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1. Introduction

Bases and frames are indispensable tools in functional analysis, and their stability
under small perturbations or deformations is a well-studied topic. The study of pertur-
bations of bases began with the work of Paley and Wiener on nonharmonic Fourier series
[47]. A frame is a generalized basis that allows for robust, but non-unique expansions.
By definition, a sequence (g;);cs in a Hilbert space H is a frame if there exist A, B > 0
such that

AlFIZ < D 1f g < BIFIP (1)

jeJ

for all f € H. Frames were introduced by Duffin and Schaeffer in [12], and have found
major applications to sampling theory [1], wavelet theory [10,11] and pseudodifferential
operators [21], to name a few. A systematic study of perturbations of frames was initiated
by Christensen in [8,9], and since then, a number of perturbation results have been proved
for various types of frames, including frames of exponentials, wavelet frames and Gabor
frames [4,7,43,44].

There are natural notions of perturbations and deformations of structured function
systems like Gabor systems and wavelet systems. A Gabor system is a set G(g,A) :=
{e2mwrlg(- — z) : (z,w) € A} of time-frequency translates of a single function g €
L?*(R™), where the translates come from a discrete point set A in the time-frequency
plane R2". A Gabor frame is a Gabor system that satisfies the frame property (1). One
can then raise the natural question of whether the frame property of a Gabor system is
retained after a sufficiently small deformation of either the point set A or the window g.

The first result in this direction is due to Feichtinger and Kaiblinger [16], and concerns
linear deformations of uniform Gabor frames with windows in the modulation space
M*(R™), also known as the Feichtinger algebra So(R™) [15]. A linear deformation of
the point set A is implemented by a matrix A € GLa,(R), while uniform means that
the point set A has the structure of a lattice (a discrete, cocompact subgroup) in R".
Their main result states that Gabor frames of this type are stable both under linear
deformations of the point set A and under small changes in the So(R™)-norm of g:

Theorem 1.1 (Feichtinger—Kaiblinger [16]). Let g € So(R™), and let A be a lattice in R*™.
If G(g,A) is a Gabor frame, then there exists a neighbourhood W of I, € GLayn(R) and
a neighbourhood U of g € So(R™) such that G(h, AA) is a Gabor frame for all A € W
and h € U.

Ascenci, Feichtinger and Kaiblinger generalized the result to linear deformations of
arbitrary point sets using the theory of pseudodifferential operators in [2]. Later, stability
of nonuniform Gabor frames under a large class of nonlinear deformations was proved
by Grochenig, Ortega-Cerda and Romero [23].
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In this paper, we initiate the study of deformations of Gabor frames on a (second-
countable) locally compact abelian group G. In this setting, a time-frequency shift of
f € L*G) by (z,w) € G x G is defined as follows:

m(z,w)f(t) = w(t) f(x™t), teq.

Here, G denotes the Pontryagin dual of G. The Gabor system with window g € L?(G)
over the discrete point set A C G x G is defined as

G(g,A) ={m(2)g:z€ A} C LQ(G).

Even though time-frequency analysis is most commonly done in the Euclidean case G =
R", many of the fundamental results hold in the locally compact abelian setting, such as
density and duality results for uniform Gabor frames and Zak transform considerations
[20,30,31]. Gabor analysis on other groups appear naturally in applications. For instance,
the integers Z, finite cyclic groups Z/nZ and the circle group T are important when
sampling or periodizing Gabor frames on R [29,32,33,42]. Other considerations on general
locally compact abelian groups include [25,29,35], and Balian—Low type phenomena were
proved to hold for finite groups in [36].

In general, one refers to the groups R, Z, T and Z/nZ and their products as elemen-
tary LCA groups. A rather different class of LCA groups come from algebraic number
theory. Given an algebraic number field or a global function field, the associated adele
ring is a restricted product of completions of the given field with respect to its different
absolute values. Among the many applications of the adele ring is an elegant statement of
the Artin reciprocity law from class field theory [45]. In the case of the rational numbers,
the associated adele ring is built from R and the fields of p-adic numbers Q,, for a prime
p. Gabor frames on the adele ring of the rational numbers were recently constructed in
[14].

In the Euclidean case G = R", there is an immediate notion of a linear deformation of
G, and the group GL,,(R) of such deformations is again Euclidean, thus providing a famil-
iar topology to formulate deformation results. In the general context of a locally compact
abelian group G, there is a natural topology on the automorphism group Aut(G), called
the Braconnier topology. First introduced by Braconnier in [5], it is a topology defined
in such a way that the operations of composition and taking inverses of automorphisms
are continuous. Thus, Aut(G) itself becomes a topological group. In specific situations,
the Braconnier topology coincides with the topology one would expect—in particular,
Aut(R™) = GL,(R) as topological groups. Our first result is a generalization of the
result of Feichtinger and Kaiblinger (Theorem 1.1), and states that in the setting of a
locally compact abelian group G, we can replace GL2,(R) = Aut(R™ x ]1@\1) with the
group Aut(G x é), equipped with the Braconnier topology:

Theorem 1.2 (c¢f. Theorem 4.6). Let G be a locally compact abelian group, let A be a
lattice in G x G and let g € So(G). If G(g,A) is a Gabor frame, then there exist a
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neighbourhood W of idg € Aut(G x CAT') and a neighbourhood U of g € So(G) such that
G(h,a(A)) is a Gabor frame for all o € W and h € U.

Our main tools are the duality theory for uniform Gabor frames on LCA groups
[31], continuity of various maps between the Feichtinger algebra of different groups [2§],
and the existence of dual windows in the Feichtinger algebra [3,22]. At the heart of our
approach is the continuity of dilation on Sp(G) by automorphisms from Aut(G), see
Theorem 4.3. We establish this result using a particular description of the Feichtinger
algebra, see Proposition 3.1, and a similar continuity result for L(G) already proved in
[5], see Proposition 4.2.

To give examples of applications of Theorem 1.2 to groups other than G = R", we
introduce a class of groups which we call higher dimensional S-adeles. These groups are
built from a global field K, a set S of finite places on K and a natural number n. If S is
the set of all finite places on K and n = 1, one recovers the usual adele ring of K, and if
K =Q and S = 0, one recovers G = R™. We apply Theorem 1.2 to all of these groups
when K = Q, and the following is the statement for the higher dimensional full adele
ring over the rationals:

Theorem 1.3 (cf. Proposition 6.7, Theorem 6.11). Let Ag denote the rational adele ring,
and identify Q with its diagonal copy inside Ag (see Section 6). Then any lattice A in
Ag X Ag = A%D” s of the form

A = AQ* := {(Axoq, A2q, A3q, Asq, ...) 1 q € Q*"}

for a collection of matrices A = (Aco, A2, A3, As,...) where Asy € GL2,(R), A, €
GL2,(Qy), with Ay, € GLay(Zy,) for all but finitely many primes p. Moreover, if G(g, A)
is a Gabor frame with A as above, then there exist open neighbourhoods Woo C GLay, (R)
of Aso, W, € GL2,(Qp) of Ap, p prime, with Wy, = GLayn(Zy,) for all but finitely many p,
and a neighbourhood U of g in So(Aq) such that G(h, BQ?*") is a Gabor frame whenever
B= (BOO,BQ,B3,B5,...) EWoeo xWox Wy x -+ and h eU.

The Balian—Low theorem

Our second main goal is to link the deformation result in Theorem 1.2 to The
Balian—Low theorem for locally compact abelian groups. In the Euclidean setting, the
Balian—Low theorem is a cornerstone of time-frequency analysis, and concerns the nonex-
istence of well-localized Gabor frames at the critical density. One of the consequences
of the deformation result of Feichtinger—Kaiblinger (Theorem 1.1) is that it gives as
an immediate consequence the Balian—Low theorem for all lattices of volume 1 in the
time-frequency plane. We present the theorem and the proof given in [2] below.

Theorem 1.4 (Feichtinger—Kaiblinger [16]). Let A be a lattice in R®™ of volume 1, and
let g € So(R™). Then the Gabor system G(g,A) is not a frame for L?(R™).
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Proof. Let A = AZ?" be a lattice in R?" with vol(A) = |det A| = 1. Let G(g,A) be a
Gabor frame with g € So(R™). Then by Theorem 1.1, there exists an € > 0 such that
G(g,A’) is a Gabor frame, where A’ = ((1 + ¢)A)Z?*". But then

vol(A') = |det((1+€)A) | =(1+€¢)" > 1
which contradicts the density theorem for Gabor frames. O

For the above proof to work, it is crucial that the determinant function is open, i.e. it
maps open sets to open sets. The (absolute value of the) determinant describes how the
Lebesgue measure of a set changes as a linear deformation is applied. In the setting of a
locally compact abelian group G, the role of the determinant is played by the Braconnier
modular function modg: Aut(G) — (0, 00) which is defined via the property

p(a(S)) = moda(a)u(S) (2)

where p is any Haar measure on G and S is any Borel set of positive measure. The
Braconnier modular function is continuous with respect to the Braconnier topology on
Aut(G). Tt is clear from the proof of Theorem 1.4 that one gets a similar result in
the locally compact abelian setting, provided that the Braconnier modular function of
G x G is open. In Theorem 2.10, which is one of our main technical results, we prove
that the openness of modg is equivalent to a number of other conditions. One of them
is the noncompactness of the identity component of G, as well as the openness of the
Braconnier modular function of G x G. The characterization relies on the structure theory
of locally compact abelian groups and van Dantzig’s theorem for totally disconnected
groups. Using this characterization, we proceed, in the exact same manner as in the proof
of Theorem 1.4, to show the following:

Theorem 1.5 (c¢f. Theorem 5.1). Let G be a locally compact abelian group with noncom-
pact identity component. Let A be a lattice in G x G of volume 1, and let g € Sy(G).
Then the Gabor system G(g,A) cannot be a frame for L*(G).

On the other hand, if G has compact identity component, then modqg takes values
in the rational numbers (Theorem 2.10), so the argument for Theorem 1.5 cannot be
carried out.

It was already observed by Kaniuth and Kutyniok in [35] that Balian-Low phenomena
are valid in certain locally compact abelian groups with noncompact identity component.
Their main result concerns the zeros of the Zak transform, which is an essential tool used
to study Gabor systems over lattices in the time-frequency plane of the form A x A+ for
A a lattice in G. The result goes as follows:

Theorem 1.6 (Kaniuth—Kutyniok [35]). Let G be a locally compact abelian group that is
compactly generated and has noncompact identity component. Then for every lattice A
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in G and every f € L*(G) such that the Zak transform Zaf is continuous, Zxf has a
zero.

A vital assumption in their argument is that the group is compactly generated. Using
Theorem 1.5, we go from a Balian-Low theorem to a statement about the zeros of the Zak
transform, and we are able to remove the assumption of G being compactly generated:

Theorem 1.7 (¢f. Theorem 5.8). Let G be a locally compact abelian group with noncom-
pact identity component. Then for any lattice A in G and any f € L*(G) for which the
Zak transform Za f is continuous, Za f has a zero.

Note that in contrast to the main result of [35], the above result applies to e.g. the
group of adeles, as this is not a compactly generated group. Note also that while we
restrict to second-countable groups in the present paper, the result of [35] holds without
this assumption.

Having established a general Balian—Low theorem for So(G) in groups with noncom-
pact identity component, the question of what happens when the identity component is
compact arises—or equivalently, when G contains a compact open subgroup (see The-
orem 2.10). Grochenig observed in [20] that if G contains a compact, open subgroup,
then the Balian—-Low theorem fails in the following strong sense: There exists a discrete
set A in G x G and a function g € So(G) such that G(g,A) is an orthonormal basis for
L?(G). However, the question still stands whether one can obtain a result for uniform
Gabor frames, i.e. if A can be chosen to be a lattice (in the case that lattices exist). In
this paper, we prove the following:

Theorem 1.8 (¢f. Theorem 5.6). Let G be a locally compact abelian group with compact
identity component, and let A be a lattice in G. Then there exists a g € So(G) such that
G(g, A x AL) is an orthonormal basis for L*(G).

Hence, the Balian—Low theorem for uniform lattices fails in a very strong sense if the
group has compact identity component. To prove Theorem 1.8, we rely on our charac-
terization of groups with compact identity component in Theorem 2.10. Of course, for
Theorem 1.8 to be applied, one needs the existence of a lattice in the first place, and
there are many LCA groups without lattices, the p-adic numbers Q,, being an example.

Finally, we apply our characterization of the groups G for which the Balian—Low
theorem for Sy(G) holds to the higher dimensional S-adeles associated to a global field
K. We show that we do get a Balian—Low theorem precisely when K is an algebraic
number field. This generalizes [13, Theorem C], where it was shown that a Balian-Low
theorem for a certain lattice in the time-frequency plane of the group R x Q, holds.
Below, we state our result for the full adeles associated to a global field:

Theorem 1.9 (¢f. Theorem 6.12, Proposition 6.13). Let K be a global field and let n be
a natural number. Denote by G = A%, the n-dimensional adeles associated to K. Then
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the following hold:

(i) If K is an algebraic number field, then the Balian—Low theorem holds for G. That
is, for any lattice A in G x G of volume 1 and any g € So(G), the Gabor system
G(g,A) is not a frame for L*(G).

(it) If K is a global function field, then the Balian—Low theorem does not hold for G.
In fact, for every lattice A in G, there exist g € So(G) such that G(g, A x AL) is
an orthonormal basis for L*(G).

Finally, we want to remark that our deformation and Balian-Low type results only
cover the case of uniform sampling, i.e. the point set A is a lattice. For Gabor frames
on G = R™, the state of the art is non-uniform Gabor frames, such as in [2,23]. In fact,
some of the cornerstones of Gabor analysis on R”, such as the density theorems and
the Balian—Low theorem, have in the last few years found non-uniform generalizations
beyond the setting of time-frequency analysis [18,24]. In a recent paper of Grochenig,
Romero, Rottensteiner and van Velthoven [19], a (nonuniform) Balian—Low type theorem
for homogeneous Lie groups was established. While their main theorem generalizes the
Balian—Low theorem for Gabor frames on G = R", it does not generalize Theorem 1.5:
Many locally compact abelian groups, e.g. the adeles over the rationals, are not Lie
groups. Thus, an interesting question is whether there exists a Balian—-Low type theorem
that simultaneously generalizes the main result of [19] and Theorem 1.5.

The paper is structured as follows: In Section 2, we cover the basics of locally compact
abelian groups and their automorphisms, including Theorem 2.10 where we characterize
groups with noncompact identity component. In Section 3, we review time-frequency
analysis on LCA groups. In Section 4, we prove continuity and deformation results for
Gabor frames on locally compact abelian groups, including the main result Theorem 4.6.
In Section 5, we prove that the Balian—Low theorem for Sy(G) holds for groups with
noncompact identity component and fails for groups with compact identity component.
In Section 6, we introduce the higher-dimensional S-adeles and apply our results for
LCA groups to them.

Acknowledgments

The first and third author wish to thank Hans Feichtinger for enlightening discussions
in Vienna and Lisbon. The first author wants to thank Nadia Larsen and Sven Raum
for helpful discussions about the Braconnier topology and totally disconnected groups,
respectively.

2. Locally compact abelian groups and their automorphisms

Throughout the paper, we will assume, unless otherwise stated, that G is a locally
compact (Hausdorff) abelian group. Such a group always carries a translation invariant
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regular Borel measure called a Haar measure, which is unique up to a positive constant.
We will also add the standard assumption that G is second-countable in order to use
results from [28,30,31], although we remark that many stated results throughout the
present paper hold without this assumption. We write the group operation multiplica-
tively and we denote by 1 the identity element of G.

If H is a closed subgroup of G, then both H and G/H are locally compact abelian
groups. The relation between the Haar measure on these three groups can be given as
follows: Once two out of three Haar measures have been chosen on G, H and G/H, the
last one can be chosen so that Weil’s formula [40, Proposition 3.3.11] holds:

[ @ anate) = [ [ ey dunto) dugym(at) foral fecuc). @)
G

G/H H

A closed subgroup H of G is called cocompact if the quotient group G/H is compact.
A subgroup A is a lattice in G if it is both discrete and cocompact. If one fixes a Haar
measure ug on G and chooses the counting measure on A, then there exists a unique
measure fig/x on G/A such that Weil’s formula (3) is satisfied. Since G/A is compact,
the measure pg/y is finite, and we define the volume of A to be the number

vol(A) = aya(G/A). (4)

Note that vol(A) depends on pg.
Denote by G the Pontryagin dual of G. If H is a closed subgroup of G, the set

HJ‘::{weésw(x):lforaller} (5)

is a closed subgroup of G called the annihilator of A. If A is a lattice in G, then At is a
lattice in G [41, Lemma 3.1]. A proof of the following formula is found in [20]:

vol(A) vol(At) = 1. (6)

We will need the following lemma later, which contains elementary observations on
lattices in LCA groups.

Lemma 2.1. The following hold:

(i) Let A C H C G be a sequence of closed subgroups such that G/H is compact. Then
A is a lattice in H if and only if A is a lattice in G.

(ii) Let ¢: G — H be an open surjective map such that ker ¢ is compact. Let A be a
lattice in G. Then @(A) is a lattice in H. In particular, this applies when K is a
compact subgroup of G and ¢ is the quotient map G — G/K.

(iii) Let L C A C G be a sequence of closed subgroups such that A/L is finite. Then A
s a lattice in G if and only if L is a lattice in G.
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Proof. (i) Note first that H/A is closed in G/A ([27, 5.39b]). Thus if G/A is compact,
then H/A is compact. Conversely, if H/A is compact, then by [27, pp. 5.25, 5.35] it
follows that G/A is compact.

If A is discrete in H, then there exists an open set U of G such that (UNH)NA = {1},
but then U N A = {1}, so A is discrete in G. The converse is trivial.

(ii) Since A is discrete in G, we can find an open set U around the kernel K such that
ANK CU and UN(ANK®) = @ (i.e., UNA = KNA). By [27, Theorem 4.10] there exists
an open set V around 1 such that VK C U. Therefore 7(VK)N7w(A) C w(KNA) = {1},
so 1 is isolated in G/K.

Moreover, AK is closed in G since it is the inverse image of m(A)). Thus, there is a
surjective map G/A — G/(AK), given by zA — xAK. This means that the image is
compact.

It is easy to see that the converse does not hold.

(iii) Clearly, A is discrete in G if and only if L is discrete in G. Again by [27, pp. 5.25,
5.35] it follows that G/L is compact if and only if G/A is compact. Note that there is a
quotient map from G/L onto G/A. O

The identity component Gy of G is the connected component of G containing the
identity element 1 of G. This is a closed, connected subgroup of G. We call G totally
disconnected if its underlying topology is disconnected, i.e. the connected components of
G are exactly the one-point sets. Equivalently, the identity component Gy is the trivial
subgroup of G. The quotient G/Gy is always a totally disconnected, locally compact
abelian group, see [27, Theorem 7.3].

We will need the following famous result on totally disconnected groups, known as
van Dantzig’s theorem:

Proposition 2.2. Let G be a locally compact abelian, totally disconnected group. Then
every neighbourhood of the identity of G contains a compact, open subgroup.

See [27, Theorem 7.7] for a proof. A consequence of van Dantzig’s theorem is the
following description of the identity component (see [27, Theorem 7.8] for a proof):

Gy = ﬂ {H : H is an open subgroup of G } (7)
2.1. Group automorphisms

By an automorphism of G, we will mean a group isomorphism G — G which, at the
same time, is a homeomorphism with respect to the topology of G. The set Aut(G) of
automorphisms of G becomes a group with respect to composition of automorphisms.
This group carries a natural topology which makes it into a topological group itself.
The topology was introduced by Braconnier in [5]. The following proposition describes
a neighbourhood basis at the identity for this topology, see [27, Theorem 26.5].
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Proposition 2.3. Let G be a topological group. Given a compact set K C G and an (open)
neighbourhood U of the identity of 1, define

N(K,U) ={a € Aut(G) : a(z)r' € U and a ! (x)z™ € U for allz € K}.

Then these sets form a neighbourhood basis at the identity for Aut(G), and we call the
topology they generate the Braconnier topology on Aut(G).

For the rest of the paper, we will view Aut(G) as a topological group with the Bra-
connier topology. One thing to note is that even if G is locally compact (Hausdorff),
Aut(G) need not be, see [37, p. 12.1.3].

Fix a Haar measure g on G and let € Aut(G). Then the mapping S — u(a(S))
for Borel sets S C G defines another Haar measure on G, so there exists a constant
modg(a) € (0,00) such that

(a(5)) = modg(a) u(S) (8)

for all Borel sets S C G. The constant modg(«) is independent of the choice of Haar
measure. Moreover, it defines a continuous group homomorphism

modg: Aut(G) — (0, 00) 9)

where the latter is the group of positive real numbers under multiplication. This ho-
momorphism is called the Braconnier modular function. Note that we use the original
convention due to Braconnier as in [5, p. 75|, rather than the convention of e.g. [37, p.
1275]. Extending to integrals, one obtains

/f(a(a;))dxzmodg(a)fl/f(a:)dx (10)
G G

for f € L(G).

Example 2.4. If G = R, then any automorphism a € Aut(R) is given by a(z) = ax
for some a € R* = R\ {0}. This gives an isomorphism Aut(R) = R*, and under this
isomorphism, the Braconnier modular function is given by modg(a) = |a|. Similarly, if
G = Qp, then Aut(Q,) = Q, and modg,(a) = |al,, where | - |, denotes the p-adic
absolute value.

Example 2.5. ([46, Corollary 3]). Let F' be a locally compact field, and set G = F™ for
some n € N. Then we can identify Aut(G) with GL,,(F), and the Braconnier modular
function on G is given by

modg(A) = modp(det A).
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If & € Aut(G) and H is a closed subgroup of G, we say that H is invariant under « if
a(H) C H. If H is invariant under « for all @ € Aut(G), then H is called a characteristic
subgroup of G. Note that if H is a characteristic subgroup and a € Aut(G), then in fact
a(H) = H, which comes from the fact that H is also invariant under o~ *.

If H is a closed subgroup invariant under «, then we get induced automorphisms
alg € Aut(H) and & € Aut(G/H) given by &(zH) = a(x) H for € G. By replacing f

in Weil’s formula (3) with f o @ and using (10), one deduces that
modg () = mody (aly) modg, g (&). (11)

In particular, if H is a characteristic subgroup of G, then (11) holds for all & € Aut(QG).
The identity component Gg is always a characteristic subgroup of G, since an auto-
morphism « must map the connected component of x € GG into the connected component
of a(z), and the identity of G is mapped to itself.
Since we assume that G is abelian, we can also consider the automorphism group of
the dual group of G. The relation to the automorphism group of the original group is
given as follows, see [27, Theorem 26.9]:

Proposition 2.6. Let G be a locally compact abelian group. Then the map Aut(G) —

~

Aut(G) given by o — & where

~

a(w) =wouw
forw e @, is an anti-isomorphism of topological groups.

It will be important to us to determine when the Braconnier modular function of a
group is open. The following lemma states that when a group factorizes into a product
containing a factor of R, then this is indeed the case:

Lemma 2.7. Let G be a locally compact abelian group. Then the Braconnier modular
function of R x G is open.

Proof. First, note that modry¢ is surjective. Indeed, if @ € Aut(R) and 3 € Aut(G),
denote by a x f the automorphism of R x G given by (a x f)(z,y) = (a(z), B(y)) for
(z,y) € R x G. Then for any ¢t > 0 we have that modr«g(-t X idg) = ¢, where -t: R = R
denotes multiplication by t.

Next, let U be an open set in R x G containing 1 and let K be a compact set in
R x G. Consider the element A (K,U) of the neighbourhood basis at the identity of
Aut(R x G) described in Proposition 2.3. We will show that modg g (N (K,U)) has
nonempty interior, from which it will follow by [27, (5.40) (b)] that modgrx ¢ is an open
map. We can find open sets U; and Us in R and G, respectively, containing the identity,
such that U; x Uy C U. Moreover, there are compact sets K7 and Ko in R and G,
respectively, such that K C K; X Ks. Set S = {a xidg : @ € N(K1,U1)}. Then
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S CN(K,U), so modg (N(K1,U1)) = modrxg(S) € modgrxg(N(K,U)). Since modg
is an open map, this shows that modg x ¢ (N (K, U)) has nonempty interior, which finishes
the proof. O

On the other hand, if G has compact identity component, then its Braconnier modular
function is not open. In fact, we have the following:

Proposition 2.8. Suppose G is a locally compact abelian group with compact identity
component. Then the Braconnier modular function of G takes values in the rational
numbers.

Proof. Suppose that Gg, the identity component of G, is compact. Then the modular
function of Gy is constantly equal to 1. Since Gy is a characteristic subgroup, we have
from (11) that

modg () = modg/q, (&) (12)

for all @ € Aut(G). Now G/Gy is totally disconnected, so by [37, Corollary 12.3.18],
modg /¢, takes values in the rational numbers. But then by (12), modg also takes values
in the rational numbers. This finishes the proof. O

We will need the following result, which is one of the consequences of the structure
theory for locally compact abelian groups [27, Theorem 24.30]:

Proposition 2.9. Let G be a locally compact abelian group. Then G = R x H, where
d > 0 is an integer and H is a locally compact abelian group containing a compact, open
subgroup. Furthermore, if R? x H =2 R? x H' where both H and H' are locally compact
abelian groups containing compact, open subgroups, then d =d' and H = H'.

We are now ready to give various characterizations of the openness of the Braconnier
modular function of G.

Theorem 2.10. Let G be a locally compact abelian group. Then the following are equiva-
lent:

(i) G =RYx H where d > 1 and H is a group containing a compact, open subgroup.
(i) G =R x H' for some locally compact abelian group H'.
(iii) G has noncompact identity component.
(iv) G has no compact, open subgroups.

(v) The Braconnier modular function of G is open.
(vi) The Braconnier modular function of G x G is open.

Proof. By Proposition 2.9, G = R% x H where d > 0 is an integer and H is a locally
compact abelian group containing a compact, open subgroup, d is unique and H is unique
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up to isomorphism. The identity component of G is then given by R? x Hy, where H
denotes the identity component of H. The following implications are sufficient to prove
the equivalence of (i)—(vi):

(i) < (#): It is clear that (i) implies (i), and the reverse implication comes from
using Proposition 2.9 on H'.

(iii) <= (iv): Suppose G contains a compact open subgroup K. Then by (7),
Gy C K, so Gy must also be compact. Conversely, suppose Gq is compact. Then the
quotient map p: G — G/Gy is proper. Since G /Gy is totally disconnected, van Dantzig’s
theorem (Proposition 2.2) gives the existence of a compact, open subgroup Kin G /Go.
The preimage p_l(f( ) is then a compact, open subgroup of G.

(i) = (ii4): If d > 1 then Gy = R% x Hj is not compact.

(iv) == (i): We prove the contrapositive. If G is not of the form R? x H with
H containing a compact open subgroup and d > 1, then by the uniqueness part of
Proposition 2.9, we must have d = 0. But then G = H and H contains a compact open
subgroup.

(14) = (v): This is Lemma 2.7.

(v) = (iv): We prove the contrapositive. If G contains a compact, open subgroup,
then by Proposition 2.8 the Braconnier modular function of G takes values in the rational
numbers. Consequently, modg(Aut(G)) cannot be an open subset of (0,00) as it is a
subset of Q. This shows that mod¢ is not an open map.

(i) < (vi): Note that G x G~ R2 x H x H. If K is a compact, open subgroup
of H, then K1 is a compact, open subgroup of H. Hence K x K= is a compact, open
subgroup of H x H. Using the equivalence of (i) and (v) with G x G in place of G, we
see that mod,, & is open if and only if 2d > 1, which happens if and only if d > 1. Thus
(7) and (vi) are equivalent. This finishes the proof. O

The following proposition describes how the volume of a lattice as in (4) changes when
an automorphism is applied.

Proposition 2.11. Let A be a uniform lattice in a locally compact abelian group G, and
let o € Aut(G). Then a(A) is also a lattice in G, and

vol(a(A)) = modg(a) vol(A).

Proof. If U is any open set in G such that U N A = {1}, then «(U) is open in G
and «(U) Na(A) = (U NA) = {1}. Moreover, the map a: G/A — G/a(A) given by
A — a(z)a(A) is a topological isomorphism. This shows that a(A) is a lattice in G.

Fix a Haar measure on G, equip the lattices A and a(A) with the counting measure,
and let pug/p and pig ) be measures on G/A and G/a(A) respectively, such that
Weil’s formula (3) holds. The pushforward measure of /5 along & is a Haar measure
on G/a(A). Tt follows that there exists a constant K > 0 such that
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/ godadug/y =K / 9duc/am)
G/A G/a(A)

for all g € LY(G/a(A)). Letting f € L'(G), we have that

/ F(2) duo() = mods(a / fla(@)) du () by (10)
— moda(0) / F(a()a(N) dug/a (uA) by (3)
NeAGA

= modg(a)K ) / fy'y) dugramy(y'A) by (13)
FYEO‘(A)G/Q(A)

= modg(a)K/f(m) dpg(x) by (3).
This shows that K = modg(a)~!. Setting g = LG /a(a) in (13), we obtain
pa/a(G/A) = / Leyadp)a

G/A

= / Lgja) © @dug/a
G/A

= modg(a)™! / La/a(n) diic/aa)
G/a(A)

= mode (@) ™' e /aa) (G/a()).
By definition of the volume of a lattice, we then have that
vol(a(A)) = modg(a) vol(A). O

3. Time-frequency analysis

As usual, let G be a (second-countable) locally compact abelian group, and let G be

the Pontryagin dual of G. The group G x G is called the time-frequency plane associated

to G.

Given z € G and w € @, we define two unitary linear operators T}, and M, on L?(G)

by

(Tof)(t) = fa™'t), (Mof)(t) = w(t)f(t)

(14)
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for t € G, f € L*(G). These two operators are called time shift by x and frequency shift
by w, respectively. They obey the following commutation relation:

M,T, = w(z)ToM,, z€GuweG (15)

We also set 7(z,w) = M,T, and call it a time-frequency shift. From (15), one calculates
that

m(z,w)m(y,7) = 7(z) 7 (ry, wr) (16)

for (z,w), (y,7) € G x G.
Let A be a lattice in the time-frequency plane G' x G, and let g € L?*(G). The set

G(g,A) :={m(z)g:z € A}

is called the Gabor system with window g over the lattice A. If this set is a frame for
L?(@), i.e. there exist A, B > 0 such that

AlIFIE < Y- W m()9)f < BIIfIIE (17)

zZEA

for every f € L?(G), then G(g,A) is called a Gabor frame.
Fix a Haar measure p on G. The Fourier transform is the map F: L*(G) — Cy(G)
given by

Fw) = F()(w) = / £(t) 20 du(t) (18)
G

for f € LY(G), w € G. The dual measure [i on G corresponding to the chosen measure
won G is the Haar measure on G appropriately scaled such that the Plancherel formula
holds [27, (31.1)] for all f € LY(G) N L?(G):

1508 aut) = [ 17 date) (19)
e G

From this formula, one extends F in the usual fashion to a unitary linear map of Hilbert
spaces L*(G) — L*(G).

3.1. The Feichtinger algebra

Let g € L?(G). The short-time Fourier transform [20, p. 215] of a function f € L*(G)
(with respect to g) is the function V, f: G x G — C given by
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Vod(e.w) = (.o )g) = [ 100D e (20)
G

for (z,w) € G x G.
The Feichtinger algebra [15,28] is the set So(G) consisting of those functions f € L?(G)
for which

/ [Vif(2)|dz < oo. (21)

GxG

For fixed nonzero g € Sp(G), the expression

flswcrs = [ Waf(]dz 22

GxG

for f € Sp(G) defines a norm on Sp(G) turning it into a Banach space, and any other
choice of g € Sy(G) yields an equivalent norm. Specifically, we have for all f,g1,¢92 €
So(@) that

cllfllso(@).g: < 1 lsoc@ra < Cllfliso(c).gz (23)

where ¢ = ||91H%||92H§OI(G)791 and C = [|ga2|5%[l91ls5(c),0» ([28, Proposition 4.10]). When
the function g in (22) is not important, we will omit it from the notation and just write

I [lso(e)-
Let F denote the Fourier transform on G. If f € Sy(G), then F(f) € So(G). Specifi-

cally, one has the following equality of norms for f, g € So(G):

H‘F(f)||so(é)7f(g) = ||f||So(G),g- (24)

If @« € Aut(G), then the dilation operator D,: L*(G) — L%*(G) given by D,f =
modg(a)'/2f o a is unitary. It also implements a Banach space isomorphism So(G) —
So(G), and one has the following equality of norms:

[1Dafllso(@),pag = flIso)g fr9 € So(G). (25)
The Fourier algebra of G is the space
A(G) = {f € Co(G) : there exists g € L'(G) such that F~'(g) = f}.
If G is discrete then So(G) = ¢1(G) and if G is compact then Sp(G) = A(G), cf. [28,

Lemma 4.11]. The Feichtinger algebra has a number of different descriptions, and one
that we will make use of is the following.
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Proposition 3.1. Let G be a locally compact abelian group. Let K be a compact set in
G with nonempty interior. Then So(G) consists of all functions f € A(G) that can be
u neN Mo, gn where g, € LY(G) with supp(gn) C K for each
n €N, w, € G for eachn € N and ),y l|gnlli < 00. Moreover, an equivalent norm

written as a sum f = >

on So(G) is given by

1flso(c),x =, inf Z llgn 1
JneN eN

(9n)nenN
n

where the infimum is taken over all such representations of f. In particular, there exists
a constant C > 0 such that for all f € So(G) with supp(f) C K we have that

[1fllsoc) < Cllfl- (26)

Proof. The first part of the proposition follows from the description of So(G) by the set
N in [28, Proposition 8.1]. To see that (26) holds, note that if f € So(G) is such that

o~

supp(f) C K, then one gets a representation of f as f = > neN Mw, gn where g1 = f,
gr = 0 for k > 1 and wy, = 1 for all k € N. By the description of the Sy(G)-norm, we
then have that

1 llsocey.i < D gl = 1 £

keN

The constant C' > 0 then comes from the fact that the norm above is equivalent to any
other norm on the Feichtinger algebra. O

We will make use of the following properties of the Feichtinger algebra. See [28, Corol-
lary 5.5(ii), Theorem 5.7(i), Lemma 4.15(iii)] for proofs.

Proposition 3.2. Let G be a locally compact abelian group. Then the following hold:
(i) The map So(G) x So(G) — So(G x G) given by

(f,9) = Vo f

18 continuous.
(it) If H is a closed subgroup of G, then restriction

[ flua

is a well-defined, continuous map So(G) — So(H). In particular, if H is discrete,
this is a continuous map So(G) — (1(H).
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(iii) For any f € So(G), the map G x G — So(G) given by
(z,w) = (2, w) f

18 continuous.
3.2. Duality theory for regular Gabor frames

Let 1 be a Haar measure on G. If another Haar measure cu, ¢ > 0, is chosen on G,
then the dual measure is given by ¢ii = ¢~ '%i. It follows that the product measure on
G x G constructed from any Haar measure on G and the corresponding dual measure
on G is independent of the choice of Haar measure on G. Consequently, any lattice A in
GxG has a canonically defined volume as in (4). The volume vol(A) gives an obstruction
to the existence of Gabor frames over A which is summarized in the following theorem:

Proposition 3.3 (Density theorem). Let A be a lattice in G X é, where G is a locally
compact abelian group. If G(g,A) is a Gabor frame, where g € L*(G), then

vol(A) < 1.

The above version of the density theorem for (not necessarily rectangular) lattices in
locally compact abelian groups is due to Jakobsen and Lemvig, see [31, Theorem 5.6].
For a historical exposition of the density theorem, see [26].

Given a lattice A in G x @, the dual lattice of A is defined as

A°={zeGx G : m(z)m(w) = m(w) 7 (2) for all w € A} (27)

This is also a lattice in G x G, see [41, p. 265] and [31, p. 234]. In time-frequency analysis
A° is often called the adjoint lattice, see [17].

The dual lattice is central to the duality theory of regular Gabor frames, which we
summarize in the following proposition:

Proposition 3.4. Let A be a lattice in G X G‘, where G is a locally compact abelian group,
and let g,h € So(G). Then the following hold:

(i) The Gabor frame-type operator Sy p a: L*(G) — L*(G) given by

Sgnaf =Y _(f,m(2)g)m(2)h (28)

zEA

is bounded, and has the following representation, where the sum converges abso-
lutely:

Y (w(2)h g)m(2). (29)

zEA®°
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(ii) The Gabor system G(g,A) is a frame for L*(Q), if and only if the Gabor frame
operator Sy a 1= Sg.g.a is invertible on L*(Q), if and only if there exists a function
h € So(G) such that

Sgna =1 (30)
Furthermore, h satisfies (30) if and only if
(g, m(2)h) = vol(A)d, o, forall z € A° . (31)

Such a function h is called a dual window for g, and the particular choice h = S;lAg
will always be a dual window called the canonical dual of g.

The boundedness of Sy A for g € So(G) is proved in [31, Corollary A.5]. The formula in
(29) is known as the Janssen representation and is proved in [31, p. 250]. We mention that
the same formula for the Schwartz—Bruhat space can already be derived from Rieffel’s
work on Heisenberg modules [41]. The relation in (31) is known as the Wezler—Raz
relation, and part (ii) of Proposition 3.4 is proved in [31, Theorem 6.1].

We end this section with a description of the dual lattice of a(A) where v € Aut(GxG)
and A is a lattice in Gx G. In general for a homomorphism ¢: G — H of locally compact
abelian groups, we denote by (b H — G the homomorphlsm given by (b( ) =wo¢ for
w € H. We identity @ as an automorphism of G x G. Denote by J: G x G — G x G the
map J(z,w) = (w,r71) and set a® = J~'a~1J. Then similarly as in the real case [16]
one checks that

(a(A))° = a®(A°). (32)
4. Deformation results
4.1. Continuity of dilation

As stated in the introduction, a continuity of dilation result is at the heart of our
approach towards proving a deformation result for Gabor frames over locally compact
abelian groups. Throughout this section, as in the previous two sections, G is assumed
a (second-countable) locally compact abelian group. We will need the following lemma:

Lemma 4.1. Suppose {fr : k € N} is a family of continuous functions on G and that
K is a compact subset of G such that supp(fi) C K for all k € N. Then there exists a
neighbourhood W C Aut(G) of idg and a compact subset K’ of G such that supp(froa) C
K’ for allao € W and k € N.

Proof. Let U be any neighbourhood of 1 in G with compact closure. Set W = N (K, U)
and K' = KU. If z € K and o € W, then a ! (2)z~! € U, so a~!(z) € 2U C K'. This
shows that a=!(K) C K’ for a € W. Hence, for k € N and o € W we have that
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supp(fi o a) = & ' (supp(fx)) C o~ H(K) C K'. O

A proof of the following proposition can be found in [5, p. 78, Proposition 2], but we
include a proof here for the sake of completeness.

Proposition 4.2. For any locally compact abelian group G the map L'(G) x Aut(G) —
LY(G), (f,a) = fo «a is continuous.

Proof. First, note that if f, fo € L'(G) and «, ag € Aut(G), then

[foa—foecaoli <[ foa—fooali+|[fooa— fooal:

=modg(a) Y| f = folli + |l fooa — foo gl

Thus, by continuity of the Braconnier modular function, it suffices to show that a — foa«
is continuous for all f € L*(G). In fact, since

If 0 o = f o aglly = modg(ao) || f o (ag ) — £l

it suffices to show continuity at ag = idg. So, fix f € L'(G). To begin with, suppose
that f is compactly supported, say on K. Let € > 0. Let U C G be any neighbourhood
of the identity with compact closure, and set W = N (K,U). Then if x € K and o € W,
we have a~!(x)z~! € U, so a~!(z) € 2U C KU =: C. This shows that supp(f o a) =
a 1(K) C C whenever a € W. Consequently, the function |f o o — f| is supported on
the compact set C for all « € W.

Let ¢ € C.(G) satisfy 0 < ¢ < 1 and ¢|¢c = 1 pointwise. Since f is continuous and
compactly supported, it is uniformly continuous, so there exists an open neighbourhood
of the identity V such that

€

1 _
p eV = 1) - S < s (33)
for all y,z € G. Set W/ = N(C, V). Then we have that
zeCandaeW = |f(a(z)) — f(z)] < < (34)

p(supp(9))”

Thus, for « € W N W', we have
Woa—ﬂh:/umu»—ﬂwa

G
— [ \f(a@) - F)lota) do (since dlc = 1)
G
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zeC

< sup | f(a(z)) — £(z)] / o(z) da
G

< @) p(supp(e)) (by (34))

<e.

This shows continuity for the case when f is in C.(G). By a standard approximation
argument this extends to all f € L}(G). O

We are now ready to prove the following important result:

Theorem 4.3. For any locally compact abelian group G the map Sp(G) X Aut(G) — So(G),
(f,a) — fo a is continuous.

Proof. We begin as in the proof of Proposition 4.2 and reduce the problem to showing
continuity in the Aut(G)-variable. Let f, fo,9 € So(G) and a, ap € Aut(G). Then using
(25) and the explicit constant in the upper bound of (23), we have that

[foa—fooaolsyayg < lf oa—=fooals,ag+ I1fooa— fooanllsy .
= mode (@) ! |[f = follse(@).gea-t + 1o o @ = fo o aollsy@ g
< modg () Hgllz g 0 o™ se(a).allf = follsoic).g
+ |fooa— fooaolls, ().
We need to show that the term ||g o a’1||50(g)7g above is bounded above when « is
sufficiently close to idg. To this end, we can assume that g is compactly supported. By
Lemma 4.1 and Proposition 2.6, we can find a compact subset K of G and a symmetric
neighbourhood W C Aut(G) of idg such that supp(§o @) C K for all « € W. By

Proposition 3.1, there exists a constant C > 0 such that ||g o a||50(@) i < Cllg o ally for
all « € W. By Fourier invariance of So(G) (see (24)), we then get that

lgo ™ lIsurg = 1508 lls,@)5 < Cllgo @Il = € modg(@) gl

for o € W. Thus it suffices to show continuity of the map « — foa for fixed f € Syo(G).
In fact, it suffices to show continuity of this map at o = idg since

1/ 00— f o aollsy(@.s = moda(ao) ™ [1f o (aag") = fllsyc.gons -

Therefore, let f € Sp(G), and let € > 0. Let C' be a compact set in G with nonempty
interior. By Proposition 3.1, we can write

[= Z kagk

keN
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where wy, € G for each k, g € L*(G) with supp(gi) € C for every k and > e gkl <
oo. Using this expression for f, we have that

||f o — f”So(G) = Z(kagk) oa— Z M., 9k
keN keN So(G)
< Z [Mes0a(gr © @) = Mo, grllse(c)
keN
< Z [Meoa(gr © @) — Muyoadrllso(c)
keN
+ Z ||kaoozgk - ka,gk”So(G)
keN
= gk © o = gillso(c) (35)
keN
+ Z [Msyoagr — M, gkl so(c)- (36)
keN

We must show that both of the terms (35) and (36) can be made sufficiently small by
choosing « sufficiently close to idg.

Combining Lemma 4.1 and Proposition 2.6 again, we can find a compact set K C G
and a neighbourhood W; C Aut(G) of idg such that g o @ is supported on K for all
k € N and o € W;. Again, by Proposition 3.1, but using K, there exists a constant ¢ > 0
such that

[17llsoc) < cllhllx (37)
for all h € So(G) with supp(/ﬁ) CK.
Pick kg € N such that
€
> llgelh < - (38)
k>ko

By continuity of the Braconnier modular function, we can find a neighbourhood Wy C
Aut(G) of idg for which modg () < 2 when a € Wy. Combining this with (38), we have
that

€
aeWinNW, = Z llgr © al|1 = modg(a) Z Hng1<§. (39)
k>ko k>ko

By Proposition 4.2, we can find a neighbourhood W3 C Aut(G) of idg for which the
implication
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ko
€
aeW; = Z||gk0an—ng1<4— (40)
k=1 ¢
holds. Hence, when o € Wy N Wy N W3, we have that
D gk o a = grllso(@) < Xren cllgr 0 @ — grlls (using (37))

keN
=% gk oo — grlls + € Xy gk 0 @ — gills
<Xty £ 4 ¢ Tpono lgr 0 alls + llgelln)
<fits st <s

This gives us an estimate on the term (35).
Now for every h € Sp(G), the map G — So(G), w — M,k is continuous by Proposi-
tion 3.2 (4i4). Thus we obtain a neighbourhood Wy C Aut(G) of id¢g such that

ko

€
aceW, = Z ||kaoagk - kangSO(G) < Z (41)
k=1
Moreover, we have that
Y IMuroagn = M gillso(@) < Xiporo (Muroagillsoi) + [ Murgrllso(c))
k>ko
=23 koo l9r1lso(c)
<203 sk, k1l (using (37))
<5 (using (38))

Combining the above estimate with (41), we obtain the following estimate for (36):

aceW, = Z ||kaoozgk — kangS()(G) < (42)

keN

[NNe

Thus, combining our estimates of terms (35) and (36), we see that when aw € W7 N W5 N
W3 N Wy, we obtain

€ €
||foa—f‘|so((;) < §+§ =€
This finishes the proof. O

4.2. Deformations of Gabor frames

This subsection ends with a proof of the linear deformation result for uniform Ga-
bor frames on locally compact abelian groups. Our approach here is similar to [16].
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The following lemma is a generalization of [16, Lemma 3.5], but in our proof we avoid

Wiener amalgam spaces completely, instead applying the continuity of maps between

the Feichtinger algebras of G, G and A.

Lemma 4.4. For any locally compact abelian group G and lattice A in G X G the map
So(G) x Sp(G) x Aut(G x @) — HA), (g,h,a)— ((g,7(a(2))h).en

s continuous.

Proof. We can write the map as a composition of three maps: The first is the map

So(G) x So(G) x Aut(G x G) = So(G x G) x Aut(G x G) given by
(gv ha Oé) = (th7 CY).

This is continuous by Proposition 3.2 (i). The second is the map So(G x G) x Aut(G x
G) — So(G x G) given by

(F,a) — Foa.

The continuity of this map is precisely Theorem 4.3, with G x G in place of G. The final
map is Sp(G x G) —= (1(A) given by

F— F|a
which is also known to be continuous by Proposition 3.2 (ii). O
The following lemma is a generalization of [16, Theorem 3.6(i)]:
Lemma 4.5. The map So(G) x So(G) x Aut(G x G) — B(L2(G)) given by
(9, hy @) = Sy ha(a)

is continuous at (go, ho, ag) whenever G(go, ag(A)) and G(ho, ag(A)) are dual frames for
L3 (G).

Proof. Let go,ho € So(G) and ap € Aut(G x G) be such that G(go,a(A)) and
G(ho, ap(A)) are dual frames for L?(G). Let € > 0. For g, h € So(G) and o € Aut(G xG),
define ¢y p.0 € (1(A°) by

Cg.nalz) = (h,m(a(z))g), =z€A” (43)

By the Wexler—Raz relations (Proposition 3.4 (ii)) and (32) we have that
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Cgo,ho,ag(2) = vol(ap(A))dz,0 = mod(ag) vol(A)d (44)
for all z € A°. For a € Aut(G x G), set

- ¢ o(2)m(a(2)) = mod(ao)
e = Solla(a) 2 Cantoag(IT(@°(2)) mod(ar)

zZEA®°

Using the Janssen representation Proposition 3.4 (i) we get the following estimate:

1 o
ISnnais) = Tol = | oy X2 ot~ (Dt <z>>H
1
< - E o — o
= modg(a) VOI(A) ‘cg,h#)l (Z) Cgo,ho,0 (Z)|

zZEA®°

Thus, by Lemma 4.4 and the continuity of the Braconnier modular function as well
as the continuity of the assignment o — «a°, we can find a neighbourhood U x V' x
W C So(G) x So(G) x Aut(G x G) of (go, ho, o) such that 1Sg.n,a(a) — Tull < €/2 for
(g, h,a) eU XV xW.

Next, since G(go, ao(A)) and G(hg, ap(A)) are dual frames, it follows that Sy, ny.a0(a)=
I. Thus, again by continuity of the Braconnier modular function, we can find a neigh-
bourhood W’ C Aut(G x G) of ag such that

mod(ayg)

od(o I—IH <§ (45)

ITa = Sgo.ho,an(a)ll = ”
when o € W’. Combining our two observations, we have that

€ €
1Sg.n,0(8) = Sgo.hosan(d) | S NSg.naa) = Tall + 1 Ta = Sgo,hosaca)ll < 3t =¢

when (g, h,a) € U x V x (W NW'). This finishes the proof. O

We are now ready to prove one of the main results of the paper. With all the previous
lemmas and propositions taken care of, the proof below is exactly the same as the proof
of [16, Theorem 3.8]. The deep fact that a Gabor frame G(g, A) with g € Sp(G) admits
a dual frame with window also in Sy(G) was proved for G = R" in [22] and generalized
to locally compact abelian groups in [3].

Theorem 4.6. Let G be a locally compact abelian group, and let A be a lattice in G X G.
Then the set

{(g, ) € So(G) x Aut(G x G) : G(g, (A)) is a Gabor frame for L*(G)}

is open in So(G) x Aut(G x G).



26 U. Enstad et al. / Advances in Mathematics 410 (2022) 108771

Proof. Let gy € So(G). Suppose ag € Aut(G x G) is such that G(go, ap(A)) is a Gabor
frame. By [3, Theorem B] we can find a dual frame G(hg, ag(A)) with hg € So(G). Then
Sao.
only invertible elements. By Lemma 4.5, there exists an open set U of Sy(G) x Sp(G) x
Aut(G x G) containing (go, ho, o) such that S, p, oa) € V for every (g,h,a) € U.

Consequently, the set

ho,ao(a) = I. There exists an open neighbourhood V' of I in B(L*(G)) containing

U’ ={(g,a) € So(G) x Aut(G x G) : (g, ho, &) € U}

is open in So(G) x Aut(G x G). But then Sg.ho,a(a) is invertible whenever (g,a) € U'.
Now fix (¢g,«) € U’ and set h = S;i07a(A)h0. Since Sy p,,a(a) commutes with m(a(z))
for every z € A, we have that

Sg,ho,a(A)Sg,h,a(A)f = Sg,hg,a(A) Z<f,7T(O[(Z))h>7T(OZ(Z))h

z€EA

=) (. m(a(2))m((2) Sy g aayh

zZEA

= ({f. m(e(2)hym(a(z))ho

zZEA

= Sg.ho,a(a)f

Hence Sy ny.a(a)Sg,h,a(a) = Sg,he,a(a)- Since Sy p, o(a) is invertible, we conclude that
Sg.h,a(a) = 1. Hence G(g,a(A)) is a Gabor frame, and the proof is finished. O

5. The Balian—Low theorem

In this section, we classify the locally compact abelian groups in which a Balian—Low
theorem for the Feichtinger algebra holds.

From what we have done so far, it follows easily that the Balian—Low theorem holds
in groups with noncompact identity component:

Theorem 5.1. If G is a locally compact abelian group with noncompact identity compo-
nent, then for any lattice A in G x G with vol(A) = 1 and any function g € So(G) the
Gabor system G(g,A) cannot be a frame for L*(G).

Proof. Suppose for a contradiction that G(g, A) is a frame for L?(G), with g € So(G). By
Theorem 4.6, there exists an open set U C Aut(G x G) such that G(g, o(A)) is a frame
for L?(G) whenever o € U. Moreover, I € U. By Theorem 2.10, the Braconnier modular
function of G x G is open. Thus, the set V' = mod, 5(U) is an open neighbourhood of
1 in (0, 00), so there exists an o € Aut(G) with modg(«) > 1 such that G(g, a(A)) is a
Gabor frame. But then, using Proposition 2.11, we get
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vol(a(A)) = mod ., 5(c) vol(A) > 1.
This violates the density theorem (Proposition 3.3), hence we have a contradiction. O

Our next goal is to show that if G has compact identity component, then the Balian—
Low theorem fails in a strong sense. To prepare, we need some lemmas.

Lemma 5.2. For i = 1,2, let G; be a locally compact abelian group, let A; be a lattice in
G; x G; and let g; € L3(G) be such that G(gi, A;) is an orthonormal basis for L*(G;).
Set G = G1 X Gy. Then, upon identifying G x G with G X é\l X Gg X (/}'\2, we have that
G(g1 ® ga, A1 X Ag) is an orthonormal basis for L*(G). Moreover, if g; € So(G;) for
1=1,2, then g1 ® g2 € So(G).

Proof. Suppose that G(g;,4A;) is an orthonormal basis for L?(G;) for i = 1,2. Note that

(21, 22)(g1 ® 92) = 7(21)g1 @ T(22)g2, (21, 22) € A1 X Ay,

hence the Gabor system G(g1 ® g2, A1 X As) consists exactly of the tensor products of
elements from the orthonormal bases G(g;, A;), i = 1, 2. From this it follows immediately
that G(g1 ® g2, A1 X Ag) is an orthonormal basis.

Also, if g; € So(G;) for i = 1,2, then the formula

‘/91®92 (gl ® 92)(21? ZQ) = Vglgl('z1>V9292<z2>

shows that g1 ® ga € So(Gl X Gg) O

Lemma 5.3. The following hold:

(i) If D is a discrete abelian group, then A = D s a lattice in D, §y € So(D), and
G (60, A x At) is an orthonormal basis for L*(D).
(it) If C' is a compact abelian group, then A = {1} is a lattice in C, 1¢ € So(C), and
G(1c, A x AL) is an orthonormal basis for L?(C).
(iti) If G = D x C where D is a discrete abelian group and C is a compact abelian group,
then A = D x {1} is a lattice in G, 6y ® 1¢ € So(GQ), and G(dp @ 1o, A x AL) is
an orthonormal basis for L*(G).

Proof. We begin by proving (7). That A is a lattice follows from the fact that D is discrete
and D/A = {1} is compact. Since So(D) = ¢}(D) for D discrete ([28, Lemma 4.11]), we
have that 8 € So(D). Finally, since A+ = {1} C D, the Gabor system G(do, A x AL)
is nothing but the canonical orthonormal basis for £2(D). The proof of (ii) is dual, and
(7i7) follows by applying (i) and (i7) together with Lemma 5.2. O

Lemma 5.4. Let G be a locally compact abelian group, let H be a closed subgroup of G
of finite index and let A be a lattice in H. Then A is also a lattice in G. Furthermore,
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suppose g € L2(H) is such that G(g, A x A%) is an orthonormal basis for L?>(H), where
A% denotes the annihilator of A in H. Then there exists § € L*(G) such that G(§, Ax A+)
is an orthonormal basis for L?(G), where A+ denotes the annihilator of A in G. Finally,
if g € So(H), then g € So(G).

Proof. The first statement follows from Lemma 2.1 (i). Let {y1,...,yx} be a set of coset
representatives for H in G, where k = [G : H]. We normalize the Haar measure on
G such that Weil’s formula (3) holds with respect to a fixed Haar measure on H and
the counting measure on G/H. To ease notation we will omit explicit reference to Haar
measures [ig, [LH, etc. when integrating with respect to them. Define §: G — C by

. 1
zy;) = —=g(x
9(y;) \/Eg( )
forre Hand 1 <j<k.
Now A% = AL/HL. Thus the orthonormality of G(g,A x (AL/H')) means that
{g,7(\,7TH*)g) = 0 if and only if A = 1 and 7 € H*. We calculate (g, 7(\, 7)g) in terms
of (g,m(\, 7H')g) as follows:

(@, 7\ 7)3) L2 (o) Z/ 9(ay;)T(ry;)g(Atay;) d
]:1H
1 k
=E;!g<x>7<yg> T@g(n17) do

k
:% > 7w | g m N TH ) g) 21

%Z?ZlT(yj) if \=1and 7€ H*-

0 otherwise.
But if 7 € H* then Zle 7(y;) = ké,1 as we are summing a character 7 € H+ = CT/?{
over all the elements of the finite group G/H. Thus G(§, A x A+) is orthonormal.

We now show how completeness of G(§, A x A+/H=) in L?(H) implies completeness
of G(§, A x At) in L?(G). Note that

k

(f,m(A\T)d)r26) = Z/f(xyj)T(xyj) (A lzy;) d
=1y
k
= LS ) m O T ) "
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Now suppose that (f, m(X,7)d)r2(q) = 0 for all A € A, 7 € A+. We can write 7 = 7172
uniquely in the sense that 7y H+ € A+/H* and 7, € H* are uniquely determined. We
then get

k
(fim(A\ 7)) r26) = % > ()W) fCys)s 7\ T H ) g) 2y = 0
j=1

for all A € AL, 7 H+ € AY/H* and 7 € H*. Recognizing the above expression as an
inner product in L?(G/H) and using that H- is an orthogonal basis for L?(G/H), we
deduce that

1 (y) (f(y), 7N, iH )g) =0

forall 1 <j <k, A€ At and 1y H+ € AY/H*. By completeness of G(g, A x A*/H*),
this implies that f(zy;) =0forallz € H and 1 <j <k, ie. f=0.

Finally, suppose that g € So(H). For h € L?(G) Denote by V¢ the short-time Fourier
transform on G x G and by V1 the short-time Fourier transform on H x H. Since

G/H is finite, we have that H+ & G/H is finite (and of the same order) as well, say
H+ = {r,...,7}. Note that 7;(¢') = 1 for each 1 < j < k and ¢’ € H. Using this and
Weil’s formula (3), we have

/ |VgG§](3:, w)| dz dw

Gx@

k
-y / / VE§(a'y;,w'ry)] da’ d(w' HY)
i5J

G/HL H
k k
=2 / /Z/é(t’yz)(wn)(t’yz)ﬁ( y; "ty dt’| da’ d(w' H™)
i,jfla/HiH =1y

where We used that 7;(¢') = 1 in the last line. Now for each 1 < j,I < k, we can
write Yy yl = 151Yr;, for a uniquely determined ¢;; € H and 1 < 7;; < k. Hence
- 1, — -1 1

g’y ) = g0 Wt gy, ;) = gl ), so

7=

/ VE§(z,w)| dz dw < Z / // W (t)g(x' Mt ) dt'| da’ d(w HY)

G/HJ_H
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Vgt )] da’ A HY)

Mw
SO

The above expression is finite because of the assumption that g € So(H). Hence g €
So(G), which finishes the proof. O

Lemma 5.5. Let G be a locally compact abelian group, let F' be a finite subgroup of G and
let A be a lattice in G that contains F. Denote by p: G — G/F the quotient map. Then
p(A) is also a lattice in G/F. Moreover, suppose g € L*(G/F) is such that G(g,p(A) x
p(A)1) is an orthonormal basis for L?>(G/F). Then there exists § € L*(G) such that
G(g, AxAL) is an orthonormal basis for L*(G). Finally, if g € So(G/F), then § € So(G).

Proof. This is dual to Lemma 5.4. Since F is a finite subgroup of G and F C A, F+
is a finite index subgroup of G with A* C FL. It follows from Lemma 2.1 (i) that
At is a lattice in F*, hence A is a lattice in G/F. Moreover, if g € L*(G/F) gives
an orthonormal basis G(g,p(A) x p(A)*) for L2(G/F), then FG(g,p(A) x p(A)t) =
G(g,p(A)* x p(A)) is an orthonormal basis for L2(F1). Again by Lemma 5.4, one gets
a function v € L2(G) such that G(y, At x A) is an orthonormal basis for LQ(G) and its
inverse Fourier transform § = F~!(7) gives us an orthonormal basis G(§, A x At) for
L?(G). By Fourier invariance of the Feichtinger algebra, we have that § € So(G). O

With these lemmas proved, we are ready to prove the following:

Theorem 5.6. Let G be a locally compact abelian group. If G has a compact identity
component, then for any lattice A in G there exists a function g € So(G) such that
G(g, A x A*Y) is an orthonormal basis for L*(G).

Proof. By Theorem 2.10, we can find a compact open subgroup K of G. Now KA is
an open subgroup of G, so the quotient G/(KA) is discrete. In addition, we have a
continuous surjection G/A — G/(KA), so G/(KA) must be compact as well. It follows
that H = KA has finite index in G. Also, the intersection F' = K N A is finite. By
Lemma 5.4 and Lemma 5.5, we can assume that G = KA and K N A = {1}, ie.
G = K x A. But then the existence of a g € Sy(G) such that G(g,A x A1) is an
orthonormal basis for L?(G) follows from Lemma 5.3. O

5.1. The Zak transform

As mentioned in the introduction, we will obtain a generalization of a theorem due to
Kaniuth and Kutyniok [35], at least in the second-countable setting. Let A be a lattice
in G. We call a function F': G x G — C quasiperiodic (with respect to A) if
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F(zAwr) = w(A)F(z,w) (47)

foralleG,wEé,)\EAandTEAJ-.
The Zak transform of a function f € L?(G) with respect to A is the function Zg a f
on G x G given by

Zaaf(z,w) =Y fadw())

AEA

for (z,w) € G x G. The Zak transform of a function satisfies (47).
The following proposition is proved in [13, Theorem 5.5].

Proposition 5.7. For any locally compact abelian group G and any lattice A in G the
following statements are equivalent:

(i) For every g € So(G), the Gabor system G(g, A x A1) is not a frame for L*(G).
(ii) For every g € L*(G) such that the Zak transform Zg ag is continuous, Zg ng must
have a zero.
(iii) Every continuous, quasiperiodic function F' on G x G has a zero.

Combining the above proposition with Theorem 5.1 and Theorem 5.6, we obtain the
following result:

Theorem 5.8. For any locally compact abelian group G and any lattice A in G the fol-
lowing statements are equivalent:

(i) The identity component of G is noncompact.
(i) Every continuous, A-quasiperiodic function on G x G has a zero. In particular,
whenever Zg ag is continuous for g € L?(G), then Za,ng has a zero.

Proof. Note that by (6), A = A x At is a lattice of volume 1 in G x G. If G has
noncompact identity component, it follows from Theorem 5.1 that there is no g € Sp(G)
such that G(g,A) is a Gabor frame. By Proposition 5.7, this is equivalent to every
continuous, quasiperiodic function having a zero. On the other hand, if G has compact
identity component then by Theorem 5.6, there exists g € So(G) such that G(g, A x A1)
is an orthonormal basis for L?(G). By Proposition 5.7, this implies that some continuous,
quasiperiodic function is nowhere zero. 0O

This removes the assumption of compact generatedness from the main result of [35],
although it should be remarked that there is no assumption of second-countability in
[35].
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6. Gabor analysis on the adeles of a global field

In this section, we introduce the higher dimensional S-adeles, show the existence
of Gabor frames over these groups and apply our main results to this class of locally
compact abelian groups.

6.1. The adeles of a global field

Let K be a field. An absolute value on K is a function | - |: K — [0, 00) that satisfies
the following axioms:

(i) For all z,y € K, we have that
|z +yl <[]+ |yl. (48)
(ii) For all z,y € K, we have that
|zy| = [x[lyl. (49)
(iii) For all € K, we have that |z| = 0 implies 2 = 0.

The function | - |o on K given by

0 if x =0,
|zlo = , (50)
1 if x #£ 0,

is an absolute value called the trivial absolute value. Two absolute values |- |1 and | - |2
on K are called equivalent if there exists s > 0 such that |z|; = |z|§ for all z € K. This
is an equivalence relation on the set of absolute values on K. It is easy to establish that
an absolute value equivalent to the trivial absolute value is also trivial. A place is an
equivalence class of nontrivial absolute values on K.

An absolute value | - | on K induces a metric on K via

d(z,y) = |z -yl (51)

for z,y € K. One can show that two absolute values on K are equivalent if and only
if their induced metrics define the same topology on K. The metric associated to the
trivial absolute value is the discrete metric on K.

An absolute value | - | on K is called non-archimedean if

|+ y| < max{|z[, [y} (52)
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for all z,y € K. Note that (52) implies (48). An absolute value is called archimedean if
it is not non-archimedean. Note that if | - |; and | - |2 are equivalent absolute values then
both or neither of them are non-archimedean. Hence, it makes sense to call a place on
K non-archimedean (or archimedean).

A global field is a finite field extension of either @ (in which case it is called a number
field) or the field F,(¢) of rational functions over the finite field I, of ¢ elements (in which
case it is called a function field).

On Q, the usual Euclidean absolute value | - |o given by

x if x >0,
|2]0o = .
—x if z <0,

is archimedean. For each prime number p, there is a non-archimedean absolute value,
namely the p-adic absolute value | - |,, given by
|lzlp = p_k
whenever z = p*(a/b) where a,b € Z and p does not divide a or b. One also sets |0], = 0.
On K =Fy(t) for ¢ = p", there is a non-archimedean absolute value | - | given by

‘g‘ _ pdeg(f)—deg(g) (53)

for f/g € F4(t). Furthermore, for each irreducible polynomial P € F,[t], there is a
non-archimedean absolute value |- |p given by

hlp=p~" (54)

whenever h = P*(f/g) where neither f nor g is divisible by P. One also sets |0|p = 0.
The following result is proved in [39, Theorem 4.30].

Proposition 6.1. The following hold:

(i) The Euclidean absolute value | - |« and the p-adic absolute values |- |, for p prime
give a complete set of representatives for all the places on K = Q.

(i) The absolute value |- | and the absolute values |- |p for an irreducible polynomial
P give a complete set of representatives for all the places on K = Fy(t).

If v is a place on a global field K, then we denote by K, the completion of K with
respect to the metric induced by v. This will be a locally compact field, i.e. a field with
a nondiscrete topology for which all the algebraic operations are continuous.

For a global field K, let F' denote either Q or Fy(t) depending on which field K is an
extension of. If v is a place on K, then one obtains a place v|r on F' by restriction. This
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place is then classified by Proposition 6.1. If F' = Fy(t), then we say that v is infinite if
the restriction of v to F is equivalent to the place given by the absolute value | - |, on
Fy(t). Otherwise, v is called finite. If F' = Q, we simply define the infinite places to be
the archimedean ones, and the infinite places to be the non-archimedean ones. We write
v | 0o to indicate that v is an infinite place, and v { oo if it is finite.

For a finite place v on K, we set

O, ={zx €K, :|z|, <1}

where | - |, is any representative of v. Note that the definition of O, is independent of
the choice of absolute value. Also, by (52), O, is a subring of K,. One also sets

0={)0..

vfoo

Another description of O is as the integral closure of Q in K if K is a finite extension
of Q, and the integral closure of Fy(¢) in K if K is a finite extension of Fy(t). We set

Koo =[] Ko (55)

v|oo

Note that this is a finite product, since a global field has only finitely many infinite places
(this is a consequence of e.g. [39, Theorem 4.31]). If S is a set of finite places of K, we
define Kg to be the following restricted product ([39, p. 180]):

O,
Kg = K, = {(va)v € H K, : z, € O, for all but finitely many v € S} . (56)
veS veS

Finally, we define the S-adeles associated to K to be the locally compact ring
AK,S:Koo XKs. (57)

In particular, the adeles associated to K is A g = Ak 5, with X being the set of all places
on K. Note also that Ay g = K.

Proposition 6.2. Let F' be a global field, and let E be a finite extension of F', with degree
d=[E : F]. Then we have that

Ak,s = AL g
as topological groups.

In the case where S is the set of all places, a proof of the above is given in [39, Lemma
5.10], and this works verbatim also for general S. The above proposition shows that
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additively speaking, we do not get anything more by considering powers of the adeles of
a finite extension of Q or F,(¢) rather than just the fields Q and F,(¢) themselves. We
will therefore focus on these two cases.

We also set

Ri.s = ﬂ(’)v:{xeK:|x|v§1for allv ¢ S.} (58)
vgS

Note that R s = K and Ri g = O.

Proposition 6.3. The map Rk s — Ak, s given by x — (z)yes is an injective ring homo-
morphism with discrete range in Ag g. Moreover, identifying Ri s as a discrete subgroup
of Ak s with this map, we have that

Ak s/Rrk.s.
is compact. In particular, Rk s embeds as a lattice in Ak g.

Proof. This proof is very similar, more or less verbatim, to [39, Lemma 5.11], just con-
sider any nonempty set of places instead of all places. In both the number field and the
function field case it is important that the infinite place is included. O

Remark. Tt is known that Ax /Ry = E;, see e.g., [39, Proposition 7.15]. Moreover, a
consequence of the classification result that we will prove in the next subsection is that
for any number field K and set of places S, we have

Ak s/Ri,s = R/K\s
For K = Q there is a direct proof of this in [34, Theorem 3.3].

We also consider higher dimensional variants of the S-adeles. Note that

or
ks 2 KLx [ KD
veS
for every n € N. As a consequence of Proposition 6.3, we have that R} ¢ embeds as a
lattice in A% g for every n € N. We typically write elements of A% ¢ as (Zoo, (Tv)ves)
where 2o, € K7, and z, € K} for each v € S.

6.2. Classification of lattices in the S-adeles over the rationals
Suppose K = Q. Then by Proposition 6.1, there is exactly one infinite place on Q,

and it is represented by the Euclidean absolute value. Consequently, K., = R. If v is a
finite place, then it is represented by the p-adic absolute value for some prime number
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p. It follows that K, = Q,. Furthermore, O, = Z, and O = Z. If S is a set of finite
places, we think of S as a set of primes. In that case,

Qs =[[" @

peES

The ring of S-adeles associated to Q becomes
Ag.s =R xQg.
We also get
Ros=1Z[;:pe s,

the ring extension of Z by all the rational numbers 1/p for p € S.
In the following proposition, we determine the automorphism group of A&’ g

Proposition 6.4. Let S be a set of prime numbers. Then the map

GLn(Zp)
GLn(R) X H GLn(Qp) — Aut(Aﬁ,S)
peS

given by sending A = (Aco, (Ap)pes) to the automorphism o of Ag g given by

(Zoo, (Tp)pes) = (Ao, (ApTp)pes)
is a topological isomorphism.

Proof. Denote the map in the proposition by ®. Denote the domain of ® by G. One
easily checks that ® is a well-defined injective homomorphism.

Next, we verify that ® is surjective. Let a be a topological automorphism of Ag .
Precomposing with the injections R" — Ag ¢, Q) = Ag ¢ (p € S) and postcomposing
with the surjections A&S — R™, A&S - Qp (p € S), we obtain continuous homomor-
phisms of the form R™ — Qp, Qp — R™ and Qp — Qj, for p,p’ € S. Now the only
continuous homomorphism R"™ — Qp is the trivial one, since the identity component of
R™ (namely R™) must map into the identity component of Q} (namely {0}). Similarly, a
continuous homomorphism Q — R™ is also trivial, since all of the compact subgroups
(p~*Z,)™ whose union is Q) must have compact image in R™ (hence {0}). Finally, we
claim that if p # p’ then the only continuous homomorphism Qp — Qp is the zero
map: By passing to the components of such a map, it suffices to show that a continuous
group homomorphism h: Q, — Q, must be trivial. Assume for a contradiction that
h(1) # 0. Then h(p'") = h(1)p'" for all n € Z. Moreover, since p and p’ are distinct
primes we have that p'" € Z,, for all n € Z, hence Z[1/p] C Z,,. Because of the inclusion
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Z[1/p'lh(1) = h(Z[1/p']) € h(Z,) and the density of Z[1/p']h(1) in Q, we conclude
that h(Z,) is dense in Q,. However, h(Z,) is also compact, a contradiction, and thus
h(1) = 0.

We now have that « is of the form

AToo, (Tp)p) = (AsoToo, (ApTp)p)

for an automorphism A, of R™ and automorphisms A, for each p € S. In other words,
Ay € GL,(R) while A, € GL,(Q,) for each p € S.

Let e; be the i-th standard basis vector in Q. We have that (Ayz,), € Q% for all
(zp)p € Q%. In particular, setting x, = e; for all p € S, we have (A,e;), € Q%. Thus, for
each i, 1 <7 < n, we have that Aye; € Z} for all but finitely many p € S. This implies
that all the entries of the matrix A, are in Z, for all but finitely many p € S. The same
argument applies to a~! which is given by o (oo, (2p)p) = (A Too, (4, ' 2)p), s0 all
the entries of both A, and A; ! are in Z,, for all but finitely many p € S. This forces
A, € GL,(Z,) for all but finitely many p € S.

Finally, we show continuity of ®. If K is a compact subset of A& g and U is a neigh-
bourhood of the identity of A&,sw then we can find compact sets K C R", K, C Qp
(p € S), and neighbourhoods of the identity U, € R", U, C Qp with U, = Z} for all
but finitely many p, such that

U=Usxx [[U,CU
peS

KgKooxHKp:;K’.
peS

Since the sets N (K, U) (K compact, U neighbourhood of identity) form a neighbourhood
basis for Aut(Ag ), it suffices to show that ®~YN(K',U")) is open in G. Now

N(E'U") = N(Ew,Us) x [[N(K,,U,).

peS

We conclude that ®~1(N(K’,U’)) is open in G from the fact that each of the maps
GL,(R) = Aut(R™) and GL,(Q,) — Aut(Qj), p € S, are continuous.

Since AT(L), g is separable, it follows from [38, Corollary 1.11] that AED, g is a separable,
completely metrizable group. By an open mapping theorem for topological groups [6,
Lemma 1] and the remark afterwards, it follows that & must be open. Hence @ is a
topological isomorphism, which finishes the proof. O

Remark. Let Zg denote the compact subgroup Hpe g Zyp of Qg. There is another way to
look at Qg, namely as a completion of Rg g. Indeed, denote by (S) the multiplicative
subgroup of Q* generated by S and let 7Z be an open set in Rq,g for every pair
m,n € (S). Then Qg is the Hausdorff completion of Rg g with respect to this topology,
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i.e., its topology is generated by 2Zg for m,n € (S), and Zg is the closure of Z, see
[34] for more details.

Lemma 6.5. Let A be a lattice in R™ x Q%, and let fi and fo denote the projections from
R™ x Q% onto the first and second coordinate, respectively. Then fi is injective on A and
fa(A) is dense in QF%.

Proof. We start by showing that the restriction of f; to A is injective. Suppose that an
element of A is mapped to the identity of R™ by f1, i.e., there exists some y € Q% such
that (0,y) € A. For m € N big enough, y' = my € Z%. It follows that V = {(0, ky’) :
k € Z}, and hence its closure V, is contained in A N ({0} x Z%). Moreover, since A is
discrete and {0} x Z% is compact, then V is finite. But then {ky’ : k € Z} is a finite set,
and so the only possibility is that 3’ = 0, i.e., y = 0. This shows that the restriction of
f1 to A is injective.

For the second part, set H = f>(A) in Q%. The map f, induces a surjection
(R" x Q5)/A = Qs/H, (z,y)+A—y+H.

Since the former is compact, the latter is also compact, meaning that H = Q%. Indeed,
if L is a cocompact subgroup of Q¥%, then the dual/(if Q%/L, which is isomorphic to Lt
is discrete. But then LT is a discrete subgroup of Q% =Q%, so L+ is trivial by a similar
argument as above. Hence L = Q%. It follows that f2(A) is dense in Q%. O

Lemma 6.6. Suppose A is a lattice in Ag g such that AN(R"XZY) = Z". Then A = R 5.

Proof. First, suppose that (z,y) € A. Since y € Q%, we can find a number r expressible
as a product of primes from S such that ry € Z%. But then (rz,ry) € AN (R™ x Z¥), so
re=ry=1€Z". Thus (z,y) = (I/r,l/r) € R{ 5, which shows that A C Rf .

We now prove the other inclusion. Denote by fo the projection of A&S =R" x Q%
onto Q%, and set D = fp(A). Since AN (R” x Z%) = Z", we have that DNZY% = Z".
Moreover, D is dense in Q% by Lemma 6.5.

We claim that D = R&’S. To see that R&,s C D, lety € R&S. Since D is dense
and Z% is open, there must be some x € Z% such that y +x € D. Let m € N be
such that my € Z™. Then my + mz belongs to both of the groups D and Z%, and thus
it is in Z". It follows that = € Z" and therefore y € D — 2z = D. We conclude that

0.5 & D. For the converse, assume that y € D. There is a natural number m such
that my € Z%. As above, we can choose this number so that 1/m € R - Since my also
belongs to D, we have that my € Z™, and therefore y € Ry s Thus D C Ry s Thus, if
(r,1) € Ry ¢ € Ag g, then identifying Rgy ¢ with its image in Ag g, we have r € D. But
then there exists x € R™ such that (z,r) € A. But as we have already seen, A C R&,S?
so we must have x = r and thus (r,r) € A. This shows that Rg ¢ C A, which finishes
the proof. O
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Proposition 6.7. All lattices A in the group Ag ¢ are of the form

A= AR(?ls = {(AOOQa (qu)PES) NS R&,S}
for an automorphism A = (As, (Ap)pes) of Ag,s given as in Proposition 6.4.

Proof. Let n > 1 and suppose that A is a lattice in R™ x Q%. Remark that A is a
discrete second countable space, so A is countable. Set A" = AN (R™ x Z%). Our first
goal is to show that A’ is isomorphic to Z™. Consider again the projections f; and f3
from Lemma 6.5 and f{ given by

[ R" X Z% - R",  (z,y) — .

Since A’ C A, Lemma 6.5 implies that the restriction of f{ to A’ is injective.
Using the second isomorphism theorem, we get isomorphisms

(R™ x Zg)/A' = ((R" x Zg) + A)/A = (R™ x Q§)/A,

where the latter group is compact by assumption. Indeed, to see that fo(A) +Z% = Q%,
recall that fo(A) is dense in Q% by Lemma 6.5, so for each € Q¥ we can choose
y € f2(A) arbitrarily close to z, in particular such that  —y € Z%.

Furthermore, we note that A’ is discrete in R x Z%, and thus a lattice. Since fj is
a coordinate projection, it is open. Moreover, its kernel Z% is compact. It follows from
Lemma 2.1 (ii) that f{(A’) is a lattice in R™, and therefore it is isomorphic to Z™. By
injectivity, A’ is also isomorphic to Z".

We now wish to define automorphisms A, of R™ and A, for p € S such that the
product automorphism A on A&S takes A’ to Z™.
Clearly, we find Ao such that A (f1(A")) = Z™ CR"™ and thus

AN(R™ x Z7%) = {(Alk, (k) : k € Z™}.

Recall that f; is injective, so such a function ¢ exists and is clearly a homomorphism. Let
p € S and let h;, be the projection of Z' onto Z} . Since f2(A) is dense in QY and Z7 is
open in Q%, we must have that ¢(Z") = fo(A)NZY is dense in Z%. Since h,, is continuous,
hy((Z™)) is dense in Zj. Set v; := hy,(¢p(e;)), where e; denotes (0,...,0,1,0,...,0). It
follows that {>_1" | c;v; : ¢; € Z[%}} is dense in Qj, and hence the span of {v;}{; over
Qy coincides with Qj.

Therefore, {v;}}_; is linearly independent in Qj, and there exists an automorphism
Ap of Q) such that A,(v;) = e;.

We finally apply Lemma 6.6 to the automorphism A = (A, (Ap)pes) of Ag,s. O

As a consequence of Proposition 6.7, we obtain the following description of the quotient
Ak s/Rk,s in the case when K is a number field.
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Proposition 6.8. Let K be a number field and S a set of places. Then
Ag s/Ri,s = Rk.s.
Moreover, every lattice in Ak s is of the form ¢(Rk g) for some ¢ € Aut(Ak g).

Proof. Every nontrivial character v € R}g g induces an isomorphism

—

N Ak s = Agks

given by 7(z)(y) = v(xy), see [39, Proposition 7.1]. Clearly, 7 takes Rk g to a subgroup
of Ri g Let F, be the inverse image of Ry g under 5. Then [F, : Rx g] < co. Indeed,
the quotient group

F,/Rks

is compact since it is a closed subgroup of Ak s/Rxk s which is compact by Proposi-
tion 6.3. Moreover, RJKS is isomorphic to the dual group of Ax g/Rk s, so it is discrete,
and thus F, is discrete. Therefore, the quotient is both compact and discrete, hence it
must be finite.

By Lemma 2.1 (iii) it follows that F is a lattice in Ax g. Since Ak g is isomorphic
to A& g for some natural number n by Proposition 6.2, we can use Proposition 6.7 to
find an automorphism of A g that takes Ri g to F. Hence,

AK,S/RK,S = AK75/F,Y = AK,S/R}L(,S =~ RK,S~
The last statement follows by invoking Proposition 6.4. O
6.3. Gabor frames on the adeles of a number field

We begin with an existence result for Gabor frames over certain lattices in Ag g. We
will need the following lemma:

Lemma 6.9. Let G be a locally compact abelian group containing a compact open subgroup
K, with Haar measure p normalized so that ((K) = 1. Then 1x is an element of So(G),
and for x € G, w € G we have that

1, ifre K andwe K+

0, otherwise.

<11K,7r(x,w)]11<> = {

Proof. We have that

(e, 7, w) 1K) :/]lK(t)w(t)]lK(t—x) dt
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- / w(t) dt. (59)

KN(K+z)

If z ¢ K, then KN (K + z) = 0, so (59) becomes zero. Suppose therefore that x € K.
Then K N (K + ) = K, so that (59) becomes

(Ig,m(r,w)lk) = /w(t) dt. (60)

K

This is equal to 1 if and only if w € K+ and zero otherwise.
Finally,

//lh« (2,0) 1) da dw = /ﬂx /ﬂKuw)dw — W(K)a(K*) =1

G G
which shows that 1x € Sp(G). O

Theorem 6.10. Let S be a set of prime numbers. Let g,h € So(R™), and let Ay, €
GLy,(R). Set Ay =1 for everyp € S, and let A = (Axo, (Ap)pes) be the automorphism
of Ag s as in Proposition 0.4. Set § = g Qpes 1zn and h = h ®pes Lzn- Then §,h €
SO(AQS) and the following are equivalent:

(i) The Gabor systems G(g, AooZ?"™) and G(h, AxcZ*") form dual frames for L*(R™).
i) The Gabor systems G(§, ARZ".) and G(h, AR?".) form dual frames for L*(AZ ).
Q.8 Q.S Q,s

Proof. First of all, K := HpES » 1s a compact open subgroup of QS, SO ®pes ]lZn =1k
is in Sp(QF) by Lemma 6.9. It follows that § = g ® 1x € So(Ag ) since g € SQ(R")
and 1 € Sp(Q%), and similarly for .

By the Wexler-Raz relations from Proposition 3.4 (i), we have that G(g, A(R's))
and G(h, A(R?QH,S)) form dual frames for LQ(A&S) if and only if

(9, W(Z)E>L2(A&S) = VOI(AR%JZS)CSZ,O (62)

for all z € (AR%ES)O- As in (32) we can write (AR?Q’fS) A°RQ g» Where A3 =
J(AL )~ J" for J the standard symplectic 2n x 2n matrix and A9 = I for all p € S, cf.
also [16, p. 2014]. Using the tensor product form of § and h, the inner product in (62)
translates into

<§a7T(AOQ)ﬁ>L2(A\.&S) = (9, 7(A%)h) L2®") (L1, 7(¢) 1K) L2 Q1)
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for all ¢ € R(%”S. By Lemma 6.9, the last inner product above is equal to 1 if and only
if g € Zg" for each p € S and 0 otherwise. Since ZZ” N R?@”S = Z?" for each p € S, we
have that

(9, (A% )h) r2rny, if g € 27"

(63)
0, otherwise.

<§a7T(AOQ)}~l>L2 AB S) = {

From the Wexler-Raz condition for the Gabor systems G(g, A Z?") and G(h, A2 Z"),
we have that they form dual frames if and only if

<g, W(Agoq)h>L2(Rn) = VOl(AOOZ%L)(Sq,o, qc 7",

Observing that vol(ARé’fS) = | det(As)| = vol(AxZ2™), we see from (63) and (62) that
the Wexler—-Raz conditions for the two pairs of Gabor systems to be dual frames are
equivalent. This finishes the proof. O

There are many known examples of Gabor frames for L?(R™). Using Theorem 6.10,
one can obtain examples of Gabor frames for L?(Ag g) for any set of primes S. Setting
n = 1 and setting S in Theorem 6.10 to be either the set of all primes or the set containing
a single prime p, one obtains [14, Theorem 4.2].

Let K be any number field, let S be a set of finite places of K and let n € N.
Then K is by definition a finite extension of either Q. By Proposition 6.2, we have that
A s & AQ g, where d = [K : Q]. Consequently, we can apply Theorem 6.10 with dn in
place of n to get the existence of a Gabor frame for A% 4.

Our perturbation result for Gabor frames over LCA groups (Theorem 4.6) applies to
the setting of the n-dimensional S-adeles over the rationals. We state the results for this
group below, where we use the description of the automorphism group of Aut(Ag 0. g) as
in Proposition 6.4.

Theorem 6.11. Let S be a set of primes, and let n € N. The set

{(9, Asc; (Ap)pes) € So(AD 5) X Aut(Ag g) : g(g,ARa g) s a Gabor frame
for L*( )

is open in So(Ag ) x Aut(Ag g)-

For the case of the S-adeles over a number field, we obtain the following Balian—Low
theorem as a consequence of Theorem 5.1.

Theorem 6.12. Let K be a number field, and let G = A% g. If A is a lattice in G x G
with vol(A) =1 and g € So(G), then G(g,A) cannot be a frame for L*(G).
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Proof. By Proposition 6.2, G is isomorphic to

Zdn
dn ~ d P d
AQWS:RTLX|I Qpn

peS

as a topological group, where d = [K : Q]. The identity component of G is
Go =R x {0}

which is noncompact. The theorem then follows from Theorem 5.1. O

6.4. Gabor frames on the adeles of a function field

In this subsection, we investigate the setting where K = F,(¢). The completion of
[F,(t) with respect to the infinite place from Proposition 6.1 is isomorphic to Fg((1/t)),
the ring of formal Laurent series in the indeterminate 1/¢ [39, p. 298 ex. 3(b)]. The ring
of integers of K is F,[t], the ring of polynomials in the indeterminate ¢.

If we choose S = 0, then Ak gy = Ko = Fy((1/t)) and Rgy = O = Fy[t]. We can
write any formal Laurent series f(¢) in the indeterminate 1/t as

()= +t—2+T+ao+a1t+a2t2+~~+amtm

for some natural number m and coefficients a; € F,. From this we see that additively
speaking, the locally compact group F,((1/t)) is isomorphic to

J((1/1) <k_HooF> X (@)m).

Here, the term H,;zl_ « Fq corresponds to the coefficients of f(t) with negative index,
and the term @®72 (F, corresponds to the coefficients with nonnegative index. Let D =
O oFg. Then D is a direct sum of discrete groups, hence a discrete group. Its dual
group is the compact group

IIZ
IIZ

which shows that Fy((1/t)) = D x D as a topological group.
The following proposition shows that contrary to the case of the adeles over a number
field, one does not obtain a Balian—Low theorem for the adeles of a function field.

Proposition 6.13. Let K be a global function field, let S be a set of finite places and let
n € N. Then the higher dimensional S-adeles Al g has compact identity component.
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Hence, for any lattice A in A% g, there exists g € So(A% g) such that G(g, A x AL) is
an orthonormal basis for L*( K.5)

Proof. Since K is a global function field, it has positive characteristic, say p. Any com-
pletion K, of K with respect to a place v will also have characteristic p. By [39, Theorem
4.12], a locally compact field of characteristic p is isomorphic to the field of Laurent series
in one indeterminate over a finite field, say K, = F, ((1/t)) with ¢, = p™ for some f.
As we saw above, the subgroup of Laurent series ), apt® with aj = 0 for k > 0 sits as
a compact open subgroup H, inside Fy, ((1/t)).

Let vy, ..., v be the infinite places on K. It follows that Ho, := H,, X -+ x Hy, is
O, is a

a compact open subgroup of Ko, = K, x --- x K,,. Furthermore, Hg := [], ¢

Oy

compact open subgroup of Kg = H . K,. Thus HZ, x Hg is a compact open sub-
v

group of A% g. By Theorem 2.10, it follows that A’k ¢ has compact identity component.

By Theorem 5.6, the conclusion of the proposition follows. O

For e.g. G = F,(t) and S = ), we can be more specific than in Proposition 6.13. As
already explained, in this case G = D x D where D = @52, Fy, so G is already globally
a product of a discrete and a compact group. Therefore, we can appeal to Lemma 5.3 to
get a specific orthonormal basis over the lattice A x A+ where A = D x {0} in G. The
window g is given by g(d,c) = 040 for d € D, c € ﬁ, ie.

1, if ap =0 for all k € N,

g((a ,(b =
(@r)xen, (br)ren) 0, otherwise,

for (ar)r € ®rFq and (bg)r € [[, Fq- Applying Theorem 6.10, we can now construct
Gabor frames over Aﬁq( #),s for sets S of finite places of F,(t).
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