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ABSTRACT

The Inventory Routing Problem (IRP) is a broad class of complex routing problems where the quanti-
ties of delivered products must also be determined. In this paper, we consider the classic IRP where
a single supplier must determine when to visit its customers, how much to deliver and how to com-
bine the customer visits in each period into routes. We propose a branch-and-cut algorithm based on a
new mathematical formulation for the IRP, improving the average lower bound obtained from algorithms
based on the branch-and-cut methodology. The new formulation substitutes parts of the original formula-
tion with a convex combination of extreme points. We call these extreme points customer schedules and
for each customer they contain information about delivery periods and corresponding delivered quanti-
ties. We show that this algorithm outperforms a state-of-the-art branch-and-cut algorithm on instances
with time-varying demands. The customer schedule-based algorithm obtains better lower bounds, which
improves the average optimality gap by 29% and 15% on two new sets of instances with time-varying

demands.

© 2022 The Author(s). Published by Elsevier B.V.
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1. Introduction

Advances in both operations research and supply chain man-
agement have led to increasing use of vendor-managed inventory
(VMI), a business practice where a supplier makes the replenish-
ment decisions for products delivered to customers based on spe-
cific inventory and supply chain policies (Coelho, Cordeau, & La-
porte, 2014). This practice results in a situation where vendors
save distribution and production costs, because they can coordi-
nate shipments made to different customers, and the customers
benefit by not allocating efforts to inventory control.

In the context of VMI, the inventory routing problem (IRP)
arises. Here the supplier has to make three simultaneous deci-
sions over a planning horizon consisting of discrete time periods
to minimize transportation and inventory holding costs. The sup-
plier has to create a schedule determining (1) when to serve a
given customer (once or multiple times), (2) how much to deliver
at each customer visit, and (3) how to combine customer visits into
routes. A route starts and ends at the supplier in a given time pe-
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riod. Versions of the IRP can be identified both for land-based and
maritime transportation, making it a problem with a wide range
of applications. For road-based transportation, the application ar-
eas described in the literature are the transportation of products
such as heating oil, beer, soft drinks, industrial gases, and groceries
(Andersson, Hoff, Christiansen, Hasle, & Lokketangen, 2010).

The IRP was first proposed by Bell et al. (1983), and has later at-
tracted significant attention from the research community (Coelho
et al., 2014). The last decades’ research has improved both exact
methods and heuristics. The first exact solution method for this
problem was proposed by Archetti, Bertazzi, Laporte, & Speranza
(2007) for the IRP with a single supplier, a fixed time horizon di-
vided into discrete periods, a single vehicle, and no stock-outs. The
method presented is based on branch-and-cut (B&C), and is used
to compare the effect of two inventory policies, referred to as the
order-up-to level policy (OU) where the delivered quantity has to
fill up the inventory, and the maximum level inventory policy (ML)
where any quantity may be delivered as long as it does not violate
the inventory limits. The authors showed that the ML inventory
policy could drastically reduce both transportation and inventory
costs. In addition, they also published a set of benchmark instances
for the single-vehicle IRP.
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Since then, improved exact solution methods for the IRP have
been presented by Solyal & Siiral (2011) and Avella, Boccia, &
Wolsey (2015) for the OU policy (IRP-OU), and by Coelho, Cordeau,
& Laporte (2012a), Coelho & Laporte (2014), Adulyasak, Cordeau,
& Jans (2014), Avella et al. (2015), Desaulniers, Rakke, & Coelho
(2016), Avella, Boccia, & Wolsey (2018), Guimardes, Schenekem-
berg, Coelho, Scarpin, & Pécora (2020) and Manousakis, Repous-
sis, Zachariadis, & Tarantilis (2021) for the ML policy (IRP-ML).
Apart from the paper by Desaulniers et al. (2016), which presents a
branch-price-and-cut method, all papers referenced above present
solution methods based on the B&C methodology. The bench-
mark instances typically used for the IRP is often divided into
a small and a large set of instances, originally published for the
single-vehicle IRP by Archetti et al. (2007) and Archetti, Bertazzi,
Hertz, & Speranza (2012), respectively. These instances were later
modified by Coelho et al. (2012a) to also accommodate the
multi-vehicle IRP, resulting in a total of 798 small instances and
300 large instances.The authors presented a three-index arc-flow
formulation for the multi-vehicle IRP-ML, where subtour elimina-
tion constraints were added dynamically. This method was im-
proved by Coelho & Laporte (2014), who presented three new fam-
ilies of valid inequalities that improved the results both for the
single-vehicle IRP and the multi-vehicle IRP.

Adulyasak et al. (2014) compared different formulations of both
the multi-vehicle production routing problem (also considering the
quantity to produce at the supplier in each period as a decision)
and the multi-vehicle IRP, solving them by combining a heuristic
with a B&C algorithm. In addition to the three-index formulation
proposed by Coelho & Laporte (2014), they proposed a two-index
arc-flow formulation where capacitated subtour elimination con-
straints were added dynamically. They showed that the algorithm
based on the three-index formulation is superior in finding optimal
solutions, but that the algorithm based on the two-index formula-
tion obtains tighter dual bounds on the largest instances.

Avella et al. (2015) presented a new two-index arc-flow formu-
lation for the single-vehicle IRP that is valid in cases where the
inventory capacity at every customer is an integer multiple of de-
mand, and derived new valid inequalities for this formulation, re-
ferred to as the single item lot-sizing inequalities. Their B&C al-
gorithm based on the new formulation obtained new best-known
results for several of the benchmark instances both for the OU
and ML inventory policies. This reformulation was also used for
the multi-vehicle IRP studied by Avella et al. (2018), where they
presented a new family of valid inequalities, the disjoint route in-
equalities. By adding two special cases of these valid inequalities to
their two-index arc-flow formulation they improved the optimality
gap of the benchmark instances with 50 customers and three time
periods, and 30 customers and six time periods.

The latest improvements in exact solution methods further im-
proved the results on the benchmark instances by integrating pri-
mal heuristics and feasibility mechanisms within the B&C frame-
work. Guimardes et al. (2020) presented two feasibility mecha-
nisms and improvement routines to enhance a B&C scheme for the
multi-vehicle IRP. Using these mechanisms they were able to find
several new best-known solutions and proved optimality for new
instances. Manousakis et al. (2021) presented a two-commodity
flow formulation for the IRP and a new set of valid inequalities for
this formulation. The formulation exploits the interaction between
the flow of goods and the flow of empty space (inverse flow). To-
gether with an efficient primal heuristic, they obtained new best-
known solutions on some of the benchmark instances.

In addition to the development of exact methods, there has
been a considerable effort on developing heuristic solution meth-
ods for the IRP. Most of these heuristics can in fact be classified as
matheuristics (Archetti et al., 2012; Archetti, Boland, & Speranza,
2017; Chitsaz, Cordeau, & Jans, 2019; Diniz, Martinelli, & Poggi,
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2020; Vadseth, Andersson, & Stalhane, 2021), i.e., “heuristic algo-
rithms made by the interoperation of metaheuristics and mathe-
matical programming techniques” (Boschetti, Maniezzo, Roffilli, &
Bolufé Rohler, 2009).

Archetti et al. (2012) proposed a heuristic that combines a tabu
search scheme with ad hoc designed mixed-integer linear pro-
gramming models for the single-vehicle IRP, obtaining optimal or
near-optimal solutions in much shorter solution time than the ex-
act B&C method proposed by Archetti et al. (2007). This matheuris-
tic was later extended to also handle the IRP with multiple ve-
hicles (Archetti et al., 2017), obtaining new best-known solutions
on 92% of the large benchmark instances. These results were fur-
ther improved by Chitsaz et al. (2019) when they found 194 new
best-known solutions with a three-phase decomposition method,
originally developed for the assembly routing problem, on the 300
large IRP benchmark instances. Diniz et al. (2020) presented a
matheuristic using an iterative local search method with a ran-
domized variable neighbourhood search and the solution of net-
work flow problems. They found 113 new best-known solutions on
the small benchmark set. Vadseth et al. (2021) described an iter-
ative matheuristic for the IRP, where they used a giant tour and
simple operators to heuristically create routes that are included in
a path-flow formulation. The matheuristic then iterates between
solving this path-flow model and updating the set of routes based
on the optimal solution of the path-flow model from the previous
iteration. Running this algorithm they found 179 new best-known
solutions out of 240 of the large multi-vehicle instances.

The IRP also forms the basis for richer problems, such as the
IRP with perishable products (Alvarez, Cordeau, Jans, Munari, &
Morabito, 2021) and the IRP with pickups and deliveries (Archetti,
Christiansen, & Grazia Speranza, 2018; Archetti, Speranza, Boccia,
Sforza, & Sterle, 2020). Alvarez et al. (2021) proposed a new for-
mulation for the IRP with perishable products and developed a
hybrid heuristic, combining an iterated local search metaheuris-
tic and two mathematical programming components. The proposed
matheuristic was also modified and tested on the standard IRP
benchmark instances, finding high-quality solutions compared with
the state-of-the-art methods. Archetti et al. (2018) presented the
single-vehicle IRP with pickups and deliveries along with a model
formulation and a B&C algorithm tailored to solve this problem.
They solved 487 out of 640 instances, with up to 50 customers
and three time periods and up to 30 customers and six time
periods. Archetti et al. (2020) designed a B&C algorithm for the
multi-vehicle IRP with pickups and deliveries, while also propos-
ing a new set of valid inequalities, called interval inequalities. They
solved 946 out of 1280 instances to optimality, and outperformed
the state-of-the-art method for the single-vehicle version by find-
ing 133 new best-known solutions. There also exist other variants
of the IRP, such as the IRP with transshipments (Coelho, Cordeau,
& Laporte, 2012b), the IRP with demand moves (Baller, Dabia, De-
saulniers, & Dullaert, 2021) and the two-echelon multi-vehicle IRP
(Guimaraes, Coelho, Schenekemberg, & Scarpin, 2019).

In this paper, we present a new innovative formulation of the
IRP, based on a Dantzig-Wolfe reformulation of a two-index arc-
flow model. We refer to this reformulation as the customer schedule
formulation (CSF), in which we introduce a set of variables contain-
ing information about which periods a customer is visited and the
quantity delivered in each of these periods. This reformulation al-
lows us to significantly reduce the number of constraints, but at
the cost of adding more variables. We prove that several of the
valid inequalities proposed by Coelho & Laporte (2014) and Avella
et al. (2015) are not useful for the CSF, and that it is more gen-
eral than the reformulation proposed by Avella et al. (2015) since
it does not require an integer inventory capacity to demand ratio
at the customers. Further, we modify the capacity inequalities pro-
posed by Desaulniers et al. (2016) to be applicable to arc-flow for-
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mulations, and propose a new separation algorithm for these valid
inequalities.

We have implemented a B&C algorithm based on the CSF in-
cluding the valid inequalities of Desaulniers et al. (2016) and Avella
et al. (2018). This algorithm is compared with a reimplementa-
tion of a state-of-the-art B&C algorithm based on the formulation
proposed by Avella et al. (2018) and including the valid inequali-
ties of Coelho & Laporte (2014) and Desaulniers et al. (2016). We
test these two algorithms on the benchmark instances proposed
by Archetti et al. (2007) and Coelho et al. (2012a), and on modified
versions of these instances with time-varying demands. The results
show that the performance of the CSF-based algorithm is similar to
the state-of-the-art reimplementation for the existing benchmark
instances, but significantly better for instances with time-varying
demands.

It is worth pointing out that an improvement of the dual bound
at the termination of a B&C method can be achieved in two ways,
either by using a stronger formulation yielding a better linear re-
laxation or by quickly finding good primal solutions. A good primal
solution makes it possible to perform variable fixing by reduced
cost or allows for faster pruning of the branch-and-bound (B&B)
tree. The latter is not true if using a best-first strategy, but most
commercial solvers embed plunging strategies and a good primal
solution allows for faster pruning whenever the solver performs a
plunge, i.e., swapping from a best-first to a depth-first strategy. Our
work is focused on improving the dual bound at the root node, and
is the reason why we chose to compare our results with those of
Avella et al. (2018) as they represent the strongest known arc-flow
formulation for the IRP.

The remainder of this paper is organized as follows.
Section 2 presents the mathematical model along with the
valid inequalities used in our reimplementation of a state-of-the-
art B&C algorithm. Section 3 explains the concept of customer
schedules, how they can be used to reformulate the problem,
and a thorough analysis of the properties of this reformulation.
The B&C algorithm is presented in Section 4 before reporting our
computational results in Section 5. Finally, conclusions are drawn
in Section 6.

2. Problem definition and mathematical model

In this section, the two-index arc-flow formulation for the
single-depot multi-vehicle IRP is presented along with the valid
inequalities of Coelho & Laporte (2014), the capacity inequalities
of Desaulniers et al. (2016) and the disjoint route inequalities of
Avella et al. (2018). In Section 2.1, the problem is formally stated,
before presenting the mathematical model in Section 2.2 and the
valid inequalities in Section 2.3.

2.1. Problem definition and notation

In the single-depot multi-vehicle IRP a single supplier, denoted
0, produces a single product which is delivered to a set of cus-
tomers V€ = {1,...,n} over a planning horizon that is divided into
a set 7 of discrete time periods. In each time period, t € T, S;
units of the product are produced at the supplier, while D; units
of the same product are consumed at each customer i € NC. A cus-
tomer can be visited at most once in each time period. Both the
supplier, 0, and each customer, i, have a storage with given upper
and lower inventory capacities, L; and L;, respectively, an initial in-
ventory level I; at the beginning of the planning horizon, and a
unit holding cost H; for each time period t. In addition, we in-
troduce I; = max{l; — Y.t_; D, 0} to denote the remaining units of
the product from the initial inventory at customer i in period t,
given the first-in, first-out principle.
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To keep all storages within their inventory limits, a fleet of K
homogeneous vehicles, each with a capacity to hold Q units of
the product, is used to transport the product from the supplier
to the customers. The problem of designing routes for these ve-
hicles may be defined on a graph G = (N, A), where the set of
nodes N = {0, ..., n} consists of one supply node (0) and one node
for each customer, and the set of arcs A = {(i, j) € {N x N} | i # j}
connects the nodes. The route driven by a vehicle can be seen as a
simple cycle in the graph starting and ending at node 0, where G;
represents the cost of driving directly from node i to node j. The
goal is to create at most one route for each vehicle in each time
period, delivering units of the product to each customer along that
route, so that the inventory limits at all nodes are satisfied in each
time period and the sum of the inventory holding costs and the
transportation costs is minimized.

2.2. Model

To model this problem we introduce the following variables.
Let x;j; be equal to 1 if a vehicle traverses arc (i, j) € A in period
t e 7, and O otherwise. In time period t € 7, let §; be 1 if cus-
tomer i € N€ is visited, 0 otherwise, and let 8y, be the number of
vehicles leaving the supplier. For each node i € A" and period t € T,
we define a non-negative variable s; that represents the inventory
level at node i at the end of period t. In addition, for each node
i € N we denote the initial inventory s;y. Further, we let q; denote
the quantity delivered to customer i € AC in period t € 7.

Using this notation, we can now present the formulation for the
single-depot multi-vehicle IRP as the following mixed-integer lin-
ear program (MILP):

min Y > Gy + »_ Y Hisie (1)
(i,j)eAteT ieN teT
Sot =St — ) i + So(t-1)» ViteT, ()
ieNc€

Sit = Git — Dit + Sie-1), VieNteT, (3)
Ly < sor < Lo, VteT. (4)
L <s¢ <L VieNCteT, (5)
D ai < Qo VteT, (6)
ieNC
qitfzi_si(tfl)’ ViENC,tET, (7)
qir < min{L; — i, Q8. VieNCteT, (8)

> Xije =i, VieN,teT, (9)
jeN\{i}

Z Xije = Z Xjits VieN,teT, (10)
jeN\{i} jeM\{i}

o xp =) S —8m.  VSCNC[S|=2teT.mes,

1,j)e(s:S) ieS

(11)

Z QXijtZZQi[, VScNC IS =2, teT,

(i,j)e(S:N\S) ieS
(12)
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qir = 0, VieNCteT, (13)
8 €{0,1}, VieNCteT, (14)
Soc €{0.1,...,K}, VteT, (15)
Xije € {0, 1}, V(ijeAteT, (16)

where sgo=1Iy and sjg=1I, VieNC. The objective function
(1) minimizes the sum of the transportation cost and the inven-
tory holding cost. Constraints (2) and (3) balance the inventory at
the supplier and at the customers, respectively. Constraints (4) and
(5) make sure that the inventory levels always stay between their
lower and upper limits at the supplier and at the customers, re-
spectively. Constraints (6) state that the fleet of vehicles leaving
the supplier never delivers more than its capacity to the customers
in a given period. Constraints (7) enforce the ML inventory policy.
Constraints (8) ensure that a customer can only receive a deliv-
ery if visited. Constraints (9) are the degree constraints and con-
straints (10) ensure a correct flow of vehicles between nodes. The
subtour and capacitated subtour elimination constraints (SECs and
CSECs, respectively) are stated in constraints (11) and (12), respec-
tively, where (€ : F) ={(i,j) :ie &, j e F\ {i}} denotes the set of
arcs going from a node in set £ to a node in set F. Finally, con-
straints (13)-(16) impose integrality and non-negativity of the vari-
ables.

2.3. Valid inequalities

To strengthen the linear relaxation of the model defined by (1)-
(16), we apply three sets of valid inequalities in our B&C algorithm.

2.3.1. Valid inequalities from Coelho & Laporte (2014)
The following inequalities were proposed by Coelho & Laporte
(2014):

X,’j[ < Bit’ A4 (l, ]) € .A,t € T, (17)
8ic < Sor, VieNCteT, (18)
t t _
ZSWZ ’7 ZDit’_Ii /min{Li,Q}—‘, ViGNC,tGT,
t'=1 t'=1
(19)

t; t
> 8w = [ > D -1 /min{L,-, Q}—‘,
t'=t; t'=t;

VieNtieT\{1LheT.tn >,

(20)
[ [ _ [
Z Sipr > ( Z Dy —Si(th))/min{Li, Q. Z Dy},
t'=t, t'=t, t'=t
ViENC,tl,tzeT,tzzt]. (21)

Constraints (17) were originally developed for an edge formu-
lation, but can be improved for an arc-flow formulation. We know
that if arc x;;; is used, arc xj; cannot be used, and the use of the
arcs out from node j has to be greater than or equal to the use of
arc X;ije.

Xije = Z Xkt

keN\ (i}

Y (i,j)e WC:NO), teT. (22)
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Constraints (18) give a tighter relationship between the visit-
ing variables &; for the customers and the visiting variables 8y, for
the supplier. Constraints (19) and (20) compute a lower bound on
how many times a customer i needs to be visited in a given time
interval. Constraints (21) compute a lower bound given the actual
inventory level at customer i at the beginning of a given time in-
terval. To maintain the linear characteristics we cannot round up
this expression, but it gives a tighter relationship between the §;
and s; variables.

2.3.2. Capacity inequalities from Desaulniers et al. (2016)

We also adapt the capacity inequalities of Desaulniers et al.
(2016) to be applicable in an arc-flow formulation. The capacity
inequalities ensue from the same idea as the rounded capacity in-
equalities for the capacitated vehicle routing problem (Laporte &
Nobert, 1983). Since we can decide the delivered quantity in each
period we do not know for sure that we will deliver a quantity
equal to the demand in each period. However, we do know that
the residual demand for a given period has to be delivered be-
fore this given period. We define residual demand, D;; = max{D;; —
I, 0}, to be the demand that cannot be covered by the initial in-
ventory. Thus, assuming a first-in, first-out policy for the units in
the inventory we can calculate a lower bound on the number of
vehicles needed to serve a given subset of residual demands.

Let RD be the set of all positive residual demands across all
customers and time periods, RD = {(i,t) e N x T | D;; > 0}, and
let 4 € RD be a subset of all positive residual demands. A positive
residual demand Bjt can be served by a vehicle traversing an arc
(i, j) in period t or previously as long as the inventory capacity is
not violated.

Thus, we introduce P; = {(.jm) e N x NCxT | (D >0n
m<tA(Xj_n,Dji+1jm <Lj))} to be the set of arcs (i, j) in pe-
riod m, denoted (i, j, m), that can serve residual demand ﬁjt. Let
Ay ={@, j,m) e P]; | (j.t) e} be the set of arcs that can serve
the residual demands in . It is worth pointing out that the same
arc (i, j,m) can potentially serve several consecutive residual de-
mands at customer j, but appears at most once in 4. Then we
get the following capacity inequalities:

5 xiﬂz{z Dit/Q—‘,

(i.j.t)edy (i.tyeu
2.3.3. Disjoint route inequalities from Avella et al. (2018)

The disjoint route (DR) inequalities were introduced by Avella
et al. (2018). Let R be the set of arcs in a route and let V(R) be
the set of nodes in that route. For a given period t € 7, a subset
S € N, a partition (S, Sy, S3,84) of S, and the coefficients Mij =
0 for all (i, j) € A, a valid DR inequality can be formulated as:

YU CRD. (23)

Do i = Y i+ Y (@i = Sjesy) + D (@i = Sie)
(i.j)eA jes jeSy JjeSs
t
+ Y G —@i= Y Dim)) (24)
JjeSs m=t—1
if
> m=min{Q Y L+ Y (Di+Digy))
(iL.p)er VRNS  IVRINS,
+ > Di+ Y Dienh (25)
ieV(R)NS3 ieV(R)NSy

for every route starting and ending at the supplier.

We include the two special cases of the DR inequalities pro-
posed by Avella et al. (2018), namely the simple DR inequalities
and the h-DR inequalities (Avella et al., 2018). The technical de-
tails regarding these valid inequalities can be found in Avella et al.
(2018).
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3. Customer schedules

We first present a new reformulation of the problem in
Section 3.1 based on a Dantzig-Wolfe decomposition, before stat-
ing and proving several properties of this new formulation in
Section 3.2.

3.1. Reformulation

Let us define a bounded set of feasible solutions P, described
by the subset of constraints (3), (5), (7)-(8), (13) and (14) for each
customer i € NC. Let ©; be the set of extreme points of the con-
vex hull of P, and let Q. Si;,, and Aj, be the values of g;;, s;; and
di, respectively, for each extreme point w € ;. Like in a Dantzig
& Wolfe (1960) decomposition, we may express all points in P, as
convex combinations of these extreme points. To do this, we intro-
duce a set of weighting variables A;,, and express the set of feasible
solutions as follows:

Gic = Y Qwtin: VieNteT, (26)
we;

Sic =Y Sitwhio- VieNCteT, (27)
we;

Sit =Y Aiwhins VieNCteT, (28)
we;

> hiw=1, YieNS, (29)

we;

Aiw > 0, VieNCweQ. (30)

In the following, we refer to each extreme point w € €; as a
customer schedule for customer i € NC. A customer schedule can
be interpreted as a set of days the customer is visited ({t:t ¢
T AAie, = 1}) and the quantity delivered (Q,) on each of these
days. The delivered quantities also implicitly decide the inventory
levels (Sj,,) at the customers throughout the planning period due
to constraints (3). By substituting for g, s;; and d; in the mathe-
matical formulation (1)-(16), we state the CSF of the problem as
follows:

min Y Y Gixig+ Y Y Y HieSiwhio + Y, HotSor (31)
(i,j)eAteT ieNC teT we; teT
Soe=St— Y > Quwriv +So-1): VteT, (32)
ieNC we2;
Ly < soc < Lo, VteT, (33)
3> Qiorio < Qo VteT, (34)
ieNT e
> =Y Arwhios VieN,teT, (35)
JjeN\{i} we;
D Xije= ). Xjie: YieN.teT, (36)
jeM\{i} JeM\{i}
Z Xijt = Z Z Aitw)‘iw - Z Amtwrme,
(i,j)e(S:S) ieS we; weQy
VSCNC S| =2,teT,meS,
(37)
D Q=) Y Qotios VSCcNCIS|=2,teT,
(1,))e(S:N\S) ieS we;
(38)
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> hiw=1, VieNC, (39)
we;
Aiw > 0, VieNC weQ, (40)

Xijg < Xk V(i,j)e W INO) teT,

keN\{i}
(41)
S0 €{0,1,...,K}, VteT, (42)
xije € {0, 1}, V(ijeAteT. (43)

The objective function (31) is equivalent to (1), constraints (32) and
(33) balance the inventory and keep it within the inventory capac-
ity at the supplier, respectively. The constraints (34)-(38) express
the same as constraints (6), (9)-(12) found in the original formula-
tion, while constraints (39) ensure that only a convex combination
of customer schedules may be selected. Constraints (41) are the
valid inequalities (22) repeated here for the sake of readability. Fi-
nally, the non-negativity requirements for the weighting variables
are defined by constraints (40), and constraints (42)-(43) are the
same as constraints (15)-(16).

3.2. Properties of the reformulation

Let us analyze the properties of the CSF. Propositions 1-3 show
that the new formulation is at least as strong as the original for-
mulation including the valid inequalities (19)-(21) and the sin-
gle item lot-sizing inequalities (Avella et al., 2015). The proofs of
Propositions 2 and 3 can be found in Appendix A. Let R®F and RO
be the polytopes defined by the linear relaxations of the CSF (32)-
(43) and the original formulation (2)-(16), respectively.

Proposition 1. REF ¢ RO,

This proposition is true because the CSF is a Dantzig-Wolfe re-
formulation of (3)-(16).

The next proposition indicates that the valid inequalities (19)-
(21) are not useful for the CSF.

Proposition 2. The valid inequalities (19)-(21) are satisfied by all so-
lutions in REF,

The following proposition shows that another set of valid in-
equalities is not useful when employing the CSF.

Proposition 3. All solutions in RSF satisfy the valid inequalities de-
fined per customer based on the single item lot-sizing reformulation
proposed by Avella et al. (2015).

We conclude this section by showing a numerical example
where REF is a proper subset of RO. Assume we have a problem
with only one customer i and two time periods, where demand
is 50 in each period, and both the vehicle capacity and the in-
ventory capacity at this customer is 100. Let us also assume that
the inventory cost is higher at the customer than at the supplier
and that the initial inventory at the customer is 0. For this prob-
lem, we can easily observe that RC contains a solution x such that
8i1 =8, = 0.5 and gj; = gj = 50. Let us show that this solution
does not belong to RF, Indeed, for this example, there are only
two customer schedules:

Qi1 =100, Qpy =0,
Qi12 =50, Qi =50,

Ainn =1,A;: =0.
A =1,Ap = 1.
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In this case, constraints (28) and (29) write as follows:

31 = Ain + A,
32 = 0Ai1 + i,
A+ A =1

Therefore, 8;; = 1 for all solutions in RF and x ¢ REF. Thus,
RSF can be a proper subset of RC.

4. Branch-and-cut algorithm

In this paper, we compare the two formulations for the IRP
previously presented, and their performance when put into a B&C
framework. In the remainder of this paper, we refer to the formula-
tion defined by (1)-(16) and the valid inequalities (18)-(22), as the
state-of-the-art formulation (SOTAF). In addition, we add the single
item lot-sizing inequalities proposed by Avella et al. (2015) a priori
for the test instances where they are applicable. The B&C algorithm
based on this formulation is referred to as SOTAF-BC.

The B&C algorithm based on the CSF, is denoted CSF-BC. The a
priori generation of customer schedules is done by a labeling al-
gorithm enumerating all possible combinations of visits and cor-
responding quantities. It is worth noting that a simple forward
propagation alone is not enough to enumerate all schedules due
to the inter-dependencies between delivered quantities across dif-
ferent periods. Section 4.1 therefore gives a detailed description of
the labeling algorithm used to enumerate the customer schedules.
Section 4.2 gives an overview of the proposed B&C algorithms, and
Section 4.3 presents a detailed description of the separation of the
capacity inequalities.

4.1. A priori generation of customer schedules

The customer schedules are generated a priori using a labeling
algorithm (Algorithm 1) for each customer i € NC. A label is used

Algorithm 1 Customer schedules for customer i.
1: U=1Ly
2: while U # ¢ do

3:  L=remove(U)

4  ifVt' e T :s;(L) =5 (L) then
5: P =PUIL}

6: end if

7. forteT7 :s:(l) <5 (L) do
8: create labels Ly, Ly

9: Vt' e T 5 (L) = g, (i (L), 53 (L))
10: Vt' e T sy (Ly) = fL, (5 (L), 83 (L))
11: U=UU{L}

12: Vt' e T : §i[/ (Ly) = fg, (git (L)’git/ (L))
13: Vt' e T sy (Ly) = fL, Gie (L), sy (L))
14: U=U{L}

15:  end for

16: end while

to store lower and upper bounds on the inventory levels for each
time period, and the values of these bounds for label L are referred
to as s;; (L) and 5; (L), respectively. The labeling algorithm starts by
initiating a set of unprocessed labels, U, initially only consisting
of the label Ly (line 1). For Ly the initial values of the inventory
bounds are set as follows:

t
$i(L) = max{l; - Y " Dy, 0},

t'=1

teT, (44)

t
Si(L) = min{l; + ) " (min{L;, Q} — D), L;}

t'=1

teT, (45)
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which represents the minimum and maximum possible inventory
bounds for any given period. The algorithm then selects one label
from the set of unprocessed labels (line 3). If the lower and upper
inventory bounds are equal for each time period, then the label
represents a complete customer schedule and is added to the set of
completed labels P (line 5). Otherwise, the algorithm iterates over
the time periods where the upper and lower inventory bounds are
different, and creates two new labels, L; and L,, for each selected
time period (line 8). For the selected time period t the upper in-
ventory bound in L; is decreased to the lower inventory bound
(line 9) and the lower inventory bound in L, is increased to the
upper inventory bound (line 13). The upper and lower inventory
bounds for the remaining periods are then updated according to
the functions fU and fL (lines 9-10 and lines 12-13), respectively,
which is defined as:

max{a — Y2, Dy, b} ifty <ty,
ftthz (a,b) = §a, _ if ty =1,
max{a + Y ¢, (Dy — min{L;, Q}). b}, otherwise.
(46)
min{a =+ Z?:t] (mil‘l{z,‘, Q} — Di[), b}, if ty < ty,
ftllltz (a,b) = §a, if ty =,
min{a + Y, Dy. b}, otherwise.
(47)

where a is the fixed value in time period t; and b is the old value
of the lower/upper inventory bound in time period t,. Once the
inventory bounds are updated a new period t where S # s;; is se-
lected.

If there is any inconsistent bounds for any of the time peri-
ods (i.e. s; (L) > S (L)) the label is discarded, otherwise it is added
to the set of unprocessed labels. Once all labels have been pro-
cessed, the corresponding delivered quantities can be calculated
and at which periods customer i is visited can be identified. To
satisfy the equality in constraints (35), for every customer schedule
with a non-delivery period we must duplicate the given customer
schedule so that we have one customer schedule with a visit and
one without a visit. This means that for a customer i € AC in time
period t € 7 with customer schedule w; € &2 where Q;,, =0, we
must create customer schedule w, where Ay, =1 and Ay, =0,
or vice versa, and where the remaining information remains the
same.

From Algorithm 1 we see that we have a time complexity of
O(|712!71) for each customer. This means that the time complex-
ity grows linearly with the number of customers, but exponentially
with the number of time periods. However, for the benchmark in-
stances used in the literature and in this paper the time horizon is
short and the computational time used to enumerate the customer
schedules a priori is negligible.

4.2. Overview of the branch-and-cut algorithms

A B&C algorithm is an extension of the well-known branch-
and-bound (B&B) algorithm where each node in the B&B tree is
solved multiple times, adding cutting planes to the formulation in
each iteration. These cutting planes are identified by solving one
(or more) separation problem(s) for each family of valid inequali-
ties. Adding these cutting planes strengthens the dual bound of the
node, hopefully leading to a significantly smaller B&B tree.

For both the SOTAF-BC and the CSF-BC, the SECs, CSECs, and
valid inequalities presented in Sections 2.3.2 and 2.3.3 are added
dynamically to the linear relaxations.

The separation problems are solved in the following order in
the root node:

(i) SECs (11)



J. Skalnes, H. Andersson, G. Desaulniers et al.

ii) CSECs (12)
Capacity inequalities (23)
Simple DR inequalities (special case of (24))

h-DR inequalities (special case of (24))

iii
iv
(v

(
(

NN NG a2

The separation algorithm moves on to the next separation prob-
lem when the dual bound improvement from the previous itera-
tion falls below a given threshold. Due to the computational com-
plexity of the last three, they are only solved in the root node. For
the remaining part of the B&B tree, the SECs and CSECs are sep-
arated once in each node of the tree if the solution of the linear
relaxation is fractional.

We separate the SECs by first identifying strongly connected
components, which was shown by Drexl (2013) to work well for
the elementary shortest path problem. However, since this sepa-
ration algorithm is exact only for integral solutions, we also iden-
tify min-cuts between the supplier and each customer ((0:i) Vie
N©) which are solvable in polynomial time (Picard & Ratliff, 1973),
to find additional cuts when the cuts defined by the strongly
connected components do not improve the dual bound signifi-
cantly. The separation problem for the CSECs is solved similarly,
but where the first part is solved by finding the connected com-
ponents in the graph. The separation of the two families of DR-
inequalities are done in the same manner as described by Avella
et al. (2018). Below we present the separation algorithm for the
capacity inequalities.

Vanderbei (2014) shows that sparse constraint matrices can be
exploited in the simplex method to solve linear programs more ef-
ficiently. Thus, for potentially faster re-optimization of each linear
program solved repeatedly in a B&C method, we choose the spje:[rcs-
IV

est form of the SECs based on the size of their set S. If |S| < 3

we use the inequalities (11). If not, we use the following form:

1 1
Z Xije + 5 Z(Xoic + Xior) — ) Z(Xoit + Xiot )

(1,)e(S:S) ieS ieS
= Z 5it - 8mt’
ieS

VSCNS|8=2,8=N\S.teT.meS. (48)

For the CSECs we use the following form if |S|§@
(Adulyasak et al., 2014):

min{Q, Y (L — Ii)}

ieS

Z Xijt
(i.j)e(S:8)
< min{Q, Z(Zi —I)} Z&'r - Zq“’
ieS icS ieS
VScNIS|=2teT.

If not, we use the complement of S:

. - 1

min{Q, Y (Li—LH( Y X+ 5 D Xoie + Xior)
ics (i.))e(E:5) ies

1

) Z(Xoit + Xior))
ieS
=min{Q, Y (L)} ) 8 — Y i,
ieS ieS ieS

VSCNS|8=2,8=N\S.teT. (50)

4.3. Separation of the capacity inequalities
Desaulniers et al. (2016) presented three separation heuristics

for the capacity inequalities. They used a modified version of the
heuristic for the rounded capacity inequalities (Lysgaard, Letchford,
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& Eglese, 2004), in addition to two heuristics exploiting the fact
that each variable in their formulation represents a vehicle route.
As the latter two do not apply to the arc-flow formulations pre-
sented in this paper, we propose an alternative separation proce-
dure based on solving a MILP, maximizing the violation of the cut
given a fractional solution.

First, we introduce the variable o;;; which is equal to 1 if the
arc (i, j) can be used in period t to serve some future residual de-
mand Dj, in period s, 0 otherwise. Let y; be equal to 1 if residual
demand Dj; is included in &, O otherwise, and let «;; be an auxil-
iary variable ensuring that all arcs that can enter the set of residual
demands ¢/ are included in the cut. Let w be a variable between 0
and 1 — €, where € is an arbitrary small value, accounting for the
rounding up of the right hand side. In addition, we define the set
T, to be the set of periods when residual demand D can be deliv-
ered. Let x;‘jt be the value of the corresponding x;;; variable in the
optimal solution of the linear relaxation. Thus, the MILP consists
of maximizing the violation of the cut, i.e. minimizing its left-hand
side minus its right-hand side:

min Y "N X505 — ¢ (51)
ieN jeNC teT
Dyt
€= ZZ@V&"‘W, (52)
ieNC teT
Yie < Wi, VieNteT.seT,, (53)
Oije > Ojr — Oyt VieN,jeNC teT, (54)
O<w<1-—g¢, (55)
¢ > 1, integer, (56)
Uij[ > 0, V (l, ]) € .A,t € T, (57)
oo =0, a3 € {0, 1}, VieN,teT. (58)

Constraint (52) together with (56) represent the right-hand side
of the cut. Constraints (53) ensure that if a residual demand D
is included in the right-hand side of the cut &, then all arcs able
to serve this residual demand can potentially be included in the
left-hand side of the cut. Constraints (54) make sure that we do
not include arcs between the residual demands included in the set.
Constraints (55)-(58) define the domains of the variables.

5. Computational study

In this section, we compare the computational performance of
the B&C algorithms based on the SOTAF and the CSF, as well as the
cut separation procedure proposed in this paper. In Section 5.1 we
present the test instances used, while Section 5.2 compares exact
and heuristic separation of the capacity inequalities (23), and the
impact of excluding one family of valid inequalities at a time. Fi-
nally, Section 5.3 compares the SOTAF-BC with the CSF-BC on an
extensive set of instances of the IRP.

The B&C algorithms are implemented in C++ using the commer-
cial MILP solver Gurobi 9.0.2 with default settings, except for using
a single thread and disabling the internal Gurobi cutting plane pro-
cedures. Graph algorithms from the Boost Graph Library (BGL) are
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used to identify strongly connected components, connected com-
ponents, and min-cut sets in the cut separation procedures. All
tests were run on a 12 core Intel E5-2670v3 processor clocked at
2.3 GHz and 64 GB RAM. The computational time limit was set to
7200 s. To obtain primal bounds on the new instances we also set
a time limit for solving the root node to 3600 s, still with a total
computational time limit of 7200 s. It is clearly stated otherwise
for the tests where this does not apply.

5.1. Test instances

We base all tests in this computational study on the benchmark
instances first introduced by Archetti et al. (2007) for the single-
vehicle case and later modified by Coelho et al. (2012a) to include
the multi-vehicle version of the problem. The instances have either
three or six time periods and involve from 5 to 50 and from 5 to
30 customers, respectively. They can further be divided into two
sets having either high or low inventory costs. The vehicle fleet of
the instances ranges from one to five vehicles, but the capacity of
the vehicle fleet is constant, resulting in diminishing capacity for
each vehicle when the number of vehicles increases.

One limitation of the benchmark instances described above is
that they have constant demand over time for each customer and
that the inventory capacity at each customer is an integer multiple
of demand. This special structure is not a property of the IRP itself,
and therefore we have modified the benchmark instances to cre-
ate two new sets of instances. We do this by defining two sets of
weights, W5 = {0.85,0.95, 1.2} and W = {0.7,0.8,0.9,1.1,1.2,1.3}
used to modify the instances with three and six time periods, re-
spectively. The sum of the weights is equal to the cardinality to
make sure that the total demand over the planning horizon is no
larger than in the original benchmark instances. In addition, the
weights are chosen such that the inventory capacity of the cus-
tomers are no longer an integer multiple of demand.

For each instance in the original benchmark set we define two
cases, called correlated demands and uncorrelated demands, respec-
tively. In the first case, we randomly draw one weight, F, for each
time period t, from the set W53 or Wg (depending on the number
of time periods in the instance) without replacement, and modify
the demands as follows:

D;; = |ED;], VieNC teT (Correlated demands).

In the second case, we again draw without replacement one
weight randomly for each time period from the set W5 or Wg, but
repeat the procedure for each customer i, to obtain the weights F;.
These weights are then used to modify the demands as follows:

Dy = | E:D;], VieNC teT (Uncorrelated demands).

5.2. Separation of capacity inequalities and impact of the valid
inequalities

In this section, we investigate the effect on the time used,
and the dual bound obtained, in the root node when separating
the capacity inequalities (23) as proposed by Desaulniers et al.
(2016) using the separation routine from the CVRPSEP package of
Lysgaard et al. (2004), and using the separation routine described
in Section 4.3, respectively. In addition, we give an overview of the
impact of the valid inequalities presented in this paper, when ex-
cluding one family of valid inequalities at a time.

Table 1 compares the computational performance of solving the
root node of the B&B tree using the model defined by (1)-(21)
(‘Standard’), with the addition of the capacity inequalities sepa-
rated using the CVRPSEP library (‘+CVRPSEP’) or the exact MILP
formulation (‘+MILP’), respectively.

The results are aggregated over all the original benchmark in-
stances per number of periods and vehicles (first two columns).
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For each of the three algorithm versions, we report the average
relative optimality gap (‘Gap’) and the average computational time
in seconds spent at the root node (‘Seconds’). The optimality gap
is calculated using the best-known upper bound from the exact
methods presented in the literature (UB) and the final lower bound
obtained in the root node (LB): Gap = (UB - LB)/UB. Finally the
columns 'Imp.” show how much of the gap is closed by separat-
ing the capacity inequalities (23) by the CVRPSEP library and the
exact separation algorithm: Imp. = (Gap®"42d _ Gap/)/Gapstandard
for j = +CVRPSEP or +MILP.

Table 1 shows that the exact separation of the capacity inequal-
ities gives a considerably better dual bound in the root node com-
pared with separating them heuristically. Using only the CVRPSEP
heuristics improve the root node gap by less than 2% on average
and no more than 3.21% for the subset of six periods and five
vehicles where it is most effective. On the other hand, using the
MILP to separate the inequalities, improves the root node gap by
more than 66% on average, and almost 80% for the subsets where
it has the largest effect. It seems like these cuts are better for the
three-period instances compared with the six-period instances. A
possible explanation for this is that the majority of the customers
requires a single visit in an optimal solution of the three-period
instances whereas multiple visits are necessary for the six-period
instances. Given that each residual demand can be covered by dif-
ferent potential visits to the corresponding customer, the capacity
inequalities have less chances to be violated when more visits to
each customer are required at optimality. For instance, any set of
customers with positive residual demands impose at least one visit
to this set, which is a much stronger bound when the optimal so-
lution requires a single visit than when it requires multiple visits.

Another interesting observation from Table 1 is that separat-
ing these cuts using the CVRPSEP library seems to be slower for
the three-period instances. However, this is only due to a few of
the 50-customer instances, where the heuristic separation finds
marginally improving cuts, leading to a large number of iterations.
On the other hand, the exact separation algorithm uses few it-
erations because it finds better cuts in each of them. Thus, the
total computational time becomes larger for the heuristic, even
though it is significantly faster per iteration. For the six-period in-
stances, however, the total time spent to solve the root node is
10 — 20 times longer using the exact separation procedure com-
pared with the CVRPSEP library. This final observation makes it
clear that there is a big potential for speed-up when it comes to
separating these cuts.

To the best of our knowledge, this is the first work including
exact separation routines for both the capacity inequalities and the
DR inequalities. Therefore, in Table 2 we give an overview of the
impact of each family of valid inequalities by solving the root node,
excluding a given family of valid inequalities one by one. These
results are aggregated per number of vehicles for all the original
benchmark instances. We present results for the CSF-BC without
the capacity inequalities ( - Cap), without the h-DR inequalities ( -
h-DR) and without both subfamilies of the DR inequalities ( - (DR
+ h-DR)). They are compared with the CSF-BC and we can see that
they all contribute significantly to the average gap at the root node.
However, when excluding the capacity inequalities, the average gap
at the root node increases from 1.36% to 3.34% indicating that they
are the largest contributor to the dual bound obtained by the CSF-
BC. When excluding the h-DR inequalities the increase of the av-
erage gap is much smaller, but still almost 17% worse than when
including them. This indicates that they cut off additional solutions
to the linear relaxation. Excluding also the simple DR inequalities
the average gap is further increased by 8% compared with the CSF-
BC.

In addition, it is interesting to see how the computational time
increases when omitting the capacity inequalities. The observed
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Table 1
Comparison between heuristic and exact separation of the capacity inequalities (23).
Standard +CVRPSEP +MILP
Periods  Vehicles  Gap (%) Seconds Gap (%) Imp.(%) Seconds Gap (%) Imp.(%) Seconds
3 2 4.65 3 4.52 2.69 18 0.97 79.06 14
3 3 6.81 4 6.76 0.81 42 1.49 78.15 26
3 4 8.69 4 8.61 0.92 71 2.51 71.09 40
3 5 9.54 6 9.32 2.35 121 3.02 68.33 61
Average 3 periods 7.43 4 7.30 1.63 63 2.00 73.07 35
6 2 5.17 4 5.15 0.34 6 2.43 52.91 116
6 3 6.62 7 6.57 0.69 7 3.07 53.55 121
6 4 6.55 9 6.47 1.23 9 2.89 55.82 126
6 5 6.43 11 6.23 3.21 11 2.86 55.54 160
Average 6 periods  6.19 8 6.10 140 8 2.82 54.52 130
Average all 6.96 5 6.86 1.55 42 2.30 66.92 71
Table 2
Comparative results on the original benchmark instances.
CSF-BC - Cap - h-DR - (DR + h-DR)
Vehicles Gap (%)  Seconds Gap (%) Seconds Gap (%) Seconds Gap (%) Seconds
1 0.40 306 0.71 299 0.43 10 0.45 6
2 0.97 1386 2.58 1 869 1.22 80 1.32 36
3 1.58 1528 3.91 1942 1.87 126 1.99 53
4 1.94 1564 4.73 1788 2.26 180 2.42 64
5 1.91 1539 4.76 1804 2.18 249 2.35 81
Average all  1.36 1264 3.34 1540 1.59 129 1.70 48
Table 3
Comparative results on the six-period benchmark instances tested by Avella et al. (2018).
Avella et al. (2018) SOTAF-BC CSF-BC
Vehicles RG (%) OG (%) Seconds RG (%) OG (%) Seconds RG (%) OG (%) Seconds
2 1.59 0.90 4114 1.33 0.74 4 336 1.32 0.69 4174
3 2.26 1.77 5 050 1.96 1.54 5168 1.95 1.51 5156
4 2.20 1.87 5124 1.95 1.73 5330 1.93 1.70 5296
5 2.37 2.10 5 190 2.08 1.87 5 400 2.07 1.84 5358
Average all ~ 2.10 1.66 4 869 1.83 1.47 5 058 1.82 1.44 4 996

average time increase of 21.8% is solely due to generating more
h-DR inequalities. Excluding the capacity inequalities results in
adding 39% more h-DR inequalities, on average. On the other hand,
the average number of added simple DR inequalities actually de-
creases by 5%, but with a negligible impact on the computational
times. This suggests that the h-DR inequalities are the most com-
putationally expensive inequalities to separate, while the separa-
tion routine for the simple DR inequalities performs similar to that
of the capacity inequalities when considering computational times.

5.3. Computational results

In this section, we present the computational results compar-
ing the CSF-BC proposed in this paper with the SOTAF-BC. First,
we do a comparison on the benchmark instances proposed by
Coelho et al. (2012a) in Section 5.3.1, before comparing the per-
formance on the new sets of instances with uncorrelated and cor-
related time-varying demands in Sections 5.3.2 and 5.3.3, respec-
tively. Detailed results can be found on the following webpage:
http://axiomresearchproject.com/publications.

5.3.1. Comparing the SOTAF-BC with the CSF-BC on the original
benchmark instances

Table 3 contains computational results comparing the results
obtained with the SOTAF-BC and the CSF-BC with those of Avella
et al. (2018). We limit the comparison to the six-period instances
from the original set of benchmark instances also tested by Avella
et al. (2018), namely the instances with 15, 20, 25 and 30 cus-
tomers. Avella et al. (2018) ran their algorithm in two parts re-

sulting in the total time limit being in the interval [3 600, 5 400].
Thus, we use a total time limit of 5 400 s for the tests presented
in this section.

For each algorithm, we report the average gap at the root node
(RG) and the average optimality gap at the end of the B&C (OG).
These gaps are calculated as (UB — LB)/UB, where UB is the value
of the best-known primal solution of the existing exact methods,
and LB is either the lower bound achieved at the root node for RG
or the best dual bound at the termination of the algorithm for OG.
The table also reports the computational time in seconds. The best
results for each measure across these three algorithms are high-
lighted in bold. It is worth noting that the time used to enumerate
the customer schedules was less than 1.84 s for every instance and
therefore not reported explicitly.

To get a fairer comparison of the computational times from
Avella et al. (2018), they can be adjusted with the single thread
rating, from https://www.cpubenchmark.net, of the different CPUs
used between the two computational studies. The single thread
rating for the CPU used by Avella et al. (2018) is 1459 and the
rating for the CPU used in this paper is 1670. Thus, the com-
putational times reported by Avella et al. (2018) can be adjusted
by a factor of 1459/1670 = 0.8737. From Table 3 it is clear that
the SOTAF-BC yields better dual bounds than the algorithm pro-
posed by Avella et al. (2018), both at the root node and at termi-
nation. The main difference between these two formulations and
corresponding algorithms is the inclusion of the capacity inequal-
ities (Desaulniers et al., 2016). Including these inequalities helps
our implementation of the SOTAF-BC to obtain on average about
13% and 11% larger gaps at the root node and upon termination,
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Table 4
Comparative results on the instances with time-varying and uncorrelated demands.
SOTAF*-BC CSF-BC Improvement
Periods  Vehicles RG (%) OG (%) RG (%) OG (%) RG (%) OG (%)
3 1 0.12 0.00 0.22 0.00 -80.8 0.00
3 2 0.13 0.00 0.26 0.00 -102.8  0.00
3 3 0.39 0.00 0.22 0.00 45.1 35.6
3 4 0.73 0.05 0.40 0.02 45.1 49.2
3 5 0.94 0.11 0.52 0.09 44.9 17.1
Average 3 periods 0.46 0.03 0.32 0.02 30.2 27.2
6 1 1.53 0.00 0.05 0.00 97.0 0.0
6 2 2.53 0.06 0.82 0.03 67.5 41.1
6 3 2.97 0.81 1.41 0.43 52.7 47.6
6 4 3.39 1.63 2.04 1.16 39.9 28.8
6 5 343 2.26 2.37 1.74 30.9 22.8
Average 6 periods 2.77 0.95 1.34 0.67 51.8 29.3
Average all 1.33 0.38 0.70 0.27 47.1 29.2

respectively, than the B&C algorithm proposed by Avella et al.
(2018). Due to the single item lot-sizing inequalities (that relies on
constant demands and inventory capacity at each customer being
an integer multiple of demand), it is not expected that the CSF-BC
outperforms the SOTAF-BC, because the SOTAF-BC already repre-
sents a strong formulation tailored for the benchmark instances.
However, it is still interesting to see that the more general CSF-BC
performs slightly better than the SOTAF-BC, both concerning gaps
and computational times. This supports the properties of the CSF
discussed in Section 3.2.

The computational times reported by Avella et al. (2018) are
slightly lower than our two implementations, mainly due to the
implementation details making their total time limit to be in the
interval [3 600, 5 400], potentially resulting in a lower time limit
than the 5 400 s we use for our tests. However, this potential dif-
ference in the time limits does not seem to be crucial for the re-
sults, even when adjusting the times with the CPU ratings, espe-
cially looking at the 5 vehicle instances where we obtain lower
root node gaps than Avella et al. (2018) report at the termination
of their B&C algorithm. Thus, it is safe to claim that we have a
state-of-the-art implementation of the strongest arc-flow formula-
tion found in the literature, i.e. the SOTAF-BC does not perform
worse than the algorithm proposed by Avella et al. (2018). This
forms an important base to properly evaluate the performance of
the CSF-BC on the modified instances.

5.3.2. Comparing the CSF-BC with the SOTAF*-BC on the instances
with uncorrelated demands

In this section we evaluate the performance of the CSF-BC on
the instances with time-varying and uncorrelated demands. Note
that the single item lot-sizing inequalities (Avella et al., 2015)
are not valid for the instances with time-varying demand. Thus,
Table 4 compares the algorithm based on the SOTAF without these
inequalities, denoted SOTAF*-BC, with the CSF-BC. Again, we report
the root node gap (RG) and the optimality gap at termination (OG).
In addition we report the relative improvement of the CSF-BC to
the SOTAF*-BC for both gaps: (GapSOTAF* — Gap®FH) /GapSOTAF*.

From Table 4 it is clear that exploiting customer schedules has a
positive impact on the dual bound both in the root node and when
terminating the B&C. The improvement in the root node is espe-
cially good, with an average of 47.1%. We can also observe that
the advantage of obtaining good dual bounds in the root node is
still present at the termination of the B&C. The exceptions are the
three-period instances with one and two vehicles, where the av-
erage dual bound in the root node obtained by the CSF-BC is sig-
nificantly worse than the SOTAF*-BC. Out of 800 instances there
are in total 55 instances where the SOTAF*-BC obtained a strictly
better dual bound in the root node than the CSF-BC, and where
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Table 5
Comparative computational times for the 671 instances with time-varying and un-
correlated demands solved to optimality by at least one of the algorithms.

SOTAF*-BC CSF-BC Improvement

Periods Vehicles RT ET RT ET RT (%) ET (%) # Optimal
3 1 380 396 944 983 -148.6 -148.5 100
3 2 1603 1627 1134 1173 293 27.9 100
3 3 1562 1702 1070 1191 31.5 30.0 100
3 4 1636 2047 1144 1540 30.1 24.8 96
3 5 1562 2203 975 1475 375 33.0 84
Average 3 periods 1339 1571 1055 1263 21.2 19.6 480/500
6 1 1144 1188 280 284 75.5 76.1 60
6 2 2193 2791 1015 1475 53.7 47.2 58
6 3 1314 3172 631 1571 519 50.5 34
6 4 312 2318 58 1000 814 56.8 22
6 5 18 907 8 580 55.2 36.0 17
Average 6 periods 1297 2133 516 984  60.2 53.9 191/300

Average all 1327 1731 902 1184 32.0 31.6 671/800

53 of them appear in the three-period instances. Despite having a
worse dual bound on these 55 instances, the CSF-BC still solved all
of them to optimality within the two-hour time limit.

We have identified two possible reasons why SOTAF*-BC some-
times obtains a better dual bound in the root node. Since the CSF-
BC has a larger initial dual bound (the dual bound of the linear
relaxation before starting the separation routine), the relative dual
bound improvement is potentially lower than that of the SOTAF*-
BC. Therefore, the CSF-BC might trigger the termination criterion
prematurely making it start branching with a worse dual bound
than the SOTAF*-BC. The use of the relative dual bound improve-
ment to determine which separation algorithm to run also makes
the CSF-BC call the costly h-DR separation algorithm more fre-
quently. This is especially costly for the instances with few ve-
hicles, because the route enumeration part of the algorithm can-
not truncate routes as quickly when the vehicle capacity is high.
There are 34 instances contributing to the SOTAF*-BC having a bet-
ter average dual bound in the root node for the three-period in-
stances with one and two vehicles, where for 26 of them the CSF-
BC reached the time limit in the root node due to the separation of
the h-DR inequalities. Nevertheless, on average the CSF-BC clearly
obtains larger dual bounds than the SOTAF*-BC, especially for the
more difficult six-period instances.

Furthermore, for the six-period instances the CSF-BC seems to
induce the largest dual bounds in the root node when the vehicle
capacity is large relative to the inventory capacity, which for these
instances are when the number of vehicles is low. For instance, if
the vehicle capacity Q would be equal to the demand we could
deliver Q at every single period losing a lot of the benefit from the
CSF. Thus, when the vehicle capacity decreases with respect to the
inventory capacity we observe that the CSF becomes less effective,
but there is still a significant gain by using this new formulation
on these instances. However, we do not observe the same for the
three-period instances due to the effects discussed above of using
the dual bound improvement as the termination criterion and for
guiding the separation routine.

We also compare the impact of using the CSF-BC on the compu-
tational time. Table 5 presents these results aggregated per number
of periods and number of vehicles. Here we compare the compu-
tational time after solving the root node ('RT’) and at termination
(’ET’"), while the improvement is calculated like the gaps presented
in Table 4. The column ‘# Optimal’ reports the number of instances
solved to optimality by at least one of the algorithms out of the
total number of instances. Note that the instances where both al-
gorithms reached the time limit are left out of the comparison to
not skew the results.
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Table 6
Comparative results on the instances with time-varying and correlated demands.
SOTAF*-BC CSF-BC Improvement
Periods  Vehicles RG (%) OG (%) RG (%) OG (%) RG (%) OG (%)
3 1 0.41 0.00 0.12 0.00 70.0 0.00
3 2 0.36 0.01 0.24 0.01 35.0 27.7
3 3 0.49 0.02 0.32 0.01 35.1 39.3
3 4 0.87 0.25 0.62 0.24 294 3.1
3 5 1.07 0.47 0.80 0.45 24.8 5.3
Average 3 periods 0.64 0.15 0.42 0.14 345 5.7
6 1 2.92 0.00 0.27 0.00 90.8 0.00
6 2 3.52 0.33 1.25 0.26 64.5 20.8
6 3 3.77 1.60 2.08 1.21 44.8 24.5
6 4 4.44 2.83 3.05 2.36 314 16.4
6 5 4.56 3.37 3.37 293 26.1 13.1
Average 6 periods 3.84 1.62 2.00 1.35 47.9 16.9
Average all 1.84 0.70 1.01 0.59 45.0 15.4

Here we can see that on average the CSF-BC solves the root
node and terminates about 30% faster than the SOTAF*-BC. How-
ever, we can observe that in addition to obtaining a worse average
dual bound in the root node for the three-period instances with
one vehicle, the CSF-BC spends too much time separating valid
inequalities without sufficient contribution to the dual bound im-
provement, which ultimately results in a much larger average com-
putational time than the SOTAF*-BC. On the other hand, it is inter-
esting to see that despite having a worse average dual bound in
the root node, the CSF-BC makes up for it with close to 28% re-
duction in the average computational time on the three-period in-
stances with two vehicles. Once the complexity increases either by
considering more vehicles or more periods, we observe a consider-
able reduction in computational times. Especially for the six-period
instances, we can observe that the time spent in the B&B tree (ET -
RT) is shorter for the CSF-BC than the SOTAF*-BC, indicating that a
larger dual bound in the root node speeds up the B&B part of the
B&C algorithm.

5.3.3. Comparing the CSF-BC and the SOTAF*-BC for the instances
with correlated demands

The tables in this section have the same format as the ones in
Section 5.3.2. Table 6 compares the gaps of the SOTAF*-BC with
the CSF-BC on the set of instances with time-varying and corre-
lated demands. Also for these instances, we observe a substantial
improvement in the dual bound at both the root node and at ter-
mination. However, at termination, we can see that the benefit of
using a stronger formulation (CSF) is much larger for the six-period
instances than for the three-period instances. For the three-period
instances with one, three and four vehicles, it seems like the ben-
efit of having a larger dual bound in the root node by using the
CSF-BC is more or less lost by the faster node processing of the
SOTAF*-BC. It is therefore positive to see that this effect is main-
tained throughout the B&B search for the more complex six-period
instances, which is an indication that the CSF-BC is better suited
for more complex instances.

For the same reasons as mentioned in Section 5.3.2 we point
out that there are, in fact, 68 three-period and 6 six-period in-
stances where the SOTAF*-BC obtained larger dual bounds in the
root node. However, the CSF-BC never obtained a worse dual
bound at termination of the B&C for any of the instances. Here
we can also observe that for both the three-period and the six-
period instances the average dual bound in the root node for the
CSF-BC is larger for a low number of vehicles, i.e. Q > L;, compared
to a high number of vehicles. The reason we observe this for the
three-period correlated demands instances, but not for the three-
period uncorrelated demands instances, is that the CSF-BC only
reached the one-hour time limit on 12 of the 68 mentioned in-
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Table 7
Comparative computational times for the 634 instances with time-varying and cor-
related demands solved to optimality by at least one of the algorithms.

SOTAF*-BC CSF-BC Improvement

Periods Vehicles RT ET RT ET RT (%) ET (%) # Optimal
3 1 232 258 356 379 -53.4 -47.1 100
3 2 1242 1342 729 848 41.3 36.8 98
3 3 1381 1639 1133 1404 18.0 143 99
3 4 1241 1715 888 1325 284 227 87
3 5 1083 1752 845 1465 22.0 163 79
Average 3 periods 1026 1311 785 1061 23.6 19.1 463/500
6 1 1209 1263 205 225 83.1 822 60
6 2 1834 2623 722 1197 60.6 544 48
6 3 766 1666 285 1186 628 288 26
6 4 312 2262 104 1390 66.5 386 20
6 5 190 1630 41 1365 78.7 16.3 17
Average 6 periods 1111 1859 334 893 699 52.0 171/299

Average all 1049 1459 663 1016 36.8 304  634/799

stances where SOTAF*-BC obtained a better dual bound in the root
node. Thus, the main reason why the SOTAF*-BC obtained a better
dual bound in the root node on these instances is that the CSF-BC
prematurely started branching. Comparing the average dual bound
for the three-period correlated demands instances with the three-
period uncorrelated demands instances, we can observe that the
largest impact on the average dual bound in the root node seems
to be when the CSF-BC reaches the one-hour time limit by spend-
ing too much time separating h-DR inequalities.

Table 7 compares the average computational times obtained by
the two algorithms. Here we can identify a similar trend as for the
uncorrelated case. We observe a significant speed-up on average
by using the CSF-BC, but where the SOTAF*-BC is much faster on
the relatively easy three-period and one-vehicle instances. Here we
also see that the larger dual bound in the root node speeds up the
B&B search for the six-period instances, just like for the uncorre-
lated case.

In addition, it is worth noting that the correlated demands in-
stances (634 instances solved to optimality) seem to be more dif-
ficult to solve than the uncorrelated demands instances (671 in-
stances solved to optimality). Note also that one of the 800 corre-
lated demands instances is infeasible and thus not considered in
the tables.

6. Concluding remarks

In this work, we have proposed a new Dantzig-Wolfe reformu-
lation (customer schedule formulation) for the single-depot multi-
vehicle inventory routing problem utilizing the concept of cus-
tomer schedules. We show that the polytope defined by the linear
relaxation of the customer schedule formulation is a proper sub-
set of the polytope defined by the linear relaxation of the origi-
nal formulation in some cases, but never the opposite. In addition,
we provide a thorough computational study demonstrating the
strength of the customer schedule formulation in practice. We have
implemented a state-of-the-art B&C algorithm used to evaluate the
performance of the B&C algorithm based on the customer sched-
ule formulation. Comparing the customer schedule-based B&C al-
gorithm to the state-of-the-art algorithm we observe that the av-
erage dual bound is considerably improved, giving a substantial re-
duction in the average computational time. Regarding the state-of-
the-art B&C algorithm we have also gained additional insight into
the separation routines showing the potential for speed-up when
it comes to separating the capacity inequalities. Since the focus of
this paper is to investigate the strength of the customer schedule
formulation, improving the separation routine for the capacity in-
equalities are better left to future research, but we find it an inter-
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esting observation worth pointing out. We believe this also applies
to the DR inequalities and could form a basis for interesting future
research.
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Appendix A. Proof of propositions 2 and 3
This section gives the proofs of Propositions 2 and 3.

Al. Proof of Proposition 2

Proof. (by contradiction) Let us first present the proof for the valid
inequalities (20). For these inequalities, let us assume that the con-
vex combination of customer schedules can give a lower bound on
the number of visits in a given time interval [tq, t;] strictly worse
than the known valid lower bound given by the right-hand side of
(20), i.e

[(i Dit’ —L,»)/min{Li, Q}—‘ >

Then there exists at least one customer schedule that gives a lower
bound strictly worse than the right-hand side of (20).

t) t
Jwe Qi . ’7(2 D¢ —L,-)/min{L,», Q}—‘ > ZAit’ar
t'=t; t'=t;

However, this customer schedule w must then be as follows:

ty t
= ’7 Z Djy — Z,‘ /min{fi, Q}—‘ > Z Ai[’a) +1, (A3)
t'=t; t'=t,

(A1)

t
Z Z Ait’w)‘ia) .

t'=t; we;

(A.2)

since Ajy,, € {0, 1},
7] _ _ 7]
= Z Dit’ — L,‘ /min{L,—, Q} > Z Ai[’w (A4)
t'=t; t'=t;
(Z Dlt’ - ) Z mln{Lu Q}Art 'w (A-5)
¢ t'=t;

since Q;,, < min{L;, Q},

(Z Dy — ) Z Qivw»

(A.6)

(A7)

:»ZDW—ZQW > I.

t'=t;

However, this means that the difference between the amount of
product consumed and delivered is strictly greater than the upper
limit of the inventory, something that would lead to s;, < 0. Since
by definition s; > 0, such a customer schedule cannot exist. Thus,
the CSF must induce a lower bound on the number of visits in a
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time interval at least as large as that imposed by the valid inequal-
ities (20). We can use the same proof scheme for valid inequalities
(19) if we substitute L; with I;, and t; with the first time period.

Similarly, a solution in RF may violate an inequality (21) only
if there exists at least one customer schedule giving a lower bound
on the number of visits strictly worse than the right-hand side of
(21):

t ] 153
Jwe Q,‘ : (Z Di[r —si(ﬁ,n)/min{Li, Q, Z D,‘tr} > ZAit/w'
t'=t, t'=t, t'=t;

(A.8)

Let us now differentiate between the case (i) where
min{L;, Q. > , Diy} =min{L;,Q}, and the case (i) where
min{L;, Q, Z?:tl Dit,}:zgztl D;,. Following the same argu-

mentation as in inequalities (A.4)-(A.7) for case (i), we obtain:

t t
Y Dir = Y Qi > Sicty-1)-
t=t; t'=t,

Such a customer schedule is infeasible and cannot exist, as it
would lead to si, < 0. For case (ii) the right-hand side of (21) lies
in the interval (0,1] (we can ignore non-positive values for the
right-hand side as they never become binding), because the nom-
inator is always smaller than or equal to the denominator. Since
Ay, € {0, 1}, the only way for the statement (A.8) to be true
for case (ii) is if Zt,:t i'e = 0. However, whenever Z?:ﬁ Dy —
Sit;—1) > 0 such a customer schedule cannot exist as it would lead
to si;, <0 and thus an infeasible solution. Therefore, the CSF must
have a lower bound on the number of visits in a given time inter-
val at least as large as the one given by the inequality (21). O

A2. Proof of Proposition 3

Proof. The single-item reformulation used by Avella et al. (2015) to
propose a set of valid inequalities for a given customer i writes as
follows:

St +Xx=1+s], ViteT\ ({1}, (A.9)
0<s;<V-1, VteT, (A10)
X < V&, VteT, (A1)
x>0, VteT, (A12)
8 {01}, VteT, (A13)

where the customer index is dropped. This reformulation is valid
for the IRP if and only if L D =V for some integer V. If we substi-
tute for V in the formulatlon and then multiply both sides of all

constraints with D;, and replace D;s; = sy and Djx; = q;, we get:

St_1+Gr =D+ 5t ViteT\ {1}, (A14)
0<s <L —Dj VteT, (A.15)
qr < Lid:, VteT, (A16)
q: >0, VteT, (A17)
& €{0,1}, VteT. (A18)
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Let Pi2 be the set of feasible solutions defined by constraints (A.14)-
(A.18) for some customer i. We see that constraints (A.14) and
(A.15) are the same as constraints (3) and (5), constraints (A.16) is
a relaxed version of constraints (8), and constraints (A.17) and
(A.18) are the same as constraints (13) and (14). Thus, P, Pl.z, and
Conv(P;) < Conv(P?). Let R; and R? be the linear relaxations of P,
and P,.2, respectively. Since the Dantzig-Wolfe reformulation creates
a representation of the convex hull of P, then R; = Conv(P;), and
consequently R; € Conv(P,.Z). Thus, there cannot exist any valid in-
equalities for Conv(Pl?) that are violated by a solution in R;. O
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