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LARGE VALUES OF THE ARGUMENT OF THE
RIEMANN ZETA-FUNCTION AND ITS ITERATES

ANDRES CHIRRE AND KAMALAKSHYA MAHATAB

ABSTRACT. Let S(o,t) = % arg ((o + it) be the argument of the Riemann zeta-function at the point o + it
in the critical strip. For n > 1 and t > 0, we define

t
Sn(o,t) = / Spn—1(o,7)dT + 6,0,
0

where 6y, is a specific constant depending on o and n. Let 0 < 8 < 1 be a fixed real number. Assuming
the Riemann hypothesis, we establish lower bounds for the maximum of Sy (o,¢ + h) — Sn(o,t) near the
critical line, on the interval 7% < ¢t < T and in a small range of h. This improves some results of the first
author and generalizes a result of the authors on S(t). We also give new omega results for Sy (t), improving

a result by Selberg.

1. INTRODUCTION

In this paper, we make use of the resonance method to improve several omega results related to the

argument of the Riemann zeta-function.

1.1. The functions S,(0,t). Let ((s) denote the Riemann zeta-function. For 3 < o < 1 and ¢t > 0, we
define
S(o,t) = Larg( (o +1it),

where the argument is obtained by continuous variation along straight line segments joining the points
2, 2 + it and o + it, assuming that the segment from o + it to 2 + it has no zeros of ((s), and with
the convention that arg((2) = 0. If this path has zeros of ((s) (including the endpoint o + it) we define
S(o,t) = & lime0 {S(0,t +€) + S(o,t — €)}. Let us define the iterates of the function S(o, t) in the following
form: setting So(o,t) := S(o,t), we define

¢
Sp(o,t) = / Sp—1(o,7)dT + 6y, forn > 1.
0

The constants d,, , depends on o and n, and are given by

(_1)]@71 [e'e] o0 o0 [ee]
Ook—1,0 = — e log|¢(u1)|duy dus ... dugk—1,
a U2k —1 u3 Uz

for n =2k — 1 with £ > 1, and

1 1 1 1 k—1 2k
- (=) (1-o0)
52;.3)(7 = (—l)k 1/ / .. / / du1 du2 - du2k = s
g Uk us U2 (2k)|
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for n = 2k with k > 1.

1.2. Large values on the critical line. In the case of o = 1, let us write S,(t) = Sn(%,t) to return
to the classical notation (e.g. Littlewood [I0] and Selberg [14]). The argument function S(¢) is connected
to the distribution of the non-trivial zeros of the Riemann zeta function through the classical Riemann

von-Mangoldt formula

ot ot T 1
N(#t) = —log — — — + - + S(¢ -
(1) = g7 loe 50 27r+8+8()+0<t>’

where N(t) counts (with multiplicity) the number of zeros p = 8 + i of ((s) such that 0 < v < ¢ (zeros
with ordinate v = ¢ are counted with weight %) The behavior of the functions S, (t) encodes the oscillatory

character of the function S(t) and efforts have been made to establish precise estimates of these functions
(see [, [51, [6], [8], [0}, [11], [14], [15], [19]).

The Riemann hypothesis (RH) states that all the non-trivial zeros of ((s) have real part 3. The classical
estimates for S, (¢) under RH are due to Littlewood [I0], with the bounds S, (t) = O(logt/(loglogt)"*1).
The most recent refinements of these bounds are due to Carneiro, Chandee and Milinovich [3] for n = 0 and
n = 1, and due to Carneiro and the first author [4] for n > 2 (see also [5]). On the other hand, Selber
established, assuming RH, that

Sn(t):Qi<( (log)' ) (1.1)

log log t)+1
for n > 0. The cases n = 0 and n = 1 were improved by Montgomery [I3] Theorem 2] and Tsang [I8|
Theorem 5], under RH, respectively:
(log t)'/? (log t)"/2
Sit)=Q1| ——————= d S1(t) =Qs| —————= ).
®) j[<(10glog1€)1/2 . and Si(t) =\ (loglogt)3/2
Using a new version of the classical resonance method, Bondarenko and Seip [I Theorem 2], under RH,
refined the order of magnitude of these omega results, showing that
logt)/%(log log log t)!/? logt)/?(log log log t)!/?
S(t) =0 (log?) “(logloglog?) /= 4 St =, (logt) /(logloglog?) 7=\
(loglogt)1/2 (loglog t)3/2
Extending the method of Bondarenko and Seip, the first author [6] Corollary 3] established, under RH that
logt)!/2(logloglogt)!/?
Q. (log ) /“(log loglog?) , ifn = 1(mod4),
(log log t)n+1/2
Sp(t) = (1.3)

(logt)/?(logloglogt)*/? ,
( (loglog 1)1/ ,  otherwise.

(1.2)

Using the resonator of Bondarenko and Seip along with suitable kernels and RH, the authors [7, Theorem
1] have improved the result of Montgomery on S(t) by proving

B (logt)*/?(logloglog t)'/?
S(t) = Qi< e . (1.4)

1.3. Large values near the critical line. Our main purpose in this paper is to extend the previous results

of S,,(t) to the function S, (c,t) near the critical line. We will start by establishing bounds for the extreme
values of the differences Sy, (o,t + h) — Sy (0, 1).

L In 15l Pages 3 and 4], Selberg commented that these omega results were not established explicitly by Littlewood but can
be proved by the usual methods.
2



Theorem 1. Assume the Riemann hypothesis. Let 0 < 8 < 1 be a fized real number and n > 0 be a fired
integer. Let T > 0 be sufficiently large, h € [0, (loglogT)™'], and o > %. Consider the following two cases:

(i) either

n=0 and 1< < l—i— !
N 2 — 2 loglogT’
(i) or
n>1 and 1 <o < 3-1- b
- 2= 72 loglogT’

TheTE

(log T)*/?(log log log T')'/?
Tlgi%)é On {S (U t+ h) Sn(ov t)} > h (1og10gT)"*1/2 )

where 6, = +1 if n is odd, and &, = (—1)"*t2)/2 if n is even.

The particular case of n = 1 and ¢ = % in Theorem [ is related to a result of Tsang [I8, Theorem 6].
Assuming RH, he proved that
(log T)"/2
sup E£{Si(t+h)=5Si(t)} >h—"TFT—F,
T§t§p2T { 1( ) 1( )} (loglogT)1/2
for h € [0, (loglogT)™!] (see also [2| p. 252]). Also Theorem [I] allows us to obtain extreme values for the
functions Sy, (o, t), improving a result of the first author [6, Theorem 2] (which is a general form of ([L3])).

Corollary 2. Assume the Riemann hypothesis. Let 0 < 8 < 1 be a fized real number and n > 0 be a fized
integer. Let T > 0 be sufficiently large and suppose that
1 1

<o< -4+ —>—— 1.5
- +loglogT (15)

N | =

Then )1/2 )1/2
(logT)'/#(logloglog T
0n{Sn(o,t
TALieT {Snler )} > (loglog T")t1/2 ’

where 6, = +1 if n is even, and 6, = (—1)"T3)/2 if n is odd.

The case n = 0 in Corollary 2] was also studied by Tsang [I8, Theorem 2 and p. 382]. He proved under
RH that

(logT)'/?
sup £S(o,t) > )
TgtgpzT (1) (loglog T)t/2

in the range ([LH). Note that for n > 0 and ¢ = 3, we recover the results in ([2), (L3) and (4], and we

give new conditional omega results for S, (¢). This improves the estimate of Selberg (ILT)) in several cases:

logt)!/?(loglog log t)'/?
Qi((og) (logloglogt) ) if n = 0(modd4) or n = 2 (mod4),

loglog t)n+1/2

(
logt)'/2(logloglog t)'/? )
Sy (t) = Q+<( 310g§ogt)"+1/2 ) , if n = 1(mod4),

(logt)'/?(logloglogt)*/? e
Q< (oglog )7 172 , if n = 3(mod4).

On the other hand, using an argument of Fujii, we can obtain some of these omega results unconditionally,
when n > 3.

2 The notation f > g means that there is a positive constant ¢ > 0 such that f(z) > cg(z).
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Corollary 3. Unconditionally, for n > 3 and n # 3 (mod4), we have that

(logt)*/?(logloglog t)'/?
(log log t)n+1/2 '

Sp(t) = Q+<

We remark that the case n = 0 and o0 = % has not been explored in Theorem [II The following result

considers this exceptional case, proving a similar result, but in a shorter range.

Theorem 4. Assume the Riemann hypothesis. Let 0 < 3 <1 be a fized real number. Then

max —{S(t+h) — S(t)} > h(log T)**(loglog T)*/?*(logloglog T)*/?,
TA<t<T

for h € [c(log T)~'?(loglog T)~'/?(logloglog T)~'/2, (log log T)~'], with some constant ¢ > 0.
Theorem (] improves an estimate of Selberg (unpublishecﬂ), where he proved under RH that

_ 1/2
Tlgr%)é:ri{s(t +h)—=S(t)} > (hlogT)"=,

for h € [(logT) ™%, (loglog T') 1.

1.4. Sketch of the proof. Our approach is motivated by the modified version of the resonator of Bon-
darenko and Seip given by the first author in [6, Section 3], and the convolution formula obtained by the
authors in [7]. We start by obtaining certain convolution formulas for log (o +i(t + h)) —log (o +i(t — h))
in a small range of h. These formulas contain suitable kernels that are completely positive or completely
negativda, and it allows us to pick large positive and negative values. The connection between log ((s) and
Sn(o,t) expresses the convolution formula as two finite sums, of which we must detect which one is the main
term, depending on the parity of n and the new parameters involved. Then, we use the resonator due to the
first author to obtain estimates for the variation of S, (o, t) near the critical line. In particular, we highlight
that one of the main technical difficulties of this work, when compared to [Tl 6l [7], is in the analysis of
the error terms. With a more delicate computation, we obtain the term h in each of the error term that
appears in the convolution formulas. Finally, the choice of suitable parameters give the necessary control on
the length of the Dirichlet polynomial to apply [I, Lemma 13], and the control on the sign in front of the
variation of S, (o, ).

We would like to remark that Bui, Lester, and Milinovich [2] used the version of the resonance method of
Soundararajan [16] to give a new proof of the omega results of Montgomery [I3], using the variation of Sy ()

in short intervals. We refer to [12] for another application of the resonance method to show 4 results.

Throughout this paper we will use the notation log, 7" = loglogT" and log; T = logloglogT. The error

terms that appears in each estimate may depend on n.

2. CONVOLUTION FORMULAS

In this section we will obtain certain convolution formulas for S, (o,t + h) — Sy, (o,t — h), when n > 1,
related to kernels that are completely positive or completely negative. We will need the following estimate

for ¢'(s)/¢(s) to prove our convolution formulas.

3 Tsang proved this result of Selberg in [I8, Page 388].
4 We say that a function f is completely positive (or completely negative) if f(z) > 0 (or f(z) < 0) for € R.
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Lemma 5. Assume the Riemann hypothesis. Then for % < o < 3 and for sufficiently large t, we have
C/
[

Proof. Clearly, the integral from 2 to 3 is bounded. On the other hand, by [I7, Theorem 9.6 (A)], uniformly
for 2 < R(s) < 2, we have

= (a +it)|da < (1 4 |log(20 — 1)|)(logt).

¢'(s) 1
= —— + O(logt),
P S +Ollog?)
lt—v|<1
where the sum runs over the zeros p = % + i7 of {(s). We conclude our required upper bound by integrating
the above expression of ¢’'(s)/{(s) from o to 2 and using the fact that the number of zeros with ordinate in
[t —1,t+1]is O(logt). O

To simplify the notation, we will write
Aplog((z) =log((z +ih) —log((z — ih),

and
ApSy(o,t) = Sy(o,t +h) — Sy(o,t —h).

Lemma 6. Assume the Riemann hypothesis. Let 0 < <1 be a fized number. Let « >0, H € R and T be
sufficiently large. Then for % <0<2,0<h<landTP<t< TlogT, we have

(log T)? : 2
/ AhlogC(o—i—i(t—i—u))(Smau) eHudy,

—(log T)3 u

= A(m) w (o, H) sin(hlogm) h(1 + |log(20 — 1)|)e2etIHl
. (logm) me+ i O< (logT)? >

m=2

where Wy, (o, H) = max{0,2«a — |H —logm/|} for all m > 2, and A(m) is the von-Mangoldt functiorﬂ.

Proof. Our proof closely follows [7, Lemma 2], so we have skipped some of the details in the proof. Using

the Perron’s summation formula, we write

1 14700 eQs _ p—as 2
— AhlogC(J—i-it—i-s)(i) efsds
211 1—i00o S
2.1
Z m) wp, (c, H) i A(m) wp,(a, H 0i Z ) Wy (e, H) sin(hlog m) 21)
N 1og m) meoti(t+h) ¢, (logm) motit= (log m) mo+it '

Note that 777¢ < |t + h| < T(logT)'*¢, for some £ > 0. Since we assume RH, we can move the path of
integration in (1)) to lie on the following five paths:

Li={1+iu:(logT)® <u < oo}, Ly ={v+i(logT)*: 0 <wv <1},
Lz = {iu: —(logT)* <u < (logT)%}, Ly={v—i(logT)*:0<v <1},
Ls ={l1+iu: —oo <u < —(logT)%}.

For each 1 < j <5, we define the integrals

1 as _ ,—as\ 2
I; = —/ Ahlog<(0+it+s)<i> eflsds.
211 L,

S

5 A(m) is defined as logp if m = p* with p a prime number and k > 1 an integer, and zero otherwise.
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It takes standard computations to show
h e204+|H|
(logT)3

Now we estimate I and the estimate for I is similar. Using Fubini’s theorem and Lemma [l we have

|Il|a |15| <

1 v — Qv 2
| 1] <</ }AhlogC(U—Fv—Fi(t—l—(1ogT)3))} (i> e!Hldy

|v+i(log T)3|
20+ |H]|
logT //
20| H]|
logT //

h(1 + |log(20 — 1)|)e*** 1|

= (c+v+it+u+ (logT)?))|dudv

dvdu

ZI (c+v+i(t+u+ (logT)?))

<

(log T)?
Finally, the integral I3 gives us the main term:
1 (logT)3 elau _ o—iau 2 )
Iy = — Aplog (o +i(t +u)) (7) e dy

2T J_(log T3 4

9 ogT)? ; 2

= —/ Ahlogg(o+i(t+u))(M) eHudy,
—(log T)3 u

O

Before obtaining the required convolution formulas for the differences S, (o, t+h) — Sy, (o, t—h) for n > 1,

we need to establish the following connection between Ay log((z) and ApS, (o, 1).

Lemma 7. Assume the Riemann hypothesis. Let n > 1 be a fixed integer, % <o<1,andt,h € R such
that t # +h. Then we have

ApSp(o,t) = % Im {ﬁ/ (v—0)""" Aplog((v+it) dv} + O(h).

Proof. For t # 0, integration by parts on [5 Lemma 6] gives

S’n(a,t)zilm{( I /:o (v—0)""" 1ogC(v+it)dv}.

n—1)!

i’n.

So we have

AnSn(o,t) = % Im {(27"), /: (=)™ Aplog C(v + it) dv}

n—1)!

. Im{%/;o (v— o)™ AhlogC(v—i-it)dv},

n—1)!

for t £ +h. Finally the bound on the error term follows from the following estimate

i A(m) 11
— (logm)varit mih mfih

o n—1 > A(m) .
<</2 (v—o0) 7;:2(logm)mv+1|sm(hlogm)|dv

oo

/00 (v—0o)""" ‘Ahlogg(v—i—it)’dvz/ (v—0o)""" dv
2 2

2 A(m) [Z (v—0)""
<h Z2mg+1/2 — e dv < h,
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Note that for § € {—1,1} and ¢’ € {—1,0, 1}, the function
x— 35+ 2 sin(x)

is completely positive or completely negative.

Proposition 8. Assume the Riemann hypothesis. Consider the following two cases:

(i) either we have
n>1 and

[N

<o<1,
(ii) or
1

n=0 and 5 <o<lL

Let 8,7,6,6" € R be fized parameters such that 0 < < 1, § € {—1,1}, and we further consider ~y,d" in the

following two cases:
(") either
0<y<3 and & e€{-1,1},
(ii") or
%<7§1 and & =0.
Then for sufficiently large T, T? <t < TlogT and 0 < h < 1, we have

(log T)* : 2
/ ARSy (o, +u) (W) (36 + 24 sin(ulog, T'))du
—(log T)3 u

n+3 )am(T h) 42 o - A(m) bm(Tv h)
= Im {32 g Z log m)nlmotit +Im 447770 22 (log m)"+ime+it +O(hlog, T),

where the functions an, (T, h) and by, (T, h) are defined by

(2.2)

am (T, h) = Wi (ylogy T,0)sin(hlogm) and by, (T, h) = wp(ylogy T, log, T') sin(h logm).

Proof. We apply Lemma [6] with o = ylog, T, and H = 0, H = log, T and H = —log, T. Using the linear
combination
30+20 sin(ulog, T) =35e” —id (™ log, T _ g—tulog, ),

we obtain
(log T) ; 2
/ Aplog (v +i(t +u)) (M) (36 + 24 sin(ulog, T'))du
—(log T)?
o 2.3
B A(m) am (T, D) , A(m) by, (T, 1) h(1+ |log(2v —1)|)
smio Z logm ) mutit -0 Z (log m) mv+it +0 (log T)2—2v ’

m=2
When 5 < v < 2. Note that for 0 < v < 5 , we have used that wy,(ylogy T, —log, T') = 0 for all m > 2.
When v > 5 and 0’ = 0, only the first sum on the right-hand side of (23] remains. To obtain the case n = 0,

we take the imaginary part in (Z3). When n > 1, we want to use Lemma [[in Z3). For 1 < o < 1, using
7



Fubini’s theorem (justified by [18, Eq. (2.13)] and the fact that the sums involved in ([23]) are finite) we get,

(log T)? 2 . 2
/ ’ {/ (v—o)" ! AhlogC(v—i-i(t—l—u))dv}(M) (36426 sin(ulog, T'))du

—(log T)3 U
= A(m) h
=2 Togmym o ( (log T)Hv)'

Using [9] §2.321 Eq. 2], we obtain

*(v—o)nt Brn-1 1= Br n—l—k
/a mv dv= me(logm)™  m?2 kgo (log m)k+1 (2-0) ’

2 o oy (2.4)

m’U

(371 S (T, h) + w8 by (T, h)) / dv

a

where [, = ( (nfl)k!)!. This implies that for each m > 2, we have

n—1—
2 _yn—1 1)
/(v o) do — (n—1)! L0 1 '
- mv m? (logm)™ m?logm

Inserting this in (24) and using the estimates |an, (T, h)], |bm (T, h)| < hlogmlog, T, it follows that

(log T)® 2 . 2
/ ’ {/ (w—o)"" AhlogC(v+i(t+u))dv}<M> (36 426" sin(ulog, T))du

—(log T)3 u

=—3r(n—1)15i Y (ﬁéﬂ%ﬁ&a@n —m(n—1)10" > (lﬁ;";j)i"jf:; Uhfit +O(hlog, T).

m=2 m=2

Finally the proof follows by using Lemma [1 and calculating the error terms. O

3. THE RESONATOR

In this section we recall the resonator |R(t)|* developed in [6 Section 3]. Let

Ry = > r(m) (3.1)

and M’ be a suitable finite set of integers. Let o be a positive real number and N be a positive integer

sufficiently large such that

1 1 1
—<o< -4 ———. 3.2
2_0_2+10g10gN (3:2)
Let P be the set of prime numbers p such that
elog Nlog, N < p < exp ((log, N)l/g) log N log, N. (3.3)

We define f(n) as a multiplicative function supported on square-free numbers such that

f(p) - ((1OgN)lg(log2 N)U) 1
' (logg V)1 =7 p° (logp —logy N —logz V)

for p € P, and f(p) = 0 otherwise. For each k € {1, ..., [(logy N)'/8] }, we define the following sets:

P = {p eP: eklogNloggN <p<ektt logNlogQN},

3(log N)2~2%

—————————— prime divisors in Py ¢,
k?(logg N')*—27 }

M, = {n € supp(f) : n has at least ay, :=

8



and
[(logy N)/8]

M:=swp(f)\ |J M
k=1

3.1. Construction of the resonator. Let 0 < g < 1 and x = (1 — 8)/2. Note that x + 8 < 1. Let
1 1 1
—<o< -4+ —— 3.4
2_0_2+10g10gT’ (34)

and N = [T"], so that o and N satisfy the relation (8:2). Let J be the set of integers j such that
[+ @+ ) M0,
and we define m; to be the minimum of [(1+771)7,(1+7')7*1) N M for j in J. Consider the set
M ={m;:je T},

and finally we define

r(m;) =

1/2
f (n)2>

(neM,(lJrTl)jl <n<(14+T-1)i+2
for every m; € M'. This defines our Dirichlet polynomial in (B1)).

Let ®(t) := e~/2. We collect the following results proved in [6, Section 3].

Proposition 9. With the notations as above, we have

(i) IR < RO0)> < T Y f(1)?

lem

(ii) [ |R(t)>? q><%> at <1 F)?

lem
Proof. See [6l Proposition 11] and [6l Lemma 12]. O

Lemma 10. Suppose

Gty =y (A(ﬂ

7 (logn)no+%
is absolutely convergent and ¢, > 0 forn > 2. Then

/OO G(t)|R(t)|2<I>(%) dt>T (logzglg:%)gﬂ (gggcp> S 1)

e leM
Proof. See [0l Lemma 13]. O

The following result allows us to obtain the error terms in our theorems.
Lemma 11. Assume the Riemann hypothesis, and consider the parameters defined in Proposition[8 Then

i %(/ﬁ m_it|R(f)|2@(%>dt) < pp Qog D77 )2 ST

m=2 1 g2 lem

Proof. Using the estimate |a,, (T, h)| < hlogmlog, T, the fact that the sum runs over 2 < m < (logT)?”
and (i%) of Proposition [d it follows that

mi: %Uf m_it|R(t)|2‘1><%>dt)

<L hTlogy, T Z (ogm)m® "m" Zf
2<m<(log T')%7 leM
9



Using the prime number theorem (see [5, B.1 Appendix]), we have

5 A(m) _ (logT)* (177
(logm)™m? (log, T)™

2<m<(log T)2Y

and this implies the desired result. O

4. PROOF OF THEOREM [I]

Assume the Riemann hypothesis and consider the parameters defined in Proposition []] Subsection [3.1]

Throughout this section we will assume that

1
0<h< . 4.1
- 7 2log, T (41)
Using the fact that sin(z) > x for 0 < 2 < 1, we obtain the bound
sin(hlogm) > hlogm (4.2)

for m < (logT)%. We integrate (Z2) in the range 7% < t < TlogT with |R(t)|? ®(t/T), and by (ii) of
Proposition [0 we get

TlogT (log T')® . 2
/ IR(t)|2<I>(%) (/ AhSn(a,tJru)(M) (30 + 2 sin(ulog, T))du)dt

T8 —(log T)3

st res 35 OO (T (L) w3
Y Im{ n+2 Z logm ngﬂfa) (/T:bngﬂR(t)E@(%)dt) } + O(thogQT Z f(l)Q).

leM
We want to complete the integrals that appears on the right-hand side of ([&3]), from 0 to oo. Using the
estimate |a,,, (T, h)| < hlogmlog, T, (i) of Proposition [0 and the bound ®(¢) < 1, we have

= A(m) am (T, h) v mit 25 ( L w481, 2 7A(m)
S B B

m=2 leM <(log T2~

Therefore, using the prime number theorem we get

,,i % ( /OTB m”lR(t)Fcb(%)dt)

<<hT“+5(logT i — > fOP<hT > F1)?

(log, T lem lem
Similarly, using the decay of ®(t) we obtain
— A(m)am(T,h) ([ :
> Alm) am (T, h) / m~ | R(t)]*® dt )| <hT Y f(1)?
=, (logm)"tm? \ Jpiogr len

The analysis for b, (T, h) is analogous. Therefore, we can extend the integrals on the right-hand side of ({3)
from 0 to co. Now, we want to estimate the left-hand side of ([3)). Assume tha

max 0 ApSp(o,t) > 0.

8
I-<t<2TlogT

6 In fact, the positivity of the right-hand side of 3] will be proved in the following subsections.
10



Using (i7) of Proposition[d it follows that

TlogT ¢ (log T')" . 1 T 2
/ |R(t)|2<I><T> </ AnSn(o,t +u) <w> (36 + 206 sin(y'ulog, T))du | dt
5 —(log T)? u
(log T)% log, T . 2 / TlogT
<log, T max 8 ApSy(o,t) / <M> <3 + 27 sin(*y’u)) du/ |R(t)|*® (i) dt
T2 <1<2T log T —(log T)3 log, T U d T8
> [sin(yu)\ > e t
< log, T max 0 ApSy(o,t) / (7> du/ |R(t)|2<1><—>dt
T2 <4<2Tlog T —c0 u 0 T

< max I ApSy(o,t) | T'logy T Z f()?
T8 <t<2Tlog T e

Therefore, we obtain the following relation from (3])

satm {0 3 ST [ o7 o) |
- Im{ 2 Z 1ogm n+?nfg (/ Z-t|R(t)|2‘1><%>dt) } + O(thogQT Z f(l)2) (4.4)

lem
< < max d ApSy (o, t)) Tlog, T Z f()?
T8 <4t<2Tlog T lem

Let us to analyze the left-hand side of ([£4).

4.1. The case n = 1(mod2). We choose the parameters vy =1/8,0 € {—1,1} and ¢’ = (—

1)(»+1/2 Using
the fact that i"*t? = (=1)(»*1/24 we conclude from (EZ) that

(oo}

35(—1)<n+3>/21m{;%</0m m“|R(t)|2<I><%>dt>}
+ Re { :2%</j m“|R(t)|2<I><%>dt) } + O<thog2T Z f(l)2)

lem
< ( max 0 ApSy (o, t)) Tlog, T Z f(n?
T8 <+<2Tlog T e

Using the fact that |R(t)|> and ®(¢) are real and even functions, we have

Re{/ooo m_“|R(t)|2<I><%>dt} = %/_O:O m_“|R(t)|2<I>(%>dt. (4.5)

Therefore, by Lemma [I1] it follows that
1 = A(m) by (T, 1)

P (/: m_“|R(t)|2<I><%)dt> + o<hT(1ogT)““’)/4 logy Ty f(l)2>

lem
< < max d ApSy (o, t)) Tlog, T Z (2
T2 <1<2T log T lem

(4.6)

Note that the sum on the above expression runs over (log7)%/* < m < (logT)%*. Then, for (logT)"/8 <

m < (logT)?/® we have that w,, (log, T/8,log, T') > logm. Therefore, using [@Z) we conclude b, (T h)
1



h(logm)? for (logT)™/8 < m < (logT)"/®. Using B3), for each p € P, we have b,(T, h) > h(logp)?, for T
sufficiently large. This implies that
min bp(T 1) > min h > L :
P (logp)® ~ peP (logp)"=2 = (log, T)" 2
Then, using Lemma [I0l we have
oo e 1— o’
> A ([ tmpe( £ )ar) 5 nr PET I8 DT 57 g

m=2 lemM

Inserting this estimate in ([G]), it follows that

log T)=7(1 T)?
(Ogl )ngf?;l) < max  §AwSa(0,t), (4.7)
(log, T) T8 <t<2Tlog T

for any § € {—1,1} and h satisfying (). Since that ([34) holds, we can change the left-hand side of (7))
by

(log T)"/?(log, T)'/*
(logy T)"~1/2
We replace ApS,,(0,t) with Sy, (o,t + 2h) — S, (0,t), by changing ¢ — h to t, where the maximum is taken
over T#/3 <t < 3TlogT. We obtain the desired result after a trivial adjustment, changing 7 to T'/3logT
and choosing a slightly smaller 5.

4.2. The case n = 0(mod2). We choose the parameters v = 2/3, § = (=1)("*2)/2 and §' = 0. Using the
fact that "3 = (=1)("*2)/2 we conclude from ([@4) that

3Re{ 3 %(/Ommit|}z( )| <1>( )dt>}+0(thog2TZf(l)2>

m=2 leM (48)

< (w max 6 AyS, (o, t)) Tlog, T Y f(1)®

<t<2TlogT leM

Therefore, using (L), Lemma and doing the same procedure as in the previous case, we obtain the

required lower bound.

5. PROOF OF THEOREM []

The proof for the case of S(t) follows the same outline of Theorem [I but with a slight change in Lemma
By [7, Lemma 2|, we have that

(log T)® . 9 o i
/ ) log<( +ilt+ )) (Smuo‘“) elidu = 2% WW_MJFO(?;;T;)'

—(log T)? =, (logm)mz*"

Therefore for 0 < h < 1 and for sufficiently large T', we have

(lo T)g . 2 0o . -
/ g A, 10g§< it >> <smau) GiHUgy — Z A(m) wp, (o, H) 51n<hlogm) +O<(€2 +|H| >

—(log T)? U (logm) motit log T3

m=2
Note that the main difference of this estimate from the Lemma [6] appears in the error term. Computing

exactly as in the preceding cases, we get the following equivalent formula for the equation ([LS]),

3Re { ni %(/ﬁ m_“|R(t)|2<I><%>dt) } + O(Tlog2 Tlezx\/l f(1)2)



< max —ARS(t) | T'log, T Z f(2

I8 <+<2TlogT e
Then, by (£H) and Lemma [0 we obtain
h(logT) /2 (log, T)/?(logs T)Y?2 + O(1) < max  —A,S(t).

8
IZ<t<2TlogT

Here appears the new restriction for h. Choosing h € [¢;(log T)~'/?(log, T)~'/?(logy T) /2, (log, T) '], for

a suitable constant ¢1, and adjusting 7" and [, we obtain the desired result.

6. PROOF OF THE COROLLARIES

6.1. Proof of Corollary 2l The proof follows from the following inequality for n > 0,

t+h
max, 5, (0,0) 2 ! / 1S, (0, w)du = =1 (£{Sn i1 (0,8 + h) — Snsr (o, D)),
uelt,t+ t

with h = (loglogT)~!, changing T to T'/(2loglog T') and making 3 slightly smaller.

6.2. Proof of Corollary Bl Under RH, it follows from Corollary 2l If the Riemann hypothesis fails, by [8]
Page 6], we have

Sn(t) > "2,

for ¢ sufficiently large. This implies the desired result.
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