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Abstract: In this paper, a 3DOF path-following controller for an electric double-ended pas-
senger ferry prototype is presented. The controller is formulated through a 3-step backstepping
approach, taking into consideration several challenging physical properties of the vessel, such
as a lack of passive damping in the vessel hull, lack of directional stability, and slow thruster
dynamics compared to the vessel dynamics. The controller design also features a new thrust
allocation approach that allows the thrust allocation of the over-actuated thruster system to
be formulated on closed form, which enables us to include the thruster dynamics in the control
law. The performance of the suggested 3DOF controller is demonstrated and compared to two
other controllers through simulations with a model of the electric passenger ferry.
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1. INTRODUCTION

The motivation for the work presented in this paper is
to develop a controller for the transit stage of a dock-
to-dock operation for the milliAmpere vessel, which is an
experimental platform for developing and testing technol-
ogy for autonomous surface vessels. Three challenges with
the physical properties of the vessel have been identified:

• The hull geometry of the milliAmpere vessel, which
can be seen in Fig. 1, has a shallow draft and
small length-to-beam ratio, makes it lack passive
damping. This is particularly an issue in the sway
and yaw mode. This manifests itself both in the lack
of directional stability and in high sway velocity and
thereby high sideslip angle when yawing.

• Inherent instability in yaw of the vessel’s hull when
the surge velocity exceeds about 1m/s, where the
forces on the hull act to turn the hull’s broad-side
towards the direction of travel. The mathematical
interpretation of this is that when surging, the sideslip
angle β has an unstable equilibrium at β = 0, and
stable equilibriums at β ∼ ±π/2. The destabilizing
yaw moment is increasing for increasing magnitude
of β.

• The slow thruster dynamics of the vessel’s two az-
imuth thrusters make it time-constrained fully ac-
tuated, despite being geometrically fully actuated.
The dynamics of the azimuth angles have similar
time constants to the dynamics of the vessel yaw
angle, much due to the lack of passive damping. In
combination with the yaw-instabilities, this makes the

Fig. 1. Front and side view of the milliAmpere hull. The
hull has a beam of 3m and a length of 5m. Due to the
small length-to-beam ratio, the shallow draft and the
flat bottom, the vessel lacks directional stability and
passive damping. This makes it highly maneuverable,
but at the same time requires fast thruster dynamics
for precise vessel control. Courtesy of Glenn Angell.

vessel heading hard to control at velocities exceeding
1m/s.

In the controller presented in this paper, we therefore
consider the listed problems in the controller design in
an attempt to improve the performance. In addition to
the controller design, a novel thrust allocation method is
formulated, where a new set of control inputs puts the
thrust allocation problem on closed form, in the sense
that it is no longer underdetermined, and can be solved
explicitly without optimization-based methods. The con-
trol law for the thruster setpoints are formulated through
a backstepping method based on the one presented in
(Khalil, 2013) and (Fossen, 2011). The proposed thrust
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be formulated on closed form, which enables us to include the thruster dynamics in the control
law. The performance of the suggested 3DOF controller is demonstrated and compared to two
other controllers through simulations with a model of the electric passenger ferry.

Keywords: 3DOF path-following control, non-directionally stable vessel, slow thruster
dynamics, vectorial backstepping, thrust allocation.

1. INTRODUCTION

The motivation for the work presented in this paper is
to develop a controller for the transit stage of a dock-
to-dock operation for the milliAmpere vessel, which is an
experimental platform for developing and testing technol-
ogy for autonomous surface vessels. Three challenges with
the physical properties of the vessel have been identified:

• The hull geometry of the milliAmpere vessel, which
can be seen in Fig. 1, has a shallow draft and
small length-to-beam ratio, makes it lack passive
damping. This is particularly an issue in the sway
and yaw mode. This manifests itself both in the lack
of directional stability and in high sway velocity and
thereby high sideslip angle when yawing.

• Inherent instability in yaw of the vessel’s hull when
the surge velocity exceeds about 1m/s, where the
forces on the hull act to turn the hull’s broad-side
towards the direction of travel. The mathematical
interpretation of this is that when surging, the sideslip
angle β has an unstable equilibrium at β = 0, and
stable equilibriums at β ∼ ±π/2. The destabilizing
yaw moment is increasing for increasing magnitude
of β.

• The slow thruster dynamics of the vessel’s two az-
imuth thrusters make it time-constrained fully ac-
tuated, despite being geometrically fully actuated.
The dynamics of the azimuth angles have similar
time constants to the dynamics of the vessel yaw
angle, much due to the lack of passive damping. In
combination with the yaw-instabilities, this makes the

Fig. 1. Front and side view of the milliAmpere hull. The
hull has a beam of 3m and a length of 5m. Due to the
small length-to-beam ratio, the shallow draft and the
flat bottom, the vessel lacks directional stability and
passive damping. This makes it highly maneuverable,
but at the same time requires fast thruster dynamics
for precise vessel control. Courtesy of Glenn Angell.

vessel heading hard to control at velocities exceeding
1m/s.

In the controller presented in this paper, we therefore
consider the listed problems in the controller design in
an attempt to improve the performance. In addition to
the controller design, a novel thrust allocation method is
formulated, where a new set of control inputs puts the
thrust allocation problem on closed form, in the sense
that it is no longer underdetermined, and can be solved
explicitly without optimization-based methods. The con-
trol law for the thruster setpoints are formulated through
a backstepping method based on the one presented in
(Khalil, 2013) and (Fossen, 2011). The proposed thrust

allocation allows us to include the thruster dynamics in
the controller design.

Traditionally, 2 degrees of freedom (DOF) controllers have
been used instead of 3DOF controllers when designing con-
trollers for transit operations, both because most vessels
are underactuated (at transit speed), and because fully
actuated vessels have limited actuation effect in sway at
high surge velocities. Extensive work has been done on this
topic for sway-underactuated surface vessels, see (Pinkster
and Nienhuis, 1986), (Lefeber et al., 2003), (Fossen et al.,
2003), (Fossen, 2011) and (Eriksen and Breivik, 2017)
and the references therein. A 2DOF approach, however,
requires a hull with sufficient sway-yaw damping to control
the vessel course through the heading. Additionally, a
majority of the work does not consider the vessel actuators
beyond the degree of actuation. They only consider the
actuator geometry, i.e. geometrical placement, and typ-
ically not how long it takes for an actuator to obtain
its desired force by rotating and/or changing RPM. For
systems where the thruster dynamics is much faster than
the vessel dynamics, neglecting the actuator dynamics is
an acceptable simplification. For systems where this is not
the case, neglecting the thruster dynamics can result in
high allocation errors, poor tracking and instability. For
such systems, the actuator dynamics should therefore be
considered in the controller design.

The remainder of this paper is structured as follows:
In Section 2, we introduce the vessel model. Section 3
describes the new thrust allocation approach. In Section
4, we present the controller design. Section 5 contains
simulation results. Finally, Section 6 concludes the paper.

2. VESSEL MODELING

In the controller design, a 3DOF vessel model is applied,
describing the vessel pose and velocity in the plane in
a local NED frame (Fossen, 2011). The vessel states are
given by the vectors η = [x, y, ψ]T ∈ �2 × S, which
is the north and east position, and vessel heading, and
ν = [u, v, r]T , which is the body-fixed velocity in surge
and sway, and yaw rate, respectively. In addition, the
vessel has two azimuth thrusters positioned along the
fore-aft centerline. The actuator states are the azimuth
angles α = [αf , αa]

T ∈ S2 and the propeller RPMs
ω = [ωf , ωa]

T ∈ �2, where subscripts f and a refer to
the fore and aft thruster, respectively.

The ship’s dynamics from Fossen (2011) are given by

η̇ = R(ψ)ν, (1)

Mν̇ +C(ν)ν +D(ν)ν = τ (α,ω), (2)

where R(ψ) represents the principal rotation around the
z-axis

R(ψ) =

[
cosψ − sinψ 0
sinψ cosψ 0
0 0 1

]
, (3)

M is the inertia matrix including hydrodynamically added
mass

M =

[
m11 0 0
0 m22 m23

0 m32 m33

]
, (4)

C(ν) is the Coriolis-centripetal matrix

C(ν) =

[
0 0 c13(v, r)
0 0 c23(u)

−c13(v, r) −c23(u) 0

]
, (5)

and D(ν) is the damping matrix

D(ν) =

[
d11(u) 0 0

0 d22(v, r) d23(u, v, r)
0 d32(u, v, r) d33(u, v, r)

]
, (6)

The generalized force produced by the thrusters is given
by

τ (α,ω) =

[
Φ(ωf ) cosαf +Φ(ωa) cosαa

Φ(ωf ) sinαf +Φ(ωa) sinαa

lfΦ(ωf ) sinαf + laΦ(ωa) sinαa

]
, (7)

where the function Φ(ωi) is fitted to bollard-pull data, and
maps the propeller rotational velocity to a force, and lf
and la are lengths from the ship’s body origin to the fore
and aft thruster respectively. Since milliAmpere is fore-aft
symmetric, lf = −la.

The model for the thruster azimuth angle and propeller
dynamics are

α̇i =
Ki,α(αi,d − αi)√
(αi,d − αi)2 + ε2i

, (8)

ω̇i = Ki,ω(ωi,d − ωi), (9)

where Ki,α > 0, εi > 0 and Ki,ω > 0 for i ∈ {f, a}.
All model parameters are determined through the work
done by Pedersen (2019), where an optimization-based
approach to system identification from experimental data
is applied. Conversion of units for Ki,α and εi is necessary
since they were estimated in degrees, and we use radians.
That is, Ki,α = π

180◦K
∗
i,α and εi = π

180◦ ε
∗
i , where the

starred variables are the numerical values given in (Peder-
sen, 2019).

3. THRUST ALLOCATION

Since the vessel has four control inputs and is overactu-
ated, the thrust allocation is not trivial. The authors of
(Johansen and Fossen, 2013) give a thorough survey of
existing methods for thrust allocation for over-actuated
systems by means of optimization-based algorithms, where
a generalized force can be realized by an arbitrary number
of actuators. The actuator setpoints are optimized with
respect to objectives such as minimal wear and tear or
energy consumption. Such methods are suitable when the
dynamics of the thrusters relative to the system are fast
enough that they can be omitted in the controller design. If
this is not the case, and the thruster and vessel dynamics
have comparable time constants, the thruster dynamics
must be considered in the controller design.

As mentioned, this is the case for the milliAmpere, which
we demonstrate through the introduction of the time-to-
actuation (TTA) metric. We define this as the time it takes
from thruster setpoints are set and until the normalized
allocation errors

X̃ =
X −Xd

Xd
, (10)

Ỹ =
Y − Yd

Yd
, (11)

Ñ =
N −Nd

Nd
, (12)
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allocation allows us to include the thruster dynamics in
the controller design.
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its desired force by rotating and/or changing RPM. For
systems where the thruster dynamics is much faster than
the vessel dynamics, neglecting the actuator dynamics is
an acceptable simplification. For systems where this is not
the case, neglecting the thruster dynamics can result in
high allocation errors, poor tracking and instability. For
such systems, the actuator dynamics should therefore be
considered in the controller design.

The remainder of this paper is structured as follows:
In Section 2, we introduce the vessel model. Section 3
describes the new thrust allocation approach. In Section
4, we present the controller design. Section 5 contains
simulation results. Finally, Section 6 concludes the paper.
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ω̇i = Ki,ω(ωi,d − ωi), (9)

where Ki,α > 0, εi > 0 and Ki,ω > 0 for i ∈ {f, a}.
All model parameters are determined through the work
done by Pedersen (2019), where an optimization-based
approach to system identification from experimental data
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That is, Ki,α = π

180◦K
∗
i,α and εi = π

180◦ ε
∗
i , where the
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ated, the thrust allocation is not trivial. The authors of
(Johansen and Fossen, 2013) give a thorough survey of
existing methods for thrust allocation for over-actuated
systems by means of optimization-based algorithms, where
a generalized force can be realized by an arbitrary number
of actuators. The actuator setpoints are optimized with
respect to objectives such as minimal wear and tear or
energy consumption. Such methods are suitable when the
dynamics of the thrusters relative to the system are fast
enough that they can be omitted in the controller design. If
this is not the case, and the thruster and vessel dynamics
have comparable time constants, the thruster dynamics
must be considered in the controller design.
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actuation (TTA) metric. We define this as the time it takes
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Fig. 2. Simulated TTA and moving average over 20 s,
TTAMA.

are less than 15%, where Xd and Yd are the desired surge
and sway forces respectively, and Nd is the desired sway
moment corresponding to the thruster setpoints. The TTA
is determined by simulating the thruster states from the
configuration they are in when the setpoints are set. The
TTA is shown in Fig. 2 for a simulated transit. The figure
shows the TTA and a moving average of the TTA over
a 20 s interval, denoted TTAMA. From the graph, we can
see that it takes the thrusters on average more than two
seconds to realize τd for parts of the transit. In an equal
amount of time the milliAmpere can yaw close to 90°
by a yaw moment from its thrusters, or around 45° by
a sudden gust of wind. This advocates considering the
thruster dynamics when formulating a control law for this
vessel.

To do this, we propose a method where first the thrust
allocation is simplified and formulated on closed form, and
subsequently the thruster dynamics are included as part of
the controller design. The input space is thus reduced from
�2 × S2 to � × S2 by the introduction of a new desired
state vector

ρd := [Fd, αd, γd]
T (13)

with a corresponding state vector

ρ := [F, α, γ]T. (14)

This mapping is physically intuitive, where F is the total
force produced by the thrusters, and the angles α and
γ actuate the yaw moment and sway force respectively.
The relationship between the new thruster states and the
original thruster states is illustrated in Fig. 3.

The mapping from the new reduced set of thruster states

ρ to the thruster states ω = [ωf , ωa]
T
and α = [αf , αa]

T

is given by 

ωf

ωa

αf

αa


 =




Ω(F2 )
Ω(F2 )
α+ γ
−α+ γ


 , (15)

where the force F is split equally between the fore and
aft thrusters. The function Ω(F ) is the inverse of Φ(ω),
and maps a force to the corresponding rotational velocity
of the propeller. The mapping from ρ to the generalized
force is then

τ =

[
F cosα cos γ
F cosα sin γ
lF sinα cos γ

]
. (16)

This new input space reduces the number of control input
variables in the thrusters from 4 to 3 by assigning equal
thrust to both thrusters. This restricts the theoretical
performance of the thruster system, however, it allows us
to formulate the thrust allocation problem on closed form,

Fig. 3. Thruster configuration of the milliAmpere. Rela-
tionship between the new thruster states α and γ,
and αf and αa are indicated.

which enables us to consider the thruster dynamics in the
controller design.

From a desired force vector τd = [Xd, Yd, Nd]
T, the

mapping to the control variables ρd is

ρd =



1/(lXd)

√
X4

d l
2 +X2

dY
2
d l

2 +X2
dN

2
d + Y 2

d N
2
d

atan2(Nd, lXd)
atan2(Yd, Xd)


 . (17)

In the mapping (17), the following assumptions are ap-
plied:

Assumption 1. Xd is always positive.

Assumption 2. The force Xd is large enough in relation to
both Yd and Nd such that the sum of the absolute value
of the angles αd and γd are always less than π/2.

Since the controller is intended for transit, where the major
component of the velocity will be in the surge direction,
the first assumption is ensured. The proposed controller is
hence not suitable for station-keeping operations, and the
controller will have to be paired with one suitable for low-
speed, station-keeping and docking operations for a full
dock-to-dock operation. The second assumption is more
restrictive since it puts limitations on the reference signals
in sway and yaw, in addition to limiting the magnitude
of environmental forces the vessel can handle for a given
surge velocity. Yet, at transit velocities, the X component
should be sufficiently large to ensure the assumption holds
for reasonable yaw rates and environmental disturbances.

3.1 New thruster state dynamics

To include the thruster dynamics in the controller design,
a dynamic model for the new thruster states that is affine
in the control input ρd is needed. There is no trivial way
to formulate the dynamics of F , α and γ on an affine
form in terms of the dynamics of (8) and (9), since Ω(.) is
a nonlinear lookup-table based on bollard-pull data, and
the dynamics of the azimuth angle is a nonlinear function
in both α and γ. We therefore chose to model the new
thruster states as first-order systems with suitable time
constants, with

Ḟ =
1

TF
(Fd − F ), (18)

where the time constant is chosen to be the same as for
the propeller dynamics, namely TF = 1/Ki,α, and

α̇ =
1

Tα
(αd − α), (19)
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Fig. 4. Comparison of the original thruster dynamics in
(8) and (9), and the proposed simplified thruster
dynamics in (21).

γ̇ =
1

Tγ
(γd − γ), (20)

where the choice of time constants need to consider the
slow dynamics of the azimuth angle.

This puts the new thruster state dynamics on the form,

ρ̇ = KT (ρd − ρ), (21)

where KT = diag(1/TF , 1/Tα, 1/Tγ) and KT > 0.

In Fig. 4, the simplified thruster dynamics and the original
thruster dynamics are compared. For the dynamics (8)
and (9), the setpoints are found by the thrust allocation
method from (Torben et al., 2019). For the dynamics in
(21), the setpoints are found by (17). The deviation in
X for low magnitudes arise because the thrusters have a
deadband at low propeller RPM which is considered in
Φ(.) but not in (18).

4. CONTROLLER DESIGN

In this section, the 3DOF path-following controller is for-
mulated through a 3-step backstepping approach, where
the final step includes the dynamics of the newly intro-
duced thruster states in the closed-form thrust allocation.
The controller design is made based on the following state-
space system where x is the integral of the velocity, and
ρd is the control input,

ẋ = ν, (22)

Mν̇ +C(ν)ν +D(ν)ν = τ (ρ,ρd), (23)

τ̇ (ρ,ρd) = B(ρ)KT (ρd − ρ), (24)

with

B(ρ) =

[
c(α)c(γ) −Fs(α)c(γ) −Fc(α)s(γ)
s(γ)c(α) −Fs(γ)c(α) Fc(γ)c(α)
ls(α)c(γ) Flc(α)c(γ) −Fls(α)s(γ)

]
, (25)

where B(ρ) is the time derivative of (16) with respect
to ρ, and s(.) and c(.) are the sine and cosine function
respectively.

4.1 Backstepping

Step 1 First, we consider the dynamics of x̃, which is the
integral of the velocity error ν̃ = ν − νd, where νd ∈ �3

is the desired body-fixed velocity vector. Hence, x̃ holds
the integral error of the surge and sway velocity, and the
heading error. By including integral effects, steady-state
disturbances can be compensated for. For x̃, we consider
ν as the control input. Then, let

ν = z1 +α1, (26)

where α1 is a stabilizing vector that will be defined shortly,
and z1 = ν −α1 is a new state variable. The dynamics of
x̃ can then be written as

˙̃x = ν − νd

= z1 +α1 − νd.
(27)

A control Lyapunov function (CLF) is formulated as

V1 =
1

2
x̃Tx̃, (28)

with the time derivative

V̇1 = x̃T(z1 +α1 − νd). (29)

The vector field α1 can then be designed to stabilize the
dynamics of x̃. We define it as

α1 := νd −Kpx̃, (30)

with Kp = KT
p > 0. This gives the state dynamics

˙̃x = −Kpx̃+ z1, (31)

and the CLF derivative

V̇1 = x̃T(−Kpx̃+ z1)

= −x̃TKpx̃+ zT
1 x̃.

(32)

Here, V̇1 < 0 ∀x̃ ∈ �3 /∈ {0} if z1 = 0, hence the x̃ = 0 is
UGAS if z1 = 0.

Step 2 We now address the new state z1. An augmented
CLF with the pseudo-kinetic energy of the system is
formulated as

V2 =
1

2
z1Mz1 + V1, (33)

where M > 0 is the inertia matrix.

The CLF time derivative is

V̇2 = z1Mż1 + V̇1

= z1[τ (ρ,ρd)−Mα̇1 − (C(ν) +D(ν))α1

− (C(ν) +D(ν))z1]− x̃TKpx̃+ zT
1 x̃

= z1[τ (ρ,ρd)−Mα̇1 − (C(ν) +D(ν))α1)

− (C(ν) +D(ν))z1 + x̃]− x̃TKpx̃.

(34)

The generalized force τ (ρ,ρd) can now be considered as
the control input, and

τ (ρ,ρd) = z2 +α2, (35)

where z2 is a new state variable and α2 is a stabilizing
vector that can be designed to stabilize z1, that we define
as

α2 := Mα̇1 + (C(ν) +D(ν))α1 − x̃−Kdz1 (36)

with Kd = KT
d > 0. By appropriate selection of the entries

in Kd, the low passive damping in sway and yaw can be
compensated for. The choice of α2 gives the new state
dynamics

ż1 = −(C(ν) +D(ν) +Kd)z1 − x̃+ z2, (37)
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slow dynamics of the azimuth angle.

This puts the new thruster state dynamics on the form,
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Φ(.) but not in (18).
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ẋ = ν, (22)

Mν̇ +C(ν)ν +D(ν)ν = τ (ρ,ρd), (23)
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where B(ρ) is the time derivative of (16) with respect
to ρ, and s(.) and c(.) are the sine and cosine function
respectively.
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Step 1 First, we consider the dynamics of x̃, which is the
integral of the velocity error ν̃ = ν − νd, where νd ∈ �3

is the desired body-fixed velocity vector. Hence, x̃ holds
the integral error of the surge and sway velocity, and the
heading error. By including integral effects, steady-state
disturbances can be compensated for. For x̃, we consider
ν as the control input. Then, let

ν = z1 +α1, (26)

where α1 is a stabilizing vector that will be defined shortly,
and z1 = ν −α1 is a new state variable. The dynamics of
x̃ can then be written as

˙̃x = ν − νd

= z1 +α1 − νd.
(27)

A control Lyapunov function (CLF) is formulated as

V1 =
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x̃Tx̃, (28)

with the time derivative

V̇1 = x̃T(z1 +α1 − νd). (29)

The vector field α1 can then be designed to stabilize the
dynamics of x̃. We define it as

α1 := νd −Kpx̃, (30)

with Kp = KT
p > 0. This gives the state dynamics

˙̃x = −Kpx̃+ z1, (31)

and the CLF derivative

V̇1 = x̃T(−Kpx̃+ z1)

= −x̃TKpx̃+ zT
1 x̃.

(32)

Here, V̇1 < 0 ∀x̃ ∈ �3 /∈ {0} if z1 = 0, hence the x̃ = 0 is
UGAS if z1 = 0.

Step 2 We now address the new state z1. An augmented
CLF with the pseudo-kinetic energy of the system is
formulated as

V2 =
1

2
z1Mz1 + V1, (33)

where M > 0 is the inertia matrix.

The CLF time derivative is

V̇2 = z1Mż1 + V̇1

= z1[τ (ρ,ρd)−Mα̇1 − (C(ν) +D(ν))α1

− (C(ν) +D(ν))z1]− x̃TKpx̃+ zT
1 x̃

= z1[τ (ρ,ρd)−Mα̇1 − (C(ν) +D(ν))α1)

− (C(ν) +D(ν))z1 + x̃]− x̃TKpx̃.

(34)

The generalized force τ (ρ,ρd) can now be considered as
the control input, and

τ (ρ,ρd) = z2 +α2, (35)

where z2 is a new state variable and α2 is a stabilizing
vector that can be designed to stabilize z1, that we define
as

α2 := Mα̇1 + (C(ν) +D(ν))α1 − x̃−Kdz1 (36)

with Kd = KT
d > 0. By appropriate selection of the entries

in Kd, the low passive damping in sway and yaw can be
compensated for. The choice of α2 gives the new state
dynamics

ż1 = −(C(ν) +D(ν) +Kd)z1 − x̃+ z2, (37)
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and the CLF derivative

V̇2 = zT
1z2 − z1(C(ν) +D(ν) +Kd)z1 − x̃TKpx̃, (38)

which is negative definite and hence UGAS in x̃ = 0 and
z1 = 0 if z2 = 0.

Step 3 Finally, the new state z2 is addressed. A further
augmented CLF is defined as

V3 :=
1

2
zT
2 z2 + V2 (39)

with the time derivative

V̇3 = zT
2 ż2 + V̇2,

= zT
2 (τ̇ (ρ,ρd)− α̇2) + zT

1z2

− z1(C(ν) +D(ν) +Kd)z1 − x̃TKpx̃,

= zT
2 (B(ρ)KT (ρd − ρ)− α̇2 + z1)

− z1(C(ν) +D(ν) +Kd)z1 − x̃TKpx̃.

(40)

Here, we note that ρd, which is the control input to the
system (22)-(24), finally appears in the CLF derivative.
A control law can then be formulated for ρd to ensure a
negative definite V̇3. We define the control law:

ρd := ρ+K−1
T B(ρ)−1(α̇2 − z1 −Kz2z2), (41)

where Kz2 = KT
z2 > 0. The state derivative then becomes

ż2 = −z1 −Kz2z2, (42)

and the CLF derivative becomes

V̇3 =− zT
2Kz2z2 − zT

1 (C(ν) +D(ν) +Kd)z1

− x̃TKpx̃,
(43)

where V̇3 < 0 ∀ x̃, z1, z2 ∈ �3 /∈ {0} if (C(ν) + D(ν) +
Kd) > 0 ∀ν ∈ �3, and hence x̃ = 0, z1 = 0, z2 = 0 is
UGAS for the control law (41), given that the system is
as modelled in (1)-(9) and that the approximation of the
thruster dynamics is accurate, which is indicated in Fig. 4.

In (41), we assume that the matrix B(ρ) is non-singular
and hence invertible. This is not guaranteed in itself, since
B(ρ) is singular if at least one of the following is true;

(a) F = 0,
(b) α = ±π/2,
(c) γ = ±π/2.

However (a) is covered by Assumption 1, while (b) and (c)
are considered by Assumption 2.

5. SIMULATION RESULTS

In this section, we present simulation results for the pro-
posed control law in (41). In the simulations, the vessel
GNC system inputs a set of waypoints with corresponding
speed references, while a LOS guidance law with constant
lookahead distance calculates the heading reference (Fos-
sen et al., 2003). The speed and heading references are
passed through second and third order reference filters,
respectively, to get continuous acceleration and jerk refer-
ences.

Simulation results are presented for a transit along a path
as shown in Fig. 5, where the reference path from the
waypoints is illustrated in red, and the path taken by
the vessel with the proposed 3DOF controller is blue. The
simulations are run with a constant disturbance in the
NED frame, with a magnitude of 100N in the direction

Table 1. Control parameters

Parameter Value Unit

KT diag(1.78,2,2) [s,s,s]
Kp diag(3,1,5) [1/s,1/s,1/s]
Kd diag(1,1,1) [kg/s,kg/s,kgm/s]
Kz2 diag(5,10,5) [1/kg,1/kg,1/kgm]
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Fig. 5. Transit path from waypoints, and paths taken by
the vessel. The direction of travel along the path, and
direction of external forces are indicated by arrows.

Fig. 6. Sideslip angle for the three controllers.

of the largest arrow in the figure. In addition to the
results from the proposed controller, the transit path and
sideslip angle from two other controllers are included for
comparison:

• A 2DOF path-following controller designed through
backstepping with thruster dynamics and thruster
inputs Fd and αd but not γd. The controller is
augmented with an integrator on the course error to
compensate for sideslip.

• A PID controller with velocity and acceleration feed-
forward, and the thrust allocation proposed by Tor-
ben et al. (2019).

The vessel path in Fig. 5 shows that the vessel tracks
the reference path with satisfactory precision, where the
cross-track error close to each waypoint is a consequence
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Fig. 7. Moving average over 20 s of time-to-actuation for
the three controllers.
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Fig. 9. Velocity error in surge and sway, and yaw rate error.

of the LOS guidance approach. From the figure, one can
see that both the 2DOF controller and the PID controller
track the path with comparable precision, but with more
fluctuations about the reference path. This gives both high
yawing and high sway velocities, as can be seen from
the slip angle in Fig. 6, which, in turn, results in high
derivatives in the actuator setpoints. The result of this
is apparent from Fig. 7, where the TTAMA is shown
for the three controllers. High fluctuations in heading
gives a high TTA, and hence high allocation error. This
is most apparent for the 2DOF controller, where the
heading is used to compensate for sway velocity, which
is inefficient due to the lack of directional stability, and
gives oscillations due to heading instability.

From Fig. 8, one can see that both the speed and head-
ing reference is tracked with precision, where steady-state
velocity errors resulting from external forces are compen-
sated for by the integrator states in x̃. From the graph of
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Fig. 10. Control inputs ρd for the 3DOF controller.

˙̃x in Fig. 9, one can see that the sway velocity error is kept
low, and hence, the sway velocity close to its reference at
0m/s during turning maneuvers. This keeps the sideslip
angle β low, and thereby the destabilizing yaw moment
low. This reduces the need for excessive actuator rate
changes, which is apparent from Fig. 7, where the proposed
3DOF controller has the lowest TTAMA.

On the second leg of the path, the vessel course is the most
aligned with the direction of the external forces. This gives
a low Fd due to the contribution of the external force to
the surge velocity. In turn, this results in high αd and γd
control inputs to compensate for small tracking errors in
yaw rate and sway velocity, respectively. These unstable
tendencies are a result of Assumption 2 being challenged,
and they demonstrate how the control allocation approach
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Fig. 11. Desired and actual thruster states. Due to the
control allocation, ωfd and ωad are superimposed.
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of the LOS guidance approach. From the figure, one can
see that both the 2DOF controller and the PID controller
track the path with comparable precision, but with more
fluctuations about the reference path. This gives both high
yawing and high sway velocities, as can be seen from
the slip angle in Fig. 6, which, in turn, results in high
derivatives in the actuator setpoints. The result of this
is apparent from Fig. 7, where the TTAMA is shown
for the three controllers. High fluctuations in heading
gives a high TTA, and hence high allocation error. This
is most apparent for the 2DOF controller, where the
heading is used to compensate for sway velocity, which
is inefficient due to the lack of directional stability, and
gives oscillations due to heading instability.

From Fig. 8, one can see that both the speed and head-
ing reference is tracked with precision, where steady-state
velocity errors resulting from external forces are compen-
sated for by the integrator states in x̃. From the graph of
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˙̃x in Fig. 9, one can see that the sway velocity error is kept
low, and hence, the sway velocity close to its reference at
0m/s during turning maneuvers. This keeps the sideslip
angle β low, and thereby the destabilizing yaw moment
low. This reduces the need for excessive actuator rate
changes, which is apparent from Fig. 7, where the proposed
3DOF controller has the lowest TTAMA.

On the second leg of the path, the vessel course is the most
aligned with the direction of the external forces. This gives
a low Fd due to the contribution of the external force to
the surge velocity. In turn, this results in high αd and γd
control inputs to compensate for small tracking errors in
yaw rate and sway velocity, respectively. These unstable
tendencies are a result of Assumption 2 being challenged,
and they demonstrate how the control allocation approach
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can be restricted by the relationship between surge velocity
and environmental forces.

From Fig. 11, one can see that the thruster angles αfd

and αad go into saturation during several of the turning
maneuvers because the maneuver requires high actuation
of both the sway and yaw mode simultaneously. This is
another indication that Assumption 2 is being challenged,
with a too small turning radius for the given surge velocity.
This can be mitigated by increasing the lookahead dis-
tance, albeit at the cost of increased tracking error around
the waypoints, or by a more suitable guidance method.

6. CONCLUSIONS AND FUTURE WORK

The development of a 3DOF path-following controller for
a double-ended passenger ferry through a 3-step backstep-
ping approach has been presented. The controller design is
motivated by inherent issues with the physical properties
of the ferry, where the lack of passive damping in sway
is accounted for by active control of the sway velocity.
This, in turn, reduces the effect of an inherent instability
in yaw. A set of new thruster states is applied to reduce
the actuator input space to be able to formulate the thrust
allocation on closed form. Slow actuator dynamics are ac-
counted for by including a simplified model of the actuator
dynamics in the controller design, and thereby mitigat-
ing the erroneous assumption that the allocation error is
sufficiently small to be neglected. The 3DOF controller
is tested in numerical simulations, and compared to two
other controllers. The proposed controller performs path
following with satisfactory precision, and its performance
is significantly better than the other controllers.

Future work include full-scale experiments and testing,
in addition to further work on the thrust allocation to
develop a hybrid system that can handle both low-speed
docking and station-keeping operations as well as high-
speed transit.
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