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Abstract

Results from a comparative study of the joint distribution of surf parameter and wave
period are provided. The transformed Myrhaug and Kjeldsen (1984) joint distribution of wave
height and wave period is compared with the transformed Longuet-Higgins (1983) joint
distribution of wave height and wave period. The Myrhaug and Kjeldsen (1984) distribution is
a parametric model originating from a best fit to relatively broad-band field data, whilst the
Longuet-Higgins (1983) distribution is theoretically based. It appears that the theoretically
based distribution does not represent the features of the parametric model especially well,

suggesting that parametric models should be used to describe relatively broad-banded data.
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Then, in order to study the effects of the spectral bandwidth the Longuet-Higgins (1983) joint
distribution of wave height and wave period is transformed to obtain the joint distribution of
surf parameter with wave height and wave period, as well as the joint distribution of wave runup
time and wave period. Finally, comparisons are made with results from small-scale laboratory
experiments related to stability of rubble-mound breakwaters provided by Sawaragi et al.
(1982). The comparison between measurements and predictions of the distribution of the surf

parameter is favorable, whilst the agreement is poorer for the probability of resonance.

Keywords: Surf parameter; Wave height; Wave period; Wave runup time; Joint distribution;

Rubble-mound breakwaters.

1. Introduction

Waves that approach a coastline usually break and run up the coast, whether it is a structure
or a beach. For land areas which are particularly exposed and vulnerable to waves this can cause
flooding, serious coastal erosion/accretion impacting the shoreline configuration, as well as
damage to coastal infrastructure such as seawalls, breakwaters, sand barriers and artificial reefs.
The recent years focus on climate change and the possible consequences of more extreme
weather and sea level rise has led to increased attention of these issues, see e.g. de la Pena et al.
(2014), Blenkinsopp et al. (2016), Poate et al. (2016), Atkinson et al. (2017).

The surf parameter, also referred to as the Iribarren number, is often used to characterize
physical processes in the surf zone. It is defined as the ratio between the slope of a beach (or a
coastal structure) and the square root of the deep water wave steepness, and was introduced
originally by Iribarren and Nogales (1949) and applied later by Battjes (1974). The surf zone is

located in shallow water regions where waves break, and types of breakers on slopes are often



classified by the surf parameter (Battjes, 1974). The dissipation associated with wave breaking,
turbulence and bottom friction leads to loss of energy causing the wave height to decrease
towards the shoreline within the surf zone. Nearshore circulation is also affected by wave
breaking as it contributes to strong currents along shorelines. The high turbulence level due to
breaking waves also leads to intense sediment transport in the surf zone. Wave runup and wave
rundown on beaches and coastal structures such as breakwaters, seawalls, sand barriers and
artificial reefs are also assessed by using the surf parameter, see e.g. Atkinson et al. (2017) for
a review and summary of wave runup formulae. The surf parameter is defined mostly in terms
of individual wave parameters, but characteristic surf parameters are also defined in terms of
sea state wave parameters (see e.g. Kim (2010); EurOtop (2018)). The surf parameter enters in
many empirical formulae and theoretical models which are used to describe many of the
processes referred to; relevant examples of applications are provided in e.g. Kim (2010);
EurOtop (2018).

Previous works on statistical features of the surf parameter for individual waves include
those of Tayfun (2006); Myrhaug and Fouques (2007, 2012); Myrhaug and Rue (2009);
Myrhaug and Leira (2011); Myrhaug et al. (2016). Tayfun (2006) provided a lognormal
distribution of the surf parameter, while Myrhaug and Fouques (2007) gave a combined Frechet
and lognormal distribution. Myrhaug and Fouques (2012) presented a joint distribution of wave
height and surf parameter and applied it to estimate the probability of occurrence of breaking
waves on slopes. The statistical features of two successive surf parameters were studied by
Myrhaug and Rue (2009) as well as by Myrhaug and Leira (2011). Myrhaug et al. (2016)
presented a comparative study of joint distribution of wave height and surf parameter including
finite bandwidth effects. Statistical aspects of the spectral surf parameter were addressed in
Myrhaug and Fouques (2010) by providing a joint distribution of significant wave height and

spectral surf parameter. Recently, Myrhaug (2020) presented some probabilistic properties of



the surf parameter for individual waves and the spectral surf parameter. Furthermore, statistical
properties of the spectral surf parameter were used by Myrhaug (2015); Myrhaug and Leira
(2017); Myrhaug and Sunde (2018, 2019) to assess wave runup and wave rundown by adopting
some of the formulae reviewed by Atkinson et al. (2017). In particular, Myrhaug (2015) and
Myrhaug and Leira (2017) based their results on applying the de la Pena et al. (2014) wave
runup formulae and the Blenkinsopp et al. (2016) wave runup and wave rundown formulae,
respectively. Myrhaug and Sunde (2018, 2019) based their results on applying runup rundown
formulae, together with long-term wind statistics (2018) and long-term wave statistics (2019).

The recent years” research on these issues is due to the impact of climate change induced by
global warming and consequences for the coastal vulnerability. For shorelines and coastal
structures it is therefore crucial to be able to make reliable assessments of coastal vulnerability
for safe and cost-efficient coastal protections. In this context statistical features of the surf
parameter jointly with other wave characteristics are an important building stone.

Some early works of Roos and Battjes (1974), Bruun and Glinbak (1977) as well as Sawaragi
et al. (1982) addressed the relationship between the surf parameter, the wave runup time and
the wave period, and how this is related to the stability of rubble-mound breakwaters. Thus,
motivated by this the joint distributions of the surf parameter and the wave period as well as the
joint distribution of wave runup time and wave period are provided here including comparison
with some results from small-scale laboratory experiment by Sawaragi et al. (1982). To our
knowledge these joint distributions are not available in the open literature.

The article is organized as follows. The introduction is followed by Section 2 giving the
background by defining the key wave parameters and the corresponding normalized variables.
Section 3 provides a comparative study of the joint distribution of surf parameter and wave
period by first presenting the results of transforming the Myrhaug and Kjeldsen (1984) joint

distribution of wave height and wave period (Section 3.1), as well as transforming the Longuet-



Higgins (1983) joint distribution of wave height and wave period (Section 3.2); then, these
transformed distributions are compared (Section 3.3). Thus, Section 3 is essentially a
comparison between the transformed theoretical Longuet-Higgins (1983) distribution and data,
since the transformed Myrhaug and Kjeldsen (1984) distribution originates from a best fit to
field data which are relatively broad-banded. In the remaining part of this article the Longuet-
Higgins (1983) distribution of wave height and wave period is used since it contains the spectral
bandwidth parameter. Section 4 provides the joint distribution of surf parameter with wave
height and the joint distribution of surf parameter with wave period (Section 4.1), and how these
distributions are affected by the spectral bandwidth (Section 4.2). Section 5 gives the joint
distribution of wave runup time and wave period including the effect of spectral bandwidth.
Section 6 makes comparison with measurements from Sawaragi et al. (1982) and predictions
by using the present statistical results. Finally, a summary and the main conclusions are

provided in Section 7.

2. Background
The surf parameter is defined in terms of the deep water wave conditions as § = m/\/H/A
where m = tan 6 is the slope with an angle 6 relative to the horizontal, H is the deep water

wave height, 1 = (g/2m)T? is the deep water wave length, T is the wave period, and g is the

acceleration due to gravity. The surf parameter is normalized, i.e. § = £/&,,, ,where

$rms = = 1 (1)
[Hrms/((g/Zﬂ)le)]Z
Here H,,, and T; are given in Egs. (A2) and (A3), respectively, in Appendix A. Further,
from the definition of ¢ and by using Eqg. (1) it follows that
. 1
§=th= ()



where h = H/H,,,; and t = T /T; are the dimensionless wave height and dimensionless

wave period given in Egs. (A2) and (A3), respectively.

Roos and Battjes (1974) performed laboratory experiments on wave runup and found
the following relationship between the runup time t,, , the wave period T and the surf

parameter ¢ :

t, = 0.7672T 3)

Bruun and Ginbak (1977) defined the so called “resonance phenomenon” related to the
stability of rubble-mound breakwaters exposed to regular waves as “the condition that occurs
when run-down is in a low position and wave breaking takes place simultaneously and
repeatedly close to that location”. Sawaragi et al. (1982) adopted this concept of resonance (see
Section 6 for further details), and for irregular waves they found that the runup/rundown period
to the wave period ratio was in a narrow range close to one at the same time as the surf parameter
was in the range 2 to 3. More specifically, they found that resonance occurred for 2t,, /T in the
range 0.95 to 1.0 and in the range 0.8 to 1.0 for smooth and rough impermeable slopes,

respectively. It should be noted that here t,, and T refer to irregular waves.
Thus, by adopting Eq. (3) to be valid for irregular waves, the runup time is made

dimensionless, i.e. t,, = t, /tyrms » Where

1

turms = 0-75;_5 T; (4)

rms

and &, is given in Eq. (1). By combining Egs. (3) and (4) it follows that £,, = f_ét , Which

combined with Eq. (2) gives

£, = tiha (5)



3. Comparison between joint pdfs of surf parameter and wave period

Here the transformed Myrhaug and Kjeldsen (1984) (hereafter referred to as MK84) joint
pdf of wave height and wave period will be compared with the transformed Longuet-Higgins

(1983) (hereafter referred to as LH83) joint pdf of wave height and wave period.

3.1 Transformed MKS84 distribution

The MK84 joint pdf of hy,x and tyx given in Appendix B is transformed to the joint pdf

of Eyx and tyx . Here &, = §/E € = m[H}ms/((g/Zn)Trzms)]_% and & is the surf parameter

defined in Section 2. Then, by using Egs. (B7) and (B8) in Appendix B

1

Eux = tMKh;,f( (6)

and
£ = 1478, & = m[H/((g/2m)T2)] 2 @)

where Hg and T, are defined in Appendix B.

The joint pdf of &, and t,, is obtained by a change of variables from (A, tyx) to
(émk tux) from Eq.(B1) as (by using from Eq. (6) the Jacobian |0hyy/0&uk| = 2t&xény )
P s tuie) = (tuxclhur = )P Enic; tux) (8)

where

p(Euics tux) = P(huk = théns) - 2tikén 9)

It should be noted that the notation in Eq. (9) is used to make it clear that p(£yk; tyx) depends
explicitly on t,. By substitution in Eq. (B2), it follows that Eg. (8) can be rearranged to the
Fisher-Trippett type Il (Fréchet) pdf (Ghiocel and Lungu, 1975)
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p(gMK; tyk) = KWK'?J;%CH) exp [_(SMTK)_K] ; EMK =0 (10)

with the scale (w > 0) and the shape (k > 0) parameters

w = £/4/1.05 (11)
Kk=2-239 (12)

Moreover, p(tyx | hux = thxénz) is given by Eqgs. (B3) to (B6) by substituting for Ay , i.e.

_ 2 £-2
huk = tuxéuk -

3.2 Transformed LH83 distribution

For comparative purposes p(h,t) in Eg. (Al) in Appendix A is transformed to

(& tuk). This transformation affects both h versus &, and t versus tyg, since h =

A 1 A~
1.01t2,éu% and t = 1.2416(v? + 1) zt,,y, respectively. Thus, the joint pdf of &, and ty,

is obtained from Eq. (A1) as (by using the Jacobian |(0h/0&yy) - (8t/dty)| =2+ 1.01 -
12416(v? + 1) 23,80

. 332L(v)  th t 1 o2 +)t?
PG tu) = s I e {—1.02(ﬁ)4 [1 +2a-Y )2]} (13)

1.2416tyg

3.3 Comparison between transformed LH83 and transformed MK84 distributions

Fig. 1 shows the isocontours of p(&yk, tux) according to Eq. (13) based on the
transformed LH83 pdf (Fig. 1(a)), and according to Egs. (8) to (10) based on the transformed
MK®84 pdf (Fig. 1(b)). The results for the transformed LH83 pdf are given for v = 0.504
corresponding to the value of the wave data upon which the MK84 parametric model is based.
The peak values and their locations are given in the figure captions. It appears that the
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transformed LH83 pdf has a peak value which is slightly higher than those for the transformed
MK84 pdf, and located at lower t,,, and &, values than those for the transformed MK84 pdf.

Furthermore, the transformed LH83 pdf extends to larger ty, and &, values than the

transformed MK84 pdf.

Fig 2. Shows the marginal pdfs of &, (Fig. 2(a)) and t,,, (Fig. 2(b)) (based on integrating
the joint pdfs of &, and ty over ty and &, respectively) for the transformed MK84 and
LH83 pdfs. The transformed LH83 pdfs give higher peak values which are shifted to the right

compared with the transformed MK84 pdfs for both &, and tyx .

Fig. 3 shows the conditional cumulative distribution functions (cdfs) of &, given ty, in

Weibull scale for t,x = 0.5,1, 1.4, 2.1 for the transformed LH83 (Fig. 3(a)) and MK84 (Fig.
3(b)) pdfs. These results are obtained by using that p(&uyk |tux) = P(Emxs tux) /P (tuk)- From

Fig. 3(a) it is observed that for a given value of &, the conditional cdf decreases as tyx
increases. Further, the curves for t,x = 0.5, 1, 1.4 are quite close for the two models, while the
curves for tyx = 2.1 are different, reflecting the different features of the transformed LH83

and MK84 pdfs in Fig. 1, particularly for the higher values of t.

This section is basically a comparison between the transformed theoretical LH83 pdf and
data, since the transformed MK84 pdf is originating from a best fit to field data which are
relatively broad-banded. As observed in Figs. 1 to 3, it appears that the agreement between
these two pdfs is not especially good. This is also consistent with results from previous studies
including comparison between data and joint distributions of H and T (Myrhaug and Kvalsvold,
1995), as well as with the results in Myrhaug et al. (2016) who compared the transformed LH83
joint pdf of H and T with the Myrhaug and Fouques (2012) joint pdf of ¢ and H based on the
same data as the MK84 joint pdf of H and T (see Myrhaug and Fouques (2012) for further

details). Overall, this also agrees with the results by Srokosz and Challenor (1987) who found



that the LH83 distribution gave reasonable agreement with observed wave data for v < 0.4, but
poorer for v > 0.5, suggesting that the LH83 distribution is an adequate model for the joint pdf

of Hand T in the narrow-band case.

4. Joint distributions of surf parameter with wave height and wave period

In the remaining part of this article the LH83 pdf of h and t will be used since it contains
the bandwidth effects and that it is an adequate model for v < 0.4. Thus, for the sake of
completeness the LH83 pdf of h and t is transformed to the joint pdfs of £ and h (Section 4.1)
as well as & and t (Section 4.1). Effects of the spectral bandwidth are provided in Section 4.2,

presenting results for v in the range 0.1 to 0.6, i.e. in the same range as in LH83 (see Appendix

A).

4.1 Joint distributions of & hand &, ¢

First, the LH83 joint pdf of h and t is transformed to the joint pdf of & and h, which is

obtained from Eq. (A1) by a change of variables from (h, t) to (¢, h) as (by using the Jacobian

|0t/0¢| = hz ; see Eq. (2))

3
£ py = 2L h2 _p2 1q_1y
p(fr h) - V\/E gz exp{ h’ [1 + v2 (1 gh%) l} (14)

Second, the LH83 joint pdf of h and t is transformed to the joint pdf of & and t, which is
obtained from Eq. (A1) by a change of variables from (h, t) to (,t) as (by using the Jacobian

|0h/0é| = 2t2673 ; see Eq. (2))
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4L(v) t*

&0 =L 25 exp -1+ 50 -7 (15)

4.2  Effects of spectral bandwidth

Fig. 4 shows the marginal pdfs of £ (Fig. 4(a)), h (Fig. 4(b)) and t (Fig. (4 (c)) (i.e. based
on integrating the joint pdfs over the other variable) for v = 0.1,0.3, 0.5, 0.6. From Fig. 4(a) it
appears that p(§) is sensitive to the variation of v; the peak value is shifted to lower values of
& with a lower peak value as v increases. From Fig. 4(b) it appears that p(k) is only slightly
sensitive to the variation of v; the peak value is shifted slightly to higher values of h with a
slightly higher peak value as v increases. From Fig. 4(c) it appears that p(t) is very sensitive
to the variation of v; the peak value is shifted to lower values of t with a lower peak value as v

increases. Thus, it appears that the features of p(t) dominate the features of p ().

Fig. 5 shows the isocontours of p(&, h) according to Eq. (14) for v = 0.1,0.3,0.5, 0.6.
The peak values and their locations are given in Table 1. It appears that the pdf becomes wider
as v increases (Fig. 5(a) to (d)), and accordingly the peak values decrease from 4.3to 1.0 as v
increases; the location of the peak value is also slightly shifted towards lower (&, h) values as
v increases (Table 1). Overall, these features reflect that the sea state contains a wider range of
wave periods as the spectral bandwidth increases. These features are also similar and consistent

with those shown in Fig. 1 in Myrhaug et al. (2016).

Fig. 6 shows the conditional cdf of € given h versus € in Weibull scale for v = 0.5 and
h = 0.5,1.0,1.4,2.1. This result is obtained by utilizing that p(é|h) = p(§, h)/p(h) by using
the transformed LH83 pdf in Eq. (14) and p(h) is obtained by integrating Eq. (14) over & (or
by using p(h) as given in LH83). From Fig. 6 it is observed that for a given value of & the

conditional cdf increases as h increases for & exceeding about 0.6, or, the probability of
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exceeding about & = 0.6 decreases as h increases. Similar features were obtained in Myrhaug
and Fouques (2012) and Myrhaug et al. (2016) (see their Fig. 4). These references also
demonstrated the application of their results estimating the probability of occurrence of
breaking waves on slopes by using the classification of breaking waves in terms of the surf

parameter.

Fig 7 shows the isocontours of p(&,t) according to Eq. (15) for v = 0.1,0.3,0.5, 0.6.
The peak values and their locations are given in Table 1. It appears that the pdf becomes wider
as v increases (Fig. 7(a) to (d)), and accordingly the peak values decrease from 10.6 to 2.8 as v
increases; the location of the peak value is only slightly shifted towards lower (&, t) values as
v increases (Table 1). As in Fig. 5, these features reflect that the sea state contains a wider range
of wave periods as the spectral bandwidth increases. The results in Fig. 7(c) are similar and

consistent with those shown in Fig. 1(a).

Fig. 8 shows the conditional cdf of & given t versus € in Weibull scale for v = 0.5 and
t = 0.5,1.0,1.4,2.1. This result is obtained by utilizing that p(|t) = p(&,t)/p(t) by using
the transformed LH83 pdf in Eq. (15) and p(t) is obtained by integrating Eqg. (15) over

¢ (or by using p(t) as given in LH83). From Fig. 8 it is observed that the conditional cdf

decreases as t increases. These results are similar and consistent with those shown in Fig. 3(b).

5. Joint distribution of wave runup time and wave period

The LH83 joint pdf of h and t is transformed to the joint pdf of £, and t, where £,, is given
in Eq. (5). Then the joint pdf of £, and t is obtained from Eq. (A1) by a change of variables

from (h, t) to (£,,t) as (by using the Jacobian |0h/0t,| = 4t~2E3; see Eq. (5))
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R 8L(v) £11 tg 1 1
p(t,t) = V—(\/%)t—gexp {—t—4[1 +v—2(1 —?)2]} (16)

Fig. 9 shows the isocontours of p(£,, t) according to Eq. (16) for v = 0.1,0.3, 0.5, 0.6.
The peak values and their locations are given in Table 1. It appears that the pdf becomes wider
as v increases (Fig. 9(a) to (d), and accordingly the peak values decrease from 17.9to 4.5 as v
increases; the location of the peak value is only shifted slightly towards lower (£, t) values as
v increases. These features also reflect that the sea state contains a wider range of wave periods
as the spectral bandwidth increases. However, for a given value of v, p(£,, t) is narrower than

p(& t)which is mainly due to that £, has a weaker dependence on ¢t than

& has; see Eq. (5) and Eq. (2), respectively.

Fig. 10 shows the marginal pdf of £, based on integrating Eq. (16) over t for v =
0.1,0.3,0.5,0.6. From Fig. 10 it appears that p(Z,,) is sensitive to the variation of v; the peak
value decreases as v increases; the location of the peak value is slightly sensitive to the variation
in v. It appears that the location of the peak value increases slightly as v decreases from 0.6 to
0.3, and then it decreases slightly as v decreases from 0.3 to 0.1. Thus, it appears that the

features of p(t) dominates the features of p(t,).

Fig. 11 shows the conditional cdf of £, given t versus £, in Weibull scale for v = 0.5
and t = 0.5, 1.0, 1.4, 2.1. This result is obtained utilizing that p(£,,|t) = p(£,,t)/p(t) by using
the transformed LH83 pdf in Eqg. (16)and p(t) is obtained by integrating Eq. (16) over
t,, (or by using p(t) as given in LH83). From Fig. 11 it is observed that for a given value of
t,, the conditional cdf decreases as t increases. To the authors” knowledge no data exist to
compare with. However, based on the previous comparison of p(&, k) and now with p(&, t),

this should give some confidence that p(Z,, t) is reasonable.
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6. Comparison with experiments

Sawaragi et al. (1982) provided results from small-scale laboratory experiments on the
condition of resonance and the probability of occurrence of resonance (as referred to in Section
2) on steep slopes of coastal structures for regular and irregular waves. Here comparison will
be made with the six cases for irregular waves. Random waves were generated by a
Bretschneider spectrum for which v = 0.42 (Tucker and Pitt, 2001) over an impermeable
smooth surface with a slope of & = 30 degrees. The wave conditions are given in Table 2 for
tests W1 — W6, representing waves with Hg in the range 0.030 m to 0.055 m and T; in the
range 0.75 s to 0.97 s giving &,,,, in the range 3.1 to 4.8 (by using that H,,,; = Hs/~/2 based
on that H is Rayleigh-distributed (Tucker and Pitt, 2001). As referred to in Section 3.3 the LH83
pdf is an adequate model for the H, T distribution for v < 0.4. Thus, the present results based

on the LH83 pdf for v = 0.42 should be close enough to be considered as acceptable.

First, Fig. 12 shows that the pdf of & for test W5 represented by the histogram and the
present model (i.e. obtained from Eq. (14) by integrating over h). It appears to be a fair

agreement between the model and the data.

Second, as referred to in Section 2, resonance occurred simultaneously with that 2 < & <

3, where the probability of this to occur is obtained as

Prob(2 < ¢ <3) = [ [ p(¢, hydédh (17)

where p(&, h) is given in Eq. (14). The results are given in Table 2 together with those obtained

from the measurements, showing good agreement for all test cases.

Finally, the probability of resonance is calculated by multiplying the result in Eq. (17)
with the probability of 0.8 < 2t,,/T < 1.0 (i.e. for rough impermeable slopes as referred to in

Section 2) obtained as
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o0

Prob(0AT < t, <05T) = [ [ p(t, O)di,dt (18)

where t,; = 0.57/&mst and £,, = 0.71,/&,,t. Overall, it appears that the predicted values
obtained by multiplying the results in Egs. (17) and (18) are larger than those obtained from the

measurements. However, the agreement is good for test W5.

It should be noticed that strictly the integral in Eq. (18) should be evaluated for the case
corresponding to 0.95 < 2t, /T < 1.0 for smooth impermeable slopes, and not for rough
impermeable slopes (see Section 2). However, by using this range of 2¢t,, /T, the probability of
resonance becomes too small compared with those from the measurements, i.e. the predicted
values for the tests W2 to W6 are in the range 0.0012 to 0.0073. Thus, the predicted results for
resonance given in Table 2 cover resonance and semi-resonance for smooth and rough

impermeable slopes.

7. Summary and conclusions

A summary and the main conclusion are as follows.

Results from revisiting joint distributions of surf parameter with characteristic wave

parameters for individual random waves including spectral bandwidth effects are presented.

First, results from a comparative study of the joint distribution of surf parameter and wave
period are provided. The transformed Myrhaug and Kjeldsen (1984) joint distribution of wave
height and wave period is compared with the transformed Longuet-Higgins (1983) joint
distribution of wave height and wave period. The Myrhaug and Kjeldsen (1984) distribution is
a parametric model originating from a best fit to relatively broad-band field data, whilst the
Longuet-Higgins (1983) distribution is theoretically based. Thus, this is essentially a

comparison between the transformed Longuet-Higgins distribution and data. It appears that the

15



theoretically based distribution does not represent the features of the parametric model
especially well, suggesting that parametric models should be used to describe relatively broad-

banded data.

Second, in order to study the effects of the spectral bandwidth the Longuet-Higgins (1983)
distribution is transformed to the joint distribution of surf parameter with wave height and wave
period. It is demonstrated how that the statistical features of these joint distributions are affected

by the spectral bandwidth.

Third, the Longuet-Higgins (1983) distribution is transformed to the joint distribution of
wave runup time and wave period due to its relation to the stability of rubble-mound
breakwaters. Comparisons are made with statistical results obtained by Sawaragi et al. (1982)
who performed small-scale laboratory experiments addressing issues related to stability of
rubble-mound breakwaters. The present results agree well with the distribution of the surf
parameter, whilst the agreement is poorer between predictions and measurements for the

probability of resonance.

Appendix A. LH83 distribution

The LH83 joint pdf of wave height and wave period is based on the statistics of the wave
envelope, i.e. the joint pdf of the envelope amplitude and the time derivative of the envelope

phase. It is also based on the narrow-band approximation, and is given as

2L h 1 1
p(h ) =2 e {-h*[1+ (1 - 7]} (A1)
where
H
h = Hups = 2y/2mg (A2)
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are dimensionless wave height and wave period in deep water, respectively, and

2

L(v) = T (A4)
1+(1+v2) 2
v2 = % —-1 (A5)
Here m,, is the spectral moments defined as
= [, o"S(w)dw;n =0,1,2,— — — — (A6)

where S(w) is the single-sided wave spectrum, and w is the circular wave frequency. The
bandwidth parameter v is small for a narrow-band spectrum, and LH83 provided results for v
in the range 0.1 to 0.6. LH83 also presented analytical formulae for the marginal pdf of h,p(h),

and the conditional pdf of t given h,p(t|h) (see LH83 for further details).

Appendix B. MK84 distribution

The MK84 joint pdf of wave height and wave period was obtained as best fit to data
from wave measurements with waverider buoys made at three different deep water locations at

sea on the Norwegian continental shelf. The MK84 distribution is given as

P(huk, tuk) = 0(Euk |hux) P (hyk) (B1)

where the marginal pdf of h,, is given by the two-parameter Weibull pdf

2.39h%%°
P(hai) = M exp |- (259239 ; e 2 (B2)

and the conditional pdf of t,,x given hy is given by the three-parameter Weibull pdf
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P(tulhaar) = & (Y8 exp [ (Y] by 2y

p- P

with the parameters

Y = 012\/ hMK

B {0.78hMK +0.26 for hyyx < 0.9
P =10.962 for hyy > 0.9

B = 2arctan[2(hyg —1.2)] +5

Here

H
P = 33— Hims = 0.714H,

ms

T
tyg = —
MK = T

)
rms

Tpms = 1.2416T,

(B3)

(B4)

(BS)

(B6)

(B7)

(B8)

are dimensionless wave height and wave period in deep water, respectively, and H; = 4,/m,

is the significant wave height and T, = 2m,/m,/m, is the mean zero-crossing wave period

(see MK84 for further details).
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Table 1 Peak values and their locations for p(&, h) (Eq. (14)), p(&,t) (Eq. (15)), p(t, t)

(Eq. (16))

Distribution % & h ty t Peak value

p(& h) 0.1 0.94 1.11 -- -- 4.32
0.3 0.90 1.09 - -- 1.56
0.5 0.82 1.04 - -- 1.08
0.6 0.78 1.02 -- -- 0.98

pt)
0.1 0.86 -- -- 0.99 10.60
0.3 0.82 -- -- 0.93 3.97
0.5 0.75 -- -- 0.83 2.94
0.6 0.71 -- -- 0.77 2.79

p(tu t)
0.1 -- -- 1.04 0.99 17.90
0.3 -- -- 0.99 0.93 6.64
0.5 -- -- 0.92 0.82 4.81
0.6 -- - 0.88 0.76 4.50

Table 2 Comparison with measurements from Sawaragi et al. (1982)
Test No Hg T, | &ms Prob (2 <¢<3) Prob (resonance)
(m) (s) meas pred meas pred
Eq. (17) Eq. (17)xEq. (18)

W1 0.0299 | 097 | 481 0.02 0.04 0 0

W2 0.0365 | 0.75 | 3.37 0.30 0.33 0.017 0.060

W3 0.0537 | 0.85 | 3.15 0.37 0.38 0.083 0.108

W4 0.0499 | 0.84 | 3.22 0.32 0.37 0.046 0.093

W5 0.544 0.83 | 3.05 0.40 0.40 0.115 0.122

W6 0.0499 | 0.80 | 3.07 0.39 0.40 0.094 0.115
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Figure captions

Fig. 1

Fig. 2

Fig. 3

Fig. 4

Fig. 5

Fig. 6

Fig. 7

Fig.8

Isocontours of p(&uyxk, tux) for: (a) the transformed LH83 pdf for v = 0.504 with
PAfmay = 3.59 for &,k = 0.68, tyx = 0.74: (b) the transformed MK84 pdf with

PAfmax = 348 for &y = 0.91, th = 1.02.

Marginal pdfs based on the transformed LH83 pdf for v = 0.504 and MK84 pdfs

for: (a) P(éMK); (b) p(tmk)-

P(Eux|tux) versus & in Weibull scale for: (a) the transformed LH83 pdf for v =
0.504 and the given values of t, ; (b) the corresponding results for the transformed

MK84 pdf.

Marginal pdfs based on the transformed LH83 pdf for v = 0.1,0.3, 0.5, 0.6: (a) p(£);

(b) p(h); () p(b).

Isocontours of the transformed LH83 p(&, k) for: (a) v = 0.1; (b) v = 0.3; (c) v =

0.5; (d) v = 0.6.

P(&|h) versus & in Weibull scale for the transformed LH83 distribution for v = 0.5

and the given values of h.

Isocontours of the transformed LH83 p(&,t) for: (a) v = 0.1; (b)) v = 0.3; (C) v =

0.5; (d)v = 0.6.

P(&|t) versus € in Weibull scale for the transformed LH83 distribution for v = 0.5

and the given values of t.

Fig. 9 Isocontours of the transformed LH83 p(&,, t) for: (@) v =0.1; (b) v =0.3; (c) v =

0.5; (d)v = 0.6.

24



Fig. 10. p(£,) based on the transformed LH83 distribution for v = 0.1, 0.3, 0.5, 0.6.

Fig. 11 P(£,|t) versus t, in Weibull scale for the transformed LH83 distribution for v =

0.5 and the given values of t.

Fig. 12 Measured and predicted p($); the histogram represents test W5 from Sawaragi et

al. (1982); the curve represents the transformed LH83 distribution for v = 0.42.
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