Jonas Eide

Bohr's theorem for general Dirichlet
series and different assumptions on
frequencies

Master’s thesis in mathematics, MLREAL
Supervisor: Karl-Mikael Perfekt

December 2022

NTNU

Norwegian University of Science and Technology

@ NTNU

Norwegian University of
Science and Technology






Jonas Eide

Bohr's theorem for general Dirichlet
series and different assumptions on
frequencies

Master’s thesis in mathematics, MLREAL
Supervisor: Karl-Mikael Perfekt
December 2022

Norwegian University of Science and Technology

@ NTNU

Norwegian University of
Science and Technology






Abstract

We study general Dirichlet series assuming different conditions on the frequency A. In
particular we consider Dirichlet series belonging to the space D' ()) of all somewhere
convergent general Dirichlet series which allows a bounded and holomorphic extension to the
right half-plane [Re > 0]. We deduce quantitative results for the partial sums of Dirichlet
series belonging to DZ*()), and show that frequencies under certain conditions satisfy Bohr’s
theorem, namely that the series converges uniformly on the right half-plane.

Sammendrag

Vi studerer generelle Dirichlet-rekker som antar forskjellige antakelser pa frekvensen .
Spesielt betrakter vi Dirichlet-rekker som tilhgrer rommet D*(\) av alle noen steds konvergerende
generelle Dirichlet-rekker som tillater en begrenset og holomorf utvidelse til det hgyre halvplan

[Re > 0]. Vi utleder kvantitative resultater for delsummene av Dirichlet-rekker som tilhgrer

D&t (), og viser at frekvenser under visse betingelser tilfresstiller Bohr’s teorem, nemlig at
rekken konvergerer uniformt pa det hgyre halvplan.



Preface

This thesis was written from August to December 2022 under the supervision of Karl-Mikael
Perfekt, and marks the conclusion of five years as a student at the Department of Mathematical
Sciences and at the Teacher Education programme at NTNU.

I would like to thank Karl-Mikael for suggesting an interesting topic, and for all the helpful

advice along the way. In addition, a big thanks to my family for always supporting me over
the long course of my time as a student.

Jonas Eide
Trondheim, 2022

i



Contents

[_Abstract]

[  Sammendrag|

[ Preface
L__Introduction

| Convergence of Dirichlet series| . . . . . . . . ... .. ... ... ... ...
[ Overview of the thesisl . . . . . . . . . . . ..

(1 General Theory of ordinary Dirichlet series
(1.1 Abscissa of absolute convergence|. . . . . . . . . . .. ... ... .. .....
(1.2 Abscissa of uniform convergence| . . . . . . . . ... ...

[2.3  Control of partial sums| . . . . . . . . . ... o
2.4  Bohr's theorem tor ordinary Dirichlet series) . . . . . . ... ... ... ...

B Bohr litionl
[3.1  Determination of somewhere absolute convergence . . . . . . . .. . ... ..
[3.2  The Fourier-Bohr formulas for general Dirichlet series| . . . . . . . . .. ...

3.3 Bohr's theorem under Bohr’s conditionl . . . . . . . . . . .. ...

[4 Riesz summability of general Dirichlet series

4.4  Kronecker’'s approximation theorem| . . . . . . . . . . .. ... ...
[4.5 Bohr’s theorem under linearly-independent frequencies| . . . . . . . .. ...

[A Appendix]

[ Bibliography|

ii

—_

Ne}

15
15
17
20
22

24
25
28
29

32
33
40
42
44
47

50
20

53



Introduction

We begin by giving a brief introduction to the topic at hand, by introducing Dirichlet series
and some convergence properties. We then give a short overview of each chapter.

Convergence of Dirichlet series

In this thesis we are concerned with general Dirichlet series, which is an infinite sum on the
form

0o
2 ajne*)\ns
n=1

Where a,, is a sequence of complex coefficients, and s is a complex variable on the form
s = o + it, where o and t are real variables. A = (),) is called the frequency, and is an
increasing sequence of real numbers tending to +o0o. We observe that by letting A, = logn,
we obtain what is known as ordinary Dirichlet series.

o
E anpn”®
n=1

A famous example of an ordinary Dirichlet series is that with the coefficients all equal to
one, which is the Riemann zeta function

A Dirichlet series is said to be convergent to f(s), if its sequence {Sy f} of partial sums

N
Snf(s) = Z ane
n=1

converges to f(s). That is,

N
: —Ans
f(s) = ]\}1_1& nz:l ane
We are interested in observing for which s a given Dirichlet series converges. Dirichlet series
may converge for all, none, or some s. It is well known from complex analysis that power
series converges inside disks of the complex plane. Dirichlet series converges on half-planes of
the complex plane, where they define holomorphic functions. The half-plane of convergence
is solely dependent on o, the real value of s. For a given Dirichlet series f, the smallest
value of o, such that the series is convergent in all of [Re s > o], is called the abscissa of
convergence. The abscissa of convergence shall be denoted by o,



o.=inf {# €R : f convergesin [Re s > 6]}

o. need not be finite. If a given Dirichlet series converges everywhere in the complex plane,
we set 0, = —00, and we say that the series is everywhere convergent. On the contrary, if a
given Dirichlet series diverges everywhere in the complex plane, we set . = +00, and we say
that the series is nowhere convergent. We say that a Dirichlet series whose corresponding
abscissa of convergence is not +00, is a somewhere convergent Dirichlet series. Dirichlet series
also define half-planes in which they are, respectively, uniformly convergent, and absolutely
convergent. In general, the size of these half-planes differ. We define the abscissa of uniform,
and absolute convergence

o, =1inf {# €R : f converges uniformly in [Re s > 6]}
0, = inf {0 € R : f converges absolutely in [Re s > 9]}

Harald Bohr was interested in finding the maximal width of the strip for which an ordinary
Dirichlet series converges uniformly, but not absolutely.

S = sup {0a(f) = ou(f) = fls) =) awmn*

where the supremum is taken over all ordinary Dirichlet series. Bohr was able to show that
S < 1/2 but without being able to produce any examples where this value was obtained. H.
F Bohnenblust and E. Hille was able to show some years later, with a nontrivial proof, that
in fact S = 1/2. We are going to see that boundedness of a function defined by a Dirichlet
series and uniform convergence of the series is closely related. We define a fourth abscissa,
which defines the half-plane for which a somewhere convergent Dirichlet series is bounded.

op = inf {6’ € R : f converges and defines a bounded function [Re s > (9]}

Clearly, every o that defines a half-plane for which a Dirichlet series converges uniformly
implies that the limit function is bounded in the same half-plane. For the case of the ordinary
Dirichlet series, Bohr showed in [5] that the abscissaes coincide, that is,

oul(f)=0au(f) , f(s)= Zann’s

This result is known as Bohr’s theorem, and an equivalent statement is that for any ordinary
Dirichlet series which is somewhere convergent and extends to a bounded and holomorphic
function on the half-plane [Re s > 0], then the Dirichlet series converges uniformly on every
smaller half-plane [Re s > ¢], where ¢ > 0, and therefore o, < 0. We define the space
H of all somewhere convergent ordinary Dirichlet series with a bounded and holomorphic



extension to [Re s > 0]. Bohr’s theorem extends to the general Dirichlet series. The natural
domain of Bohr’s theorem is the space DZ*()\) of all somewhere convergent general Dirichlet
series which has a bounded and holomorphic extension to [Re s > 0]. The frequency A is
said to satisfy Bohr’s theorem if every f € D*(\) converges uniformly on [Re s > ¢, for
every € > 0. This raises the following question.

For which frequencies X does Bohr’s theorem hold?.

As we just saw, this is the case for A\, = logn. Examples show that any concrete frequency
may or may not satisfy Bohr’s theorem. We are going to see multiple classes of frequencies
for which Bohr’s theorem holds, and give their proof with the help of fundamental theorems
of general Dirichlet series.

Bohr theorem for the case of the ordinary Dirichlet series, was in 2006, by Balasubramanian,
Calado, and H. Queffélec, improved by what can be seen as a quantitative version of Bohr’s
theorem

[Sn f(8)|lee < Clog N[ fl[oo

This result shows the behavior of the partial sums of a Dirichlet series belonging to H is
well-controlled. We deduce similar bounds for general Dirichlet series belonging to DE*()\)
which depends on the restrictions on A\. Bohr proved, in 1913, that frequencies which satisfy
the following property

)\nJrl - )\n Z Ceié/\n

where C and ¢ are positive constants, satisfies Bohr’s theorem. We refer to this condition
as Bohr’s condition. Using a generalized version of the Perron-Landau formula

x_p |an|
T2 1og<x/n>|]

n>1

S

Al) = —— /pHTf(s)%ds +0

2m J,_ir

we're able to deduce the following bound for the partial sums where \ satisfies Bohr’s
condition.

SN (8)||oo < CAN|| [0

Edmund Landau discovered, in 1921, a different class of frequencies which satisfies Bohr’s
theorem

Ant1 — A > Cexp(—e®n)



where C' and ¢ are positive constants. Using a summation method of Riesz means we can
similarly to that of Bohr’s condition, obtain a quantitative variant for frequencies satisfying
Landau’s condition. This summation method was first introduced by Marcel Riesz, who
extended the domain of definition for a Dirichlet series by introducing what is now known
as Riesz means. If f is a general Dirichlet series, then the Riesz means of f of order k is

defined as follows i
A
Rk — " —Ans 1 — n
= a1 2)

An<T

We show, with the help of fundamental results inspired by M. Riesz and Hardy’s classical
monograph [18], that a Dirichlet series which belongs to DZ*()) is the uniform limit of its
Riesz means of order k on every half-plane [Re s > ¢], for all € > 0. Meaning that, for every
E>0

M) &
lim E ae (1 — —n) = E ape s
T—00 Xz

An<x n=1

In [19], Schoolmann gives an estimate of ||Sy f|| without assuming any condition on A

Tk+1)( Ave )
<
sl < HEED (AN

Using this estimate, we’re able to deduce the following bound for frequencies under the
condition of Landau

155 Flloo < Ce™¥||flloo

This thesis is mainly inspired by classical works of Bohr, Hardy, and M. Riesz. As well as
more recent works of Defant, Schoolmann, H. Queffélec, and M. Queffélec.



Overview of the thesis

Chapter 1. The first chapter is an introduction to classical theorems regarding the convergence
domain of Dirichlet series. We give a proof of Abel’s partial summation formula, and we prove
results regarding maximal distance between the abscissa of simple, uniform, and absolute
convergence.

Chapter 2. The second chapter introduces the space H,, of all somewhere convergent
ordinary Dirichlet series whose limit function has a bounded and holomorphic extension to
[Re > 0]. We show some important properties of series which belongs to this space, as well
as proving the Perron-Landau formula. We then use a quantitative result for the partial
sums of an ordinary Dirichlet series to prove Bohr’s theorem.

Chapter 3. In the third chapter we introduce the space D¢ () of all somewhere convergent
general Dirichlet series whose limit function has a bounded and holomorphic extension to
[Re > 0]. We study Bohr’s theorem for general Dirichlet series belonging to this space, and
in particular we prove that a frequency A\ which satisfies Bohr’s condition, satisfies Bohr’s
theorem.

Chapter 4. In the fourth chapter we introduce the summation methods by typical means
invented by Riesz. We show that a general Dirichlet series belonging to D¢**()\) is the uniform
limit of its Riesz means of order k. And in particular we show that frequencies satisfying
Landau’s condition, and frequencies which are QQ-linearly independent, both satisfies Bohr’s
theorem.



1 General Theory of ordinary Dirichlet series

We define the space D of all somewhere convergent ordinary Dirichlet series

{ Zan *lo(f <oo}

As stated in the introduction, the domain of convergence for Dirichlet series is defined by
half-planes.

Theorem 1.1. Let f(s) =Y .~ a,n° be a somewhere convergent ordinary Dirichlet series.
Then it converges on the half-plane [Re s > 0./ and diverges on the half-plane [Re s < o./.

Before we give the proof of this statement, we introduce Abel’s partial summation formula,
which shall be used for multiple purposes throughout the thesis. We introduce the following
function for partial summation of Dirichlet coefficients

=2 o
n<x

Lemma 1.2 (Abel’s partial summation formula). Abel’s partial summation formula relates
a discrete sum to a continuous integral. Let f(x) be a smooth complez-valued function, then

S anf(n) = AW)f) ~ A @) - [ Awf @

z<n<y

Proof. Since A(z) is defined over the integers, we set N = |z| and M = |y]

S a(m)f(n) = 3 a(n)f(n) = 3 [A(n) — A(n— D]f(n)
— % A(n Z A(n)f(n+1)
= AQM)FM) — AN+ 1)+ 3 A@)[f(n) — f(n + 1)

Noticing that [ f'(t)dt = f(n + 1) — f(n), we get that

S a(n)f(n) = A(M)F(M) — A(N)F(N +1) / f(t



Since A(t) = A(n) over the interval [n,n + 1), we can move A(n) inside the integral

S ala) ) = AGDION = AN+ = S [ A W
= AODFON - ANV 1) - [ A

N+1

Adjusting integral limits back to [z, y]

[ aw s - ( / S / ]i+ I )A(t)f’(t)dt
—/NALA(t)f’(t)dt: (/mNHJr/;—/:)A(t)f’(t)dt

Now we use the fact that A(t) = A(z) over [z, N + 1), and that A(t) = A(y) over [M,y]

- / A f (Dt = A@)FN + 1) — F()] + AW) ) — M) — / " A f (@)

N+1

which yields that

Y anf(n) = A(M)f(M) = A(N)f(N +1) + A(2) f(N +1)

r<n<ly
)

— A(x)f(x) + AW) f(y) — Ay) f(M) — [ AQ@)f'(t)dt

T

finally, since A(x) = A(N), and A(y) = A(M)

S~ anfn) = AW ) - A@)F@) - [ ABF @

z<nly

]

We are now ready to state the following theorem, which relates the domain of convergence
for Dirichlet series to half-planes. The proof is inspired by Titchmarsh [20, section 9.11],
with the help of lemma [1.2]

Theorem 1.3. If a Dirichlet series f(s) = > -, a,n~% is convergent for some so = oo+ ito,

then it is uniformly convergent throughout the region defined by the inequality | arg(s — so)| <
T —94.
2

Proof. Assume that f(sg) = > a,n " is convergent. This implies that f(sg) has bounded

n=1

partial sums, i.e that for all N > 1, |Z7]1V:1 a,n~*°| < M, for some M > 0. For s €



|arg(s — s9)| < § — & we have that Re s > Re sg. Let b, = a,n™*°, and let f(n) = n*0~*.
From Abel’s partial summation formula we have that

S = 3 buf0) = B)() - B ) - [ B0 0

w<n<y w<n<y

Using the triangle inequality, and the fact that |B(x)| < M, Vz

5w

z<n<ly

‘Myso s‘+‘ so S

Yy
+ ‘M(s - 50)/ tso—s—ldt‘

yUo—U — qpoo—o
< My + Ma™ + M]s — | (—>

Og — O

Since y > x, and o > 0, we get that

Myaofa + anofa S 2Mx0'070'

as well as

|y00—0' _ IUO_J — xa’o—a’ _ ya'o—O' S CCUO_U S 21,0'0—0'

which results in

E a,n”®

z<n<ly

S IM 0~ + 2ano—a<‘8 - SO’)
g — Oy

— 2Ma7° (1 Ll 50‘)

g — Oy

which tends to zero as = tends to infinity, this implies that

ZCLTL

z<n<ly

| =15y f(s) = Sef(s)| =0

the series is Cauchy, and we have convergence for o > gy. Furthermore, if

t—1 1
]args—sdzarctan( 0) < —m—9
o — o0y 2

then

and
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hence we have that
< 2Mx7°7(1 4 cscd)

E a,n”°

z<n<ly

which is independent of s, and we therefore have uniform convergence in the region defined
by |arg(s —so)| < 5 — 4. O

We give the following remark, which can be seen as a consequence of Theorem

Remark. The limit function f : [Re > o.(D)] — C, given by

f(s) = Z apn”*®

n=1
18 holomorphic

Proof. We observe that any compact set in [Re > o.(f)] can be included within some angular
set with vertex in any point of the abscissa [Re = o.(f)] by taking a wide enough angle.
This implies that the series converges uniformly on every compact set in [Re > o.(f)].
By Weierstrass convergence theorem [I, Theorem 1, page 176], we then have that f is
holomorphic. O

Theorem [1.3| extends to the general Dirichlet series as well, the proof is fairly similar to that
of ordinary Dirichlet series, and can be found in [I1], theorem 2.1].

1.1 Abscissa of absolute convergence

A Dirichlet series is said to be absolutely convergent on the half-plane [Re > o], if the series
formed from it by replacing each term by its absolute value is convergent.

Z |a,n =] = Z la,|n”7 < oo forall sé€ [Re> o]
n=1 n=1

The abscissa of absolute convergence is the smallest value of o such that the series is
absolutely convergent. Same as for the abscissa of simple convergence, we define the abscissa
of absolute convergence

0, =1inf {6 € R : f converges absolutely in [Re > 6]}

which separates the complex plane into a half-plane of absolute convergence, and a half-plane
of where the series does not absolutely converge.

Remark. If a Dirichlet series f is absolutely convergent, it is convergent, i.e

oo(f) < 0a(f) (1.1)
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This can be seen easily, since f is absolutely convergent, by a Cauchy criterion, we know
that any given € > 0, there exists an Ny such that for all N and M each greater than Ny

M

Z la,|n™7 < e

n=N-+1

and since we know that the absolute value of a sum never exceeds the sum of the absolute
values

M M
g apn”®| < E la,|n™7 <€
n=N+1 n=N+1

so the absolute convergence of f implies the convergence of f, as stated.
Lemma [L.4] introduces a maximum for the difference between the abscissa of absolute and
simple convergence.

Lemma 1.4. Let f(s) = > 7 a,n* € D be a somewhere convergent ordinary Dirichlet

series. Then 0 < a,(f) —o.(f) <1

Proof. Let e > 0. Convergence of > °° | a,n~ (") implies the following upper bound

su ) 00
np nac+£
which again implies that
o0
|an|
Z nUc+1+€ < o0
n=1

We therefore have that o,(f) < o.(f)+1+¢, from which the result follows by letting ¢ tend
to zero.

]

1.2 Abscissa of uniform convergence

A Dirichlet series is said to be uniformly convergent to f(s) on the half-plane [Re > o], if
for an arbitrary positive ¢ there exists an Ny(e), independent of s, such that

|ISNf(s) — f(s)| <e, forall N > Ny(e), andforall sé& [Re> o]

In the same manner as we defined 0., we also define the abscissa of uniform convergence, as
the smallest value of o, such that the series is uniformly convergent in all of o. The abscissa
of uniform convergence shall be denoted by o,

o, =inf {# € R : f converges uniformly in [Re > 6]}
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Example. For the Riemann zeta function, ¢, the abscissa of simple, uniform, and absolute
convergence overlap, that is, 0.(C) = 0,(¢) = 0,(() = 1. While for the alternating zeta
function, also known as the Dirichlet eta function

a(s) = S (-1
n=1
The abscissa of simple convergence lies at o.(n) = 0, while the abscissa of uniform and

absolute convergence lies at o,(n) = 04(n) = 1.

As we saw in the example of the Dirichlet eta function, the relation 0 < o, — 0. < 1 is
optimal. By theorem and the fact that o, < 0, < 0,, we also achieve the following upper
bound

0 — 0, <1 (1.2)

Harald Bohr was interested in determining the maximal with of the strip, S, where an
ordinary Dirichlet series converges uniformly, but not absolutely.

S = sup{oa(f) — ou(f) : f(s) =D am

Bohr found in [5], with a nontrivial proof, that this strip is less than one half. But even
though he proved this, he had no examples of Dirichlet series for which this value was
attained. In fact, he knew of no Dirichlet series where the abscissa of uniform and absolute
convergence differed. In 1914, Toeplitz [21] was able to bound the maximal value of the strip
from below, and showed that S > 1/4. He did this by considering Dirichlet series where
a, # 0, only when n is the product of two primes, and was able to construct examples for
which the strip attained the width of one fourth. Nothing happened on the problem of Bohr
for a few decades, until Bohnenblust and Hille [3], in 1931, showed that the strip is in fact
equal to one half.

1
S=_
2

(1.2) can therefore immediately be improved by the following result.

Theorem 1.5. For any Dirichlet series f(s) = -~ a,n~%, we have the inequality

n=1

< —|—1
Oqg > Oy o
2

Before we prove theorem [1.5] we need the two following lemmas. The first of which is
originally due to Carlson [9], and gives an expression for the square sum of the Dirichlet
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coefficients for an arbitrary Dirichlet series, we shall give a proof which is due to Defant et
al. [10, prop 1.11]. The second lemma gives upper bounds for the abscissa of uniform and
absolute convergence, and was originally shown by Cahen in [§].

Lemma 1.6. If f(s) = >~ a,n"* is absolutely convergent in [Re > 0], then the following
tdentity holds

N 1 T N 2
2 . it
a,|* = lim —/ a,n'| dt 1.3
;:1’ "= jim o P n§:1 (1.3)

Proof. First, lets consider the integral

1 ' n itdt:i Tei“"g%dt: ! sin(T log 2 o =m
2T J_r \'m 2T J_ ¢ L sin(Tlog ;) ifn#m

2T log .-

When taking the limit as 7" tends to infinity, we get that

) 1 (T /n\" 1 ifn=m
lim — — | dt= )
T—o0 2T J_p \'m 0 ifn#m

1 T N 2 1 T N N
L AN P it — it
i g [ [t =t o [ (S ) (S
1 T N N n it
=i g [, 5 (1)
T N
_ 2 27, _ 2
i 57 [, o lenFir =3 e
[
Lemma 1.7. Let f(s) =", a,n"* be a Dirichlet series. Then
log(supep | 3,0 "))
Ou < limsu S n=1 1.4
(/) < Hmsup = (14
lo N an,
o.(f) < limsup 8 (Xzs lanl) (1.5)

N—oo log N
Proof. For the proof of ([1.4)), we follow the lines of [16, theorem 4.2.1], and put

1 N nit
a = lim sup 0g(SUPyeg | Dy An ")
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Let ¢ > 0 and Ay(t) = SN a,n~", such that Ag(t) = 0, and |Ay(t)] < C.N**¢. Take

n=1

s = o + it such that o > a + 2¢. We then have that

D ™ =) [Au(t) - A ()07

3
Jat
3
Il
—

= At~ - : A, (t)(n +1)
=AN(t) N7 + - A, (t)[n (n+1)77]

The first term tends to zero since

|An(t) N7 < Nt N2 = C.N = 2%

We estimate the telescoping part

n+1
= — (1)) = o / 1=o=1dt < gno-!

and therefore get that the general term for the series

~ i = 1
:;An(t)[ —(n+1)" <ZC’n — 1§O€a;n5+l

which converges for all ¢ > 0. Therefore o, (f) < a + 2¢, and 0,(f) < a as € tends to zero.
For the second inequality, we put

log (30, laxl)
a = lim su n=
Nom  logN

let € > 0, then there exists N, € N such that

log ( 25:1 ’anl)

<
los N <ate

for all N > N.. For the finite number of N < N, we let C. > 0 be a constant such that

N
log (21 Jaul) _,, _, louC
log N - log N
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for all N € N. This implies that
N

> Jan| < C.NF

n=1
We use lemma (1.2 where we let

an = |an| and f(t) =t

N
s A(N) NA(t) Nete N gate
;]anln :W—A<1)—U/1 ta+1dt§C€ No +O'/1' t‘fﬁdt

We let 0 = a + 2¢, and get that

N N
Y 1 1 1 o 1 1 o
n=1
hence the series is absolutely convergent for s = o which implies that o,(f) < a + 2¢, and
furthermore that o,(f) < a as € tends to zero. O
Proof of Theorem
Let f(s) = > 0" a,n~® € D, we may assume that o,(f) < 0 (if this is not the case, just

take 0y > 0,(f), and consider the translation y - a,n *"?°). We use the Cauchy-Schwarz
inequality together with lemma to get the following inequality

B (£ (S0)

n=1 n=1 n=1
N 1/2
=N (Y o)
n=1
1 T N 2 1/2
— N1/2 1 = it
5T [ | 2 o]
N
< N'Y%gu ann't
- teﬂg ;

Using the Bohr-Cahen formulas for o,(f) and o,(f) obtained in lemma |1.7| we get that

_ log 27]:,:1 || < log (N''/? sup;p | ij:l an”it‘)

oa(f) log N - log N
_ log N'/2 L+ log ((sup;cg | 27]:/:1 an”itl)
~ logN log N
1 log (supyeg | Yooy ann®]) 1
2 log N 2



15

2 Bohr’s theorem

In this chapter we are going to deduce a bound for the partial sums of an ordinary Dirichlet
series. Moreover we are going to observe that the partial sums of an ordinary Dirichlet
series which is somewhere convergent, and defines bounded functions in [Re > 0], are
well-controlled. In proving this we are going to require what is known as the Perron-Landau
formula, as well as a result that gives a uniform bound to the coefficients of a Dirichlet
series. We start by giving a definition of the space H*°, which is the space of all somewhere
convergent ordinary Dirichlet series, whose limit function has a holomorphic and bounded
extension to the right half-plane [Re > 0].

Definition 1. We define H™ to be the space of all somewhere convergent ordinary Dirichlet
series, which allow a bounded and holomorphic extension to Cy.

H® ={f(s) = Zann_s | f converges and defines a bounded function in [Re > 0]}

n=1
The norm on H™ is defined as the standard supremum-norm

flloo = sup [f(s)]

Re s>0

We shall see that || - || if fact defines a norm on H> after the proof of theorem [2.2]

2.1 The Fourier-Bohr formulas

The classical Cauchy formula for calculating the coefficients of a Taylor series can be extended
to Dirichlet series. The coefficients of a Taylor series can be obtained by differentiating the
function f at a point a.

We can estimate the coefficients of a Dirichlet series in H*> by the Fourier-Bohr formulas
defined below, the definition holds in fact for all ordinary Dirichlet series which are somewhere
convergent.

Lemma 2.1 (Fourier-Bohr formulas). Let f(s) = > >, a,n"* € D. Then for every p >
oo(f), andn € N
1 p+iT

ay, = Th_rgo%—T o f(s)n’ds (2.1)

I .
a,n" " = Tlgn ﬁ/ flp+it)n"dt (2.2)
o0 -T
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Proof. Fix T > 0, and let p > 0,(f). We then have uniform convergence of f on the strip
{p+it : =T <t <T}. Consider the integral

1 p+iT
o7 ) fem Sds——/ Fp + it)ymeHitdt

1 T

=57 [Zann P ”] mPrdt

:am+m”zli; {%]

We have the following inequality

S [sn(Tlog(®)) | Sl 1O al
'm nz:;np{ T'log(™) = ; n? T|log(-"5)| — TZ ne

n#m n#Em

Where C is some constant. Since Y -, |a,|n~? is convergent, this term tends to zero as
T — o0, which leaves us with the identity
1 p+iT
ap, = lim — s)n’ds
" T—oo 20T p—iT f( )

Multiplying by n~" on both sides, and using ds = i dt, yields the second identity

a,n~? = lim —/ flp+it)n"dt

T—o0 2T
]
We estimate the coefficients of a Dirichlet series in H°.
Theorem 2.2 (16, theorem 6.1.1). If f(s) = > oo a,n™* € H™, then sup,cy |an] < || f]loo

VfeH>®, and o,(f) < 1.

Proof. Since f € H*>, we can choose p > o4(f), which means that Y >, |a,[n™" < oo
Denote by I'., the rectangle with corners e —¢T', e +¢T', p—1T', and p+iT', where 0 < € < p.
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By the Cauchy integral theorem for rectangles we have

0—11m—/f )n’ds

T—o0 211

—iT p+iT e+iT
i ([T T
T—o0 201"\ Jeyir e—iT p—iT p+iT

Using ([2.1)), we get that

e+iT p+iT p—iT
a, = lim — / / / )n’ds
T—o00 QZT

For the second and third integral we have

lim |— f(s)n’ds| < lim 1l oo

=0
T—oo | 27T i T—o00 2T

m P f S Sds < m —————
Zl—>1 [ee) 2’lT e—iT ( )n ’11—>1 [e%s) 2T

and for the first integral

=0

lim
T—00

< 17| flloo

1 e+iT
ﬁ/ i f(s)n’ds

by lemma it follows that |a,| < ||f||3.. as € tends to zero. Moreover, having bounded
coefficients implies that the Dirichlet series is absolutely convergent for [Re s > 1 + €], for
all e > 0, and o,(f) < 1. O

We note that by theorem [2.2]it follows that the coefficients of a Dirichlet series are all equal
to zero provided that ||f||s = 0, and H, is indeed a normed space.

2.2 The Perron-Landau formula

We will now prove an important result regarding estimating the summation function A(x) =
> <z @n of a Dirichlet series. Because the function f(s) is holomorphic in the half-plane of
absolute convergence, this can be done by looking at the behaviour of f(s) on some line Re
s = p, which lies in this plane.

Lemma 2.3 (Elementary Perron-Landau formulas). (74, p. 342) Let a > 0, and T — 400,
then for 0 <y < 1:

1 a+iT ys
Py ~ds = O(y*/T|logyl) (2.3)

210 J it

and fory > 1:
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1 a+iT ys
— Zds=1+0W*/T1 2.4
omi ). s +O(y*/T logy) (2.4)

where the O’s are absolute

Proof. Let 0 < y < 1, ¢ > a, and define by I', the rectangle with corners ¢ — T, ¢ + T,
a+ 4T, and a —¢T. Then, by Cauchy’s theorem for rectangles

y—ds:O
Iy S
Using the triangle inequality
at+iT s c+iT s c—iT s a—1i1T s
/ y—ds < y—ds + y—ds + / y—ds
a—iT S a+il S c+iT S c—iT S

We bound the integrals

c+iT | s c u+iT c u c c a
y [y / Y 1 / u Y-y
—ds| < du = — 7 _dJu< = du =
/(1+iT s ~ Jo |u+iT| o Vui+T?2 T T/, Y T'logy

c—1T s c u—1T c
y [y 1/ Y-y
Zds|< | L du= Uy =
/aiT s / lu — 4T v /\/u2+T2 T Tlogy

c—iT s T ctit T 1 -T /-2 T2
y—ds‘g/ ly _|dt:yc/ —dt:—yclog( tver )
T S _r e+t —rV+ 12 T+ Ve + T2
This then yields that

/a-I—zT (y _y) ] _T+ C2—|—T2
(0]
a ~ Tlogy B T+vVc2+T?

Which tends to 2y*/T logy when ¢ tends to infinity. We therefore have that

a—i—zT 2ya
‘ / ‘ T|logy|

L/Q—HT y_sds - ya
270 Jyir S — 7nT|logy|

and therefore

For 0 < y < 1, this results in
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1 a+iT ys
— ds = O(y*/T|logy|)

2mi a—iT

Now, let y > 1, and consider the rectangle I',- with corners —c — T, —c + 1T, a + T, and
a — ¢T'. The point s = 0, which is a simple pole, lies within the rectangle, and we therefore
have, by the residue theorem, that

Using the triangle inequality

a+1T ys —c— zT a— zT
/ Zds —2mi| < ’/ —ds ‘/ —ds
a—iT S —c+iT S c—iT S

We bound the integrals as before, but this time we achieve the bounds

a— zT a __ ,,—cC
/ Sy
c—iT S - T log Yy

—c—HT

—ds

a+iT

—c+iT | s a __ ,—c
y <9 Y
atiT S T'logy
—e=iT o) » _T+EFT?
—ds <y “log
—c+iT T =+ v 02 + T2

and thus, when ¢ tends to infinity, we have for y > 1

a+iT | s 2%
/ y—ds — 2| < Y
a—i S T|log y|

And therefore

1 at+iT s a
1 / Vgs 1< Y
2700 Joyi S T logy|

which this results in ,
1 a+iT ys O 1
— —ds=1 “/T
omi ), s (y*/T logy)

O

Using the elementary Perron-Landau formulas, we are now ready to define what is known
as the Perron-Landau formula, for which we prove following the lines of [16, Theorem 4.2.3]
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Theorem 2.4 (Perron-Landau formula). Let f(s) = >~ a,n™° be a somewhere convergent

Dirichlet series. Let p > max(0,0,), T > 1 and let x > 1, not an integer. Then:

x_p |a,|
szmmmﬁ (29

n>1

p+iT >
Alr) = i/ fls)Sds + 0

2mi ) ,_ir

Proof. Consider the integral
- f(s)—ds

2 J pir S

By lemma and using the substitution y = x/n, we get that

p+iT s p+iT s
L (S)I—ds = L/ Zan (z/n) ds
p

27 J pir S 2w J,_ir — S

- S0l ) |+ S o ()

n>x

_ (x)+[ian‘o<%)}

Rearranging the equation we end up with the Perron-Landau formula, which concludes the
proof. ]

2.3 Control of partial sums

We are now ready, by the help of the results deduced, to show that the partial sums of an
ordinary Dirichlet series is well-controlled. The result was originally proved by Balasubramanian,
Calado and Queffélec in [2].

Lemma 2.5. There is a constant C' > 0 such that for all f € Ho and for all x > 2
152 flloe < Clog || f| (2.6)

Proof. We have from the Perron-Landau formula

T s
A(gf;)—i/p+ fs)ds+ 0
p

21t ) ,_ir

x’ |an|
szmwmﬁ

n>1

Assume that x = N + %, where N € N*.
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Ifn>ux
N + 1

1
>
N+174N+1/2)

logf‘ = logE > log
n x

and if n <z

N T 4N

N+1 1
log L > log i >
n

Which means that |logz/n|™t = O(z)
Since f € Ho we know that o,(f) < 1, and we can therefore let p = 2. By the fact that
lan| < ||f||eo, We observe that

a? || |an|
2N~ el = Ol
Tznzllog (x/n)| — TZ 171

n>1

for some C' > 0. Now, let 0 < € < 2 and denote by I'., the rectangle with corners ¢ — T,
e+1T,2—14T, and 2 4+ ¢1T. By the Cauchy integral theorem for rectangles we have

f@f%

—iT 2+4T e+iT
[
42T 24T
which yields
2+1T e+iT 24T e—iT
Joo o= ([ e[ ], et
2—iT €

e+iT u+zT 2 :Eu—iT
= —d T du — —T d
Zﬁf®88+lfw+2%+ﬁu [ st

If we let T = a3

2 u+iT 2
o T x [/ ]]oo
T du| < =
‘/gf(““ Vara®| =T ‘ p
2 —T 2
o T x [/ ]]oo
— T Nl =
[ fu=in 2 < i) = 1

For the remaining integral we use the substitution s = ¢ + it

e+iT s+zt
ds- 6—|—Zt @alt<ac€ OO/
|t /f 1l | it

T/e 1
= 22°|[ fl]o0
0

——du

Vs
T/e 1

<2l (14 [ Ju) < o)
1
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Since € is an arbitrary constant, we can let ¢ = 1/logz, and we obtain

[A(2)] < [|/fllc log(a* log z) < C|fl[o log =

Finally, fix some sy € Cy, and define fy,(s) => 77 a,n *n"* = f(s + sg), we have that

n=1

Smf(s)

< Clogz|[fs|lec = Clogz  sup  [f(so)| < C'log |||

Re so>Re s

192 flloe < Clog [ f]o

2.4 Bohr’s theorem for ordinary Dirichlet series

We are going to see that boundedness and uniform convergence of a Dirichlet series is closely
related. We know that, clearly, if a Dirichlet series is uniformly convergent for some o, then
it is also bounded, which shows the inequality

op < 0y

Bohr proved for ordinary Dirichlet series which are somewhere convergent, that the abscissa
of boundedness, and the abscissa of uniform convergence, coincide.

Op = Oy

This deep result is known a consequence of what is known as Bohr’s theorem, which we are
now ready to state in detail. It was originally proved by Bohr in [5], but we shall prove it
by the use of lemma [2.5

Theorem 2.6. (Bohr’s Theorem). Let f(s) = > % a,n~® € H>. Then f converges
uniformly in [Re > €] for all € > 0.

Proof. Let f € H*> and let € > 0. Then f converging uniformly in [Re > ¢] is equivalent to
D mey @~ ° 7% converging uniformly in [Re > 0] for all € > 0. Let S,(s) = > 7, a;5~°%, with

n=1

So(s) = 0. We then have the Abel transformation
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] =

N
E ' ann—s—s

n=1

[(Sn(s) = Sp—1(s)n*

1

S
I

S (s)N~ + Z_ Su(s)[n " = (n+ 1)~

N-1

C'log N||f]oo Celogn|[f]lo
< N¢ - Z netl
n=1
The last step uses lemma 2.5 and the fact that
n+1 c

nE—(n—l—l)e:a/

" ts+1 tS ns—i—l

This shows that » ">, a,n*"° is uniformly convergent in [Re > 0] since the bounds are
independent of s, and hence that o,(f) < 0. O

Corollary 2.6.1. For every ordinary Dirichlet series f(s) => >0 a,n~%,

n=1

ap(f) = ou(f)

Proof. We first note that if a Dirichlet series is nowhere convergent,then

Op = 0y = 00

We then assume that the Dirichlet series is somewhere convergent. As stated previously, we
obiviously have that if a Dirichlet series is unformly convergent, then it is bounded. What
remains to show is then that

ou(f) < ou(f)

Assume that f(s) converges and defines a bounded function on [Re s > sg|, then the
translated Dirichlet series

o0

Fols) = ayn=t+)

n=1

converges and defines a bounded function on [Re s > 0]. By Bohr’s theorem this series
therefore is uniformly convergent on [Re s > ¢] for every ¢ > 0. This implies that f(s) is

uniformly convergent on [Re s > sg+¢] for every € > 0, and we obtain the desired inequality.
O
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3 Bohr’s condition

Bohr’s theorem also extends to the general Dirichlet series, and we are now going to generalize
the results from the previous chapter, where we considered the space H™ of all somewhere
convergent ordinary Dirichlet series whose limit function has a holomorphic and bounded
extension to [Re > 0]. In this chapter we are going to consider the space D(\) of all
somewhere convergent general Dirichlet series whose limit function has a holomorphic and
bounded extension to the half-plane [Re > 0].

Definition 2. The D' ()\)-space

DN = {f(s) = Zane_)‘"s o.(f) < oo, f has an holomorphic and bounded extension to (CO}
n=1

The norm on D*(A) is defined as the standard supremum-norm

1 flle = sup [f(s)]

Re s>0

Similarly to the case of H,, we shall after lemma [3.5| see that || - || indeed defines a norm
on DH(X). We say that a frequency A satisfies Bohr’s theorem if every f(s) € D())
converges uniformly in [Re > 0]. Bohr showed, in [5], that Bohr’s theorem holds for a class
of \’s satisfying a condition that shall be referred to as Bohr’s condition:

Definition 3. (Bohr’s condition) We say that a frequency A satisfies Bohr’s condition (BC)
if, there exists 0 > 0, C' > 0 such that for all n € N:

A1 — Ap > Ce™ (3.1)

We start by showing a Bohr-Cahen type formula for the abscissa of uniform convergence
equivalent to that of lemma [1.7] but for general Dirichlet series. The proof follows the same
line as that for the ordinary Dirichlet series.

Lemma 3.1. Let f(s) => 0" a,n"* be a Dirichlet series. Then

n=1

log(supyep | Sy ane ™))

UU(f) < lim sup (3.2)
N—o0 /\N
Proof. We put
N —Ani
a = limsup log(supteR ‘ Zn:l ane An t’)
N—00 )‘N
Let & >0 and Ay(f) = 25:1 ane % such that Ag(t) =0, and |Ayn(t)| < C.e* (@9, Take

s = o + it such that o > a + 2¢
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We then have that

N
E :ane—)\ns —
n=1

[An(t) — An—l(t)]e_)\na

WE

3
I
—

[
WE

N
An(t)e™7 =" Ay (t)e 7
n=1

3
Il
—

[
WE

N-1
An(t)em7 =Y " A, (t)e e
n=1

3
Il
—

o

N-1
W 4 30 Au(t)]e e — e
n=1

The first term tends to zero since

|AN<t>e—AN0" S Cg€AN(a+6)e_)\N(a+2€) — Cse—)\Ng N—o0 O

We estimate the telescoping part
An+1
e AT _ T At — a/ e 7dt < o(Apy1 — )\n)e_A""

and therefore get that the general term for the series

Fs) =Y Aa()fe ™ — e 7] <Y - Ceo(Ansr — M) e ™7 < Co Y Anst = An
n=1 n=1

eAnE

n=1 =

which converges for all € > 0. Therefore o, (f) < a + 2¢, and furthermore that o,(f) < a as
¢ tends to zero. O

3.1 Determination of somewhere absolute convergence

In lemma from chapter 1, we saw that the distance between the abscissa of simple
and absolute convergence for ordinary Dirichlet series is at most one. This implies that if
an ordinary Dirichlet series is somewhere convergent, then it is also somewhere absolutely
convergent. This property also obviously implies, by definition, that all the defined abscissas
neatly lies inside a strip of width one for any somewhere convergent ordinary Dirichlet series.
This fact is not necessarily true for general Dirichlet series. We may have Dirichlet series
where the distance between the abscissa of simple and absolute convergence is not even
finite. In our proof for lemma [2.5| we relied on the fact that the Dirichlet series in question
had a finite abscissa of absolute convergence. In the following lemma we determine an
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upper bound for the distance between the abscissa of simple and absolute convergence for a
general Dirichlet series, and we shall later see that if a frequency A satisfies Bohr’s condition,
then this distance is finite. And since we're considering Dirichlet series which belong to the
D22, (N)-space of somewhere convergent general Dirichlet series, we're can then confirm that
we have a finite abscissa of absolute convergence, and we’re able to apply similar techniques
as that in lemma to proving such a frequency satisfies Bohr’s theorem.

Lemma 3.2 (I8, Theorem 9). Let f(s) = > .o a,e . Then

n=1

1
L(\) := limsup oen

n—oo n

> Ua(f) - Uc(f)

Proof. Assume that o.(f) > 0. The truth of the lemma is obviously independent of this
restriction since by a simple translation argument, we have that if

[e.9]

Fole) = 3 = g

n=1

then

Utl(f) - Uc(f) = Ua(fso) - Uc(fso)

Given 6 > 0, we can choose ng € N so that, for n > nq:

A(m)] < el

and

lan| = |A(n) — A(n — 1)| < |A(n)] + |A(n — 1)| < 2600 < ((ee+20)An

where the last inequality uses the fact that 2 < e which is obviously possible. Furthermore,
if n is sufficiently large in comparison to ng

n no
Z |a;| < Z |a;| + nel7et2Drn < peleo+3d)An
1 1

and finally

log 1 |ail  logn
o < <
Oa=""3, M

+ 0.+ 30

) logn
0, — 0. < limsup g
n—oo n



3.1 DETERMINATION OF SOMEWHERE ABSOLUTE CONVERGENCE 27

An immediate consequence of this lemma is that if A\ is a frequency such that L(\) = 0,
then the abscissa of simple, and absolute convergence coincide, which again leads to the
implication that o,(f) = ou(f), or equivalently, A satisfies Bohr’s theorem. We also note
that if A\, = logn, which is that for ordinary Dirichlet series, then L(\) = 1, which is the
result from lemma [L.4]

Lemma 3.3 (6, lemma 3). Let A be a sequence of non negative real numbers tending to +00,
then

. IOgTL —Ans
L(\) = limsup N :ac(Ze )

n—o0

Before we prove lemma [3.6] we give the following result to show what if a frequency satisfies
Bohr’s condition, we have a finite abscissa of absolute convergence. The result is due to
Bohr [0, lemma 4]

Lemma 3.4. Let f(s) = Y00 ape ™ € D2,(N\) and X a frequency which satisfies (BC),

n=1 ext
then L(\) < oco. And in particular f has a finite abscissa of absolute convergence.

Proof. Let f(s) = .7 a,e ** and assume that \ satisfies Bohr’s condition. By Lemma

n=1
it is sufficient to show that the series Y -  e~** converges for some o, < co. Since A
satisfies Bohr’s condition we have that for some C,§ > 0

>\n+1 - >\n 2 Oe_kn(s
Let N(g) = N such that for all n > N, and every ¢ > 0 we have that

)\n-f—l - )\n Z 6_/\n(5+%)

It follows that for n > N

e~ An+1(0+8) — o= Ant15 o= Ant1(643)
< e—/\n+1%e—)\n(5+%)

< e M3 (N — An)

/\n+1 -
< / e 2%dx
o0

o0 An+1 o)
€ 1>
E €_>\n+1(5+€) = E / €_§mdx :/ €_§xd$
n=1"An A1

n=1

and

The right hand side is convergent for all £ > 0, and we therefore have that

oulf) — 0ol f) < L() = a(fj ) <o
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3.2 The Fourier-Bohr formulas for general Dirichlet series

Lemma 3.5 (Fourier-Bohr formulas for general Dirichlet series). Let f(s) = > o7, a,e ™ €
D (N). Then for every p > o4(f), andn € N

a, = lim i e f(p—i—it)e)‘”(pﬂt)dt (3.3)
T—oo 2T
)\np _ . n’Lt

ane Tlgglo 2T/ flp+it)e"dt (3.4)

for all 0 > 0. In particular, sup,,cy |an| < || f||s-

Proof. Fix T > 0, since f € D ()\), we know that o,(f) < co. Let p > o,(f). We then
have uniform convergence of f on the strip {p+ it : =T <t < T}. Consider the integral

1 p+iT

AT f(s)emds = o / f(p+it)erP+0dt
1

T o0
— % [Z a,e (pit)} Am(pHit) gy

e)\m it
() di
:a/m+ 2T nze)\np/ ( )

ngm

T Z ay, [Sin(T(Am — )\n)}

2T e’\nf’

n=1 ern? T()\m - An)
n#m
We have the following inequality
rp = @ [SI(T (A — Ay) oy = ] 1 _C >
‘ nX:; AP { T(Am — An) Z AP [T (A — A1) T Z Anp
n#Em n;ém

Where C is some constant. Since Y - |a,|e " is convergent, this term tends to zero as
T — o0, which leaves us with the identity

— An(p+it)
an, 7!5202T/ flp+it)e dt

Multiplying by e=”*» on both sides, yields the second identity

—Anp __ - Anit
anpe Th_rggo 2T/ flp+it)e"dt
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We make the remark that the previous lemma confirms that ||.||» in fact is a norm. This
follows from the observation that if ||f||oc = 0, then the coefficients |a,| all vanish, and we
get the implication

[|fllco =0 if and only if f(s) =

3.3 Bohr’s theorem under Bohr’s condition

We are now ready to prove the main result of this chapter. Namely that a frequency satisfying
Bohr’s condition (3.1) satisfies Bohr’s theorem. The proof follows similar lines as that of
lemma 2.5

Lemma 3.6. Let X\ be a frequency satisfying Bohr’s condition. Then X\ satisfies Bohr’s
theorem.

Proof. Let f(s) = Yo" ane ™ € D()) , and assume A satisfies Bohr’s condition. We
then need to show that f(s) converges uniformly in [Re > 0]. We first generalize the
Perron-Landau formula for general Dirichlet series

1 p+iT p+iT 1
2mi p—iT T 27”2 / ( ) gds
Y 1
= 2 ool )

An<logx
) 1
n|O ) e
+ 3 alo((=) i)
An>log x
||
nt+ O
- 3 w0 el
An<logx
Let logx = M If e~ < 1:
A A A A A - A
log ze | = |log & — An| = M_)\ > Nt1 + Ny N+1 = AN
2 2 2
and if ze ™ > 1:
A - A

2

Since X satisfies Bohr’s condition we have that

>\n+1 - >\n 2 06—5/\n
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Which shows that (logze™)~! = O(e*)
Since A satisfies (BC), we know by lemma that o,(f) < oo, and we can therefore let
p > o,(f). By the fact that |a,| < ||f||e, We observe that

|| Calf — lan| _
< = C"[fllns
T Z ePAn log re— )\n) - T ePAn ||f||

n>1

for some C’ > 0. Now, let 0 < ¢ < 2 and denote by I';, the rectangle with corners ¢ — T,
e+1T, p—1T, and p +¢T. By the Cauchy integral theorem for rectangles we have

0= / Fls)
(Lo e
which yields

p+zT e+iT p+iT e—iT s
[ ([
p—iT € p—iT

:/:HTf(s)?dH/:f(uﬂT) G du—/ Fu— i) 2

T u— 1T

If we let T = ™1, we have for the second and third integral

P z T xf | £ 1o
/6 f(u+ﬂ)u T u| < T||f|| "

p xu—iT :L.p
—iT du| < |—= =
[ =i < [ Z

For the remaining integral we use the substitution s = ¢ + it

e+iT pEtit
ds— 8+zt zdt<:c€ oo/
| e / I 1l | it

T/E

1 Tl
= 22°||fl] oo —du < 22° Oo1—{—/ —d)gf o log(T'/e
Al [ Seu < 207Ul (14 [ L) < 21l bor(r72)

Since ¢ is an arbitrary constant, we can let € = Te™*~, and we obtain

>

An<logx

< Ol (3.5)
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Finally, fix some sy € Cy, and define f,,(s) = >.°°, a,e™*(57%0) = f(s 4 54), we have that

n=1

< O fsolloo = CAn - sup | f(s0)] < CAN]|f]]oc

Re sp>Re s

Snf(s)

1SN flloo < CAN||f|oo

It remains to show that we have uniform convergence in [Re s > ¢], for all ¢ > 0. We use
our result from (3.5 together with lemma

log [[Sn flleo _ ;. log C'A -
Uu(f) < limsup M < hmsup M =0
N—o0 /\N N—oo )\N
and )\ satisfies Bohr’s theorem. 0

Landau later found, in [I5], a weaker class of frequencies which satisfies Bohr’s theorem. In
the following chapter we shall give the definition of this condition, and give a proof that
frequencies satisfying this condition satisfies Bohr’s theorem.
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4 Riesz summability of general Dirichlet series

We have, until now, only been concerned with convergent Dirichlet series. The way of defining
the sum of series which is not convergent, but oscillating, was generalized by Cesaro, in which
the sum of the series is defined as the limit of the arithmetic mean of its first n partial sums,
since a series may not have a partial sum that converges to a given values, meanwhile the
series arithmetic means may converge. We say that a series is Cesaro summable to the sum
o if

1 oo
lim o, = lim E Sp =0
=0
where

Sp=aotar+---+ay

Cesaros method of summation has shown to be useful in the study of, among other things,
theory of Fourier analysis. Joseph Fourier stated that almost any real valued function could
be represented by a trigonometric series on the form

§ an e’LTLCL’

ne”

It was believed for some time, that the Fourier series for some function f will converge to
the value of f(z), at all points of continuity of the function. However, in [12, p. 572], D.B
Reymond disproved this, when he showed that additional conditions were required for the
Fourier series to converge to its associated function. This weakened the reliability of the
theory of Fourier series. L. Fejer in [13| p. 51| reedemed the situation by showing that
the Fourier series of a continuous function is always summable by the method of arithmetic
means. That is, the expression

N

1
:N—+1 0 Sn(z)

ON
tends to f(x) with z tending to infinity. This result is known as Fejér’s theorem, and the
trigonometric polynomials oy (z) are often called the Fejér means of f.

Applications of Cesaro summability was shown to be useful in the study of Dirichlet series
as well, since the domain of convergence may be extended further than for that of the series
itself. A function which is continuous may not necessarily converge to its associated Dirichlet
series. Riesz and Bohr showed independently that the arithmetic means formed in Cesaro’s
manner from an ordinary Dirichlet series may have domains of convergence more extensive
than that of the series itself [I8, p. 20]. To understand what the concept of summability
does for a Dirichlet series, let us again consider the example of the Dirichlet eta function.
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We know from earlier that this function converges for [Re s > 0], and diverges for all [Re
s < 0]. However, at the point s = 0, the series reduces to

the value of this series is either 0 or 1, depending on if N is even or odd. Therefore the series

is not convergent. It is however, Cesaro summable to the sum %

4.1 Riesz means

Riesz worked on the problem of extending the domain of definiton for a Dirichlet series by
substituting summability in the place of convergence as the criterion. He found that the
arithmetic means shown above are not very well adapted to the study of general Dirichlet
series as certain other means formed in different manners, which led to the following generalization

to that of Cesaro’s means, which is known as Riesz means. [22], p.27]. For f(s) = Y >7 | a,e **
a Dirichlet series, Riesz defined the summation method
N N N
Sx(f) = Z ape " — Z PR Z ane " (An — An) (4.1)
n=1 n=1 n=1
and more generally
N
SE() = ane™ Ay = )" (4.2)
n=1

where k is known as the order of summability. In [I7], Riesz modified his method of
summation by introducting a continuous parameter x > 0, and express the sum as

SEE) =D ane ™ (@ — A)F = k/ Sy(f)(z —t)*tat (4.3)

An<T 0

where
Si(f) = S)f) =D ape (4.4)

and

SE(f) M\ kT
kepy _ Pa\J) “Ans n\ _ k—1
Ri(f) = =% —/\anne -2 _ﬁ/o Sy(f)(x — )" dt (4.5)
are said to be the Riesz means of f of order k. If lim,_,o, R¥(f) = f(s), we say that Y a,e
is (A, k)-Riesz summable to f. This leads us to the following proposition, which states that,
given any order k& > 0, then on every half-plane [Re > ¢], ¢ > 0, the limit function of a
Dirichlet series f € D*(\) is the uniform limit of its Riesz means of order k.
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Proposition 1 (19, Proposition 3.4). Let f(s) = 300 aye =" € DEY(N) with extension f.
Then for all k > 0 the Dirichlet polynomials

)"
x
An<x
converge uniformly to f on [Re > ] as x — oo for all & > 0.

Before we prove this statement, we first deduce expressions for, respectively, increasing and
decreasing the order of a summatory function S¥(f).

Lemma 4.1 (I8, Lemma 6). Let f be a Dirichlet series. If k>0, u > 0, then

(k 1)
SEHH(f) = kjf* /sk w1 du

and if k>0, p <1, p <k, then

p I'k—p+1) “d —u
SN = T | geSk ) =

Proof. For the first identity we use the expression for S§¥(u) given in

/Om SE() @ — uw)Pdu = /Oz k(/ou 8P — t)k—ldt) (0 — wy-du
= k;/: Se(f) /j(u — )R (g — )L dud

We use the expression deduced in [A.6] and get that

T T ket B » _ /L k+ 1
k/o St(f)/t(u )" (& —u)* dudt k / Rt

+ p)
B k (k)0 (p)
k4 pu (k4 p) )
T(k+1)D(p)
“Thrurn )

by rearranging the formula we get the desired result.
For the second part of the lemma, we use the following identity, which is a consequence of
[11, Lemma 4.1]

TSI = (b= o+ DSEH()
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Since —p + 1 > 0, we can use the first part of the lemma to get that

u Tk —p+2) m e
which yields that
_ B 1 L(k—p+2) d [* 4 -
‘ﬁuU)_k—u+1uk+nn1—mdxA‘agx% u)du

 Tk—p+1) d ", B
—P(k+1)r(1_ﬂ)@/0 Su(f)(@—u) " du

For the integral we use integration by parts

[ st — v {Sf'f(f e 2 o [ st - o

pw—1 o 1-
[ sk 0
and finally we get that
S = Fs T ae T [ a0 = )
~ e | s -0
and we are done. O

We define the following abscissa, which characterizes the largest possible half-plane on which
f is uniformly (A, k)-Riesz summable.

of(f) =inf {0 € R: f uniformly (), k)-Riesz summable in [Re > 6]}

The upper bound for this abscissa can be determined for 0 < k£ < 1 by a Bohr-Cahen type
formula, which is deduced in [19, lemma 3.8]

1 k
ot < tim sup RUREDll)

T—00 x

(4.6)
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Theorem 4.2. If the series is summable (A.k), where k > 0, and p > Re sy,

I'k+1 pico
Z ane—/\nso(:p _ /\n)k - u/ f(S)kH ex(s—so)ds
An<a 2mi p—ioco (5 —s0)

Proof. Let p > 0. We consider the integral

1 e’

, S
2mi J, sk+1

where v is the path shown in Figure [I, We know by Cauchy’s integral theorem that

1 e’
— [ = —ds=0
o /V e

Yy

B

p+il

p—iT

E

Figure 1: The path v

We let r — 0, T' — oo, and notice that R tends to +o0o with 7. We start by considering the
circular paths connecting the points ABC and DEF. Let s = Re®, and
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es T 6R(cos 0+isin 0) 0
I :/ —ds:/ —————Rie"df
se P /2 (Rei®)k+1
For R large and k > —1 we have that

1

‘ (Reie)k+1 <£

for some ¢ > 0, and therefore

T w/2 )
|| < 5R/ efteosty = SR/ e~ fsinedy
w/2 0

where 6 = o+ 7/2. We use the inequality obtained in (A.1)), and so

L < 5R/ 2o = T (1 h

37

We therefore get that, for £ > —1: when R — oo, € — 0, and so I; — 0. In evaluating the
integral along DE we obtain the same type bound. We may replace the arc AB by a line

from B perpendicular to the line AF. Thus, we let s =z 4 1y
e’ P e:c—l—iy
IQZ/AB Sk+1dsz_/0 ght1 ds

P 1
I <ef ——dx < pefe
= || e </

which, for £ > —1, goes to zero as R — oo and € — 0. A similar result is obtained for the

arc KF. What we're now left with is, for £ > —1:

1 p+iT es
g ] 1 ai U Lo o)
T—o0 2700 [ i sk’+1 2w\ Joo | Jan

For the integral around the smaller circle GHI, let s = re® = r(cos ) + isin )

1 es 1 /ﬂ' 6r(cos 0+isin6)

27 Jopp sFH 2mi J_.  (rei?)k+l

which for k& < 0, tends to zero as r — 0. For the path CG, we let s = te'™

1 e’ e—mk 0 e—t
3 271 fele! 3k+1 21 / tk+l

For the path DI, we let s = te™'"

1 e’ _em'k 00 e—t
Ii=—+— ds = —— / e

) 1 i - )
Z-rezede - / e1”(cos 0+ sin H)fZOkT,fkde
2 J_,
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We sum I3 and I,

in(—kr) [ in(k
Iy + 1, = Sk / etphtgy = ST R gy
0

™

we use Eulers reflection formula given in lemma[A.T] and get that, finally

1 ptico s B F(—k) - 1
F1 S T R T 1) (47)

21

p—100

For which our result is only valid for —1 < & < 0. We consider the improper integral, and
apply integration by parts

1 T eptit 1 eptit T T ePtit
lim — ————dt = lim —| | —————— k+1 ———dt
oo 2 /_T (p+ ity 1" T e o ( [i(p + it)k“} LT (k+1) /_T (p + it)F+2 >

k41 [T eptit 1
= lim , dt =
Tooo 21 J_p (p+ it)k+2 I'(k+1)

We substitute back in s = p + it, divide both sides by k£ + 1, and use (A.3])

1 [ree es 1

S ()

211

p—1i00

Which is valid for —1 < k < 0, and if we let k = k + 1, then we get the same expression as
(4.7), which is now valid for 0 < k& < 1. Hence by an induction argument, and the fact that
1/T'(k 4+ 1) is analytic for all &, can be extended and is valid for k£ > —1.

We wish to replace s by zs. We let w = xs, and n = zp, with > 0 and consider

1 n+1i00 ev 1 p+ioco s

w=—
whtl 21

e y .Qj_k pt+i00 ers 1
—Xas = ——
(xs)ktt 271

S de=
S T T 1)

21

n—1%00 pP—100 p—100

multiplying both sides by z* gives

ers I‘k

1 p+iT
: —ds = ————
2mi J, i ST I'(k+1)

and for z < 0:

1 p+iT  _xs

' k1
2mi J iy "

ds =0

and we therefore get that
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00 xS zk :
1 p+ e ds — {m ifz>0
0

270 J ) ioe SFF1 if £ <0

pP—1ico

The next part of the proof follows similar lines to that of the Perron-Landau formula given
in theorem . We consider the following integral, where f(s) = > 7 a,e *"*

1 c+ioo ex 1 c+ioco es r— )\n)
i f<>sk+1d5_2“n2m/m Gkt dS_Zan k+1

c—100

multiplying both sides by T'(k + 1) gives the identity

Z an(x . )\n)k _ M /CJrioo f(s) 5 ds

Gkl
2mi oo SFT

And more generally we have, for p > Re s

T(k 1 p+ico
Z CLne_)\nso(l’ - >\n>k _ ( + ) / f(S) e:v(s—so)ds
p

20y (5= s

Proof of Proposition
We first show that R%(f) is convergent. Let 2 > 0 and e = 1. We fix some sy = o9 + ity,
oo > 0. ¢ = 09 + . Applying theorem we get that

s A\
Zane A “(1—;)

An<T

sup
ap>0

c+ioco
L R
21 ¥ c—100 (S - SO)kJrl

< L(k+1)e™ [~ 1
_HfHOO s F 0 |g+it|k+1

el'(k+1
<D

(4.8)

Hence we have that RF(f) is convergent, and by (4.6) we have that f(s) is (), k)-Riesz
summable for 0 < k < 1.
Now, let k > 1, and k = k' + 1, where [ € N, and 0 < k£ < 1. By lemma [4.1 we have that

k'+1
ri = S0 - L (8 a0 Y-

An<u

We use the definition of the Beta function (A.4)), and the relation between the Beta and the
Gamma function (A.5)) to see that
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1

/ 1 ’ K - .
= Bk +1’l):ﬁ/0 u” (z —u) 1du.:5

T(k' + 1)T(1)
T(k+1)

Furthermore, we again use lemma [4.1] and consider

RECP) = £5) = R = 1) [ (o =)

= % z ( Z ane)\ns(u — )\n)kl) (gj — u)lfldu — f(s)gk /‘x ukl(l' . u)lildu
" 0

_oer u( ) W (R () = 19 ) au

z* J,

We take the absolute value, and separate the integral at some finite point x,

;Ck ( /0 o / )uk(x ) (RA’(U) _ f(s)) du

’ C *o ’ _ C r ’ _
<sup[RY () = f6)lleye [ (o) Mu e [ ()
y=>0 x 0 x x0

[R3(f) = f(s)] =

C / C /
< ||f||ooﬁa:0 sup u¥ (z —u)t + eﬁ(x —20) sup u”(z —u)

u€[0,z0] u€lzo,z)

C B C T
< flloe—gmoa®™! +e—at = C(||f||m;0 +5)

Which finally shows that

lim R(z) = f(s)

T—00

4.2 Boundedness of partial sums

We introduce the following lemma, which gives a bound of the partial sums for a general
Dirichlet series

Lemma 4.3 (19, Lemma 3.5). If f(s) = >.°7  ane ™, and 0 < k < 1, we have for all

n=1
NeN
N 1 2
ap| <3 —— su an(z — \,)F 4.9
S| <35 y) e | S et 45)

Before we give the proof, we need the following lemma
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Lemma 4.4 (I8, Lemma 7). If a, is real for alln, 0 <x <w, and 0 < k < 1, then
‘ / Zan — bk~ 1dt' < sup \A’“( 3l (4.10)

where A¥(f) = Z/\n<t an(t — \p)*

Proof of lemma[4.3.
N N AN+1
Z Qp ()\N—i—l — )\N)k = Z Qp k?/ <)‘N+1 — t)k_ldt
n=1 n=1 AN

AN+1
— k:/ A(H)Anyr —t)* 1dt‘

AN41 AN
— (/ / )At ) Ongr — ) 1dt‘

AN
< Zan ntl — ' ' / A(f)Angr — )F 1dt‘
AN
< sup Z an(z — M| + ‘k/ A(f) ANy — t)k_ldt‘
0<z<AN+1 0

An<z

the fourth step uses (4.3]) and the triangle inequality. We bound the integral as follows

‘k/OAN A(F)An1 = t)k‘ldt' <

‘k/o ( Z Re an> (Ans1 — t)k‘ldt' + 'k/OAN ( > Im an> (Ans1 — t)k‘ldt’

An <t

Since |Re a,| < |a,| and |Im a,| < |a,|, for all n, and using (4.10]), we get that

AN
‘k / At<f><ANH—t>“dt\s2 sup  JAK()
0

0<z<ANi1

an(z — )\n)k

An<z

=2 sup

0<z<ANi1

which finally yields that

N 1 k
Za” < 3(—) sup Z an(z — Ap)F
n=1 A]V+1 - A]V 0<z<ANi1 A<z
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Lemma 4.5 (19, theorem 3.2). For all 0 < k < 1, N € N and f(s) = > 07 a,e " €
D) we have

N

ane —Ans

n=1

sup
[Re>0]

k

where C' > 0 is a universal constant and I' denotes the Gamma function.

Proof. For 0 < k <1 we have the following inequality when Ay < x < Ayyg

A
(z = An)F < )‘]]CVJrl <1 - _N>

T
PR
E a,e (1 — —)
x
An<z

11l

Furthermore we get that

7)\,15(

z—M\) | <AL, sup

0<ac<)\1\1+1

eF(k~l— 1)

sup
0<z<Ant1

ane
An<T

k
< )‘N+1

Where the last step uses the bound obtained in (4.8]). This result together with lemma
gives us that

el'(k+1 A
< 3— (k+ 1) N+1 ||f||oo
m k AN+1

4.3 Bohr’s theorem under Landau’s condition

We are now ready to give the definition of Landau’s condition.

Definition 4. (Landau’s condition) We say that a frequency A satisfies Landaus’s condition
(LC) if, for all § > 0, there exists C > 0, so that for all n € N:

)\n+1 - )\n > CeXp(_eéAn>

Having established a bound for the norm of the partial sums of a given Dirichlet series, we
use this together with our bound for the abscissa of uniform convergence given in (3.1)) to
prove that the condition of Landau satisfies Bohr’s theorem.

Lemma 4.6. Let A\ be a frequency satisfying (LC). Then X satisfies Bohr’s theorem.
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Proof. Let f(s) =Y 7, aye ** be a Dirichlet series, and assume w.l.o.g that A\,11 — A, < 1
for all n. If X\,,11 — A, > 1 for some n, we define a new frequency A2, by the method described
in [19, page 17], which satisfies (LC) and A1 — A\, < 1. Let 6 > 0, and set ky = e~*~. By

lemma [4.5] we have that

I'(k b v
1Sy /]l < C “V“)( N1 ) 1]l

kn ANt1 — AN

Since A satisfies (LC), we have that

Cexp(—ky') < Ayy —Av <1

for some C' > 0. We have the following bounds

Llky+1) <1

( /\N+1 )kN < ( >\N+1 )kN _ (l)\ exp (eéAN))kN _ L)\k}\f e
AN+1 = AN ~ \Cexp(—ky) c Chn "N+

sup \i | = (ISEI(I)(AN )Y =+ 1

1 1
sup% = max <5,1) =K

for some constant K. We therefore have the bound

K
1S £l SCEIIflloozCle“Nllflloo (4.11)

where C is some positive constant. It remains to show that we have uniform convergence

in [Re s > ¢], for all € > 0. We use our result from (4.11)) together with lemma

1
ou(f) < limsup 281 llee
N—oo )‘N

log C1e*V|| f1] o
< lim sup og e[| /]
N—o0 )\N
_ 1 AN + 1og C1|| ]l oo
= lim sup
N—oo >\N

|
= § + lim sup 08 1l lleo il o
N—oo )\N

=9

Letting 0 tend to zero we get that
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ou(f) <0

and A satisfies Bohr’s theorem.

4.4 Kronecker’s approximation theorem

We give another application to that of Riesz-means of first kind, which is that A’s which
are Q-linearly independent satisfies Bohr’s theorem. We first give the definition of QQ-linear
independence.

Definition 5. (Q-linearly independent) We say that a frequency A = (A\,) is a Q-linearly
independent frequency if for all rational sequences q = (q,)

implies that g, = 0 for all n.

Bohr showed in [4] that for general Dirichlet series where A is a Q-linearly independent
frequency satisfies the identity

it = o, (4.12)

where

ext

op* =inf{# € R : f allows a holomorphic and bounded extension to [Re > 6]}

and since we have the general relation alfzt < oy <o, < 0,, we have that \ satisfies Bohr’s
theorem. Before we show that Bohr’s theorem holds for linearly independent frequencies, we
give a famous result shown originally by Kronecker, but we shall give a proof which is due
to Bohr and Jessen. [7]

Lemma 4.7. (Kronecker’s approximation theorem). Let A1, Ao, ..., Ay be real, linearly-independent
numbers, and let 1, o, ..., un be a sequence of real numbers. Then there exists t € R and
a sequence gi, ga, ..., gn of integers such that for all e > 0, and for alln=1,2,...,N

|t/\n - Mp — gn| <e
Proof. The lemma is equivalent to the statement that the complex number

627ri()\nt—un)

differ by less than ¢ from € =1, for all n = 1,2, ..., N. We define the function f as
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N
ft) =14 mlit=w) (4.13)
n=1
and define it’s upper bound by I
sup [ f(t)] =T

teR

we immediately notice that I' < N + 1. We need to show that I' > N + 1.
The Fejér kernel is defined as follows

1 N—-1
=~ 2 Dilo)
k=0

Where Dy (z) denotes the k’th order Dirichlet kernel. The Fejér kernel has the property that
it is always non-negative, as well as for all ¢ € R the mean

-1 . 4
(e +e") + ...

We define the composed kernel
N

Ko (t) = [[ Fx@r(hnt — pa))

n=1

Since A is linearly independent, we obtain by multiplying out

K,(t)=1+ n__l(e—%i(ht—m) 4 e 2milat—p2) 4 .4 6—27”'(>\Nt—uzv)) + R(t)
n
where R(t) is a trigonometric polynomial whose exponents are all different from 0, —21\;, ..., =27\ y.
Hence we have that 1
F(OKu(t) =1+ =N + S(t)
n

where S(t) is a trigonometric polynomial whose exponents are all different from zero. Same
as for the Fejér kernel, the composed kernel has the property that it is always non-negative,
as well as for all £ € R the mean

T

n—1 S
1+ N = lim 5T F(t)K,(t )dt<maX|F lim — K t)dt =

_T T—>oo 2T

and finally

1
1+ N = lim <1+” N) <T

n—oo n
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We also need the following lemma, which is due to Bohr [4, Theorem 2b]

Lemma 4.8. Let f(s) = >0, a,e %, where X is a Q-linearly independent frequency. Let

n=1

oo > 04(f), then for every e > 0, there exists to € R such that

o0

oo

Z |a,|e A0 — Z ape nlootito)| o

n=1 n=1
Proof. Let q, = |an|le 9, and since f(s) is absolutely convergent for oy, we can set
Yo 1 gn = R. We define a domain D as follows;
If for some ¢;, i = 1,2, ..., we have that

¢G> tn=R—q

we let

D::{ZGC:T§|Z|§R}

where r =¢q; — >, ¢n =2¢ — R
Else, we let

D::{zEC:]z\gR}

We can see that | f(so + ito)| takes values in D, since if we have case 1,

r=4q; — ZQn < i ane—kn(oo—ﬁ-ito) < iQn =R
n=1

n#i n=1

and if case 2,

<R

oo
§ ane—)\n(80+it0)
n=1

Need to show that > >° | ¢, is dense in D. For any z € D, § > 0, we need to show existence
of some 7' € R such that

|flog+1iT) — 2| < ¢
Pick N € N such that

we now use a result which we shall not prove, but whose details can be found in [4, Lemma
1]. The result states that there exists a sequence ¢1, ¢, - -+ € R such that the series

00
3 gue
n=1
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is dense in D. We therefore set this series equal to z. So for any t € R, it follows that

|floo +it) — 2| =

ane” n(co+ito) E 0n euf)n

|an|efx\n0'0 (ei(an)\nt) — ez¢"> ’ —|—

Z |CL |€Z£Xn 0’0+Zt0)
o0
Z |an’€7)\n0'0 (ei(an)\nt) _ €i¢n> ‘

SR

1 n=N+1
, A 20
S |an|€—>\naoez(an—>\nt) + n|6—>\n00 equn ?
n=1
al 26
_>\n ] n_)\n i n )\n —&n
§Z|an|e o0 ez(a t)‘l_ez(¢+ t—an) +§

N

— Z la,|e” Anoo ||

Aty — O 20
eXp(2m(27T o ))’—i-g

finally, by lemma [£.7] we know that there exists g1, g2, - € N, and ¢ € Z, such that for all
e>0

/\nt Qp — qbn <e
2T 2m In

which means that the exponent is arbitrarily close to an integer for all n, and we finally get

that
At -
1—exp | 2mi 228 — On — On
2T 2T

f(o0 +iT) — 2| < &

<6
3

N
e
n=1

and

4.5 Bohr’s theorem under linearly-independent frequencies

We are now ready to prove that for Q-linearly independent frequencies, we have the identity
from (4.12)

Lemma 4.9 (4, Theorem 6). Let f(s) = Zn L Qne s where X is a Q-linearly independent
frequency. Then f(s) is absolutely convergent for o > o™ (f)
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Proof. Assume that f is somewhere absolutely convergent. Let § = o (f). We then have
that for [Re s > f:
[f(s)] < K

for some real K. Let § > 0, we want to prove that f(s) is absolutely convergent for [Re
s> 0B +0]. Let so =+ 0+ it
By Cauchy’s integral formula for the n’th derivative

: 1 f(s)
f(“‘”“)_%ﬁ(s—(maﬂt)yds

where C' is the circle with center 34§ +it, and radius 8. We use the substitution s = sy +de?

K [?1 K
/ ) < _— —_ = — = /
If(B+§+it)| < 277/0 525(19 5 K

Now, let v > 8 + 0, where v > 0,(f). Let T € R, x > 1, and sy = f+ J + ¢T. We have by
lemma [4.2] for k = 1:

y+ioco
L/ ﬂe’”(s_s(’)ds = Z a,e s (x — A\pn)
v

)2
270 Joino (8 — S0) =
define by I" the rectangle with corners § — 1V, 8+ iV, v+ 1V, and v — V. We set

F(s) = f(s) p(s—s0)

(s —s0)?

and use the limit formula for higher-order poles

1 d )
i ). F(s)ds = Res (F\(s),s0) = San;O £<8 — 50)°F(s)
_ slg? f/(s>ex(sfso) + xf(s)ex(sfso) _ f/<80) + .1'f($0)

We separate the integral
1 y+iV 1 B—iV B+iV y+iV
— F(s)ds = — (/ —|-/ +/ )F(s)ds + f'(s0) + xf(s0) (4.14)
21 )iy 2mi \ Jy—iv B—iV B+iV

We have the following bounds for the integrals parallell to the real axis

B*’L'V sz’V K Bfiv K
/ F(s)ds / em(7(5+5))dt‘ < / —2dt'
¥ ¥ y—iV (t - T)

<
iV o —iV (t - T)Q
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which tends to zero as V' tends to infinity, we get the same bound for the integral between
S+ iV and v + iV. For the remaining integral

1 B+iV
—/ F(s)ds| =
B

21t Jg_iv

1 / v f(B +it) (o (BHit—(B+6+iT)) dt‘
2m Joy (B+it = (B +0+4T))?

Ke @ [V 1 Ke 0 (V-1 1
< : _dt = ———du
27T Vv 5 + (t — T) 271' _vV-T (5 —|— u

< K1€_m6 < Ky

By (4.14) and |4.2| we're left with
Z a0 (z — )

An<T

B4iV
— L / F(s)ds+ f'(so) + 2 f(s)

271'2 B—iV

< K1+K,+JIK<[E(K1+K,+K) =zK,
where K5 is independent of 7" and x. By lemma we have that

Z|a |€ )\n(5+6) x_

5+6+1t0)<x _ )\n) <e

and for tg =T
Z|an|e nBH) (g — N, < e+ 2Ky < x(e + Ky) = K5

furthermore

Z |y e P+ < ) Z |ty e P (1 ) < Z\a le B+ (2 — \,) < K5

An<3 An<3

Z |an|e ) < 2K5 = K,

An<3

for all x > 1. Since K} is independent of x, we can let x tend to infinity, and we finally get
that

Z|a le™ (819 < K, < o0

and hence f(s) is absolutely convergent for all s such that [Re s > of**(f)], and moreover,
A satisfies Bohr’s theorem. O
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A Appendix
Proposition 2. If0 € [0,7/2], then

sinf > 20 (A1)

7r
Proof. Let 0 € [0,7/2] and y = sinf/6, then
dy _ fcost —sinb
g 62

and J
d9(0 cos @ — sin6) fsinf <0

Thus we have that 6 cos§ — sin 6 decreases from zero when 6 increases. So dy/df < 0 when
6 € [0,7/2] , hence y decreases in this range, and since limg_,oy = 1 > 2/m, the result

follows.
O]

A.1 The Gamma function

Definition 6. (The Gamma function) Let s = o + it. We define the gamma function for
o>0 as

I(s) = /000 e "t dt (A.2)

Proposition 3. Let s be a complex variable not equal to a nonnegative integer, then the
following identity holds
sT(s) =T(s+1) (A.3)

Proof. Using integration by parts, one sees that
L(s+1)= / e 'todt = {— etﬁ} + / se” ‘5t
0 0 0

= lim [—e "t*] + 5/ e i ldt = s/ e 't 1dt = sT(s)
0 0

t—o00

]

Definition 7. (The Beta function) Let sy, s be complex variables. We define the beta
function for Re(sy), Re(s2) >0 as

1
Blorsa) = [ 71— e (A4)
0
Remark. The beta function is symmetric, meaning that

5(51,32) = 5(52751)

for all inputs s; and ss.
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Proposition 4. Let sy and sy be complex variables. For Re(sy), Re(s2) > 0 the following
identity holds

I(s1)I'(s2)
= A5
B(s1, 82) T(s1 + 59) (A.5)
Proof.
['(s1)T(s2) = / e‘“usl_ldu/ e v dv
u=0 v=0
= / / e "y %2 dudu
v=0 Ju=0
Using the change of variables u = kt and v = k(1 — t), one sees that
oo 1
D(s1)T(s5) = / / e (t) L (k(1 — £)) kdtdk
s=0 Jt=0
oo 1
= / ekk81+321d3/ t17 1 — )52 dt = T'(s1 + s2)B(51, 52)
k=0 t=0
Dividing both sides by I'(s; + s9) gives the desired result.
O

Remark. We consider the beta function where we shift the integral limits by x, and substitute
x+1 by k to get the following expression

1 z+1
ﬂ(sh 82) = / t51—1(1 — t)82—1dt _ / (t o l,)s1—1(1 —t 4 x)sg—ldt
O X

k
_ / (t—2)" (k= )2\t = (k — 2)" 2 Bsr, 50)

and therefore

’ [(s1)I'(s2)
t— )k — )2t = (k- g)see T A.
[ =t eyt = e G (A6)
Lemma A.1. (Euler’s reflection formula) Let k € C/Z, then
m
I'E)(1—-k) = Al
(P — k) = (A7)

Proof. We use the Weierstrass definition of the gamma function, which is valid for all complex
numbers k£ except for the non-positive integers.

ek

P(k) = — 1T (1 + §>_1ek/” (A.8)
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where
|
= i (30 os)
k=1
denotes the Euler-Mascheroni constant. Since I'(1 — k) = —kI'(—k) we consider
i\ !
— kT(=k) = * (1 - —) e k/m (A.9)

Multiplying (A.8]) and (A.9)) gives

Euler’s product formula for sine is given by

2
sink =k | | (1— l; 2) (A.10)
n

n>1

We replace k by 7k, and divide both sides by 7

sin 7wk m2k?
T H ( 7r2n2>

n>1

cancelling the 7’s and taking the inverse on both sides yields the desired result.

i —11_[ s _l—r(k)m—k)
sinﬂk_kn>1 n? N




Bibliography

Lars Ahlfors. Complex analysis mcgraw-hill. Inc., New York, 1979.

Ramachandran Balasubramanian, Bruno Calado, and Hervé Queftélec. The bohr
inequality for ordinary dirichlet series. Studia Mathematica, 3(175):289-290, 2006.

Henri Frédéric Bohnenblust and Einar Hille. On the absolute convergence of dirichlet
series. Annals of Mathematics, pages 600-622, 1931.

Harald Bohr. Losung des absoluten konvergenzproblems einer allgemeinen klasse
dirichletscher reihen. Acta mathematica, 36(1):197-240, 1913.

Harald Bohr. Uber die gleichmiBige konvergenz dirichletscher reihen. 1913.

Harald Bohr. Einige bemerkungen tiber das konvergenzproblem dirichletscher reihen.
Rendiconti del Circolo Matematico di Palermo (1884-1940), 37(1):1-16, 1914.

Harald Bohr and Bgrge Jessen. To nye simple beviser for kroneckers ssetning.
Matematisk Tidsskrift. B, pages 53-58, 1932.

Eugene Cahen. Sur la fonction ((s) de riemann et sur des fonctions analogues. In
Annales scientifiques de [’Ecole Normale Supérieure, volume 11, pages 75-164, 1894.

Fritz Carlson. Contributions a la théorie des séries de dirichlet: Note iv. Arkiv for
Matematik, 2(2-3):293-298, 1952.

Andreas Defant, Domingo Garcia, Manuel Maestre, and Pablo Sevilla-Peris. Dirichlet
series and holomorphic functions in high dimensions, volume 37. Cambridge University
Press, 2019.

Andreas Defant and Ingo Schoolmann. Holomorphic functions of finite order generated
by dirichlet series. Banach Journal of Mathematical Analysis, 16(2):1-65, 2022.

Paul du Bois-Reymond. Ueber die fourierschen reihen. Nachrichten von der Konigl.
Gesellschaft der Wissenschaften und der Georg-Augusts-Universitat zu Gottingen,
1873:571-584, 1873.

Leopold Fejér. Untersuchungen iiber fouriersche reihen. Mathematische Annalen,
58(1):51-69, 1903.

Edmund Landau. Handbuch der Lehre von der Verteilung der Primzahlen, volume 1.
BG Teubner, 1909.

Edmund Landau. Uber die gleichméBige konvergenz dirichletscher reihen.
Mathematische Zeitschrift, 11(3):317-318, 1921.

Hervé Queffélec, Martine Queffélec, and Queftélec. Diophantine approximation and
Dirichlet series, volume 2. Springer, 2013.

53



[17] Marcel Riesz. Sur les séries de dirichlet et les séries entieres. Comptes rendus,
149:909-912, 19009.

[18] Marcel Riesz and GH Hardy. The general theory of Dirichlet’s series. 1915.

[19] Ingo Schoolmann. On bohr’s theorem for general dirichlet series. Mathematische
Nachrichten, 293(8):1591-1612, 2020.

[20] Edward Charles Titchmarsh et al. The theory of functions. 1939.

[21] O. Toeplitz. Ueber eine bei den dirichletschen reihen auftretende aufgabe aus der theorie
der potenzreihen von unendlich vielen veranderlichen. Nachrichten von der Gesellschaft
der Wissenschaften zu Gottingen, Mathematisch-Physikalische Klasse, 1913:417-432,
1913.

[22] John Tucciarone. The development of the theory of summable divergent series from
1880 to 1925. Archive for history of exact sciences, 10(1/2):1-40, 1973.

o4



@ NTNU

Norwegian University of
Science and Technology



	Abstract
	Sammendrag
	Preface
	Introduction
	Convergence of Dirichlet series
	Overview of the thesis

	General Theory of ordinary Dirichlet series
	Abscissa of absolute convergence
	Abscissa of uniform convergence

	Bohr's theorem
	The Fourier-Bohr formulas
	The Perron-Landau formula
	Control of partial sums
	Bohr's theorem for ordinary Dirichlet series

	Bohr's condition
	Determination of somewhere absolute convergence
	The Fourier-Bohr formulas for general Dirichlet series
	Bohr's theorem under Bohr's condition

	Riesz summability of general Dirichlet series
	Riesz means
	Boundedness of partial sums
	Bohr's theorem under Landau's condition
	Kronecker's approximation theorem
	Bohr's theorem under linearly-independent frequencies

	Appendix
	The Gamma function

	Bibliography

