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Abstract

The notion of cumulants plays a significant role in the combinatorial study of non-
commutative probability theory. In this thesis, we study several problems associated with
the notions of cumulants for free, Boolean and monotone independence via a unified Hopf
algebraic framework for non-commutative probability. In this framework, developed by
Ebrahimi-Fard and Patras [EFP15, EFP16, EFP18], the relations between moments and
the different brands of cumulants are described by three different exponentials that relate
the group of characters and the Lie algebra of infinitesimal characters on a particular
word Hopf algebra H.

The first question that we address is to show how the algebraic central limit theorems
for free, Boolean and monotone independence enter into the shuffle-algebraic picture for
non-commutative probability. We analyze how the different notions of additive convo-
lutions are described in the shuffle framework and prove combinatorial formulas for the
powers of the half-shuffle products.

Next, we focus on extending the shuffle framework in order to consider the extension
of non-commutative probability called infinitesimal non-commutative probability. We
show how infinitesimal cumulants also correspond to infinitesimal characters on H and
describe the shuffle-algebraic equations for the infinitesimal moment-cumulant relations.
We also prove that the combinatorial relations between infinitesimal cumulants follow via
the extended shuffle-algebraic framework.

Afterwards, we concentrate on the problem of writing the multivariate monotone cu-
mulants of random variables in terms of their moments. The starting point to obtain this
formula is to compute a logarithm of a certain character on H. Then by investigating
a connection of H with a Hopf algebra of decorated rooted trees, we compute the loga-
rithm instead in the Hopf algebra of trees, which yields a new combinatorial formula from
moments to monotone cumulants in terms of Schroder trees.

Thereafter, we turn to the problem, left open in [AHLV15], of expressing multivariate
monotone cumulants in terms of the free and Boolean cumulants. Our approach relies on
a pre-Lie algebraic relation between the three infinitesimal characters associated to the
free, Boolean and monotone cumulants. This relation is known as the pre-Lie Magnus
expansion and is defined in terms of iterations of a pre-Lie product. Our problem is then
transformed into finding a combinatorial formula in terms of non-crossing partitions of
the iterated pre-Lie products and identifying and describing the coefficients that govern
the transition from free and Boolean to monotone cumulants.

The coefficients obtained in the solution of the previous problem hint at a deeper
relation between non-commutative probability, combinatorics of rooted trees and free pre-
Lie algebras. Our last question is to have a more systematic understanding of the previous
relation. In the process, we develop a concrete and effective method of computations on a

specific class of pre-Lie algebras, where iterations of the pre-Lie product can be computed



in terms of forest formulas for iterated coproducts. We illustrate our method by retrieving
the formulas between monotone and free (Boolean) cumulants, as well as the computation
of the pre-Lie Magnus expansion on the generator of the free pre-Lie algebra of rooted

trees.
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Chapter 1

Introduction

1.1 Framework of the thesis

Free Probability Theory [NS06, Voi95, VDN92| was introduced by Dan Voiculescu in
the 1980s, aiming to solve the problem of isomorphisms between von Neumann algebras
generated by free groups. Later in the 1990s, Roland Speicher [Spe94| proved from a
combinatorial point of view that the transition from classical probability to free probability
consists in replacing the lattice of all set partitions with the lattice of non-crossing set
partitions. For this purpose, Speicher introduced the notion of free cumulant functionals
and found fundamental relations between free probability and the combinatorics of non-
crossing partitions.

In addition to the notion of free independence, some other notions of independence
can be considered: the Boolean independence defined in [SW97] and the monotone in-
dependence introduced in [Mur00]. Analogously, the notion of cumulants can be defined
for each Boolean [SW97], and monotone independence [HS11b|. Each of these notions of
non-commutative cumulants has proven to be a major tool in the combinatorial study of
non-commutative probability, where we can find applications, for instance, in the study
of non-commutative convolutions of distributions.

The present thesis treats the notion of cumulants in non-commutative probability via
a recent Hopf-algebraic point of view. The main contributions are the understanding of
several notions in non-commutative probability in the Hopf-algebraic framework as well as
the obtainment of new combinatorial formulas that relate different brands of cumulants.

In a series of papers, Ebrahimi-Fard and Patras [EFP15, EFP16, EFP18, EFP19,
EFP20| have developed a group-theoretical framework where the relations between mo-
ments and the free, monotone, and Boolean cumulants can be explained analogously to
the link between a Lie algebra and its corresponding Lie group.

The approach of Ebrahimi-Fard and Patras is based on the identification of a graded,
connected, non-commutative, non-cocommutative Hopf algebra, (H,m,A), that extends

a given non-commutative probability space (A, ¢), i.e. A is a unital algebra over C and

1



2 Chapter 1. Introduction

 is a linear functional on A such that ¢(14) = 1. More precisely, the Hopf algebra H is
given by the double tensor algebra on A:

H:=T(T (A) = P T (A", where Ti(A) =A™

n>0 n>1

The main feature of the Hopf algebra H is that its coproduct splits into two half-unshuffle
coproducts, A and A, , which provide H with the structure of unshuffle bialgebra [Foi07].
Moreover, these two half-unshuffle coproducts induce a splitting of the convolution prod-
uct * in the dual space H* into a sum of two products, denoted by < and . It turns out
that (H*, <, >) is a non-commutative shuffle algebra, also known as dendriform algebras,

characterized through the so-called shuffie identities:

(f<g9)<h f=(gxh)
(f=9)<h = f=(9=h)
f=(@=h) = (f*g)>h,

for any f, g, h € H*, where the convolution product writes fxg=f <g+ f > g.

Besides the convolution exponential exp*, in any shuffle algebra, we can consider the
half-shuffle exponentials £ and &. with respect to the half-shuffle products < and >,
respectively. It turns out that each of the three exponentials provides a bijection between
the Lie algebra of infinitesimal characters on H, g, and the group of characters on H, G.
More precisely, if ® € G is a character, then there exists a unique triple of infinitesimal

characters (k, 3, p) € g such that

O = £.(k) = £.(8) = exp’(p). (L.1.1)

The link with non-commutative probability, established in [EFP15, EFP18]|, can be de-
scribed as follows: if (A, ) is a non-commutative probability space, we consider the
double tensor algebra H = T'(T(A)) as well as the character ® : H — C given by

P(w) :=p(ar-a... aan),

for any word w = a;---a, € A®". Notice that on the right-hand side of the above
equation, the argument of ¢ is the product on A of the elements ay,...,a, € A. Then,
it turns out that the infinitesimal characters given by the three logarithms «, 8 and p of
® can be identified with the cumulants on (A, ). More precisely, if {k, }rn>1, {bn}n>1 and
{hn}n>1 are the families of free, Boolean and monotone cumulants, respectively, then we
have that

K/(U}) = kn(ala"'uan>7 5(71}) = b7z(a17~"7a7L)7 P(w) = hn(alw"7an)7
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for any n > 1 and w = a; - - - a,, € A®". In particular, the evaluation of Equation (1.1.1)

on w originates the so-called moment-cumulant relations:

olaya...qa,) = P(w)

= Ei(r)(w) = Z ko(a1,...,a,)

TENC(n)

= &B)w) = > bilar,....an)

m€lnt(n)

= exp“(p)(w) = Z ih,r(ah..,,a"): Z Lh,r(oLl,...,an),

| |
weM(n) ‘7’(‘ TENC(n) t(Tf)

for any word w = ay---a, € A®". Here, NC(n), Int(n) and M(n) stand for the
posets of non-crossing partitions, interval partitions and monotone partitions on the set
[n] :={1,...,n}, respectively (see Section 3.4 for the precise definition of the above sets
of partitions).

The aim of the thesis is to understand and further develop non-commutative prob-
ability theory from the shuffle-algebraic point of view initiated in Ebrahimi-Fard and
Patras’ work. More precisely, we focus on the following problems through Hopf- and

pre-Lie-algebraic techniques:

i) Understanding non-commutative central limit theorems in the shufHle-algebraic
framework for non-commutative probability. To this end, we will prove some com-
binatorial formulas for the iterations of the half-shuffle products of infinitesimal

cumulants. This is explained in Chapter 5.

ii) Extending the shuffle-algebraic framework to consider the notion of infinitesimal
non-commutative probability. We will obtain shuffle identities that describe the in-
finitesimal moment-cumulant relations as well as combinatorial formulas that relate

the different brands of infinitesimal cumulants. This is studied in Chapter 6.

iii) Obtaining a combinatorial formula that writes monotone cumulants of random vari-
ables in terms of their moments. Our main tools will be a Hopf algebra based on
Schroder trees and a link between such Hopf algebra and the double tensor algebra.

This is done in Chapter 7.

iv) Achieving a combinatorial formula, in terms of non-crossing partitions, that ex-
presses monotone cumulants in terms of free and Boolean cumulants. We will de-
scribe a shuflle relation between these brands of cumulants in terms of non-crossing
partitions originated by iterations of a pre-Lie product on the Lie algebra of in-

finitesimal characters. The latter is described in detail in Chapter 8.

v) Developing a method to compute the iterations of pre-Lie and brace products via

forest formulas for iterated coproducts of the dual of enveloping algebras of certain
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pre-Lie algebras. By taking the particular case of a pre-Lie algebra of words, we
will retrieve the formulas obtained in Chapter 8. Nevertheless, our general method
provides further insights into the connections between non-commutative probabil-
ity, free pre-Lie algebras, and combinatorics of rooted trees. This is exhibited in

Chapter 9.

We would like to mention that Ebrahimi-Fard and Patras’ work is not the only one
that exploits a Hopf algebra approach or, more generally, a higher-algebraic-structure-
based approach to non-commutative probability theory. Indeed, several works in this
direction have appeared in recent years [MN10, FM15, DCPT15, MS17a]. A further
natural question is investigating the possible connections between the different algebraic

approaches to non-commutative probability.

1.2 Statements of the results

A more precise description of the main results of the present thesis is provided as follows.

Shuffle-algebraic Central Limit Theorems

The central limit theorem (CLT) in probability theory is a fundamental result that states
the convergence in distribution of a scaled sum of independent identically distributed
real random variables to the Gaussian distribution. When passing to a non-commutative
framework (A, ¢), convergence in distribution of a sequence of random variables is char-
acterized by the convergence of their moments. These types of central limit theorems
are called algebraic since we only assume the existence of the moments of the random
variables.

The work of Giri and von Waldenfels [GvWT78] is one of the first articles dealing with
a proof of an algebraic multivariate central limit theorem for tensor independence. Later,
in the work of Speicher and von Waldenfels [SYW94], a general central limit theorem is
obtained in the sense that the independence conditions on the random variables are re-
placed by several general assumptions. In particular, every notion of natural independence
satisfies such conditions yielding a different limiting distribution.

Chapter 5 of the thesis treats how the central limit theorem for the free, Boolean
and monotone independence can be analyzed in the shuffle-algebraic framework for non-
commutative probability. More generally, this problem can be addressed by identifying
how the respective additive convolutions enter into the picture. For the free and Boolean
cases, the characterization of independence in terms of the vanishing mixed cumulants

conditions drives to define the characters

Q1 B &y = EL (k1 + Ka), Q10 Dy =& (51 + Pa),
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for any characters ®; = E4(k;) = E.(B;) for i = 1,2. If in particular ®; and ®5 are the
liftings of linear functionals ¢; and s, the result in [EFP19, Thm. 32] (Theorem 5.1.2)
implies that ®; HH &5 and ®; W &, are the liftings of the free and Boolean product of
w1 and o, respectively. Remarkably, the lifting monotone product of ¢; » 9 is given
by the convolution product ®; % ®5. Thus, by considering the corresponding scaling
map A, (w) = t*lw for any w € T(T(A)) and ¢ € R, we have the statements of the

corresponding shuffle-algebraic central limit theorems.

Theorem (Theorem 5.2.3, Theorem 5.3.5). Let (A, ) be a non-commutative probability
space. Let {a;}i>1 C A be a sequence of random variables whose distribution is extended
to a character ® on T(T,(A)). Also, assume that ®(a;) =0, for any i > 1. If ¢ is the
infinitesimal character on T(T(A)) given by

O(aa;) if w=a;a; for some 1,5 > 1,

(w) =

0 otherwise,

then

lim @ oA, 12 = exp*(¢),

m—00
1511 q)EEm o Am—1/2 = 54 (1/}),
lgll (I)&Jm o Am_1/2 = 5> (1/1)

In particular, @™o A,,—1/2, D" o A, _1/2 and P¥™ o A,,—1/> converge, as m — oo, to the
lifting of the distribution of an arcsinal family, resp. semicircular family, resp. Bernoulli
family, of covariance (@(aiaj))i7j21.

The precise definitions of an arcsinal family, semicircular family and Bernoulli family
are given in Chapter 5. The strategy to prove the above result depends on the type of
cumulants due to the different properties that satisfy the coproducts A, A~ and A..
Actually, for the monotone case, we exploit the fact that A is coassociative. Then, we
analyze which terms in the expansion of the iterated coproduct remain in the limit. In
contrast, the free and Boolean cases are proved by taking advantage of the fact that
OFm = £ (mr) and ®¥™ = £_(m}p), and proving that the contribution of the partitions
with exactly s blocks in the corresponding moment-cumulant relation can be described by

the s-th iteration of the respective half-unshuffle coproducts (Lemma 5.3.3, Lemma 5.3.4)

Kew) = > ke(w),  B(w)= Y Be(w),

TENC*(n) w€Int®(n)

for any word w = a, - - - a,, € A®".
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Infinitesimal Non-commutative Probability via Shuffle Algebras

Chapter 6, based on the joint work [CEFP21], is dedicated to understanding the in-
finitesimal version of non-commutative probability in the shuffle-algebraic framework of
Ebrahimi-Fard and Patras. The theory of infinitesimal free probability is an extension
of free probability introduced in the work [BGNO3] under the name of free probability of
type B. The authors’ motivation for the previous article was to create a theory of free
probability where the combinatorial role of the non-crossing partitions that arise as the
non-crossing partitions associated to Coxeter groups of type A is taken by the non-crossing

partitions of type B [Rei97].
In a later work, Belinschi and Shlyakhtenko [BS12| introduced the theory of infinites-

imal free probability from an analytic point of view and gave analytical tools to treat
the free additive convolution of type B. Infinitesimal free probability also has relevant
applications in random matrix theory. More specifically, in the study of outliers in the
spectra of random matrix models with finite rank perturbations [Shl18], as well as families

of matrices with discrete spectrum in the limit [CHS18].

On the other hand, Février and Nica [FN10] introduced a notion of infinitesimal free
cumulants in such a way that the notion of infinitesimal free independence is characterized
by the vanishing mixed cumulant condition on the free and infinitesimal free cumulants.
The notion of infinitesimal freeness can be further extended to consider higher order
infinitesimal freeness [Fév12] as well as considering the other notions of natural indepen-
dence [Hasl11].

The basic object in infinitesimal free probability is the infinitesimal non-commutative
probability space. It consists of a triple (A, ¢, ¢’) such that (A, ¢) is a non-commutative
probability space and ¢’ is a linear functional on A such that ¢'(14) = 0. The key
idea in [FN10] in order to define infinitesimal free cumulants is to jointly consider ¢ and
¢ as a C-linear map ¢ from A to a certain commutative algebra G = C @ AC, where
h? = 0. Then, taking ¢ in the moment-free cumulant formula yields to a family of G-
valued cumulants l%n = k, + Bk}, from which one can obtain the respective infinitesimal
free cumulants k/,. In general, if we have a combinatorial result in free probability, we
may have the infinitesimal analogue by considering the G-valued version of the result and
then taking the A-component. In Chapter 6, we apply this idea for Boolean and monotone

cumulants in the shuffle-algebraic framework.

To be more precise, in Section 6.2, we consider a G-valued character ® given by the
multiplicative and linear extension of ¢ to a map from T(T'; (A)) to G. By looking at the h-
coordinate, we obtain conditions for an appropriate lifting &’ of . Furthermore, using the
fact that the three exponential bijections are valid when we consider G-valued characters
and infinitesimal characters for any commutative algebra G, in Proposition 6.2.6 we obtain

that the Ai-components (k’, 5, p') of the triple of G-valued infinitesimal characters (&, B, )
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such that
b = E-(R) = E-(B) = exp”(p),
are actually the infinitesimal lifting of the infinitesimal free, infinitesimal Boolean, and

infinitesimal monotone cumulants {k},}n>1, {0, }n>1 and {h!,},>1, respectively. The cor-

responding shuffle relations between @', x’ and 3’ are given by

P=c+r<P, P =K<P+r=<d,

O=c+d>=3 =073+ 0.

More interestingly, the fact that A2 = 0 and the shuffle properties allow us to obtain
the following non-trivial shuffle relations that describe the infinitesimal moment-cumulant

relations in terms of the convolution product.

Theorem (Theorem 6.2.7). Let (A, @, ¢") be an infinitesimal non-commutative probability
space, and let ® = &+ hd' be the corresponding G-valued lifting of ¢ and ¢ to a G-valued
character on T(Ty(A)). Consider the pairs of infinitesimal characters (k,x'),(8,5') and
(p,p'). Then we have

P = Dx0,(x)
= 6.5(8)
= D W_,(p).
As a second application of the shuffle-algebraic framework, in Section 6.3 we derive,

via purely shuffle algebra relations, the corresponding combinatorial relations between the

infinitesimal cumulants, stated in the following result.

Theorem (Theorem 6.3.1). Let (A, ¢, ¢') be an infinitesimal non-commutative probability
space. The following relations between the infinitesimal free, infinitesimal Boolean and

infinitesimal monotone cumulants {k}, }n>1, {0, }n>1 and {h] }n>1, respectively, hold:

b{n(alvu-aan) = Z akﬂ'(ala“'van)a
TENCipy ()
Hylan,...oa)) = > (=) 0bs(as,..., a),
TENCir (1)
1
b(at,...,an) = Z t(—)'ahw(al,...,an)7
WENCirr(n) )
—1)Im=1
K (ay,...,a,) = Z Lahﬂ(al,...,an),

t(m)!

mENCiyr (1)

foranyn >1 and ay,...,a, € A.
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We finish the chapter in Section 6.4 by describing the infinitesimal analogue of the
algebraic version of the Boolean Bercovici-Pata bijection ([BPB99]). In a few words,
the map B sending a distribution p with Boolean cumulants {b,},>1 to a distribution
B(p) whose free cumulants are {b,},>1, we obtain a special bijection between the set
of (analytic) distributions and the set of distributions that are freely infinitely divisible
(INS06, Lec. 13]). In the shuffle-algebraic framework, the map B can be defined by

B(®) = E4(£-(D)),

for any character ® : T(T(A)) — C. In order to describe its infinitesimal analogue,
we extend the above definition to the G-valued case. The main result of the section is
the G-valued analogue of the semigroup property described in [BN08b|, and we prove the

result via purely shuflle relations.

A Monotone Cumulant-Moment Formula via Schroder Trees

The moment-cumulant relations for free and Boolean cumulants on a non-commutative
probability space (A, ¢) have the special property that the formulas can be inverted. The
inversion is done via general Mobius inversion on the lattices of non-crossing and interval
partitions, respectively, to obtain combinatorial formulas that write cumulants of random

variables in terms of products of their moments:

kn(ar,...,a,) = Z pnc) (T, 1n)@r(ar, . .. s ay),
TeNC(n)
bu(ar,-van) = Y (=D pr(ar, .. an),
melnt(n)
forany n > 1and a4,...,a, € A, where jinc() is the Mobius function on NC(n). However,

inverting the moment-monotone cumulant formula via Mobius inversion does not work
as in the other cases. The reason is that we have a coefficient ﬁ for each m € NC(n)
that does not satisfy the multiplicativity condition on the blocks of 7 that is required to
perform M&bius inversion.

Chapter 7, which is based on the joint work [AC21], aims to attack the problem of
inverting the moment-cumulant formula. More precisely, we want to describe the family
of coefficients {a(ﬂ-)}ﬂ'eunzl NC(n) Which describe the transition from moments to monotone

cumulants:
ha(ar, .. an) = Y a(m)ea(ar, ..., an). (1.2.1)
TENC(n)
For this purpose, our main combinatorial object will be an algebraic structure associ-
ated to a particular type of planar rooted trees known as Schrider trees. To be precise,

a Schroder tree is a planar rooted tree such that every internal vertex has at least two
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children. The aforementioned algebraic structure, described in Section 7.1, is a decorated
and non-commutative version of the well-known Connes-Kreimer Hopf algebra of rooted
trees, introduced by Foissy in his work [Foi02].

The motivation to consider the Hopf algebra on Schréder trees, denoted by Hs(A),
comes from the work of Josuat-Verges et al. [JVMNT17], where the authors employed
an operad of Schroder trees to describe the functional equation between the power series
of moments and free cumulants. Most important for us, the authors of [JVMNT17]
also introduced an unshuffle bialgebra structure on Hs(A) which turns out to be related
to the double tensor Hopf algebra T(T(A)) through an unshuffle bialgebra morphism
t: T(Th(A)) = Hs(A) given by

t(w) = Z t®w,

teST(|w))

where w € T (A) and ST(n) stands for the set of Schroder trees with n 4+ 1 leaves. By
extending the linear functional ¢ : A — C to a character ® on Hs(A) in a particular way,
the authors of [JVMNT17] described the infinitesimal character & such that & = £.(%).
Moreover, the authors showed that % describes the free cumulants as a sum of moments
indexed over Schroder trees.

The strategy in Chapter 7 consists of considering the other two infinitesimal characters
/3 and p such that & = &_(3) = exp*(p). In contrast to the fact that analyzing the shuffle
equation p = log™(®) on T(T, (A)) does not produce a clear combinatorial description of
the a(r) coefficients in (1.2.1), the equation p = log*(®) has a nice expression that yields

to the main result of the chapter.

Theorem (Theorem 7.3.13). Let (A, @) be a non-commutative probability space and con-
sider {hy, : A" — C},>1 the family of monotone cumulants of (A, ). Then we have
that

(g, an) = Y w(sk(t)pn(ar, .. ., an),

teST(n)

foranyn>1and a,...,a, € A.

The corresponding coefficients w are indeed defined on any rooted tree and are known
as the Murua coefficient. The precise definition of these coefficients is given in Defini-
tion 7.3.2. Murua coefficients have appeared in the work of Murua [Mur06]. They are
in connection with the Baker-Campbell Hausdorff problem, the combinatorics of rooted
trees, and free pre-Lie algebras, as we will see in the subsequent Chapter 8 and Chapter 9.

As we have mentioned, in the process of obtaining the main formula in Theorem 7.3.13,
we obtained a description of the monotone cumulants in terms of the infinitesimal char-
acter p. This description provides the relation to Schroder trees and is a similar result to

the main theorem in [JVMNT17]. Completing the picture by analyzing the Boolean case,
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we obtain the following result, which allows us to write cumulants as a sum of moments

indexed by Schroder trees.

Theorem (Theorem 7.3.17). Let (A, ¢) be a non-commutative probability space and con-
sider & : Hg(A) — C the lifting of ¢ to a character on Hgs(A). Let (i, 3,p) be the triple

of infinitesimal characters on Hs(A) satisfying the identities

b = £.(7) = £.(B) = exp" (7).
Then, for any t € ST(n) and ay,...,a, € A, the triple of infinitesimal characters is given
by
(—1)i(t)71g0ﬁ(t)(a17 ey an) ift S PST(n),

Rt®ar---a,) =
0 otherwise,

Btoa a) (=)= oy (an, ..., a,) ift € BST(n),
Lay) =
0 otherwise,

pt®@ar---a,) = wk(t))prm(ar,... an).

Moreover, the evaluations of ko, for and pot on a word w = ay - --a, € A®" coincide
b )

with the free, Boolean and monotone cumulants of ay, ..., a,, respectively:

(kot)(w) =knlar,. .., a,), (B ou)(w) =bylay,...,a,), (poi)(w)=hy(a,...,a,).

The definitions of the subsets of Schroder trees PST(n) and BST(n) are precisely
stated in Chapter 7.

Monotone Cumulant-Cumulant Formulas from Pre-Lie Magnus

Expansion

Due to the combinatorial nature of the moment-cumulant formulas, it is natural to ask
about the existence of combinatorial formulas that relate the different brands of non-

commutative cumulants. For instance, for the case of two random variables, we have

k2(a1-, Cbz) = bz(ah az) = h2(a1; a2)~

However, this is not the case for general n since the posets NC(n), Int(n) and M(n) are
substantially different.

The question of finding combinatorial relations between cumulants was initially studied
in [Leh02] and further analyzed in [AHLV15], where the authors obtained, via Mobius

inversion and other combinatorial techniques, formulas in terms of irreducible non-crossing
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partitions, that write Boolean cumulants in terms of free and monotone cumulants, and
free cumulants in terms of Boolean and monotone cumulants. However, the authors of
[AHLV15] provided a formula that writes univariate monotone cumulants of @ in terms of
their free and Boolean cumulants, leaving the multivariate case open.

Chapter 8, based on the joint work [CEFPP21], solves the previous open problem by
giving the following description of the coeflicients that govern the transition from free and

Boolean cumulants to monotone cumulants.

Theorem (Corollary 8.3.7). Let (A, ¢) be a non-commutative probability space, and con-
sider {hp}n>1, {bn}n>1 and {kn}n>1 to be the monotone, Boolean and free cumulants on

(A, p), respectively. Then we have

ho(ar,..an) = Y w(t(m)be(as, ..., an),

TENCi;r (1)

holay, ... a,) = Z (=)=t (t(m) krlay, - . ., an),

TENCir(n)
foranyn>1and a,...,a, € A.

The approach of obtaining the above formulas relies on the shuffle-algebraic framework
of Ebrahimi-Fard and Patras, or more specifically, on the pre-Lie algebraic framework for
non-commutative cumulants. More precisely, any shuffle algebra structure yields a pre-Lie
algebra structure by

aldb=a<b—>b> a.

In particular, the dual of the double tensor algebra provides a pre-Lie algebra structure
on the Lie algebra of infinitesimal cumulants g.

Our starting point is the pre-Lie algebraic relation between the three logarithms of
a character ® = £4(k) = E.(B) = exp*(p) via the pre-Lie Magnus operator Q : g — g
(Proposition 2.3.28, see [EFP18]):

where

Bn n
Qa) =Y 8w (@), (1.2.2)
n>0

for any o € g. In the above expansion, {B,},>1 stands for the sequence of Bernoulli

numbers and r(;;)(a) stands for the n-th right iterated pre-Lie product, i.e.
r(a) = ri,”v_l)(a) Qv forn>1, with r(a) = a.

The strategy to follow is to describe, in terms of non-crossing partitions, the pre-Lie

product a <1y as well as the iterations 7"2”3(0[% for any n > 1. It will be shown in Propo-



12 Chapter 1. Introduction

sition 8.2.1 that the n-th iteration of < is described by irreducible monotone partitions

consisting of exactly n + 1 blocks:

(("'(’7n+1 <7n> < ) q’71)(1’]) = Z 7n+1<wW)"'71<an+1)> (1‘2'3>
reMF(m)

A= (Vi Vi)
for any word w = ay---a,, € A®™. We complete our task in Section 8.3, where we
identify the coefficients of the corresponding cumulant-cumulant formulas once we replace
(1.2.3) in (1.2.2). It turns out that Murua coefficients are the required coefficients that
describe the transitions between cumulants. The proof of the main result follows from a
known combinatorial identity that describes Murua coefficients of the trees of nestings of

irreducible partitions recursively (Proposition 8.3.4).

Pre-Lie Magnus Expansion via Forest Formulas

Forest formulas have appeared in the literature of Quantum Field Theory to compute
antipodes of Hopf algebras as part of a process known as renormalization ([CP21, Chap.
10]). The main feature of Zimmermann’s forest formula is that it is effective in the sense
that it considerably reduces the number of terms appearing in the expression of the an-
tipode. Later, Menous and Patras showed in their work [MP18] that Zimmermann’s forest
formula generalizes in the context of Hopf algebras that are the dual of the enveloping
algebras of pre-Lie algebras.

On the other hand, the results obtained in Chapter 8, particularly Proposition 8.2.1,
suggest that the iteration of the pre-Lie product (--«(ypt1 < 7v,) < --+) < can be
considered in general for any pre-Lie algebra of words, where the linear functionals ~; act
on certain decompositions of the word w = a; - - - a,,, € A®™ into n + 1 subwords.

With the purpose of having a systematic understanding of the iterated pre-Lie products
and the Magnus expansion, we are motivated to investigate in the more general framework
of locally finite connected graded pre-Lie algebras, as well as their associated symmetric
brace algebras and right-handed Hopf algebras (see Section 2.3 for a precise definition of
the above notions). Looking into the particular example of the pre-Lie algebra of words,
we can observe that the decomposition observed in Proposition 8.2.1 corresponds to the
n-th iteration of a certain restriction of the coproduct §, which is dual to the product
on the enveloping algebra of the pre-Lie algebra. It turns out that this iteration can be
computed through a forest formula.

In Chapter 9 of this thesis, which is based on the joint work [CP22], we develop an
effective method to compute the iteration of the pre-Lie and brace products in terms of
forest formulas for iterated coproducts. In particular, our method allows us to compute
the pre-Lie Magnus operator and the pre-Lie exponential on L, where L is any locally

finite connected graded pre-Lie algebra.



1.2. Statements of the results 13

More precisely, the assumptions on (L, <1) allow us to identify the dual of its enveloping
algebra (K[L],*, A) with (K[L*],-,0), where - is the product of polynomials, * is an
associative product extending the pre-Lie product <1, and ¢ is the coassociative coproduct
dual to *. Section 9.1 sets the framework to compute iterations of <i and the symmetric

braces associated to <1 (Lemma 2.3.17) as stated in Lemma 9.1.7 and Lemma 9.1.8:
(- (0 9a) 9-+) Sanfw) = oy @ - @ anlo)(w)),
for any o; € L and w € L*, and

(- (@f{arz,ama)) Hawm - Gyt | 0)
- <a1,1 ® Q12 Uy 2 @ @ Q1 s+ Uy | S[n](UJ)>

for any «;; € L and w € L*. Above, 5" stands for the n-th iteration of the reduced
coproduct, and 51[:1] stands for the map obtained by restricting the iterated coproduct 6™
to a map from L* to (L*)®". Since our ultimate goal is to compute the pre-Lie Magnus
operator in the pre-Lie algebra of words, we obtain a concrete expression for the coproduct

0 in the corresponding dual Hopf algebra.

Afterwards, we explain the aforementioned forest formulas for iterated coproducts.
The basic idea is that in any locally finite connected graded pre-Lie algebra whose graded

dual L* has a countable basis B = {b;};>0, the irreducible coproduct § satisfies that

Sb) = Y Abi ® by by,
i0, 170
I={i1,...,ix }
where the coefficients )\?io are indexed by ig € N and a non-empty multiset I C N. Hence,

the above formula can be indexed in terms of non-planar decorated rooted trees:

3(b;) = Z)\( ./<,’\ )b ® by, - by,

o i
where the sum above is indexed by the set of decorated corollas such that the decoration
of the root of the corolla is given by a pair of non-negative integers (i;4), and the leaves
are decorated with non-negative integers 4y, ..., 4. Theorem 9.2.8 shows that iterations

of the reduced coproduct can be written as

Moy =3" S amow,

TeT; fek-lin(T)

where 7; is the set of decorated trees whose root is decorated by (i;1g) for some iy € Ny,
MT) is a product of M7 coefficients indexed by the decoration of T, and C(f) is a
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tensor of & components whose components appear according to the decoration and the
poset structure of T. The remaining notation is explained in detail in Section 9.2. Such
formulas have already appeared in the work [MP18]. However, in Theorem 9.2.8, we give
a correct definition of A(T") by introducing a symmetry factor not considered in [MP18].

We finally apply our computation method for the pre-Lie Magnus operator and its

inverse in the case of the pre-Lie algebras of words, where we obtain the following result.

Theorem (Theorem 9.3.4, Theorem 9.3.7). Let Lx be the pre-Lie algebra of words over
a finite alphabet X. Then, for o« € Lx and w; € L% such that w; = ay---ay,, with
ay,...,a, € X, the actions on w; of the pre-Lie Magnus operator ) and its compositional

inverse, the pre-Lie exponential

are respectively given by

{Q(a)fws)

S wltm)an(w),

TENCir (n)

W) = Y anw).

' s
7ENCir (n) Hr)!

In the process of converting the forest formula indexed by trees to a sum indexed
over irreducible non-crossing partitions, we find in Lemma 9.3.2 a way to construct all
the irreducible partitions 7 associated to a decorated tree T' that produces a non-zero
contribution on the forest formula for the iterated coproduct.

We close the chapter by applying our method in a different context: the pre-Lie
exponential and the Magnus operator on the generator of the free pre-Lie algebra of
rooted trees (Proposition 9.4.2; Proposition 9.4.4). The proofs obtained by our method
have the feature that they are based on techniques that purely rely on pre-Lie algebra
theory. Although these results are known, our approach provides further connections

between the combinatorics of rooted trees and free pre-Lie algebras.

1.3 Organization of the thesis

In addition to the preceding introduction, the thesis is organized into eight other chapters.
The preliminaries of Hopf algebras and pre-Lie algebras are explained in Chapter 2. On the
other hand, Chapter 3 surveys some of the basic theory of non-commutative probability
as well as the combinatorics of the non-commutative notions of cumulants. Chapter 4
describes in detail the Ebrahimi-Fard and Patras’ Hopf-algebraic framework for non-

commutative probability on which this thesis is based. The remaining chapters contain the
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main contributions of this thesis. Chapter 5 explains the shuffle-algebraic versions of the
non-commutative central limit theorems. The extension of the Hopf-algebraic framework
that encompasses infinitesimal cumulants is exhibited in Chapter 6. In Chapter 7, we
prove a formula that writes monotone cumulants in terms of moments via a decorated
Hopf algebra of Schréder trees. Later in Chapter 8, we obtain the combinatorial formula
that writes multivariate monotone cumulants in terms of free and Boolean cumulants
via pre-Lie algebraic techniques. Finally, in Chapter 9, we develop a general method to
compute iterations of pre-Lie and brace products based on a forest formula for iterated
coproducts on a particular type of Hopf algebras.

Due to the nature of the first chapters, the reader may skip Chapters 2 and 3 and
proceed directly to Chapter 4. Every chapter from Chapter 5 to Chapter 9 can be read
independently after Chapter 4. Nevertheless, we suggest reading Chapter 8 before Chap-
ter 9 since several ideas in the latter chapter are inspired by the work done in the former

chapter.

Introduction

Chapter 2

Chapter 3

Chapter 4

[Chaptcr 5] [Chaptcr (i] [Chaptcr 7] [Chaptcr é;j;:[Chapter 9]

Figure 1.1: Recommended reading of the chapters of the thesis.
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Chapter 2

Hopf Algebras and Pre-Lie Algebras

The aim of this chapter is to present the underlying algebraic structures used in this
thesis: Hopf and pre-Lie algebras. The forthcoming definitions and examples come from
what in the literature is known as combinatorial Hopf algebras: algebraic structures based
on combinatorial objects such as words, trees and partitions.

Section 2.1 of the present chapter states the classical definition of Hopf algebras as
well as some special properties and assumptions that will be relevant to the subsequent
chapters, namely the notion of connected graded bialgebra. Section 2.2 describes some
classic examples of combinatorial Hopf algebras: word and rooted trees Hopf algebras.
Finally, Section 2.3 presents the notions of Lie and pre-Lie algebras. These non-associative
algebras are closely related to the notion of Hopf algebra. In particular, we describe
the fact that pre-Lie algebras are equivalent to a particular class of Hopf algebras. In
the middle, we explain the notion of symmetric brace algebras, which allows a better
understanding of iterations of a pre-Lie product. For a reference to the topics in this
chapter, the reader can check the classical book of Sweedler [Swe69| as well as the recent
books of Grinberg and Reiner [GR20], and Cartier and Patras [CP21].

In what follows, K denotes a field of characteristic 0 whose unit will be denoted by
1 := 1g. In practice, we will take K = C, the field of complex numbers. Moreover, all the
tensor products are taken with respect to K. If VW are two vector spaces, Lin(V, W)
stands for the vector space of K-linear maps f: V — W.

2.1 Coalgebras, bialgebras and Hopf algebras

The structure of an algebra over a vector space is fundamental in the very definition of
a non-commutative probability space. One usually defines an algebra as a vector space
together with an operation that satisfies compatibility conditions with the vector space
operations. In this chapter, we are interested in having a different understanding of the
notion of algebras. The aim of this is to study different useful algebraic structures in a

natural and structured way.

17
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Let A be a vector space where a product (a,b) — ab is defined such that A is an
algebra. The main feature of the product on an algebra, besides the compatibility with

the sum and the scalar product of A, is the associativity:
a(be) = (ab)e, Ya,b,ce A
Representing the associativity via commutative diagrams is a starting point to consider

different algebraic structures useful in combinatorics.

Definition 2.1.1 (Algebra). A unital associative algebra is a triple (A, m,n) where A is
a vector space over Kand m: A® A — A and n : K — A are linear maps such that the

following diagrams commute:

1. Associativity:

ARARA — T, AxA
id @m m
A® A ub A

2. Unitary property:

id ®n

KRAZAZARK AR A
n®id id m
A A UL A

The map m is called the product on A, and the map 7 is called the unit on A. We will
denote 14 := (1), where we recall that 1 = 1g.

Notice that, in the second diagram of the above definition, we are using the canonical
isomorphisms K@ A =2 A =2 A® K. Also, id stands for the identity map on A. When the
context is clear, we will denote an algebra just by A instead of a triple (A, m,n), and the
product ab instead of m(a ® b).

We can formulate the usual properties of algebras in terms of relations coming from
commutative diagrams. For instance, we say that an algebra A is commutative if mor =
m, where 7 : AQ A — A® A is the flip map 7(a®b) = b®a. In addition, if (A, ma4,n4) and

(B, mp,np) are two algebras, we say that a map f € Lin(A, B) is an algebra morphism if
meA:mBo(f®f) and ng = fona.

By having defined the notion of algebra in terms of commutative diagrams, it is natural
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to ask for its dual notion. The notion of coalgebra arises then by reversing the arrows in

the definition of algebra.

Definition 2.1.2 (Coalgebra). A counital coassociative coalgebra is a triple (C,A,¢€)
where C is a vector space over K, and A : C — C® C and ¢ : C' — K are linear maps

such that the following diagrams commute:

1. Coassociativity:

C a ceC
A id®A
CeC —2% __ ,oeCceC

2. Counitary property:

C A cCeC

A id ®e

CoC —C  KeCc2C0=CoK

The map A is called the coproduct on C, and the map e is called the counit on C.

One can think a product in an algebra is a rule to combine two elements in order to
obtain a single one. Analogously, one can think a coproduct is a recipe to break apart

one element into a sum of its parts.

Remark 2.1.3. Let (C, A, ¢) be a coalgebra and ¢ € C. Since in general A(c) is a linear
combination of elementary tensors ¢; ® ¢y, one often uses the so-called Sweedler notation
for A

Ale)=> a®cy (2.1.1)

With this notation, the coassociativity property can be written as

ch ® (c2)1 @ (c2)2 = Z(Cl)l ® (c1)2 ® ca.
Hence, we can denote the second iterated coproduct simply by
(A®id)oA:ch®CQ®03.
In general, we define the n-th iterated coproduct by the recursive formula

Al = (A @id®" D)o AU forn >3
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with Al =id and A® := A. Coassociativity implies that for any k < n — 2
Al = (1d®F @A @ id™F2)) o A1,

We also have dual definitions of concepts associated with algebras. For instance, we
say that a coalgebra C' is cocommutative if T o A = A. We also have the dual notion of

algebra morphism.

Definition 2.1.4 (Coalgebra morphism). Let (C, A¢,€ec) and (D, Ap,ep) be two coal-
gebras. We say that f € Lin(C, D) is a coalgebra morphism if

(f®@f)oAg=Apof and epof=ec.

The aforementioned statement in which it is claimed that coalgebras are dual objects

of algebras can be made precise in the following lemma.

Lemma 2.1.5. Let C be a coalgebra. Then the vector space C* = Lin(C,K) is naturally

equipped with the structure of an algebra.
The previous lemma follows from the next more general result.

Proposition 2.1.6. Let (A, m,n) be an algebra and (C, A, €) a coalgebra. The set Lin(C, A)

is equipped with the structure of an algebra with unit given by 1o € and product
fxg=mo(f®g)oA, V[ gelLin(C, A). (2.1.2)

The product f * g is called the convolution product of f and g.

Remark 2.1.7. It is not true that the dual of an algebra is automatically a coalgebra.
The reason for this is that, in general, the spaces A*® A* and (A® A)* are not isomorphic.
However, both spaces are isomorphic when A is finite-dimensional, and one can show that

A* has a natural coalgebra structure in this case.

Remark 2.1.8. Let (A,ma,n4) and (B, mp,np) be two algebras. There is a natural
algebra structure on A ® B given by

Mags = (Ma@mp)o (Id®T®id) and Nagp =N @ V5.

Analogously, if (C, A¢, ec) and (D, Ap, €p) are two coalgebras, there is a natural coalgebra

structure on C'® D given by
Acegp = (ld®7T®id) o (Ac ® Ap) and €ecgp := éc ® ep.

These structures are needed if we want to consider both structures on the same vector
space in a compatible way. One of the main relations is nicely described in the following

proposition.
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Proposition 2.1.9. Consider (A,m,n) an algebra such that (A, A, €) is also a coalgebra.

The following statements are equivalent:

1. The maps A and € are algebra morphisms.

2. The maps m and n are coalgebra morphisms.
The previous proposition allows us to define the notion of bialgebra.
Definition 2.1.10 (Bialgebra). A bialgebra is a 5-tuple (B, m,n, A, €) such that

1. (B, m,n) is a unital associative algebra;
2. (B, A,¢) is a counital coassociative coalgebra;

3. The maps A and ¢ are algebra morphisms.

In a similar way, given two bialgebras B and C, we say that f € Lin(B,C) is a
bialgebra morphism if f is an algebra morphism and a coalgebra morphism.
From Proposition 2.1.6, we have that the vector space of linear endomorphisms End(B)

of a bialgebra B is an algebra such that its product is given by the convolution product.

Definition 2.1.11 (Hopf algebra). A bialgebra (H,m,n, A, €) is called a Hopf algebra if
there exists linear map S € End(H) that is the inverse of id with respect the convolution

product x, i.e.
mo(S®id)oA=noe=mo (id®S) o A. (2.1.3)
The map S is unique and is called the antipode of H.
The following statement collects some properties of the antipode of a Hopf algebra.
Proposition 2.1.12 ([CP21, Prop. 3.1.1]). Let (H,m,n,A,¢,S) be a Hopf algebra. Then
1. AoS=(S®S)oToA andeco S =¢;

2. Som=moTo(S®S) and Son=rn;

3. if H is commutative or cocommutative, then S% = id.

Proof. Following [CP21], let us give a proof of part of the proposition. Observe that the
second statement states that S is an algebra anti-homomorphism, i.e. S(1y) = 1y and
S(hl) = S(1)S(h) for any h,l € H. By writing (2.1.3) in Sweedler notation, we have that

v(h) :==noeh)=> hiS(hy) =>_ S(h)hs. (2.1.4)

Also, since v is the unit in End(H), we also have that

ho= Y hw(h), (2.1.5)

S(h)y = > S(hi)v(hy), (2.1.6)
v(hl) = v(h)(l). (2.1.7)
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Recall that the image of ¥ commutes with any element of H. Hence for any h,l € H we

have

S(hl)

3 (hl)1> o) (by (2.15) and (2.1.6))
> S(hl)hav(l2)S(hs) (using (2.1.4) on v(h2) and that v(l) commutes)
-y (S(hlll hzlg>S(l3)S(h3) (using (2.1.4) on v(la))
Z (using (2.1.4) on S(h1l1)hals)
> S(h2)> (by (2.1.7) and that the image of v commutes)
= S(S(h) (by (2.1.6)).
Now, consider the case where H is commutative and h € H. By using the above property,

we obtain

(8% = 5)(h)

25%1

= 2o (st )
2o (stn)

s (3 sthns)

Souv(h)
v(h),

where in the third equality we used that hyS(hy) = S(h1)hs since H is commutative.
Hence S? is a convolution inverse of S. By uniqueness, we conclude that S$? = id. The

cocommutative case is analogous by using the identity S(h2S(h1)) = S(h1S(hs)). O

Not every bialgebra is a Hopf algebra since the existence of the antipode is not au-
tomatically granted. However, the existence of the antipode is guaranteed under certain

assumptions on a bialgebra.
Definition 2.1.13 (Graded vector spaces and graded linear maps).

1. We say that a vector space V is graded if there exists a direct sum decomposition
into vector spaces V = @, -, V... The vector space V;, is called the n-th homogeneous
component of the graded V_ector space V. If v € V,,, we define deg(v) := n as the
degree of v.

2. Let V=D,V and W = P, ., Wy, be two graded vector spaces. We say that a
map f € Lin(V, W) is graded if f(V,) C W, for all n > 0.

Remark 2.1.14. Let V and W two graded vector spaces with decompositions
V= @mo nand W = EB@O W,,. The tensor product is endowed with a graded structure
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where the n-th homogeneous component is given by

VoW, @V@W

i+j=n

The above remark permits stating the definition of the graded versions of algebras and

coalgebras.

Definition 2.1.15. We say that an algebra (A, m,n) (or coalgebra (C, A, €)) is graded if
A (or C) is a graded vector space and the maps m and 7 (A and €) are graded.

We also define a graded bialgebra B as a bialgebra that is both a graded algebra and
graded coalgebra. Observe that the conditions of m and A being graded are equivalent

to the conditions

m(Bl®B]) - BiJrj, V’L,]ZO,
AB,) c € Bi®B;, Vnx>o.

i+j=n

For our final assumption, consider B a graded bialgebra. We say that B is connected if
By 2 K. A nice property of a connected graded bialgebra is that the coproduct can be

expressed in a particular form, allowing us to define an antipode recursively.

Proposition 2.1.16. Let B be a connected graded bialgebra. Then, if x € B,, we have
that
Alr)=1p@r+2® 15+ Az), (2.1.8)

where A(z) € Sp—1 B, ® B

Proof. We outline the ideas of the proof for the convenience of the reader, following the
proof in [GR20]. Tt is clear that K is graded with 0-th component K equal to K and the
others equal to the null space. Since 7 : K — B is graded we have that K1z = 1(Ky) C By.
Since B is connected, then it is possible to show that 7 is an isomorphism with inverse
given by the restriction of € to By. In particular By = Klp.

Now, since ¢ is also graded, then ¢(B,) C K, for any n > 1 and thus €D, ., B, C kere.
By recalling that e restricted to By is injective, we can conclude the converse containment
and hence kere = @5

For the next step, take x € B. Since B = Klp & kere, we have

n>0

n>0

A(r) C B®Klp + B®kere.

Then there exist y € BRKlp and z € B®kere such that A(z) =y+z,and y =9y @ 1p
for some y € B. By using the counital property = = (id ®¢)(A(x)), it is possible to show
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that 2 = ¢ and hence A(z) = 2 ® 1 + 2. Similarly, it is possible to show that
A(x):x®13+13®:17+z',

where 2’ € kere ® kere. We finish by noticing that thanks to the fact that A is graded,

we obtain that 2’ lies in ZZ;% B;, ® B,,_, which concludes the proof. O

Remark 2.1.17. From the proof of the above theorem, one obtains that the counit € in
a connected graded bialgebra B = €P, ., B, is always given by €(1p) = 1 and €(b) = 0 for
any element b € @, . B

Proposition 2.1.18. A connected graded bialgebra B has a unique antipode S, which is a
graded map S : B — B, endowing B with a Hopf algebra structure. Hence, any connected
graded bialgebra is a Hopf algebra.

Proof. We will define the linear map S on each homogeneous component B,, by induction.
For the base case, taking into account item 2 of Proposition 2.1.12, we define S(15) = 15
and so S is the identity on By = K.

Now, for the inductive step we use Proposition 2.1.16: for x € B, with n > 1, we have
that A(z) = 2®1p+ . 2’ ®2", where each 2’ and 2" is an element which lies in @, Bh.
Since we require that S *id = 7 o ¢, we must have that S(x) + > S(2')z" =noe(z) =0
since x € B, C kere. Hence S(x) = — > S(2')z", where each S(z’) have been already
defined by the induction hypothesis. Thus S is the left inverse of id with respect to the
convolution product. Analogously, we have that S is also the right inverse of id. We
conclude then that S is the inverse of id and hence S is the antipode of B. The fact that
S is graded is also proved by induction. O

Given a bialgebra B, the map A written in the statement of Proposition 2.1.16 receives

a special name.

Definition 2.1.19 (Reduced coproduct). Let (B, m,n, A, €) be a bialgebra. The reduced
coproduct is the linear map A : ker e — ker e @ ker e given by

Alz) =A(r) —2®@1p—1g®z, forall z € kere.

Thanks to the coassociativity of A, one can check that the reduced coproduct A is also

coassociative. This motivates to consider the iterated reduced coproduct
A kere — (ker €)®" defined inductively by Al = id, A2 A and

[n—1]

Al (A® id®(”72)) oA, forn>3.

If B is in addition connected graded, then kere = €, _, B, and A is conilpotent, i.e. for

any x € @n>0 B,,, there exists m > 1 such that Z[n](x =0 for n > m.
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Remark 2.1.20. The notion of reduced coproduct can be defined more generally for the
case of a coaugmented coalgebra, i.e. a coalgebra (C, A €) together with a morphism of

coalgebras 7 : K — C, and defining 15 := n(1).

Let us describe an interesting relation between Hopf algebras and groups that will
be useful in the following chapters. Recall that if H is a Hopf algebra, then it is also a
coalgebra. Thus, the dual space H* = Lin(H, K) is an algebra for the convolution product
with unit given by e. The algebra structure allows us to consider the following special
subset of H*.

Definition 2.1.21 (Character). Let H be a Hopf algebra. We say that a map f € H* is

a character on H if it is a unital algebra morphism.

Lemma 2.1.22. Let H be a Hopf algebra with antipode S. The subset G(H) of characters
on H is a group with respect to the convolution product. The inverse (with respect to the

convolution product) of an element f € G(H) is given by
f*—l _ f o S

Remark 2.1.23. Definition 2.1.21 can be extended for unital algebra morphisms
f € Lin(H, A), where H is a Hopf algebra and A is a commutative algebra. In this case,
we denote G4(H) the set of characters of Lin(H, A). The conclusion of Lemma 2.1.22 is
still valid, and hence G4(H) is a group with respect to the convolution product. The

commutativity of A is needed when we want to prove that f x g € Ga(H) for any

fag € GA(H)

The second assertion in the previous lemma follows from the following fact about
inverses with respect to the convolution product (Proposition 2.1.6) in more general spaces

of linear maps.

Proposition 2.1.24. Let H be a Hopf algebra with antipode S.

1. For any algebra A and f € Lin(H, A) an algebra morphism, the inverse of f with

respect to the convolution product is given by f*' = fo S.

2. For any coalgebra C and f € Lin(C, H) a coalgebra morphism, the inverse of f with

respect to the convolution product is given by f** = So f.
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Proof. We will prove the second statement. Since f is a coalgebra morphism, we have

(Sof)xf mpo(Sof®f)oAc

= mgo(S®id)o (f® f)oAc
= myo(S®id)oAyof

= (Sxid)o f

= nuo(emof)

= MNHOCE€EC.

Analogously, f * (S o f) = ng o ¢¢. By uniqueness we conclude that f*~! = So f.

The proof of the first statement is similar. O

Another class of linear maps f € H* which are closely related to the group of characters

on H is given in the next definition.

Definition 2.1.25 (Infinitesimal character). Let H be a Hopf algebra. We say that a
map f € H* is an infinitesimal character on H if f(1y) = 0, and for any z,y € H we
have that

fxy) = f(z)e(y) + (@) f(y).
We denote g(H) the set of infinitesimal characters on H.

Remark 2.1.26. One can check that g(H) is a vector space, but it is not a group. Instead,
g(H) is closed under the bracket [f,g] := f*xg—g=* f, for any f,g € g(H).

Lemma 2.1.27. Let H be a Hopf algebra. The subset g(H) of infinitesimal characters
on H is a vector space such that [f,g] € g(H) for any f,g € g(H).

The relation between G(H) and g(H) is given through the exponential map with
respect to the convolution product. Under the connected graded assumption in the below
proposition, we have that the coproduct is conilpotent. Hence, if f € H* is such that
f(1g) =0 and x € H, then there exists m > 0 such that

Fo ) =mi o fom o A (@) = 0

for any n > m. This implies that

exp () = 3 ’;'n (2.1.9)

n>0

is well-defined. In the same way, if f = ¢ + g with g € H* such that g(1g) = 0, then the

map

log?(f) = S (-1 1L

n
n>0
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is also well-defined.
It turns out that the exponential and logarithm maps are set isomorphism in the

connected graded case.

Proposition 2.1.28 ([CP21, Cor. 3.4.1]). If H is a connected graded Hopf algebra, then
G(H) and g(H) are in bijection:

log” : G(H) = g(H) : exp”.

Remark 2.1.29. In connection with Remark 2.1.23, we can extend the definition of the
set of infinitesimal characters g4(H) C Lin(H, A) when A is a commutative algebra. The
conclusion of Proposition 2.1.28 also holds in this general framework: the sets G 4(H) and

ga(H) are in bijection via the exponential and logarithm maps.

The class of Hopf algebras that will be of interest in this work are precisely the con-
nected graded Hopf algebras. In most of our cases, we will require that each homogeneous
component is finite-dimensional. The main advantage of this condition is that we can as-

sociate a dual Hopf algebra to a connected graded Hopf algebra.

Definition 2.1.30. Let V' = @nZO V., be a graded vector space. We say that V' is locally
finite if each homogeneous component V,, is a finite-dimensional vector space, for any
n > 0. We say that a graded algebra (resp. coalgebra, bialgebra or Hopf algebra) is
locally finite if its underlying graded vector space is locally finite.

Proposition 2.1.31. Let H = @nzo H,, be a locally finite connected graded Hopf algebra.
Define the graded vector space
H* = D(H.)",

n>0

where HY := Lin(H,,,K). Then H* is a Hopf algebra with
1. product given by the convolution product *;
2. unit given by the counit of H;

3. coproduct given by Ag-(f) == p~2(f o my), where p is the canonical isomorphism
H* @ H* — (H® H)*;

4. counit eg- - H* — K given by eg-(f) := f(1n)
5. antipode Sy« : H* — H* given by Su«(f) := f oSy, where Sy is the antipode of H.
The Hopf algebra H* is called the graded Hopf algebra dual of H.

The above proposition tells us the existence of a non-degenerate bilinear form
(-,-) : H® H* — K such that the elements of a basis {h;};c; of H, are paired to the
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elements of the dual basis {fi}ier of H by (h;, f;) = d;;, where ¢;; = 1if i = j and 0
otherwise. The duality between H and H* can be described through the existence of a
family of constants {(‘I;k} C K such that

h]®hk chkh = AH* fz chkf](g)fk

iel kel

2.2 Examples of Hopf algebras

After introducing the definitions of some of the main algebraic structures used in this
manuscript, let us exhibit some of the classic examples which are also relevant for our

purposes.

2.2.1 Hopf algebras on tensors

Example 2.2.1 (Tensor Hopf algebra). Let V' be a vector space. Define the tensor algebra

over V as the vector space defined by

(V)= Hver
n>0
We consider the elements of T'(V) as words on V, i.e. vy ---v, € V¥ if vq,...,v, € V.

This allows to define the concatenation product on T'(V):
(Ul .o .rUn) . (UTL+1 . "Un+m) — fUl .. 'vn+m E V®(n+7n)

forany vy -+ v, € VO and v,41 -+ Ungn € VO™, It is easy to check that the concatenation
product is associative, making T'(V') a unital associative algebra with unit given by the
empty word denoted by 1.

The tensor algebra T'(V) is actually the free algebra over V', i.e. for any algebra A and
linear map f : V — A, there exists a unique algebra morphism f : T(V) — A such that
f=four where:V — T(V) is the canonical inclusion.

For the coproduct, define the linear map

Avy---vy,) = Z v QUppg,  VUr-v, € VO (2.2.1)
I1C[n]
where we introduce the notation [n] := {1,...,n}, vg := 1, and if I = {i1,...,is} such

that i; < .-+ < i, then v := v;, ---v;,. This coproduct is usually called the unshuffle
coproduct, and we can check that it is cocommutative. Moreover, we can define the linear
map €: T(V) —» Kby

e(l)=1 and e€(wy---v,) =0 forn>1, vy,...,u, €V.
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These maps make T(V) a coalgebra. We can show that A and e are algebra morphisms,
which implies that T'(V') is a bialgebra.

Finally, one can show that T'(V) is a connected graded cocommutative bialgebra, with
homogeneous components given by T(V),, := V®" for any n > 0. By Proposition 2.1.18,
we have that T(V') is a Hopf algebra, that we will call the tensor Hopf algebra over V.

In order to compute the antipode, observe that A(v) =v® 1+ 1® v and €(v) = 1,
by the definition of S we have that S(v) +v = 0 and so S(v) = —v. In general, we can
prove that

S(vy--vp) = (=1) "0, -+ - vy.

Example 2.2.2 (Shuffle tensor Hopf algebra). The tensor algebra T'(V) over a vector
space can be endowed with another product and coproduct that provide a new Hopf
algebra structure. For the product, we consider the shuffle product 1L on T'(V') defined

by the recursive formula
VU W wy - Wy = 01 (Vg Uy W wy W)+ wp (g Wwg s wy),  (2.2.2)

with 111 :=1and 1w ov = v w1l :=wv. The shuffle product is associative and also
commutative with the unit given by 1.

On the other hand, define the deconcatenation coproduct as the linear map

n

Aglvg--v,) = Zvl U @ Vig1 Uy, VULV, € VO (2.2.3)

=0

and the counit e given in the above example. In this case, (T'(V), L, Ay) is a connected
graded bialgebra, and thus it is a Hopf algebra. One can also show that the formula for

the antipode is given by S(vy---v,) = (=1)" v, - vy.

Remark 2.2.3. Let V be a finite-dimensional vector space. Under this assumption, T'(V)
is locally finite-dimensional and (T'(V'),)* can be identified with T(V*),, for any n > 0.
Hence, the shuffle tensor Hopf algebra is the dual of the tensor Hopf algebra, in the sense
of Proposition 2.1.31.

Example 2.2.4 (Polynomial Hopf algebra). Let V' be a vector space. We can consider
the commutative version of Example 2.2.1. In other words, denote K[V] the algebra of
commutative polynomials over V', i.e. the free commutative unital associative algebra

generated by the elements of V. Define the linear map

Ay -+ -vy,) = Zw@v[n]\], Yu,...,uo0 €V (2.2.4)

IC[n]

as in (2.2.1), but observe that now v; - - - v, is a commutative monomial instead of a non-

commutative word. This linear map can also be defined as the algebra morphism such
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that
Av)=v@1+1®v, Yvel.

I3

The counit is given by the linear map ¢ : K[V] — K given as in Example 2.2.1. If we
denote by - the product of polynomials, then the triple (K[V], -, A) is a connected graded
Hopf algebra, where each homogeneous component K[V],, consists of the linear span of
monomials of degree n, for n > 0. Due to its importance in this manuscript, we will write

the next definition.

Definition 2.2.5. A polynomial Hopf algebra over a vector space V' is the triple (K[V], -, A),
where K[V] is the polynomial algebra over V' and A is the coproduct given in (2.2.4).

2.2.2 Hopf algebras on non-planar rooted trees

The next examples of Hopf algebras are based on central objects in combinatorics: rooted

trees and forests. Let us now give a precise definition of such objects.

Definition 2.2.6 (Trees). A (non-planar) rooted tree is a finite directed graph with a
distinguished vertex r such that for any vertex v of the graph, there is exactly one path
from 7 to v. The distinguished vertex of a rooted tree is called the root of the tree. A

rooted forest is a disjoint union of a finite number of rooted trees.

In a rooted tree, the edges are oriented away from the root. Then, any vertex distinct
from the root has exactly one incoming edge and any number of outgoing edges. We will
represent rooted trees in the following way, where the edges are downward oriented and

the root is the topmost placed vertex.

PSS

Figure 2.1: Rooted trees with four vertices.
If ¢ is a rooted tree, we will denote by V' (¢) the set of vertices of ¢. We will also need
to make precise the following concepts associated to trees.
Definition 2.2.7. Let ¢ be a rooted tree and v, w € V().

1. We say that v is the parent of w if there is an edge from v to w in £. In the same

way, we say that w is a child of v if v is the parent of w.

2. More generally, we say that v is an ascendant of w if the unique path from the root
to w passes through v. Similarly, we say that w is an descendant of v if v is an

ascendant of w.
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3. The vertex v is a leaf if v has no children. The set of leaves of ¢ is denoted by
Leaf(t).

4. The vertex v is an internal vertezr if it is not a leaf. The set of internal vertices of ¢
is denoted by Intl(v).

Observe that, as non-planar rooted trees, the trees

o

are considered the same. If we want to make a distinction between both trees, we need

to consider the following notion.

Definition 2.2.8. A planar rooted tree is a rooted tree in which each vertex has a specified

ordering of its children.

Remark 2.2.9. Associated to a rooted tree ¢, there is a poset structure on V(t) given
by the edges of t. More precisely, if v,w € V(t), we say that v < w if and only if v is
an ascendant of w. In this partial order, the root of ¢ is the minimal element, while the

leaves of ¢ are the maximal elements.

One advantage of working with rooted trees is that many properties of them can be
studied recursively. The latter happens since the children of the root define a rooted

forest.

Definition 2.2.10. For a rooted forest f consisting of the non-planar rooted trees t1,. .., ¢,
we define the grafting of f, denoted BY(f), as the non-planar rooted tree obtained by
grafting the trees ¢i,...,t,, onto a common root. Conversely, given a rooted tree t, we
denote the ungrafting of t B~ (t) as the rooted forest f such that BT (f) =+t.

Remark 2.2.11. The above definition extends to the case of planar trees. In this context,
we write the grafting of the trees ti,...,¢, as BY(¢1,...,t,) to emphasize the order in

which the trees are grafted.

Observe that in the definition of rooted forest, the grafting of the empty forest is
the single-vertex tree. In other words, if 1 stands for the empty forest, i.e. the forest
containing no trees, then B(1) = e.

For what follows, let T be the set of non-planar rooted trees and take Hcx := K[T]
the polynomial algebra over 7. It will be useful to identify a monomial ¢; - - - £, with the
forest consisting of t1,...,t,. Under this identification, Hck is the linear span of the set
of rooted forests. Also, the product of two forests is given by their disjoint union, with

the unit given by the empty forest 1. The algebra Hck is graded, where the degree of
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t € T is given by the number of vertices of ¢, i.e. deg(t) = [t| := |V (¢)|. In general, for a

forest f =t1---t,,, we define

deg(f) = deg(tl) + - 4 deg(tn).

To describe the coproduct, we need the following notion,

Definition 2.2.12. Let ¢t be a rooted tree. An admissible cut of t is a subset (possibly
empty) ¢ of edges of ¢ such that for any path from the root to any leaf, there is at most

one edge of the path contained in c.
Given an admissible cut, we can construct a forest and another rooted tree.

Remark 2.2.13. The notions of trunk and pruning are defined for both non-planar and
planar rooted trees. In the latter case, the trunk and the pruning carry the ordering of

the vertices in the original planar rooted tree.

Definition 2.2.14. Let ¢ be a rooted tree and ¢ be an admissible cut of ¢. Also, consider
the rooted forest obtained from ¢ by deleting all the edges in c. The trunk of t associated
to ¢ is the rooted subtree whose root is the same as that of ¢. The remaining rooted forest

is called the pruning of t associated to c.

Example 2.2.15. Consider the following rooted tree ¢ together with an admissible cut ¢

whose elements are the edges of ¢ depicted in red colour.

The trunk and the pruning of ¢ associated to ¢ are the following;:

R.(t) _{\I and Pu(t) =1 JN, o o

In what follows, Adm(t) stands for the set of admissible cuts of a rooted tree ¢. The
coproduct on Hck is defined in terms of trunks and prunings. More precisely, define the
algebra morphism Ack : Hex — Hexk ® Hek given by Ack(l) = 1 ® 1, and for any
rooted tree t:

Ack(t) =1@t+ > Re(t)® Pult). (2.2.5)

ceAdm(t)
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Example 2.2.16. We have the following simple computations of the coproduct Ack:

ACKG) - 1®£+£®1+I®-+-®I,
ACK(A) = 10 tde@ 1200 tenee .

The last ingredient is the counit € : Hex — K which is defined to be the algebra
morphism such that €(1) = 1 and ¢(f) = 0 for any non-empty forest f. With this, we

have a Hopf algebra structure on Hck.

Theorem 2.2.17. The triple (Hck, -, Ack) s a connected graded commutative non-

cocommutative Hopf algebra.

The Hopf algebra from the previous theorem is called the Connes-Kreimer Hopf alge-
bra.

The coproduct Ack is not the unique coproduct that provides K[7] with the struc-
ture of Hopf algebra. Since K[7] is a polynomial algebra, we consider the coproduct in

Example 2.2.4: it is the algebra morphism given by

AcgL(ty - t,) = Z tr @t 1, (2.2.6)
IC[n]

where ¢; is the monomial consisting of the trees whose indexes are given by I. In particular,
if I = ) then ty = 1. We have than that (K[T],-,Agr) is a polynomial Hopf algebra.
However, there exists another associative product * making (K[7], *, Agy,) a Hopf algebra.

Let us describe the product . For this, consider two commutative monomials ¢ - - - ¢,,
and s1 -+ 8, in Har := K[T]. We know that we can identify the monomials ¢; - - - ¢, and

S1+ - Sy as rooted forests. If ¢y ---t, is the empty forest, define
1%S8y Sy, =81 " Sn-

Now assume that ¢; - - - t,, is not empty and define the rooted tree s := B (sy - -« s,,). Then
we set (t1---t,) * (81 $y) as the sum of the ungraftings of the rooted trees obtained by
connecting the roots of ¢y, ..., ¢, to the vertices of s in all the possible n/*l different ways.
One can observe that the identity for this product is given by the empty forest 1. It is

easy to see that this product is not commutative.

Example 2.2.18. For t = B*(e) and s;5, = e e, their x product is given by

Tiee—leerals.

By considering the grading given by the number of vertices of the trees, we can show
that the product * and the coproduct Agp, are also graded. We can then formulate the

next result.
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Theorem 2.2.19. The triple (Har, *, AgL) is a connected graded non-commutative co-

commutative Hopf algebra.

The Hopf algebra from the above theorem is called the Grossman-Larson Hopf algebra.
It turns out that the Connes-Kreimer Hopf algebra and the Grossman-Larson Hopf
algebra are graded dual Hopf algebras to each other, in the sense of Proposition 2.1.31.
With the purpose of describing the duality, let us describe the following statistic on rooted

trees.

Definition 2.2.20. Let t be a rooted tree. The internal symmetry factor of t, denoted
o(t), is defined to be the cardinality of the automorphism group of ¢, i.e o(t) := | Aut(t)|.
Alternatively, it can be defined inductively by o(e) := 1 and

o(t) == Hmi!a(ti)m’, (2.2.7)

ift = BT(t]" ---t,"), where the trees t1, ..., t, are all distinct and the notation ¢ means

that the tree t; has multiplicity m;, for 1 <1i < p.
The duality is then described as follows:

Theorem 2.2.21 ([Hof03, Prop. 4.4]). The duality between the Hopf algebras Hcx and
Ha is given by the pairing

0 otherwise,

($1°+ Smlt1-+tn) = { (2.2.8)

for any monomials s1--- Sy, € Har and t1---t, € Hek.

2.3 Lie algebras and pre-Lie algebras

In the final section of the present chapter, we will study two basic examples of algebraic
structures with a product that does not need to be associative, though they also satisfy
interesting identities instead.

The exposition of the current section is based on Chapter 6 of the book of Cartier and
Patras [CP21], where the interested reader can consult the proofs of the results presented

in this section.

2.3.1 Lie algebras
The first example of non-associative algebras is the well-known notion of Lie algebras.

Definition 2.3.1 (Lie algebra). A Lie algebra is a vector space L together with a bilinear
map [,]: L& L —= L, 2 ® y — [z,y], satisfying the following conditions:
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1. Anti-symmetry: [z,z] =0 for any z € L;
2. Jacobi identity: [z, [y, z]] + [y, [z, z]] + [z, [z, y]] = 0, for any z,y,z € L.

Example 2.3.2. Let A be an associative algebra. We define the bracket [a,b] = ab — ba,
for any a,b € A. It is easy to see that associativity implies the Jacobi identity. Hence,
(A,[,]) is a Lie algebra.

Example 2.3.3. Let B be a bialgebra. We say that b € B is primitive if
Ab)=b®@1p+ 1p®b. (2.3.1)

Let Prim(B) be the set of primitives of B. One can show that Prim(B) is a vector
subspace of B. Moreover, by considering the Lie bracket by the associative product of B,
[a,b] = ab— ba, we have that Prim(B) is actually a Lie algebra. Indeed, if a,b € Prim(B):

A([a, 0])

Ala)A(b) — A(b)A(a)
= (a®13+13®a)(b®13+13®b) — (b®13+13®b)(a®13+13®a)
[a,0] ® 15+ 15 ® [a, D],

which implies that [a,b] € Prim(B).

Example 2.3.4. Let H be a Hopf algebra and consider g the set of infinitesimal characters
on H (Definition 2.1.25). Remark 2.1.26 implies that g is a Lie subalgebra of H*.

The bracket construction described in Example 2.3.2 is a functor from associative

algebras to Lie algebras. Its adjoint displays a nice example of Hopf algebras.

Definition 2.3.5 (Enveloping algebra). Let L be a Lie algebra. We say that the pair
(U(L),¢) is an enveloping algebra of L if U(L) is an associative algebra and ¢ : L — U(L)

is such that
1. U(L) is the associative algebra generated by the image of L by ¢;
2. ([a, b)) = t(a)e(b) — ¢(b)e(a), for any a,b € L;

3. for any associative algebra A and a Lie algebra morphism f : L — A, ie. f is
linear such that f([a,b]) = f(a)f(b) — f(b)f(a), then there exists a unique algebra
morphism f : U(L) — A such that f = fou

By a usual argument of universal properties, one shows that enveloping algebras are
unique up to isomorphism. On the other hand, given a Lie algebra L, a usual explicit
construction of U(L) is given as a quotient of the tensor algebra over L. More precisely,
we can show that T'(L)/I is the enveloping algebra of L, where I is the ideal generated
by the elements [a,b] — ab + ba, for any a,b € L.
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Under the above setting, we define the linear map § : L — U(L) ® U(L) by
d(z) :=2®1+1®ux, for x € L. One can show that J is a Lie algebra morphism, and by the
universal property, it can be extended to an algebra morphism A : U(L) — U(L) @ U(L).
Finally, by setting the algebra morphisms ¢ : U(L) — K which vanishes on L, and
S:U(L) = U(L) by S(z) = —z, we obtain:

Proposition 2.3.6. Let L be a Lie algebra. The enveloping algebra U(L) is a Hopf

algebra.

Let H be a Hopf algebra. Example 2.3.3 shows a particular Lie algebra associated to H.
Furthermore, Proposition 2.3.6 describes another Hopf algebra in which the elements of
the Lie algebra are primitive elements. The following important result provides conditions
in which the converse holds, i.e. when the Hopf algebra is actually the enveloping algebra

of their primitive elements.

Theorem 2.3.7 (Cartier-Milnor-Moore [CP21, Thm. 4.3.1]). Let H be a locally finite
connected graded cocommutative Hopf algebra and consider Prim(H) the Lie algebra of
primitive elements of H. Then the inclusion of Prim(H) into H extends to an isomor-
phism of Hopf algebras ® : U(Prim(H)) — H.

2.3.2 Pre-Lie algebras

The most important example of non-associative algebra for this thesis is the notion of
pre-Lie algebra. They are also called Vinberg algebras and appear in different contexts
in mathematics, such as differential geometry, operads, and, most important for us, com-

binatorics.

Definition 2.3.8 (Left pre-Lie algebra). A left pre-Lie algebra is a vector space L together
with a bilinear map > : L ® L — L, v ® y — x >y, satisfying the identity

x> (y>z)—(eby)>z=y>(z>2)—(y>a)>z, Va,y,z € L. (2.3.2)

Definition 2.3.9 (Right pre-Lie algebra). A right pre-Lie algebra is a vector space L
together with a bilinear map <t: L ® L — L, © ® y — x <y, satisfying the identity

r<A(y<z)—(z<y)<z=z<(2<y)—(x<2)<y, Va,y,z € L. (2.3.3)

It is clear that both previous notions are equivalent to each other. Indeed, for any right
pre-Lie product <1, we can define a left pre-Lie product by z > y := y < z. Analogously,
we can construct a right pre-Lie product from a left pre-Lie product. For this reason, we
will only treat right pre-Lie algebras in this section.

One of the first properties that one can obtain directly from the definition of pre-Lie

algebras is a nice connection with more classical Lie algebras.
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Lemma 2.3.10. Let L be a pre-Lie algebra. Then the bracket
[z,y] =z <y—y<z, Va,yelL

is a Lie bracket, providing L with a Lie algebra structure.

Now we introduce an algebraic structure that will be useful for understanding several
aspects of pre-Lie algebras. For the corresponding definition, recall, from Example 2.2.4,
that the polynomial algebra K[V] over a vector space is a cocommutative Hopf algebra
whose coproduct is such that A(v) = v®1+1®wv, for any v € V. In this section, we will

omit the sum symbol in Sweedler notation for the iterated coproduct:
AH(pP):= PV g...@ P¥D  vPpec K[V

Definition 2.3.11 (Symmetric brace algebra). A symmetric brace algebra is a vector
space V' together with a linear map V @ K[V] — V, v ® P — v{P} satisfying the
following identities for any n > 1 and v, wy,...,w, € V, P € K[V]:

oty = v (2.3.4)
(v{wh...,wn}){P} = U{wl{P(l)}7w2{P(2)}7”_’wn{P(n)}’P(nH)}? (2.3.5)
where A[”‘H](P) =P ... ph+h,

Remark 2.3.12. For elements v, wy, ..., w, in a symmetric brace algebra V', notice that
we have used the notation v{w,...,w,} for v @ wy - - -w, € V ® K[V] with the purpose
of pointing out that each w; is an element of V' instead of a monomial of length greater
than 1 in K[V]

The fact that symmetric brace algebras are actually equivalent to pre-Lie algebras is
due to the following two results by Oudom and Guin [OGOS].

Lemma 2.3.13 ([CP21, Lemma 6.2.2]). Let V be a symmetric brace algebra. Then the
linear map defined by
v<dw =v{w} (2.3.6)

provides a pre-Lie algebra structure on V.

Proof. We verify the right pre-Lie identity: if u,v,w € V, then we have
u<(v<dw) — (u<v) <w = u{v{w}} — (u{v}){w}.
By (2.3.5) and the fact that A(w) =w® 1+ 1® w, we get

(u{o{w} = w{v{w}, 1} + u{v{1}, w} = ufvfw}} + ufv, w},
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and thus
u<d(v<dw) — (u<v) <w = —u{v,w}. (2.3.7)

Since this expression is symmetrical in v and w, the pre-Lie identity (2.3.3) holds. O

By an induction argument and the repeatedly use of the pre-Lie identity, we can show

that a pre-Lie product can be extended to a symmetric brace product.

Lemma 2.3.14 (Oudom-Guin [OGO08] [CP21, Lemma 6.2.3]). Let (L,<1) be a pre-Lie

algebra. Then L is equipped with the structure of a symmetric brace algebra by the formulas

v{w}= v Qw,

n—1
v{wy, ..., w,}= (v{wl, . ,wn,l}){wn} — Zv{wl, oo wi{wp o w1}, (2.3.8)
i=1

for all v,wy, ..., w, € L.

Corollary 2.3.15 (Oudom-Guin). The categories of pre-Lie algebras and symmetric brace

algebras are isomorphic.

One of the main characteristics of pre-Lie algebras is that their associated Lie algebras
have enveloping algebras with nice features. Roughly speaking, they are polynomial
Hopf algebras with a second associative product equivalent to the pre-Lie product. This

motivates the following definition.

Definition 2.3.16 (Right-handed polynomial Hopf algebra). A right-handed polynomial
Hopf algebra is a polynomial Hopf algebra (K[V],-, A) that is equipped with a second
associative product * with unit 1 € K[V]o = K making (K[V],*, A) a cocommutative
Hopf algebra such that P,., K[V]; is a right ideal of K[V] with respect to the product .

The relation between right-handed polynomial Hopf algebras and symmetric brace

algebras is that they are indeed equivalent notions.

Lemma 2.3.17 ([CP21, Lemma 6.2.1]). Let V' be a vector space. ThenV is a symmetric
brace algebra if and only if K[V] is a right-handed polynomial Hopf algebra.

From the proof of Lemma 6.2.1 in [CP21], given a right-handed polynomial Hopf
algebra K[V] with second associative product *, the symmetric braces are constructed by
restricting the image of V ® K[V] on V. In other words, the braces are the composition
of *|ygkpy) and the projection map on K[V]; = V. Conversely, given a symmetric brace

operation on V, the second associative product * on K[V] can be written as

(ar-ar) * (b bu) = 3 Bo(ar{B1}) -+ (a{B1}), (2.3.9)
f

for any aq,...,a;,b1,...,b, € V, where the sum is over all the maps f : {1,...,m} —

{0,...,1}, and for any 0 < i <, we define B; = Hjef,l(i) bj.
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Example 2.3.18. For some small values of I and m in (2.3.9), we have the following

expansions:

axb = ab+ a{b},
ajagxb = ajash+ (a1{b})as + a1(az{d}),
axbiby = abiby + bi(a{by}) + ba(a{bi}) + a{b1b2}
= abiby + bi(a{bz}) + ba(a{bi}) + (a{b1}){b2} — a{bi{ba2}}.

Let (L, <) be a pre-Lie algebra. By Lemma 2.3.14, we can construct a symmetric
brace product out of <. Moreover, by Lemma 2.3.17, we can construct an associative
product * out of the braces following the recipe in (2.3.9). Using the first computation in

the last example, we obtain
v{wy * wo} = v{wy, wa} + v{w {ws}}.

From (2.3.7), the first term on the right-hand side of the above equation is equal to

v{wr, wat = (v{wi}){wa} — v{wi{wa}}.

Hence we obtain that v{w;*ws} = (v{w;}){wa}. This relation generalizes in the following

result.

Proposition 2.3.19. Let (L, <) be a pre-Lie algebra and consider the symmetric braces

associated to <. For any v,wy,...,w, € L we have that
v{wy x wy k- xwy,} = (- ((v{w P {ws}) -+ ) {w,} (2.3.10)

Proof. By induction on n. The case n = 1 is trivial, and the case n = 2 has already been

proved. Assume that the result holds for n — 1. We claim that

'U{al sy ok b} = (U{Gl T al}){b},

for any ai,...,a;,b € L. Indeed, by (2.3.9), we can write
!
ap---apxb= al"'alb+zal"'aifl(ai{b})az#l"'al-
i=1
Then, by (2.3.8), we obtain the proof of our claim

v{ay---a;x b} = v{ay, ... a,b} + Zv{al, ca{bY, . a) = (v{ay, .. a}){b)
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The claim extends by linearity to the case that the monomial a; ---q; is replaced by a
general polynomial P € K[L]. Therefore, by taking P = wy * - - - * w,_; and b = w, and
applying the induction hypothesis, we deduce that

vf(wy s - wwn ) xwp} = (o{wr x - wp g Plwn = (G- (o{wn}) - H{waap){wa}-
O

Using the first computation in the last example, one notices that the Lie bracket

associated to * is given by
axb—>bxa=ab+ a{b} —ab—b{a} = a{b} —b{a} =a<b—-b<a, Va,be L.

It follows that the Lie bracket associated to * coincides with the Lie bracket associated
to < defined in Lemma 2.3.10. The Cartier-Milnor-Moore Theorem implies the following

result.

Theorem 2.3.20 (|CP21, Theorem 6.2.2]). Let (L, <) be a pre-Lie algebra and consider
L as a Lie algebra where the bracket is given by Lemma 2.5.10. Then the cocommutative
Hopf algebra (K[L],*, A) where * is the associative product extending <1 given in (2.3.9)
is the enveloping algebra of L.

2.3.3 The pre-Lie algebra of rooted trees

Our next objective is to describe a central example of pre-Lie algebras. As in the previous
section, let 7 be the set of non-planar rooted trees and let L7 be the linear span of 7.
Next, given two trees ¢,¢' € T and v € V(t), we denote by t <, ¢’ the element in T
obtained by grafting the root of ¢’ via a new edge to v in t.

The previous grafting operation allows to define a bilinear map < on L7 given by the

sum of the trees obtained by grafting the root of ¢ to the vertices of ¢:

tat' =Yty t, Vit eT. (2.3.11)
veV (t)

It is not difficult to see that < satisfies (2.3.3) and hence L7 is a pre-Lie algebra. It
turns out that L7 is the free pre-Lie algebra generated by the single-vertex tree . Here,
the word “free” means the universal property for pre-Lie algebras: for any set X and
i : X — L an injective map from X into a pre-Lie algebra L, we say that L is the free
pre-Lie algebra generated by X if for any pre-Lie algebra A and any map f : X — A,
there is a unique pre-Lie algebra morphism f : L — A such that f = f o .

Proposition 2.3.21 (|CLO1|). The pair (L7, <) is the free pre-Lie algebra over the gen-

erator e (the single-vertex tree).
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Associated with the free pre-Lie algebra L7, we can consider the right-handed poly-
nomial Hopf algebra K[L”] given by Lemma 2.3.17. It turns out that the product * in
(2.3.9) is precisely the associative product of the Hopf algebra of Theorem 2.2.19. We

have then the following result.

Proposition 2.3.22. The right-handed polynomial Hopf algebra K[L7] associated to the

free pre-Lie algebra LT is isomorphic to the Grossman-Larson Hopf algebra.

2.3.4 The pre-Lie exponential and the Magnus operator

The last part of this chapter is devoted to studying some properties of exponentials and
logarithms associated with pre-Lie products. In this section, we assume that L is a graded
pre-Lie algebra, i.e. L = @nzo L, is graded as a vector space, and the pre-Lie product is
graded. We also need that the pre-Lie algebra is locally finite, i.e. every graded component
L, is a finite-dimensional vector space. Finally, we assume that L is connected, which
means Vy = 0.

By Theorem 2.3.20, the enveloping algebra of L is the connected graded cocommutative
Hopf algebra (K[L], *, A). Moreover, we also have the Hopf algebra structure (K[L],-, A)
given by the product of polynomials -. Both associative products provide a group structure

on the following particular set.

Definition 2.3.23. We define the completion of K[L] with respect to the graduation as

the vector space
K[L] := [ K[L]..

n>0

We can extend the products -, * and the coproduct A to the completion m We

—

then consider the set of group-like elements in K[L] as the set

—

G(L):={veK[]: Alv) =v®v}.

One can show that the products - and * endow a group structure to G(V'). Also, by
the initial assumptions on L (see Section 4.6 in [CP21] for details), we have that the

exponentials and logarithms defined in terms of % and - are bijections. More precisely, if

1 —1)nt
exp*(v) = Z Ev*", and log™(w) = Z %w*”,

n>0 n>1

then we have the bijective correspondence
exp’: L S G(L) : log",

and analogously
exp : LS G(L) : log,
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are bijections, with exp” and log™ being the exponential and logarithm, respectively, with
respect to the product -. The first isomorphism allows to define a group structure on L

as follows.

Definition 2.3.24. For any v, w € L, define the Baker-Campbell-Hausdorff group law as

the element
BCH(v, w) := log™ (exp*(v) * exp™(w)). (2.3.12)

The above bijections can be used to define set automorphism on the pre-Lie algebra

L, for instance:

Definition 2.3.25. The Agrachev-Gamkrelidze operator (|JAG81]) is the map W : L — L
given by
W(v) =log oexp®(v), Vve L (2.3.13)

The Agrachev-Gambkrelidze operator is also called the pre-Lie exponential since one

can show that W has an expansion given in the following proposition.

Proposition 2.3.26 (|[CP21, Prop. 6.6.1]). The Agrachev-Gamkrelidze operator
W . L — L can be written in terms of the pre-Lie product as

1 1
W) = U+§v<v+6(vﬂv)<lv+~--
I w
= Z T (V), Yo e L,
nZO(n+1)!

where ) (v) = v, and r&)(v) =i (v) <w forn > 1.

It is easy to see that W is invertible with respect to the composition of maps. The

inverse of W is, of course, another set automorphism and receives the following definition.

Definition 2.3.27 (Pre-Lie Magnus operator). The pre-Lie Magnus operator is the bi-
jective map Q : L — L given by

Q(v) =log"oexp'(v), Vv € L. (2.3.14)

As well as the Agrachev-Gamkrelidze operator, the Magnus operator writes in terms

of iterated pre-Lie products.

Proposition 2.3.28 (Pre-Lie Magnus expansion [CP21, Prop. 6.5.1]). The Magnus op-

erator satisfies the fized point equation

Bﬂ n
Qu) =) ﬁri,g),(v)(vx Voe L, (2.3.15)

n>0
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where { By, }n>o is the sequence of Bernoulli numbers defined by the generating function

T B, .,
i > —ra, (2.3.16)

n>0

e$
The Magnus operator allows us to describe another group law on L obtained by trans-

porting the group law on G(V') using the exponential exp'.

Definition 2.3.29. The Agrachev-Gamkrelidze group law on L is defined by
v#w = log (exp (v) * exp (w)), Vo,w e L. (2.3.17)
By definition, it readily follows that
W(BCH(Q(v), Qw))) = v#w. (2.3.18)

Furthermore, we have

Proposition 2.3.30 ([CP21, Prop. 6.6.2]). For any v,w € L, we have that
v#w = w + v{exp*(Qw))} = w + v{exp (w)}. (2.3.19)
Proof. The second equality follows from the definition of €2 since

exp* (Q(w)) = exp” o(log” o exp(w)) = exp(w).

On the other hand, the first equality in the statement of the proposition is equivalent to
the equality
W(BCH(v,w)) = W(w) + W(v){exp*(w)} (2.3.20)

since (2.3.18) holds and W is a bijection with inverse 2, and the braces extend the pre-Lie
product <0. We now introduce a notation for the W map. Notice that pre-Lie algebra can
be augmented with a unit by setting 1{1} =1<1:=1 and 1{v} = 1 <v = v. Extending

Proposition 2.3.19, we also set

Hops-oxopt o= (- (Hon){va}) -+ ){on}-

The previous notation, together with r,(w) := rg,g(w) = w < v, permits to write

W)= T ) — 1) <1 = Hexpr ()} 1. (2.3.21)

Tav

For this reason, the Agrachev-Gamkrelidze operator is also known as the pre-Lie expo-
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nential. In particular, by the definition of the BCH group law, we have that

W(BCH(v,w)) = 1{BCH(v,w)}—1
= 1{exp*(v) xexp*(w)} — 1
— (Hexp" (o)) exp™(w)} — 1
= (H{exp™(v) — 1 {exp”(w)} + Hexp™(w)} — 1
= W(w{exp™(w)} + W(w),

which is precisely (2.3.20). O

Using the iterated pre-Lie product, we can find another expression for the # group

law on L.
Corollary 2.3.31. For any v,w € L, we have that
VHWw = w + "0 (v). (2.3.22)
Proof. From the proof of Proposition 2.3.30, we know that
W(v)=e"<"(1) = 1= 1{exp*(v)} — L.

We obtain the desired expression for v#w by applying Proposition 2.3.19 in the following

way:

v#w = w+v{exp’(Qw))}
= w+ Y o)}

n>0

1
= w-+ Z Erqg(w) (U)

n>0
= w+ e (y).

O

We finish this section by giving a description of the formula (2.3.14) that defines the
pre-Lie Magnus operator that will be of fundamental importance in the computations in
Chapter 9. First, let us introduce some notation. First, we say that an ordered partition of
[n] of length k is a k-tuple (I, ..., I;) such that I, ..., I are pairwise disjoint non-empty
subsets of [n] = {1,...,n} with I; U---U I = [n]. The set of ordered partitions of [n] of
length k is denoted by OP"(n).

Definition 2.3.32. For any n > 1 and vy, ...,v, € L, consider the monomial vy - - - v,, €
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K[L] (i.e. using the commutative polynomial product on K[L]). We then define

(1)
SOll(lUl'“'Un) :ZT Z v, ke kU,

k=1 ﬂEOPk(n)
7=(I1,...,Ix)
where, for each 1 < j <k, vy, is the monomial vy, = v;, ---v;, if I; = {i1,...,4,}. Then

we linearly extend sol; to be defined on L and on the completion L.

The reader may notice that sol; resembles the expansion of a logarithm with respect

to the associative product *. The following theorem shows that is indeed the case.

Theorem 2.3.33 (|[CP13, Thm. 4.2|). For v € L, we have, in L:

Q(v) = soly (exp’(v)), (2.3.23)

where exp (v) = ”n—,, with v™ the n-th commutative polynomial power of v in K[L].
n>0
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Chapter 3
Non-commutative Probability

The present chapter aims to explain the central notions and results in non-commutative
probability theory, emphasizing the combinatorial point of view via cumulants and set
partitions. We first recall the basics of classical probability theory in Section 3.1 and see
how they are translated in a non-commutative setting in Section 3.2. In particular, the
non-commutative analogue of one of the most relevant notions in classical probability,
the concept of independence, is studied in Section 3.3, where we present the five natural
notions of non-commutative independence. Next, in Section 3.4, we present the different
posets of set partitions that allow defining the non-commutative cumulants for each notion
of independence. Afterwards, the cumulant functionals are applied in Section 3.5 to study
the several notions of additive convolutions for each notion of independence. We finish in
Section 3.6 by explaining the definition of an extension of non-commutative probability,
known as conditionally free independence, which can be understood by the methods and
techniques of this thesis.

For the convenience of the reader unfamiliar with non-commutative probability theory,
we have included some proofs that exemplify the combinatorial tools in the theory. The
interested reader is suggested to consult the book of Nica and Speicher [NS06], which
describes the combinatorial point of view of free probability, as well as the book of Mingo
and Speicher [MS17b]|, which treats the connection between free probability and random

matrix theory.

3.1 Classical probability

We begin the chapter by reviewing basic concepts of classical probability theory, in order

to make the analogy with non-commutative probability more transparent.

Definition 3.1.1. A probability space is a triple (Q2, F,P) where Q is a set, F is a o-algebra
over Q, and P : F — [0, 1] is a probability measure on (9, F).

Let (2, F,P) be a probability space. Recall that a random variable is a F-measurable
function X : Q@ — C. Associated with X, we can define its distribution as the probability

47
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measure ux on (C,B(C)) given by pux(A) :=P(X € A), for any A element of the Borel
o-algebra B(C).

Another fundamental concept associated to a random variable is the expected value.
Definition 3.1.2. Let (2, F,P) be a probability space and X :  — C be a random

variable. For any f : C — C bounded measurable function, we define the expected value
of f(X), denoted by E(f(X)), by

E(f(X)) = / F(X (@) dP(w) = / £(2) dux(2) (3.1.1)

provided that the integral exists.

The above definition allows us to define a fundamental sequence of real numbers as-

sociated to a real random variable X : QQ — R, called the sequence of moments of X.

Definition 3.1.3. Let (Q, F,P) be a probability space and X : Q — R be a real random
variable. For n > 0, we define the n-th moment of X by

mp(X) =EX") = /Ra:"d,ux(x),

whenever the integral exists.

Remark 3.1.4. The sequence of moments {m,,(X)},>o of a random variable X is always
well-defined when X has bounded support. In the latter case, all the moments of X
exist and the Stone-Weierstrass theorem implies that the sequence of moments uniquely

determines the distribution of X.

Another fundamental concept in the theory of classical probability is the notion of

independence. Let us recall the definition.

Definition 3.1.5. Let (Q, 7, P) be a probability space and {X; };cs be a family of random
variables. We say that the family is independent if

P (ﬂ{Xj € Aj}) =[IPx; € 4y,

jed jeJ
for all A; € B(C) with j € J and for all J C I finite.

An important property of the previous definition is that if X,Y are independent
random variables and f,g : C — C are bounded measurable functions, independence

implies that
E(f(X)g(Y)) = E(f(X))E(g(Y)). (3.1.2)

In particular, if we have two independent random variables X and Y with all their

moments, then
E(X™Y™) =EX™E®Y™), VYm,n>0.
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Observe that if X and Y have bounded support, the sequences of moments E(X™) and
E(Y™) determine the joint distribution of X and Y. From an algebraic point of view, the
independence of two random variables can be seen as a “recipe” for computing moments
of X™Y™ from the moments of X™ and Y™.

Independence of random variables allows us to define the notion of convolution. More
precisely, given two independent random variables with bounded support X and Y, we
define its additive convolution as the probability measure px * iy given by the distribution
of X +Y. By independence, the moments of X + Y are determined by the moments of
X and Y. In other words, the probability measure px.y is indeed determined by the
probability measures px and py.

A very effective tool to treat the additive convolution is the characteristic function
fix(t) == E (e"¥), VteR.
Notice that if X and Y are independent random variables, then
fixsy =E (") =E (%) E (") = fixiy.
Then, if we define the C-transform of X by Cx(t) := log fix(t), we get that
Cxyy (1) = Cx(t) + Cy (1),

for any ¢ € R. In other words, the C-transform has the property of linearizing the additive
convolution. Moreover, under the assumption that X and Y have all their moments, the

characteristic functions and the C-transform have the following power series expansion:

ity = 3 W),

oxy = 3 M),

for a certain sequence of complex numbers {c,(X)}n>1.

Definition 3.1.6. Let (2, F,P) be a probability space and X be a random variable with

all their moments. The sequence of complex numbers {¢,(X)},>1 such that

is called the sequence of (classical) cumulants of X.

One can observe that the information provided by the sequence of cumulants of a

random variable is equivalent to the information given by the sequence of moments. In
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particular, the sequence of cumulants uniquely determines the distribution of X if and
only if the sequence of moments uniquely determines the distribution of X. However, the
cumulants behave nicer than the moments of X when dealing with additive convolution
since

Cn(X + Y) = Cn(X) + Cn(Y)7

for any n > 1 when X and Y are independent random variables.

3.2 Non-commutative probability theory

The natural setup to develop non-commutative probability theory appears when consid-
ering a classical probability space (Q, F,P) from an operator-algebraic point of view. In
other words, the information of the probability space is encoded in the algebra of random
variables X : Q — C together with their expected values E(X). The mathematical object

that abstracts the above information is formally given in the next definition.

Definition 3.2.1 (Non-commutative probability space). A non-commutative probability
space is a pair (A, ¢) where A is a unital associative algebra over C and ¢ : A — C is a

linear functional such that p(14) = 1.

Let (A, ) be a non-commutative probability space. An element a € A is called a
random variable. The linear functional ¢ is sometimes called the ezpectation. With this

analogy, the sequence of complex numbers {¢(a™)},>o is called the sequence of moments
of a € A

Example 3.2.2. 1. Let (2, F,P) be a probability space. We denote L>*~ := L (Q,P)
the vector space of all the random variables on Q with all their moments. By Cauchy-
Schwarz inequality, it is easy to see that the product of two elements of L>°~ is a random
variable with all their moments. Thus L*~ is an algebra with unital element given by
the constant function 1. On the other hand, E can be regarded as linear functional on
L>~ such that E(1) = 1. Hence (L, E) is a non-commutative probability space.

2. For d € N, we consider M,(C) the algebra of d x d complex matrices along with
the usual multiplication of matrices. In this way, My(C) is a unital algebra. In addition,
if we define the linear functional tr : My;(C) — C by

d
1
tr(A) = EZam VA= (a;)};_, € My(C),
i=1

then (My(C), tr) is a non-commutative probability space.

3. We can combine the latter two examples in the following one. Let (Q, F,PP) be
a probability space and consider A = L>*~. For d € N, we consider the algebra of
random matrices My(A). Then(My(A),troE) is a non-commutative probability space.
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Note that we have the algebra isomorphism My(A) = M,(C) ® A. Actually, it is possible
to show that if (A, ) and (B,v) are probability spaces, then (4 ® B, ¢ ® 1) is again a

non-commutative probability space.

It is desirable that the analogous notion of distribution in the non-commutative context
contains all the information of a random variable. Before giving the corresponding defini-
tion, we denote by C(X1, ..., X,) the unital algebra freely generated by non-commutative

indeterminates Xi,..., X,.

Definition 3.2.3. Let (A, ¢) be a non-commutative probability space and ay, . .., a, € A.
The joint distribution of {ay,. .., an} is the linear functional jig,, 4, : C(X1,..., X;,) = C
defined by

,uah---,an(Xil e 'Xim) = Qg(ail T aim)7 Vi, . ytm € [n]v m > 1.

In the above definition, recall that [n] stands for the set {1,...,n}. The notion of
non-commutative probability space can be enhanced to consider positivity. Recall that
A is a *x-algebra if A is a unital associative algebra over C with a map A > a— a* € A
such that (ab)* = b*a* and (Aa)* = \a*, for any a,b € A and \ € C.

Definition 3.2.4. A x-probability space is a non-commutative probability space (A, ¢)
such that A is a x-algebra and ¢ is positive, i.e. p(a*a) > 0 for any a € A.

Remark 3.2.5. Let (A, ) be a *-probability space. Several elementary consequences
can be obtained from the fact that ¢ is positive. To mention a few, we have that ¢ is
selfadjoint in the sense that ¢(a*) = @(a) for any a € A. Also, we have the Cauchy-
Schwarz inequality

lp(b"a)| < p(a*a)p(b™b), Va,be A

The concept of distribution also extends to the x-case. Indeed, if (A, ) is a *-
probability space and ay,...,a, € A, we define the joint x-distribution of {ai,...,an}
as the joint distribution of {ay,af, ..., a,,a’}. In particular, the sequence of moments of

a € A is given by the collection of complex numbers
{p(@--a™) :m>1, (e1,...,em) € {1,x}™}.

In the context of *-probability spaces, we say that a random variable a € A is normal
if a*a = aa*. We also say that a is selfadjoint if a* = a. These types of random variables
become relevant when A has also a C*-structure, i.e. A is endowed with a norm || - ||
making it a complete normed vector space and ||aa*|| = ||a||* for any a € A. The concept

of distribution is translated into a definition with a more analytic flavour.
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Definition 3.2.6. Leg (A, @) be a x-probability space and a € A be a normal random

variable. If there exists a probability measure p with a compact support on C such that

/ 22 dp(z) = ¢ (a"(a")), Yk, €N, (3.2.1)
C
we say that p is the distribution (in the analytic sense) of a.

The analytic distribution of a random variable does not necessarily exist. However,
it exists for a good number of important examples. Furthermore, if we add an extra
analytic structure to A, for instance, the previously mentioned C*-algebra structure, we

can guarantee the existence of such analytic distribution.

Theorem 3.2.7 ([NS06, Cor. 3.14]). Let (A, ) be a *-probability space such that A is
a C*-algebra and a € A be a normal random variable. Then a has a distribution in the

analytic sense.

Remark 3.2.8. Let (A, ) be a x-probability space and a € A be a selfadjoint random
variable. From the previous theorem, we know that a has analytic distribution p whose
support is compact and contained in R. Thus pu is determined by its sequence of moments
{m, = [ t" du(t)}n>1. Hence, in the framework of C*-spaces, the analytic and algebraic

distributions have the same information.

3.3 Types of non-commutative independence

A fundamental concept in probability theory is the notion of independence. From the
algebraic point of view of non-commutative probability, a notion of independence can be
considered as a concrete rule to compute mixed moments ¢(a™b™ - - - a™<b™) in terms of
the sequences of moments of a¢ and b when they are, in some sense, independent random
variables.

The notions of independence that we will consider in this section are the following.

Definition 3.3.1 (Notions of non-commutative independence). Let (A, ¢) be a non-
commutative probability space and {A;}, be a family of subalgebras of A. For
n > 1, consider random variables a; € A;; for j = 1,...,n, with i1,...,4, € [N] and

Z'1 #i27"'7in—1 %Zn

1. We say that the family {A;}Y, is tensor independent if for any ay,...,a, € A as

above we have
N —

pla--a)=[Te| TI

i=1 gt ai; €A;
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2. If in addition the subalgebras {A;}Y, are unital, we say that the family {A4;}Y, is
g i=1 i=1

freely independent if for any ay, ..., a, € A as above we have

@(al"'an) =0

whenever p(a;) =0 for any j =1,...,n.

3. We say that the family {A;}Y, is Boolean independent if for any ay,...,a, € A as

above we have

plar---an) = p(ar) - - (an).

4. We say that the family {A;}Y, is monotone independent if for any ay,...,a, € A

as above we have

gp(al e Qpttt an) = sp(a[)sp(al P a[—la[-‘rl e an)

whenever i, 1 < i, and iy > ip11.

5. We say that the family {A;}, is anti-monotone independent if for any a1, ..., a, €

A as above we have

gp(al RN TERE an) = (p(ae)sp(al “e. af71a€+1 e an)

whenever 4,1 > iy and iy < Gp1q.

Remark 3.3.2. According to the definition, the tensor, free, and Boolean independence
are commutative in the sense that the formulas do not depend on the order of the subalge-
bras in the list {4;}Y,. The opposite case occurs with the monotone and anti-monotone
independence: it is not true that if 4; and A, are (anti-)monotone independent subalge-
bras, then so are Ay and A;. For this reason, in the particular case that N = 2 we will say
that A; is monotone independent of Aj if the family {A4;, Az} is monotone independent.
Furthermore, it is clear that Aj,..., Ay are monotone independent subalgebras if and

only if Ay, ..., A; are anti-monotone independent subalgebras.

Remark 3.3.3. Let (A, ) be a non-commutative probability space. For any of the previ-
ous notions of independence, we can generalize it by stating that the subsets X7, ..., Xy C
A are independent if and only if A;,..., Ay are independent, with A; being the subal-
gebra of A generated by A&, for every ¢ = 1,..., N. In the unital case, we consider the

unital subalgebras generated by every X; instead.

Remark 3.3.4. 1. The notion of tensor independence arises from a natural
non-commutative generalization of classical independence since it models the usual for-

mula

E(X™Y™ ... X™Y") = E (XZf:l mi) F (nyzl n,) ,
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for X and Y independent classical random variables.

2. Free independence has been particularly studied among the previous notions of
non-commutative independence since it has fruitful relations and applications with com-
binatorics and random matrix theory. It was introduced by Dan Voiculescu in [Voi85] in
the 1980s, aiming to solve the problem of isomorphisms between von Neumann algebras
generated by free groups. More precisely, if F,, stands for the free group on n genera-
tors and L(F,) stands for the von Neumann algebra generated by F,, the isomorphisms
problem consists of proving or disproving whether L(F,,) and L(F,) non-isomorphic if
m #£n.

3. Speicher and Woroudi introduced Boolean independence in [SW97]. Finally, the no-
tions of monotone and anti-monotone independence were introduced by Muraki in [Mur00]

based on previous work on the arcsine Brownian motion in the monotone Fock space.

The fact that the notions of independence in Definition 3.3.1 are indeed rules for

computing mixed moments is formally stated in the next proposition.

Proposition 3.3.5. Let (A, ) be a non-commutative probability space and, for each no-
tion of independence in Definition 5.5.1, let { A;}X, be a family of independent subalgebras
of A (unital subalgebras in the free case). If, forn > 1, a; € A;; for each j =1,...,n,

then @(ay - - - ay) is uniquely determined by the restrictions {@|a,}7, .

Proof. Since the result is clear for the tensor, Boolean, monotone and anti-monotone
independence, we will only prove the result for the free case. We will prove the result by
induction on n. Observe that the base case n = 1 is trivial. First, we observe that we can
assume that consecutive elements belong to different subalgebras, i.e. iy # i, ..., i, 1 #
in: otherwise, we can consider aja;j1, € A; and apply induction hypothesis.

Recalling that the subalgebras are unital, we can consider the elements
o
J
for any j. Hence we can write

al = a; — p(a;)ly, for any j = 1,...,n. It is clear that af € A;; and p(a?) = 0,

plar---an) = ¢ ((af +p(a)la) - (a; + ¢(an)la))

= pag-a))+ Y pag) [ e,
Sl gelhs

where if S = {i; < --- <}, then a2 := af ---af,. Observe that a$ is a product of less
than n elements of the subalgebras {A;}Y,, for every S C [n]. Then we can apply the
induction hypothesis to obtain that each ¢(a%) is uniquely determined by the restrictions
{04 }jvzl On the other hand, the first term in the right-hand side of the above equation
satisfies that i; # 7,1 for every j < n and ¢(a§) = 0 for every j = 1,...,n. Hence we
can apply the definition of free independence in order to conclude that ¢(a$---a?2) = 0.
By combining both conclusions, we get that ¢(a; ---ay) is determined by {@|4,}};, as

we wanted to show. O
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The proof of the above proposition implies that the notion of free independence can

be characterized in the following way.

Proposition 3.3.6. Let (A, ¢) be a non-commutative probability space and let {A;}Y | be
a family of unital subalgebras of A. We have that the family {A;}Y., is freely independent
if and only if, for any n > 1 and random variables a; € A;; for j = 1,...,n with
i1y« yin € [N] and iy # o, . .., in_1 # in, we have that

plara) = 3 (-1 p(as) T] olay). (3:3.1)

S¢n] JEMNS

where ag = a;, -+ a;, if S ={iy <--- <is}.

The importance of the previous notions of independence is that we can find analogous
notions to several of the main concepts of classical probability. Indeed, for each indepen-
dence, we can have the concepts of product space, convolutions, cumulants, central limit
theorems and Lévy processes. In the forthcoming sections, we will review some of these

ideas.

3.3.1 Non-commutative types of independence as natural prod-

ucts

Continuing with the construction of analogous concepts to classical probability theory,
we have that the notion of independence can be described through the product space
of probability spaces. Indeed, if (Q, Fi,P;) and (Qq, F»,Py) are probability spaces, the
product probability space (€ x g, F; ® Fa,P; X Py) is defined by the relation

(Py x Py)(A; x Ag) =Py (A1)Pa(A,),

for all A; € F; and Ay € F5. In particular, if X; : Q; — C is a F;-random variable for
i = 1,2, we can find copies X7, X} : Q3 x Qy — C of X; and X, respectively, such that
X1, X} are independent random variables in the product space.

When we are interested in considering a non-commutative analogous of independence,
one can ask about the existence of products of non-commutative probability spaces sat-
isfying some properties motivated by the classical product of spaces, for instance, the
factorization property ¢(ab) = ¢(a)p(b) for a,b (in some sense) independent random
variables. The problem of classification of types of independence was initiated by Schiir-
mann [Sch95|, where he defined three products of non-commutative probability spaces
that correspond to the notion of tensor, free, and Boolean independence and conjectured
that these three notions are the only possible. Later, Speicher [Spe97| proved the con-

jecture by introducing the notion of a universal product of non-commutative probability
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spaces. The same conjecture was proved by Ben Ghorbal and Schiirmann [GS02] in a
categorical setting for universal products.

Let us explain the categorical framework for universal products introduced in [GS02].
Let K be the category of pairs (A, ), where A is an associative algebra over C and
¢ : A — Cis a linear functional. Observe that we do not require that the algebra A is
unital. Also, recall that in the category of associative algebras over C, the (categorical)
coproduct A; Ll A, is given by the free product of algebras

Ay x Ay = P Ae-0A,

n=1 iy, inc{1,2}
11702, 0yin—170n

[e's)
1

with injective algebra homomorphisms i : A; — A; U A and iy : Ay — A; U As. By the
universal property of the categorical coproduct, for any pair of algebra homomorphisms
J1: By — Ap and jp 1 By — Ay and if (By U By, 11, t9) is the coproduct of By and Bs,
we can find a unique algebra homomorphism j; Ll j, : By U By — A; U A such that the

following diagram commutes:

Bl % .A1
By LB, D AU Ay
BQ T) ./42

Definition 3.3.7 ([GS02, Mur03]). A universal product is a map K x K — K given by

(A1, 1), (A2, 92)) = (A1 U Az, 01 © 2),

such that the following conditions hold:

1. Under the identification A; LI Ay & Ay LI Ay, we have
P10 P2 = P2 © @1.
2. Under the identification (A; U As) U A3 =2 A; U (Ay U A3), we have
(1 ® p2) @ 3 = 1 © (P2 @ 3).
3. For any pair of algebra homomorphisms j; : By — A; and js : By — A3, we have

(p1071) © (P20 J2) = (p1 © pa) 0 (j1 LU ja).
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4. We have
(p1 ©2)oiy = 1,
(p1 ©pa)0ia = o,

and
(1 © @2)(i1(a)iz(b)) = (1 © p2)(ia(b)ir(a)) = pi(a)pa(b), for a € Ay,be A

We can find the interpretation of each of the aforementioned conditions as analogous

to the following notions in classical probability:

1. Condition 1 corresponds to the fact that classical independence is a commutative
notion: if X and Y are independent random variables, then Y and X are also

independent.

2. Condition 2 corresponds to the fact that if {X7, X5} and X3 are independent ran-
dom variables, with X; and X5 being independent random variables, then X; and

{Xs, X3} are independent random variables, with X, and X3 being independent.

3. Condition 3 corresponds to the fact that if X and Y are independent random vari-
ables, then f(X) and g(Y') are independent random variables for any f and g mea-

surable functions.
The following definition provides examples of universal products.

Definition 3.3.8. Let (Ay,¢1),(As,02) be elements in K and consider
ay, ... a, € Ay U Ay for any n > 2 such that a; = i;, (o)) with ¥ € A, | ji, € {1,2},
for k = 17"'7”7 andjl #j27 j2 7&]’37'“7‘777,71 #]n

1. We define the tensor product p; ® ¢o as the linear functional on A; LI Ay given by

(1 @ @a)(ar - an) = @1 ( 11 a,ﬁ”) P2 ( 11 af)) : (3.3.2)

k:jp=1 0 jo=2

N
where the notation [] ay, refers to the ordered product of the a;’s, where the order

k
is the same as the elements have in the product a; - - - a,.

2. We define the Boolean product @1 ¢ o as the linear functional on A; U A, given by

(propa)(ar---a,) = ( H Y1 (a,il)>> ( H V2 (a?)) . (3.3.3)

k: =1 L:jp=2
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For the next example of universal product, we consider K; the subclass of (A, ) € K
such that A is unital and ¢(14) = 1, where 14 stands for the unit of A. In this setting,
the categorical coproduct in Ky can be described as follows: if (Ay, ¢1), (As, v2) € Ky,
we consider the subspace of codimension 1 given by A? := ker(y;), for i = 1,2. Hence we

can write the free product with identification of units as

Aix Ay =Clayps, o P AL0--0A4. (3.3.4)

n=1 ji,..jn€{1,2}
J1FT25eees In—17Jn

In this way, we define the free product in the following manner.
Definition 3.3.9. Let (A, ¢1), (Az, v2) be elements in Xy and consider ay,...,a, €
A U Ay for any n > 2 such that a; = ijk(a,(j’“)) with a,&jk} € A, jr € {1,2}, for

k=1,...,n,and j1 # jo, Jo # J3, - -, Jn_1 7 Jn- We define the free product as the linear
functional on A; U A, given by

(1% p2)(ar--a,) =0 (3.3.5)

whenever ¢;, (ag’“)) =0forevery k=1,...,n.

Theorem 3.3.10 (|GS02|). The tensor, Boolean, and free products are the only universal

products over K.

From the work of Muraki with respect to the arcsine Brownian motion in the monotone
Fock space, the notions of monotone and anti-monotone products can be defined in the

following way:.

Definition 3.3.11. Let (Ay, 1), (As, p2) be elements in K and consider ay,...,a, €
A; U Ay for any n > 2 such that ap = ijk(a,(j’“)) with a,(cj"') € A, jr € {1,2}, for
k= 15"'7”7 andjl 7éj25j2 7éj37"'7jn71 #]n

1. We define the monotone product o1 » 9 as the linear functional on A; U A, given

by

(g1 )1 an) = 1 ( H a,i”) ( H ©2 (a§2))> . (3.3.6)

k:jp=1 l:jp=2

2. We define the anti-monotone product ¢, 4 ¢y as the linear functional on A; U As

given by

(p1 € pa)(ar---a,) = ( II (ai”)) ©a ( 11 af)> . (3.3.7)

k:jp=1 L:jp=2

The above products, however, are not universal by the main result of [GS02|. Indeed,

it can be shown that the monotone and anti-monotone products satisfy conditions 2, 3 and
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4 of Definition 3.3.7 but not the commutativity condition. Muraki in his work [Mur03]
introduced the notion of natural product over K, namely a map K x I — K that satisfies
the conditions 2, 3 and 4 of Definition 3.3.7. The main result in [Mur03] is an extension
of the result of [GS02] in the sense that Muraki’s result establishes the classification of

natural products over K.

Theorem 3.3.12 ([Mur03]). The tensor product, the Boolean product, the free product,
the monotone product, and the anti-monotone product are the only natural products over

K.

The next result states how each notion of natural product identifies with its corre-
sponding notion of independence. As a consequence, the main result in [Mur03| provides
a complete description of the types of independence in a non-commutative probability

space which satisfy the axioms of a natural product.

Theorem 3.3.13. Let Ay, ..., Ay be non-unital associative algebras over C, and for each
i=1,...,N, let p; be a linear functional on A;. Consider A = Cl 4@ Y, A; the unitiza-
tion of the free product of Ay,...,Ayx, and for a natural product
© € {®,0,*,», 4}, define the linear functional g : A — C given by ¢o(14) = 1
and ‘P®|*{V:1Ai = @f\il @; (for the free product case, assume that the algebras A; are unital
and the free product identifies the units 14, with 14). Under the identification of A; in A,

the subalgebras A1, ..., An are ®-independent in the non-commutative probability space

("47 WG))

3.4 Cumulants in non-commutative probability

The five notions of natural independence discussed in the previous section have the nice
property that they are rich enough to define a non-commutative probability theory for
each of them. In other words, it is possible to obtain non-commutative versions of defini-
tions and theorems in classical probability that deal with classical independence. In this
section, we discuss one of them that has proved to be the major combinatorial tool in
non-commutative probability, especially in free probability: the notion of cumulants. We
will present the combinatorial definition of cumulants, as well as a few main properties of
these objects.

Recall that, in a classical probability space, given the sequence of moments of a random
variable, the sequence of cumulants can be obtained as the coeflicients of the logarithm
of its characteristic function. Also, as we mentioned before, one of the advantages of cu-
mulants over the moments is that cumulants linearize the additive convolution of random
variables. Our objective here is to explain a combinatorial approach in which cumulants

can be described for each notion of independence.
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Let us begin the discussion with the classical case. Consider X a classical random
variable, with moments and cumulants, {m,},>1 and {c,},>1, respectively. Consider
the moment exponential generating function and the cumulant exponential generating

function of X, M and C, respectively, as the formal power series given by

M) = 1+ Drgn,
n=1
Oz) = Z% n

Observe that, for the moment, we are not treating convergence issues. Now, by definition
of the coefficients of C', we have that M (z) = exp(C(z)), where exp(C(z)) = > p, %ﬁ)k
By standard theory of exponential generating functions, the coefficient of 2" in C(z)F,

denoted by [2"](C(z)¥), is equal to

O = Y (rhf.’m)%cm.-.%. (3.4.1)

T1yeeny Tkzl
ritetrg=n

Thus
"1 n
My = E o E <T1,...7rk)crlc’r2.”crk’ Vn>1. (3.4.2)
k=1 1T >1
T+ +TrE=n

We will come back to the previous expression later. First, we will describe the main

combinatorial objects to define cumulants in non-commutative probability.

3.4.1 Partitions and non-crossing partitions

Definition 3.4.1. Let n € N.

1. A partition of [n] is a collection of disjoint non-empty subsets Vi, ..., V, of [n] such
that | J;_, Vi = [n]. The set of all partitions of [n] is denoted by P(n).

2. Let m € P(n). The elements of 7 are called the blocks of . The number of blocks
of 7 is denoted by |7|.

3. A non-crossing partition of [n] is a partition m € P(n) such that there are no blocks
V,W € w, V # W with elements a < b < ¢ < d in [n] such that a,c € V and
b,d € W. The set of all non-crossing partitions of [n] is denoted by NC(n). We will
also denote NC := J,., NC(n).

4. An interval partition of [n] is a partition m € P(n) such that every block of = is of
the form {i,i+1,...,4+ j} for some integers 1 < i < i+ j < n. The set of all
interval partitions of [n] is denoted by Int(n).
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Remark 3.4.2. The previous definition generalizes in a clear way when we substitute [n)
by a finite totally ordered set X. In other words, we can consider the sets of partitions,
non-crossing partitions, and interval partitions on X, respectively, P(X),NC(X) and
Int(X).

Remark 3.4.3. Partitions and non-crossing partitions can be represented by arcs, as it
is displayed in the figure below. The non-crossing condition of the blocks of a partition

means that there are no intersections of the arcs.

| nEEREEER
12345678 9101112

Figure 3.1: Representation of 7 = {{1,6,7},{2,3,5},{4},{8,9,11}, {10}, {12}} €
NC(12) by arcs.

11| T T T DI_I_I

123456 123456 3456

a) Crossing partition  b) Non-crossing partition  ¢) Interval partition

Figure 3.2: Different types of partitions of the set [6] = {1,...,6}.

Remark 3.4.4. The collection P(n) is not merely a set of partitions. It is endowed with
a poset structure as follows: for two partitions m, o € P(n), we define 7 < ¢ if and only
if every block in 7 is contained in a block of ¢. Equivalently, we say that 7 < ¢ if and
only if every block in ¢ can be constructed by the union of some blocks in 7. The defined

order is called the reverse refinement order on P(n).

We can easily observe that Int(n) C NC(n) C P(n). The reverse refinement order can
be considered on collections Int(n) and NC(n). Hence we have that Int(n), NC(n) and
P(n) are posets. Even more, it can be shown that the three collections of partitions are in-
deed lattices, with maximal element given by the single block partition 1, = {{1,...,n}},
and minimal element given by the partition with n blocks 0, = {{1},...,{n}}.

Now, let us restrict our attention to the poset of non-crossing partitions NC(n). If
7w € NC(n) with blocks 7 = {V4, ..., V,}, we can see 7 as a poset by declaring that V; <V}
for Vi, V; € w if and only if Vj is nested in V;, i.e. a € [min(V;), max(V;)] for any a € V.
It is clear that the maximal elements in 7 are the blocks that are intervals. The minimal
blocks with respect to this partial order are called outer blocks. If a block is not outer,
we will call it inner block.

By considering a linear order in 7 that is consistent with the previous partial order,

we obtain an interesting class of non-crossing partitions.
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Definition 3.4.5. A monotone non-crossing partition of [n] is a pair (7, A) such that
7 € NC(n) and A : # — {1,...,|7|} is a bijective function such that if V,W € 7 and
W <V and V # W, then A(W) < A(V). The set of all monotone non-crossing partitions
of [n] is denoted by M(n).

For simplicity, we will refer to monotone non-crossing partitions as monotone parti-
tions. We will often write m € M(n) instead of (7, \) € M(n) when we are considering
a general monotone partition. Also, if 7 is a monotone partition with & blocks, we write
m=(Vi,..., Vi) to denote A(V;) =i, for any 1 <14 < k.

Remark 3.4.6. A celebrated result establishes that the cardinality of NC(n) is counted
by the Catalan numbers: |NC(n)| = C,, with

o = (2”) Vi > 0.
n+1l\n

It can also be shown ([AHLV15, Prop. 3.4]) that

|
M= CE v =0

Another quantity of interest is the number of monotone labellings of 7, i.e. the number
of monotone partitions associated to a given 7 € NC(n), denoted by m(r). To find an
expression for m(m), we need the following notions associated to a particular class of

non-crossing partitions.

Definition 3.4.7. An irreducible partition of [n] is a partition 7 € NC(n) such that 1,n
belong to the same block in m. The set of all irreducible partitions of [n] is denoted by
NCirr(n).

Remark 3.4.8. Let 7 € NCj,(n). It is clear that m has a unique minimal element when
we see it as a poset. For a general 7 € NC(n) and a minimal block V' € =, we say
that 7' == {W € 7 : W < V} is an drreducible component of w. In other words, 7’ is
the non-crossing partition obtained by restricting 7 to the interval [min(V'), max(V')]. It

readily follows that 7 has a unique irreducible component if and only if 7 € NC;..(n).

Remark 3.4.9. Associated with a m € NC;,;(n), we can build a planar rooted tree t(m)
with |7| vertices. This is done by decorating the vertices of ¢(m) by the blocks of 7 and
drawing a directed edge from a vertex v to a vertex w if and only if the corresponding block
V associated to v covers the block W associated to w, i.e. V' < W and there is no other
block U € 7 such that V < U < W. The tree obtained by the described process is called
the nesting tree of 7, and it will be denoted by ¢(7). For the general case m € NC(n), we
can construct the nesting forest of m as the ordered forest whose trees are given by the
nesting tree of the irreducible components of 7. The order of the irreducible components

is given by the total order determined by the minimum element of each component.



3.4. Cumulants in non-commutative probability 63

Example 3.4.10. Let 7 and ¢ be non-crossing partitions represented by arcs below. The
nesting forest ¢(7) and ¢(o) are also displayed. Each vertex of the forest is decorated with

the minimal element of their associated block in the partition.

Figure 3.3: Example of the nesting forest.

Definition 3.4.11. Let ¢ be a rooted tree. The tree factorial of t is recursively defined for
any rooted tree t by t! = 1 if ¢ is the rooted tree consisting of a single vertex. Otherwise,
if t is a rooted tree that can be obtained by grafting the subtrees sy,..., s, to the root

vertex, we define
thi=|t]s1!- - sml, (3.4.3)

where |t| is the number of vertices of ¢t. More generally, if f is a forest of rooted trees
t1,...,t,, we define f!:=1¢;!---¢t,\.

A critical feature of the nesting forest is that the number of monotone labellings m ()
of a non-crossing partition m € NC(n) can be described in terms of ¢(m)!. More precisely,

we have the following result.

Proposition 3.4.12 (JAHLV15, Prop. 3.3]). Let 7 € NC(n). The number m(w) of mono-
tone labellings of a non-crossing partition m depends only on its nesting forest t(w) and is
given by

_ =

m(m) = i) (3.4.4)

3.4.2 Definition of non-commutative cumulants

Let us return to the formal power series of moments and cumulants in the classical setting

described at the beginning of the present section. From (3.4.2) and M (z) = exp(C(z)),

7 < ; )
My, = E — g CryCry * " Crp -
p k! TlyenosTh

Ty T >1
1t Frg=n

we have that

The main observation is that the above sum can be written in terms of partitions by using
that there are (T1 " Tk) ordered partitions m € P(n) with exactly k blocks 7 = (V4,..., V)
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such that |V;| =r; for i =1,..., k. Hence

> Y Ilev

k=1 reP(n) Ver
|7|=k

>, ITew

weP(n) Ver

my

The appearance of a product indexed by the blocks of a partition motivates the fol-

lowing notation.

Notation 3.4.13. Let A be a vector space and consider {f, : A" — C},>; a family of

multilinear functionals. For each n > 1 and 7 € P(n), we denote

felar, .. oan) = [ fviar, - anlV), Vai,. .. ¢, € A

Ver
where if V' = {i; <--- <}, then fiy(ar,...,a,|V) = fo(ai, ..., a,).

Example 3.4.14. Let A be a vector space and consider {f, : A" — C},>1 a family of
multilinear functionals. Consider the partition = = {{1,4,5},{2, 3}, {6,8,10},{7},{9}} €
P(10). Then

fw(fh- cee »UJIO) = f3(a1, Gy, a5)f2(a2, a3)f3(a67 as, alo)f1(a7)f1(a9)
for any ay, ..., a1 € A.

Let (A, ) be a non-commutative probability space. The linear functional ¢ provides

an example of a family of multilinear functionals {¢, : A® — C},,>1 defined by
onlar, ... an) :=plar---a,), Yn>1 ay,...,a, € A. (3.4.5)

The relation between moments and classical cumulants in terms of partitions motivates

the non-commutative version of cumulants for tensor independence.

Definition 3.4.15 (Tensor cumulant functionals ([Spe83])). Let (A,p) be a
non-commutative probability space. The tensor cumulant functionals, or simply ten-
sor cumulants, form the family of multilinear functionals {¢, : A" — C},>1 recursively

defined by the following formula:

on(ar, ... a,) = Z crlay, ... ay), (3.4.6)

weP(n)

for any n > 1 and ay,...,a, € A. The relation (3.4.6) is called the moment-tensor

cumulant relation.
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Example 3.4.16. Let (A, ¢) be a non-commutative probability space. For n = 1, it is
clear that ¢;(a1) = ¢(a1). For n = 2, we have that P(2) = {0y, 15}. Hence

a(ar, az) = paras) = c1,(ar, az) + co, (a1, a2) = ca(ay, a2) + c1(ar)ci(az),

where we conclude that cy(ay,a2) = p(araz) — p(a1)e(az), ie. c(a,as) is the covariance

of a; and axs.

Remark 3.4.17. Observe that (3.4.6) actually define the tensor cumulant functionals ¢,
for any n > 1. Indeed, by considering m = 1,,, the term associated to 1, in the sum of
the right-hand side of (3.4.6) is precisely c¢,(ai,...,a,). The other terms associated to
the remaining m # 1,, are products of at least two linear functionals ¢ for 1 < k < n. By

induction, these ¢ are well defined in terms of ¢y for 1 < k < n, and so is ¢,.

Roland Speicher [Spe97| introduced the notion of free cumulants from a combinatorial
point of view. His remarkable idea states that the transition from tensor to free probability
can be described by considering the set of non-crossing partitions instead of the set of

partitions. This idea leads us to the next definition.

Definition 3.4.18 (Free cumulant functionals ([Spe94])). Let (A,¢) be a
non-commutative probability space. The free cumulant functionals form the family of

multilinear functionals {k, : A" — C},>; recursively defined by the following formula:

onlar, .. an) = Y kela,...,an) (3.4.7)

7TeNC(n)

for any n > 1 and a4, ..., a, € A. The relation (3.4.7) is called the moment-free cumulant

relation.

The Boolean counterpart is defined in [SW97] by considering the set of interval parti-

tions.

Definition 3.4.19 (Boolean cumulant functionals ([SW97])). Let (A,¢) be a
non-commutative probability space. The Boolean cumulant functionals form the family

of multilinear functionals {b,, : A" — C},>1 recursively defined by the following formula:

onlar, ... a,) = Z br(a,...,an) (3.4.8)

w€lnt(n)

for any n > 1 and ay,...,a, € A. The relation (3.4.8) is called the moment-Boolean

cumulant relation.

A crucial property of tensor, free, and Boolean cumulants is that they characterize
independence through vanishing mixed cumulants. More precisely, we have the following

result.
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Theorem 3.4.20. Let (A, @) be a non-commutative probability space. Consider T' one of
the notions of tensor, free and Boolean independence, and Ay, ..., Ay C A subalgebras
of A (unital subalgebras if we are in the free case). We have the following equivalent

statements:
1. Ay, ..., Ay are I'-independent.
2. Let {rp}n>1 be the sequence of cumulants associated to T'. For each n > 2 and
aj € Ai; withi; € [N] for j =1,...,n, we have that

rn(ar, ..., a,) =0

whenever there exist 1 < r < s <n such that i, # .

For the remaining notion of natural independence, Hasebe and Muraki [HS11b, HS11a]

introduced the monotone cumulants by using monotone partitions.

Definition 3.4.21 (Monotone cumulant functionals ([HS11b, HS11al)). Let (A, ¢) be a
non-commutative probability space. The monotone cumulant functionals form the family

of multilinear functionals {h,, : A" — C},>1 recursively defined by the following formula:

1
Pular, ... an) = Y Whﬂ(al, L ay) (3.4.9)
meM(n)
for any n > 1 and ay,...,a, € A. The relation (3.4.9) is called the moment-monotone

cumulant relation.

Remark 3.4.22. Observe that each term in the sum on the right-hand side of (3.4.9)
does not depend on the monotone labelling of the partition = € M(n). Hence, we can

reorganize the sum and use Proposition 3.4.12 to obtain

1
on(ar, ..., an) = Z Wh,r(ah...,an)7 (3.4.10)
TENC(n) ’

forany n > 1 and ay,...,a, € A.

Recall that the sets P(n), NC(n) and Int(n) admit a partial order given by the reverse
refinement order given in Remark 3.4.4. In general, given a poset (P, <), we can consider
the incidence algebra over P. This algebra is defined as the space of functions f : P?) — C
where

P® ={(r,0) :mocP, <o}

with operation f * g given by

(f*g)(mo)= Y f(m7)g(r,0).

m<r<o
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The incidence algebra is actually a unital associative algebra with unit given by the
function §(m,7) = 1 and d(m,0) = 0 if # < 0. The Mdbius function on P, denoted by
1p, is defined to be the inverse of the map ((7,0) = 1 for any 7 < o. In other words, we
have that ( * up = §. For the particular case of our lattices of partitions, it can be shown
that

/vLP(n)(ﬂ.y 171) = (_1)|7T|*1(|7T| — 1)'a
finom (M, 1,) = (=)0,
,ulnt(n)(ﬂ—a 1n> = (_1)|7T|—1.

and these are extended multiplicatively to any interval (m,o) (see [NS06, Lec. 10] for
details on the last statement). M&bius function allows us to give an equivalent definition of
the notion of tensor, free and Boolean cumulants. More precisely, the respective moment-

cumulant relations are equivalent to

m(0p, ™) = c* Cp(ny(0y,7),
m(ona 7T) = kx CNC(n) (0777 7T),
m(om 7T) = bx CInt(n) (Ona 71-)’

where m(0,,,7) 1= ¢, ¢(0p,T) := Cx, k(0y, ) := kr and b(0,,7) := b;. Multiplying by

the corresponding Mébius function, we obtain the cumulant-moment relations

Cn(a‘h s 7an) = Z ()Oﬂ'(ala s >an)N'P(n)(ﬂ-7 1n)7 (3411)
T€P(n)

ko(ar, .. oan) = Y @alar,... an)pxncm (T, 1), (3.4.12)
7eNC(n)

bu(ar, . yan) = Y xlar, ., an) i (T, 1n). (3.4.13)
w€lnt(n)

It must be remarked that this cannot be performed in the case of monotone cumulants. Re-
gardless of having (3.4.10) as a sum in terms of non-crossing partitions, the corresponding
coefficients t(—;), do not satisfy certain multiplicative conditions required to apply Mobius

inversion.

Remark 3.4.23. One should remark that the monotone analogue for Theorem 3.4.20

does not hold. For instance, considering n = 1,2 and 3 in (3.4.10) we obtain

pla) = ha),
plab) = ha(a,b) + hi(a)h(b),
p(abc) = hs(a,b,c)+ ha(a,b)hi(c) + ha(b, c)hi(a) + %hZ(a, c)hi(b) + hi(a)hy(b)hi(c).
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Hence we can deduce

hs(a, b, c) = p(abc) — p(a)p(be) — p(c)p(ab) — %w(b)w(Cw) + g@(a)w(b)w@)-

Now, assume that a is monotone independent from b. By definition we get that
o(ab) = ¢(a)p(b) and p(aba) = ©(b)p(a?). In this case, the monotone cumulant of (a, b, a)
is given by
1
hg((l, b7 a) = §¢(b) (QO(GQ) - W(a)Q) )

and then hs(a, b, a) is not necessarily equal to 0.

In [HS11a], the authors replaced the vanishing mixed cumulants condition by a weaker
condition that holds for monotone cumulants. They called this property eztensivity and
it is defined by using the dot operation. More precisely, let us fix a notion of natural
independence (tensor, free, Boolean, monotone) in a non-commutative probability space
(A, ) and a family of random variables {a;};er C A. Then, consider a sequence of
random variables {agj )}]21 for each ¢ € I such that any al(j> has the same distribution
as a;, for every j > 1,4 € I. We also assume that the subsets {an’}ie, with 7 > 1 are
()

11

independent, and ¢(a --agi)) = p(a; - - a;,), forevery j > 1, n > 1 and 4y, ...,4, € I

With this notation, we define the dot operation by
N.a:= a(l) et a(N>’

for any N > 1 and a € A. The authors of [HS11a] described the basic properties that a

notion of cumulants should satisfy as follows:
e (MK1) Multilinearity: r, : A" — C is multilinear,

e (MK2) Polynomiality: There exists a polynomial P, such that

ro(a, ... an) = @(ay -+ a,) + P, ({gp(ail e afip)}l_SPSn—l) ,

"/1<"'<ip

e (MK3) Extensivity: r,(N.aq,...,N.a,) = Nry(a1,...,a,).
The results of [HS11a] establish:

Theorem 3.4.24 ([HS1la, Thm. 3.1]). Cumulants associated to tensor, free, Boolean,
and monotone independence are the only ones that satisfy (MK1), (MK2) and (MK3) for

their respective notions of independence.

Looking into the different moment-cumulant relations, the question of how the cumu-
lants are related naturally arises. For instance, it is easy to see that the cumulants of

order two coincide:
ca(a, b) = ka(a, b) = by(a,b) = ha(a,b),
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and are equal to p(ab) — p(a)p(b), namely, the covariance of a and b. We can compare
a slightly more complicated example of order 3. For instance, by using (3.4.13) to write
the Boolean cumulants in terms of moments and then using (3.4.7) to write the moments

in terms of their free cumulants, we obtain that

by(ar,az,a3) = (arazas) — p(araz)p(as) — p(ar)p(azas) + o(ar)p(az)e(as)
= ks(ay,as,as) + ki(a1)ks(az, az) + ki(az)ke(ar, az) + ki (az)ke(ay, as)
+k1(a1)ki(az)ki(as) (kz ay, as +k1(a1)k1(a2))k1(a3)
—ky(ar) (ka(az, as) + ki(az)ki(as)) + ki(ar)ki(az)ki (as)
= ks(ay,as,as) + ki(az)ks(ay, az).

Observe that bs(ay,as,az) can be written as a sum, over certain non-crossing partitions
in NC(3), of the free cumulants of a;,as and az. One can ask about the existence of
combinatorial formulas, analogue to the moment-cumulant formulas, that relate different
brands of cumulants. Arizmendi and collaborators studied this problem in detail in the
work [AHLV15]. In this work, the authors obtained relations between classical, free,
Boolean and monotone cumulants by using Mdbius inversion in the several lattices of set
partitions and other combinatorial and algebraic techniques. Several of their main results

can be encompassed in the following statement.

Theorem 3.4.25 ([AHLV15]|). Let (A, ) be a non-commutative probability space, and

let {kn}u>1, {bn}n>1, and {h,}n>1 be the families of free cumulants, Boolean cumulants,

and monotone cumulants, respectively. Then, for any n > 1 and elements aq,...,a, € A
we have
bular,..van) = Y kalar,... an), (3.4.14)
WENCirr(n)
kn(ar,. . an) = Y (=D b(as,. . a), (3.4.15)
mENCir(n)
1
bu(ar,.. an) = Y t(—ﬂ)!hﬂ(ah...,an), (3.4.16)
mENCir (1)
()it
kn(ay, .. an) = ) Wh,r(al,...,an). (3.4.17)
WENCirr(n)

Remark 3.4.26. In the work [AHLV15], the authors also obtained formulas that write the
n-th monotone cumulant of a single random variable @ in terms of the free and Boolean cu-
mulants. In other words, they provided a description of the coefficients {1 (7) }reu, -, N ()

and {ax(7) }reu, o1 NCipp(n) SUch that the relations

ha(a)= Y on(mke(a), and hu(a)= Y as(m)bs(a)

TENCirr(n) TENCirr(n)
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hold. One of the contributions of this thesis is the obtainment of the description of such
coefficients for the multivariable case h,(a,...,a,). This will be explained in detail in

Chapter 8.

3.5 Additive convolutions

3.5.1 Definition of non-commutative additive convolutions

In this section, we will describe the additive convolutions associated to every notion
of natural independence. We will show how cumulants give us a simple description of
additive convolutions. Recall that a notion of independence can be considered as a rule of
computing mixed moments by using the moments of each random variable. In particular,
for any independent random variables a, b, independence will give a recipe to obtain the

moments of one of the most simple functions in a, b, their sum a + b.

Definition 3.5.1 (Additive convolution). Let (A, ¢) be a non-commutative probability
space and a,b € A be random variables with distributions (Definition 3.2.3)

u, v : C[X] — C, respectively.

1. If a and b are tensor independent, the tensor additive convolution, denoted by p* v,
is the linear functional on C[X] defined to be the distribution of a + b.

2. If @ and b are freely independent, the free additive convolution, denoted by pH v, is
the linear functional on C[X] defined to be the distribution of a + b.

3. If a and b are Boolean independent, the Boolean additive convolution, denoted by
W, is the linear functional on C[X] defined to be the distribution of a + b.

4. If a is monotone independent of b, the monotone additive convolution, denoted by

w1 » v, is the linear functional on C[X] defined to be the distribution of a + b.

Remark 3.5.2. Additive convolutions can be defined as operations on the set of real
probability measures. For instance, if u, v are two probability measures, we can find a
C*-probability space (A, ¢) and two free selfadjoint random variables a, b such that p is
the distribution of a and v is the distribution of b. Then, the free additive convolution

1B v is defined as the analytic distribution of a + b.

Remark 3.5.3. Monotone convolution is not commutative, i.e. if a,b € A are random
variables with distributions u, v, respectively, and a is monotone independent of b, then
v » i # pw» vin general. The reason is that a being monotone independent of b does
not imply that b is monotone independent of b. Also, by definition of anti-monotone
independent, we can define the anti-monotone convolution by y €4 v := v » p when a is

anti-monotone independent of b.
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A straightforward consequence of Theorem 3.4.20 is that the tensor, free, and Boolean
additive convolutions are linearized by their respective cumulants. To make more precise
this statement, recall that given a random variable @ in a non-commutative probability
space (A, ¢) and with moments m,(a) = ¢(a™), we define the n-th free (respectively
tensor, Boolean, monotone) cumulant of a by the complex number k,(a) := ky(a, ..., a)
(respectively ¢, (a), by(a), hy(a)) for any n > 1. In other words, {k,(a)},>1 is the sequence

of complex numbers recursively defined by the moment-cumulant relation

my(a) = Z Hk‘w‘(a).

TENC(n) Ver

Now, in the case that a,b € A are free random variables, i.e. freely independent random
variables, the moments of a + b are somewhat complicated expressions in terms of the
moments m,(a) and m,(b). However, the free cumulant of a + b is precisely the sum of

the cumulants of a and b.

Theorem 3.5.4. Let (A, p) be a non-commutative probability space and a,b € A be

random variables.

1. Ifa and b are freely independent, then

kn(a+b) = kp(a) + ko (b), Vn>1.

2. If a and b are tensor independent, then

en(a+0) =cyla) +cp(b), Vn>1.

3. If a and b are Boolean independent, then

bo(a+0b) =bp(a) +b,(b), Yn>1.

Proof. We will only give the proof in the free case since by Theorem 3.4.20, the proofs

for the other cases follow exactly the same way. For n = 1 it readily follows that
ki(a+b) =my(a+b) =my(a) + mi(b) = ki(a) + k1(b).

Now, for any n > 2, by using the multilinearity of the free cumulants and the vanishing

mixed cumulant condition implied by Theorem 3.4.20, we obtain

kn(a+0) kn(a+b,...,a+b)

= knla,...,a) + kn(b,...,b) + > kn((a, b))
e(a,b)e{a,b}™

e(a,b) contains at least one a and one b
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where we used that the mixed cumulant vanishes in the third equality. O

Remark 3.5.5. The previous theorem does not hold for monotone independence since
monotone cumulants do not satisfy in general that h,(a+0b) = h,(a)+ h,(b) for any n > 1
if @ is monotone independent of b. Nevertheless, the additivity of monotone cumulants is
satisfied when a and b have the same distribution. Indeed, if a is monotone independent
of b and both have the same distribution, then a and b have the same moments, and
thus they have the same monotone cumulants. Moreover, from the condition (MK3) in
Theorem 3.4.24 we get that

ho(a+b) =hy(a+b,...,a+b) =h,(2.a,...,2.a) =2h,(a,...,a) = hy(a) + h,(b).

3.5.2 Non-commutative Central Limit Theorems

Now we discuss another nice and straightforward application of the properties of cumu-
lants: the non-commutative central limit theorems for each notion of independence. In
the classical setting, recall that a sequence of real random variables { X, },>1 converges in

distribution to X if for any bounded continuous function f : R — R we have that

lim /R F(@)dux, () = /}R F(@)dux (),

n—o0

where px, and px stand for the distribution of X,, and X, respectively. It is customary

to write X, —% . X when {Xn}n>1 converges in distribution to X.
n—o0 -

Theorem 3.5.6 (Classical central limit theorem). If {X,, },>1 is a sequence of independent
identically distributed classical random variables such that E(X;) = 0 and E(X?) = 1, then

we have the convergence in distribution

X1+'.'+Xn d
\/ﬁ n—00

where Z is a random wvariable with standard Gaussian distribution given by

z2
duz(z) = \/%e"?dx.

A

One can show, for instance, by using Carleman’s condition, that the standard Gaussian
distribution is determined by its moments. On the other hand, a well-known result in
measure theory establishes that if a distribution of a random variable X is determined
by its moments and there is a sequence of random variables {X,},>1 that converges
in moments to X, i.e. such that E(X") — E(X™) as n — oo, for any m > 1, then

{ X, }n>1 converges in distribution to X. Therefore, one way to prove the classical central
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limit theorem is to show that the moments o converge to the moments of the

f Xit++ X5
vn
standard Gaussian distribution.
The previous discussion promotes the non-commutative counterpart to the notion of

convergence in distribution.

Definition 3.5.7. Let {(A,, ¢n)}n>1 and (A, ¢) be non-commutative probability spaces.
For an index set I, consider the random variables a;(n) € A, and a; € A for each i € I,
n > 1. We say that the family {a;(n)}ie; converges in distribution to {a;}ics if for any
m > 1and iy,...,4, € I, we have that

lim ¢, (a;(n)---a; (n)) =@ (a;, - a,). (3.5.1)

n—oo

In the scope of the above definition, convergence in distribution is denoted by

(ai(n))ier i (ai)ier-

Also, notice that, when I = [m] is finite, Definition 3.5.7 is equivalent to the convergence of

the sequence of distributions {ts, (n),....am(n) }n>1 given in Definition 3.2.3 to the distribution

Malx"'vam'

With the purpose of stating the corresponding central limit theorems, we define the

special random variables that arise in the limiting distribution.

Definition 3.5.8 (Limiting random variables for central limit theorems). Let (A, ) be

a non-commutative probability space and x € A be a random variable.

1. We say that z is a standard Gaussian random variable if the moments of x are given

by
GRL ifp =2k
n oFpr T J
T") = 3.5.2
P { 0 if nis odd. ( )
2. We say that x is a standard semicircular random variable if the moments of = are
given by
C’/9 ifn= 2]43,
") = 3.5.3
Pa”) { 0 if nis odd. ( )
3. We say that x is a standard Bernoulli random variable if the moments of = are given
by
1 ifn=2k
") = ’ 3.54
ela") {0 if n is odd. (354)

4. We say that x is a standard arcsine random variable if the moments of x are given

by
() ifn=2k
ny=g Bk ’ 355
e { 0 if n is odd. ( )
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Remark 3.5.9. The sequence of moments of each of the random variables described in

the previous definition is indeed the sequence of moments of a real probability measure:

Caussian < du(z) = ——e ™ 7 du,

1
semicircular <« du(x) = 2—\/4 — 22 [22)(2)dx,
i
1 1
Bernoulli «~ p= 55,1 + 5(51.,

S (z)d
x)dz,
™2 — xQX_[ﬁ’ﬁ}

arcsine <« du(z) =

where y 4 stands for the indicator function on a subset A C R and , stands for the Dirac
measure on x € R. By using Carleman’s condition, one can show that every of the four

previous probability measures is determined by its moments.

The non-commutative central limit theorems for the notions of natural independence

can be stated in the following way.

Theorem 3.5.10 (Non-commutative central limit theorems). Let (A,p) be a
non-commutative probability space, and {a,}n>1 be a sequence of random variables with

the same distribution. Assume that for every n > 1 we have that ¢(a,) = 0 and p(a?) = 1.
1. If {an}n>1 is a family of tensor independent random variables, then

ap+--+an 4q

\/ﬁ g7
where g is a standard Gaussian random variable.

2. If {ap}n>1 is a family of freely independent random variables, then

ay+-ta, g
_
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vn
where s is a standard semicircular random variable.

3. If {an}n>1 is a family of Boolean independent random variables, then

ay+---+ap d

—b
vn ’
where b is a standard Bernoulli random variable.

4. If {an}n>1 is a family of monotone independent random variables, then

ay+ - ta, q
—_

a
vn ’

where a is a standard arcsine random variable.
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Proof. We will prove the monotone case. Since cumulants are polynomials on the mo-
ments, convergence in distribution, i.e. convergence of moments, is equivalent to the con-
vergence of cumulants. Denote S, := %, for each n > 1. By multilinearity (MK1)
and extensivity (MK3) (Remark 3.5.5) we have that

him(Sn) = n’mﬂhm(al +-Fa,) = n’m/zﬂhm(al), Vm > 1.

We have then the following cases:
e m = 1: since hi(a1) = p(ay) = 0, we get that hy(S,) =0 for any n > 1.

e m = 2: since hy(a;) = p(a?) — ¢(a1)? = 1 by Remark 3.4.23, we obtain that

hQ(Sn) = n71+1h2(a1) =1.

e m > 3: in this case, observe that —n/2+1 < —3/2+1 < 0, then lim h,,(S,) = 0.
m—0o0

We have proved that the sequence of random variables {5, },>1 converges in distribution
to a random variable a whose monotone cumulants are ho(a) = 1 and h,,(a) = 0 for any
m # 2. Finally, it remains to find the moments of a. By the moment-monotone cumulant
formula (3.4.9), it follows that

pla") = Z %h (a,...,a).

' s
!
TEM(n)

Observe that, for m being an odd integer and m € M(n), the partition 7 will have at
least one block of odd size, and hence one of the factors in hr(a) = [y, hyv|(a) is zero,
then the contribution of any 7 is 0. This allows us to conclude that ¢(a™) = 0 when n is
odd.

Now assume that n = 2k and consider 7 € M(2k). Notice that in the case that there
exists W € 7 such that |[W| # 2, then h.(a) = 0. Hence, the only partitions that give a
non-zero contribution in the moment-cumulant formula are those whose blocks have size

2. Hence

1 | Mo (2K)]
2k 2 :
pla™) = K L= Ok
TEM2(2k)

where M (2k) stands for the set of pair monotone partitions of [2k], i.e. partitions in
M(2k) whose all blocks have size 2. In the last equality we have used that hy(a,a) = 1.
We will follow the idea of [AHLV15, Prop. 3.4] to find |[Max(2k)|. First, denote I B(2k)

the set of intervals of the set [2k] of size 2, more precisely
B(2k) = {{i,i+1} : 1 <i<2k}.

Let (m, A) € My(2k). Consider the block W & 7 such that A(W) = k. Since 7 is a non-
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crossing partition and A is increasing with respect to the partial order of the blocks of ,
one can easily see that W € IB(2k) and 7' := 7w\{W} can be considered as an element
of Ms(2(k — 1)) (after applying the natural increasing bijection [2k\W — [2(k — 1)]).
On the other hand, given a partition 7" € My (2(k — 1)) and an interval W € IB(2k), we
can construct m € My(2k) by inserting the interval W in 7’ such that the new partition

7 contains the block W labelled by k. Hence, we have a bijection

Since [M2(2)| =1 and |IB(2k)| = 2k — 1 for any k& > 1, we inductively obtain that

(2!
Tokkl”

b Ma(2k) (20 1 (2%
Plo) = = o o\ k)

We conclude that a has the same moments as those described in (3.5.5). Thus, {S,}n>1

|IMy(2k)| = (2k — 1)(2k —3)---5-3- 1 VE> 1.

Hence

converges in distribution to a standard arcsine random variable, as we wanted to show.
The proofs for the other notions of independence follow in the same way as in the

monotone case by using the corresponding moment-cumulant formula. O

3.5.3 Analytic transforms and subordination convolution

Let (A, ) be a non-commutative probability space. In the case that the distributions
1 and v of two random variables identify with compactly supported probability mea-
sures, several transforms permit addressing convolutions from an analytic perspective.
We will briefly describe some of them and mention some important properties related to
convolutions.

Let u be a probability measure on R. The Cauchy transform of p is the analytic
function G,(z) defined by

Gulz) = /R L (1), vzeQR (3.5.6)

z—1

We also consider the reciprocal Cauchy transform F,(z) to be the map

1
= . VzeC\R 3.5.7
(=g YreD) (357
For a study of the properties of the Cauchy transform, the reader is encouraged to check
[Akh20, Maa92|. Here, one of the properties of G,(z) that will be useful is that there
exists a domain D such that G, (z) can be inverted with respect to composition ([BV93]).

In this domain, we can define the R-transform of p, denoted by R,(z) as the analytic
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map such that
G, (Ru(z) + 1) =z (3.5.8)

It can be shown [NS06, Theorem 12.7] that if {k,(x)},>1 is the sequence of free cumulants

of a (or simply, the free cumulants of 1), then

Ru(z) = Z K1 (p)2".

In particular
Rum(2) = Ru(2) + Ru(2), (3.5.9)

for z in a certain domain, for any real compactly supported probability measures p and
v. In other words, the R-transform linearizes the free additive convolution.

The Cauchy transform provides another description of the free convolution of two
real probability measures p and v, which is stated in the following result proved first by
Voiculescu [Voi93] and later by Biane in [Bia98].

Theorem 3.5.11. Let p,v be Borel probability measures on R. Then there exist two
analytic maps Fy, Fy : Ct — C* such that

1. Gu(Fi1(2)) = G,(Fy(2)) = Gumu(2), for any z € CT,
2. Fi(2) + Fy(2) = 2+ Fumu(2), for any z € C*.

Remark 3.5.12. The functions F; and F5 given by the above theorem are called the
subordination functions of the free convolution p H v. Moreover, it is possible to show
that F} and F; are indeed the reciprocal Cauchy transform of two real probability measures

o and ¢, respectively.

On the other hand, the F-transform also provides a nice characterization of Boolean
and monotone convolutions of real probability measures p and v. Indeed, from [SW97]
and [Mur00], we have that the following equations characterize Boolean and monotone

convolutions, respectively:
Fua(2) = Fu(2) + Fu(2) =2 and  Fw(2) = Eu(EL(2)),

for any z € C*. Comparing with Theorem 3.5.11, we arrive at the following result.

Theorem 3.5.13. Let u and v be compactly supported probability measures on R. Then,

there exists a compactly supported measure o on R such that
pHBr=pr»o.

The distribution ¢ associated to u and v by the previous theorem is called the subor-

dination distribution of ;B v, and it is denoted by uBuv.
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Remark 3.5.14. The previous results encompass different notions of additive convolu-
tions in the case of probability measures over R. Let us now explain how these results can
be extended to the multivariate case from the more general algebraic point of view of joint
distributions p : C(X3, ..., X;) — C. The relations between moments and cumulants can
also be related via formal power series. More precisely, let (A, @) be a non-commutative
probability space, and consider a k-tuple of random variables a = (ay,...,a;) in A. We
then construct the multivariate moment series M, of a = (ay, ..., a;) as the formal power

series in non-commuting indeterminates zy, ..., z; with coefficients in C given by

My(z1,...,2 Z Z On @iy, ooy 20 - 2 (3.5.10)

Equivalently, if p is the distribution of a, we will define M, as the moment series of a.
Analogously, we define the multivariate R-transform and B-transform, respectively, as

follows:

0 k

Ra(zl,...,zk) :Z Z kn(ail,...,ain)zh---zin,
0 k

Ba(zl,...,zk) :Z Z bn(ail,...,ain)z,»l-~-zin.

The moment-cumulant formulas allow us to obtain the following functional equations

between the previous generating functions:

M, (z1,...,2k) = R, (21(1 + M(z1y oy 21)s ooy 2k(1L+ Mo(21, .. zk))>, (3.5.11)

My(z1,. .., 2) = (1 + M, (z, ..., zk))Ba(zl, ey ZE) (3.5.12)
Following [Nic09], consider the set of distributions of k-tuples of random variables in A:
Dag(k) = {p: C(Xy,..., X)) = C : pis the distribution of (ay,...,a;) € A"}

Equation (3.5.11) allows us to define the free additive convolution of p, v € Dy,(k) as the
distribution By € D, (k) whose moment series Mg, satisfies (3.5.11) with R-transform
given by R,+ R,. Analogously, we define the Boolean additive convolution yv by using
the B-transform and (3.5.12).

We are interested in defining the subordination distribution for p,v € D,,(k). We
first look at the case k = 1. From the previous discussion, we have that uBHvr can be
defined by using the Cauchy transform G of yHv. Observe that, as formal power series,

we have that
14+ M,(1/z) = 2G(2).
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Then, it is possible to show that (3.5.8) is equivalent to (3.5.11) for k =1
R, (2(1+ M,(2))) = Myu(2).

Since pBv is such that G,m, = G, o F,pg,, the authors of [Nic09] obtained the following

functional equation for the subordination convolution:

Ru(z(l + M,,(z)))
14+ M,(2)

RMEV(Z) =

The previous equation motivates the following definition.

Definition 3.5.15 ([Nic09]). Let p, v € Dag(k). The subordination distribution of uBv
with respect to v is the distribution pBv € D, (k) whose R-transform satisfies that

Rugo (21, 21) = Ry, (z1(1 F M), (1 M,,)) S+ M)z, (35.13)

where (1 + M,)~! is the multiplicative inverse of 1+ M, in the algebra C{((zy,..., z)) of

power series in non-commutative indeterminates z1, ..., 2.

The following formulas appearing in [Nic09] exhibit the combinatorial relations be-

tween the moments and free cumulants of uH v and the free cumulants of p and v.

Theorem 3.5.16 ([Nic09]). Let p,v € Dag(k). If for everyn > 1 and 1 < iy, ..., 0, <k,

K(ir,..in) and T, i) stand for the coefficients of z;, -+ -z

.......... n

in R, and R,, respectively,

then
(M'E V)(Xi e 'Xz'n) = Z H k(il ,,,,, in)|V H k(il ..... i)W Tin,in) W
TeNC(n) Ver . Wer
outer block inner block

The family of free cumulants {k*E"(X,,, ..., X;, ) ns1 of uBv is given by

kﬁEV(Xilw--inn) = Z K ,.im)v H T(igy.eeyin) [ W+

TENCip (n) Wen
l,neVen W#V

The subordination convolution also shows a nice description of the Boolean cumulants

of the free convolution.

Proposition 3.5.17 ([Nic09]). For p,v € Dag(k), we have that
BMEIJ = BH[Eh/ + BUEM (3514)

Finally, let us recall an important concept in the study of the connections between

free and Boolean probability.
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Definition 3.5.18 (Boolean Bercovici-Pata bijection ([BN08a, BN09])). Consider the
bijective map B : Dy(k) — Day(k) defined as follows: for any p € Dyg,(k), the element
B(p) € Dag(k) is the distribution v such that their free cumulants are given by the

Boolean cumulants of p, i.e.
Rp(u) = By

The map B is called the Boolean Bercovici-Pata bijection.

Its analytic importance is shown in the context of infinite divisibility: B is also a
bijection between the set of analytic distributions that are free infinite divisible and the
set of analytic distributions. See [BN08a| for the definition of infinite divisibility and the
precise statements and proofs of the previous claims. In particular, the Boolean Bercovici-
Pata bijection appears as an element of a family of transformations as follows: for every
t > 0, consider the map B, : Dayy(k) = Dag(k) given by

By(p) = (uEN) TV € Dyl(k). (3.5.15)

Proposition 3.5.19 ([BN09|). The family of transformations (By);>o satisfies that
1. Bsyy =Bs 0By, for any s,t > 0,
2. By = B is the Boolean Bercovici-Pata bijection.

The relation between the Boolean Bercovici-Pata bijection and subordination convo-
lution appears from (3.5.13) by taking p = v, the definition of the B-transform, and the
definition of B.

Proposition 3.5.20 ([Nic09]). For any p € Dag(k) we have that

B(u) =pB u. (3.5.16)

3.6 Conditionally free probability

Variations and extensions of free probability have arisen from both theoretical and applied
problems. To finish this chapter, let us recall an extension that emerges from considering

an additional linear functional on A.

Definition 3.6.1 (Conditional non-commutative probability space). A c-non-commutative
probability space is a triple (A, ¢, x) where (A, ) is a non-commutative probability space
and x : A — C is a linear functional such that x(14) = 1.

The main construction in this framework is the relation between both linear functionals

¢ and x through the concept of conditional freeness.
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Definition 3.6.2 (Conditional freeness). Let (A, ¢, x) be a c-non-commutative proba-
bility space. Let Ay, ..., A; be unital subalgebras of A. We say that Ai,..., Ay are
conditionally free (or simple c-free) if the following holds: for n > 2, any sequence of in-
dices iy, ..., 1, € [k] such that i; # i;11 for 1 < j <n, and elements a; € A;,,...,a, € A,
such that x(a;) =0 for j =1,...,n, the following is satisfied:

1. x(a1---a,) =0,

2. play---an) = p(ar) -+ plan).

Conditional freeness has been widely studied in the works [BS91, BLS96, PW11].
In particular, in [BLS96] the authors introduced a notion of cumulants so that c-free
independence of subalgebras is characterized by the vanishing mixed conditions for the

free cumulants and c-free cumulants.

Definition 3.6.3 (Conditionally free cumulant functionals [BLS96]). Let (A, ¢, x) be a
c-non-commutative probability space. The c-free cumulants form the family of multilinear

functionals {k,(f) : A — C},>1 recursively defined by the following formula:

X(al...an) = Z H k‘v‘(ah...,anﬂ/') H kl(;)/l(alv"'7a’n|W) 9

TENC(n) Ver Wemr
inner block outer block
(3.6.1)
for any n > 1 and a4,...,a, € A, where {k,},>1 is the sequence of free cumulant

functionals of (A, ¢).

As mentioned in [FMNS19], it is not so straightforward to find a formula that writes
the c-free cumulants in terms of the moments of ¢ and x. However, it is possible to find

a nice combinatorial formula in terms of the Boolean cumulants with respect to ¢ and y.

Proposition 3.6.4 ([FMNS19]). Let (A, ¢, x) be a c-non-commutative probability space.
Then the c-free cumulants {kzy(f)}nzl of (A, p,x) can be written in terms of the Boolean

cumulants {bp.p tn>1 and {by, tn>1 associated to (A, @) and (A, x), respectively, as follows:

k’I(LC)(a17"'7an): Z (_l)lﬁlilb\‘/ll;x<a17“‘7an|V1) H b|W|%<P(a1"“7an‘W)7

TENCiyr (n) Wemn
1,neVy W#W

(3.6.2)
foranym >1 and aq,...,a, € A.
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Chapter 4

Shuffle Algebras and Non-commutative
Probability

The objective of the present chapter is to study the group-theoretical framework for non-
commutative probability introduced by K. Ebrahimi-Fard and F. Patras in the series of
articles [EFP15, EFP16, EFP18, EFP19]. In contrast to the combinatorial framework of
Speicher, where he defined free cumulants in terms of Mébius inversion in the lattice of
non-crossing partitions, Ebrahimi-Fard and Patras considered cumulants as elements of a
(pre-)Lie algebra of infinitesimal characters on a specific Hopf algebra. This point of view
allows us to recognize the relations between moments and cumulants as the exponential

relation between a (Lie) group and its corresponding Lie algebra.

First, in Section 4.1, we state the definitions of shuffle algebras and its dual notion,
unshuffle coalgebras. We also state the definition of the half-shuffle exponentials asso-
ciated to the two non-associative products on a shuffle algebra. The previous notions
are specialized in Section 4.2, where we expose the primary example of the chapter: the
double tensor algebra of an algebra and its associated unshuffle coalgebra and dual shuffle
algebra. In this example, we explain that the classical convolution exponential and the
two half-shuffle exponentials are three bijections from the group of characters and the
Lie algebra of infinitesimal characters. Afterwards, in Section 4.3 we show how the link
with non-commutative probability emerges when considering the double tensor algebra of
a non-commutative probability space (A, ), being Theorem 4.3.2 the fundamental basis
for the results of this thesis. The main conclusion of the theorem is that non-commutative
cumulants appear as the logarithms of a particular character extending the linear func-
tional ¢. Finally, we close the chapter by referring to some recent works in the context

of non-commutative probability and shuffle algebras.

83
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4.1 Shuffle algebras and unshuffle coalgebras

Roughly speaking, the abstract notion of shuffle product consists of a splitting of an
associative product on an algebra. The splitting emerges naturally in several combinato-
rial Hopf algebras where the product has a suitable combinatorial definition, also with a

combinatorial meaning. The precise definition of shuffle algebra is given as follows.

Definition 4.1.1 (Shuffle algebra). A shuffle algebra is a vector space D together with
two bilinear maps <: D ® D — D and >=: D ® D — D satisfying the identities

(x=<y)=<z = x=<(yx2), (4.1.1)
(x=y) <z = x> (y=<=2), (4.1.2)
z=(y>=2) = (xxy) =z, (4.1.3)

for any xz,y,z € D, where x xy :=x <y+x > y.

Shuffle algebras, also known as dendriform algebras in the literature, are examples of
non-associative algebras. However, an associative product can be easily obtained from

the two bilinear maps < and >.

Remark 4.1.2. Let (D, <, ) be a shuffle algebra and z,y,z € D. From (4.1.1)-(4.1.3),

we get

(xxy)xz = (xxy)<z+(z*xy) =z
= (z<y)<z+(@-y)<z+z>(y > 2)
= z=(yxz)+e>-(y=<2)+z>(y>2)
= z=(yxz)+z - (y*z)

= xx(yx*z).

Thus, the operation * makes D a non-unital associative algebra.

In a shuffle algebra (D, <, ), the maps < and > are called the left half-shuffle product
and the right half-shuffle product, respectively. The associative product * is called the
shuffle product. The reader may recall that the terminology shuffle has already been
mentioned in Example 2.2.2. Indeed, the shuffle tensor algebra provides an example of a

shuffle algebra.

Example 4.1.3. Let T(V) be the tensor algebra over a vector space V, and consider
the shuffle product W defined in Equation (2.2.2). Consider the non-unital tensor algebra
over V., ie Ty (V) =D, VE". If we define

Vo Uy =Wy Wy = 01 (Vg Uy LW e Wy )

vl"'v7z>_w1"'wrn = wl(vl"'UnLUU}?"'wm)y
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for any vy, ..., vy, w1, ..., w, €V, then we have that (T, (V), <, >) is a shuffle algebra.
Observe that the commutativity of LU implies that a < b = b = «, for any a,b € T, (V).
In general, shuffle algebras that satisfy the previous relation are called commutative shuffle

algebras or Zinbiel algebras.

Proposition 4.1.4. Let (D,<,>) be a shuffle algebra. Define the bilinear map
<:D®D — D by the recipe

rAy:=x<y—y >z, Va,y € D. (4.1.4)

Then (D, <) is a right pre-Lie algebra.

Proof. The pre-Lie identity follows from the shuffle identities (4.1.1)-(4.1.3). Indeed, the
right pre-Lie identity is equivalent to

r<d(y<z)—z<Q(z<y)=(r<y)dz—(x<2)<y.
First, the left-hand side of the above equation is equal to
r<d(y<z—z<Qy)=as<d(y<z—zr-y—z=<yty=-z)=x<(yxz—zx*y),
by definition of * =< + >. On the other hand, the right-hand side can be expanded as

(z<y)dz—(x<2)<y

(x<y—y=2)<kz—(r<z—z>1x) <y

= (z=<y)<z—z-@x<y—W=<a)=z+2z>(y>x)
—(z=<z)<yty=-(z<2)+(z=z)<y—y>(z>2a)

= x<(y*x2)+(zxy) -z—x<(zxy)— (yx2) =

= z(yxz) —w<(zxy),

where in the third equality, we used the shuffle identities. O

It is important to mention that a shuffle algebra can be augmented with a unit
D = D ® K1 together with the following relations:

1x1=1, z<1=z=1%2z, 1<z=0=z>1, VzeD. (4.1.5)

However, it is not possible to define 1 < 1 and 1 > 1 in a consistent way such that the
previous relations hold.
In a unital shuffle algebra D, one can consider the formal exponential and logarithm

with respect to the shuffle product * as

*nN *n—1
n—1 T

exp*(x)zzx' and log*(1+x):Z(—1) ———, VzeD,

n: n
n>0 n>1
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where 7' := 1. The adjective “formal” previously stated means that we are not

considering convergence issues. In addition, the examples where we will apply this ma-
chinery fall in the realm of connected graded bialgebras so that our sums for exponentials
and logarithms will be finite.

On the other hand, the non-associative half-shuffle products motivate the definition

of suitable notions of half-shuffle exponentials in a unital shuffle algebra.

Definition 4.1.5 (Half-shuffle exponentials). Let (D, <, ) be a unital shuffle algebra.
For x € D, we define the left half-shuffle exponential as the element

Ei(w) =14 2™, (4.1.6)
n>0
where %0 := 1 and =" := 2 < 2" ! for n > 1. Analogously, we define the right

half-shuffle exponential as the element

E(z)=1+) 2™, (4.1.7)

n>0

where 270 := 1 and 27" 1= 27" ! = 1.

Observe that the left and right half-shuffle exponentials can be equivalently defined as

the solutions of the following fixed-point equations, respectively:
X=1+z=<X, Y=1+Y >u. (4.1.8)

The axioms of the half-shuffle products produce a nice relation between a half-shuffle
exponential and the inverse, with respect to the shuffle product, of the other half-shuffle

exponential.

Lemma 4.1.6 (|[EFP15, Lem. 2|). Let (D, <, ) be a unital shuffle algebra. Then for any
r € D, we have that
Ei(x) ™t =& (—x). (4.1.9)

Let D be a unital shuffle algebra and = € D. Since X = &, () satisfies that
X =142 < X, we can write

X-1=z<X=X-1)=<X"T"T=@<X)<X"'T=r<<XxX"H=0<1=u0
Then we can define the left half-shuffle logarithm of X € D by

Lo(X)=(X-1)< X"\
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In the same way, we define the right half-shuffle logarithm of X € D by
Lo(X)=X"1=(X-1).

Before presenting the main example of shuffle algebras in this work, it is necessary to

consider the dual notion of a shuffle algebra, introduced by Foissy in his work [Foi07].

Definition 4.1.7 (Unshuffle coalgebra). A counital unshuffle coalgebra is a coaugmented

coassociative coalgebra (C' = C' @ K1, A) whose reduced coproduct
Alz)=A@)—r21-10x

can be split in the form A = AL + A, and the following identities hold:

(AL ®id)o AL = (idd®A)oAL, (4.1.10)
(AL ®@id)o AL = ([d®AL) oA, (4.1.11)
(A®id)o A, = (Id®A,)oA.. (4.1.12)

The linear maps A and A, are called the left half-unshuffle and right half-unshuffie,

respectively.

The previous notion can be extended to consider compatibility with the product if C

is also a bialgebra.

Definition 4.1.8 (Unshuffle bialgebra). An unshuffle bialgebra is a unital and counital
bialgebra (B = B @ K1,m, A) whose reduced coproduct splits A = A + A, such that
(B,AZ,A,) is a counital unshuffle coalgebra, and in addition, we have the following

compatibility with the product of B, for any z,y € B:

AL (m(z®@y)) = mpes (Ai(z),A(y)), (4.1.13)
Af(m(z®y)) = mpes (AL(z),Aly)), (4.1.14)

where At (z) == A(z) +2®1 and Af(z) = A, (z) +1Q .

4.2 The double tensor algebra

We now introduce one of the crucial examples in the work [EFP15]. Let A stand for a
unital associative algebra in the present section. Consider the tensor algebra and non-

unital tensor algebra over A

T(A) =P A,  T.(A) =P A,

n>0 n>0
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respectively. We define the double tensor algebra over A as the space

T(T.(A) = P T4 (A" (4.2.1)

n>0

Recall that the elements of the tensor algebra are written as words a; - - - a,, € A®" instead
of tensor elements a1 ® - -+ ® a,. On the other hand, the elements in the double tensor

algebra will be denoted by the bar notation
w1|w2| s |’UJn € T+(A)®n

It is clear that the double tensor algebra is actually a unital associative algebra with

respect to the concatenation product
(U1| T ‘Um)(wl| T ‘wn) = Ul| T |Um|w1| T |wn € T+(~A)®m+nv

for any vy| - |vm € T4 (A)®™ and wy |- - - |w, € T (A)®". The unit is given by the empty
word, denoted by 1.

As an algebra, T(T,.(A)) is graded, where the homogeneous components are given by

T(To (A= P A oA, (4.2.2)

N yeeny ng>1
ny o rng=n
for n > 1 and T(T.(A))o = K1. In particular, the degree of a word is given precisely by
its length:
deg(w) == |w| :==n, if w=a;---a, € A®".

Now, we describe the coproduct as follows. Take a word w = a; ---a, € A*". If S C [n]
is of the form S = {i; < --- < is}, we denote the subword ag := a;, - --a;,. In the case
that S = 0, then as := 1. In addition, let Ji,...,J, be the maximal subintervals in
[n]\S, ordered in an increasing way according to their minimal elements. For example, if
n =4 and S = {3}, then [n]\S = {1,2,4} and thus J; = {1,2} and J, = {4}. With this

notation, we proceed to define the linear map
A T(T,(A)) = T(T4(A) & T(T, (A))
by the rules A(1) =1®1,

Alay -+ ap) = Z as @ anl---lay,, (4.2.3)
SCln]

and A(wq] -+ |wy) = A(wy) - - - A(wy,), for any wy, ... w, € Ty(A).



4.2. The double tensor algebra 89

Example 4.2.1. Let us compute the above coproduct for small values of n.

A(al) = a1®1+1®1,
A(alag) = a1a2®1+a1 X ag + as ® ay +1®a1a2,
A(alagag) = ajasqasg (24 1+ a1 X 903 + a9 ® a1|a3 + as & aqas

+ai1a9 @ az + a1a3 Q as + asaz X ay + 1® ai1aoas.

Finally, we define the linear map € : T(T(A)) — K as the projection on T(T}(.A))o,
i.e. the algebra morphism given ¢(1) = 1 and €(ay ---a,) = 0 for any non-empty word
ap---a, € A®". As the reader can expect, all the ingredients have been settled to state

the following result.

Theorem 4.2.2 ([EFP15, Thm. 4]). The double tensor algebra T(T'(A)) is a connected

graded non-commutative and non-cocommutative bialgebra. Hence it is a Hopf algebra.

The proof of the above theorem easily follows from the construction and definition of
the algebra morphism A and e. In particular, the coassociativity of A is obtained in the
following way: if a; - - - a, is a word, S C [n] and Ji,...,J, are the maximal subintervals
of [n]\S, then we write

ags =ayl|---lag,.
(n]

In general, we can consider the maximal subintervals of U C S and define a Js asa product

of subwords of ayy in an analogous way. Thus, the two possible iterated coproducts write

(A®id)oAlay---a,) = Z as ® azs @ ay = (id®@A) o Aay - - - ay). (4.2.4)

SCUC[n)

The fundamental property of the coproduct A for our purposes is that it can be easily

split as
Allarra,) = Y as @ ays , (4.2.5)
1€SC[n]
Af(arra,) = ) as ® ays . (4.2.6)
1¢5Cn]

Thus, the reduced coproduct can be written as A = AL + A, , with

As(w) = Af(w)—w®1,
A (w) = Af(w)—1®w.

Finally, the maps AT and AY are extended multiplicatively by the rule

AL(vrfvg -+ Jvn) = AL(01)A(va] -+ fvn) and - AL(vafva] -+ [n) = AL(v1)A(ve] -+ Jvn),
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for any words vy,...,v, € Ty (A). As the notation persuades, we have our example of
unshuffle bialgebra. The proof consists of verifying the three unshuffle identities by doing

a similar analysis as the one done in (4.2.4).

Theorem 4.2.3 ([EFP15, Thm. 5]). Let T(T(A)) be the double tensor algebra over
A and consider the splitting of the coproduct A defined in (4.2.5) and (4.2.6). Then
(T(T(A)), A<, AL) is an unshuffle bialgebra.

The previous theorem automatically provides an example of unital shuffle algebra.
Indeed, recall that the convolution product on Lin(T (T (A)), K) is the dual of the coas-
sociative coproduct A on T'(7%(.A)). The two half-unshuffles also induce non-associative

convolution products by the formulas

f=g = mgo(f®g)oly, (4.2.7)
f=g9 = mrgo(f®g)oA,, (4.2.8)

for any f,g € Lin(T (T} (A)),K), where T, (T (A)) = €,,-o T+ (A)®" is the non-unital
double tensor algebra over A. The unshuffie identities imply a key shuffle algebra for this

work.

Theorem 4.2.4. Consider the non-associative products < and - defined in (1.2.7) and
(4.2.8) associated to the unshuffle bialgebra (T(T+(A)), A<, AL). Then
(Lin(Ty (T4 (A)),K), <, >) is a shuffle algebra.

Remark 4.2.5. The shuffle algebra from the previous theorem can be enhanced with
the counit € : T(T(A)) — K in order to have a unital shuffle algebra structure on
Lin(T(T1(A)),K) following the identities (4.1.5). In particular, the definition of the half-
shuffles for the unital case will require to replace A and A, by A% and A}, respectively.

However, we will keep the notation without the superscript for simplicity.

Let us come back to the three exponentials that can be formally defined in the uni-
tal shuffle algebra Lin(T(T';(A)),K). Since this is an algebra of linear functionals, we
can apply the results described in Section 2.1. Indeed, let G := G(T(T}(A))) and
g = g(T(T:(A))) be the group of characters of T(T;(A)) and the Lie algebra of in-
finitesimal characters of T'(T.(A)), respectively. By Proposition 2.1.28, the exponential
with respect to the convolution product is a set isomorphism from g to G.

Now, take o € g. It is easy to see that the two half-shuffle exponentials £4(«) and
E. (a) are well-defined since «(1) = 0. It turns out that the left and right half-shuffle

exponentials are also set isomorphisms from g to G.

Theorem 4.2.6 ([EFP15, EFP18]). For ® € G a character, there exist a unique triple
of infinitesimal characters (k,(3,p) € g° such that

B = exp*(p) = Ex(x) = & (). (4.2.9)
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The infinitesimal characters k and 8 are the unique solutions of the fized point equations
d=c+Kk<P and P=€c¢+ o> [, (4.2.10)

respectively. Conversely, given o € g then exp*(«), E<(a), E(a) € G.

Remark 4.2.7. For the computations in the subsequent sections, the reader should ob-
serve that the fact that « is an infinitesimal character on (7 (.A)) is equivalent to the fact
that a(1) = 0 and a(w;|wy) = 0, for any wy,wy € Ty (T (A)).

There exist non-trivial relations between the three logarithms of a character ®. Indeed,
from the fixed point equations (4.2.10), we obtain k < ® = ® > . Multiplying the right
half-shuffle product by ®*~! from the left and using the shuffle identities, we obtain

PNk < 0= = (P=B)= (05 D) = B=€> =4

Hence we have

Proposition 4.2.8. Let ® be a character and let k and 8 the solutions of (4.2.10). Hence
Kk and B satisfy
B=0"'>k<® and kK=0>pB<O (4.2.11)

The relation between the shuffle logarithm p = log™(®) and the other half-shuffle
logarithms is even more intricate. With the purpose of describing it, let us introduce a
similar notation to the iterated products (used in the statement of Proposition 2.3.26).
Let (D, <, >) be a shuffle algebra. For z,y € D, we define

r=y(2) = r(j;(i) =z <y, ri";(x) = 7'2271)(x) <y, forn>2.
In the same way, we define ¢, (x) = y > = and the corresponding iterations. On the
other hand, Proposition 4.1.4 implies that t Qy =2 <y —y > = = (rxy — {)(x) is a
pre-Lie product. We also write 7, (x) = z < y.
Returning to our shuffle algebra Lin(T(T'1(A)), K), the set of infinitesimal characters
g is a pre-Lie algebra with respect to <. Moreover, it turns out that the relation between
the logarithms £, (®) and log"(®) is given in terms of the inverse of the Magnus operator

as in Proposition 2.3.26.

Theorem 4.2.9 ([EFP18, EFP19]). Let ® be a character on T(T}(A)) and let p, 8 and
K the infinitesimal characters such that ® = exp*(p) = Ex(k) = E-(B). Then

B=W(p), r=-W(-p) (4.2.12)

and

p=Q(B) = —Q(—r), (4.2.13)
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where W : g — g s the Agrachev-Gamkrelidze operator associated to the pre-Lie algebra
(g, <) (Proposition 2.5.26) and Q : g — g is the Magnus operator (Proposition 2.3.28).

Proof. We will follow the argument in Section 5 of [EFP19]. Take p € g. Observe that

from the shuffle identities, one can show that for any 0 < ¢ < 1 we have that

@ ((exp (1= 1)) — ) < exp’())
= (exp*((1=1)p) =€) < (pxexp*(tp)) — (exp*((1 = t)p) * p) < exp*(tp)
((exp*((1 = 1)p) e) < p) < exp’(tp) = ((exp" (1= 1)p) =) < p
+(exp" (1= t)p)) = p) < exp(tp)
—exp’((L = t)p) = p < exp*(tp).

Notice that we used the shuffle identities and the splitting of * in the second equality. Now,
integrating over ¢ € (0,1) and writing the » and ¢ notation for the iterated half-shuffles,

we obtain that
1
expp) ¢ = [ (e (o) xexpl=sp) - p < exp'(sp) ds
0
1
= exp*(p)>/ e~ e5=0 (p) ds.
0

Note that, thanks to the identity (z = y) < 2 = 2 = (y < z), the operators e~*~ and

e’=<» commute. Hence, we can express the integrand as

1
exp’(p) —€ = exp’(p) = / el tr=e(p) ds
0

1
exp”(p) = / e (p) ds
0
. er<r —id
exp”(p) = ——(p)

7n<]p

= exp’(p) = W(p),

where W (p) is the Agrachev-Gamkrelidze operator on g. Hence, W (p) is the solution to
the fixed point equation
exp’(p) = € +exp*(p) = B.

By uniqueness, we conclude that 5 = L, (exp*(p)) = W (p). Finally, since the Magnus
operator is the compositional inverse of W, we conclude that p = Q(3). The respective

relations between p and x are proved analogously. O

The main consequence of the above theorem is that the relations between three loga-
rithms in the shuffle algebra Lin(7T(7%(.A)), K) can be understood purely from a pre-Lie

theoretically point of view. For instance, take two infinitesimal characters pi,ps € g.
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From (2.3.18), the Agrachev-Gamkrelidze group law on g can be written as

p1#p2 = W(BCH(Q(p1), 2p2)))- (4.2.14)
From Theorem 4.2.9; we have that £, oexp*(p) = W(p) for any p € g. This implies that
pi#tps = L. 0 exp’ (BCH(Q(p1), 2p))) = Lo (E- (1) * Ex(p2)) (1.2.15)
Moreover, one can show that
L(E<(p1) * Ex(p2)) = —(—p2i#t — p1). (4.2.16)
Indeed, observe that
—(—pott — p1) = =L (E-(=p2) * E(—p1)) = =L ((E<(p1) x E<(p2)) 1),
where we used Lemma 4.1.6. Hence
E(=(=patt — 1)) = E< (=L ((Ex(pr) % E<(p2)) ")) = Exlpr) * E<(pa).
Corollary 2.3.31 provides another expression for the Agrachev-Gamkrelidze law.

Proposition 4.2.10 ([EFP19, Lem. 28]). Let g be the pre-Lie algebra of infinitesimal
characters on T(T,(A)). For ay,aq € g, we have that

a#tay = ay + 7 (ag) = ay < E(aw). (4.2.17)

Proof. Recall that the pre-Lie product on g is defined as rqy,(z) = roy(z) — €, ().
Observe that r-, and £, commute by the shuffle identity (4.1.2). Using this property
and Corollary 2.3.31, we get

aifton = ag+ €790 () = qg + <) e 20" (ay).
On the other hand, the shuffle identities imply that
riné(w)(al) =a; < Qag)™ and E(fs)](a?)>(a1) = (—Qa2))™ = .
Hence, we have

a#as = ag+exp’(—Q(ag)) > ay < exp”(Q(az))

s+ E N an) = ay < & (),

where we used that as = £, 0 exp*(2(az)) from Theorem 4.2.9. O
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Recall that <(z) = £7*(—=z) in a unital shuffle algebra. Equation (4.2.17) can be

equivalently written as
a1 #ay = ag + (€<(—C¥2) o < 5:71(—C(2). (4218)
Let us introduce a final notation for this section.

Definition 4.2.11. Let (D, <, =) be a unital unshuffle algebra. For 2,5 € D, we define

left half-adjoint action as the element
Oy(x) = M (y) = < Ex(y).
Analogously, we define right half-adjoint action as the element
0Y(x) = E-(y) = = < ET(y).

Remark 4.2.12. The shuffle identities imply that 0. is indeed an action. More precisely,

for z,y,z € D elements in a shuffle algebra, we have

0. (0y(x) = 0.(E(y) =z < E(y))
= &) = (€57 () = v < Ex(y)) < E<(2)
= E5N(2)xETHy) = o < Ex(y) * E<(2)
= Ou(),

where w = L(E5(y) * E<(2)) = —(—2# — y).

Again, we can see that §Y(z) = 0_,(x). Applying the adjoint actions to infinitesimal

characters, we obtain the following result.

Proposition 4.2.13. Let g be the Lie algebra of infinitesimal characters on T (T, (A)).
For ay,ay € g, we have that 0, (as), 0 (as) € g.

Proof. First, we can notice that £, o E4(as) € g by Theorem 4.2.6. On the other hand,
from Proposition 4.2.10, we have that v1#v2 = 72 + 7 H2) = 11 < E-(72) € g for any
7,72 € g. By taking 71 = ay and 12 = L, o E4(aw), we have that

g3 ar# (L 0Ex(w)) — Ly 0Ei(an) = ETNL o0& () = an < E-(Ly 0 Ex())
= gi_l(ag) - o < 5.<(042)
= 90&(@1)'

The proof follows the fact that 6%2(«;) € g is done in a similar fashion, or by using the

relation 0°2(ay) = 0_4,(a1). O
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The following result tells how to express the half-shuffle exponentials of the sum of

infinitesimal characters as the convolution product of half-shuffle exponentials.

Theorem 4.2.14 ([EFP19, Thm. 31]). Let g be the pre-Lie algebra of infinitesimal char-
acters on T(T}(A)). For aq,as € g, we have that

Eo(an) % E<(Oy, (a2)) = Ex(an + ) (4.2.19)

and
E (0°%(ar)) x E () = E(a + ). (4.2.20)

Proof. We will only prove the second equality since the proof of the first can be done
analogously. Notice that from Theorem 4.2.9, we have that o = £, o exp*(Q2(«)), for any

a € g. Then, by using the definition of BCH, we obtain
E-(07(a1)) * E-(az2) = exp™(Q(0*(an))) * exp™(Q(az))

= exp® (BCH (Q(G“Q(al))7 Q(OQ)))
exp® (Q(0°% () #a2)),

where we used (4.2.14). On the other hand, (4.2.17) in conjunction with the shuffle
identities imply that

0 (1) #as = ag+ 5:71(0(2) =0 () < E ()
= g+ E N ag) - (e;(aQ) - < 5;*1(%)) < E(an)
= a+t (5;*1(042) « 5>(a2)) - < (5;*1(042) % g(az))

= ayter-a; <€

= o1 + Qo.
Finally, we conclude that
E (0% (an)) * Ex () = exp” (QO** (o) #a2)) = exp® (a1 + az)) = E- (a1 + an),

as we wanted to show. O

We conclude this section by remarking that Theorem 4.2.4 extends for the general
connected graded case. More precisely, let (B, A, A, ) be a connected graded unshuffle
bialgebra and (A,m4) be a commutative algebra. It follows that (Lin(B,A), <,>) is
a unital shuffle algebra, where < and > are the convolution half-shuffle products on
Lin(B, A) dual to A and A, , defined as

=g = mao(f@g)oA,,
f>g = mao(f®@g)oA,,
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for any f,g € Lin(B, A). Also, by Remark 2.1.23, the set of characters G4(B) C Lin(B, A)
is a group. Analogously, the set of infinitesimal characters ga(B) C Lin(B, A) is a Lie
algebra. By the results of [EFP19], Theorem 4.2.6 and Theorem 4.2.9 can be extended to
find three exponentials from g4(B) to G 4(B) which are bijections, and whose logarithms

are related through the pre-Lie Magnus expansion.

4.3 Non-commutative probability via a shuffle algebra

approach

In this section, we take the ground field K = C and fix a non-commutative probability
space (A, ¢). In Chapter 3, we wrote ajas to denote the product of two random variables
in A. Since this comes into conflict with the word notation in the tensor algebra over A,
in this section, we write the product on A by a1 -4 az. Hence ay -4 ... -4 a, stands for the
element of A given by the product of ay,...,a,, while the notation ay - - - a, is reserved
for a word in T’y (A).

Our next objective is to show how the double tensor algebra is a useful framework for

non-commutative probability. With this purpose, let us introduce ¢ into the picture.

Definition 4.3.1. Let (A, ) be a non-commutative probability space and consider the
double tensor algebra over A, T'(T'y(A)). The linear functional ¢ : A — C is extended to
a character ® : T(T.(A)) — C by setting (1) = 1 and, for a word w = a; - - - a,, € A®",

O(w) = pnlar,...,an) =@(a1 4 .. 4 0y).

We call ® the lifting of .

In the same way, if {f, : A" — C},>1 is a family of multilinear functionals, we define
the infinitesimal lifting of {fn}n>1 to be the infinitesimal character o : T(T%4(A)) — C
given by

a(w) = fulay, ... a,)

for a word w = ay - - - a, € A®".

Theorem 4.3.2 ([EFP15, EFP18]). Let (A, ¢) be a non-commutative probability space
and consider ® the character on T(T}(A)) extending . Let (k,[,p) be the triple of

infinitesimal characters such that

P =exp’(p) = Ex(r) = E-(B).
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Then for any word w = ay -+ - a, € A®™ we have that

EL(k)(w) = Z Hn(av),
7eNC(n) Ver
&Bw = Y T[Aa).

m€lnt(n) Ver

(o)) = 3 o |,Hpav

TEM(n) Ver

In other words, k, 8 and p are the infinitesimal liftings of the free, Boolean and mono-

tone cumulant functionals of (A, ), respectively:
k(w) =kp(ay,...,an), Bw)=bylay,...,a,), plw)=hy(a,...,a,),
for any word w = ay - - - a,, € A®".

Thanks to the above theorem, we can refer to the logarithms x, 5 and p as the free,

Boolean and monotone cumulants of the character ®.

Proof. We will first prove the free case. Fix a word w = a;---a, € A®". By induc-
tion on n. Recall that the left half-shuffle exponential satisfies the fixed-point equation
®=c+ kK <P If n =1 observe that

D(a1) = Ex(k)(a1) = (k < P)(a) = k(a)P(1) = k(a).
Now assume that the desired equation is valid for every m =1,...,n — 1. Then

Day---a,) = Ex(ar---ay)

(k< ®)(a1---an)

= mco(k®P)oA(ar---ay)
Z K(as)®(an]---lay,).

1€SCn]

Since ¢ is a character, thus it is multiplicative. By using the induction hypothesis on
each ®(ay,) we obtain that

Ear-a) = 3 wlas)®lay)- - lay)

1€SC[n]
= D wla)| D [ wta) )| > ]I slaw)
1€SC[n] T ENC(J1) ViEmL m€NC(Jy) Vr€mr

Y wlas) [ wlav)

1€SC[n] VeNC([n]\S)
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= Z H r(ay),

TeNC(n) Ver

where we used that we can write 7 as the union of a block S 3 1 and a non-crossing
partition 7" € NC([n]\\S). This concludes the proof for the free case. The Boolean case
follows analogously by considering the fixed point equation ® = e+ & > 5.

We will outline the ideas for the monotone case. Recall that p = log™(®) is an infinites-
imal character. This says that p(1) = 0 and p(ws|ws) = 0 for any words wq,ws € T (A).
Then, according to the definition of the coassociative coproduct A, the only terms of the
k-th iterated coproduct that may produce a non-zero contribution for p**(a; - - - a,) are
given by

Y ay@--®ay, (4.3.1)

reMPF(n)
w=(V1,...,Vk)

where MP*(n) stands for the set of monotone partitions on [n] with k blocks. Therefore

* 1 *
e (p)(aran) = S e a)

k>0

"1
;E > I elav)

" wreMk(n) Ven

1
= Z W H plav),

reMm) | Ver

as we wanted to show. O

The main consequence of the previous theorem is that we can identify cumulant func-
tionals as elements in the (pre-)Lie algebra of infinitesimal characters on an unshuffle
bialgebra. Therefore, the double tensor algebra provides a framework for understanding
non-commutative probability theory by looking into the shuffle-algebraic picture. The al-
gebraic properties and notions, such as the shuffle identities, the pre-Lie product, and the
pre-Lie Magnus expansion, have their corresponding interpretation in non-commutative
probability. The next step is to exploit all the algebraic machinery to develop and obtain
new results in non-commutative probability.

The first application of the shuffle algebra framework is that it provides a concise
description of the combinatorial relations between the free and Boolean cumulants by
noticing the fact that their corresponding infinitesimal liftings are two half-shuffle loga-
rithms of the same character. In order to recover the mentioned combinatorial relations

in terms of non-crossing partitions, we have the following lemma.

Lemma 4.3.3 ([EFP20, Lem. 15]). Let A be an algebra and consider its double tensor
algebra T(T(A)). Let @ € G and consider k, 8 € g such that ® = E4(k) = E.(B). Then,
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for any a € g and a word w = ay - - - a, € Ty(A), we have that

b.(a)(w) = g a(ag)q)(aj[i]) = g alay) | | K(aw) (4.3.2)
1,neSC[n] TENCipr (1) Wemn
eV W#V

and

Pla)w)= > afas) " ays ) = > ()" a(ay) [] Blaw).  (4.3.3)
1,n€SC[n] ﬂel\igi{;(n) %/Vig

Proof. Recall that 6,(a) = ®*~! = o < ® is an infinitesimal character. Then, by shuffle
identities, ® > 0, () = a < ®. Using the definition of the right half-shuffle product, for

aword w = ay - a, € Ty(A) we have that

Y alas)®(an]-las) = a<b(w)

1eSCn]

= &> b(a)(w)
- Z P(as)bx(a)(ays )

[n]
1¢S5C[n]

= 3 Bl a1 a) + Oyl ),

where in the last equality, we used that 6.(«) is an infinitesimal character. The above

computation implies that

n—1

O (a)(w) = Z a(aS)Q(aJ[i])—F Z a(aS)CI)(aJ[i])— D(ajp1 - an)bs(a)(ar - - ay).

1,neSCn] 1€SC[n]
ngs

<.
Il

We now claim that

Z a(as)@(aﬁ]) = (a1 an)ls(a)(ar---ajy).
1€5C[n] Jj=1
ngSs
Notice that the claim implies the first equality in (4.3.2). By induction on n > 2. The
left-hand side of the above equation is equal to «(a;)®(az) while the right-hand side is
equal to ®(az)b.(a)(ay). It is easy to show that a(a;) = 0.(a)(a1), and thus the base
case follows. Now, assume that the formula (4.3.2) holds for every integer j < n. Then

we can write

S B b)) = S Blagna) |3 alar)Blayy)

= =1 1jeTClj)
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= Y alas)®lays),
1escn]
ngS
since the fact that n ¢ S implies that the last connected component J, of [n]\S is of the
form {j +1,7+2,...,n} where j € S is the maximal element of S. Therefore our claim

is proved. We conclude then that

bel@)(w) = > alas)®(ay| -lay)

1,neSCn]

= 2 a)]I| X I #taw)
1,n€SC[n] j=1 \m;ENC(J;) Wer;,

= > ala)| [ #aw) |,
TENCipr (n) Wen
1€V W#V

where we used Theorem 4.3.2 in the second equality, and that any irreducible non-crossing

partition 7 € NCj,(n) is characterized by its unique outer block V' 3 1,n and the irre-
ducible components 7y, ..., m, of the non-crossing partition 7\{V}.

The proof of (4.3.3) follows from the previous part by recalling that 6°(a) = 6_s(«).

O

Corollary 4.3.4. Let (A, ) be a non-commutative probability space and consider ® the
character on T(T, (A)) extending ¢. Let k and 8 be the infinitesimal liftings of the free
and Boolean cumulants, respectively. Then the relations 3 = 0.(k) and k = 6°(B) encode

the formulas between free and Boolean cumulants (3.4.14)-(3.4.15).

Proof. Recall that, from Proposition 4.2.8, the half-shuffle logarithms of ® satisfy that
B=0"" =k <D =0,(k)

and k = 0°(8). For a word w = a;---a, € Ty(A), Equation (4.3.2) in Lemma 4.3.3
implies that

Blw) = Ou(k)(w) = Y ] slav),

TENCiyr (n) VET

that is precisely (3.4.14) once that we identify the infinitesimal characters with the cu-

mulant functionals of (A, ¢). Similarly, from (4.3.3), it follows that

pw) =" @)w)= Y ()" ] Blav),

TENCipr (n) Vern

that is precisely (3.4.15). O
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Remark 4.3.5. Let (A, ») be a non-commutative probability space, and consider ® the
character on T(T;(A)) extending ¢ as well as the infinitesimal characters k, 3, p from
Theorem 4.3.2. By using similar ideas as in the proof of Lemma 4.3.3, one can show that

the fixed point equation
exp(p) —e=P—e=D > f=exp’(p) = 0

encodes the formula that writes the Boolean cumulants in terms of the monotone cumu-

lants (3.4.16). Similarly, since
O = (Rk) = E(—K) =+ D! = (—k), (4.3.4)

the equation
exp’(—p) — € = exp”(—p) = (—K)

encodes the formula that writes the free cumulants in terms of the monotone cumulants
(3.4.17). However, the same method does not work for the converse formulas. We recall
that thanks to Theorem 4.2.9, the infinitesimal lifting of the monotone cumulant can be
described in terms of the free and Boolean infinitesimal characters through the Magnus

operator

Nonetheless, the combinatorial formulas obtained by evaluating on a word w = a; - - - a,
are not straightforward. The aim of Chapters 8 and 9 is to obtain the combinatorial
formulas, in terms of irreducible non-crossing partitions, that write monotone cumulants
in terms of free and Boolean cumulants, as well as to have a deeper understanding of the

relations between cumulants from a pre-Lie algebraic point of view.

As another application of Lemma 4.3.3, we can interpret the conditionally free cumu-
lants of a c-non-commutative probability space (Definition 3.6.3) as a particular infinites-
imal character defined by the infinitesimal liftings of the free and Boolean cumulants.

Following [EFP20|, given a c-non-commutative probability space (A, p,), consider
the characters on T'(T4 (\A)), ® and ¥, extending ¢ and x, respectively. Also, consider the
half-shuffle logarithms k1,1, k2,82 such that & = &E.(k1) = &-(f1) and
U = E.(ke) = E-(P2). Now, define the infinitesimal character v on T'(T4 (.A)) by

Y= B <07 =607 (B). (4.3.5)
By Lemma 4.3.3, for a word w = ay - - - a,, € T+ (A) we have that

yw)= > ()" By(av) [] Bilaw),
TENCipr (n) Wen
1ev WEW
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that is precisely (3.6.2) which expresses the c-free cumulants in terms of the Boolean
cumulants of ¢ and . Furthermore, we can recover the definition of c-free cumulants in

terms of non-crossing partitions as in (3.6.1).

Proposition 4.3.6 ([EFP20, Prop. 17]). Let (A, ¢, v) be a c-free non-commutative prob-
ability space and consider ® and U the character on T(T(A)) extending ¢ and x, respec-
tively. If ® = EL(k) = E(B1), ¥ = E(Ba2) and v = 0°(B3,), for a word w = ay---a, €
T, (A) we have

U (w) = Z H v(av) H rwlaw) | - (4.3.6)

meNC(n) Ven Ver
V outer V inner

In other words, the infinitesimal character ~y is the infinitesimal lifting of the family of
c-free cumulants

y(w) =ki(ar, ..., a,),
for any word w = ay - - - a,, € T (A).

Proof. Since v = 0%1(3y) = ® = [y < ®*~1. We can use the shuffle identities to invert
the relation and obtain By = ®~! = v < ® = 0, (). By definition of 8, = L. (¥) as the
solution of the fixed point equation ¥ = € + ¥ > (35, we have that

U(w) = (40 B)(w)

n—1
= Z Z v(av) H slaw) | W(azir - an).
=1 | 7eNCie () Wen
1€V W inner

By doing the same computation on ¥(a;i; - - - a,), we obtain an outer block V/ 3 j+1 of a
non-crossing partition of {j +1,...,n} indexing y(ay-), the inner blocks covered by such
outer blocks indexing a product [[i/ .y x(aw), as well as a factor ¥(aj41---a,) with

J < j'. This process will generate all the non-crossing partitions and produce (4.3.6). [

As we mentioned at the beginning of the section, the series of articles [EFP15, EFP16,
EFP18, EFP19, EFP20| of Ebrahimi-Fard and Patras started a group-theoretical frame-
work for cumulants in non-commutative probability. As a manner of concluding this
section, we mention some recent works, apart from the works leading to the results of
this thesis, which are derived from the shuffle algebra framework for non-commutative

probability.

e Operads of partitions, interacting bialgebras, and moment-cumulants relations. Given

the combinatorial nature of the non-crossing partitions, there are two natural operad
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structures associated to them and studied in the work [EFFKP20]. Each operad provides
a different approach for the moment-cumulant relations in non-commutative probability:
the shuffle-algebraic approach of Ebrahimi-Fard and Patras and the Mobius inversion
approach of Speicher. The authors of [EFFKP20] showed that the two operads interact

through their associated bialgebras, which is compatible with the shuffle structure.

e Operator-valued non-commutative probability via a shuffle algebra approach. A fruit-
ful extension of non-commutative probability is the notion of operator-valued free prob-
ability ([Spe98|). An operator-valued probability space is a triple (A, E, B) where B is a
unital algebra over C, A is a B-bimodule and unital algebra over C, and E : A — B
is a B-bimodule unital algebra morphism. Since, in general, B is non-commutative, a
notion of operator-valued free cumulants with respect to E must be defined by taking
into account the nesting structure of the blocks of a non-crossing partition. In particular,
the shuffle algebra approach for cumulants cannot be used straightforwardly. In the work
[Gil22], the author considered the operad that keeps track of the nesting structure of the
blocks and, by using notions of higher category theory, he constructed an unshuffle bial-
gebra over a certain object in a monoidal category. By constructing the analogue fixed
point equations for the corresponding shuffles, it is possible to recover the operator-valued

moment-cumulants relations.

e Bi-non-commutative probability via a shuffle algebra approach. In the same spirit as
the previous work, the authors of [DGG22| used higher category theory in order to study
two-faced non-commutative probability, introduced first in the free case by Voiculescu
[Voild] with the aim of considering left and right operators at the same time. The idea
of [DGG22] consists in constructing a Hopf monoid, based on certain categories of words,
that allows identifying left or right random variables. The coproduct of the Hopf monoid
can be split, producing the corresponding unshuffle and shuffle structure which can be
used to recover the bifree, biBoolean and bimonotone cumulants as the solutions of certain

fixed point equations.

o Non-commutative Wick polynomials. Wick polynomials and Wick products have
been used in classical probability because of their close relationship with the Gaussian
distribution and the Hermite polynomials. In non-commutative probability, the free and
Boolean analogues have been introduced in the works of Anshelevich ([Ans04]). The ma-
chinery of the shuffle algebra framework for non-commutative probability is capable of en-
compassing the theory of non-commutative Wick polynomials. This is done in [EFPTZ21],
where the authors defined the free Wick maps as an operator W on the double tensor
algebra T'(T, (A)) given in terms of the inverse (with respect to the convolution product)
of the character ® extending the linear functional ¢ : A — C. Similarly, the definitions
of Boolean and conditionally free Wick maps are provided, and relations between them

are studied through the relations in the shuffle algebra approach.

e Formal power series, non-commutative probability and pre-Lie algebras. Recall that
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the moment-cumulant relations can be effectively described using multivariable generating
functions as the R-transform or the 7-transform. The authors of [EFPTZ22] defined
a group law and a Lie product on certain subsets of formal power series and found a
group isomorphism and a Lie algebra isomorphism from the latter subsets to the group
of characters and the Lie algebra of infinitesimal characters, respectively, of the double
tensor algebra over the alphabet N. The isomorphisms allow identifying the infinitesimal
characters associated to cumulants in a non-commutative probability space with their
corresponding multivariable generating functions, establishing a dictionary between the
shuffle algebraic approach of Ebrahimi-Fard and Patras and the classical approach to

cumulants via non-commutative formal power series.



Chapter 5

Shuffle-algebraic Central Limit

Theorems

Algebraic central limit theorems are versions of the central limit theorem stating conver-
gence of moments not requiring any other assumption than the existence of moments.
They have been studied in detail since the works of von Waldenfels [GvWT78, Wal86],
Speicher-von Waldenfels [SvW94] and Schiirmann [Sch86], to name a few. This chapter
aims to show how the central limit theorems enter into the shuffle-algebraic picture for
non-commutative probability theory analyzed in Chapter 4 and consequently obtain new
proofs of the non-commutative central limit theorems.

The first step to explaining central limit theorems in the shuffle picture is to have
an interpretation of the respective additive convolutions for the several notions of non-
commutative independence. Such interpretation is described in Section 5.1. In particular,
Theorem 5.1.2 motivates the conjecture of the central limit theorems via shuffle algebra.
The subsequent two sections provide the shuffle-algebraic versions of the central limit
theorems allowing us to obtain a new proof of such theorems. More precisely, Section 5.2
is devoted to giving the precise statement and proof of the monotone central limit theorem.

In contrast, Section 5.3 exhibits the analogous theorems for free and Boolean cumulants.

5.1 Algebraic interpretation of additive convolutions

Let (A, 1) and (Asg, ¢2) be non-commutative probability spaces. We know from Theo-
rem 3.3.13 that we can construct the respective product space (A, ) for any of the free,
Boolean, monotone and anti-monotone products in such a way that A; and As can be
regarded as independent subalgebras of A with respect to .

Recall that A = A; * Ay is the free product of the algebras A; and A,. Following
the shuffle-algebraic framework for non-commutative probability studied in Chapter 4,
the construction of a product space corresponds, in the language of double tensor alge-
bras, to produce a character ® on T'(T(A)) from the liftings ¢, : T(7%(A;)) — C and

105
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Oy : T(Ty(As)) — C of p; and s, respectively. Observe that ®; can be extended to a
character on T'(T'(A)) by setting ®;(w) = 0 if w contains a letter not in 4;. A similar
situation applies for ®, as well as its infinitesimal characters associated by Theorem 4.3.2.

Motivated by the fact that, in the free and Boolean case, independence is characterized
by the vanishing of mixed cumulants, the candidates for the lifting of the free and Boolean

product are given in the next definition.

Definition 5.1.1 (JEFP19, Def. 29]). Let A be an algebra and consider its double tensor
algebra T'(T;(A)). Moreover, let ®;,®, € G(T(T1(A))) be two characters and con-
sider the corresponding pairs of infinitesimal characters (k1,81) and (kg,82) such that
O = E4(k1) = E(F1) and Dy = EL(ka) = E-(B2). Then we define the left commutative
group law as the map (@1, Do) > O B &y, where ®; B P, is the character on T(T(A))
given by

Q) B Oy := EL(k1 + Ka), (5.1.1)

and the right commutative group law as the map (®1, Py) — &1 W Oy, where 1 W Py is
the character on T'(T%(.A)) given by

(I)l (] (1)2 = 5>(ﬁ1 + ﬁz) (512)

The key idea of the present chapter is the following result in [EFP19], which relates
shuffle group laws on G(T'(T';(A))) with the several constructions of product spaces ex-

posed in Section 3.3.

Theorem 5.1.2 ([EFP19, Thm. 32]). Let (A1, ¢1) and (Asa, ¢2) be two non-commutative
probability spaces and consider its free product A = Ay x Ay (units are identified in the free
case). If @1 and Oy are the liftings of p1 and o, respectively, to characters on T(T(A)),

we have that
1. 1y B @, is the lifting of the free product p; x s : A — C;
2. @1 W Oy is the lifting of the Boolean product o1 ¢ s @ A — C;
3. ®y x Oy is the lifting of the monotone product o1 » o : A — C;
4. @y x Oy is the lifting of the anti-monotone product ¢, € o : A — C.

Proof. We follow [EFP19] to prove the third statement. Let w = ajas - - - a,, an alternating
word, i.e. a; € A;; and ij # i, for any 1 < j < n. For simplicity, we also assume that
n = 2m and a; € A; since the other cases follow analogously. First, by definition of the
half-shuffle products on Lin(T(T(A)), C), we write

Pk Py =Dy < Py 4+ Py = Dy,
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The first term of the right-hand side evaluated on w gives

(I>1 =< <I>2(a1--~a2m) = Z ®1(a3)®2(afl|"'|aJr)

1eSC[2m)]

Z D4 (as) H Dy(ay,),

1eSC[2m)]

where we used that @, is a character. Now, recall that ®;(ag) = 0 if ag is a subword of
w containing a letter in Ay. Since w is an alternating word and a; € A;, then ®y(ags)
may produce a non-zero contribution if and only if S C {1,3,...,2m — 1}. However, if
S is a proper subset, then we have that there is a connected component .J; of [2m]\S
containing an odd number. This implies that ®y(a,;,) = 0 since a,, contains a letter
in A;. We conclude that the only S that may give a non-zero contribution is precisely
S={1,3,...,2m — 1}. Thus

m

D) < ‘1)2(01 to a2m) = @1(61(13 co aszl) H <I>2(a2¢).

i=1
On the other hand, observe that

Oy = Oy(ar---agy) = Z @4 (as) H(I)Z(aJl) =0

1¢5C[2m)

as ®o(ay) =0 for any S Z 1. Therefore
Dy * Py(ar - agm) = Pi(amaz---azm-1) H Dy(azi)

= pi(amaz- - agm-1) H Pa(ag),
i=1
which coincides with the definition of the monotone product ¢; » ¢ : A — C in
(3.3.6). O

One can motivate the definition of the left and right commutative group law in terms of
additive convolutions (Definition 3.5.1). More precisely, let (A, ¢) be a non-commutative
probability space and aV,a® € A be two freely independent random variables. For
i = 1,2, denote A; the unital algebra generated by a'. Since T(T (A;)) C T(T,(A)),
the distribution of a(¥ can be lifted to a character ®; on T(T,(.A)) given by

@i(w):{ olag a. . aan) ifw=a; - a, €Ty (A)

0 otherwise.

Recall that the freeness condition on a® and a® implies the vanishing of mixed cumu-



108 Chapter 5. Shuffle-algebraic Central Limit Theorems

lants, i.e. ky(ai,...,a,) =0 when w = a; - - - a, is a word containing letters from both A4,
and Ay. On the other hand, for i = 1,2, let x; be the infinitesimal character on T'(T;.(A))
which coincides with £(®;) on T(T}(A;)) and with 0 on words that contain a letter not
in A;. By Theorem 4.3.2, ; is the infinitesimal lifting of the free cumulants of a®®, for
i =1,2. Then, it readily follows that

(k1 + K2)(w) =0

when w is a word containing letters from both A; and A;. We conclude that k1 + ko is
the infinitesimal lifting of the free cumulant functionals of the distribution of a® + a(®),
and thus £4(k1 + k2) = &1 B &y is the lifting of the free additive convolution of the
distributions of a® and a(®.

The same discussion can be applied to the Boolean case to show that
E (B + B2) = ®1 W Dy is the lifting of the Boolean additive convolution of the distri-
butions of two random variables. The critical result applied is the equivalence between
independence and the vanishing mixed cumulants conditions for the free and Boolean
case. Moreover, the commutativity of the left and right commutative group laws are ex-
plained by the fact that the free and Boolean products are commutative natural products
as in Definition 3.3.7. Concerning the monotone independence case, one recalls that the
above discussion does not apply. Nevertheless, we know by Remark 3.5.5 that monotone
cumulants satisfy that h,(a+b) = h,(a)+ h,(b) when a and b are two monotone indepen-
dent random variables with the same distribution. This can be interpreted in the shuffle

algebra framework as the fact that

D« O =exp’(p) xexp*(p) = exp*(p+ p)

if ® = exp*(p). In other words, if ® is the lifting of distribution of a random variable a,
then ®*" is the lifting of the distribution of the sum of n monotone identically distributed
random variables aq, ..., a, such that each a; has the same distribution as a. In general,
if U = exp*(p2), then the monotone cumulants of the monotone product ® x ¥ is given
by the Baker-Campbell-Hausdorff formula

P+ W = exp(p1) * exp*(p2) = exp”(BCH(p1, p2))-

The previous interpretation allows us to formulate the non-commutative central limit
theorems in the scope of the shuffle algebra framework of Ebrahimi-Fard and Patras, as
such theorems deal with sums of independent and identically distributed random vari-
ables. In order to introduce the corresponding scaling, we define, for any ¢ € R, the map
Ay T(T(A)) = T(Ty(A)) given by

At(w1| e |w’m) = tlle.“mel(wﬂ T |wm)a
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where |w;| stands for the degree of w; € T (A), i.e. the length of the word w;.
A straightforward consequence of the previous definition is stated in the following

lemma.

Lemma 5.1.3 ([Sch86]). Let A be an algebra and consider its double tensor algebra
T(T(A)). Then, for any &,V € Lin(T(T+(A)),C) and t € R, we have that

(Do) *(PolA)=(PxT)oA,. (5.1.3)
Proof. Let w € T (A). By definition of the convolution product and the A; map, we have

(@oA)* (Wol)(w) = meo ((®oh)®(Wol))oA(w)
= > oty )W ()
— Zt\lelwz\q)(wl)q,(wZ)
=t () W (wy)
= meo (P W) o A(t"w)
= (P*xT)oAy(w),

where we used the linearity of the maps and the fact that A is graded. The general case

wy| -+ - |wy, follows from the fact that A is an algebra morphism. O

5.2 A proof for the monotone central limit theorem

The first ingredient to state a general monotone central limit theorem is to have a precise
candidate for the limiting distribution of the random variables. The univariate central
limit theorems studied in Theorem 3.5.10 share the feature that the limiting distribution
is completely determined by only considering cumulants of order two in the corresponding
moment-cumulants formulas. This motivates the following definition for the multivariate

case.

Definition 5.2.1. Let (A, ) be a non-commutative probability space and (c;;); jer be
an array of complex numbers. We say that the family of random variables {b;};cr C A is

an arcsinal family of covariance (c;;); jer if the joint distribution of the family is given by

1
@(bzl e bin) = Z |n/2" H Cipiqa (521)

TEMa(n) " {p,qter
q

p<
for any n > 1 and iy, ...,4, € I.

It is clear that when the family of random variables consists of a single element {b}

such that ¢(b) = 0 and ¢(b?) = 1, then we obtain the moments of the arcsine distribution
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(Definition 3.5.8). Following [NS06, Thm. 8.17] and taking the above definition of a
candidate for the monotone central limit theorem, we can then state the precise statement

for the multivariate case.

Theorem 5.2.2. Let (A, p) be a non-commutative probability space and consider the
sequence of family of random variables {agi)}ig, {a(;)}ie[, ... C A such that the elements of
the sequence are monotone independent sets and have the same joint distribution, i.e. the
moment p (a,(«il) e afj”)) does not depend of v, for anyn > 1 and iy, ...,1, € I. Assume
that

@(a(i)) =0, foranyr>1andiel.

Then we have that

(@) (i)
ay’ + -+ an d N
( NG >'el —— (bi)ier, (5.2.2)

where (b;)ier is an arcsinal family of covariance given by ¢;; := w(agi)agj)) foranyi,jel.

The proof of the above theorem that we will discuss in the current chapter is based on
the shuffle algebra framework for non-commutative probability. As we discussed in the
previous section (Theorem 5.1.2), monotone additive convolutions of distributions can be
interpreted as the convolution product of the respective characters on T'(T, (A)) associated

1/2 can be treated using

to the distribution. Moreover, the corresponding scaling by n~
Lemma 5.1.3. Thereby, the shuffle-algebraic version of the monotone central limit theorem

can be stated as in the following theorem.

Theorem 5.2.3 (Shuffle-algebraic monotone CLT). Let (A, ) be a non-commutative
probability space. Let {a;}i>1 C A be a sequence of random variables whose distribution
is extended to a character ® on T(T(A)). Also, assume that ®(a;) =0, for any i > 1.
If ¢ is the infinitesimal character on T(Ty(A)) given by

O(a;a;) if w=a;a; for some i,j > 1,

Y(w) = (5.2.3)
0 otherwise,
then
lim @™ oA, 12 = exp™(¥)). (5.2.4)
m—0o0

In particular, @™ o A,,~1/2 converges, as m — oo, to the lifting of the distribution of an

arcsinal family of covariance (q)(aiaj))i,pr

We will provide two proofs of the above theorem. The first proof only relies on a

combinatorial analysis of the iterations of the coproduct A.

Proof. For the sake of notational simplicity, instead of taking a general word a;, - - - a;,, we
can relabel and take the word w = a1---a, € T.(A). Next, note that
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A, -12(w) = m™?w. Also, thanks to Theorem 4.3.2, we want to show that the lim-

iting distribution has monotone cumulants given by the infinitesimal character :

Jim #oA,a(w) = o)) = D2 oo T @)
TEM2(n) ’ {p],)q<}q€7r

The first step is to analyze the terms of the iterated coproduct that will produce a non-
zero contribution when m goes to co. We start by noticing that, for m large enough, we
have that

AM(ay - a,) = Z ag, ®ag, ® -+ ®ag,,, (5.2.5)

where, for each 1 <1i < m, ag, is an empty word, a non-empty subword of w, or a product
of two or more non-empty subwords of w, and the sum is restricted according to certain
combinatorial considerations dictated by the definition of A. Also, every term in the

right-hand side of (5.2.5) produce ®(ag,) - - - ®(as,, ) when we compute d*™.

First, recall the definition of the coproduct A:

A(al"'an): ZaS®GJ1|"'|aJT7

SCln]
where Jp, ..., J,. are the maximal subintervals in [n]\S. Thus, deleting the empty blocks,
we can consider the non-crossing partition {5, Ji,..., J.} € NC(n), where it is clear that,

for any 1 <[ <r, S and J; are not comparable, or else S < J;, i.e. J; is nested in S. For

the second iteration of the coproduct, we compute

ABl(ay - ay) (A®id) o A(as - - ay)

= > as @ (a;ms)| - [(azos) ® ()] [(ame).

SCUC[n)

By the same argument, deleting the empty blocks we have that

7 ={S} U {1 U Iy, e NC(n)

is a non-crossing partition such that every JZU\S is not comparable with J,[ln]\U

JlU\S

or
< J,[L"]\U, for any [,h. Analogously, S is not comparable with V', or S < V, for
any V e m\{S}.

Generalizing the above argument, notice that we can rearrange the terms that produce
the same contribution when computing ™ in the following way: if as, ,...,as, are the

components different from 1 in ag, ® - -+ ® ag,,, and

asi, = aygl--lovg
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where each V7 C [n] defines the subword ays, then the collection of subsets {V} }1<i<n, 1<j<r
defines a non-crossing partition 7 of [n]. Even more, if j < j/ and V¥ and V7' are subsets
of [n] defining a factor of S;; and Sij,, respectively, then V7 and V7' are not comparable
in 7, or V7 < V7 in m. Hence, we have a non-crossing partition 7 € NC(n) together with
a non-decreasing labelling f : 7 — [r] compatible with the partial order structure on
given by the nesting of the blocks. In particular, if each as;, consists of exactly one factor,
we obtain a monotone partition with r blocks.

Now, given a non-crossing partition with non-decreasing labelling obtained as de-
scribed above, we can find (T) terms in the right-hand side of (5.2.5) that produce such
labelled non-crossing partition; this corresponds to determining which of the m compo-
nents of the pure tensor will be the r products of non-empty subwords of w. Notice that
these (T) terms will produce the same value when we compute ®*.

The next step is using the assumption that ®(a;) = 0 for any 4 > 1. This assumption
implies that terms on the right-hand side of (5.2.5), with a component consisting of a
single word of length 1, will give a zero contribution when we compute ®*™. This clearly
implies, by the pigeonhole principle, that r < n/2, and the equality is reached when each
ag;, is a subword of length 2.

The final ingredient is the elementary limit, for any positive integers r < k:

m 1
<r> E lfk:T,
k

0 ifr<k.

Thus, in the limit m — oo, we have the following cases:

e If there is a component as;, that is the product of two or more non-empty subwords,
then 7 < n/2 and the contribution of its associated labelled non-crossing partition
in the limit of (5.2.4) is nllgnoo (™)ym™"/? = 0. Then no term on the right-hand side
of (5.2.5) with a component that is the product of at least two non-empty subwords

gives a non-zero contribution.

o If as; ;- --»as, are all subwords of w, and there is one subword as;, of length 3
or more, then we have that r < n/2, and hence the contribution in the limit is

: m —n/2 _

e The remaining case is when ag, ,...,as, are all subwords of w of length 2. Notice
that this can happen only when n = 2k for some integer k. Then we have that
r =n/2 = k, and the contribution of the labelled non-crossing partition, that is

indeed a monotone pair partition, is equal to lim (}7)m™* = 1.
m—o0 :
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The previous analysis allows us to conclude that

Z % H O(apa,) if n =2k,

TEM2(2k) ’ {p,g}er

: *MM
lim @™o A, 12(ay---a,) = P<q
m—oo
0 otherwise,
as we wanted to prove. O

For the second proof, we will exploit the fact that p commutes with itself, which implies
that ®*™ = exp*(mp) if & = exp*(p).

Alternative proof of Theorem 5.2.5. Once more, assume that w = ay---a, € T\ (A).

Hence, if ® = exp*(p), we have

oo

1
O 0 A,,m1/2(w) = exp(mp) o Ayoae(w) =Y ng*”/Qp*S(w). (5.2.6)
]

From the proof of Theorem 4.3.2 (see also the idea of the proof of the monotone case in

Proposition 6.2.6), we have that

prw) = Y T elar).

TeEMS(n) Ver

Now, let us analyze the terms in the exponential when m — oco. We have the following

cases:

i) If s < n/2, then s — n/2 < 0, which implies that the terms indexed by such s goes

to zero since lim m*™ /2 = (.
m—00

ii) If s > n/2 and 7 € M?*(n), then there must be a block of 7 of size one, namely
V' = {a;}. However, this block indexes the factor p(ay) = p(a;) = ®(a;) = 0, so
that

pew) = T] plaw) =0.

Wen

In this way, any m € M#(n) produces a zero contribution if s > n/2.

Hence, the only value of s such that 7 € M?#(n) may produce a non-zero contribution

to the sum in the right-hand side of (5.2.6) is when s = n/2, i.e. 7 is a pair monotone
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partition. Therefore, we have

*m 1
20 Amra(w) = Zmpﬂw
TeEMa(n

1
= /2] Z H plapag)

reMa(n) {p,g}ter
p<q

1
= m Z H P (apay),

" meMa(n) {p.a}em
p<q

where we used that p(a,a,) = ®(ay,a,) — ®(a,)®(a,) = P(aya,), and the proof is now

complete. ]

Remark 5.2.4. The algebraic version of central limit theorems for coassociative coalge-
bras have appeared in the work of Schiirmann [Sch86, Thm. 2|. The statement of Theo-
rem 5.2.3 can be obtained then from Schiirmann’s result by specializing in the coalgebra
(Lin(T'(T4(A)),C), A, €). However, our deduction of the statement in Theorem 5.2.3 was
independently motivated by the interpretation of the convolution product in terms of

monotone convolution (Theorem 5.1.2).

5.3 A proof for the free and Boolean central limit the-

orems

The same idea of identifying convolutions with the group laws as stated in Theorem 5.1.2
also drives to the corresponding statements for the free and Boolean central limit theorems.

In other words, we should expect that

lim (I)EEm o Am—l/‘z = (C:< (1/)) and lim (IDL*”” @) Am*1/2 = 5> (¢),

m—0o0 m—00

where v is the infinitesimal character defined in the statement of Theorem 5.2.3. In this
section, we will show that the previous relations are true, providing the shuffle-algebraic
version of the central limit theorems for free and Boolean cumulants.

First of all, we shall need the free and Boolean analogues of Definition 5.2.1. The
free analogue can be found in the study of the classical and free central limit theorems
exposed in [NS06, Lec. 8.

Definition 5.3.1. Let (A, ¢) be a non-commutative probability space and (c¢;;); jer be an
array of complex numbers. We say that the family of random variables {s;};,c; C A is an

semicircular family of covariance (ci;)ijer if the joint distribution of the family is given
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by

P(siy -+ 8i,) = Z H Cipigs (5.3.1)

meNCa(n) {p,q}er
p<q
for any n > 1 and iy, ...,%, € I.

For the Boolean case, notice that the set of pair interval partitions of [n] is Intg(n) = () if
n is odd and Inty(2k) = {{{1,2},{3,4},...,{2k —1,2k}}}. The corresponding definition

of the Boolean limiting distribution is the following.

Definition 5.3.2. Let (A, ) be a non-commutative probability space and (c;;); jer be an
array of complex numbers. We say that the family of random variables {d;};c; C A is an

Bernoulli family of covariance (¢;;); jer if the joint distribution of the family is given by

k
Cioi_ 14043 if n= 2](3,
o(diy -+ d;,) = 31;[1 R (5.3.2)

0 otherwise,

for any n > 1 and 4y,...,4, € I.

The next technical lemmas describe the iterated half-shuffle products of the infinites-
imal liftings of the free and Boolean cumulants. They are indeed a refinement of Theo-
rem 4.3.2 since they show that the term of order s in the half-shuffle exponentials yields

the non-crossing partitions with s blocks in the corresponding moment-cumulant formulas.

Lemma 5.3.3. Let A be an algebra. For a character ® € G(T(T.(A))), consider the
infinitesimal character k such that ® = E4(k). Let w = a;---a, € A®", and take a

non-empty subset S C [n]. Then, for s > 1

K ag | lag) = Y [ #n(as), (5.3.3)

mENC(J;) =1
1<i<r
1|4t |=s
where {J1, ..., .} is an interval partition of S of r subintervals ordered increasingly ac-

cording to their minimum element.

Proof. The proof will be done by induction on s > 1. The base case s = 1 is easy to see:
since £ is an infinitesimal character then x=*(ay,|---]ay.) = 0 if 7 > 2 and the only par-
tition of S with one block is precisely {S}, which yields k¥ (ag) = 2 reNC(S),fxj1 i (as)-

Now, we assume that the formula holds for s. We will prove the result for s + 1.
Indeed, let S C [n] and take an interval partition {J,...,J,} of S as described in the

statement of the lemma. Recall that x¥**! = k < k=%, Thus we can compute

<s+1( (k < 548)(GJ1| ce |aJ7-)

R ] lag,)

meo (k@ K)o Ay - lay,).
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Let us analyze A_(ay,|---|ay,). First, according to the definition of the unshuffle bialge-
bra structure on T'(T;(A)), we have that

As(an ] -las,) = As(an)A(ag,) - Alay,). (5.3.4)

Now, recall that

A-<(a-]1) = E : ay @ aJZ?
UCJy
min(J;)eU

where a ;v is the product of subwords if a, indexed by the maximal subintervals of J;\U.
1

In particular, the sum defining AL(ay,) contains the term a;, ® 1 but does not contain

the term 1 ® ay. On the other hand, the definition of A(ay,) involves all the subsets of

Jj, so the expansion of A(ay,) contains the term 1 ® a,.

Now, observe that the fact that x is an infinitesimal character implies that a term
in the expansion of AL (ay)A(ay,) - Aay,.), such that its first component is a product
of two or more subwords, will produce a zero contribution when evaluating on xk ® xK=°.
Recalling that A-(ay,) gives a non-empty subword in the first component, the only terms

that may produce a non-zero contribution are

ay azu |aj,|---|aj,.
@ aylag) |

UC
min(J;)eU
Hence we have
K ag ] lay) = > Klav)w™(agy lap| -+ las,)-
UCh
min(J;)eU
Now, since the Jf/l = {X1,...,X,} stands for the collection of maximal subintervals of
Ji\U, then one can readily check that Jf,]l U{Ja,...,J;} is an interval partition of S\U.
Therefore, we can apply our induction hypothesis on £7*(a,v |az,|- - |a;,) and obtain:
1

gl lan) = Y ”“"”( > [1w (e [ v <axj>>'

UCJy T, ENC(J;),2<i<r
min(J1)eU 0ENC(X;),1<j<p
|o1|+A+|op|+|m2 |+ +|m|=s

Observe that, according to the definition of A, every X is an interval in J1\U, so that
{U}Uo1U---Uo, is a non-crossing partition of .J; such that U is an outer block containing
min(J;). Finally, we observe that there is a bijection between NC(J;) and the set of tuples
(U,01,...,0p), where min(J;) € U C J; and if X3,..., X, are the maximal subintervals
of J1\U, ordered increasingly according their minimal elements, then o; € NC(X;) for

any 1 <4 < p. This bijection implies that we can rearrange the above sum and conclude
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that
-
<s+1 —
K (anl--las) = E H fim (@1,),
mENC(S) =1
1<i<r
|71 4| | =s+1
as we wanted to prove. ]

The Boolean counterpart of the previous lemma can be proved by doing a similar
analysis as in the proof of the previous lemma. Nevertheless, we will notice that the
computations are simpler than in the free case since the products of words a Jy are directly

1

evaluated on the infinitesimal cumulant f.

Lemma 5.3.4. Let A be an algebra. For a character ® € G(T(T4(A))), consider the
infinitesimal character B such that ® = E.(B). Let w = a;---a, € A®", and take a
non-empty subset S C [n|. Then, for s > 1

B (an|lay) = > ][ Bnlan), (5.3.5)
m€nt(J;) =1
1<i<r
|71l |=s
where {J1,...,J.} is an interval partition of S of r subintervals ordered increasingly ac-

cording to their minimum element.

Proof. We proceed similarly to the proof of Lemma 5.3.3 by induction on s > 1. The
base case s = 1 from the fact that [ is an infinitesimal character as in the proof of the
previous lemma.

Now, we assume that the formula holds for s. We will prove the result for s 4 1.
Indeed, let S C [n] and take an interval partition {Ji,...,J,} of S as described in the

statement of the lemma. Since 375! = 37¢ = 3, we have

B |- lag,) (87 = B)anl---las,)
= mco (B ®P) oA (an|-las,)

meo (877 ® B) o Ay (ay)A(ay) - Alay,).

By definition of A., the expansion of A, does not contain the term a; ® 1. Then
every pure tensor in the expansion of A, will have a non-empty word in the second
component. Since [ is an infinitesimal character, the only terms that may produce a

non-zero contribution are

> avlag]---lay, ®ay.
UCJy
min(J1)gU

Again, because f is an infinitesimal character, we will need that a gy is a word for a
J1
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non-zero contribution. Then, the above sum can be restricted even more as:

m—1

Z%H g lag| o lag, ® ag cag,
j=1

where we have written J; = {i; < --- < 4,,}. Hence we have

m—1
6>s+1(a-71| e |aJ1‘) = Z ﬁ>s(a’ij+1 e aim|a‘J2| e ‘afr)ﬁ(ah e a’ij)'
j=1
Moreover, we can check that {{¢j11,...,%m},J2,...,J;} is an interval partition of
S\{i1,...,4;}. Thus we can apply the induction hypothesis and conclude in the same

way that in the free case:

m—1 r
B ay |- -lay) = ( Z 50((%_“...aim)Hﬁm(%)>ﬁ(ail...%>
j=1 EIt({ij41,yim}) i=2
nglniz]j;)lﬂgzgj
lo|+|m2 |+ +|mr|=s

z Hﬂﬂ’i(ali)'

i €Int(J;) =1
1<i<r
[z [ |[=s4+1

To prove our next result, notice that the statement in Lemma 5.1.3 is also true when
we replace the convolution product * by each of the non-associative half-shuffie products
< and >. The advertised shuffie-algebraic central limit theorems are then finally stated

as follows.

Theorem 5.3.5 (Shuffle-algebraic free and Boolean CLT). Let (A,¢) be a
non-commutative probability space. Let {a;}i>1 C A be a sequence of random variables
whose distribution is extended to a character ® onT(T}(A)). Also, assume that ®(a;) = 0,
for any i > 1. If ¢ is the infinitesimal character on T (T} (A)) given by

(asa;) if w=a;a; for some i,j>1,

Y(w) = (5.3.6)
0 otherwise,
then
lim @ o A, 12 = EL(1). (5.3.7)
m—00

In particular, ®F™ o A, 1,2 converges, as m — oo, to the lifting of the distribution of a
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semicircular family of covariance (@(aiaj))ipl. Moreover
lim ®“™" o A, _1/2 = & (V). (5.3.8)
m—00

In particular, ®¥™ o A,,—1/2 converges, as m — oo, to the lifting of the distribution of a

Bernoulli family of covariance (@(aia]—))ipl.

Proof. We will only prove the free case since the Boolean case follows similarly. As in the
alternative proof of Theorem 5.2.3, we can take the word w = a; - - - a, € A®". Note that

by Theorem 4.3.2, we have to show that

nlgrg)o Mo A, e (w) = E<(¥ E H O (ayay).
TENCa(n) {p,q}em
p<q

Since the group law B on G(T(T(A))) is commutative, if £ is the infinitesimal character
such that ® = £.(k), then ®¥" = £_(mk), for any m > 1. On the other hand, the
definition of the half-shuffle exponential yields

E(mk) = e+ mr +m?k < k+m’k < (k < K) + —e—l—mei
s>1
where k™1 = k < £7% for any s > 1. By evaluating in A,,,—1/2(w) and using Lemma 5.3.3,

we have the following computation, for any m > 1:

PEM o A, 1 (w) = Eo(mr)(m ™ ?w)

_ stin/Q,‘i{S(w)

s>1

n
(Lemma 5.3.3) .
na E ms n/2 § : If-n-(w)
s=1

TENC*(n)

where NC?(n) stands for the set of non-crossing partitions on [n] with exactly s blocks.

As in the alternative proof of Theorem 5.2.3, we have that the only index s such that

7w € NC*(n) may produce a non-zero contribution when m — oo is s = %, i.e. 7 is a pair

2 )
non-crossing partition. Therefore we have

OEM o A, ip(w) = Z Kr(w)

TENCa(n)

> ]I #lae)

TENCa(n) {p q}Eﬂ'

Z H D (a,aq),

TeNC2(n) {p,q}em
p<q
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where we used that k(aya,) = ®(apa,) — ®(a,)®(a,) = ®(aya,). This completes the proof
for the free case.
The proof of the Boolean central limit theorem follows in a similar way by replacing

H, k, <, NC and Lemma 5.3.3 by W, 8, >, Int and Lemma 5.3.4, respectively. O

We finish this chapter by remarking that the shuffle-algebraic free and Boolean CLT
proved in Theorem 5.3.5 do not follow directly from [Sch86, Thm. 2]. The reason is simple:
the half-unshuffle coproducts A and A, are not coassociative; instead, both coproducts

satisfy the unshuffle relations stated in Definition 4.1.7.



Chapter 6

Infinitesimal Non-commutative
Probability via Shuffle Algebra

Variations and extensions of free probability have arisen from theoretical and applied
problems. In this chapter, we will study the extension known as infinitesimal free prob-
ability. Roughly speaking, infinitesimal free probability arises from considering an ad-
ditional linear functional ¢’ on the space (A, ¢) that can be thought of as the formal
derivative of ¢. Our objective in this chapter is to extend the shuffle algebra framework
for non-commutative probability studied in Chapter 4 in order to encompass the infinites-
imal analogue of non-commutative probability and, consequently, understand and obtain
results in such theory.

More precisely, the present chapter is organized in the following way. In Section 6.1, we
introduce the notions of infinitesimal non-commutative cumulants. We start the discussion
with the infinitesimal free case studied in detail in [FN10]. Following the same idea, we
present the corresponding definitions of infinitesimal Boolean and infinitesimal monotone
cumulants, which correspond to a particular case of the differential cumulants introduced
in [Hasl1]. The principal idea is to consider cumulants as linear maps to a particular
commutative algebra G. Then, in Section 6.2, we extend the shuffle-algebraic framework
for non-commutative probability of Section 4.3 with the objective of encompassing the
infinitesimal cumulants. In particular, we show that the infinitesimal cumulants are also
infinitesimal characters, and we find several shuffle-algebraic formulas that characterize,
in a non-trivial way, the infinitesimal moment-cumulant relations (Theorem 6.2.7). Af-
ter that, in Section 6.3, we apply the aforementioned extension of the shuffie-algebraic
framework to obtain combinatorial formulas that relate the different brands of infinitesi-
mal cumulants. Finally, Section 6.4 is devoted to studying the infinitesimal analogue of
the Boolean Bercovici-Pata bijection. In particular, we prove, via shuffle-algebraic tech-
niques, that the algebraic version of the semigroup property of [BN0O8b| also holds in the

infinitesimal case.

The main results described in this chapter, as well as the ideas for their proofs, are

121
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based on the work [CEFP21].

6.1 Infinitesimal non-commutative cumulants

Infinitesimal free independence is a concept introduced in the work of Belinschi and
Shlyakhtenko [BS12| following the previous work of Biane, Nica and Goodman [BGNO03].
The idea in [BGN03| consisted of creating a non-commutative probability theory where
the role of the non-crossing partitions is taken by the non-crossing partitions associated
to Coxeter groups of type B. More precisely, they defined a notion of free independence
of type B and the corresponding notion of free cumulants of type B in such a way that
free independence of type B is characterized by the vanishing mixed cumulants of type
B. The subsequent work [BS12| consists of compressing the definitions in such a way that
an additional linear functional on a non-commutative probability space (A, ¢) can be
regarded as the derivative of ¢, arising then the notion of infinitesimal free independence.
This theory has recently drawn attention due to its application in random matrix theory,
more specifically, in the study of outliers in the spectra of random matrix models with
finite rank perturbations [Sh118].

We start by formally stating the precise definition of an infinitesimal space.

Definition 6.1.1 (Infinitesimal non-commutative probability space). We say that the
triple (A, ¢, ¢’) is an infinitesimal non-commutative probability space if (A, p) is a non-

commutative probability space and ¢’ : A — C is a linear functional satisfying ¢'(14) = 0.

The motivation of the previous object came from the notion of free independence up
to order t with respect to a family of linear functionals {¢; : A — C}iso from [BS12].
This notion can be translated by considering the limiting functionals ¢ = lim; ¢ ¢; and
¢ =limy (e — ) /t. In the subsequent work [FN10], the authors extract the concrete

conditions on ¢ and ¢’ to state the following definition.

Definition 6.1.2 (Infinitesimal freeness ([FN10])). Let (A, ¢, ¢’) be an infinitesimal non-
commutative probability space. Let Ay, ..., Ay be unital subalgebras of A. We say that
Ay, ..., A are infinitesimally free if the following holds: for n > 2, any sequence of indices
i1,...,4, € [k] such that 4; # 7,41 for 1 < j < n, and elements a1 € A;,,...,a, € A,

such that p(a;) =0 for j =1,...,n, the following is satisfied:

¢ (agen ) TIS "

2. ¢ (ar---an) = forj=1,...,(n—1)/2,

@(ajanﬂ,j) if n is odd and ’L] = in+17j

0 otherwise.
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In the work [FN10], the authors introduced a suitable notion of cumulants so that in-
finitesimal freeness is characterized by the vanishing of mixed free cumulants and infinites-
imal free cumulants, analogously to Theorem 3.4.20. Roughly speaking, infinitesimal free

cumulants arise by taking formal derivatives of free cumulants.

Definition 6.1.3 (Infinitesimal free cumulant functionals). Let (A, ¢, ¢’) be a non-
commutative probability space. The infinitesimal free cumulants form the family of mul-

tilinear functionals {k/, : A — C},;>1 recursively defined by the following formula:

Plar-an) = Y > Kyar,.. . anlV) ] kwi(an,... anW), (6.1.1)

TeNC(n) Ver Wem
WEV
for any n > 1 and a4, ...,a, € A, where {k,},>1 stands for the family of free cumulant

functionals of (A, ¢).

Remark 6.1.4. It is possible to show that the infinitesimal free cumulant-moment rela-
tions can be written as a sum indexed by the so-called non-crossing partitions of type B
([BGNO03]). Hence, in some sense, one can have an analogous free probability theory of

type B.

The key idea of the work [FN10] is that the functionals ¢, ¢ of an infinitesimal non-
commutative probability space can be jointly considered as a linear map ¢ from A to the

following commutative algebra.

Definition 6.1.5 (Grassmann algebra). The Grassmann algebra is the vector space
G={z+hy :z,ycC}=CaC
endowed with the product
(x + hwy)(u+ ) = zu + A(zv +yu), Va,y,u,v e C. (6.1.2)

Remark 6.1.6. It is easy to see that G is isomorphic to C[[A]]/(h?). In other words,
the multiplication of G is the same as the multiplication on formal power series with

parameter i under the restriction that h? = 0.

Now, given an infinitesimal non-commutative probability space (A, p,¢"), we define
the map
p=p+h: A—G.

It is clear that ¢(14) = @©(14) + h¢'(14) = 1g. Moreover, since G is a commutative
algebra, we can think of the triple (A, ¢, ¢') as a space (A, @), where we can define the G-
valued free cumulants as the family of C-linear maps {]fcn : A — G},>1 implicitly defined
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by the relations

@(a1~--an): Z H];:M(al,...,an\V),

TeNC(n) Ver
for any n > 1 and ay, .. .,a, € A. Observe that the product on the right-hand side of the
previous equation is the product in G given by (6.1.2). According to such product rule,

it is easy to obtain:

Proposition 6.1.7 ([FN10, Prop. 4.5]). Let (A, ¢, ¢’) be an infinitesimal non-commutative
probability space, and consider the associated G-valued free cumulants {ifn}nzl- If
127(11)7157(12) : A" — C are the multilinear functionals such that k, = Y+ hl;,(?), then
Y =k, and kP = k!, for anyn > 1.

Following the same philosophy of taking formal derivatives, we find motivation for

infinitesimal cumulants for the other types of non-commutative independence.

Definition 6.1.8 (Infinitesimal Boolean cumulant functionals). Let (A, ¢, ¢’) be an in-
finitesimal non-commutative probability space and let {b, : A" — C},,>1 be the Boolean
cumulant functionals of (A, ). The infinitesimal Boolean cumulants are the family of

multilinear functionals {b],: A" — C},>; recursively defined by

Oay--ay) = Z Zbiv‘(ah...,anW) H bwi(ar, ..., a,|W), (6.1.3)

w€lnt(n) Ver Wen
W#V

forany n > 1 and ay,...,a, € A.

As in the free case, we can consider the G-valued Boolean cumulants as the family of
C-linear maps {b, : A — G} implicitly defined by

Play - ay) = Z l;ﬂ(al,...,an),

w€lnt(n)

for any n > 1 and ay,...,a, € A. It turns out that by = by + Rb,, for any n > 1,
where {b,},>1 and {¥),},>1 are the Boolean and the infinitesimal Boolean cumulants,
respectively. In particular, taking the h-coefficient in the formula for b, in terms of the

moments given by Mébius inversion, we have

Var,. . an) = > (=DM ol (ar . anlV) T ewilan, .. anW), (6.1.4)

w€lnt(n) Ver WV[//i‘T;

for any n > 1 and ay,...,a, € A, where, as before, {¢}, : A" — C},>; is the family of

multilinear functionals defined by ¢/ (ay,...,a,) == ¢'(a; - - ay).

Remark 6.1.9. One could use the definition of infinitesimal Boolean cumulants to obtain

a candidate for a notion of infinitesimal Boolean independence in such a way that it is
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characterized by the vanishing mixed cumulants and infinitesimal cumulants condition.
More precisely, let (A, ¢, ") be an infinitesimal non-commutative probability space, and
Ai, ..., Ay, be (non-unital) subalgebras of A. Consider also the G-valued Boolean cumu-
lants {b,: A — G},>;. Then, we assume the vanishing mixed cumulants condition for
the Boolean cumulants {b,},>1 and the infinitesimal Boolean cumulants {¥,},>1 holds,
Le.

bo(ai,...,a,) =0 and b (a1,...,a,) =0,

if there exists two indexes 1 < s < r < n, with n > 2, such that a, € A; ,as € A;, and
i # iy,

We want to find some conditions for ¢ and ', which are equivalent to the vanishing of
mixed cumulants. Let n > 1 and take elements a; € A;,,...,a, € A;,, where iy,...,1, €
[m] and i; # i;41 for 1 < j < n. Since we are assuming the vanishing mixed cumulants
condition for b, and ¥/, the unique partition = which does not give a zero contribution in

the G-valued moment-Boolean cumulant formula

Gular, ... an) = > balar,... an), (6.1.5)
w€lnt(n)
is the minimal partition 0, = {{1},{2},...,{n}} € Int(n). Thus, by using that
@(a) = by(a) for any a € A:

welnt(n)
= bon(al, ey (In)
= by(ay)---bi(ay)
= @(a1) - @lan).

Recalling that ¢ = ¢ + Ay, we have that ¢(a;---a,) = @(a1) - - P(ay) is equivalent to

the conditions

plar---ay) = plar) - plan), (6.1.6)
<)0/((11"'0471) = Z‘pl(aj)nw(ar)a (617)
j=1 r=1
r#j
forany n > 1 and ay € A;,,...,a, € A;,, with i; # i;4; for 1 < j < n. Furthermore,

notice that condition (6.1.6) is precisely the definition of Boolean independence.

Definition 6.1.10. Let (A, ¢, ¢') be an infinitesimal non-commutative probability space.
Consider Ay, ..., A,, subalgebras of A. We say that A, ... A, are infinitesimally Boolean
independent if for each n > 1 and any sequence of indices iy,...,i, € [m] such that
i; #4541 for j =1,...,n — 1, and elements a; € A;,,...,a, € A;,, we have that (6.1.6)
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and (6.1.7) hold.

Remark 6.1.11. From Remark 6.1.9, we have that the vanishing mixed Boolean and in-
finitesimal Boolean cumulants conditions imply infinitesimal Boolean independence. The
converse is also true. The proof follows similar ideas that the proof Thm. 11.16 in [NS06]
for free independence. It is worth noticing that the product as argument formula for free
cumulants ([NS06, Thm. 11.12]) also holds for the case of Boolean cumulants [FMNS20,
Prop. 2.12].

The same considerations can be taken into account in order to define the infinitesimal

analogue of monotone cumulants.

Definition 6.1.12 (Infinitesimal monotone cumulant functionals). Let (A, ¢, ¢') be an
infinitesimal non-commutative probability space, let {h,,: A" — C},>1 be the correspond-
ing monotone cumulant functionals. The infinitesimal monotone cumulants are the family

of multilinear functionals {h],: A" — C},>1 recursively defined by

1
Phlar,...an)= Y WZh"V‘(al,...,a“V) IT hwitar, ... anw),  (6.1.8)

TEM(n) Ver M‘/I//ig

for any n > 1 and ay,...,a, € A.

Remark 6.1.13. It is important to mention that the notions of infinitesimal Boolean cu-
mulants, infinitesimal Boolean independence, and infinitesimal monotone cumulants were
previously defined by Hasebe in his work [Hasl1]. In this paper, the author introduced
the notion of differential cumulants for the natural independence notions, as well as a
higher-order generalization. Roughly speaking, Hasebe considered formal power series
valued linear mappings ¢, : A — C[[t]] and defined the notion of differential independence
according to the usual recipes for natural independence in the context of power series.
In the present chapter and [CEFP21]|, we only considered the first-order differential cu-
mulants, i.e. the infinitesimal cumulants, in order to show an application of the shuffle

algebra framework for non-commutative probability.

In order to simplify the notation when writing the infinitesimal moment-cumulant re-
lations, let us introduce the following notation following [Min19]. Consider two sequences
of multilinear functionals {f, : A" — C},>; and {f], : A* — C},>1. For any n > 1,
m € NC(n), and a4, ..., a, € A, we denote

Ofs(ar, ... an) = > fllar,...,anlV) ] fiwilar, ..., anW). (6.1.9)
Ver Wen
W4V

In particular, according to the product rule in G, if fn = fo+hf] for each n > 1, we have
that

falar, ... an) = folay, ... a,) + ROfz(ay,. .., a,). (6.1.10)



6.2. Infinitesimal moment-cumulant relations 127

Therefore, the infinitesimal moment-cumulants relations (6.1.1), (6.1.3) and (6.1.8)

simply write, for any n > 1 and a4, ..., a, € A:
Plag--a,) = Y Okelar,. . an), (6.1.11)
TENC(n)
Ylay--ay) = Z bz (ay, ..., a,), (6.1.12)
w€lnt(n)
1
Play--a) = > W@hﬁ(al, ). (6.1.13)
TEM(n) ’

6.2 Infinitesimal moment-cumulant relations

This section aims to develop the shuffle machinery to treat infinitesimal cumulants. We
start by fixing an infinitesimal non-commutative probability space (A, p,¢’). We will
consider the double tensor algebra extension of (A, ¢), i.e. the Hopf algebra T(T}(.A))
and the character ® : T(T', (A)) — C given by

O(ar---am) = plar-- - am),

for any word ay -+ - a,, € T4 (A) (recall that the argument in ¢(a; - - a,,) stands for an
element in A originated by the product on the algebra A of the elements ay, ..., a, € A).

Motivated by the manner in which the infinitesimal cumulants arise, we would like to
consider a C-linear map ® : T(T,(A)) — G such that & = & + id’, where
o' : T(T(A)) — C is linear defined in terms of ¢ and ¢'.

Recall that the Grassmann algebra G is commutative. In particular, by the discussion
at the end of Section 4.2, the statements of the results in Section 4.2 are valid when
considering a commutative algebra A instead of the ground field C. Thus, denote by Gg
the group (under the convolution product *) of characters in Lin(T(T(A)), G).

Now, consider a character ¥ = W 4+ bW € Gg. If wy, wy, € T(T}(A)), then we have

?

\I/(wl\wg) + h\I!’(wl "LUQ)

(wi|ws)
U (wn) ¥ (ws)
(W(wi) + AW (wr)) (W(wz) + AV (w2))
W ()W (1) + AW ()W (15) + ¥ (w1 W () ).

The previous computation drives the following definition.

Definition 6.2.1 (|[CEFP21]). Let ¥’ € Lin(T(T(A)),G). We say that ¥’ has the
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Leibniz-type property if ¥/(1) = 0 and

m

W (wyfwa] -+ |wm) =Y V' (wy) [[ @ wy), (6.2.1)

i=1 i
for any wy, ..., wy € T(Ty(A)).
It is clear then that ¥ € Gg if and only if ¥ € GG and ¥’ has the Leibniz-type property.

In particular, by considering ® to be the lifting of ¢ and &' : T(T,(A)) — C is the linear
functional defined by the recipe

D (ay - ap) =@ (a1, am), Yay,...,am € Am>1

and satisfying the Leibniz-type property, we arrive to a character ® = ®+hd’ € Gg, that
we will call the G-valued lifting of ¢ and ¢'.

We recall again the fact that the constructions in Section 4.2 work when we replace C
by G. In particular, we have the following products for f,§ € Lin(T(T(A)),G):

f*g = mGO(fN®§)OA,
f‘<§ = mGo(f®§)oA<7
f=3 = meo(f®g)oA,,

where mg stands for the commutative product in G and AL, A, are the half-unshuffle
coproducts on T(T(A)). The products <, > endow Lin(7(7}(A)),G) a unital shuffle
algebra structure. In particular, the exponential exp* and half-shuffle exponentials £,

E. are also defined in the G-valued context.

Remark 6.2.2. Notice that we are using the same notation for the half-shuffle products
on the shuffle algebras Lin(T(T'+(A)), C) and Lin(T(7T(A)), G). However, it will be clear

from the context which half-shuffie products we are referring to.

Remark 6.2.3. Let f,§ € Lin(T(T, (A)),G). If we denote f, ', g, ¢’ € Lin(T(T.(A)),C)
the unique linear functionals such that f = f + hf’ and § = g + hg/, then it is easy to see
that

frg=fxg+h(f+gd +f *9g)

where, in the right-hand side, * stands for the convolution product on Lin(7(T,(.A)),C).

Furthermore, if we assume that f is invertible with respect to *, then we can compute

f*—l _ f*—l _ h(f*—l * f/ * f>|<—1)7

where f*~! stands for the inverse of f with respect to the convolution product on

Lin(T(T}, (A)), C).
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Due to its importance in this section, we state the G-analogue of Theorem 4.2.6. For
this, recall that Gg is the group of characters on Lin(T(T,(.A)),G). In addition, denote
by gg the Lie algebra of infinitesimal characters on Lin(T(T(A)), G).

Proposition 6.2.4 ([CEFP21, Prop. 4.1]). For ® € Gg a character, there exists a unique
triple of infinitesimal characters (i, 3, ) € g2 such that

b = exp*(p) = £(R) = & (). (6.2.2)

The infinitesimal characters i cmdﬂ~ are the unique solutions of the fized point equations

d=c+i<® and P=e+d = f, (6.2.3)

respectively, where € € Gg 1is such that é(w) = 0 for any T, (T (A)). Conversely, given
& € gg then exp*(a), E4(q), & (a) € Gg.

We can observe that the fixed point equations described in the above theorem can be
equivalently written as pairs of fixed point equations on the C-valued case. More precisely,

(6.2.3) are equivalent to

P=c+r<P, P=K<P+r=<9P (6.2.4)
D=t dx8, O=0»f 1+ =4 (6.2.5)
where k, 3, K/, ' € Lin(T(T(A)),C) are such that & = x + hx’ and § = 8 + hf3. Indeed,

it is easy to check that if & is an infinitesimal character, then k, s’ € g. Moreover, notice
that

P+hd = & = é+r<D
e+ (k+ hr') < (P + hd')
(e+Kr<P)+hk <P +K <)

Comparing both components, we obtain (6.2.4). In particular, the fixed point solution
of (6.2.3) is of the form & = k + hx/, where x stands for the infinitesimal lifting of
the free cumulants. We will then show that &’ is precisely the infinitesimal lifting of the
infinitesimal free cumulants and the analogue results for the Boolean and monotone cases.

This corresponds to the G-valued analogue of Theorem 4.3.2

Remark 6.2.5. The reader should not be confused by the use of the adjective “infinites-
imal” in this chapter since it appears in two different contexts: on the one hand, we have

infinitesimal characters that are a certain type of linear forms on a double tensor algebra;
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on the other hand, we have infinitesimal cumulants that are families of multilinear func-
tionals on a non-commutative probability space with an additional functional ¢’. Thus,
it makes sense, for instance, to talk about the infinitesimal character of the infinitesimal

free cumulants on (A, ¢, ¢').

Proposition 6.2.6 ([CEFP21, Prop. 4.2, 4.5]). Let (A, ¢, ¢") be an infinitesimal non-
commutative probability space and consider ® € Gg the G-valued lifting of ¢ and ¢'. Let

(%, B, p) be the triple of infinitesimal characters in gg given in Proposition 6.2./, and write

k=r+hw', B=B+08", p=p+hp.

Then k', and p' are the infinitesimal liftings of the infinitesimal free, infinitesimal

Boolean and infinitesimal monotone cumulant functionals of (A, ¢, "), respectively:
K(w) =k (a1,...,a,), B(w)=0b,(a1,...,an), pw)="h,(a,..., a),

for any word w = ay - - - a, € A®™.

Proof. Following the philosophy of [FN10], the results about infinitesimal cumulants can
be obtained by proving the analogue result in G-valued case instead of the C-valued case
and concluding by taking the fi-coefficient. Using the fact that the results of Section 4.2
are also valid in the G-valued case, we can adapt the proof of Theorem 4.3.2 to obtain
the proof for the infinitesimal case. Let us elaborate on the Boolean case since the free

case can be obtained from the proof that we studied in Theorem 4.3.2.

The proof is by induction on n. The base case n = 1 trivially follows. For the
inductive step, assume that the result is true for words of length smaller than n. From
the definition of the right half-unshuffle coproduct A, and (6.2.5), we obtain, for any
word w = ay - - - a, € T4 (A):

' (w)
P - f'(w) + " - B(w)
> ®as)B () + > ¥(as)B(af)

on(ag, ..., an)

1¢SC[n) 1¢SC[n]
n n—1
= Z 5’((11 Ce. am)q)(am+1 Cee an) + Z 5(a1 Ce. am)q)/(am+l R an)’
m=1 m=1

where in the last equation we used that both § and 8’ are infinitesimal characters, and
the fact that ®'(1) = 0. Recalling that [ identifies with the family of Boolean cumulants,
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we can use the Boolean moment-cumulant relation and the inductive hypothesis to obtain

Z /Bl(a/l e am)@(am-ﬁ-l e an) = ,Bl(a/l cee an)
m=1

n—1
+Y (a1, an) > T bvi(amsr, - anlV)
m=1 welnt({m+1,...,n}) V€T
= Blar-an)+ Y bylan,. .. anVi) [ bwilar, ... anW),
w€lnt(n) Wen
£l W#Vi

where V) denotes the block in 7 containing 1. On the other hand, we can use the inductive

hypothesis to write

n—1 n—1
> Blar- - )P (@mir - an) = Blay---am) > > Blav) I] Blaw)
m=1 m=1 went({m+1,...,n}) Ver Wen
W#V
— Y S e sanl¥) TT bufasee ),
m€lnt(n) Ver Wen
V#Wi W#V
Combining the two sums above, we obtain
on(ar, ... an) =B (a1 -a,) + Z Obr(ar,. .., a,). (6.2.6)

w€lnt(n)
T#ly

Finally, by comparing with (6.1.12), we are able to deduce that '(w) = ¥ (a1,...,a,).
By induction, we conclude that ' is the infinitesimal lifting of the infinitesimal Boolean

cumulants {0, },>1.

The next step is to prove the monotone case. Consider any word w = ay---a, €
T,.(A). By induction on n. Once more, the base case n = 1 trivially follows. Now
assume that the result is valid for any words of length smaller than a certain n. Using

the definition of the convolution exponential map in the G-valued case, we have
> 7\ xk
F o * / _ (p + hp)
® =exp’(p+hp) = ZT
k=0

e k

1 * *(m— *(K—m
Em<pk+h<§ p D s pf e pr B >>) (6.2.7)
k=0 m=1

We will compute the evaluation on a word w = ay -+ - a, € T} (A) of the right-hand side

in the above equation. Using the strategy in [EFP18] for the C-valued case, we can use
the fact that p and p’ are infinitesimal characters (i.e. k(wi|ws) = 0 for any non-empty

elements wy, wy € T (T} (A))) to deduce that the convolution product between them only
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requires the reduced linearized part of the coproduct, which is given by

Zm(al s an) = Z ar, ary X ar,. (628)

ar, ary a3 =w

Ilulg,lz#m

Then we have, for instance, that
pp(w)=mco(p@p)oAw)=mco(p®p) o Ai(w).

From Lemma 3 of [EFP18], if Al T\ (A) — T (A)®? stands for the g-fold left iterated

1rr

reduced linearized coproduct, then

Zi[fi(al Ceeay) = Z ay, ® -+ ® ay,, (6.2.9)

TEMI(n)
=(V1,...,Vq)

where M?(n) denotes the set of monotone partitions of [n] into ¢ blocks.

With the above equation, we can now compute the A-coefficient of the expression of
® obtained on the right-hand side of (6.2.7). Thus, given a k > 1 and 1 < m < k we get

L im— —m 1 (%]
g () () = el o (p@ - @ @ @ p) o Big(ar -+ an)
1
= o > plaw)eepllay,) - plaw).
©weMk(n)
=(V1,....,Vk)

Observe that the index m indicates the block on which the infinitesimal character p’ will
be evaluated. In this way, varying over m is equivalent to varying on a specific block of
the monotone partition. We can represent the sum over m and k in terms of non-crossing
partitions and the notation used for infinitesimal cumulants. In other words, by adding
over 1 <m <k and 1 <k <n, we obtain

n k
Z%Zp*(mfl) *p,*pkim@bl"'an)
Z > 2 ) [T elaw).

&'(w)

k=1 : reMk(n) Ver gv"i\’;
“ 1

= YL Y wm Y ) TT slaw).
k=1"" TeNCF(n) Ver MI/I//;@

where we recall that NC¥(n) stands for the set of non-crossing partitions of [n] with k

blocks and m(w) denotes the number of monotone labellings of w. Also recalling that
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m(n) = |x|!/t(7)!, we get that

Gl a) = Y0 'Zp ) T olaw), (6.2.10)

‘II'ENC(TL) Vern mV/Vi{;

Finally, separating the partition @ = 1, from the above sum, using the induction hy-
pothesis and the fact that p is the infinitesimal lifting of the monotone cumulants, we

obtain

onlar, ... a,) = p'lar- a)

+ D ;Z vian, V) T hwi(ar, - anl)

TENC( n) Venr Wemn

T#l, W#V
1
P / ... J—
= plar--a,)+ E t(ﬂ)!ahﬂ(al,...,an).
TENC(n)
T#ly

We conclude the proof of the theorem by comparing the above equation with the infinitesi-
mal moment-monotone cumulant relation (6.1.13) and obtain p'(a; - - - a,,) = bl (a1, . .., @),

as we wanted to show. O

The previous theorem shows how fixed point equations (6.2.4) and (6.2.5) effectively
describe the free and Boolean cumulants in the infinitesimal extension, as well as the
exponential nature of the infinitesimal monotone cumulants. We are now interested in
showing an alternative description of the infinitesimal cumulants in terms of the convolu-
tion product.

First, let us recall the G-valued version of Theorem 4.2.14: if a1, a0 € gg, then we
have that

Ex(ar) x E<(0y, (2)) = E<(an + ).

Now, given a character ® € Gg, take the infinitesimal character & € gg such that
® = E.(k). Also, consider the infinitesimal characters «,x’ € g such that & = & + hir.
Since C C G, it is clear that we can consider k and hx’ as elements in gg. Hence, if
® = & + hd', we have that

O =EL(k) = Ex(k+ hK)
() £ (Bu())
= OxE (M. (K))
= O x(e+ hb,(K))
— D+ hD O (k).
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Here we used that ® = £4(k) and the fact that h* = 0 in
E<(M(K)) = € + Wl (k') + O(R?).
Comparing the respective hi-coefficient, we conclude that
' =D x0,(x). (6.2.11)

Recall that @' is the solution of the fixed point equation ® = k’ < & + k < &', which
provides the infinitesimal free moment-cumulant relations. In particular, since (k') € g
(Proposition 4.2.13) and ® € G is invertible, (6.2.11) implies that ®*~! x &' € g. Finally,

we also have the following identity:
K== (&%) < oL,

Indeed, observe that 0, (k') = ®*~1 x ®'. Also, denote 3 = 0,.(x). By Remark 4.2.12, we
have

0-5(0x(K") = Or_ (e (wye=(-p) (K.

By Theorem 4.2.14,

L (5<(H) * 5<(—5)) =L (5<(“) * g<(9n(_"f))) = L(Ex(k — k) = L<(e) = 0.

Thus
0_5(0(K") =0o(K) =€ K <e=F,

and in this way

K= 0-5(0x(r))
= G,QN(K)(<I>**1 * @)
= "M@« )
= & (0u(r)) = (271 @) < E7(0())
= O (O 5 D) <P

where it was used that £, (®) = 0, (k), i.e. the Boolean cumulant linear form of ® is given

by the action 6,(x), where k = L(®) is the free cumulant linear form of ®.

The analogue game can be applied to the Boolean cumulants by using the G-valued

identity for the right half-shuffie exponential in Theorem 4.2.14. In this case, we obtain

®=£-(8) E-(B+npB)

= E(0-5(nB) * E-(B)
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= & (M-5(8")

= (e+n04(5 ’))
= O+ hb _5(8) =
Therefore, comparing the h-coefficients:
D' =0_5(0) x D. (6.2.12)

In an analogue way, the right-hand side of (6.2.12) is the solution of the fixed point

equation (6.2.5) which provides the infinitesimal Boolean moment-cumulant relation.

The monotone case is slightly different to handle. For ® € Gg, take € gg such that
® = exp*(p). Also, consider p, p/ € g such that p = p + fip’. Once again, we can consider

p and p' as elements in gg and write
O = exp*(p+ hp').

We can take advantage of the dual of the Baker-Campbell-Hausdorff formula, known

as the Zassenhaus formula ([Reu93, Chap. 4]), in order to write

exp”(p + hy') = exp™(p) * exp™ (F(p, hy')),

where in general, the map F'(a, ) is defined by the formula

ad( (7).

where the ad™ stands for the n-th iterated commutator, i.e. ad”)(y) = v and
ad?(7) = [asad? V()] =+ ad? D) — ad () 4

for n > 1. Next, by setting o = p and v = hp’, we can write

eadp _ 1

F(p,hp') = T(hﬁl) = W_,(hp').

using an analogue notation to (2.3.21). Using the definition of ad™ and the fact that
h? =0, we get that

exp”(p) x exp”(F(p, hp')) = exp”(p) * (€ + hW_,(p")). (6.2.13)

Recall that g is a Lie algebra. Since W_,(p’) is defined by using sum and commutators,
one can check that W_,(p') € g. If we write exp*(p) = ® = & + hi®’ and compare the
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h-coefficient with (6.2.13), we conclude

=D« W_,(p) (6.2.14)

b

or equivalently W_,(p') = ®*~!  &'. Comparing with (6.2.11), we obtain that

we obtain the infinitesimal analogue of Theorem 4.2.9, the relation —W(—p) = & be-
tween monotone and free cumulants. The corresponding relation between the infinitesimal
Boolean and infinitesimal monotone cumulants can be obtained similarly by considering

the decomposition
exp”(hp' + p) = exp™(hp') x exp™(F(hp', p)).

As a way to conclude this section, we collect the obtained equations (6.2.11), (6.2.12)
and (6.2.14) in the following statement.

Theorem 6.2.7 (|CEFP21, Prop. 4.7]). Let (A, @, ¢') be an infinitesimal non-commutative
probability space, and let ® = & + hd' be the corresponding G-valued lifting of ¢ and ¢’
to a G-valued character on T(T4(A)). Consider the pairs of infinitesimal characters
(k, &), (B,8") and (p, p') described in Proposition 6.2.0. Then we have

O = Dx0,.(r)
= 05(F) @
= D W_,(p).

6.3 Relations between infinitesimal cumulants

A natural question about the different brands of infinitesimal cumulants is what the
infinitesimal analogue of Theorem 3.4.25, i.e. the existence of combinatorial formulas, in
terms of irreducible non-crossing partitions, that allow us writing a brand of cumulants
in terms of the other brands. As we studied in Chapter 4, the formulas in Theorem 3.4.25
are encoded in the shuffle equations from Corollary 4.3.4 and Remark 4.3.5. Following
the strategy of the previous section, the same shuffle equations encode the combinatorial
formulas in the G-valued case.

The statement of the relations between infinitesimal cumulants is the following.

Theorem 6.3.1 (|[CEFP21, Thm. 1.1]). Let (A, ¢, ¢') be an infinitesimal non-commutative

probability space, and let {kn}n>1, {bn}tn>1, {hntnz1, {kntaz1, {0 ez and {h)}n>1 be
the families of free cumulants, Boolean cumulants, monotone cumulants, infinitesimal
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free cumulants, infinitesimal Boolean cumulants, and infinitesimal monotone cumulants,

respectively. Then, for any n > 1 and elements ay, ..., a, € A we have

(ar,.. . an) = Y Oknlaa,....an), (6.3.1)
ﬂ'ENCirr(n)

Kolay, .. oa)) = > (=) 0b(ay,. . an), (6.3.2)
TENCipy ()

1

lar,.. . an) = Y wahﬁ(a17...7an)7 (6.3.3)

TENCip (n)
(-1
Hylan, ... oa)) = Y ——0ha(ar,... a,). (6.3.4)

|

ﬂ'ENCirr(n) t(ﬂ—).

Proof. Let n > 1 and w = ay---a, € A®". The relations in and (6.3.1) and (6.3.2)

follow from the G-valued analogue of Proposition 4.2.8 and Lemma 4.3.3, and taking the
hi-coefficient of the products & and 3 in G (6.1.10).

Let us elaborate on the proof of (6.3.3) and (6.3.4). Let ® be the G-valued lifting of ¢
and ¢, and consider the infinitesimal characters &, B and p such that
o = exp*(p) = Ex(R) = 5;(3). By Proposition 6.2.6, we know that & is the G-valued
infinitesimal lifting of the free and infinitesimal free cumulants, and analogously for the

Boolean and monotone cumulants.

Now, recall that § satisfies the fixed point equation ® = é + ® = A. This implies
that exp*(j) — € = exp*(p) > (. Furthermore, we also have the G-valued analogue of
Theorem 4.3.2:

‘i)(aluwtn): Z ﬁﬁﬂ(al,...,an).

We will use the previous equations to prove the G-valued analogue of (3.4.16)

ba(n,an) = S (o, . an) (6.3.5)

|
TENCir(n) t(ﬂ)'

by induction on n. The case n = 1 follows from hy(ay) = @(ay) = bi(ar). For the
induction hypothesis, assume that the formula holds for words of length smaller than n.
Then, using the definition of A, and the fact that A is an infinitesimal character, we have
that

S (e = (exp' ()~ &) (ar--an)

|
TENC(n) t(ﬂ-> '
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n—1

~ 1 -
= bn(al,...,an)+ Z —|h,r(a1,...7aj)

J=1 \7eNCi.(j)

- 1 -
= by(ay,...,a,) + Z ——h(ay,..., a,).
TENC(n)\ NCjpy(n)

Observe that we used the induction hypothesis in the fourth equality. We also used the
fact that any non-irreducible non-crossing partition 7 can be seen as the concatenation
of an irreducible non-crossing partition 7y, that is, the irreducible component containing
1, and the non-crossing partition m consisting of the remaining irreducible components.
Notice that this decomposition is unique and satisfies that — —~ = —1= We conclude

t(m1)! t(m2)! t(m)!
the inductive step by subtracting the sum on the right-hand side of the above equation,

and finally, we obtain (6.3.3) by taking the Ai-coefficient.

We proceed with the proof of (6.3.4) analogously. The G-valued version of (4.3.4)
establishes that

Pl = - R
We will prove then that

- (_1)\77\*1 -
kn(ar, .. an)= > Wh,r(al, ). (6.3.6)
TENCir (n) ’

By induction on n. The case n = 1 easily follows from ki (a;) = @(a;) = hy(ay). Now,

assume that the above formula holds for words of length smaller than n. First, note that

(@ =B a) = e () e a)
= ') a)

1
= Z @H(—P)(av)

TeNC(n) Ver
(1)
- Z t(?T)' ﬂ(ala 70%)
7T€NC(n) ’

On the other hand, by using the fact that & is an infinitesimal character, we have that

_1)I7l -
Z ( 1)! helay,...,a,) = (' —&)(ar---ay)

(7w
T€NC(n)
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n—1
~ -1 [m]—1 _
= —kn(al,...,an)—z Z %ilﬂ(al,...7a]‘)

J=1 \7eNCi.(j)

- _1)I7l-1_
= —kuy(as,...,a,) — Z Lhﬂ(al,.,.,an).

TENC(n)\ NCjpy (n)

By the above computation and induction, we obtain that (6.3.6) is true. Therefore, we
obtain (6.3.4) by taking the A-coefficient of (6.3.6). O

Remark 6.3.2. By looking at the to-be-developed framework for the combinatorial re-
lations between cumulants via pre-Lie Magnus expansion, we can obtain the formulas
that write infinitesimal monotone cumulants in terms of infinitesimal free and infinites-

imal Boolean cumulants via the G-valued analogue of the pre-Lie Magnus expansion

5= Q(B) = —Q(—R):

hag, ... a,) = Z w(t(m))Obs(ay, ..., an),

NCip (n)

Mo(ar,..an) = > (=) w(t(m)Oka(ar, .. . an),

NCiyr(n)

forany n > 1 and ay, ..., a, € A, where w(t(r)) is the Murua coefficient (Definition 7.3.2)
of the nesting tree ¢(m). The reader will find a study and proof of the monotone-to-free

and monotone-to-Boolean formulas in Chapter 8 and Chapter 9.

6.4 Infinitesimal Boolean Bercovici-Pata bijection

We are now interested in understanding the infinitesimal analogue of the Bercovici-Pata
bijection in non-commutative probability (Definition 3.5.18). It has been studied in the
shuffle algebra framework in [EFP19] for (usual) free probability. We aim to extend the
result by considering the Grassman algebra G.

First, the concept of distribution generalizes the infinitesimal framework in the fol-
lowing way. Let (A, p,¢’) be an infinitesimal non-commutative probability space, and
consider a m-tuple of random variables (a1, ..., a,) € A™. The infinitesimal distribution
of (a1,...,ay) is the pair (i, ') of linear functionals u, ' : C(Xy,..., X,,) — C such
that

=

ks

s
I

is o(ag, - as,),
©'(ai, - ai,),

7;\

o

o
I
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for any iy,...,is € [m] and s > 1. In particular yu is the distribution of (ay,...,a,) in
the sense of Definition 3.2.3.
It is clear that if (u, ¢') is an infinitesimal distribution of a m-tuple of random variables,

then p(1) = 1 and /(1) = 0. In general, we denote

D(m) = {(p, ') = po ' : C{Xy, ..., X)) — C linear such that p(1) =1, 4/(1) = 0}.

In order to state the definition of the infinitesimal Bercovici-Pata map, first consider
an infinitesimal distribution (u, /) € D(m). Following the previous strategy, we can
equivalently think the pair (u, ') as the C-linear map i := p+hy' : C(Xq, ..., X)) — G.
Recall that we can define the free cumulants of a distribution p as the linear functional
determined by the evaluation of the free cumulant functionals {k,},>1 on the m-tuple
of random variables whose distribution is p. Similarly, we define the infinitesimal free
cumulants of (p, 1') as the linear functionals determined by the evaluation of {k/ },>1 on
the m-tuple of random variables. This procedure allows us to talk about the G-valued free
cumulants of the infinitesimal distribution /i as the C-linear maps k, (i) = k(1) + k!, (1),
for any n > 1. Defining analogously in the Boolean case by (ji) = by (j1) + hb/, (j1), we arrive

to the next definition.

Definition 6.4.1. Let & > 1. We define the infinitesimal Boolean Bercovici-Pata map,
denoted by B : D(m) — D(m), as the map /i — B(fi) such that B(ji) is uniquely defined
by the fact that

i (B()) = bu(i), ¥n> 1,

i.e. the G-valued free cumulants of B(ji) are precisely the G-valued Boolean cumulants of

fi.

Now recall the importance of the Boolean Bercovici-Pata map B in free probability:
in the case of analytical distributions, B restricts to a bijection between the set of H-
infinite divisible distributions and the set of W-infinite divisible distributions. In our case
of interest, we are not considering analytical distributions. Nevertheless, we can recover
the infinitesimal analogue definition of convolutions in the algebraic sense by recalling
that a family of cumulants uniquely determines the distribution of a tuple of random

variables.

Definition 6.4.2. Let ji, 7 € D(m) be two infinitesimal distributions. The infinitesimal
free additive convolution of ji and U is the infinitesimal distribution i 7 € D(m) whose

G-valued free cumulants are given by
kn(iB0) = kp(ft) + ko (9), Y0 >1.

Analogously, the infinitesimal Boolean additive convolution of i and U is the infinitesimal
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distribution ji & # € D(m) whose G-valued Boolean cumulants are given by

bu(iW D) = by() + bu(9), ¥n>1.

From the above definition, if i € D(m), it is clear that k,(a®") = rk,(fi), for any
r € N. We can then define the infinitesimal free power additive convolutions of fi, for any

s > 0, as the infinitesimal distribution uniquely determined by

ke (A5°) = skn(f1), VYn>1.

Similarly, we define the infinitesimal Boolean power additive convolutions of i, for any

s > 0, as the infinitesimal distribution uniquely determined by
by (ﬂms) = sl;n(ﬂ), Vn>1.

Let us now introduce the shuffle-algebraic point of view for the Boolean Bercovici-Pata
map. Let (1, /) € D(m) be an infinitesimal distribution of a m-tuple of random variables
in an infinitesimal non-commutative probability space (A, ¢, ¢’). For this space, consider
the double tensor Hopf algebra T'(T';(A)), ® : T(T(A)) — C the character extending
o, and @' : T(T (A)) — C the linear map extending ¢’ and satisfying the Leibniz-type
property. Following the idea of replacing cumulants, we can define the Boolean Bercovici-

Pata map in the shuffle algebra framework.

Proposition 6.4.3. Let (u, ') be an infinitesimal distribution and consider its double
tensor algebra extension (T(Ty(A)),®, @) as previously described. If ® = & + hd' € G,
then the character B(®) € Gg extending the Boolean Bercovici-Pata map B(fi) is given
by

B(&)) = 5<(£>(ci)))'

Recall that, from the results of Theorem 5.1.2, the G-valued analogue of (5.1.1) and
(5.1.2) provide the characters in Gg that extend the infinitesimal free and infinitesimal
Boolean additive convolutions, respectively. More precisely, if ® and ¥ are the characters
in Gg extending the infinitesimal distributions i and 7, respectively, then ® B ¥ and
® WU are the characters in Gg extending i B 7 and fi W 7, respectively. Analogously,
the characters in G(G) extending the infinitesimal power convolutions are given in the

following definition.

Definition 6.4.4. Let a € gg and ¢ > 0. We define the corresponding G-valued free and

Boolean convolution powers by

Ex(@) = E(ta)
E () = & (ta),
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respectively.

We now have all the ingredients to prove the infinitesimal version of the main theorem

of the article [BNO8b| in the shuffle-algebraic framework for non-commutative probability.
Theorem 6.4.5. Let ji € D(m) be an infinitesimal distribution and t > 0. Denote
B.(f1) € D(m) the infinitesimal distribution given by
By(i) = (a7 (6.4.1)
Then we have that the family of maps {]E%t}tzo satisfy the semigroup property

B,oB, =By, Vs,t>0. (6.4.2)
Furthermore, we have that k,(By(i1)) = bn(f1), i.e. By(1) = B(fi) is the infinitesimal

distribution obtained from the infinitesimal Boolean Bercovici-Pata map.

Proof. Consider the infinitesimal distribution (u, ') as well as its associated linear func-
tionals @, @ : T(T (A)) — C and ® = & + id’. We will show that if

- - Wi
By(®) = (871+1) T,

then B; = B and B, o B, = ]]§35+t, for any s,t > 0. Let & = E<(<i>) be the G-valued free
infinitesimal cumulant character of ®. We can follow the proof of Lemma 42 in [EFP19]
to obtain

By(®) = E(t0:(R))* = £« (0x(R)) (6.4.3)

Indeed, take ¢ > 0. By the G-valued version of Theorem 4.2.14 we have that
EL((1+ 1)F) = EL(R) * £ (165(R)).
On the other hand, by using that £, (£4(k)) = 6z(%), we obtain by the shuffle identities

E(L+1R) = & (Buros((L+1)R))
E (EH(10:(R)) * E5H(R) = (14 1)R < E<(R) * E<(t0:(R)))

(
E- (L +1)ETH(t0:)(R) = Ox(R) < E«(t0:)(R)) -

Then, by definition of B,(®) and applying &, o £, = id, we have

B(®) = (Ex((1+1)k)) T

= & (T 06 )R - () < E-10)))
1

= & <t5:‘1(t0;€)(/%) = t0x(F) < 5<(t9g)(l~i)>
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= & (om0

Recalling that 0, (o) = L, (E<(a)) for any « € gg, we can take o = t0z(R) and get

. 1 }
B®) = & (0 (E0))
= Ex(t6x(R)),
as we wanted to show. The second equality in (6.4.3) follows in a similar way by consid-

ering the factorization £-((1 + t)k) = E<(tR) * E<(0iz(F)). Indeed, by using the identity
L. (Ex(R)) = 0z(R) and the shuffle identities, we have

E(1+0R) = & (Burns((1+1)R))
= & (7Y Om(R) * ESHR) = (1 + O)F < EL(tR) * E2(Bin(R)))
E- (L +1EXT (0 (R)) = O (R) < E<(0ix(R))) -

Using the again the previous argument, we obtain

By(®) = (Ex((1+ Yy
< T L+8)EX (04 (&))»%(&H&(em(ﬁ)))
(51 0m(R)) = 04 (R) < Ex(6:=(R)))

(

0o, (=) (01 (R))) -

&
= &

Taking o = 0,z (%) in the identity 6, () = L, (E<(«)), we conclude

By(®)

E (Lo (E<(0i(R))))
E<(0ui(R)),

as we wanted to show.

We can use the second equality in (6.4.3). In particular, taking ¢t = 1 we get

By (®) = £4(6:)(7) = E<(L (D)) = B(P),
and thus B; = B, as we wanted.
Now we will prove (6.4.2). By the second equality in (6.4.3), we have
B, o By(®) = B. (£< (612(7))) = E< (0o, () (01(R))) -

Looking at the argument of the last half-shuffle exponential, by the action property of
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(Remark 4.2.12), we can get

¥ = 00,0 (7) (O (R)) = Or_ (e (tryse 0 (s7))) (F)-

We can apply the G-valued version of Theorem 4.2.14 in the argument of £ in order to

obtain
EL(R) x E (01 (sk)) = E<(LR + sk) = E<((t + s)R).

Therefore
Es o IEgt(i)) = 5<(7) = 5<(9(t+s)k(’%)) = Iét+$(q>)7

where we used (6.4.3) in the last equality.



Chapter 7

A Monotone Cumulant-Moment

Formula via Schroder Trees

The present chapter is devoted to attacking the problem of finding a combinatorial for-
mula, in terms of non-crossing partitions, that writes multivariate monotone cumulants
of a sequence of random variables in terms of their moments. More precisely, we would

like to find a description of the family of coefficients {c(7)}renc such that the relation

ho(ay, ... a,) = Z a(m)ex(ar, ..., a,).

TENC(n)

holds for any n > 1 and a4, ...,a, € A. One could notice that this is the analogue of the
formulas for free and Boolean cumulants (3.4.12) and (3.4.13), respectively, obtained by
applying Mé&bius inversion on the lattices of non-crossing and interval partitions, respec-
tively. However, this initial idea cannot be implemented in the monotone case due to the
non-multiplicativity of the map 1/¢(m)! with respect to the blocks of m € NC(n).

Our approach for obtaining the desired formula combines the framework exposed in
Chapter 4 and another Hopf algebra based on a particular type of planar rooted trees: the
Schrader trees. This Hopf algebra, described in Section 7.1, provides another example of
an unshuffle bialgebra ([JVMNT17]|) which is nicely related to the double tensor algebra
(Theorem 7.1.13). Afterwards, in Section 7.2, we exploit the relation above to describe
the fixed point equations defining the half-shuffle exponentials in the context of the shuffle
algebra of linear functionals over Schroder trees. This description leads us to look at the
cumulant functionals as infinitesimal characters on another shuffle algebra. Finally, we
specialize in the monotone case in Section 7.3. The shuffle equation p = log*(®) on the
double tensor algebra does not directly imply a combinatorial monotone cumulant-to-
moment formula. However, the corresponding equation on the Hopf algebra of Schréder
trees has a nice combinatorial expression (Lemma 7.3.12). In the process, we identify and
describe the corresponding coefficients () in terms of certain coefficients closely related

to the combinatorics of rooted trees and free pre-Lie algebras (Definition 7.3.2), which

145
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lead to the solution of our concern in Theorem 7.3.13. Our approach concludes that the
Hopf algebra of trees leads to new cumulant-to-moment formulas with the feature of being
indexed over Schréder trees (Theorem 7.3.17).

The main results described in this chapter, as well as the ideas for their proofs, are
based on the joint work [AC21].

7.1 A Hopf algebra of Schroder trees

This section aims to present a Hopf algebra structure over certain planar rooted trees,
denoted by Hs, that will be relevant throughout the chapter. We begin with the definition
of a Schroder tree. The planarity drives us to consider a non-commutative polynomial
algebra with a coproduct that can be regarded as a non-commutative version of the
Connes-Kreimer coproduct. The main feature of Hg, which is important for our purposes,
is that an unshuffle bialgebra structure can be defined on it, such that there exists an
unshuffle bialgebra morphism from the double tensor algebra and a decorated version of
Hs.

The precise definition of the previously mentioned Schroder trees is the following.

Definition 7.1.1. A Schrdder tree is a planar rooted tree such that each of its internal

vertices has at least two children.

Example 7.1.2. The Schroder trees with four leaves are depicted in the figure below.
In this work, the leaves of a Schrider tree are depicted in white colour while the internal

vertices are drawn in black colour.

s
R

In particular, notice that % is not a Schroder tree.

Let us fix some notation for this chapter. For any n > 1, we denote
ST(n) = {t is a Schroder tree with n + 1 leaves}.

We also set the convention that ST(0) is the set containing the Schrider tree of a single

vertex, which will be denoted by o. Thus, the set of all Schroder trees is denoted by
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ST :=U,5ST(n). A well-known fact is that Schroder trees are counted by the sequence

of little Schroder numbers, also known as super-Catalan numbers:
1,1,3,11,45,197,903, 4279, 20793, 103049, . . .

(see sequence A001003 in the OIES).
The aim of this section is to present a Hopf algebra structure based on Schréder
trees. Due to the planarity of the Schroder trees, it will be convenient to consider the

non-commutative polynomial algebra over ST given by
Hs:=K(t : t € ST)/(o — 1).

Note that we are identifying the unique element of ST(0) with the unit of K. Moreover,
as it is mentioned in the examples of Hopf algebras over trees in Section 2.2, it will be
helpful to identify a non-commutative monomial of Schréoder trees ¢ ---t, as an ordered
forest consisting of the sequence (ti,...,%,). Under this identification, Hs is the linear
span of the set of Schroder forests.

The coproduct on Hs can be described by using a slight variation of the notion of
admissible cuts of ¢ (Definition 2.2.12).

Definition 7.1.3. Let t be a Schrioder tree. A S-admissible cut of t is a subset ¢ of the
set of internal vertices of ¢ such that for any path from the root to any leaf, there is at

most one vertex of the path contained in c.

Remark 7.1.4. Notice that the main difference with the notion of admissible cut given
in Definition 2.2.12 is that we do not consider the whole set of vertices of a Schroder tree

t. In the case of regular rooted trees, we consider the whole set of edges.

Given ¢ an S-admissible cut of a Schroder tree ¢, we can naturally order the elements
in ¢ from left to right according to their position in ¢ since it is planar. Hence, we can
extend the notion of trunk R.(t) and pruning P,(t) associated to a S-admissible cut ¢ as

follows.

Definition 7.1.5. Let ¢ be a Schroder tree and ¢ be an S-admissible cut of ¢. The
pruning of t associated to ¢ is the ordered forest of Schroder trees P.(t) formed by the
subtrees obtained by cutting the edge above each element of ¢. In addition, the trunk of t
associated to c is the Schroder tree R.(t) obtained by replacing in ¢ each subtree of P,.(t)
by a leaf.

In the context of the previous definition, we should notice that if ¢ is the admissible

cut only containing the root of a Schroder tree ¢, then we set R.(t) = o and P.(t) = t.

Remark 7.1.6. It is noticeable the difference between the definition of admissible cut of
a non-planar tree (Definition 2.2.12) and the definition of a S-admissible cut. While the
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former refers to a subset of the whole set of edges of the tree, the latter is a subset of
the set of internal vertices of a Schroder tree. Also, in the construction of prunings and
trunks associated to a usual admissible cut, we delete the corresponding edges in the cut,
in contrast with Definition 7.1.5 where the vertices in the cut are not deleted, but they

are the roots of the pruning and new leaves on the trunk.

Given a Schroder tree ¢, we denote Admg(t) as the set of all S-admissible cuts of
t. With the previous notions, the coproduct of interest on Hs can be defined as a non-
commutative version of the Connes-Kreimer coproduct (2.2.5), i.e. we define s to be the

algebra morphism 6s : Hs — Hs ® Hs given by

sty =Y R(t)y® Put) (7.1.1)

ceAdmg(t)

for any Schréder tree t.

Example 7.1.7. We have the following computation for the coproduct ds:

5(@,@9 - o®&+8@®o+@%®&+ﬁ®&+&®&&. (7.1.2)

Remark 7.1.8. One should notice that Definition 7.1.3 and Definition 7.1.5 can be
directly extended to the case of Schréder forests, i.e. non-commutative monomials of
Schréder trees. The multiplicativity of the coproduct §s is then represented by the fact
that if f is a Schroder forest, then ds is defined with the same expression as (7.1.1) but

now considering the corresponding definition of trunk and pruning of a Schroder forest f.

It is not difficult to associate a graded structure to Hs. However, it will not be the
same as in the case of regular rooted trees. Indeed, if ¢t € ST(n), we define its degree by

deg(t) = n. More generally, for an ordered forest of Schroder trees f =t - - - t,, we define
deg(f) = deg(t1) + - - - + deg(t,).

It is clear that the product is graded; hence Hs is a graded algebra, where the homogeneous
component Hs(n) consists of the linear span of all the Schroder forests of degree n, for
each n > 1. In particular, we have that Hs(0) = Ko = K. The coproduct ds is also
graded. As we are in a connected graded case, the counit ¢ : Hs — K is the algebra
morphism given by £(o) = 1 and &(¢;---t,) = 0 for any Schroder trees ti,...,t, and

n > 1. Therefore, we have the following statement.

Theorem 7.1.9 ([Foi02, JVMNT17|). The triple (Hs,-,0s) is a connected graded non-

commutative non-cocommutative Hopf algebra.
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The previous Hopf algebra was originally studied by Foissy in [Foi02], where the author
also studied the decorated version of the Hopf algebra, which we will discuss in the next

lines. Let A be a vector space, and define the algebra

Hs(A) = @D (Hs(n) ® A%"), (7.1.3)

n>0

where the product is induced by the non-commutative product on Hs and the concatena-
tion product on the tensor algebra T'(A). The idea for defining the coproduct in Hs(A) is
that pure tensor of the form t®ay - - - a, € ST(n) ® A®™ can be identified with a decorated
Schroder tree, where the decoration is defined by a labelling of the n sectors between the

n + 1 leaves of ¢ from left to right with the letters a4, ..., a,, as in the following figure:

aio

Figure 7.1: Decorated Schroder tree t ® aq - - - aqg.

In the case of having a pure tensor of the form f ® w € Hs(n) ® A®" with f be-
ing a Schroder forest, recall that a Schroder forest is a sequence of planar trees. Since
deg(f) = n, then the sum of the degrees of the corresponding trees in the sequence is
equal to n, meaning that there are n sectors that can be ordered from left to right. Last,

we decorate such n sectors with the letters of the word w = a; - - - a,, € A®".

Now, under the identification of decorated Schrdder trees, it is not so difficult to see
that (7.1.1) also defines a coproduct 5;A) in Hs(A) with the additional rule of carrying the
decorations of the trunk and the pruning. An example of this is observed in the following

picture.

In general, for f ® w € Hs(n) @ A®" we will write

0t ew) = > Re(fw) @ Bf,w), (7.1.4)
ceAdmg(f)

where R.(f,w) and P.(f,w) are the trunk and pruning of f associated to ¢ € Admg(f)

decorated accordingly with w.

Example 7.1.10. Considering the decoration a;asas € A% of the Schréder tree in Equa-
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tion (7.1.2), we have the following computation of the coproduct in Hgs(.A):

5§A)</<.>\> B O®@/<.>\+/<>\@®O+{>\@®%‘\@
a10 G303 a1 as S as a10 0y das 2 as !

1 OLY W

Since deg(t) = n if t € ST(n), i.e. t has n + 1 leaves, we obtain again that ¢ ® w has
degree 0 if and only if ¢ has one leaf and w has length 0, and this happens if only if ¢ = o
and w = 1. Thus the 0-th homogeneous component of Hs(A) is Hs(A)(0) = K and so
Hs(A) is connected.

It is clear that Hs(A) is graded by construction. In this setting, it follows that the
counit € : Hgs(A) — K is provided by the algebra morphism such that

1 ift=ocand w=1,

0 otherwise.

Nt @w) = {

With the above, we can state the following result.

Theorem 7.1.11 ([Foi02, JVMNT17]). Let A be a vector space. The triple (Hs(A), -, 659A))

is a connected graded non-commutative non-cocommutative Hopf algebra.

A key feature of the previous Hopf algebra of decorated Schroder trees is that, as
well as the coproduct in the double tensor algebra, the coproduct can be split into two
non-coassociative coproducts yielding an unshuffle bialgebra structure on Hs(.A).

Let us establish some notation. Let H{(A) be the augmentation ideal of Hgs(A), i.e.

H5(A) = P Hs(n) @ A"

n>1

Furthermore, define the following subset of S-admissible cuts of a Schroder tree ¢:
Adm(t) := {c € Adms(t) : R.(t) contains the leftmost leaf of ¢}.

With the previous notations, we proceed to define the maps

Stew)= Y R(tw)®P(tw), (7.1.5)
ceAdm(t)
and
SFtow) =0t ®w) — it (t@w), (7.1.6)

for any t ® w € ST(n) @ A®".
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Now, following the developments in Section 4.2, we define the linear maps
65,05 i HE(A) = Hs(A) @ Hs(A)
by the recipe

(i @w) (e @wa) = 54t @w)g" (2 @ wa) - (tn @ W),
St @w) - (tn @wn)) = 6 (t @ w85 ((t2 @ wa) -+ (@ W),

for any t; ® wy, ..., t, ® w,, decorated Schroder trees. Finally, by setting
i(tow)=0(tow) - (tew)®(0®1) and 0. (tQw) =456 (tQ@w)—(c®1)Q(tw)

for any t ® w a decorated Schroder tree, we can state the following important result.

Theorem 7.1.12 ([JVMNT17, Thm. 7.1]). Let A be a vector space and consider the Hopf
algebra of decorated Schrider trees Hs(A) as well as the splitting of the coproduct 559“4)
defined by (7.1.5) and (7.1.6). Then (Hs(A),0<,0.) is an unshuffle bialgebra.

The previous theorem provides another example of an unshuffle bialgebra so that its
graded dual will give us a new example of a unital shuffle algebra. The other important
example of unshuffle bialgebra in this work is the double tensor algebra T'(T,(A)) over an
algebra A studied in detail in Section 4.2. A natural question is then to find out if there

is a relation between them. Gladly, we have the following description of the relationship.

Theorem 7.1.13 ([JVMNT17, Thm. 7.3]). Let A be an algebra and consider the double
tensor algebra T(T(A)) as well as the Hopf algebra of decorated Schrider trees Hs(A).
Let v : T(T}(A)) — Hs(A) be the algebra morphism defined by

ww)= > tow, (7.1.7)

teST(Jwl)

for any word w € T{(A). Then v is a coalgebra morphism and an unshuffle bialgebra

morphism.

7.2 Schroder trees and non-commutative probability

In this section, we will apply the algebraic machinery over Schroder trees, studied in
the previous section, to describe the link between the shuffle-algebraic framework for
non-commutative probability (Chapter 4) and the unshuffle bialgebra Hs(.A). This con-
nection will allow understanding cumulants via another shuffle algebra. In the process,
we will obtain combinatorial relations between Boolean cumulants and moments in terms

of Schroder trees by using Hopf algebra techniques.
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The starting point is the work of Josuat-Vergés, Menous, Novelli and Thibon
[JVMNT17]. In their work, the authors used Schroder trees extensively to describe the
functional equation between the moment series and the R-transform from a point of view

based on the so-called notion of operad (see [LV12] for a study of the notion of operad).

Remark 7.2.1. Besides the work of Jousat-Verges et al. [JVMNT17], Schroder trees have
recently appeared in the recent work [Bia21], where the author describes the fluctuations
of a particular process in terms of certain polynomials given in terms of Schroder trees.
The connection with free probability showed in [Bia21] is that such polynomials are the

free cumulants of a family of commuting random variables.

Henceforth, we take K = C and consider a non-commutative probability space (A, ¢).
From the results of Section 4.3, we have that the free and Boolean cumulant functionals
of (A, ) can be effectively described as infinitesimal characters x and 5 on the double

tensor algebra T'(T.(A)) that satisfy the respective shuffle fixed point equation
P=c+r<P and P=€e+ P> [,

where @ is a character on T(T}(A)) extending the linear functional ¢. Since we now
have another unshuffle bialgebra, the Hopf algebra of decorated Schroder trees Hs(A),
it makes sense to consider the above fixed-point equations in the shuffle algebra of linear
functionals on Hs(A).

More precisely, given the linear functional ¢ : A — C, we define its S-lifting as the
element ® in the group of characters of Lin(#Hs(A), C), denoted by G(Hs(A)), given by
the recipe ®(0) = 1 and if t ® a; - - - a,, € ST(n) ® A®", then

. play ---a,) iftis a corolla with n + 1 leaves,
P(t®ar---a,) = (7.2.1)

0 otherwise.

Recall that a corolla with n leaves is a rooted tree consisting of only one internal vertex,
the root, and exactly n leaves.

Then, it makes sense to consider the following fixed point equations in Lin(Hs(.A), C):

d = Wyip<o, (7.2.2)

d = W4 p, (7.2.3)
where the products <, > and * on Lin(Hs(A), C) are defined by

f=g = mco(f®g)ois, (7.2.4)
f=g9 = mco(f®g)od,, (7.2.5)
fxg = mco(f®g)oddY, (7.2.6)
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for any f,g € Lin(Hs(A),C), making (Lin(Hs(A),C), <, >) a unital shuffle algebra. It
turns out that the solutions of the above fixed-point equations are related to the solutions
in the double tensor algebra case (Theorem 4.2.6) via the unshuffle bialgebra morphism ¢
declared in Theorem 7.1.13, and the fact that if ® is the lifting of ¢, then

d=>do.. (7.2.7)

Remark 7.2.2. Observe that we are using the same notation for the half-shuffle products
on the shuffle algebras Lin(T(T(A)),C) and Lin(Hs(A),C). Nevertheless, the context

will make clear to which shuffle algebra we are referring.

Proposition 7.2.3. Let & € G(Hs(A)) be the S-lifting of ¢. If & and 3 stand for
the solution of (7.2.2) and (7.2.3), respectively, then k := kot and B = Bou are the

infinitesimal liftings of the free, resp., Boolean cumulants of ¢.

Proof. First, observe that we can assume that 4 and B exist and are infinitesimal char-
acters, since the half-shuffle exponentials £, and &, are bijections between G(Hs(A))
and g(Hs(A)), the Lie algebra of infinitesimal characters on Lin(Hs(A), C) (see [EFP19,
Thm. 14], and also Theorem 4.2.6 and the discussion at the end of Section 4.2). Also,

using that ¢ is an algebra morphism, we conclude that (§ is an infinitesimal character:

B(wi|wy) = B(L(w1|w2)) = B(L(wl)b(uh)) =0,

for any wy,ws € T(T4(A)). We finish the proof by showing that g = B o satisfies the
respective fixed-point equation, for any w € T, (T (A)):

b(w) = (bor)(w) = (e(w)) = (EW+d = §) (t(w)) = (bor) = (Bor)(w) = (e+@ > B)(w),

where we used that ® = ® o and that ¢ is an unshuffle bialgebra morphism in the
fourth equality. Thus ® = &_(f) and, since ® is the lifting of ¢, we conclude by using
Theorem 4.3.2. The free case is treated with similar arguments by using the left fixed-

point equation. L

The above proposition and the definition of ¢ allow expressing the infinitesimal char-

acters associated to the free and Boolean cumulants, respectively as

sw)= Y, Atew) and fw)= Y fltew),

teST(|wl) teST(|wl)

for any word w € T, (A). The authors of [JVMNT17] describe # in terms of a subset of

Schréder trees. More precisely, for each n > 0, we define the set

PST(n) := {t € ST(n) : the leftmost subtree of ¢ is a leaf}.
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In addition, we will need the following combinatorial procedure in which we can associate

a non-crossing partition to a Schréder tree.

Definition 7.2.4. Let t be a Schroder tree with n + 1 leaves. We label the sectors
between the leaves from left to right from 1 to n. We will associate a non-crossing
partition 7(t) € NC(n) as follows: for each internal vertex v of ¢, consider the corolla that
has as root v and is a subtree of ¢. For this corolla, define the block V' whose elements

are the labels of the sectors that define the corolla.

Example 7.2.5. The following picture shows the non-crossing partitions associated to
the Schroder tree depicted in Figure 7.1.

T TT
aio 1 2 3 4 6 7 8 910

B .

ot —

Figure 7.2: Decorated Schroder tree ¢ ® w and its associated non-crossing partition 7 (¢).

The above notions are needed to write the following result in [JVMNT17].

Proposition 7.2.6 ([JVMNT17, Thm. 7.2]). Let (A, ¢) be a non-commutative probability
space. Also, let t € ST(n) and a word w = ay---a, € T (A), forn > 1. If & is the
S-lifting of ¢ and f is as defined in (7.2.2), then we have

DIy o (ay, ..., a,) ift € PST(n),
At@w) = . Frofen ) . (7.28)
0 otherwise.

Remark 7.2.7. The above proposition combined with Proposition 7.2.3 implies that

kn(ar, .. oan) = > (=)o (ar, ... ap). (7.2.9)
tePST(n)

Notice that (7.2.9) is rather different than the formula in terms of the Mobius inversion
coefficients and non-crossing partitions, since for any non-crossing partition o € NC(n)
there may be several t € PST(n) such that 7(t) = 0. Hence, in some sense, we can say

(7.2.9) provides a finer description of free cumulants of random variables.

We are now interested in obtaining the analogue Boolean counterpart of Proposi-
tion 7.2.6. Our strategy consists of analyzing the combinatorial description of the fixed

point equation (7.2.3). Recall that

Blw)= Y Bltew),

teST(|w|)
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where 8 € g is the infinitesimal lifting on T'(7} (.A)) of the Boolean cumulants. To state
the next result, we consider the subset of Schréder trees BST(n) C ST(n) defined by the
following condition: ¢ € BST(n) if, and only if, for any z an internal vertex of ¢ with

ordered set of children (yi,...,yn), the vertices ys, ..., yn are leaves of ¢.

Example 7.2.8. The following picture illustrates the definition of the subsets BST(n).
Graphically, BST(n) is the set of Schroder trees that lean to the right.

A A

Figure 7.3: On the left, we have a drawing of an element in BST(10). On the right, we
have an example of a Schroder tree in ST(10) not in BST(10).

The central proposition of the ongoing section is stated and proved as follows.

Proposition 7.2.9 ([AC21, Prop. 6.1]). Let (A, ¢) be a non-commutative probability
space. Also, let t € ST(n) and a word w = ay---a, € T (A), forn > 1. If & is the
S-lifting of ¢ and B is as defined in (7.2.3), then we have

—1)lm®I-1 ;
B(t ® w) _ ( 1) pr(t)(alv ey Cl,n) fo € BST(”)7 (7210)

0 otherwise.

Proof. Let t € ST(n) and a4, ...,a, € A. Let us analyze the fixed point equation that

defines 3. By definition, d, is a sum indexed over the set
Adm(t)\ Adm<(t) = {c € Adm(?) : ¢ contains the leftmost leaf of ¢}.
Using that ,5’ is an infinitesimal character and the definition of ., we have that

dt@ar---ay) = (EW+d=B)(tar---ay)
= Yo b(Reltar o a)B(Pelt o)

ceAdm(t)\ Adm<(t)

= > S(Ro(t,ay - an)B(Pult, a1 - - - ay)).

c={v}
v is an internal vertex belonging
the leftmost branch of ¢
Observe that the last equality above is due to the fact that B being an infinitesimal
character implies that P.(¢,a; - --a,) = 0 when |¢| # 1. On the other hand, the definition
of & in (7.2.1) implies that ®(Re(t, ay - - an))B(Pu(t, a1 - -~ ay)) = 0 when R.(t) is neither

a corolla nor the single-vertex tree. Hence, the only possibility for a non-zero contribution
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in the above sum is that c is the set containing the root of ¢, or ¢ is the set containing the
leftmost child of the root. This implies that

<i>(t ®ay--ay) = B(t ®ay---a,) + @(t” ® Qg1 -+ - an)B(t' Ry ). (7.2.11)

where t' ® a; - - - a,, is the leftmost decorated subtree of t ® ay -« - a,, and " @ dyyr - - - ay
is the tree obtained from t ® a; - - - @, when we delete t’ @ a; - - - a,,.

Now, we will proceed to prove (7.2.10) by induction on the number of internal vertices
of t, denoted by i(t). For the base case, let t be a decorated Schroder tree with i(t) = 1,
i.e. t is a decorated corolla. Using (7.2.11) and the definition of $ (7.2.1) we have

(i)(t@al...an)
Bt @ar-ay) + Bl )d(t@ay - -an)
Bt®ay---ay)

(—1)i(t)’1g01n(a1, Ceyay)

since B(o ® 1) = 0, and this concludes the base step. For the inductive step, we assume
that the result holds for any decorated Schroder tree with less than k& internal vertices
and take a Schroder tree t € ST(n) such that i(f) = k. Again, by using (7.2.11) and the

definition of ® we have the relation
0= <i>(t®a1~~an) :B(t®a1~~an) +<i>(t”®am+1~~~an)B(t/®a1~~am),

where t' and t” are the decorated Schroder subtrees described above. In particular, we
can write

BtRar-ay,)=—PH" @ ame1-a,) B @ay---an). (7.2.12)

Observe that the condition ¢ € BST(n) is equivalent to the fact that ¢ € BST(m) with
i(t)—1 internal vertices, and ¢” is a corolla. Hence, if t € BST(n), we can use the inductive

hypothesis on ¢’ where we have

ﬂ(t ® ap--- an) = _()O(aerl e an)(_1>i(t)72§07r(t’)(a17 ey am)
= (_1)|7r(t)‘71(107r(t) (ala R a’n)7

where we used that |7(t)| = i(t). On the other hand, if ¢ ¢ BST(n), we can have that
t' ¢ BST(m) or t” is not a corolla. In the first case, we use the inductive hypoth-
esis to conclude that S(t ® ay---a,) = 0, while in the second case we have that
B(t" @ sy - - - an) = 0. In any case, from (7.2.12) we obtain that 3(t ® a; - - - a,) = 0 as
we wanted to show. This concludes the inductive step and the proof of the proposition

as well. O

Remark 7.2.10. The previous proposition, jointly with the relation 5 = B o, tells us
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that the Boolean cumulants of (A, ¢) can be expressed by using the formula

b'n(ala ey an) = Z (_1)‘7"(0'71%0#@) (ah ... 70%)7
teBST(n)

for any n > 1 and ay,...,a, € A. In contrast with the result of [JVMNT17] regarding the
free cumulants, where the formula in terms of Schroder trees is finer than the formula in
terms of non-crossing partitions, the above formula is equivalent to applying the M&bius
inversion formula in the moment-Boolean cumulant relation. The reason of this is that

we have a straightforward bijection
BST(n) € t — m(t) € Int(n).

The next natural question is to obtain the analogue result for the monotone cumulant.
The next section is devoted to attacking this problem, obtaining in the process a sum over

Schroder trees and a nice description of the coefficients of each tree.

7.3 Monotone cumulants in terms of moments via Schroder

trees

In this section, we will prove the main result of the chapter: the formula that writes
monotone cumulants in terms of moments by using Schréder trees. The strategy fol-
lows the same Hopf-algebraic techniques as in the previous section but now employs the
coassociative coproduct on Hs(A).

As before, we fix a non-commutative probability space (A, ¢), and consider the double
tensor algebra T'(T (A)) as well as the lifting ® € G of ¢. We also take the Hopf algebra
of decorated Schréder trees Hg(A) as well as ® € G(Hs(A)) the S-lifting of ¢ defined in
(7.2.1). Since ® is a character, we can take p € g(Hs(.A)) to be the infinitesimal character
on Hs(A) such that & = exp*(p). We then have the following proposition by the same

argument in Proposition 7.2.3 but now using that ¢ is a bialgebra morphism.

Proposition 7.3.1 (J[AC21, Prop. 5.1|). Let ® € G(Hs(A)) be the S-lifting of . If

p =1log"(®), then p := p o is the infinitesimal lifting of the monotone cumulants of .

Using the above proposition and the definition of ¢, we have that the infinitesimal

lifting of the monotone cumulants can be written as

plw)= D ptow), (7.3.1)

teST(Jwl|)

for any w € T, (A). On the other hand, recall the expansion
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P = exp*(p) & p = log"(®) = log* (€(A) + (P - 5(“4))) = Z %@S}ﬂ (7.3.2)

R R k+1
k=1

where QADO =0 — W,

7.3.1 The Murua coefficient of a rooted tree

In order to find an expression for the k-fold convolution product ‘iJSk, we need to describe
the following coefficients that will be a fundamental piece in the results of Chapter 8.
Before stating the following definition, we should note the fact that any (non-planar
or planar) rooted tree can be considered as a poset (Remark 2.2.9). Furthermore, in this
context, a forest can be regarded as a poset formed by a disjoint union of the posets

defined by its trees.

Definition 7.3.2 (Murua coefficients ([Mur06, Def. 12])). Let ¢ be a (non-planar or
planar) rooted tree seen as a poset with n = |t| vertices. For any integer 0 < k < n + 1,
we denote by wg(t) the number of surjective functions f : ¢ — {1,...,k} such that for
any two vertices v,w in t with v < w, we have that f(v) < f(w). We then define the
Murua coefficient of t, denoted by w(t), as the quantity given by the formula

Wity =3 %mt). (7.3.3)

k=1

If f is a forest consisting of trees 1, ..., t,, we extend the definition multiplicatively by

w(f) = w(tr) - w(tm).

Example 7.3.3. The following tables show some values of Murua coefficients that can

be computed by hand.

~
[}
[ o J
wi—| —e—e

{\%.}x:"/z\/m

12

D=
I
D=

AR PR IP

3 1 1 1 _ 1 1 1
w (t) 20 30 10 20 60 60 30

(S

More generally, if £, stands for the ladder tree of n vertices, i.e. a tree with n vertices such

that every internal vertex has exactly one child, then w(f,) = (—=1)""!/n. Furthermore,
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it is possible to show that if ¢, stands for a corolla with n leaves, then w(c,) = B,, where
B, stands for the n-th Bernoulli number ([Mur06, Ex. 9]). In particular, w(cg,41) = 0
for any n > 1.

Murua coefficients appeared in the work of Murua [Mur06] on the Baker-Campbell-
Hausdorff (BCH) formula, where the author explicitly computed the expansion of the
logarithm log(exp(z1) - - -exp(z,)) in a Hall basis. It is also noticeable that Murua coef-
ficients have also appeared in the work of P. Chartier, E. Hairer and G. Vilmart in the
context of the numerical analysis of PDEs [Mur06, Rmk. 12|, and more recently, in the
context of non-commutative probability [CEFPP21, AC21, CP22].

For the moment, we will not discuss the relation of Murua coefficients with the Magnus
expansion. However, let us state a crucial recursive identity that will be useful in the
subsequent chapter. Recall that, for a rooted tree ¢, B~(¢) stands for the forest obtained
by deleting the root of tree ¢ (Definition 2.2.10). Also, { B, }n>0 stands for the sequence

of Bernoulli numbers.

Proposition 7.3.4 (|[Mur06, Rmk. 11]). For any rooted tree t with |t| > 1, we have that

Bjs /e
wit)= Y (@B 1), (7.3.4)
sEK(B-(t))
where, for [ a forest, K(f) stands for the multiset of subforests of [ that contain all the
roots of the trees of f, and where, if s € K(f), C5(f) stands for the forest obtained from

f by removing the edges that connect the vertices of s with their parents.

Remark 7.3.5. It is fundamental to observe that in Proposition 7.3.4, the forests f and
trees t are viewed as posets, as explained in Remark 2.2.9. A subforest of f or t is a
subset of f or ¢ equipped with the induced order. Notice that C*(f) has the same set of

vertices as f since, in the definition of C*(f), edges are removed but not vertices.

7.3.2 Proof of the formula for p

The starting point of our proof strategy is the development in (7.3.2). Fix ¢ € ST(n),
elements ay,...,a, € A, and k € [n]. Our aim is to compute i)(’;k(t ® ay---ay,). First,

observe that, by definition of the convolution product, we have

Ok (t @ w) =m0 &% o (5 (£ @ w), (7.3.5)

where (05V) s the k-fold iterated coproduct

A A . — AN\ [k—
(65 = (66" @ id5 ) 0 (05",

with ((559“4))[2] = 659A)7 (559“4))[1] = idy(), and, similarly, m([g] stands for the multiplication

of complex numbers m([g](zl R @2k) =21 2k
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Let us introduce the following combinatorial notion associated to a Schroder tree which

will allow us to relate Schroder trees to regular rooted trees.

Definition 7.3.6 ([MNT17, Thm. 11.3]). Let ¢ be a Schroder tree with m internal vertices.
We define the skeleton of t, denoted by sk(t), to be the planar rooted tree with m vertices
each of them in correspondence with a unique internal vertex of ¢, and such that there is
an arrow from v to w in sk(¢) if and only if, the corresponding vertex to w in ¢ is a child

of the corresponding vertex to v in t.

In other words, the skeleton of a Schroder tree ¢ is a subtree of ¢ induced by its set of

internal vertices.

Example 7.3.7. Let ¢t be the underlying Schroder tree depicted in Figure 7.1. Its skeleton

O

The usefulness of the notion of skeleton of ¢ a Schroder tree is that S-admissible cuts

sk(t) is given by the tree

of t corresponds bijectively to (usual) admissible cuts of sk(¢) (Definition 2.2.12), with
the convention that the S-admissible cut ¢ = {rt(¢)}, where rt(¢) stands for the root of
t, corresponds to the admissible cut of sk(¢) only containing the stem of sk(t), i.e. an
invisible upward edge from the root of sk(¢). Notice that this admissible cut will produce
the term 1 ® ¢ in (2.2.5).

Remark 7.3.8. For the following proofs, we will consider a usual admissible cut of a
rooted tree t as a subset of vertices of ¢ instead of a subset of edges. Indeed, if ¢ is
an admissible cut of ¢, the bijective correspondence for each edge e € ¢ is given by the
respective end vertex of e. In particular, the vertex associated to the stem of ¢ is precisely
the root of ¢.

Next, we will introduce some notation that will help to write the iterated coproduct
(559A>)[k]. Let ¢ be a Schroder tree with [ internal vertices. For each k € [I], define the set

Admy, (t) of sequences (cy, ..., cx—1) whose elements satisfying the following conditions:

i) ¢ is an admissible cut of Ry (sk(t)) := sk(t). Then we set Ry(sk(t)) = R, (Ro(sk(t)))
and Py (sk(t)) = P, (Ro(sk(?))).

ii) Inductively, if 1 < j <k —1, ¢; is an admissible cut of R,_1(sk(t)). Afterwards, we
set R;(sk(t)) = R, (R;—1(sk(t))) and P;(sk(t)) = P, (R;-1(sk(t))).

i) Ry—1(sk(t)) = {rt(sk(¢))} and P;(sk(t)) is a non-empty forest of single-vertex trees,
forevery 1 < j <k—1.
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Remark 7.3.9. Let t be a Schroder tree and ¢ = (c1,...,c—1) € K&;lk(sk(t)). By
Remark 7.3.8, the sequence ¢ is considered as a sequence of subsets of V(¢). Also, by
definition of :‘El/nk(t), we have that Ry_1(sk(¢)) = {rt(sk(¢))}. The latter implies that
¢ is an ordered partition of V' (sk(¢))\{rt(sk(¢))}. Furthermore, since any P;(sk(t)) is a
non-empty forest of single-vertex trees, it readily follows that c; is a non-empty subset of
the set of leaves of R;_1(sk(t)) and P;(sk(t)) = ¢;, for any j € [k — 1].

The first lemma in this section shows how the particular definition of %k(t) is nicely

related to Murua coefficients.

Lemma 7.3.10 (J[AC21, Lem. 5.10]). Let t be a Schrider tree and k > 1. Then there is
a bijection between X(Ir/nk(t) and the set of strictly order-preserving surjective functions
fsk(t) — [k].

Proof. Take a sequence ¢ = (¢1,...,c5_1) € X(\h/nk(t) and consider sk(t) as a poset. We
define the function f : sk(t) — [k] by f(rt(sk(¢))) = 1, and f(v) =k —j+1if v € ¢;.
Recall that, for any j € [k — 1], ¢; C V(sk(t)) (Remark 7.3.8).

First, we show that the previous map is well-defined. Indeed, note that
(c1,...,cr, {rt(sk(t))}) is an ordered partition of the poset sk(t). Moreover, since ev-
ery c; is a non-empty set, we have that f is surjective. On the other hand, take v, w
vertices of sk(t) such that v < w, i.e. there is a downward directed path from v to w in
sk(t). The elements of the subsequence (ci, ..., c;) are consecutive prunings of sk(t) and
these are taken from the leaves of R;_1(sk(t)) upward the root as j increases. Then we
have that v € ¢;, w € ¢; and j < 4, and in particular f(v) =k—i+1<k—j+1= f(w).
Hence f is strictly order-preserving.

Now, we will prove that the aforementioned correspondence ¢ — f is bijective. It
is clear that two different elements in mk(t) will produce two different functions. It
remains to show that our correspondence is surjective. To this end, for any f : sk(t) — [k]

strictly order-preserving surjective function, define the sequence of sets (¢i, ..., cx_1) by
g ={vesk(): flv)=k—j+1},

for any 1 < j < k. Now, observe that ¢; is an admissible cut of sk(¢) since ¢; is a subset
of the set of leaves of sk(t). Actually, if ¢; contains a vertex v that is not a leaf, there
exists a descendant of v, namely w such that k = f(v) < f(w) and this is a contradiction.
Hence ¢; is an admissible cut such that P (sk(t)) = P, (sk(t)) = ¢, i.e. Pi(sk(?)) is a
non-empty forest of single-vertex trees. Observe that the same argument can be applied
to the tree Ry (sk(t)) in order to show that ¢, is an admissible cut such that Py(sk(t)) = co
is a non-empty forest of single-vertex trees, and in general, c; is an admissible cut such
that P;(sk(t)) = ¢; is a non-empty forest of single-vertex trees, for any j € [k — 1].
Since f is strictly order-preserving, we have that f~1(1) = {rt(sk(¢))}. In addition, since

f is surjective, we have that (ci,...,cp_1,{rt(sk(¢))}) is an ordered partition of the set
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of vertices of sk(t) with Ry_1(sk(t)) = {rt(sk(¢))}. The above argument shows that
(c1,...,ch1) € Admy, (t) is a tuple such that their corresponding strictly order-preserving

surjective function is f. Hence the map ¢ — f is surjective, and the proof is complete. [

As a consequence, we immediately have:

Corollary 7.3.11. Let t be a Schrider tree and k > 1. Then \K(\i_r/nk(tﬂ = wy(t) (Defini-
tion 7.3.2).

The main lemma of this section is stated below. It establishes the connection between

Murua coefficients and the moments of the random variables ay, ..., a, € A.

Lemma 7.3.12. Let (A, ) be a non-commutative probability space. Also, let t € ST(n)
and a word w = ay---a, € Ty(A), forn > 1. If & € G(Hs(A)) is the S-lifting of ¢

defined in (7.2.1) and p = log™(®), then we have
Pt @ w) = w(sk(t))erw(ar,. .., a). (7.3.6)

Proof. Recall that
(_1)k+1 Sk
Pt ®w) = g T@S t®ar---ay),

k>1

where @5 is defined in (7.3.5). By the definition of Murua coefficients, it is enough to
show that

Pt @ay---a,) = wi(sk(t))er@(ar, ..., a,), forany k> 1. (7.3.7)

Let £ > 1. First, we observe that according to the definition of 6éA), the k-fold iterated

coproduct is of the form

(5éA>)[k](t®a1-"an) - Z fi® - ® fi, (7.3.8)

iterated admissible cuts of ¢

where fi is a decorated subtree of ¢, each fs,..., fi is a forest of decorated subtrees of ,
and the sum is over iterated admissible cuts, i.e. doing admissible cuts on each iteration of
the coproduct. Now observe that for any decorated tree, its evaluation on by =P — A
is equal to zero if the tree is empty or is not a corolla. In particular, a term f1 ® -+ ® fx
in the sum (7.3.8) will produce a zero contribution on @Sk if any of f1,..., fr is the empty
forest or is a forest which contains a tree that is not a corolla. Hence, the only terms that
can produce a non-zero contribution are such that f; is a corolla, and each of fs, ..., fi is
a forest of corollas. On the other hand, since corollas are associated to single-vertex trees
via the skeleton map, by Remark 7.3.8 the sum in (7.3.8) is done precisely over the set
Admy ().
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In addition, if for any v internal vertex of ¢t we denote by ¢, the decorated corolla
given by the decorated subtree of ¢ consisting of v and its children, the fact that By is

multiplicative implies that

qA)O(fl) e (i)O(fk) = H (i)(cv) = H ‘pIV\(ala ce 7an|V) = (pﬂ(t)(al’ .- ‘aan)7

v internal vertex of ¢ Ven(t)

where 7(t) stands for the non-crossing partition associated to the Schroder tree ¢ (Defi-

nition 7.2.4). Finally Lemma 7.3.10 implies that the k-fold convolution product is equal

to
bt @ar--a) = > bo(f1) -+ Dol fi)
iterated admissible cuts of ¢
= Z Pr(t) (ah R an)
éeAdmy(t)
= wk’<Sk<t))‘pw(t)(a1> ceey an)7
since @r(as, ..., a,) does not depend of ¢ € ﬁlk(t) O

The previous lemma is the bulk of the developments in this chapter since the formula

for monotone cumulants, in terms of moments and Schroder trees, is now straightforward.

Theorem 7.3.13. Let (A,¢) be a non-commutative probability space and let
{hy, : A" = C},>1 be the family of monotone cumulants of (A, ). Then we have that

ho(ay, ..., a,) = Z w(sk(t))exw(ar, ... an), (7.3.9)

teST(n)
foranyn>1 and ay,...,a, € A.

Proof. Let p and p be the infinitesimal liftings of the monotone cumulants {h,},>1 on
T(T,(A)) and Hs(A), respectively. By the relation p = p o and Lemma 7.3.12 we

conclude:

hn,(al, ey an) = /)(al . an)

Z pt®ay---ay)

teST(n)

Z W(sk(t)pr(y(ar, - - - an).

teST(n)

O

The desired combinatorial formula for writing monotone cumulants in terms of mo-
ments via non-crossing partitions is now an obvious corollary from the formula in terms

of Schroder trees.
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Corollary 7.3.14. Let (A,p) be a mnon-commutative probability space and let
{hy : A" = C},>1 be the family of monotone cumulants of (A, ). Then we have that

holay, ... a,) = Z a(mex(ar, ..., ay), (7.3.10)
TENC(n)
for anyn >1 and a,...,a, € A, where
a(r) = Z w(sk(t)), V7 e NC(n). (7.3.11)
teST(n)
w(t)=m

Example 7.3.15. We will verify the formula provided by Corollary 7.3.14 for the case
n = 3. From the monotone moment-cumulant formula (3.4.10), one can get the first

cumulants in terms of moments

pi(ar) = hiar),
walar,as) = holar,az) + hi(ar)hi(as),
3(ay, az,a3) = hs(ay,as, a3) + ho(ay, az)hy(as) + ha(ag, az)hi(ay)
+%h2(a1, az)hi(az) + hi(ar)hy(az)hy(as).

Hence we obtain

h3(a17 027613) = 993(a1, a2,a3) - 991(a1)<,92(a2, a3) - 801(613)802(6127 as)

—%%(a2><ﬂ2(a1> az) + gwl(al)w(az)wl(ag). (7.3.12)

On the other hand, by using Corollary 7.3.14, the Schroder trees listed in Example 7.1.2

and the table with the values of w, we have that the respective coeflicients « are given by
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(5 (B) ()
wo(d) reld) re(d) re(d) o) =2

We can observe that the obtained a coefficients match the coefficients appearing in
(7.3.12).

Example 7.3.16. In this example, we will verify Corollary 7.3.14 for the univariate
monotone cumulant-moment formula of order n = 4. One can check that Schroder trees

with 5 leaves can have the following skeleton and associated Murua coefficients:

a) | b) g e | H]g | W

e
ot
.o

ERE

w(t)y| 1| -3

ot

=
=
-
V]
—
]

We can use these values to compute p(t®@a*). Denote m,, = p(a™) and h,, = h,(a), for
each n > 1. By using the monotone moment-cumulant formula in terms of non-crossing

partitions, we have that
3 13

where we can get

37 8

hy = my — 3mgmy — img + Fmgm% — §m1‘
Now we compute the right-hand side of the formula in terms of Schréder trees. It is
known that there are 45 Schroder trees with five leaves. The summary of the complete

list is given below:

e 1 tree with skeleton a): it corresponds to the corolla with five leaves, cs, and the

associated moment is my;

e 9 trees with skeleton b): six of those trees have associated moment m;mg, and the

remaining three have associated moment m3;
e 16 trees with skeleton c): they have associated the moment m2my;
e 5 with skeleton d): they have associated the moment m?my;

The remaining 14 Schroder trees whose skeletons are of the form e)—h) are precisely the 14
planar binary trees with 4 internal vertices. Every of these Schréder trees has associated
the moment m7. The precise description of the skeletons of the planar binary trees with

4 internal vertices is the following:
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e 8 with skeleton e);
e 2 with skeleton f);
e 2 with skeleton g);
e 2 with skeleton h).

Finally, we have that

ety = 3 pted)
1EST(4)
1 16 5
= my— 5(6m1m3 + 3m3) + gm%mQ + émme
8 4 2 4 2 4 2 4

MM T M T ™
37 8
= my— 3mims — §m% + Em%mg — gm‘f,

which agrees with the previous computation.

As a manner to conclude the current chapter, we collect the results obtained in Propo-
sition 7.2.9 and Theorem 7.3.13 together with the result from [JVMNT17] for free cumu-
lants. Thereby, the next theorem provides new cumulant-to-moment formulas indexed by

Schréder trees instead of non-crossing partitions.

Theorem 7.3.17 (|[AC21, Prop. 6.3]). Let (A, p) be a non-commutative probability space
and consider ® : Hg(A) — C the S-lifting of ¢ defined in (7.2.1). Let (i, 5, p) be the
triple of infinitesimal characters on Hs(A) satisfying the identities

O = (k) = E-(B) = exp ().

Then, for any t € ST(n) and aq, ..., a, € A, the triple of infinitesimal characters is given
by

(—1)'”(”"19%(15)(@1, ...,ay) ift € PST(n),

I%(t@al...a,n) =
0 otherwise,
B(t oa a) (—1)'”(t)‘_1g0ﬂ(t)(a1, ...,an) ift € BST(n)
Lan) =
0 otherwise,

Pt @ ay---an)

w(sk(t))exw (..., ay).

Moreover, the evaluations of kot, for and por on a word w = ay - --a, € A®" coincide
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with the free, Boolean and monotone cumulants of ay, ..., a,, respectively:
(Fou)(w) =kylay,...,a,), (B ou)(w) =by(ay,...,a,), (por)(w)=hy(a,...,a,),

where ¢ is the coalgebra morphism given in Theorem 7.1.185.
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Chapter 8

Monotone Cumulant-Cumulant
Formulas from Pre-Lie Magnus

Expansion

The present chapter is devoted to solving a relevant problem in non-commutative prob-
ability theory: to find combinatorial formulas, in terms of non-crossing partitions, that
write the multivariate monotone cumulants of a sequence of random variables in terms
of their free and Boolean cumulants. This problem was attacked initially by the authors
in [AHLV15] to complement the cumulant-cumulant formulas in Theorem 3.4.25 in the
attempt to have a complete picture of the combinatorial relations between cumulants in
non-commutative probability. Indeed, the authors in [AHLV15] provided a combinatorial
formula for writing univariate monotone cumulants in terms of univariate free cumulants.
However, the multivariate case was left open.

The exposition of this chapter is based on the work [CEFPP21]. In the former, the for-
mulas for the multivariate case were stated and proved via the Hopf-algebraic framework
for non-commutative probability of Ebrahimi-Fard and Patras presented in Chapter 4
of this manuscript. Our strategy to attack the problem of interest is described in Sec-
tion 8.1, where the starting point is the pre-Lie-algebraic relation p = Q(8) = —Q(—k)
between the infinitesimal characters associated to the monotone, Boolean and free cumu-
lants (Theorem 4.2.9). To this end, we give a concrete combinatorial description of the
pre-Lie product on the pre-Lie algebra of infinitesimal characters on the double tensor
algebra T'(T'(A)). Moreover, we mention how this pre-Lie algebra can be identified with
a certain pre-Lie algebra of words. Later, in Section 8.2, the description of the pre-Lie
product generalizes to a combinatorial description of the iterated right pre-Lie products
r(<]"p)([3), required to compute the pre-Lie Magnus expansion (). Finally, Section 8.3 is
devoted to finding and proving the desired combinatorial formulas between cumulants.
The main task is identifying and describing the corresponding coefficients that define the

transition from free and Boolean cumulants to monotone cumulants. It will turn out

169
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that these coefficients have already appeared in Chapter 7, in the context of expressing
monotone cumulants of random variables in terms of their moments.

The main results described in this chapter, as well as the ideas for their proofs, are
based on the work [CEFPP21].

8.1 The pre-Lie algebra of infinitesimal characters g

The objective of this section is to make explicit the pre-Lie algebra structure underlying in
the space of infinitesimal characters, denoted by g, on a double tensor algebra T(T' (A)).
Having a concise formula for the pre-Lie product will facilitate the subsequent job of
computing the iterations of such a product, which are required to calculate the pre-Lie
Magnus expansion of an infinitesimal character. Thereafter, we will consider an equivalent
pre-Lie algebra of words that will help to have a deeper understanding of the computations
done in the first sections of this chapter.

Let (A, ¢) be a non-commutative probability space. By the theory studied in Chap-

ter 4, in particular Theorem 4.2.6, Theorem 4.2.9 and Theorem 4.3.2, we have that

and

where &, 5 and p are the infinitesimal liftings of the free, Boolean and monotone cumulants,
respectively, of (A, ¢), and the maps W, Q) : g — g are the Agrachev-Gamkrelidze operator
(Definition 2.3.25) and the pre-Lie Magnus operator (Definition 2.3.27) on g, respectively.

The formulas (3.4.16) and (3.4.17), originally proved in [AHLV15], that write Boolean
and free cumulants in terms of the monotone cumulants can be approached in the shuf-
fle algebra framework, for instance, in a similar fashion that is done in Theorem 6.3.1.
However, the same method cannot be applied to the Magnus operator. Nevertheless,
the pre-Lie algebraic relation p = Q(/) can be alternatively approached by the recursive
definition of the Magnus operator (Proposition 2.3.28)

Bn n
p=2_ 115 (). (8.1.1)

n>0
Therefore, our plan of action to obtain the sought formula is as follows:

1. Describe the pre-Lie product <1 explicitly on the pre-Lie algebra of infinitesimal
characters on T'(T(A)).

2. Find a combinatorial formula, in terms of non-crossing partitions, of the iterations

of the pre-Lie product.
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3. Propose the corresponding coefficient for any non-crossing partition from the rela-

tion between the Bernoulli numbers and the iterated pre-Lie products on (8.1.1).

We start by proposing a formula for the pre-Lie product on g. To this end, take two
infinitesimal characters «,y € g. By Proposition 4.1.4, the shuffle algebra structure on

Lin(T(T4(A)),C) yields a right pre-Lie algebra structure on g by the formula
aldy=a<x7—79»qQ.

We can obtain a description of the pre-Lie product by using the definitions of the half-
shuffle products < and >. Actually, if w =a; ---a, € T} (A), we have that

(@anw)= 3 alashlag)~ > as)alay) (8.12)

1€5C[n] 1¢SC[n]

Recall that o and ~ are infinitesimal characters, so a(Ji|...|J,) =0 =~(J|---|J,), for
r# 1.
Let us analyze the first sum in (8.1.2). Notice that, in order to produce a non-zero

contribution, S should be of the form {1,2,...,j} for j <n or
{1,...,r;r+s+Lr+s+2,...,n}

for some integers r,s > 1. In the former case, the complement of S is the non-empty
interval {j + 1,...,n}, while in the latter, the complement is the non-empty interval
{r+1,r+2,...,7+ s}. Thus we can write

> afas)y(azs) = ) alar---a;)v(ajen - an) + > a(amps)y(as).

1eSC[n] j=1 S#0 interval of [n]
1,ngS
On the other hand, notice that the second sum in the above equation coincides with the

second sum on the right-hand side of (8.1.2). Therefore we conclude that

(@<anN) = > alwws)y(w), (8.1.3)

"
where the notation w = wjwsws means that w is the concatenation of the words wy, ws
and ws.

Observe our objects of interest will be linear functionals on T(7';(.A)) associated to
the cumulant functionals on (A, ¢). Since we know that such functionals are infinitesimal
characters on T'(T4(A)), we can identify them with linear functionals on T’ (A), and
thereby we have g = Lin(T(A),C) =: Ly. For the sake of simplicity, if @ € g, then its

associated element in L, is also denoted by .
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Remark 8.1.1. Recall that L is a locally finite connected graded wvector space if
L=@,-oLn, where Ly = 0 and each L, is a finite-dimensional vector space, for n > 1.
In this C;n‘ccxt7 we can identify L with its graded dual L* = P, ., Lz, where we denote
V* .= Lin(V, C) for any vector space V. In particular, for X a ﬁ;n'te alphabet, we define
Ly as the linear span of the set of non-empty words, denoted by X*, on the alphabet
X. Tt is clear that Ly is locally finite, connected and graded, where (L), is the linear
span of the set of words of length n, for any n > 0. Thus, by defining the scalar product

making X* an orthonormal basis of Lyx:

1 ifw=
(a|w) = s _a , Va,we X*, (8.1.4)
0 otherwise

we can identify Lx with its graded dual L%. Notice that when A is finite-dimensional

with basis X 4, then Ly = Lx,. This observation will be relevant in the next chapter.

Proposition 8.1.2 ([CEFPP21, Prop. 1]). Let A be a vector space and Ly be the dual
linear space of Ty (A). Then (L, <) is a right pre-Lie algebra, with < given in (8.1.3).

Proof. The development yielding (8.1.3) is actually a proof of the formula. Nevertheless,
we will prove the proposition directly by verifying the right pre-Lie identity (2.3.3). With

this purpose, take a,v,& € Ly. Then, for a word w = a; - - - a,, we have that

(e a7) € €)(w)

Y (a <) (wiw)(w))

wlww3z=w
\wi\>0

Z Z a(wiwizws)y(wiz)€(wa)

wi1ww3z=w W1lWwi2wW13=w1
\wi\>0 \w11|7|w12\>0

+ Z a(wiwss)y(wigwsg)§(we) + Z a(wrwsz wsz)y(ws)€ (wo)

w11 W12 =W W31 W32W33=W3

‘112)32‘111\13;:?1;30 |ws2|,|ws3 ][>0
11],|w33

[wiz],|ws2|>0

On the other hand

(@a(r<O)w) = Y alwws)ly <E)(w)

Wi Waw3=w
Jw;i|>0

Z Z a(wywz)y(wiawsz)€(waes).

W W2W3=W W12W22W32=W?2
Jw;|>0 |wi2| >0
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Therefore

((e<m)ag—aar<)w) = Y (alwiwsws)y ()l +alwiwsus)y(wi)(ws) ).

W1 W2 W3WAWSE =W
|w1|,|wal,|wal,|ws[>0

As the expression on the right-hand side is symmetric in v and £, we obtain that it also

computes
(@) <y —a<(Ea9))(w).

from which we conclude that the right pre-Lie identity holds. O

Remark 8.1.3. It is easy to see that the conditions over the sum defining < allow us to

write (8.1.3) in terms of non-crossing partitions. More precisely, we have

(@amw) = > alay)yaw), (8.1.5)

7€NCZ _(n)

irr

r={V,W},V<W

where we recall that V' < W means that the block W is nested in V', and NC?

T

(n) stands

for the irreducible non-crossing partitions of [n] with exactly two blocks.

The reader can notice that the proof of Proposition 8.1.2 is based on a specific way in
which the word w is deconcatenated. By considering the discussion of Remark 8.1.1 as

well as the duality defined by (8.1.4), we obtain the following result.

Proposition 8.1.4 (|[CP22, Prop. 3.1]). Let X be an alphabet and Ly be the vector space
defined in Remark 8.1.1. Then (Lx, <) is a graded pre-Lie algebra, with <1 given by

ady= Z a1yQa, Ya,vye€ X" (8.1.6)
alas=a

aq,0070

The previous proposition prompts us to give a proper name to the vector space Lx.

Definition 8.1.5. Let X be an alphabet. The pre-Lie algebra Lx defined in Remark 8.1.1

is called the pre-Lie algebra of words over X.

8.2 Iterated pre-Lie products on L,

Continuing with our project to obtain a formula that writes monotone cumulants in
terms of free and Boolean cumulants, we have to find a combinatorial formula for the
right iteration of the pre-Lie product on Ly = Lin(74 (A),C).

We start by noticing that non-crossing partitions have already appeared in the writing
of the pre-Lie product given in (8.1.5). Let us look into the second right iteration of the

pre-Lie product. From the computations in the proof of Proposition 8.1.2, we can extract
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(13 <72) <m)(w) = Z z Y3(wirwizws)y2(wiz)y1 (wo)

wWiw2w3z=w W11wW12W13=w1
[w;]>0 [wi1],]w12[>0

+ g Y3 (wi1wss) v (wiawsg)y1 (w2) + E Y3 (wiwsiwsz)ya(wsa)yi(we) |
W11Wi2=wWi W31W32W33=W3
W32W33=wW3 |waa|,|ws3|>0
[w11],|wss|>0
[wiz2],|wz2|>0
for any v1,72,73 € Ly and a word w = a; - - - a,, € A¥™. Analyzing how the deconcate-
nation of the word w is done on each of the sums in the above equation, we observe that
such sums can be written in terms of irreducible non-crossing partitions with exactly three

blocks as follows:

(13 <) <m)(w) = Z Ya(wiy )72 (wvy )11 (wvs)
7ENCE (m)
W:{VL7V2,V3}
1€V; max(V2)<min(V3)
+ D wlwv)nlws)m(w) + > Ya(wry )2 (wve )71 (ws).
7eENCE (m) 7eENCE (m)
m={V1,V2,V3} m={V1,V2,V3}
1eV1,Va<V3 1€V1,max(V3)<min(V2)

Observe that the above sums can be equivalently described by considering the nesting

tree t(m) of an irreducible partition 7. Indeed, the partitions indexing the first and the

third sum above have a nesting tree of the form ¢(7) = &, and the second sum is indexed

by partitions with ¢(7) = i Furthermore, the fact that there is a distinction between the
first and the third sum can be explained by considering the monotone labellings of the
nesting tree. Actually, if 7 = {Vi, V5, V3} with 1 € 1}, every monotone labelling of ¢(r)
will produce the respective factors v3(wv, )v2(wy, )71 (wys) and s (wy, )2 (wys )71 (W, ).
As the previous analysis sheds light on the general form of the right iterated pre-Lie

product, we can state the following proposition.

Proposition 8.2.1 ([CEFPP21, Prop. 4]). Let v1,..., Y41 € Ly and w = ay---ay, €
A®™ such that |{w| = m > n+ 2, with n > 0. Then the right iteration of the pre-Lie

product acts on w by

(( (’Yn+1 <’Yn) < ) <1'71)(w) = Z 7n+1(wV1) "'Vl(anH)? (821)
reM (m)

irr

m=(V1,0.,Vit1)

where M (m) stands for the set of monotone irreducible non-crossing partitions with

rr
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exactly n + 1 blocks.

Proof. First, note that if |w| < n + 1, there will be at least one 7; that will evaluate an
empty word, so the iterated pre-Lie product on w will be equal to 0. Thereby, we can
assume all the words are long enough to produce an evaluation different from 0. Now, we
start the proof by induction on n. The base case n = 1 is precisely (8.1.5).

For the inductive step, assume that (8.2.1) holds for any n elements in L,. We will
prove that (8.2.1) holds for any vi,..., V41 € Lg. To this end, consider the known fact
that 7 is a non-crossing partition if and only if there exists an interval V' € 7 such that
7' = m\{V'} is also a non-crossing partition. In particular, if 7 € NC(m) is irreducible and
different from the one-block partition 1,,, then the interval block V' does not contain 1
nor m. Even more, if (7, ) is a monotone partition, we can take the interval block as the
block V' € 7 such that || = A(V') > A(W) for any other block W # V in 7. Observe that
a block V' that satisfies the previous condition is necessarily an interval since otherwise,
it would contradict the fact that A is a monotone labelling. Therefore, if we denote I(m)
the set of non-empty intervals of [m] that do neither contain 1 nor m, we have a bijection

{r e MY m)} < {(7,V): 7' e M

rr rr

(Im]\V) and V € I(m)}. (8.2.2)

Then, by definition of <1, we have

(( (g1 DY) Q-0 ) ’Yl)(w)
= > (o <) Q) <) W vi )N (W) (8.2.3)

Vig1€I(m)

On the other hand, the induction hypothesis tells us that

(- (g1 Qym) D) <72) (Win)\viss)

= Y ealwn) (),

m'eM? ([m]\Vnt1)

irr

w'=(Vi,...,Va)

We conclude the inductive step by rearranging (8.2.3) by using the bijection stated in
(8.2.2). O

Remark 8.2.2. The formula (8.2.1) for the right iteration of the pre-Lie product resem-
bles the formula obtained in (6.2.8) for the action of the k-th convolution power of an
infinitesimal character p**. Observe that in the former formula, the sum is done over
irreducible monotone partitions with &k blocks, while in the latter formula, the sum is over

all the monotone partitions with k blocks.

Due to its importance in the recursive expansion of the Magnus operator, we state the

particular expression of rZQ (8) as a corollary.
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Corollary 8.2.3 (|CEFPP21, Cor. 3|). Let 5,p € Ly and w = a; - - - a,, € A®™ be a word
such that [w| =m >n+ 2, withn > 0. Then

rBw) = > mm)Bw)pe iy (W),

ENCI () (8.2.4)
1meVien
where poi(wpnn) == 1 pluw), and in general po(w) = TI plww), for any
VIV/V;E% Weo
o € NC(Jwl).
Proof. Using Proposition 8.2.1 with the linear functionals v,41 = fand v, = --- =7, = p,
we obtain

rD@)w) = Y Blwn)pe gy (Wi )-
TFEM;;:—I(m)

W:(V1,~~.,Vn+1)
Since the unique outer block is always labelled with 1, one can observe that any term in

the sum of the right-hand side of the previous equation does not depend on the labelling of

7 € NC(m). Since there are exactly m(m) = t‘(fr‘)!! many different monotone partitions

rr

associated to 7, we obtain the conclusion in (8.2.4). O

Remark 8.2.4. Let (A, ) be a non-commutative probability space, and consider p, 8
and k the infinitesimal liftings of the monotone, Boolean and free cumulants, respectively.
Proposition 2.3.26 establishes that

1
Wp) =Y ———r5(p).
; (n+1)! <
Since § = W(p), Corollary 8.2.3 provides a new purely pre-Lie algebraic proof of the

relation between cumulants in (3.4.16). Indeed, if w = a; - - - a,, € A®™ we have
I m

n>0
m—1

=Yg X mEew)

" 7eNCP, (m)

irr

1
= Z Wﬂw(w),

TENCr (M)

where we used the notation of Corollary 8.2.3 for p, and the fact that m(7) = |=|!/t(7).
Notice that we can proceed analogously to obtain a pre-Lie algebraic proof of (3.4.17) by
using the pre-Lie relation k = =W (—p).

One may wonder about a combinatorial expression of the left iteration of the pre-Lie

product. As we can observe in the proof of Proposition 8.2.1, the second left iteration
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can be easily written in terms of irreducible non-crossing partitions of three blocks whose

nesting tree is i The general form of the left iteration is given in the next proposition.
For the proof, we make the convention that if 7 € NC"*(m) and ¢(7) = £, is the ladder
tree, then we write the blocks as 7 = {V4,Va,..., V, 41}, where V] < Vo < -+ < V1.

Proposition 8.2.5 ([CEFPP21, Prop. 3|). Let v1,...,Yn41 € Ly and w = aq---ap, €
A®™ such that |lw| = m > 2n + 1, with n > 0. Then the left iteration of the pre-Lie

product acts on w by

(1 << (re<m) ) (w) = Z Yot (wiy) - Y1 (W) (8.2.5)

reNCH (m)

()=l i1
a={V1,...,Vaq1}
Proof. Similarly to the proof of Proposition 8.2.1, we proceed by induction on n. The base
case n = 1 is described in (8.1.5). Now for the inductive step, assume that (8.2.5) holds for
any n elements in Ly, and take 1, ..., V41 € Lg. Then, for a word w = a4 - - - a,,, € A®™

we compute

(et Q< am) )W) = Y er(wn) (< (<2 <am) ) (W)

1,meViC[m]
[m]\V1 is an interval

= > S ey alwn) - m(wy,,),

LmeVig[m]  meNCE ([m]\V1)

[m]\V1 is an interval t(;;j:én

m={Va,....Vpy1}
where in the second equality, we used the induction hypothesis. We conclude then by
noticing that, in a similar way as the bijection used in the proof of Proposition 8.2.1, we
can find a bijection

{0 € NCIH (m) : t(0) = bor} &

rr

{(m,V1) : I,m € V; C [m], [m]\Viis an interval, = € NC}

orr

([m]\V1) with ¢(7) = £,}.

The inductive step finalizes by using this bijection to write the double sum in the above

equation in order to obtain (8.2.5). O

8.3 Monotone cumulants via pre-Lie Magnus expansion

The third section of the present chapter is dedicated to the third and last step of our plan:
to find a formula, in terms of non-crossing partitions, that writes monotone cumulants
in terms of free and Boolean cumulants. The strategy is, by using the developments
in the previous sections, to identify and propose the corresponding coefficients in the

cumulant-cumulant formula.
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Let (A, ) be a non-commutative probability space, with associated Boolean and
monotone cumulants {b,}n>1 and {h,},>1, respectively. By looking at the cumulant-
cumulant formulas appearing in Theorem 3.4.25, we would expect a formula in terms of

irreducible non-crossing partitions:

holay, ... an) = Z a(mbg(ar, ..., an),

TENCiyr (M)

where a(m) is an scalar. Even more, the coefficients appearing in the formulas of Theo-
rem 3.4.25 only depend on the nesting tree of the irreducible partitions. In this way, we
should expect that the same phenomenon will occur in the case of the a coefficients.

Now, consider the infinitesimal liftings p and S of {b,},>1 and {h, },>1, respectively.
The fundamental relation is given by the pre-Lie Magnus operator (Theorem 4.2.9):

_ By )
p(w) = Q(B)(w) = Z Hrqg(ﬁ)(ﬁ)(w)v
n>0

for any word w € T,(A). Notice that if w = a;---a,, € A%, then the n-th term
in the above sum will produce a zero contribution for any n > m — 1 because of the
degree conditions on w stated in Proposition 8.2.1. The following example shows the

computations for some small values of m.

Example 8.3.1. Let ay,...,a5 € A. By using (8.1.1) and Corollary 8.2.3, we can compute

the monotone cumulants of words of length at most 5:

p(al) = ﬁ(a’l)a
plarag) = Blaraz),
plarazaz) = [(aiazaz) — %5(‘11“3)5(“2)7

plarasagan) = Blarasases) — 3Barasan)Blas) = 5B(masar)f(az)
— 5 Blara0)Blasas) + B(amar) Baz) Blas),
plmanasasas) = Blanaasass) — 5B(aranasas)(ar) — 3 aasasas)Bas)
— 3 Blarasaas) Blaz) — 55(anas)Blasasar) = 5B(era10)B(aacs)

— 5 Bla1a205)B(as0a) + 5 Bla10205)B(a)B(as) + ¢ Blara10)B(a)Blas)

+5Blmasas)B(a)B(a) + 6(aras)(ara)5(an)

+éﬁ(a1a5)ﬁ(a2)5(a3a4) + %6(@1@5)5(@2@4)5(%).

As expected, at least for the words of length at most 5, the corresponding coefficients

a(m) of the irreducible non-crossing partitions 7 indexing the above sums only depend
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on the nesting tree of the partition. We can summarize the coefficients in the following
table.

RN

alt) | 1] -

D=

Remarkably, the « coefficients coincide with Murua coefficients w(t) from Defini-

tion 7.3.2. Therefore, our conjecture is then

plw) = D w(t(m)br(w).

TENCiy (|wl)

In order to prove this conjecture, we want to relate the fundamental formula (8.1.1),
Proposition 8.2.1 and Murua coefficients. Looking at the Bernoulli numbers, we can recall
Proposition 7.3.4. Since we are dealing with trees that are trees of nestings of irreducible
non-crossing partitions, it will be convenient to translate the objects K(f) and C*(f)

from the statement of Proposition 7.3.4 in terms of non-crossing partitions.

For the next construction, we start with a non-crossing partition with k exactly blocks,

namely 7 = {V;,...,V;} € NC(m). Considering 7 as a poset, define the collection
S(m) :={S C« : S contains all the minimal elements of 7}.

Notice that S € S(m) if and only if S C 7 contains all the outer blocks of 7. Moreover,
we can consider any S € S(r) itself as a non-crossing partition of UyegV. The non-
crossing partition associated to S will be denoted as mg. Observe that S(m) is in clear
bijection with the multiset K (¢(7)) in the statement of Proposition 7.3.4, where S € S(m)
is mapped to the forest s(S) (as poset) induced by the vertices associated to S.

Now, take S = {W1,...,W,} € S(x). Define the S-connected components of w as the

collection of sets 7% = {r¢,..., 77} where, for any 1 < j <, we set
77]5 ={Ver:V>W, and Aj <l such that V> W; > W;}. (8.3.1)

In other words, 7§ is the collection of blocks of 7 that are nested in W; and that are
not nested in another W; that is also nested in W;. By construction, each 75 as an
irreducible non-crossing partition on the set X JS = UVeﬁfV whose unique outer block is
W;. Moreover, observe that X° = {X7,..., X/} is a non-crossing partition coarser than
7. Notice that the construction 7° is clearly equivalent to the construction C*%)(¢(r)),
where s(5) is the subforest of ¢(7) given by S € S(m).
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Example 8.3.2. Consider the non-crossing partition together with its nesting forest

i =

1 | eNcao), tx) = IAI,

ot —

NN
1234

where we have coloured the blocks for the sake of clarity. Notice that an element of S(m)

must contain the red and the green block. Thus we can take
sz{l_h ,|_|}ES(7T),

with associated non-crossing partition

rs= |1 M1 | eNC({1,3,4,6,7,9,10}).

13467910

To this subset of blocks of 7, we have the list of irreducible non-crossing partitions

Wsz{|||,||||7|||}

and the coarser non-crossing partition

xs=1 11111 rm [ encqo.

In the language of Proposition 7.3.4, we have that the equivalent objects are

s=elekim), ocum =111

Remark 8.3.3. It is noticeable that the above construction provides a bijection between
the pairs (7, 5) € NC(m) x S(w) and pairs (o, (11,...,7)), where 0 = {Wy,..., W} €
NC!(m) and 7; is an irreducible non-crossing partition of W}, for any j € [I]. The bijection
is given precisely by

Wj:Xf, =3, Vjell,

Y

ie. 0 = X5 It is not difficult to see that the inverse process provides
1
ﬂ-:UTj’ S:{Bl,...,Bj},
j=1

where B; stands for the unique outer block of 7;, for any j € [I].
Under this construction, it is easy to translate Proposition 7.3.4

Proposition 8.3.4 (|[CEFPP21, Prop. 5|). For any irreducible partition = € NCi,(m)
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such that m = {Vy,..., Vi, } withn > 2 and 1 € V;, denote by 7' the non-crossing partition
{Va,...,Vi}. Then

wit(n) = Y %w (t(("))) . (8.3.2)

Remark 8.3.5. The above construction and the previous proposition can be also stated in
terms of another partial order defined in NC(m) known as the min-maz order (|[BNO8a]),
denoted by <. More precisely, we say that m < ¢ if and only if, 7 < ¢ in the reverse
refinement order NC(m) and, in addition, for any block W € o, there exists a block
Viy € 7 such that min(W), max(W) € Vjy. Now, take two non-crossing partitions such
that 7 < o with o = {Wy,...,W;}. Let V(o) be the subset of = given by the blocks of
7 that contains the extremal points of the blocks of o, i.e. V(o) = {Viy,,..., Vi, } C 7.
Notice that V(o) can be considered as a non-crossing partition. Also, by the definition of
&, it is clear that V(o) contain all the outer blocks of 7. Furthermore, also by definition
of < we have that each restriction 7|y, is an irreducible non-crossing partition. Hence,

it is clear that we have a bijection
{V(o) : m< o} + S(m)

such that ’/T;/(o) = T|w,, for any j € [I]. If we denote W(r) := {7|w,,...,7|w;}, we have
that (8.3.2) can be written as

By (o)
wit(m) =Y ('(‘ )‘), w(t(W(m))).

o>T t

After the previous propositions and remarks, we are now ready to attack the problem
of finding the desired cumulant-cumulant formulas. The statement and the proof are

finally as follows.

Theorem 8.3.6 ([CEFPP21, Thm. 3]). Let (A, ¢) be a non-commutative probability
space, and consider p, 3,k € Ly the infinitesimal liftings of the monotone, Boolean and

free cumulants on (A, @), respectively. Then we have

pw) = S wt(m) [ Blwr),

TENCiyr (M) Ven
plw) = > DM w(tm) [T atwy),
TENCiyr (M) Ven

for any word w = ay - - - a,, € A®™.

Proof. We only prove the monotone-Boolean case since the monotone-free case can be
proved similarly. The proof is done by induction on m, the length of w. The base

case m = 1 follows from the fact that w(e) = 1 and the computation p(a;) = B(a1)
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in Example 8.3.1. Now, assume that cumulant-cumulant is valid for words of length
smaller than m. By the developments carried out throughout the chapter, in particular

Corollary 8.2.3, we have for a word w = a; - - - a,, € A®™:

m—1
By (n
plw) = Q(B)(w) = D —tr 5 (B)w)
n>0
m—1 B n+1
= Z ﬁ Z m(ﬂ-)ﬁ(w\ﬁ) Hp(wvz)7
n=0 ﬂGNCﬁfl(m) =2
T={V1,..., Vit1}
1,meV;

|7|!
t(m)!?

clearly || = n+ 1 if 7 € NC (m). Writing 7’ = 7\{V41} to denote the non-crossing

nwr

where we used Corollary 8.2.3 in the third equality above. Recall that m(m) = where

partition obtained by removing the block V4 € 1, m from 7, we have

() ]! ]! n!
mi\m) = = = .
t(m)! wft(x)! t(a)!
Then
m—1 B n' n+1
p(w) =" ﬁ > t(w,),ﬁ(wvl) [T o(wr)
n=0 ’ WENC?;:rl(m) ’ =2
m={V1,....,Vt1}
1,meV;
m—1 n+1
By

n=0 reNC™!(m)

7={Vi,....Vat1}
1,meV;

P [T > wtesa(wn) ).

1=2 \ 0;€NCi(V5)

where we used the induction hypothesis in the last equality above. In order to rearrange
the above sum as desired, we will use the bijection described in Remark 8.3.3. More

precisely, we set

n+1
pi=| o e NC(Im\Vy), S ={V, . V') (8.3.3)

=2

where V)7 stands for the unique outer block of oy, for 2 < 7 < n 4+ 1. We also set
p = pU{V1}, and notice that p/ € NCi,(m). For the purpose of making a correct

interpretation of the indexes, we notice:

i) By definition, |S| =n = |#'|.

mn

ii) pg is the non-crossing partition of | J; +21 V{7 whose blocks are the elements of S as

defined in (8.3.3). Since o; is an irreducible non-crossing partition of V; for any
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2 < ¢ < ||, we conclude that the nesting structure of the blocks of 7’ is encoded
in the nesting structure provided by the set of outer blocks of the irreducible non-

crossing partition oo, ..., 0,41. Hence (7)) = t(ug).

iii) By the definition of the S-connected components of x (8.3.1), we have that u? = o;
for any 2 <i <n+1. Thus u° = {o9,...,0,41} and

w(t(r®)) = Hw(t(o»).

Finally, since the above sum is indexed by all the pairs (7', (0;)2<i<|x/|+1), We can rearrange

it as a sum over all the pairs (p, S):

> > B‘S‘!5(“)%)%(%4\%)w(t(us))

N Crm(rm) S50 THS)

S Betw | Y Bis w(t(p?))

|
1 ENCiyp (m) SeS(u) t(MS)~

p(w)

We finally conclude by applying Proposition 8.3.4 to the above equation

pw)= 3 wlt)Buw),

' €NCipr(m)

and therefore, the proof is now complete. O

For the sake of completeness, we state the previous theorem in the language of the

cumulant functionals.

Corollary 8.3.7. Let (A, ) be a non-commutative probability space, and consider {hy }n>1,
{bn}n>1 and {k,}n>1 to be the monotone, Boolean and free cumulants on (A, ), respec-

tively. Then we have

hn(ar,. . an) = Y w(t(m)be(as, ..., an), (8.3.4)

TENCipr(n)

ho(ar,.van) = Y (=) w(t(m)ke(an, .. an), (8.3.5)

TENCipr(n)

foranyn>1 and ay,...,a, € A.

Remark 8.3.8. As we have mentioned, the formulas that write monotone cumulants in
terms of the free and Boolean cumulants have already appeared in the work [AHLV15]
only for the univariate case. The approach in [AHLV15, Thm. 1.2| differs from our

approach presented here. Actually, the main idea of [AHLV15] is to use the combinatorics
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of the notion of matricial free independence ([Lenl0]), which relates monotone to free
and Boolean independence as well. The description of the coefficient w(t(7)) appearing in
[AHLV15] is given in terms of free cumulants k,, times the linear coefficient of P, (k), where
P, (k) counts the number of non-decreasing labellings of the blocks of the non-crossing
partition 7. The reader should notice the difference with w(t(r)): the description of wy,

is the number of strictly order-preserving functions, not only non-decreasing.

Remark 8.3.9. We can use the formulas we have just proved to provide a different
approach to the main question posed in Chapter 7, i.e. to give a formula that writes
monotone cumulants in terms of moments. Actually, combining (8.3.4) and the formula
(3.4.13) that writes Boolean cumulants in terms of moments, we obtain for any n > 1 and
a,...,a, € A:

ha(ar,.an) = Y w(t(m) []owilar .. anlV)
TENCirr (n) Ver
= Z H Z ‘Jl ! (a17"'7an|v>'
TENCip (n) Ver oelnt(V)

Observe that if 7 € NCi(n) and for each V € 7, we take any oy € Int(V), when we
consider the disjoint union o := | |;,o, ov, we will obtain a non-crossing partition such
that o < 7 and such that the restriction o|y on each V' € = is an interval partition. If
we denote by m C my the fact m and 79 are non-crossing partitions satisfying the two
previous conditions, we have that C is indeed a partial order on NC(n) (see [JV15]). With

this notation, we have

ha(ar,.van) = Y w(t(@) Y (=D o (ay, . an)
TENCipr (1) oCm
= Y golar,..an) Y (=Dt (r).
c€NC(n) TENCr (1)

oCm

By Corollary 7.3.14, we should have that

> wsk(t) =a(m) = > (=Dlu(t(0). (8.3.6)

teST(n) UENC,”(n)

w(t)=m mCo
Observe that, in general, the w map evaluated on the nesting tree of ¢ is not the same
that the evaluation of w on a Schroder tree whose associated partition is o. Therefore, it
is of interest to clarify the relation between these two different types of trees associated

to a non-crossing partition.

The monotone-free and monotone-Boolean cumulant formulas obtained in
Theorem 8.3.6 correspond to a particular computation of the pre-Lie Magnus expan-

sion in the pre-Lie algebra of infinitesimal characters g. We close the ongoing chapter by
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remarking that such formulas are indeed particular cases of a more general (and effective)
method of computation of the pre-Lie Magnus expansion in any locally finite connected
graded pre-Lie algebra L, or even more generally, the calculation of iterated brace prod-
ucts and the associative product on the enveloping algebra of L (Section 2.3). The next
chapter is dedicated to developing this method of computations in such general pre-Lie

algebras.
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Chapter 9

Pre-Lie Magnus Expansion via Forest

Formulas

The results obtained in Chapter 8 elucidate a more general phenomenon in the context
of pre-Lie algebras of words. In particular, the structure of the computations motivates
us to have a more systematic understanding of the iterated pre-Lie products and the
pre-Lie Magnus expansion computed in the previous chapter. Looking for a more general
framework leads us to consider the notions of symmetric braces algebras and right-hand
polynomial Hopf algebras, described in Section 2.3. The aim of this chapter is to under-
stand how the iterations of the pre-Lie and brace products can be computed by looking
at the dual Hopf algebra, in particular the coproduct, originated by a specific type of
pre-Lie algebras. In the process of computing iterations of coproducts, we will generalize
Zimmermann’s forest-type formula for computing the antipode of a Hopf algebra. The
contribution is then a new effective method for computation of iterated braces that, in
particular, will allow us to compute the Magnus operator in a pre-Lie algebra of words.
We start Section 9.1 by defining the particular type of pre-Lie algebras to be consid-
ered, namely, locally finite connected graded pre-Lie algebras. Moreover, we construct
the coproduct dual to the braces and show how the duality implies that the calculation
of iterated pre-Lie and brace products is equivalent to the calculation of iterated coprod-
ucts appropriately restricted. The section finishes by stating and proving the particular
expressions for the braces and the dual coproduct in the case of pre-Lie algebras of words.
Our next objective is achieved in Section 9.2, where we explain the aforementioned forest
formulas for the coproduct, which will provide a method to compute the Magnus operator.
The methods developed in Section 9.1 and Section 9.2 bear fruit in Section 9.3, where
we can apply our new approach to compute the pre-Lie exponential and the Magnus op-
erator on pre-Lie algebras of words. In other words, we can obtain the formulas that
relate monotone cumulants with the free and Boolean cumulants. Furthermore, in order
to show that our new method does not only apply in the previous case, we also explain

in Section 9.4 how to compute the pre-Lie exponential and the Magnus operator of the

187
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generator of the free pre-Lie algebra of rooted trees. One feature of the corresponding
proofs is that they are based on techniques that purely rely on pre-Lie algebra theory. As
we have mentioned in the Introduction, the tree-series expansion of the pre-Lie exponen-
tial and Magnus operator are known. Nevertheless, our approach sheds light on further
connections between the combinatorics of rooted trees and free pre-Lie algebras.

The main results of the present chapter, as well as the ideas for their proofs, are based
on the work [CP22].

9.1 Iterated brace products

In this first section, we will consider the general problem of computing iterated pre-Lie
products and iterated braces in a particular class of pre-Lie algebras. Solving this problem
is the first step in developing a computational method to obtain the pre-Lie exponential
and Magnus operator. Then we will study the pre-Lie algebra of words in detail, having
in mind our ultimate objective of understanding the cumulant-cumulant formulas in non-
commutative probability.

Throughout this section, assume that (L, <) is a locally finite connected graded pre-
Lie algebra, i.e. L = @,~, Ln with Ly = 0, each L, is a finite-dimensional vector space for
n > 0 and the pre-Lie pr_oduct < on L is graded, i.e. « <7y € Ly, 4, whenever a € L,, and
v € L,. If L* stands for the graded dual of L, then the duality pairing (:|-) : L& L* — K
extends to a pairing (-|-) : K[L] ® K[L*] — K by the formula

2 LLtecohed it =m. 0.11)

€Sy i=1
0 otherwise,

<a1...anw1...wnl>:

for any m,n > 1, a1,...,a, € L, wy,...,wy, € L* and S, stands for the group of
permutations on [n]. Observe that the fact that L is locally finite, connected and graded
allows us to identify K[L*] as the graded dual of K[L].

Remark 9.1.1. In the case that L is a locally finite connected graded pre-Lie algebra,
observe that we have two graduations on K[L]: the polynomial degree which is given
by the length of a monomial ay---a, € K[L], and the full degree which is given by
deg(ay) + - - - + deg(av,), where we set deg(y) = m if v € Lyy,.

By the results of Section 2.3, more specifically Theorem 2.3.20, the enveloping algebra
of L is the Hopf algebra given by (K[L], %, A, ), where A, is the coproduct in the polyno-
mial Hopf algebra (Example 2.2.4) and the associative product * is defined by the formula
(2.3.9) through the symmetric brace product {, } : LQK|[L] — L defined in Lemma 2.3.14
extending <1. The dual Hopf algebra is of the form (K[L*],-,d), where - stands for the

(commutative) polynomial product on K[L*] and § is the coproduct dual to .
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The fact that * is defined through the symmetric braces permits us to describe § also
in terms of the braces. More precisely, in the case that L is connected graded and locally
finite, for each n > 1 we define the map 4, : L* — L*®K[L*],, as the dual of the restriction
of the brace product to a map L ® K[L],, — L, which means

({7, wtw) = (@ @1yl (w)), (9.1.2)

for any «,v1,...,7 € L and w € L*. Here K[L], for the linear span of the monomials in

K[L] of polynomial degree n, and similarly for K[L*],. Hence, we proceed to define

§=> 0,: L" > L"@K[LY). (9.1.3)

n>1

Observe that if w € (L;)* = L7, the fact that the pre-Lie product < is graded implies that
Sn(w) = 0 for any n > i since deg(af{1,...7n}) > n+ 1. Thus &(w) is actually a finite
sum. Finally, by setting 0 : K[L*] — K[L*] ® K[L*] to be the algebra morphism given by
S(w) = 6(w) +w® 1+ 1®w, Lemma 2.3.17 implies that d is precisely the dual coproduct

of *.

Theorem 9.1.2 (|[CP22, Thm. 2.4]). Let L be a locally finite connected graded pre-Lie
algebra. Then (K[L*],-,0) defines the Hopf algebra structure dual to the Hopf algebra
(K[L], %, A,), where the corresponding irreducible coproduct & is defined by (9.1.3).

One of the main features of the symmetric brace product associated to a pre-Lie
product is that it is a natural framework to understand the computations of iterations of
the pre-Lie product. This statement is exemplified in the lemmas below, and it will be
a crucial observation in the calculations of the forthcoming sections. Before stating the

lemmas, let us introduce a particular restriction of the dual coproduct 0.

Definition 9.1.3 (Irreducible coproduct). Let (L, <1) be a locally finite connected graded

pre-Lie algebra and (K[L*],-,d) be the dual of the enveloping algebra of L. We define

2]

to be the restriction

the wrreducible coproduct 0y, as the linear map given by &, := di. := &1, where §; is

In]

1T

given by (9.1.2). More generally, for n > 2 we define the map 4§
of the iterated coproduct 6 to a map from L* to (L*)®" by restricting the domain to
L* ¢ K[L*] and composing with the orthogonal projection from K[L*]®" to (L*)®".

Remark 9.1.4. The fact that §; identifies with the restriction of 0 to a map from L* to
(L*)®? is a consequence of the fact that the braces determine the associative product *
(Lemma 2.3.17).

The irreducible coproduct allows computing the action of the pre-Lie product as stated

in the following lemma.
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Lemma 9.1.5. Let (L, <) be a locally finite connected graded pre-Lie algebra. Then
(@ 97fw) = (a @ 7]bin(w)),

for any o,y € L and w € L*.

Proof. Let o,y € L and w € L*. Using duality and the fact that the symmetric braces
extend the pre-Lie product, we have that

(@ @701(w))
({7} |w)

(o < 9|w),

<O‘ oY ’Y|5irr(w)>

which proves the lemma. O

Remark 9.1.6. One can interpret the formula in the above lemma in terms of the reduced
coproduct 0. More precisely, by considering any o € L as an element in (L*)*, we define
& as the infinitesimal character on K[L*] that coincides with o on L*. Then, we can show
that

(0 <qlw) = (@@ 7]d(w)),

for any o,y € L and w € L*. Indeed, by Lemma 9.1.5 and the fact that § = 6. +Zn22 On
with 0, (w) € L* ® K[L*],,, we get that

([@@A0(w) = (@70 (w) + Y 5u(w))

n>2

= (@®9|0uw(w)) +0
= <a®7|6irr(w)>v

where in the last equality, we used that & and % coincide with o and v on L*, respectively.

The following generalization of Lemma 9.1.5 will allow us to compute the iterated

pre-Lie products via the iteration of the irreducible coproduct.

Lemma 9.1.7. Let (L, <) be a locally finite connected graded pre-Lie algebra. Then
(- (@ ag) <) Dagfw) = (0 ® @ auld) (w) = (1@ © a,l8" (w)), (9.14)

foranyn>2 aq,...,a, € L and w € L*.

Proof. We prove the lemma by induction on n. The case n = 2 was actually proved in

Lemma 9.1.5. Now, assume that the lemma holds for n — 1 and define

vyi=0C (g <Qag) < -+) <ap-g € L.
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Also, introduce the Sweedler-type notation &, (w) = w'™ @ w'®. Hence

(yQaglw) = (7@ apw'™® @ w'®)
(Y| D) (v |’ @)
(1 ® -+ ® ap_ ol (w' @)Y (| w'®)

where we used the induction hypothesis in the last equality. Now, we claim that
[n] [n—=1] o -
Oy = (51:2 & 1d> O -

Indeed, the coassociativity of ¢ implies that 5 = (5["_1] ®id) 0 ¢. In addition, 51[:1] is

defined by the restriction of 6" to a map L* — (L*)®". Combining both statements, we

obtain a proof of the claim. Hence, we can write

<7 < anlw> = <a1 ® e ® an|6l[:;*1](w/(1)) ® w’(2)>

= (0@ @ ol (w)),

and thus, the first equality in the lemma is proved. The proof of the second equality in
(9.1.4) follows similarly by induction from Lemma 9.1.5 and the coassociativity of the

reduced coproduct 4. O

The following lemma states that we can compute iterated symmetric brace products
via iterations of the reduced coproduct, analogously to the result with the pre-Lie product

and the irreducible coproduct.

Lemma 9.1.8. Let (L, <) be a locally finite connected graded pre-Lie algebra. Then

(- (i{arz, - am2)) Hawm - Gyt | 0)
= <a171 ® al,Q PN am/272 ® PPN ® (117,” [N amn’n | g[n] ('LU)> (915)

foranyn>2, a;; €L for1<i<n,1<j<mn;(n =1), andw € L*.

The proof of the previous lemma can be obtained similarly to the proof of Lemma 9.1.7.
In a few words, (--- (a11{012,. .., @my2}) -  H@1ny- - Qm,n} € L is the projection on

L orthogonally to the other graded components of K[L] of the element
¥ (a1 Quyp) ¥k (- Q) € KL

The lemma follows as the x product in K[L] is dual to the coproduct ¢ in K[L*].
Now, observe that under the assumptions of Lemma 9.1.7, we can compute the
Agrachev-Gamkrelidze and the pre-Lie Magnus operator on a pre-Lie algebra L by du-

ality, as long as we have a concrete computation of the irreducible coproduct 5", The

ir *
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work done in Chapter 8 motivates us to investigate such formulas for the particular case
of pre-Lie algebras of words.
Henceforth, let X be a finite alphabet. Recall that we have a pre-Lie algebra structure

on the linear span of non-empty words on X given by

ady= Z Qqy0, (9.1.6)

a1 0
for any «,y non-empty words on X, where the notation a;as means the concatenation of
the words o and as. It readily follows that Ly is a locally finite connected graded pre-Lie
algebra, where the n-th homogeneous component (Ly), is given by the linear span of the
words of length n, for any n > 1. The first step to make in order to particularize the
lemmas in this section, for the specific case of a pre-Lie algebra of words, is to obtain
a detailed description of the symmetric braces and the dual coproduct associated to the
pre-Lie product defined in (8.1.6). The description of the symmetric brace product is

provided in the following proposition.

Proposition 9.1.9. Let Ly be the pre-Lie algebra of words over X. The symmetric brace

map on Lx given by Lemma 2.5.1/ s given by

a{’ha s 7%1} = Z Z A Yo (1)X2Ye(2) * * * AnYo(n)An+1, (917)
GES, Q1 Ont1=a
ai,0m 4170

forany a, v, ..., € X*, n > 1, where X* stands for the set of non-empty words on X.

Proof. We will prove the statement by induction on n. The base case n = 1 is straightfor-
ward from af{v;} = a <7, and the definition of <1 given in (9.1.6). Now assume that the
formula (9.1.7) holds for a positive integer n = k > 1. We aim to prove that the formula
(9.1.7) also holds for n = k + 1. In order to do this, we take a,v1,..., 71 € X*. By

Lemma 2.3.17, the braces are recursively defined by the formula

k
iy, et = ey ) - Za{'YM R AR TSE SRR I8
i=1
Using the inductive hypothesis, the first term of the right-hand side of the above equation

1S

(Oz{’yb e 7%}) {%H} = Z Z A1Y5(1) 2V (2) * * * kYo (k) V41 {’Yk+1}~
TESE M1 Qg 1=C
a1,ap4170
According to the definition of the pre-Lie product, the term a;v,01) - - - @Yo (k) Qg1 <TVi41

is a sum indexed by the subwords generated by inserting yx41 in a1¥,(1) * * * QYo (k) 41,
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with the condition that the leftmost and rightmost generated subwords are non-empty.
This process induces a partition of every word «; and ; into two subwords, with the only
one restriction that the left subword of a; and the right subword of ay; are non-empty.

This can be expressed as

(afv, ) {m}t = Z Z Z Q11 Ve+101,2Y0(1) ** * Vo (k) Vk+1

oESE A1 Q4= Q1,101 ,2=Q1

ay,ap170 a1,1#0

k
+Z Z Q1Yo (1) " Q1 VR4+1062 Vo (k) k41

=2 Q104 2=

+ E Q1Yo(1) " * " Okt 1,1 V1 k41,2
Q1,1 X+1,2 =0 1
O‘k:+1,25£®

k
+ Z Z Qe O 1 VR+170,200 41 0 (e
i=1 7i,17,2=Yo (4)
Vi, 1:%i,270
Notice that in the last sum above, we add the condition ;1,72 # 0. The latter is because
the cases in which one of such subwords is empty correspond to the cases in which the

neighbour subword «; ; = @ for some j € {1,2}, which is already considered in the other

sums.

On the other hand, the remaining sum of & braces can be computed as

k

k
Za{%,~~~,%{%+1}7~~~7%} = Z Z oV, Vi Ve Va2 ek

i=1 =1 Yi,17i,2=Yi
Vi, 1,Yi,270

2
- Z Z Z Z Y1) 02 Vo(2) Ok Vo) k1,

=1 7i,175,2=%i g€S), X1 Q1=
Vi,1,7i,270 ar,ag17£0

where in the second equality, we used the inductive hypothesis and set

N Vo (i) if o(j) # 1,
o) ViaVer1Vi2  if o(j) =1i.

By subtracting the above equation from the previous one, we obtain

k+1

O‘{717~~-77k+1}22 Z Z Z N Yo(1) " Qi V152 " Vo (k) k41

TESE M1 Oe+1=Q §=]1 Q104,270
a1,ap 170 a1,1,0k 41,270

(9.1.8)
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Now, given any o € S, and ¢ € {1,...,k + 1}, we define 7 € Siy1 by

o(j) if1<j<i,
()= k+1 ifj=i,
o(j—1) ifi<j<k+1

This map defines a bijection between S, x{1,...,k+1} and Sg,1. Hence, Equation (9.1.8)

can be written as

a{71>~~-,7k+1}: Z Z Q1Yr(1)2Yr(2) * * * A1 Y7 (k+1) V425
TESp41 AL A2~
ai,ag 1270

as we wanted to show. O

For the next proposition, recall that the scalar product making X* an orthonormal

basis of Lx

1 ifw=
(alw) = rw=a Ya,we X*, (9.1.9)
0, otherwise,

allows us to identify Lx with its graded dual L%. In this way, the formula for the dual

coproduct associated to < via (9.1.3) is stated as follows.

Proposition 9.1.10. Let Lx be the pre-Lie algebra of words over X and consider
(K[L%],-,0) the Hopf algebra dual to the enveloping algebra of Lx. Then the restriction
of reduced coproduct § : Ly — L @ K[L%] is given by

o0
g(w) - Z Z WIW3 -« Wom41 @ Wo - Wy + +++ + W, Ywe X*. (9110)
m=1 W1 W2m+1=wW
W1, Wam+1,w2i 70, Vi

Remark 9.1.11. Observe that on the right-hand side of (9.1.10), the first component
of each summand is given by concatenating the subwords wyws - - - wo,m+1. On the other
hand, the second component of each summand consists of a monomial provided by the

product in the polynomial algebra K[L%] of the elements wy, wy . . ., way,.

Proof. We check that & defined in (9.1.10) is the dual coproduct of the symmetric brace
operation, i.e. (9.1.2) holds for any a,y,...,7, € Lx, w € L%, n > 1. Since the duality
pairing defined in (9.1.9) extends to a pairing K[Lx] ® K[L%] — K by using (9.1.1), we

have

(@@ lBw) = 3 Y {ahwws e wana) (e aw - wan)
m=1

WY Wom 1 =W
W1,W2m+1,w2 70, Vi

Z Z (a|wiws - - - Want1) (Vo) |wa) - - - (Yo(n)|Wan),

Wi W1 =W gES,
w1, Wan+1,w2i 70, Vi
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Now fix a permutation o € S,,. Observe that the non-vanishing terms in the double sum

above are such that

(awiws - want1) (Vo) w2) =+ (Vo wea) =1 (9.1.11)

which happens, for w = wy « - Wapy1, Wi, Wapy1,we # O, for every 1 < i < n, when we
have that o = wiws - - - wapy1 and wo; = Yo, for every 1 <i < n.

On the other hand, recalling Proposition 9.1.9 and using the same notation as in the
proposition, we have for the non-vanishing terms arising in the expansion of
(o, - bw):

(Q1Y%(1) Yo (n) Q1 |w) =1 (9.1.12)

which happens when there exist a permutation ¢ and 2n 4+ 1 subwords of w, namely
Wi, ..., Wapy1, such that w = wy - - Wapy1, Waim1 = i, Wo; = Yo() for every 1 < i < n,
with aq, ey # 0 and o = @y -+ Qg

We conclude by noticing that the terms in both (9.1.11) and (9.1.12) are clearly in
bijection, and so we obtain (9.1.10). O

We conclude this section by recalling that the initial setup of Chapter 8 can be under-
stood in the framework of this section, in the sense that the cumulants can be considered
as elements of a specific pre-Lie algebra of words Lg. Thereby, the formulas obtained
in Lemma 9.1.7 and Lemma 9.1.8 will provide a method to compute a formula for the
iterated pre-Lie products as in Proposition 8.2.1. The combinatorial formulas will then
appear by having con]lbinatorial formulas for the iterated irreducible coproduct 51[:;] and

reduced coproduct g[n . Obtaining such formulas will be the work in the next section.

9.2 Forest formulas for iterated coproducts

As explained at the end of the previous section, this section aims to obtain our main tool
to evaluate the pre-Lie exponential and the Magnus operator: the forest-type formulas
for iterated coproducts introduced in [MP18]. More specifically, we describe the required
notation and graphical objects. We also give a different proof of the aforementioned
forest formulas by introducing a symmetry factor not considered in the original formulas
of [MP18].

Forest formulas for iterated coproducts and antipodes have their origins in quantum
field theory. The motivation of such formulas is to be computationally effective in the
sense that they drastically reduce the number of terms in the expression of the antipode.

Let us fix the framework for this section. Let L be a locally finite connected graded
pre-Lie algebra and consider (K[L*],-,d) the Hopf algebra of Theorem 9.1.2. We will

assume that L* has a countable basis B = {b;}2,,.
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The (commutative) product of elements in the basis will be represented by the notation
br := [l;e; bi, where I is a multiset of Ny, where Ny stands for the set of non-negative
integers. In particular, for any two multisets I, J C Ny, we have that b;-b; = by, where
I U J stands for the union of the multisets I and J. For instance, if I = {1,2,2} and
J=1{1,2,3,3}, then TUJ ={1,1,2,2,2,3,3}. Also, we set by := 1.

Now, let us recall that (K[L*],-,0) is the Hopf algebra dual to the enveloping alge-
bra of L. By the construction given in (9.1.3), the reduced coproduct § satisfies that

d(L*) € L* ® K[L*]. In particular, we have that

5(b) = > N, @b;, Vb €B, (9.2.1)
i, [#0

where the coefficients A?i‘) € K are indexed by iy € Ny and a non-empty multiset
I C Ny. The important observation is that the family of coefficients {\5°};;, ; com-
pletely determines the coproduct and its action on products, as well as the action of the
iterated coproducts.

A key remark in the work [MP18] is that (9.2.1) can be written as a sum indexed by

decorated non-planar rooted trees. More precisely, we have

3 =% )\( ./‘.)\ )b b, ... b, (9.2.2)
P,

where the decoration of the root of the tree is given by a pair of non-negative integers

(i;10), and the leaves are decorated with non-negative integers iy, . .., 4x. Observe that we

are considering non-planar trees because of the commutativity of the polynomial algebra

K[L*].

Example 9.2.1. The following example from [MP18, Sec. 3| sheds light on how general
decorated non-planar trees can be used to describe the iterations of the reduced coproduct
0. For this purpose, let us consider a single term in the sum (9.2.2) for the reduced

coproduct such that the indexing multiset is of the form I = {iy,45}, namely

(i:i0)
)\( )bi ® by, by, (9.2.3)
/\ 0 172
Since in general §(w) = §(w) + 1 ® w + w ® 1 for any w € K[L*], we can write
3(biybiy) = (1@ by +biy @14 0(bi,)) (1 @ by, + by, @ 1+ 0(biy)) — 1@ by, by, — by by, @ 1.

Observe that the contribution of (9.2.3) to the second iteration 3[3](1)1») = (id®0)(5(b;))
will split in four terms, whose complexity is encoded by the appearance of products of

coefficients X;7°. Let us describe each of these four kinds of terms.
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i) The element b;, ® b;, + b;, ® b;, produces a term with no more complexity than in
A i ® (i, @ b1, + by @1y,).

AN

i1 92

ii) The product (1®b;,+b;,@1)d(b;,) produces a term where only the reduced coproduct

of b;, occurs:
(4340) Q138
( 0 ) (Z /\11 1{..0..21 b ( i1,0 Y bizb{il,l,---,ﬁ,k} + binil,o Y b{ii,ly»--,’il,k})) .
This is naturally indexed by trees of the form

(4340)

(il;il,(yQ i

1,1 i1k

iii) In a similar fashion, there is a contribution, corresponding to (1®b;, +b;, ® 1)3(b;,),

indexed by the trees
(450)

i %2;%’2‘0)

Q2,1 i2,
iv) Finally the terms in relation with d(b;,)0(b;,) are indexed by trees

(4;0)

(il 3 il’mz; i2,0)

11,1 41,6021  d2

With the purpose of presenting a general formula indexed by decorated trees for the

iterated coproducts, we will need the following notation.

Definition 9.2.2 (Decorated trees [MP18], [CP22, Def. 5.2]). A decorated tree T is a

finite non-planar rooted tree whose internal vertices are decorated by a pair p = (p1;p2)

of non-negative integers, and the leaves are decorated by non-negative integers. In the

case of T being a single-vertex tree, the vertex is considered a leaf.

1. We denote by Intl(7") and Leaf(T") the sets of internal vertices of 7" and leaves of
T, respectively. For any z € Intl(T"), we denote d(z) = (di(z); d2(x)) its decoration,
and, if x € Leaf(T"), we denote for convenience its decoration d(z) = di(z) = da(x).
For any = € Intl(T), we also set succ(z) to be the set of children of z. The root of
T is denoted by rt(7).
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2. If the root of T is decorated by i or (i;4), we say that the tree is associated to b;.
We denote by 7; the set of decorated trees associated to b;.

3. For a pair p of integers and decorated trees T, ..., T, we denote by B (T} ---T;)
the tree obtained by adding a common root decorated by p to the trees T, ..., Ty.
In a similar way if T = B, (T} - - - T}), we denote by B~(T') the multiset of decorated
trees 14 - - - Tk.

It will also be convenient to consider the decorated trees as a finite poset (Remark 2.2.9).
In order to distinguish different vertices regarded as elements of such a poset, we need to

consider the symmetry coefficient of the tree.

Definition 9.2.3 (Symmetry coefficient). Let F' be a multiset of decorated trees so that
we write F' as
_ k?l,l ks 51 kl, ks P
F=AT T hu- - u{Tr, T (9.2.4)

Ly o000 T80 77 Spip

such that
e the tree T};, is associated to 44, for every 1 < g < p;
e the trees T};, are all distinct, for every 1 < j < s;

appears with multiplicity %;, in the

»lq

e the notation Tjquq means that the tree T}

multiset F', for every 1 < j <s,and 1 < g <p.

The symmetry coefficient of F', denoted by sym(F') is defined by the formula

P
I
sym(F) :—H( 1]’;1% * ‘N).
e

According to the computations in Example 9.2.1, one may conjecture that each term
in the expression of the k-fold iterated reduced coproduct will have a coefficient A that is
the product of at most & coefficients of the form )\?"’, where each index 1,149, I is given by
the decoration of the tree. With this motivation and the previous notions on decorated

trees, we define the following coefficients.

Definition 9.2.4. Let T be a decorated tree. We define the associated coefficient A(T")
as follows: if e; stands for the single-vertex tree with decoration ¢, then A(e;) := 1. More

generally, if T = BZZT:Z.O)(TI -+ Ty,), then we set

MT) = A5, - sym(F) - A(Th) - A(T) (9.2.5)

when 71, ..., T are trees respectively associated to b;,, ..., b;,, and where I is the multiset
of decorated trees {T1,...,7T,}. In other words, if for x € V(T), T* stands for the
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decorated subtree of T' consisting of x and all its descendants, then

M) = T M aceey SYm(B™(T7), (9.2.6)

x€Intl(T)
where dj(succ(z)) = {di(y) : y € succ(x)}.

The next ingredient describes all the tensors of length k that appear in the expression

of E[k].
Definition 9.2.5 (k-linearization of a poset [CP22, Def. 5.3]). Let P be a finite poset of
cardinality n.
i) A linearization of P is a bijective, strictly order-preserving map f: P — [n].
i) A k-linearization of P is a surjective, strictly order-preserving map f: P — [k].
iii) A weak k-linearization of P is a strictly order-preserving map f : P — [k].

We denote by lin(P), resp. k-lin(P), resp. w-k-lin(P), the set of linearizations, resp.

k-linearizations of P, resp. weak k-linearizations of P.

It is clear that a k-linearization is a surjective weak k-linearization, and a linearization

a bijective k-linearization.

Remark 9.2.6. Let P be a finite poset. In the case that P is a disjoint union of posets
Py U --- U P, with no relations between the elements of two distinct components, then
weak k-linearizations of P are in bijection with p-tuples of weak k-linearizations of the

components Py, ..., F,. This observation does not hold for k-linearizations.

Recall that any tree can be considered as a poset. Then we have the following defini-

tion.

Definition 9.2.7 ([CP22, Def. 5.4]). Let T be a decorated tree with decoration
d = (dy;ds). If f is a linearization of T, a k-linearization of T, or a weak k-linearization

of T, we write

cHy={ JI ta|@-of JI b=].

zief~1({1}) ar€f 1 ({k})

where b,, stands for bg,(,,). For notational convenience, we set T b, = 1if
zief1({i})
f7r({i}) = 0. Notice that this can happen only with weak k-linearizations.
The following theorem finally states the forest formulas for the iterated coproduct and

the iterated reduced coproduct. The formula for the iterated reduced coproduct originally
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appeared in the work [MP18]. However, the definition of A(T') provided by the authors
did not take into account symmetry factors associated with each step of the calculation
of \. We propose a different approach that allows us to obtain a proof also for the forest

formula for the iterated coproduct.

Theorem 9.2.8 (Forest formulas for iterated coproducts [MP18, Lem. 12],[CP22, Thm. 5.5]).
For any element b; € B in the basis of L*, we have for the action of the k-fold iterated
reduced coproduct, respectively the k-fold iterated coproduct, on K[L*]:

ey =3 S Ay (9.2.7)

TeT; fek-lin(T)

ey =" > ADC). (9.2.8)

TeT; few—k-lin(T)

Proof. We start the proof by finding formulas that permit us to write the iterated coprod-
uct in terms of the iterated reduced coproduct and vice versa. Such formulas will imply
that the above formulas (9.2.7) and (9.2.8) are equivalent.

In general, let (C,A,e,n) be a coaugmented coalgebra over K (Remark 2.1.20) and
take the map v :=noe: C — C. Recall that the reduced coproduct is a map defined
on kere. In addition, the map id —v is the orthogonal projection C' — kere. Thus the
iterated coproduct and the iterated reduced coproduct are then related by the identity:

A = (d —1)®k o Al (9.2.9)
for any k > 2. On the other hand, to express Al¥l in terms of iterated reduced coproducts,

we notice that
A = (v + (id —v))®* o AW

k
= (Z > (idV)®"'®V®~~~®V®~~®(idy))oA[k],

I=1 1<i <<y <k
where the term in the last summation formula contains [ copies of v in positions i1, . .., .
Now, for n > k, take f : [k] < [n] be an increasing injection and denote f the map from
C®* to C®" defined by

f(C1®"'®Ck) =d® --®d,

with dy; 1= ¢; for 1 <7 <k, and d; := 1if j is not in the image of f. Since A is counital,

the above expression of A*l can be written as

Al = Z Z fo Z[kil].

1<k filk—I]—[k]

On the other hand, it is easy to see that any weak k-linearization can be uniquely

obtained as the composition of a I-linearization, with I < k, and an injection f from [I]
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into [k]. Notice that this corresponds to the usual decomposition of a map between two
finite sets as a surjection followed by an injection. This remark implies the equivalence
between (9.2.7) and (9.2.8).

We are now ready to prove the formulas jointly by induction on k& > 2. Writing

S(b) =D ALY b @by oo b

9050150y

we note that the base case k = 2 for (9.2.7) follows directly from (9.2.2). Let us take
k > 2 and assume that the forest formulas are valid for k — 1. By coassociativity, the

k-fold iterated reduced coproduct can be written by

Moy = 30 A b, @8 by by

10,81 5-yln
By (9.2.9), we have that

<[k—1]

6 by, b)) = (id —v)®F o (b, by ).

Recalling that the coproduct is a morphism of algebras, we have
6[k_1](bi1 e bin) = 5[k_1] (bzl) e 6[k_1](bi71)'

Observe that we can use the induction hypothesis on each §*~!(p, ) for 1 < j < n and

%

obtain

) =Y AT,

TeTi; few- (k—1)-lin(T)

so that

S (b, ) - o (b, )

> > @ow

j=1 \T€T;, few-(k—1)-lin(T)

> N(T) oo, (9.2.10)

TiET;, fe(k—1)-lin(T)
1<j<n

where in the last equality, T is the multiset of decorated trees Ti,...,T,. That is, as a

poset, T' is the disjoint union of the T;. Also, we have set
N(T) == XNTy) - MT).

Moreover, in (9.2.10) we used the fact that weak (k —1)-linearizations of T" are in bijection
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with families of (k — 1)-linearizations of the posets Ti, ..., T, in order to obtain

<lk—1]

6 by b)) = (idd—v)®Losktlp, b))

> N(T) oooan|- (9.2.11)

T;€Ti, fe(k—1)-lin(T)
1<j<n

Now, define 7;, . ;. to be the set of forests of decorated trees T = {T1,...,T,} such

.....

that there exists a permutation o of [n] satisfying that each tree T} is associated to a biyis)-

Hence we can rewrite (9.2.11) as

S[k*l](bil b)) = Z N(T Z cin . (9.2.12)

T€Tiq,...in fe(k—1)-lin(T)

for a certain coefficient v(7T') to be determined. Observe that the difference between
(9.2.11) and (9.2.12) is that in the former, we are considering an ordering of the trees
associated to the multiset of decorated trees, while in the latter, the forest T is not

ordered.

Let us rewrite now b;, - - - b;

n

as a monomial b} - 5™ with the b;, pairwise distinct.

Viewing now T € T;, ;. as a multiset of decorated trees, we use the same notation as in

Yin

Definition 9.2.3 and express T' as

T:{Tk)ll... sll}U U{Tklm.. ksmm}

11> S1,J1 Ljm > sm 2Jm

We then have ki + -+ + kg, o = pg for every 1 < g < m and p; +--- + p, = n. The
multiplicity of T in the right-hand side of the expansion of g[kill(bil <oeb; ) in (9.2.12) is
then obtained as the product over 1 < j < m of the number of ordered partitions of a set
X of cardinal p; into a disjoint union X; U --- L X, with |Xj| = k;; for 1 <1 <s;. This
is precisely the symmetry coeflicient of 7', sym(7T'), that is v(T") = sym(7’) and hence

S by, by ) = Z MNT) sym(T) Z c(f)

T€Tiq,...in fe(k—1)-lin(T)

Therefore (9.2.7) as well as the equivalent formula (9.2.8) follow as we wanted to prove. [

We finish this section by obtaining a forest-type formula for the iterated restricted
coproduct 5lrr on L*, which follows as a direct corollary of the forest formulas (9.2.7) and
(9.2.8).

Theorem 9.2.9 (Forest formula for the irreducible coproduct [CP22, Thm. 5.6]). For
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any b; € B, we have for the action of 5

T *°

) =" > AmC(). (9.2.13)

TET; felin(T)

Proof. Recall that 6/ is the restriction of the iterated coproduct 6 : K[L*] — K[L*]®*

to a map L* — (L*)®. That is, 6"(b;) can be split into two terms, namely 6" (b;) and a
linear combination of terms by, ® - - - ® by, such that at least one of the blj is equal to the
unit 1 or is such that |I;| > 2. This second term is projected to 0 when we restrict 6/ in

order to obtain 5&]

Now, consider a term C(f) in the forest formula (9.2.8) for §, given in Theorem 9.2.8.
If f is not a surjective map, then there exists an index j such that b;, = 1. Hence when we
On the other hand,

if f is a surjective map, then |T'| > k. In the case that f is not a bijection, i.e. |T| > k,

restrict, such f would have a zero contribution in the expression of 51@
there exists j € [k] such that f~!(j) contains at least two elements. In this case we would
have that Hm]effl(j) by; ¢ L* and thus C(f) is projected to 0 when we consider 6l[fr]

Finally, take C(f) in (9.2.8) such that f is a bijection. It easily follows that
C(f) € (L*)®* and hence this term appears in (51@ (b;). The conclusion is that 51@ also has

a forest-type formula obtained from (9.2.8) by only considering k-linearizations of 7" that

are bijections, i.e. linearizations of T'. Therefore we obtain (9.2.13). O

9.3 A new proof of the monotone cumulant-cumulant

formulas

The forest formulas proved in the last section, together with the duality formulas stated
in Lemma 9.1.7 and Lemma 9.1.8, provide an effective method to compute the pre-Lie
exponential and the pre-Lie Magnus expansion on any locally finite connected graded

pre-Lie algebra L, for instance:

(Wah) = 3 s (e [ w) = 3 (" 58 w)),

n>0 (TL-I— 1)' n>1

forany a € L, w € L*. In this section, we apply this novel approach to the pre-Lie algebra
of words Lx. When taking the particular case of the pre-Lie algebra of infinitesimal
characters associated to a non-commutative probability space, we will obtain a new and
more conceptual proof of the formulas that write monotone cumulants in terms of the free
and Boolean cumulants.

We start by taking X to be a finite alphabet and considering the pre-Lie algebras of
words Lx given in Proposition 8.1.4. First, observe that Ly falls in the framework of

the forest formulas in Section 9.2. Indeed, Ly is a locally finite connected graded pre-Lie



204 Chapter 9. Pre-Lie Magnus Expansion via Forest Formulas

algebra where we can identify Lx with its graded dual L%, and the set of non-empty
words on X, denoted by X*, is a countable basis of L%. For our purposes, let us fix an
ordering of the basis X* = {w; }ien,-

The first step to make in order to apply the forest formulas for the iterated coproducts

is to find a description of the )\’;i“ coefficients defining the dual reduced coproduct

O(w;) = Z A, @ wy,
i0,I#0

where § is given by Proposition 9.1.10. This description is provided in the next lemma.

Lemma 9.3.1 (|[CP22, Lem. 9.7]). Let {w;}ien, be the set of non-empty words on X. For

any indexes i,ig, 1y, . . ., 1s, the coefficient \;°_; is the number of ways in which it is possi-
ble to select subwords vy, va, ..., Vs11 of w; with v1,ve1 # 0, such that w;, = vivy -« Vgi1,

and there exists a permutation o € S, such that w; = VIWj, () VaWi ) * * VsWi,  Vsiy1-

Recall that a fundamental combinatorial object in the cumulant-cumulant formulas
is the set of irreducible non-crossing partitions NCj,(n). In the forest formulas, the
combinatorial role is taken by the set of decorated trees. The next lemma shows that

both notions are nicely related in the context of pre-Lie algebras of words.

Lemma 9.3.2 ([CP22, Lem. 9.8]). Let w; be a non-empty word on X and k > 1. Denote
by T”k the subset of decorated trees associated to w;, T € T;, such that \(T) # 0 and
IT| = k. Then, for any k > 1, there is a surjection G : NCE (jw;]) — T* such that
|GY(T)| = X(T), for any T € T;"*.

Proof. We start by describing the surjective map G. For any = € NCF (Jw;]), we consider

irr
the non-planar rooted tree given by nesting tree of 7, t(7) (Remark 3.4.9). It is clear
that |t(7)] = k. Now assume that w; = a1 ---a, with aq,...,a, € X. We regard ¢(r)
a as decorated tree Ty as follows: for any x € V(¢(w)), if x is associated to the block
V ={j1 <j2 <---<je} €m, then di(x) is the index in the list of words X* = {w;};en,
such that

Wy (z) = Ajr Aji41 "7 Ajo Aoyt~ Ay

and ds(z) is the index such that
Wdy(x) = Ay Ajp * * * A -

Since clearly d (rt(7})) = w; and )\gl fgi‘zg; # 0 for any z € Intl(7}), then (9.2.6) implies
that A(T,) # 0, i.e. T, € T;"". We can then define G : NCE (|lw;|) — T;"* by G(x) = T,
for any 7 € NCE_(Jwj]).

It remains to prove that the map G is surjective. Take T € T/’k If T is a single-vertex

tree, i.e. k = 1, we consider the single-block partition 1y, € NC{, (Jw;]). Otherwise,
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assume that T = B(';Z.O)(Tl, ..., Ty), where T} is associated to w;,, for any 1 < j < s. Since
MT) # 0, by definition we have that A\;* ; = m > 0. By the description of the A7*
coefficients given in Lemma 9.3.1, there are m ways to take s+ 1 subwords vy, ..., vs4q of

w; = ay - - - a, such that vy, vy # 0, wy, = vy -+ vey1, and

Wi = V1Wi, ) VaWi, oy * " UsWip () Vsl
for a permutation o € S;. Each of the m possible selection of the subwords vy, ..., vs1
corresponds to a selection of pairwise disjoint subsets C1, ..., Csy1 C [n] such that 1 € ¢

and n € Cs11. We now construct the block Vy := C; U---U Csy;1. The remaining indexes
[n]\Vo can be grouped into s non-empty pairwise disjoint intervals Ji,...,Js such that
Jo=A{r,m+1,...,1+ ¢} is the subset of indexes such that Wi,y = G Gry11°** Qrptg, for
any 1 <1 <s. Due to the possible repetitions in the subwords w;;, there are sym(B~(T'))
ways to allocate the decorated trees T7,. .., Ty to the subsets Ji, ..., Js € [n]\Vo.

Finally, we proceed by induction on the number of blocks k. Indeed, since for any
1 <1 < s, T; is associated to an interval .J, and |T;| < k, we can find A(T;) different

irreducible non-crossing partitions m; € NCLTI?‘ (Jp) such that their corresponding decorated

nesting tree is 7;. Therefore, we can construct )\;“]1 sym(B~(THATy) - - MTs) = MT)

irreducible non-crossing partitions of the form
m={Vo}UmU---Um, € NCy,(n)

such that 1,n € Vo, |7 =14+ |T1| +--- + |Ts| = |T| = k and G(n) = T. This completes
the proof. O

Notice that the surjective map G described in the above proposition is actually a
bijection in the case that w = a; - - - a,, consists of pairwise different letters, i.e. a; # a; for
any 7 # j. In this case, it is easy to see that every )\Z}i” € {0, 1} and also the corresponding

symmetric factors are equal to 1.

Example 9.3.3. The following example provides a decorated tree T whose inverse image
contains more than one element. Consider the alphabet X = {a} and the associated
pre-Lie algebra Lyx. Moreover, consider the ordering of the basis X* = {a’};>;, where a’

stands for the concatenation of i letters a. Now, let T be the decorated tree

(9;2)

Notice that
MT) = N33, sym(B~(T)A($ 1) A (93) A (o).
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It is easy to see that sym(B~(T)) = 2 and (3 i3’2)) = A(e3) = A\(e7) = 1. Also, a simple

computation shows that )‘gjgg = 3, i.e. there are 3 terms of the form
a?®a-d-a

in the computation of 6(a”). Thus we have that A(7) = 6. The six elements in NC}_(9)

wr

are listed in the following picture.

111 1 | 11 1 1| L1 |
123456789 123456789 123456789
| | | | | | | [ | |
123456789 123456789 123456789

Figure 9.1: The six elements in G~(T).

The previous lemma will be essential in applying the forest formulas to compute the

pre-Lie exponential in the pre-Lie algebra of words, shown in the following theorem.

Theorem 9.3.4 (|[CP22, Thm. 9.9|). Let Lx be the pre-Lie algebra of words over an
alphabet X. Then, for o € Lx and a word w; € X* C L% such that w; = ay - - - an with
ai,...,an, € X, the action of the pre-Lie exponential (Agrachev-Gamkrelidze) operator W

is given by
1
W()w) = ﬁ(ﬁ),an(wi),
mENCipr (n) ’
where ag(w;) == [ (awy) for any m € NC(n), with wy = aj a4, - - - aj,. is the subword of

Ven

w; determined by the block V = {j1 < jo < -+ < jr}.

Proof. By the definition of the pre-Lie exponential W on Ly, Lemma 9.1.7 and the forest
formula (9.2.13), we have that (W (a)|w:) =3, %(rﬁi{”(aﬂwi). Consequently, for any

k > 1, we compute
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G (@)w) = (@@ ald(w))

<a®...®a % A<T>c<f>>

TeT; felin(T)
k
= > D) > [[{elwaguy)
TeT; Felin(T) j=1
[T|=k
= Y A1) ] (elwaw),
TeT! zeV (T)
7=k

where 7, stands for the subset of decorated trees associated to w;, T € 7T;, such that

k

AT) # 0, and m(T) = |lin(T')|. Also, we used that the product [](a|wg,s-1¢;))) does
j=1

not depend of the linearization f € lin(7). Thus, we can apply Lemma 9.3.2 to rearrange

the sum on the right-hand side of the last equation as a sum indexed in terms of irreducible

non-crossing partitions as:

(@@ @aldllw)) = Y mtm) [[lolwy). (9.3.1)
WGNC;“rr(n) Ver
The above equation says, in particular, that k& cannot be greater or equal than n since
an irreducible non-crossing partition 7 € NCj,(n) has at most n — 1 blocks. Hence the

pre-Lie exponential can be written in the following way:

(Wa)h) = o ©alsw)

=Y n Y mtmas(w)

k=1" reNck (n)

irr

k=1 7eNCE_(n)

irr

1
= Z waw(wi),

TENCiyy ()

where in the last equality we used that m(t(m)) = % This concludes the proof of the

theorem. O

Remark 9.3.5. Let (A, ¢) be a non-commutative probability space. By the final ob-
servation of Remark 8.1.1, we know that the pre-Lie algebra of infinitesimal characters

of T(T}(A)), denoted by g, can be identified with a pre-Lie algebra of linear forms
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L, = T, (A)*, and at the same time, L, can be identified with a pre-Lie algebra of words
Lx when X is a finite basis of A as vector space. It is important to notice that taking a
finite set X is enough since we are interested in computing formulas for cumulants of finite
sets of random variables {ay,...,a,} C A. This discussion implies that Theorem 9.3.4
can be used to obtain the formula that writes Boolean and free cumulants in terms of the
monotone cumulants. Indeed, with the notations in Theorem 4.3.2 and Theorem 4.2.9,
taking a word w = a; - - - a, € A®" and « = p, the relation 5 = W (p) implies
1 1
bular,...,a,) = B(w) = (W(p)w) = > Wpﬁ(w) = > —ha(ar,... a).

|
TENCirr (n) TENCipr(n) Hr)!

Analogously, taking & = —p in Theorem 9.3.4, the relation kK = —W(—p) implies

bar, o) = (W (=p)w)
- - Y o)
mENCir (n)
’TENEC:m(m t(m)! ha(an, ..., ap).

We have therefore recovered the formulas (3.4.16) and (3.4.17) from [AHLV15].

Remark 9.3.6. The ideas in the proof of Theorem 9.3.4 also allow us to obtain a proof
of Proposition 8.2.1. Indeed, if a,...,ap11 € Lx and w; = ay -+ - a,, € X*, Lemma 9.1.7

and the forest formula (9.2.13) imply
<< . (Om+1 < Oln) <--- ) < a1|wi> = <Oén+1 Q- ® 061|(51[:lr+1](w2)>

= <Oén+1®"'®041 Z Z )‘(T)C(f)>

TeT; felin(T)
n+1

= > A0 Y [{eweglwag—a)-
TeT! felin(T) j=1
|T|=n+1
Using Lemma 9.3.2, we can write
n+1

<(...(an+1 <]an) < ) <a1|wi> = Z Z H<an+2—.7'|wd2(f71(j))>
7eNCPT! (m) fElin(t(m)) j=1
n+1

= > [ {omseilwag6y)

TeM (m) 7=1

which is precisely the formula (8.2.1) in Proposition 8.2.1. Notice that to write the last sum
above, we used the clear bijection M (m) < {(7, f) : # € NCI(m), f € lin(t(n))}.

rr rr



9.3. A new proof of the monotone cumulant-cumulant formulas 209

With the motivation of proving the converse relations with the machinery developed
in this chapter, we turn to the problem of computing the pre-Lie Magnus expansion of a
word « in the pre-Lie algebra of words Ly. In a similar way that in Chapter 8, a first

approach could consist of using the recursive definition of  (Proposition 7.3.4) which
(n)
<AQ(a)

the proof of Theorem 9.3.4. Nevertheless, the richer structure provided by the symmetric

involves iterations of the pre-Lie product r (o) and doing a similar analysis that in
braces and the associative product on the enveloping algebra of Lx allows us to tackle
the problem more elegantly and directly.

Recall that Theorem 2.3.33 is another description of the pre-Lie Magnus expansion in

terms of the map

n (_1)k—1
soly (o -+ ay) == —_— Z ap k.%o, Vai,...,o, € Ly.
k=1 TEOPF(n)
7=(I1,..Ig)

It is important to notice that the above formula resembles the expression (7.3.3) defin-
ing Murua coefficients that, in Section 7.3, were obtained during the computation of the
logarithm with respect to the convolution product on G(T(T(A))).

The main theorem of this section allows us to recover the multivariate formulas for the
free-to-monotone and Boolean-to-monotone cumulant relations proved in Theorem 8.3.6.
The result is proved by combinatorial analysis in the computation of 2 and using the

corresponding forest formula to compute iterations of symmetric braces.

Theorem 9.3.7 ([CP22, Thm. 9.11]). Let Lx be the pre-Lie algebra of words over an
alphabet X. Then, for o € Lx and a word w; € X* C L% such that w; = ay - - - an with
aiy,...,a, € X, the action of the pre-Lie Magnus operator ) is given by

() |w;) = Z w(t(m)) o (w;). (9.3.2)

TENCipr ()

Proof. By Theorem 2.3.33 and the definition of sol;, we start the computation for o« € Lx

and w; = a; -+ - a, € L% as follows:

{Q(a)|w:) ( sl (exp’(a)) w;)

- Z E<5011 (™) |w;)

m k—1
_ Z% 3 ( m .)<aj1*ajz*_,_*ajk|wi>
m>0 Y k=1 12k >1 J15J25 -+ -5 Jk

JitjetFjr=m

==

(9.3.3)

Now we recall how the associative product is constructed from the braces in (2.3.9): for
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any symmetric brace algebra V', we have that
(ar---a) s (b bp) =Y Bo(ax{Bi1}) - (a{B}),
!

for any aq,...,a;,b1,...,b, € V, where the sum is over all the maps f : {1,...,m} —
{0,...,1}. Returning to our case of interest, if in the expression a’! (a2 x - - x adk)
we have that j; > 2, then o/t * (oﬂ'2 ¥k o/’“) is a monomial in K[Lx]| of polynomial
degree greater than one. Since w; has polynomial degree one, then we have that only the
case j; = 1 may produce a non-zero contribution in the last sum of the right-hand side
of (9.3.3). Furthermore, the only term in the right-hand side of (2.3.9) for the product
a x a2 that may produces a non-zero contribution in (9.3.3) is given when By = 1, and
this term is precisely
ofa,...,a} = a{a”} € Lx.
——
jo times

Since a{a??} is again an element in Ly, we will have that the only one term in the iterated
product (--- ((a x a??) * a%) % - -+ ) x a/* that may produce a non-zero contribution in the

last sum of the right-hand side of (9.3.3) is given by the iterated brace products

((efa”P{a”}) - ){al} € Ly.

We have then proved that the iterated * products can be replaced by iterated brace

products. Then we can use Lemma 9.1.8 to obtain

a)fwi) = ZZ Z %@@a”®-~-®o¢j’“|3[k](wi)>.

l...
m>0 k=1 a1 2R
1+jo+-+jr=m
Observe that, by the definition of the reduced coproduct, a value m > n will produce
a zero contribution in (Q(a)|w;). Hence, by the forest formula for the iterated reduced

coproduct (9.2.7) in Theorem 9.2.8, we have

e S I DD SIS ﬁww@m@wwcw)»

m=1 k=1 TET! fek-lin(T) 1#21‘:,’]4%1:312!
where 7. stands for the subset of decorated trees T' € 7; associated to w; such that
AMT) # 0. Now, given 1 < m < n, 1 <k < m, and a tuple (ja,...,Jx) such that
1472+ +jx = m, the only decorated trees T' € T, such that there exists a f € k-lin(T")
which produces a non-zero contribution for (o« ® a?? @ - - ® % | C(f)) must satisfy that
|T| = m. On the other hand, by definition of C(f) (Definition 9.2.7), for T' € 7, and

2
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f € k-lin(T) we have

k
<a ® ajz R--® O[‘]k|0(f)> — O/‘wdz(f 1(1)) H O/jl|wd2(f—1(l))>
=2

k

= ({a|wayr-1(1y) H Z H (o] wp,)

=2 \o€Sj hef!

— jz']k' H <Oz|lUd2(ac)>7

zeV(T)

where in the second equality, we used the duality described in (9.1.1). Combining this
with the fact that, given f € k-lin(T), there is exactly one tuple (j3,...,j;) of positive
integers such that (@ ® a2 ® - - ® adk|C(f)) # 0, and that it is given by j/ = |f~*(1)| for
2 <[ <k, it follows that

n m (_1)]@*1
(Qa)|w;) = ’ S >0 ] (ehwae)
m=1 k=1 TeT! fek-lin(T) z€V (T)
|T|=m
n.m (_1)k—1
=D > —— 2 AD ] felwaw) Yo 1
m=1 k=1 TeT! zeV(T) f€k-lin(T)
|T|=m

- Yo M) T (lwase)w(D),

m=1 k=1 TeT! 2eV(T)
|T|=m

where we recall that wg(T') = |k-lin(7")| counts the number of k-linearizations of T'. As in
the proof of Theorem 9.3.4, we use Lemma 9.3.2 to rewrite the above equation in terms

of non-crossing partitions as follows:

n

Q) |wi) = > w(t(m) [J(alwy)

m=1 k=1 ’R'ENC:;Lr(’VL) Ven
n m (_1)1971

=3 Y )Y )
m=17eNC{ (n) k=1

= D wlt(m)ax(w),
TENCipy ()

which concludes the proof. O

Remark 9.3.8. In the context of Remark 9.3.5, we can use Theorem 9.3.7 to obtain the
cumulant-cumulant formulas derived in Theorem 8.3.6. Indeed, by taking o = (3, from
p = Q(p) we obtain Boolean-to-monotone cumulant relation (8.3.4) in Corollary 8.3.7. On
the other hand, by considering a = —k, from p = —Q(—k) we obtain the free-to-monotone

cumulant relation (8.3.5).
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Notice that we can take the recursive definition of the Magnus operator instead to
give a proof of Theorem 9.3.7 as we did in Theorem 8.3.6. The strategy consists of
using the recursion (7.3.4) for Murua coefficients. This alternative proof is included for

completeness, as it provides further insights into the combinatorics of free probability.

Alternative proof of Theorem 9.5.7. By definition of the recursive of the pre-Lie Magnus
operator given in Proposition 2.3.28, Lemma 9.1.7, and the forest formula (9.2.13), we

have that

Q) = 3 Tl (0) )

m>0

= Y Pram () @ o ) w)

m>0

n—1
B,
=D 0 D Y MDeea)e o)),
m=0 TeT! felin(T)
|T|=m+1
where we recall that 7, is the subset of decorated trees associated to w;, T' € T;, such
that A(T") # 0. Also, observe that the sum in the last equation above is bounded by n — 1
because of degree reasons in 53?“1
of Theorem 9.3.4, the term (a® --- ® Q(a)|C(f)) does not depend of f. Hence, by using

Lemma 9.3.2, we get that

(w;). Moreover, the same argument that in the proof

Birj—1

<Q(O¢)|w,> = Z 7(|T| — 1>!m(T)A(T)(odwdz(rt(T))) H <Q(a)|wd2(w)>
TET] zeV(T)\{rt(1)}
Birj—1
o @ww) | (@) ww).
g O

Since |ww | < n for any W € 7, we can conclude by induction in the same way that in
the proof of Theorem 8.3.6 and obtain the following by the recursive definition of Murua

coefficients (Proposition 7.3.4):

@)lw) = > 3 lef@lwvo)(Hmww))w(cs(t(u’)))

HENCiw (n) SEK (t(1)) Wew
1,neVy

=Y wltm)auw).

HENC;pr(n)

O

Remark 9.3.9. The proof of Theorem 8.3.6 (|[CEFPP21, Thm. 3|) uses fundamentally
Proposition 8.2.1 ([CEFPP21, Prop. 4]), which gives a combinatorial expression in terms
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of monotone non-crossing partitions for the iterated pre-Lie product. In the approach
explained in the last proof of the present section, the role of Proposition 8.2.1 is taken by
the forest formula (9.2.13).

9.4 Appendix: An application to the pre-Lie algebra of

rooted trees

As we advertised at the beginning of the present chapter, the methods developed through-
out the previous sections provide a framework to compute effectively the pre-Lie exponen-
tial and the pre-Lie Magnus operator on a locally finite connected graded pre-Lie algebra
L. In order to show that our machinery not only works on pre-Lie algebras of words, we
will also compute the W and 2 operators on the generator of the free pre-Lie algebra of
rooted trees. Although these results are known, our method provides new insights into
the coefficients appearing in the tree-series expansion of W and €.

We start by recalling that the linear span of the set of non-planar rooted trees 7 is a
pre-Lie algebra, where, for any ¢,t' € T, the pre-Lie product ¢ <1 ¢’ is given by the sum of
the trees obtained by grafting the root of ¢’ to the vertices of ¢:

tat = Z t ey t.

veV (t)

Even more, (L7, <) is the free pre-Lie algebra over the generator e (Proposition 2.3.21).
Also, it can be easily checked that L7 is a locally finite connected graded pre-Lie algebra,
where the n-th homogeneous component L is given by the linear span of the trees with
exactly n vertices. In other words, the grading is given by deg(t) = |t| = [V ()|, for any
teT.

The previous discussion implies that the formulas for the iterated pre-Lie product
and the iterated symmetric braces in Lemma 9.1.7 and Lemma 9.1.8 can be applied in
the setting of the pre-Lie algebra L7. Furthermore, Proposition 2.3.22 establishes that
the dual of the enveloping algebra of L7 is precisely the Connes-Kreimer Hopf algebra.
Observe that the duality pairing described in (2.2.8) allows to identify L7 with its graded
dual (L7)*, where T is a countable basis of (L7)*. Therefore, we are also in the setting
of the forest formulas for iterated coproducts. For the following computations, we set an

ordering T = {t;}i>0 and to := e, the single-vertex tree.

Remark 9.4.1. Let t € T. Then the duality pairing described in (2.2.8) reads
(t|t) = a(B*(t)) = o(t). (9.4.1)

The last equality follows from the definition of the internal symmetry factor

o(t) = | Aut(?)].
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The following proposition shows how the forest formulas are applied in L7 to compute

the pre-Lie exponential of e.

Proposition 9.4.2. For the generator e of the free pre-Lie algebra L7, we have that

W(e)=>" 1, (9.4.2)

|
pyd a(t)t!

Proof. Let us expand the pre-Lie exponential in the basis of rooted trees as

W(e) =Y c(t)t.

teT

Our objective is to describe the coefficients ¢(t) for all ¢ € 7. For this purpose, consider a
tree t; € (L7)* with |t;| = k vertices. Observe that, by definition of the pre-Lie product,
t; only appears in the expansion of % Actually, it is easy to see that rif: 1)(0) is a
linear combination of the set of non-planar rooted trees with exactly k vertices. Now, by

the characterization of W as a series of iterated pre-Lie products, we have

(W(e)|t;) = %<7ﬁ(<,1€:1)(°)‘ti> = %<C(ti)ti‘ti> = %C(ti)d(ti), (9.4.3)

where in the last equality, we used (9.4.1). On the other hand, by using Lemma 9.1.7 and
the forest formula (9.2.13) with the basis T = {t;};5 of (L7)*, we obtain that

(e~ @o|oll(t,)

oD ADew - elC(f)). (9.4.4)

TeT; felin(T)
|T|=k

O

By definition of the duality pairing, the non-vanishing terms in the above sum corre-
spond to T € 7; such that A\(T") # 0 and

C(f)=e@--®e

for any f € lin(T). Note that this happens when 7' € 7T; is a decorated tree such that
dy(xz) = 0 for any vertex z of T, where we recall that ¢, = e. Let us show by induction
on the number of vertices of ¢; that there is only one tree T' € 7; that provides a non-zero
contribution in (9.4.4): the decorated tree denoted 77, which is the tree ¢; where each

vertex v is decorated by the pair (i,;0), where ¢;, is the maximal subtree of ¢; whose root

is v.
Write ti = B+(ti1 ceet

puted by iterating the coproduct 6! and then taking the corresponding restrictions in

g

fy 1S com-

) as (usual) non-planar rooted trees. Recall that §

in

the domain and codomain. Now, the calculation of 5 (t;) in the proof of Theorem 9.2.8
says that only the index iy = 0 satisfies that C'(f) = e ® --- ® e, and the only term to be
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kept is @ ® t;, .. .t;,, by the definition of the Connes-Kreimer coproduct. Thereafter, we
need to compute

Sty oty ) = o )oY ).

in

Observe that [t;;| < [t;| for each 1 < j < n, and then which we can apply the induction
hypothesis: the only tree in 7;, that contributes to the calculation of <r£k_1) (®)[t;) is T3, for
each 1 < j < n. Therefore, we can conclude that the only decorated tree that contributes
to the calculation of (rﬁk_l)(o)ﬁi) is obtained by grafting T, ,...,7; to a common root e
decorated by (;0), and this is precisely T}, as we wanted.

Now, if T = B(-;O)(EZ T

definition of the symmetry coefficient (9.2.4) as

T7 ), then we can rewrite the forest F' =T --- T} as in the

{T)M o u{(T)),

where the a; are different indexes. This implies sym(F') = 1. Also by the definition of the

Connes-Kreimer coproduct, it is clear that )‘;101 = 1. By induction on the subtrees of

T?, to which the same argument applies, we conclude that

MI?) = N, sym(E)MTS) - N(T5) = 1.

1yt in

Therefore

YD A (e @e|C(f)) > (e @e|C(f)

TET; felin(T) felin(T?)
k

= > ﬁ<°l°>

felin(t;) i=1
-y
f€lin(t;)

where m(t;) = |lin(¢;)| is the number of linearizations of ¢;. Thus, we can compare it with
(9.4.3) and conclude
c(t)o(t) = m(t).

_ L

Finally, since m(t) = =, it follows that

as we wanted to show. O
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Remark 9.4.3. The coefficients

[t]!
o(t)t!

CM(t) :=

for t € T are known as the Connes-Moscovici coefficients and have appeared in the
context of the Butcher series of Runge-Kutta methods ([But87]). The reader may see
[Bro00] for a direct method to compute the CM coefficients.

Using our forest formula machinery, we now compute the pre-Lie Magnus operator of
e. The proof is similar to the proof in Theorem 9.3.7. In particular, we shall use that

iterated brace products can compute the action of the sol; map.

Proposition 9.4.4. For the generator e of the free pre-Lie algebra L7, we have that

Qo) =>" w(t), (9.4.5)

2 o(0)

Proof. The pre-Lie Magnus operator action on the generator of the free pre-Lie algebra

can be written as a tree-series as

Q:=Qe) = Zd(t)t,
teT
for some coefficients d(f) € K to be determined. Let ¢; € 7. We will show that
d(t;) = w(t;)/o(t;). On one hand, (2.2.8) implies that
(Qt;) = d(t:)o(ti).

On the other hand, by Theorem 2.3.33 we also have that

(soly (exp'(o))[t:) = d(t:)o (). (9.4.6)

o’

We analyze the left-hand side of the previous equation. We know that exp(e) = ano o
where " stands for the monomial given by the polynomial product of n single-vertex trees.

Thus, we can write

sol (.n) _ Z (_1)]%1 Z n o/l x @2 % ... x &Ik (9.4 7)
! k j17j27"'7jk . o

k=1 CJug2ege>1
Jitjet+i=n

By the definition of the product *, the term o7t x - - - x /% in the equation above is a forest

with j; + -+ + jxr = n vertices. Hence, if |¢;| = n we have that

(sol (exp(e))[ts) = %<s011(.")|t,->. (9.4.8)
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By the same argument that in the proof of Theorem 9.3.7, we have that only j; = 1
may produce a non-zero contribution in (9.4.7), so that the only term in the expansion of
the iterated product (- -- ((e * @72) x /) x ... ) x ek that produces a non-zero contribution
in (9.4.8) is precisely

(o ((s{o™ DD -+ ) (o,

where the braces are associated to the pre-Lie product < by Lemma 2.3.14 and we set

o{o/} :=efe ... 0} c L.
——

J times

Thus, from (9.4.7) and Lemma 9.1.8, we can compute the action of the iterated brace

products and obtain

Sy = - EI s (17].2,7_7‘)<(~--(-{-ﬁ}»--){-jk}m

k=1 2emin>1 o Tk
14+j2+-+jr=n
n _1 k—1 1 . .
k=1 J2jik>1 J2: Jk:
T+ja++je=n

Now, by using the forest formula (9.2.7), it follows that

(ewei@ ae|5) =3 3 Aot k().

TEeT; fek-lin(T)

Observe that the decorated trees T' € 7; that produce a non-zero contribution in the above
sum must satisfy that |T| =1+ jo+ -+ + jr = n and dy(x) = 0 for any = € V(T'). Thus,
as in the proof of Proposition 9.4.2, the only tree T' € 7T; that may produce a non-zero
contribution in the above equation is T = ¢; with d(x) = (i,;0) for any « € V(T?), where

t;, is the maximal subtree of ¢; whose root is x.

Recall that we also have that A(7) = 1. Then, we get

1 . S

E ﬁ<0®0]2®"'®0]k|5[k](tz')>
oogez1 J2IR

1+ja+ -+ jx=n

- Y Y L eeere - a e

l...
fek-lin(T?)  Jo-njx>1 J2! k-
14jo++jr=n

Notice that, given a k-linearization f € k-lin(7?) = k-lin(¢;), there is exactly one
tuple (j2,...,jk) such that (e ® 2 @ --- @ &¥*|C(f)) # 0. This tuple is given by
Jm = |f7Ym)| =: j., for any 2 < m < k. Hence, the right-hand side of the above
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equation is equal to

Y gmpeesteedcy) = Y

fek-lin(t;) 72! fek-lin(t;)

H ‘Jm‘../m
/'

— E /' H o(B*( .]m
fek-lin(t;)

S D . 1
fek-lin(t;) m=2
= > 1
fek-lin(t;)
= |k-lin(t;)],

Ja!

Ja!

where in the second equality, we used the duality pairing given in Theorem 2.2.21. Finally,
recalling that wg(t;) = |k-lin(¢;)| as in the definition of Murua coefficients, combining the

previous development with (9.4.9), we obtain that

Lson(niy = 3 T ) = it

k=1

Therefore, using (9.4.6) we conclude that

and the proof is now complete. ]

Remark 9.4.5. The approach we have developed in the previous proposition appeared in
[CP22, Prop. 7.3] as a new way to understand the Magnus operator. This new approach
relies on the forest formula for iterated coproducts and the particular form taken by the
canonical projection from the enveloping algebra of a pre-Lie algebra to the underlying

pre-Lie algebra.

In the same way that we did for Theorem 9.3.7, we can also give a proof of Propo-
sition 9.4.4 based on the recursive definition of the Magnus operator. Although the
arguments are a bit more tricky than in the former proof, the alternative proof provides
new insight into the connections with [Mur06], the combinatorics of trees and free pre-Lie
algebras.

From Proposition 7.3.4, for any non-planar rooted tree with [¢| > 1 we have that

o)=Y Duo(B-).

sEK(B—(t))

The technical part of the advertised alternative proof is to describe the objects K (f) and
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C*(f) in terms of trees T decorated by non-decorated trees ¢ and the forest formulas for

iterated coproducts.

Lemma 9.4.6 ([CP22, Lem. 8.3]). Let t; € T with i # 0 and denote by T, the subset
of decorated trees T € T; such that N(T) # 0 and dy(rt(T)) = 0. There exists then a
surjective map B : K (B~ (t;)) = T, such that

{s € K(B™(t:)) : B(s) =T} = AT),

forany T € T.

Proof. We start by describing the map B. To this end, assume that t; = Bt (¢;, - - - ¢;,) and
consider an element s € K(B~(t;)) such that s = ¢, ---t;, where for each
1 <m <k, t;, is asubtree of t; ,
B(s) == B(t;o)(tjl ---t;,), where, for each 1 < m < k, the decoration of z € V(¢;,,) is given
by:

with the same root. Then, we define the decorated tree

e d;(x) is the index associated to the subtree of ¢ defined by z and all its descendants,

e dy(x) is the index associated to the tree obtained from t4 ;) once all the subtrees
determined by the elements of V' (¢;,,)\{x} and their descendants have been removed.
Observe that we also delete the edges connecting these elements with their parents

in td1<z).

This map is well-defined since by construction and the definition of the Connes-Kreimer
coproduct, A\(B(s)) # 0, so that B(s) € 7;".

With the purpose of showing that B is a surjective map, we take a decorated tree
T € 7. By the proof of Proposition 9.4.2, we can write T' = B(J;;O)(Tl -+ T},), where
for 1 <m < k, T, is a decorated tree associated to t;,. Also, the condition A\(T') # 0

implies that )\Zizucc(m)) #0 f;)(r)any x € V(T). Recall that by the definition of the
x
dy (succ(z))

that R.(td, () = las(@) and Pe(tay(z)) = tay ) - - - tav,) wWith suce(z) = {y1,..., v}
Now, observe that, for 1 < m < k, the process of construction of T, from t;  cor-

Connes-Kreimer coproduct, A is the number of admissible cuts ¢ of 4,(;) such

responds to a certain contraction of ¢; . To be more precise, every x € V(7,,) can be
seen as a vertex in t; . Then, z € V(T,,) is obtained by collapsing to a single vertex the

subtree tg,( in ¢;, which has  as root. We denote \'(7},) the number of ways to obtain

im

T,, from t;  from the above procedure. Since V(T,,) must contain the root of ¢; , it is

clear that if |T,,| = 1, then T,, is the single-vertex tree associated to ¢;, . Thus we have
that X' (7,,) = 1 in this case.
Now assume that |T5,,| > 1, so that B~ (T},) = Ty, - - - Ti, is a non-empty forest, where

T, is associated to a t for each 1 < j < ¢. Observe that the contraction process can

;)
iy

be equivalently considered as making admissible cuts. More precisely, if x stands for the
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d(x)

iml ,--u,im[

root of T},, there are A ways to obtain £4,(,) as a subtree of ¢;,, with x as root, in

a such a way that when we collapse t4,(,) to a vertex, the remaining children of z are the

roots of t -+t - In addition, a symmetry factor appears: there are sym(B~(7},))

iy
ways to allocate the decorated trees of the decorated forest T,,, ---T,, to the subtrees
{tim1 . ,tiw}. Since the roots of T,,,, ..., Ty, are elements in V(T,,), we can proceed
inductively to deduce that the number of ways of obtaining 7T}, from ¢; by the contraction
process is given by
d(x -
N(T) = X sym(B™(T))N (Tny) - X (T, ).

Hence, we get that N(T,,) = A(T,,), for any 1 < m < k. From this we conclude that the
number A\(T) = )\Zlozk sym(B~(T))A(T1) - - - AM(Tx) counts the number of ways in which
we can contract the subtrees ¢;,,...,¢;, in order to obtain the trees T73,...,T). In other
words, there are A(T') elements s € K(B~(¢;)) such that B(s) = T, as we wanted to
prove. O

Example 9.4.7. Consider the tree

and consider the decorated tree

where

Observe that we have labelled the vertices in ¢; since the definition of K (B~ (¢;)) requires

considering subposets of ¢; and not just isomorphism classes of subposets.

One can easily compute that A(7") = sym(B~ (T)))\ZB1 = 2.3 = 6. The six elements
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in K (B~ (t;)) are depicted in red as subposets of ¢; as follows:

vg vs vg Vg9 V1p V11 V12 vg s vy vg9 V10 V11 V12 vg v vg vy v1g V1l V12

The red-coloured edges are the edges cut in the selected admissible cuts to construct out
T from t;.

Remark 9.4.8. Let ¢; € 7 and s € K(B™(t;)). From the definition of C*(B~(t;)) and
the construction of B(s) =T in the proof of Lemma 9.4.6, one can readily check that

C*(B~(t:)) = {tayw) : & € V(T)\{xt(T)}}.

After the above technical observations, the advertised alternative proof of Proposi-

tion 9.4.4 is the following:

Alternative proof of Proposition 9.4.4. We start by writing

Q:=Qe) =Y _d(t)t
teT
for the pre-Lie Magnus operator. We show that d(t) = w(t)/o(t), for every t € T, by
using the recursive definitions of Murua coefficients and the Magnus operator. On one
hand, (2.2.8) implies that
(Qty = dt)a(t) =: d'(t). (9.4.10)

for any t € T. On the other hand, for an element ¢ € 7 we have

B, m
@t = Y g e))
m>0
[t|—1
= Y Ti(ese--elit©),

m=0

where to get the upper limit of the sum in the last equality, we used that if s, ¢ are trees
such that |s| > |¢|, then (s|t) = 0. Notice that if ¢ = e, then (Q|t) = 1. If ¢ # e, by using
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the forest formula (9.2.13), the previous equation can be rewritten (with ¢ = ¢;) as

[t 1

(Qt:) Z . YD AMD)(ee0®---®QC(f), (9.4.11)

i |T€'T f€lin(T)
Observe that, if T' € 7; is such that da(rt(7)) # 0, then (e @Q®---@Q|C(f)) = 0 for any
f € 1in(T). Moreover, since f~1(1) = rt(T") for any f € lin(7T), then (e Q®---®@Q|C(f))
does not depend of f. Hence the above sum can be restricted to the set 7,” defined in

Lemma 9.4.6, and the right-hand side of (9.4.11) can be rearranged as

By —
Q) =Y (‘mew) [T ©tww). (9.4.12)
TET; ' zeV(T)
z#1t(T)

Thus, by Lemma 9.4.6, Remark 9.4.8, and noticing that for s € K(B~(t;)) such that

B(s) =T we have
iy < [T 7L (sl
T |T|B=(T)!  (|s|+1)s!

by definition of tree factorial, we conclude that the right-hand side of (9.4.12) can be

expressed as follows:

Byg (|s] + 1)! , By, ,
Y e, Jeo= 3 ST

SeK(B- (1)) C SeC (B (1)) SEK(B-(1) O SeCS(B- (1)

We have shown that d'(t) satisfies the recursion (7.3.4) with the initial condition d’(e) = 1.
Therefore w(t) = d'(t) = o(t)d(t), which implies that d(t) = w(t)/o(t) for any ¢t € T, as

we wanted to show. O
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