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ABSTRACT

In cold climates, the application of heat recovery is restricted by the issue of frost, which causes potential damage
to heat exchangers and degrades their effectiveness. Membrane energy exchangers (MEEs), which enable
simultaneous heat and moisture transfer, can reduce and delay frost formation and accumulation in cold cli-
mates. MEEs are recognized as the essential component for the new generation of Heating, Ventilation, and Air
Conditioning (HVAC) systems. Despite of extensive studies on heat and mass transfer characterising and
increased use of MEEs, the evaluation of suitable frost control strategies for the emerging MEEs in cold climates
are still missing. This study presents numerical models of a quasi-counter-flow membrane energy exchanger
(QCFMEE) and a quasi-counter-flow heat exchanger (QCFHE). Three different frost prevention strategies are
examined: preheating outdoor air, heating room air and bypassing outdoor air. These strategies’ threshold values
to prevent frost are calculated numerically and validated against experimental measurements. The results show
that QCFMEE has lower threshold values and thus better frost tolerance ability compared with QCFHE because of
mass transfer through the membranes. Moreover, the frost prevention strategies are evaluated based on annual
energy consumption, energy saving ratio (ESR), and complexity of control for real-life applications. The simu-
lated results show that among the discussed frost prevention strategies, preheating outdoor air has the advantage
of the lowest energy consumption and highest ESR. Meanwhile, heating room air consumes the most energy and
faces the problem of overheating outdoor air. Finally, concerning the bypassing outdoor air strategy, the sig-
nificant fluctuation of its threshold values increases the complexity of control for real-life applications.

1. Introduction

Energy consumed by heating, ventilation and air-conditioning

Canada and Scandinavia, exhaust air heat loss accounts for a significant
part of the total heat loss from buildings [8]. By recovering heat and
moisture from indoor air, MEEs would not only reduce heating energy
consumption but also improve the indoor comfort level, as they have the

(HVAQC) systems is responsible for 40-60% of total energy consump-
tion in the building sector [1], and it is increasing with occupants’
growing requirements for comfort [2]. Recovering waste heat is one
energy-efficient process that can be applied to reduce buildings’ energy
consumption [2]. Membrane energy exchangers (MEEs) have been
increasingly used to recover both sensible and latent heat in exhaust air
from indoor environments in order to treat outdoor air; such exchangers
are a key component of next-generation HVAC systems [3,4]. Several
literature reviews on MEEs have been carried out, focusing on funda-
mentals and engineering applications [4], membrane material proper-
ties [5], the structures and operating conditions of MEEs [6], and MEEs’
applications in cold climates [7]. In MEEs, exhaust air and supply air
channels are separated by membranes, and heat and moisture recovery
are driven by the temperature and humidity difference between supply
air and exhaust air [3]. In areas with cold climates such as Russia,
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potential to add humidity to dry indoor air in cold regions [7]. A recently
published study [9] analyzed the impact of moisture recovery with
effectiveness from 0 to 90% on different room types in a single-family
house in Norway. The results showed that the optimal moisture recov-
ery effectiveness for a satisfactory and healthy indoor moisture level can
be determined by assessing the time fraction of relative humidity (RH)
levels within the defined RH ranges. The membranes used are also
assumed to be completely impermeable to airborne pollutants and
odours; As a result, they are exhausted to the outdoors without being
transferred to the supply air side [10]. Fig. 1 illustrates the mechanism of
heat and mass transfer through a membrane in winter [10].

In cold climates, the application of heat recovery is restricted by the
issue of frost, which can deteriorate the performance of heat exchangers
in several ways: reduced heat recovery effectiveness, increased fan
power consumption and even serious deformation or damage due to
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Nomenclature A thermal conductivity (W/mK)
P density (kg/m>)
o specific heat capacity (J/kg K) T time (second)
d, thickness of air channels (m) W stream function
d; side length of the air flow inlet (m) .
: Subscripts
d, parameter to determine the length of pure counter part (m) .
D diffusivity (m? /s) ¢ atr
L counter  counter flow
Dy hydraulic diameter (m) L.
- cr critical
E energy consumption (J)
. cross cross flow
Boypassea  Dypassed ratio e exhaust air side
h convective heat transfer coefficient (W/m?2K) . .
. ei exhaust air inlet
j Colburn factor .
. .. eo exhaust air outlet
k convective mass transfer coefficient (m/s) in inlet
Le Lewis number
. lat latent
m mass flow rate (kg/s) .
max maximum
Nu Nusselt number
mem membrane
Pe Peclet number o outdoor
Pr Prandtl number out outlet
Q power (W)
room
Re Reynolds number s supply air side
Sc Schmidt number sen segglﬁe
Sh Sherwood number si supply air inlet
T temperature (°C) s0 supply air outlet
U overall heat transfer coefficient (W/m? K) tot totill; Y
Un overall mass transfer coefficient (kg/m2 s)
u velocity component in x direction (m/s) Abbreviations
14 velocity (m/s) CFD computational fluid dynamics
v volume flow rate (m3 /h) ESR energy saving ratio
v velocity component in y direction (m/s) HVAC  heating, ventilation, and air-conditioning
Va kinetic viscosity of air (m?/s) IAQ indoor air quality
w humidity ratio (kg/kg dry air) QCFHE quasi-counter-flow heat exchanger
QCFMEE quasi-counter-flow membrane energy exchanger
Greeks RH relative humidity (%)
b thickness (m)
I3 effectiveness

long-term frost accumulation [11,12]. Frost occurs in heat exchangers if,
at some point, the temperature of a heat transfer surface is lower than
the freezing point and also lower than the dew point temperature of the
airflow in contact with the surface [11]. A comprehensive review of frost
problems in air-to-air heat/energy exchangers is given in Ref. [13]. Frost
normally occurs in the exhaust air side of heat exchangers, as exhaust air
from indoor spaces has a higher moisture content. In MEEs, the dew
point of exhaust air is much lower than in a sensible-only heat

exchanger, as both temperature and humidity are reduced during the
heat-recovery process. This gives MEEs an advantage over sensible-only
heat exchangers: they tolerate a much lower supply air temperature
[14]. Niroomand et al. [15] experimentally investigated frost on a
semipermeable membrane and an impermeable surface under different
vapour transfer rates. They found that the transfer of water vapour
through the membrane slows the process of frost formation, and water
droplets remain in the liquid phase on semipermeable membranes for a
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Fig. 1. Mechanism of heat and mass transfer through a membrane in winter [10].
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long time. Although using membranes with better vapour permeability
could delay frost onset, Navid et al. [16] pointed out that increasing the
moisture transfer ability of membranes by a factor of two would only
achieve a delay of less than 5 min. Therefore, in practice, delaying frost
is not as promising as avoiding the saturation of moist air by simulta-
neously drying and cooling the air.

In order to avoid the negative impacts of frost inside heat exchangers,
frost control strategies must be integrated with mechanical ventilation
systems. Frost control includes both frost prevention and defrosting;
while the former strategy prevents the occurrence of frost in the first
place, the latter regularly removes frost build-up [17]. In a literature
review, Bai et al. [7] found that frost prevention has several advantages
over defrosting, including simple operation, uninterrupted ventilation,
and better indoor air quality (IAQ). Various frost prevention strategies
were also summarized: preheating outdoor air, heating room air,
bypassing outdoor air, and reducing the exchanger’s effectiveness. Liu
et al. [18] studied the energy-saving potential of a heat-recovery system
using MEE with the strategy of preheating outdoor air. Their results
showed that less energy was used for preheating MEE than for a plate
heat exchanger in which only sensible heat was recovered. Compared
with other frost control strategies, preheating outdoor air can signifi-
cantly reduce operating cost, even though the upfront cost is relatively
high [19]. Nourozi et al. [20] presented a ventilation system that uses
wastewater to preheat outdoor air to reduce the need for defrosting in
Sweden. The threshold values of frost used in their simulation are con-
stant values. Nasr et al. [21] experimentally evaluated the performance
of a cross-flow sensible-only heat exchanger in cold climates using two
frost control methods: preheating outdoor air and periodically bypassing
outdoor air. They concluded that preheating outdoor air performed best
regarding energy saving percentage, which was two times higher than
when using bypass outdoor air. Similar results can be found in Ref. [22],
in which the authors claimed that for a counter-flow plate heat
exchanger, preheating outdoor air is more energy-efficient than
bypassing outdoor air under sub-zero operating conditions.

Despite the increasing use of membrane energy exchangers in
ventilation systems for cold climates, frost control strategies to sustain
their safe operation and high energy recovery efficiency are under-
explored. Frost onset prediction and control are particularly impera-
tive considering that the membrane materials are typically thin and
vulnerable to frost. Moreover, the mass transfer characteristics may be
sensitive to changes in operating conditions such as condensation or
frost, which in turn influence the MEEs’ performance. The main novelty
and contributions of this study are as follows:

1. This study numerically investigated frost thresholds for a quasi-
counter-flow membrane energy exchanger (QCFMEE) and a quasi-
counter-flow heat exchanger (QCFHE). The developed models were
validated against experimental measurements. Unlike experimental
studies on specific heat exchangers, the numerical models in this
study can be generalized to exchangers of different sizes.

2. Three commonly used frost control approaches for QCFMEE and
QCFHE were compared for different cold climates. Thresholds were
developed and used to evaluate performance indicators including
energy consumption during the heating season, energy saving ratio
(ESR), and complexity of control for real-life applications. The
findings can support the design and standardization of membrane
energy exchangers for use in cold climates.

3. The numerical models developed in this work require little compu-
tational effort compared to simulations using computational fluid
dynamics (CFD). As a result, the models can be feasibly used for
global sensitivity analysis or the optimization of frost thresholds and
the performance of membrane energy exchangers, which may not be
possible to realize with CFD due to its computational demands.
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2. Numerical models of QCFMEE and QCFHE
2.1. Assumptions

Assumptions made for the simplification of this study’s numerical
modelling include the following:

1) The exchanger is well insulated; thus, the heat and mass transfer
between the exchanger and the environment are not considered.

2) Axial conduction in air flows is neglected, as Peclet numbers (P,) in
air flows are much larger than 20 [23].

3) Air flows are considered laminar, as Reynolds numbers (R.) are
lower than 2300 in all cases.

4) The heat released during condensation is neglected, as it has a
limited impact on the membrane surface temperature and frost in the
exchanger when the indoor RH is lower than 30% [24].

5) Air flows are assumed to be 2-dimensional, incompressible and
Newtonian fluid with constant thermal properties.

6) The air temperature, humidity and velocity are uniform at the inlets
of both the supply and exhaust air channels of the exchanger.

2.2. Velocity fields simulation

To solve the temperature and humidity fields for the air flows, ve-
locity fields are solved first. One supply air channel, one exhaust air
channel and the membrane layer between these adjacent air channels
are selected for simulation. The coordinate system of QCFMEE for the
simulation is selected and illustrated in Fig. 2(a). The geometric pa-
rameters of QCMEE are illustrated in Fig. 2(b).

For 2-dimensional and incompressible ideal flows, the 3-dimensional
Navior-Stokes equations can be simplified to stream functions with
boundary conditions. For viscous flows, stream functions can also be
applied to obtain the velocity distribution of the flows through thin
channels at low Re numbers [25]. The stream function y is given as
follows:

Vzl//:a—+—:0 (@)

For any location in the velocity fields, the velocity components in the
x and y directions are as follows:

_oy
u_()_y (2)
_w
ox

y= 3
where u and v are the velocity components in the x and y directions,
respectively (m/s).

The above stream function y automatically satisfies the continuity
equation:
ou ov & &
MOV _V_, &)
O0x 0dy 0xdy 0xdy

Based on Eq. (1), the stream function is transferred to a second-order
Laplace equation that satisfies the boundary conditions.

2.3. Heat and mass transfer governing equations

2.3.1. Heat transfer governing equations
On the supply air side,
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Fig. 2. (a) Coordinate system used for the numerical simulation of QCFMEE (b)geometric parameters of QCFMEE.

oT, . du, oT, v
Qaur - Qin = dudypacp.a <us7l + Tsi> dx + dadxpncpﬂ (Vsil + Tx i ) dy

Ox Ox dy dy

dT, JT, du,  dvg
:dadXd p.a sis s : T 4=
VP .Cp, <u ax+v 0y+ <0x+0y>>

)
Based on the continuity equation
Jus  Ovy
e " ©)
substituting Eq. (6) to Eq. (5) gives the following:
oT, 0T,
Qour — Qin = dodxdyp ¢, ("W + v 3 ) @

where Q. and Q;, are heat flows out from and into the control volume
(W); d, is the thickness of each air channel shown in Fig. (2) (m); p,, is the
density of air (kg/m?’); ¢p.q is the specific heat capacity of air (J/kg K);
and Ty is the temperature of supply air flow (°C).

Based on the conservation of energy,

Oour — Qin= U(Tc - TS)dXdy ®

where T, is the temperature of exhaust air flow (°C) and U is the overall
heat transfer coefficient (W/m? K). The latter can be obtained by

1 e 1)
U:<h—+/1 +h—> ©

where hs and h, are convective heat transfer coefficients for supply air
and exhaust air, respectively (W/m? K); Smem is the thickness of the
membrane layer (m); and Amem is the thermal conductivity of the
membrane layer (W/m K).

Therefore, the heat transfer governing equation on the supply air
side is as follows:

T, 0T,
i) — | =U(T,—-T.
ity (w05 ) =V~ ) a0
Applying the same method, the heat transfer governing equation on
the exhaust air side is the following:

or,  oT\
dupoCpa <ue§+v5 0y> =—-U(T.-T,) 1)

2.3.2. Mass transfer governing equations
On the supply air side,

. . oW, Ou oW, 0v,
M, —M, =d.dy haAL — — —
o — Min = dudyp, (u Fr W ax>dx +dudxp, (V.\ PR + W ay)zly
oW, oW,
= dudXdyPn Us——+ Vs -
Ox dy

12

where M,,, and M;, are mass flows out from and into the control volume
(kg/s) and W; is the humidity ratio of supply air (kg/kg dry air).
Based on the conservation of mass,

M — My = Uy (W, — W, )dxdy (13
where W, is the humidity ratio of exhaust air (kg/kg dry air) and Uy, is

the overall mass transfer coefficient (kg/m2 s). The latter can be ob-
tained by the following:

[ T
m= 1
v (k:pa * Dyemp, * k!’pu) as

where k; and k. are the convective mass transfer coefficients for supply
air and exhaust air, respectively (m/s) and Dpen is the diffusivity of the
membrane layer (mz/s).

Thus, the mass transfer governing equation on the supply air side is
as follows:

oW, oW,
d, —— —— | =Un(W, —W; 15
pu (5 0 ) = U~ W) as)

Applying the same method, the mass transfer governing equation on
the exhaust air side is the following:

ow, ow,
daﬂ,, (M(,al'i‘vel) = - Um(We - Ws) (16)
X

In Egs. (9) and (14), h;, h,, ks and k. are required for the solution of
the governing equations. The methods used to obtain these parameters
are given in Appendix A, and the procedures to solve the governing
equations are explained in Appendix B.

2.4. Performance evaluation

After obtaining the temperature and humidity distributions in the
exchanger, its performance can be evaluated by calculating the sensible
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effectiveness &, and latent effectiveness ¢;,;, which are defined as fol-
lows:

Tei —Te
bn =2 = Ta T a7

Qmax Tei - T:i

M Wi—W,
= M T Weo 18
T M W= W as)

where Q is the heat transfer rate on the exhaust air or supply air side (W);
Qmax is the maximum potential heat transfer rate inthe heat exchanger
(W); M is the mass transfer rate on the exhaust air or supply air side (kg/
$); My is the maximum potential mass transfer rate in the enthalpy
exchanger (kg/s); Ty and T; are supply and exhaust air temperatures at
the inlets of QCFMEE, respectively (°C); W;; and W,; are supply and
exhaust air humidity ratios at the inlets of QCFMEE, respectively (kg/kg
dry air); and T,, and W,, are the average outlet temperature (°C) and
humidity ratio (kg/kg dry air) on the exhaust air side.
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3. Different frost prevention strategies and their threshold
values

3.1. Frost limits

Prior to demonstrating the three types of frost prevention strategies
discussed in later sections, it is important to introduce the concept of
frost limits.

The condition under which frost starts forming in heat exchangers is
called the frost limit [26]. This study uses the frost limits explained by
Liu et al. [27,28], who indicated that the frost limits include the critical
outdoor temperature T, (°C) and condensation limit. Frost was
considered to occur when the membrane temperature on the exhaust air
side is below the freezing point and the exhaust air adjacent to the
membrane is condensing, meaning that the RH of the exhaust air adja-
cent to the membrane reaches 100%. The lowest temperature of outdoor
air that would maintain the membrane surface temperature above the
freezing point is defined as the critical outdoor temperature T,.. When
the outdoor temperature is below T, the lowest RH of room air that
would prevent it from condensing is defined as the condensation limit.
Thus, frost limits are expressed as combinations of outdoor temperature
T, and room air relative humidity RH,.

Postcondition
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(e0) Supply Out Supply | 7
(s0) (s)
Room
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Preheat Room
(si) )
Outdoor (a)
(o)
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Fig. 3. Schematics of different frost prevention strategies: (a) preheating outdoor air, (b) heating room air and (c) bypassing outdoor air.
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3.2. Frost prevention strategies

In this paper, three types of frost prevention strategies are discussed:
preheating outdoor air, heating room air, and bypassing outdoor air. The
strategies are illustrated in Fig. 3.

For all the frost prevention strategies, frost limits are applied first to
determine whether these strategies are triggered. When the frost is
predicted to occur, for the preheating outdoor air strategy, cold outdoor
air is heated by the preheater from T, to the threshold temperature,
which is denoted as Tj; in Fig. 3 (a). After exiting the exchanger, this
airstream is post-conditioned in another heater, where it is heated to the
supply air temperature Ts. In this paper, the outdoor air RH (RH,) is
assumed to be a constant 80%, and the room temperature T, is assumed
to be a constant 21 °C. Then, T is then set to be 2 °C lower than T, to
avoid draught [29], which is 19 °C. For the heating room air strategy,
when frost is predicted, the room air is heated in the heater from T, to
the threshold temperature, which is denoted as T; in Fig. 3 (b). In the
exchanger, the temperature of the outdoor air increases from T, to Ty,.
This airstream is then post-conditioned before being supplied to the
room. It should be emphasised that T, could be lower or higher than the
pre-set T; therefore, the postcondition could be sensible heating or
cooling. For bypassing outdoor air, when frost is predicted, a certain
amount of outdoor air is bypassed without entering the exchanger, as
illustrated in Fig. 3 (c). A ratio called the bypassed ratio is defined as
follows:

Va ypasse
Eb_vpassed = % (19)

where Va_bypassed is the air flow rate of the bypassed outdoor airstream
(m®/h) and V, is the air flow rate of the outdoor airstream (m3 / h).

The remaining outdoor air enters the exchanger normally, and these
two airstreams join at the exit of the exchanger. This mixed airstream is
post-conditioned in a sensible heater, where its temperature increases
from Ty m to T.

In conclusion, threshold values have various meanings for different
frost prevention strategies. For the preheating outdoor air strategy, the
threshold value is Tg; for the heating room air strategy, the threshold
value is T,; and for the bypassing outdoor air strategy, the threshold
value is Epypassed-

3.3. Energy consumption analysis

For energy consumption analysis, only energy consumed for air
treatment is considered in this study. In particular, fan power and other
energy consumption are not considered. For the preheating outdoor air
strategy, the energy used for preheating (J) is as follows:

Eprcheat = macp,a (Tsi - TD)AT (20)
where m, is the mass flow rate of supply air or exhaust air in each
channel (kg/s) and At is a specific time span used for energy con-

sumption calculation (s).
The energy used for postconditioning (J) is as follows:

Epn:tconditiou = macp,a (Tx - TSO)AT (21)

For the heating room air strategy specifically, the energy used for

heating (J) is
Epear =114¢p o(Toi — T,) AT (22)

For the bypassing outdoor air strategy specifically, the energy used
for postconditioning (J) is

Eposlmndiliun = macp,a (Ts - T:a,m) At (23)

Then, the total energy used for ventilation with heat recovery and
frost prevention (J) is as follows:

Building and Environment 244 (2023) 110814

sz,HR = Z (Epr('heal s Ehema Eposlmndi/ian) (24)

ESR is defined to investigate the energy saving potential of applying
heat recovery with frost prevention strategies as compared with energy
consumption without using heat recovery. It is defined as follows:

Emz - Emr,HR

ESR= (25)

tot

where E,,, is the total energy used for ventilation without heat recovery

n:
Erut = macp.a(Ts - Tn)AT (26)

4. Experimental test
4.1. QCFMEE structure and experimental test facility

The QCFMEE used in the experimental test consists of nine layers of
air passages, which are composed of plastic frames, sealing brackets and
membranes. Air passages are also supported by corrugated aluminium
spacers, which enhance heat and mass transfer by interrupting the
boundary layers. The polypropylene membranes used to separate air
passages are hydrophobic, porous membranes that can transfer moisture
but are impermeable to odours and other pollutants [4]. Fig. 4 shows the
structure of a QCFMEE.

A test rig was developed to test the sensible and latent effectiveness
of a QCFMEE. Fig. 5 provides a schematic view of the test rig. As shown
in Fig. 5, the test rig consists of an MEE, inlet expansion diffusor, outlet
contraction diffusor, fans, air ducts, and measurement instrumentation.
Supply air with a low temperature was generated in the environmental
chamber, while exhaust air with a fixed temperature of 21 °C was
introduced from the ambient air in the laboratory. Four fans were uti-
lized to maintain balanced air flow rates on the supply air and exhaust
air sides.

T-type thermocouples were made by the laboratory and calibrated
from —20 °C to 20 °C using the t-type thermocouple made by Pet-
tersen™, which has an accuracy of + 0.05°C. The thermocouples were
mounted at the inlets and outlets of the supply air and exhaust air sides.
For each port, four thermocouples were evenly distributed at the hori-
zontal centreline of the inlet or outlet. Air RH was measured using
Vaisala™ humidity and temperature transmitters (HMT330). Air flow
rates in supply air and exhaust air sides were measured by orifice plates.
Air straighters were placed in front of the orifice plates to shorten the
length of the ducts and reduce the ductwork heat loss. All the measured
parameters were acquired using the NI™ data acquisition system, which
was read by LabView™ every 30 s.

4.2. Uncertainty analysis
In this study, the uncertainty analysis of Coleman et al. [31] is

applied using a 95% confidence interval. The general uncertainty is
given as follows:

Iy 2JriU 2+ (2 :
ox, “ ox, * T \ox, M

The uncertainty U consists of bias error B and precision error P:

U=VE TP 28)

Bias error is mainly from calibration, data acquisition and data
reduction. Precision error is determined by:

U, = @7

P=tS (29)

where t is calculated as 2.021 when the number of readings for one
measured parameter is 41 [31].
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%sh air inlet

Air channel Membrane

Fig. 4. Structure of a QCFMEE, including (a) 3D explosion schematic view of a QCFMEE (b) 3D view of a QCFMEE (c) photograph of a QCFMEE used in the
experimental test and (d) supply air inlet and exhaust air outlet of a QFMEE [28,30].

Fig. 5. (a) The schematic view of the test rig for a

(a)

Supply air
outlet

Outlet contraction
diffusor

Thermocouples

Endoscope

Laboratory room

Exhaust air

" Inlet expansion
inlet P

Exhaust air
outlet

—_—

]
Relative humidity /

\ Supply air
inlet

Environmental chamber

QCFMEE [27,28], (b) and (c) pictures of the test rig
including membrane energy exchanger. Numbers
correspond to different components of the MEE test
rig, where: 1 - MEE core; 2 - Micro-manometers; 3 -
Thermocouples; 4 — Relative humidity sensor; 5 -
Environmental chamber; 6 - Ventilation channel
connections; 7 — Instrument wires connecting to data
acquisition system; 8 - Computer with LabVIEW; 9 —
Extract air ductwork to the basement exhaust; 10 - Air
straightener; 11 -Orifice plate with tubes connecting

diffusor sensor Orifice plate

Air straighter to a manometer (adapted from Ref. [10]).

Table 1
Uncertainties of the main measured and calculated parameters.

Table 1 shows the uncertainties of the main tested parameters and
calculated results.

4.3. Validation of QCFMEE effectiveness

Air +0.16°C at 11.4 Air volume flow +1.57% at 25.2
temperature °C rate m?/h
RH at 23 °C +1.3% at 40.0% Sensible +3.2% at 92.5%
effectiveness
Pressure drop +5.6 Pa at Latent effectiveness +5.8% at 78.2%
524.1Pa

The numerical simulation of the sensible and latent effectiveness of
QCFMEE is validated by both the numerical solution explained by Kays

and London [32] and the experimental results under three air flow rates:
15.12 m®/h, 21.24 m® /h and 24.84 m®/h. Kays and London [32] divided
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the quasi-counter-flow exchanger in the cross-flow section and
counter-flow section. Numerical procedures were applied for the
cross-flow and counter-flow sections separately. Effectiveness can be
obtained as a function of the heat capacity ratio Cr, number of transfer
units in the cross-flow section NTU,ss and number of transfer units in
counter-flow section NTU yyneer- Comparisons among numerical, Kays
and London, and experimental results for sensible and latent effective-
ness of ACFMEE are plotted in Fig. 6. For both sensible and latent
effectiveness, simulation results are lower than the experimental results.
This is because in the experiment presented in literature [30], the
QCFMEE used for testing have aluminium spacer placed onto the supply
and exhaust air channel to support the membrane. The corrugated mesh
spacers can enhance the heat and mass transfer in the QCFMEE due to
the enhanced convection by the local turbulence. In this study air
channels are assumed to be open channels, which results in relatively

A

lower effectiveness. Another possible reason why the calculated effec-
tiveness is lower than the experimental results is that the entrance effect,
which increase the heat transfer coefficient are not considered in both
Kay’s method and this numerical study. In general, good agreements
between the numerical simulation results and both the Kays and London
solutions and the test results are observed. The maximum discrepancy
between the numerical simulation results and the Kays and London re-
sults is 1.15%, while the maximum discrepancy between the numerical
simulation results and experimental results is 3.6%.

5. Results and discussion
5.1. Frost locations inside the exchanger

Investigating the locations of frost formation inside the exchanger
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inlet
QCFHE (a) QCFHE (b) QCFHE (©)
<= (I
Supply air QCFHE
outlet To=-10°C To=-15°C To=-30°C Frosting-free Area
Exhaust air inlet RHr=12.3% RHr= 8.3% RHr=2.4%

f

(.
QCFMEE
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‘ Supply air
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\ | m

| inlet Frosting Area
CFMEE
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<=
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Exhaust air inlet RRHr=34.5% RH»=252% RHr=8.7%

Fig. 7. Locations where frost first occurs in QCFHE and QCFMEE under various conditions.
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can provide a better understanding of frost development and guide
future research on defrosting methods. In the previous literature on
QCFHE, frost is assumed to first form at the exhaust air outlet closest to
the supply air inlet, which was defined as the ‘cold corner’ [27,28]. This
is easy to understand; as there is no mass transfer in the QCFHE, the ‘cold
corner’ has both the lowest temperature and highest RH. Frost limits
were then developed based on the air temperature and RH at the ‘cold
corner’ of the QCFHE. However, RH is determined by both air temper-
ature and humidity ratio. As a result, while the temperature and hu-
midity ratio of exhaust air at the ‘cold corner’ of the QCFMEE are indeed
the lowest for the entire temperature and humidity ratio distributions
across the exchanger, its RH is not necessarily the highest. Thus, satu-
rated conditions (when RH reaches 100%) could first occur in an inner
location of the QCFMEE, which is not necessarily the ‘cold corner’. The
frost onset location is related to both temperature and humidity ratio
distributions that are determined by the operating conditions, heat and
moisture transfer characteristics of the exchanger. Fig. 7 illustrates the
locations where frost first occurs in QCFHE and QCFMEE and their
corresponding conditions. In this figure, RH, and T, are kept constant as
80% and 22 °C respectively. It can be seen from Fig. 7 that frost first
occurs from the ‘cold corner’ in QCFHE. In contrast, the frost first builds
from the inside in QCFMEE rather than the ‘cold corner’ under all
conditions. These are the locations that have the highest RH. Moreover,
compared with QCFHE, QCFMEE has better frost tolerance. For
example, when the outdoor air temperature T, = —10 °C, frost is first
found in QCFHE when the RH, is 12.3%. By contrast, frost first occurs in
QCFMEE when RH; is 34.5%. The same difference trend can also be
found under T, = —15°C and — 30 °C.

This trend can also be found in Fig. 8, where frosting areas are
pictured in QCFHE and QCFMEE under two operating conditions. The
operating conditions of RH, and T, remained 80% and 22 °C. Under each
operating condition, the frosting area in QCFMEE is building from the
inside of the exchanger, and the frosting area size is significantly smaller
than it in QCFHE. The results showed in Fig. 8 confirmed the reduced
frost risk in membrane energy exchangers resulting from the reduced
dew point in exhaust air due to its moisture transfer feature compared to
the sensible-only heat exchanger. Thus, it can be beneficial to use MEEs
in cold climate to mitigate frost risk and energy used for frost control.

Building and Environment 244 (2023) 110814

However, considering the durability of the thin membranes in MEEs,
proper frost control to ensure frost-free operation in MEEs are more
critical as the membrane may be more vulnerable to the accumulated
frost compared to the metallic or plastic heat exchangers.

5.2. Threshold values for different frost prevention strategies

Fig. 9 illustrates the threshold values for the preheating outdoor air
strategy for both QCFMEE and QCFHE. Fig. 9 (a) shows the relationship
between RH, and threshold Ty; under three different air flow rates: 72,
144 and 216 m3/h. To investigate the influence of RH,, T, is kept at a
constant value of —10 °C. Fig. 9 (b) shows the relationship between T,
and threshold Ty; under the same air flow rates. In this case, RH, is kept
at a constant value of 40% to examine the influence of T,.

It is found that the threshold Ty increases with both RH, and T,,
meaning that higher values of RH; or T, would require preheating T, to a
higher Ty. First, the influence of RH, on Ty under the same T, is
analyzed. Assume a specific combination of RH, and Ty; for which the
highest RH on the exhaust air side is 100%. Then, increase RH;, to a
higher level of RH,; the humidity difference between the supply and
exhaust air sides also increases. As a result, if T, is still heated to the
original Ty, the highest RH in the exhaust air side would exceed 100%.
Therefore, T, must be heated to a higher temperature Ty; to ensure that
the highest RH in the exhaust air side reaches 100%. Similar analyses
can be applied to study the influence of T, on Ty under the same RH,.
Under a specific combination of T, and Ty for which the highest RH in
the exhaust air side is 100%, increase T, to a higher temperature of T,.
Because the RH, is assumed to be constant, increasing T, would also
increase the humidity ratio of outdoor air, which would reduce the
humidity difference between the supply and exhaust air sides. Subse-
quently, the highest RH in the exhaust air side would exceed 100% if T,
is still heated to the original Ty;, meaning that T, needs to be heated to a
higher temperature T to ensure that the highest RH in the exhaust air
side reaches 100%.

Compared with QCFHE, QCFMEE has much a lower threshold T;; and
thus better tolerance for frost formation. For example, under V, = 216
m®/h and RH, = 30%, T, must be heated from —10 °C to —8 °C in
QCFMEE to avoid frost. By contrast, it must be heated to 0 °C in QCFHE.

(a)
QCFHE

QCFMEE

(b)
L]

QCFHE
Frosting-free Area

To -10°C RHr 35%

10=-10°C RHr=35%

[ ]

(c)
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QCEMEE

QCFMEE
Frosting-free Area

@

Frosting Area

10=-5°C RHr=48%

1lo=-5°C RHr=48%

Fig. 8. Locations of frost in QCFHE and QCFMEE under various conditions.
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Fig. 9. Threshold values for the preheating outdoor air strategy, including (a) RH, against Ty; at T, = —10°C (b) T, against T at RH, = 40%.
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Fig. 10. Threshold values for the heating room air strategy, including (a) RH, against T,; at T, = —10°C (b) T, against T,; at RH, = 40%.
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Fig. 11. Threshold values for the bypassing outdoor air strategy (a) RH; against Epypaseq at To = —10°C (b) T, against Epypaseeq at RH, = 40%.
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This is attributed to better mass transfer ability, or higher latent effec-
tiveness, in QCFMEE than in QCFHE.

Air flow rate has a negligent impact on threshold T; in QCFHE, while
its impact on threshold Ty; in QCFMEE is significant. For QCFMEE, both
sensible and latent effectiveness will be affected when changing V.
Reducing V, will enhance both sensible and latent effectiveness, and the
combined effect is a lower RH on the exhaust air side. As a result, the
threshold value is improved by reducing the V, for the preheating out-
door air strategy. This means that T, can be heated to a lower T;; under a
low V.

Fig. 10 illustrates the threshold values for the heating room air
strategy for the QCFMEE. Under each V,, the threshold T,; is related to
RH; and T,. The impact of RH; on the threshold value is the same as in
the preheating outdoor air strategy: a higher RH, would cause room air
to be heated to a higher T,;. However, the threshold T,; would decrease
with T,. This is because the highest RH in the exhaust air side would
decrease with T,, meaning that the room air can be heated to a lower
temperature T.;. V, has a considerable effect on the threshold T,;, which
can be significantly improved by reducing V,. Fig. 10 demonstrates that
room air must be heated to a rather high temperature in order to prevent
frost formation under some conditions. For a QCFHE, the required
threshold temperature is even higher, which can be difficult to achieve
in reality; this is the reason why the threshold values for a QCFHE are
not plotted in Fig. 10. High T,; could also cause the problem of over-
heating the outdoor air in the exchanger. This will be discussed in more
detail in Section 5.3.

Fig. 11 illustrates the threshold values for the bypassing outdoor air
strategy for the QCFMEE and QCFHE. For both CFMEE and QCFHE, the
threshold Epypasseq is influenced by RH; and Ty, In order to investigate the
effects of RH; and T, on Epypqssed, it is important to first explore the effects
of changing Epypqseq On the heat exchanger. For any enthalpy exchanger,
¢s and ¢ have already been defined by Egs. (17) and (18). By applying
the ¢ — NTU method, &; and ¢; can be expressed as follows:

UA ‘amux a
e, =f(NTU,Cr)=f (— u) (30)
mamincpﬂ mamincp‘a
UYWA .nmax y a
&, =f(NTU,, Cr) :f<—. , DamaxCpa ) @1
Mamin mumincp,n

where NTU and NTU,, are the number of heat transfer units and the
number of mass transfer units, respectively; A is the total heat transfer
area (m?); Cr is the heat capacity ratio; Mgmey is the maximum air mass
flow rate (kg/s; whichever is higher of m, on the exhaust air side or
supply air side); Mg, is the minimum air mass flow rate (kg/s;
whichever is lower of m, on the exhaust air side or supply air side). &; is
positively related to both NTU and Cr, and ¢ is positively related to both
NTU,, and Cr. Regarding heat transfer, reducing Ejpypasseq Would decrease
Mgmin in the exchanger; thus, both NTU and Cr would increase. As a
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result, ¢ is enhanced in the exchanger. However, reducing mig,,;, would
decrease the exchanger’s maximum potential heat transfer rate, which
would lead to a reduction in the heat transfer rate in the exhaust air side.
T, would increase given that the air mass flow rate on the exhaust air
side remains unchanged. Similar analyses can be applied to the mass
transfer, and it can be concluded that W,, would increase as well. The
combined effect is that the maximum RH on the exhaust air side would
decrease when reducing Epypeseq- In other words, reducing Epypassed
would benefit the exchanger by improving frost tolerance. As a conse-
quence, given a specific Epypassed for which the highest RH in the exhaust
air side is 100%, a higher RH, and a lower T, would cause it to exceed
100%, and a lower Ebypmsed/ would be required to prevent frost.

Regarding V,, it has a different influence on the threshold Epypassed for
QCFMEE and QCFHE. For QCFHE, a reduced V, would deteriorate the
frost tolerance ability by increasing the &; thus, a lower Epypasseq iS
needed to prevent frost formation. For QCFMEE, both &; and ¢ would be
enhanced by reducing V,, and their combined effect is a better frost
tolerance ability, which leads to a higher Epypgseq-

5.3. Comparison among different frost prevention strategies

The preheating outdoor air strategy is examined first. Fig. 12 shows
monthly accumulated results for the energy consumption and ESR for
the cities of Montreal and Oslo during the heating season. The period
between December and March is selected as the heating season. Mon-
treal and Oslo are selected as case cities, as they represent the warm-
summer humid continental climate (Dfb) and oceanic climate (Cfb) ac-
cording to the Koppen climate classification [33]. The annual heating
degree days (HDD) for Montreal in 2022 is 4117 (18 °C as the base
temperature) [34] while it is 2823 for Oslo [35].

During the heating season, the average outdoor temperature in Oslo
is lower than in Montreal. As a result, Epreheat> Epostcondition @nd Egorpr in
Oslo are lower than those in Montreal for each month. In particular, the
Ewornr in Oslo for the heating season is 2240 MJ, which is 54% lower
than Eg xr in Montreal for the heating season. For both cities, Epreheat
has a close relationship with outdoor air temperature, and a low outdoor
temperature leads to a high Epehesc. For example, the highest values of
Epreheat in Montreal and Oslo occur in the coldest month (January), with
energy consumption of 998 MJ and 470 MJ, respectively. By contrast,
Epostcondition has no obvious relationship with outdoor air temperature.
For both cities, ESR is significantly impacted by Eio gr, and a low Eio g
results in a high ESR.

In the simulation, the threshold values discussed in Section 5.2 are
used for the preheating outdoor air strategy; this means that for each
outdoor air condition, there is a corresponding threshold T;. The Nor-
wegian Technical Specification SN-NSPEK 3031:2021 [36] also dem-
onstrates a frost prevention method, which is to preheat the outdoor air
based on the exhaust outlet air temperature T,,. When using an

Oslo (Air flow rate = 216 m”/ h)
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Fig. 12. Energy consumption and ESR for Montreal (a) and Oslo (b) when using the preheating outdoor air strategy during the heating season.
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Oslo (Air flow rate = 216 m’/ h)
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Fig. 13. Comparison between the proposed preheating outdoor air strategy,
optimal frost protection and normal protection explained in the Norwegian
Standard [36] for Oslo during the heating season.

enthalpy-type plate heat exchanger as the heat recovery unit, two
different frost protections are defined. For optimal (economical) frost
protection in residential buildings, the outdoor air temperature T, must
be heated to ensure that T, is higher than a fixed temperature of 5 °C.
For normal (conservative) frost protection in residential buildings, T,
should be heated to ensure that T, is higher than 9 °C. Fig. 13 shows
comparisons between the preheating outdoor air strategy as developed
by the authors and the two frost protections given in the Norwegian
Standard.

First, the energy consumption for pre-heating and post-heating is
reduced after performing optimally. The total energy uses when using
optimal frost protection method are reduced by 526.4 MJ, 403.9 MJ,
241.2 MJ and 382.8 MJ in January, February, March and December
respectively compared with using normal frost protection method. The
reduced energy uses account for 30%, 37.2%, 33.7%, and 29.1% of total
energy use when using normal frost protection method. According to
Fig. 13, the Eprenea Of using the optimal frost protection is approximately
twice that of using the developed preheating outdoor air strategy. This is
because when the T, must be at least 5 °C, as required by optimal frost
protection, the outdoor air must be heated to 1 °C, which is higher than
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Fig. 14. Energy consumption and ESR of using the heating room air strategy
for Oslo in a typical week.
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the threshold values in most simulated hours. For normal frost protec-
tion, the outdoor air must be heated to at least 6 °C. Consequently, the
Epreheat is about four times as high as that of using the developed pre-
heating outdoor air strategy. Because the outdoor air is heated to a
higher temperature when using either the optimal frost protection or
normal frost protection method, the Ejosicondition Values of using these
methods are slightly lower than that of using the developed preheating
outdoor air strategy. Concerning the E yr, using the preheating out-
door air strategy can reduce the Eiyr by 32% and 54% compared with
using optimal and normal frost protection, respectively.

Fig. 14 shows the energy consumption and ESR of using the heating
room air strategy for Oslo in a typical week (the first week of the
reference year used for simulation). Eyrpr consists of Epe, and
Epostcondition When using this strategy. Fig. 14 shows that Ejosicondition 1S
below zero for all simulated days. This is because in order to prevent
frost from developing, the room air temperature T, needs to be heated to
a significantly high temperature T,;. For example, on the first day of the
simulated week, the average T¢; required to avoid frost is 170 °C. In
consequence, the outdoor air is overheated in the QCFMEE. In other
words, Ty, is higher than the pre-set supply air temperature T, which is
19 °C. This being the case, the postcondition process is then sensible
cooling of Ty, to T, which is much more difficult to achieve in reality
compared with sensible heating. Fig. 14 also shows that ESR is below
zero for all simulated days, indicating that using heat recovery with the
heating room air strategy consumes even higher energy than ventilation
without any heat recovery.

Fig. 15 illustrates the energy consumption and ESR of using the
bypassing outdoor air strategy for Oslo during the heating season. In
contrast to the heating room air strategy, the ESR of the bypassing
outdoor air strategy remains above zero during the entire heating sea-
son. ESR is negatively impacted by Ejostcondition, and the highest ESR of
0.67 occurs in the warmest month in the heating season (March), when
the Eposicondition has the lowest value of 477 MJ. The comparison of en-
ergy consumption between using the preheating outdoor air strategy
and the bypassing outdoor air strategy is given in Fig. 16. It is clear that
the preheating outdoor air strategy has the advantage of consuming less
energy; indeed, the bypassing outdoor air strategy can use up to 2.8
times more energy than the preheating outdoor air strategy in January.
For the entire heating season, preheating outdoor air uses approximately
56% less energy than bypassing outdoor air. Fig. 17 depicts the bypassed
ratio Epypassed for the entire heating season, which fluctuates significantly
between 0.24 and 0.73. This fluctuation increases the complexity of

Oslo (Air flow rate = 216 m’/ h)

3000 0.8
= Ejostcondition — Energy Saving Ratio
F0.7
2500 1
—~ F0.6
P
% 2000 -
5 F0.5
e
£ 1500+ 04t
= ~
: F0.3
E 1000 - -~
2
E Lo.2
500 A
F0.1
0 I 0
Jan Feb Mar Dec

Fig. 15. Energy consumption and ESR of using the bypassing outdoor air
strategy for Oslo during the heating season.
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Fig. 16. Comparison of energy consumption between using the preheating
outdoor air and bypassing outdoor air strategies for Oslo during the heat-
ing season.
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Fig. 17. Bypassed ratio Epypaseq With the bypassing outdoor air strategy for Oslo
during the heating season.

control for real-life applications.
6. Conclusions

In this paper, numerical models of QCFMEE and QCFHE were
developed and validated by experimental tests. Three types of frost
prevention strategies were introduced: preheating outdoor air, heating
room air, and bypassing outdoor air. Their threshold values were ob-
tained using the developed numerical models. These strategies were
compared based on various criteria such as energy consumption, ESR,
feasibility and complexity of control. The main conclusions are given

Appendix A. Correlations of heat and mass transfer coefficients
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below:

e In QCFHE, frost first occurs at the exhaust air outlet closest to the
supply air inlet, which was known as the ‘cold corner’. On the con-
trary, the frost first builds from the inside in QCFMEE rather than the
‘cold corner’ under all conditions because of simultaneous heat and
mass transfer.

The threshold values of the three frost control strategies are affected
by several parameters: T,, RH;, V, and exchanger type. Compared
with QCFHE, QCFMEE has lower threshold values and thus better
frost tolerance ability due to mass transfer.

Climate has a considerable impact on the energy consumption of
frost prevention strategies. In regions with cold climates, cities with
an oceanic climate such as Oslo consume less energy than cities with
a warm-summer humid continental climate such as Montreal. Among
the discussed frost prevention strategies, the preheating outdoor
strategy has the advantage of the lowest energy consumption during
the heating season, and its ESR can be as high as 0.8 in Oslo. Indeed,
the preheating outdoor air strategy can reduce the total energy used
for ventilation with heat recovery and frost prevention E;q ur by 32%
and 54%, respectively, compared with the optimal and normal frost
protections explained in the Norwegian Standard. The heating room
air strategy consumes the most energy and faces the problem of
overheating outdoor air. While the ESR of the bypassing outdoor air
strategy can reach 0.67, the significant fluctuation of Epypggeq in-
creases the complexity of control for real-life applications.

CRediT authorship contribution statement

Hongyu Bai: Writing — original draft, Visualization, Validation,
Software, Methodology, Investigation, Formal analysis, Data curation.
Peng Liu: Writing — review & editing, Writing — original draft, Visual-
ization, Validation, Methodology, Investigation, Conceptualization.
Hans Martin Mathisen: Writing — review & editing, Methodology,
Conceptualization.

Declaration of competing interest

The authors declare that they have no known competing financial
interests or personal relationships that could have appeared to influence
the work reported in this paper.

Data availability
No data was used for the research described in the article.
Acknowledgement

This study is a part of the Defreeze MEE Now project (grant number
296489), which is financially supported by the Research Council of
Norway and Flexit AS, and it is a close collaboration between Flexit AS,
Norwegian University of Science and Technology (NTNU) and SINTEF
Community. The authors acknowledge Ms. Anneli Halfvardsson, and Dr.
Fredrik Karlsson from Flexit AS for their broad experience and support.

In Egs. (9) and (14), hs, he, ks and k. are required for the solution of governing equations. In this study h; is assumed to be equal to h, and k; is
assumed to be equal to k.. Convective heat transfer coefficient h can be obtained from Nusselt number Nu:

Dy

Ni
U i

[A.1]
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Where Dy is the hydraulic diameter of air channel (m); 4, is the air thermal conductivity (W/mK).
Nu is obtained using Chilton-Colburn analogy, where Colburn j-factor is defined as [30]:

j=0.23Re™"% [A.2]

Where Re is Reynold number of air flow.

Nu is calculated based on the Chilton-Colburn analogy:

Nu

j=——— A.3
J Re Pr'/? [A.3]
Where Pr is Prandtl number of air which is considered as a constant of 0.71.
Convective mass transfer coefficient k can be obtained from Sherwood number Sh:
_ kDy
=D,

Sh [A.4]

Where D, is the diffusivity of air (mz/s).
Sh is calculated using a relationship based on the Chilton-Colburn analogy:

Sh=NuLe '/ [A.5]

Where Le is the Lewis number of air:

_Pr

Le=—
¢ Sc

[A.6]

Where Sc is Schmidt number of air which can be calculated as:

Sc=— [A.7]

Where v, is kinematic viscosity of air (m?/s).
Appendix B. Procedures to solve governing equations

Procedures to solve governing equations are provided in this section.

The first step is to assign the boundary conditions for stream function and heat and mass transfer governing equations. For the stream function, at
the inlet and the outlet of supply air channel and exhaust air channel, uniform velocity is assumed. Therefore, Neumann boundary conditions can be
defined:

On supply air side

o n,
g;(x:di+d0,d0§y§d,-+do):u:: T pdidy [B.1]
dy n,
(x=0,0<y<d))=u,= — B.2
XA (B2
On exhaust air side
9y, Mg
<x<d,y=0)= —v,= — B.
. (0<x<d;,y=0) v odid, [B.3]
9y, Mg
<x<d: =d. = —y, = — .
ax (d() 7x7dl +d0~,y dr+d0) Ve [)adida [B 4]

Where geometrical properties such as d; and dy of QCFMEE are defined and given in Fig. 2.

Along the geometric boundaries of QCFMEE, there is no air velocity relative to the boundaries. This means each solid boundary of QCFMEE
represents a streamline. Therefore, Dirichlet boundary conditions can be defined:

On supply air side

v, (do <x<d;+dy,y=d; +dy) = Const [B.5]
v, (0<x<d,,y=x+d;)=Const [B.6]
v, (di<x<d;+d,,y=x—d;)= Const [B.71
v, (0<x<d;,y=0)=Const [B.8]

On exhaust air side
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v, (x=0,0<y<d;)=Const [B.9]
v, (0<x<d,,y=x+d;) = Const [B.10]
v, (di<x<d;+d,,y=x—d;)=Const [B.11]
v, (x=d;+d,,d,<y<d;+d,) = Const [B.12]

For heat and mass transfer governing equations, it is assumed that the temperature and humidity ratio at the inlet of supply and exhaust air
channels are uniform. Dirichlet boundary conditions are defined:
On supply air side

T, (x=d;+dy,dy <y<d;+dy) =T, [B.13]

Wi(x=d; +do,do <y <d; +do) =Wy [B.14]
On exhaust air side

T,(0<x<dy,y=0)=T, [B.15]

W.(0<x<d;,y=0)=W, [B.16]

All boundary conditions applied for the simulation of OCFMEE are summarized in. Fig.B.1.
y e _ _ mig

ax

s = Const

Yo = Const
Ys = Const Ye = Const
Supply air side
s

Mg

dy padida
Ts =T
Ws=Wsi
Ye = Const W, = Const
e = Con
—~—— Ys = Const
s _ _ _mia
dy Padida
P ;
We _ _ mia s = Const
dx  padidg
T =T, S
¢ & Exhaust air side
We = Wei

Fig. B.1. Boundary conditions applied for the simulation of QCFMEE.

Finite difference method with backward scheme is used to solve governing equations. Second-order Laplace equation (stream function) is dis-
cretized by second-order central difference scheme while heat and mass transfer equations are discretized by first-order forward difference scheme.
Discretized governing equations are given below:

1
Vi) :1<W<i+w> TV i1y TV *‘/’a.j—w) [B.171
Ui j) Vs(ij) u
T 7d_ijv(i,f+]) + d_).,T.\(i—l,j) + ,o—uduc,,_L,Tf-’(iﬁ h1s
s(i) = i) W) 4 U [B.18]
dx " dy " pedacpa
e PR L)
Toij) = T 7 [B.19]
dx dy PadaCpa
Wi+ Wimn) + 2 We
Waiy) = i)y @) | Un [8.20]
dx dy Pada
Wi + i Weiory) + W)
Wa(i’/‘) = Uy(i j) + Vs(ij) Un [B21]
dx dy Pada

Where i is the number of node in x direction and j is the number of node in y direction. Discretized governing equations and their corresponding
boundary conditions are solved in Matlab iteratively until converged.
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