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The critical mass flow rate is the maximum flow rate that can pass through a constrained geometry such
as a nozzle. For liquid CO2, it has been shown that homogeneous relaxation models systematically under-
predict the critical mass flow rate. In this work, we demonstrate that a delay of the phase transition is
necessary to reproduce experiments. To analyze this in further detail, two methodologies are presented:
(1) the delayed homogeneous relaxation model (Delayed HRM), and (2) the metastable isentrope model
(MIM). Delayed HRM is a relaxation model that can readily be incorporated into a spatially distributed
description of the fluid flow, e.g. in ejectors. MIM assumes isentropic flow and instantaneous equilibrium
up to the limit of metastability, and yields a geometry-independent critical mass flux as the solution of a
set of algebraic equations. We compare the two methodologies to available experimental data on the crit-
ical mass flow rates of CO2 and H2O through nozzles, finding that they give nearly identical predictions.
This suggests that the critical mass flow rate is mostly determined by the achievable degree of metasta-
bility before onset of phase change, and is rather insensitive to dynamic variables such as the depressur-
ization rate or the rate of relaxation towards equilibrium. Using the limit of metastability predicted by
homogeneous nucleation theory works well at high temperatures, rendering the methodologies com-
pletely predictive. They deviate on average 11% from experimental data on CO2, and thus outperform
homogeneous relaxation models by a large margin, even when the latter employs several fitted param-
eters. Especially good agreement was found with experiments that employ a lubrication oil, which is
hypothesized to suppress heterogeneous nucleation. The limit of superheat at lower temperatures must
be described by heterogeneous nucleation theory. For water and CO2 we find a crossover between homo-
geneous and heterogeneous nucleation at T�590 K and T�285 K respectively. Moreover, the predicted
limit of superheat falls on a single curve in the temperature–pressure space of water, and we present
an empirical correlation of this curve. By combining this expression with the above methodologies, we
obtained an average deviation of 3% with available experimental data on H2O mass flow rates.
� 2021 The Authors. Published by Elsevier Ltd. This is an openaccess article under the CCBY license (http://

creativecommons.org/licenses/by/4.0/).
1. Introduction

When a liquid flows through a nozzle, the flow rate tends to
increase as the nozzle outlet pressure is lowered. This only holds
up to a point; below a certain outlet pressure the flow rate remains
constant at a maximal value (Amos and Schrock, 1983). This is
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referred to as critical flow or, alternatively, choked flow. Modeling
of critical flow in constrained geometries has several engineering
applications, including loss-of-coolant accidents in nuclear reac-
tors (Xu et al., 1997), CO2 transport and storage (Zhou et al.,
2014; Fan et al., 2018), space travels (Simoneau and Hendricks,
1979), as mixing devices (Zhu et al., 2018), and cooling of semicon-
ductors (Kim and Mudawar, 2015). In accidents where a pressur-
ized fluid starts leaking, the critical mass flow rate is a crucial
input to the risk assessment; unfortunately, with conventional
models the leakage rate can be significantly underpredicted
(Boccardi et al., 2005).

Another application is the modeling of ejectors (also called jet
pumps), which are frequently used in refrigeration cycles for
expansion work recovery (Ringstad et al., 2020). In ejectors, the
high-pressure stream is sent through a nozzle to accelerate it
and decrease its pressure, which then sucks in a low-pressure
stream, entrains it, and increases its pressure. Since the flow of this
high-pressure motive stream is critical for efficient ejectors, pre-
dicting the critical flow rate correctly is crucial for accurately mod-
eling the ejector efficiency (Ringstad et al., 2020).

Due to the widespread use of CO2 as refrigerant, much work has
been devoted to modeling the critical mass flow of CO2 through
motive nozzles in ejectors (Nakagawa et al., 2009; Angielczyk
et al., 2010; Banasiak and Hafner, 2011; Banasiak and Hafner,
2013; Palacz et al., 2017; Haida et al., 2018; Giacomelli et al.,
2019; Angielczyk et al., 2019; Bodys et al., 2020), as recently
reviewed in detail by Ringstad et al. (2020). The motive stream
can undergo a phase transition in the nozzle, and modeling this
phase transition is key to predicting the critical mass flow. Many
strategies for the modeling of this phenomenon exist, but in recent
decades, the most popular approach has been to adopt coarse-
grained relaxation models (Downar-Zapolski et al., 1996; Attou
and Seynhaeve, 1999; Banasiak and Hafner, 2011; Banasiak and
Hafner, 2013; Palacz et al., 2017; Bodys et al., 2020). A key feature
of such models is that a fraction of the incipient phase develops
instantaneously upon crossing the phase coexistence curve. Much
of the effort in the literature has thus been to regress empirical
relaxation models that aim to describe the rate of transition to a
two-phase equilibrium (Downar-Zapolski et al., 1996; Attou and
Seynhaeve, 1999; Banasiak and Hafner, 2011; Banasiak and
Hafner, 2013; Palacz et al., 2017; Bodys et al., 2020).

Unfortunately, these models require several empirical fitting
parameters, and have limited accuracy outside of the domain
where they have been regressed. This is illustrated well by the
recent work by Bodys et al. (2020), where a two-dimensional com-
putational fluid dynamics model was employed; five fitted param-
eters were used in the relaxation model. Moreover, as shown by
Ringstad et al. (2020), the empirical models systematically under-
predict the critical mass flow rate, although less so than the homo-
geneous equilibrium model where it is assumed that the fluid is at
thermodynamic equilibrium at all times (Ringstad et al., 2020).
This strongly suggests that part of the governing physics is missing
from the description. Part of the purpose of this work is to empha-
size that what is missing from calculations of critical mass flow
rates with CO2 is to properly account for the metastable, single-
phase fluid regime prior to the emergence of a new phase.

It is common knowledge that pure water must be cooled well
below the coexistence temperature of 273 K before ice forms, in
particular in small geometries with smooth surfaces (Wahl et al.,
2020). The onset of ice formation is known as the limit of super-
cooling, and is perhaps the best known example of a limit of
metastability, or ‘‘nucleation limit”. Similarly, the experimentally
attainable limit where a superheated liquid spontaneously trans-
forms into vapor is known as the limit of superheat (Blander and
Katz, 1975; Debenedetti, 1996). The most popular experimental
technique for measuring the limit of superheat is the droplet
2

explosion method, a technique dating back to the early work of
Wakeshima and Takata (1958) and Moore (1959). The droplet
explosion method remains the most popular technique to date
(Eckhoff, 2014; Avedisian, 1985), and represents one of the tech-
niques that can bring the liquid closest to the spinodal limit, which
is the intrinsic limit of stability of a homogeneous fluid (Lienhard
and Karimi, 1981; Lienhard et al., 1986). In a previous work, we
showed that homogeneous nucleation theory can accurately pre-
dict the experimentally determined limit of superheat, both for
pure components and mixtures (Aursand et al., 2017).

A delayed onset of the two-phase transition in fluid flow has
been discussed in the literature, albeit not for CO2, see e.g. (Liao
and Lucas, 2017) for a recent review. In Fig. 13 of Ref. (Liao and
Lucas, 2017), Liao and Lucas give an excellent overview of what
is referred to as ‘‘Boiling delay models”. Alamgir et al. (1980),
Alamgir and Lienhard (1981) pioneered this modeling approach,
forming the basis for subsequent more accurate modifications such
as that by Yin et al. (2020). In these models, the depressurization
rate enters as a key variable. Levy and Abdollahian argued that
the dependence on depressurization rate increases the complexity
of the calculations (Levy and Abdollahian, 1982). Deligiannis and
Cleaver (1992) attempted to evaluate this hypothesis by correlat-
ing the pressure drop to the depressurization rate. They found a
rather poor match, but suggested that the deviations could be
explained by inconsistencies in the experimental measurements.

In thiswork,we shall investigate this hypothesis furtherby incor-
porating the nucleation limit into a description of fluid flow through
constrained geometries by formulating a new ‘‘Delayed Homoge-
neous Relaxation Model”. This model can readily be incorporated
into computational fluid dynamics (CFD) simulations or as part of
mathematicalmodels of ejectors or nozzles for amore precise repre-
sentation of the critical mass flow rate. We will also discuss the
‘‘Metastable Isentrope Model”, where the critical mass flow rate is
obtained by solving a set of algebraic equations without any need
for elaborate CFD simulations. By comparing to experimental data
on CO2 and H2O, we will show that the nucleation limit plays a cru-
cial role in predicting critical mass flow rates. This is an important
message to the community working on CO2-ejectors, as only homo-
geneous relaxation models have been considered thus far (Ringstad
et al., 2020). Furthermore,we shall demonstrate that the experimen-
tal critical mass flow rates can be reproduced to a high accuracy
without using the depressurization rate as a variable. Our most
important finding however, is that in the high temperature regime,
the limit of metastability achieved in nozzles is adequately repre-
sented by homogeneous nucleation theory with a crossover to
heterogeneous nucleation theory occurring at lower temperatures.
Thus, at high temperatures, the presented framework becomes com-
pletely predictive, with large gains in accuracy over existing
approaches that use several fitting parameters.
2. Theory

In Section 2.1 we present the governing equations for fluid flow,
and introduce two closure relations for the thermodynamics: the
Homogeneous Equilibrium Model (Section 2.1.1) and the Delayed
Homogeneous Relaxation Model (Section 2.1.2). Section 2.2 dis-
cusses a simplified, isentropic version of these flow models that
can be solved algebraically. Finally, Section 2.3 touches on some
numerical issues and Section 2.4 describes how the nucleation lim-
its were calculated.
2.1. Full flow model

We consider a converging nozzle geometry as the one depicted
in Fig. 1, which can be characterized by the inlet diameter di, the



Fig. 1. Illustration of a converging nozzle geometry.
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throat diameter dt, and the horizontal length l. A fluid enters at
z ¼ 0, and for specified inlet conditions of the fluid and nozzle
geometry, it is of interest to determine the maximum possible
mass flow rate. We shall consider a steady-state, area-averaged
plug-flow model with no heat flow from the walls. The value of
the total mass flow, _mtot, is constant, as expressed by the continuity
equation

@ Aqvð Þ
@z

¼ @ _mtot

@z
¼ 0; ð1Þ

where A is the area, q is the area-averaged density, v is the velocity
in the flow direction and z is the spatial coordinate in the flow direc-
tion. The momentum equation is

@ A qv2 þ P
� �� �

@z
¼ P

@A
@z

� spfqv2

8
; ð2Þ

where f is the Fanning friction factor, P is the pressure and sp is the
local perimeter. The two-phase viscosity was approximated by
Effective medium theory, which was originally derived for the aver-
aged thermal conductivity and successfully tested by Awad and
Muzychka (2008) for the average viscosity of vapor–liquid mixtures
of various refrigerants. The friction factor f was estimated by the
empirical correlation by Churchill, where the wall roughness was
assumed to be 1 lm (Churchill, 1977). The energy balance is

@ Aqvðhþ v2

2 Þ
� �

@z
¼ 0 )

@ hþ v2

2

� �
@z

¼ 0; ð3Þ

where h is the mass-specific enthalpy of the mixture. We have here
neglected a possible heat flux from the walls to the fluid, which is
expected to be a good assumption due to the high mass flow rate
through the nozzle. Eqs. 1–3 comprise three equations for the four
quantities ðv;q; P;hÞ, which will be closed with a relation between
the thermodynamic properties ðq; P; hÞ. This work will consider two
closures: the homogeneous equilibrium model, and a nonequilib-
rium relaxation model.

2.1.1. The homogeneous equilibrium model
In the homogeneous equilibrium (HEM) model, the closure is

accomplished by assuming thermodynamic equilibrium at all
states along the flow path. This entails solving one algebraic equa-
tion at every spatial step in the integration of the ordinary differen-
tial equations. With an initial guess for the velocity one can
compute h and p by use of Eqs. (2) and (3). An enthalpy–pressure
flash calculation is then used to identify the temperature, vapor
fraction and compositions in each phase. By using an equation of
state (EoS), the density qEoS is thus computed. Furthermore, q is
next computed from Eq. (1). At every spatial position we require
in the HEM model that the following residual is zero
3

resðvÞ ¼ _mtot

Av � qEoSðh; PÞ: ð4Þ
2.1.2. Delayed homogeneous relaxation model
For a metastable liquid, it is possible to increase the critical

mass flow rate beyond the value given by the homogenous equilib-
rium model. We define the degree of metastability as

DTðPÞ ¼ Tm Pð Þ � Tsat Pð Þ; ð5Þ

where Tm is the temperature of the metastable fluid phase and Tsat

is the temperature of the saturated fluid phase at the same pressure
P. The quantity DT is positive for evaporation of a metastable liquid
and negative for condensation of a metastable vapor, and its maxi-
mum (minimum) value is the nucleation limit for evaporation (con-
densation), DT lim.

Aursand et al. (2017) showed that the nucleation limit of a fluid
can be accurately predicted by use of homogeneous nucleation
theory, also for mixtures. At temperatures close to the critical tem-
perature, we shall employ the same theory as presented by
Aursand et al. (2017). At lower temperatures, there is a need to
use heterogeneous nucleation theory, since the activation energy
to initiate the phase change is lowered by cracks and imperfections
at the nozzle structure. Further details on the computation of DT lim

can be found in Section 2.4.
An input parameter in the determination of DT lim is the surface

tension. For pure fluids the surface tension is usually tabulated. For
mixtures where the surface tension is not tabulated, one can
employ e.g. density theory gradient theory with a geometrical mix-
ing rule based on the pure component parameteters (see Refs.
Aasen et al., 2018; Wilhelmsen et al., 2014 for further details).

We will focus on the case where a single-phase liquid enters the
nozzle. As the liquid flows towards the throat, it may become
metastable and DT will increase. At some location zl the metasta-
bility of the liquid matches DT lim, that is

DTðPðzlÞÞ ¼ DT limðPðzlÞÞ: ð6Þ

After this location the phase change begins, and the metastable
single-phase fluid relaxes towards a two-phase equilibrium. In this
work we have used the simple relaxation model

dDT
dt

¼ �DT
s

; ð7Þ

where s ¼ 10�4 s. Eq. (7) can readily be replaced by a more sophis-
ticated relaxation model that includes a dependence with respect to
the fluid state, but we shall show in Section 3.3 that the predictions
of the critical mass flow rates are very insensitive with respect to
the exact choice of s.

Before the nucleation limit is reached, the thermodynamic
properties are computed as those of a pure liquid. After the nucle-
ation limit, in the relaxation regime, the temperatures of the
phases are unequal, but the extensive properties of the fluid can
still be calculated as a sum of extensive properties of the phases.
In either case, the necessary consistency criteria are formulated
by requiring that the following residuals are zero:

res1 ¼ b=qvap
EoSðTsatðPÞ; PÞ þ ð1� bÞ=qliq

EoSðTsatðPÞ þ DT; PÞ � Av
_mtot

; ð8Þ
res2 ¼ bhvap

EoSðTsatðPÞ; PÞ þ ð1� bÞhliq
EoSðTsatðPÞ þ DT; PÞ � h; ð9Þ

where b is the mass fraction of vapor, and superscripts vap; liq and
sat refer to vapor, liquid and the saturated phase. For metastable
liquids, b ¼ 0 before evaporation begins.
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2.2. Metastable isentrope model for evaporating flows

We find that the entropy production in the nozzle prior to phase
change is usually small, and so the entropy is, to a good approxi-
mation, conserved. Assuming the flow to be isentropic, the flow
model can be solved algebraically: Every state on the isentrope
corresponds to a unique value of the enthalpy h, and from Eq.
(3), every value of the enthalpy corresponds to a unique flow veloc-
ity v ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2ðh0 � hÞ

p
, where h0 is the stagnation enthalpy corre-

sponding to zero velocity. Since the mass flux UðzÞ ¼ _mtot=AðzÞ is
determined by the total mass flow and the geometry, the thermo-
dynamic state and the flow velocity at each position can be found
by solving

UðzÞ ¼ q
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2ðh0 � hÞ

q
: ð10Þ

The right-hand side of Eq. (10) has a maximum value along a given
isentrope, which in this model corresponds to the critical mass flux
for the isentropic flow. For a single-phase liquid, the right-hand side
is a strictly decreasing function of pressure, which implies that the
maximum mass flux occurs at the lowest possible pressure of the
isentrope that can sustain a liquid phase, i.e. at the limit of
superheat.

We shall refer to this method of predicting the critical mass flux
as the Metastable Isentrope Model (MIM). From a physical per-
spective, this model assumes that the fluid remains single-phase
until the superheat limit is reached, at which point the flow chokes
and critical flow is established. The choke point occurs where Um is
largest, namely at the throat of the nozzle. A maximum in the mass
flux can also be found if one assumes thermodynamic equilibrium,
and the resulting model corresponds to an isentropic version of
HEM. For both HEM and MIM, a key feature of the isentropic
assumption is that the critical mass flux is only a function of the
stagnation state and independent of the nozzle geometry. This con-
trasts with the delayed boiling model by Alamgir et al. (1980),
Alamgir and Lienhard (1981) and subsequent modifications (Liao
and Lucas, 2017), where the degree of achieved metastability also
depends on the depressurization rate.

Further simplifications are possible in certain regions of the
phase diagram. For example, if one assumes that the liquid is
incompressible along the isentrope, one can write the following
relation for evaporating flows:

Um ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2qliqðP0 � PtÞ

q
; ð11Þ

where P0 is the stagnation pressure, Pt is the pressure at the throat,
and qliq is the liquid mass density. In this case, isentropes are espe-
cially simple to characterize: straight lines in the temperature–
pressure space, with a positive slope given by the Gibbs–Duhem
relation, dP ¼ ðqliqsÞdT , where s is the mass-specific entropy. The
slope generally increases at low temperatures, so that isentropes
are approximately equal to isotherms.

Assuming that the thermodynamic properties of stable and
metastable states are available by use of an accurate equation of
state, the crucial step in applying the MIM is to accurately deter-
mine the limit of superheat, which in the general case corresponds
to the homogeneous or heterogeneous nucleation limit.
2.3. Numerics

All thermodynamic calculations in this work were performed
using the most accurate equations of state available, so called mul-
tiparameter equations of state. These were interfaced by the in-
house, open-source thermodynamic library, Thermopack, which
contains a wide selection of EoS and routines for robust phase
4

equilibrium calculations (Wilhelmsen et al., 2017; Aasen et al.,
2017; Wilhelmsen et al., 2013).

For calculations in the metastable regions, these EoS are associ-
ated with numerical difficulties due to their multiple Maxwell
loops which is an hitherto unsolved problem of multiparameter
EoS (Wilhelmsen et al., 2017). Using a simpler equation of state,
like the Peng–Robinson EoS, is numerically more robust and also
computationally faster. Such cubic EoS are, however, known to
misrepresent thermodynamic properties such as liquid densities
and speeds of sound – properties that are crucial for predicting
the critical mass flow rate.

Other relaxation approaches also use metastable phase prop-
erties with multiparameter EoS, but these metastable properties
are computed by linear extrapolation from the saturation state
(Angielczyk et al., 2010; Banasiak and Hafner, 2011). However,
to ensure thermodynamic consistency one should rather extrap-
olate a thermodynamic potential as a function of its canonical
variables, such as the Helmholtz energy as a function of
ðT;V ;nÞ, or the Gibbs energy as a function of ðT; P;nÞ, where n
is the number of particles. To avoid potential consistency issues,
we obtained metastable properties directly from the EoS. This
was done by first locating the spinodal (Aursand et al., 2017),
and then using a bracketing solver between the saturation state
and the spinodal state.

Due to the simplicity of the algebraic solution of the isentrope
models, the computational cost is negligible compared to the full
flow models, and the computational robustness is much better.

2.4. Calculation of metastability limits for nucleation

The mechanism by which condensation and evaporation occur
is known as nucleation. Nucleation is an activated process where
a free energy barrier must be overcome by thermal fluctuations.
A nucleation event is when a cluster of the stable phase (perma-
nently) exceeds a critical size, beyond which further growth is
spontaneous. The free energy barrier corresponds the work of for-
mation for the critical cluster. In classical nucleation theory (CNT),
the nucleation rate J is given by an Arrhenius rate law,

J ¼ K exp � W
kBT

� �
; ð12Þ

where W is the work of formation of the critical cluster, kB is Boltz-
mann’s constant, and K is a kinetic prefactor capturing the rate at
which thermal fluctuations happen.

2.4.1. Homogeneous nucleation
For homogeneous nucleation, CNT assumes that the critical

cluster is spherical, and the nucleation barrier is given by

W ¼ 4prR2

3
; ð13Þ

where R is the radius of the critical cluster and r is the surface ten-
sion. Eqs. 12,13 apply to both condensation and evaporation,
although the expressions for K and R differ. Assuming incompress-
ible liquid and ideal gas, one finds

R ¼ 2r
PsatðTÞ � Pliq

; ð14Þ

for bubble formation in a liquid (Debenedetti, 1996), and

R ¼ 2r
~qliqkBT lnðPvap=PsatÞ ; ð15Þ

for droplet formation in a vapor (Debenedetti, 1996). Here ~qliq is the
number density of the liquid phase. The kinetic prefactor for bubble
formation in a liquid (Debenedetti, 1996) was calculated as



Fig. 2. The coexistence curve calculated by using the Span–Wagner EoS (Span and
Wagner, 1996), limits of metastability as predicted from homogeneous nucleation
theory, and spinodal limits, plotted using the Span–Wagner equation of state (Span
and Wagner, 1996) for carbon dioxide. The experimental estimate of homogeneous
limit of superheat is deduced from the work of Ke (2009). The heterogeneous limits
of superheat were inferred from the critical mass flux data given by Banasiak and
Hafner (2013) and Haida et al. (2018), as discussed in the main text.
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K ¼ ~qliq

ffiffiffiffiffiffiffiffi
2r
pm

r
; ð16Þ

where ~qliq is the number density of the liquid phase and m is the
molecular mass. For droplet formation in a vapor, we use
(Debenedetti, 1996)

K ¼ P2

ðkBTÞ2~qliq

ffiffiffiffiffiffiffiffi
2r
pm

r
: ð17Þ

The metastability limit for homogeneous nucleation is defined as
the state at which the nucleation rate is a few orders of magnitude
larger than the timescale of the experiment. For liquids this limit is
called the superheat limit, whereas for a vapor it is called the super-
saturation limit. For a given pressure, it is obtained by solving for
the temperature that yields a given nucleation rate Jonset:

JðTÞ ¼ Jonset: ð18Þ
We have used Jonset ¼ 1013 m�3s�1 in this work, but we have per-
formed a sensitivity analysis of this choice in Appendix B. This sen-
sitivity analysis shows that the exact choice of Jonset has little
influence on the predicted critical mass flow rates.

The thermodynamic properties were computed from the EoS,
whereas the surface tensions were computed from the most accu-
rate correlations available (Petrova and Dooley, 2014; Mulero et al.,
2012). The above framework can be straightforwardly extended to
mixtures, with the caveat that for some mixtures one must add
curvature corrections to the surface tension to accurately model
the metastability limits (Aasen et al., 2020).

2.4.2. Heterogeneous nucleation
For heterogeneous nucleation, CNT assumes that the critical

cluster is a portion of a spherical cluster, and the nucleation barrier
is given by

W ¼ 4prR2

3
/; ð19Þ

where / 2 ð0;1Þ is the heterogeneous work reduction factor. The
kinetic prefactor for heterogeneous cavitation was approximated
by (Debenedetti, 1996)

K ¼ ðA=VÞ~q2=3
liq

ffiffiffiffiffiffiffiffi
2r
pm

r
; ð20Þ

where A=V is the surface density. The relevant surface density for
this work is given by 4=dt, where dt is the throat diameter. Except
for the above modifications, the same procedure as in Section 2.4.1
was used to determine the heterogeneous nucleation limit, with
Jonset ¼ 1013 m�2s�1.

3. Results and discussion

In the following, we will compare the different methods
described in Section 2 to available data on the critical mass flow
rate of CO2 and water in various nozzle geometries. These fluids
were chosen due to the extent of available experimental data.

3.1. A closer inspection of the phase diagram of CO2

We start the discussion with a closer inspection of the phase
diagram of CO2 depicted in Fig. 2. The intrinsic limits of thermody-
namic stability, i.e. the spinodals of the vapor and the liquid phases
(red dotted lines), lie at higher and lower pressures than the satu-
ration curve (black solid line). The homogeneous nucleation limits
for the formation of bubbles and droplets are located between the
coexistence curve and the spinodals. Spinodals, nucleation limits
and the coexistence curve all merge at the critical point.
5

In the experiments of Ke (2009), it was found that the highest
attainable temperature for liquid CO2 at 1 bar was 269.85 K. This
should therefore be considered a lower bound for the superheat
limit at 1 bar. The value by Ke compares favorably with our esti-
mate made with homogeneous nucleation theory: 269.97 K. Since
the superheat limit shown in Fig. 2 appears to be predicted very
well at the two extremes – the critical pressure and atmospheric
pressure – we have confidence in the accuracy of the predictions
also at intermediate pressures. This extends the conclusions from
previous work (Aursand et al., 2017) to CO2, i.e. that the limit of
superheat of a liquid is accurately predicted by classical homoge-
neous nucleation theory.

A closer inspection of the figure reveals that the nucleation limit
computed for the vapor phase (pressures higher than the coexis-
tence pressure), lies much closer to the coexistence curve relative
to the spinodal, than the corresponding limit for the liquid phase.
This indicates that metastability effects are less important for con-
densing flows, although vapor isentropes have smaller slopes than
liquid isentropes. The attainable degree of liquid superheat along
an isobar is seen to increase strongly as the pressure decreases.
3.2. A comparison to established methods for CO2

To gauge the accuracy of the methods presented in Section 2,
their predictions have been compared to experimental data on
the critical mass flow rates of CO2 for operating conditions 9–22
in Ref. (Haida et al., 2018). The homogeneous equilibrium model
(HEM) underpredicts the experimental data, on average, by
26.3%. This is as expected, and has motivated the development of
several relaxation models that aim to describe the nonequilibrium
path to equilibrium between liquid and vapor. A common denom-
inator for all of the established relaxation models presented in
Table 1, by Angielczyk et al. (2010), Downar-Zapolski et al.
(1996) and modified HRM by Haida et al. (2018) is that they give
predictions that fall significantly below the experimental data. A
strong bias towards underprediction suggests that the models are
missing some of the underlying physics. This is further supported
by a closer inspection of the previous state-of-the-art Modified
HRM by Haida et al. (2018); with three fitting parameters that also



Table 1
Mean absolute percentage deviations (MAPE) and biases have been computed for the
operating conditions 9–22 of Ref. Haida et al. (2018) for our models (MIM and
Delayed HRM), Also included are the MAPEs for the relaxation models reported by
Haida et al. (2018) for the same set of operating conditions.

Model MAPE Bias

HEM 26.3% �26.3%
Angielczyk et al. (2010) 23.6% �23.6%
Downar-Zapolski et al. (1996) 20.4% �20.4%
Modified HRM (Haida et al., 2018) 17.8% �17.8%
Delayed HRM (this work) 11.4% 7.7%
MIM (this work) 11.3% 7.8%
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depend on the operating conditions, the modified HRM deviates on
average �17.8% from experimental data. We argue that the under-
lying physics that is missing from these relaxation models is the
delayed onset of the phase transition. Both of the methods pre-
sented in this work, Delayed HRM and MIM, perform better than
previous approaches, having an average deviation of 11.4% and
11.3% without using any fitting parameters. Here, homogeneous
nucleation theory has been used to determine the limit of
metastability.

3.3. The role of relaxation in determining the critical mass flow

From Table 1, we observe that the performance of Delayed HRM
is nearly identical to that of MIM. A closer inspection of each exper-
iment (B) confirms that these two models indeed give nearly iden-
tical predictions of the critical mass flow rates for all the cases
examined in this work, both for CO2 and H2O. Whereas Delayed
HRM accounts for the relaxation towards equilibrium, MIM does
not, as it only considers the onset of the phase transition. This find-
ing is supported by a parameter study of the relaxation parameter,
s, in Eq. (7). At least for CO2 and H2O, we have found that the exact
value of s has a small/negligible influence on the predicted critical
mass flow rates in the delayed relaxation model presented in Sec-
tion 2.1. In fact, upon changing the value of s from 10�2 s to 10�6 s
we found that the critical mass flow rate never changed by more
than 0.01%, although it did affect the evolution of the flow in the
diverging section of the nozzle. The choice s ¼ 10�4 s was found
to be a good compromise between numerical problems for
s/10�6 s, and an essentially frozen degree of metastability when

s’10�2 s. The most important physical phenomenon to predict
correctly in order to capture the critical mass flow rate in an evap-
orating fluid flow is thus the onset of the phase transition.

We emphasize that although Delayed HRM and MIM yield very
similar predictions of the critical mass flow rates, their intended
areas of use are different. While Delayed HRM similar to estab-
lished relaxation models must be coupled to a spatially distributed
description of the fluid flow (like in CFD or ejector models), the
purpose of the MIM as presented here is only to predict the critical
mass flow rate by using an equation of state and the estimated
limit of metastability as key inputs.

3.4. Using homogeneous nucleation theory to predict the onset of the
phase transition

We have plotted the corresponding deviations from the meth-
ods presented in this work against the inlet temperature for two
different sources of experimental data in Figs. 3a and b. While most
of the results from MIM/Delayed HRM fall within the uncertainty
for T > 285 K, the methods overpredict the experimental measure-
ments at lower temperatures. The reason for this is that we have
used homogeneous nucleation theory to determine the onset of the
phase transition. While homogeneous nucleation theory assumes
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that the phase transition occurs within the bulk of the fluid, cracks
and imperfections at the nozzle walls will lower the activation bar-
rier and thus also move the onset of the phase transition closer to
the binodal, reducing the magnitude of jDT limj. We find that homo-
geneous nucleation theory predicts the limit of metastability well
at high temperatures, and that there appears to be a crossover to
heterogeneous nucleation at lower temperatures. This is especially
visible for the nucleation limits inferred by experiments, repre-
sented by filled circles in Fig. 2. We shall discuss the crossover
between homogeneous and heterogeneous nucleation in further
detail for H2O in Section 3.5, as there are more experiments avail-
able at lower temperatures for this fluid.

At T < 285 K, we observe that MIM/Delayed HRM that uses
homogeneous nucleation theory to determine DT lim matches better
with the experimental data presented by Banasiak and Hafner
(2013) (see Fig. 3a) than the experiments used by Banasiak et al.
(2015), Haida et al. (2018). The measurements used in the work
of Haida et al. (2018) were made with an industrial-grade ejector
rig, with higher uncertainty and less careful control of lubrication
oil than the measurements of Banasiak and Hafner (2013). One
possible reason for this discrepancy is that the experiments used
by Ref. Banasiak and Hafner (2013) include 0.5%-2% mass polyalk-
ylene glycol (PAG) lubrication oil, whereas the experiments used
by Banasiak et al. (2015), Haida et al. (2018) did not carefully con-
trol for this impurity. If the oil can significantly change the critical
mass flow rate, this could explain the discrepancy. An illuminating
illustration in this regard is Fig. 5 in the paper by Dang et al. (2012),
which shows that unlike the other oils examined, the PAG oil in a
flow of CO2 forms a thick film at the wall. An oil film at the nozzle
wall will suppress heterogeneous nucleation. Immersing the meta-
stable liquid in a host liquid is, in fact, an established experimental
technique for ensuring ideally smooth substrates Caupin and
Herbert (2006). These findings indicate that proper use of oil and
wall coating could possibly suppress heterogeneous nucleation
and allow for higher critical mass flow rates through nozzles,
which could be beneficial in process equipment such as ejectors
(Banasiak and Hafner, 2011).

In 1958, Hesson and Peck (1958) reported critical mass flow
rates of CO2 through nozzles and orifices, and provided strong evi-
dence that a saturated liquid entering the nozzle reaches high
metastabilities with no evaporation ahead of the throat. They also
demonstrated that the mass flow through an orifice is much lower
than for a converging nozzle, even if the smallest cross section (the
throat area) is the same. However, Hendricks et al. (1972) ques-
tioned the accuracy of the measured critical flow rates, pointing
out that the data indicate that the inlet liquid was in fact slightly
subcooled. We have not included the data by Hesson and Peck in
Fig. 2 and in the subsequent comparison, as the data are highly
inconsistent with the more recent work in Refs. (Banasiak and
Hafner, 2013; Haida et al., 2018). However, we have verified that
also the data by Hesson and Peck (1958) display the same qualita-
tive behavior as newer works (Banasiak et al., 2015; Haida et al.,
2018), namely what appears to be a crossover from homogeneous
to heterogeneous nucleation with decreasing temperature.

3.5. Water

Water is among the most frequently studied fluids, and large
amounts of experimental data for the critical flow rate through
nozzles are available. Unlike CO2, where experiments are mainly
available near the critical point, experimental data for water are
available along the whole saturation curve.

For the flow of water through nozzles at inlet temperatures
below 590 K, we found that it was necessary to employ heteroge-
neous nucleation theory to estimate DT lim. Heterogeneous nucle-
ation theory uses homogeneous nucleation theory as a basis, and



Fig. 3. a) Percentage deviation of critical mass flow calculated by HEM and MIM, from the CO2 measurements by Banasiak and Hafner (2013) for their ‘‘N1” geometry. The
error bars have been computed by using the experimental uncertainties in the inlet temperature and pressure, in all cases corresponding to evaporating flows. b) Percentage
deviation of critical mass flow of HEM and MIM for CO2, from measurements used by Haida et al. (2018), where the error bars have been computed assuming a temperature
uncertainty of �1 K, and pressure uncertainty �0:3 bar in the inlet conditions.
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employs a work reduction factor that is multiplied with the work
of formation (see Section 2.4). This work reduction factor is
expected to depend on the temperature dependent contact angle
of the fluid with the solid surface and possibly on the nature of
the cracks or roughness that initiates the phase transition. The the-
oretical development of an expression for this work reduction fac-
tor represents a very interesting possibility for future work, albeit
it falls beyond the scope of the present work. A more practical
approach employed in this work is to empirically extract the value
for the heterogeneous nucleation limit from experiments.

We started by evaluating the accuracy of the predictions of the
homogeneous superheat limit of water by comparing to the exper-
iments by Pavlov and Skripov (1970). As for CO2, we again find
excellent agreement (Fig. 4). To develop an empirical correlation
for the temperature of maximum metastability, Tshl, we used the
critical mass flux measurements of Xu et al. (1997), Burnell
Fig. 4. The coexistence curve, limits of metastability, and spinodal limits for water,
plotted using the IAPWS-1995 equation of state (Wagner and Pruß, 2002).
Experimental homogeneous nucleation limits are taken from Pavlov and Skripov
(1970). The heterogeneous limits of superheat were inferred from the critical mass
flux data of Xu et al. (1997), Burnell (1947) and Friedrich and Vetter (1962). The
empirical limit of liquid superheat was calculated by the correlation in Appendix A.
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(1947) and Friedrich and Vetter (1962). Also for water, we found
that MIM and Delayed HRM gave similar results. Using this finding,
one can calculate the apparent superheat limit necessary to make
the methods match each individual measurement. These apparent
superheat limits are plotted in Fig. 4 (black, orange, and purple
dots). The experiments were used to regress the empirical expres-
sion provided in Appendix A. We emphasize that the various
experiments plotted in Fig. 4 span 50 years and come from differ-
ent research groups that used different experimental facilities and
operation conditions, so the collapse onto a single curve is
remarkable.

That the estimated metastability limits extracted from these
experiments collapse onto a single curve strongly suggests that,
also for water, the critical mass flow rate is governed by the onset
of the phase transition. We are therefore led to conclude that the
critical mass flow is independent of the depressurization rate for
liquid flows through nozzles, which contradicts the underlying
assumptions of the boiling delay models presented by Alamgir
et al. (1980), Alamgir and Lienhard (1981) and subsequent modifi-
cations (Yin et al., 2020; Liao and Lucas, 2017). As a further verifi-
cation that the choke point is independent of the depressurization
rate, we have in Fig. 5 plotted the deviation in the predicted mass
flow of D-HRM against the depressurization rate, which shows that
these two variables seem to be uncorrelated. Part of the explana-
tion for this may be that Alamgir and coworkers considered differ-
ent types of experiments when developing their correlation. Other
possible reasons may be that they used a less rigorous nucleation
theory or inaccurate thermodynamic data.

Assuming the metastable isentrope model (MIM) to be exact,
one can for each critical flow rate measurement calculate a unique
value for the temperature where the heterogeneous nucleation
limit is reached, T lim. For this value of the superheat limit, one
can calculate the value of the heterogeneous work reduction factor
that yields JðT limÞ ¼ Jonset. Fig. 6 shows the heterogeneous work
reduction factors calculated in this way from the water measure-
ments considered in this work. Once again the experiments col-
lapse onto a curve, which is consistent with our hypothesis that
the critical mass flow rate can be explained in terms of the nucle-
ation limit. Interestingly the work reduction factor follows an expo-
nential dependence on temperature, as also observed by
Deligiannis and Cleaver (1992). For simplicity we assumed that



Fig. 5. The error from the metastable isentrope model plotted against the
depressurization rate for the critical mass flow measurements for water by Xu
et al. (1997) The above results suggest that the variables are uncorrelated.

Fig. 6. Heterogeneous work reduction factor for water measurements by Xu et al.
(1997), Burnell (1947) and Friedrich and Vetter (1962), plotted against the
nucleation onset temperature.

Fig. 7. Percentage deviations of HEM and the metastable isentrope model (MIM) for
the water measurements by Xu et al. (1997), Burnell (1947) and Friedrich and
Vetter (1962), plotted against the stagnation temperature. The empirical superheat
limit was used for the MIM model. The error bars were computed using an
uncertainty of �1 K and �0:5 bar in the inlet conditions.
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the surface density (A=V) in the kinetic prefactor was the same for
all the water measurements, namely that of the nozzle used by Xu
et al. (1997).

Plugging the empirical expression for T lim from Appendix A into
either MIM or Delayed HRM gives excellent agreement with exper-
imental data for water, with a mean deviation of 3%. In comparison,
HEM underpredicts the experimental data by almost 60% on aver-
age as shown in Table 2.

Fig. 4 shows what appears to be a crossover from homogeneous
nucleation to heterogeneous nucleation, occurring at

Pcross
shl � 50bar; Tcross

shl � 592:8K: ð21Þ

This crossover corresponds to a maximum penetration into the
metastable region, with a pressure difference with respect to the
saturation pressure of Psat � Pt � 60bar at the temperature Tcross

shl .
Fig. 7 displays the performance of the methods presented in this

work for H2O, where the largest deviations seen around 440 K are
Table 2
Statistics for the relative deviations in predicted mass flux for MIM and HEM for the
water experiments from (Xu et al., 1997; Burnell, 1947; Friedrich and Vetter, 1962)

Model MAPE Bias Max error

MIM 3.0 0.3 20.9
HEM 55.8 �55.8 80.8
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with respect to older experimental data with limited accuracy.
These coincide with ‘‘outliers” in the work reduction factor (cf.
Fig. 6), and indicates the need for further validation by new mea-
surements. In summary, an excellent match with experimental
data is obtained for water along the whole saturation curve.
4. Conclusion

In this work, we have studied the critical mass flow rate
through nozzles, i.e. the maximum possible flow rate for a given
inlet state. For liquids, the critical mass flow rate is often deter-
mined by the emergence of a second phase. Assuming homoge-
neous equilibrium in this phase transition leads to
underprediction of the critical mass flow rate. The literature on this
topic for CO2 has addressed this by fitting empirical relaxation
models to describe the relaxation towards two-phase equilibrium.
For CO2, these models have limited accuracy and a strong bias
towards underprediction.

We argue that a missing component from relaxation models
presented in the literature for CO2 is the presence of a metastable
single-phase fluid and a delay in the onset of the phase transition.
In the literature, the most frequently used boiling delay models use
the depressurization rate as a key variable. As the depressurization
rate is not a state variable of the fluid, this complicates the
calculations.

Two methods have been presented to investigate this in further
detail: 1) the Delayed homogeneous relaxation model (Delayed
HRM), and 2) the Metastable Isentrope Model (MIM). Delayed
HRM is a new relaxation model that can readily be incorporated
into a distributed description of the fluid flow, e.g. in CFD simula-
tions or ejector models. MIM assumes isentropic flow, instanta-
neous equilibrium at the limit of metastability, and obtains the
critical mass flow rate as the solution of a set of algebraic equa-
tions. The purpose of MIM is to estimate the critical mass flow rate
by using the fluid description (the equation of state) and the limit
of metastability as input.

When comparing the two methodologies to available experi-
mental data on the critical mass flow rates of liquid CO2 and H2O
through nozzles, we find that they give nearly the same predic-
tions. This is because the critical mass flow rate is mostly deter-
mined by the onset of cavitation, and to a lesser extent by its
relaxation towards equilibrium. A sensitivity study of the relax-
ation parameter used in Delayed HRM confirmed this.



Table 3
Coefficients for the empirical correlation in Eq. (A.2).

a (K) �1:845892� 107

b (K) 5:512128� 106

c (K) �6:135645� 105

d (K) 3:018692� 104

e (K) �5:516110� 102
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At sufficiently high temperatures, homogeneous nucleation the-
ory was found to represent the limit of metastability well. Using
this limit as input, Delayed HRM and MIM deviated on average
11% from experimental data for CO2 without the need for fitting
parameters. In comparison, the best relaxation model available in
the literature underpredicts the experimental data by 18% on aver-
age even after employing several fitting parameters. When homo-
geneous nucleation theory was used to represent the limit of
metastability, the best agreement was found with experiments
that employed PAG oil, which is hypothesized to suppress hetero-
geneous cavitation. This implies that flow rate measurements with
and without such oil are qualitatively different. It also suggests the
possibility that coating the nozzle with a smooth substrate to
which the liquid is wetting can enhance the critical mass flow rate
of liquids. Such methods can potentially be leveraged in engineer-
ing applications to improve the performance of ejectors.

It was found that the limit of metastability in nozzles at lower
temperatures had to be predicted by heterogeneous nucleation
theory. The experimental data displayed a crossover between
homogeneous and heterogeneous nucleation at T�285 K for CO2

and T�590 K for H2O. For H2O, we found that the predicted limit
of metastability collapsed onto a single curve in the tempera-
ture–pressure space, where an expression was regressed for this
curve. This suggests that the superheat limit is independent of
the depressurization rate, at least for the experiments considered
in the present work. By combining this expression with the above
methodologies, we obtained an average deviation of 3% with avail-
able experimental data on H2O.

The present work points at several topics for future work. One is
to theoretically explain the high degree of collapse of superheat
limits for different geometries, as deduced from critical mass flux
data, and reconcile it with the exponential temperature depen-
dence of the work reduction factor in heterogeneous nucleation
theory. A second is to experimentally verify and refine the empir-
ical correlation for the limit of superheat for H2O, using more con-
ventional measuring techniques for superheat limits, and to extend
it to other fluids. A third possible topic is to generalize the findings
in this work to other geometries such as orifices, pipe breaks,
tubes, and slits, and to apply it to condensing flows.
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Fig. 8. The effect of the choice of onset cavitation rate Jonset for the CO2

measurements by Haida et al. (2018).
Appendix A. Empirical heterogeneous nucleation limit for
water

The empirical correlation fitted for the heterogeneous nucle-
ation limit for water, TshlðPÞ, is a piecewise defined function of
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the pressure. For pressures below Pmin ¼ 1 bar, the attainable
superheat is so close to the saturation curve that

TshlðPÞ ¼ TsatðPÞ; P < Pmin: ðA:1Þ
For pressures between Pmin and Pmax ¼ 50 bar, the correlation is

TshlðPÞ ¼ a=y2 þ b=yþ c þ dyþ ey2; Pmin 6 P 6 Pmax; ðA:2Þ
where y ¼ lnP, and P is in units of Pascal. The five coefficients are
given in Table 3.
For higher pressures, as a first approximation one can use a sim-
ple linear extrapolation

TshlðPÞ ¼ ð1� nÞTshlðPmaxÞ þ nTcrit; Pmax < P 6 Pcrit; ðA:3Þ

where n ¼ ðP � PmaxÞ=ðPcrit � PmaxÞ. This correlation overpredicts the
attainable superheat close to the critical point, and a more accurate
correlation would be to use the homogeneous limit of superheat.
Appendix B. Sensitivity analyses

We have performed sensitivity analyses of key parameters used
in this work. First, we will discuss the sensitivity of our results to
the chosen value Jonset ¼ 1013 m�3s�1. In Fig. 8 we show the effect
of reducing Jonset by a factor of one million. Since the onset of cav-
itation will then happen at a lower degree of superheat, the pre-
dicted critical mass flow rates are lower. However, the effect is
systematic and below the experimental uncertainty. The conclu-
sions made in the present work are therefore insensitive to the
exact value chosen for Jonset.

Next, we show that Delayed HRM and MIM give nearly identical
predictions of the critical mass flow rates. Fig. 9 demonstrates that
the assumption of isentropic flow before the cavitation occurs is an
excellent approximation, seeing as the predictions on the left plot
(isentropic models) yield very similar deviations from the mea-



Fig. 9. Deviation in predictions from four different models of the critical mass flow
rate against the CO2 measurements of Haida et al. (2018). Left: Results for the MIM
and isentropic HEM model with included uncertainties, same as Fig. 3 a). Right:
Results for the full HRM model and the full (non-isentropic) HEM model.
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surements as the predictions on the right plot (non-isentropic
models.).
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