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INTRODUCTION

This thesis contains three papers, where the first two of them are
mainly about the theory on global weak solutions and regularity on high-
est cusped waves for nonlinear dispersive equations, and the third one
is the investigation on existence of periodic travelling waves with point
vortices for Euler equations.

Nonlinear dispersive equations play a crucial role in understanding the
behavior of water waves and provide a perfect framework for studying
the dynamics and evolution of water waves in various scenarios. Here
dispersive (or dispersion) means that waves with different wavelengths
propagate at different speeds. A couple of hydrodynamical phenomenon
exists in the combination of nonlinear effects and these properties, such
as wave breaking, extreme waves, peaked or cusped crests which we may
discuss in Paper II for example, and periodic movement. Some models
particularly attract a lot of interest. In [32], specific water-wave phenom-
enon like tsunamis or tidal waves, coastal oceanography are generally and
extensively studied. Stokes waves are also a famous example where the
regularity of highest position was investigated in [2].

In particular, Whitham equations which are nonlocal provide a math-
ematical framework for studying the behavior of water surfaces, where
this equation has been widely studied by researchers for many years. It
captures various key characteristics of shallow water waves, including
solitary [13] and travelling [15] waves, and wave breaking [24] (bounded
solutions with unbounded derivatives). Based on this perfect example
of Whitham equation, one may choose to direct their attention towards
studying a broad class of equations

O + Oy Lu + 0z (n(u)) =0, (1)

where v is on time and real-valued space variable with one dimension,
the operator L describes the dispersive effect, and n(u) represents the
nonlinear term (usually consider as u?). In general, the operator L is
often expressed as a Fourier multiplier with a real and even symbol m,
that is,

(Lu)(&) = m(&)a(©). 2)

1
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Here £ € R, and the symbol * denotes the common Fourier transform for
any Schwartz function. The symbol m, known as the dispersion relation,
plays a crucial role in the research area of dispersion equations.

Two types of the expression m(&) attract the particular interest, which
contains homogeneous symbol

m(¢) = [¢[° 3)

with Lu = |D|*u, and inhomogeneous symbol
m() = (L+¢]%)2 (4)
with Lu = (1 + |D|?)2u, where s € R and D := —id,. The above

two kinds of symbol are usually known as fractional Korteweg—de Vries
(fKdV) equation with homogeneous and inhomogeneous symbol. Below
is a table to give some examples on the choices of m(§) with different
index s:

TABLE 1. Different index of m(&) in dispersion equation (1)

Index m(&) Equation
-2 1+ ¢3! Burgers—Poisson
-2 €72 Ostrovsky—Hunter
-1 €It Burgers—Hilbert
—% % Whitham
Lo UrelRtenhe Capillary- Whitham
1 €] Benjamin-Ono
2 1— L¢P Korteweg-de Vries
s>0 (%)5 Generalized Whitham
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Here a > 0 is the surface tension for capillary Whitham equation. When
s takes smaller or negative value, the dispersion becomes weaker, which
corresponds to the suggestion of fKdV equations to measure the scale to
investigate the balance of nonlinear and dispersion effects.

Let us review the development on fKdV equations briefly. Firstly,
fKdV is globally well-posed for s = 2 [27,28] and s = 1 [26,37]. When
1 < s < 2, we have global well-posedness in the corresponding Sobolev
spaces (see [21,23]). When g < s < 1, global well-posedness was recently
established in [38]. But numerical result [29] suggested that we have

global well-posedness for s > % Since % is scaling critical, this is a solid

evidence to think s = % is also critical for global well-posedness, which
means there is no global well-posedness for s < % Thus, one may expect
the phenomenon of blowup happened for s < % Smooth solutions will
blow up for —1 < s < 0 [5] and wave breaking phenomenon happens
for —1 < s < —3% [25], s = —1 [44] (Burgers-Hilbert), and s = —2 [35]
(Ostrovsky—Hunter). It is also believed that other blowup phenomenon
occur for 0 < s < & (see discussion in [29,34,36]). Owing to the above,
two ways will be considered due to this effect, that is, the conception of
weak solutions and the stronger restriction on the function spaces of ini-
tial data. The weak solution that we considered in Paper I is motivated
by such consideration. One may note that the range —1 < s < 1 attracts
many interests due to the fact that it contains Capillary—Whitham equa-
tion (s = ) and Whitham equation (s = —3). An enhanced existence
time of solutions was considered in [19,20] where the authors considered
small initial data in a restricted Sobolev spaces for which blowup regime
is excluded. In Paper I, we aim to show the global well-posedness of
entropy solutions for fKdV equations with inhomogeneous symbol (4)
with index s < —1 . Moreover, these weak solutions are found to satisfy
one-sided Holder conditions whose coefficients will decay in time.

On the side of highest waves for fKdV equations, Whitham conjec-

tured that the Whitham equation (s = —% admits a highest, cusped,

travelling-wave solution with C’%—regularity (Holder regularity) at each
crest. This conjecture was proved by Ehrnstrém and Wahlén [18] in 2019.
Here C %—regularity is given by an equivalence
1
p—¢n~ |.Z‘| 2y
which holds uniformly around the highest point 0 in one period [—m, 7).
The parameter p is the wave speed. Inspired by the work and conclu-
sion in [18], Paper II shows the existence of highest, cusped, periodic

travelling-wave solutions with exact and optimal g-Holder regularity for
fKdV equations with homogeneous symbol (3) for 0 < 5 < 1, where
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B8 = —s. We also give an effective way to deal with the general nonlin-
earity n(u) for fKdV equations.

Here we introduce the travelling wave solutions to fKdV equations.
We now naturally take

u(t,z) = ¢p(x — ct)

for some velocity ¢ € R into (1), then equation (1) is transformed to the
steady form

—co+ Lo +n(¢) =C,

where C' is a constant. KdV equation is an important representative
on local differential operator for L since the Fourier transform has a
corresponding relation with derivative and frequency, where it performs
the symbol 1 — %52 as an approximation with nonlinearity u?. On the
nonlocal sense, the qualitative properties of water waves which does not
exist in the local case can be obtained. Note that Fourier multiplier can
be expressed as a convolution operator Lu = K % u which leads that the
nonlocal sense of water wave models presents a notable challenge, as it
requires knowledge of the global wave property to compute the dispersive
term locally. In Table 1, we have listed many negative indexes. These
fKdV equations have a great research value to be investigated since the
nonlocal property makes the pointwise estimates to become harder, and
moreover, they show the different regularised properties. Paper I and
Paper II just aim to investigate the related properties which benefit from
the various direction in this research area.

Turning the aim to the third paper in this thesis, we consider the water
wave problem on finite depth modelled by the free boundary problem for
the incompressible Euler equation,

()

iy + (@~ V)i + Vp + gés =0,
Vi =0,

where @ = (u,v) is the velocity of the fluid, p is the pressure distribution
and —gés = (0,—g) is the constant gravitational acceleration. Applying
the transformation

ﬁzﬁ(x_0t7y)7 77:77(37_@)7 p:p(x_Ctay)a

the steady version of (5) is given by
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A vorticity distribution is usually a function v: R — R, such that

Ay = y(¢),

where 1) is the related stream function.

The research on steady water wave problem (6) mainly figures out the
construction of water waves but with different types of vorticity. This
may contain irrotational setting (v = 0) where Stokes waves [41] are
significant representative, and rotational setting with non-localized or
localized vorticity. Rotational waves can possibly contain internal stag-
nation points and critical layers which are regions with closed stream-
lines, known as cat’s eye vortices (see [11]), and this is also the main
aim that many previous works tried to deal with the non-localized vor-
ticity. Breakthrough on non-localized vorticity occurred in [7] in 2004,
where a comprehensive theory of existence for two-dimensional, periodic,
finite-depth, large-amplitude travelling gravity waves were constructed,
but there are no interior stagnation points and critical layers. Then
the progress was pushed forward to the constant vorticity with exactly
one critical layer [45], affine vorticity with critical layers [12,17,30], or
analytic vorticity with critical layers [43].

Rotational waves with localized vorticity attracted a lot of interest
recently, where the pioneered work [40] investigated the existence of two-
dimensional, travelling, capillary-gravity water waves with two types of
compactly supported vorticity, that is, point vortex and vortex patch.
Paper III mainly showed the existence of two-dimensional small ampli-
tude periodic travelling gravity-capillary water waves on finite depth,
with an arbitrary number of point vortices along one vertical line in
each period. Specifically, the vorticity is concentrated to finitely many
d-distributions within a period of the fluid domain. Paper III extended
the work of [40] from infinite depth to finite depth.

Next, we give a short description on each paper in this thesis below.

Paper I: One-sided Ho6lder regularity of global weak solutions
of negative order dispersive equations.

With: Ola I.H. Mahlen.
Published in Journal of Differential Equations, 364 (2023),
pp. 412-455.

In Paper I, the focus is on analyzing global weak solutions for disper-
sive equations (1) of negative order with inhomogeneous symbol (4) with
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a u? nonlinearity and the range of index s < —1, where we represent the
dispersive operator L := G*, and G is the convolution kernel.

When the index s becomes negative, we can find some related results
by the help of the conception of entropy solutions, where it is considered
in the absence of classical global solutions. Entropy solutions are weak
solutions that satisfy the entropy inequalities which is also automatically
satisfied by classical solutions. This solution concept allows for contin-
uation past wave breaking and a global well-posedness theory may then
be achieved. Existence and uniqueness of global entropy solutions for
the Ostrovsky-Hunter equation (s = —2) is established in [6] with initial
data in L'(R) N L>°(R), and for the Burgers-Hilbert equation (s = —1)
in [22] with initial data in L!(R). There is a difference between our paper
with [22], where they consider initial data in L!(R) which is in the view
of conservation law but we consider in L?(R) which is more natural and
takes various analysis in details.

By the above motivation, the present paper mainly contains two parts.
In the first part, we investigate the existence, uniqueness, and L?-stability
of entropy solutions for equation (1) with inhomogeneous symbol (4) for
order s < —1. The key idea is to note that equation (1) is a combination
of the two equations:

(Hyperbolic conservation law) (Convolution evolution)

w+ (w%)e =0

For these two (simpler) equations, we focus on analysing the properties
of their corresponding two solution maps. The result of uniqueness and
stability is proved through a variation of Kruzkov’s doubling of variables
technique [31], while existence follows from an operator splitting argu-
ment. The whole analysis in the first part is firstly implemented for
initial data in the setting L%(R) N L°(R), then extending to L?(R) by a
continuity argument. The benefit that we use operator splitting method
is to allow for a straightforward analysis of the regularizing effect for
(1) which will make perfect preparation for the part of one-sided Holder
regularity for entropy solutions of (1), and the entropy inequality below
is widely used to obtain the desired conclusion of global well-posedness

/OOO /]R n(u)er + q(u) ez + ' (u) (G * u)p dzdt > 0,

where (7, q) is entropy pair and ¢ is a test function.
In the second part of this paper, the operator splitting technique that
we analysed in the first part is employed to establish that the obtained



INTRODUCTION vii

weak solutions satisfy explicit one-sided Hélder condition, that is,

u(t, ) — u(t,y) < a(t)(z —y) ',

where 0 < b < 1 and a(t) is time decreasing. This outcome can be seen as
an extension of the classical Oleinik estimate [10] for Burgers’ equation
which is given by

h

u(t,z +h) —ult,z) < 4.

This one-sided Lipschitz condition resticts how fast w can grow, but not
how fast it can decrease, which means jump discontinuities may happen.
We mainly study the modulus of growth of w,

w(t,h) = sup (u(t,z + h) — u(t, z))

for t,h > 0 in this part, and the difficult point is that the dispersive
term in (1) has no clear effect on w compared with the smoothing effect
of nonlinearity on w, where we need to treat it as a source term with
the limitation of decreasing L? norm of the solution. Finally, one-sided
Holder estimate is successfully established.

Paper II: Periodic Holder waves in a class of negative-order
dispersive equations.

With: Fredrik Hildrum.

Published in Journal of Differential Equations, 343 (2023),
pp. 752-789.

The second paper investigates the regularity of large amplitude trav-
elling waves for (homogeneous) fKdV equations with generalized nonlin-
earity

n(u) = [ul’or ululP~,

where p > 1 is real. In particular, we consider the homogeneous symbol
in (3) with 0 < 8 < 1, where we set —3 = s (this is convenient to express
our regularity result).

With different positive range of 3, this research area was fully investi-
gated recently. Table 2 below gives a summarization on the most related
works in this area.

Before we discuss the main steps of this paper, the intuition to obtain
the desired CP-regularity is inspired from the work of [18]. Note that
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TABLE 2. Works for different regularities of highest waves with homoge-
neous/inhomogeneous fKdV equations

Range of
0<p<l =1 g>1
Cases of fKdV
ch log-Lipschitz | Lipschitz
homogeneous This paper [16] (3]
inh ch log-Lipschitz | Lipschitz
HEIOTIOBEEEONE [1,16,18,39] | [14,16] 33]

n [18], the Fourier symbol of Whitham equation corresponds to the
index of %, then the authors obtained C%—regularity for the periodic
highest wave which led us a strong intuition to also expect C-regularity
for the index of 5 € (0,1).

The whole paper contains two parts. The first part is to deal with
the regularity analysis on the highest wave by the help of the structure
of [18]. The regularity is initially proved with global C7-regularity for
all v < B, then the exact S-Holder estimate at 0, and finally global C-
regularity using an interpolation argument. The difficult part is that our
kernel only has algebraic but not exponential decay (unlike the kernels
in [1,18,39]), which means an extra care must be applied to the finite-
difference estimates for |[D|™? when the index 8 — 1. To analyse the
convolution kernel K properly where Lu = K * u, we split the kernel
into two parts, that is, K ~ |- |*~! + regular part. This method is an
effective way to rewrite the kernel which is already known in R to the
period T. This will make our analysis easier to see the structure of the
kernel clearly. It is worth noting that we calculate an explicit integration
representation for the singular kernel which also shows a straightforward
way to derive the exact singularity.

While in the second part, which is also the most challenging part, we
aim to consider the global bifurcation theory but with extending from the
classical nonlinear term u? to a more generalized n(u). To see how the
solutions evolve, the local bifurcation analysis is firstly implemented with
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new bifurcation formulas with the new nonlinearity n(u). Then it reaches
to the global behavior of the solutions, where we apply an analytic theory
in [4] to extend from local bifurcation. Note here the theory in [4] can
not be worked with the nonsmooth n(u) which makes the problem to
be much harder. Thus, we employ an analytically regularisation method
to regularise the nonlinearity, and show the existence of highest wave
after the process of regularisation and approximation. Our method has
broad applicability to many equations in Table 1 and provides an effective
approach to deal with general nonlinear terms.

We finally give a direct visualization on our resulting waves with two
different types of nonlinearities. When the nonlinearity performs the type
n(u) = ulu|P~!, we can see that the doubly-cusped periodic solutions
were presented.

FIGURE 1.

FIGURE 2. Waves with nonlinearity u|u|P~! with p = e. The antisymmet-
ric behavior happens between the cusps.

Paper III: Periodic Travelling water waves with point vortices.
In Preparation.

The idea of this paper is inspired by [40,42]. Shatah, Walsh, and Zeng
[40] constructed capillary-gravity waves of small amplitude with a point
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vortex for the infinite depth for both solitary and periodic case. Later,
Varholm [42] considered the case of finite depth with solitary waves. This
paper resolved the only left case, that is, finite depth with periodic case.
The table below will illustrate the related works clearly and effectively.

TABLE 3. Existence of waves for different cases with finite/infinite depth
for a point vortex

Depth
Infinite Depth | Finite Depth
Cases
Solitary Case [40] [42]
Periodic Case [40] This Paper

The paper contains two parts. The procedure is mainly from [42]. In
the first part, We aim to derive three preparation equations (Bernoulli
equation, Kinematic equation and point vortex equation) so that we can
prove the existence of two-dimensional small-amplitude periodic travel-
ling gravity-capillary water waves on finite depth, with a point vortex
along one vertical line in one period. The main method of this part is
called Zakharov—Craig—Sulem formulation from [8,9,46]. To obtain the
first Bernoulli equation which is also one of the difficult point in this
paper, we split the velocity # as a sum of two parts,

ﬁ:ﬁir'i-U?

where ;. is irrotational, and both ;. and U are divergence free. Such
decomposition is useful to our analysis, where on one hand, the rotational
part U will be exactly known, and on the other hand, the Poincaré
lemma can be implemented to obtain the desired representation of stream
function for irrotational and rotational part, that is,

Gy = Vg = (=t b,), U =Vi0 = (-¥, 0,),

where 1 and ¥ are the corresponding stream functions. Then from the
first equation in the steady system (6), our Bernoulli equation is obtained
by the help of Harmonic extension operator and Dirichlet-to-Neumann
operator. Kinematic boundary condition is actually obtained from the
kinematic boundary condition at surface,

unz + M =,
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where we then substitute
i =Vt +0)

into the above equation to get the result. Similarly, point vortex equation
is also derived by the above expression of 4 by a proper calculation.

With the aid of a stream function ® particularly for periodic version
and three corresponding equations that we have found in the first part,
the implicit function theorem is applied based on an analysis of invertible
operators of partial derivatives to obtain the existence result. Moreover,
the leading order of surface profile function is detailedly investigated.
Finally, we also deal with several point vortices along the vertical lines
in every period in the last part of this paper by a generalization from
one point vortex.

It is also worth noting that interestingly numerical evidence shows that
the concavity and convexity of the leading order surface profile function
will change at the junction between two periods depending on the choices
of every period L and parameter ¢, which brings a significant difference
with the solitary case in [42]. We only give the proof of partial conclusions
in this paper and it leaves an interesting problem to pursue later.

REFERENCES

[1] O. O. AFRAM, On steady solutions of a generalized Whitham equation, Trans. R.
Norw. Soc. Sci. Lett., 3 (2021), pp. 5-29.

[2] C. J. AMICK, L. E. FRAENKEL, AND J. F. TOLAND, On the Stokes conjecture
for the wave of extreme form, Acta Math., 148 (1982), pp. 193-214.

[3] G. BRUELL AND R. N. DHARA, Waves of mazimal height for a class of nonlocal
equations with homogeneous symbols, Indiana Univ. Math. J., 70 (2021), pp. 711—
742.

[4] B. BUFFONI AND J. TOLAND, Analytic Theory of Global Bifurcation (Princeton
Series in Applied Mathematics 55), Princeton University Press, 2003.

[6] A. CasTRO, D. CORDOBA, AND F. GANCEDO, Singularity formations for a sur-
face wave model, Nonlinearity, 23 (2010), pp. 2835-2847.

[6] G. M. CocLITE AND L. b1 Ruvo, Oleinik type estimates for the Ostrovsky—Hunter
equation, J. Math. Anal. Appl., 423 (2015), pp. 162-190.

[7] A. CONSTANTIN AND W. STRAUSS, Ezact steady periodic water waves with vor-
ticity, Comm. Pure Appl. Math., 57 (2004), pp. 481-527.

[8] W. CraiG aND C. SULEM, Numerical simulation of gravity waves, J. Comput.
Phys., 108 (1) (1993), pp. 73-83.

[9] W. CraAlG, C. SULEM, AND P.-L. SULEM, Nonlinear modulation of gravity waves:
a rigorous approach, Nonlinearity, 5 (2) (1992), pp. 497-552.



xii

[10]

[11]
[12]

[13]

[14]

[15]
[16]
[17]

[18]

[19]

[20]

21]

22]

23]

24]
[25]
[26]
27]
28]
29]

30]

INTRODUCTION

C. M. DAFERMOS, Hyperbolic Conservation Laws in Continuum Physics, vol. 325
of Grundlehren der Mathematischen Wissenschaften, Fundamental Principles of
Mathematical Sciences, Springer-Verlag, Berlin, third ed., 2010.

M. EHRNSTROM, J. ESCHER, AND G. VILLARI, Steady water waves with multiple
critical layers: Interior dynamics, J. Math. Fluid Mech., 14 (2012), pp. 407-419.
M. EHRNSTROM, J. ESCHER, AND E. WAHLEN, Steady water waves with multiple
critical layers, STAM J. Math. Anal., 43 (2011), pp. 1436-1456.

M. EHRNSTROM, M. D. GROVES, AND E. WAHLEN, On the existence and stabil-
ity of solitary-wave solutions to a class of evolution equations of Whitham type,
Nonlinearity, 25 (2012), pp. 2903-2936.

M. EHRNSTROM, M. A. JOHNSON, AND K. M. CLAASSEN, Ezistence of a highest
wave i a fully dispersive two-way shallow water model, Arch. Ration. Mech.
Anal., 231 (2019), pp. 1635-1673.

M. EHRNSTROM AND H. KALISCH, Traveling waves for the Whitham equation,
Differential Integral Equations, 22 (2009), pp. 1193-1210.

M. EHRNSTROM, AND O. MAEHLEN, AND K. VARHOLM, On the precise cusped be-
haviour of extreme solutions to Whitham-type equations, arXiv:2302.08856, 2023.
M. EHRNSTROM AND E. WAHLEN, Trimodal Steady Water Waves, Arch. Ration.
Mech. Anal., 216 (2015), pp. 449-471.

M. EHRNSTROM AND E. WAHLEN, On Whitham’s conjecture of a highest cusped
wave for a monlocal dispersive equation, Ann. Inst. H. Poincaré C Anal. Non
Linéaire, 36 (2019), pp. 1603-1637.

M. EHRNSTROM AND Y. WANG, FEnhanced Existence Time of Solutions to
the Fractional Korteweg—de Vries Equation, STAM J. Math. Anal., 51 (2019),
pp. 3298-3323.

M. EHRNSTROM AND Y. WANG, Enhanced existence time of solutions to evolution
equations of Whitham type, Discrete Contin. Dyn. Syst., 42 (2022), pp. 3841-3860.
G. FONSECA, F. LINARES, AND G. PONCE, The IVP for the dispersion generalized
Benjamin—Ono equation in weighted Sobolev spaces, Ann. Inst. H. Poincaré Anal.
Non Linéaire, 30 (2013), pp. 763-790.

K. GRUNERT AND K. T. NGUYEN, On the Burgers—Poisson equation, J. Differ-
ential Equations, 261 (2016), pp. 3220-3246.

S. HErr, A. D. Ionescu, C. E. KeNiG, aAND H. KocH, A para-differential
renormalization technique for nonlinear dispersive equations, Comm. Partial Dif-
ferential Equations, 35 (2010), pp. 1827-1875.

V. M. Hur, Wave breaking in the Whitham equation, Adv. Math., 317 (2017),
pp. 410-437.

V. M. HUR AND L. Tao, Wave breaking for the Whitham equation with fractional
dispersion, Nonlinearity, 27 (2014), pp. 2937-2949.

A. D. Ionescu AND C. E. KENIG, Global well-posedness of the Benjamin—Ono
equation in low—regularity spaces, J. Amer. Math. Soc., 20 (2007), pp. 753-798.
T. KAPPELER AND P. TopaLOV, Global wellposedness of KdV in H '(T,R),
Duke Math. J., 135 (2006), pp. 327-360.

R. KILLIP AND M. VISAN, KdV is well-posed in H~', Ann. of Math., 190 (2019),
pp. 249-305.

C. KLEIN AND J.-C. SAUT, A numerical approach to blow-up issues for dispersive
perturbations of Burgers’ equation, Phys. D, 295/296 (2015), pp. 46—65.

V. KozrLov AND E. LOKHARU, N-modal steady water waves with vorticity, J.
Math. Fluid Mech., 20 (2018), pp. 853-867.



31]
32]
[33]

[34]

INTRODUCTION xiii

S.N. KRUZKOV, First order quasilinear equations in several independent variables,
Sb. Math., 10 (1970), pp. 217-243.

D. LANNES, The Water Waves Problem: Mathematical Analysis and Asymptotics,
American Mathematical Society, 188 (2013).

H. LE, Waves of mazximal height for a class of nonlocal equations with inhomo-
geneous symbols, Asymptot. Anal., 127 (2022), pp. 355-380.

F. LINARES, D. P1iLoD, AND J.-C. SAUT, Dispersive perturbations of Burgers and
hyperbolic equations I: Local theory, SIAM J. Math. Anal., 46 (2014), pp. 1505—
1537.

Y. Liu, D. PELINOVSKY, AND A. SAKOVICH, Wave breaking in the Ostrovsky—
Hunter equation, STAM J. Math. Anal., 42 (2010), pp. 1967-1985.

Y. MARTEL AND D. PiLoD, Construction of a minimal mass blow up solution of
the modified Benjamin—Ono equation, Math. Ann., 369 (2017), pp. 153-245.

L. MoLINET AND D. PiLoD, The Cauchy problem for the Benjamin—-Ono equation
in L? revisited, Anal. PDE, 5 (2012), pp. 365-395.

L. MoLINET, D. PIiLoD, AND S. VENTO, On well-posedness for some dispersive
perturbations of Burgers’ equation, Ann. Inst. H. Poincaré Anal. Non Linéaire, 35
(2018), pp. 1719-1756.

M. C. ORKE, Highest waves for fractional Korteweg—De Vries and Degasperis—
Procesi equations, (2022), arXiv:2201.13159.

J. SHATAH, S. WALSH, AND C. ZENG, Travelling water waves with compactly
supported vorticity, Nonlinearity, 26 (2013), pp. 1529-1564.

J. F. TOLAND, Stokes waves, Topol. Methods Nonlinear Anal., 7 (1996), pp. 1-48.
K. VARHOLM, Solitary gravity-capillary water waves with point vortices, Discrete
Contin. Dyn. Syst., 36 (2016), pp. 3927-3959.

K. VARHOLM, Global bifurcation of waves with multiple critical layers, SIAM J.
Math. Anal., 52 (2020), pp. 5066—5089.

R. YANG, Shock formation of the Burgers—Hilbert equation, SIAM J. Math. Anal.,
53 (2021), pp. 5756-5802.

E. WAHLEN, Steady water waves with a critical layer, J. Differential Equations,
246 (2009), pp. 2468-2483.

V. ZAKHAROV, Stability of periodic waves of finite amplitude on the surface of a
deep fluid, J. Appl. Mech. Tech. Phys., 9 (1968), pp. 190-194.






Paper 1

One-sided Holder regularity of global weak solutions of negative
order dispersive equations

Ola I.H. Mahlen and Jun Xue

Published in Journal of Differential Equations,
Volume 864, 15 August 2023, Pages 412-455







ONE-SIDED HOLDER REGULARITY OF GLOBAL WEAK
SOLUTIONS OF NEGATIVE ORDER DISPERSIVE EQUATIONS

OLA IL.H. MAEHLEN AND JUN XUE

ABSTRACT. We prove global existence, uniqueness and stability of entropy solutions
with L? initial data for a general family of negative order dispersive equations. These
weak solutions are found to satisfy one-sided Holder conditions whose coefficients decay
in time. The latter result controls the height of solutions and further provides a way to
bound the maximal lifespan of classical solutions from their initial data.

1. INTRODUCTION

We consider the initial value problem

wt L), = (Gru),  (4,2) ERT XR,
u(0,z) = uo(x), r € R,

(1.1)

for initial data uy € L*(R) and an even convolution kernel G € L'(R) admitting an
integrable weak derivative G/ = K € L'(R). Included in this family of equations is the
Burgers—Poisson equation

m+aﬁh—([z—;WWuww®L (12)

which in [22] is derived as a model for shallow water waves.

1.1. Outline of main results. The paper can be divided in two parts: Section 3 es-
tablishes the well-posedness of entropy solutions of (1.1), while Section 4 demonstrates
the one-sided Holder regularity that the solutions enjoy. To the best of our knowledge,
these results are new. It was shown in [9] that the Burgers—Poisson equation (1.2) admits
unique entropy solutions with L' data that satisfy one sided Lipschitz conditions. Still,
the results here add new insight also for Burgers—Poisson: The L? setting is more natural
(albeit harder) to work in due to the dispersive right-hand side. For the L? norm of a
solution is guaranteed to be non-increasing in time, which can be used to deduce a one-
sided smoothing effect of (1.1). In particular, our Corollary 2.4 shows that the one-sided
Lipschitz coefficients of solutions of Burgers—Poisson can at worst behave like ‘const+1/¢’
whereas the corresponding expression in [9] takes the form O(te' + 1/t). An interesting
consequence of having an explicit smoothing effect of (1.1), as given by Theorem 2.3, is
that it provides a necessary condition on terminal data when secking to solve the back-
ward problem; this is exploited in the proof of Corollary 2.6 which bounds the lifespan of
classical solutions of 1.1.

We give a brief discussion of our results which are presented in Section 2. The first
main result, Theorem 2.1, provides existence, uniqueness and L? stability for entropy
solutions of (1.1) — as defined by Def. 1.1 — for initial data in L? N L>(R). Corollary 2.2
then extends this result in a unique and continuous manner to pure L? data. The results
are proved in Section 3. There, uniqueness and stability is proved through a variation of
Kruzkov’s doubling of variables technique [16], while existence follows from an operator

splitting argument. While there are less laborious approaches for proving existence (fixed
1
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point methods, vanishing viscosity), operator splitting has the advantage of allowing for
a straight forward analysis of the regularizing effect of (1.1) which constitutes the second
part of our results.

The second main result, Theorem 2.3, guarantees one-sided Holder regularity for en-
tropy solutions of (1.1), and it is proved in Section 4. Like the classical Oleinik estimate
(4.1) for Burgers’ equation, this one-sided regularity improves over time. The proof is
based on an operator splitting approach, used to study the evolution of the quantity
w(t, h) = sup,(u(t, x+h) —u(t,x)), for t,h > 0 and a solution u. As seen by Lemma 4.3,
the nonlinearity in (1.1) has a smoothing effect on w. The dispersive term on the other
hand has no clear convenient effect on w, and it is instead treated as a source term that
we limit using the non-increasing L2 norm of « (as done when combining Lemma 4.4 and
4.2).

The result has two interesting consequences. First, Corollary 2.5 provides an explicit
height bound for a solution w in terms of || K| 11(r), ||uol|r2r) and the time ¢. This bound

decays initially like 1/ t3 and converges to a positive constant for large times. Generally,
the height of a solution will not tend to zero due to the existence of solitary waves [7] for
several instances of (1.1). Second, Corollary 2.6 bounds the lifespan of classical solutions
of (1.1) provided the initial data satisfies a skewness condition (2.6). One may wonder
how these classical solutions break down, and wave breaking is the natural candidate. A
proof of this is beyond the scope of this paper, but not hard to obtain; demonstrating that
(1.1) is classically well posed for times ¢t < —1/inf, ugy(z) (the hyperbolic lifespan) would
leave wave breaking as the only type of blow up (as we already have height bounds). We
point out that our skewness condition (2.6) differs from that of both [9] and [5]; neither
imply the other.

1.2. Other dispersive equations. Central questions in the study of water wave model
equations include well-posedness, persistence and non-persistence of solutions, the lat-
ter two exemplified by solitary and breaking waves. The answers depend intricately on
the type of nonlinearity and dispersive term featured in the equation. In the case of a
quadratic nonlinearity, the fractional Korteweg—de Vries equation (fKdV)

e+ 3(u)e = (|Du), (1.3)

where F(|D|Pu) = |£|°1 and B € R, has been suggested [17] as a scale for studying how the
strength of the dispersion affects the questions of well-posedness and water-wave features.
To connect (1.1) to the fKdAV setting, observe that our assumption on G implies that
G(€) = o(|€]™) as |¢] — oo and so one may place (1.1) in the region § < —1 for fKdV.
However, G will in our case be bounded, whereas |¢|® blows up at zero, and thus (1.1)
can not match the low-frequency effect of negative order fKdV which assigns (very) high
velocities to (very) low frequencies. This qualitative difference disappears in a periodic
setting; the dispersion of fKdV on the torus is for § < —1 precisely of the form assumed
n (1.1). We point out that the methods in this paper can be carried out on the torus; our
results can thus be extended to periodic solutions of fKdV for § < —1. With the relation
between (1.1) and (1.3) accounted for, we now summarize a few results for the latter to
sketch what one may expect of well-posedness and water-wave features in our case.

The fractional KdV equation of order 8 € (%,2] is globally well-posed in appropriate
function spaces. The regions 8 € (£,1) and § € (1,2) are treated in [21] and [10]
respectively, and there are numerous works on the well posedness for § = 1 (Benjamin—
Ono equation) and 8 = 2 (KdV equation); see for example [13] and [14] and the references
therein. For values 3 < ¢ only local well-posedness results have been established [8,21].

7
Still, numerical investigation [15] suggests that fKdV is globally well-posed for dispersion
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as weak as [ > %., but not for § < %; this is also conjectured in [17]. One might
expect the culprit of this loss of global well-posedness for weak dispersion, to be the
appearance of breaking waves (shock formation), i.e. bounded solutions that develop
infinite slope in finite time. In the negative order regime 8 < 0 this might be true: the
occurrence of breaking waves have been proved for the case § = —2 (Ostrovsky—Hunter
equation) by [18], for the case § = —1 (Burgers—Hilbert) by [23] and for the region
B e (-1, —%) by [12]. However, no such results exist in the positive order regime 5 > 0,
and it is believed that instead other blowup phenomena occur in the range 8 € (0, %]
inhibiting global well-posedness; see the discussion in [15,17] or [20] where an example
of L™ blowup in finite time is constructed for the modified Benjamin-Ono equation. In
the absence of classical global solutions, several authors have for the § < 0 regime turned
to the concept of entropy solutions. Adapted from the study of hyperbolic conservation
laws, entropy solutions are weak solutions that satisfy extra conditions — the entropy
inequalities — automatically satisfied by classical solutions (whenever they exist). This
solution concept allows for continuation past wave breaking and a global well-posedness
theory may then be achieved. In [4] existence and uniqueness of global entropy solutions
for the Ostrovsky—Hunter equation (§ = —2) is established for appropriate initial data.
Similarly, [3] provides global entropy solutions for the Burgers—Hilbert equation (5 = —1)
and a partial uniqueness result. And as mentioned above, the Burgers—Poisson equation
(1.2) is in [9] shown to admit unique global entropy solutions for L' initial data. There,
the authors also provide sufficient conditions on the initial data leading to wave breaking.
This equation is not an isolated instance of (1.1) featuring wave breaking; [5] shows that
the phenomenon is present whenever G € C' N L*(R) is symmetric and monotone on R*.
More generally, our Corollary 2.6 hints that every instance of (1.1) features wave breaking
as explained above.

1.3. The entropy formulation. We define the concept of entropy solutions on the func-
tion class Li® ([0, 00), L*(R)), which here denotes the subspace of L2 ([0,00) x R) of
functions u(t,z) that are essentially bounded on [0,7] x R for each T' > 0. We will in
Section 2 be more liberal in our definition of entropy solutions (allowing then for L? initial
data) as explained after Corollary 2.2.

Necessary is the notion of an entropy pair (n,q) for (1.1), which is to say that

n: R — R is smooth and convex, while ¢'(u) = 7' (u)u.
Definition 1.1. For bounded initial data uy € L*(R), we say that a function u €
L2 ([0, 00), L*(R)) is an entropy solution of (1.1) if:

(1) it satisfies for all non-negative ¢ € C°(R* x R) and all entropy pairs (1, q) of
(1.1) the entropy inequality

A N / 0w + q(u)pe + 17 () (K * u)pdadt > 0, (1.4)

1

e Sense, that is

(2) it assumes the initial data in L

ests\lz)m [T |u(t, x) — up(z)|dax = 0,
for all r > 0.

The concept of entropy solutions lies between that of strong and weak solutions. If
u € L2 ([0,00), L(R)) N CHRT x R) is a classical solution of (1.1) then it is necessarily
an entropy solution as multiplying (1.1) with n’(u)¢ and integrating by parts yields (1.4)
as an equality. And if u is an entropy solution of (1.1) then it is necessarily a weak
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solution as follows from considering the two entropy pairs (n(u), ¢(u)) = (u, %u2) and
(n(u), q(u)) = (—u, —3u?) respectively.

1.4. A fractional variation. The exponents of the one-sided Holder conditions provided
by Theorem 2.3 depend on the regularity of K = G’; the smoother K is, the higher the
exponent. More precisely, we attain the Holder exponent £ if [K|py: < co where the
latter seminorm is for s € [0, 1] defined by
[K(-+h) = K|[n1®
hs '
When s = 1 this seminorm coincides with the classical total variation of K, while s =0
gives twice the L' norm of K, and thus we necessarily have |K|ry0 < oo as we assume
K € L'(R). For s € (0,1) the seminorm is a measure of intermediate regularity between
L*(R) and BV (R). This seminorm does not coincide with the scaling invariant fractional

variation from [19] used in [2] to attain maximal smoothing effects for one-dimensional
scalar conservation laws.

| K |7ys = sup (1.5)
h>0

2. MAIN RESULTS

We here present the two main results, Theorem 2.1 and Theorem 2.3 and corresponding
corollaries. For a general discussion of the content given here, see the end of the above
introduction. We start with Theorem 2.1, which provides a global well-posedness theory
for entropy solutions of (1.1) with initial data in L? N L>(R). The theorem is established
in Section 3.

Theorem 2.1. For every initial data uy € L* N L®(R) there exists a unique entropy
solution u of (1.1). The mapping t — u(t) is continuous from [0,00) to L*(R) and u(t)
satisfies for all t > 0 the bounds

[u()ll 2@y <lluollz2), lu(t) ooy <e™[luoll oo ), (2.1)
where k= || K| r1®). Moreover, we have the following stability result: if two sequences
(tk)ken C [0, 00) and (uox)ren C L? N L>®(R) admit the limits

lim t, =¢, and  lim ugp = uy in L*(R),
k—00 k—oo

where ug € L* N L®(R), then the corresponding entropy solutions satisfy
lim wy(ty) = u(t) in L*(R).
k—o0

The following corollary is an extension of the result to a pure L? setting which is proved
at the end of Subsection 3.3.

Corollary 2.2 (Global L? well-posedness). Equation (1.1) is globally well-posed for L?(R)
initial data in the following sense: The solution map S: (t,up) — u(t) mapping L*NL>(R)
initial data to the corresponding entropy solution evaluated at timet > 0, extends uniquely
to a jointly continuous map S: [0,00) x L*(R) — L*(R). In particular, the L*-bound, -
continwity and -stability of Theorem 2.1 carries over to all weak solutions provided by S.
Moreover, for any ug € L*(R), the corresponding weak solution u(t,x) = S(t,ug)(x) is
locally bounded in (0,00) x R and satisfies the entropy inequalities (1.4).

For the remainder of the section, we broaden the definition of an entropy solution: for
ug € L*(R) we say that u is the corresponding entropy solution of (1.1) if, and only if,
u(t) = S(t,up), where S is as in the previous corollary.

The second theorem infers one-sided Holder regularity for the entropy solutions. The
Holder exponent depends on the regularity of K = G’, here measured using the fractional
variation |K|rys defined in (1.5). The theorem is proved in Section 4.
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Theorem 2.3 (One-sided Holder regularity). For initial data ug € L*(R), let u be the
corresponding entropy solution of (1.1), and let s € [0, 1] be such that |K|rys < oo. Then
u satisfies the one-sided Hélder condition

1+s

ult,x) — ult,y) < alt)(x —y)'F, (2.2)

for allx >y and t > 0, where the Holder coefficient a(t) is given by

2+s

H || 5
Sios Uo Lg(]R)
a(t) = Cl(s)| K |T+‘3;

dbs
uol| 73Ry + C2(S)tzj7 (2.3)

for two constants C1(s) and Cs(s) written out in (A.1).

Since u(t) is in L*(R) it is not necessarily true that = — u(t, z) is well defined pointwise;
in the previous theorem we have identified u(t) with its left-continuous representation
which exists due to Lemma A.1.

Since K € L'(R) and |K|ryo = 2||K||1(®), the s = 0 case of Theorem 2.3 is valid for
any instance of (1.1). In particular, entropy solutions of (1.1) are guaranteed to admit
one-sided Hoélder regularity of order % In the case of the Burgers—Poisson equation, where
K = isgn(z)e "l we find |K|rv1 = |K|ry = 2 and so by the s = 1 case of Theorem 2.3
we get the following corollary.

Corollary 2.4 (One-sided Lipschitz smoothing of Burgers—Poisson). For initial data ug €
L%(R), let u be the corresponding entropy solution of the Burgers—Poisson equation (1.2).
Then u satisfies the one-sided Lipschitz condition

1 2 1
u(t,z) —u(t,y) < 125 ||uol|f2 () + n (x —y),

forallz >y and t > 0.

While it was already established in [9] that entropy solutions of the Burgers-Poisson
equation are one-sided Lipschitz continuous, our result has the advantage of a Lipschitz
coeflicient that decreases with time.

We conclude this section with two less obvious corollaries of Theorem 2.3: a decaying
height bound for entropy solutions of (1.1) and a maximal lifespan estimate for classical
solutions.

Corollary 2.5 (Height bound). For initial data uy € L3(R), let u be the corresponding
entropy solution of (1.1). Then for all t > 0 we have the height bound

5

et 2 s (2.4)

1
s
t3

11 1 2
IMMM®<P%NMW®+

Proof. See Appendix B.

Observe that together, the two height bounds (2.1) and (2.4) imply that when uy €
L2 N L*®(R) the corresponding entropy solution of (1.1) is globally bounded.
For the final result of the section, we need to introduce the following seminorm

wo(z — h) — uo(2)
| |

[up]s == esssup
zeR
h>0

(2.5)

1+s

h=

which is a (left) one-sided Holder seminorm of exponent 1££.
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Corollary 2.6 (Maximal lifespan). There are universal constants C,c > 0 such that: if
initial data ug € L?> N L®(R) satisfies the skewness condition

ol > ol K342 ol 3, (2.6)

for some s € [0,1] such that |K|rys < oo, then the lifespan T of a classical solution
ue L*NCY(0,T) x R) of (1.1) admitting ug as initial data must satisfy

1
lluoll ey |
[uo]3

T<C (2.7)

Proof. See Appendix B.

3. WELL POSEDNESS OF ENTROPY SOLUTIONS

In this section, we provide for (1.1) a global well-posedness theory of entropy solutions
as defined by Def. 1.1. In particular, the content of Theorem 2.1 follows from Proposition
3.1, Corollary 3.6 and Proposition 3.9; see the summary at the beginning of Subsection
3.3. Corollary 2.2 is also proved here at the end of Subsection 3.3. For entropy solutions
of (1.1), the proofs of existence and uniqueness is the same for L2 N L data as for L*®
data; only the L' setting allows for ‘shortcuts’. Thus for generality, many results in the
two coming subsections will be presented for initial data uy € L>(R). We also note that
in these two subsections only Lemma 3.3 exploits the dispersive nature of (1.1), that is,
that K = G’ is odd.

3.1. Uniqueness of entropy solutions. It is natural to start with the proof of unique-
ness, as this equips us with a weighted L'-contraction that can further be used in the
existence proof. The involved weight w?,(¢, x) can be interpreted as a bound on the prop-
agation of information for solutions of (1.1). Its technical role in the coming proof is
to serve as a subsolution of a dual equation, namely the one obtained from setting the
square bracket in (3.17) to zero. A similar method can be found in [1] where nonlocal
conservation laws are treated.

The weight is constructed as follows. Writing |K| to denote the function z — |K(z)|,
we introduce for a parameter ¢ > 0 the operator ¢!!*I* mapping L?(R) to itself for any
p € [1,00], defined by

(151 £) @) = 50 + 3 (K147 (), (3.1)

where (] K|*)™ represents the operation of convolving with |K | repeatedly n times. Observe
that by repeated use of Young's convolution inequality we have for any p € [1,00] and
fel’R)

e Fll Loy < €™11.f | ey, (3.2)
where k= || K| 11®). For parameters r, M > 0, we further introduce
W(t.2) = {é S (33)
and set
whe(t,@) = (18, )) (@), (3.4)

By (3.2), this weight satisfies for p € [1, o0] the bound
lwh(t, ) rw) < e (2r + 2Mt)r, (3.5)
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where the case p = oo is evaluated in a limit sense. Thus, w}(¢,-) € L' N L=(R) for
all ¢,r, M > 0. With w}, defined, we are ready to state Proposition 3.1 establishing the
uniqueness of entropy solutions. Although the following result is stated to hold for a.e.
t > 0, it can be extended to all ¢ > 0, as we later prove that entropy solutions of (1.1)

are continuous when viewed as L{(R)-valued time-dependent functions.

Proposition 3.1. Let u,v € L{2.([0,00), L®(R)) be entropy solutions of (1.1) with

loc

ug, vg € L>®(R) as initial data. Then, for any r > 0 and a.e. t > 0 we have the weighted
L'-contraction

/ [u(t, z) —v(t, z)|dz < / lug(x) — vo(z)|wh, (¢, x)dz, (3.6)
where wh; is given by (3.4), and M is any parameter satisfying

[wll oo (o,g1x®) + 10]| 20 (0, xR)
. .

M (3.7)

Thus, there is at most one entropy solution of (1.1) for each ug € L*°(R).

Proof. We begin by reformulating (1.4) in terms of the Kruzkov entropies; parameterized
over k € R, they are given by (nx(u), gx(uw)) = (Ju — k|, F(u, k)) where

F(u, k) = isgn(u — k)(u® — k?).

These entropy pairs lack the required smoothness, but are still applicable in (1.4) as they
can be smoothly approximated. Indeed, consider for § > 0 and k& € R the entropy pairs

ny(u) = v/(u—k)?+ 6% and ¢)(uv) = ['(n)) (y)ydy. As we have the pointwise limits

lim n,‘i(u) =|u— k|, lim q,‘i(u) =F(u, k), lim(ng)'(u) =sgn(u — k),
6—0 §—0 §—0

we can substitute (1,q) — (79,¢}) in (1.4) and let § — 0 to conclude through dominated
convergence that u satisfies

0< / / lu — k|t + F(u, k)ps +sgn(u — k) (K * u)pdxdt, (3.8)

o Jr
for all £ € R and all non-negative ¢ € C>°(R* x R). For brevity, we set U = RT x R for
use throughout the proof. Let ¢ € C°(U x U) be non-negative, and consider u and v as

functions in (¢,z) and (s,y) respectively. For fixed (s,y) € U, we can in (3.8) insert the
test-function ¢: (t,z) — ¥(t, x, s,y) and the constant k = v(s,y) so to obtain

0< / lu — v|thy + F(u, ), + sgn(u — v) (K *, u)tpdzdt, (3.9)
U

where we write K %, u to stress that the operator Kx is applied with respect to the
x-variable. As (3.9) holds for all (s,y) € U we can integrate (3.9) over (s,y) € U giving

0< / / |u — v|hy + F(u,v)1), +sgn(u — v)(K *, u)ypdzdtdyds. (3.10)
vJu

Swapping the roles of u(t, z) and v(s,y) we similarly find

0< / / [u — v|ths + F (v, u)y, + sgn(v — u)(K *, v)ipdrdtdyds. (3.11)
vJu
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As F(u,v) = F(v,u) and sgn(v — u) = —sgn(u — v) we can add (3.10) to (3.11) so to
further obtain

0< / / lu — | (Y + ¥s) + F(u,v)(¥y + 1) dedtdyds
o (3.12)

+ / / sgn(u — v)(K *, u — K %, v)ipdedtdyds.
vJu

Let p € C°(R?) be non-negative and satisfy ||p|| 112y = 1, and let p. denote the expression

1 t—s x—y
Pezps(t*57I*y>:§P e ' & ;

for e > 0. For a fixed T € (0,00), we further let ¢ denote a non-negative element of
C>((0,7) x R) and set
¢(t> T,Ss, y) = @(tv x)pa(t —S8T = y)a

or simply 1) = @p, for short. Note that, for € > 0 sufficiently small, this ¢ is non-negative,
smooth and of compact support in U x U; in particular, it satisfies the prior assumptions
posed on it. Using that (0, + 0s)pe. = 0 = (0, + 0y)p., we can conclude

(1/% + 1/)5) = PtPe, (s + wy) = PazpLe;
and so inserting for ¢ in (3.12) we get

0< / / “u — vl + F(u,v)p, | pedrdtdyds
ol (3.13)

+ / / sgn(u — v)(K *, u — K %, v)pp.drdtdyds.
vJu

We now wish to ‘go to the diagonal’ by taking lim sup,_,, of (3.13); for simplicity we study
each line separately. For the first one we pick M € (0, 00) satisfying the inequality (3.7)
with T replacing ¢, and use (u? — v?) = (u +v)(u — v) to compute

/ / [|u — vl + F(u, v)gox} p-dzdtdyds
vJu

< / / lu — v [% + M|cpz|} pedadtdyds
uJu (3.14)

< /U\u(t,:v)—v(t7z)|{<pt+M|<pI|]dxdt

+//Iv(t,x)—v(s,y)l[sot+M|¢x|}pgdxdtdyds.
UJU

As p.(t— s,z —y) is supported in the region |(t — s,z —y)| < € and satisfies || pc|[ L1 (r2) = 1,
the very last integral in (3.14) is bounded by

sup / [u(t,z) —v(t+ €2+ 0) [(pt + M|<pm|]da:dt =0, —0,
[(e,0)|<e JU

where the limit holds as translation is a continuous operation on Li _(R) and ¢ €
C>((0,T) x R). Thus we have established

lim sup/ / [|u — | + F(u, v)gpz} pedadtdyds
e—0 UJuU

(3.15)
< /U lu(t,x) — v(t, x)] [tpt + M|¢x|} dadt.
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Turning our attention to the second line of (3.13), we start by observing
/ / sgn(u — v)(K #, u — K %, v)pp.dedtdyds
vJu
< [ [ [ 1K@l - 2) — vlsuy = 2olt.ohp(e - .0~ y)idsdtayas
vJuJr

- /U/U/R |K(2)||u(t,z) —v(s,y)|e(t, x4+ 2)pe(t — s, — y)dzdadtdyds

= / / lu — | [\K| kg ga} pedadtdyds,
vJu

where the third line holds by the substitution (z,y) — (z 4+ 2,y + z) and the last by the
symmetry of z — |K(z)|. By similar reasoning used to attain (3.14), we conclude

lim sup/ / sgn(u — v) (K #, u — K %, v)ppdrdtdyds
vJu

0 (3.16)
< [ futt.2) = ot 2)| (K] < phaoct,
U
Combining (3.13) with (3.15) and (3.16), yields the inequality
Og/ |u—v\[99t+M|goz|+|K|*cp dadt, (3.17)
U

where both u and v are now functions in (¢, ). By density, we may extend (3.17) to hold
for all non-negative ¢ € Wy''((0,T) x R). Thus, we can set p(t,z) = 0(t)¢(t, ) for two
non-negative functions 6 € W,"'((0,7)) and ¢ € W((0,T) x R) where we note that ¢
need not vanish at ¢t = 0 and ¢ = 7. In doing so, (3.17) yields

0< / |u — v|0' pdzdt +/ lu — v|0{¢>t + M|p| + | K| % gi):| dzdt, (3.18)
U U

To rid ourselves of the second integral, we now construct a particular ¢ such that the
square bracket in (3.18) is non-positive in (0,7) x R. Let f: R — [0,1] be smooth,
non-increasing and satisfy f(z) = 1 for < 0 and f(z) = 0 for sufficiently large x, and

define

g(t,x) = f(lz[ + M(t = T)). (3.19)
It is readily checked that g € C2°([0,7] x R). We now define the function ¢ to be
olt,x) = (TR g(t,)) (@), (3.20)

where we used the operator defined in (3.1). Observe that ¢ is non-negative and smooth
on [0, 7] x R with integrable derivatives; this last part follows when using (3.2). That the
square bracket in (3.18) is non-positive, can be seen as follows: note first from (3.19) that

g(t,x) = M f'(|lx| + M(t = T)),
galt, ) = sgn(@) (2] + M(t — T)).
As f’ is non-positive, we find g; = —M|g,|. Thus, using (3.20) we calculate for ¢ € (0,7T)
¢+ |K|x ¢ =TV,
= — M(e(T‘“|K‘*|gI|),
S _ M‘e(Tft”K‘*gx‘
= = M‘¢£|»
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where the last equality holds as differentiation commutes with convolution. In conclusion,
the second integral in (3.18) is non-positive. Next, for a small parameter € > 0 we set
0 = 6. where 6, is given by

t/e, t e (0,¢),
0.(t) =<1, te(e,T —e), (3.21)
(T —t)/e, te(T—eT).

Inserting this in (3.18), removing the non-positive integral and letting ¢ — 0, we conclude

mgonf/ </|utx —o(t, )6l x)d:E) dt
< nr?j&lp/ </|u (1) — o(t, 2)|6(1, as)das) dt

where we moved the negative term over to the left-hand side. As « and v are bounded on
(0, 7) xR and continuous at t = 0 in L] sense, it is easy to see that |u(t,-)—v(t,-)|¢(t, ) —
[uo() — vo(+)|#(0,-) in L'(R) when ¢ — 0 since the same is true for ¢(¢,z) and ¢(0,x).
Thus the right-hand side of (3.22) is given by

lir?jélp /06 (/R lu(t, z) — v(t7$)|¢(t,x)dx>d€t = /R |uo — vo]#(0, z)dz.

As for the left-hand side, we wish to apply the Lebesgue differentiation theorem so to
get convergence for a.e. T > 0, but this can not be directly done due to the implicit
T-dependence of ¢. Instead, we observe from (3.19) and (3.20) that ¢(T,z) = g(T,z) =
f(|z]) where the latter function is independent of T'. Since p(t,-) — f(| - |) in L}(R) as
t — T, the boundness of v and v means that |u(t,-) — v(¢t,-)|(¢(t,-) — f(]-])) — 0 in
LY(R) as t — T and so we may estimate

s sup / ' ( / |u(t,x)—v(t,x)|¢(t,x)dx)(”
:nr?joup/ (/|u (t,2) = o(t, x)|f(|x|)dx> dt

/\UTT o(T,z)|f(|z])dz, a.e. T >0,

where the last equality used the Lebesgue differentiation theorem. Thus we conclude from
(3.22) that we for a.e. T > 0 have

/R (T, 2) — o(T, 2)| f(Je])dz
< [ Iuate) = (@) (e 41| = MT)) (@)

where we inserted for ¢(0, z) using (3.19) and (3.20). As f was any smooth, non-negative,
non-increasing function satisfying f(z) = 1 for < 0 and f(z) = 0 for sufficiently large
x, we may in (3.23) set f = I(_or) through a standard approximation argument. Doing
this, we observe that f(|z] — MT) = x,(T,xz) where the latter is defined in (3.3), and
so we obtain from (3.23) exactly (3.6), with 7" substituting for ¢. This concludes the
proof. O

(3.22)

(3.23)

While we in this paper are concerned with global entropy solutions, one may wish to
study entropy solutions on a time-bounded domain (0,7") x R. Such solutions would be
defined as in Def. 1.1, but with the test-functions in (1.4) restricted to C2°((0,7T") x R).
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Still, no new solutions are attained this way: the uniqueness of entropy solutions on a time-
bounded domain follows from the same argument as above, and thus an entropy solution
on (0,7T) x R is the restriction of a global one which the following section establishes the
existence of.

3.2. Existence of entropy solutions. In this subsection, we prove the existence of
an entropy solution of (1.1) for arbitrary initial data ug € L*(R). The strategy goes
as follows: we first introduce for a parameter € > 0 an approximate solution map
Ser: L®(R) — L*°(R) whose key properties are collected in Proposition 3.2. Next, we
show in Lemma 3.4 that when S,; is applied to sufficiently regular initial data wug, we
attain approximate entropy solutions. Further, in Proposition 3.5 we establish the con-
vergence (as ¢ — 0) of these approximations to an entropy solution, and the result is
extended to general L* data in Corollary 3.6.

By an operator splitting argument, we aim to build entropy solutions of (1.1) from those
of Burgers’ equation, u; + %(UQ)Z = 0, and the linear convolution equation, u; = K * u.
On that note, we introduce two families of operators (SP);>o and (SF)i>¢ parameterized
over t > 0. The operator SP: L>®(R) — L>(R) is the solution map for Burgers’ equation
restricted to L™ data at time ¢; that is,

SE: frsul(t,), (3.24)
where (t, ) + u/(t,r) is the unique bounded entropy solution for the problem

up + %(UQ)Z =0, (t,z) e Rt xR,
u(0,2) = f(z), =€k
As demonstrated in [6], this solution lies in C([0,00), LL .(R)), the space of functions

loc

u € Li ([0,00) x R) such that ¢ — u(t, -) is continuous from [0, 00) to L _(R). Note that

Sf is a flow map in the sense that Sf o Sg = Sfsz for all ty,t5 > 0. The second map
SE: L®(R) — L>*(R) is for ¢ > 0 defined by

SE:frs f+tK x f. (3.25)

The actual solution map for the equation u; = K *u is the operator e* defined similarly
to (3.1); the reason we have instead chosen SK as (3.25) (which can be seen as a first
order approximation of e®*) is for our calculations to be slightly tidier. Note however,
SK is not a flow mapping. With these two families of operators, we build a third family
of operators S, ,: for fixed parameters € > 0 and ¢ > 0, pick the unique pair n € Ny and
s € ]0,¢) such that t = s + ne, and define

S.. =58P0 [Sf o Sﬂ " (3.26)

where the notation on implies that the square bracket is composed with itself (n — 1)
times; if n = 0, then the square bracket should be replaced by the identity. We shall
demonstrate that as ¢ — 0 the map S, , converges in an appropriate sense to the solution
map for entropy solutions of (1.1). We begin by collecting a few properties of S.; when
applied to the space BV (R); this subspace of L'(R) is equipped with the norm ||-|| gv®) =
|-l () + | - |7v, where the total variation seminorm |- |7y coincides with |-|ry1 as defined
n (1.5). A short and effective discussion of BV (R) can be found in either [6] or [11]; we
note that functions in BV (R) have essential right and left limits at each point, and their
height is bounded by their total variation, thus BV (R) < L' N L>=(R).
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Proposition 3.2. With S.; as defined in (3.26), we have for alle > 0, t > ¢ > 0,
f€BV(R) and p € [1, 0]

1See(F) o) < e f o), (L? bound),
[1Sce(H)llv < e[ fllzv, (TV bound),
1826(f) = Sea( Py < (8 =T+ €)Cy(8), (Approzimate time continuity),

where k= | K|| 1) and where the factor Cy(t) only depends on f and t.

Proof. Consider € > 0 fixed. We will be using the following properties of the mappings
SP and SK

ISP (Nllzr@®y < 1|z, IS ()o@ < €™ fllor@), (3.27)
ISE(A)lrv <|flrv, ISE(A)lrv <e™|flrv, (3.28)
1SE(f) = flliw) <t fl7v, 1SK(F) = fllow <tsllfllow), (3.29)

valid for all t > 0, p € [1,00] and f € BV(R). The inequalities involving SZ are
well known and can be found for example in [11]. As for the inequalities involving SX,
these estimates follow directly from the definition of SX (3.25) together with Young’s
convolution inequality and 1+ tk < e'*. We start by proving the L” and TV bound of
the proposition. For this we fix ¢ > 0 and pick n € Ny and s € [0, ) such that ¢t = s+ ne,
and pick an arbitrary f € BV (R). By iteration of the two inequalities in (3.27) we attain

1St (N) ey = 155 0 [SE 0 SZI™ (F)ll ey < €N fll oy, (3.30)
for all p € [1,00], and by iteration of the inequalities in (3.28) we similarly get
|See(N)lrv =157 o [SE 0 SPI™(f)lrv < €| flrv- (3.31)

This gives the first two bounds of the proposition. For the time continuity, we pick ¢ € [0, ]
and i € N and § € [0,¢) such that £ = 3 + fic. Suppose first that ¢t — ¢ < ¢, and set
f = 5.:(f). Then either S.,(f) = SZ (f) or S.,(f) = SP 0 SK 0 SZ (f) corresponding
to the two situations n = n and n = n 4 1; we will only deal with the latter as the other
case is dealt with similarly. By the triangle inequality we then have

15:60f) = Sei( Dl <157 0 S5 0 S2o(f) = SE 0 SE ol
IS5 0 SZL(f) = SZ(Pllerw + 1SZ:(F) = fllrwy-

The three terms on the right-hand side can be directly dealt with using the two inequalities
(3.29) followed by the estimates (3.30) and (3.31). Doing so in a straight forward manner
results in the bound

™8| fly + ene™ |l + (e = e | f[7y < e Q@ f v + £l /o @)-

Thus, setting for example Cy(t) = €**(2|f|3y, + & f|l L)) the time continuity estimate
holds whenever t — t < e. By breaking any large time step into steps of size no larger
than e, the general case follows by the triangle inequality. O

The L? bound provided by the previous proposition was attained by applying Young’s
convolution inequality on the operator Kx; in doing so, we miss possible cancellations
that might take place as K, after all, is an odd function. While efficient L” bounds might
not be feasible for general p > 1, these cancellations are easily exploited for the L? norm
as seen from the following lemma. This L? control is crucial for the analysis of Section 4.
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Lemma 3.3. With S.; as defined in (3.26), we have for alle > 0, t > 0 and f €
L2 N L=(R)

Leti?
1St (Nll2@) < ez || fll 2wy,
where k= || K| 11(r).

Proof. Consider € > 0 and ¢t > 0 fixed. As K is odd, real valued and in L!(R), it is readily
checked that K is a skew-symmetric operator on L?(R), and consequently (f, K * f) = 0
for all f € L2(R). In particular,

ISE(NZemy = (f. f) + (E * K % f) < (1+ )| f |72 m)-

Combined with 1 + e2x? < e** and the fact that [|SP(f)||2@) < [|If|lz2@) (left-most
inequality in (3.27)), the result follows by iteration. |

When vy € BV(R), we can use S.; to construct a family of approximate entropy
solutions of (1.1) as follows. For an arbitrary, but fixed, up € BV(R), let the family
(u)es0 C L2.([0, 00), L>®(R)) be defined by

Ut (t) = Se(uo), (3.32)

where u®(t) is compact notation for x — u®(t,z). Although (uf).s0 is considered a family
in L2 ([0,00), L=(R)), we stress that each member is for all ¢ > 0 well defined in L>°(R).

For small € > 0 these functions are not far off from satisfying the entropy inequality (1.4),
as we now show.

Lemma 3.4. With (uf)eso as defined in (3.32) for some uy € BV (R), we have for every
entropy pair (n,q) of (1.1) and non-negative p € C°(RT x R) the approzimate entropy
inequality

/ / e + q(uf) e + 7' (1) (K * uf)pdzdt > O(e).

Proof. Fixing ¢ > 0, we observe from the definition of S.; (3.26) that u® is an entropy
solution of Burgers’ equation on the open sets (5_,,t5) x R for n € N, where t5 = ne;
thus

/ / e+ q(uf)ppddt > 0, (3.33)

E

for every non-negative ¢ € C°((t5_4,t5) x R) and every entropy pair (7, q) of Burgers’
equation, which coincides with the entropy pairs of (1.1) as the convection term of the
two equations agree. Moreover, by the time continuity of SZ (3.28) and the TV bound
from Proposition 3.2, we see that ut € C([t5_1,t5), L (R)); at t = ¢ it is discontinuous
from the left, as the left limit is given by uf(t5—) = SB(uf(¢5_,)), while we have defined

u?(ty) = u(t,—) + eK = u(t;—). (3.34)

n—1

The continuity in time allows us, by a similar trick used to attain (3.22), to extend (3.33)
to

3
[ [ e+ atwyesdsdt = [ a6, 2)ds
faa TR R (3.35)

_/R77(uf(25271))%7(152717gc)dgc7
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for all non-negative ¢ € C°(R*T xR). For the remainder of the proof, consider the entropy
pair (n,¢) and ¢ € C*°(RT x R) fixed. Summing (3.35) over n € N and using (0, z) = 0,
we get

/ n(u)py + q(u®) @ dadt
R+t xR

- Zl/R [ (t5-)) = (e ()| (5, @)z

By Proposition 3.2, the family (uf).¢ is uniformly bounded on the support of ¢, and so
we can assume without loss of generality that |7/|, || < C; for some large C. Using the
relation (3.34), the square bracket from (3.36) can thus be estimated

(s (t,-)) = (1))
> — en(u? (1)) | K xuf(t-)| -

which, again by the uniform bound of u¢ on the compact support of ¢, further implies
[ [t (o) =t ) e, o

> — E/RU’(uE(th—)) [K * u‘s(tfl—)] o(tn, v)dr — Cye?,

for some Cy > 0 independent of n and €. Combining the uniform time regularity of
Proposition 3.2 and the compact support of ¢, we see that the function

(0= [ o/ O) [+ ()] ottt (3.39)

satisfies for all ¢t > ¢ > 0 an inequality |g.(t) — g.(£)| < Cs(t — £ + ¢) for some sufficiently
large C3 independent of €. Thus, the integral on the right-hand side of (3.37) can be
bounded from below as such

—s/wm< )ﬂK*UWhﬂﬂMJﬂx
/ / K wus (L )}(p(tn,aj)dzdt (3.39)

L / K*U()} p(t, v)dzdt — 2056,

Picking the smallest N () € N such that supp N (eN(g),00) x R = (), we combine (3.36),
(3.37) and (3.39) to deduce

/ 06 ) + a(u) s + 17 (1) (I  uYpdardt > ON(e)e?
R+ xR

for some sufficiently large C' > 0. And as N(g)e? ~ € the proof is complete. g

(3.36)

CHE

| K (),

(3.37)

| V

With the previous result at hand, it is natural to look for a limit function of (u%).s¢
as € — 0; this would be a suitable candidate for an entropy solution of (1.1) with initial
data uy € BV (R). In the next proposition, we do exactly this and collect a few properties
about the resulting solution.

Proposition 3.5. For any initial data ug € BV (R), let (uf)es0 be as defined in (3.32).
Then, for all t > 0 the following limit holds in L .(R)

u®(t) — u(t), e—0, (3.40)
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where u is an entropy solution of (1.1) with initial data ug. Moreover, u is an element of
C([0,00), LY(R)) N LZ2.([0, 00), L>(R)) and satisfies for all t > 0

loc
([ (t) | oo (ry < €™ [|uto]| Lo ) (3.41)
u@)ll 2wy < lluollr2(w), (3.42)
where k= || K| 11 (w)-

Proof. We first prove the limit (3.40) for a special subsequence of (uf).~o and then gener-
alize afterwards. Fixing ¢ > 0, we see from Proposition 3.2 that the functions (u®(t))c0
satisty for any p € [1, o0]

[ ()| oy < € l|uoll Loy, (3.43)

and in particular, they are uniformly bounded in L'(R). Moreover, they are equicontin-
uous with respect to translation

lu(t, -+ h) — u(t, )| 1) < he™|uo|rv,

for all A > 0, and so by the Kolmogorov—Riesz compactness Theorem, any infinite subset
of (uf(t))eso is relatively compact in Ll (R); as we have skipped developing a tightness
estimate for (u°(t))e>0, We can not claim the family to be relatively compact in L}(R). The
family (u®)e~0 is not equicontinuous in time and so we can not directly apply the Arzela-
Ascoli theorem, however, the family is for small ¢ arbitrary close to be equicontinuous
and so the proof of the theorem is still applicable; for clarity we perform the steps. By
a standard diagonalization argument, we can select a sub-sequence (u%)jen C (u)e>0
such that lim; ,. &; = 0 and u® () converges in L, (R) for every t € E with E being a
countable dense subset of R*. Next, we claim that u% () converges in L (R) for every
t > 0. Indeed, fix r > 0 for locality and pick s € F such that |s —t| < € for some arbitrary
€ > 0. By the time regularity estimate of Proposition 3.2, we have

limsup [ |u(t) — u®(¢t)|dx
Jyi—00 —r

<limsup [ |u¥(t) — u(s)] + [u(s) — u(s)| + |u"(s) — u(t)|dx

Jyi—oo J—p

< limsup(2e + ¢ 4 &;)Cyy (T +€) —l—hmqup/ |u®(s) — u®(s)|dx

Jyi—00 Jyi—00

=2eCly, (t + €),

and since r and € were arbitrary, we conclude that u% (¢) converges in L} .(R) to some
u(t). Moreover, as u (t) converges locally to u(t), the bound (3.43) necessarily carries
over to u(t), and so in particular

() llo@) < € lluollLr@),
and further by Fatou’s lemma we infer for all ¢ > t>0
lu(t) = u(®)|l1@) < hjlgglf [ () — u (£)[| 1
< liminf(t — 1+ &;)Cyy (1) (3.44)
j—oo
—(t ~ D)C (1)

Thus u € C([0,00), LY(R)) N L2, ([0,00), L>(R)). Next, we prove that u is, in accordance
with Def. 1.1, an entropy solution of (1.1) with initial data ug; the latter part follows
from u(0) = up and (3.44). To see that u satisfies the entropy inequalities (1.4), we pick
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an arbitrary entropy pair (n,¢) of (1.1) and a non-negative ¢ € C°(R* x R) and recall
Lemma 3.4 to calculate

/0 N / n(u)e + g(u)ps + 17 () (I * w)pdadt

= 1im/ / n(u)gr + q(u ) pg + 1 (u) (K * u™ )pdadt (3.45)
o Jr

j—0
> i ) =
—}IE)%O(SJ) 07

where the second line holds as the integrand converges in L'(R); after all, (u);ey is
uniformly bounded on the compact support of ¢. By Proposition 3.1 we conclude that u
is the unique entropy solution of (1.1) with ug as initial data. What remains to show, is
the general limit (3.40) and the L? bound of u (3.42); the latter follow by Lemma 3.3 and
Fatou’s lemma. We prove (3.40) by contradiction; if this limit does not exist, then there
is a subsequence (u%)jeny C (u)es0, @ t > 0 and an r > 0 such that

lim inf/ |u(t) — u (t)|da > 0.
J—00 —r

But as argued above, the infinite set (u%);cy must be precompact in L} .(R) for every
t > 0, and thus we can pick a subsequence converging for every ¢t > 0 in L} .(R) to the
unique (Proposition 3.1) entropy solution w which contradicts the above limit inferior. O

The existence of entropy solutions for general L> data now follows from the previous
proposition together with the weighted L'-contraction provided by Proposition 3.1. As
entropy solutions with BV data are L!-continuous in time, said contraction extends to
allt > 0.

Corollary 3.6. For any initial data ug € L>®(R), there exists a corresponding entropy
solution u € C([0,00), LL.(R)) of (1.1) satisfying for all t >0

loc

[|w(t)]] oo @) < €™ ||uol| oo m), (3.46)
where k= || K||piwy. If up € L* N L®(R), it also satisfies for allt >0
()l 2y < [luollr2w)- (3.47)

Proof. For ug € L*(R), let (‘uj)]-eN be a sequence of entropy solutions of (1.1) whose

corresponding initial data (u));ey C BV/(R) satisfies sup. ||ul||zoom) < |Jto||pe®) and
0/j 5 110 (R) (R)
L.(R) as j — oo. For a fixed T > 0, set

loc

ué —ugin L
M = BTH”U()”Loc(R),

and observe from (3.41) that sup; [|u? ()| L&) < M for all t € [0, T]. Using (3.6), we find
for any r > 0

limsup sup / |u? (t, 2) — u'(t, x)|dz

jimoo 0<t<T.J _p
< limsup/ | () — i () |why (T, z)dz = 0,
J,i—00 R

where we used that w}, is increasing in ¢. This shows that (u/) ey is Cauchy in the Fréchet
space C([0,00), L{ .(R)) and so the sequence converges to some u € C([0,00), L1 (R)).

loc
Moreover,

o) < liminf ||u? o) < € o
()| ooy < min 1w ()| Losry < €™ [|uoll Lo (),
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by (3.41), and so u € L2 ([0, 00), L>(R)) too. That u takes ug as initial data in L, _-sense
follows from the time-continuity of u and u(0) = lim;_, ué = ug where the limit is taken
in L} (R). Moreover, as each member (u/);cy satisfies the entropy inequalities (1.4), the
same can be said for v by a similar calculation as (3.45). Thus the corollary is proved,
save for the L? estimate; this is attained through Fatou’s lemma and (3.42) as we may

assume sup; ||uﬁ||Lz(R) < uo |l 2w)- O

3.3. L? continuity and stability of entropy solutions. For clarity, we summarize
what of Theorem 2.1 has been proved so far and what remains to be proved. Combining
Proposition 3.1 and Corollary 3.6, we conclude that there exists a unique entropy solution
of (1.1) in accordance with Def. 1.1 for every initial data uy € L°(R) and thus also
for ug € L?* N L®(R). Furthermore, Corollary 3.6 guarantees that these solutions are
continuous from [0,00) to LL (R) so that the restriction u(t) == u(t,-) € L (R) makes
sense for all ¢ > 0. The same corollary also provides the bounds (2.1) of Theorem 2.1.

It remains to prove that entropy solutions with L2NL> data are continuous from [0, o)
to L?(R) and that they satisfy the stability result of Theorem 2.1. To do so, we shall
exploit the height bound of Corollary 2.5. As explained at the beginning of Section 4,
Corollary 2.5 can be proved for the case 1y € L2NL>®(R) independently of this subsection;
thus we may here use the height bound (2.4) for entropy solutions of (1.1) without risking
a circular argument. From here til the end of the section, we take the above properties
of entropy solutions for granted. We begin with a variant of Proposition 3.1 which makes
use of the discussed height bound.

Lemma 3.7. There is a function ¥: [0,00)3 — [0,00), increasing in all arguments, such
that for any pair of entropy solutions u,v of (1.1) with respective initial data ug,vy €
L* N L>®(R) one has for any t,r >0 and N > max{||[uo||r2=r), |vollr2m)} the inequality

||U(t) — U(t)HLl([fT,r]) S \I/(t, N, T‘)HUO — U0||L2(R)~ (348)

Proof. Let u,v,up,vg and N be as described in the lemma. By (2.4) from Corollary 2.5,
and the property of N, we have for all ¢ > 0
[z + [[v(#)
2

- 2 1
=@ oy (1 n F) = m(t), (3.49)

1
where C = max{2%3%||K||zl(R), 21}, With F(u,v) = 2sgn(u — v)(u? — v?), we have for
any non-negative ¢ € C2°((0,00) x R) the inequality

0< / / lu — vlpy + F(u,v)p, + |u— v|(| K| * ¢)dzdt. (3.50)
o Jr

This is attained by following the first half of the proof of Proposition 3.1 without using
the bound |F'(u,v)| < M|u —v| as done in the first inequality of (3.14); one may instead,
when ‘going to the diagonal’, subtract F'(u(t,x),v(t,x)) from F(u(t, x),v(s,y)) and use

|F<u(tv‘r)vv(57y)) - F(u(t,x),v(x7y))| /S |’U(5,y) - U(t,I>|,

which follows from local Lipschitz continuity of F' and the fact that u and v are globally
bounded (as pointed out after Corollary 2.5). With (3.50) established, we may now filter
out (u+ v)/2 from F using the more precise bound (3.49), that is

|F(u(t,x),v(t, )| < m(t)|u(t, ) — v(t,z)]|.

Doing so, and additionally setting o(t,x) = 0(t)¢(t,z) for two arbitrary non-negative
functions § € C((0,T)) and ¢ € C°((0,T) x R), with T' > 0 also arbitrary, we conclude
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from (3.50) that

T T
0< /0 /R |u — v‘@’(bdxdt +[) /]R \u — v|9[¢t —|—m(t)|¢w‘ + |K| * ¢| ddt. (3.51)

Observe that (3.51) resembles (3.18); for brevity, we skip minor details in the following
steps due to their similarity of those following (3.18). Let f: R — [0, 1] be a smooth and
non-increasing function satisfying f(z) = 1 for © < 0 and f(x) = 0 for sufficiently large
x, and set

gt x) = f(|z| + M(t) = M(T)),
where we have here defined M (¢)

by
¢ 2 2
M(t) = / m(s)ds = CNs (t + gﬁ),
0
Analogous to (3.20), we then set
o(t,w) = (T (t, ) (2), (3.52)

and while this ¢ is not of compact support, both it, and its derivatives, are integrable
on (0,7) x R and so by an approximation argument it can be used in (3.51). By similar
arguments as those following (3.20) we find also here that the second integral in (3.51)
is non-positive, and so we may remove it. Letting then 6 approximate 1 r) in a similar
(smooth) manner as done by the sequence (3.21), we may from (3.51) conclude

/]R |u(T, z) — (T, x)|o(T, x)dx < /R|u0(a:) — vg(2)|6(0, z)dz, (3.53)

where we used that ¢ — |u(t,-) — v(t,)|¢(t,) is L'-continuous which can be seen by a
triangle inequality argument. Note that ¢(0,2) = f(|z]), and so letting f — 1(_oo,) in L!
sense, the left-hand side of (3.53) becomes the left-hand side of (3.48). When f — 1(_
we also get from (3.52) that

6(0,2) = (Lo (I-| = M(T)) ) (@), (3.54)
in L! sense. Denoting the right-hand side of (3.54) also by ¢(0,x), it follows by Young’s
convolution inequality that

1
6(0, )| 2m) < €TF[2r + 2M(T))z = ™" [27« +20N3 (T + gT>] g (3.55)

where £ = || K|| 1(r). Applying then the Cauchy-Schwarz inequality to the right-hand side
of (3.53), and using the above L? bound for ¢(0, z), we attain (3.48) (with T substituting
for t) for W(T, N,r) given by the right-hand side of (3.55). O

We follow up with a tightness bound for entropy solutions with L? N L> data.

Lemma 3.8. There is a function ®: [0,00)? x R — [0, 00), increasing in all arguments,
such that if u is an entropy solution of (1.1) with initial data ug € L* N L>®°(R), then for
any t,r >0 and N > |luo||r2(r)

/ u?(t, z)dr < /ug(x)fb(t, N, |z| — r)da. (3.56)
|z|>r R
Moreover,

5hm O(t, N, &) =0, O(t, N, &) = e €0,

——00

where k= || K| 1wy, and in particular, § — ®(t, M, §) is a bounded function.
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Proof. Pick arbitrary initial data ug € L* N L°(R) and let u denote the corresponding

entropy solution of (1. 1) Writing out the entropy inequality (1.4) for u using the entropy

pair (n(u),q(u)) = (u*, 2u®) and a non-negative test function ¢ € C2°((0,7) x R), with

T € (0,00) fixed, we get

0< / /u ot + 20, + 2u(K x u)pdadt. (3.57)

By the height bound (2.4) of Corollary 2.5, we have ||u(t)||f~m®) < m(t) where m(t) is as
defined in (3.49), and so the second term of the above integrand satisfies

S, < uf [2m()lel.
Additionally, the third part of the integrand satisfies

/RQU(K*u)godx: /R/R2u(t,w)u(t,y)K(:L'—y)(,a(t,x) dydz
< [ [ It )P + fute. ) P e = )lote. ) dyo

= Aqﬁ{/@(p—&—”ﬂ*@}d%.

Inserting these two bounds in (3.57) we get for any non-negative ¢ € C°((0,7) x R)

0</ / ¢+ 2m )I¢m|+icw} dzdt, (3.58)

where we introduced the measure K = ké + | K|, where ¢ is the Dirac measure. Like
in the previous proof, we proceed in a manner similar to the second half of the proof of
Proposition 3.1, though some necessary changes are made. We set p(t,z) = 0(t)p(x)d(t, x)
for three smooth non-negative functions on [0, 7] x R with § and p having compact support
in (0,7) and R respectively. Additionally, while ¢ need not be compactly supported, we
require ¢ and its derivatives to be bounded. Inserting this in (3.58) we get

T o0
i ’ 3 (359
0< /0 /Ru & ppdxdt —I—/O /]Ru 9[,0@ + 2m(t)](pg)e| + K x (pp) | dzdt (3.59)

Letting  approximate 1 7 in a similar (smooth) manner as done by the sequence (3.21),
we may from (3.59) conclude that

/R 2(T, 2)p(x)(T, )z < / 2 (2)p(2) (0, )z
+/OOO/Ru2 [p¢t+§m(t)\(p¢)z|+’C*(p¢)} dadt,

where we used that ¢ — u2(t,)p(-)¢(t, -) is L'-continuous which can be seen by a triangle
inequality argument. Next, we set p(z) = p(x/N) where p € C(R) is non-negative and
satisfies p(0) = 1. Letting N — o0, (3.60) yields by the dominated convergence theorem

[ @)oo < [ o)
E B (3.61)

+ / / u? {(bt + %m(t)|¢x| + K x ¢| dadt,
o Jr
where the convergence of the integrals follows from the boundness of ¢ (and its derivatives)

combined with |[u(t)||z2®) < |[uo|| L2y for all ¢ € [0,T]. To rid ourselves of the last integral
n (3.61), we perform a similar trick as done for (3.18) and (3.51), but with a different f;

(3.60)
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we here let f: R — [0, 1] be a non-decreasing function with bounded derivatives. Define
further g by

g(t,x) = f(lz| + M(T) — M(t)),
where M (t) denotes

M(t) = /Ot 2m(s)ds = CN3 (%f + t%), (3.62)

and analogues to (3.20), we set ¢ to be

olt,2) = (77 (t,) ) (@).

We conclude by similar arguments as those following (3.20) that the square bracket in
(3.61) is non-positive. Thus, removing the non-positive integral in (3.61) we get

Aﬁmwmwmsé%m@mﬂu+anmm, (3.63)

where we used the explicit expressions for ¢(T,z) and ¢(0,z). Letting f — 1, o) point-
wise a.e. it is clear that the left-hand side of (3.63) converges to f‘x|>r u?(T)dx. As for
the right-hand side, we get the cumbersome term eTK*IL(T7OO)(| | + MT) which we now
simplify. Let the Borel measure vy be defined by the relation vyx = ¢7** and observe
that we for + € R have

(VT * Lroo) (| - [+ M(T))>(33) = / dvr(y) < / dvr(y). (3.64)
|z—y|+M (T)>r |z|—r+M(T)>—|y|

Thus, we define (T, N, |z| — r) to be the latter expression after substituting for M (T)

using (3.62). Inserting this in (3.63) we get exactly (3.56) with T substituting for ¢.

The properties of ® stated in the lemma can be read directly from (3.64) when setting

& = |x| — r together with the fact that T — vr is increasing (in the canonical sense) and

Jpdvr = e’ = e2Tx, |

We may now prove the remaining part of Theorem 2.1.
Proposition 3.9. Let two sequences (ty)ken C [0,00) and (ugx)ren C L2 N L¥(R) admit
limits
lim ‘tk - t| :07 lim ||’U,[]J€ — UO||L2(IR) = 0,
k—o0 k—o0

with t € [0,00) and ug € L* N L™ (R). Letting (ux)ren and u denote the entropy solutions
of (1.1) corresponding to the initial data (ugx)ren and uo respectively, we have

lim ||uk(tk) - u(t)”Lz(R) =0.

k—o00
In particular, entropy solutions of (1.1) with L* N L™ data are continuous from [0,00) to
L*(R).

Proof. Suppose first that ¢ > 0. As t; — ¢ there is a T € (0,00) such that (tx)ken C
[0, T]. Similarly, there is an N such that N > ||vo|[z2(r) for every vy € {ug1,uo2, ..., uo};
observe that such an N satisfies N > [Jv(¢)|| 2 for all ¢ € [0,7] and v ranging over the
corresponding entropy solutions. As the function ® from Lemma 3.8 was increasing in its
arguments, we infer for all £k € N and r > 0 that

/ uz(tk,x)dx < /ug_k(w)iP(T, N, |z|—r).
|| > R
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Furthermore, as  — ®(T, M, §) is bounded while uf ;, — ug in L'(R) as k — oo, it follows
that

k—o0 R

lim sup/ ul (ty, v)dr < /ug(:v)@(T, M, |z| —r), (3.65)
|z|>r

for any 7 > 0. Since u$ is integrable and lime_,_ ®(T, M, ) = 0, we may for any £ > 0

pick a sufficiently large r > 0 such that the right-hand side of (3.65) is smaller than £2.

For such a couple of constants €, > 0 we find

liin sup [Jug(te) — u(t)|| 2y < 26+ liIkn sup [|lur(te) — w(t)|| 2 (=ra))- (3.66)
—00 —00

To deal with the rightmost term in (3.66), we yet again let m be the function defined
in (3.49) using the above N. As t > 0, there are only a finite number of elements in
(tr)ren smaller than ¢/2; without loss of generality, we shall assume there are none. By
the height bound (2.4) from Corollary 2.5 and m being decreasing in ¢, it then follows
that ||v]|Lecm) < m(t/2) for every v € {uy(t1), us(t2), ..., u(t)}. Thus,

llun(tn) = W) Z2(orag) < 2m(t/2)Jun(te) = w2 )
and by the triangle inequality, we further have
lJur () — ()| 2 (=) < Nun(te) = wlte) | + lulte) = w(@llr =) — 0,

as k — 0. Here we used the L -continuity of y — u(t) and Lemma 3.7. Thus, the
last term of (3.66) is zero, and as € > 0 was arbitrary, we conclude limsup,_, . ||ug(tx) —
u(t)|| 2w = 0.

Suppose next ¢ = 0. As above, u(t;) converges to u(0) = wug in Li.(R), and in
particular, the convergence holds in the sense of distributions. Moreover, we have norm
convergence as

lim sup [Jug (te)]| L2y < limsup [luo |l 2@) = [|wol| L2w),
k—o0 k—o00
while ||ugl|L2ry < liminfy o [|uk(tr)] L2 (r) follows from Fatou’s lemma. Thus, we conclude
llur(te) — uoll L2y — 0 as k — oco. With the stability result proved, the L*-continuity of
t — u(t) follows by setting g = up for all k € N. O

We end the section by proving Corollary 2.2.

Proof of Corollary 2.2. The solution mapping S is by Proposition 3.9 jointly continuous
from [0, 00) x (L? N L>(R))* to L*(R), where (L* N L>(R))* denotes the set L? N L>(R)
equipped with its L? subspace-topology. Seeking to extend S to all of [0, 00) x L2(R) in a
continuous manner, we note that we have only one choice: whenever a sequence (ug x)ren €
L*NL>(R) converges in L?(R), it follows from Lemma 3.7 that the corresponding entropy
solutions (uy)ren form a Cauchy sequence in the Fréchet space C([0, 00), L .(R)), and thus
they converge to a unique element u € C'([0, 00), L{. .(R)) in the appropriate topology. We
now argue that u inherits all the nice properties of entropy solutions of (1.1) established
so far, apart from being bounded at ¢ = 0. Denoting vy € L?(R) for the L? limit of
(uok)ken, We have by Fatou’s lemma

[ul®)ll 2y < liminf {juy(6)] 22 < liminf [Juo k(|2 = [|uoll o).

Moreover, as each uy satisfy the height bound (2.4) this bound also carries over to u, and
thus u is locally bounded in (0, 00) xR. Similarly, as each uy, satisfy the entropy inequalities
(1.4), the same is true for u by a limit argument exploiting the uniform bound of (ug)gen
on the support of ¢ and the fact that n and ¢ are smooth; in particular, u is a weak
solution of (1.1). Even Lemma 3.7 and Lemma 3.8 carries over to u by approximation.
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In conclusion, u — and all other weak solutions obtained this way — satisfy every property
used for entropy solutions in the proof of Proposition 3.9, and so the proposition extends
to these weak solutions. Consequently, S is continuous on the larger set [0,00) x L*(R),
and the proof is complete. O

4. ONE-SIDED HOLDER REGULARITY FOR ENTROPY SOLUTIONS

In this section we show that entropy solutions of (1.1) with L? N L data satisfy
one-sided Hoélder conditions with time-decreasing coefficients. As Subsection 3.3 exploits
Corollary 2.5, which is proved using the results established here, we stress that the coming
analysis will only depend on the results of Subsection 3.1 and 3.2, thus avoiding a circular
argument. In Subsection 4.1 we introduce the necessary building blocks for Subsection
4.2 where the Holder conditions are constructed; Theorem 2.3 is proved at the very end
of this section. Central in this section is the following object, which in classical terms can
be described as a modulus of right upper semi-continuity.

Definition 4.1. We say that a smooth and strictly increasing function w: (0,00) —
(0,00) is a modulus of growth for v: R — R if for all h > 0

esssup |v(z + h) — v(x)} < w(h).
zeR
The requirement that w be smooth and strictly increasing is for technical convenience.
Note also that we did not require w(0+) = 0; this is to include the expression (4.10) when
s =0.

4.1. Preliminary results. The classical Oleinik estimate [6] for entropy solutions of
Burgers’ equation is for (¢,2) € Rt x R and h > 0 given by

u(t,x +h) —u(t,z) < % (4.1)

For a fixed ¢t > 0, this one-sided Lipschitz condition (or modulus of growth) restricts
how fast x — wu(t,z) can grow, but not how fast it can decrease, thus allowing for jump
discontinuities (shocks) whose left limit is above the right. Interestingly, when the initial
data of Burgers’ equation satisfies vy € LP(R) for some p € [1,00), one can for the
corresponding entropy solution w use (4.1) to attain

[[u(t)] Iitol(R) < LJtrl”u( )HLP ® = p+1Hu0HLP(R (4.2)

where the rightmost inequality is just the classical L” bound for Burgers’ equation, and
thus, the height of u(t) = u(t, -) tends to zero as t — co. We omit the proof of (4.2), which
is similar to that of the next lemma where we provide a general method for bounding the
height of a function v € L?(R) admitting a modulus of growth w. We focus on L*(R)
because other LP norms might fail to be non-increasing for entropy solutions of (1.1); the
generalization of (4.1) will require a generalization of (4.2), so p = 2 is the natural choice
as ||u(t)||r2m) < |uollz2r) for entropy solutions of (1.1). In the coming lemma we also
provide for later convenience a bound on the following seminorm defined for v € L>(R)
by

|v]oo = esssup M
z,y€R 2

(4.3)

As [v]oo < ||0]| oo (r), any bound on [[v|| g ) obviously carries over to [v|o. Note however,
that the next lemma bounds |v|« sharper than it does |[v|| ;o (r). Finally, we mention that
the extra assumptions posed on w in the lemma are only for technical simplicity, as the
lemma holds more generally.
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Lemma 4.2. Let v € L*(R) admit a modulus of growth w that satisfies w(0+) = 0 and
w(o0) = 00. Then v € L*> N L*(R) and moreover

ol > F (I0lie ). (4.4)

Lol = F(lolo ) (45)

where F' is the strictly increasing and convex function

= 2/ / Y(ya)dyady; . (4.6)

Proof. By Lemma A.1 from the appendix we may assume v to be left-continuous, and in
particular, well defined at every point. Then, for all € R such that v(z) > 0 we have
for h € (0,w™(v(z))]

v(x —h) > v(x) —w(h) >0,
and similarly, for all z € R such that v(z) < 0 we have for h € (0,w™ ! (—v(x))]
v(z+h) <o(r) +wlh) <0.

Squaring each of these inequalities (the bottom one would flip direction) and integrating
over h € (0,w™(Jv(z)])], yields in both cases

(@)
[Vl 22 2/0 (Jo(@)] = w(h))*dh, (4.7)

where the left-hand side has been replaced by the upper bound |[v||7, (r)- Performing the
change of variables h = w™!(y) the right-hand side of (4.7) can further be written

[v(z)| [v(z)|
A uwmrfw%w*<>f2/ (lo(2)] — w)w (y)dy

()]
/ / z)dzdy,

where we integrated by parts twice. This last expression is exactly F(Jv(x)]), and so letting
this replace the right-hand side of (4.7) followed by taking the supremum with respect to
x € R yields (4.4). For (4.5), we write vy and v_ for the positive and negative part of v
respectively, and observe that v € L? N L>(R) implies [v]oo = 5(|[v4||zoom®) + [[0- || oo (r))
and ||vHL2 ®) = = |lvs ]2 2wy + ||v_||L2(R) Furthermore, as both vy and —v_ admit w as a
modulus of growth, we can use (4.4) followed by Jensen’s inequality to calculate

S0l Faey = 3 [0 Moy + - e |
> 4 [F(losll=m ) + F(lo- e ) |
F(3[loslem + llo-ll~] )

F(|v|oo>.

The calculations of the next subsection, where Theorem 2.3 is proved, can be boiled
down to the three lemmas of this subsection (Lemma 4.2 being the first). The remaining
Lemma 4.3 and Lemma 4.4, induce a natural evolution of a modulus of growth from the
mappings SP and SK, introduced in (3.24) and (3.25). The relevance of these results

Y

O
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should come as no surprise; the previous section showed that entropy solutions could be
approximated by repeated compositions of said mappings.

Lemma 4.3. Suppose v € BV (R) admits a concave modulus of growth w. Then for any
e > 0, the function w = SP(v), admits the modulus of growth
Loow)
14 ew'(h)
Proof. As SE maps BV to itself, both v and w admits essential left and right limits at
point. Thus, we assume without loss of generality that they are left continuous. For

x € R, h > 0and t € [0,¢], introduce the two (minimal) backward characteristics of
SE(v) emanating from (g,z) and (g, x + h) respectively

&L(t) =z + (t—e)w(x),
&) =z +h+ (t—e)w(z+ h).
As v and w are left continuous, it follows from Theorem 11.1.3. in [6] that
v(&(0)) <w(x), w(z +h) <v(€(0)+).
Moreover, by the Oleinik estimate of w (4.1), we find
£2(0) = &(0) =h — elw(z + h) — w(z)] = 0,
and so exploiting w we can calculate
w(z+h) —w(z) <v(&(0)+) —v(&(0))
<w(h —elw(x + h) —w(x)]) (4.9)
<w(h) — e (h)(w(z + h) —w(z)),

where the last inequality holds as w is concave. We conclude that

(4.8)

w(h)
h) — < —7
wla ) (@) < 20
for all z € R and h > 0. That (4.8) is positive, smooth and strictly increasing follows
from w being positive, smooth, strictly increasing and concave. O

We follow immediately with a similar result for the operator SX, which will depend on
the fractional variation |K|ry« as defined in (1.5) and the seminorm |- | defined in (4.3).

Lemma 4.4. Let s € [0,1] and assume |K|rys < 0o. Suppose v € L*¥(R) admits a
modulus of growth w. Then for any e > 0, the function w = SX(v) admits the modulus
of growth

h — w(h) + E|K|TVS

v|eoh®. (4.10)

Proof. For simple notation, we introduce the shift operator Tj,: f — f(- + h). As shifts
commute with convolution, and since fR T,K — Kdx = 0, we start by noting that for any
keR

(Th, — (K xv) =[(Th, — 1)K] * (v — k).
Next, we introduce ¥ = esssup, v(z) and v = essinf, v(x), and we observe that
lv — kl|Le®) = max{T — k, k — v}.

Thus, we minimize by setting k = (v + v) and get [[v — k| zo@) = 3(T — v) = |[v|. By
Young’s convolution inequality and the above calculations we infer

(T = D *0)limzy < NG+ R) = Kl o = Bl oege
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< |K|pvs

V]ooh’.
For any h > 0 we then conclude

(Th, — Dw = (T, — Vv +e(T), — D)(K xv) <w(h) +e|K|rys

U|00h’s7
where the last inequality holds pointwise a.e. in R. (]

4.2. Deriving a modulus of growth for entropy solutions. Throughout this sub-
section we consider s € [0,1] fixed and assume that |K|rys is finite. Further, we
let p,ks € (0,00) denote arbitrary fixed values, though we impose the requirement
ks > |K|rys. The role of p and k, will essentially be that of placeholders for the L?
norm of the initial data and of |K|rys respectively, but note that p and kg are strictly
positive (even if the quantities they represent might be zero). This positivity is for tech-
nical convenience as some of the coming expressions would otherwise need a limit sense
interpretation.

We shall for an arbitrary entropy solution uw of (1.1) with L? N L* data, seek an
expression a(t) such that h — a(t)h'z" serves as a modulus of growth (Def. 4.1) for
x — u(t,z). We begin with an important result, which among other things rephrases
Lemma 4.2 for the more explicit case w(h) = ah™®". For this purpose, we introduce the
constant

2+ 5]
c, = (2+5)(B+5s) (4.11)
2(1+ s)?
and the function
(2¢,) T 7t
H(a) =——F5—, (4.12)

a¥s
defined for all @ > 0. We also recall definition (4.3) of the seminorm | - |». The essential

part of the next lemma is in allowing us to extend the domain for which a homogeneous
modulus of growth is valid. This will be vital when proving the following proposition.

Lemma 4.5. With fized a > 0, define w(h) = ah's". Suppose v € L*(R) satisfies
vl 2y < w1 and admits w as a modulus of growth for h € (0, H(a)). Then v admits w
as a modulus of growth for all h € (0,00) and moreover

Ul ooy < 29F o aT, 4.13
(®)

[V]oo Scsu%zaﬁ. (4.14)

Proof. We begin by proving the two inequalities, so let us assume for now that v admits

w as a modulus of growth for all 1 € (0,00). Since w™(y) = a Ty T the function F
from (4.6) can here be written

442s a2
1+s
Y 1+s . Y
2 - 1 )
Ql+s CsQ 2+s

_ 14s 1 d+s
F 1(y) = 2142 ¢, q7+s it

2(1 + 5)?

Fo) =155 5a+29)

DN | —

with inverse

Combined with [|v]|r2@) < g, (4.4) and (4.5) give |[v][pe@ < F7H(p?) and |v]s <

F~(344%), which coincides with (4.13) and (4.14) respectively. Next, assume we only
know that v admits w as a modulus of growth for h € (0, H(a)). The steps in the proof
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of Lemma 4.2 can still be carried out if one lets the role of w™!(y) = afﬁy% be taken
by the truncated version

(2 2
Y — min {a 1+sy1+S,H(a)},
to yield the inequalities [|v]|zo(m) < F~'(1?) and |v|o < F~'(342) with
~ Y Y1 5 2
Py =2 [ [ min {a 01 H) Juedy,
o Jo

As F is strictly increasing and agrees with F on (0,aH(a) 2 ), we necessarily have

s

both F~1(p?) = F~(y?) and F~'(3p?) = F~1(3p?) provided F~'(u?) < aH(a)® . As
F~1(p?) is exactly the right-hand side of (4.13), we see that the latter inequality holds

since

1, 9 14s Lts 1 Lis 1 1+4s
F (N ) = 22 2t ars < 20 a2 = aH(a) 2,

Thus, the bounds for ||v||z~m®) and |v|« attained now coincides again with (4.13) and
(4.14). Tt then follows that v admits w as a modulus of growth for all & € (0, 00); indeed,
for any h € [H(a),00) we have the two trivial inequalities

1+s 1+s
2 <ah'7,

esssup |v(z + h) —v(z)| <2[v]|w0, aH/(a)
z€R

and so we would be done if 2|v|o < aH(a)" %", which is precisely the already established

inequality (4.14) multiplied by two. |

The next proposition combines Lemma 4.3 and 4.4 to attain a corresponding result
for the operator SZ o SX. While it in Section 3 was natural to work with iterations of
SK o SB it will here be easier to work with its counterpart SZ o SX. We now introduce
the useful limit value a defined by

2+4s
o= <265K/s> 3+25M31:—;S . (415)

1+s

This quantity will naturally occur in our calculations to come; it relates to the sought
coefficient a(t) through the relation lim;, a(t) = a.

Proposition 4.6. For every A > a, there are constants Ca,e4 > 0 such that: if v €
BV (R) satisfies ||v||z2m) < p and admits the modulus of growth h ah'= for some
a € la, A], then for every e € (0,e4] the function w = SP o SK(v) admits the modulus of
growth

hs (a —ef(a) + EZCA)h%S, (4.16)
where f(a) > 0 is given by
2—s
1 2+s 3+42s 3+42s
flay = | L2k [ o } (4.17)
21%30Fuﬁ

Proof. For fixed A > @, let v € BV(R) and a € [a, A] be as described in the lemma.
We fix the pair v and a for convenience, but it should be clear from the proof that the
construction of C'y and €4 do not in fact depend on said pair. Introduce for € > 0 the
auxiliary function o = SX¥(v). Combining Lemma 4.4 and (4.14), © admits the concave
modulus of growth

. 1ts 1 Ls
W(h) = ah™2 + ecsksa®s p2+sh®,



ONE-SIDED HOLDER SMOOTHING OF NEGATIVE ORDER DISPERSIVE EQUATIONS 27

where | K |7ys was replaced by the larger k, introduced at the beginning of this subsection.
And since © € BV(R), as follows from (3.27) and (3.28), we can further apply Lemma
4.3 to w = SB(?), which combined with &'(h) > (%)ah%, allows us to conclude that
w admits the modulus of growth

ah™2 + ecsksa?ts ur+s h®

w(h —
(#) 1+ 5(%)(1}171
B —e(H2)ah + scsmsaT}rsu%ZhS
—ah ™2 —
14 e(12)ah™= (4.18)
1+4s
—ah's"

2h'z + (14 s)a

(1+ 8)a® — QC‘glisalerS/L2+;‘| Bl

B(a,h,e)

where B(a, h, €) denotes the square bracket. With a as given by (4.15), this square bracket
can further be factored

(1+ s)aﬁ
2h'z" +e(l+s)a

B(a,h,e) = l

[a%;%: _ a%;%:} , (4.19)

Since a > a it follows that B(a, h,€) is non-negative and thus non-increasing in h > 0.
Consequently, we read from (4.18) the inequality

1+s

w(h) < (a —eB(a, h, 5))hT7 0<h<h. (4.20)

Since (4.20) can be viewed as implying that w admits a homogeneous modulus of growth
on bounded intervals, we would like to make use of Lemma 4.5; however, we do not
necessarily have [|w||;2@) < g (as is assumed by said lemma). We deal with this small
inconvenience as follows: define w by

® = p~'w, p = max {1,,u‘1||w||L2(R)}, (4.21)
that is, @ is the renormalized version of w if the L? norm of w exceeds pu. We proceed
by proving the proposition for @ and then extend the result to w. Observe that w must
serve as a modulus of growth also for w since p > 1, and consequently by (4.20), w further
admits for any fixed h > 0 the modulus of growth

1+s

h— (a —eB(a,h, s))h T, (4.22)

for the restricted values h € (0,h). Lemma 4.5 then tells us that @ must additionally
admit (4.22) as a modulus of growth for all A > 0 provided

H(a —eB(a,h, 5)) <h, (4.23)

where the function H is as defined by (4.12). We now show that there is an appropriate
constant D4 so that h = H(a) + €Dy satisfies (4.23). To do so, we start by introducing
the closed set of points (a, h,e) defined by

Sa= [Qv A] X [H(A),OO) X [0700)7

where we abuse notation slightly by reusing a as a dummy variable for referring to elements
in [a, A] (although the original a € [a, A] is fixed). From (4.19) we see that both (a, h,€) —
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B(a, h, ) and its partial derivatives are bounded on the set S4. We exploit the additional
smoothness of B later; for now we need only ||B||p~(s,) < 00. Pick e4 > 0 such that

eallBllresy) < %Qu

for all (a,h,e) €

and observe that the argument of H in (4.23) must then lie in [sa, 4]
, A] we conclude for

[a, A] X [H(a),00) x [0,e4] C Sa. Moreover, as H is smooth on
any such triplet (a, h, ) that

1
oy
32
H(a —eB(a, h, 5)) < H(a) + el H'|| poo(2q,ap | Bllpoe(s.0) = H(a) +€Da.

Thus, the choice Ef H(a) + €D, satisfies (4.23) for every a € [a, A] and ¢ € (0,£4], and
so substituting for h in (4.22), we conclude that @ admits the modulus of growth

h— (a —eB(a,H(a)+¢eDa, 5))/11;5, (4.24)

for all h > 0, provided ¢ € (0,e4] and a € [a, A] (the latter already assumed). Recalling
that the partial derivatives of B are bounded on S4, we can write

B(a, H(a) + €D,2) = Bla, H(a),0) = £ [ Dal 2 |l 1(s) + | Lllpvisn)|.  (425)

and so letting C4 denote a constant no smaller than the square bracket in (4.25), we
combine this inequality with (4.24) to further conclude that

his (a — eB(a, H(a),0) + sch) hE, (4.26)
also serves as a modulus of growth for w, again with € € (0,e4] and a € [a, A]. Using
the explicit expressions (4.19) and (4.12) one attains the identity B(a, H(a),0) = f(a),
where f is defined in (4.17), and so the proposition has been proved for the renormalized
function w. It remains to extend the result to w; assume from here on out that € € (0, e4].
Introducing @ = (a—¢ef(a)+e2Cy) for brevity, it is clear from the relation w = piw, where
p is as defined in (4.21), that w admits h — pdh% as a modulus of growth, as the same
can be said for @ and h — ah's". Moreover, by a similar and coarser calculation as in
the proof of Lemma 3.3, we have [|wl|r2r) < (14 €2k?)||ul|r2r) where k = ||K||1®), and
so p <1+ &2k% Thus

pi < (1+e2:2)a=a—cf(a) +2[Cy + k%A < a—ef(a) +e°Cla,

where Cy = [Ca+ K*(A+%C4)], and so this calculation shows that the proposition also
holds for w after choosing a larger constant C'4. |

Together with a few results from Section 3, the previous proposition equips us with all
we need to construct moduli of growth for entropy solutions of (1.1). Roughly speaking,
we can for small € > 0 iterate Proposition 4.6 repeatedly to construct a modulus of growth
for an approximate entropy solution (3.32), and further letting ¢ — 0 this construction
carries over to the entropy solution itself. To formalize, we shall introduce some notation
and assume from here on that a pair of constants € 4, C4, as described by Proposition 4.6,
has been chosen for each A > a. Define the function

d5(a) =a —ef(a) +2Cy, (4.27)

which is parameterized over A > g and € € (0,e4] and where

fla) =va2(az —az (4.28)

2-s ( 342 3+25) 1+s
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The function f in (4.28) is indeed the same as in (4.17), and so g5 (a) is the ‘new Holder
coefficient” that Proposition 4.6 provides. In the coming proposition, we carry out the
above sketched argument consisting in part of repeated iterations of Proposition 4.6, and
consequently, we will encounter repeated compositions of ¢5. We point out two relevant
facts about ¢5. First off, for any A > ¢ and sufficiently small € > 0, the function ¢5 maps
[a, 4] to itself. To see this, note from (4.27) that (¢5)’ is strictly positive on [a, A] for
small € > 0. Moreover, we have

gale) =g, ga(A) =A—ef(A) +Ca,
and since f(A) > 0, it is clear that € > 0 can be made sufficiently small such that
a=gi(a) < gala) < ga(A) < A, (4.29)

for all a € [a, A]. Our second fact, rigorously justified in the coming proposition, is that
repeated compositions of g5 applied to the starting value a = A will, as ¢ — 0, result in
a smooth function a4 : [0,00) — (g, A, implicitly defined by

4 da
- / T (4.30)

That (4.30) yields a unique value as(t) € (a, A] for each ¢ € [0, c0) follows as the positive
integrand has a non-integrable singularity at a = a. Alternatively, the function a4 can be
viewed as the solution of the differential equation

e

For the next proposition, we shall exploit the two constants

My = max |f(a)] Wx = max |f(a)f'(a)], (432)

a€la,A]
both well defined as f is smooth on R*. Note that the latter serves as a bound on
(aa)” = f(aa)f'(aa), and so by Taylor expansion, we infer
2

5 ~
aa(t +2) — aa(t) + < (aa(O)] < 5y, (4.33)
forallt >0 and e > 0.

Proposition 4.7. Let u be an entropy solution of (1.1), whose initial data uy € BV (R)
satisfies ||uo|| 2r) < p and admits a modulus of growth h — Ah's for some A > a. Then
for all t > 0, the function x — u(t,z) admits the modulus of growth

h as(t)h's,
with aq given by (4.30).
Proof. Consider t > 0 fixed, and assume without loss of generality that ||uol|L2®) < p; if
the proposition holds in this case, it necessarily also holds in the case ||ug||r2@) < i as

the implicit y-dependence of a4(t) is a continuous one. Pick a large n € N, set € = % and
consider the family of functions uf € BV (R) defined inductively by

’LL% = SEB(UO)7
uk =SB o SKWrY, k=1,2,... n,

1> 13 n

As up admits h — Ah's" as a modulus of growth, so does u? by Lemma 4.3. Observe also
that each uf € BV (R) as follows by induction and the properties of SZ and S¥ listed at
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the very beginning in the proof of Proposition 3.2. Moreover, by similar reasoning as in
the proof of Lemma 3.3, we have

k
b |2y < €25 J|uoll 2@y < e lfuollr2@y, k=0,1,...,n

where £ = || K||11®). Since we have a strict inequality |[ug||r2@) < g, we can assume n
large enough such that [[uf || 2@) < p for every k. We define further the coefficients a;
inductively by

where ¢4 is given by (4.27). We assume n large enough such that ¢ = % is both less than
€4 > 0 and small enough such that ¢5 maps [a, A] to itself (see the discussion leading
up to (4.29)). In particular, each a* is in [a, A]. We may now apply Proposition 4.6
inductively to each pair (uf,a*), starting with (u®,a®). As u0 admits h — a®h's" as a
modulus of growth, Proposition 4.6 infers the same rolatlonshlp for the pair (u1 al), and
by repeating the argument, the same can be said for all pairs (u¥, a¥). Most importantly,
ul admits h — aﬁh% as a modulus of growth. The proposition will now follow if we can,
as n — 0o, establish the limits

4,
9a

:?r§o

(a1, k=1,2,...,n,

al = aa(t), (4.34)
Uy = u(t), (4.35)

where u(t) = u(t,-) and the latter limit is taken in Ll (R). Indeed, in this scenario

we can let ¢ denote any non-negative smooth function of compact support that satisfies
Jg ¢dz = 1 so to calculate for h > 0

esssup |u(t,z + h) — u(t,z)| = sup(u(t, - + h) —u(t,), @)
T€ER [}

— sup lim (a2 + ) — uf} )
g e . (4.36)
< sup lim alh ™=z

© n—o0

=as(t)h'E .

We first prove (4.34). Using the explicit form (4.27) of g5 with € = £, the constants (4.32)
and the inequality (4.33) we can calculate for k > 1,

ak —aa (%)

i) (544)

a - aA(@)‘ +(5) f(afl_1> - f<GA<
<ol on(52)] + 475

with Dy = Cy + %]\;[A. By repeated use of (4.37), and the fact that a2 = a(0) = A, we
conclude

(4.37)

e (e )

n—1 k
0 — aa()] < (2204 [1+ (2)Ma] < E[EDaet™],
k=0
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and thus (4.34) is established. To prove (4.35), we recall definition (3.26) of the approxi-
mate solution map S, ; and observe the relation

u' = S80S, ,(u) = SE(us(t)), (4.38)

where the definition of u® coincides with (3.32), although we now work with a particular
ug and e = L. As Proposition 3.5 ensures that lim._,ou®(t) = u(t) in L (R), the same
limit then carries over to u? (as n — o) by (4.38) and the time continuity of the map
S5 (3.29) together with the TV bound of u¢ provided by Proposition 3.2. With the two

limits (4.34) and (4.35) established, the proof is complete. O
We may now prove Theorem 2.3.

Proof of Theorem 2.3. We prove the theorem first for uy € C2°(R), and without loss of
generality we assume ug # 0. As the positive constant p (introduced at the beginning
of the subsection) was arbitrary, we may assume p = ||ugl[r2m). As ug € CP(R), we
infer from Proposition 4.7 the existence of a sufficiently large A such that u, the entropy
solution of (1.1) corresponding to g, admits h — a4(t)h' 2 as a modulus of growth for
all t > 0.
Observe that we have the following elementary inequality if a —a > 0
31’2 % 32-:2: 2—s 3+42s 3425
O O !
where we for the second factor used that z + 2P is super-additive when = > 0 and p > 1

giving the desired conclusion for z = a — a and p = 22%). Using this in (4.30) gives
2+s

A
d 2 2
ts/ : = ts s (4.39)
aa(t)

5+s

TR L R L

Removing the negative term on the right hand side and then rewriting (4.39), further
gives

2+s

2+5> 501

aa(t) <a+ ( 3

In particular, v must also admit h — a(t)h% as a modulus of growth. By Lemma A.2,
we see that a(t) may equivalently be written

2 14 w3
alt) = Cols)d % + Caf) (4.40)
where C1(s) and Cy(s) are given by (A.1). This expression is exactly (2.3) save for the
fact that we have required k; (introduced at the beginning of the subsection) to be greater
or equal to |K|rys and positive. Thus, we may not directly set ks = |K|pys if K = 0.
However, by a(t)’s continuous dependence on kg, it is clear that no problem may occur.
Thus, Theorem 2.3 follows for C'°-initial data.
Next, consider ug € L* N L®(R) and let u denote the corresponding entropy solution of
(1.1). Pick a sequence of entropy solutions (uy)reny Whose initial data (ug)reny C Co°(R)
satisfies

lluokl| L2y < [|uollL2(m)s lluo k|| Loy < uol] oo (),

and yields the limit limy_,oo uox = ug in L} .(R). By Proposition 3.1, we then also get
limy oo ug(t) = u(t) in L, . (R). Now Theorem 2.3 carries over to u by a calculation similar

to (4.36), and so the theorem has been proved for L? N L*>-initial data.
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Finally, that this result can be extended to all weak solutions provided by Corollary
2.2 follows by a density argument as above (using the continuity of the solution map S of
Corollary 2.2 instead of the weighted L!-contraction of Proposition 3.1). |

APPENDIX A. AUXILIARY RESULTS

In the coming lemma we work with the concept of a modulus of growth as defined by
Def. 4.1.

Lemma A.1. Let f € L. .(R) admit a modulus of growth w that satisfies w(0+) = 0.
Then f admits essential left and right limits at each point x € R. In particular, there are
functions f~ and f+, respectively left- and right-continuous, that coincides a.e. with f.

Proof. For any = € R the existence of an essential left limit f(z—) of f at z, follows from
the calculation
esslimsup f(z +y) — ess lig(} inf f(z +y)
y

y<0
y—0 y—0

= ess lim sup [f(x +y1) — flz + yz)}
Y2<y1<0
y2,y1—0

<limsupw(y; — y2) = 0.

Yy2<y1<0

y2,y1—0
By the Lebesgue differentiation theorem, the function f~(z) = f(z—) can only differ
from f on a null set, and moreover, must be left continuous as the above calculation
could be repeated for f~ with essential limits replaced by limits. A similar argument
yields the existence of an essential right limit f(z+) of f at each « € R and further that
ft(z) = f(xz+) is a right-continuous function agreeing a.e. with f. |

The next lemma deals with quantities appearing throughout the paper and the relations
between them. For convenience, we here list the definition of each relevant quantity; some
of them given for the first time. The quantities ¢; and v were in (4.11) and (4.28) defined
to be

[@+s5)B+s)] 70 _ 1+
s — 2(1+S)2 ’ ’y_ 2 1-s | °

We also introduce the expressions C;(s) and Cs(s) by

3+s 1+s 442s 5+4s 1—s
26+15 (24 5)(3 + 5)| 6+ 23+3s(245) 6 (3+s) 6
Ci(s) = ( J ) , Cy(s) = (14 2)“ ( ) . (A1)
1+s 275 3% (1+5s)

In the coming lemma, we will also see the quantities u and ; these are simply placeholders
for the expressions ||uol|z2(r) and |K|rys respectively and will not affect the algebra in
any non-trivial way.

Lemma A.2. With cg,~y, Ci(s), Ca(s), i and ks as they appear above, we have the relations
245

245
2c4Ks \ 32 14 e l4s
= - 312s = (' 3+2s ) 372s A2
a <1+s> I 1(8)ks ™ e, (A2)

2+s

(5) " =atow's. (A3)
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Proof. We start with (A.2): inserting for ¢, on the left-hand side of (A.2) we get

( 2 >3+2s <(2 + S)(3 + S)> 2(;1;5) ZJ:rzss s
B e ——— Rs N3+25

1+s 2(1+ 9)2
Bis
_ [+ 6+ 0] s e
1+s
C1(s)

and so (A.2) is established. Second, we prove (A.3): if we on the left-hand side of (A.3)

insert for v we get
s 2(24s) .
(24 5) 75725000 | Uz
— C /1/ 3 .
2+s 2+s S
3% (149)73

Further inserting for ¢, we obtain

2+s M 1%5
(245)7 : (2+8)(3+s) i
35 (1+ )" 2(1+s)?

lQMi(Z 5% (34 s) E} 1o
= u

3
S o 2+s

33 (1+5s)
Ca(s)
and so (A.3) is established. O

)

APPENDIX B. PROOF OF COROLLARY 2.5 AND COROLLARY 2.6

We prove Corollary 2.5 which provides a decaying L* bound for entropy solutions of
(1.1).
Proof of Corollary 2.5. By the s = 0 case of Theorem 2.3 we know that u(t) admits the
modulus of growth (Def. 4.1) h — a(t)hz, where a(t) is given by

Al
_ 9l Uol| 2 ()
a(t) =23 "”K”Ll(R)”uO”LZ(R) W

This expression is precisely what is provided by (2.3) when using C;(0) = 2538, C5(0)
4/32 and |K|pyo = 2||K||p1. Setting pn = lluol 2 (r) in Lemma 4.5 and using ||u(t)|| 12 (w)
l|luol| L2y we infer from said lemma — more specifically (4.13) — that

<

1.1 1 1
)l e my < 2%8% ol Fayal6)2,

for all ¢ > 0, where we used that ¢, = 31 when s = 0. Using the sub-additivity of y +— |y|%
we infer that

L
" 1 <9 % L K ||U0H22(R)
a( ) = ” ||L1(R)||u0||L2(R) W?
and so inserting this in the above inequality we get

5 2

24|uol| 72
PET L2(R)
u(®)llzo@ < 2723 HK”Ll R)”“OHLZ(R +T'

for all t > 0. O
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Next, we prove Corollary 2.6 which established a maximal lifespan for classical solutions
of (1.1) with L* N L* data.

Proof of Corollary 2.6. Consider s € [0,1] fixed for now, and assume |K|pys < 0o. As
(bounded) classical solutions are entropy solutions, we may associate u € L*NC((0,7) x
R) with the global entropy solution admitting ug as initial data, provided by Theorem 2.1;
the discussion following the proof of Proposition 3.1 justifies this viewpoint. Referring to
this solution also as u, we have by (2.1) that « — u(7T,z) is a well defined element of
L*N L>=(R) approximated in L? sense by u(t) as t / T. Setting v(t,z) == u(T — t, —x),
we see through pointwise evaluation that v also is a classical solution of (1.1) (and thus
an entropy solution) on (0,7") x R with initial data vo(z) == u(T, —z). From (2.1) we then
infer [|vol| 22y = I|uol|L2(r) since

lvoll 2y = [[w(T) |2y < llwollze@y = lv(T)ll2®) < llvoll 2y

Using the identity uo(z) = v(T, —z) for a.e. & € R and applying Theorem 2.3 to v we
further find for all A > 0 and a.e. € R that
1+s

up(x — h) —up(x) =v(T, —z + h) —v(T,—z) < a(T)h 7=, (B.1)
where a(T) is given by

1-s
||u0||LS(R) q
0”2;(2]11) + 02(5)? =a+ TE (B.2)

and where we have substituted ||ug || 12(r) for [|vo||£2(r) as the two quantities agree. Dividing

2+s
a(T) = C1(s)| K|

each side of (B.1) by R and taking the essential supremum with respect to x € R we
get

_h) —
], = ess sup {uo(x 1)+s uo(x)} <a+ g“’ (B.3)
z€R h™ T3
h>0
and if [ug]s > a then (B.3) can be rewritten as
3 3 1-s 1—s
2¢s 2+s 2+s 2Fs
e q + _ ( 02(52) ) + ||U0||L1R) _ F<[u%] )HUOHLQR), (B.4)
[uols — a 1- Taols (1) 27 ‘ (1) 7

where the first equality replaced ¢ by its explicit expression as given by (B.2). We now
show that this gives for any p € (0,1) the following implication
ool e

) C s 3+2s
o > (”) KR
P [Uo]sﬂs

Indeed, using the explicit expression (B.2) for a we see that the left-hand side of (B.5) is
equivalent to [ug]s > a/p which, as p € (0, 1), implies that [ug]s > @ and so (B.4) holds.
By observing that p — F(p) is strictly increasing on (0,1) and that p > a/[ug]s we see
that the right-hand side of (B.5) then follows from (B.4). With (B.5) established, the
corollary follows: for any p € (0,1) we get such universal constants ¢ and C' by setting

5 3+2s s %
¢ = sup <Cl(<5)> , C = sup F(p) = sup (CQ()> . (B.6)

1-s
2+s

< (B.5)

wllfey, = T<Flp)

s€[0,1] P 5€[0,1] s€[0,1] 1—p

The free parameter p allows us to shrink one of the two constants at the cost of enlarging
the other; in particular, c is at its smallest for p — 1 while C' is at its smallest for
p— 0. ]
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PERIODIC HOLDER WAVES IN A CLASS OF NEGATIVE-ORDER
DISPERSIVE EQUATIONS

FREDRIK HILDRUM AND JUN XUE

ABSTRACT. We prove the existence of highest, cusped, periodic travelling-wave solutions
with exact and optimal a-Ho6lder continuity in a class of fractional negative-order dispersive
equations of the form
u + (ID] " u+n(u))y =0

for every « € (0,1) with homogeneous Fourier multiplier [D|~%. We tackle nonlinearities
n(u) of the type |ulP or uu[P~! for all real p > 1, and show that when n is odd, the waves
also feature antisymmetry and thus contain inverted cusps. Tools involve detailed pointwise
estimates in tandem with analytic global bifurcation, where we resolve the issue with
nonsmooth n by means of regularisation. We believe that both the construction of highest
antisymmetric waves and the regularisation of nonsmooth terms to an analytic bifurcation
setting are new in this context, with direct applicability also to generalised versions of the
Whitham, the Burgers—Poisson, the Burgers—-Hilbert, the Degasperis—Procesi, the reduced
Ostrovsky, and the bidirectional Whitham equations.

1. INTRODUCTION

1.1. Main result. In this paper, we shall be concerned with singular periodic travelling-wave
solutions to a class of nonlinear and dispersive evolution equations of the form

up + (JD]"%u + n(u)), = 0. (1)

This family may be viewed as a kind of generalised fractional Korteweg-de Vries (KdV)
equations of negative-order, where we refer to [3] for a classical description of nonlocal variants
of the KdV equation in the mathematical modelling of long-wave phenomena. The dispersive
properties occur in the homogeneous negative-order (spatial) Fourier multiplier |D|~* for
a € (0,1) defined by

Z(IDI7*u) (&) = |g]7* u($),

with D := —i0,, whereas the nonlinear effects originate from either of the generally nonsmooth
nonlinearities
z|? or 2ab
n(z) = l« » with p > 1 real. (Zat)
z|z|? (25gn)

Our main contributions are to

i) prove the existence of highest, exactly a-Holder continuous periodic steady solutions of
the negative-order dispersive family (1) for all & € (0, 1) on the torus T := R/27Z, and

ii) initiate a study of nonsmooth nonlinearities and antisymmetric features in the large-
amplitude theory for negative-order dispersive evolution equations.

Precisely, we obtain the following result, with corresponding numerical illustrations in Fig. 1.
1



2 FREDRIK HILDRUM AND JUN XUE

Theorem 1 (Existence). Let o € (0,1) and p > 1 be real. Then there exists a nontrivial
periodic travelling-wave solution ¢ of (1) with positive speed ¢ < p%”ﬁ‘*lﬂ ") lerery- The
solution is even (about 2nZ), has zero mean, and satisfies

max p = p(0) = p and ¢ € CYT),

where p = (c/p)"/®=V. It is also smooth (except possibly at the point where it vanishes) and
strictly increasing on (—m,0) and exactly a-Hélder continuous at x € 2nZ, that is,

p—p(x) = |z — 27>
uniformly around 27l for { € Z.

One has that ¢ is smooth around —Tt in case (2aps), while @ is antisymmetric about —75 in
case (24n) and therefore also exactly a-Hélder continuous at mZ with min ¢ = p(—m) = —pu.

Remark 2. A< B is short for AS B S A, where A < B symbolises that A < AB for a
constant A > 0. We say that A(x) < B(z) (etc.) holds uniformly over a region if A does not
depend on x there.

(b) Waves for the nonlinearity (2sgn) with p =e = 2.71.

Figure 1. Numerical approximations of large-amplitude, C“regular periodic
waves for various «’s and nonlinearities (2) in Theorem 1 using the Spec-
TraVVave software [20] for bifurcation in nonlinear dispersive evolution equa-
tions.

1.2. Background. Full-dispersion nonlinear evolution equations such as (1) have seen a
keen interest in the recent years as nonlocal improvements of classical local equations. In
particular, surface-wave models in shallow water of this class with various dispersive operators
approximate the full water-wave equations [9, 10] and capture singular features not found in
their local counterparts. Equation (1) with n(u) = u? may be seen as a dispersive perturbation
of Burgers’ equation and [18] outlines how this case for v = % is perhaps the simplest model
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incorporating the linear behaviour and characteristic nonlinearity of the water-waves problem.
Both [18] (for a = 1) and [7, Theorem 3.1] (for o € (0,1)) prove that solutions of (1) blow
up in finite time for certain initial data. The resulting singularities occur in at least two ways:
wave breaking [19], in which the spatial derivative of a bounded solution of (1) blows up, or
sharp crests in travelling-wave solutions — reminiscent of the highest Stokes’ wave [31] — which
is the subject of this paper. We refer also to [25, 22, 8, 23, 29] for other results concerning

singularities, well-posedness, persistence, and existence time of solutions.

Classical Fourier analysis shows that |D|™® constitutes a singular convolution operator
on R with kernel |- [*~! and describes an eigenfunction of .# when o = % Related to this
case is the recent work by Ehrnstrém & Wahlén [15] on the Whitham equation [33], being a
shallow-water model of type (1) with inhomogeneous dispersion y/tanh(D)/D and n(u) = u?.
Its corresponding symbol behaves as that of the KdV equation for small frequencies and
decays like |¢|72 as |¢| — oo, for which the kernel may be written as |z|~2 plus a regular
term. The existence of a highest, cusped steady solution whose behaviour at the crest is
like 1 — |z|2 modulo constants was conjectured by Whitham [34, p. 479], and the authors
of [15] found this exactly C2 wave on T based on properties of the kernel, precise regularity
estimates, and global bifurcation theory, building on preliminary analysis from [12, 13]. New
work [32] also proves the existence of an extreme C: solitary-wave solution by means of
nonlocal center-manifold theory for the global bifurcation.

Table 1. Exact and global regularity of extreme periodic waves in negative-order
equations with inhomogeneous or homogeneous dispersion. This paper also
treats nonsmooth nonlinearities (2) for any real order p > 1, with applicability
to the other works (that considered smooth n(u) = u?).

NEGATIVE ORDER AND REGULARITY

DISPERSIVE
OPERA- a € (0,1) a=1 a>1
TOR " . : : 3
a-Holder log-Lipschitz Lipschitz
Inhomogeneous:
(tanh(D)/D)* [15, 14, 1, 27] [11, 14] [24]
or (14 [D?)"2
H0m|10)g|€77(ll€0us-' This paper [14] [5]

Inspired by the results for the Whitham equation, there has been a series of papers
concerned with exact and global regularity of extreme periodic waves in similar negative-
order equations with prototypical inhomogeneous or homogeneous dispersion. As shown
in Table 1, one obtains C* waves for « € (0,1), noting that [15] consider (tanh(D)/D)*
for a = 1 and [1] the same dispersion for a € (0,1), and that [27] studies (1 + |D[?)~/2
for @ € (0,1). When «a = 1, the extreme waves turn out to be log-Lipschitz [11, 14] in the
sense that the behaviour at the crests is like 1 — |z log|z||. In [14], they even provide exact
asymptotics by new techniques, with applicability also to a subregime of « € (0,1) including
the Whitham equation. We note that global existence of weak solutions are guaranteed
by [4] in the homogeneous case of &« = 1 known as the Burgers—Hilbert equation. Finally, the
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waves are all Lipschitz [5, 24] when « > 1, and one naturally conjectures that the Lipschitz
angles vanish as « N\ 1. See further [16] for uniqueness and instability of the highest wave
when « = 2, corresponding to the reduced Ostrovsky equation, and also [2] for the existence
of extreme Lipschitz waves for Degasperis—Procesi equation.

1.3. Contributions. As promised and illustrated in Table 1, we complete the regularity
picture for extreme periodic waves in the given negative-order class of dispersive equations.
The regularity analysis emerges from the overall structure of [15] with the following key
differences:

i) Whereas [15, 5, 1] obtain monotonicity properties of the kernels based on a general
characterisation of completely monotone functions or sequences, we establish monotonicity
of the singular kernel

Ko(z) =7 7(|-[7")(x)
on T by computing an explicit integral representation valid for all o > 0, and use the
Poisson summation formula to derive its precise singular behaviour (= |z|*~! as |z| — 0)
from the situation on R.

ii) Since K, has only algebraic but not exponential decay (unlike the kernels in [15, 1, 27]),
extra care must be applied to the finite-difference estimates for |D|~“u when « is
arbitrarily close to 1. In fact, we must exercise order-optimal estimates in order for the
integrals to converge.

ili) We treat a class of nonlinearities, including sign-dependent ones (2y,), in the regularity
estimates, which amongst others requires the use of suitable properties of composition
operators on Holder spaces.

The study of nonsmooth nonlinearities — with both slow (p Z 1) and arbitrary (polynomi-
ally) fast growth in (2) — also poses new challenges since analytic bifurcation theory cannot
be applied directly. We resolve this issue by analytically regularising the nonlinearities and
proving that important features related to wave regularity and speed hold uniformly as the
regularisation vanishes. The approach is strikingly simple (see (35)).

In the special case of smooth n(z) = a? with 2 < p € N, we also compute in Theorem 20
local bifurcation formulas for all p, which may be of independent interest. We are also able
to deduce the overall structure of the bifurcation formulas along the entire local bifurcation
curve when p is odd. As for the case of general sign-dependent nonlinearities (2n), we
establish that the highest waves exhibit antisymmetry and thus also contain an inverted cusp
at the troughs, as illustrated in Fig. 1. This construction appears to be completely new in the
context of large-amplitude singular waves and sheds light on underlying symmetry principles.

With appropriate modifications, these results are also transferable to other nonlocal
dispersive equations. In particular, one may obtain such “doubly-cusped” periodic solutions
(with zero mean) in the full scale of equations in Table 1 with generalised nonlinearities of
type (2). Specifically, consider the evolution equation

ur + (Lou +n(u)), =0, (3)
where L, is any of the dispersive operators
(tanh(D)/D)?, (1+D]*)"2 or D]~

for a € (0,00) and n is as in (2). By readily adapting the regularity estimates in [15, 11, 24,
5, 1, 27, 14] with the estimates for general nonlinearities considered here and applying the
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regularisation procedure in the global bifurcation analysis, we can also deduce the following
analogous result of Theorem 1. Here C = 1 for the inhomogeneous operators (the value at
the origin for their symbol) and C":= [|.Z (|- |*)||L1(p) in the homogeneous case.

Theorem 3. For all a € (0,00) and p > 1, the dispersive equation (3) admits a nontrivial
periodic travelling-wave solution ¢ with speed ¢ < %C, with zero mean in the homogeneous
case and in case (2¢gn). The solution is even (about x € 27Z) and strictly increasing on (—,0),
and satisfies

C(T) if o € (0,1);
max p = p(0) = p and ¢ € < log-Lipschitz(T) if a =1,
Lipschitz(T) if a>1,

where again p = (c/p)"®=V. Moreover, the estimate

Ed if a € (0,1);
p—gr)~ 9 lzloglz|| if a=1;
|| if a>1,

holds uniformly around the extreme point x = 0.

One has that ¢ is smooth around —7t in case (2a1s), while @ is antisymmetric about —g
in case (24n), thereby featuring inverted cusps/peakons at TZ.

A similar statement may be formed for extreme Lipschitz waves in a generalised version
of the Degasperis—Procesi equation with the nonlinearities (2) by combining the analysis here
with that of [2, 27].

1.4. Outline of the analysis. For homogeneous dispersion one has a choice as to what class
of functions |D|™* should act upon in the interpretation of (1). We restrict our attention
to functions with zero mean ([ u(-,z)dz = 0), but note that other alternatives such as
equivalence classes of functions that differ by a constant are possible; see for instance [26] on
homogeneous Sobolev-type spaces.

We set up (1) in steady variables u(t,x) = @(z — ct) with wave speed ¢ > 0, so that,
after integration, (1) takes the form

ID|™%p = N(p;c) + frn(e), (4)

where we have introduced N(g;¢) = cp — n(p), and the mean f.n(p) = 5= [ n(e(y)) dy of
n(yp) is the constant of integration. One may observe that

{ © < pin case (2ups);

N(p)>0 & n'(p)<
(90) n (SO) ¢ |<p‘ < o) in case (zsgn)a

(5)

in which the value

= (c/p)@Y, (6)
being the first positive critical point for N(y), turns out to be the maximum of the highest
wave. As the regularity analysis will reveal, the quadratic nature near ¢ = p, where N” is
strictly negative, causes in partnership with |D|~® the singular behaviour of ¢ at the crest
(and through, in case (24n)).
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With regards to the precise C regularity estimates, we consider as in [15] fine details
of local regularity and first- and second-order differences of both u, |D|™®u, and n(u) in
connection with the Holder seminorm. We first establish global C? regularity for all 4 < «,
then the exact a-Holder estimate at 0, and finally global C® regularity with help of an
interpolation argument. A key property in this setting is that |D|™® is a-smoothing on the
scale of Holder—Zygmund spaces, and that if |D|™%u is (2«)-Holder continuous at a point,
then u is a-Holder continuous at that point for a € (0, %] However, when o > % (remember
that [15] corresponds to o = %), |D|~*u passes index 1 on the Holder-Zygmund scale, and
we must partially work with derivatives as in [11].

When it comes to the bifurcation analysis, we first establish small-amplitude waves by the
local Crandall-Rabinowitz bifurcation theorem [6, Theorems 8.3.1 and 8.4.1]. It is interesting
to note that the regularisation of n lightens the computation of the local bifurcation formulas;
case (2,ps) acts essentially as u? and case (24n) behaves like u?. As for the construction of the
highest waves, we make use of the analytic global bifurcation theory of Buffoni and Toland [6].
One obtains, after ruling out certain possibilities, a global, locally analytic curve s — ¢°(s)
of smooth sinusoidal waves, along which max,c7 ¢(s)(x) approaches a particular value u¢
depending on the wave speed and the regularisation parameter € (see (6) and (36)). Although
we are not able to establish unconditional antisymmetry in case (2, ), we enforce this property
along the global branch by working in a subspace. Coupled with the a priori regularity
estimates for solutions touching u€ from below, it is then possible to extract a subsequence of
(¢(s))s converging to a solution ¢ with both max ¢ = u¢ and the exact, global a-Hélder
continuity. Finally, we show that ¢ converges to a solution of (1) with the same properties

as € \, 0.

The outline of the paper is as follows. In Section 2 we focus on properties and repre-
sentations of [D|™* and K, on T together with the relevant function spaces. In Section 3
we study a priori properties of solutions—especially, what concerns the a-Holder continuity
when max ¢ = p, which is the most technical part. Finally, in Section 4 we first consider the
local bifurcation analysis, and then study what happens at the end of the global bifurcation
curve, supported by the theory in Section 3.

2. PROPERTIES OF |D|™® AND FUNCTIONAL-ANALYTIC SETTING

2.1. Representations of the kernel. On the real line it is well known that the inverse
Fourier transform of the symbol |- |~* for @ € (0,1) equals

FH 7)) (@) = Yalz|* (7)

in the sense of (tempered) distributions, with v;! := 2I'(a) sin (2(1 — )) using the normali-
sation
(70O =76 = [ ey

so that .Z(¢)(z) = 5=F (p)(—x). Here I' is the gamma function, and we observe that

Yo 0 as a0 and v, oo as a /1. We are interested in the action of |D|™® in the
periodic setting, and by the convolution theorem this amounts to understanding the periodic

kernel
Ko(z) = 5= Z\k‘raeikl
k#£0
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for which .

K,=|]7 onZ\{0} and D¢ =K.+ onT.
Here ¢ has zero mean so that $(0) = 0, and the normalisation is again (k) = [ ¢(x) e ** da.
A naive application of the Poisson summation formula yields that

% Z|k|—aoikz «_» ZVO/LT + 2,7_[]€|04—17
kEZ keZ

which, although it is nonsense due to divergence on both sides, nevertheless suggests that the
kernel on T mimics the singularity of the kernel on R. In fact, [30, Theorem 2.17] establishes
the following result with help of a cut-off argument in the Poisson summation formula. We
include a proof of this formula for two reasons. First, it is essential in our work. Second,
the technique may be useful to define the analogues on T of other known kernels on R. The
latter can be used to study other nonlocal weakly dispersive equations.

Proposition 4 ([30, Theorem 2.17]). The periodic convolution kernel may be written as
Ka = 704‘ . |O£_1 + Ka,reg

on (=, ), where K, eq is an even, smooth function. In particular, K, € L*(T).

Proof. Let o be an even, smooth cut-off function that vanishes in a neighbourhood of £ =0

and equals 1 for || > 1, and define F(§) = 0(§)||™ for £ € R. Then F' is the Fourier
transform of an integrable function of the form

f@) = valo*™ + freg(@),
where fieq € C*°(R) and |f(z)| = O(|z|™™) as |z| — oo for all m > 1. Indeed, writing
F=]["+ (=D,
it follows directly from (7) that f = .#~'F has the given form, where we remember that
the inverse Fourier transform of an integrable function of bounded support (in this case

(0 —1)|-|7) is smooth. Since .Z (z™ f(x)) ~ F(™) is integrable for all m > 1, it must be the
case that 2™ f(x) is bounded. In particular, f € L'(R), and the Poisson summation formula

then gives
> flo—2mk) = £ T F(k) e = L k[0 = Ko (x).

kez keZ k40
Since
D fw—2mk) = f(z)+ Y fla—2mk),
kez k#0
this proves the result with K req == freg + 2. f(- — 27k). O
k0

In Fig. 2 we display the integral kernels on both R and T for various values of cv. Whereas
the kernels on R are all nonnegative, those on T become negative away from the positive
singularity at 0, because K, has zero mean. In both cases the profiles are monotone on
either side of the singularity; this is obvious on R, and on T we deduce this by means of
the following integral representation of K, which is valid for all a € (0, 00). Although the
formula is known [28, Section 5.4.3], we include a slick computation of it using the gamma
distribution. We remark that we shall only need the monotonicity of K, in our work, and for
that property one may alternatively use the theory of completely monotone sequences and
the discrete analogue of Bernstein’s theorem; see [5, Theorem 3.6 b)].
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(a) Kernels on R. (b) Kernels on T.

Figure 2. Ilustrating the differences between the singular kernels on R (cut at
x = +£1) and T for various a. (The vertical axes also have different scaling.) We
compute the kernels on T by numerically integrating the formula in Theorem 5.

Proposition 5. For all a € (0,00) the periodic kernel has the integral representation

o0 ga—1(t . o
Ko(2) = 1 / t* Hetcosz — 1) gt
0

1 — 2etcosx + e

for x ¢ 2nZ. In particular, K, is strictly increasing on (—t,0).

Proof. By recognising £~ in the definition of the gamma distribution with shape a and
rate k, whose probability density function is t — k*t*~te™"/T'(a) on (0, 00), we find that

il (o) Ko(z) = T(a) Z k™% cos(kx)

o0

/ t* Lo ™M cos(kx) dt

k=170

[o's) o0
t* ' Re (e’te‘””) dt
k=1
:/Ofa—l Re teiz. dt:/oo 7 (eose = 1)
0 et — el® o 1—2etcosz + e

using the dominated convergence theorem and a trick with geometric series. Leibniz’s integral
rule next yields that

Il
S—

. oo a—1,t 2t_1
K(,I(I):_smx/ t*tet(e ) ar,

nil(a) Jo (1 — 2et cosa + )2

which shows that K, is strictly increasing on (—7r,0). O
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Remark 6. For a =1 in Theorem & one finds the explicit form

Ki(z) = %B log (1 — 2€' cosz + €*) — t}io

= —5-log(2(1 — cosz))
2
= —Lloglz| + O(2?)

as © — 0. Such logarithmic singularities occur for all the kernels in Table 1 when o = 1; see
for instance [11, Lemma 2.3 (iii)] for the kernel in the bidirectional Whitham equation with
inhomogeneous dispersion tanh(D)/D.

2.2. Action of |D|™* on Hélder—Zygmund spaces. As regards the functional-analytic
framework, it is desirable to work with spaces which both capture the precise regularity
of cusps and interact well with Fourier multipliers. These turn out to be the so-called
Holder—Zygmund spaces, which we explain next.

Let C™(T), for m =0,1,..., denote the space of m times continuously differentiable
functions ¢ on T with norm

lellemry = llelloo + 167 oo,

where || - || is the supremum norm on T. Furthermore, define C™"(T) with 8 € (0,1] to be
the class of Holder spaces consisting of all ¢ € C™(T) for which ¢(™ is 8-Holder continuous
with norm

lll cmB(T) = l[llcmer) + “P(m”cﬁ(ma
where w W)
Y(z) — Py
[ a8y = sup —————="+
O lr—yl

is a seminorm. We write C(T) := C°(T) and CP(T) := C™(T) for simplicity, and note that
C™(T) is compactly embedded in C"™?(T) when § > 5. Moreover, the Fourier series of
peCh (T) for 8 > % converges both uniformly to ¢ and absolutely.

While the standard Holder norms provide an accurate description of the modulus of
continuity of a function (and its derivatives), an alternative, frequency-based characterisation
by means of the Littlewood—Paley decomposition is more suitable for Fourier multipliers. To
this end, let 337 0;(¢) = 1 be a partition of unity of smooth functions g; on R supported
on 20 < €] <29t for j > 1 and on |¢| < 2 for j = 0. We then define the Holder—Zygmund
space C{(T) for s € [0,00) to consist of those functions ¢ for which

lellcsery = sup 2| 0;(D) ¢l
720

is finite, where g;(D) is the Fourier multiplier with symbol p;, that is,
0;(D)p(x) = 0;(k) B(k) ™.

keZ
C3(T) = Clbs=ls(T) for s #1,2,...,
in the sense of equivalent norms, whereas there are strict inclusions

C*(T) € C*2(T) € C4(T) for s =1,2,...

One has that
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Since |D|™® is homogeneous, we restrict from now on to the corresponding subspaces
C™(T), C™5(T), and C2(T) of functions with zero mean in the above spaces, with identical
norms. Note that the seminorm |- |es ) is now a norm equivalent to ||-[|¢os(p) by the
zero-mean restriction and compactness of T. We observe in this setting that

D]~ C3(T) — C3F(T)

is a-smoothing for all s € [0, 00) (and therefore also on the Holder-space scale for s # 1,2,...),
because in terms of Fourier multipliers we have, with j > 1, that

o —

Z (0;(D)ID|"%p) = oj| - | % ~ 277%0;® = 277%g;(D)¢.

Finally, the subscript “even” attached to any space on T means the subspace of symmetric
functions about 0 (mod 27m).

Lemma 7. The smoothing property |D|=: C3(T) — C**(T) extends to a local version.
More precisely, if ¢ € C(T) lies in C,,.(U) for an open subset U C T, in the sense that
pp € C3(T) for any compactly supported p € C2(U), then we still have |D|~p € CZ12(U).

*,]loc

Proof. To see this, let p € C°(U) and let n € C°(U) satisty n = 1 in a neighbourhood V € U
of supp p. Then

pIDI™%¢ = pDI™*(ng) + pID|~*((1 = m)¢).
and the first term on the right-hand side is globally C:t® regular. Moreover, since the
integrand in

()DI*((1 = n)e) (x) = /f Ko(z —y)p(x)(1 = n(y))e(y) dy

vanishes for y near z and K, is smooth away from 0, it follows that p|D|=*((1 —n)y) is
smooth. Hence, D¢ € CJ15(U), as claimed. O

*,loc

Finally, we include a monotonicity property of |D|~* which will be useful in establishing
a priori nodal properties of highest waves in Section 3.

Proposition 8 ([15, Lemma 3.6]). |D|™“ is a parity-preserving operator, and |D|=*f > 0 on
(=7, 0) for odd f € C(T) satisfying f = 0 on (—m,0) with f(yo) > 0 for some yo € (—,0).
Proof. Since K, is even, one immediately obtains that |D|™® is parity-preserving from

ID|® f(x) 4 D f(~ / Koz —y) (f(4) = F(~9)) dy

Next consider odd f € C(T) satisfying f(y) > 0 on (=7, 0) with f(yo) > 0 for some yo € (—7t,0).
Then

BRI /K r—y >dy—[ (Kalz — ) — Ka(x + 1)) f(5) dy

for x € (—m,0). When y also lies in (—r,0), it follows that —2n <z +y < 2 — y < 7 and

dist(z — y,0) < min{dist(z + y, 0), dist(z + y, —27) }.
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The latter inequality is a consequence of |x — y| < |z + y|for x,y < Oand |z — y| < x4+ y + 27
for z,y > —m. Since K|, is strictly decreasing as a function of the distance from the origin
to 7 by Theorem 5 and is even and periodic, we therefore obtain that

Kao(z —y) > Koz +y)

for every y € (—m,0) \ {z}. In particular, |D|7®f(z) > 0 for all x € (—m,0) as f is strictly
positive in an interval around y, by continuity. O

3. A PRIORI PROPERTIES OF TRAVELLING-WAVE SOLUTIONS

In this section we establish many a priori bounds and regularity properties of continuous
solutions of (4). Most importantly, we prove exact, global a-Hélder regularity in Theorem 16
for solutions touching the highest point p (see (6)) from below at = 0. This is obtained with
help of a nodal pattern of solutions in Theorem 12. We remind the reader of (5): n'(¢) < ¢
corresponds to solutions which stay away from (+)u, and n'(¢) < ¢ includes the possibility
of also touching (4)u.

Our first result is a uniform upper bound on both the size of solutions and the wave
speed that we will use in Section 4 in compactness arguments.

Lemma 9. For all solutions ¢ € C(T) of (4) satisfying n'(p) < ¢ one has the uniform
estimate

llleo S (1+ )70,

Moreover, if ¢ 2 5| Ka||Li(r), then there are no nontrivial such solutions.

Proof. In case (24n) for n'(¢) < ¢, the bound in L™ is immediate since p ~ /=1, As
regards (2,1s), we need to control the minimum of a nontrivial ¢. Let Zyi, and 2.« be points
where ¢ attains its global minimum ¢,;, and maximum @.x, respectively, where we note
that ¢max > 0 > @min as ¢ has zero mean. From (4) we then find that

c (meax - @min) - (n((pmax) - n(@min)) = |D‘7a<10(xmax) - |D‘7a(fg(xmin) (8)

< HK&”Ll(’]I‘) (meax - Samin)7
which leads to
n(Pmin) < N(Pmax) + (||Ka||L1('J1‘) — ) (Pmax + |Pmin)

S max{n(@maX)a (1 +¢)(Pmax + “pminD}-

In the first situation, n(@min) < 7(Pmax); 50 that |Emin| < @max < g In the second situation,
it suffices to investigate the case @max < |Pmin| (otherwise we freely get |¢omin] < Pmax < 1)
Then

|ominl” = 7(Pmin) S (14 ¢)[Pmin,
implying that |@min| < (14 ¢)¥/ P71,
For the last part, we use in case (2,1s) that for @ > 0 > b one has
a? — |b]P = aPH(a — b) — |b|(a’ " + [B]P7Y) < @’ a - b).
Applied t0 @ = @pax and b = @, we reorder (8) and find that
1(Pmax) — 7(Pmin) <Pl =2
(pmax - gpmin p

c— [ KallLrry <
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which gives ¢ < B2 || Kol 1 (). One may similarly treat case (2ggn). O
Next, we want to establish regularity for solutions which stay away from (£)u. To this
end, we need the inverse function theorem for the Holder scale. We could not find a proof in

the literature and therefore provide a short argument.

Proposition 10 (Inverse function theorem for C™?). Let m > 1 be an integer and 3 € (0, 1],

and assume that a function f is C™ reqular and strictly monotone on a compact inter-
val I C R. Then f~ is C™F regular on f(I).

Proof. We only establish 3-Holder regularity of ¢’, where g := f~!; the rest follows by the
standard inverse function theorem and similar estimates for the higher-order derivatives. To
this end, let x,y € f(I) be different and observe that

1 1
@) g Wl _ @)  fl)
|z —yl? |z —yl?
B

_ 1 (@) — fle@))l ‘g(x) —9()
|f'(g()) f'(9(y))] lg(x) = g(y)|? T —y
o) da - L 9@) = P s

for some 2 between x and y by the mean value theorem. Hence, |¢'|qs < ||¢'[|%°|f/|cs < oo,
where we note that ¢’ is bounded on the compact set f(I) due to its continuity by the
standard inverse function theorem. O

Lemma 11. Let ¢ € C(T) be a solution of (4). Then

i) @ is smooth on any open set where n'(¢) < ¢ and that does not contain the bound-
ary O(p1(0)) of the set ¢=1(0); and

ii) ¢ has at least the same reqularity in the Holder scale around d(¢o~1(0)) as the nonlinear-
ity n around 0.

In particular, if n is smooth, then so is p on any open set where n'(p) < c.

Proof. Note first by translation invariance (]D|™® is a convolution operator) that if ¢ is a
solution of (4), then so is p(- + h) for any h € R. Accordingly, it suffices to consider open
sets U C (—m, ) where n/(¢) < ¢, so that (5) holds uniformly on every compact interval I C U.
By the inverse function theorem (Theorem 10), it follows that N~! exists on ¢(I) and has
the same regularity as n in the Holder scale. As such, we may then invert (4) to get the
pointwise relation

p(r) = G(p,0)(x) = N7 (ID|p(z) — fyn(y)) (9)
for x € I, where G is a nonlinear composition operator, depending implicitly on ¢ via N1

It is clear from the (higher-order) chain rule that an operator f — F o f maps the space
C™(I) into itself provided that F' € CJ".(R). More generally, the same remains true for C™? (1)

loc

for all m € Ny and 8 € (0,1] if F € C["?(R) N CYL(R) by [17, Theorems 2.1, 4.1 and 5.1], and

loc loc
the composition operator is also bounded (maps bounded sets to bounded sets). Therefore,

since o € C(T) — C?,,.(U) and [D|~* is locally C® smoothing by Theorem 7, it follows by

*,loc
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bootstrapping of G(-, ¢) in (9) that ¢ has at least the same C™” Holder regularity as N~!
(that is, as n) on I. In particular, ¢ has the given regularity around 9(¢~1(0)) by applying
this result to a covering {/;}; of compact intervals I; such that (-7, 7) > U, I; > 9(¢~'(0)),
which proves property ii.

Similarly, when U does not contain d(¢'(0)), we know that N~! is smooth on () Z 0,
and so bootstrapping (9) yields that ¢ is smooth on I. As I C U was arbitrary, this establishes
property i. U

We continue by proving a nodal pattern for solutions which stay away from £u. The
result will be crucial in establishing that the global bifurcation branch of solutions in Section 4
is not periodic.

Theorem 12 (Nodal pattern). Let ¢ € Ceven(T) be a nontrivial solution of (4) that is
increasing on (—t,0). If ¢ € CL(T), then

@ >0 and n'(p)<c on (—m0),

and o has the reqularity specified in Theorem 11. Moreover, if o is also C* reqular around 0
and —Tt (in the sense of T), then n'(¢) < ¢ everywhere,

©"(0) <0, and ¢"(—m) >0.

Conversely, if n'(p) < ¢ everywhere, then ¢ features the regularity in Theorem 11, with
@ >0 on (—m0).

Remark 13. We write “in-/decreasing” instead of “nonde-/increasing”, so that constant
functions are both increasing and decreasing, and add the prefix “strictly” for the nontrivial
cases.

Proof. In the first case, ¢’ is odd and satisfies ¢’ > 0 on (—7,0) with ¢'(yo) > 0 for some yo € (—,0),
as  is nonconstant and increasing, so that |D|~%¢’ > 0 on (—m,0) by Theorem 8. We then
differentiate in (4) to find that

N'(¢)¢' =ID|""¢' >0 on (-m,0),
which implies that both N'(¢) = ¢ — n/(¢) and ¢’ are strictly positive on that interval.
If o is also C? around 0, we differentiate (4) twice and use that ¢’(0) = 0 to obtain

N'((0)) "(0) = (IDI™*¢")'(0)

PR JE— l Ja—
1w 4 / Ko y) dy + / Ka(y)9'(@ — y) dy

lyl<r T ly|>r z=0

where we have also isolated the singularity of K, and interchanged limits (which is legitimate
since (|D|™%¢')’ is continuous around 0). Leibniz’s integral rule now gives

7/;( /K y) dy,

lyl<r lyl<r
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and the latter integral vanishes as r N\, 0 because K, is integrable and ¢” is continuous
around 0. By Leibniz’s rule once more, we also find that

%d%/Ka(y)w’(x—y)dy = ———/K '(y) dy

|yl >r o |r—y|>r

— Ku(r)¢/(r) - / K(9)¢'(4) dy.

where we have utilised that K, is even and ¢’ is odd. Observe that K,(r) = |r|*~! and
¢'(r) = O(r) (because ¢” is continuous around 0) as r N\, 0, which means that K, (r)¢'(r)
vanishes in the limit. Since K/, and ¢’ are strictly negative on (O mt) by Theorem 5 and
the assumption, respectively, we further infer that — f K!( y) dy is both negative and
strictly decreasing as r \, 0. As such, we obtain

(¢ = n(£(0))) " (0) = (ID|-"¢/)/(0) = ~21lim / K. (5)¢'(y) dy < 0.
—_——
=N'(¢(0))

Since n'(¢) < ¢ on (—m,m) \ {0} and n'(p) is continuous, it follows that n’(¢(0)) < ¢ also,
and consequently ¢”(0) < 0. By similar calculcations one finds that n'(¢(—m)) < ¢ (for free
in case (2.s)) and ¢”(—m) > 0.

Conversely, suppose that n'(¢) < ¢ everywhere. If in fact n'(¢) < ¢ uniformly, then
Theorem 11 implies that ¢ € él(']l‘), which leads to ¢’ > 0 on (—7,0) by the first case of
Theorem 12. When n/(p) touches ¢, however, we must use a different approach. Note that ¢

is differentiable almost everywhere on (—7t, 0) by Lebesgue’s theorem for increasing functions,
and that we may also use central differences to compute ¢'. To this end, observe that

ID|~*¢(z +h) — [D|"“p(x —h) :[ (Kaly— ) — Ko(y+2)) (e(y+h) —e(y—h)) dy (10)

for x € (—m, 0) and h € (0,7) by periodicity and evenness of K, and ¢. The second factor
in the integrand is nonnegative by assumption, whereas the first factor is strictly positive by
Theorem 5. Consequently, since ¢ is nontrivial, |D|7®¢ and therefore also N (i) are strictly
increasing on (—, 0). Then for all —m < y < x < 0 we find that

0 < N(p(x)) = N(p(y)) = ((x) — @(y)) N'(¢(£)) (11)

for some £ € (y, ) by the mean value and intermediate value theorems, which yields that ¢
is strictly increasing on (—7t, 0). Moreover, (10) and (11) together show that

N(p(x +h)) = N(p(z —h))

N'(¢(x)) ¢'(x) = lim

AN0 2h
.. IDI™%p(x + h) — |D|"%p(x — h)
=l 2h (12)

> / (Kaly — ) — Koy + 7)) ¢ (y) dy,

—T
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where we have applied Fatou’s lemma in the last transition. Focusing on (—7r,0), we know
that both the first factor in the integrand is strictly positive, N'(¢) = ¢ — n’(¢) > 0 (because
¢ is strictly increasing), and ¢’ > 0. Thus ¢’ > 0 on (—,0).

We next start to investigate what happens if solutions touch y, and begin with a one-sided
a-Holder estimate around 0.

Lemma 14. Let ¢ € Coyen(T) be a nontrivial solution of (4) that is increasing in (—,0)
and satisfies n'(¢) < ¢ everywhere. Then uniformly around 0 one has

i— (@) 2l

Proof. Let x € (—m,0) be close to 0 and let £ € (z, %) Monotonicity yields that N'(¢(z)) = N'(¢(€)),
and since ¢’ > 0 on (—7,0) by Theorem 12, we may compute

N'(p(@)) ¢'(§) = N'(¢(£)) #'(€)

> / (Ka(€ —y) — Ka(€+y)) ¢ (y) dy

—T7

using Fatou’s lemma as in (12). By strict positivity of the integrand and the mean value
theorem with ¢ € (£,£ — 2y), this may be continued as

N > [ KLCHu)(-20) ¢ ) dy

> |z H[Hﬂ]K 2(C+y) (p(%) — p(2))

yExZ

2217 (e(5) — e(@)
where we have used that min K/ ({ +y) > K/ (2

/
integrate over (:r7 g) in £ and divide by 50(5

strictly increasing on (—7t,0). This gives
N'(p(x)) 2 ||
uniformly around 0. The stated bound is now a consequence of
N'(p()) = ¢ = n'(p(x)) ~ ' = (p(2)) ™' = p = p(), (13)

where the latter uniform equivalence around 0 follows from continuity of ¢ and the observation
by L’Hoépital’s rule that

T) = |yc|“ 2 as ¥ — 0 by Theorem 4. We then
©(x) on both sides, which is valid since ¢ is

im A = (p— 1) > 0.
O

Lemma 15. The wave speed ¢ is uniformly bounded away from 0 over the class of solu-
tion pairs (p,c) for which ¢ € éeven(T) is nontrivial, increasing in (—m,0), and satisfies
n'(p) < ¢ everywhere, where we in case (2gy,) also assume that ¢(—%) = 0. The estimate
c—n'(p(—m)) 2 1 holds in case (2.ps), tmplying that ¢ is smooth around —m.
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Proof. Let x € [ == [—%”, 711] and consider first case (2.p5). Monotonicity of N and ¢
plus (12) show that

N'(p(=m)) ¢'(x) = N'(p(x)) ¢'(x)

> /I(Ka(x —y) — Koz +y)) ¢ (y) dy

> M. (¢(=7) —¢(=%)),

where we have used that M, = min{Ka(I —y)—Ky(x+y) : z,y € I} > 0 by the extreme
value theorem and the fact that K, is even and strictly increasing on (—7,0) by Theorem 5.
Integrating over I in x then yields

¢ —n'(p(=m)) = N'(p(—=m)) = §Mq > 0 (14)

_I

after cancelling <p( 4) — @(—37“) > 0 on both sides. Suppose to the contrary that there exists
a sequence {(p;,¢;)}; of such solution pairs for which ¢; \, 0. Then n/(¢;(—m)) < ¢; \ 0
as well, contradicting (14). Thus ¢ 2 1 uniformly and n/(¢(—m)) does not touch ¢, so ¢ is
smooth around —7t by Theorem 11.

In case (2,) we consider —% instead of —7t and similarly obtain ¢ = N'(¢(=%)) 2 1. O

Finally we come to the main result in this section, which concerns both the global
regularity of solutions and the exact a-Holder regularity at 0 for solutions that touch u. This
is the most technical part of the paper.

Theorem 16 (Regularity). Let ¢ € Coyen(T) be a nontrivial solution of (4) that is increasing
in (—m,0) and satisfies n'(¢) < ¢, with mazimum p(0) = p. Then

i) @ is strictly increasing on (—,0), smooth except at 0 and possibly the point p~1(0), and
features at least the same regularity in the Hélder scale around ¢=1(0) as n around 0;
it) v € Cgon(T); and

i) ¢ is exactly a-Holder continuous at 0, that is, uniformly around 0 we have
p— () = |2

Proof. Property i and the lower bound in property iii follow directly from Theorems 11, 12
and 14. As a consequence, it remains to establish global a-Holder regularity and the upper
bound in property iii. Note that Holder regularity at a point plus smoothness everywhere
except at that point does not in general imply global Holder regularity—one additionally
needs uniform Holder regularity around the point. In particular, in order to obtain property ii,
it suffices to prove C* regularity in a small interval around 0.

To this end, we first establish C* regularity (around 0) for all § < . Let —r <y <ax <0
with 0 < 7 < 1, and observe from Taylor’s theorem that

N(p(x)) = N(p(y) = (¢(z) — ¢(y) N'(¢(x)) — 3 (p(x) — 0(1)* N"(¢(£))

for some & € (y,x) due to the intermediate value theorem. By (13) we know that

N'(p(x)) =~ p — p(z),
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and —N"(¢(§)) = n"(¢(€)) 2 1 independently of & by choosing r so small that o(—r) >0
and remembering that ¢ is monotone (¢(§) = ¢(—r)). This gives

N(p(@)) = N(()) Z (p(z) = (1)) (1= @(2)) + (o(z) = ¢(y))*

uniformly over —r < y < z < 0, and by evenness of ¢, also uniformly over z,y € (—r,r) with
ly| > |z|. Thus (4) implies both that

IDI™¢(z) — [DI™*¢(y) 2 (p(z) — () (b — ¢(x)) (15)
and

IDI™¢(z) = ID["¢(y) Z (p(z) = ¢(y))* (16)

uniformly over x,y € (—r,r) with |y| > |z|. Since |D|® is locally C{ smoothing by Theorem 7,
we deduce by a bootstrapping argument in (16) that ¢, being a priori only continuous around 0,
is in fact C? regular around 0 for all § < min{%, a}.

Ifa e (% 1)7 however, then |D|™%*¢ will eventually pass index 1 in the Holder scale, and
we must instead work with derivatives. Specifically, take any [ sufficiently close to % from the
previous argument such that now a + 8 > 1 and |D|~%p € C2*#(T) = C»**#~1(T). Then,
since [D|7*¢’(0) = 0, we find from the mean value theorem that

IDI™%¢(x) = [D["*@(y) = [z = y[ DI"*¢'(§) = [DI"*¢(0)]
< le =yl gl (17)

<o =yl ly|*
for some & € (y,x), where —r <y < x < 0, as above. If |z| < |z — y|, then (16), (17), and
the triangle inequality imply that

rx+/i

p() —ely) Sle—yl > (18)

In particular, for x = 0, this gives

ots
p=o(y) Syl (19)
for all y € [—r,0]. Otherwise, if |x —y| < |z|, then (15), (17), and the triangle inequality
yield
(p(2) = o) (1 = ¢(2)) < |z =yl ||~
We next use that p — ¢(z) 2 |z|* by Theorem 14 and get
[z —y
— <
o(x) = oly) S Pk (20)
Interpolating between (19) and (20) with index v € (0,1), and using that |y| < 2|z|, then
subsequently show that
p(r) —ey) _ (@) —e(y) 1
< —
P— P— (n—¢(y))

a+5 (1

< |x|(5 Dy+255(1-7)

is uniformly bounded over —r < y < x < 0 in the case |z — y| < |z| provided the last exponent
is nonnegative, that is, if
a+p

TS9Ya—p
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As such, by choosing the maximal 7, we obtain the estimate
o) = py) S | —y| @O/ CreD
when |z — y| < |z|, so that, together with (18) it is true that
p(2) = ply) S max{le — ¢ 5, fo — y| D/

uniformly over —r < y < x < 0. Since both exponents are strictly increasing in 8 and converge
to a as f 7 a, it follows by bootstrapping that ¢ is C® regular around 0 for all § < a.

We next establish the upper C* estimate at 0 in property iii. In fact, with u(z) = pu — (),
we shall prove that
u(z) < |2)? (21)
uniformly over x € (—r,r) and 8 € [0, «), from which the desired estimate follows by letting
B/ a.. On this route, note from (16) that

(u(@))* < |D|"(0) — D] () = / (Ka(y) — Kalz — ) o(y) dy
= /T(Ka(fv —y) — Ka(y)) u(y)dy (22)

= %/EOyKa(x) u(y) dy’

where &, f(2) = f(x +y) —2f(y) + f(x —y) denotes the second-order central difference
operator. Here we have utilised periodicity of K, in the first transition between the integrals,
and averaging, variable change y — —y, and evenness of u (from ¢) in the last step. Since we
have already established that v € C*(T) for all § € [0, a), it is clear that u|-|~? is bounded
on (—r,r). Thus (22) shows that

sup‘u(m)m’ﬂ‘ < sup |:L"|’2B/T|<>yKa(x)| |y|6 dy

|z|<r |z|<r

after cancelling supy, ., u(x)\x|’5’ once on each side. Now remember that K, = Y| [*™" + Ko req
from Theorem 4. In particular, for the regular part we may Taylor expand around y to see
that

|<>yKa,reg(x)| = 0(552)
uniformly over y € T, because K, ey is even and K ., and K/, are bounded on T. As

;reg a,reg

such, using that |y’ <1 on T independently of 3, we obtain that
o [0y Kases(@) 11" dy = O(a0-) = O(1)
since 8 < 1. For the singular part, one has with y = zs that
|$\_2ﬁ/|<>y|~|“_1(x)| ly|? dy < leo‘_ﬁ/|<>1|-la_l(5)| s|”ds  (note the 1in ¢1).

lyl<m |s|<o0

The right-hand side is O(1) over & € (—r,r) because of & — 5 > 0 and the following observa-
tion: |-|*! is locally integrable, and

O1l - 127 H(s) = |s|*H [(oz —D(a—2)s2+ (9(5_4)]
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as |s| — oo, so that
[0l 4 ()] Is)” S [
for |s| > 1, where @ +  — 3 < —1 uniformly over < « because « € (0, 1) is fixed, thereby

guaranteeing integrability at infinity. Hence, sup, <T|u(m)|x|fﬂ | < 1 uniformly over 8 < a,
which is (21).

It remains to establish C* continuity around 0. Since ¢ is increasing on [—r, 0] and even,
it suffices to show that

A
sup no(T) < 00,
z€[~7,0); h
he(0,]x]

where we have introduced the (scaled) symmetric difference Ay, f(z) == f(z + h) — f(z — h).
To this end, we shall extract App(z) from AL[N(¢)](z) and estimate each side of the relation

AnN(p)l(x) = An[ID["¢] (), (23)

which comes straight from (4). On this path, we let « € [-r,0) and h € (0, |z|], and then
choose a = p(x + h) and b := ¢(x — h) in the Taylor expansion

N(b) = N(a) + N'(a)(b— a) + zN"(()(b — a)*,
with ¢ between a and b, to see that
AR[N(@)l(z) = (N'(¢(x + h)) = 3N"(9(8)) Anp(@)) Anp() (24)
for some & € (z — h,x + h) (satisfying p(€) = () by the intermediate value theorem. Here
N(p() = (p(e) = 1
uniformly over z € [—r,0) and h € (0, |z]]. Now note that
N'((x + 1) = p (p(@) " = p(z+h)")
~ P = ()P R = p(x) < o)

in light of (13) and the exact C* estimate at x = 0. Since ¢(2)?~! — p(x + h)P~ and Ayp(z)
both vanish as h 0, we see that

JSup (N'(p(z + h)) = SN"(2(€)) Angp(x)) 2 |z|*.

Thus (24) yields that

ap 22 < e SN ()E)

(25)
he(a] P’ he)z) B’

for all 8 < a, where we postpone taking the supremum over 2 € [—r, 0) until we have estimates
for Ay[|D|"%¢](z) in (23). With that in mind, we first consider the regular part in |D| %y
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and compute

Ah [Ka,reg * (P] (.Z‘) = /T AhKa,rEg(I - y) @(y) dy

h/QKng( —y) e(y)dy

h/A K reg( ) o(y) dy (note the x in A,)

—.’Eh// K(,::reg y+t:1") dt(ﬁ(y) dy

by the mean value theorem and repeated use of parity and periodicity of K, e and ¢.
Consequently,

| An[Kaeg * ] ()] S lollEa iy lxlh < llollEa 1B,
for any 6 € (0,1) because K., is bounded and [|¢[|o < [l¢]1%s T)||<,0||1 o< ||<p||Cﬁ(T> Hence,

a,reg
Ap, [Ka reg * <p] (x) p

x|™%sup ’ < @lls e - 26

o2 sup M P (26)

Switching to the singular part, one finds by parity and periodicity that

Ap[l- 1t x ) (z) = /Ahl 1M y) Apyely) dy

(27)
0
= h* / Aql- |a71(8) Amg@(hs) ds (note the subscripts).
R —n/h
Since o € CA(T), we have
|Aip )] S el ry min{lz|”, [y7}  for 8 < a, (28)
and furthermore,
[Appp(y)] S max{|z[*, [y[*} (29)

by the already established estimate p — (&) < €| for || < 1. Interpolating between (28)
and (29) with parameter

P E(l 1)7 so that 08 = (1 —0)«,

27

then yields
30| S 6% gy ming 217, Iy} max 2[00, [y]1-0)

o5 (30)
= [l lzyl”.

This estimate, with y = hs, is appropriate for small s in (27), but becomes problematic for
large s when a > 2/3 since
Aq] 127 (s) [ = || o2t
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for |s| > 1 (at scale s ~ h™!), thus failing to be integrable in (27) as h N\, 0. As a remedy,
we use the estimate
1-0
| Aio(hs)] < lpllés oy 217 | Apar o (hs) |
(31)

|27 max [¢/()

‘1—9
[t—hs|<|x|

0
when s ~ h~!, where one observes that the given maximum of ¢/(¢) is uniformly bounded
over h € (0,]z|] and = € [—r,0) since ¢ stays away from the singularity at 0. We then note
that

min{|hs|95, |I‘1—‘9 Iilaltx‘ ||§0/(t)|1_9} 5 max{héﬁ’ |I|1_9} < |x|min{9ﬂ,1—9}
t—hs|<|x

uniformly over s € (—mt/h,0), where we have utilised that i < |z|. In particular, combin-
ing (30) and (31) implies that

Ao (hs)] S Nl gyl 20510

uniformly over s € (—7t/h,0). Now (27) may be estimated as
0
’Ah“ . |a71 " SO] (Z’)‘ S ||@H%a('ﬂ‘)ha|x‘95+min{95,179} /’A1| . |071(8)} ds

S ||SOH%B(T)}LO‘|$“95+min{95,179}’

where the integral converges because Ay - [*71(s) < [s|*72 for |s| > 1 witha — 2 < —1. There-
fore, as h < |z|,

2 1C))

o] sup < o gy i -05.0-010-)
neel P oo (32)
9
uniformly over = € [—r,0) and all § < « sufficiently close to «, since in that case
min{ (20 — 1)3,(1 = 6)(1 = 3)} >0 (uniformly).
We then put (23), (25), (26), and (32) together and find that
App(x) 0

< ) 33
e 5 S el (33)

he(0, =]

uniformly over all § sufficiently close to a. By smoothness away from 0, one has

Ah@(x)
ollesm S max< 1, sup
[ HC (T) { z€[—1,0); h?

he(0,]z]]

for all 8 < «, and so (33) implies that

1-6
A}L(p(‘r)
sup <1
(zé[—'r,()); hﬁ

he(0,]2(]

uniformly over S sufficiently close to «. In particular, letting 5 7 « (for which 6 N\ % stays
away from 1), it follows that ¢ is indeed C* continuous around 0. O
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In case (244n) we could have assumed that ¢(—m) = —p instead of ¢(0) = g in Theorem 16
and then proved exact a-Holder continuity at —7t. We conjecture that both assumptions imply
the other and more generally imply antisymmetry of waves about —% whenever one deals
with antisymmetric nonlinearities. This is also the reason why we assumed that w(,g) =0
in Theorem 15. As a remedy to the lack of proof of the general property, we shall in Section 4

instead construct solutions which are antisymmetric about —7.

4. GLOBAL BIFURCATION ANALYSIS

We first establish nontrivial small-amplitude travelling waves around the line ¢ — (0, ¢)
of trivial solutions by means of local bifurcation theory and then extend the bifurcation curve
globally using the analytic theory of Buffoni and Toland [6]. By carefully examining the
structure of the global curve in connection with the a priori nodal properties in Section 3,
we finally deduce the existence of a limiting sequence along the curve which converges to a
highest wave satisfying Theorem 16. This establishes Theorem 1 when the nonlinearities (2)
are smooth, that is, when they equal n(z) = 2P for 2 < p € N, and in Fig. 3 we provide a
sketch of the analysis.

Figure 3. Illustrating the global bi-
furcation diagram in the smooth
case n(z) =z for 2 < p € N of 27 /k-
periodic even solutions obtained in
Theorem 24 bifurcating from the triv-
ial solution (0,k™“) and reaching a
limiting extreme wave. The dashed
vertical lines mark the bounds for the
wave speed in Theorems 9 and 27,
whereas the solid curve displays the
possible maximal height from (6)
for these waves (plotted for p = 3).
Along the dotted bifurcation curve,

c one may extract a sequence for which
k= FillKallyir) possibilities i) and ii) in Theorem 24
occur simultaneously, converging to a
solution of (4) with the C* properties
of Theorem 16.

max ¢

\ !W/“

In the general nonsmooth situation, however, one cannot use the analytic bifurcation
theory directly. We resolve this issue by regularising n analytically around 0 (where its
regularity is only of order p in the Holder scale) and instead study global bifurcation for the
regularised equation

0= F(p,c) = |D|"p — N(p;¢) — fpn(¢) (34)

of (4) for every 0 < e < 1. This leads to solutions (¢¢,cf) at the end of the bifurcation
curves, with the optimal a-Holder continuity of Section 3, that will be shown to converge
(up to a subsequence) to a solution of (4) with the same Holder properties as € N\, 0. Here
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Ne(p¢) i= e — n(p) and
2 .
(332 + 62)p/ —eP in case (2aps);

_ (35)
x ((x2 + 62)(p vz _ ep‘1> in case (25gn)

nf(x) =

is a natural analytic regularisation with the same monotonicity properties as n and that
converges uniformly to n on compact sets as € \( 0. In particular, the regularity theory in
Section 3 carries over to the new setting by replacing n and N with n° and N¢, noting that
the extreme value corresponding to the first positive critical point for N€ is a continuous
function

= p(p, c,e€) (36)
that converges to p in (6) as € \, 0 by the implicit function theorem.

In the remainder, we focus on the analysis of the nonsmooth situation, leaving the
appropriate modifications (“e = 0”) when n(z) = 2? for 2 < p € N to the reader, but shall
nevertheless provide details for the bifurcation formulas in the smooth case as they may be
of independent interest.

According to the above, we study F* from (34) as an operator X* x R, — X” where
R, == [0, 00) and X% := CZ,_ (T), noting that N(-, ¢) acts on X? in light of [17, Theorem 2.1].
We also let § € (max{a, %}, 1); the choice 8 > % guarantees that the Fourier series of ¢ € X
converges uniformly to ¢, whereas the requirement 3 € (a, 1) avoids the technicalities of the
Hélder-Zygmund space of order 1 and assures that X” contains the sought-after extreme

wave in Theorem 16.

Observe that F° is analytic due to the regularisation and that its linearisation around
the line of trivial solutions equals

0,F¢(0,¢) = |D|™* — cid.
Hence, for ¢ > 0 the kernel of 0,F(0, c) is trivial unless ¢ = k= for some integer k > 1, being

a simple eigenvalue of |D|™®, in which case

ker 0,F(0, k™) = span{cos(k-)}
k=1
is one-dimensional. Furthermore, |D|™® is a compact operator X? — X? since it is a-
smoothing and X7 is compactly embedded in X7 for 3’ > 3. Thus 0,F(0,c¢) is a compact
perturbation of the identity and therefore constitutes a Fredholm operator of index zero.
We may therefore apply the (analytic) Crandall-Rabinowitz theorem [6, Theorems 8.3.1
and 8.4.1] and obtain the following local bifurcation result.

Theorem 17 (Local bifurcation). For all € > 0 and k > 1 there exists a local, analytic curve
et 5 = (90(5),ci(s)) € X7 x Ry,
defined around s = 0, of nontrivial 27t/ k-periodic solutions of (34) that bifurcates from the

line of trivial solutions ¢ + (0,c) at &, ,(0) = (0,k7). In a neighbourhood of (0, k™) these
are all the nontrivial solutions of F<(¢,c) =0 in X? x R,.

Since we have an analytic curve in X? x R, we may compute the associated asymptotic
formulas for €f,.,(s) as s — 0 by means of direct expansions in the regularised steady
equation (34). Alternatively, one could use the more general theory in [21, Section 1.6].
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Theorem 18 (Bifurcation formulas). &, can be parametrised in such a way that s — c;(s)
s even, and with this choice the bifurcation formulas are as follows as s — 0:
o (s)(x) = scoskx + 5% Cf s cos 2kx + O(s%);

In case (2abs): { €(s) = k™ 4+ §220°¢ O(s");
c(s) = + 5720, s + O(s7);

@5 (s)(x) = scoskx + s* Cf gn €08 3k + O(s%);
in case (24n): )
&(s) =k + s %(p —1)er3 + O(sh),
Lep—2 Ly — 1)eP3

S L —; Cf = o — (—1) .

k= — (2k)« & k= — (3k)—=
Remark 19. It suffices to study the case k =1 of 2m-periodic solutions in the bifurcation
analysis, since F<(p, c) = 0 is invariant under the scaling

@ kP Dok, ¢ k%, € kP Ve,

with C, s

Thus we focus on €, = &, 1, ¢ = @i, and ¢ = c| from now on.

Proof. As in the proof of [15, Theorem 6.1], we parametrise € = with the requirement
[o*(3)]s = s, where

[€]m = }T/@(x) cos(mx) du, m=12,...
T

are the coefficients in the cosine expansion ¢ = Y > [¢]m cos(m-). Since (¢(- + ), ) also
constitutes a solution pair whenever (¢, ¢) is, and

[ () + M1 = =l ()] = =5 = [¢" (=91,
it follows by uniqueness that ¢°(s)(- + 1) = ¢°(—s) and ¢*(s) = ¢°(—s), proving the symmetry.
Switching to the bifurcation formulas, we analytically expand ¢°(s) and ¢*(s) into
€ _ o0 4 € _ e 20
©(s) = o, P8 and (s) = Zz:o G § (37)

and observe that the coefficients may be found by plugging the expansions into (34) and
identifying terms of equal order in s by uniqueness. Note that the Taylor expansion

né(a) = { speP~22? + O () in case (2aps);

t(p—1)er323 + O(2°)  in case (24n)

(38)

holds in an e-dependent interval around x = 0, which simplifies the analysis for all sufficiently
small s. With L := |D|™® — ¢y id, this gives the following in case (2.ms):
s: Ly = 0;
s Lps = =302 (01 — fr91);
57 Lips = o1 — pe’ (o102 — Fr01002).

The first-order case yields that ¢; = cos and ¢y = 1 (more generally, ¢o = k%), whence
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Since 2 cos z cos 2z = cos x + cos 3z, it follows that

o= %fiezp:;) and p3(z) = = é;iE;((:Q)?)_a) cos 3.
As for case (240 ), we find that
st Ly =0,
s%: Ly = 0,

and 5°: Lps = op1 — 50— D (¢ — fr¢1),
leading to ¢; = cos and ¢y = 1. Moreover, @o = 0 by choice of parametrisation ([e.]; =0
for £ > 2). Finally,

slp—1e?
1—-3=«
with help of the identity 4 cos® x = 3 cosz + cos 3z. O

G=3(p-1)" and w3(z) = cos 3z

We also include asymptotic formulas in the smooth case n(x) = a? for any 2 < p € N
(with no regularisation). Formulas with arbitrary order in p seem to be new, and the result
adapts easily to other dispersive operators as well.

Theorem 20 (Bifurcation formulas for smooth n). Consider smooth n(z) = x? for2 <p € N.
Then the bifurcation formulas for fo;?k with the parametrisation that s — ¢=°(s) is even are
as follows as s — 0:

©=0(s)(z) = scoskx + sPPy(x) + O(s*71),
where &, € {@zve“, @zdd} depending on whether p > 2 is even or odd, with corresponding speed
cfo(s) =k + SQP’QC,Z’V‘?“ + (’)(82”)

or 0(s) =k 4 st C,de + O(s72).
Here
even . L1 even . 21 _ _
G =Tty O =g (Gt 2 (05 60) ).
p—3
@de = Z]‘io Dy, and C,Z’dd = m,%l(é),
s
with Cy,; = / and Dy, j(x) = Cpjcos((p — 2j)kz).

o= (= 20k

Proof. The cases p = 2, 3 are similar to those in the proof of Theorem 18, and we only examine
k =1 by Theorem 19. Thus let L := |D|™® — ¢5id and consider first even p > 4:

s: Loy =0; . -
T Ly =300 @upo1-2i;

21
p: L = .2_ . . —_ P p.
832 L(pg = Gp1; S Spp i=1 §2z(pp—22 ¥1 + fT 1

The first-order case yields that ¢y = cos and ¢y = 1, and we successively find that

SP
5% Ly = 0;

pr=--=@,1 =0 and G=---=¢_9=0. (39)
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This leads to
oy =—L7 (¢} = frl) = 27"
by means of the even power-reduction formula

cos? & — £ cos? = prs= Z] ) < )cos (p—2j5)x).

Taking the prior results into account, we next examine higher-order coefficients for even p > 4
with help of successive cancellations of terms that vanish:

P Loy = o0 = op1 =0, ¢=0;
P72 Ly =0 = prz = 0;
$2P—3. L(}92p73 = Gop_21 = Pop—3 = 0, Sop—2 = 0;
572 Lpo,—2 =0 = Pap—2 =0;

- -1 -1
STV Ly, 1 =Sy 001 — PPY 0+ (08 0,).

From the last equation it follows that

Sopo = the coefficient of (p, =) cos in p (SDIf qur (et ‘Pp)) =y
with help of the odd power-reduction formula cos? z = 279 Z () cos((g—2j)x)forg=p—1
and the product-to-sum identity for cosine.
Switching to odd p > 5, we similarly obtain that ¢; = cos and ¢5 = 1 and that (39) is

true. Moreover, from

" L, =6 — A+ frh

—~—
=0 for odd p
we finally deduce that
5,1 = the coefficient of cos in ¢f = Ccodd

and

P = L7 5191 — 1) = P,
again by the odd power-reduction formula. O

For odd p we can improve upon Theorem 20 and obtain the overall structure of the
bifurcation formulas near the line of trivial solutions. This shows that ¢<=0(s) is antisymmetric
about —Z, and agrees with the general conjecture set forth in Section 3.

Pr0p051t10n 21 (Local antisymmetry). Consider n(x) = 2P for odd p > 3 and the choice
of parametrisation in Theorem 20. Then the analytic structure (37) of the local bifurcation
formulas equals

©0(s) = Z Oip_1)p1 8D and - Z Gip—1) & ®V
J=0 J=

=0
on €50, where all the pjp_1)+1 functions lie in W = spanf{cos(k-)}. Hence pjp-1)11 and
thus also ¢=" are antisymmetric about —%. odd k>1
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Remark 22. Theorem 21 also hold in case (2sgn) of (35) with € > 0, provided s is sufficiently
small. In this case the representations become

¢(s) = Z;io paj1 87T and “(s) = Zjio S5 8%,

as indicated by Theorem 18.

Proof. We use strong induction, where the base case is given by Theorem 20. Let ¢ . =p — 1
and suppose the result is true for {Oq, ..., jq} for some j > 0. Now consider case (j + 1)q.
As in the proof of Theorems 18 and 20, we insert (37) into (4), identify terms of equal order
in s, and simplify by means of successive cancellations, with L = |D|™® — ¢ id:

s Lgjen =0 = Pz =0
S Lojrs = Sjgrar = Pigrs =0, Ggrz =0
sUTVI Lpging1 = SGng201 = PGine-1 =0, SGng-2=0;
sV Login, =0 = Pi+e =05
. j+1
ST+, Lo i1)g = ZZL SigP(j—i4)g+1 — A,

where

. -1
A= {@)‘P({@jqﬂ + (’2))903 <90q+19”<j—1>q+1 + Poqt1P(2)gr T 90L£Jq+190[;’wq+1>

+ot (7) cp?"’“sdm}
follows by expanding (¢“=°(s))?. Then we obtain
S(j+1)q = coefficient of (¢ =) cos in A and Plit1)gt1 = L (Zf:ll SigP(—it1)at1 — A)) .

By the induction hypothesis we know that ¢5 ., € W for all 0 < ; < j. Moreover, each term
in A is the product of an odd number of (some of) the terms 5, ,, with repetitions allowed.
This establishes the result by noting that W is algebraically closed under an odd number of
multiplications, which can be deduced from the identity
4 cosucosvcosw = cos(u + v+ w) + cos(—u + v + w) + cos(u — v + w) + cos(u + v — w)
= odd = odd = odd = odd

whenever u, v, and w are odd. General products reduce iteratively to triple products. O

Although Theorem 21 is promising, it is not clear to us how one can prove antisymmetry
everywhere along €5 _ and its upcoming global extension. Thus we instead redefine X in
case (24gn) as the subspace

{go € CP_(T) : ¢ is antisymmetric about —73, that is, (- +m) = —cp},

for which correspondingly ker 0,F(0, k~*) = W and Theorems 17 and 18 hold for odd k.
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We proceed to analyse the global structure of an extension of € . in Theorem 17. To
this end, let
S = {(p,c) €U : F(p,c) =0}
be the set of admissible solution pairs, where
U = {(p,c) € X xRy : (n)(p) < ¢}

is an open set whose boundary contains any solution pair of (34) with the desirable regularity
features in Theorem 16. We first note the following property of S°.

Lemma 23. Bounded, closed subsets of S¢ are compact in X7 x R.

Proof. Tt follows from Theorem 11 and its proof, that the operator G in (9)—adapted with
N¢ replacing the nonsmooth N—sends (¢, ¢) to ¢ on §¢ and boundedly maps S¢ into C™ for
any m > 1. Since X7 is compactly embedded in X? for 8’ > 3, we find that

G maps bounded subsets of S¢ into relatively compact subsets of X7.

In particular, if {(¢;,¢;)}; is a sequence in a bounded subset B C S¢, then a subsequence of
{;}; converges in X”  which together with the Bolzano—Weierstrass theorem imply that a
subsequence of {(y;,¢;)}; converges in the X? x R -topology. Thus if B also is closed, it is
compact. [l

By means of Theorem 23 and the fact that ¢“(s) is not identically constant due to
Theorem 18, we may appeal to [6, Theorem 9.1.1] and obtain a global extension of € . Note
that we do not distinguish between a curve and its image.

Theorem 24 (Global bifurcation). €. extends to a global continuous curve €: R, — S¢
of solution pairs €(s) = (¢(s), c*(s)), and either

i) é]i_}r(r)10||€f(s)||xaxR+ =00, i) dist(€,0U ) =0, or i) € is periodic.

€
loc*

We shall prove that possibility iii) does not happen and that possibilities i) and ii) occur
simultaneously, from which it will follow that one finds a highest, a-Holder continuous wave
as a limit along €*.

In order to eliminate the possibility that €€ is periodic, we make use of a conic refinement
of the global bifurcation theorem [6, Theorem 9.1.1]. Specifically, let

K= {tp € X% . ¢ is increasing on (—, O)}

be a closed cone in X# and observe that €<(s) € K x R, for sufficiently small s. Indeed, cosine
is strictly increasing on (—7r,0) and strict monotonicity is stable under C'-perturbations on
a compact set (here, T). Therefore, since p°(s) = scos+O(s?) from Theorems 17 and 18
is smooth on T by Theorem 11 (adapted to (34) with n¢), it holds that ¢°(s) € I\ {0} for
small s = o(¢). In fact, this is true globally.

Proposition 25. ¢(s) € K\ {0} forall s > 0 and 0 < e < 1. In particular, € never returns
(for finite s) to the line of trivial solutions, thereby ruling out possibility i) in Theorem 24.

Proof. According to [6, Theorem 9.2.2], it suffices to show that each (¢¢, ¢°) on €° which also
belongs to (K \ {0}) x R, lies in the interior of (K \ {0}) x R, in the topology of §¢. To
this end, observe by Theorems 11 and 12 that such ¢ with speed ¢¢ is smooth and satisfies
(¢°) > 0 on (—m,0), with (¢)”(0) < 0 and (¢°)”"(—m) > 0. Now let (¢,d) € S¢ be another
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solution (not necessarily on €¢) lying within d-distance to (¢, ¢¢) in X x R,. Then ¢ and
d are nonzero, and ¢ is also smooth (Theorem 11). Moreover, (N)~! is smooth—also as
a function of the wave speed. Hence, it follows from [17, Theorems 2.2, 4.2 and 5.2] and
iteration of the smoothing effect of |D|~* that G in (9) (with N€ replacing N) is a continuous
map S¢ — §§ N A™ for any integer m > 1, where S is the functional component of S¢. As
such,
16— ¢ llezgry = I1G(6,d) — Gl ) lngey < 7(6)

when ||(¢,d) — (¢, ¢)||xsxr, < J. Thus for sufficiently small 6, one deduces that ¢ is strictly
increasing on (—,0), so that ¢ € I\ {0}. O

Remark 26. Proofs of similar results (for instance [15, Theorem 6.7], [5, Proposition 5.9],
and [2, Theorem 4.6]) as Theorem 25 seem to disregard that G depends on the wave speed.
But G(p,d) does not necessarily equal p when d # ¢ and (p,c) € 8¢, and it is key to work
with open 0-balls around solution pairs (p,c) € 8¢ and not only around solutions .

Theorem 15 (adapted to (34) with n€) and Theorem 25 immediately imply the following
result.

Corollary 27. The wave speed ¢¢(s) is uniformly bounded away from 0 along €€ and 0 < ¢ < 1.

In the remainder, we let {(45,¢5)}; = {(¥°(s;),c(s;))}; denote a generic sequence
along €° with s; — oo as j — 00.

Proposition 28. Any sequence {(5,¢5)}; with {cj}; bounded has a subsequence converging
to a solution of (34) in X° x R,.

Proof. Note from Theorem 9 (adapted to (34) with n¢) that {5}, is bounded in X°. Since
K, is integrable and translation in L*'(T) is uniformly continuous, it follows from

[ID|7 ¢ (x) — D¢ ()| < [ Kalz —-) = Kaly — ) |lLrer sup; 165 |0

that {|D|~%¢5}; is (uniformly) equicontinuous on T. Moreover,
IDI™¢5(x) = D[7¢5(y) = N(g5(2)) = N(¢5(y))

= (¢5(x) = 25 (1) (N)'(#5(&)))
for some &; between x,y € T, which since (N¢)'(#5({;)) > 0, implies equicontinuity of {5},
strictly away from 0 (and —7 in case (24n)). Patched together with (16) around 0, we
infer that {@j} ; 1s equicontinuous on all of T. Thus a subsequence converges in X 0 by the
Arzela—Ascoli theorem. Continuity of |D|~* and n¢ on X° together with the existence of a
convergent subsequence of {c5}; (by the Bolzano-Weierstrass theorem), then show that a
subsequence of {(§,c5)}; converges to a solution of (34) in X x R, O

Proposition 29. Possibilities i) and i) in Theorem 24 occur simultaneously.

Proof. In light of Theorem 25, we know that either possibility i) or possibility ii) takes place,
and that ¢¢(s) is nontrivial and increasing on (—7,0) for s > 0 by Theorem 25. If possibility i)
occurs, then either ||¢°(s)||xs — 00 or ¢“(s) — oo as s — oo. Since the wave speed cannot
blow up due to Theorem 9 (adapted to (34)) and ¢°(s) being nontrivial, it must be that
[lo€(s)|lx# explodes. But then

c“(s) = () (¢ (s)(x)) —= 0

S$—00
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at z =0 (and at © = —m in case (24n)) by Theorem 11 adapted to (34), demonstrating that
possibility ii) holds.

Conversely, suppose that possibility ii) but not possibility i) occurs. Then there exists

a sequence {(¢§,c5)}; along €, with ¢ increasing on (—7,0), satisfying (n°)'(¢5) < ¢
everywhere and

€ (n€) (oS iv.th €

5 — (n9)(¢5(0)) ﬁ—oo> 0, equiv.that 15 — ¢5(0) ﬁ—oo> 0,
while {¢}; remains bounded in X7, where u;- = pu(p, c§, €) as in (36). By compactness we
may extract a convergent subsequence in X*" for 3 € («, ), which yields a contradiction
to Theorem 14 (adapted to (34)) with respect to the one-sided a-Holder rate at 0. Hence,
possibility i) is true. O

In order to conclude the proof of Theorem 1, let {(5, c5)}; be any sequence along € for
fixed 0 < e < 1. By Theorem 9 (adapted to (34)) we know that {c{}, is bounded, and so Theo-
rem 28 shows that {(¢5, ¢§)}; converges, up to a subsequence, to a solution (¢, ¢) € X% x R
of (34) with ¢ # 0 increasing on (—, 0) by Theorem 25 and ¢¢ # 0 due to Theorem 27. Tt
is then clear from Theorem 29 that (n€)'(¢(0)) = ¢° or equivalently, that ¢(0) = p€ by (36).

Now let € \, 0. Theorems 9 and 15 (adapted to (34)) imply that {c‘}. converges, up to a
subsequence, to some ¢ # 0, from which we also find that {¢}. is bounded in X°. As in the
proof of Theorem 28, there exists a uniformly convergent subsequence (not relabeled) with
limit ¢ € X0 by the Arzela—Ascoli theorem. Since also n¢ — n uniformly (locally in R) by
its construction (35), we infer that

nf(¢) — n(p) in X°.

Coupled with continuity of |[D|™* on X°, it follows that {(p, c)}. converges, up to a
subsequence, to a solution (¢,c) € X° x R, of the original equation (4), with n’(¢) < ¢ and
¢ being increasing on (-7, 0), and with ¢ also being antisymmetric about —7 in case (254, ).
Observe finally that ¢ is nontrivial, because

:1. € :1. 6:
p(0) = lim o*(0) = lim i = 1. # 0,

where g is as in (6). This then finishes the proof in light of Theorem 16.

5. CONCLUSION

In this paper, we have established the existence of large-amplitude periodic travelling-wave
solutions with exact and optimal a-Holder regularity in a class of evolution equations with
negative-order homogeneous dispersion of order —a« for all « € (0,1). Techniques include
elaborate local estimates for nonlocal operators and global bifurcation analysis. A main
novelty is the inclusion of generally nonsmooth, power-type nonlinearities in the considered
class of equations, which we analyse using a regularisation process. We also obtain that
antisymmetric nonlinearities lead to the first existence result of “doubly-cusped” extreme
waves with antisymmetry.

These results open up for new investigations. One may, for instance, consider inhomo-
geneous nonlinearities and also study associated symmetry principles for the existence of
large-amplitude waves. Another line of research may seek to establish the convexity of the
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highest waves and its connection to the order of the dispersive operator and the growth and
regularity of the nonlinearity.
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