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Chapter 1

An overview and the thesis
structure

This work focuses on the stability, and some well-posedness results, for
a variety of partial differential equations.
We begin by studying the Hunter—Saxton equation, in the form

1 T o0
U+ g = </ uz(y,t) dy —/ uz(y, t) dy) -

This problem fits well into the realm of other non-linear hyperbolic PDEs
such as conservation laws, the KDV equation, and the Camassa-Holm
equation. A formal yet simple description of the Hunter—Saxton equa-
tion is that it is the (inviscid) Burgers’ equation® with the addition of
a non-local source term. The equation is of interest due to the na-
ture of its solutions, whose behaviour is related, but also compellingly
different to those of Burgers’ equation. Its solutions may experience
wave breaking in finite time, however rather than the development of
shock singularities, i.e. spatial discontinuities, continuity is retained
for all time. Multiple different closely related solution concepts emerge
which pose interesting problems. A solution of Burgers’ equation and
the Hunter—Saxton equation can be seen in Figure 1.1.

We are interested in the study of the stability for different notions of
solution. More specifically, we aim at the construction of a metric which
renders the flow of solutions Lipschitz continuous with respect to initial
data.

A detailed background and an introduction to the Hunter—Saxton
equation is given in Chapter 2. Section 2.1 provides a brief overview

!(Inviscid) Burgers’ Equation: u; + <“72) =0.

x

3
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Figure 1.1: On the left: A solution to Burgers’ equation. On the right: A so-
lution to the Hunter—Saxton equation. Each curve is the solution at a different
point in time. Both use the same initial data, given by the grey dashed line.

and history of the equation. In Section 2.2, the original derivation by
Hunter and Saxton is detailed, as well as some of the key properties
of the equation in an explanation of how one obtains classical solutions
via characteristics. This is then expanded upon in Section 2.3 in a
presentation of the framework used for general solutions of the equation.
The origin of the scheme, its application, and the results of the first two
articles [27, 28] are then shown in Sections 2.4 and 2.5. Finally, the
results are contextualised in Section 2.6 by outlining two metrics that
were previously constructed.

Our attention then shifts to the problem of the well-posedness in the
coupling of a variety of different partial differential equations, often of
hyperbolic type. The presented article [14], an extended version of the
one to be published [12], was written during a research stay abroad at the
University of Brescia, hosted by the co-author Rinaldo M. Colombo, and
with meetings with the other co-author Mauro Garavello. Said works
main results are built for the wider realm of problems in complete met-
ric spaces, who lose the usual vector space structure in Banach spaces,
but retain a well defined notion of distance. Results were constructed
specifically with the future extension and application to problems in the
field of epidemiological models in mind. We require that the constituent
problems in the coupling have suitable stability results, and we inherit
stability for the generated solution flow for the coupled problem.

An introduction and a detailing of the ideas can be found in Chapter



3, in addition to an overview of the results of the third article [14].
Further, an alternative approach to one of the models in said article is
presented, which was removed due to space constraints.






Chapter 2

The Hunter—Saxton
equation

2.1 A brief history

Hunter and Saxton first introduced the Hunter—Saxton equation
1y
(up + utiy)y = 5 Uz (2.1.1)

in their seminal paper [33]. The equation was derived by considering
“unidirectional non-linear asymptotic waves” of the non-linear varia-
tional wave equation, a PDE that serves as a model for nematic liquid
crystals. Early on this paper established a variety of important results
and properties that make the model of particular interest to study. The
local existence of classical solutions was established, constructed via the
method of characteristics, and it was identified that said solutions may
break down in finite time, generating singularities where the derivative
of the solutions diverges to —oco. The behaviour of these singularities,
and their development, are denoted “wave breaking”.

It was quickly noted that one cannot expect uniqueness of solutions
unless additional constraints are imposed. Solutions remain continuous
in space before and after wave breaking, notably different to the wave-
breaking behaviour of Burgers’ equation in which shocks emerge. Corre-
spondingly, the concept of entropy conditions from the realm of conser-
vation laws, see [4, 32], is unsuitable. Instead, different solution concepts
emerge based on how one treats the energy, given by E(t) = |[u2(-, )|
for a solution u, at wave-breaking times. Energy that was initially
spread over regions, less formally sets of positive measure, concentrates
into singular points, i.e. sets of measure zero. The two most studied so-
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lution concepts are conservative and dissipative solutions, in which this
concentrated energy is retained or fully discarded respectively.

It was also noted that solutions satisfy an infinite number of con-
servation laws. Finally, a wide class of solutions was identified that can
be constructed explicitly, called multi-peakons, consisting of a series of
piecewise affine curves connected continuously. That such solutions can
be constructed is a tremendous boon to the study of the Hunter—Saxton
equation, providing a wide class of examples, and serving as powerful
tools for numerical methods. It was further noted that the uniqueness of
solutions of the Cauchy problem requires additional constraints, which
can immediately be shown via multi-peakon examples.

It is important to note that the initially derived form (2.1.1) is
throughout this paper often referred to as the differentiated form of
the Hunter—Saxton equation. We consider the integrated form, intro-
duced in Section 2.2. Different notions of solution, usually with some
incompatibilities, are dependent on the form and interpretation used.

Early on, the notions of dissipative and conservative solutions were
defined via the limits of sequences of multi-peakons, in which said multi-
peakons retained or disregarded concentrated energy at wave breaking.
With these definitions in mind, existence of solutions was demonstrated
on the positive half plane if the initial data has compactly supported
derivatives with bounded variation [34]. Simultaneously, dissipative so-
lutions for simple initial data on the positive half plane were constructed
via a process of vanishing viscosity [35].

Zhang and Zheng then used the theory of Young measures to estab-
lish global existence and uniqueness of solutions on the half-line for the
wider class of compactly supported initial data [46, 47, 48]. The notion
of solution they used was no longer defined by the limit of multi-peakons,
and instead used the distributional form of the Hunter—Saxton equation.
In the dissipative case they used an Oleinik type entropy condition.

Later, Bressan and Constantin focused on the dissipative case, using
the method of characteristics to establish the existence of solutions for
initial data without the assumption of compact support [7]. Further-
more, they defined a Kantorovich-Rubinstein type distance establishing
Lipschitz stability of dissipative solutions with respect to time and initial
data.

Temporarily shifting focus, the Hunter-Saxton equation is closely
related to the Camassa-Holm equation, for which similar techniques are
employed in the analysis. Thus, often tools are developed for one equa-
tion and then applied or adapted to the other. A direct connection
between the two equations is seen in the fact that the extended Hunter—
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Saxton equation [1] is the high frequency limit of the Camassa-Holm
equation, see [19].

In [6, 31], generalised characteristics were employed for the Camassa-
Holm equation, and global existence of conservative solutions was es-
tablished. In this method, the authors transform the equation into an
equivalent semi-linear ordinary differential equation system, denoted the
Lagrangian system and whose variables are denoted Lagrangian vari-
ables. Equivalently, the original equation variables are referred to as the
Eulerian variables. They furthermore introduced an additional Radon
measure variable p that forms a part of the solution, corresponding to
the current energy in the system. This additional variable allows for the
separation of data in which energy is concentrated on a set of measure
zero, as said energy inhabits the singular part of y. They showed the
ODE system can be solved, and the respective solution can be trans-
formed back to form the solution of the Camassa-Holm equation. This
method has proven to be adaptable and extremely useful when tackling
problems.

Subsequently the method was applied to the Hunter—Saxton equation
to demonstrate the existence of conservative solutions for non compactly-
supported initial data in [8]. The Lagrangian ODE system in this case
has the benefit of being linear. Note also that characteristics for the
Camassa—Holm equation may exchange energy upon contact. This is
not a feature for the Hunter—Saxton equation, and thus often schemes
require a less technical approach for this equation. Additionally, a metric
inspired by methods in Riemannian geometry was constructed in the
Lagrangian setting, and used to define a metric in the FEulerian setting.

The behaviour of these generalised characteristics for the Hunter—
Saxton equation differs greatly from those for Burgers’ equation and
other scalar conservation laws in two notable respects. Rather than
characteristics colliding at wave-breaking times, they focus, as depicted
in Figure 2.1. Furthermore, for Burgers’ equation individual character-
istics may experience multiple collisions, while for Hunter—Saxton they
can focus at most once.

Uniqueness of dissipative solutions was then established by Dafer-
mos [18] for initial data defined on the real line, via generalised character-
istics, by demonstrating that the emanating characteristics are unique.
See also [11, 17], in which it is demonstrated that the notion of dissi-
pative solution used is indeed the weak solution with maximal energy
loss at wave-breaking. Uniqueness in the conservative case presented a
particular challenge in comparison to the dissipative case, as the ODEs
for the characteristics may not have unique solutions. Uniqueness was
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Figure 2.1: On the left: Characteristics for a solution to Burgers’ equation. On
the right: Characteristics for a solution to the Hunter—Saxton equation. Notice
how the characteristics on the right collide, while those on the left focus. Also
note that the vertical time axes are different.

established by Grunert and Holden [22], by demonstrating that any so-
lution is equivalent to the one given by construction via the Lagrangian
ODE system.

In [38], Nordli establishes via the Lagrangian system existence of con-
servative solutions for the two component Hunter—Saxton system. The
system consists of the Hunter—Saxton equation coupled with an addi-
tional conservation law. He also constructs a metric via the Lagrangian
variables establishing a Lipschitz continuous dependence on initial data.

Extending the notion of conservative and dissipative solutions, one
introduces the concept of a-dissipative solutions, in which an « pro-
portion of energy is lost after energy concentrates. While such an idea
was remarked upon in earlier works, such solutions were concretely in-
troduced for the two component Camassa-Holm system in [23]. In said
work, existence of solutions was established using the Lagrangian sys-
tem. The ideas were then used to construct a-dissipative solutions to
the Hunter—Saxton equation in [25]. In said work, it was assumed that
wave-breaking does not occur in the initial data, and what was con-
structed was a time-dependent Lipschitz metric. It is from this work
that we continue.

The goal of the first two articles [27, 28] presented in this thesis is
to establish a metric rendering «-dissipative solutions to the Hunter—
Saxton equation Lipschitz continuous. In comparison to the previously
discussed metric, we will allow wave breaking at time zero and said
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metric will not be dependent on the time variable. We will split into
cases, establishing 3 different metrics. In the first, we consider if « is
constant. In such a case one can take advantage of the property that
the energy lost at wave breaking time is known from the initial data. In
the remaining two cases, we wish to construct metrics in which we can
compare solutions dependent on different . In the second case, « is
assumed to be a constant, and in the final a function. Each subsequent
scenario will require a more technical approach. We leave the details
and complications in the works to Section 2.5.

A wide variety of other results and analyses of the Hunter—Saxton
equation have been conducted. Numerical methods are still an area
of active development. Convergence of some finite difference upwind
schemes on the positive half plane for dissipative solutions was estab-
lished in [29]. The ideas were generalised to a discontinuous Galerkin
method in [45]. More recently [26], a numerical scheme was developed
and shown to converge to conservative solutions on the whole half plane.
This made use of piecewise linear interpolation and the ability to explic-
itly construct the multi-peakon solutions.

In [44] a generalised Hunter-Saxton system is studied. Local ex-
istence of solutions with periodic boundary conditions, and global ex-
istence of weak solutions is established via a modified characteristics
approach.

A stochastic version of the Hunter—Saxton equation was studied
in [30], in which existence results for the stochastic analogue of dissipa-
tive and conservative solutions are shown by a method of characteristics
approach.

2.2 Derivation and classical solutions

We begin with a brief overview of the derivation used by Hunter and
Saxton [33] to obtain the Hunter—Saxton equation,

wp + utt, = % (/x uZ(y,t) dy — /oo uZ(y,t) dy) . (HS)

—00 T

In [43] Saxton derived a simplified model for nematic liquid crystals!
in which the orientation field effects are emphasised in comparison to the
velocity field. In the general case, this is referred to as the Non-Linear

'Nematic liquid crystals are liquid crystals whose director field n is invariant
under the transformation n — —n.
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Variational Wave Equation, and is given by

bt — c(9)(c(@)Pz)a = O, (NLVW)

which is dependent on some given positive function ¢: R — R .

Hunter and Saxton looked for weak solutions consisting of small per-
turbations to constant solutions by unidirectional waves over a large
time scale. That is, solutions of the form

¢e(w,t) = ¢o + €1 (0,7) + O(€%), (2.2.1)
with ¢g some real number, and
T =¢€t, and 0 = x — cot,

where ¢y = ¢(¢o).

Substitution of (2.2.1) into (NLVW), equating coefficients of €2, and
the transformation of variables u = ¢{(¢o), x = 6 and ¢t = 7 leads to the
differentiated form of (HS),

(e -+ ) = S (DHS)

Thus the space variable x in the Hunter—Saxton equation represents the
position in a frame of reference moving with constant speed equal to the
unperturbed wave speed, and t is a slow time variable.

There are, of course, other forms of the Hunter—Saxton equation.
For instance, it could take the form

1 T
up + uly = 2/ ui(y,t) dy,

—0Q

but in this work the symmetric form (HS) is preferred.

To begin finding solutions to (HS), a natural technique to use is the
method of characteristics, applied early on in the seminal paper [33].
The following exploration takes inspiration from [7]. Assume formally
that we have a smooth classical solution u € C?(R x R*) to (HS) with
ug (-, t) € L*(R) for all t € R*. Define the characteristics y of particles
£ eR by

yi(&t) = u(y(€1),1),  y(£0)=¢, (2.2.2)

and velocity along the path of a particle by

U(§7 t) = U(y(f, t)? t)'
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From (DHS), we have

(e + ) (56, 1),6) = — 502 ({6 1), 1),

or, after rearranging,

%(ux(y(§7t)v t)) = _luz (y(fa t)? t)‘

For each £ € R this defines an ODE for the function z(t) = u,(y(&,t), 1)
with initial data, from (2.2.2), 2(0) = ugz(§). The solution of this ODE
is given by

2u0,2(§)

0= e (2.2.3)

We can make an important conclusion from this. If the initial data

satisfies ug z(§) > 0, then this can be solved for all time. Otherwise,
there is a blow up in the derivative at time

2
uo,z(§)
Thus, classical solutions to (HS) are only guaranteed to exist on the

time interval [0, T), with 7 = inf{7(¢) | £ € R,up(§) < 0}.
Consider ¢ € [0,7). One finds, differentiating (2.2.2) w.r.t. &,

0 2u0.2(§)

s t) = x 7t 7t 7t =—"— 7t )

e (&) = ua(y(€, 1), )ye (&, 1) 2+tug@(£)ys(€ )
which, for each £ € R, defines an ODE for y¢(§,t), with initial data
y¢(&,0) = 1. This ODE has as its solution

() = -

&) = (14 a(©)

and hence, on the interval [0, 7), ye is positive for all £ € R. Thus, for
each time t € [0,7), y is a differentiable homeomorphism on the real
line.

Note also that classical solutions have a conservation of energy equa-
tion,

1
(u?c)t = 2ugUgt = 2y <_UU$m o 2u§> - _(ngz)x

Introduce now the cumulative energy function V', given by

(&)
V({,t):/y tui(w,t)dx.

—0o0
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Differentiating V' with respect to time, we see

y(&:t)
V(6.0 = U6 00,0+ [ (@uet)ds

e
— U(E, 2 (y(E. 1), 1) + / (w2, (e, 1) de

—00

= U(& tyuz(y(&, 1), 1) — U(E, )ui(y(€, 1), 1)
=0,

hence V' is constant.
Further note that, via (HS),

AU (€, 1) = 4(ur + uug)(y(€, 1), 1)

=V(&t) — / ul(z,t)dx
y(&;t)

— 2V, ) — /Rug(m,t) dz
=2V (£, t) — Vao(?),

where we have introduced the notation Vi (t) = lime_oo V(&, ).
And thus we see that one can solve the characteristic ODE’s to obtain

YED =E+u( + S OVED V) B, (22.40)

U(E1) = wof€) + 3 (2V(E1) Vel D)1, (2.2.4D)
13

V(e t) = /_ W2 () de. (2.2.4¢)

The solution of the Hunter-Saxton equation can then be obtained in this
case on the interval [0,7), as y is invertible, a consequence of it being
a differentiable homeomorphism. More specifically, the solution is given
by

u(z,t) =U(E,t), for all £ € R s.t. z = y(&, 1),

for each xz € R.

This method breaks down at time 7. At this point, the derivative u,
diverges to —oo, and energy that was initially spread over a set of positive
measure concentrates. Multiple solution concepts emerge, dependent on
how one treats this energy.
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2.3 General Solutions to the Hunter—Saxton
equation
As we have seen, global existence of classical solutions cannot be guar-

anteed for a wide class of initial data. Thus the solution concept is
expanded to that of weak, distributional solutions.

Definition 2.3.1. A continuous function u : R x RT — R, absolutely
continuous in space at each time, with ¢+ u, (-, t) € L>®(R*; L?(R)), is
called an admissible weak solution to the Cauchy problem of (HS), with
initial data ug € C(R) satisfying uo, € L*(R), if

1
/ / wp(x,t) + iuzgpx(m, t)
R+ JR
1 T o0
+1 < / uz(y,t) dy — / u(y:1) dy) p(x, 1) do dt

—0o0 T

_ —/uo(;r)go(m,O)dx.
R

for any test function ¢ € C®°(R x R*), and u(0, z) = ug(z) pointwise in
R.

However, it was seen early on in [7, 33| that such solutions are not
unique, as demonstrated in the following example.

Example 2.3.2. Consider as initial data

1, <0,
w(r)=q¢1-—2z, 0<x<l1,
0, 1<z
Setting
1— 3¢, <t — 12
v(z,t) = _g(;t:g;m, t— étQ <x<l1l+ %t2,
1 142
Zt’ 1 + gt < Z,
one finds that both
v(x,t), t#2,
ui(x,t) = 1( ) 7 (2.3.1)
2 t= 25

and

v(z,t), t<2,
ug(z,t) = {1 (2.3.2)
2 t 2 27
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Figure 2.2: On the left: w;(x,t) at different times ¢. On the right: us(z,t) at
different times t¢.

are solutions in the sense of Definition 2.3.1. Notice that both u; and
uy experience wave breaking at time ¢ = 2. See Figure 2.2 for plots of
u1 and uo at different times.

Example 2.3.2 exemplifies two important classes of weak-solutions
that are studied for the Hunter—Saxton equation.

Consider the energy E;(t) = [ ufx(:c, t)dz for i = 1,2. We see that
for the first solution w1, Ey(t) = 1 for almost all time. That is to say,
after wave-breaking at time ¢ = 2, the solution conserves its energy. On
the other hand, for the second solution ug, Ea(t) = 0 for ¢t > 2, and the
maximal amount of energy is dissipated at wave breaking. Thus, we refer
to these solutions as conservative and dissipative solutions respectively.

Consider also the following example demonstrating a further type of
solution.

Example 2.3.3. Consider the initial data ug = 0. Then u(-,t) = 0 for
all t € RT is a solution, as is

—it, oz <-4t
uy(z,t) = ¢ 2 —stP<a <t t>0. (2.3.3)
%t, %tQ <z
In fact, for any 5 > 0,
—1Bt, x < —ipt?,
up(z,t) = { 22, — Bt <z < LBt2, >0, (2.3.4)

t
iBt, Bt <au,
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Figure 2.3: On the left: u;(z,t) from (2.3.3) at different times ¢. On the right:
uy(z,t) from (2.3.4) at different times ¢.

is a solution. See Figure 2.3 for a plot of u; and u1.
2

In this example we see multiple solutions exist corresponding to
different amounts of energy concentrated on sets of measure zero ini-
tially. The constant 0 solution is a dissipative solution, while simultane-
ously they are all conservative solutions. Thus, to obtain further well-
posedness results, Definition 2.3.1 must be refined into multiple concepts
to distinguish the solutions introduced above.

The concept of a solution is augmented with an additional measure
i, corresponding to the current energy in the system at a given time.
We begin by introducing the function spaces in which solutions will lie.

By H'(R) we refer to the usual Sobolev space of weakly differentiable
functions in L?(R) with derivatives in L?(R). Define the Banach spaces
and their associated norms

. 1 .
Hi:=H'R) xR, |[(f.a)llgi = (IfIF: +1af®)z, i=1.2

with the notation |z| for the normal Euclidean norm for x € R™. Define
two functions x~ and x* in C*°(R) satisfying

X () +xT(x) =1, and 0 < x" <1, for all z € R, (2.3.5a)
whose supports satisfy

supp(x~) C (—o0,1), and supp(x™) C (—1, c0). (2.3.5b)
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Figure 2.4: Plot of functions x* and x~ satisfying the requirements.

Consequently, these two functions have compactly supported derivatives
with support in [—1,1]. See Figure 2.4 for a plot of some possible func-
tions. Further, they converge to 1 on opposite ends of the real line.
Using these, we define the two linear mappings,
Ri:Hi—E, (f,a)— f+a-x", (2.3.6a)
Ry:Hy— E,  (f,a,b)—= f+a-xT+b-x", (2.3.6b)

with the Banach space E, and its associated norm, given by

E={feL*R)|f e L’®)}, |fle=flloc+Ifll2- (237)

Ry and Ry are continuous mappings. Indeed as

IR ((f,a)lle = If +a-x Tl + If +a X2,

then, via the Sobolev embedding theorem A.1.1, || fllcc < ||f|l a1 (w), and
we get

IR1((f, @)l < (2 +max{ X" [loos 102 T l2}) (ILf | 211y + lal)
< ClI(f; a)llmis

for a constant C' > 0, where in the final step we have used the Cauchy-
Schwarz inequality.

Further, these mappings are injective. Indeed, consider (f;, a;, b;) €
Hy, with ¢ = 1,2. Set g; = Ro((fi,ai, b)) = fi +a; - xt +b;-x, for
1 =1,2. Then, if g1 = g9,

fi(@) + a1 xT (@) + b1 X7 (2) = falz) + a2 X (2) + b2 X7 (2),

and, as HY(R) C Cy(R), see [21], taking the limits at +oo and —oo con-
firms (a1, b1) = (ag,b2). It is then immediate that f; = fa2, as required.

Using these functions we define the Banach subspaces of E, and their
associated norms,

Ei=Ri(H;), |fle =R (Nllm, i=12
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Note that these spaces are independent of the choice of functions x—, x*
satisfying the assumptions above.

We also introduce the space Hy = L?(R) x R, and define the set Ej,
given by

1
Eo={f+a-x"|(f,a) € Ho}, |If+a-xF|m =I5+ a)z.
This is well defined, i.e. each element in Ej is uniquely identified by a

pair (f,a) € Hy. Indeed, suppose f = fi + a1 - xT = fa +az - xT, with
f; € L*(R), and a; € R, i = 1,2. Then, for z > 1, xT(x) = 1, and hence

fi(@) = fo(z) = a2 — a1

Then, as f1 — fo € L?((1,00)), ag = a1. Thus fi = f, as required.

The spaces E; are essentially elements of E' with well defined left and
right asymptotes. They are a necessary choice to obtain uniqueness of
conservative solutions, see [22].

With these things in place, we introduce the solution space we con-
sider.

Definition 2.3.4 (The solution space Dgg). The space Dyg contains
all pairs (u, u) € F3 x MT(R), satisfying

p((=00,-)) € Ey, and dpige = u> dz.

Everything is in place to introduce the solution concept we make use
of.

Definition 2.3.5. A mapping (u, ) : RT — Dpyg is a solution of (HS)
with initial data (ug, o) € Dgg if

o (u(t),u(t)) € Dyg for each time ¢t € RT;
o ue CO2(R x [0,T);R), for all T € R¥;

o (u,pu) satisfy

/R+/R[U(Pt($,t) + %qﬂ%(a;,t)

v % (/; dp(t) /;O du(t)> <p(:c,t)] de dt

. / uo(w)p(,0) da
R
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for any test function p € C°(R x RT), and

| [@ruoanaunaz - [ owoduo),  (238)
R+ JR R
for any non-negative test function ¢ € C°(R x RT;R™);

e (u(0), u(0)) = (uo, po)-

A solution is conservative if g € Cpears(RT; MFT(R)), pu(t) = u2 dz
for almost every time ¢ € RT, and equation (2.3.8) is satisfied as an
equality.

A solution is dissipative if

1(t) = pac(t)”, and p(s) = u(t), ass |t

for all times t € R*, with u~ given by
u(s) S (), s st

a-dissipative solutions

We concern ourselves with a broader set of classes of solutions, called
a-dissipative solutions. These are solutions for which a proportion of
the concentrated energy at wave breaking times is lost, given by some
a. Here a could be a constant in [0, 1], or it could be a function lying
in the set

A=W (R; [0,1)) U {1}.

Definition 2.3.6. Let a € A. A mapping (u,u) : Rt — Dgg is an
a-dissipative solution if it is a solution in the sense of Definition 2.3.5,
and

p(t) = pac(t)” + (1= @)ps(t) ™, and p(s) = p(t), as s |t

for all times t € R*, with u~ given by

p(s) = p=(t), asstt.

In the following space the pairs (u, 1) are supplemented with a dummy
variable, the energy measure v, that is not part of the actual solution
to the Hunter—Saxton equation. While the p corresponds to the current
energy in the system, v corresponds to the original energy at time zero
carried forwards in time. The space will be of use in the method of con-
struction of solutions below. In particular, it enables the constructed
method to be a semi-group.
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Definition 2.3.7. Let o € A. The set D contains all Y = (u, u,v) €
Dys x MT(R) such that

1. p<vand pe < Vge;

2. v((—o00,-)) € Ep;

3. p((=00,-)) € Ep;

4. If a = 1, then v4e = pu = u2 du;

5. If a € WH(R; [0,1)), then % (z) > 0, and %22 (z) = 1 if u,(2) <
0 for any = € R.

The set D is defined as

D={Y"=(Y,a) |a €AY €D} = | J(D* x {a}).
acA

When comparing different a-dissipative solutions to the Hunter—
Saxton equation in our metric we need to include the « in our coor-
dinates. Furthermore, for each pair (u, ) € Dgg and « € A there is an
equivalence class of possible v such that the triple ((u, u,v), ) € D. For
this reason, we introduce the following;:

Definition 2.3.8 (The set of equivalence classes in D). The sets Df
and Dy are given by

Dy ={Z = (u,p) € Dys | p=ulde if a =1}
and
Dy = {Z% = ((u,p1),) € Dys x A | p=uZdz if a =1}.

For each Z¢ = ((u, ), @) € Dy, we define the set of v such that accept-
able Eulerian coordinates are formed,

V(Z%) = {v € M (®) | ((u, p.v),0) € D}.

Finally, we also define the set D& u of elements whose energy is
bounded by M > 0 and the change in « is bounded by L > 0, i.e.

Diy =1{2% € Do | W(R) < M, and [|o/|| < L}.
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Solutions via a Generalised Method of Characteristics

As seen in Section 2.2, in the setting of smooth solutions the solution
of (HS) can be constructed via the method of characteristics by solving
a linear system of ODEs in Lagrangian coordinates. The existence of a
solution is only guaranteed up to the first time at which wave breaking
occurs. Further, this construction assumed no wave breaking at time
zZero.

The goal of this section is to outline how these ideas have been ex-
tended to obtain solutions for all time.

A generalised method of characteristics was applied in [31] to the
Camassa-Holm equation, see also [23], and is an extension upon the
ideas above. It can be employed to construct global solutions to (HS)
which can experience wave breaking initially. See [25] for its use for
a-dissipative solutions of the Hunter—Saxton equation.

Before introducing the ODE system that underlines this method, we
introduce the quantity

0, Yo,£(§) = Upe(§) =0,
7(6) = { —2EE, Uoel€) <0, EER, (239
00, otherwise,

which is the wave breaking time for the characteristic associated to par-
ticle £&. The derivation of this quantity can be done via similar calcula-
tions used to obtain (2.2.3), with now undetermined initial data for the
characteristic y.

Corresponding to the (u,u,v), the equivalent ODE system in La-
grangian coordinates for solutions to (HS) is given by

y(&,t) =U(& 1), (2.3.10a)
U6, ) = %V({,t) - iVoo(t), (2.3.10b)
Hy(€,) =0, (2.3.10¢)

with

¢
V(1) =/ Veom(I—a(y(n, 7(m)Lrerpo<rry<ey(m) dn. (2.3.10d)

—o
We consider the following sets for our setting in Lagrangian coordi-
nates.

Definition 2.3.9 (The space of Lagrangian coordinates, F). Let a € A.
The space F© consists of all X = (y, U, H, V') such that (y—id, U, H,V) €
EQXEQXE1XE1 and
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1. y—id, U, H and V are in W1>(R);
2. ye, He > 0, and 0 < ¢ < y¢ + H¢ a.e. for some constant ¢ > 0;
3. y§V§ = Ug;

4. If @ = 1, then y¢(§) = 0 implies V¢(§) > 0, and y¢(£) > 0 implies
Ve(§) = He(§) ae;

5. If a € WH(R; [0, 1)), then there exists a function x : R — (0, 1]
such that V(&) = k(y(&))He(§) ae., with x(y(§)) =1 for £ € R
s.t. Ug(g) < 0.

The set F is given by

F={X"=(X,0)|acA,XeF*}=|J(F*x{a})
aEAN

Further, for constants M, L > 0, representing respectively an energy
bound and a bound for the change in dissipation over space, define,

Fly = {X" € F | |[Voo < M, /|l oc < L} (2.3.11)

Finally, we introduce the sets F§ and Fgy, whose importance will be
described later, given by

o ={XeF*|y+H=id},

and
Fo={X“eFly+H=id}.

Note. As usual with a Lagrangian coordinate representation, the val-
ues y(§,t) and U(,t) denote the positions and velocity of each particle
& € R. The variables H and V' correspond to the p and v in Eulerian
coordinates respectively. The H is the cumulative energy conserved for-
wards in time, and the V is the true current energy, with dissipation at
wave breaking times.

The following result was established in [25, Lemma 2.3] via a fixed
point iteration method.

Lemma 2.3.10. Let o € A and Xg € F*. There exists a unique so-
lution X € C(RT;F?), satisfying X (0) = Xo, to the Cauchy problem
for (2.3.10).
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Definition 2.3.11. Denote by S : Ry x F — F the solution operator
that maps a given time ¢ and initial data X§ € F to the a-dissipative
solution S; X§ = X(t) of (2.3.10) at time ¢.

As seen in Example 2.3.3, when transforming for Eulerian to La-
grangian variables one cannot assume that yo(§) = £, as wave breaking
may occur at time zero. Mappings developed for the Camassa-Holm
equation, see [23, 31], are used to transform between the two instead.
These were first employed for the Hunter-Saxton equation in [38] for
conservative solutions.

Definition 2.3.12 (Transforming from Eulerian to Lagrangian coordi-
nates). The mapping L : D — Fy, used to transform from Eulerian to

Lagrangian coordinates, is given by L(Y%) = X% with X = (y,U, H,V)
given by

y(&) =sup{z e R |z + v ((—o0,2)) < &}, (2.3.12a)
U(¢) = u(y(§)), (2.3.12b)
H(&) =& —y(6), (2.3.12¢)
and . ;
Ve = [ Hemoutman. (2.3.12d)

Definition 2.3.13 (Transforming from Lagrangian to Eulerian coordi-
nates). The mapping M : F — D, used to transform from Lagrangian
to Eulerian coordinates, is defined as M(X®) = Y, with Y = (u, s, v)
given by

u(x) =U(E), forall £ € R such that x = y(¢), (2.3.13a)
b=y (Ve €), (2.3.13b)
v =yu(He dE). (2.3.13¢)

Here we have used the push forward measure for a Radon measure p €
M(R), p-measurable function f : R — R, and Borel measurable set A,
given by

Fa()(A) = p(f7H(A)).

That L and M are well defined mappings follows from [39], whose
proof is for the two component Hunter-Saxton system, and is inspired
by those for the Camassa-Holm equation, see [23, 31].

An important consequence of switching from Eulerian to Lagrangian
coordinates is the introduction of a redundancy; there are four La-
grangian coordinates to three Eulerian coordinates. The mapping L
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is non-surjective with respect to the co-domain F, and multiple La-
grangian coordinates represent the same Fulerian coordinates. These
coordinates are related via an equivalence relation, defined using what
are known as relabelling functions.

Definition 2.3.14 (Relabelling functions). Let G be the set containing
all homeomorphisms f : R — R satisfying

f—ide Whe(R), f'-ide W'(R), fc—1¢€ L*[R).
Define the action o : F x G — F, called “relabelling X* € F by a
function f € G”, by

(XY )= XY f=(yof,Uo f,Vof Hof)a).
Proposition 2.3.15. Suppose f € G and

1 = idllwneemy + 151 = idllwregey < ¢ (2.3.14)

. . . . . 1
for a constant ¢ > 0. Then [ is strictly increasing, and in fact - <
fe <1+ c almost everywhere.

Proof. See [31, Lemma 3.2]. By Rademacher’s theorem, the set of points
for which the derivative of a Lipschitz function g does not exist, denoted
Bg, has measure zero. Thus By and B;-1 both have full measure.

Consider ¢ € f_l(Bf—l) NBy¢. Then f~1 is differentiable at f(¢) and
f is differentiable at £. We have

FTHEED) = U] < (e +DIFE) — F(©)]

for any £, &' € R, by assumption (2.3.14). So,

!/ !/

— — 1

PP (G R {4 e () S S
g—g ¢ goe fTHAE) = F7HfE©) — (e+ 1)

Furthermore, Lipschitz continuous bijections map measure zero sets to

measure zero sets, and hence f’l(Bf_1) N By is of full measure, thus

this inequality is true almost everywhere, as required.

For the remaining inequality, we use f¢(§) < ||fe—1|loo+1 < c+1. O

Lemma 2.3.16. The set G is a group, the mapping o is a well-defined
group action, and the relation

XG4 ~ X3P if there exists f € G such that XG4 = X3P o f

defines an equivalence relation on the set F.
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Proof. See [31, Proposition 3.4]. G is a subgroup of the group of all
homeomorphisms. Indeed, consider f,g € G, then

[feg—id[<|fog—gl+l|g—id <[f —idllec +[lg —id[[cc < o0,

and hence, f o g —id € WH(R), inheriting the Lipschitz continuity
from the composition. Via similar logic (f o g)~ —id € WL®(R), as
it is bounded and Lipschitz continuous via the composition of Lipschitz
functions. Furthermore, by Rademacher’s theorem the sets By and B,
where the classical derivatives of f and g respectively exist are of full
measure. Hence, as g is Lipschitz continuous and strictly increasing, the
set

{¢ € R | g is differentiable at &, f is differentiable at g(&)}

is of full measure. In other words, (f o g)¢(&) = fe 0 9(§)ge(§) almost
everywhere. Further,

/ ((fog)e —1)2de <2 / ((feog—1)%g2 + (g¢ — 1)) de
R R

< 2[| fe — 131lgell o + 2lge — 113 < o0

(2.3.15)

and hence (fog)¢—1 € L*(R), and via similar calculations (fog)g1 —-1le
L?(R), as required.

We next show that o is well-defined. Let f € G. One has, via the
triangle inequality, and that f is a homeomorphism,

lyo f—id] <y —id[lec + [If — id[lec < 00,
and
lyo f(§2) =& — (yo f(&1) — &)
<|(y —id) o f(&2) — (y —id) o f(&1)| + |f(&2) — & — (f(&1) — &)

< lye = Uloolf(§2) = (&) + 1 fe = 1loolé2 — &1
< (lye = Uloo (1 fe = Uloo + 1) + [1fe — Lloo) 162 — &1

and hence yo f —id € W1*°(R). Similarly Uof, Ho f, Vo f € WL>®(R).
We have

(o fe(Vofle=(yeof)(Veo /)fé = Ueo f)fE = (Uo [,

almost everywhere, via once again Rademacher’s theorem and the fact
that f is a Lipschitz bijection. It can be shown, via a similar argument
to (2.3.15) that (yo f)e—1,(Uo f)e, (Ho f)e, (Vo f)e € L*(R). Further,

/R(U of— UooX+ - U—ooX7)2 d¢
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—1 00
:/ (Uof—U_oo)Qd§+/ (Uo f—Us)®dé
1

—00

1
+/ (U of— UooX+ - Ufooxi)2 d¢
~1

1) |
_ _ 2
_/Oo R e f1d§+/ (U = U )7f£of_1d§

1
+/ (U of— UooX+ - U—ooX_)2 dg.
-1

The first two integrals here are finite as T f.ngoo < oo from Proposi-
tion 2.3.15, combined with the fact U € E». The final integral is finite
as the integrand is bounded. Hence U o f € F3. A similar argument
demonstrates that yo f —id € Ey, and Ho f,V o f € Fj.

Properties 2, 4 and 5 of Definition 2.3.9 are an immediate conse-
quence of the fact that f is a Lipschitz continuous bijection, and via the
chain rule.

For the equivalence relation, reflexivity and symmetry follow from
taking the inverse of the relabelling function for each case. Suppose
XA =X3Pof, XgP =X og, for f,geG. Then go f € G from the
group properties, and

X = XgPo f = Xe ogo f
hence XG4 ~ X£¢. Thus transitivity is satisfied. O

Thus we have equivalence classes on F defined by the equivalence
relation ~, and for each class we identify a representative by the element
in Fo, which, after a careful observation, is exactly the element of F
Eulerian coordinates are mapped to via L.

Given X € F, notice that y+H —id € WH*(R), and (y+H)e—1 €
L?(R), directly from Definition 2.3.9. Furthermore, as there exists ¢ > 0
such that 0 < ¢ < (y+ H)¢, y + H is a homeomorphism. Finally,

-1 _
W) = T ieo(y+ E)

1 1
<=
c

and hence (y + H)™! —id € WH*°(R). These calculations thus demon-
strate that y + H € G.
We thus define the mapping II : F — Fy via

IX“=X% (y+ H)™ !

which maps an element of an equivalence class to its representative.
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The following two well established results are crucial. First, the
validity of the relabelling relationship.

Lemma 2.3.17. The output of the mapping M is independent of the
relabelling. That is, for any X* € F and f € G,

M(X%o f) = M(X®).

Proof. Original proved for the Camassa-Holm equation in [31, Theorem
3.11], and for the Hunter-Saxton equation in [39, Proposition 2.1.10].
O

In particular, it can be shown that L and M are bijective mappings
between D and Fy, via an extension of the proof of [31, Theorem 3.12].
Second, we have equivariance of the solution operator.

Lemma 2.3.18. The solution operator is equivariant under the rela-
belling operation. That is, for X* € F and f € G,

Si(X%o f) = S (XY) o f.

Proof. Original proved for the Camassa-Holm equation in [31, Theorem
3.7], and for the Hunter—Saxton equation in [25, Proposition 3.7]. O

Which tells us that the equivalence classes of initial data each corre-
spond uniquely to a respective Eulerian evolution.
Finally, we can define the mapping 7 : Rt x D — D by

T,Y® = (Mo S;o L)Y,

which inherits the semigroup property from the mapping S;. To each
initial data Y* = (Y,a) € D, T; associates an a-dissipative solution
satisfying Definition 2.3.6, see [25, Theorem 3.14]. Henceforth, when
speaking about an a-dissipative solution in Eulerian coordinates, we are
referring to the solution given by this mapping.

It is for these solutions we wish to construct a metric which is Lips-
chitz continuous with respect to initial data, a challenge we move on to
next.

2.4 The scheme - Metrics via generalised
characteristics

We now begin by describing the ideas behind the construction of metrics
via a generalised method of characteristics.



2.4. The scheme - Metrics via generalised characteristics 29

The aim is to begin by constructing some metric dr : F? — Rt
rendering flows generated by the ODE system (2.3.10) locally Lipschitz
continuous with respect to initial data. That is, it satisfies an inequality
of the form

dr(SiIX3, S, XE) < L(dr (X5, Xg7), (2.4.1)

for some function L(t) : RT — RT, preferably of the form L(t) = e,
with A some constant. Using the transformation mappings L and M,
given by Definitions 2.3.12 and 2.3.13 respectively, we use dr to de-
fine a distance rendering solutions constructed via the method Lipschitz
continuous in Eulerian coordinates.

However, things are not so simple. Consider a solution Y*(t) € D.

After transforming, X§ = L(Y%(0)) and X{* = L(Y*(1)), both X§ and
X{* are in Fy. However, in general

S1X¢ # TS X8 = X©.

Consider a second solution Y%(t) € D, with X§ = L(Y%(0)). One has,
in general,

dr(L(Y*(1)), L(Y*(1))) = dr(I1S X§', 1S, X§)
4 dr(S1X8, S1X§)
< L()dr(X§, X§)
= L(1)dr(L(Y*(0)), L(Y*(0)).

In other words, it is not sufficient that we have a metric that renders
elements of F Lipschitz continuous with respect to initial data. Our
metric needs to render elements in F related by relabelling, i.e. in the
same equivalence class, equivalent. Or rather, we need a metric on the
space of equivalence classes that is Lipschitz continuous.

In the context of the Hunter—Saxton equation, this problem was first
tackled for conservative solutions in [8], with a construction inspired by
ideas from Riemannian geometry. We begin by detailing the construc-
tion of this metric.

When considering conservative solutions of HS, the additional mea-
sure v and associated Lagrangian coordinate H is unnecessary. In par-
ticular, the lack of energy loss enables the solution mapping to be a
semigroup without these components. Hence, we introduce the follow-
ing set.
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Definition 2.4.1. Denote by F"* (respectively <) the set of (y —
id, U, V) € Ey x Fy x Ej such that

e y—id,U, and V are in Wh>(R);
o ye,Ve 20 ae;

e 0<c<y:+ Ve ae,;

o yVe = Ug (resp. yeVe > U52>’

for some constant ¢ > 0.
By F5°"¢ (resp. FL5°) we refer to the subset of elements for whom
y+V =id. .
Set
B*=F}xFEixE}CFEyxEyxE =B (2.4.2)

to be the subset given by E? = R;(H?(R) xR?), i = 1,2, with associated
product norm.

Rather than constructing a metric in the space F"%, a metric is con-
structed in the wider space F", taking advantage of the less stringent
restrictions. -

Given X € F"¥ N B2 a seminorm ||| - |||x on B is defined, see [8,
Definition 3.5]. It is given by

11X llx = I1X = 9(X, X)Xel 5,

where X¢ = (ye — 1,Ug, Vi), and g = g(X, X) is the unique element of
FE), satisfying the property

|X — gX¢|lp < || X — hX¢|g, for any h € Es.

The set of solution curves C is defined as the mappings X : [0, 1] —
F6° N B? satisfying

X e C([o, 1]332)) Xs € Cpc([ov 1]; B),

with Xy = 0sX = (ys5,Us, Vs), and Cpc([0,1]; B) denoting the set of
piecewise continuous curves from [0, 1] to B.

Via these curves a metric for elements Xo, X1 € F0°NB 2 is defined
by -

1
d(Xo, X1) =  inf Xs 5)ds,
(Yo, X0) = inf Xl ds
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where Cy(Xp, X1) is the set of curves X € C satisfying X (0) = Xy and
X (1) = X;. This metric then carries the property that elements of the
same equivalence class have distance zero.

This construction relies on the non-emptiness of the set C'(Xo, X1),
which follows from the fact that F§<* is convex.

Finally, the metric is expanded to the entire space F£%5° by consid-
ering the approximation of elements in B. In other words, given two
elements Xy, X7 € B, the distance is given by

d(Xo,Xl) = lim d(X()’n,Xl,n), (243)
n—oo
where {Xop,}nen and {X1,}nen are two sequences in FL5°N B? con-
verging to Xy and X; respectively in the B-norm. -

Such a construction can be expanded to the general a-dissipative
setting, via analogous set definitions. However, developing a satisfactory
Lipschitz estimate of the form (2.4.1) relies heavily on the fact that in
the outlined conservative setting, i.e. a = 0, the system of ODEs (2.3.10)
reduces to a Linear system of ordinary differential equations with V; = 0.

The outlined construction nonetheless provides a metric d, given
by (2.4.3), satisfying

d(Xo(t), X1(1)) < e“d(Xo(0), X1(0)),
with C' > 0 a constant, for conservative solutions X (¢), Xo(t).

The paper of Nordli [38] takes an alternative route, with an approach
developed initially for the Camassa-Holm equation [24], which was itself
inspired by the previous metric construction. In Nordli’s paper, the two
component Hunter—Saxton equation is considered, however this discus-
sion will be constrained to our setting.

The B norm, see (2.4.2), separates elements in the same equivalence
class. Using B the mapping J is defined by

J(Xa, Xp) = inf {[|Xa0f—Xp|p+[Xa—Xpoglls}

This does satisfy our desired property that if X, and Xp in F™ lie in
the same equivalence class, J(X4, Xp) = 0, however one cannot show
this satisfies the triangle inequality.

It should also be noted that J does not satisfy invariance with respect
to relabelling, i.e. it may hold that

J(Xaof,Xgog)# J(Xa,XB),



32 Chapter 2. The Hunter—Saxton equation

for X4, Xp € F* and f,g € G.
Thankfully, a metric can be constructed using J. Define the metric
d . fCOnS X ‘FCOTLS — R by

N

d(Xa, Xp)= _ inf > J(Xn, Xpo1),
fcons(XA7XB) o

where the infimum is taken over the set ]:'CO”S(X A, Xp) of finite se-
quences {X,,}_, of arbitrary length satisfying Xo = I1X4 and Xy =
I[IX . This metric is invariant under relabelling, and hence

d(TTX 4, TIXp) = d(X 4, Xp).

It is then shown that this metric satisfies, for two conservative solu-
tions X4 (t), Xp(t) in F"*, with initial data X4, Xp o € F§o"°,

d(Xat), Xn(t)) < e%f(%tz’ bt 4 1)d(X a0, Xpo) < €3'd(X a0, X5o),
exactly the relation (2.4.1) as required.

This approach is exactly the one we expand upon to construct a
metric in the case of a-dissipative solutions. It was also used in its se-
quel [38] in the case of a-dissipative solutions. However, these solutions
were assumed to not experience wave breaking at zero and the construc-
tion was a time-dependent metric. These were two properties we sought
to overcome.

2.5 Paper 1 and paper 2 - The scheme for
a-dissipative solutions and main results

We now shift our focus to outlining the ideas and results of the first two
articles [27, 28], in which the goal was to extend the scheme outlined in
Section 2.4 to the case of a-dissipative solutions.

In the first paper [28], a Lipschitz continuous metric for comparison
between solutions for which « is a constant, and both solutions share
the same «, was constructed.

In the second paper [27], we expand upon our ideas to consider the
case of a-dissipative solutions with o € A. The metric constructed can
be used to compare solutions with different values of .

A natural first question to ask is “what added complications are there
in the a-dissipative case compared to the conservative case?”.

Immediately the additional measure v required may seem the most
significant issue. As seen in [27, Lemma 2.13], different choices of v in
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the same equivalence class have no affect on the solution. So while this
additional constraint means we require a metric that does not distin-
guish elements of said equivalence classes, the same techniques as in the
Lagrangian case can be applied to overcome this issue.

The most significant challenge is the discontinuity present in V.
Consider the case where two solutions X 4, Xp are compared via the E
norm for the difference in the V. Then, the discontinuities can cause
|Vae—Vpe| to grow on an interval, and hence the respective L?(R) norm
grows in a discontinuous manner. This is demonstrated in the following
example.

Example 2.5.1. Consider as initial data

1, <0
w,—(z)=¢1—-z, 0<z<l1 and ug 4 (z) =1 —up,—(x),
0, 1 <x,

with po = “(2),+,x dz = ua_@ dz. We consider solutions when a = 3.
We end up with, constructing the solution in Lagrangian coordinates

with initial data X4 (0) = L((uo+, to, to), @),

0, £<0,
§, 0<¢<0, t<2,
1, 2<¢
V—(€7t): 0 £<O V+(§,t):V_(§,O)
£ 0<¢<0, 2<t,
3, 2<¢

The difference in the L?(R) norm grows after the wave breaking time
t = 2, and is given by

1
Vie(t) = Voe(t)|la = —=Tg a0 (t).
Vi e(t) £@)]l2 o (1)

Explicitly, we have the issue,

IVig(24) = Voe(24)ll2 £ AllVi(2=) = Vo e(2-) 2,
for any value of A > 0.

There is one particular advantage in the case where « is constant.
One knows how large the discontinuity generated will be initially. In
the general case a € A, the characteristic position at the time of wave
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breaking determines the size of the discontinuity, in particular it is deter-
mined by a(y(£,7(£))) as can be seen in the definition of V' in (2.3.10d).
Thus it is not known initially. This property is what leads to a much
more approachable metric construction in the first paper compared to
the second.

To resolve the issue of the discontinuities, we overestimate the norm
terms involving the V¢, such that when comparing two solutions said
difference is decreasing in time, with discontinuous drops. To do so,
we split the real line into three disjoint sets corresponding to possible
behaviours of characteristics for the two solutions.

Consider Xfi,X;lj € F, for some labels 4, j. The set

A = A(XP) = {€ e R | Ue(€) > 0}, (2.5.1a)

contains particles for which wave breaking will not happen in the future
for the solution generated by X", and using these we define

Am =A; N Aj. (2.5.1b)
The set
Bi’j = B(Xl-ai,X;éj) = {f eR ‘ 0< Tz(f) = Tj(§) < OO}, (2.5.1C)

contains the particles for which wave breaking happens for both solutions
generated by X; and X; at the same time in the future. Finally, the
remaining particles, for which wave breaking happens at different times
in the future or for which wave breaking occurs only for one of the
solutions, are in the compliment of the set

Qi j = QX X7) = AijUBij. (2.5.1d)

For an a-dissipative solution the sets change in time. Set A;(t) =
A;(X(t)), and analogously define B; ;(t) and €2; j(t). Elements § in B; ;(¢)
or Q) (t) transfer to A; ;(t) after t = max(r;(§),7;(§)). Hence A;; is
growing, and the other two sets are shrinking, forwards in time.

Example 2.5.2. Consider the characteristic functions

t_%t2+§7 fgoa
ya(€t) = qt— 2+ Lt —2)%, 0<¢<2, (2.5.2)
_1+%t2+£7 2<§a
t—gt’ +& £<0,
yp(§,t) =t — L2+ 1t —2)%, 0<¢<3, (2.5.3)

—3t+ i1, 2 <,
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The curves of yi(&,t), with k = A, B,C and i = 1,...,4, are plotted in
Figure 2.5, with {fi}?:o some increasing sequence of particles in R.

Comparing plots, the first particle {, will be in the set Ax(0) for
k= A,B,C, as it doesn’t experience wave breaking in any of the cases.
If we compare the characteristics corresponding to &1,&s and &3, the
breaking times of the curves in plots (2.5a) and (2.5b) are the same,
t = 2, and hence & € B4 p(0) for i = 1,2,3. Comparing plots (2.5a)
and (2.5¢) we see they break at different times, hence & € Q% ~(0) for
1 =1,2,3. Finally, the characteristic corresponding to &4 does not break
in plot (2.5a), while it breaks at different times in the others, hence &4
is in Q4 5(0), Q5 £(0), and QF ~(0).

The act of relabelling on these sets is explored in [27]. Introducing
the notation, for relabelling functions f,h € G,

A= AXG o ), ALl = AKX o f) N A(XE? o h),
and
Bl =B(XG* o f X3P oh), QL =Q(XG o f,X57 o h),
it is shown that
FAL) = A, FARN) = AT pBhh) = Bivw T (2.5.59)

and . »
£y = Qe (2.5.5b)

With our ingredients in place, and to outline the method, we explore
the construction of a metric in a special case.

Application in a special case

To outline the ideas of said papers [27, 28|, we now consider the case
of comparing two solutions in which the « may be different, but are
assumed to be constant. This was briefly discussed in the second pa-
per [27], but without rigour.

We begin by defining the subset containing Lagrangian coordinates
for which « is constant,

Fo={X“cFlacl01]}. (2.5.6)
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Figure 2.5: Plots of y;(¢;,-) for i = A,B,C and j = 0,...,4. The horizontal
position of each curve is the value of y;(¢;,t) at time t € [0, 2.5]. Note that the
curves that focus experience wave breaking at the point of collision.

We introduce two functions, that make use of the sets introduced in
the previous section, see (2.5.1).
Given X® € F,, define

VEE ) = aVe(& ) Lac(€),  VE(E 1) = (1 — al 4 (€))Ve(&, D).

With this construction Vg is constant in time, thus we drop time depen-
dence, and

Ve(t) = VE+ VE(t). (2.5.7)

After wave breaking time 0 < 7(§) < t < 400, we have

VAE ) =0, Ve(6,t) = V¢



2.5. Paper 1 and paper 2 - The scheme for a-dissipative solutions and
main results 37

In other words, ng(f) is the part V¢(&) loses after wave breaking, and
VE(€) corresponds to the value of V¢(€) after wave breaking.

We introduce G : F2 — RT that replaces, and overestimates, the
difference in the Vg in our metric. First set, for X34 and X%* in F,

94,8(§) = g(X3* X57)(§) = [Vae(§) — Vae ()], (2.5.8a)
94.8(§) = 9(X3*, X5")(S)
= |V5e(€) = VE (O + [VE(6) = VB, (2.5.8b)
9a,5(§) = g(X3*, X57)(6)
= [V&£(©) = V(O] + VAe(©) v VEL(©), (2:5.8¢)
where a V b = max{a, b} for a,b € R. G is then given by
Gap€) =G (X3*, X3%) (€) (2.5.9)

= 94,8(8) 1, 5(&) + 94,B(E) LB, 5(§) + 94,8(E)Lag ,(£).

The fact that G is an overestimate, that is

Vae(€) = Vee(§)] < Gaplb),

is immediate as from (2.5.7), as we have

Vae(€) = Vie(©)l < [VEe(€) = VE£(©)] +VEe(€) = VE(©)]
< |VE(€) = V(O + VA€ vV VE(©).
Proposition 2.5.3. Let X9*, X357 € F. be two a-dissipative solutions.

For any fized ¢ € R, Gap(,-) : RY — RT, given by Gap(t) =
G(Xa(t),Xp(t)), is a decreasing function in time.

Proof. If ¢ € Ax p(0), no wave breaking occurs. So we only need to
consider the other two cases.
If £ € Ba,p(0), then

Gap(&t) =|VEe(€) = V(O + [VE(&,1) — VB (&,1)]

for all time. The first summand is constant, while the second is zero for
t > 74(§) = mB(E). Hence G4 p(&,t) is decreasing forward in time.
On the other hand, if § € Qf 5(0), then

Gap(&t) = V() = VE(Ol+ VA& 1) v VE (&)

for all time. Again, the first summand is constant, while the second is
the maximum of two positive decreasing functions, and hence G4 g(&,t)
is decreasing forward in time. O
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Proposition 2.5.4. G, given in (2.5.9), satisfies the triangle inequality,
1.e.
Gac(§) <Gap(€) +Gpe(§), forall§ €R, (2.5.10)

for XG4, X3P and XZ° in Fe.
Proof. Consider X9*, X3P and X2 in F.. Once again, we split into
different cases. For simplicity, we drop the { when writing V¢ in this
proof.

It is immediate that if £ € A; for i = A, B,C then the triangle
inequality is satisfied.

Consider first the case { € Aac and € ¢ Ap. Then § € QG pNOG 4,
and

9a,0(§) = [Vae = Voel < Vae = Veel + Ve — Vol
<|Vae = Viel + Ve — Voel + 2Vg7§
= V5 — Vel + Vi vV,
+ Ve — Vel + VBe v Ve
= 9a,8(§) + 9B,c(8),
as required.
Suppose now & € Bac. If £ € Bp o then £ € By g, and once again

the triangle inequality is immediate. On the other hand, if £ ¢ Bpc,
then € Qf 5 NQF -, and

gac(§) =|Vie — Vil + ’fol,g - Vcd,§|
SUVEe = Vel + Vhe — Vel + VA + Ve
< VEe—Vhel + ViV VE,
+ Ve = Vel + VBV Ve
= ga,B(§) + gB,c(§)-
The final case to consider is § € Qf . If £ € Qf 5 N QF -, then

the inequality is once again immediate. In the sub case £ € A4 N Ag,
there are two possibilities left to consider. First, if £ € Apg, then VX =

Vfgi,g =0, and ng = Vae, and so
Gac(€) = Vi e — Vel + Vé,
< |Vae = Vel + Ve = Vel + Ve v Ve
= ga,B(§) + gac(§).
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Secondly, if £ € B ¢, then
ga,c(&) = Ve — Vel + Ve
<|VEe—VEel +Vae+ Ve — Vel + Ve — Vi
< ga,B(&) + gac(§).

The other subcase to consider is if £ € A4 N AL\ Bac and § € Bap.
Then we need the inequality, for any real numbers a,b,c > 0,

aVe<la—bl+bVe.
So
gac(&) =VEe — Vel + Vi v VE,
S|VEe = VBl + VAg = VEel + VB = Vel + Vige v Ve
= ga,8(§) + gB,c(§).

Combining the inequalities of each of the cases considered, we obtain
the triangle inequality (2.5.10). O]

With everything in place, we can define our metric D : F2 — R for
X9, X3P € Fe by

D(X5*, X5") = |lya — yBllo + [[Ua = UBllcc + [Ha — HB||
+ [lyae —ypglle + |Uae — Upg

2
1 1
+ 1||GA,B||1 + §HGA,B||2 +]aa —apl.  (2.5.11)

Lemma 2.5.5. Let X3 and X3P be two a-dissipative solutions to the
Lagrangian ODE system (2.3.10) with initial data X579, X5% € Fe re-
spectively. Then

D(X34(1), X3" (1) < €' D(X 35, X5)-

Proof. As H does not change with time |H4 — Hp||~ is constant.
We also have that, for any t € R,

Vae®) = Vpe()li < Gap®)i, fori=1,2,

and
1Gas®)i < Ga,p(0)];, fori=1,2.

Combining these estimates with those from [27, Corollary 2.5], we
obtain

D(Xa(t), X5(t)) < D(X(0), Xp(0)) + /OtD(XA(S%XB(S)) ds,

and thus the result follows from Grénwall’s inequality. O
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The metric D satisfies a Lipschitz estimate we desire, however it fails
as a metric over equivalence classes related by relabelling. In particular,
two elements of the same equivalence class may have positive distance
when compared via D.

The resolution of this issue begins by introducing a mapping on the
space F. which is zero when measuring members of the same equivalence
class. Define J : F2 — R by

J(X3, XB") (D(X5" o f,XE") + D(X34, X537 0g)) .

= inf
f9€9
Proposition 2.5.6. If X3 and X3® in F. share the same equivalence

class,
J(XG4, X5P)=0.

Furthermore, if X5* and X3P are in F. N Fy, and
J(XG*, X3P) =0,
then X34 = X3".
Proof. Suppose that X4 and X3® share the same equivalence class.
Then there exists relabelling functions f, g € G such that X440 f = X3
and X4 = X3P o g. Thus
0<J(XG* X35) < D(X5*o f,X3P)+ D(X3*, X3P og)

= D(X3P, X3P) 4+ D(X5*, X5*)

= O’
and hence J(X 5", X3z?) = 0.

The remainder of this proof inherits the ideas of [24, Lemma 3.2].
Consider the norm || - || : 72 — R given by

XN = lly = idllco + 1Ulloo + [ H [loo + [[Vlloo +[e-

Consider X%* and X3? in F. N Fy. Let f € G. Consider any Lipschitz
continuous function h with Lipschitz constant bounded by 1. As ya +
Hi=yp+ Hp =id,
lho f—h|<|f—id| =[(ya+ Ha)o f = (ys + Hp)|
<lyaof—ypl+|Hao f— Hpl|
XG4 and X3P are in Fy, and hence y,U, H and V are Lipschitz con-

tinuous with constant bounded by 1, and result (2.5.12) is applicable.
Hence

(2.5.12)

IX5% = XBoI < X5 = X5 o fll + [1X5" o f = X5
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< (llya o f — yslloc + |Hao f — Hpllo)
FIXG 0 f - X357
<5IXG4 o f - X5

Consequently, for any f,g € G,

20 X5 = XBP I < 5(1X3" o f = XBP [ + IX3* — XB" o gl))

2.5.13
< 5(D(X% o £, X55) + D(X%4, X35 og)), 20 1D)

where we have made use of the property

Vi = Valloo < IVie — Vaglli < [|Gzlls

for any X7, X5? € F, see [28, (3.16)]. Taking the infimum over all
fyg € G in (2.5.13), we obtain

XG4 — X5 < 5I(XGH, X5E), (2.5.14)
and the second part of the proposition is an immediate consequence. [

Further, J satisfies the following result.

Lemma 2.5.7. Let X" and X3P be in F.. Then

1
D(X5* o f, X3P o h) < max{||fe]|&, 1} D(X5*, X5 ow), (2.5.15)
for any f,h € G, where w:=ho f~1.
Hence,
1 1
J(XG% o f, X3P o h) < max{| fell%, lhell&, 1} (X3, X57).  (2.5.16)

Proof. The idea of this proof is from [38, Lemma 4.8]. We begin by
obtaining estimates for the first three terms of D, i.e. those in the L>(R)
norm, see (2.5.11). Consider any function ¢ € L>*(R). As f and h are
homeomorphisms, in particular bijective, one has

lof —dohlls = 6o fof~ —trohof o = [ —tow]. (25.17)

Replacing ¢ by y, U and H we obtain equalities for the first three terms.
We now consider the terms involving y¢ and Ug in (2.5.11). One has,
dropping the ¢ in our notation for convenience,

[(yao fle—(ypoh)elo f~" =lyaefeo f~' = (ypgohof heo f

heo 1
= |yae — (yge o w)fjojz_l\fg of!
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= |yae — (ypow)elfeo f7,

from which we can conclude, taking the substitution n = f(¢),

l(wao Fe — (s o Well? = /R (a0 Pel€) — (yp o he(©) de
- /R () — (ys 0 w)e()fe o £~ () dn

< felloollyae — (yp o w)ell3- (2.5.18)

Via similar calculations one finds

I(Uao fle — Upoh)ells < I felloollUne — (Upow)ell3.  (2.5.19)

It remains to find estimates for the terms involving G in (2.5.11). To
begin

g(X5% o f, X" oh)o f =[(Vao fle = (Vpow)|
=|Vae— (Vpow)e|feo f~'  (2.5.20)
= g(X34, X5F ow)feo [,

repeating the previous calculations.
Furthermore, from (2.5.5), we have

-1 _ 1 _q o -1 _q
]lAQ’cof _HA%’ ]lA;];,cOf _]lAB” ]lAggof —]lAf:g,

and

(Vio fleof ! = (1—a1AQcof*1)(VAOf)§Of*1
=1 —odu)Vaefeof !
-1
§f£o )

and similarly,

Furthermore,

(VAo fleof ™ =(Vaofleoft —(Viofleof!
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=Vifeof ™,

and similarly,
(VEoh)eo f™h = (VEow)efeo f7h
From these results, we can conclude,
GXGA o f,X0Poh)o fh=g(X9, XpPow)feo f7h,  (2.5.21)
and
GXG o f, X8 oh)o fl =g(X9*, XeP ow)feo f7H (2.5.22)
and via (2.5.20), (2.5.21), and (2.5.22), we obtain
(X310 £, X8 o h)o 71 = G(XGY, X3P ow)feo [,
almost everywhere, leading to
IG(X5% 0 £,X5% o )1 = IG(X5Y, Xg2 0wl (25.23)
and
IG(X5% 0 £,X57 o W3 < IfelloIG(XGA, X52 ow)lB. (25.24)

A combination of (2.5.17), (2.5.18), (2.5.19), (2.5.23), and (2.5.24) leads
to (2.5.15).
Considering now the second result, we have

J(X3% o f,Xp% oh)

Zfi]l}fg(D(XjAOf,XgBohOﬁ)—FD(XZAOfofz,XgB oh))
1,J2€

1
< inf (max{\|f§\|go,1}D(XjA,XgBohofloffl)
f1,f2€G

1
+ max{ b, 1}D(X5 0 fo fao b X57))

1 1
< max{| fel[%, [|he |50, 1}
x inf (D(X34, X3P o fi) + D(X34 o fo, X3P)),
f1,f2€6
where in the last inequality we have used that, via the group properties
of G, any element of the group can be written as ho f;o f~! for a suitable
choice of f; € G, and similarly as f o fy o h~! for a suitable choice of

ngg. ]



44 Chapter 2. The Hunter—Saxton equation

Consider X* and X3 in F., and set XXA =IIX%4, XgB =IIX3".
Then after substituting (2.5.16) into (2.5.14), we find that

IX534 = X57 ] < CU(XG* XEP),
for some constant C' > 1. Hence we have the corollary:

Corollary 2.5.8. J is a semi-metric on the space F. in the sense of
equivalence classes, i.e. elements of the same equivalence class have dis-
tance zero.

Finally, we have a result that is useful later,

Corollary 2.5.9. Suppose we have two solutions X5* and X3P in F,
of the ODE system (2.3.10) with initial data X 37 and Xg% in FeN Fo.
Then

JOILXGA (1), TIXEP (1) < ed T(XGA (1), X3P (1))-

Proof. Set fa = (ya+Ha) '(-,t) and fp = (yp+Hp) (-, t), where we
are considering the spatial inverse. Referring to the calculations in [38,
Theorem 3.3], we have

i < 1 ) — UA,E(fvt)
dt \ (yae+ Hag)(€t) (yae + Hae)?(€ )
1 Hyae+Vae)E 1)

T (yae +Hag)€t) (yae+ Hae)€t)
1 1
<

T 2(yae+ Hag)(€,t)

where we have used,

Une(6.1) = +4/unel€ OVaele, 1) < S(nael€t) + Vag(e0).
As a consequence, 1
(ae+ Hag)&1)

using that, as XG4 € Fo, (yae + Hag)(&,0) = 1.
These calculations can be repeated for X%?, and we can conclude

t
)

N[

<e

1
(Yie + Hig)(fi(§),1)

and hence [|fi¢lloo < e2! for i = A, B. The result then follows from
using (2.5.16). O

=

< edt, fori = A, B,

fig(§) =
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The mapping J does not satisfy the triangle inequality. However, it
can be used to construct a metric. Define the distance d : 72 — R by

d(X54, X8P) = inf J(Xgn, X0,
(X5, X57) = (XAA,XQB)Z V)
with F.(X54, X%2) the set of all finite sequences { X2} in F.N Fy
of arbitrary length satisfying

Xg0 =TIX34  and XV =TIXGP.

Proposition 2.5.10. The mapping d is a metric, in the sense of equiv-
alence classes.

Furthermore, for any o-dissipative solutions X" and X3P in F.
with initial data Xjf(‘) and Xg% in F.NFo,

d(X34(0), X5 (1) < ei'd(X 0, X55). (2.5.25)

Proof. Consider X9 and X3 in F.. Symmetry of d is immediate. We
have that, from the definition of d,

d(X5*, X5P) =0 = JIX534, IIX5P) =0,

and hence X4* ~ X3® by Proposition 2.5.6. That oy = ap follows
from the inclusion of the |ay — ap| term in D, see (2.5.11). On the
other hand, if X9* ~ X3P, considering the sequence containing only
X454 and ILX 3" immediately gives d(X5*, X37) = 0.

Setting our sights on the triangle inequality, we consider a third
element X¢ € F.. Let € > 0. As a consequence of the infimum, there
exist two finite sequences, { X2 }N_ o in F.(X34, X47) and {X2n}M
in Fo(X%5, X3) with 1 < N < M, such that

ZJ(Xan? an 1) <d(X XgB)—‘r%,

€

S0 X < A0, X +
n=N+1
Note that the last element of the first sequence is the same as the first

element of the second. By this construction, the sequence { X2 }M  is
in F(X5*, X&€). So

d(X 3, XE0) <ZJ<X% Xm0

n=1
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<d(XGM XBP) +d(XEP, XA0) +e

This inequality holds for any € > 0, and the triangle inequality follows.
A generalisation of the scheme presented above is given as a result
in the Appendix of Paper 2.
It remains to show (2.5.25). Let € > 0. By the properties of the infi-
mum, there exists a finite sequence {X2»}N  in F, (X3, X3 with

X§° = X34 and X3V = Xph, and relabelling functions {f,},;,
{hn}V= in G such that
N

3 (DIXG" 0 fur XEmT) + DX, X2 0 b)) < d(XG4, X85) +e

n=1
Denote by X5 (t) = S; X5 for n =0,...,N. Then

N
(X5 (8), X3 (1) < Y JILXR (1), ILXR" (1)

n=1

N
< IS (1), X0 (1)

3
Il
-

N
< et S (D(XI (1) 0 fa, X571 (1))

+ D(X5™ (), X 1 () 0 hn—1))

n—1

3
Il
-

5
< eit

Mz

(D(X5m 0 fo, Xpm7")

3
Il
-

+ D(X5m, X" 0 hnot))
< et (d(X 55, X55) + €).

Again, as this holds for any ¢ > 0, equation (2.5.25) is satisfied. O

Results of Papers 1 and 2

We now define the metrics from the first two papers [27, 28], and explore
their respective results.

The Lagrangian Setting

In the context of paper 1, both the solutions we compare share the same
a. Hence the construction is built in the setting of F* for a € [0,1]
fixed.

We first have the analog of G from the previous section.
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Lemma 2.5.11. Consider X4 and Xp in F* for some o € [0,1]. Then
”VA7§ - VB,{”Z < ||GA,B||i> 1=1,2,

where

GaB(§) = G(Xa, XB)(&) = [Vae(&) = Vae(§)la, 5(E)

+ (Vagl) V Vse()lay , (- (2.5.26)

For two a-dissipative solutions X4 and Xp in F<, we introduce the
notation

Ga,(€,t) = G(Xa(t), Xp(t))(§),

for any £ € R. Then G is a decreasing function in time for any £ € R.

We then define the metric D by,

D1(X4,XB) = [lya — yBlloo + lUa — UB|lx
+ [lyae —yBelle + |Uae — Upgll2 (2.5.27)
+ |Ha — HBlloo + |Gasli + |Ga.Bll2,

for X4, Xp € F* and « € [0, 1], with G4, g given by (2.5.26).

In the more general setting of paper 2, we begin by defining three
help functions. Let X9* and X}? be in F. Define

ga,8(&) = g( X3, X5P)(E) = [Vae(&) — Ve(©)], (2.5.28a)

9a,B(§) = 9(X3*, X5")(6)
=[Vae(€) = Ve + lloa — aBlloo(Vae A VBe)(§)
+ llals Blloo(Vae A VB e)(€)
X (lya(§) —ys()| + [Ua(§) — Up(§)])

(2.5.28b)

and

94.8(§) = 9(X3*, X5")(§)
= [Vae(§) = VBe(9)l
+ (Vag AV ) (§)(a(§)lag (§) + ap(§)lag ()
+ llela lloo(Vag A Vi,e)(€) (2.5.28¢)

% (Iya(©) = €14 (€) + lyn(&) — €145 (€)
+ (UA©)] + [UB(E))(Lag (€) + L (6)) ).
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where we use the notation a A b = min{a, b} for a,b € R, and
o’y p = max{ay, oz }.

As usual, if we consider two a-dissipative solutions X4* and X3? in F
we set

94,8(&,t) = (X3 (1), X5" (1) ()
and analogously define g4 g(&,t) and ga,g(&,t).

Lemma 2.5.12. Consider X3* and X3? in F. Then
Vae = Vaeli < |Gaslli, i=1,2
where
Ga,B(§) = G(Xa, XB)(S)
= 94,8(E)Lay 5() + 9a,8(E)1B, 5 (§) +9a,8(E)La ,(8)
+ s alloe (Vg A Vi )(6)

X (IVaelli + IVBells +1)
X (Lag (§) + Lag, (€)1 ,(6)-

For two a-dissipative solutions X 4 and Xp in F, we introduce the no-
tation

Gap(€t) = G(Xa(t), XB(1)) (),

for any € € R. Then G is a decreasing function over breaking times, i.e.

Gap(6(€) < lm Gap(E0),  for any € €R.

Furthermore, we have

1Ga,( )1 < |GaB(-,0)[1
+ [ (164569l (2.5.29)

1
+ Maslley pllllGas( 9l ) ds,

and
|Gas(t)ll2 < [|Gas(-,0)2
t
+ [ (16459 (2.5.30)
1
+ 1VMaslols sl Gan(9)l1 ) ds,
where

Ma,p = max{[|Va(- 0)loc, [IVB(:, 0)lloo}- (2.5.31)
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We then define the mapping D5 : F2 — R, which is not a metric, by

Dy(X53%, X5") = llya — yBllsc + [Ua = Ul

+lyae —ysella + |Uae — Upgll2

1 1 (2.5.32)
+ | Ha = Hllo + 1G5l + 5 1Gasl

+ |laa — aBlco-

This fails to be a metric due to G not satisfying the triangle inequality.
The other conditions of a metric are satisfied, and thus it is a semi-metric
on the space F.

As it turns out, there is no issue in the lack of the triangle inequality
on this mapping, as being a semi-metric is sufficient for the construction
of the metric on equivalence classes.

Via an application of Gronwall’s inequality, we obtain the following
results.

Lemma 2.5.13. The metric D1 satisfies
D1(Xa(t), Xp(t)) < €' D1(Xa(0), Xp(0)),

for two a-dissipative solutions X4 and Xp in F* with o € [0, 1].
The metric Doy satisfies

Dy(X54(1), X5 (1)) < €745 Dy(X54(0), X2 (0)).

for two a-dissipative solutions X3* and Xg" with X9*(0) € Fy and
X3P (0) € F, where

1
Cap =2+ 1ol pllo(Ma,p +2v/Map),
and My, g is given by (2.5.31).

We thus see a notable difference between the simpler case of a being
a constant versus o € A. In the second case, the estimate above depends
on an initial energy bound M4 p and a bound on the derivatives of « in
the term [|a/y plloc. When trying to obtain an estimate for the metric we
construct on equivalence classes, these dependencies can cause an issue
unless we bound their values for the considered finite sequences. Hence
in this circumstance we consider the set F1, see (2.3.11).

Eventually, the energy bound M is required when constructing the
metric in Eulerian coordinates. The main drawback in the second case
is thus the requirement that ||y gllcc < L for some L > 0.
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Let a € [0,1]. Define J; : F* x F* — R* by

J1 (XA,XB) = fl;lf (Dl(XA,XB Of) —l—Dl(XA OQ,XB))

and subsequently define

N

di(Xa, Xp) = inf > Ji(Xn, Xp 1),
fl(XA:XB) i=1

where the infimum is taken over the set ]:'1 (X4, Xp) containing all finite
sequences { X, }_ of arbitrary length in F§, satisfying Xo = I1X 4 and
Xn =1IXpg. Here we have introduced the notation for X in F<,

X =Xo(y+H)™!
Define also Jo : F2 — R by
BXGHXE) = b (Dy(X34 XG0 f) + Da(X3* 0 9. X5))
g€
and subsequently define, for X4, X837 € FE
do( XG4, X3P = inf Jo( XS, Xm0,
2( A B ) ]_.2(XaA X&B)Z 2 )

where the infimum is taken over the set ]:'Q(XjA,X =) containing all
finite sequences of arbitrary length {Xg} o in FL N Fy satisfying
X0 =TIX5* and X3V =IILXZ".

dy and doy are metrics, and with them we get the final Lipschitz
stability results we desire.

Lemma 2.5.14. Let a € [0,1]. Consider two «a-dissipative solutions
Xa and Xp in F®, with initial data X 4(0) and Xg(0) in F§. Then

di(Xa(t), Xp(t) < e2dy (X 4(0), X5(0)).

Lemma 2.5.15. Consider two a-dissipative solutions X43* and X357 in
FL with initial data XG4 (0) and X3P (0) in FL, N Fy. Then

do(X§4 (), X3P (1)) < eFirldy(X34(0), X3 (0)),

where

5 1
RE, = 4M + 5+ ZL(M+2\/M),

where M = M V 1.
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The Eulerian Setting

It remains to use the construction in the Lagrangian setting to define a
metric in the Eulerian setting. For simplicity we outline the ideas in the
more complicated setting of the second paper [27], and we will provide
only the final result of the first paper [28].

Using the transformation L, we can define the distance between two
Eulerian coordinates by their distance in Lagrangian coordinates, i.e.
via the metric dp given by

dp(Y§4,YEP) = do(L(YS*), L(YE™)),

for Y4 and Y5* in D,

We immediately have the following result: For two a-dissipative so-
lutions Y4 and Y5® in D%, with initial data Y (0) and Y5%(0) in
DL

dp (YA (1), Y52 (1)) < efirtdp(V34(0), Y532 (0)).

As discussed earlier, for an a-dissipative solution Y = ((u, i, v), @),
the solution to the Hunter—Saxton equation consists of the pair (u, i),
and the variable a determines the type of solution. The v is a dummy
variable to enable the semigroup property for solutions. Most impor-
tantly, there are equivalence classes of v, given by V((u, u), @) in Defi-
nition 2.3.8, that generate the same Eulerian solution, see [27, Lemma
2.13]. We wish to define a metric for measuring triples Z% = ((u, p), o) €
Dy.

Thankfully, we can repeat the same strategy we used in the con-
struction of our metric in Lagrangian coordinates. First, we define the
mapping J : D2 — R* by

j(ZzszgB) = if(}f o dD(((ZAvyl)’O‘A)v((ZBaVQ)vaB))'
(Vl,uz)GV(ZAA)XV(ZBB)

where V is given in Definition 2.3.8.

It cannot be concluded that the triangle inequality is satisfied, hence
J is not a metric itself. We then define the mapping d : D 0. % DL on — R
by

d(Z54,2%8) = inf J z, 7 a" Y,
(Z50, 25 = o ZQB)Z )

where Dy(Z5*, Z%P) denotes the set of finite sequences {Z3»}N_ of
arbitrary length in DY, satisfying Z5° = Z9* and Z3" = Z3".
d is indeed a metric, and with it we can obtain our final result.
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Theorem 2.5.16. Let Z3* and Z}P be two a-dissipative solutions to the
Hunter—Saxton equation (HS), constructed via the generalised method of
characteristics, with initial data Z3*(0) and Z3"(0) in Df,, respec-
tively. Then

d(Z5(1). 25" (1)) < ' d(234(0), Z3 (0)).
We have a similar result for the case of « € [0, 1].

Theorem 2.5.17. Let o € [0,1]. Let Z4 and Zp be two a-dissipative
solutions to (HS), with initial data Z4(0) and Zp(0) in D§ with

max{pa(R), up(R)} < M,

for some M > 0. Then there exists a metric di, constructed via a
similar method as outlined above but using the metric dy in Lagrangian
coordinates, such that

7 3
2

di(Za(t), Zp(t)) < e2'd1(Z4(0), Z5(0)).

2.6 Two alternative previously constructed
metrics

To provide context in the field, we provide a short overview of two pre-
vious metrics that have been constructed for solutions to the Hunter—
Saxton equation making use of different techniques.

Bressan and Constantin - A metric for dissipative
solutions

The following section details the metric created in the paper of Bressan
and Constantin [7] for dissipative solutions of the Hunter-Saxton equa-
tion. To avoid confusion during this discussion, we attempt to emulate
the notation introduced in [7].

In said work, a different definition of solution is used. We begin by
introducing its definition.

Definition 2.6.1. Let 7" > 0. A function u : [0,7] xR — R is a solution
of the Cauchy problem for (HS), if

1. we C([0,T] x R;R), and u(0, z) = up(z);

2. For any t € [0,7T] the map x — u(t,z) is an absolutely continuous
function, and wu,(t,-) € L?*(R). Furthermore, the map t — (¢, -)
lies in the space L>([0, T]; L?(R));
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3. The map t — u(t,) lies in L? (R), is absolutely continuous when
restricted to bounded intervals [a,b] C [0,7] with respect to the
L?([a, b]) metric, and satisfies (HS) for almost every t € [0, T).

The solution is said to be dissipative if
2 2
/ us(te, x) dz — / us(t1, z) dz
R R
to
< / /(uigpt(t, z) +uulp,(t,z))dedt  (2.6.1)
11 R

for any t2 > t; > 0 and any test function ¢ € C}(R* x R).

The solution concept here is fundamentally different to Definition
2.3.5. Most notably, solutions here may be unbounded in space at any
point in time, and the existence of the almost everywhere derivative in
time is required for w.

Nonetheless, existence of dissipative solutions was demonstrated in
this paper for absolutely continuous initial data with L?(R) first deriva-
tives, via a method of characteristics.

Shifting focus to the metric, an additional constraint is required.
Specifically, the initial data, and hence the solution, must be bounded
in space, and lie in the space E as defined in (2.3.7). To begin, the
metric space X = (R? x (=%, %]) U {oo} is introduced. This space is
endowed with a metric,

dx((z,u,w),(Z,0,w)) = min{|z — Z| + |u — 4| + ko|w — w|,
T T
k0|§ + UJ| + k0|§ + U}|},
T
dx ((z,u,w),00) = ko’i + wl,

with k, a sufficiently large constant.

Given a function u € H. (R), with L*(R) first derivative, a measure

pt € M*T(R) is associated, given by

p((eo)) =0, () = [ w2 (z) dz,
{z€R|(z,u(z),arctan uy (x))€A}

2
for any Borel set A C R* x (=7, 3].

The metric constructed is described in the context of the Kantorovich—
Rubinstein distance. Given u,v in H} (R) with L?(R) first derivatives,

loc

the set of transport plans F consists of triplets (i, ¢1, ¢2) with

e 1) a strictly increasing and absolutely continuous surjection;
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e ¢, : R — [0,1] are simple and Borel measurable functions, for
1=1,2;

o ¢1(z)ui(x) = Y/ (2)p2 0 (x)v2 0 y(z) almost everywhere.

From the associated measure u* and p the “transportation cost” under
a plan (v, ¢1, ¢2) is defined as

JHP192 (4, p) = /Rdx((a:,u(x),arctan ouy(z)),
(z, v, arctan ovy) o 1 (x)) ¢y (z)u?(z) dz

/Rdx((a:, u(x), arctan ou,(x)), 00) (1 — ¢y (x))u?(x) dz

—&-/Rdx(oo,(x,v,arctanovm)o¢(:c))
X (1= g2 09())(v; 0 (@)Y () de,

and, as usual, the distance is given by optimising (minimising) the cost
over all transport plans, i.e.

d(u,v) =  inf  J¥®192(y, ).
(¥,01,02)€F
Comparing solutions using this metric, two key properties are shown.
Solutions to (HS) in the sense of Definition 2.6.1 are Lipschitz continuous
in time with respect to this metric, i.e. for ¢1,t2 € [0,7],

d(u(t1), u(tz)) < Clt1 — tal,

with the constant C' dependent on T',u(0) and k,. Observe that this
property is not shown to be satisfied by the metrics constructed in papers
1 and 2.

Additionally, solutions are Lipschitz continuous with respect to ini-
tial data, i.e. for uq, us two solutions in the sense of Definition 2.6.1 with
initial data in F,

d(ui(t), ua(t)) < e*d(ui(0),u2(0)).

A key advantage in the construction of dissipative solutions via a
method of characteristics in this way is the lack of the requirement for
the additional energy measure p. This is precisely because in this case
the concentrated energy at wave breaking is completely destroyed, or in
other words the energy is always given by the density u2dz. Further-
more, dissipative solutions are unique [18].
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The approach outlined in this paper does not seem well suited for the
non-dissipative case of the Hunter—Saxton equation, and furthermore its
construction relies on a deep understanding of Wasserstein/Kantorovich-
Rubinstein type distances.

Carrillo, Grunert and Holden - A metric via generalised
inverses

The following section focuses on the metric constructed in the paper [10].
In said work, a metric is constructed for conservative solutions to the
Hunter—Saxton equation via the use of pseudo-inverses, taking inspira-
tion from Wasserstein/Kantorovich-Rubinstein type distances again.

For an element (u, 1) € Dyg, define the pseudo-inverse x : [0, M| —
R of F(z) = p((—o0,x)), with M = u(R),

x(n) = sup{z € R | F(x) < n},

and then define
U(n) = u(x(n))-

This alternative change of variables present another way of constructing
conservative solutions to the Hunter—Saxton equation. For a conserva-
tive solution (u, ) of the Hunter—Saxton equation the associated time
dependent quantities satisfy the ODE system

1 1
Xt(tﬂ?) = u(tvn)a Ut(tﬂ?) = 577 - ZMa

on the interval (0, M). In the case x(R) # R these are extended contin-
uously at the endpoints.

This system is equivalent to the one given by equations (32) and
(33) in [9], which focuses on a generalised version of the Hunter—Saxton
equation.

Consider two conservative solutions to the Hunter—Saxton equation,
(ug,pa) and (up, up), with energies pa(R) = M4, and pp(R) = Mp.
It is shown that the metric

d((ua, pa), (up, pB)) = [[xa(Ma-) = x5(Mg-)||L1(0,1))
+ [Ua(Ma-) —Up(Mp-) || Lo (0,17) + |C1 — O,

satisfies

d((ua(t), pa(t)), (up(t), pp(t)))
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- (1 . ;#) A((14(0), 14 0)), (g (0), 15 (0)).

whose Lipschitz constant is quadratic rather than exponential, under
the constraint

wi((—00,-)) — Mix™(-) € L*(R),  fori= A,B.

with x* given in (2.3.5).



Chapter 3

Well-posedness for coupled
differential models

Susceptible, infectious and recovered (SIR) models are epidemiological
models used to describe the transmission of infectious diseases. The
simplest model consists of a coupled system of ODEs, describing three
populations at points in time. Susceptible individuals, S = S(¢), trans-
fer into the infected population, I = I(t), upon infection, whom then
transfer into a recovered population, R = R(t), after said infection has
passed. Various extensions and generalisations of said models have been
constructed, adapted to specific scenarios. The literature for such mod-
els is extremely broad, see [42, Section 1.5.1] and references therein for
an overview.

With this motivation in mind, a classical question arises. If the
individual component parts of the model are well-posed, under what
conditions is the system well-posed? This question can be extended
beyond the bounds of SIR models, to cover a wide range of different
systems of differential equations.

Article 3 [14] establishes a result that can be used to obtain well-
posedness results for systems of problems defined on metric spaces. Met-
ric spaces maintain the concept of distance but lose the structure and
operations that are a boon for problems set in vector spaces. The estab-
lished result is then shown applicable to systems of equations that can
consist of some particular ordinary, partial, and measure valued differ-
ential equations.

The framework and results established follow from the precursor
work [15], whose focus is establishing well-posedness for differential equa-
tions in metric spaces, which itself was based on the framework detailed
in [5, 40], see also [41]. Said framework differs from, but offers sim-

57
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ilar results to, the approach of mutational equations in metric spaces
established by Aubin [2, 3], and extended by Lorenz [37].

We begin with some formal motivation. Let I C R be some interval
containing 0, and X a Banach space. A semigroup operator on X is an
operator S : I x X — X satisfying

So=1Id,  Sits = StSs,

for t,s, and t + s in I, with Id the identity operator on X. Consider
a general autonomous evolution equation defined on the Banach space
X, with a well defined solution concept. The existence of a semigroup
operator, Lipschitz in both variables, mapping some initial data in X to
the solution of the Cauchy problem at time ¢t € I, is often a powerful
tool in showing the well-posedness of the problem.

A global process is an extension of the semigroup operator for the
non-autonomous setting. It is a mapping dependent on time, the initial
time and initial data. Henceforth fix I C R to be some sub interval of
the real line, and X some metric space.

Definition 3.0.1. Let D be a closed subset of X. Fix a family of sets
{D¢, }toer with Dy, C D for all ty € I. Then define the set

A ={(t,to,u) | to <t,(to,t) C I, and u € Dy, }. (3.0.1)

A global process on X is a map P : A — X satisfying

P(to,to)u = u, (3.0.2a)
P(t1,to)u € Dy, (3.0.2b)
P(ta,t1) o P(t1,to)u = P(ta,to)u, (3.0.2¢)

for tg,t1,to € I with tg < t; <t9, and u € Dt0~

We will often drop the symbol o when performing the composition
in a global process for notational simplicity.

We will sometimes use the notation DX when referring to the asso-
ciated family of subsets for the process defined on the space X.

In the case of a non-autonomous evolution equation defined on X,
with some suitable concept of solution, the existence of a Lipschitz global
process is again tied to the well-posedness of the problem.

[15, Theorem 2.6] establishes that a global process can be generated
by a local flow under suitable conditions. A local flow can be thought
of as a tangent vector field to X.
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Definition 3.0.2. Let 6 > 0 and D C X be closed. A local flow is a
continuous map F': [0,0] x I x D — X satisfying, for some L > 0,

F(0,t0)u = u, (3.0.3a)
d(F(r,to)u, F(7',to)u’) < L (|7' — 7| + d(u, u')) ) (3.0.3b)

for all 7,7" € [0, 4], u,u’ € D and ¢y € I.

Global processes generated in such a way are Lipschitz continuous
and have a tangency condition with respect to the local flow. Hence, a
schema for obtaining solutions to evolution equations is established. If
one is able to define a local flow from a given non-autonomous evolution
equation, under suitable conditions a global process may be generated
via said result. Omne then needs to show that this global process is a
solution operator, with the boon that one can make use of the tangency
condition.

Consider now a system of coupled differential equations. The sim-
plest example is a system of ODEs,

ﬂ:f<t7uaw)v w:g(tauvw))

with f: Ry X R?" xR™ — R" and g : R x R” x R"™ — R™. Of course,
under suitable assumptions on f and g, the well-posedness of such a
problem is established in a variety of literature. Nonetheless, this serves
as a good establishing example. We first assume that well-posedness of
the individual equations, when w or w are fixed respectively, have been
established. In other words a Lipschitz continuous global process has
been constructed. Said processes, for the general case, must satisfy the
following definition.

Definition 3.0.3. Consider two metric spaces (U, dy) and WV, dy). A
Lipschitz process on U, parameterised by w € W, is a family of maps
PY: Ay — U, with

T ={(t,to) € I* | to < t}, (3.0.4a)
Ay ={(t,to,u) | (t,to) € Z,u € D} (3.0.4b)
DY C U, (3.0.4¢)

such that for all w € W, P" is a global process in the sense of Defini-
tion 3.0.1, and said family is Lipschitz continuous with respect to the
initial data, time and parameters. That is,

di(P™ (t, to)ur, P (¢, to)ug) < eCet=t0) gy (uy, us), (3.0.5a)
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du (P (11, to)u, P (ta, to)u) < Cilts — ta), (3.0.5b)
dye (PP (¢, to)u, PY2(t, t)u) < Cu(t — to)dw(wi, wa),  (3.0.5¢)

for some constants C,,, C; and C,, possible dependent on the sets DY, W
and I, for all ¢g,t1,t2,t € I such that to < min{t, 1,2}, w, w1, wy € W,
and u, uy, us € D%.

We can couple the two respective processes, and said coupling is a
local flow. Supposing that the considered metric spaces are complete,
such a local flow can itself generate a global process. This is the central
result in the third article, see [14, Theorem 2.6], in which a more detailed
version of the following theorem is presented.

Theorem 3.0.4. Consider two complete metric spaces (U,dy)
and (W, dyw). Define the product metric d : (U x W)? — R, by

d((uv w)7 (u/a w/)) = dlxl(uv ul) + dW(wa wl)'

Let PY : Ay — U and P" : Ay — W be two Lipschitz processes
parameterised by W and U respectively. Then, there exists a local flow
F:Ap = U X W, satisfying

F(7,t0)(u, w) = (P“(to + 7, to)u, P*(to + 7, to)w),
for all (1,19, (u,w)) € Ap, with Ap given by
Ap = {(T,to,(u,w)) | 7>0,tg,to+7 €1, (u,w) € D% X D%‘) .

This local flow generates a unique global process P : A — U x W,
Lipschitz continuous with respect to (t,to, (u,w)) € A, and satisfying a
tangency condition

%d(P(to ot (1, w), F(7, to) (u, w)) < O(7), (3.0.6)

for all (to + 7, to, (u,w)) € A, with T € (0,].
The consequences of this result are inherited from [15, Theorem 2.6].
Note. In the cases we consider, the set A is ensured to be non-empty.

The generated process P is not automatically a solution of the con-
sidered problem. This theorem however serves as a starting point to
establish existence of solutions via P, and furthermore ensures that so-
lutions constructed by P are unique. The majority of article 3 is then
establishing such results for different problems. In fact, we show such
a process generates a solution in the coupling of a system of equations
consisting of particular
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Ordinary differential equations;

Semilinear initial value problems;

Semilinear initial boundary value problems;
e Measure valued balance laws;
e Scalar conservation laws.

We then contextualise the results by applying them to some proposed
applications.

It should be noted that the original context of SIR models and their
extensions poses an additional challenge. Often, in said models, the
initial data for one unknown function is dependent on another unknown
function, see for example [16, 36]. Either the scheme currently is not well
suited to such situations, or future work could be done to incorporate
them.

3.1 An approach excluded from the paper

During the writing of article 3 [14], an approach was constructed for the
section “The Boundary Value Problem for a Linear Balance Law”, but
not included. In the following, we include the details of this approach,
which may provide ideas for tackling similar problems in the future. We
remark that the content of this chapter are the product of work with
the co-authors of article 3.

We begin by introducing the model considered. Fix a subinterval
ICcR containing 0. We consider the boundary value problem

Or(t,x) + Op(v(t, x)r(t,x)) = m(t, z,w)r(t, z) + q(t,z,w), (3.1.1)
for (t,x) € [to, T] x Ry, under the boundary and initial value conditions

r(t,0) = b(t),  fort € [to,T],
r(to,z) =ro(z), forxz e Ry,

with 0 < to, [to,T] € I, ro € (L' N BV)(R,;R) and b € BV (I;R).
Here the PDE is parameterised by the variable w lying in the complete
metric space W. The setup and assumptions of this model are developed
from [13].

Throughout this section we consider only left-continuous functions
in BV (R).

We use the following notion of solution.
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Definition 3.1.1. For a fixed w € W, a function
r e C%to, T); L' (Ry;R)),  with r(t) € BV(Ry;R),

for a.e. t € [tp,T] is a solution to the boundary value problem of (3.1.1)
if

e The PDE is satisfied in a distributional sense, i.e.

T
[ ] topptte) + ot ot opel)
to JRy
+ (mlt, 2wt @) + alt, 7, w)) (b, 2)) dadt = 0,
for every test function ¢ € C2°((to,T) x (0, 400); R);
o 7(tg,z) =ro(x) for a.e. x € Ry;
o lim, oy 7(t,x) = b(t) for a.e. t € [to, T.

The first step of the scheme is the construction of a parameterised
Lipschitz global process formed via the solution mapping of this problem.
We note that the difference here to how the approach was presented
in the paper is in the inclusion of the boundary data as one of the
components this process acts on. Said idea was proposed because during
the analysis we noted that the evolution of the flow was dependent on
the boundary data.

The existence of the desired process is due to the following proposi-
tion.

Proposition 3.1.2. Let R >0 and U = (L' N BV)(Ry;R) x BV (I;R).
Assume the following

(BP1) There exist positive constants 0,0, VL, Voo such that v € Co’l(f X
Ry;[0,9]) and, for all (t,z) € I X Ry,

TV (-, x); 1)+ TV (v(t,-);Ry) < Vao,
TV (9zv(t, ); Ry) + [|0z0(t, )l oo vy R) < V-

(BP2) For allw e W, m(-,-,w) € CO(I x Ry;R), and there exist positive
constants My, My, such that, for allt € I and w, w1, ws € W,

TV(m(t, '7w);R+) + Hm(tv '7w)”L°°(R+;R) < M,

Hm(tv " wl) - m(tv ) w2)||L1(R+;R) < MLdW(wlv w2)'
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(BP3) For allw € W, q(-,-,w) € Co(f; LY (R, ;R)) and there exist posi-

tive constants Q1, Qoo and Q, such that, for allt € I and w,wy, ws €
w,

lq(t, W)l ey r) < @1,
TV(q(t7 ’7w);R+) + Hq(t7 '7w)HL°°(R+;]R) < Qoos
lg(t, - w1) —q(t, -, w2)||l 1, r) < Qrdw(wi, w2).
Define the metric dy : U? — R, by

dy ((r,0), (', 0) = lIr =l iy my + 010 = ¥l 1 .y

Setting T = max I, define the mappings NL,N© NIV . I xU — R by

Nig (,8) = 117l ey ) + 18l 11 gy 772

to (r,b) = max{’|r“L°°(R+;R)a HbHLoo([tO,T];R)} )
=TV (r) + |b(to+) — r(0+)| + TV (b; (to, T)).

Then, there exists a local Lipschitz process on U, defined on the
subinterval [0,T] C I, parameterised by W, whose orbits have as first

component the solutions to (3.1.1) in the sense of Definition 3.1.1.
In particular,

D = {(r,b) € U: Ny (r,b) < R,N§°(r,b) < R,NG Y (r,b) < R}, (3.1.2)
for a suitably large R > 0,

N (r,b) < en(t),
'/\/’too (T7 b) S Ooo (t)7
NIV <arpny, (0 B
b(r) =0 for T €0,t)

Dt: (T,b)eD:

with

ay(t) = Re ™M= (T _ (T — t)eM=t,
oo (1) = Re~ Moot VL)(T—1) _ Qoo (T — t)e(MOO+VL)t,
ary(t) = R(1 —2(Ms + V) (T — t))e*(Moo+VL)(T*t)
—2Quo(1 + (Moo + V)T — t)eMoetV)E

where T € I is chosen such that o (0) > 0, aee(0) > 0 and apy(0) > 0,
and the Lipschitz constants of Definition 3.0.3 are given by

Cu :Mom
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Cyw = (2RM1, +2Q1, + Qoo M T) eMe+VLIT,

with £ some constant depending on R, T, and the constants in (BP1),
(BP2), and (BP3).

Proof. The unique solution of (3.1.1) can be constructed via character-
istics. In particular, define X'(+;tg, xo) and T (+;to, xo) as the respective
solutions of

& =wv(t,x), with z(tg) = o,
and

1 .
t/ = W, with t(mo) = t[).

Then the solution can be written as, see [13, (40)]

ro(X (to;t, x))Ew(to, t, @)

+ftto q(1, X(75t, 1), w)E (7, t, ) dT, x> X(t;t0,0),

+ f7t’(0;t,x) q(T, X(T; t? x)? ’w)gw(T, t’ 1‘) dr » T < X(t; to, 0)7
(3.1.4)

r(t,x) =

with
t
Ew(T,t,x) = exp/ (m(s, X(s;t,z),w) — Opv(s, X(s;t,z)))ds.

Note that, due to the left continuity of b, r(¢,-) is right continuous on
the interval [0,0(t)). We then define the mapping P* : A — U, param-
eterised by w € W, which we endeavour to prove is a process, by

PY(t,to)(ro,b) = (r(t,-),be),  with  b(7) = b(T)]l[tJ:] (1), (3.1.5)

with A generated by the sets D;.

Note, to ensure that this is a well defined process we disregard, i.e.
set to 0, b before the time ¢. This is okay, as if we consider the boundary
value problem with initial data at ¢, we only care that the solution
satisfies the boundary condition for time after ¢.

The semigroup condition and initial data condition of a global pro-
cess, see (3.0.2a) and (3.0.2c), are an immediate consequence of the
definition. It remains to prove PY(t1,t0)(ro,b) € Dy, for (rg,b) € Dy,.
For ease of notation, we set (r(t),b;) = P“(t,t0)(ro,b), with ¢ € [t,, T].
Furthermore, denote by o(t) the separatrix, i.e.

o(t) = X(tt0,0),

and we drop notating the w as it has no impact on the calculations.



3.1. An approach excluded from the paper 65

1. We show that N (r(t),b) < a1(t), using the inequality N3 (ro,b) <
a1(to). Recall first the following
t
Ozo X (t;to, o) = exp [ Oyv (1, X(7;t0,%0))dT,
to
v (to, zo)
o(T (x; tg, x0), x)

T (z;to,xo)
X exp/ Oyv (T, X (75 t0,20)) dT,
to

atoT(x; th CEO) -

t
Oy X (t;t0, x0) = —v(to, z0) exp [ Opv(T, X(T;t0, x0))dT,
to
1

_U(T(x;to,xo),x)

Oy T (w50, 20) =

T (x;t0,x0)
X exp/ 0,v(s, X (s;tg,z0)) ds.
to

Directly using the definition of r, see also [13, (SP.2) in Lemma 3|, we
obtain

(D)l (e R)

ot
S/ ) b(T(0:¢,2))[E(T (0%, ), t, ) d [set 7= T(0;¢,2)]
0

o(t) rt
+/ / lg(7, X(13t,2))|E(T, t,x) dT dz [set § = X (75, x)]
0 T(05t,x)

+/ [ro(X (to; t, x))|E(to, t, x) dx [set & = X(to;t, )]
a(t)
(o) t
+/ lg(7, X(15t,2))|E(T, t, ) dr dz [set & = X (7;t, )]
U(t) to
t t
- / o(r, 0)b(r) e s X (s5T0)s g7
to

t 0-(7—) )
[ [T et e agar
to JO
+ / ‘T0(€)|eftt0 m(s,X(s;to,€))ds d§
0

t roo t
[ [ latrgier e em o g ar
to Jo(r)

S (i> ”bHLl([to,t];R) + ||T0||L1(R+7R)) eMOQ(t_tO)

+ Qu(t — to)eMeliTto), (3.1.6)
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where we have used the substitution on the right when listed. Recall
that N3 (r0,b) < aq(to). Then,
N0, 50) = IO s ) + 00l s gty
< (0116l 1 (o.m) + 7ol L2y ) + Q1(t — to)) eMeelito)
+0llbell gt 7wy
Sf\/tlo(v‘o,b) Mos(t=t0) | ) (£ — tg)eMeo(t=10)
< o (to)eM= 1) 4 Qy (t — t)eMoeli10)
_ (Re—MOO(T—to) —QuT — to)eM‘”tO) Moo (t—to)

+ Q1 (t — to)eMeelt=to)
S aq (t)

2. Weshow that N> (r(t), bs) < aeo(t), using the inequality Ni2°(ro, b) <
Qo (to). Using the definition of r, we have

’ (t)|‘L°°(R+;R ) ”thLoo([t T]R)}

(m&X{||7“o||Loo(R+,R) 1B]] Loo (t0,4:R) } + Qoo(t — t0))
(Moo +VL)(t— to)’ b

o
"
,_A,,_/H

o ([t,TR) }
< (7"07 b)e (Moo +VL)(t—t0) Qoo(t — to)e(MooJFVL)(t*to)

< %O(to) (Moot V)(t=to) 4 (¢ — t)eMootVi)(t=t0)
< (Re_(Moo-i-VL)(T—to) —Qu(T - to)e(Moo-i-VL)tO) o(Meart V) (t—t0)
+ Quo(t — to)e(Moo+VL)(t—to)
< Re~ Moot VL)(T—1) _ Qoo(T — t)e(Moo+VL)t
= Qoo (1). (3.1.7)
3. Weshow that NV (r(¢),b;) < ary(t). We begin by improving upon

the estimate [13, SP.3 in Lemma 3]. Throughout we make extensive use
of the total variation properties found in [14, Lemma A.1]. We have

NV (), b0) = TV (r(8) + [bu(t+) = (8, 040)[ + TV (bes (£, 7).
Considering the first summand above, we have

TV (r(t)) = TV (r(1); [0, 0(1))) + Ir(t, 0 (0)+) — r(t, o(t)-)
+ TV (r(t): (o(t), 0)).
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We compute these three terms separately. First,
TV (r(t); (o(t),00))
< Tv(ro)e(Moo-i-VL)(t—to)
(7ol oo (ry sy e 2o VR E ) (ML 4 V) (t — to)
+ (t —to) (Qooe(Moo+VL)(t*to)
+ Qooe(MooJrVL)(t*to)(Moo +Vi)(t — to))
= (TV(rO) + |!To|!Loo(R+;R)(Moo +Vi)(t — to)) (Moot VL) (t—t0)
+ Qoo(t — t0) (1 4 (Moo + Vi)(t — tg)) eMeetVE)Et0) (31 8)

Using that 0 = X (to;t,0(t)), to = T(0;¢,0(t)), and the continuity of ¢,
£ and X, we find

r(t,o(t)+) —r(t,o(t)-)|
< |ro(X (tost, o(t)+))E(to, t, o (t)+)

= b(T(0;¢,0(t)—))E(T (05t 0(t)—), ¢, 0(t)—)|
/q(T,X(T;t,0(t)+))5(7’,t,a(t)+)dT

to

+

_ / o(r, X(r:t, 0 ()= )E(r 1, o (t)—) dr

T(Ost,0(t)-)
= |ro(04) — b(to+)| € (to, t, o (t)—)
< [ro(0+) — b(tg+)] eMoeVi)Et0) (3.1.9)

And finally,
TV (r(t);[0,0(t)))
< TV (b; (to, t])eMeetVi)(t—t0)

1Bl oo (110, 1,7) €M TV (Mo + V) (t — to)

(= o) (QuoeTVRITI0) L Qe tVINETI0) (M, 4 V) (t 1) )
= (TV (b5 (to, t]) + [1l| oo (fro.4.7) (Moo + Vi) (t — tg)) eMeeTVE)E—H0)

+ Qoo (t — 1) (1 4 (Mo + VL) (t — tg)) eMeotV)(t—t0) (3.1.10)
Adding (3.1.8), (3.1.9) and (3.1.10) we have

TV (r(t)) < (TV (ro) + |ro(0+) — bto+)| + TV (b; (to, t])) e Mt VE)E=to)
+ (Moo + V1) ([I7oll oo (- + 101l oo (t0.0:))
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x (t — to)e(Moo+VL)(t—to)

+2Q00(t — to) (1 + (Moo + Vi) (t — to)) eMoetVL)(t=t0)
Hence, as 19(0+) = b(t) = b(t—), we obtain

/\QTV(T(t)7 bt)
=TV (r(t)) + |bi(t+) — r(t,04)| + TV (bs; (¢, T))
< (TV (o) + |ro(0+) — b(to+)| + TV (b; (to, t])) eMeeFVE)E=t0)
+ (Moo + Vi) (IIroll oo ) + 16l poc (10,0)) (¢ — to)e M=t VEIEt0)
+2Qo0(t — to) (1 4+ (Moo + VL) (t — to)) eMeet Vi) (E=t0)
+ (ID() = b(E)| + TV (b (1,T) ) el Mt
< (TV(TO) + |ro(04) = b(to+)| + TV (b; (to, T])) (Moo +V1) (tt0)
+ (Moo + Vi) (IIroll oo ) + 10l poc (10,0)) (¢ — to)e M= VEIEH0)
+2Qo0(t — t0) (1 + (Moo + VL) (t — to)) eMeet Vi) (t=t0)
< NV (rg, b MotV T0)
+2(Mao + V) <Re—(Moo+vL)(T7to) _Qu(T— to)e(MooJrVL)tO)
X (t — to)eMoetV2)t=t0)
+ 2Qu0(t — t0) (1 + (Mo 4 Vi) (t — to)) eMeeFVE)(E—t0)
< Re_(Moo+VL)(T—t())(1 — 2(Mso + VL)(T — to))e(Moo-i-VL)(t_tO)
_ QQOOB(MOO+VL)t0(1 + (Moo + Vi)to)(T — to)e(MooJrVL)(tftO)
+2(Mo + V) (Re_(Moo-i-VL)(T—tO) —Qu(T — to)e(Moo-H/L)tO)
X (t — tg)eMeotVe)(t=to)
+ 2Qu0(t — o) (1 + (Moo + Vi) (t — tg)) eMoetVE)(t=t0)
< ary(t).

It remains to prove the Lipschitz stability estimates required of a Lips-
chitz parameterised process, see (3.0.5).

1. Lipschitz Continuity in Time The L', L>® and TV bounds
above allow us to apply [13, (SP.6) in Lemma 3]. Hence, we know that
P" is Lipschitz continuous in time with respect to the L' norm and the
Lipschitz constant C; depends on R, T and on the constants in (BP1),
(BP2) and (BP3).
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2. Lipschitz Continuity w.r.t. Initial and Boundary Data. De-
note (7(t),b) = P(t,to)(70,b), with (7p,b) € D;. Again using (3.1.4),
and via the same calculations used to obtain estimate (3.1.6),

[r(t,-) =7t )L o.00)R)
o(t) B
- / B(T(0:t,2)) — BT (0: £, 2))|E(T(0: £, 2), £, )

0
< z“)eM"O(t_tO)Hb - BHLl([to,t];R)’

and
[7(t, ) = 7t )L (o (t),00)R)
= /( : 10 (X (to;t,z)) — To(X (to; t, x))|E (to; ¢, ) d
o(t

< Moo lt=10) g — 7| L1r, )

Combining these estimates, we find

d(‘P(t?tO)(TU?b)7P<t7t0)(f07l_)))
= ”T(t7 ) - ’F(tﬂ ')HLl(RJr;R) + @Hbt - thLl([t,T];R)
S eMoo(t—tO)(HTO —_ fo"Ll(R+;R) + {}”b - BHLl([t(),T];R))

< M=) (o, b), (70, b)),
as required.
3. Lipschitz Continuity w.r.t. Parameters. Let w,w € W, and
(to,t, (ro,b)) € A. We now use the notation r(t) and 7(¢) for the first

component of P¥(t,ty)(ro,b) and P¥(t,tg)(ro,b) respectively. To begin,
we have

duy (Pw(t,t0)<7’0,b),Pw(t,to)(To,b))
= [Ir(#) =)l 1y m)

o(t)
<[ o)
w (T(05t,2),t,2) — Ex (T (05, 2),t,x)| da (3.1.11)

/ / q(r, X(r;t,x),w) Ew(T, t, )
T(Otac)
—q (1, X(7;t,2),w) Ep (T, t,x)|drdx  (3.1.12)

+ / o (X(to: 7)) [|En(tor . 7) — Enlte,t.2) dz (3.1.13)
o(t)
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00 t
[ [ latn &) v gl o)
o(t) Jto
—q (1, X(m;t,x),w) Ep(T,t,x)|drdx . (3.1.14)
Focusing on term (3.1.11), we use the substitution n(xz) = 7 (0;¢, z),

implying
T = X(T(l’, 77(1’)7 O)a 77(37)7 0) = X(t; n(m)v 0)7

and

to =T (0;t, X(t;t0,0)) = T(0:¢,0()),

thus

o(t)
/0 |6 (T(0;t,2))| |Ew (T (058, 2),t,2) — Eg (T (05, z),t,x)| dx

t

[0, 0)l[b(n))]

to

X

t t
exXp m(Sv‘X(S;na 0),11}) ds — eXp/ m(&X(Sﬂ% 0),’117) ds d77
n n

S eMoo (t_tO)R

t t
[ Jo(0.0) / m(s, X (57,0, w) — m(s, X(s;7,0), @)| ds dn
0 n
t  pX(s;5to,0)
= Me(-to) R / / Im(s, & w) — m(s,€, @)
to JO

T(0;5,8)
% exp / (7, X (73 5,)) dr d€ ds
< MLRe(M“JrVL)(t*tO)(t — to)dw(w, w),

where we have used (BP1), (BP2), and that, as the initial data is in
Dy, HbHLoo(f;R) <R
For term (3.1.12)

o(t) rt
A R G ROERCESY
T(0s5t,z)
q(r, X(1;t,x),w) Eg(, t,x)|dr dz

o(7)
// q(t,y,w exp/msXSTy) w)ds
to

g (ry, @) exp / m(s, X(s;7,y), ) ds| dy dr
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t po(r)
> eMoo (tt) / / |q (Tv Y, w) —4q (T’ Y ’lI))| dy dr
to JO

t ro(r)
+// 4 (ryy, @)
to JO

X

¢ t

exp/ m(s, X(s;7,9),w) ds—exp/ m(s, X(s;7,y), w)ds|dydr
T T

< QreM=U=0) (1 — to)dyy (w, w)

+ Q eMoo(t*tO)

/to/ /’mSX”y) w) —m(s, X(s;7,y), w)|dsdy dr

< QreM==10)(t — t)dyy (w, @)
+ Qoo Moot Vi)t~ to)/ / / —m(s, €, w)|d¢dsdr
Ry
< <QL + iQooML(t _ to)) e(Moo+VL)(t—t0)(t — to)dy (w, ),

where we have used (BP1), (BP2), and (BP3).
For term (3.1.13), we use a similar scheme and obtain

/ 170 X002 1o, 1,2) — ol )] da
o(t

=[] [

exXp m(s,X(s;tO,y),w) ds

to
t
—exp [ mls, X(sito, ), @) ds | dy
to
oo prt
< ReMOO(ttO)/ |m($7X(8;t07y)aw) - m(s,X(s;to,y),w)| dsdy
0 to

< RMpeMeetVE)t=to) (¢ — t4)dyy (w, @),

where we have used (BP1), (BP2), and that, as the initial data lies in
D, |Iroll oo (ry i) < R
Finally, for term (3.1.14),

0 t
o[ latr st a),wurn
®)

—q(1, X(13t,2), 0)E (7, t,x)| dT dz

/to/ lg (1, y,w exp/msXSTy) w)ds
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t
g (r,y, @) exp / m(s, X(s:7,y), @) ds | dy dr

< eMeolt= t°)// q(7,y,w) — q(1,y, w)|dy dr
to

_|_Q eMoot to

/ / / |m(7, X (s;7,y),w) —m(r, X(s;7,y),w)|dsdy dr
to Jo(r)
< QreM=U1) (1 — to)dyy(w, w)

+ QOOML%G(MOOJrVL)(t—to)(t — t0)%dyy (w, )
1
= <QL + QooML§(t - to)) Moo TVLIE0) (4 — 1) dyy (w, ),

where we have used (BP1), (BP2), and (BP3).
Combining these four estimates together, we have

dy (P™(t,to)(r0,b), P (t,t0)(ro, b)) < Cu(t — to)dw(w, ),

with
Cw = (2RML, 4 2Q1, + Qoo M T) eM=tVe)T

as required. ]

The next step is to ensure that this process, when coupled with
another, satisfies the PDE in some sense. This is given in the next
result.

Proposition 3.1.3. Let U = (L' N BV)(R;R) x BV(I;R), and as-
sume (BP1), (BP2) and (BP3). Let P“ be some Lipschitz process
on W, parameterised by u = (r,b) € U. Set P : A — U x W, with
P = ((Piy, P1p), P2), to be the process generated by Theorem 3.0.4 by
the coupling of the process PY from Proposition 3.1.2 with P“.

Then, for (t,to, (ug, wp)) € A,

Py y(t,t0)((r0, b0), wo) () = bo(-) L7 (),
and the function r : [to, T] — (L* N BV)(R4;R), given by
r(t,-) = Prr(t,to)((ro, bo), wo),
s a solution, in the sense of Definition 5.1.1, to

or + Ox(v(t, x)r) = m(t, x)r + q(t, x), (3.1.15)
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for (t,x) € [to, T] x R4, under the boundary and initial value conditions

r(t,0) = bo(t), fort € [to, T,
r(to,x) =ro(z),  forxz € Ry,

where

m(t,x) = m(t,z, Py(t,t0)((r0,bo), wo)),
(j(t, 1’) = q(t, x, PQ(t, t())((T(), bo), w()))

Proof. We begin by showing

Py y(t,t0)((ro, bo), wo)(+) = bo(-) Ly r(+)-

First, we recall that, via Theorem 3.0.4, the global process P inherits
tangency conditions with respect to its constituent parts via the gener-
ating local flow. In other words, h +— P;(s+ h,s) and h — P“(s+ h,s)
are first order tangent at any admissible initial data, i.e.

%du(Pl(to o to) (1, w), P (t + 7 to)u) < O(7), (3.1.16)

and hence converges to zero as 7 — 0+.
For simplicity, we write P“(¢,to)(ro,b0) = (7, b:), and notice that
by definition for any admissible rg and wy,

be(s) = bo(s)Ly p(s)  forall s €[0,T].

Note, in this notation by, = by. Further, as by € L*°([0, T]; R), the map
t + by is Lipschitz continuous in L([0, T]; R).
We can thus define a process Il on the admissible b by

Iy (t, to)bo = by.

I, is then L([0, T);R) Lipschitz continuous in time and with respect to
bo with Lipschitz constant L = max{||bo|| e ({o,7);r)> 1}-

Setting ((r(s),b(s)),w(s)) = P(s,to0)((ro,bo), wo), our goal is thus to
show b(t) = IIy(t,t0)by. We can apply [4, Theorem 2.9] to obtain

16(t) — Ty (t, to)boll L1 (0,175

t
|
< L/ lim inf {|b(s + ) — Iy (s + h, $)b(s) | L1 0,7y ds

to

< i/to nhrg(iﬁf%du(a(s B, 8)((r(s), b(s)), w(s)),



74 Chapter 3. Well-posedness for coupled differential models

PY®) (s + h,s)(r(s),b(s))) ds
=0,

where in the last step we have used (3.1.16).

It remains to show that r is a solution of (3.1.15). Fix some arbitrary
to € [0, 7], (po,bo) € U, and wy € W. As m and ¢ inherit analogous
assumptions to those of (BP2) and (BP3), the existence of a process

IT: {(s,50) € [to, T]> | s > s0} x (L'NBV)(R;R) — (L'NBV)(Ry;R),
satisfying

op + 0z(v(t, )p)=m(t,x)p+ q(t, ), (t,x) € [s0, T]xRy,
p(t,0) = bo(t), L€ [s0,T), (3.1.17)

p(50,) = pola), v € Ry,

is given by [13]. Recalling the proof of Proposition 3.1.2, IT is Lipschitz
continuous in time and with respect to initial data in the set D. Note
that choosing pg = 79 and sg = to, II gives the solution of (3.1.15).
We thus wish to show II(¢,%0)ro = 7(t) for any admissible ¢ > 0, with
r(t) = P1r(t, to)ro.

Now, via [4, Theorem 2.9],

[r(¢) = IL(¢, to)rol| L1 (r )

t
1
< b [ mind o4 1) T+ B, () e

with Ly the Lipschitz constant of II. Note that, setting ug = (r9, bo),
(7 + h) = Py (7 + h,to)(up, wo) = Py (7 + h, 7)P(7, to) (ug, wo),
making use of the semigroup condition for global processes. Then, from
the tangency condition (3.0.6), for 7 € [to,t] and 0 < h < |t — tp|,
1
EHPLT(T + h7 T)P(Ta tO)(u07 wO)
— P00 (7 4 7)1 (7), byl m, )
1
< Ed(P(T + h T)P(T, to)(Uo, ’wo)

(PPz(Tto)(uO,wo)(T + h, 7) Py (T, t0) (ug, wo),
PPI(”O)(“O’“’O)(T + h, ) Pa(7, to) (ug, wo) )
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< o(h).

So, via the triangle inequality

1
1}Irgér+lf —lr(7 4+ h) = (7 + h, 7)7(T) | 11 ()

< lim inf —HPP2 (rto)(wowo) (x4 h ) (r(7), by)
h—0+

— (7 + A, 7)r (T L1 s w)-
Hence
[r(t) — TI(t, t0)7‘0||L1(R+;R)
¢
< LH/ lim inf HPP2(Tt°)(“°’w°)(T+h (), b,) (3.1.18)
to h—0+
=T + A, 7)r(7) | o1 () AT -
Our goal is now to obtain estimates for the integrand to demonstrate
that the limit is zero.

Again, using [13, (40)], we have a solution formula for II. In partic-
ular,

po(X (so;t, 2))E(s0,t, x)

+[Larn X(rite)E(r ) dr, @ > X(ts0,0),
bo(T (0, 2)E(T(0;¢,2),t, x)
+f;—(0;tvm)q7(7',X(T;t,l‘))g(’l',t x)dr, x < X(t;s0,0).

11(t, s0)(po, bo) =

with
t
E(s0,t, ) = exp/ (m(s, X(s;t,z)) — Opv(s, X(s;t,2)))ds.
50

Thus, combining this with the solution formula (3.1.4), we have, denot-
ing o1(7) = X(7 + h; 7,0) and w,; = Pa(T, o) (ug, wo),

[P (7 + h, 7)(r(7),br) — I(7 + B, )7 (T)| L1 (joy (1), +00):R)

:/ lr(r, X(1;7 + h,2))||E(T, 7 + h,x) — Ep (1,7 + h,x)|dz
o1 t)

/ / q(s, X (s;7 + h,x),w;)Ey, (8,7 + h,x)

- (S,X(S;T+h,l‘))g(s,7’+h,$)’d$d$.
< R”ng (7—7 T+ h, ) - 5(7—7 T+ h, ')HLl([O'l(T),JrOO);R) (3119)
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/ / q(s, X (s;7 + h,x),w; )&y, (8,7 + h,x)
o1(T1)

—q(s, X(s;7+ h,2))E(s, T+ h, a:)’ dsdx, (3.1.20)

using that [|7(7)]ec < R.
Considering (3.1.19), we have

”ng (7—7 T+ h, ) - g(T, T+ h, ')HLl([al(T),—i-oo);R)

/01 (7)

T+h
—exp/ (m(s, X(s;7 4+ h,x),ws) — 0xv(s, X(s;7 + h,x)))ds |dz

Moot VE)T / / m(s, X (s; 7+ h,x),w;)
o1(7)
m(s, X(s; T+ h,x), ws)| dsdz

T+h
exp/ (m(s,X(s;7 + h,z),w;) — 0xv(s, X(s;7 + h,x)))ds

T+h
S 6(M°°+2VL)T Mde(PQ(S, to)(uO, wo), PQ(T, tg)(u0, wo)) ds

T+h
< e(M°°+2VL)TMLLip(P)/ (s —7)ds

T

2
< e(M°°+2VL)TMLLip(P)%

For (3.1.20), we find

/ / q(s, X(s;7 + h,x), wr )&y, (s, 7+ h,x)
o1(T)
—q(s, X(s;7 + h,2)E(s, 7+ h,x)| ds dw
T+h
g/ / lg(s, (87 + hy ), w7) — @(s, X (57 + by 7))
T o1(T)

X Ew, (8,7 + h,x)dxds

T+h [e%e)
+/ / |G(s, X (s;7 + h,x)|
T o1(7)

X ing(s,TJr h,z) — E(s, T + h,m)| drds
T4+h poo
< e(M°°+2VL)T/ / |q(s,:v,wT) — q‘(s,x)| dz ds
0

h3
+ e(M°°+2VL)TMLQOOLip(P)—2
3

h? h
< e(Moo+2VL)TQLLip(P)? + e(Moo+2VL)TMLQOOLip(P)?'
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One can similarly show that

[P (7 + h, 7)(r(7),b7) = H(7 + B, )7 (T) | L1 (0,00 (r))iR) < C 5
for some constant C' > 0. Substitution of these estimates into (3.1.18)
gives
() =T, to)roll Lt ey m) = O,

as required. O

Note. While this result contained the coupling of the process given by
Proposition 3.1.2 with only one other arbitrary parameterised Lipschitz
process, the ideas can be extended to the coupling of an arbitrary number
of processes. Hence systems of arbitrary size can be considered.

Further, the decision to allow the second process in the coupling to
be arbitrary is exactly what allows one to consider systems of many
different types of equations, assuming that a similar result is proved for
each of the component processes.
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Lipschitz stability for the Hunter-Saxton
equation

Katrin Grunert*and Matthew Tandy'

Abstract

We study Lipschitz stability in time for a-dissipative solutions to the
Hunter—Saxton equation, where o € [0, 1] is a constant. We define metrics
in both Lagrangian and FEulerian coordinates, and establish Lipschitz
stability for those metrics.

1 Introduction

In this paper, we investigate the Lipschitz stability of a-dissipative solutions of
the initial value problem for the Hunter—Saxton equation,

x “+o00
ug(2,t) + iy (x,t) = i(/ uZ(y,t) dy —/ ul(y,t) dy>, (HS)

— 00

with initial data u(z,0) = ug(x).

This equation was introduced by Hunter and Saxton as a model for the non-
linear instability in the director field of a nematic liquid crystal [13]. Further,
it is connected to the high frequency limit of the Camassa—Holm equation [6].

Solutions to (HS) may develop singularities, known as wave breaking, in
finite time. That is, u, — —oo spatially pointwise, while u remains continuous
and bounded.

One defines the energy density of the solution to be u2. Then, at wave
breaking, one sees that some of the energy will concentrate on a set of mea-
sure zero. Hence, the energy density in general is not absolutely continuous.
Instead, the energy is described by a positive Radon measure. The question
then becomes, how does one define the solution past wave breaking? This is
determined by how one manipulates the energy past wave breaking. In gen-
eral, one has the freedom to take as much energy away as one pleases [11]. Two
important cases are well studied. Conservative solutions, whom lose no energy
past wave breaking, and dissipative solutions, whom remove the energy that

*Deparment of Mathematical Sciences, NTNU Norwegian University of Science and Tech-
nology, NO-7491, Trondheim, Norway. katrin.grunert@ntnu.no.

fDeparment of Mathematics Sciences, NTNU Norwegian University of Science and Tech-
nology, NO-7491, Trondheim, Norway. mltandyofficial@gmail.com.
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has concentrated on sets of measure zero at wave breaking. For both the con-
servative [2, 14], and dissipative case [1], existence of solutions has been shown.
Uniqueness for the dissipative case was shown in [5]. Further, the dissipative
case is the solution with maximal energy loss for a given initial data, as shown
in [4]. The method used in this paper has been applied to the Camassa—Holm
equation to prove similar results [12, 8], and existence in the case in which
only part of the energy may be removed [10]. A different approach was used to
show existence and uniqueness to the differentiated Hunter Saxton equation,
vy + uvy = —%712,7) = u, under the assumption that u(0,¢) = 0 for all ¢, on
the positive real line, with compactly supported initial data[15]. Note that
solutions of this equation, extended antisymmetric to the whole real line, must
not necessarily be solutions to (HS), due to the requirement that «(0,¢) = 0
for all time, which we do not have.

We are more concerned with the stability of solutions. This builds upon the
work of [11], for which Lipschitz stability was shown for a given time-dependant
distance. We intend to overcome a few assumptions of this paper. Namely, we
wish to include the possibility of breaking at time zero, to build a metric that
relies on the current energy of the system, rather than the past energy, and
to rid the requirement of a purely absolutely continuous initial energy measure
in the dissipative case. Lipschitz stability was found for the conservative case
using different metrics in [14, 3].

Solutions to the problem are found using a generalization of the method
of characteristics. For explanatory purposes, formally suppose for now that «
is smooth, and its energy density is given by u2. Following the work of [14],
we shift from the Eulerian variable u to Lagrangian variables (y, U, V'), whom
satisfy

ye(&,t) = u(y(&, 1), 1),

which we can define as long as the energy for the solution u does not concentrate
on sets of measure zero, i.e. until wave breaking happens. This then gives

yt(£7 t) = U(§7 t)v (1&)
1 1 ..
Vi(€:1) = 0. (L)

This is a system of ordinary differential equations (ODEs) with initial data

y(€,0) = o(©), (2a)

U(£,0) = Up(&) = uo(wo(£)), (2b)
yo (&)

V(€.0) = Vo(¢) = [ W3(2,0) ds. (20)
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Assuming energy does not initially concentrate on sets of measure zero, one
can take yo(&) = €.

Wave breaking then occurs when at least two characteristics meet. The
time at which wave breaking occurs is given by

,0
_251]2((55,0))7 Ug(f,O) < 07

(&) = {0, Ug(£,0) = 0 = y¢(£,0), 3)
00, otherwise.

Up until wave breaking, the solution in Lagrangian coordinates is obtained by
solving (1). After wave breaking, how one continues is determined by how one
manipulates the energy. For conservative solutions, one continues the solution
using (1), retaining the energy in the system. For dissipative solutions, char-
acteristics that interact lose their energy and stick together, given by setting
Ve(&,t) = 0 for t > 7(€). We consider the case of a-dissipative solutions, for
whom Ve (§,t) = (1 — a)Ve(£,0) for t > 7(£) > 0. In particular, the system (1)
is replaced by

yt(€7 t) = U(gv t)7 (43’)
U0 = 3V(60) - 7 Jim V(&) (4b)

where .
Ve t) = / Ve(n, 0)(1 — 0L pyesior o0y () it

The more general a-dissipative solution [11] considers the situation in which
a : R — [0,1), i.e. that the drop in energy depends on the position of the
particle.

There is no unique way of defining the initial characteristic yo(§). One
cannot assume yo(€) = &, as this doesn’t account for energy initially concen-
trating on sets of measure zero. Due to this, one defines a transformation from
Eulerian to Lagrangian coordinates, as seen in [11]. In Section 2, we intro-
duce the spaces we will be working in, and the mappings used to transform
from Eulerian to Lagrangian coordinates and back. In addition, we state some
known results we will make use of later in the paper. As the solution at time
t depends on how the energy was initially distributed, one must introduce an
additional energy variable, v, which will provide a barrier we must overcome
in our construction for the Eulerian metric. Additionally, transforming from
FEulerian to Lagrangian variables introduces an extra coordinate, hence multi-
ple Lagrangian coordinates represent the same Eulerian coordinates, thus we
introduce equivalence classes, whose elements are related by a relabelling.

Section 3 focuses on the construction of a metric which is Lipschitz in time
for the Lagrangian coordinate system. For conservative solutions, the metric
can be defined using the normal L*°(R), L!(R), and L?(R) norms, as no energy
in the system has been lost, leading to a smooth metric [14]. For dissipative
solutions, energy may have suddenly dropped in the past, and the challenge is
constructing a metric which doesn’t jump upwards over these drops in energy,
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doesn’t split apart the multiple Lagrangian solutions representing the same
Fulerian solution, and which renders the flow Lipschitz continuous in time,
giving the solutions are continuous with respect to the initial data in our metric.

Finally, Section 4 contains our main result. Using the construction in La-
grangian coordinates we can define a metric in Eulerian coordinates. This then
inherits the Lipschitz continuity in time from our previous metric. However, the
metric must account for all possible drops in energy that could have occurred
in the past, that is, all possible past energy densities v.

2 The Lagrangian and Eulerian variables

Before continuing, we define the sets in which the Eulerian and Lagrangian
coordinates lie. We follow the construction in [2]. We begin by defining the
Banach space and associated norm

E={fel*®R) | [ € L’®)}, [fllz. =1/l +I1Fll2;

and define _
Hy=H'R) xR, i=1,2,

with the norms

I )l = I I+ ol NI, 0)ll, = \/Hfllip + la +[bf2,

where H'(R) is the usual Sobolev space. We then split R into (—oo,1),and
(—1,00), and choose x~, x € C*(R) satisfying the following three properties

o X +x' =1,
e 0<xt <1,
e supp(x~) C (—00,1) and supp(x™) C (—1,00).
We now introduce the mappings
Ri:H = E (fia)— f+a-x, (5a)
Ry:Hy - E (f,a,b)— f+a-xT+b-x". (5b)

These mappings are linear and continuous, due to functions in H'(R) being
continuous. They are also injective. We show this for Ry, and R; follows with
b = 0. If we have two equal elements F' and G in the codomain, then there
exists f,g € H'(R), and af, by, ay, b, € R such that

F@) +ap - x"(€) +bs - x"(€) = F(&) = G(§) = 9(&) +ag - X" (§) + by - X" (§).

for all £ € R. Taking the limits at oo, we find ay = a4 and by = b,. It then
immediately follows that f = g as required.
From these we define the following Banach spaces and associated norms,

By=Ri(H1),  |fle, = IRT (N,
By = Ro(Hz), | flle. = IRy ().
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Remark 2.1 (The choice of x does not change E;). Consider x* and " sat-
isfying the above conditions. Define Ry and Ry as one would expect, reflecting
(5a). We show Ry(H,) = Ry(Hy). Consider f € Ri(H,). Then there exists
g € H'(R) and a € R such that

f=g+ax"
Noting that x* — x™ is in C°(R), we have
foa-xT=g+a (X" -x") e H'(R),

therefore f = f —a- X" +a-x" isin Ry (Hy), thus demonstrating Ry(Hy) C
Ry(Hy). The same approach can be used to show Ry(Hy) C Ry (Hy).
It can also be shown that Ey does not rely on the choice of x~ and x7.

Using these, we define the Banach space B, and associate with it the ex-
pected norm

B = EyxEox Eyx Ev,  ||(f1, fa, f3, fa)llB = | fillzs ol 2o+ f3l 2, 4] fall 2, -

Wave breaking may occur at time zero, or may have even occurred in the
past. The measure p corresponds to the energy of the system at time zero.
To model previous wave breaking and the corresponding energy loss, an ad-
ditional energy measure v must be supplied. This variable carries the initial
energy forward in time (i.e. 1 (R,t) = 0, as we will see when mapping from
Lagrangian to Eulerian coordinates). Corresponding to v when transforming
to Lagrangian coordinates, a variable H is introduced. This will also preserve
the energy forward in time. The variable V' corresponds to the current energy
. This variable is necessary for the construction of a semigroup of solutions
in Lagrangian coordinates.
We begin with the set of Eulerian coordinates:

Definition 2.2 (Set of Eulerian coordinates - D). The set D contains all
Eulerian variables Y = (u, p,v) satisfying the following

e UcC Ez,
o p<veMF(R),
,u((—oo,:v)) - XJr(‘T)/j’(R) € LQ(R)7

— 2
® [lge = Uy dm,

o Ifa=1,v4 =p=n12dz,

o If0<a<l, %(m) e{l,1-a}, and % =1 ifuzs(x) <0,
where M™T(R) is the set of all finite, positive Radon measures on R.

Followed by the Lagrangian coordinates:

Definition 2.3 (Set of Lagrangian coordinates - F). Let the set F be the set
of all X = (y,U,H,V), where (y — id,U,H,V) € B, satisfying the following
properties
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y—id, U, H,V € Wh®(R),

ye, He > 0, and there exists a constant c such that 0 < ¢ < y¢ + H¢ a.e.,
YeVe = U,

0< Ve <H¢ ae,

If o = 1,ye(€) = 0 implies Ve(&) = 0, ye(€) > 0 implies Ve(€) = He(€)

a.e.,

If0 < o < 1, there exists k : R — {(1—a), 1} such that Ve (§) = k(§)He (€)
a.e., with k(§) =1 for Ug(€) < 0.

Define the set Fy as
Fo={X e F|y+H=id}.

The a-dissipative solution X (¢) for the equation (HS) in Lagrangian vari-
ables is then given by the following ODE system, with initial data X (0) € F,

yt(f: t) = U(€7 t)v (6&)

U6 0) = V(6.0 - 7 Jim V(D) (60)

Ht(éat) = 07 (6C)
13

V(e = / Ve(,0)(1 — oL prempioro0y)(n) dn, (6d)

for whom existence and uniqueness was shown in [11], in addition to the fact
that the wave breaking time is given by

,0
—2285, Ue(£,0) <0,

7(5) =10, U§ (57 0) =0= yf(& 0)7 (7)

+00, otherwise.

Transforming from Eulerian to Lagrangian coordinates and back is achieved
by the following mappings, which are inverses, with respect to equivalence
classes, of each other [14, 11] and which developed from the transformations
defined for the Camassa—Holm equation in [12].

Definition 2.4 (Mapping L : D — Fy). The following defines the mapping
L :D — Fy, from Eulerian to Lagrangian coordinates,

y(&) =sup{z e R |z + v((—00,2)) < &}, (8a)

U(§) = u(y(9)), (8b)

H(&) =& —y(8), (8¢c)
1 dp

V() = N He(m) o (y(m) dn. (8d)
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Definition 2.5 (Mapping M : F — D). The following defines the mapping
M : F = D, from Lagrangian to Eulerian coordinates,

u(z) =U(E),  for all § € R such that x = y(&), (9a)
p=yu (Ve df), (9b)
v = yy(He df). (9¢)

Here, we have used the push forward measure for a measurable function f and
p-measurable set f~1(A), i.e.,

The mapping L introduces an additional coordinate when mapping from
Eulerian to Lagrangian coordinates, hence the mapping is not one-to-one. On
the other hand, one can introduce an equivalence relation on F, equating La-
grangian coordinates representing the same Eulerian coordinates.

Definition 2.6 (Equivalence relation on F). Let G be the group of homeomor-
phisms f : R — R satisfying

f—ide WE°([R), f'—ide Wh(R), fe—1¢€ L*R). (10)
We define the group action e : F x G — F, called the relabelling of X by f, as
(X, f)mXef=(yof,Uof,Hof Vof).
Hence, one defines the equivalence relation ~ on F by
X4 ~ Xp if there exists f € G such that X4 = Xp e f.

Finally, define the mapping 11 : F — Fy, which gives one representative in JFy
for each equivalence class,

I(X)=Xe(y+H) "

Note. We have used in our definition for I1 that (y + H)™' € G. We will
simply write ILX , though this is not a linear transformation.

Lemma 2.7. [11, Proposition 3.5] Let X, X € F, and assume X ~ X, then

a(z) = U(€), for all £ € R such that = = g(§),
=(Uo f)(&), forall &eRsuchthat z = (yo f)(§),
=U(n), for all n = f(§) € R such that z = y(n),
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For any Borel set A C R, we have, using the substitution n = f(£),

Ai(A) = / (Vo fele) de
(yof)~1(A)

[ Vet n =)
y~1(A)

The proof for v follows from the same calculations as p. O

Relabelling can be done either initially, or after a given time, and one obtains
the same solution, as the following proposition states.

Proposition 2.8. [11, Proposition 3.7] Define the solution operator Sy : F —
F, X — Si(X) as giving the solution at time t to the ODE system (6) with
initial data X € F. Then

Sy(X e f) =5 (X)ef,
for any f € G.

For completeness, we include the definition of a weak a-dissipative solution
to (HS). Existence of solutions, using the generalized method of characteristics,
was found in [11].

Definition 2.9. (u,p,v) is a weak a-dissipative solution to (HS) with initial
data (ug, po,vo) € D, if (u, u,v) € D satisfies the initial data, and

uwe C¥3 (R x [0,T],R),  forall T € [0,+00), (11a)

v € Cuear ([0, +00], M (R)), (11b)
v(t)(R) = 1p(R),  forallt € [0,+00), (11c¢)
dp(t) = dpac(t)” + (1 = a)dps(t)™, (11d)
w(s) = u(t),  forallt €[0,4+00) from above, (11e)
w(s) = p(t)=,  for allt € [0,+00) from below, (11f)

and, for all test functions ¢ € C§°(R x [0,4+00)), (HS) is satisfied in the dis-
tributional sense, that is

uUPs + —u P, — — uy dy — uy dy |¢ | dxdt
0 R 2 4 —oo T
:—/u0<p0 dz, (12)
R

where @o(x) = ¢(x,0). Further, for each non-negative test function ¢ €
C§°(R x [0,400)), one must have

/0 o /R (61 + ugy) du(t)dt > — /IR 60 duio. (13)

For a complete work through of an a-dissipative problem, see Example A.1.
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3 Lipschitz stability in Lagrangian coordinates

We now have the necessary prerequisites to start constructing a metric in La-
grangian coordinates such that the solution to the ODE system (6) is Lipschitz
continuous.

Before constructing our metric, we ease the notation. Given X;, X; € F,
we define the following sets

Ai(t) = {¢ €R|U25(£t>0} (14a)
Aw(t) = A;(t) N A;(t), (14b)
Bi;(t) = {g ER|t<T(§) =T75(§) < 400}, (14c)
Q;,5(t) = Ai;(t) U By ;(2). (14d)

We use these to split the real line into two halves. Define, for X, X, € F,
Gia(&,t) = [Vie = Vael(&, ) a0 (&) + (Vie V Vae) (€ ) 1ge, () (€),  (15)

where we have used the notation a V b = max{a, b}.
We can now define our metric d : 72 — R as

d(X1, X2) = lly1 — ¥2llcc + [[U1 = Uzlloo + ly1,e — y2.¢ll2
+ 1Ure = Uzellz + [[H1 — Halloo + [|Gr2ll1 + [[Grzll2-  (16)

A naive approach would be to use the L'(R) and L?(R) norms of V; ¢ —
Va,¢. However upon wave breaking, these norms could suddenly jump upwards.
Consider, for instance, the fully dissipative case, i.e. a = 1, with X; and X»
in F such that V1 ¢ = Vo ¢ initially. Suppose the first does not break, while the
second does. The norm ||V; ¢ — V|1 would initially be zero and would jump
upwards and hence become strictly positive after wave breaking. We avoid
this by using the norms of G5 instead. These are designed to drop after wave
breaking in every situation, and thus they are shrinking as time moves forward.

To ensure that d is indeed a metric, we must confirm that the triangle
inequality is satisfied for the G15 terms.

Proposition 3.1. The function d : F2 — R given by (16) satisfies the triangle
inequality.

Proof. The triangle inequality is immediate for all the norms in d with the
exception of the L'(R) and L?(R) norms of G1». To ensure these satisfy the
triangle inequality, we show that, for all X;, Xo, X3 € F, we have

Gi3(€,t) < Gra(§,t) + Gas(&, 1)

We introduce the following notation
g12(§,t) = [Vie — (&)L, 1) (&),
912(&: 1) = (Vie V Vae) (€, 1) Tae, 1(6),

which yields
G12 (57 t) = ng(éa t) + §12 (57 t)
We begin by noting the following:
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o If &€ € Qy3(t), then & € Qy2(t) N Qa3(t) or £ € N5,(t) N NS5(t), but not
both.

o If £ € Qf5(¢), then & € Qf,(¢) N Q55(t), unless one of the following two
cases 0Ccurs:

— Iff c Alg(t) and f ¢ Ag(t), or § € Blg(t)7 then 5 c ng(t) n Qg:;(t)
— Ifé~ S Agg(t) and 6 ¢ Al(t), or § S ng(t)7 then f S Qiz(t) N Qgg(t).

Note the sets £ ends up in are all disjoint.
Further, for a,b,c > 0, we have the following inequalities,

la—bl <aVb, (17a)
avVb<aVc+|b—c| (17b)

We hence strategically use the required inequality for each of the cases above:
o If £ € Qy3(t), then either & € Qy5(¢) N Qa3(#), and
Vie = Vael(€:t) < Vi = Vael&t) +[Vae — Vael(€, 1)
or & € Qf,(t) NN54(t) and
Vie = Vael(§:1) < (Vig VVae) (& t) + (Vag V Vae)(€ 1),
giving
915(6,8) < (91206, L0 (6, 8) + 925(6, O Laa (&, )

+912(&, ) Lag, (1 (&5 1) + G23 (€, ) Lag, 1) (€, t)) Lo, (6t).

o If £ € Q5,(t), we either have € € Q%, (1) N Q% (¢) and
(Vie VVae) (1) < (Vieg VVae) (6, t) + (Vae V Vae) (6, 0),
¢ € Q1a(f) N Q84(1) and
(Vie VVae)(§:1) < [Vie = Vael(€t) + (Vae V Vae) (),
or € € Q%,(t) N Qo3(t) and
(Ve VVae)(€:1) < (Vie VVare)(€st) + [Vae — Vael(€,),
giving
315(6:1) < (31206, (Mg 9/(€:1) + Lag, (€ 1)) + 912(6, ) Lag 0 (6, )

+ §23(£7 t)(]lQm(t) (57 t) =+ ]lﬂfz(t) (‘ga t)) + 923(57 t)]lgiz(t) (67 t))
x Lae (1) (€, 1)

10
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As each part of these sums lie on disjoint sets, we indeed have
G13(§7t) < G12(€: t) + G23(§7t): for all (fa t) €R X [07 +OO)

As all the involved functions are positive, one can apply both the L!(R) and
the L2(R) norm on either side of the above inequality, and use the triangle
inequality, to obtain the required result. O

We are now ready to establish stability.

Theorem 3.2. Let X;(t) and Xa(t) be the solutions of the system (6) with
initial data X;(0) and X5(0) in F, respectively. Then

d(Xl (t), Xz(t)) S €td(X1 (0), X2 (0))

Proof. We derive inequalities for each of the terms in our metric. To do this,
we focus first on the metric D : F2 — R, given by

D(Xy, X2) = d(X1, X2) — [[Grz2]l1 — [|G12ll2 (18)
= lly1 — y2lloo + 1U1 = Uzlloo + ly1.6 — v2ll2
+ |Ure = Uzell2 + [[H1 — Hal|oo-

We do not need an estimate for the norm involving H, as it is constant in time.
Beginning with the y terms, we have from (6)

Im—mMﬁbww—w@MHAK%—%M@M&

and hence

(1 = 92) (5 B)lloo < N1(y1 = 92) (- 0o +/0 (U1 = U2)(s 8)[lo ds. (19)

We also have,

(Y16 = y2,) (5 Dll2 < (w16 —y2,6)(, 0)2 +/0 [(Ure = Uz,6) (- )l ds, (20)

which follows immediately from the Lagrangian ODE system (6), and using
Minkowski’s integral inequality.
Set Voo(t) = ) lirf V(&,t). Then we have for the U terms,
—+oo

t
(Uh = U2) (&) = (U — U2)(£,0) +/ (Ure = Us2,t) (€, 8) ds, (21)
0
and for the integral on the RHS,
t tq 1
/0 (U1t — Uay)(€,5) ds = /0 i(vl - V2)(&,8) — Z(Vl,oo — Va,00)(8) ds

‘1
- [ jv-wes)

11
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1 1
+ 7V =12)(6,8) = 1 (V1o = Va,00)(s) ds
I

= 1/ [/ (Vig = Vo) (. 5) dn

0 —oo
+o0o
—/ (Vi = Vae)(n, s) dn} ds.

1S

Substituting into (21) and taking the absolute value, we have

Uy — Tal(6,1) < |Us — Ua|(€,0) + //Wu—vm n,s) dn ds.

Concentrating on the integral on the RHS, we obtain

/ Vie— Vael(n.s) dn < / Vie = Vol (,5) di
R Q12(s)

+/ (Vie V Vage)(n,s) dn
?2(3)

:/G12(7775) ds
R

Thus, after taking the L>°(R) norm, we end up with

1T = Ua) (s 8) oo < (T = U2) (-, 0) oo + / IGaa(8)lh ds. (22)

For the L?(R) norm involving the Us’s, we use Minkowski’s integral inequality,
giving

1 t
[(Ure = U2.6) (-, )ll2 < [[(Ure = U2,)(, 0) |2 + 5/0 I(Vie = Vae) (s 8)l2 ds.

Using that we integrate on two disjoint sets and (17a), we have

([me=acbiesa)’ < ([ he=vaPies e

4 / (v nges d5>
SINE

~([16utcor ds);,

1 t
[ULe(st) = Uze(- )]z < ||U1,§(-,0)—U2,5('70)|l2+§/0 [Gr2(-; 82 ds. (23)

and hence

Combining (19), (20), (22), and (23) together, yields
D(X1(t), X2(t)) < D(X1(0), X2(0)) (24)

12
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¢ 1 1
# [ (P06 X9 + {1600 + 1G9 ) s

Thus, it remains to show that G12(&,t) is a decreasing function with respect to
time.

As, for all £ € R, the V¢(¢,t) are decreasing functions in time, (Vi¢ V
Va,e)(€,t) is a decreasing function in time. Should no wave breaking occur,
then the difference |Vi ¢ — V2 ¢|(€, t) will remain unchanged. Should both break
at the same time, then the difference will decrease, as after wave breaking

Vie = Vael(€,t) = (1 = a)[Vie = Vael(€,0).

Finally, one has to deal with the case of being in Q§,(0) initially, then ending
in Q12(t), as can happen if one has broken (or will never break) and the other
one will break in the future. Define a Ab := min{a,b}. After breaking, one can
write the difference as

Vie = Vael(§t) = (Vie V Vae) (€ t) — (Vig AVae)(6,8) < (Vie V Vae)(€,0)

due to the fact that, as mentioned previously, the maximum is a decreasing
function of time, and the Vg¢’s are both positive. Thus one can conclude

Gi2(-t)[lr < IG12(-,0)[1  and  [|[Gr2(- ) [l2 < [|G12(+, 0)]|2. (25)

Combining this with inequality (24) and recalling (18), one has

d(X1(t), X2(t)) < d(X:1(0), X2(0)) +/0 d(X1(s), Xa(s)) ds

and Gronwall’s inequality gives the required result. O

This metric faces a major problem: Although two different members of
an equivalence class in Lagrangian coordinates represent the same element in
Eulerian coordinates, they may have a distance greater than zero. This is
demonstrated in the following example.

Example 3.3. Consider the HS equation with initial data,

1, x <0,
w(x)=<¢1—2, 0<z<l, Vo:uozugﬁw(w) dz.
0, 1<z,

As our initial characteristic we can use yo(§) = &£, since neither energy con-
centrates on sets of measure zero nor ugg(x) is unbounded. Furthermore,
Uo(&) = uo(yo(€)) = uo(§) by (2). We then find, using (7), that wave breaking
will only occur for € € (0,1) and, in particular, 7(§) =2 for all £ € (0,1). For
t < 2, i.e. before wave breaking occurs, the solution is given by (6) and reads

07 fSO, _%tv §§07
Ve =3¢ 0<e<l, UE={1-tt+8e o0<e<t,
1, 1<, it, 1<¢,

13
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Figure 1: Characteristics y(&,t) for Example 3.3, for ¢ € [0, 3], in the dissipative
case, i.e. @ = 1. Note how the characteristics for £ € (0, 1), meet in one point
at t = 2, and remain stuck together as all the concentrated energy is lost.

and
t—gt?+¢&, £<0,
yE =St 2% p<g<,
2+ ¢ 1<¢.

Wave breaking does not occur at t = 0, and thus H(§,t) = V(& t) fort < 2.
See Figure 1 for a plot of y(&,t)

On the other hand, we can define the initial data in Lagrangian coordinates
using Definition 2.4. This yields, using (6), fort < 2

0, £<0, 1—1t, £<0,
Viet)=416, 0<e<2, UEH=1-ti+EDe p<e<,
1, 2<E¢, it, 2 <,
and
t— 22 +&, £<0,
gty =Qt— L2 =20 gcg<a
—1+ 1t2 +&, 2 <€

This time wave breaking occurs for all £ € (0,2), and again 7(§) = 2 for all
£ €(0,2). Once again, H(E,t) =V (&,t) fort < 2.

We now wish to identify the relabelling function connecting our two solu-
tions, which will then imply that these two solutions belong to the same equiv-
alence class. Importantly, the distance between these two solutions is positive.
Using Definition 2.6 and Proposition 2.8, we see that we need to identify a
homeomorphism f satisfying (10) such that

(y, U, H,V)(&,t) = (5, U, H,V)(£(£),1).

14
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Since §(£,0) + H(€,0) = &, we see that f € G is given by

£, £<0,
f(&) =4 2¢, 0<¢g<,
14+¢, 1<¢&

For completions sake, we compute the solution using Definition 2.5 and
obtain in both cases that the solution for t < 2 is given by

1—4t, o <t— it
u(w,t) = ¢ Satnt t— gt <z <14 gt
it, 1+ 32 <.

To resolve this issue, we introduce the function J : 72 — R, given by

J(XI,XQ) :f}gnefG (d(Xl,XQOf)—Fd(Xl .g,XQ)) (26)

This function satisfies the requirement that two elements of the same equiva-
lence class have a distance of zero. Sadly, one cannot conclude that J satisfies
the triangle inequality. To resolve this issue, one constructs a metric by taking
the infimum over finite sequences.

Definition 3.4 (A metric over equivalence classes in F). Define the metric
dr : F?2 = R as follows

N
dr(Xa,Xp) =  int { J(Xn,Xn_l)},
f(XA,XB) ne1

where the infimum is taken over the set ,7:'(XA, Xp) of finite sequences of arbi-
trary length {X;}No in Fo, such that Xo = 1X4 and Xy = IX5.
The following lemma ensures that dr is indeed a metric.

Lemma 3.5. Let X4, Xp € F and set (X4, Xp) = (IIX4,11X5). We then
have 5
[Xa— X5 < §d}'(XA:XB) < 5d(Xa, XB), (27)

where
[Xa=Xgll = llya—=yslloo +IUa =Usllco +[[Ha— HBlloo +[IVa = VBloo- (28)
Proof. The ideas of this proof follow the ones of [9, Lemma 3.2]. As
dr(Xa,Xp) =dr(lIX4,11Xp),

we assume for our calculations that X4, Xp € Fy.
For the upper bound, consider the sequence containing just X4 and Xp.
Then

dr(Xa,XB) < J(Xa,XB) = fignefG (d(Xa,Xpof)+d(Xseg,Xp))

15
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<2d(Xa,XB),

where in the last inequality, we have chosen f = g = id.
For the lower bound, we begin by showing that, for any X 4, Xp € Fo,

5
IXa = X5l < 5J(Xa, XB).

First, for any X € Fo, one has X € C%'(R)*, as Z = (y —id,U,V, H) €
Whoe(R)*. Furthermore, ||ye||oo, [|Ue|lsos || Velloo, and ||He|loo are all bounded
from above by 1, as 0 < ye, He <1, 0 < Ve < H, and UEZ = y¢Ve < 1 almost
everywhere. Hence, we have

[y(§1) —y(&)|+|U(&) = U(&)|+[V (&) = V(&) +[H (&) — H(&)| < 4[& — &,
which implies, that for any f € G,

[Xa—XB| <[ Xa—Xagof||+][Xaef—Xp]

29
< 4llid = fllo+ |1 Xa s f - X5, (29)

Then, using that X 4 € Fp, which implies y4 + H4 = id, and similarly for Xp,
we get
lid = flloo = llyp + Hp — (ya + Ha) o flloo < | Xa® f — X5|.
Substituting into (29), we thus end up with
[Xa — Xpll <5[|Xaef—Xp]. (30)

Note that we have, for any X;, Xo € F, that

13
VA(E) - V(o)) = ‘ [ tactn = Vaetn) an
< / IVie(€) — Vo (€)] de
R
<Gzl
or equivalently
Vi = Valleo < [|Gh2ll1- (31)

Recalling (28), setting V4 = V4 o f and V5 = Vg in (31), and substituting into
the RHS of (30), we get

| X4 — Xp|| <5d(Xaef Xp). (32)
A similar process reveals, for any g € G, that
[Xa— Xp| <5 Xa—Xpeg| <5d(Xa, Xpeg). (33)

Combining (32) and (33) together, and taking the infimum over all f, g € G,
we end up with
20X A — Xp| < 5J(Xa, X5), (34)

16
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as required.
Consider X 4, Xp € Fy. Given € > 0, there exists a finite sequence { X, }\_,
in Fy with Xo = X4 and Xy = Xp, such that

N
> J(Xn, Xn1) <dp(Xa,Xp) +€
n=1
Using (34), we have
N N
2 Xa—Xpll <2> [1Xn = Xna| €5 J(Xn, Xpn1) < 5dr(Xa, Xp) + 5e.
n=1 n=1
Since the above inequality holds for any € > 0, the claim follows. O

The following lemma contains two estimates for J, which play en essential
role when establishing the Lipschitz stablity in time for dr.

Lemma 3.6. For X4, Xp € F, and f € G with Hf&”éo < C for some C > 1,
it holds that
J(Xaef,Xp)<CJ(Xa,XB).

As a consequence, for solutions X 4(t), Xp(t) € F of (6) with initial data
X4(0), Xp(0) € Fo, it holds that

J(IIX A (), IX (1)) < €2t J(Xa(t), Xp(1)).

Proof. The proof follows the ideas of the one for [14, Lemma 4.8]. First, note
for f, h € G, and ga, gp € L>®(R),

lgaof—gpohlle=llga—gsohof . (35)

Importantly, due to the group properties, w := ho f~! is in G. We use this
relation for the L*°(IR) terms involving y, U, and H in d. Hence we focus on
the L2(R) and L'(R) terms.

Beginning with L2(R) terms, for f, h € G, we have

I(ya o fle — (yp o h)ell3 = /R [(ya o e — (yp o h)el*(€) dé
= /R lyae o ffe—ypeohhel*(€) d
Using the substitution n = f(£), for which d¢ = mdn, we have

[(yao fe — (ys o h)el3

/IyAsfgo Y~ (ypeoho f ) he o f ()

Feo F i ™"

17
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1
Using that w = ho f~! € G has the derivative w,(n) = %_1(%), we get

H(yAOf)r(yBoh)sI@:/Rl(yA)n*(yBow)n\z(n)stf‘l(n) dn

< felloll(wa)y = (ym o w)yl3

(36)

Similarly, one has

[(Ua o fe = (Us o h)ell3 < fellool|(Ua)y — (U 0 w)yl3. (37)

For the final two norms, we need to introduce some new notation to keep
everything clear. Let X; be an element of F, and using a relabelling f € G
define Xo = X7 o f. Then we have

As = {£ R | U2¢(€) > 0}
={{eR | U1e(f(O)fe(&) =
={{eR|U1(f(§) =0}
= {1 eER[U1£(§) >0} = f~1(Ay).

Using this, we define ) for a relabelled solution. Given X;, X; € F for some
labels 4, j, and their respective relabellings f,h € G, we define

QLF = (7N (A) N (Ay) ULE € R 0 < i(£(€)) = 75(h(€)) < +00}.

From the same substitution as before, and using the definition of G2,

(€

[(Vaof =V oh)elgrn +((Vao fleV (Ve oh)e)lgrnelh

= [ 1Wacheo 7™ = Vg o whhe o /1
R AB

1 (38)
+ (V. o fTYV ((Veeow)he o f) T i we
(Vagfeo f71)V (VB o whhe o f 7 ) guans Feo 1™
= / |(VA§ — (VB o ’I_U)E)Ilﬂid,w + VA5 V (VB o w)&ﬂﬂid,w,c dn,
R AB AB
and similarly to before,
[(Vaof=Ve oh)elgrn + (VaeV (Vb o h)e)Lgpnell3 (30)

< fellocll(Va = Vi 0 w)elgiaw + (Vag V (VB 0 w)e) Lgia e 3.

Combining (35), (36), (37), (38), and (39) together, we have for f,h € G and
w=hof,
1
d(Xsef,Xpoh)<|fe||lZd(Xa, Xpow).
For all these estimates, f is involved in the w, so to ensure we can take the

1
infimum, we assume that || f¢]|3& < C for some C' > 1.

J(XAOf,XB) :fln]fc‘ (d(XA.f,XB.f1)+d(XA0(fof2),XB))

1,J2

18
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S inf (Cd(XA,XB L] wl) + Cd(XA L] UJQ,XB))

w1 ,Wwso
= Cwian; (d(XA,XB owl) + d(XA OU}Q,XB)) = C’J(AXA,AXB)7
1,W2
where we have used the fact that w; and ws above are still in the group G, and
that given f € G for each g € G, there are h, [ € G such that g = foh =10 f.
Given t and slightly abusing the notation, denote by (y+ H)~1(£,t) the in-
verse of (y+ H)(-,t). Recalling (10), we have (y+H)~!(-,t) € G. Furthermore,
(ye + He)71(€,0) = 1 as X(0) € Fy. Choose ¢ € R and drop it in the notation
in the following calculation. We see that

d { ! ] I () v V(D)
at Lye®) + He)] ~ (wel®) + He()? ~ welt) + He(t) we() + He(1)
1 ) + He(t)

Ye(t) + He(t)  ye(t) + He(t)

SO

d [ 1 } < 1 1
dt Lye(t) + He(t) | ~ 2ye(t) + He(t)’
and hence
1 < ezt
Ye(t) + He(t) —
Then, one has
1

[N

[v+ )7 (0] = e+ H)(t w+ )1 (60) —

and the result follows by using the relabeling function f(&,t) = (y+H) (&, 1),
J(HXA(t%HXB(t)) J((Xa e (ya+Ha) ™)), (Xp e (yp + Hp)"')(1))

t( ()( o (ys+ Hp)™')(t))
T (Xalt), Xp(2).

M-A

w\»—A

We can now obtain stability in Lagrangian coordinates.

Theorem 3.7. Let X 4(t), Xp(t) € F be the solutions of the system (6) with
initial data X 4(0), Xp(0) € Fo, respectively. Then

3¢
2

dr(Xa(t), Xp(t)) < e2'dr(Xa(0), X5(0)).

Proof. Let € > 0. There exists a finite sequence {X,,(t)}Y_, in F of solutions
to (6), whose initial data lies in Fy, and a sequence of relabelling functions
{20 {gn 3N, in G such that

N
Z (d(Xn(O)v X5-1(0) @ fr—1)+d(Xn(0) ® gn, anl(o)))

19
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< dr(Xa(0),Xp(0)) +e. (40)
From Definition 3.4 and Lemma 3.6, it thus follows that

dr(Xa(t) ZJ (T1X (), TLX,, 1 (t))

nll N
ezt Z Xn— l(t))~

Hence, from (26), Proposition 2.8, and Theorem 3.2, we have

where for the final inequality we have used (40). As such a result can be
constructed for e arbitrarily small, we have

dr(Xa(t), Xp(t) < e3'dr(Xa(0), X5(0)),

as required. O

4 Equivalence relation in Eulerian variables and
Lipschitz stability

We define the metric dp : D*> — R on Eulerian coordinates as follows,
dp(Y1,Y2) = dx(L(Y1), L(Y2)), (41)

for Y; = (u;, py,v;) € D. An immediate consequence of Theorem 3.7 is the
following.

Corollary 4.1. Let Y1(t),Ya(t) € D be the a-dissipative solutions at time t of
the partial differential equation (HS), with initial data Y1(0),Y5(0) € D, then

dp(Yi (1), Ya(t)) < e3tdp(Y1(0), Ya(0)).

As mentioned earlier, the variable v was necessarily added to represent the
past energy in the system. However, we do not supply the initial energy dis-
tribution v. The following example demonstrates that if we have two different
past energy measures, our distance will be greater than zero, yet we have the
same solution (u, p) in Eulerian coordinates.

20
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Example 4.2. Consider the same ug as in Fxample 3.3, but with different
initial energy measures, namely

= u%,m(aﬂ)dw + 6o,

and
fo = ug o (x)dz + (1 — @) .

For a # 0, this models the case where wave breaking takes place at t = 0.
That is, energy is initially concentrated at the point x = 2, and an a-part of it
dissipates immediately giving rise to the difference between vy and pyg.

Then, we have

(=00, ) =

N =R O

and energy initially concentrates at x = 2.

r <0,
O0<x <,
1l<ax<2,
2 <z,

Thus we must define our initial

conditions using the mapping L given by Definition 2.4. We then obtain

3 £<0,
35 0<é<2, 1, £ <0,
yo(§) =9 -1+¢& 2<€<3, Up(§)=q1-3¢ 0<E<2,
2, 3<E<4, 0, 2<E.
-24¢&, 4<¢,
and using Ho(&) = & — yo(&) and (6¢), gives
0, égov
3§, 0<¢<2,
Ho(§) =H(t) =141, 2<£<3,
2, 4 <€

Using formula (7), we find that wave breaking occurs twice. For & € (3,4), wave
breaking occurs initially, i.e. 7(§) = 0 and for £ € (0,2) we have 7(§) = 2.

Using (8d) and (6d), we get, fort < 2,

0, £<0,
13 0<E<2,

V() =11, 2<E<3,
—24+3a+(1-a), 3<E<4,
2 —a, 4<E.

21
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We then solve the Lagrangian ODE problem (6) for t € [0,2), and find

1-1(@2-a), £ <0,
1-1@2-ap+it-2¢ 0<é<2,
U, t) = 9 jat, 2<£<3,
~L6-Ta)t+i(1-a)e, 3<E<4,

i(?—a)t, 4 <€,

and

—é(2—a)t2+€, £<0,
— 12— a)t? + (t - 2)%¢, 0<E<2,
y(£7t) ={-1+ 8at2+£7 2<E<3,
2-L(6-Ta)t* + 11— a)?¢, 3<E<d,

24+ 32— a)t* +¢, 4 <€,

see Figure 2. Note that, for any t € (0,2) and o # 1 the function y(-,t) is
strictly increasing and hence invertible. In particular, one has, slightly abusing
the notation,

—t+i2-a)t?+a, <t—i(2-a)t?

_8 o— 2,g

$7 t*%(Q*a)t2<$§1+%at2’
y @) = 1-gaf +a, 1+ lat? <z <24 Lat?,

—16+(6—7a)t>+8

W? 2+%O‘t2<1’§2+é(2—a)t2,

2—-i2-a)?+ux 24+ 12— a)t? <,
and inserting this into U(E,t) we obtain the solution for t € (0,2),

1-3@2-a)t, z<t—3(2-a)t?

w, t—s@2-a)t? <a <1+ tot?,

u(z,t) = iat, 1+ %odﬁ2 <xr <2+ éatZ,
Q”Ct_‘l, 2+%at2<x§2+§(2—a)t2,
12— a)t 24+ 32— a)t? <.

The following calculations are for o # 1. Using the mapping M, given by
Definition 2.5, we can calculate p and v for t € (0,2). For any Borel set A of
R, we get

poan= [ v ae
0y (€) de + / (1— )L (6) de

/ 14,0 2 rl(At)
:/ = dg
y=1(AN(t— L (2—a)t2,1+ Lat2]1) 2

of (1— a)de
L(AN(2+ 3} ot2,24 3 (2—a)t2],t)

22
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1 —
- §Ll(t—%(2—a)t2,1+§at2](y Y, 1), do

Fame /A Lt tar 2t zmaye) (U (@:0)e du
4
- (15_72)2 A]l(t—g(Q—a)tQ,H%atz](x) dx

4
+ ﬁAﬂ(2+éat2,2+§(2—a)t2](x) dx

=/ui(x,t) dz,
A

and for v, we find

V(A1) = / He(e,1) de
y~1(At)

1
:/ (ALt <§]l(0,2](€)+]1(374](5)> d¢
y7 £

= / u?(z,t) dm‘+01/ %
A y=H(AN2+ Lat? 24 3 (2—a)t2] t)

«
= n(4,1) +4mAﬂ<z+éat2,z+§(2_a>t2](w> da.

Similar calculations yield for « =1 and any Borel set A of R,

J(A 1) = /A W2 (1) d,

V(A1) = p(A,t) + 6 (A).

(2+2)

We can now compare this example with « = 1 to Example 3.3. Both choices
of vy lead to the same solution (u,u) in Fulerian coordinates. So, for the
given initial data (ug, o), there is an equivalence class consisting of triplets
(uo, o, ¥0) leading to the same solution (u,p). However, different choices of
v lead to quadruples in Lagrangian coordinates that cannot be identified using
relabeling and hence their distance with respect to dp, cf. (41), will be greater
than zero.

We do not know v, hence when going backwards in time our metric in
Eulerian coordinates can only be defined using v and u. We define the metric
in a similar way to how we defined our J in the previous section. We first define
the set Dy ps, which is our original set D without the v, with an additional
assumption that our energy measure is bounded. This will be necessary to
ensure that our construction satisfies the definition of a metric. Let

ac:ui dl’, R <M7
DO,M = {(u,,u) S XM+(R) Mand‘u:uQ 2;( 13;:1 } (42)
x

Then, for Y = (u, 1) € Do,as, define the set V(Y) to be the set of all v € M*(R)
satisfying
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Figure 2: Plots of the characteristics for the initial data in Example 4.2. Note
the initial density causes characteristics to grow from a single point in the
a = 0.5 case, while in the a = 1 case the loss of energy causes them to stick
together.

o u<veMHT(R),

o 1((=00.2)) = x4 (@)(®) € L2(R)

e lfa=1,v, =p=1uldr,

e If0<ax<l, %(x)e{Ll—a}, and‘i—’;zlifux(as)<0‘

Consider (u, i) € Do ar. We note the following inequality,

[ @) do < u(w) < o (13)
R
Define the mapping Jp : ’Da um — Ras

Jp(Y1,Ya) = inf _dp((ur, p1, 1), (u2, p2, v2)). (44)
(v1,v2)EV(Y1)xV(Y2)

We encounter a similar problem as to our metric on the previous set of equiva-
lence classes in F. We cannot conclude that the triangle inequality is satisfied
for this distance.

Following a similar construction as before, we define the metric dy; : Dg’ M
R by
N
dy(Ya, V) = _inf > Jp(Yn, YVao1), (45)
D(Ya,Ys) 51
where the infimum is taken over D(Y7, Y3), the set of all finite sequences {V;} ¥,
in Dy satisfying Yo = Y4 and Y = Yp. The following result ensures this is
a metric.
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Lemma 4.3. The function dys : D(Q)yM — R given by (45) defines a metric on
Do, -

Proof. Symmetry is immediate, as the distance djy, if you dig deep enough, is
constructed of metrics.

The triangle inequality is more challenging. Let YA, YB7 YC € Do, pr- Choose
€ > 0. Select two sequences

o {V;i}N, in D(Va,V5), and
o {Vi};2y, in D(¥3,Yo),
where N1, Ny € N and Ny < Ns, such that
. Z Jp(V, Y_1) < dpr(Ya, V) + ¢, and

« Y2 N1 I (Yo, Yoo1) < dy (Y, Yo) + €

Then
Ny N3

dy(Ya, Yo) < ZJD o Ya 1) =Y Io(Va, Y1)+ Y Jp(Ya, Yoo1)
n=1 n=N;+1

< dy(Ya,Vg) +du (Y, Yo + 2e.

As one can make a similar construction for any € > 0, the inequality involving
the RHS and LHS is satisfied for any ¢ > 0, and hence

dy(Ya,Yeo) < dy(Ya,Yp) +du (Y, Yo).
It remains to show the zero condition, that is
dM(YA,YB) =0 ifandonlyif Y4=VYg.
First, set Y = Y4 = Vg, and let v € V(Y)7 we have
0 <du(Y,Y) < dp((a, 1, v), (4, f1,v)) = 0.

Thus we obtain the backward implication for this statement. The forward
implication is more challenging.

Suppose das(Ya,Yp) = 0. Let € > 0, and select a sequence {V;,}N_, in D
with p,(R) < M for all n, (ug, to) = (ua, pra), and (un, pn) = (up, pp), such

that
N

A 2 2
> (Yo, Y1) < du(Va, Vi) + ze = ze.

n=1

Such a sequence exists because of the definition of the infimum.
Setting X,, = L(Y,,), and using Lemma 3.5 together with (41), we have

N 5 N
;Ian — Xl < §;d9<m,ml) <e. (46)
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Immediately from the definition of the norm || - ||, given by (28), we have that
N N

D v —vn-illo <€ and D [[Un = Unoilloo <e. (47)
n=1 n=1

Let X4 = Xo = L(Yp) and Xp = Xy = L(Yy). Note that y4 and yp are
continuous and increasing, by Definition (2.4). Thus for any = € R, there are
&4 and £ such that y4(£4) = 2 = yp({p). Substituting this into the difference
of the u’s, we get

lua(z) —up(x)| = lua(ya(§a)) —un(ya(€a))l
< lua(ya(§a)) —up(ys(€a))l + [us(ys(€a)) —up(ya(§a))l

ye(€a)
/ up(z) do
y

Aa(€a)
ye(€a)
/ u237x(x) dx
ya(€a)

=|Ua(€a) — Up(€a)| +

<NUA = Uslloot+Vya(éa) — yB(iA)|\l

N N

S Z HUn - Unleoo + \J Z ||yn - ynfluoo \% M
n=1 n=1

<e+VeM,

where we have used the Cauchy Schwartz inequality to split our integral, and
(43). As this is satisfied for any € > 0, one has us = up.
We now show pa = pp. From [7, Section 7.3], we need only to show that

/R F(@) dua(z) = / f(z) dup(z), forall feCo(R),  (48)

where Cp(R) denotes the set of all continuous functions whom vanish at +oo.
Using that CS°(R) is a dense subset of Cy(R), it suffices to show (48) for any
fe C=(R).
Let f € C°(R), then
/Rf(x)(d/m —dup)(z) = /R[(foyA)(ﬁ)VA,s(f) — (foyn)(§)VBe(E)] dE
= [T oun@Vae) - Vie(e) de

+ / ((F o ya)(©) — (F o um) (€)Vie(€) de
R

We show these two integrals equal zero.
For the first of these two integrals use integration by parts,

/R(foyA)(f)(VA,f(g)_VB,E(O) € = —/RyA,s(ﬁ)(f'oyA)(ﬁ)(VA(ﬁ)—VB(E)) dg.
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Using that 0 < y4.¢ < 1, we have that

/R\yA,s(E)(f’ 0 ya)(§)(Va(©) = V(&) d€ < [f'11IVa = VBl < [If'[l1e,

where we have used that (46) implies

N
1Va = Voo < 31X — Xuca] <.

n=1

For the second integral, we use

/R (F o ya)(€) — (f o ys)(©) Vi €) de

< (feya)©) = (foyB)(E)llocVB.ellr-
We have that ||[Vpe|1 < M. Also,

yB (&)
/ £(n) dn
Y

a(€)

[(foya)(©) = (foyn) ()] < < llys = yalloollf llsc < €llflloe

and thus
[(foya)&) = (foym)E)lloollVaelli < el fllocM.

Once again, this is true for any € > 0, and hence the integrals are zero, con-
cluding the proof. O

From this, we can conclude with our final Lipschitz stability result.

Theorem 4.4. Let Y5 (t) = (ua, pua)(t) and Yp(t) = (up, up)(t) be a-dissipative
solutions at time t to the problem

x “+o00
ug(2,t) + g (x,t) = i(/ uZ(y,t) dy —/ ul(y,t) dy>, (49)

with initial data f/A(O), YB(O) € Dy, respectively. Then

dy (Ya(t), V(1) < e2tdp (Ya(0), V5(0)).

Proof. Let ¢ > 0, and choose a finite sequence {Y;(¢)}¥, of a-dissipative solu-
tions to the partial differential equation (49) in D, with initial data{Y;(0)}¥, in

D satisfying (uo, p10)(0) = (ua, 114)(0), (un, un)(0) = (up, u5)(0), pi(R) < M
for all i =1,..., N, and such that

N
> dp(Yn(0), Y,-1(0)) < dar(Ya(0), Y5 (0)) + €.

Then, we have using Corollary 4.1

N
dar (Va(t), VB(6) < Y do (Ya(), Yo (1))
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<edt i dp (yn(o), Yn,l(o))

< eE!(dar(Ya(0), Y5(0)) + o).
As one can construct such a relation for any € > 0, we obtain the required

result. O

A Examples

Example A.1. We compute an a-dissipative example with o = % Given

1, r < =2,
-1 -z, —-2<zxz< -1,
uo(z) = ¢ 0, —l<az<l, Ho = vy = ugz(x) dx,
1—=x, 1<ax <2,
-1, 2<ux,
so that
0, r < =2,
T+ 2, —-2<zx< -1,
to((—00,2)) = vo((—o0,x)) =< 1, —1l<xz<1,

z, 1l<ax <2,
2, 2 <z,

then the transformation L, given by Definition 2.4, yields

55 €§_2a 17 £§_27
-1+1¢, —2<¢<o, —1¢, —2<£<0,
Yo(§) = ¢ =1+, 0<€<2, Uo(§) =40, 0<&<2,
35, 2 <£<4, 1—36 2<E<4,
—24¢, 4 <&, -1, 4 <&,
and
Oa £§_27
Vo(§) = Ho(§) = { 1, 0<€<2,
38, 2< €<,
2, 4 < €.

Next, we determine for which points € € R wave breaking will occur and when.
Using (7), we have

) = {2, €€ (-2,0)U(2,4),

oo,  otherwise.
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Computing the solution using (6), one obtains

t7%t2+§7 £S727
1 (t—2)*
“1+¢, 0<e<2, 0<t<2,

_9\2
t—12+ 5 2<g<y,
—2—t+ 32+ A<,

1) =
vt T+ 2t— 2+, £< -2,
2
—14 20 —2<¢<0,
—1+¢ 0<€e<2,; 2 <t,
t—2)2
Tp2p 1 e gce<y,
—I—Zt4+ L2 +¢, 4 <€,
1-3t, &< =2,
(t22)£7 _2<£§07
0, 0<€E<2, 0<t<2,
1_%t+ (t42)§7 2<£§47
—14 1t 4 <€,
U(fat): 2 1252 < 2
3 3% 67_7
2, ~2<£<0,
0, 0<¢&<2, 2 <t
2 1 (t—2)
§7§t+ 6 £7 2<£§4a

and
H(¢), 0<t<2,
0, £S727
’ 2, 0<&<2, 2 <t
36 2<€<4,
4
3 4<€7

Using Definition 2.5, we can finally compute the solution (u, u,v), which is
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given by

p(t, (—o0, x))

t— )
243, I-2t+gtt<u,

— 1, xS_2+t_it27
242a ot <<,

—-1l<x<1, t<2,

—242z 1<x§2—t+it2,

1 1,2
29 2_t+zt <,

1 5 9 1.9
- 5t, x§—§+ t— 12,

3

5 2 1,2
=27 — 3+ 5t—gt? <z <1,

—-l<z<, 2 < t,

—2+42x 5 9 1o
2 1<x§§77t+6t>

3

0, o< -24t- 182

L4+ 24—l ca<,

1, —-1l<z<1, t<o,

L+ G5, 1<o<2-t+412
2—t+ 3% <z,

z <1,

-1l<x<1, f—9

1<z,

o N

5 2 1,2
ita — st Et-gt<z< -l
—1l<z <1, 2 <t
5 2 1,2
1<x§§_§t+5t?

5 2 1,2
§_§t+gt <z,

+
i
+
IS
8

Wl Lol Wi Wi O wik wiow O
=
|
N
Nl
)
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and

o =
+

V(tv (—OO, Z))

=
AN
B OA

=

—6+6x
t—2)2>

+

N = == O N = O

$§—2+t—%t27
—2+t—jt? <z < -1,
—-1l<x<1,
l<z<2—t+ 12
2—t+ 3t* <,

t <2,

<1
5 2 1,2

e< 34212

5 2 1,2

el A
5 2 1,42

5 2 1,2

§*§t+5t <ux,

2<t.

Notice that v carries the initial energy forward in time, while u is the actual
energy in the system at the current time. Thus the difference in the two is the

lost energy.
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A Lipschitz Metric for a-Dissipative Solutions to
the Hunter—Saxton Equation

Katrin Grunert*and Matthew Tandy'

Abstract

We explore the Lipschitz stability of solutions to the Hunter—Saxton
equation with respect to the initial data. In particular, we study the
stability of a-dissipative solutions constructed using a generalised method
of characteristics approach, where « is a function determining the energy
loss at each position in space.

1 Introduction

In this work we study particular solutions to the Hunter-Saxton equation,
which is given by

1 xT 400

u(z,t) + vug (z,t) = 1 (/ u?(y,t) dy 7/ u?(y,t) dy). (HS)
— 00 x

To be precise, our goal is to define a metric for which a-dissipative solutions,

constructed using a generalised method of characteristics, are Lipschitz contin-

uous with respect to the initial data.

Equation (HS) was first introduced by Hunter and Saxton to model nonlin-
ear instability in the director field for nematic liquid crystals [11]. The physical
applications of this equation are not the focus of this paper, however.

Solutions to this equation may experience singularities in finite time. Specif-
ically, a solution u will remain bounded and continuous, while its spatial deriva-
tive will diverge to —oo at certain points. Parts of the energy, calculated using
the energy density function u2, initially spread over sets of positive measure,
will concentrate onto sets of Lebesgue measure zero. These singularities are
referred to as “wave-breaking”, and how one treats the concentrated energy
after these points in time determines the solution.

Discarding the concentrated energy, one obtains dissipative solutions, for
which existence and uniqueness have been shown [1, 4]. On the other hand,
one could retain the energy, obtaining so called conservative solutions, in which

*Deparment of Mathematical Sciences, NTNU Norwegian University of Science and Tech-
nology, NO-7491, Trondheim, Norway. katrin.grunert@ntnu.no.

TDeparment of Mathematics Sciences, NTNU Norwegian University of Science and Tech-
nology, NO-7491, Trondheim, Norway. mltandyofficial@gmail.com.
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case existence has been shown in [2, 12], and uniqueness in [5]. Finally, one
could choose to remove an « proportion of the energy, with o € [0,1]. These
are known as a-dissipative solutions, for whom existence has been established
in [8].

This paper focuses on the importance of the energy in the notion of a
solution to our problem. To be precise, an a-dissipative solution to the Cauchy
problem of (HS) is a pair (u, u) satisfying

1 T “+o0
Up + Uy = 1 (/ du f/ du) (1a)

pe 4 (up)e <0, (1b)

in the distributional sense. The second measure valued PDE inequality tracks
the energy, and correspondingly the variable p is a positive finite Radon mea-
sure representing the current energy.

To motivate where equation (1b) comes from, formally consider v € C?(R x
[0,4+00)), such that p = u2(-,t) € L2(R) for all times ¢ > 0. Then

1
(u2)s = 2uptiyr = 2uy(—(utty), + iui) = —ud = gy, = —(uul),.  (2)

In other words, equation (1b) is satisfied with equality, and p(¢,R) = (0, R)
for all times ¢ > 0. This is thus a fully conservative solution. In reality,
global solutions experience weaker regularity than we have assumed here, due
to wave-breaking. Furthermore, discarding part of the concentrated energy at
wave breaking yields a loss of energy resulting in (1b).

The prequel to this piece of work [9] takes « to be constant, and a Lipschitz
metric in time was constructed. However, we had to assume that the two
solutions one is measuring the distance between share the same «. This paper
continues this work, constructing a new Lipschitz stable metric for the case
where « is now possibly different for both solutions, and is a function of space.
In this scenario, the amount of energy lost is determined by the point where the
energy concentrates. In particular, we are looking for a metric d that satisfies
the estimate

d((uA(t)vuA(t))v (UB(t)MU'B(t))) < eAtd((uA(O)vﬂA(O))v (UB(O)vﬂB(O)))v (3)

for all ¢t > 0. Here A € R is some positive constant. The method we use is
developed from [12], where a Lipschitz metric for conservative solutions has
been found using ideas from [2]. An alternative construction making use of
pseudo-inverses was employed in [3]. In [1], a metric satisfying property (3) has
also been found for dissipative solutions, in addition to Lipschitz continuity with
respect to the variable . This metric uses an optimal transportation approach,
constructing a Wasserstein / Kantorovich-Rubenstein inspired cost function
over transportation plans, and minimising over said plans.

A generalised method of characteristics is used to construct a-dissipative
solutions to (HS) and to define a metric. Up until wave breaking occurs, we
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can define our Lagrangian coordinates (y, U, V) by

y(§t) = u( (& 1),1), (4a)
U 1) = u(y(&, 1), 1), (4b)

/y(5 it) i, (40)

with £ a parameter, the so called “label” of the characteristic y(&,t). From
the classical sense of Lagrangian coordinates, we may sometimes refer to £ as

a “particle”.
This leads to an ODE system, given by
yt(é-v t) = U(£7 t)v (5&)
1 1 .
Ui(€,t) = V(g t) — = lim V(&,¢), (5b)
2 4 £—o0
Vi(€t) = 0. (5¢)

Assuming that no wave breaking occurs at time zero, one can take as initial
data y(£,0) = £. The first two variables y and U represent respectively the
position and velocity of particles £ € R as usual, while the third variable V'
corresponds to the p in Eulerian variables, and represents the cumulative energy
up to particle &.

To demonstrate where the third ODE comes from, once again formally
consider a sufficiently smooth solution w such that (2) is satisfied. Then, dif-
ferentiating (4c) with respect to time,

y(&:t)

Vi(6,t) = U(€ )2 (y(£.0), 1) + / (w2 (2, 1))y da

— 00

= U(£7 t)ui(y(& t)? t) - U(£7 t)ui(y(£7 t)v t) =

Wave breaking in Lagrangian coordinates corresponds to a collection of
characteristics colliding. Specifically, wave breaking occurs at time 7(&) for £ €
R when y¢(€,7(£)) = 0. In the case of piecewise affine and continuous solutions
in Lagrangian coordinates, this corresponds to intervals where the function
y(-,7) is constant. The desire to characterise this behaviour at time zero is
what prevents us from simply taking y(&,0) = &, as such initial data does not
contain concentrated particles initially. This problem is overcome by applying
the mappings between Eulerian and Lagrangian coordinates, introduced in [10]
in the context of the Camassa—Holm equation.

For a given £ € R, the wave breaking time 7(&) can be calculated using the
initial data for the ODE system (5). In particular,

0
_25222 5. Uel&,0) <0,

T(€) =40, Ue(£,0) = 0 =1ye(&,0),

00, otherwise.
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For a fully conservative solution the system (5) determines the solution for all
time. On the opposite end of the spectrum, a fully dissipative solution corre-
sponds to the system formed by equations (5a) and (5b), but setting V¢ (£,t) =0
for t > 7(§).

In the general case, a : R — [0,1], the energy loss at wave breaking is
dependent on the particles position at time 7(£), and is given by a(y(&, 7(£))).
The a-dissipative solution is thus given by (5a) and (5b), and setting

1

Ve = [ Ve 0) (- alyn T rensriey-o (1) dn
— 00

Using this, one obtains the conservative solution in the case a = 0, and the

fully dissipative solution in the case a = 1.

The construction of our metric will take advantage of the approachable prop-
erties of these Lagrangian coordinates. The general idea is as follows. First, we
establish how one transforms between Eulerian and Lagrangian coordinates.
Second, we define a suitable metric in Lagrangian coordinates, satisfying Lips-
chitz stability with respect to the initial Lagrangian data, similar to inequality
(3). Finally, we define a suitable metric in Eulerian coordinates by measur-
ing the distance of the corresponding Lagrangian coordinates, inheriting the
Lipschitz stability we require.

The paper is organised as follows. Section 2 begins with the setup of the
relevant spaces for our problem, in both Lagrangian and Eulerian coordinates.

To solve our problem we will need to introduce a secondary dummy measure
v. This will also be a positive finite Radon measure, which is bounded from
below by p and which plays a key role when defining the transformations be-
tween Eulerian and Lagrangian coordinates. In Lagrangian variables this will
correspond to a function H. Importantly, v is a necessity in the construction of
our Lipschitz metric, but does not form part of the solution to (HS). Therefore
we will need to consider equivalence classes with respect to ¥ when constructing
our metric in Eulerian coordinates.

Energy concentrating on sets of measure zero must be accounted for in
the definition of the initial characteristics. Thus the next step in Section 2
is to introduce a mapping from Eulerian to Lagrangian coordinates, and vice
versa, that account for this initial energy concentration. For three Eulerian
coordinates, there will be a corresponding four Lagrangian coordinates. Hence
there will be some redundancy, in that multiple Lagrangian coordinates will
correspond to the same set of Eulerian coordinates. These will form a set of
equivalence classes, related by a group of homeomorphisms called relabelling
functions.

Throughout the second section we will introduce relevant established results
that we make use of.

In Section 3, we construct a semi-metric in Lagrangian coordinates that
satisfies Lipschitz continuity with respect to the initial data. This will form a
central part of the construction of our metric.

We will see that the semi-metric we construct in Section 3 is far from op-
timal, since the distance between two elements of the same equivalence class,
i.e. two elements representing the same Eulerian coordinates, can be positive.



K. Grunert and M. Tandy 125

In Section 4, we overcome this issue and detail how we construct the metric
in Lagrangian coordinates. Additionally, we establish the Lipschitz continuity
with respect to the initial data in the Lagrangian setting.

In the final section, Section 5, we return to Eulerian coordinates, using our
metric in Lagrangian coordinates to define a Lipschitz metric in time. In this
section we have to take equivalence classes with respect to the dummy variable
v into account.

2 Lagrangian and Eulerian coordinates

Before we can begin our construction of the metric, we must set up our Eu-
lerian and Lagrangian coordinate spaces. In addition, we must examine the
Lagrangian ODE problem, what it means to be a solution in Eulerian coor-
dinates, and introduce relevant results from past literature. This follows the
construction outlined in [2] and [8].

We begin by introducing an important set. Let E be the Banach space of
L*(R) functions with L%(R) weak derivatives, with an associated norm || - ||z,

E={feLl*®R)|f € L’®)}, [flle=Iflloc+ 1

Furthermore, define H; := H'(R) x R’ for i = 1,2, and Hy = L?(R) x R,
with the norms

1), = I 17+ 1212 I @), = /A3 + [l

We split the real line into two overlapping sets (—oo,1) and (—1,00), and
pick two functions x and x~ in C*°(R) satisfying the following three proper-
ties,

o X +x" =1,
e 0< Xt <1,
e supp(x~) C (—0o0,1), and supp(x*) C (~1,00),

called a partition of unity.
Using these two functions, we define the following two linear, continuous,
and injective mappings,

Ri:H = E (fia)& f=f+a-x" (6)
Ry:Hy—E (fiab)— f=f+a-xT+b-x". (7)

They define the following two Banach spaces, which are subsets of F,
E = Rl(Hl)v ||fHE1 = ||R;1(f)||H17

Ey = Ro(Hz), ||flle. = Ry (F)la-
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Note, from (6), operation R is well defined for elements of Hy. We define the
set Fp, and the corresponding norm || - || g,, by

Eo = R(Ho), || fllm =R ()l
Finally, our o must lie in the following set,
A= W (Rs[0,1)) U {1}, (®)

Avoiding functions which attain values on [0, 1], with 1 inclusive, is necessary
to ensure that the mappings between Eulerian and Lagrangian coordinates are
invertible with respect to equivalence classes. See Example B.2.

With this setup done, we can define the space of Eulerian coordinates.

Definition 2.1 (Set of Eulerian coordinates - D). Let o € A. The set D*
contains all Y, with Y = (u, u,v), satisfying the following

o uc Fs,
pn<veMHR),

® [lac < Ve € M+(R)’

2
® [lac = Uy dx;

(=00, 2)) € Eo,
v((—o0,x)) € Ey,

[faEl,yaC:u:uidx,

If o € WHR(R;[0,1)), then %(z) > 0, and ‘;‘;—::(a:) =1 if u,(z) <0, for
any x € R,

where M™T(R) is the set of all finite, positive Radon measures on R.
The set D is defined as

D={Y*=(Y,0)|acAandY €D} = | ] (D* x {a}).
a€EA

Finally, for M, L > 0, the subset D]LM is given by
DI ={Y*eD|uR) <M and ||| < L}. (9)

Before defining the Lagrangian coordinates, we introduce a new Banach
space B,

B = Ey x Ea x By X E1, ||(f1, f2, 3, fa)llB = | fill ms + | foll 2o [ f3ll 2y + || fall 2, -

Definition 2.2 (Set of Lagrangian coordinates - F). Let o« € A. The set F*
contains all X = (y,U, H,V') such that (y — id, U, H,V) € B, satisfying

o y—id,U H,V € WHhe(R),
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ye, He > 0, and there exists a constant ¢ such that 0 < ¢ < y¢ + H¢ a.e.,

yeVe = UZ,

0< Ve < H; ae.,

Ifa = Lye(§) = 0 implies Ve(€) = 0, ye(€) > 0 implics Ve(€) = He(€)

a.e.,

e If0 < a <1, there exists k : R — (0,1] such that Ve(€) = r(y(§))He(§)
a.e., with k(y(€)) =1 for Ug(§) < 0.

The set F is defined as

F={X*=X,a)|a€A and X € F*} = U (F*x{a}).
acA

Finally, for M, L > 0, the subset ]:]@ is given by
Fir={X € F ||Vl <M and ||o/ || < L}. (10)
For a € A, define the set 7§ and Fy as
o ={XeF|y+H=id},

and
Fo={X"=X ) eFly+H=id} = | (F§ x {a}).
a€cA
Similar, we set ]-'&M =FoN ]—']@.
In the general case, where wave breaking can occur, the a-dissipative solu-
tions to the Hunter—Saxton equation in Lagrangian coordinates are defined as
follows.

Definition 2.3 (a-Dissipative Solution). Let X§ = (Xo,a) € F. We say
that X* = (X, «) is an a-dissipative solution with the given initial data X§ if
X(t) € F for all t > 0 and satisfies

yt(£7 t) = U(f, t)a (11&)
Uiet) = V(1) — 3Vault), (11b)
Ht(£7t) =0, (llc)

13
V(€7 t) = / Vé(nv O)(l - a(y(nv T(n)))n{r€R|t27’(7‘)>0} (77)) dn7 (11d)

— 00

with initial data X (0) = Xg, where Voo (t) = lim V(&,1).
E——+oo
Observe that « is independent of time in the above definition, but is essential
since the ODE system (11) depends heavily on the choice of a.. Furthermore,
note that the derivative Vg is in general a discontinuous function in time for
particles £ € R experiencing wave breaking.
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Existence and uniqueness for the system (11) has been shown in [8], with
the additional fact that the wave breaking time for a particle £ € R is given by

ye(£,0)
_2[1/]5&(570)7 U§ (57 0) < Oa

7(§) =40, Ue(€,0) = 0= ye(&,0), (12)
+-00, otherwise.

We will now introduce some simple estimates that we will make use of later on.

Lemma 2.4. Consider two a-dissipative solutions X4* and X3P with initial
data Xoa,g and X% in F. Then for each fized £ € R the following estimates
hold '

A€ ) — ys(E D) < [ya(€.0) — ys(€,0)] + / Ua(€,5) — Un(€, 5)| ds,
(13a)
|UA(£at) - UB(é'vt)‘ S |UA(£7O) - UB(§7 0)‘ (13b)

1 t
1 | WVact.s) = Vel o)l ds.

Proof. The first estimate is immediate from the ODE system (11). We focus
on the second. For a fixed £ € R,

UA(éa t) - UB(Evt) = UA(£7 0) - UB(§70)
tr1
+/0 (Q(VA(&S) - VB(&9))
_ i(VAm(s) _ vB,m(s))) ds
- UA(£7 0) - UB(f,O)

o1 t (/ © Waelns) — Vineln, 5)) dn

— 00

- /g (Vae(n, ) = Vine(m, s)) dn) ds.
Hence
1 t
VA1)~ Un(€.)] < [UA(E.0) ~ U (€.0)] + + / WVac(s) — Vil s)lh ds.

as required. O

As a consequence, we have the following corollary.
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Corollary 2.5. For two a-dissipative solutions X §* and X3P with initial data
Xg4 and X% in F, we have

lya(®) —ys(®)llco < lya(0) = yp(0)[lc + /0 [Ua(s) = Up(s)lloo ds, (14a)

[UA(t) = Ug(t)]loo < U(0) = Up(0)]|oo (14b)
1 [ Wao) =~ Vinetsilhas,
lyaet) —ypet)lz2 < llyae(0) — yp.e(0)]2 (14c)
/ [Uae(s) — Upe(s)ll2ds,
[Uae(t) = Upe(t)ll2 < [[Uae(0) = Upg(0)ll2 (14d)

1 t
+3 ] Vo) = Vae(o)lads.

2.1 Mappings between Eulerian and Lagrangian coordi-
nates

The goal now is to introduce a way of mapping from Eulerian to Lagrangian
coordinates and back. These mappings were developed from similar ones for
the more complicated Camassa—Holm equation [10], and will be central in using
a metric in Lagrangian coordinates to define a metric in Eulerian coordinates.

Definition 2.6 (Mapping L:D > Fo). The mapping L:D — Fo, from
Eulerian to Lagrangian coordinates, is defined by

L(y®) = L((V0)) = (X,0) = X°

with X = (y, U, H,V') given by
y(&) =sup{z € R |z +v((—o0,2)) < &}, (15a)
U(&) = u(y(¢ )) (15b)
H(&) = ¢ —y(&), (15¢)
/ - oy(n) dn. (15d)

Definition 2.7 (Mapping M:F — D). The mapping M : F — D, from
Lagrangian to Fulerian coordinates, is defined by

M(X®) =M(X,a)=(Y,a) =Y

with Y = (u, p,v) given by

u(z) =U(E),  forall§ € R such that x = y(&), (16a)
p=yx (Ve dS), (16b)
v = yy(He ). (160)
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Here, we have used the push forward measure for a measurable function f and
a p-measurable set f~1(A), i.e.,

Fa(u)(A) = p(f~1(A)).

The mapping L maps four Eulerian coordinates ((u,p,v),a) to five La-
grangian coordinates ((y,U, H,V),a). Hence there is some redundancy here.
That is to say, a set of Lagrangian coordinates can represent the same Eulerian
coordinates. This set is an equivalence class, whose elements are related by
what is referred to as a “relabelling”.

Definition 2.8 (Relabelling). Let G be the group of homeomorphisms f : R —
R satisfying

f—ide WheR), f'-ide Wh*(R), fe—1¢€ L*R). (17)

We define the group action o : F X G — F, called the relabelling of X* € F by

f, as
(Xa,f)HXaOf:((yof,Uof7Hof,Vof),a).

Hence, one defines the equivalence relation ~ on F by
XG4 ~ X3P if there exists f € G such that X§* = X3P o f.

Finally, define the mapping 11 : F — Fy, which gives one representative in JFy
for each equivalence class,

(X% =X (y+ H)™ L.

Under these equivalence classes, the mappings L and M are inverses of one
another [8, 12].

Lemma 2.9. Let Y € D, and L(Y®) = X*. Then, for any f € G,

M(X®) =Y = M(X%o f).

Further, the relabelling is carried forward in time by the solution, see [8,
Proposition 3.7].

Lemma 2.10. Denote by S; : F — F,X§ — Si(X§) fort € [0,400) the
solution operator defined in Definition 2.3 through the ODE system (11). Then,
for any initial data X§ € F, and any relabelling function f € G,

Si(Xg o f) = Si(Xg) o f.

At this point, we should explore what a solution to the Hunter—Saxton
equation can look like.

Example 2.11. Consider as initial data

1+z, —-1<z<0,
’U/O(l’): 1_:E7 0<I§17 VOZ/J’O:u(Z),md‘T7
0, otherwise,

10
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u(x,t)
1
t=0
t=
— =2
t=25
_1_
T T T T T 1 L
-3 -2 -1 0 1 2 3
Figure 1: Plots of u, as given by (18), at different times.
and o € A such that a(2) = 1.
The corresponding a-dissipative solution is given by
1 1,2

*it, xr S 717& — 1,

2—t+42x 142 1 <

St 0<t<2,

1 142

u(z,t) = 2t17 34 4t<+ 13?2% 1, _ 3

1 gh TSTiglh Tat T

2—t+4 3,2 1,_ 3 1,2 3 1

22 el Catmi<eSgthatty o

—2—t+42 1423 1 342, 14, 3 :

2 1eb tattg<ws gttty

1,3 342, 14, 3

(18)

with L
u(t) = ui (t) dx + 562]1{t:2}(t)-

See Figure 1 for plots of u at different times.

Note that the third interval shrinks into the single point xt =2 ast — 2, and
the derivative u, — —o0 ast — 2. Of course we retain that u is a distributional
solution regardless of the value of u at this point. However, u(-,t) € H'(R) and
therefore u(2,2) = 1.

Furthermore, note that all « € A, which satisfy «(2) = %, yield the same
a-dissipative solution. This is due to wave breaking occurring once at (t,x) =
(2,2) for all of these a-dissipative solutions. As a consequence, it is vital to
consider Y instead of Y, when constructing our metric.

With our notation in place, we introduce the definition of an «a-dissipative
solution for (HS).

11
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Definition 2.12 (a-Dissipative Solution). Let Yi* = (Yo, ) = ((uo, o, v0), @)
be in D. We say Y = (Y, ) = ((u, u,v), @) is a weak solution with the given
initial data Yy* if the following conditions are satisfied,

u € CO’%(R x [0,T7), for any T > 0, (19a)

v € Cuyeakx ([0, +00); MT(R)), (19Db)

Y (t) € D, for any t € [0, +00), (19¢)

Y (0) = Yo, (19d)
v(t)(R) = v(R), for any t € [0, +00). (19e)

Further, w must satisfy (HS) in the distributional sense, that is, for any test
function ¢ € C°(R x [0,+00)) with p(x,0) = wo(x),

+o0o 1 1 T +o0o
/ / upt + *UQQ% + - / dp — / dup |¢| dedt = — / ugpo d,
0 R 2 4 —0o0 T R

(20)
and p must satisfy

/0 m / (60 + uds] du(t) dt > — / o dpo (21)

for every non-negative test function
¢ € CF(R x [0,+00);[0,+00)), with ¢(x,0) = ¢o(x).

Finally, we say that Y is an a-dissipative solution if Y is a weak solution
and if for each t € [0,400),

dp(t) = dpge(H)+(1 — a(x))dpg (¢), (22a)
u(s) = u(t),  assit, (22b)
p(s) = pu=(t), asstt. (22¢)

Note. If Y*(t) is a conservative solution, then (21) will be an equality.
Bringing everything together, define T; : D — D for ¢ € [0, +00) as
T,YQ = (Mo S; o L)Yy
Then T; associates to each initial data Y = (Yp,a) € D an a-dissipative
solution in the sense of Definition 2.12. The proof can be found in [8, The-
orem 3.14]. Henceforth when referring to a-dissipative solutions in Eulerian
coordinates, we refer to the solutions given by T;.

Finally, it is important to observe that u and p are independent of v and
therefore it is possible to introduce equivalence classes in Eulerian coordinates.

Lemma 2.13. Let Y4 and Y5? be two a-dissipative solutions with initial
data Y34 and Yy'g in D. If
Up,A = Uo,B, Ho,A =fo,B and aa=ag, (23)

then
ua(,t) =ug(,t) and pa(t)=pp(t) forallt>0.

12
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Proof. Without loss of generality assume that 1194 = v 4.
Introduce X§'% = ((yo,i, Uo,i, Vo,is Hoi), o) = L(Yy) for i = A, B. We
claim there exists an increasing and Lipschitz continuous function g such that

(yo,4 ©9,Uo,4 09,V0,4 °9) = (0,8, V0,5, Vo,B). (24)
By assumption Vj 4(§) = Ho,a(§) for all £ € R and hence

Yo.4(&) +Vo,a(§) =¢ forall £ € R,

For Vp,5(&), on the other hand, we have that there exists a function x : R —
[0,1] such that

Vo,8,e(€) = k(yo,8(§))Ho,B,c(§) for all £ € R,

which implies that
y0,8(§) + Vo,B(§) = yo,5(§) + Ho,5(&) + Vo,5(§) — Ho,B(€)

. / (1= (yo5(1)) Hop ¢ (n)di,

where the function on the right hand side is increasing and Lipschitz continuous
with Lipschitz constant at most one. Introduce

13
=t / (1= w(yo.5(n))) Ho,p ¢ (n)d,

then

Y0.8(8) +Vo,.8(6) = 9(§) = w0.4(9()) + Vo,4(9(€))  forall e R, (25)

Next, we establish that yo, 4(g(§)) = vo,5(&) for all ¢ € R. Assume the opposite,

i.e., there exists ¢ € R such that yo 4(g9(£)) # vo.5(£) and without loss of
generality we assume that

Y0,4(9(8)) < yo,8(8). (26)
Since (15) implies for i = A, B,
110,i((—=00,50,i(€))) < Vo,i(§) < po,i((—00,50,i(§)])  for all £ € R,
we have, recalling (23) and using (25),

110,4((—00,90,8(£))) = po,8((—00,50,8(£))) < Vo,5(€)
< Vo,a(9(8)) < po,a((=00,90,4(9(£))])
Since this is only possible if yo 5(£)) < y0.4(g(€)), we end up with a contra-
diction to (26). Thus yo,4 © g = yo,p and, by Definition 2.6, Vo 4 0 g = V.
and
Upaocg=wuoypaog=uoyyp="Uys, (27)

13
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which finishes the proof of (24).
Next, we show

(ya,Ua,Va)(g(€),t) = (yp,Up, VB)(€,t) forallé e Randt>0. (28)

Therefore, observe that the system of ordinary differential equations given by
(11a)—(11c) is a closed system for (y, U, V) and hence H does not influence the
time evolution of (y, U, V). Furthermore, recalling that «y4 = ap and repeating
the argument of [8, Proposition 3.7], one finds (28).

Finally, we can apply the mapping M to go back to Eulerian coordinates
as follows. Let (z,t) € R x R, then there exists £ € R such that

ya(9(€),t) =z =yp(,1)

and hence

UA(xat) = UA(g(é)vt) = UB(gat) = UB(‘T7t)'

Furthermore, let &€ = sup{n | yg(n,t) < x}, then g(&) = sup{n | ya(n,t) < x}
and therefore

9(&) _ _
/LA((foovx)vt) = / VA,&(ﬂJ)dﬁ = VA(g(g)vt) = VB(gvt) = MB((*OO,Z‘),LL).

O

We can now define a new set that will contain triplets Z¢ = (Z,a) =
((u, u), @) that form the solution to (HS).

Definition 2.14 (Equivalence classes in D). The set Dy contains all Z% =
(Z,a) = ((u, ), @) € By x MT(R) x A satisfying

® flge = u3 da,
o p=uldrifa=1,
* p((—00,2)) € Ep.
Then, for each Z“ = (Z,a) = ((u, 1), a) € Dy we define the set
V(2%) ={v e M"(R) | ((Z,v),e) € D},

i.e. the equivalence class of all v related by having the same Z* = ((u, p), @).
Finally, for M, L > 0, define D&M by

Dy =1{2% € Do | p(R) < M and ||o||oc < L}.
Note. D can be written as

D = {((w, ,v), @) | ((u, ), @) € Do and v € V((u, ), @)}

Note. Under the present setting, uniqueness of fully dissipative solutions has
been established in [4]. For the conservative case, uniqueness was shown in [5].

14
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3 A metric in Lagrangian coordinates

Our first goal is to introduce a metric in the space of Lagrangian coordinates
that is Lipschitz stable with respect to initial Lagrangian coordinates in the
sense of equivalence classes.

We begin our approach by introducing a semi-metric, i.e. dropping the
triangle inequality requirement, on the set of Lagrangian coordinates. The
most important condition of this mapping is that it is Lipschitz continuous
with respect to the initial data in F. We will then, in the next section, use
this semi-metric to define a metric on the space of equivalence classes in La-
grangian coordinates, ensuring that Lagrangian coordinates representing the
same Eulerian coordinates have a distance of zero.

We introduce important sets that our construction will take advantage of.

3.1 Some important sets

For two a-dissipative solutions X, Xjaj7 with labels 7 and j, define the sets

Ai(t) = AXF51) ={§ e R| Uie(§,t) = 0}, (29a)
A; i (t) = Ai(t) N A;(¢), (29b)
Bij(t) = B(X{, X;7;t) = {£ e R | t < 73(€) = 7(§) < o0}, (29¢)
Qi,j(t) = Q(,X'Za’”7 X;-lj;t) = Aiyj (t) @] B@j(i). (29(1)

Should X;, X; be just elements of F (with no time dependence), take ¢t = 0 in
the definitions, and naturally these will no longer be dependent on time.
We can describe the contents of these sets as follows

o A; ;(t) contains the particles £ for which no wave breaking will occur for
both solutions at any point in the future.

e B; ;(t) contains the £ for which wave breaking will occur in both solutions
at the same time in the future.

o O (t) contains everything else, i.e. particles for which wave breaking
occurs at different times in the future, or for which only one of the two
will break.

Importantly, these three sets form a disjoint union of the entire real line and
are independent of the choice of a.

Furthermore, elements & of the sets B; ;(t) and €; ;(¢) remain in their re-
spective set until both have broken and ¢ enters A; ;(t).

A natural question is “how do these sets change after a relabelling of the
Lagrangian coordinates?”. To begin answering this question, we introduce the
following notation:

15
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For X" and X;‘j in F, and f,h € G define

Al (1) = A(X™ o f;1) (30a)

AL = Al (1) n Al (1), (30b)
BPI(t) = B(X o f, X7 0 hst) (30c)
Qltt) = ALt )UBZ;L( ). (30d)

If f and h are the identity functions, then this notation collapses back to that
n (29).

Consider two functions f and h in G, the set of relabelling functions, as given
by Definition 2.8. Such functions are continuous and strictly monotonically
increasing, i.e. fe(£) > 0, almost everywhere, cf. [10, Lemma 3.2].

Let X* € F. Then

Af = {€eR|(Uofe(€) >0}
={€eR | (Ueo f)(€)fe(&) = 0} (31)
—{¢eR| (Uco f)(€) >0}

={¢eR|f(O) e A} = fT1(A),

or equivalently, A = f(A7).
Inspired by the previous calculation, we look at the other sets. We have, as
f is bijective, for XG4 and X3® € F,

FAS) = FA) N FAL) = Aan AT = AT (32)

We also have a relation for the breaking times after relabelling. Once again
take X3 and X3? € F, and suppose that f(n) € AS. Defining temporarily
X&¢ = X3* o f, the wave breaking time after relabelling is given by

_ o WaoHulm) _ ,yaefm))fuln) _ e
o) = 20 Pal) ~ e Syl AT

which gives us

FBE") = {£(€) | € € Rand 0 < 7a(f(€)) = 7 (h(€)) < +00}

e (33)
={¢€R[0<Ta(§) =7B((ho f)(€) < +o0} = BLE .
This has the immediate consequence
FOQETE®) = 205 ). (34)

3.2 Construction of a semi-metric for Lagrangian coordi-
nates

We now begin the first step of the construction of our metric, measuring the
distance between two a-dissipative solutions, where a € A.

16
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We cannot simply use a metric based on the norms of the Banach space E.
This is a consequence of the discontinuities in time of the derivatives V. For
two solutions X 4* and X3P, the difference ||V ¢(t) — Vi e(t)||1 can increase
in time and in particular, it can have a jump of positive height.

To resolve this issue, we introduce a new function G4, 5(§,t) that will de-

crease in time, and only drops can occur.
Let X5*, X3 be two a-dissipative solutions. The following functions will

all contribute to the function G4 g(&,t).

9a.8(§1) = g(X3*, X57)(€,1) = [Vae(& 1) — Ve(& 1), (35)

ga,B(&:t) = 9(X3*, X37) (€, 1)
= Vae(&t) = Vel )] + llaa — aplloo(Vae AVBe)(§:t)

Tl gl (Vi A Vi) (6,1) <|yA<§,t> ~ys(e. )] (36)

UAE D) UB<§,t>|),

ga,(§,t) = g(X3*, X57)(&, 1)
=[Vae(€t) = Vpe(& 1)l
+ (Vae AVie) (& 8)(a(€)Tas 1) (€) + a(€)Lag, 1) ()
+ ol plloo(Vae A Vie)(E 1)

(I, t) = Oy 6 (37)
+ lyp (&, 1) —1d()[L ag (1) (§)
+UA(E (L ag (1) (&) + Lag 1)(8))
HUB(EDI Ly 0O + Ly (€)),
where
a;LB =aly Vag.

Here we use a shorthand notation for the minimum and the maximum. For

a,beR,
aAb=min{a,b} and aVb=max{a,b}.

Proposition 3.1. Let X3* and X3® be two a-dissipative solutions with initial

17
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data Xg'% € Fo and Xg'5 € F. Define

GA,B(év t) = G(XXA ’ XgB)(gv t)
=948 01 a, 51)(&) +9a.B(E ), 1) (6)
+ 94,8 ) 1)(8)

1, (38)
+ 3l plloo(Vag AVBe)(E, 1)
X (IVaeC Ol + 1Vae( Ol +1)
X (Lag ) (€) + Lag, ) (€)Lpg 1) (€)
and let
Ma,p = max(|[Va(:,0)l[c, VB (- 0)[ls)
= max(sup [ Vi (-, 1)Joc. 5up [V (- 1) o). (39)
>0 t>0
Then
1(Vae = VB0l < IGas( )i fori=1,2, (40)
and G 4, 1s a decreasing function over breaking times, i.e.
G < lim G t).
A7B(£7T(£)) = tT%rI(Ié) A,B(gv )
Furthermore,
1GaB(, 1)l < [|GaB(:,0)|ly (41)
t
1
+/0 (IGaB(ss)ll + 3 Ma Bl pllo|Gan(, )l) ds,
and
1Ga(,t)ll2 < Ga,s(-,0)l2 (42)

t
1
+/0 (IGaB( 92 + 3V Mapllas BllclGa,p(, 5)lh) ds.

Proof. Relationship (40) is an immediate consequence of the definition of G 4 5.
We have tactically constructed G4 p such that it can be split into four
parts. The first three are defined on disjoint sets whose union is the entire real
line, and the final term is necessary in order to obtain (41) and (42).
For a function h : R — R we use the notation, h(t—) = limsy h(s). Fur-
thermore, we drop the £ for ease of readability, in the following computations.
We begin by demonstrating that G4 p decreases over breaking times 7(§).
Consider § € Ay p(t) for all time. These particles do not experience wave
breaking, thus the energy at these points is retained, and hence

9a,B(t) = [Vae(t) — Vpe(t)]

is constant. For other values of £ things are not so simple.

18
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For £ € B4,5(0), at time 7(£), we have

94,8(1) = [Vae(r) — Vae(7)]
= [Vae(r=)(1 — aa(ya(r—))) = Vee(r—)(1 — ap(ys(r—)))|
< |Vae(r=) = Vpe(r-)|(1 — aa(ya(t—)))
+ |ea(ya(t—)) — ap(ys(T=))|Ve,e(7-)
< Vaelr=) = Vpe(r-)I(1 — ap(ys(r-)))
+laa(ya(r—)) — ap(ys(r-))[Vae(r—).

Using that, for any ¢ € [0, +00),

la(ya(t)) = ap(ys(t)] < lealya(t)) — ap(ya®))|+las(ya(t)) — as(ys )|
< lloa — asllo + o lloclya(t) — ys(t)|

and similarly
lva(ya(®) —as(ys(t)] < lloa — ol + lloslloclya(t) — ys(?)]

we find that

94,8(7) < |Vae(r—) = Vpe(r—)|
+laa(a(r=)) —ap(yp(r=)|(Vae(r=) A Vpe(r—))
< Vaelr=) = Vee(r=)| + laa — apllos (Vae(t—) A Vpe(m—))
+ s plloclya(t=) = yp(T)(Vae(r—) A VB e(t—))
< §ga,B(T—).
For ¢ € Qme(O), we consider two possibilities. First, we can have one

solution breaking at time 7(£), and the other never breaking. Suppose X5*
breaks at 74(&), then

9a,8(Ta) = [Vae(a) = Vpe(a)l
= [Vae(ra—)(1 — aa(ya(ra—))) — Vpe(ra—)|
< WVae(ta—) = Ve e(ta—)| + aa(ya(ta—))(Vae(ra—) AVpe(Ta—))
< |Vae(ta—) — Ve e(ta—)|

+ (a(ya(ra—)) — aa(id) + aa(id))(Va,e(ta—) A Vpe(ta—))
< Vae(ta—) = Vpe(ra—)|

+ ([aalloolya(ta—) —id| + a(id))(Vae(ta—) A VB e(Ta—))
< gaB(TaA—).

The last case is where both break at different times. Suppose X§* breaks
first, and X 3” second. At time 75, we can use the previous result, hence

94,.8(TB) < ga,B(TB—).
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At time 74, we have

9a,B(ta) = (1 — aa(ya(ta—)))Vae(ra—) — Vpe(1a—)|
+ap(id)((1 — aa(ya(ra—)))Vae(ta—) A Vpe(ta—))

Tl sl (|y3<m—> i)+ [Ualras)] + \UBm—)\)

X (1 = aa(ya(ta=)))Vae(ta—) A Vi e(Ta—))
< WVae(ta—) = Ve e(ta—)| + ap(id)(Vae(ra—) AVpe(Ta—))
+ (@a(ya(ra—)) — aa(id) + aa(id))(Vae(ra—) A Vpe(ta—))

Tl sl (|y3<mf> —id] + [Ualras)| + \Ugmf)\)

X (Vae(ta=) AV e(Ta—))
<|Vae(ra—) = Vpe(ta—)|
+ (aa(id) + ap(id))(Vae(ra—) A VB e(Ta—))

Tl plloe (|yA<rAf> id) + lys(ras) — id

T UA(ras) + |UB<TA7>|>

X (Vae(ra=) A Vi e(Ta—))
< ga,B(Ta—).

The final term in G4 p is decreasing in time, because |V;¢(-,¢)[1 with
i = 1,2 is decreasing and the sets (ASNBG 5)(t) = (A;UBA,B), with i = A, B,
are shrinking in time, and thus the respective indicator functions are decreasing
in time.

Hence we have that Ga,5(7) < G4,p(7—) for all breaking times 7.

We now wish to obtain our estimate backwards in time. We consider an
arbitrary time ¢, and construct different estimates depending on what set ¢ is
in at time t. As we know that G 4 (£, t) decreases over breaking times, we can
employ a strategy of constructing an estimate backwards to the most recent
breaking time 7(&), or zero if no breaking occurs in the past. Assuming we hit
another breaking time, £ may enter a different set, and we can then employ our
estimate for that set.

To make our strategy clearer we consider the first case, that is £ € A4 g(2).
In this case particle £ experienced wave breaking in the past for at least one, or
neither, of the solutions. Set 7(£) to be the largest of the two breaking times,
or zero if neither broke. Then

9a.B(t) = [Vae(t) = Ve e(t)] = [Vae(?) — VB e(7)| = ga,B(7).

If 7(£) > 0, depending on which set £ sat in before 7(&), we can employ one of
our previous estimates. For example, if & was in B, g(t) for t < 7(§), we can
use that

94,8(7) = [Vae(r) = Vpe(T)| < gaB(7—).
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We can then employ the next estimate we calculate.
Consider £ € Ba,p(t). Then, using the estimates we have obtained in
Lemma 2.4, we have
ga.B(t) < ga,(0)
ol [ (Vaels) A Vine(s)
(1040 = Ua(o)] + §1Vae(o) Vo)l ) ds
< ga,5(0)
t
b sl [ (Vaels) AVae(s)
(1009 = Un(e) + {16 an (o)l ) s
< 94,5(0)
[ (30.806) + ot p e (Vacls) A Vil Gan(0)l1 ) s
Finally, we consider £ € Qf p(t). We have
lya(t) —id|(Vae(t) A VB e(t)) < |ya(0) —id|(Va,e(0) A VB (0))
[ WA Vaeo) AVl ds
and
[UA®)](Vae(t) AVae(t) < [Ua(0)|(Vag(0) A Vi e(0))

3 ] VA (Vaels) A V(o) ds

Assume without loss of generality that 74(£) < 75(§). First, we consider
TA(f) <t< TB(g). Then

gaB(t) = Vae(t) = Ve ()| + ap(id) (Vae(t) A Vpe(t))
+ [lo/s glloo (lyp(t) —id| + [Ua(®)] + [Us(8)]) (Vae(t) A VB e(t))

< gan(ra) + oy sl | (Vaels) A Vie(s)

TA

< (1U5()] + {IVac(s)lh + ¢ 1Ve(s)l) ds.
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For the case where t < 74(§) < 75(&), we find

Ga,s(t) =|Vae(t) = Vae(t)] + (aa(id) + ap(id)) (Vae(t) A Vpe(t))
+ [lo/s plloo (Vae () AV e(®) (lya(t) —id| + |ys(t) —id|
+2|UA(t)] + 2|Us(t)])

< 5a5(0) + s plloe /0 (Vae(s) A Vie(s))
% ([Ua(s)] + [Us(s)]

1 1
3 IVae)l+ 5 1Vaels)lo) ds.
The case where one breaks and the other does not can be analysed in a similar

manner. In the end, we see that for any ¢ such that the final wave breaking
time has not occurred, we have

ga.B(t) < ga,p(0)
t
T oy oo / (Vae(s) A Vi e(s))
1 1
x | [Ua(s)| + |Us(s)| + ZHVA@(S)Ill + leVB,s(S)lll
X (Lag (s) + Lag () ds

t
< Gan(0)+ / Ga.(5)ds
0

1 t
+ sl [ (Vacs) A Vine(o) (Vaeo)lh + Vae(o)l

< (Lag () + Lag ()18 5(s) ds

As pointed out earlier, the final term in (38) is decreasing with respect to

time.
Combining all these estimates together, we have

Ga,p(§t) <Gap(&0)

t 1
# [ (Gan69) + ol sl Vasles) A Vacles) (g
x ||GA,B<s>\|1nBA,B<S><s>) ds.

Taking the L' norm with respect to & of (43), we have
1Gas)|1 < [[Ga,B(0)]

i 1
+ [ (16480 + M plls sl IGa s ) ds.
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Taking the L? norm with respect to & of (43), we have
1Gas®)l2 < [[Ga,B(0)]2

K 1
+ [ (16480 + VATl sl Gan(ol ) ds.

where we have used Minkowski’s inequality, and that, as [Va¢(€,t)] < 1 by
assumption,

/R(VM AVpe)*(& t)dE < /]R(VA’E AVBe)(€,t)dE < My p.

O
We then define our norm D : F x F — R by
D(X53*, X5") = lya — yslleo + 1Ua — Usll
+ lyae —ypele + 1Uae = Upgll2
(44)

1 1
+[|[Ha — Hp||so + ZHGA,BHl + §||GA,B||2
+ HCVA _O‘BHoo-

Note. Note that Ga,p, and hence D, does not satisfy the triangle inequality.
D, however, satisfies the other properties in the definition of a metric on the
space of Lagrangian coordinates. Thus, it is a semi-metric.

As we will see in Section 4, the triangle inequality is not necessary for our
final metric construction. This is due to Lemma A.1.

Lemma 3.2. Let X5* and X3P in F be a-dissipative solutions with initial
data X574 € Fo and X' € F, respectively. Then

D(X3*(1), X3° (1) < €742 D(X54, X§5),
with L

Cap =2+ oy sl (Mas +2y/ M) (45)
and M g given by (39).
Proof. We have, combining (40) with Corollary 2.5,

[Ua(t) = U)o < [[Ua(0) = Up(0)]loo + / 1Ga,5(5)]1 ds,

[Uae(t) = Ue(t)ll2 < [|Uag(0) = Upe(0)ll2 + 5/0 1Ga,B(5)]|2 ds.

Combining these inequalities with our estimates from Corollary 2.5 and
Proposition 3.1, we have

D(X3% (1), XB" (1) < D(X5, Xo.5)
+(2+ inaj&BHw(MA,B +2y/Ma,p)) /0 D(X57(s), X" (s)) ds. (47)

The result then follows from Grénwall’s inequality. O
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One final result we will make use of in the next section is as follows.

Lemma 3.3. Let X4* and X3P be two a-dissipative solutions with initial data
XG4 and X5 in Fo. Givent >0, let f € G such that II(X 37 (t)) = X3* (t)o f
and h € G. Then,
D(II(X3%(#)), X5" (t) o h) = D(X3*(t) o f, X5" (t) o h) (48)
< eCMAsTIID(XGA (1), X5 (1) o w),

where w = ho f~1 € G and MAB =MapV1.

Proof. To begin with note that while h can be any function in G, the function
f is unique and depends on the chosen time ¢. In particular one has, see e.g.
[9], that

0< fe(§) < e for ae. £eR. (49)
Furthermore, the group property implies, that f=1(¢) = (ya + Ha)(&,t), and
hence (11), (13b), and X% in Fo yield

[F71€) — &l = 1(ya + Ha) (&) — (ya + Ha)(&,0)]
< [ watesyas
< |Ua& )]t + Z”VA(O)HOOt2
< U D)+ Mapt (50)
for all £ € R.
Keeping these estimates in mind, we drop the ¢ in X3 (¢) and X3”(t) for

ease in readability.
It is immediate that

lyao f =y ohlle = llya —yp 0w, (51a)
||UAOf UBOhHoo—HUA* BOU}HOO7 (51b)
[Haof—Hpoh|o = |Ha— Hp owle. (51c)

Note that, for any function F : R — R differentiable at £ € R,
(Foh)eo f7H(€) = (Fow)e(€)fe o fH(E):
Thus, after using the substitution n = f(£) and (49),
I(ya o fle = (ys o h)ell3 = / [(ya o fe = (yp o h)el* o fH(fNe(m)dn

= [ loaetn - s o wemPrco s ) dn -z

< felloollyae — (ys o w)el3
1
<e2'|lyae — (yB o w)ell3.
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And similarly, one finds
I(Ua o e = (Up o h)ell3 < e2!|Uae — (Up 0 w)e|3- (53)
‘We wish to show that
G(XG3% o f, X5 oh)o f71(&) S A()G(X34, XFZ ow)(€)feo fTH(E), (54)

for some positive function A(t).
For the characteristic functions, we have

-1 _ . -1 _ .
L o7 =Ty, gm0 f7 =lgay, (55)

and
-1
‘HQQ’Y;}C of Tt = ILQ;::];,C, (56)

which follow from (32), (33), and (34).
For g and g, given by (35), (36),

g(X3* o f, X5 oh)o f7h =|Vae — (Ve ow)e|fe o f7 (57)
= g(X3* X5P ow)feo f71,

mX?oﬂX?omof4:Dmu—a@owa (58)

+[laa — alloo (Vae A (Ve ow)e)
+ s Blloo (Vae A (Vi ow)e)

 (loa =yl + Wa - Up oul) | o £

= §(X34 X5P ow)feo f71.
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For g given by (37),
GXG4 o f,XgPoh)o f!
= |:‘VA,§ — (Ve ow)|
+ (VA,g A(Vgo w)g)((aA o f_l)ﬂA; + (apo f_l)IlA;,c)
+ o'y gllos (Vae A (VB ow)e)

><(|yA— S Lag + lypow — fHIgue

< [\VA,e — (Ve ow)|
+ (Vae A(VBow)e)
< (o plloo(1UAlt + 3 M 5#%) + @) lLag (59)
+ (Jay glloo 1Al + M 51%) + )1 age)
+ [lals Blloo (Vae A (Ve ow)e)
X ((\yA —id| + |Ualt + 1MA Bt ) Lae

+ (lyp ow — id| + [Ualt + MABtQ)

(Ul + 105 0w (L + w»)}fg o1,
= 5(X§, X5 ow)feo S
+ 2”0&{413“00(‘/:475 N (VB o w)g)
1 _
x (|Ualt + ZMA,Bt2)(]1A§ +1gue)feo f7H

where we used (50). Finally, for the last term in G, we apply the same strategy.
We get

((Vaofle AN(Vpoh))

< (I(Vao Pell + (Vs 0 h)ellt + 1)(A gse + T gne)Lgsn [0 f71 (60)
= (Vae A (VB ow)e)
X (Vaglh +11(Ve owelly +1)(Lag +Lage)Lgiawfe o =,

where we have used substitution to deal with the L!(R) terms present inside
this term.

Thus, combining (5

5), (56), (57), (58), (59), and (60), we find
G(X§" o f, X" oh)o [

< (1+2t+2Mg4 pt )G(XzA,XgB ow,)fgoffl,
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exactly as desired in (54). Taking the L'(R) and L%(R) norms, and with the
substitution n = f(§), we have

IG(X3* o f,X5" o h)lly < (1 + 2t + 2Ma pt*)|G(X3*, X5" ow)|1  (61)
and
IG(X5 0 £, X532 o h)l|l2 < (142t + 2Ma pt*)e i | G(X54, X357 o w)|2. (62)
Combining (51), (52), (53). (61), and (62), we have
D(X44 o f,X3E oh)
< (142t +2My pt?)ei' D(X54, X4 o w)

\// 1
< eMansteit D(X G4, X3P ow).

4 Towards a metric

We have two issues we strive to resolve in this section. First, the mapping
constructed in the previous section is not a metric, but it is a semi-metric.
Second, Lagrangian coordinates that represent the same Eulerian coordinates,
i.e. lie in the same equivalence class, do not in general have a distance of
zero. In other words, this is a semi-metric over the whole space of Lagrangian
coordinates, but not over the space of equivalence classes. In resolving the
second issue, we resolve the first.

We begin with a helpful observation from the proof of Lemma 2.4 and (40).

Proposition 4.1. Let X§* and X3® be in F. Then
IVa = VBlloo < [IVae = Vaelli < Gaslh
Define J : F x F = R by
J(XG4, X5P) = finfg (D(X5*, X5% o f)+ D(X3* 0g,X5"%)). (63)
S
We begin by noting that J is zero when measuring the distance between
members of the same equivalence class. Indeed, suppose that X 54 and X3” in
F share the same equivalence class. That is, there exist f4 and fp in G such

that
X3t ofa=X3P and XjPo fp=X5".

Then
D(XG*, X3P ofp)+D(XG*0fa, X57) = D(X34, X54)+D(X3?%,X5%) =0,

and hence the infimum will be zero.
We will make use of a slight modification of a result that has already been
established in [7, Lemma 3.2].
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Lemma 4.2. Let X§* and X3P be in Fo. Then, for any relabelling function

F€g,
[X3* = XB7I < 5IX3* o f — X7,

where the norm || - || is given by,
X = lly = idlloe + [[Ullcc + [ H [loo + il\VHoo Fllallee  for any X € F.
Hence, we have
2| X5 = XB7|| <5l X% o f = XB7[| + 5| X" — X7 ogll.  (64)
Using Proposition 4.1, we have
[ X3 o f = X" = llyao f —ysllc + [IlUa° f = Ugllso
+I[Ha o f = Hlloo + 1 1Va 0 f = Villc

+ HaA _O‘BHoo
<llyao f—ysllew+Uao f~Uslle (65)

1 « «
| Hao f = Hplloo + 71 GX5 0 £, X3l
+ laa — aplleo
<D(XG* o f, XE).
Thus, substituting this inequality into (64), we see

5
X534 = X572 < S(D(X3* 0 £, X57) + D(X3*, X7 0g))  (66)

and after taking the infimum over all f, g € G, we have the following.

Corollary 4.3. Let X" and X3P be in Fy. Then
[e% [e% 5 « [e%
I3 - X571 < 20, X5,

Thus the restriction of J to Fo X Fy is a semi-metric.

Using this semi-metric we are able to construct a metric on the more re-
stricted set FL;, given by (10). For M, L > 0, introduce d : F& x FE — R,
defined by

d(X54,X87) = inf ZJ (Xon, X0m7), (67)

XQA XLYB

where F (XG4, X3P is the set of finite sequences { X2} of arbitrary length
in F),, satisfying X§° = IIX§4 and X3~ = IIX 37,

Note. Let XG4, X32 € FE. Then, directly from the definition we have

d(X5*, X5P) = d(IIX G4, TIXE5).
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Note. d inherits from J that if both X§* and X 3" are in the same equivalence

class, then ci(X‘A"A,Xg,B) is zero. Indeed, consider the finite sequence Xy° =
IIX5* and X7 =IIXZP =TIXG*.

It remains to ensure that d satisfies the identity of indiscernibles. That is
we need to prove the implication

dX9* X5P) =0 = X34 ~ X357, (68)

meaning if the distance between the two elements is zero, then both Lagrangian
coordinates lie in the same equivalence class.

Using Corollary 4.3 and Lemma A.1, with F' = J,we get the following result,
which confirms (68).

Corollary 4.4. The function d : FE x FE — R defined by (67) is a metric.
Furthermore, for any X3*, X3" € f({:M it satisfies

2 .
FIXa% = XB° I < d(X3*, XB°) < J(X3*, XB°).

The following lemma will form the bridge that allows us to use the Lipschitz
stability estimate we have obtained for D to prove Lipschitz stability with
respect to d.

Lemma 4.5. Let X5* and X3P be two a-dissipative solutions with initial data
Xga and X5} in Fo, respectively. Then

JILX G4 (1), IXGE (1)) < eHMABT20I (XG4 (1), X5 (1)),
where MAB =MyspV1

Proof. To ease digestion, we drop « and ¢ in the notation for this proof. Fur-
thermore, we set C = 2]\7[A,B + i and for i« = A, B, let f; € G such that
X = X o f;.

From Lemma 3.3, we have,

J(IX 4. TXp) = inf (D(Xa0 fa© f1.11Xp) + D(Xa0 fa, (IXp) © f2))
< inf (D(Xa 0 f1,11Xg) + ' D(Xa, (ILX5) 0 f2 0 3"))
< et nf (D(X4 0 f1,11Xp) + D(Xa, (I1Xp) © f2))

= el J(X 4, 11X ),
(69)

where we are using that fa o f1 lies in G for any f; € G and that any element

f € G can be written as f = f4 0 g for some g € G, which implies that
—1

g=fa of.
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We can then do the same again, but now we swap the roles of Xp and X 4,
J(X4,1IXp) = flnﬁ (D(Xao fi,Xpo fg)+D(Xa,Xpo fpofa))
1,J2

< inf (e“'D(Xa0 fiofz', Xp) + D(Xa,Xp o fa))
f1,f2 (70)

< et fmjg (D(Xa0f1,XB)+D(Xa,Xpofo))
1,J2

=% J(Xa, X5).
Substituting (70) into (69), we obtain the required result. O

Thus we can now show our Lipschitz stability result.

Theorem 4.6. Let X3* and X3® be two a-dissipative solutions with initial
data X549 and X33 in féM, respectively. Then

d(XSA (), X5 (1)) < ePRtd(X54, X35), (71)
where 5 L
R, = 4M + o T LM+ 2V M), (72)
with M = MV 1.

Proof. Let € > 0. Consider a finite sequence {X¢7}), € ]:'(X&‘A,X&%) and

nzo+{gn}nsy in G such that

a sequence of relabelling functions {f,}
N
D (DIXG5, Xoh™ 0 fam1) + DX 0 9n, X5370)) < d(X54, X55) + e
n=1
Set X;(t) = S;X¢ . Then, by Lemma 2.10, X3 (t) = S X9, and X33”(t) =
Sy Xg - Furthermore, X3 (t) € FL for all t > 0 and all n. Thus, using
Lemmas 2.10, 3.2 and 4.5,

(X5 (1), X537 (1))
N
<Y J@Xe (1), X" (1))

N
< MEDEY (X (1), X0 (1)

»“*n—1

n=1

N
< DN (DX (8), X577 (1) 0 famr) + DX () © g, Xom 7' (1))
n=1

N
< @M+3)t Z e(2+iL(]M+2\/M))t(D(Xﬁén(o)’X::ZII(O) o fn_1)

n=1
+D(X(0) © gn, X374 (0)))

< e(4M+g+%L(M+2\/ﬁ))t(J(Xg’z7X&g) +e.).

The final result follows, as this inequality is true for any € > 0. O

30



K. Grunert and M. Tandy 151

4.1 A simplification in the case « is a constant

In the case where « € [0,1] C A, i.e. « is a constant, the construction can be
simplified.
First, define the subset of F containing elements for which « is constant,

Fe={X*eF|lae]01]}.
For X € F,, we introduce the two functions

Vsd(ﬁ t) = OéVg (57 t)]l.AC(t) (5)7 Vg(& t) = (1 - a]lAC(t) (5))‘/5(57 t)'

The second function V; is in fact constant, so the time dependence can be

dropped. Note also Ve(&,1) = VE(E) + V(& 1).
Using this, we can introduce a simpler function G : F. x F, — [0, +00),
given by

Ga,(§) =G (X34, XE") (§)
= Vae(§) = Vbe(Olaa (&)
+ (VA (&) = VE(O + IVEe(©) = V() 1,5 ()
+ (|V£,§(§) = VE(©+ Vg,g(f) \ Vg,g(ﬁ)) ]IQ;YB(@,

for any XG4, Xg% € F¢. It satisfies
Vae(§) = Ve < |Gap©)]
We can then define a metric D : F. x F. — R by

D(X3* X5") = llya — ysllec + |Ua = Uplloo + |1 Ha — Hpllx
+llyae —ysella + 1Uae = Usella (73)
1 1
+ EHGA,BHI + §HGA,BH2 + |laa — agpl.
The construction throughout Section 3 and Section 4 can be repeated, yield-

ing the following result. For any two a-dissipative solutions X9*, X%7 with
initial data X204, X058 € F.N Fo,

7 3
2

d(X3* (1), X5 (1)) < e2'd(X54, X 3)-

Note that here L = 0 and that the exponent is independent of M. This is also
why we can consider any initial data in F. N Fy and not only in F. N .7-"& M-

5 A return to Eulerian coordinates

Using our metric in Lagrangian coordinates, we shall now define our metric

in Eulerian coordinates. The problem we have to overcome is the fact that a
solution to the a-dissipative Hunter—Saxton problem consists of a pair (u, u),
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and the additional dummy measure v is only necessary for the construction of
said solution.

Before we tackle this issue, we note an immediate corollary of our previous
theorem. Define the metric dp : DI, x D, — R by

dp(Y3*,Y5®) = d(L(YS*), L(YE?)). (74)

We then have the following result which is an immediate consequence of The-
orem 4.6.

Corollary 5.1. Let Y 4, Y52 be two a-dissipative solutions with initial data
Y34 and YJ'E in DY, respectively. Then

dp(Y34 (1), YEP (1)) < eRutdp (Y94, YOB),

with R, given by (72).

Recalling Definition 2.14, our construction now follows a very similar path
to that of the Lagrangian metric. We begin by defining a function J : Dé M X

D(ﬁ M — R, given by

j(ZzAang) = H}lf o dD(((ZAaVA)aaA)a((ZB7VB):O‘B))7
(WawB)EV(ZGA) X V(ZEP)
(75)

which no longer depends on the choice of v. In a similar vain to .J, this func-
tion is zero when measuring the distance between two elements of the same
equivalence class in D.

We cannot conclude that J satisfies the triangle inequality. Using the same
strategy as before, we define the function d : Dé M X Dé, v — R by

d(Z54,287) =  inf ZJ (204,257, (76)

D(Z(’A ZIXB)

where D(ZO‘A Z%P) denotes the set of all finite sequences of arbitrary length
{Zg }1::0 in DO7M satisfying Z5° = Z3* and Z3 = ZEE.

From Lemma A.1, we can only conclude that d is a pseudo-metric, as in-
equality (85) is not satisfied. It therefore remains to prove the implication

d(Z34, Z3P) =0 = Z5* = Zp®.

We introduce now the bounded Lipschitz norm on the set of finite Radon
measures M (R),

ellm = Sup ‘/Raﬁ(w) du', (77)

where

L={peW"*R)|[¢lh,00 <1}.
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Lemma 5.2. For Z5* = ((ua,pa),aa) and Z3* = ((up,pus),ap) in Dy,
define the norm

1Z23* = Z5" Do = |lua — usllos + [la — pBllm + [[aa — aplle.
Then, for any Z9*, Z5" € DOL7M,
« « v 7, o o \ 5M T « @
1254 — Z3P |lpo < (54 2M)d(Z54, Z57) + N d(Z5*, Z%2),  (78)
where M =1V M.
Proof. Let € > 0. Consider a sequence
(Vi 1o = {((Zk, vi)s ) o = { (g, po, i), ) }ilg i Dy

satisfying Z5° = Z5* and Z3N = ZZ” such that
N
> dp(V YY) < d(Z50, Z5) + e
k=1

Set X% = IZ(Y;"“) for k = 0,...,N. Notice that from the definition of L,
X € Fo. Then, from Corollary 4.4

« a d s « «
laa = aplleo < | X57 = X < 5d(Xg", X3Y)
5
= Sdp(Y;", Vi)
5
= 2 ZdD(Ykakvykaf{l)
k=1
5 an map 5
§§ (Z4 ,ZB)+§e. (79)
This holds for any € > 0, and thus
5-
los - anlle < Sd(Z3*, 257). (50)

From the continuity and increasing nature of yo, for any x € R there exists
a & € R such that yo(§) = x. It then follows that

lua(z) —up(z)] = [ualyo(§)) — us(yo(£))]
< fuayo(€)) —un(yn () + [us(yn(€)) — un(yo(£))|

yn (€)
/ up (1) di
yo(§)

= |Uo(§) = Un(E)| +

2

< |[Uo = Unlloe + V50 =3 @)l ( b dn)

IN

[ X" = XRY I + 4/ I1IX5° — XM IvM

5 5 — 5 - 5
Ed(ZzA, Z%B) + 56 + M\/gd(ZXA, Z%B) + 567

IN
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where we used (79). This holds for any ¢ > 0, and thus

5 _

5_
lua —unlle < 5A(Z5%, Z57) + VAL Sd(Z5%, Z57). (8D)

Consider any ¢ € £ and k=1,...,N. Then,

/ () d(p, — i)
R

_ \ 60 m)@Vie© - o mn)(@Viore(©) dg' |

After using &€ = f(n), where f € G is some relabelling function, we find

] [ o)t = )

[ 6o e DO o DO - @0 nr)OVio14(6) d&‘
< \ [Gome nEie e - Vk—l,s(f))dé‘
R

+ ] / (60 9x0 F)(E) — (60 y1)(E)Vir(E) d£] .
R

Focusing on the first integral, we have

] [GoumeDENio e - vH,g(s))df] < 18l (Vi © Fe — Virell

< (Vio fle = Viereln
< NGXR* o f X550l

where the final inequality follows from (40) in Proposition 3.1.
For the second integral

\ [ (@oue 1O - (6o m-i)(E)Vi-re(e)de
< / [k © )(€) — Y1 (6 Vi (€) de
R

< Mllyko f — yr—1lloo

where we have used ||¢|1,00 < land ||[Vi—1¢]li < M. Thus after taking the

sum of these two inequalities, from a similar argument to that used for (65),
we find

<AMD (X o f, X1, (82)

/ () d(pik — p5)
R

Swapping the k and k—1 terms, and replacing f by another relabelling function
g € G, we get

<AMD (X5, X" og). (83)

/ () d(p, — 1)
R
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Thus, summing (82) and (83), and taking the infimum over all f,g € G, we find

< 2MUJ(X, X,

/ o) (i — 1)
R

and hence we can apply the same argument as in the proof of Lemma A.1 for
the left inequality of (86), obtaining

/Rqﬁ(x)d(uk — p1)| < 2WIA(X 0, X

= 2Mdp(Y*, Y4,

Taking the infimum over all ¢ € £, and from the definition of || - || ¢, see
(77), we have that

N

lia = nglla <D Nk = a1l s
k=1

<2M i dp (Y%, V.47
k=1
<2Md(ZG*, Z%P) + .
Once again as this construction can be done for any ¢ > 0, we can conclude
la — sl < 2MA(Z5, Z5°). (84)
Summing up (80), (81), and (84), we get (78). O
With everything set up, we can finish with our main theorem.

Theorem 5.3. Let Z5* = ((ua,pa),@a) and Z5P = ((up, ), aB) be two
a-dissipative solutions to (HS), constructed via the generalised method of char-
acteristics, with initial data Z&g and Z&% mn DOL7M, respectively. Then

d(Z5 (1), Z57 (1) < etd( 254, 28%).
with RY, given by (72).
Proof. Let € > 0. Given Z(‘iﬁ and Z&% in D& . there exists a sequence
{YO(’X’:}]’“VZO ={(Zo g, vo,6)s ) homo = {((wo,ks o,k Vo), k) g 0 DYy
such that Z§¢ = Z§4, Zo% = Zg'%, and
N

S dp (Yo, Youl) < d(Z54, Z57) +e.
1=k
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Denote by Y** for k =0, ..., N the a dissipative solution with initial data
Y%, Then, from Corollary 5.1,

d(Z3* (1), 25" (¢ Z ), VT (®)

< TS (gt )
< eMUNd( 25, 257) + o),

and as this construction can be done for any € > 0, the result holds. O

5.1 A simplification in the case « is constant.

Using Section 4.1 as basis, one can repeat the construction from this section,
yielding the following result. For any two a-dissipative solutions Z%*, Z3?
with initial data Z5%, Zg'% in Do,

3¢
e2

d(Z3 (1), Z5" (1) < e*'d(Z5%, Z53)-

Note that here L = 0 and that the exponent is independent of M. This is also
why we can consider any initial data in Dy and not only in D& M-

Appendices

Appendix A Important results

The following result is a well established construction of a pseudo-metric on
the quotient of a metric space. For instance, the idea was used in [6] for the
periodic Camassa—Holm equation.

Lemma A.1. Let X CY, with Y a normed space, and suppose
lea —2p|| < CF(za,xzB), forallza,zp € X, (85)

for some function F : X x X — Rt and some constant C > 0. If F satisfies
forallxa,xp € X

e xpo=2p — F(xa,zp)=0,
° F(‘TA7£CB) :F(Z.BaxA);
then the function d : X x X — Rt given by

N
d(za,xp) = inf {Z F(zg,xk-1) | o € X,20 =za,2Ny = 2B, N € N}
k=1
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is a metric, and

1
cllea—zpl < d(za,25) < Flza, ep) (86)

forall xa, x5 € X.

Should (85) not be satisfied, but the rest of the conditions are, then we can
only conclude that d is a pseudo-metric. That is, we cannot say d(xa,zp) =0
implies x 4 = xp, but every other condition of a metric is satisfied.

Proof. Symmetry is immediate from the assumptions, as well as the fact that
if x4 = xp, then d(za,xp) = 0. We begin by showing if d(za,zp) = 0, then
x4 = xp. Let € > 0. Choose a sequence {xk}{cvzo such that

N

ZF(Ikymk—l) < d(foA,Q:B) +e
k=1

Then, by our assumption
N N
lza —2pl| <> llok — 2k Y CF(zk,25-1) < Cd(za, ) + Ce.
k=1 k=1
This inequality is satisfied for any ¢ > 0, hence

|za —2p| < Cd(xa,rp),

and so, if d(xa,zp) =0, [|[za —zp|| =0. Thus z4 = xp as required.

The right hand estimate of (86) is obtained immediately by considering the
sequence g = x4 and x1 = zpg in the definition of d.

Next, we have the triangle inequality. Consider z4,xp,2xc € X, and let
€ > 0. Take two sequences, {z}i_ and {zx}M 5, with M > N, 2o = x4,
ry = xp and x); = ¢, such that

N
ZF(Ik,mk_l) <d(xza,zp)+e
k=1
and
M
Z F(zg,zr-1) < d(zp,zc) +e€.
E=N+1
Then

M
d(wa,x0) < F(w,20-1)

k=1
N M
SZF(kaTk—l)Jr Z F(-Tkaxk—l)
k=1 k=N+1

<d(xza,zp)+d(xp,xc)+ 2e.
Hence, as this construction can be done for any € > 0, we have
d(za,rp) < d(za,2p) +d(xp, 20),

as required. O
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Appendix B Examples

We now explore some examples to demonstrate notable details about the con-
structed metric.

To begin, we note a limitation or advantage of our metric, dependent on
ones perspective. Specifically, the role the « plays in the solution is dependent
on whether wave breaking actually occurs. Due to the difference of the «
measured in our metric, this means one could have a positive distance even if
the u’s and p’s are the same for all time.

Example B.1. Consider the initial data

1, r < =2,
-1 -z, —-2<z< -1,
up(x) = ¢ 0, -l<z<1, o = Vo :uax(x)dx,
1—=x, 1<z <2
-1, 2 <z,

and from this we can calculate the cumulative energy,

0, < =2

24z, —-2<zx<-—1,
to((—o0,2)) = vo((—o0,x)) =< 1, -l<z<1,

x, 1<z <2

2, 2 <.

Let ay = %, as in Ezample A.1 in [9], and ap : R — [0,1) such that
ap(l)=ap(-1) = %, but ap # aa.

Transforming, using the mapping L from Definition (2.6), we obtain the
initial data in Lagrangian coordinates,

§7 £§727 17 §S727
Y@ =4 -1+¢  0<E<2, Uo(§) = 10, 0<¢<2,
%57 2<£§47 17%£7 2<§§47
724’57 4<£7 717 4<§7
and
07 52_27
1+3¢  —2<£<0,
VO(S) = Ho(é-) = 17 0< ‘5 < 27
"3 2<E<4,
2, 4 <&

Determining the wave breaking times using (12), we get

) = {2, €€ (—2,0)U(2,4),

400, otherwise.
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We can then calculate the solution using the ODE system (11), and one obtains
for either a4 or ap that

t— 52+ &, £< -2,
1+ 5(t - 2)%, —2<£<0,
-1+, 0<&<2, 0<t<2,
-2+ L(t-2)%, 2<&<4,
—2—t+ 12 +¢, 4 <€,
y(E,t) 1 24 411752 < _9
s+ 5t — 51" +¢, £ <=2,
—1+ 5(t—2)%, —2<£<0,
—1+4¢ 0<€E<2, 2 <t
T+it-le+ Lt-2)%, 2<€<4,
—I—2t+ 12 +¢, 4<¢,
1-—1t, £< -2,
1(t —2)¢, —2<£<0,
0, 0<¢&¢<2, 0<t <2,
1-3t+3t-2)¢ 2<&<4,
—1+ 1, 4 <€,
U(f,t): 2 1; < _9
3 3Y 5__7
gt =2, —2<£<0,
0, 0<&<2, 2<t,
2ottt —2)¢, 2<E<4,
2 1
_§+§t, 4<€,
H(£7t) = H0(§)7 0< t,
and
H(¢), 0<t<2,
07 §§_27
2 1
7+7€7 _2<€§07
Vgt =43 °
2, 0<E<2, 2 <t
¢, 2<E<4,
3 4<¢,

See Figure 2 for a plot of the characteristics y.

This example demonstrates that the choice of the metric plays an important
role when comparing two solutions. These two solutions remain the same for
all time. However the distance given in our metric, constructed using (44), will
be positive, as as # ap.

This phenomenon occurs if, at points z € R where wave breaking occurs,
aa(z) = ap(x). Or in other words, replacing awy by ap or vice versa has no
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5
4:
|
2H
14
T { T T | T T T T T
-4 -3 -2 -1 1 2 3 4

Figure 2: Plot of the characteristics y(&,t) for different values of . Note
the concentration of characteristics at the wave breaking time ¢ = 2, and the
subsequent spreading due to only partial energy loss.

impact on the solutions in that case. Therefore, one could argue that following
our construction with D, given by (44), replaced by

ﬁ(X/hXB) = D(XXAa XgB) - HaA - aB||OO7
might be more appropriate for certain purposes.

In the next example, we demonstrate why we restrict ourselves from choos-
ing a: R — [0, 1], i.e. such that points of wave breaking can be fully dissipative
and other points can be partially dissipative or conservative.

Example B.2. We consider as initial data,

1, z <0,
l-z, 0<z<3, )

UO(-r) = % — o, % <z<l, Ho = Vo = Ug o dr, (87)
-1 1<z,

279
and assume the following values of a : [0,1) — R:
13 1
! (TG) =1 and «a(l)= 3

The points here are chosen tactically to be where wave breaking occurs in the
future.
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We begin by calculating the cumulative energy function. We have

0, x<0,
1, 0<z<i
2 _ ’ = 2
ug () =
O,x( ) 47 %< r < 17
0, 1<ua,
and
0, z <0,
z, O<z< %,
—00,x)) = v((—00,x)) =
NO(( )) 0(( )) 7% +4$7 % <z<1,
g, 1<z
Thus, using the transformation L from Definition 2.6,
3 £<0, 1, £<0,
1 1
757 0<€§1a 1_757 0<€§17
yO(é): 34‘15 1<§<Z Uo(f)_ 2_225 1<€<Z
10T 5% =72 0 5% =72
5_37 %<£7 _%7 %<£7
and
0, £<0,
1
56, 0<¢<,
Ho(§) =Vo(§) = ? (88)
5, 33

Thus, we can calculate the times at which wave breaking occurs. Using (12),

2, £€(0,1),
T(‘g): 1, g€ (17%)7

400, otherwise.

With everything in place, we can solve the ODE system (11), giving

-2t Ht+¢, £<0,
5 1
PR S bt SRS
10 10 80 5 — 27
3 lt4+ 22+ ¢, 1<k,
I+3t— 5P+ £<0,

YD) = é+%1tt;%t2+%(t—2)2€v ?iﬁii I<t<2, (89)
4 16~ — 27
Ly L4 33
24 3t— 5t 46, £<0,
Sydt— L+ Et-22% 0<é<l, o<t
sttt gt l<e<i, "7
By L+ L2+, 1<,

41
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1- %tv 5 < Oa
_5 1 <
! 8t+4(t9 2)153,1 0<f§_177 0<t<,
_% + %tv % < 57
ven=1 )7 £<0 (90)
T—ft+1(t—-2)¢ 0<E<1, 1<t <2,
it, 1<é,
% - 117615’ '5 S 07
g—%¢+§@—mg 0<&<1,  2<¢,
1
8 + Et’ 1< 5,
H(£7t) :H0(€)7 Ogtv
and
H(&) 0<t<l,
0, §<0,
36, 0<E<1, 1<t<2,
V(£7 t) = %7 1<, (91)
0, §<0,
16 0<e<1, 2<t
i 1<§

We can transform back into Eulerian coordinates using the mapping M from

Definition 2.7, giving at t = 2,

n((—00,7),2) = {?’

1

and L
u(x,2) = 1

r <1,
1<z,

r <1,
1<z,

Transforming back to Lagrangian coordinates, setting

X =L (u(-2),u(-2),v(-,2),

we obtain
57 £ S 17 _ 1
g =491 l<g<g, U=y
-5+¢ I<g
0, §<1,
HE) = -1+¢ 1<€<E,
3 <&
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34

T f T T T T

f
-0.2 0 0.2 0.4 0.6 0.8 1.0 1.2

Figure 3: Plot of the characteristics y(t,§) for different values of . In com-
parison to Figure 2, there are now two wave-breaking times, with the first
corresponding to full energy dissipation, thus no fan is released, and the second
to half the energy being lost.

and
0, §<1,
VE) =4 -1 +156 1<E<T, (97)
1 33

And finally we can observe the issue. After transforming to FEulerian coordi-
nates and back, the Lagrangian coordinates are no longer connected by a rela-
belling function.

Indeed, one sees that in constructing an f € G such that yo f = y(-,2) and
Vo f=V(,2), that one must have

1+¢, £ <0,

14+3¢ 0<ée<1,
f&) = 2

z 1<é¢< I

£, 1<k,

however, Ho f # H and f ¢ G.

In this final example we demonstrate that the choice of v has no affect on
the final solution.
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Example B.3. Consider as initial data

1, r < —1,
-, —-1<x<0,
uo(x) =
z, O0<z <1,
1, 1<z,
with
Lo = “3,z dr+6_1 401, and

Vg = Mo + 3]1(011]113@ dx + 5%

In this example we consider a = % and drop it from the notation of coordinates

for simplicity. Set X a0 = L(uo, tto, po) and Xp,o = L(uo, po, vo). Then

67 ggilv
7%7 O<€§17
yaol§) = -1+3¢ 1<£<3,  ypolf) =
3 3<e<d,
-4+, 5 <,
17 £§_17
3 0<¢<,
1-1 1<¢<?2
U = 2> -7 U =
4,0(8) 1+le, 2<¢<3, B,0(§)
3 3<E<4,
1, 5<¢,
Oa §S—1,
%+%§7 _1<§§07
3+E 0<g<y,
HA,O(g): 1+%£a 1<E§37 HB,O(é-)_
3+36  4<E<h,
4, 5 <&,

44

&,
_1

29

2 1
—:+ 3¢
1
29

4,1
-5+ &,
—84€,

\
=
A

Ll ST T el

a3

| ~i=
oles T oo |
+ 4
= S
A oy

—_

=

3+ 3¢,
$+¢,
1+ 1€,
244,
—3+&
5+ 56

bs)

§< -1,
~1<€<0,
0<é<,
1<£<2,
2<¢<3,
s<e<
$<e<y,
9 <&,

§< -1,
-1<£<0,
0<e<,
1<€<2,
2<¢<%,
§<e<y,
2 <e<y,
9 <,

§< -1,
—1<£L0,
0<¢&<,
1<¢é<2,
2<¢<9,
$<e<
$<e<y,
9<Eg,
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and
Oa fg _17
$+E& 0 0<E<,
1+16  1<¢< 2
Vao(§) = Hap(§), VBo(§) = %‘*‘2%57 2ce<?,
i+%€7 §<£§1237
T+ F<e<y,
4, 9<¢.
Calculating 7(§) via (12) for both sets of initial data, one finds
_ _ 2, e (—1,0) U (1,2)7
ma(8) = 75(8) = {-l—oo, otherwise.
Solving the ODE system (11) with this initial data, one finds
Vao(§), t<2
07 gg _17
i+E 0 0<E<,
Va(€,t) = 1+1 1 <2
A(é ) 1+411§7 <£7 ) 2 < t.
-1+¢&, 3<EL<A4,
1+36  4<€<5,
% 5 <,
]-_t7 €§ _17
1-3t41t-2)¢ —1<€<0,
-3t L, 0<¢<,
—st+it-2 <
+ ( )€, 1<g6<2, t <o,
—1-1t+it+2)¢ 2<€<3,
-3+ L, 3< <4,
—g—§t+4(t+2)£, 4<¢<5
1414, 5 <&,

UA(‘fat) = (98)
%_%ta £S_17
3-3t+3(-2¢ -1<£<0,
1314 L, 0<¢<T,
f-dHs-2g  1<e<2

—3 St 1(t+2)€, 2<E£<3, -
3 — U4 Ltg, 3<E<4,

—2 34 Lt +2), 4<E<5,

541y, 5 < ¢,



166

Paper 2. A Lipschitz Metric For a-Dissipative Solutions To HS

t— 37+ €, < -1,
—L+dt-3 4 l(t-2)%, —1<¢<0,
-1 122 4 L2 0<€&<,
“1+t—32+1t-2)2%, 1<¢£<2, oo
—1—t— 12+ 1t+2)% 2<£<3, '
14+t — 3% 4 L% 3<E<4,
—3 524+ L(t+2)%, 4<£<5,
1
paten) = {1t = (99)
143t 24, £<—1,
1+ ht-3r+L-2% -1<¢<0,
—1 41— 342 4 L%, 0<&<,
—3 4332 L(t-2)%, 1<€£<2, o<t
—3 3224 L1+ 2)%, 2<£<3, -
143t — g2 4 g2 3< €<,
TSt 324 lt+2)%, 4<E<5,
—I Sy Ty g 5<¢,
One then finds
1—t, z< —14+t— 12
=, —l+t— 32 <ax < -5+ 5t — 32
s e R T R T
2=, I+t <z <o, L9
2, 0<az<i4it+it? ’
stte - 1y L L2 cp <y Ly 342
L2e, FH3t+ it <a<14t+ 482
14t 1+t+ 12 <u,
R R R Ok o 1
GE Gl P ca<—fedt-in
B dbdt- i co<-bebiodn
iy hedtoifca<-lidhioge
b lrbhi-de<oshediege, CC0
=2ddse L4 34 P <o < 343+ 57
ke Leds S <ositite 52
S5, 244 L% <,
(100)
and, fort >0,
lt) = w21 1) o 25+ 80) L ooy (0) (101)
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On the other hand,

VB70(§), t <2,
0, §< -1,

1+1 —1<€<0,

i+¢ 0<¢<,

V(&) = 143§  1<¢<z2, o<y
HLile 2<e<g, o
+ie gee<h
06 $<ELY,

z 9 <,
1—t, £< -1,
L34 Lt -2), -1<¢<0,
-3¢+ Leg, 0< &<,
1—4t+ 1t -2), 1<€<2,
—2-Liy Le+2)¢ 2<e<),
RT3 et
24 i+ L(t+2)¢ B<e<y,
1+1, 9 <,
UB(EJ)* %_%m 53—1,
=3t 2(t-2), -1<¢<0,
3 —3t+3tE, 0<&<1,
334 2(t-2), 1<¢<?,
—2 - By L+2)¢, 2<¢<),
3 —t+ 1€, §<e< P
R - wttt+2)¢ B<e<o,
541y, 9<¢,

47

t <2,

2<t,
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yB(&,t)

t— 12 4¢,

1 1 342 1 2
—3+3t— 32+ 3t —2)%,
1 1 342 142
—14+ 5t — 32+ 1e3¢,

—1+t— 32+ 1t —2)%,

=2 2¢— L2 4 L(t+2)%,
3+ 5t — L2 4 L%,

-2 44+ L2+ S+ 2)%,
—84t+ 32+,
T43- T2 4 ¢,

—1+ it 224+ L(t-2)%,
S hd o GhaTa

—3 43— 3424 L(t—2)%,
-8B 31— B4 L(t+2)%,
1+ 31— L2 4 L2

—Z Ly 2 4 L (4 2)%,
—B 34 T2y g,

§< -1,
-1<£<0,
0<€<,
1<€§<2,
2<¢<9,
g<e< P,
$<e<y,
9 <&,

§< -1,
-1<£<0,
0<€&<,
1<€<2,
2<¢<9,
§<e< P,
2 <£<0,
9 <&,

t<2,

2<t

—

and one sees that the transformation M yields again (u, p) given by (100) and

(101).

Acknowledgments

We acknowledge support by the grants Waves and Nonlinear Phenomena (WaNP)
and Wave Phenomena and Stability - a Shocking Combination (WaPheS) from
the Research Council of Norway.

References

[1] Alberto Bressan and Adrian Constantin. Global solutions of the Hunter-
Saxton equation. SIAM J. Math. Anal., 37(3):996-1026, 2005.

2]

Alberto Bressan, Helge Holden, and Xavier Raynaud. Lipschitz metric for

the Hunter-Saxton equation. J. Math. Pures Appl. (9), 94(1):68-92, 2010.

José Antonio Carrillo, Katrin Grunert, and Helge Holden. A Lipschitz

metric for the Hunter-Saxton equation. Comm. Partial Differential Equa-
tions, 44(4):309-334, 2019.

Constantine M. Dafermos.

Generalized characteristics and the Hunter-

Saxton equation. J. Hyperbolic Differ. Equ., 8(1):159-168, 2011.

Katrin Grunert and Helge Holden. Uniqueness of conservative solutions

for the Hunter-Saxton equation. Res. Math. Sci., 9(2):Paper No. 19, 54,

2022.

48



K. Grunert and M. Tandy 169

(6]

[10]

[11]

[12]

Katrin Grunert, Helge Holden, and Xavier Raynaud. Lipschitz met-
ric for the periodic Camassa-Holm equation. J. Differential Equations,
250(3):1460-1492, 2011.

Katrin Grunert, Helge Holden, and Xavier Raynaud. Lipschitz metric
for the Camassa-Holm equation on the line. Discrete Contin. Dyn. Syst.,
33(7):2809-2827, 2013.

Katrin Grunert and Anders Nordli. Existence and Lipschitz stability for
a-dissipative solutions of the two-component Hunter-Saxton system. J.
Hyperbolic Differ. Equ., 15(3):559-597, 2018.

Katrin Grunert and Matthew Tandy. Lipschitz stability for the Hunter—
Saxton equation. J. Hyperbolic Differ. Equ., 19(2):275-310, 2022.

Helge Holden and Xavier Raynaud. Global conservative solutions of the
Camassa-Holm equation—a Lagrangian point of view. Comm. Partial
Differential Equations, 32(10-12):1511-1549, 2007.

John K. Hunter and Ralph Saxton. Dynamics of director fields. STAM J.
Appl. Math., 51(6):1498-1521, 1991.

Anders Nordli. A Lipschitz metric for conservative solutions of the two-
component Hunter-Saxton system. Methods Appl. Anal., 23(3):215-232,
2016.

49






Paper 3

On the coupling of well posed differential
models

Rinaldo M. Colombo, Mauro Garavello, and Matthew
Tandy

To appear in Nonlinear Analysis

171






R. M. Colombo, M. Garavello, and M. Tandy 173

On the Coupling of Well Posed Differential
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Abstract

Consider the coupling of 2 evolution equations, each generating a
global process. We prove that the resulting system generates a new global
process. This statement can be applied to differential equations of various
kinds. In particular, it also yields the well posedness of a predator—
prey model, where the coupling is in the differential terms, and of an
epidemiological model, which does not fit previous well posedness results.

Keywords: Processes in Metric Spaces; Well Posedness of Evolution
Equations; Coupled Problems.

MSC 2020: 34G20; 35M30; 35L65; 35F30.

1 Introduction

A variety of models describing the evolution in time of real situations is ob-
tained coupling simpler models devoted to specific subsystems. In this paper
we provide a framework where the well posedness of the “big” model follows
from that of its parts.

Predictive models consisting of couplings of evolution equations, possibly of
different types, are very common in the applications of mathematics. Here we
only note that their use ranges, for instance, from epidemiology [8, 9, 11], to
traffic modeling [14, 20], to several specific engineering applications [13, 27].

In this manuscript, the core result is set in a metric space, so that linearity
plays no role whatsoever. This also allows the range of applicability of the
general theorem to encompass, for instance, ordinary, partial and measure dif-
ferential equations. In each of these cases, we obtain stability estimates tuned
to the metric structure typical of the specific evolution equation considered,
which can be, for example, the Euclidean norm in R”, the L' norm in spaces
of BV functions or some Wasserstein type distance between measures.

LUnita INAAM & Dipartimento di Ingegneria dell’Informazione, Universita di Brescia,
Italy. rinaldo.colombo@unibs.it
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At the abstract level, the starting point is provided by the framework of
evolution equations in metric spaces, see [2, 3, 4, 10, 22, 23]. In this setting, an
evolution equation is well posed as soon as it generates a Global Process, i.e.,
a Lipschitz continuous solution operator, see Definition 2.2. In other words,
global processes substitute, in the time dependent case, semigroups that, in
the autonomous case, have as trajectories the solutions to evolution equations.

Assume that two evolution equations are given, each depending on a param-
eter and each generating a global process, also depending on that parameter.
We now let the parameter in an equation vary in time according to the other
equation: a coupling between the two models is thus obtained. Theorem 2.6
ensures the well posedness of this coupled model, in the sense that it generates
a new global process.

The assumptions required in this abstract construction are then verified
in 5 sample situations: ordinary differential equations, initial and boundary
value problems for renewal equations, measure valued balance laws and scalar
conservation laws. Thus, we prove that any coupling of these equations results
in a well posed model. Indeed, in each of these cases, we provide a full set
of detailed stability estimates compatible with the abstract results. Note that
assumptions ensuring global in time existence results are also provided.

Finally, we consider specific cases. First, we briefly show that Theorem 2.6
comprises the case of the traffic model introduced in [20], where a scalar con-
servation law is coupled to an ordinary differential equation.

Then, we detail the case of a predator-prey model inspired by [7], namely

ohp +div (p V (t,p(1)) ) = = (|lp(t) = 2] ) it 2) (1.1)

While we refer to § 4.1 for a detailed explanation of the terms in (1.1), here we
remark that in (1.1) the coupling is not only in the source term of the partial
differential equations, but also in the convective term, where no nonlocal term
is involved (V is a function defined for ¢ € R, z € R™ and P(t) € R").

Then, we apply the general construction to a recent epidemiological model
presented in [11] whose well posedness, to our knowledge, was not proved at
the time of this writing. In this case, the coupling involves a boundary value
problem for a renewal equation, see § 4.2.

For all basic results on evolution equations in metric spaces, we refer to the
extended treatises [2, 3, 22], whose wide bibliographies also give a detailed view
on the whole field. Below, we follow the approach outlined in [4, 10, 23]. The
different frameworks differ in their approaches but offer similar results. Related
to Theorem 2.6 is, for instance, [22, Theorem 26]. However, here we follow a
more quantitative approach to the various stability estimates.

We expect that also other equations fit in the framework introduced in
Section 2. Natural candidates are, for instance, measure differential equa-
tions [24, 25] and their coupling with ordinary differential equations as consid-
ered in [16]. A further class of couplings is that in [13], consisting of ordinary
and partial differential equations similar to those comprised in § 3.3. Very likely



R. M. Colombo, M. Garavello, and M. Tandy 175

to comply with the present structure is also the general class of traffic models
presented in [18].

This work is organized as follows. Section 2, once the basic notation is
introduced, presents the general result. Each of the paragraphs in Section 3 is
devoted to a particular evolution equation: its well posedness is proved obtain-
ing those estimates that allow the application of Theorem 2.6. Specific models
are then dealt with in Section 4. Finally, proofs are in the final Section 5.

2 Definitions and Abstract Results

Below we rely on the framework established in [4, 10, 23], see [2, 3, 22] for an
alternative, essentially equivalent, setting. Let (X, d) be a metric space and I
be a real interval. First, a local flow on X provides a sort of tangent vector
field to X.

Definition 2.1 ([10, Definition 2.1]). Given § > 0 and a closed set D C X, a
local flow is a continuous map F: [0,8] x I x D — X, such that F (0,t,)u=u
for any (to,u) € I x D and which is Lipschitz in its first and third arguments
uniformly in the second, i.e. there exists a Lip(F') > 0 such that for all 7,7’ €
[0,0] and u,v € D

d (F (7, to)u, F(r', t,)u') < Lip(F) - (d(u, W)+ |- T’|) S (@)

Given an evolution equation, a global process is a candidate for the solution
operator, i.e., for the mapping assigning to initial datum v at time ¢, and to
time ¢ the solution evaluated at time ¢.

Definition 2.2 ([10, Definition 2.5]). Fiz a family of sets D:, C D for all
to € I, and a set

A={(t,to,u): t >t,, to,t €I andu € Dy, }. (2.2)

A global process on X is a map P: A — X such that, for all w € Dy, and
to,t1,t2 € I with to >t > to,

P(to,to)u =1u (2.3)
P(t1,t,)u € Dy, (2.4)
P(tgﬂfl) oP(tl,to)u :P(tg,to)u. (25)

In Theorem 2.4 below, a global process is constructed from a local flow by
means of a suitable extension of Fuler Polygonals to metric spaces.

Definition 2.3 ([10, Definition 2.3]). Let F be a local flow. Fixu € D, t, € I,
T € [0,0] with t, + 7 € I. For every e > 0, let k = |7/e|, where the symbol |- |
denotes the integer part. An Euler e-polygonal is

k—1

Fe(r,to)u=F(1r — ke, to+ke)o O F(e,to+ he)u (2.6)
h=0

whenever it is defined.
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Above, we used the notation Qﬁzo fn=frofu_10...0f10fo.
For a local flow F', its corresponding Euler e-polygonal F*, and any ¢, € I,
introduce the notation:

F53(7—37t0 + 71 +7'2) 0F52(’7'2’t0 +7—1) OFEI(Tl,tO)’u,
Df’o =<qu€eD: isin D for all e1,e9,e3 €]0,] and all . (27)
71,72, 73 > 0 such that t, + 7 + o+ 713 €1

The next result provides the basis for our construction of solutions to cou-
pled problems.

Theorem 2.4 ([10, Theorem 2.6]). Let (X, d) be a complete metric space and
D be a closed subset of X. Assume that for the local flow F': [0,0] x I XD — X
there exist

1. a non decreasing map w: [0,d] — Ry with foé @ dr < 400 such that
d (F(kr, to+7) 0 F(7,to)u, F ((k+ 1)7,t,) u) <kTw(T) (2.8)

whenever T € [0,46], k € N and the left hand side above is well defined;

2. a positive constant L such that
d (Fe(1,to)ur, F(1,to)uz) < L d(uq, us) (2.9)

whenever € € 10,6], ui,ug € D, 7 > 0, to,to + 7 € I and the left hand
side above is well defined.

Then, there exists a family of sets Dy, fort, € I, and a unique global process
(as in Definition 2.2) P: A — X with the following properties:

1. D} C Dy, foranyt, € I, with D} as defined in (2.7);
2. P is Lipschitz continuous with respect to (t,t,,u) € A;
3. P is tangent to F in the sense that for all (t,+7,t,,u) € A, withT €10, 4]:

% 4 (P(to + 7. to)u, F(7,t)u) < % /O % de . (2.10)

A general condition to ensure that A is non empty is [10, Condition (D)].
Below, in the examples we consider, it explicitly stems out that A # ().
We now head towards considering processes depending on parameters.

Definition 2.5. Let (U,dy) and (W, dyw) be metric spaces. A Lipschitz Pro-
cess on U parametrized by w € W is a family of maps P*: Ay — U, with

IT={(tto)elxI:t>t,},
Ay = {(t,to,u): (t,t,) € T, uepfgg},
DY CU,



R. M. Colombo, M. Garavello, and M. Tandy 177

such that for all w € W, PY is a Global Process in the sense of Definition 2.2
and there exist positive constants C, Cy, Cy such that

dy (P (t, to)ur, P (t,to)uz) < et dy(uy, us), (2.11)
dy (P™(t1, to)u, P (t2, to)u) < Cy [t — t1], (2.12)
duy (P (t, to)uo, P (t, to)uo) < Cy (t — to) dy(wr, w2) . (2.13)

We equip the product space U x W with the distance
d ((u’7 w'), (u”,w”)) = dy(u',u") + dyw(w',w").

Theorem 2.6. Let (U, dy) and (W, dy) be complete. Let P*: Ay — U be a
Lipschitz Process on U parametrized by w € W, and let P*: Ayy — W be a
Lipschitz Process on W parametrized by U. Let Cy,Cy, and Cy be constants
that satisfy (2.11)—(2.12)—(2.13) for both processes. Then,

1. Introducing

Arp = {(T,to,(u,w)) 27 >0, to,to+7 €I (u,w) epgo XDZ,V}7

the map
F Ar — Uxw
(T, to, (u, w)) — (P“’(to + T, to)u, P%(t, + T, to)w) (2.14)
is a local flow on U x W.
2. F satisfies the assumptions of Theorem 2.4 with
L=e@HC)T gnd  w(r)=C;Cy7 (2.15)

hence F generates a unique global process P: A — U x W, for a suitable
ACT xIxUXW, satisfying properties 1., 2. and 3. in Theorem 2.4.

8. Forallt, €I and 7 > 0 with t, + 7 > t,, we have
F(r,t,) (DY x DY) € (DY . xDY,.,) (2.16)

hence the process P is defined on A with

720, to,to+7€EI,
- } (2.17)

A D (7, to, (u,w)) :
_{( o () (u,w) € DY x DY
The proof is deferred to § 5.1.

An analogous result can be proved defining the local flow F' by means of
local flows FY and F)V, provided these local flows satisfy the assumptions of
Theorem 2.4 and have a Lipschitz continuous dependence on the parameter.
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Theorem 2.7. Consider two complete metric spaces (U, dy) and W, dy). Let
FY:[0,8] x I xDY U, and F“:[0,6]xIxDVY =W,

be local flows parametrized by w € W and u € U, respectively, so that there
exists L such that for all T € [0,9] and t € I,

dy (F*™ (7, t)u, F*2(1,t)u) < L dy(wi, ws) ue DY wy, wg €W
dywy (F"l(T,t)w,Fuz(T,t)w) < Ldy(ui,ug) ueDW uy, us €U

Then, setting D = DY x DV, the coupling

F : [0,0]xIxD — UxWw
(1,8, (u,w)) = (F(t,to)u, FU(t, t,)w)

is a local flow in the sense of Definition 2.1. If moreover F* and F* satisfy as-
sumptions 1 and 2 in Theorem 2.4, then F' is tangent to the local flow F defined
in (2.14) by means of the processes P¥ and P“ defined through Theorem 2.4.

As a direct consequence of Theorem 2.7, by means of [5, Theorem 2.9], we
have that whenever Theorem 2.6 applies, if F' generates a global process P,
then P coincides with the process P constructed in Theorem 2.6.

3 General Cauchy Problems

In the paragraphs below we consider differential equations depending on pa-
rameters that generate parametrized Lipschitz processes in the sense of Defini-
tion 2.5. Thus, any coupling of the processes below meets the requirements of
Theorem 2.6 and generates a new Lipschitz process. Moreover, we verify that
this new process eventually yields solutions to the coupled problem.

Throughout, I is a real interval containing 0. If z € R™, ||| denotes its
Euclidean norm, while ||z|, is the norm of = in the Banach space V. The open,
respectively closed, ball centered at x with radius r is B(x,r), respectively
B(z,r).

3.1 Ordinary Differential Equations

This brief paragraph mainly serves as a paradigm for the subsequent ones.
Indeed, we begin by considering the classical Cauchy problem for an ordinary
differential equation

{ﬂ=f(tvu7w) tel with  f: IxR*"xW =R",  (3.1)

u(to) = U

where t, € I , Uo € R™ and the parameter w is fixed in W.

Definition 3.1. A map u: I — R" is a solution to (3.1
u(to) = o, for a.e. t € I, u is differentiable at t and u(t) =



R. M. Colombo, M. Garavello, and M. Tandy 179

The well posedness of (3.1) is an elementary result which we state below to
allow subsequent couplings of (3.1) with other equations within the framework
of Theorem 2.6.

Proposition 3.2. Let R > 0. Define D = B(0, R) in R™ and consider the
Cauchy problem (3.1) under the assumptions

(ODE1) For allu € D and all w € W, the map t — f(t,u,w) is measurable.
(ODE2) There exist positive Fr,, Foo such that for all t € I, ui,us € D and
w1, Wy € w

(| f(t ur,wi) = f(tuz,wa)|| < Fr ([lur — uall + dyw(w, ws)) , (3.2)
sup /£ (- '=w)HLw(fxﬁ;1R<n) < P
wew

Then, there exists T > 0, such that [0,T] C f, and a Lipschitz process on
R™ pametrized by W in the sense of Definition 2.5, whose orbits solve (3.1)
according to Definition 3.1, with

TSR/(QFOO)7 Cu:FL7 Ct:Fooa Cu):FLeFLT7

(3.4)
Dy = B (0,R— (T = t) sy £ 10) g rupizn ) -

Long time existence is also available.

Corollary 3.3. Assume sup I = +oo and that, for every R > 0, (ODEL1) and
(ODE2) hold with Fs, = Foo (R) satisfying

lim sup Foo ()
R—+o00 RIH(R)

< 400

Then, for all t, € I, the solution to (3.1) exists for every t > t,.

The proof is deferred to § 5.2. We now verify that Theorem 2.6 applies to the
coupling of (3.1) with other Lipschitz Processes.

Proposition 3.4. SetU =R". Assume that (ODE1)—-(ODEZ2) hold. Let P*
be a Lipschitz Process on W parametrized by u € U. Call P: A — R™ xW, with
P = (P, P), the Process constructed in Theorem 2.6 coupling P", generated
by (3.1), and P¥. If ([to, T), to, Uo, w,) C A, then

u: [to, T]— R"
t = Pi(tto)(uo, wo)
solves )
Z(tzo)f(:tvso) where f(t, u)=f (t,U, Py(t,t0)(to, wo))

in the sense of Definition 3.1.
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The proof is deferred to § 5.2.
A particular case of Proposition 3.2 of interest is the following.

Corollary 3.5. Let R > 0. Define D = B(0,R) inU = R". Choose W =
LY(RY;RM) and fix n € L= x RN;R). Consider the Cauchy problem (3.1)
with

ww) =g (1o, [ a0 u) ac) (35)
RN
under the assumptions:
(NL1) For allu €D and W € RM, the map t — g(t,u, W) is measurable.

(NL2) There exist positive Ly and G such that for all t € I, u1,us €D and
Wl,WQ S RM
|g(t,ur, W) — g(t, uz, Wa)|| < Gp (lux — ua| + [|[Wy — Wal]) ,
_sup Hg(t,u,W)H < G-
IXDxRM

Then, given the interval I = [0,T] with T = % and, for everyt € I, the
domain

Dy = B (0, R~ (T = )llglm 7 pmmociar ) (3.6)

problem (3.1)—(3.5) generates a Lipschitz Process on R™ pametrized by w € W,
with constants in (2.11)—(2.12)—(2.13) given by

Cu:GL (1+H"7||Loo(f><RN;R)) ) Ct:Goo

. (3.7)
Cw=0Gr (1 + ||77||Loo(ijN;R)) exp (GVL(1 + ”nHLOC(fXRN;]R))T) :

The proof is a direct consequence of Proposition 3.2 and is hence omitted.
Note that also Proposition 3.4 is immediately extended to the case of (3.5).
The analog of Corollary 3.3 in this setting is given by the following result,
whose proof is omitted, since it is identical to that of Corollary 3.3.

Corollary 3.6. Assume [0,400) C I and that, for every R > 0, (NL1) and
(NL2) hold with Goo = Goo(R) satisfying
. G (R)
lim sup
R—+oo RIn(R)
Then the solution to (3.1), with vector field (3.5), exists for every t > t,.

< +00

3.2 The Initial Value Problem for a Renewal Equation
We examine the following initial value problem for a first order partial differ-

ential equation

{ Ou + divy (v(t, z, w)u) = m(t,z,w)u+q(t, z,w) (t,x)€ I xR", (3.8)

u(to, ) = uo(x), reR”

for u, € LY(R™;R) and t, € I. Proofs are deferred until § 5.3.
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Definition 3.7. For a fivzed w € W, a function v € C° ([tO,T];Ll(R”;R)),
where [t,,T) C I, is a solution to (3.8) if:

1. for any test function ¢ € CX(Jto, T[ x R™; R),
T
/ / (u(t, x) Opp(t, ) + u(t, ) v(t, z,w) - Vyo(t,x)
to JRn

+ (m(t,z, w)u(t,z) + q(t, z,w)) o(t, :r)) dz dt = 0;

2. u(to, ) = uo(x) for a.e. x € R™.

Proposition 3.8. Let R > 0 and set U = L1(R™R). Define

D= {u € LR R): max {ulls e Il TV} < R

Consider the Cauchy problem (3.8) under the assumptions

(IP1) For allw € W, v(-,-,w) € C°(I x R™;R™), v(t,,w) € C3(R";R") for
all t € I and there exist positive constants Vi, Vi, Voo such that for all

tel
o0t gy < Voo [ 70000 g gy < Vi
[VV ot '7w)HL1(R”;R") V.
and, for all wi,ws €W and t € I,
[o(t, - wi) = vt, w2) || e (g gy < Vi dw(wr, w2),

< Vi dw (w1, wo).

HV . (v(t7 S wy) = v(t, ~7w2))‘ L1(R%R)

(IP2) For all w € W, m(-,-,w) € CO(I x R™;R) and there exist positive
constants My, My such that for allt € I and for all w,wy,ws € W

Hm(t,~7 + TV (m(t,-,w))

IN

w)HLOC(R";]R) M ;

IN

Hm(tv B wl) - m(t7 .’w2)||L1(]R";]R) ML dW(wly w2) .

(IP3) For allw € W, q(-,-,w) € L (f; L°°(]R”;R)) and there exist positive
constants Qoo, Q1, Qr such that for allt € I and for allw,wy,wy € W,

||q(tv'vw)||L°c(R";1R) +TV (gt w) £ Qoo
HQ(ta .’w)HLl(]R”;]R) < Qh
Hq(t77w) _q(t’.’wQ)HLl(]R”;]R) S QL d(w17w2)'
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Then, there exists T > 0, such that [0,T] C f, and a Lipschitz process on U
pametrized by W in the sense of Definition 2.5, whose orbits solve (3.8) in the
sense of Definition 3.7, with

Cy = Ma, (3.9)
Oy = Voo ReMoH2V)T 1 9 M T 4 (M, + V) ReM=FVE)T  (3.10)
Cw =[VL2R+ Qo)1+ (V1 + Mx)T)
+(Qr + (Mp + Vi)(R + Qo T))Je M=V, (3.11)
and
Hu”Ll(R";]R) < aat)
Dy=QueD: |ulpemen <owlt) o, (3.12)
TV(u) < ary(t)
where

ai(t) = Re M0 —Qy(T —t)eM=",
as(t) = Re~ Moo +VL)(T—1) _ Qooe(Moo+VL)t(T —1),
ary(t) = Re”MetVi)T=0 (1 — (M, + V1)(T —t))
~QoceM= VI (1 4 (Moo + V1)) (T — 1)

Corollary 3.9. Assume [0, +00) C I and that (IP1), (IP2), and (IP3) hold.
Then the solution to (3.8) exists for every t > t,.

(3.13)

Continuing now to the act of coupling this Lipschitz process with another.

Proposition 3.10. Set U = L*(R™;R). Assume that (IP1)—(IP2)—(IP3)
hold. Let P“ be a Lipschitz process on W, parametrised by uw € U. Call
P: A — LYRYR) x W, with P = (P, P), the process generated in Theo-
rem 2.6 by the coupling of process P¥, found in Proposition 3.8, with P". If
([to, T, to, U0, wo) C A, then the map
w: [to, T]— (L N BV)(R™R)
t = Pi(t,to)(to,ws)

solves

Opu + div, (0(t, 2) u) = m(t, z)u+ q(t, z) (t,z) € [to, T] x R™,
w(to, ) = uo(x), x € R"”

in the sense of Definition (3.8), where

(3.
m(t,x) = (t x, Py(t,t )(uo,wo)), q(t,z) = q(t,m,Pg(t, to)(uo,wo)) ,
o(t,z) =v (t,x,Pg(t, O)(uo,wo)) .

3.3 The Boundary Value Problem for a Linear Balance
Law

Consider the model

du+ 0y (v(t, ) u) = m(t, z, w)u+ q(t, z, w) (t,x) e I: x Ry
u(t,0) = b(t) tel (3.14)
u(to, ) = to(x) zeR;.

10
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where u, € L1(R;R), t, € I and w e W. Throughout, we choose left contin-
uous representatives of BV functions. Proofs are deferred to § 5.4.

Definition 3.11. For a fized w € W, a function u € C° ([tO,T];Ll(R_,_;]R)),
with [to,T) C I, such that u(t) € BV (R4;R) for a.e. t € [t,,T) is a solution
to (3.14) if:

1. For all ¢ € CX(Jto, T[ x Ry;R)

/tT /1R+ <U(t7 ) Opp(t, o) + v(t, ) u(t, ) Opp(t, x)

+ (m(t,z, w)u(t,z) + q(t, z,w)) @(t, m)) dzdt = 0.

2. For a.e. x € Ry, u(ty, x) = uo(x).
3. For a.e. t € [to, T], limy 04 u(t, ) = b(t).

Proposition 3.12. Let Y = L*(R,;R) and fir b € BV(I;R). For R > 0,
define

D= {u eU: max{||u|\L1(R+;R>, [ullg o m, my> TV(u) + b(sup I) — u(O)‘} < R} .

(3.15)
Assume

(BP1) There exist positive constants 0,0, V1, Voo such that for allv € Co’l(fx
Ry; [9,0]) and for all (t,x) € I x Ry

TV (v(~,m); f) + TV (v(t,-))

TV (8,0(t, ) + || 0z v(t,

IN

Voo ,
VL.

IN

')||LM(R+;R)

(BP2) For allw € W, m(-,-,w) € CO(I x Ry;R) and there ewist Moo, M,
such that for allt € I, w, w1, ws € W,

TV (m(t, 7w)) + ||m(t,~ M,

;) HL‘X’(IRJr;]R)

IN

Hm(t, ‘y wl) — 7’Tl(t7 °y wz)"Ll(R+;R) ML dw(wl, ’wg) .

(BP3) For allw € W, q(-,-,w) € C° (f;Ll(R+;R)> and there exist Q1, Qoo
such that for all t € I and w, wi,wy €W, and

||q(t7'aw)||L1(]R+;R) < Ql:
TV (q(tv ,U})) + HQ(t, "w)HLOO(]RJr;R) QOO7
HQ(t> '>w1) - Q(t7 K w2)HL1(]R+;R) QL dW(wl’ w2) :

IA

IA

11
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(BP4) b e (L' NL>® NBV)(I;R), is left continuous, and there exist positive
constants By and Bs, such that

||bHL1(i;1R) < B,
TVQ) + bllp(7r) = Boo-

Then, there exists R, T > 0, such that [0,T] C f, and a Lipschitz process on U,

parametrized by W in the sense of Definition 2.5, whose orbits solve (3.14) in
the sense of Definition 3.11, with

Cy= My
Cy=[0(B1+2R+ R(My +V1.)T) + MR + Q1}6M°°T7

1
Cw: [BOOML+1A)QL+§’DQDCMLT

1 (3.16)
+ M, R+Qr+ §ML Qoo T)eM=T |

il g gy < 01(8) s el g, m) < Goo(t) |
D, = cu: (Ry;R) Lo (R4 ;R)
' { TV (u) + |b(t) — u(0)] < azy ()

where
a1(t) = Re MeT=H _ (3B + Q1)(T — t)eM=t
ao(t) = Re M= —Q (T —1)
arv(t) = R (1 — (Mo +V)(T — t)) (Moot VL)(T—1)

~2Qo0 (1 + (Moo + Vi)t)(T — t)eMeetVi)t
—Boo(Mog + VL)(T — t)eMetVi)l — TV (b [t, T])e Mo TV
A result entirely analogous to Corollary 3.9 can be proved also in the case
of (3.14).
Proposition 3.13. Set Y = L'(R;R). Assume (BP1)-(BP2)-(BP3)-
(BP4). Let P“ be a Lipschitz process on W, parametrised by uw € U. Set
P: A= UxW, with P = (Py, P,), to be the process generated in Theorem 2.6

by the coupling of the process P, constructed in Proposition 3.12, with P*. If
(t7 tOv (u07 wo)) € ./4, then

u: [to,T]— LYRy;R)

b s it t) (1t wo) (3.17)
is a solution to
O+ 0y (v(t, ) u) = m(t, ) u+ q(t, z) (t,x) €[to, T] x R4
u(t,0) = b(t) t e [to, T) (3.18)
U(to, ) = uo(x) reRL
in the sense of Definition 3.11, where
m(t,z) =m(t,z, Pa(t, ts) (Uo, wy)) s
(t.) = m (t,2, Pa(t 1) (0, 0,) 510)

q(t,x) =¢q (t, x, Pa(t, to) (uo,wo)) .

12
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3.4 Measure Valued Balance Laws

Following [6], consider the following measure valued balance law

At + 0 (b(t, py w)pr) + e(t, pyw)p = /R (n(t, s w)) (y) duly) (3.20)

for t € I, with u(t,) = p, € M*(Ry), the set of bounded, positive Radon
measures on Ry equipped with the following distance, induced by the dual
norm of W1°(R,:R), see [6, § 2]:

dm(pa, p2) = sup / ¢ d(p — p2). (3.21)
peCH (R4 ;R) /Ry
lellwr.00 <1

We refer to [15] for basic measure theoretic results. Below, if X is a Banach
space, then BC(f ; X) is the space of bounded continuous functions with the
supremum norm. BC®!(I x Mt (R, ); X) is the space of X valued functions
which are bounded with respect to the ||-||y norm, Hélder continuous with ex-
ponent « with respect to time and Lipschitz continuous in the measure variable
with respect to daq in (3.21). These spaces are equipped with the norms

1 flseix) = 5w [ FO)]]y
tel

I lBer (ixms ®oyix) = Sup (Hf(t"U’)HX +Lip (f(t,"))
telueM*(Ry)

+H(f(,n) )

Il Berwr) @t @) = sup @) e, , +LAR(S) -
+

where, with a slight abuse of notation,

Lip(F(t0) = sup - ([7(tm) = Sl /s pa)

1,2 €M (Ry

H1FEK
(/) = sw (£t = Fls2a )l /11 = 521"
Lip(f) = s (due (o). (o) /oo =)
T1#T

Definition 3.14. Given T € I withT > t, andw € W, a function p: [to, T] —
M*(Ry) is a weak solution to (3.20) on the time interval [to,T] if p is
narrowly continuous with respect to time (i.e., for every bounded function
¥ € CO(R4;R), the map t — f]R+ Y(x)du(t, z) is continuous), and for all
v € (CtNWh>) ([tmT] x Ry; R), the following equality holds:

T
[ ] (et + 060) ) 00000
to JR,

13
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= (c(t, p,w)) (z) (L, x)) dp (t,x)de

T
+/t /]R </R o(t,z) d[n(t, p,w)(y)] (:r)) du (t,y) dt
/ o(T, z) du(T,x)f/ Oto,x) dpto (2).
Ry

Ry

Proposition 3.15. Let R > 0. Set U = M+ (R) and let

D= {ue MHRy): pu(Ry) < R}

Consider the Cauchy problem (3.20) under the assumptions, for some positive

constant L,

(MVBL1)

(MVBL2)

(MVBL3)

For every w € W, b(-,-,w) € BC®!(I x D; W1 (R;R)). Fur-
ther, for every w, w1, wy € W, t € I, and pn € D, b(t, u, w)(0) > 0,
and, for some B >0,

IN
Sy

)

Hb(t’ H w)Hw1=oc(R+;R)

IN

Hb(a My wl) - b('vﬂvwQ)’|Bc(j;W1,oo(R+;R)) i/ dW(wla w2) :

For every w € W,
c(,-,w) € BC¥(I x D;WH(R ;5 R))

Further, there exists a positive constant C' > 0 such that, for all
w,wi,we € W, u €D andt el,

IN

let, 1,0l ) < €

IN

HC('a My wl) - C('vﬂ?wQ)HBC(jgwl,oc(R_*_;]R)) i/ dW(wla w2) :

For allw € W, and setting B = (BCNW1L ) (R ; MT(R)),
n(-,-,w) € BC*! (f x D; B) .

Furt]wr, there exists an E > 0 such that, for all w,wy,ws € W,
tel, and peD,

In(t, p,w)||z < E,
HTI(',M, wy) — h(.’ﬂ7w2)}|BC(f;B) < L dyy (w1, w2) .

Then, there exist T > 0, such that [0,T] C f, and a Lipschitz Process on
MTF(R™), pametrized by W in the sense of Definition 2.5 whose orbits solve (3.20)
in the sense of Definition 3.14, with

C.=3B+C+E), C/=(B+C+E)e2BIC+ETR

Cy = C*(T,B,C,E) R L SBH+C+ET (3.22)
D, = {N €D: u(Ry) < R673(B+C+E)(T7t)} .

14
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The proof is a direct consequence of [6, Theorem 2.10] and, hence, it is omitted.
In particular, C* in (3.22) is the constant defined in [6, Item (iv), Theorem 2.10].

Proposition 3.16. Setid = MT(R"). FizT > 0 and assume that (MVBL1)-
(MVBL2)-(MVBL3) hold. Let P* be a Lipschitz process on W, parametrised
by w € U. Call P: A — R" x W, with P = (P1,P,), the Process con-
structed in Theorem 2.6 coupling P, found in Proposition 3.15, and P". If
(Lo, T, to, Uo, wo) € A, then the map

o [te, T] — MT(R™)

E o Pt (uw) (3.23)

solves the measure valued balance law

{ Opp+ 0y (bt p) p) + et ) p =[5, (0t ) (y) dp(y)  tel
M(tO) = Mo

in the sense of Definition 3.14, where

B(ta ) ="b (t7ﬂ7 PQ(tatO)(ﬂmwo)) ) é(t,p) =c (t, s, Pa(t, to)(//fmwo)) s
nt, ) =mn (ta 1, Pa(t, o) (Ko, wo))

The proof is deferred to § 5.5.

3.5 Scalar NonLinear Conservation Laws

We now consider the following scalar nonlinear conservation law in one space
dimension:

O+ 0y f(tu,w) =0 (t,z) el xR, (3.24)
u(to, ) = uo(x) rzeR
for t, € I, u, € LY(R;R), w € W, with f: I x R x W — R a given function.

Definition 3.17. Fiz w € W and [t,,T] C I. We say that a map u €
CO ([to, T); L1 (R;R)) is a solution to problem (3.24) if it is a Kruzkov-Entropy
solution, i.e.

T
/t /}R [|u — k| Oy + sign(u — k) (f(t,u,w) — f(t, k,w)) azw} da dt
> /R |u(T, x) — k| (T, z)dx — /R !uo(x) — k} w(to,x)dz, (3.25)

for all non-negative test functions ¢ € Cgo(f x R;Ry), and for all k € R.

Proposition 3.18. Let R > 0 and t,,T be such that [t,,T] C I. Choose
U = L*(R;R) and define D = {ucU: TV(u) < R}. Consider the Cauchy
problem

(3.26)

Ou+ 0 f(u,w) =0 (t,2) € [to, T] X R,
u(to, ) = uo(x) reR

under the assumptions

15
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(CL1) For all w € W, the map u — f(u,w) is piecewise twice continuously
differentiable.

(CL2) There exists a positive Fp, such that for all uy,us € R and all w,wy,wy €
w

‘f(ul,w) *f(umw)’ < Fp|lup — ugl
<

Lip (f(-,w1) — f(-,w2))

Fr, dw(wi,ws)

Then, there exists a Lipschitz Process on L1(R;R), pametrized by VW, whose
orbits are solutions to (3.24) in the sense of Definition 3.17, with constants
in (2.11)—(2.12)—(2.13)

C,=0, Cy=FLR, C,=F,R, D,=D.

The proof is classical and follows, for instance, from [17, Theorem 2.14 and
Theorem 2.15].

Remark 3.19. The present treatment is limited to homogeneous, i.e., with a
flux independent of x, conservation laws. Note that general 2 x 2 systems of
conservation laws can not be approached by means of Theorem 2.6 while, for
instance, we do comprehend a non local coupling of the form

Ou+ 0, f (u,wadx) =0 Opw + Org (w,fRu d;r) =0
w(0,x) = uo(x) w(0,z) = we(x).
Proposition 3.20. Set U = LY(R;R). Assume that (CL1)-(CL2) hold.
Let P“ be a Lipschitz process on W, parametrised by u € U. Call P: A —

R™ x W, with P = (Py, P»), the Process constructed in Theorem 2.6 coupling
Pv, generated by (3.26), to P*. If ([te, T], o, Uo, wo) C A, then

w: [te,T]—  LYR;R) Ayu+ 0y f(t,u) =0

solves
t = Pi(t,to)(uos wo) u(to) = Uo,

in the sense of Definition 3.17, where f(t,u) = f (u, P2(t, to)(uo, ws)).

The proof is left until § 5.6.

4 Specific Coupled Problems

The abstract framework developed in Section 2, thanks to the proofs in the
subsequent paragraphs, allows to prove the Lipschitz well posedness of several
models.

As a first example, consider the model introduced in [20], where a large and
slow vehicle positioned at y = y(t) affects the overall traffic density p = p(t, x).

16
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The resulting model [20, Formula (2.1)] consists in the coupling of the Lighthill-
Whitam [21] and Richards [26] macroscopic model decribing the evolution of p
coupled with an ordinary differential equation for y, that is

Oip + 0 f (2, y(t),p) =0
{ g =w (p(t,y)) (b

Clearly, this coupled problem fits in Theorem 2.6 thanks to Proposition 3.20
and Proposition 3.4, once the functions f and w meet reasonable requirements.

In the next paragraphs, we consider in particular the case of a predator—prey
system (§ 4.1) and that of an epidemiological model (§ 4.2). To our knowledge,
this latter well posedness is first proved here.

4.1 Predators and Prey

On the basis of the games introduced in [7] we consider the following predator—
prey model:

Bp + div, (p V(t,r,p(t))) =-n (||P(t) - -’”H) p(t; ) (4.2a)
p(0,z) = p(x)
where
p=U (t,p, p(t))
{p(O) A (4.2b)

We consider a specific example, letting p = p(t, ) be the density of some prey
species moving in RY and p = p(t) be the position in RY of a predator hunting
it. To escape the predator, prey adopt a strategy defined by the speed

I S Y (AT
Vitar) =~ v (Ip—al) (4.3)

where the term ﬁ stands for the escape direction of the prey. The
« -

positive term « in thep denominator smooths the normalization. The function

1 describes the relevance of the predator p to the prey at x as a function of

the distance ||p — z. The function n = 7 (||p — z||) describes the effect of the

feeding of the predator at p on the prey at . On the other hand, the predator

hunts moving towards the region of highest (mean) prey density, i.e., with speed

U(t,p,p) = (Ve *p)(p), (4.4)

where ¢ is an averaging kernel.
Here, we show that (4.2) fits in the general framework presented in Section 2.
Indeed, with reference to § 3.2, set

U = LYRY:R) v o= v(t,z,w) = V(t,xz,w),
W= Y, w = p, o) = n(le—al), @5
’ ’ q(t7‘/1:7w) = 07

17



190 Paper 3. On the coupling of well posed differential models

while with reference to § 3.1, set

U = RY, u = p, _

W = LI®Y:R), w = p. fu,w) =U(t,u,w). (4.6)

Proposition 4.1. Fiz positive o, 7,1,y and mollifiers

(V) Let V be as in (4.3) with v € CX(RN;R), with spty C B(0,r,) and
fB(o,rp) Ppdé =1.

(U) Let U be defined in (4.4) with ¢ € CP(R;R), positive, with spty C
[—rp,Tp] in (4.4).

(n) n € CE(RN;R), positive, with sptn C B(0,ry).

Then, conditions (IP1)—(IP2)—(IP3) and (ODE1)—-(ODE2) are all satis-

fied. Therefore, model (4.2) defines a unique global process in the sense of
Definition 2.2.

Proof. Consider first (IP1). By (4.3), V is a smooth function and the expo-
nential factor ensures all the required boundedness conditions. We also have
that ||VPV||L°°(1R+><1RN><1RN;RN><N) is bounded, proving the first Lipschitz re-
quirement in (IP1). Prove now the latter inequality:

/ )vr . (V(ta 557]?1) - V(t’ $,p2)) ‘ dz

RN

:/ ’VzV(twrvpl)*VZV(t’x?pQ)’d‘r
RN

:/ |VzV(tax>pl)7vzv(tax7p2)’d'r
B(p1,mp)UB(p2,7p)

< / sup ||V, Vs - Vit,z,p)|| dz [lp2 — pi

B(p1,rp)UB(p2,rp) pERN

proving also the latter requirement in (IP1).
To prove (IP2), we compute

[, "w)HLw(R";R) + TV (m(t, - w)) = Br(r(lfffl) Inl + Hnl”Ll(B(O,Tn);]R)’
and
t7 Bl - t7'7 n. < ! — d
|m(t, -, w1) —m( w2)”L1(R ®) /B(MI,TW)UBWN”) B?(l)lfn) || lwa — w1 || dz
<o) ”n/HLoo(B(o,rn);R) [[wa — w1

Clearly, due to (4.5), (IP3) is immediate.
The regularity required in (ODE1) is immediate. Pass to the Lipschitz
estimate:

|U (¢, p1,p1) = U(t, p2, p2)||

18
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<O pr,p1) = Ut p1s pa2)|| + [[U (5 p1, p2) = Ut p2, p2) |
= |5 (o1 = p2)) )| + (T % p2) (01) = (Vo5 2) (02) |

<196 (o1 = o)l *+ 72052 oy T2 = 2

2
<NVellgoo mvmny 101 = p2llps @y m) + HV 90*P2HLOO(RN;RM) Ip1 = 2| -

Finally, the latter boundedness in (ODE2) is proved as follows:
sup HU('»HP)H < sup HVWHLM(RN;RN) HPHLI(RN;R)
p€ED, pED,

completing the proof by the definition of D,,.

By Proposition 3.8, the balance law in (4.2) defines a global process P;.
Similarly, Proposition 3.2 ensures that the ordinary differential equation in (4.2)
generates a global process P,. Now, Proposition 3.10 and Proposition 3.4 ensure
that the global process P obtained from P; and P through Theorem 2.6 yields
a solution to the coupled problem (4.2). O

4.2 Modeling Vaccination Strategies
Consider the model presented in [11, § 2]:

S=—psIS—plt)
BtV+6TV: —vaV

P=(psS+J o V)I 01—l (4.7)
R=91+V(tT,)
V(t,O) :p(t) .

It describes a population consisting of susceptibles, S = S(t), of infected that
are also infective, I = I(t), and recovered individuals, R = R(t). The vac-
cination rate is p = p(¢t) and vaccinated individuals need a time T, to get
immunized. More precisely, V' = V (¢, 7) is the number of individuals at time ¢
vaccinated at time ¢ — 7, for 7 € [0, T}]. Thus, at time T, vaccinated individual
enter the R population.

The positive constants pg, ¥ and p quantify the infectivity rate, the recovery
rate and the mortality rate, respectively. The function py = py(7) describes
the infectivity rate of individuals vaccinated after time 7 from being dosed.

Note that model (4.7) is triangular, in the sense that the evolution of the
R population results from that of the other ones, without affecting them.

Model (4.7), once the R population is omitted, fits in the abstract framework
presented in Section 2. Indeed, with reference to the notation used in § 3.1, we
pose

u:R27 W:Ll([ovT*LR)? ’LL—|:§:|7 'LU:V7

(t _ —psui uz — p(t) 49
T = (oguy + I vy () dr =0 — ) us |

19
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while with reference to § 3.3, we set

U=L[0,T.];R) _ B | S
W=R?, =7, u=V, w—|:1}, (4.9a)
and
u(t,z) =1
m(t, z,w) = —py(x) wy
q(t,z,w) =0 (490
b(t) = p(t)

The well posedness of (4.7) now follows once we verify that Proposition 3.4
and Proposition 3.13 can be applied.

Proposition 4.2. Fiz positive r, Ty, ps and choose p € BV(R;R), py €
BV([0,T.];R). Then, problem (4.7) defines a unique global process P, in the
sense of Definition 2.2, defined on all initial data

S, 1,,R, €[0,7] and V,ecL*0,T.;R,)

with
TV(Vo) + [IVollpoo rym) < 7-

P is Lipschitz continuous as a function of time and of the initial data, with
respect to the Euclidean norm in (S,, I, R,) and to the L norm in V.

Proof. Verifying (ODEL) is immediate. The Lipschitz continuity required
in (ODEZ2) follows from the boundedness v € Dy, which is a closed ball in
U = R? and from the choice of py, see § 3.1. Hence, Proposition 3.2 applies.

Conditions (BP1) and (BP3) are immediate. The first requirement in (BP2)
follows from the choice of py and the boundedness of D;;. The second is en-
sured by the linearity of m and the boundedness of py. Since p has bounded
variation, (BP4) is satisfied on any bounded time interval. Hence, also Propo-
sition 3.12 can be applied.

Then, Proposition 3.4 and Proposition 3.13, through Theorem 2.6, ensure
the well posedness of the coupled system (4.8)—(4.9).

We now verify the well posedness of the R component. From (4.7), us-
ing (5.30), we have

Vlr 1o — 1) exp (= J1 pv(s) 1(s)ds) i t<T+1,,

Vit T) = ; ]
(t,7) p(t —7) exp (—ft_TpV(s)I(s)ds) ift>r+1t,.

This shows that the map ¢ — V(t,T.) is sufficiently regular for the equation
for R, namely R = 91(t) + V(t,Ts), to be explicitly solved: R(t) = R, +
fg (I(s) 4+ V(s,T.)) ds. Thus, the full model (4.7) is well posed. O

20
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5 Technical Details
5.1 Proofs for Section 2

Proof of Theorem 2.6. We begin by showing F is a local flow in the sense

of Definition 2.1. F' is continuous as it is a pairing of two continuous functions.
Further

F(0,t,)(u,w) = (P“’(to,to)u,P“(tO,to)w) = (u,w).
We prove the Lipschitz continuity in time and with respect to initial conditions
of F:
d (F(Tl, to)(u1, wy), F(7, to)(ug,wg))
< dy (P (to + 71, to)ur, P (to + 71, to)uz)
+ dy (P (to + 71, to)uz, P (to + 71, to)us2)
+ dy (P2 (to + 71, to)uz, P**(to + T2, to)us2)
+ dwy (P (to + 71, to) w1, P* (to + 71, t0)w2)
+ dy (P" (to + 71, to)wa, P**(to + 71, t0)ws2)
+ dyy (P“2 (to + 71, to)wa, P2(t, + T2, to)wg)
< %4 dyy(ug, ug) + Cop 71 dyy(wr, wa) 4+ Cy |71 — 7|
+ 94T dyy (w1, wa) + Co 71 dyg (11, uz) + Cy |71 — T
< (e%° +C,0)d ((u1,wr), (ug, w2)) +2Cy |11 — 72 .
Thus F is indeed a local flow in the sense of Definition 2.1, with Lip(F) =

eCul + Cy 0 + 204
We now show that F satisfies the assumptions of Theorem 2.4. Con-

sider (2.8):
d (F(kt,to + 7) 0 F(7,t0) (u, w), F((k + 1)7,t,)(u,w))
= dy (PP“ (b7t (4 4 (k + 1)1, by + 7) P (7, to)u,
P (ty + (k+ 1)7,t,) u) (5.1)
+dyy (PPw(t°+T’t°)"(to 4 (k+1)7, to + 7)PY(to + 7, to)w,
P (to+ (k+1)7,1,) w). (5.2)

We consider only the term (5.1), since the latter is entirely similar. By (2.5),
we have

pPY (to + (k+ )T, to) u=PYt,+ (k+1)7,to +7) PY(t, + 7,to)u,

hence, via (2.12) and (2.13),

dy, (PP“(toWo)w(to 4 (k4 1)t t + )P (t + 7 to)u, P* (to + (k + 1)7 1) u)

21
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= dy (PP"(tO+T’t°)7"(to ¥ (k+ )7ty + )P (to + 7o t0)us
PU(ty + (k + 1)7,to + 7) P (to + T, to)u)

< Cy k7 dyy (P"(to + 7, t0)w,w)

<kt CiCpy,r. (5.3)

Combining (5.3) with the analogous estimate bounding (5.2), we end up with
d (F(kT, to +7) 0 F(r,t0) (u,w), F ((k + 1)7,t,) (u, w)) < kT w(r)

where w is as in (2.15). Thus (2.8) is satisfied.
We consider the second condition in Theorem 2.4, namely (2.9). Note that

Euler polygonals for the local flow F, see Definition 2.3, can be written recur-
sively, as
Fe(r,to)(u,w) = F(1T — ke, to + ke) o F© (ke, t,) (u,w) .

For any 7 € [0, 4] and for any (u,w), (@,w) in U x W, we have

d (F(7,to)(u,w), F(7,t,) (@, @) = dy(P"(to + 7, to)u, P*(to + 7, 10))
+ dyw (P*(to + T, to)w, P*(to + 7, t,)W) .
For the first of these summands, by the triangle inequality, we have
du (P (to + T, to)u, P (to + 7, o))
< dy (PY(to + 7, to)u, P (to + T, o)) + dy (P
< T dyy(u, @) + Cyp 7 dyy (w, W) .

Y(to + T to)U, PP (to 4 7, 10)10)

The second term is estimated analogously, leading to

A (F (o) w), F(7,1,) (@, 0)) < (7 + Cy 1) d((w,w), (@,9)) . (5.4)

Estimate (5.4) is of use in the following;:

d(FE(T,tO)(u,w),Fe(T,t ) (@, u?))
=d (F(1 — ke, to + ke)F* (ke to) (u, w), F (T — ke, to + ke) F® (ke, t,) (4, w))

< (eC“(T_kg) +Cy (T — ks)) d (F€ (ke, to) (u, w), F€ (ke t,) (i1, w)) .
It remains to estimate the distance in the latter right hand side. We have for
any k € N\ {0},
Fe(ke, to)(u,w) = F(e, to) F© ((k —1)e, to) (u,w),
and thus using iteratively (5.4),

d (F* (ke, to)(u,w), F*(ke, to) (U, w))
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IN

(ecus ‘o, 5) d (F((k = 1), to)(u,w), F((k — 1)e, to) (1, w))

Hence, (2.9) is satisfied provided there exists a positive L such that for all e > 0
and ¢t € [0,T]

k
(eCu(T*k‘t‘) + CUI (T — kE)) (60“6 + Cu) E) S Lﬂ
where k£ = | Z|. Indeed, since e® + b < ea? for all a,b € R, we have

(eCu(Tfks) F Culr — ks)) (eCus e E)k < (CutCu)(7—ke) (e(c,qucw)a)k

_ e(Cu+Cw)‘r,
so that L = e(CutCuw)d,

Finally, note that (2.16) directly follows from the definition (2.14) of F,
together with the properties P (t,+ T, tO)DtL(’) C DZ+T, which holds for all w €
W, and P“(t, + T, tO)D,Z/OV - D}’OV+T7 which holds for all u € Y. Therefore, with
reference to (2.7), we have Dj 2 (DY x D}V) and Condition 1. in Theorem 2.4
completes the proof of (2.17). O

Proof of Theorem 2.7. The continuity of F is immediate. The Lips-
chitz continuity follows from the triangle inequality and a Lipschitz constant
is Lip(F) = £ + max{Lip(F"*), Lip(F*)}. Hence, F is a local flow according
to Definition 2.1.

Concerning the tangency condition, compute

% d (F(T, t0) (u, w), F(r, to) (1, w)) - % dy (F (7, to)u, P*(ty + 7, o)1)
+ % dy (F*(7, to)w, P*(to + 7, t0)w)

and the first order tangency condition (2.10) allows to complete the proof. O

5.2 Proofs for Section 3.1

Proof of Corollary 3.3. For k € N, define Rj, = 2k and DF = B (0, Ry).
Fix u, € R™. There exists k € N\ {0} such that |lu,| < Rj_;. We proceed
recursively.

For k = k: consider the process P}, given by Proposition 3.2, according to the
choice Ry, = 2*. By Proposition 3.2 we know that P (¢,0)u, is defined for
every t € [to, Tx], where T}, = ﬁ(k&-)‘ Define uy, = PP (Tk, to)uo € Dk,

23
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For k > k: assume ux_; € D¥~! and consider the process P’ given by Propo-
sition 3.2, according to the choice Ry = 2*. By Proposition 3.2 we know
that PY(t,to)uk—1 is defined for every t € [t,, T}], where T}, =

Define Up = P#)(Tk, to)uk,1 € @k

Ry,
2Fs (Ry) "

Define the function
| Pettto)u if ¢ € [to, T
u(t) = w k-1 o k1 k
Bt = 32025 Tn, 0)uk— if Dk Th <t <35 Th

which clearly is a solution to (3.1). Computing

I 9k-1 I gkt
T, >0 —_— = =
S5 2 00 gy ~OW =
shows that the solution w is defined for every t > t,. O

Proof of Proposition 3.4. Let F} be the first component of the local flow F'
defined in (2.14).

Let t € [0,7] be a Lebesgue point of the map ¢t — f (t7 o) (Uo, wo)).
Choose h small so that ¢t + h € [0,T] and set (u,w) = P(¢ ,to)(uo7 wo) Then,

H Pi(t + hyto) (o, wo) — Pr(t,to) (uo, wo) f(t’P(t,to)(umwn))H

_ HPl(t+h,t})L(u,w};—u 7f(t’u’w)H
. HPl(t—l—h,t)(u,w})L— Fi(h, t)(u, w) H . HFl(h,t)(;;,w) —u f(t’%w)H

Considering first the term Rj, we use estimate (2.10), giving

Py(t+ h,t)P(t,t0) (Uo, wo) — Fr(h, t)P(t, to)(to, wo)
h

el

< 2L [Mw(©)
- ln2 &

dé — 0, ash— 0

with L and w as in (2.15). For Rs, we have

h
Ro(h) = %/0 Flt+ 7 Fy (7, ), w), w) dr — F(t u, w)

1

h
= E/o [f@t+ 7, Fi(r, ) (u,w), w) — f(t,u,w)] dr

1

h
E/o [ft+7 Fi(rt)(u,w),w) = f(t+7,P(t+7,t)(u,w), w)]|dr

IA
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+ Hh/oh [f{t+ 7, Pt +7t)(u,w), w)

—f(t+ 7, Pi(t+7,t)(u,w), Po(t + 7,t) (u,w))] dr

1 h
3 [ A 700, Pale ) - S w)]dr

= Rg,l(h) + R2,2(h) + RZ,B(h)'

We have, as f is Lipschitz continuous, and using (2.10)—(2.15), that

Ry1(h) < /HF1 7, t)(u, w) — Py (t + 7,t) udeT
oL L;
<ot [ [ e e
—0as h — 0+;

Li Lp ("
Sif P/ Tdr
h 0

—0as h — 0+;

b
Roa(h) < %/0 1Pa(t + 7. 8) () — Py(t, 1)(u, w)]| dr

hq
Ras(h) g/o EHf (t+ 7, P(t+ 7, ) (1o, w,)) — f(t,P(t,to)(uo,wo))H dr
—0as h — 0+,

the latter convergence following from the choice of ¢ as a Lebesgue point. [

5.3 Proofs for § 3.2
With reference to (3.8) and (3.14), introduce for £,¢ € I and #,z € R, the

characteristics
t — X (t;¢, ) solves { :;(1?) :(tg,?:’c,w) (5.5a)
and
t— T(x;Z,1) solves { i’(;) L/;gftvw,w) (5.5b)

and in the sequel we omit the dependence on w. As is well known, see for
instance [12, Lemma 5] and the references therein, the unique solution to (3.8)
is

u(t, ) = u, (X(to;t,x)) Sw(to,t,z:)—i—/t q (S,X(s;t,z),w) Ew(s,t,x)ds (5.6)
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where the characteristics X are defined by (5.5) and

Ew(r t,x) = exp/t (m (s, X(s;t, :r),w) —divo (sj((s;t,x))) ds .

T

Below, we often use the substitution y <> x, where
y = X(t;to,x) with Jacobian  J(t,y), (5.7)

given by
to
J(t,y) = exp (/ V- (87X(S;T,y)) ds) ,
t

for more details see for instance [12, Proof of Proposition 3].

Lemma 5.1. Assume (IP1) holds and use the notation (5.5). Let u € (L' N
BV)(R™;R). Then, for all t,,t €I

/.

This Lemma is an extension of [5, Lemma 2.3] to R™.

u (X (t;to, ) — u(z)‘ dz < “//—OLO (eVth_t"‘ - 1) TV(u). (5.8)

Proof of Lemma 5.1. Along the same lines of [1, Lemma 3.24], thanks to [1,
Theorem 3.9], we assume that u € (C* "BV)(R";R). Then, using the change
of coordinates (5.7),

L.
-/

/t: /R Hvu (X(T;t(),x))H Hv (772((7;1507;1;))” da dr

u (X(tto, ) — u(m)‘ dz

/t Vu (X(15t0,2)) v (1, X(T5t0,)) d7|dz

<

/:V-U(T,X(s;ny))ds

<[ L1t ol e

t
/ eVet=7) qr
t

Voo _
=7, (eVL‘t ol — 1) IVullps gn gy »

which yields (5.8). O
Define the parameterized mapping P" by

PY . A - U
(t,to, uo) = u(t)

dydr

< Voo IVUllp2 ey

where  u(t) is given by (5.6); (5.9)

Below, by (IP1) and (IP2), for all t,7 € I,z € R" and w € W, we use the
uniform estimate
0 < Eulr t,z) < eMetVilt=rl, (5.10)
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Lemma 5.2. For all w € W, P¥ in (5.9) is a global process according to
Definition 2.2.

Proof of Lemma 5.2. That P" satisfies (2.3) is an immediate consequence
of its definition (5.6). The uniqueness of the solution ensures that (2.5) is

satisfied.
Fix t,,t € I, with t, < ¢, and r, € D,,. It remains to show (2.4), that is,
u(t) = PY(t,t,)u, € Dy for each w € W.

1. We begin by showing that, if [[wo||,1 gn.g) < @1(to), then Hu HLl(an) <
a1 (t). Making use of (IP2)—(IP3)—(3.13)-(5.6)-(5.7), see also [12, Proposi-
tion 3, (H3)],

||u(t) HLl(]R";R)

< (”uOHLl(R";R) + HQ(a "w)HLl([to,t]XR";R))

t
X exp (/ Hm(T, ~,w)HLm(R";R) dT> (5.11)

< (aua(to) + Qu(t — t,)) eMoc(i=te)
( M=) = QuT = to)eM=te + Qu(t — t,) ) €M~ (11)
Rem M=) — (T — 1)

IA

IN

a(t),
as required.
2. Assuming now that ||t/ gn r) < Qoo (to), We show that Hu(t)”Loc(RnR) <

Qoo (t), We use (3.13)(5.6), see also [12, Proposition 3, (H4)], together with (IP1),
(IP2), (IP3) and (5.10). Then,

t
e L A o ey
t
o ([ (el 170 )

o

< (HUOHLOO(RH;]R) + Qoo(t — to)) o (Moo HV1) (t—t0)

< (oo (to) + Qoo(t — o)) (Moo +Vi)(t—to)

< (Re—(A4m+vL)(T—to) —Q(T - to)e(MmJFVL)to) (Moo VL) (1)
+Q(t— to)e(MooJrVL)(t*t(,)

< Rem MWD _ (T — g)el MtV

= aoo(t),

as required.

27



200 Paper 3. On the coupling of well posed differential models

3. Finally, we show that, if u, € Dy, , then TV (u(t)) < ary(t). Weuse (IP1)-
(IP2)-(IP3)-(3.13)(5.6)—(5.7)—(5.10), see also [12, Formula (31)]:

t

TV (o) + / TV (q(s, -, w)) ds (5.12)

to

TV (u(t) <

t
+ (|UO|L°°(]R";]R) +/t ”q(s"’w)HLw(Rn;R) dS)

t
X / (TV (m(s, - w)) +||VV- v(s)HLl(Rn_Rn)) ds] (Moot V)|t
t 5

o

Since u, € Dy, by (3.12), TV(u,) < aTv(t,) and we have that (5.12) becomes
TV (u(t))

< OéTV(to) + Qoo (t - to)

- (Rem M=tV =to) M=tV (T — 1) 4 Quc (£~ 1) )
X (Moo + V1) (t — to)} o (Moo +VL)(t—t0)

<R(1— (Moo + Vi)(T —t)) e” MetVe)T=0)
— Qoo (1 + (Moo + V1)t) (T — t,) eMoetVe)E
+ Qool(t — to) (1 + (Moo + V1)(t — t)) eMee Vi) (EE0)
<R(1— (Moo + Vi)(T —t)) e” M tVe)T=0)
— Qoo (1 + (Mo + V1)t) (T — t) eMeet VL)
=atv(t),
completing the proof of (2.4). O

Proof of Proposition 3.8. We define the mapping P* by (5.9). That this
defines a process is a consequence of Lemma 5.2.

It remains to show the three Lipschitz continuity estimates (2.11), (2.12),
and (2.13).

1. Lipschitz continuity w.r.t initial data By the linear structure of (3.8),
from (5.11) we immediately have

pr(ta to)(uo — QO)HLl(Rn;R) < eMeelt=to) [0 — ﬂOHLl(R";R)

which is compatible with the choice of C,, in (3.9).

2. Lipschitz continuity in time By direct computations based on (5.6),
for t > t,:

| P (¢, to)uo — uOHLl(]RJr;R)
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< / Uo (X (tost, ) — uo(;r)‘ Ew(to,t,x)dx

R
t

+/ o ()] |Ew(to, t, ) — 1| da

+

q (T, X(r;t,x), w) ‘ Ew(r t,x)drdz

and we consider the latter three terms separately. First, use (5.10) and Lemma 5.1,

for t > t,,
/.
<

I

< Yo
<3
< Vo TV (up) eMoeF2VE)E=to) (1 ¢ )

Uy (X(to;t,z)) — uo(x)‘gw(to, t,x)dx

tto (ko3 t, ) = p() | da MtV 00

(evut—to\ _ 1) TV (1) eMoe Vi) (E=t0)

To deal with the second term, use the change of coordinates (5.7) and (IP2)
(IP3):

t
/ / ‘q (T,X(T;t,x),w)’Ew(r,t,a:)drd;z:
wJt,

_ /Rn /tt lg(r,y, w)| exp (/:m (5, X(s;7,7), w) ds> dr dy

< Ql eiﬂoc (t—to) (t _ to) )

Finally, the third term is treated as follows, by (5.10):

/ |uo(x)| ‘Sw(to,t,m) — 1} dz

RTL

< [ )] € M Vi) 1)

< (Moo + Vi) HUOHLl(R”;R) e<M&+VL)(t7t0)ﬁ —to).
Adding up, we have
< Vo TV (up) eMoeT2VENE=to) (4 ¢y

+QueM=lte) (1 —t,)
+ (Moo + Vi) ltto| 1 g sy € M= TVEE0) (1 — 1,),

| P (¢, to)uo — “0||L1(R+;R)

which agrees with the choice of C; in (3.10).

3. Lipschitz continuity w.r.t parameters From [12, (H5)], using (IP1),
(IP2), and (IP3),

HPw (t7 to)uo - Pw (ta tO)uo”Ll(Ru:R)
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t
< [ o) = 007 02) e O
to

x ||u0||Loo(]R<";]Rn) +TV(u,)

w=w1,Ww2 w=w1,Wa

t
+ / ( max Hq(T’ .7w)’|L°°(Rﬂ;R) + max TV(Q(T7 7w))> dT:|
to

t
e <~/t,, (wgu?)fwz ||m(T’ ~’('L})||LC’C(]R”;]R)

+ max uw,-,w>uwmw)dT)

w=wi,w2

t
o i /z wirilu%)fwz (HVV ~o(, '7w)HL°€<R";R") + TV (m(r, ww))) dT}
t
| [ a0 = s 0
t

Jr/t (Hm(T,-,w)*m(Tv'vw)HLl(R";]R)

o

+ ||V (o(r, -, w) — (7, '=w))||L1(R";R>) dr

t
X (HUOHLOO(R";]R) + [ MIES‘})’(?I) ”q(7_7 .’w)HLO‘:’(R";R) dT>:|

< exp ( / s [0l e df)
< [VL(QR + Qo) (L+ (Vi + Muo)(t —t,))

+(Qr + (Mp + V) (R + Quo(t = t0))) | e M= V1) (1 — 1)y (wy, )
< [VL(2R +Qoo) (14 (Vi + Mo )T)

+(Qr + (Mp + VE) (R + Qo)) | M=tV (4 — 1, )dyy (w1, ws),

in agreement with the choice of Cy, in (3.11).

Choice of T. The time T has to be chosen so that a1(0) > 0, @ (0) > 0 and

arv(0) > 0. Clearly, by (3.13), for T sufficiently small, these requirements are
all met. 0

Proof of Corollary 3.9. Note that the constants defined in (IP1), (IP2),
and (IP3) do not depend on R. Moreover T has to be chosen such that
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a1(0) > 0, as(0) > 0 and arv(0) > 0, which are equivalent to

Re MxT _ Q1T >0
Re=MootVi)T _ 9 T >0
Re— (Moo +VL)T (1-(Mx+W)T) — QT > 0.

The proof ends setting T = min { 2(MO:+V1) , Ml:(f)VL }, provided R is sufficiently

big. |

Proof of Proposition 3.10. The Lipschitz continuity of P ensured by
Theorem 2.6 shows that P, is L'-Lipschitz continuous, and hence it lies in
CO([t,, T); LY(R™; R)) as required.

We focus our attention now on the first item in Definition 3.7, the second
being immediate. To ease reading, for any test function ¢ € C°(Jt,, T[xR™;R)
we introduce the notation

Lo(u,w) = up + uv - Vo + (m(, w)u+q(, - w)) . (5.13)

We want to prove that, for any ¢ € C°(]t,, T[ X R™; R),

/n /tT T, (P(t,to) (o, o)) dt dz = 0.

We begin by discretising the time domain. For a given k € N\ {0} and i =
0,...,k, introduce t; = t, + (T — t,)/k and (U, w;) = P(ti—1,t0)(Uo, W)
Splitting the integral then gives

T
/t /n e (P(tvtO)(Umwo)) dz dt
- i/ttzl / (Iw (P(t ti) (@, i) — Ty (F( — ti—l,ti_l)(ﬂi,u?i))) da dt

k t;
i=17ti—1 JR™

We compute the terms on the last two lines separately, our goal is to show that
they both converge to zero as k — oo.
For the first,

Ty (P(t, tim1)(@5,10:)) — Ly (F(t — tim1, ti—1) (@, ;)
= Op (Pu(t, ti1) (@i, i) — Fr(t — tia, i) (@, ;) (5.15)
+ (Pl(t,tifl)(ahﬁ)i)’l}(t,kT,Pg(@ tj,,l)(ﬂi,ﬁ]i))

~—

— Fi(t —timq, tim1) (s, wi)v(t, @, Fa(t — ti—1, ti—1)(ﬂi7@i))> -V (5.16)

—+ (m (t, T, PQ(t, tifl)(ﬂi, u?z)) P (t, tz‘,l)(ﬁh ?I)l) (517)
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—m (t, X, Fg(t — ti—l, ti_l)(ﬂi,u?i)) Fl(t — tz’—l, ti_l)(ﬂi7’ll~]i))g0 (518)
+ (q (t, Z, Pz(t,ti_l)(ﬂi, 7:[/1)) —q (t,{l},FQ(t — ti—17ti—l)(ai7 ’lI)J)) ®. (519)

Recall that the tangency condition (2.10) ensures

— || Pr(t, tio1) (i, ;) — Fi(t — tz‘flatifl)(ﬁu@i)HLl(R”.R) < Ii(t)
—ti1 ;
1 L L
o dyy (Pa(t, tim1) (i, ;) Fa(t — ti—y, tio1) (i, ;) < Ii(t)
—ti1
with

_ L e
Il(t)_ hl(?) \/t;il § d£7

with L and w defined as in (2.15), so that, considering (5.15),

/ i /n (atSD ) (Pl(t,tifl)(ﬂi,wi) - Fl(t — tifhtifl)(ﬂi,ﬁ)i)) dx dt

ti—

< N0 llLoe (o, 11xR" x)
t;

X / | Put, tioa) (@, i) — Fi(t— i1, tio1) (4, wi)”Ll(Rn;R) dt  (5.20)
tia

L 2 [T w(©)
< In(2) [0 llLoe (0,77 xmm ) (B = tiv1) /0 a d¢ . (5.21)

Considering the next term (5.16),

/tt_ / [Pl(t’ti*l)(ﬂi’wi)v(tvx’P2(t7tz‘71)(ﬂz‘,1f}z‘))

R (t— timn i) (@, @)t @, Fa(t — ti1,tie 1)(@,@))] Vepdtde

/ / Pl t tz 1 uzawz) Fl( - z 1a )(’ljz,ﬁh)} (522)
(t,x,Pg(t,ti_l)(ui,wi)) . Vzgadt dz
ti
+/ / Fult— iy ti 1) (@, 1) (5.23)
ti—1 n

X |:U(t, x, Pg(t7 tifl)(ﬂi, ’lf)z)) — v(t7:17, FQ(t — tiflvtifl)(ﬂia u?z))} . ngo ditdx.

For (5.22), using (IP1) and the same approach as for (5.21), we get

/n [Pl(t7ti—l)(ﬁhwi)_Fl(t_ti—lyti—l)(ﬁiywi)}

’U(t, Z, Pg(t, ti_l)(ﬁi, 1]]1)) . Vzga dtdzx
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- H ()
< = . 4 )2 ' '
< 1n(2) Voo HV‘ESDHLOO([O’T]XRTL;]RTL) (t; —ti—1) /0 ¢ de (5.24)

For the second term (5.23), using (IP1) again, we have,

2
/ / Fi(t—tiq,tio1) (G, ;)
tio1 n

x [v(t,x,PQ(t,ti,l)(ﬂi,wi)) o(t, @, Fat —t;_ 1,t,,1)(ai7wi))} -Vmcpdtdx‘

t;
S / HFl (t - ti*bti*l)(ﬂia wi)”Ll(R";R)vatpHLw(]R";]R")

ti—1

X VLdW (Pg(t tifl)(ﬂi, '(Z)l) Fg(t - tifl,tifl)(ﬂi, IDL)) dt dx

ti—ti—1
w(§)
< ln( )RHV:c‘PHLoc(OT]an R”)VL( Li— 1)2/0 Tdf- (5.25)
Pass to (5.17)—(5.18) and using again (5.15):
/ / ’ (t, @, Pa(t, tim1) (@i, w;)) Py(t, ti—1) (T, ;)

—m (t, @, Fa(t — ti1, tio1) (s, @) Fi(t — tioy, ti1)(U, @) )@‘dxdt

t;
< oy Po(t, tim1) (s, w;)) —m (8, Fo(t —ti—1, ti—1) (Ui, w; ‘
B /tif1 ‘m( 2 i) (s, 01)) =t P 1o ti-1) (s, 1)) L (R"R)
XHPI(t,tifl)(ﬂi;ﬂ)i)”Loo(Rn;R)H‘PHLW(R";R)dt
t;
b Byt —ti 1, ts 1) (i, @ H
+/ti_1 m (6 Fa(t = tio, i) (8, 00) L (R";R)
X|| Pyt ti1) (g, ;) — Fy(t — tiflyti71)(ﬁi7@i)||L1(RW;R)||QOHL00(R";R) dt
t;
= MLR”‘P“Lw(Rn;R)/ dw (Pa(t,ti1) (@i, @), Fot — i1, ti1)(@,w;)) dt
ti—1
t;
+Moc\|<P||Lm(]Rn;R)/ (| Py (t, tiy) (i, i) — Fl(t_ti—lyti—l)(ﬂi»wi)HLl(Rn;R) dt
ti—a
L ot g
< v (ML R+ My so(rmpy (ti — tic1)? =2 de 5.26
< i ML R Mol (=t [ 2 g (5.26)

Concerning (5.19), the tangency condition (2.10) implies

q(t, Z, Pg(t, ti,l)(ﬁ, ’UNJ)) — q(t, Z, Fg(t — tifl, tifl)(ﬂ, ﬁ)))](p(t) d.Z' dt

n

ti
< QrllellLoe g, m1xrm) /t dw (Pa(t,tim1)(@,@;), Fo(t — ti—1, ti1)(a,w;)) dt

L 2 1T w()
< 111(2) QL HQOHLOO([tO,T]xR")(ti - ti—l) A T d§ . (527)
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Computing the sum over all time intervals, we get:
k t;
Z/ / (Iq, (P(t,ti—1)(ts, w;)) — L, (F(t — ti_l,ti_l)(ﬂi,wi))) dz dt
i=1“ti—1 JR"
Z (5.21)] + [(5.24)] + [(5.25)] + [(5.26)] + [(5.27)]

(T—to)/k w(€)
oL S L IR,
w(§)

/ e &

T
+

where C depends on the test function ¢ and the constants from (IP1)-(IP2)-
(IP3).

Pass now to estimate (5.14). Temporarily, for ¢ = 0,...,k, we define

(uz(t),w,(t)) = F(t — ti—la ti—l)(ﬂiy zI)Z) Then U,Z(t) = Pﬁ)i (t,ti_l)ﬁi, and thus
it satisfies

/ /Iw(ui(t),u?i)da:dtzo Wi € C2(Jtiy, ti[ X R™R) . (5.28)
ti—1 "

Then, each summand in (5.14) can be estimated as follows:

12
/ / Iy, (F(t*ti_l,ti_l)(ﬂi,ﬂ]i)) dﬂl’dt
ti—1 "
t;
- / / T, (ui(t), @;) dz dt
ti—1 "

AI/ m(t, 1) = m(t, 2, wi (1)) ui(t)

+ (q(t, z,w;) — q(t,gc,wi,(t)))}gp(t7 x)dedt

/ / ui(t) (v(t, @, wi(t)) — v(t, 2z, ;) - Vapdadt
ti_1 JRP

/ / dx dt
ti—1

12
+ ”QOHLOO([tO,T]x]R";]R”) / (ML R+Qr)dw (u?i, wi(t)) dt
ti—1

t;
IVl | ViR () o

/ / ul wl dxdt
ti—1 ™
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1
+ H‘PHLoo([to,T]an;Rn)§(ML R+Qp)C(t; —ti—1)?
1
FIVabllne o, 7y xRnimny 5 Ve RC (8 — ti1)?, (5.29)

where C is the Lipschitz constant of ¢ — w(t) and we used the equality

w(t;—1) = W;. The latter two summands in (5.29) are treated as the terms
above.

Concerning the first summand, consider x. € C2°(]t;—1,t;[; [0, 1]) satisfying
Xe(t) =1, for t € Jt;_1 + &,t; — €[, and define . = ¢ - x.. Then,

t; ti
/ / IAP (Ui(t), ’LZJZ) dzdt = / / I¢_¢E (Uz (t), ’LT)Z) dx dt
ti—1JR™ ti—1JR™
t;
+/ / Ty (ui(t), w;) dzdt .
ti—1JR™

The second term here vanishes, by (5.28). We then have
ti
/ / I¢_¢,E (ul(t), 12]1) dx dt
ti—1 "

/ tz /
ti—1 JR™

Ui 8t(90 - 805) +u; U(t’ x’ﬁ}i) ! Vx(sﬁ(tviﬂ) - ‘Ps(ta 'r))

+ (m(t, @, ;) ui + q(t, z,@;)) (p(t,z) — e (t,2)) | dzdt .

Via a use of the Dominated Convergence Theorem, the last two terms here

tend to zero as € — 0, since x. — 1 a.e. on [t;_1,t;]. For the first term, by the
construction of y. and the L! continuity in time of w;,

t;
/ / u; Op( — pe) dadt
ti—1 n

H—)Q - (Ui(ti,ﬂf) <p(ti,$) — ui(ti_l,x) L,O(ti_l,l‘)) dzdt .

Passing to the sum (5.14), and remembering that

ui(ti—1,x) = U = Py(ti—1,to)(Uo, Wo),

we get
k t;
Z/ / T, (ui(t), ;) da dt
i=1 Jti-1 JR?
k—1
= /R |:Fl(ti —tim1,ti—1)P(tic1,to) (Uos wo) — Pi(ti, to) (8o, wo)
i=1

x o(t;, x)dz dt
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. ti—ti_
2L [HTE W)
< ;(ti —ti_l)hl@)/o ng [L=XC] M
2L (T—to)/k w(€)
= 111(2) H(p”Lm([to,T];R”;R) (T_ to) /O Tdé‘
—_— 0’
k—+o0
as required. -

5.4 Proofs for § 3.3

Similar to the previous sections, for each w € W the unique solution to (3.14)
in the sense of Definition 3.11 is

Up (X (toit,2)) Ewlto,t, x)
t
4 / ¢ (rX(rita)w) En(rt,e)dr @ >X(t:t,0)

_ to
ult, z)= b (’T(O;t,x)) Ew (T(O;t,x),t,a:)
t
—I—/ q(T,X(T;t,m),w) Ew(m t,x)dr < X(t;t,,0)
T(05t,2)
(5.30)
where now

t

Ew(T t,x) = exp/ (m (s, X(s;t, x),w) — O0zv (S,X(s;t,x))) ds. (5.31)

T

Working under the assumptions of Proposition 3.12, we define the parametrised
mapping P", which we propose is a process, by

Pv A - U

(b, 10) > u(t) where  w(t) is given by (5.30); (5.32)

where A is generated by the sets D, as given by (3.16).

Lemma 5.3. The mapping P* as defined in (5.32) is a process in the sense
of Definition 2.2.

Proof of Lemma 5.3. Fix w € W. Conditions (2.3) and (2.5) are an imme-
diate consequence of (5.32). It remains to show (2.4). As the choice of w € W
has no impact on this result, we omit references to w.

Define o(t) = X (t;t,,0), and for a fixed t € I, J; = [0,0(t)], and Jo =
[o(t), +o0l.

1. We first show that, if [|[uo||p,1 (g, &) < @1(to), then Hu(t)||L1<R+;R) < aq(t).
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To begin, we have
o(t)
Ol = [ IO ET 01 0
o(t) t
+/ / lg(T, X (13t,2)) E(7, t, )| dr da
0 T (0st,x)

“+o0
+/ [to (X (to;t, x))E (Lo, t, x)| da
(t)

/ /|q X(7;t,x)E(r;t, )| dr do
(t) Jt

o

:/ [v(n,0)] [b(n) }exp/nt m(s, X (s;0,7)) dsdn

/t/ q(7.€) eXp/msX(sto))dsdgdr

+/0 ‘uo(@’exp/ m(s, X(s;t0,€))dsd€

// q(t,€) exp/msX(STg))dsdde
o(t)
< (ltollga ey + (0Boo + Qu)(E— 1)) MU0 (5.33)

Inserting the fact that [[uo||g: g, .z) < @1(to) into (5.33), we have

[0 gy < (olla e, ) + (0Boo +Qu)(E = 1) ) M=t
< (Re M=) — (8B + Q)(T  to)eM~"s
 (0Boc + Qu)(t — ) ) M=)
< Re*]\/[OC(Tft) _ ('[)Boo 4 Ql)(T _ t)e]\/foot

= Oél(t)

2. We now show that if [|tolpe(r, ry < doo(to) and Boo < aco(to), then

Hu(t)||L°°(R+;R) < aoo(t)-
We have, directly from (5.30),

[IG] [ F—— (max { ltoll (k. - Boo} FQuolt — to)> Mo (t—t0)

< (aso(to) + Quolt — to)) Moo (t—t0)
< (Re M=) Quo(T — 1) + Qoo (t — 1) ) €M1
< Re Moo (T—t) _ Qoo(T _ t)
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3. Finally, we demonstrate that if TV (u,) + }uO(O) —b(t,)| < arv(t,), then
TV +| tO —b( )|§aTv(t).
The left contmulty of b implies the right continuity of u(¢,-) at 0, and hence

TV (u(t)) = TV (u(t): 10, + )
< TV (u(t):10. (1)) (53)
+ |u(t,o(t)=) — u(t,o(t)+)| (5.35)
+ TV (u(t); ]o(t), +o0f) - (5.36

We calculate the three terms (5.34), (5.35) and (5.36) separately.
Beginning with (5.34), we have

TV (u(t);]0,0(t)[) < TV (b(T(0;t,2))E(T(0;t,z),t,x);]0,0(t)])

TV (/T(Ota)) T, X (T3t x))g(T,t,x)dT;]O,a(t)[>
]twt +Hb”Loc(t t]]R)(M + Vo)t —t, ))

(Moot Vi) (t—t0)
+ Qoo(t — 1) (1 4+ (Moo + Vi )(t — to))e MotV (Eto)
For the second term (5.35),

‘u (t,o(t)+) —u (t,a(t)—)‘

< [to (X (toit,0(1)+)) € (tort, 0(2)+)

~b(T (Ot.0()-)) £ (T (0:t,0()-) ,t.o(t)-) '

+ /ttq (T,X (T5t,0(t)+) ,w) E(r,t,0(t)+)dr

7/ q (T, X (T;t,o‘(t)*) ,w) £ (T,t,o‘(t)*> dr
T(0st,0(t)—)

=|u(to,04) = b(to+)| € (to, t,0(t)—)

< (}u(tmO) _ b(t0)| + }b(to—) _ b(to+)|) MootV ) (t—t0)
Note that TV (b;]to,t[) + |b(to—) — b(to+)| = TV(b; [to,t[) from the left

continuity of b.
For the final term (5.36), we find

TV (u(t); Jor (1), +00) < ( TV (11510, +00]) + [tollgoe sy (Moo + Vi) (£ = o)

+ Qoo(l + (Moo + VL)(t - to))(t - to))e(Moo+VL)(t7tO)‘
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Finally, notice that, as u(t,0) = b(t), we have
TV (u(t,);]0,400[) + |u(t,0) = b(t)| = TV (u(t,")),
and thus we need only to show TV (u(t,-)) < ary(t). Using these three esti-
mates, we obtain
TV (u(t)) < (Tv (110310, +00]) + [u(t, 0) — b(t,)|
+ ”u0|‘L<>O(R+;R)(Moo + Vi)t —to)
+ TV(b, [tovt[) + Boc(Moo + VL)(t - to)
4 2Qu0(1+ (Moo + V) (£ — )t — to))e(MochvL)(t—to)
< (arv(to) + ol sy (Mo + Vi) (E = 1)
+ TV (b; [to, t]) + Boo (Moo + VL) (t — t,)
+2Qo0 (1 + (Moo + Vi )(t — t0))(t — to))e<Mw+VL><t*to>
< (RO = 2(Mag + Vi)(T = t,))e M V0T 10)
= 2Qo0 (1 + (Moo + VL )to) (T — to)eMectVilto
— Boo (Moo + VL)(T — to)eMoetVedto
TV (b [ty TV Ve
+ (R€—<Mw+vL><T—to> —Qu(T— t)e(vaL)t)
X (Moo + VL) (t — o)
+ TV (b; [to, t[) + Boo(Moo + VL) (t — 1,)
+ 2Q00(1 + (Moo + VL)(t - to))(t - to)>e(MOC+VL)(t_tO)
R(1 — (Maso 4+ VL)(T — t))eMeetVE)(T—1)
= 2Quo0 (1 + (Moo + Vi )t)(T — t)eMectVe)t
— Boo (Mo + V)(T — t)eMet Vi)t
TV (5 1, TV

= arv(t),

IA

as required. 0

Proof of Proposition 3.12. The mapping PY, as given by (5.32), is a process
for any w € W by Lemma 5.3. It remains to show that P" is a Lipschitz process
on U parametrised by w € W, i.e., it satisfies (2.11), (2.12), and (2.13), with
Cy, Cy and Cy, given by (3.16).

1. Lipschitz Continuity w.r.t. Initial Data. Consider two initial data
ui,uz € D, t,,t € I with t, < t, and w € W.
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To begin, assume that 2 € [0,0(¢)[. Then, it is easy to see from (5.30) that
|PY(t,to)ur — PY(t, to)uz|(z) =0,

as b,q and m are independent of the choice of initial data u,. Similarly, for
x € [o(t), +o0],

!Pw(t,to)ul — PY(t, to)uQ|(x) = |u1(X(to;t,2)) — uz(X (o3 t, 2))| Ewlto. t, T).
Thus, using the substitution y = X (t,;t, ),
dy (P™(t,to)u1, P*(t, to)uz)

+oo
_ /( | s (X (to: £, 7)) — (X (to; £, 7)) |Eu(tor £, 7) A
o(t

+o0 . - |
= /0 ur(y) — ua(y)|elio meX (sitow)w)da g,y
= eMoC(tit”)”ul (0) - U2(0)”L1(R+;R) ’

2. Lipschitz Continuity w.r.t. Time. Consider u, € D, t,,t € I, and

w e W.
We have

du(PU(t to)uo,uo) < [[PU(t to)uo = tol| s (0 o0y

: (5.37)
P to)o = tollga ooy 4oty

Focusing on the first term of (5.37), using (5.30), (BP1), (BP2), (BP3),
(BP4), and that u, € D,
pr(tv to)uo — uOHLl([O,a(t)[;]R+)

o(t)
< / b(T (038, 2))Eu(T (058, ), t, ) — ()| dz
0
o(t) pt
+/ / (7, X (751, ), w)Ew (7, t, 2)| dT da
0 T (0s5t,2)
t

:/ U(y,0)|b(y)€f; m(s,X(s;y,0),w)ds uO(X(t,O,y))efJ (%v(s,X(s;y,O))ds‘ dy
to

+ QreM=lto) (£ — 1)
< O(B1 + ||wollpee g, 7) + Qu)eM=tt) (t —t,)
t
L B e
to
< (B + R+ Qu)eM="(t —t,)
t
+ f)HuOHLm(R%R) / (Moo + Vi) (t — y)eMetVIE=Y) gy
to

<BD(Br+ R+ Q)eM=T(t —t,) + 0R(Muo + Vi) (t — t5)2eMetVe)(t=to)
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For the second term of (5.37), once again from (5.30),

HPw(t, to)tio — UUHLl([a(t),+00[;R+)

400
g/ 1o (X (t0: £, ) (For £, 7) — 1o (2)| da
(t)

/ /|q X(r;t,x),w)|Ew (T, t,x)dr da
@ Jt

o

g/ 1o (X (t0: £,2)) — 11 ()| En (s £, 7) dt
(t)

“+ oo
+/ |uo ()] ‘Ew(to,t,ac) — 1| dz
(t)

/ / q(r, &, w ‘ef: m(s,X(s;7,§),w)ds dcdr
o(t)

<[0TV (u0i Ry) + Molluollga e, iy + Q1] =07t ~ 1)
< [BR+ Moo R+ Qi) M=t (¢ — 1),
where we have made use of (A.4).
Concluding, we thus have
dy (P (t,t0)Uo, Uo)
< [6(B1 + 2R+ R(Mw + Vi)T) + Moo R+ Q1] €M=" (t — t,).

3. Lipschitz Continuity w.r.t. Parameters. Consider u, € D, t,,t € I
and wq,we € W.
We have

dyy (P (£, o), P2 (L, ),
< [P (t, to)uo — P2 (¢, to)u
+ [P (¢, to)uo — P2 (2,

ol ooz (5-38)
to)uoHLl([cr(t),-ﬁ-oo[;R+)

For the first term of (5.38),
([P (2 to)uo — sz(t’to)u0}|L1([O,a(t)[;R+)

o(t)
< / ’b(T(O;t, 1:))| lé’wl (T(05t,2),t,2) — Ewy (T(0;t, ), t, x)| dx (5.39)
0

o(t)
/ / lg(m, X (73 t,2),w1) — q(7, X (T3 t,2),w2)| Eu, (T, t, ) da (5.40)
T(0;t,x)

o(t)
+/ / lq(r, X (7, 2),w3)| |Eu (7. £,2) — Euy (., 0)| d . (5.41)
T(0st,z
Focussing first on (5.39), we use (BP2), and get

o(t)
/O b (705, 2))| €0, (T(0: 1,2, 1,2) — Euy (T(0s1,2)1,2)
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t
= / 0(y,0) [bW)]|[Ew, (41, X (80, 1)) — Ew, (v, 1, X (40, 1)) | dy
to
t t
< B [ [, 0)ms, (s:9.0), 1) = (s, X(s:1,0), wa) | dsdy
to

t po(s)
= Booejwoc(tita) / / |m(s7§7 wl) - m(37£7w2)|d€d3
to JO
< BOOMLeM“(t_tO)(t — to)dyy (w1, ws) .

For (5.40), using (BP3),

o(t)

/ / la(r, X (73,2), w01) — (7, X (731, 2), w5)| €, (7, t,) dr da
T(0;t,x)

t po(T) . )
- / / o(y, 7] la(r, 9, w1) = q(7,y,wp)| el Xl wnds qy 7
to J0
< Qr v eM=17) dyy(wy,w,) .

Finally, for (5.41), we have
o(t)
/ / ‘q(T7 X(7;t,x), 11)2)‘ lng(r,t, x) — Ey, (1,1, x)‘ dr dz
T(0;¢,2)

t po(r)
_ / / ‘q(,n 5, ’LU2)| ’6‘]‘: m(s,X(s;7,8),w2)ds _ ef: m(s,X(s;7,€),wq)ds df dr
to JO

t po(T) pt
< QuoeMeltto) / / / (s, X(s;7,€), w1) —m(s, X(s; 7, ), wz)| ds dé dr

X(STO)
< QuocM==(t t°>/ // m(s,y,wr) — m(s,y, wz)| dsdydr

X(sito 0)

< QmMLeM""(H"E(t — to)2dw (w1, ws) .

Thus,
P23 (1 to)uo — P (bt | 1
) 1 M (et (5.42)

S BooML+UQL+§QooML(t_to) e ° (t_to)dW(wla'IUQ)-

Focusing now on the second term of (5.38), we have

prl (t,to)uo — P2(t, to)u°||L1([o(t)7+oo[;R)

400
< / U (X(to:t, m))“&ul (tost,) — Euy (to, t,2)| dz (5.43)
o(t)

—|—/ |qTX(T,t,m) wy) — q(7, X (73 t,2), w2)|Ew, (T, 8, x) dT da
o(t) Jto

(5.44)
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+oo t
+/ /|q(T,X(T;t7x),w2)|\8wl(r,t7x)—8wQ(T,t7x)|dex. (5.45)

) Jto

Looking at term (5.43),

+o0
/ |u0(X(t0; t, ac))| |<5'w1 (tost,x) — Ewsy (to, t, a:)} dz
o(t)

< |‘UOHL°°(R+;R)€A4M(t_tO)

—+o0 t
x / / (s, X (5: tor ), 1) — (s, X (s5: o, ), w2)| ds da
0 to

t —+o00
- Huo|\L°C(R+;R)eM°°(t_t°)/ /( ) [m(s,y, w1) —m(s,y, ws)| dy ds
to Jo(s

< My ReMe=(t=to) (¢ to)dw (Wi, ws) .
Next, for the term (5.44),
“+o00 t
/ / }Q(Ta X(T§ t7 .Z'), '11)1) - Q(T7 X(T§ ta x)a MZ)‘SUH (7_7 t7 :L') drdz

®) Jito

t +oo
< eMOO(tito) / / ‘Q(T7y7w1) - Q(Tay7w2)| dydT
to Jo(r)
< Qe (t — t,)dyy (wy, ws).
Finally, for term (5.45),

“+ o0 t
/ lg(r, X (751, 2),102)|[Eu (7, £,2) — Ew (7.1, )] dr dlr
o(t) Jto

< QooeMoc(t*to)

t pdoo gt
x/to /g(t) /T ‘m(S,X(S;T,f),U/l)*m(s,X(s;T,fng)‘dsdde

t t +oo
= Qooe]woc(tit”) / / /( ) ’m(s7y>w1) - m(s, Y, U)g)! dy dsdr
to T o(s

1 _
< §MLQ006M°°(t to) (t —t,)2dyy (wy, wa) .
Thus, combining these estimates together we have

[P (8 to)uo — P2 (¢, to)tto| | o 1.,

1
< | MLR+Qu+ 5 MiQoo(t —1o) eMoe(t=to) gy (wy,wo) . (5.46)

Due to the assumption u, € D, we have |[uol|1(z, r) < R. Hence, substitut-
ing (5.42) and (5.46) into (5.38), and as (t — t,) < T', we get

Ay (P (t,to)te, P2(t, o) ue) < Cuw(t — to)dw (wr,w2) (5.47)

where C, is as in (3.16), as required. a
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Proof of Proposition 3.13. For fixed t, € I, u, € U, and w € W, define
by i, upw,) @ {(5:80) € [to, T]? : s > so} X U — U to be the process with
5+ Iz, ug,w,) (8, 50)po being the solution of

op+ 0y (v(t, ) p) = m(t,x) p+ q(t,x) (t,x) €[S, T] x R4
p(t,0) = bo(t) t €[50, 7] (5.48)
p(80,2) = po() zeR,

with m and g the given by (3.19). For notational simplicity, we will write
I, uyw,) = I when the (t,, %o, w,) when no confusion arises.

The mapping II is Lipschitz continuous with respect to time and initial
data, for some constant £ > 0, as m and § satisfy correspondingly (BP2) and
(BP3), which do not explicitly depend on w.

By this construction, ¢ = T, u, w,)(t, to)uo is the solution of (3.18).

From [5, Theorem 2.9], we have

t 7H Uy W t7t0 o
[0 =Ty sty

¢ 1
<c / tminf [+ R) = T, ) (7 + 7))
t

° h—0+ S
t
1
-~ /to 1}1H~1>(1)141rf EHPl (T + h’ T)P(T’ to)(uov wo)
= Wty 0w h, ‘
(toruonwo) (T + hy T)u(T) -

Thus it suffices to show, for any 0 < ¢, < 7 € [0, 7], that

liminf — le (74 h, 7)P(T,to) (Uo, wo) — H(to,uo,wo)(T"‘h T)u(T )'

h—0+ L1(R4;R)
The tangency condition (2.10) ensures that

1

P PPQ(T to)(Uo,wo) ‘

[P+ horyulr) - CROTIC ] [H

h
<on) / “(O) 4e
o &
as h — 0.
Further, it can be shown, using formula (5.30), that

HPPz(T,to)(uo,’wo)(T + h,)u(r) — H(to,uo,wo)(T +h, T)U(T)‘ e <0(1) h?,

with the constant O(1) depending on the constants laid out in (BP1)-(BP4),
R and T'. Thus this also converges to zero as h — 0, completing our proof. [J
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5.5 Proofs for § 3.4

Lemma 5.4. Let f € BC(R;R). For any n € N\ {0} there exists a function
fn € (CYNWL2)(Ry;R) such that

f/

2
ey < 2l

o f, — f pointwise, as n — 0,
||f17Hw1 0 (RysR) = (1 + ) |‘f‘|L°°(R+;R)'

Proof of Lemma 5.4. Consider f,(z) = 2 fo x+y) O

Lemma 5.5. The mapping p defined by (3.23) in Proposition 3.16 is narrowly
continuous.

Proof of Lemma 5.5. Choose f € BC(R;) and fix t € RT. Let £ > 0 and
for n > 0 define f, € (C* N Wh)(R;;R) as in Lemma 5.4. Then, setting

M, = Hf”HWLw(R;R)’ so that Lip ( ) <1, we have

F(@)d(Pi(t,to)po — Pr(s,t0) o) (2)

Ry

< /}R (£(x) = fol@)) A(Pi(t to)pto — Pa(s,to) o) ()
+Mn . f:’]]\;f) d(Pl(t,to)P‘o - Pl(svto).uo)(x)

< /R’f() Fa@)| ([P to)sto — Pi(s, to)pe]) (2)
+M77 dM(Pl (t7 to),u/oa Py (S,to)ﬂo)

< [ 1@ = @l a(|Prit o — Al toe]) @)

T Lip(P) (1 n n) 1l a1 —

By the Dominated Convergence Theorem, the first term can be bounded by ¢/2
for 1 small. Then, choose s so that also the latter summand above is bounded
by €/2. O

Proof of Proposition 3.16.

The Narrow Continuity: This is a consequence of Lemma 5.5.
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Distributional Solution: To simplify calculations we define, for a test func-
tion ¢ € (CtNWL=)([t,, T] x R;R)),

Itp(:u‘v ’LU) = /]R (8t(10(', l) + b(7 ,u,w)(x)(’)wgp(, l) - C('v Ky w)(m)@('7 1)) du('wl')

oL </ elr )il . w)@)](z)) au(-+y).

By a density argument, it suffices to check the integral equality in Defini-
tion 3.14 for ¢ € CL([t,,T] x R;R)). We discretise the time domain. For a
spacing k € N, and i =0, ..., k, we introduce the grid points t; = t, + @,

and the associated (fi;,W;) = P(ti—1,to)(Uo, w,). We then split the integral,

/t I, (P(t: to)(ﬂm wo)) di

o

k t;
zz/ (2, (Pt ), 00)) = T, (PO~ b)) | it (5.49)

i=17ti—1
A (t)
k t;
+ Z/ IAP (F(t — ti,hti,l)(ﬂi,ﬁ}i)) dt . (550)
i=1/ti1

Az i (t)

Our first goal is to demonstrate that (5.49) vanishes in the limit & — oo.
Focusing on A; ;, we split the integral to get

Ali

—~
~
~

atﬁp(t, gc) d(Pl(t, tifl)(ﬂj,, 71)1) — Fl(t — ti,fhtifl)(ﬂhwi)) (l’) (551)

I
?\

Jr

|
?\ T

b (t, P(t,ti1) (i, i) (2)0uip(t, ) APy (¢, 1) (s, 05) ()

+

b(t7F(t — tifl,tifl)(ﬂhﬁ)i))({l?) (552)
X Opp(t, ) dFy(t — ti—1, ti—1) (1, W) ()

ct, F(t = ti1, tio1) (s, i) (@) p(t, @) AFL (8 — timy, i) (fi, W3) (2)

Jr

+

c(t, P(t,ti—1)(fui, ws)) (@)(t, ) APL(E, tio1) ([, W5) (2) (5.53)

+

|
%\E\%\

o(t,z) dn(t, Pt tim)(f, @:))(y)] ($)> dPr(t, tio1)(fu, @s) (y)

£
N
?\

(/}R e(t, x)dn(t, F(t = ti—1, tio1) (fis, @) (y)] (ér)) (5.54)

dFy(t —ti—1, tia) (fus, Ws) () -

T
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We now deal with each of these terms separately. To simplify the notation we
will set

(pi.p(t),wip(t)) = Pt tio1)(fti, Di),
(e p ) wnp(t) = Flt—tinti)ow). 00

e
=2
o~

=
Il

We will make extensive use of the relation (2.10), which gives

d(Pi(t), Fi(t)) < %(tftifl)/o o @dg (5.56)

for L as in (2.15). For (5.51),

Orp(t, ) d (pip(t) — pip () ()

Ry

S ‘|at¢||wl=°°(R+;R)dM (M’L,P(t)y,uzF(t))
2L ttion (¢
< Hat(’p”Wl'“(RJr;R)m(t —tifl)/o %dg )

Next, for (5.52), calling Ly, = sup,c(o,7,wew LiP(b(t, -, w)),

/R b(t, Pi(t))(2)dsplt, ) dpis.p (1) ()

- / b(t, F5(8)) (2)Daip(t, ) dpsi p (1) (2)

/R [b(t, Pi(t)) () — b(t, F (¢, ti—1) (i, w:)) ()] Oup(t, @) dpi,p(t)(2)

+/ b(t, Fi(1)) () 0sp(t, ) d (pi,p(t) — pir(t)) (x)
Ry

< ||8w‘P||w1~oo(R+;R)(RLb +RL + B) d(Pi(t), F;(t))

. = ufg)
< ||8z<p||wl,m(R+;R)(RLb+RL+B)E(t7ti_1)/U “ac.

Repeat the same calculations for (5.53) and set L. = sup,¢[o 7),wew Lip (c(t, - w)),

/R (b, F(t)(@)plt, 2) dw () () — / e(t, P(D) (@)t 2) dps (1) (2)

R4

. 2L t=tio1 (¢
= HSD||W1’°°(R+;R>(RLC"'RL"'C)E@—U‘A)/O %dﬁ .

Finally, for the term (5.54), we find

/ ( / o(t,7) d[n(t,m))(yn(m)) dyis.p (D) (1)
Ry \JRy
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- / (/ «p(t,x)d[n(tﬂ(ﬂ)@ﬂ(%)) dw; ¢ (£)(y)
Ry \JR,

/R ( / o(t,2) d{n(t,a(t))(y)—n(t,m))(y)}(z)) dpii.p (1) (9)

+/R+ (/ﬂh ¢(t,z) d[n(t,E(t))(y)](x)) d (1 p(t) — wir(1)) (y)

< lellwao B | sup Lip(a(t,-,w) + L+E
te(o,
weWw

2L T w()
Xm(t—tiq)/o Tdf-

Combining these four estimates together, we have for a constant C, independent
of k,

k t;
Z/ Ay () dt
i=17ti-1

Now,

Azi(t)]

=1, (F(t —ti1,tim1) (i, W)

=T, (i, (t), @;)

+/lé (b(t, pi,r (8), wi,p () () — bt i, r (1), i) (2))Opp(t, ) dpi,p(t)(2)

T—to

k
<c;(t_;1)2/0 ' %dg—mask—wmo.

+/R (e(t, i, p(t), wi)(x) — c(t, pi,r (t), wi p (1)) (2))p(t, ) dpi r(t)(z)

+

+ / ( / () dln(t, s, (£), w56 (8)) () — (. m,Fu),wi)(y)](z)) dpia.p (1) ()

and hence
Agi(t) < I, (pi,r (1), W)
+ LR (200l o) + 100w o))

oL e (g
x 2o i - ti_l)/o “ae. (5.57)

The second term will thus converge to zero in the summation. Hence we con-
centrate on the summation of the first term.
In the next calculation, we will use the fact

/R (T, 2) Ak o (T) — Po(T 1) (10 05)) ()
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= / (,D(T,x)d(Fl(T—tk,htkfl)P(t]gfl,to)(uo,U)O)
Ry

= PuT, 1) Pt ) (10, w,) ) (2)

oL T = w()
< (T HW1°"(R+R)1n2T/o o«

— 0, as k — oo.

—to

Focusing on the summation of the first term in (5.57)

Z/ (i, (t),10;) dt

—EZ(/ﬁ twrde<>u>—A;w<zh wwx>>
=/iﬂﬂﬂwmﬂwwj4@mwwm@

+ Z (/ (ti, ) d(ps,p(t;) — fu+1)(w))

— wmmaamamm%mm—/wmmw%w,

k—+o00 Ry Ry
where we use that
k
Z (/ (ti, @) d(pa,r(ti) — ﬂi+1)(l)>
i=1
< 2L el d 0, (5.58
HS‘Q||W1°°(]R+]R)1 B T fk_>—+>oo , (5.58)
completing the proof. a

5.6 Proofs for § 3.5

Proof of Proposition 3.20. We assume for simplicity that both processes
P* and P" share the same constants C,,, Cy,, C; in (2.11)—(2.12)—(2.13).

The properties of P ensured by Theorem 2.6 show that we have P, €
CO([t,, T); L (R™; R)) as required by Definition 3.17.

Introduce the following notation. For any k € R and ¢ € Cgo(f x R; R, ),
denote

Toi(u,w) = /Uu—k:|8tg0+qk(u,w)8wcp]dx
R

qe(u,w) = sign(u—k) (f(u,w) - f(k,w)) .
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Fix [N S N]\ {0} and, for every i € {0,..., N}, define t; = ¢, + z% and, for
te ti—lvT ’

~ (@i, w;) = Pti—1,to)(uo,w,),
Fi(t,z) = (wp(t,z),w,p(t)) = Pt,ti1)(l, @) (z),
1(15,513) = (U@F(t,m),’wi’p(t)) = (Pw" (t,ti_l)ﬂi(x), wi (t,ti_l)’lz)i) .

(5.59)
We now prove in 2 steps that

T
/ Zo k(P (t,10) (U0, wo)) dt > / |P1 (T, to) (o, wo) — k| o(T,z)dx
to /R (5.60)

- /R }uo(x) — k’ »(0,z)dz .

Step 1: We prove the inequality

N

T t;
/ T (P (t,10) (g, wp)) dt > limsup S / T (e (8), ) dt . (5.61)
t ti—1

° N—+oo =1

To this aim, write

T
/ T n(P (1) (g, o)) dt

’ T
= /t /R [Py (t, to) (o, wo) () — k|Opp(t, ) da dt (5.62)
+/f /qu (P (t,to) (o, wo)(2)) Opip(t, ) da dt (5.63)

We proceed towards the estimate of (5.62). For everyi € {1,..., N} and k € R,
using (2.10) with L and w given by (2.15), we have

t;
/ / Uui,p(t,m) — k|owp(t, @) — |ui p(t,z) — k‘aﬁa(t,x)} dz dt
tio1 JR
ti
< / / |ui,p(t, x) — i p(t, @) |Opp(t, x) da dt
ti1 JR

> e w(e)
< m|‘8t¢||Lm([to,T]xR;R) /t 1 (t— ti_l)/o - de¢ dt

i—

T—t,

Hat‘PHLm([t,,,T]xR;R)/O ) %dﬁ

L (T-t,)
@ N

Therefore, the term (5.62) is estimated as:

T
|17 0t0) o 00)(@) = K drstt.2) d
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/|u,ptx k‘ﬁtnptx)dxdt

[/ /|’U,1Ft$ k|8tg0txdmdt}

L (T —t)" N w(§)
- In(2) N HaﬁOHLOC([tmT]xR;]R)/(; ¢ dg

M= HMz

A\

i=1

and the last term converges to 0 as N — +oco. Thus, the term (5.62) is
estimated as follows:

N
[(5.62)] > limsupZ/ / lui p(t,x) — k| Opp(t, @) dz dt . (5.64)
N—+o00 i=1 ti—1
We pass now to the term (5.63). For every i € {1,..., N} and k € R, since ¢

is Lipschitz continuous [19, Lemma 3] and using (2.10), Ly from (CL2), L and
w from (2.15),

/t /Qk 5(t, @) Oup(t, x) d dt—/t /qk(ui,F(t,wai)c’)w(t,w) dx dt
:/t i / ar (Pi(t,x)) — qi (wi,r (2, x),wi)P(t))} Bup(t, z) dz dt
/ttz / ax (wi p(t, @), wi p(t) — ar(ui r(t, ), wl)} Bpep(t, ) da dt

< L0l oo (1, 1) < R:R) /tH /R |ui p(t,x) — u; p(t,x)| dz dt
+/tjil/R‘f (ui,r (t,2),wi,p (1)) — fus,r(t,z),0;)
— (f (hwip(t) f(k,wn)' Ot )| da dt
< Ly % ||8ac90||L°°([to,T]><]R;R) /tit;(t —t; 1) /Otm1 % dé dt
Ly / / i (@) = k| - dw(wi,p (1), 3,) - |Oup(t, )| da dt
f12(L) ||3r99||1,ao([t0 T)xR; R)W /Otl_h_1 @dg

t;
+ Ly Cy(R+ k)Hanc@”Loo([tmT]xR;]R) / (t—ti—1)dt
ti—1

T—t,

Lf 2L N
< 7||3z¢||Lm([tO,T]x1R;R) (Lf Ci(R+Fk) + n(2) /O
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Therefore, (5.63) is estimated as
T
| [ (P t0) (o) @) uplt ) d
to JR

N t;
>3 [ el ) dup(t,a) do
i=17ti-1 /R

T—to

Ly oL [TF
- 7H6x‘PHLoo([tmT]xR;R) Ly Ce(R+Fk)+ () /0

(T —t,)?
N2

w(&)
3

dg
and the last term converges to 0 as N — +oo. Thus,

[(5.63)] > hmsupZ/ /qk wi,p(t, @), ;) Opp(t, ) do dt . (5.65)

N—+o0 i=1
Combining (5.64) and (5.65), the proof of Step 1, namely (5.61), is completed.

Step 2: Now we prove that

}\}3522/1 1 Lok (uir(t),w;)dt

E/R‘Pl(T,to)(umwo)(x)—k{(p(T7;r)dw—/R]uo(x)—k’cp(to,x)dx

(5.66)

Fix i € {1,...,N}. For £ > 0 sufficiently small, consider a function x. €
CZ (Jti—1,t:[;[0,1]) such that x.(t) = 1 for t € [t;i—1 + &,t; — €] and define
@e = ¢ - Xe- Then, by Definition 3.17 and the choice of x., we have that for
every € > 0 sufficiently small,

t;
/ I¢57k(ui7F(t,1‘),ﬁ)i)dt 2 0
ti—1

This implies that
12
/ I%k(ui_p(t), 12)1) dt
ti—1
t; 12
- / To o (e (t),0;) dt + / T (s (8), )
ti—1 ti—1
ti
> [ T sl () 0
ti—1
t;
:/ / |ui,p(t, ) — k|Oy (¢ — @e) (t, @) dw dt (5.67)
ti_1 JR

+ /tiil /qu(uiyp(t,x),i/i)ﬁz(ga —@e)(t,z) dz dt (5.68)
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for every € > 0 sufficiently small. Moreover the continuity in time of u; ¢
implies that

lim [(5.67)] = / lui p(ti, @) — k| o(ti, ) da
e—0t+ R
—/ |ui p(tio1,z) — k| @(ti—1, x) da,
R
while, by the Dominated Convergence Theorem, we deduce that

lim [(5.68)] = lim /t Aqk(ui,p(t,x),wi)ﬁz(tpftpE)(t,x) dz dt = 0.

e—0t e—0t

Therefore, we get
ti
/ T (s p (1), ) dlt
ti—1
2 / ’ui,F(t7;7:L') — k’ cp(ti,x) d.I' — / ‘Ui,p(ti,h.r) — k‘ ga(ti,l,x) dx .
R R

Summing over 4, we obtain that

N t;

Z/ Z%;g(ui,p(t),u?i) dt

i=1"ti-1
N N

> Z/]R |ui,F(ti,x) - k| o(t;, x)dx — Z/}R |ui,p(ti_1,x) — k| o(ti—1,z)dx
i=1 i=1

= / ‘UNﬁF(T, x) — k‘ o(T,z)dx — / |uo(ac) — k| o(to, ) dx (5.69)
R R

N-1
+ Z / (’ui,p(thl') - k| - |’u,i+1’p(ti7l') - k|) (p(ti,l’) dz . (570)
i=1 'R
We now estimate the first term in (5.69):
/ |uN7F(T7 x) — k| o(T,z)dx — / |P1 (T, to) (U, wo)(z) — k| o(T, x)dx
R R

:_/R(|F1(T_tN—lvtN—l)(ﬂN_l,le_ﬁ(I)—k}
| PUT t0) (o, w0) () = K| ) (T, ) da

and, using L and w as in (2.15), we get
‘/ (17307 = eyt a1, )) ~
R

— | Pu(T, to) (w0, wo) () — k:|>g0(T, x)dx
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< / |FL(T =t 1t 1) Pltn 1, to) (g, o) ()

—Pl(T tN_1 P(tN 1, to )(umwo ()| (T, ) da

<7
~ In(2 N
—0 as N—>+oo.

We now estimate (5.70) using (5.59) and (2.10)

N-1
Z / “ui,F(tivw) — k| = Juiyr,p(ti, z) — k/’” p(ti, ) dr
< Z/|uzF tZ,ZZJ UH-IF t’L7I |§0 t“ZL’

1=

NZ/‘Pw (tistim1)ti(@) — Pi(ts, tim1)ui( )‘ o(ti,z)dz

<l 71w Z HPlbi(ti,ti_ﬂﬂi = Pultisti)i |, o
=1 7

Nl ti—ti_
2L S
= EH@HLDQ([%,T]XR;]R) Zl(ti *t¢71)/0 . dr

91 (T—t,)/N
< EHSDHLDQ([%,TVR;R) (T - to)/o —dr

—0 as N — +o0.

The obtained estimates for (5.69) and (5.70), as N — +oo, proved Step 2,
namely (5.66). O

A Appendix: BV Estimates

We gather here a few estimates on BV functions used in the proofs.

Lemma A.1. Recall the following elementary estimates on BV functions, see

also [8, § 4.2] or [1]:

ue BV(R,;R
e BVER;R§} = TV(ww) < TV ()il g oy Hll g ) TV (0)

(A.1)

iy i g;gﬁ%} = TV(pou) < Lip(p) TV(u) (A.2)

z;ﬁ&%ﬁéﬁﬁ”} L1y ( [t dT) <[y @y

o o
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uw€BV(R;R) N
deL>®(R;Ry) R,

and in (A.3) we have to,t € I witht, <t.

Proof of Lemma A.1. Inequality (A.1) follows from [1, Formula (3.10)]. The
one dimensional proof follows. For any partition (x;)XY, of R, we have

M-

|u@s)w(x;) — u(i—)w(wi—1)|

i=1

™=

N
Ju(z;) — w(air)| |w(z)| + Z lw(z;) — w(zi1)] Jula;i_1)|

1

2

N N
< Hw|‘L°<>(R+;R) Z |u(5”z) - U(l'i—l)’ + Hu‘|L<>°(R+;R) Z ‘w(%) - w(mi_l)‘
i=1 i=1

< TV(w) HwHLOC(RJr;]R) + Hu||L<>°(R+;R) TV(w),

and taking the supremum over all such sequence, we get our required result.
The definition of total variation directly implies (A.2) and (A.3). For a
proof of (A.4) see for instance [5, Lemma 2.3]. O
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Appendix A

Useful well known results

A.1 Results from a variety of literature
We first outline a well known Sobolev inequality

Lemma A.1.1. Consider f in H'(R). Then

[flloo < ILf 1l (m)-

Proof. The proof is done for f € C°(R), and can be extended via the
density of said set in H'(R) C Cp(R).
We have

fA(z) = / 2f (@) f' (@) de < 2| fll20lf Iz < (FIZ+ I1F12) = 1170 )

—00
for any = € R, and the result follows by taking the square root. ]

We make use of the follow properties of BV functions. This is a
repetition of the Appendix of the Paper 3.

Lemma A.1.2. Let u,w € BV(R;R), and ¢ : R — R be a Lipschitz
continuous function. Then

TV (uw) < TV (u)l|wll Loy vy + 1l Lo @y ) TV (w),

and
TV (pou) < LTV (u),

with L satisfying
lp(u1) — p(u2)| < Llug — ual, for all uy,us € u(R).

231



232 Appendix A. Useful well known results

Proof. The first statement is shown in the Appendix of Paper 3.
For the second, for any partition of the {%}fio of Ry,

N N
Z]gpou(ajl —pou(wi_1) Z ) — u(xi—1)l,
=1 1=1

and the result follows from taking in the infimum over all such partitions.
O

Lemma A.1.3. Let I C Ry. For any v € L'(I; L*(R4;R)), with
u(t,) € BV (Ry;R),

TV (/tju(T,-)dT) < /tt TV (u(7)) dr .

A.2 Terminology - metrics

The terminology for generalisations of metrics is sometimes inconsistent,
so in this section we outline the terms that we use.
For completeness, the classical definition of a metric is also given.

Definition A.2.1. Let X be some set.
A metric is a non-negative mapping d : X2 — R, satisfying the
following three properties, for any z,y,z € X,

d(z,y) =0 ifand only if x=y; (Identity Axiom)
d(x,y) = d(y, x); (Symmetry)
d(z,z) < d(z,y) + d(y, 2). (Triangle Inequality)

A semi-metric is a mapping d : X2 — R, that satisfies the identity
axiom and symmetry, but need not satisfy the triangle inequality.

A pseudo-metric is a mapping d : X? — R, satisfying symmetry, the
triangle inequality, but needs only to satisfy the backwards direction of
the identity axiom, i.e. that d(z,x) = 0 for any = € X.
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