n), (2, w)], |(F(n)) 5, w)], 51 }.
If p,(2) <1, then

n tn

Onti(z,w) = max{((F(n))l(z’w))z+Ct%((F(n))g(z,w)),ct"((F(n))l(z,w)%Cn}
max {2 (2, w) + ¢ pn (2, w), ¢ o (2, ), R }

Therefore it follows from (@5 that if ¢, (z,w) < 1, then

IN

Pny1(z,w) < 202 (z,w).
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If p,(z,w) > 1, then it is easy to see that

Gari(z0) < 262 (2,0).
Therefore we have
i1z, w) < 207 (2,w).
for all (z,w) € C? and
2n—1+1 log pnt1(z,w) < 1;% + 5 10g n(z,w).
Thus the sequence of psh function

log 2

1
2—nlog<pn z,w) + E
i>n

monotonically decreases to a psh function ¢ in C2.
It can be easily checked that if p(z,w) < 0 for any (z,w) € C2, then (z,w) € Q. Now if
(z,w) € Q, then (Fj, 0---0 Fy)(z,w) — 0 as n — oo and thus

1 1 1 th) 1
— log pp(z,w) = max{2—nlog]F{L(z,w)] , 2—nlog\F2"(z,w)\ 1 logc} < 2—nlogc

2n
for sufficiently large n. This implies

log 2

— logc —|— — 10g2 =— log(ZC) <0

1
2—nlog<pnzw +Z _2n

j>n
for large n. Therefore, p(z,w) < 0 for all (z,w) € Q. It remains to show that ¢ is non-constant
on  which follows applying the same argument as in Thm. 1.4 in [7]. Thus we omit the proof
here.

Proof of B. We prove a series of lemmas to show the existence of a sequence {t,} — 2 such
that the corresponding non-autonomous basin of attraction turns out to be a Fatou-Bieberbach
domain.

We use the following notations: For each n > 1, let Fi(n) = F,, o---0 Fy. For (z,w) € ,
let (zn,w,) = F(n)(z,w). For a compact set K in the basin of the attraction €, set 4, =
max {|z,|, |wy,| : (z,w) € K}.

Lemma 4.1. Assume that a, = ¢/ for 0 < ¢ < land1 <t < 2. Fiz 0 < b < 1. Set
Fo(z,w) = (2% + apw, anz). Then there exists an ng such that 6pip < angrp41b® for all n > ng
and for all k > 0.

Proof. There are two steps. First we prove that there exists an arbitrarily large n, so that J, <
an+1- Suppose on the contrary there is some ng so that é,, > a,1 for all n > ngy. Then for all such
n’s, Opi1 < 02 + ans10, < 202. Hence 0,44 < 21+2+"'+2k71((5n)2k. SO apypi1 < Opgr < (2(5n)2]c
This implies that (cth)tk < (25n)2k. But we can assume that 2§,, < 1. Then this will fail for all
large k’s. The second step is to fix a large such n and then prove that §,5 < an+k+1bk for all
positive k. This is true for £ = 0. We will show that this inquality holds inductively. So suppose
that 0p4r < anips1b®. Then we have that 0pypr1 < (Anyrg1)?(b?F + bF). Hence we would like
to say that (anirs1)2(0?* +0%) < apppa2b®!. This means that

tn+k+1>2_t < b
<C AR

This works as long as we have fixed a large n. O

In the next lemma, we assume 1 < t,, < 2 for all n.
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Lemma 4.2. We set a, = c'n. If there exists an arbitrarily large n > 1 and a k(n) > 1
k(n)

(depending on n) so that t, )41 < 27FFFT then there exists an arbitrarily large n so that

Op < Gpga-

Proof. If the claim of the lemma does not hold, then d, > a,y; for all large n. Therefore,

ni1 < 62 + any18, < 262 and inductively we get §,p < 272027762 for all k > 1. Hence

pikr1 < (25n)2k and consequently, i < (25n)2k. If n is large enough, then 26, < c¢. Thus
Rl S 9k for all large n and for all £ > 1. Hence we have 28 < ¢nth+1  9ok(n) which is

n+k+1 n+k+1
contradiction. This completes the proof. O
Lemma 4.3. Let 0 < b,c < 1. Set t, = 215 where €Entl > €n + m and €, /n — 0. Let

an = c'n and let Fy, = (22 +an,w, anz). Suppose there exists an arbitrarily large n and k(n) > 1 so
k(n)
that ty yrn)+1 < 27FF0FL (This means that €,y )41 = n+1). Then there exists an arbitrarily

large n so that for all k >0, 6yt < anipr1b”.

Proof. By Lemma [4.2] there exists an arbitrarily large n so that d, < a,.1. Pick such a large
n. As in the proof of Lemma Bl we would like to have the estimate (a,4x11)?(b%% + bF) <

ntks2bF ! to prove the lemma for all k. This means that we want
€ €
1— n+k+1 1— n+k+2
62[2( EEEay >]n+k+1(b2k B < 6[2( TTRTT }n+k+2bk+17
i.e.,
C21+n+k+175n+k+1 < C2n+k+276n+k+2 b
- 1+ bk’
i.e.,
k429 €ntktl _9—€ b
C(2n [27 fntk+1 -2 n+k+2]) < :
1+ bk
ie,.
02n+k+2.2*€n+k+2 [2€n+k+2*€n+k+1_1] b
~ 140k

The above follows if

which again follows if
b

1+ 0k
The above follows if n is large enough. O

on+k+2.9=nt k42

1
(kD)2 <

We continue to use previous notations and suppose that €, — co. Then we prove that €2 is a
Fatou-Bieberbach domain.

Since €, — oo, for every n > 1 there exists an integer k(n) > 1 so that €, ()41 > n+1. Then
applying Lemma [4.3] we have an arbitrarily large n so that for all £ > 0, §,,.4 < an+k+1bk. We
then need to show that aq---a, < v/ 2an+1 for all large n. This is equivalent to the inequality

tH 4+t > n/2+ 00

We write this as [ls,, > rs,. Here the nth left side is Is,, = t% + t% + .- 41 and the nth right

side is s, = 5 + tﬁﬁ We compare the growth of the left side and the right side:

Gn = (lsn-i-l —lsp) — (Tsn-i-l - Tsn) = ( Zi%) - (1/2 + tZig - tZii) = 2’521% - tZi% - 1/2-



NOTES ON THE SHORT Ck’S 15

Thus
€n+41 €n+4-2

G = 2(2'7 T ) — (21792 )42 1/2 = anHR (27t — 9eni2) 1/
— gnt29—eny2 (262t — 1) — 1/2.

Hence
Gn > 2772272 1N 2(ey40 — €n41) — 1/2
which implies

G, > 23 +2)/4 —1/2 — 0.

2(n+1)/2
Now this is the first step in the proof of Lemma 3.13 in [7]. Now the rest of the proof of Lemma
3.13 goes through and then to show that 2 is a Fatou-Bieberbach domain, one can follow the
same steps as in the the last paragraph of [7].
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