Lecture notes on quantitative unique continuation for solutions
of second order elliptic equations

Alexander Logunov and Eugenia Malinnikova

Abstract. In these lectures we present some useful techniques to study quanti-
tative properties of solutions of elliptic PDEs. Our aim is to outline the proof
of a recent result on propagation of smallness. The ideas are also useful in the
study of the zero sets of eigenfunctions of the Laplace-Beltrami operator. Some
basic facts about second order elliptic PDEs in divergent form are collected in the
Appendix at the end of the notes.
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1. Eigenfunctions of Laplace-Beltrami operators

1.1. Definition Let M be an oriented Riemannian manifold with metric tensor
g = (gij), let |g| denote the absolute value of the determinant of the matrix (gi;),
and let g~! = (g¥) be the inverse tensor. The gradient of a C! function f on M is
a vector field locally given by
grad,, f = Z(gij 0;f)0;.
i

The Laplace—Beltrami operator on functions on M is defined as the divergence of
the gradient. In local coordinates, it becomes

1
div(v/Iglg” V1),
¢E(W(|m9 )

where Vf = (01f,...,0nf) in chosen coordinates.
The following Green formula holds for functions f, h € Wé’z(M)

J hAMTdVMm = —J (grady, f,grady, h)gdVm,
M M

Amf =

where the volume form dVjp, is defined as dVy = \/@dxl A+ A dxyn in local
coordinates .

Assume now that M is a compact manifold without boundary. We consider
eigenfunctions ¢, of the Laplace-Beltrami operator, such that

Amdr +Ady = 0.
Then
|| Terady oaBavie =2 1orPavi.
M M
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All eigenvalues of —Ap, are real and non-negative. Eigenfunctions corresponding
to distinct eigenvalues are orthogonal since

M oaduaVin == | (BmonouaVi = | orbudvi
M M M
The eigenvalues form an increasing sequence that tends to infinity,
0=AM <A <M< <A<
The first eigenfunction ¢g is a constant. There is an orthonormal basis of

eigenfunctions for L2(M). We refer the reader to [6, Chapter 1] for details.

Example 1.1.1. (Dirichlet Laplacian for a domain in RY) Instead of a compact
manifold, we may also consider a bounded domain Q in R and the Laplace
operator with the Dirichlet boundary condition

Ab+Ap =0, lgo =0.

The first eigenvalue is given by the variational formula

mmzminj VoP,
¢ Jo

where the minimum is taken over all functions ¢ € Wé’z( Q) such that [, b =1.
This formula implies that if QO C Q; then

M(Q1) > M(Qp).
The first eigenfunction does not change sign and can be chosen positive in Q,

while all other eigenfunctions are orthogonal to the first one and therefore change
sign in Q. The eigenvalues can be determined by the min-max formula

. [a Vo
1.1.2 A (Q) = min max —==—,
(1.1:2) k(Q2) = min max Jo loP

where the minimum is taken over all k-dimensional subspaces of Wé’z(Q). Alter-
natively, there is an inductive description of eigenvalues (and eigenfunctions),

Jo IVoP
JaldlR’

where the minimum is taken over all ¢ € Wé’z(Q) which are orthogonal to the

(1.1.3) A(Q) = min

first k — 1 eigenfunctions o, ..., G, ;-
The variational characterization of the eigenvalues, (1.1.2) and (1.1.3), also hold
for the eigenvalues of the Laplace-Beltrami operator on compact manifolds.

1.2. Courant nodal domain theorem The zero set Z(¢) of a function ¢ is

Z(p) ={x: d(x) =0},
and we also refer to it as the nodal set of ¢. The connected components of
M\ Z(¢) are called the nodal domains of the function ¢.

The simplest example of a compact manifold is the unit circle T ~ [0,2m).
Eigenfunctions of the Laplace operator are 2n-periodic solutions of the eigenvalue
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problem
¢” +Ap =0.

This equation has a 27 periodic solution when A = n? for some integer n. The first
eigenfunction, corresponding to n = 0 is a constant. For n > 0 the eigenfunctions
are linear combinations of ¢, 1(0) = cos(n8) and ¢, 2(0) = sin(nB). Each of
them has 2n zeros on the circle.

The Courant nodal domain theorem gives an upper bound for the number of
nodal domains of eigenfunctions on manifolds of arbitrary dimension. Let M be a
compact manifold as above and ¢, be an eigenfunction of the Laplace-Beltrami
operator corresponding to the n-th smallest eigenvalue.

Theorem 1.2.1 (Courant). The number of connected components of M\ Z(by,,) is at
most n.

For the proof we refer the reader to [8, Chapter 6] and [6]. The proof is beauti-
ful and short except for one non-trivial result on weak unique continuation prop-
erty of solutions of second order elliptic PDEs. The result says that a non-zero
Laplace-Beltrami eigenfunction cannot vanish on an open subset of a manifold.
The aim of these notes is to give a new quantitative sharpening of this uniqueness
result.

1.3. More examples A first intuition on the geometry of zero sets of eigenfunc-
tions comes from the pictures of nodal domains on the unit sphere and the stan-
dard torus, see [18].

Example 1.3.1. The eigenfunctions on the unit sphere ¢ in R4*! are restrictions
of the homogeneous harmonic polynomials which are called spherical harmonics.
If P is a polynomial of d + 1 variables, AP = 0 and P(x) = [x|"Y(x/|x|), where Y is
a function on S = S4, then

AsY+n(n+d—1)Y=0.

There is a basis of spherical harmonics for [2(S9). Therefore there are no other
eigenfunctions of the Laplace-Beltrami operator on the sphere, further details are
given in Exercise 1.8.3.

Example 1.3.2. Another standard compact manifold, on which we can compute
eigenfunctions explicitly, is the torus.

Let TY be the d-dimensional torus which we will identify with the rectangle
]_[jd:l [—7, 7] glued along each pair of opposite sides. Then we have a basis of
eigenfunctions of the form

d d
d(x) =exp ianxj , ATd¢+Zn]2d):O,
j=1

j=1

where n; € Z.
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We notice that if dimension d > 1, there are eigenvalues for the Laplace—
Beltrami operators on S¢ and T9 with arbitrary large multiplicities. This is a
source of interesting examples of eigenfunctions.

The zero sets of standard spherical harmonics and eigenfunctions on the torus
are not hard to visualize, but the structure of the zero sets of linear combinations
of these functions (corresponding to the same eigenvalue) may be complicated.

1.4. Bessel functions and Helmholtz equation Another classical example of
eigenfunctions are bounded solutions of the Helmholtz equation in R™,

Ad+Ad =0.

For A < 0 the maximum principle holds and there are no non-trivial bounded
solutions. Hence we are interested in the case A > 0 and, rescaling the variable,
we may assume that A = 1.

The Laplace operator in polar coordinates can be written as

d—1 1
Ad =% + —— b+ 5Asd.

We look for solutions of the equation A + ¢ = 0 of the form ¢(x) = f(|x[)Y(x/Ix|).
Separating the variables, one can check that Y is an eigenfunction of the Laplace-
Beltrami operator on the unit sphere. The eigenvalues on the sphere are given in
Example 1.3.1 (see also Exercise 1.8.3 below). Then we find a family of solutions
of the Helmholtz equation of the form

(x) = (W)Y <§|) | AsY = —nin+d—2),

where f, (1) satisfies the following ordinary differential equation
2+ (d=Drf' + (P —n(n+d—2))f=0.
Writing fr (1) = r1=d/2g (r) we see that gy, (r) satisfies the Bessel equation
29" +rg’ + (12— (n+d/2—1)%)g=0.

This is a second order ODE with analytic coefficients with a solution J,, 1 q/2—1
called the Bessel function (of the first kind) which is continuous at the origin. The
solution is of the form

_ /21y

Jntd/2—1(7) +a/2-1(7)

where hy | 4/,-1(7) is an analytic function of r and h,,4,,1(0) # O (see for
example [35, Chapter 4.2]); the second solution has a singularity at r = 0. Thus
we get

(™) =172 g (1) =1 ey g (7).

We consider positive zeros of |, (they are simple, since J is a non-zero solution
do second order ODE) and enumerate them 0 < jy 1 <jy2 <---.

Using the obtained description of the solutions of the Helmholtz equation, we
can compute eigenfunctions and eigenvalues of the Dirichlet Laplace operator for
the unit ball in IRY, see Exercise 1.8.4 below.
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1.5. Yau's conjecture Examples of eigenfunctions on the torus and sphere show
that the number of nodal domains may vary, but is bounded from above as shown
by Courant nodal domain theorem. At the same time, there exist eigenfunctions
with large eigenvalues and just two nodal domains as was shown already in 1925
in the dissertation of Antonie Stern; see [3] for historical details and references.

On the other hand, these examples show that nodal lines become more com-
plicated and dense as the eigenvalue grows. We give a proof of a well known
result on the density of the zero sets of eigenfunctions in the next section. First
we formulate a deep conjecture of Yau [37].

Conjecture (Yau). Let M be a smooth compact d-dimensional Riemannian manifold.
There exist constants C1 and Co, which depend on M, such that

CIVA < HYHZ(dn)) < GV,
for any eigenfunction $j satisfying Apda +Adr = 0.

The singular set of a function is the set where both the function and its gra-
dient equal zero. The singular sets of an eigenfunction has Hausdorff dimen-
sions d —2 and its nodal sets is the union of smooth hypersurfaces with finite
(d —1)-dimensional Hausdorff measure and the singular set. The finiteness of
the Hausdorff measure of the nodal set is a non-trivial fact; see [17] for details.

The Yau conjecture was proved for the case of real analytic metrics by Donnelly
and Fefferman in 1988, [9]. We outline some of the ideas in Section 2.6.

1.6. Lift of eigenfunctions The following lifting trick is used intensively in the
study of eigenfunctions. Let M be a d-dimensional manifold and ¢ be an eigen-
function, Ap dp + Adp = 0, we define the function

h(x, t) = hp(x)eV™,

on the product manifold M’ = M x R. Then Ap/h = 0. Locally we view h as a
solution of an elliptic equation in divergence form on a subdomain of R4*1.

The first application of the lifting trick is the proof of the result on the density
of the zero sets of eigenfunctions.

Proposition 1.6.1. Suppose that M is a compact Riemannian manifold. There exists
p = p(M) such that for any eigenfunction ¢ with A > 0 and any x € M the distance
from x to the zero set Z(py) is less than pA—1/2,

Proof. Suppose that ¢, does not change sign in some ball B, C M. We assume
that r is small enough and consider a chart for M that contains B,. Then the
function h(x,t) = dx (x)exp(v/At) is a solution of a second order elliptic equation
in divergence form and h does not change sign in By x [—7,7]. By the Harnack
inequality, (see Theorem 5.1.6 below)

sup [h] < C(M)inf |,
D D
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where D = B, , x [-71/2,7/2]. Thatr < pA~1/2 then follows from
sup |h| = sup Id)y\lexp(rﬁ/Z) > exp(T\ﬁ\) igf [h. O
D

Br/2
The zero set of h = ¢ (x) exp(ﬁt) is the cylinder over Z(¢3 ), hence questions
about Z(¢; ) can be restated in terms of Z(h). One advantage is that h is a solution
of an elliptic second order PDE in divergence form with no lower order terms.

1.7. A question of Nadirashvili Suppose that h is a harmonic function in the
unit disc ID c R? such that h(0) = 0. The zero set of h is the union of analytic
curves and by the maximum principle it has no loops. We assume that h(0) =0
then an elementary geometric argument implies that

#'(Z(h) D) > 2.
Nadirashvili asked whether a higher dimensional version of this statement holds.

Conjecture (Nadirashvili). There is a constant ¢ > 0 such that for any harmonic
function h in the unit ball B of R3 such that h(0) = 0, the following inequality holds

H2(Z(h)NB) > c.

The question was formulated for harmonic functions in R™ and remained open
for many years. The proof given recently in [26] by the first author is complicated
(and beyond the scope of these lectures), it gives the affirmative solution to the
version of the Nadirashvili conjecture for solutions of second order elliptic equa-
tion in divergence form with smooth coefficients.

Theorem 1.7.1 ([26]). Suppose that Lu = div(AVu) is a uniformly elliptic operator in
the unit ball B c RS with smooth coefficients. There exists a constant ¢ = c(A) such
that for any solution of Lu = 0 with u(0) = O satisfies

HIHZ(W)NB) > c.
A corollary, also shown in [26], is the lower bound in Yau’s conjecture on
compact Riemannian manifolds with smooth metric. A polynomial upper bound
HAHZ(9A)) < OM,

where A4 depends only on the dimension of the manifold and C depends on the
manifold and the metric was obtained in [25].

1.8. Exercises

Exercise 1.8.1 (Harnack inequality). Let L = div(AV:) be a uniformly elliptic
operator with bounded coefficients. Use the Harnack inequality (Theorem 5.1.6)
to prove the following statements.

(1) If u is a bounded solution of Lu = 0 in R¢ then w is a constant.

(2) Let € denote the cylinder

Ce={x=(x1,... xa) E]Rd:x%—|—~~—|—xgifl < 2.
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Suppose that Lu+cu =0, ¢ € R and u is positive in the cylinder €; and
let M(R) = max{u(x) : x € €y, |xq| < R}. Then there exists C such that
M(R) < u(0)e“R.

Exercise 1.8.2. Suppose that Apqyu+Au = 0 and Q is a connected component of
M\ Z(u). Assume that Q is a domain with piece-wise smooth boundary and
prove that the first Dirichlet Laplace eigenvalue of Q) is

M(Q)=A.
Remark: Careful details can be found in [6], see also [7].

Exercise 1.8.3 (Harmonic polynomials). The restrictions of homogeneous harmonic
polynomials on the unit sphere S ¢ RR4+!, called spherical harmonics, are the
eigenfunctions of the Laplace-Beltrami operator. We denote the eigenspace that
corresponds to the eigenvalue A = n(n+d—1) by E,, 4. If Y € E;, 4 then the
function P(x) = |x|™Y(x/|x|) is harmonic.
(1) Apply Green’s formula in R4 to show that if Yn € Engand Y € B g
with n # m then

J YnYm =0.
S
(2) Consider the following inner product on the space P, 4 of homogeneous
polynomials of degree n in d variables,
P,QI=PD)(Q) = Y «PuaQq,
|o|=nm
where P(x) = 3|5 j=n Pax*, Q(x) = Zw:n Qax*. Show that the space
of harmonic polynomials J(,, g C Pn, q is the orthogonal complement of

Qn,d ={Pe iPn,d : P(X) = |X|2P1 (x), P € :Pan,d}

with respect to this inner product.
(3) Show that any homogeneous polynomial F of degree n in R% can be
written as

F(x) = Hn (x) 4+ xPHn 2 (x) 4+ xXP*Hp ok,

where k = [n/2] and H; is a homogeneous harmonic polynomial of de-
gree j. This implies that spherical harmonics form a basis for L?(S) and
there no other eigenfunctions.

(4) Deduce that if Y € H,, g and F is a polynomial of degree less than n then
JsYF=0.

(5) Suppose that P(x) € H;, 4 and Q is a factor of P, P = QF for some polyno-
mial F. Show that Q changes sign in R9.

Exercise 1.8.4 (Dirichlet eigenfunctions for balls). Let J,, be the Bessel function
such that
ie)

u(re') =Jn(r)(acosnb + b sinnod)
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satisfies Au+u = 0 in R?, i.e., Jn is a solution of the second order ODE
2] +1] + (12 —n?)] =0.
Furthermore, let 0 < jn 1 < jn2 < --- be the positive zeros of .

(1) Show that there is a constant ¢ such that n < j,; < cn. (Hint: you
may use the equation for the lower bound and the density of zero sets of
eigenfunctions for the upper bound.)

(2) Show that the following functions

d)n,k(reie) = Jn(jnk7)(acosnb 4+ bsinnd)

are eigenfunctions of the Dirichlet Laplacian on the unit ball of R?, and
that the smallest eigenvalue is j%,l'

Remark 1: A classical and deep result of Siegel implies that two distinct Bessel
functions ] and ], with integer n and m have no common zeros and thus all
eigenvalues of a disk are simple.

Remark 2: Let Agqx be the kth eigenvalue of the Dirichlet Laplace operator on
the unit ball By ¢ RY. Suppose that M is a smooth d-dimensional Riemannian
manifold, x € M and let B = B(x, ) be the ball on M of radius r and center x.
Let Ax(B) be the kth eigenvalue of the Dirichlet Laplace-Beltrami operator for B.
Then one can show that (see [6])

M(B)~1t gy, T—0.

Exercise 1.8.5 (Yau's conjecture). Prove the lower bound HA(Z(u) = VA in
the Yau conjecture in dimensions one and two. Hint: for the case d = 2, first
use Exercise 1.8.2, then the inequality A;(Q1) > A1(Qy) for Q1 C Oy, and finally
Remark 2 above.

2. Doubling index and frequency function

An important tool to study nodal sets of eigenfunctions and growth properties
of solutions of elliptic PDEs is the so-called frequency function. The idea goes
back to the works of Almgren [2] and Agmon [1], where it was introduced for
the case of harmonic functions in R™. It was generalized to solutions of second
order elliptic equations by Garofalo and Lin [13], see also [20] and [31].

2.1. Frequency function Let A(x) be a symmetric uniformly elliptic matrix with
Lipschitz coefficients defined on some ball B, centered at the origin and such that
A(0) = L. Define the function p by

_ (ADIx,x)
u(x) = T’

then n(0) =1, A1 < u(x) < A. Moreover, since A has Lipschitz coefficients,
we have

A(x) =140(x]) and p(x) =1+ O([x|).
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Let u be a solution to the equation div(A(x)Vu(x)) = 0. We consider weighted
averages of [u|? over spheres:
M) =170 | o Pds(x)
0B,
Denoting by v = x/|x| the unit outer normal vector for the sphere and applying
the divergence theorem, we obtain
H(r) = rdj (luPA(x)x, v)ds = rdJ div(jul?A(x)x).
9B, .
In the case of the Laplace operator, A = I and p(x) = 1, the function t — H(e!)
is convex, i.e.,
H(r) < H(r{)*H(r2)' ™%, when 1= r‘f‘r%’o‘, x e (0,1).

This can be proved either using the decomposition of harmonic functions into se-
ries of spherical harmonics, or by integration by parts as below, the computations
are slightly simplified in this case, see [15].

A similar convexity property was discovered for solution of elliptic equations
in [13], we provide a calculation that is a small variation of the one given in [20].

First we compute the derivative of H,
(2.1.1) H'(r) = —dr 'H(r) —|—r_dJ div([uPA(x)x).

0B

We rewrite the integral in the second term as

J div(uA(x)x) =
0B,

J 2u(Vu, A(x)x) —I—J' lul*trace(A(x)) +J uPAp (x),
)

0B, 9B,
where Ap (x) = Zi,j (0iaij)xj. We also note that

u(x) =14 O(Jx|), trace(A) = d+ O(Jx|), and Ap(x) = O(|x]).

This implies

(2.1.2) LB div([ulfA(x)x) =

J 2u(Vu, A(x)x) + dJ ulZi(x) + O(rdH(r)).
0B~ 0B,

We rewrite the first integral in the right-hand side of (2.1.2) using the symmetry
of A and then apply the divergence theorem once again to obtain
J 2u(Vu, A(x)x) :J 2u(A(x)Vu, x) = ZrJ div(uA(x)Vu).
9By 9B, .,
Next, using the equation div(AVu) = 0, we have

(2.1.3) LB 2u(Vu, A(x)x) :2rJ (A(x)Vu, Vu).

T
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Finally, combining (2.1.1), (2.1.2), and (2.1.3), we get

H'(r) = Zrl_dJ (AVu, Vu) + O(H(r)).
B

Following [13] and [20], define

I(r) = rl_dJ (AVu, Vu) = T_dJ (WAVY, x),
B, )
and the frequency function of u
()

N = e

Then
TH’

(2.1.4) H'(r) =2I(r) + O(H(r)), N(r) = o +0(1).

Proposition 2.1.5. There exists a constant C that depends only on the ellipticity and
Lipschitz constants of matrix A(x) such that for any solution u to div(AVu) =0ina
ball By centered at the origin, the function F(r) = eCTN(r) is increasing on (0, R).

Proof. We compute N’(r), taking into account that the first derivatives of the
coefficients of A are bounded. We already know that

H’(r) =2I(r) + O(H(r)).

Next we estimate (rI(r))’. If w is a vector field in B, with (w,x) = 1% on 9B, then

(2.1.6) (rI(r))’:(Z—d)I(r)Jrrz*dJ (AVu, Vu)
0B,

=2-d)I(r)+r—4 J div(w(AVu, Vu))

T

=2-d)I(r)+r4 J div(w)(AVu, Vu) + 114 J (w, V(AVu, Vu)).

We used the divergence theorem in the second equality above. To simplify the
last term we note that

(2.1.7) (w, V(AVu, Vu)) = 2(w,Hess(u)(AVu)) + (Ap wVu, Vu),
where Ap ,(x) = {3_(0xaij)wy}ij. Furthermore, the Hessian is a symmetric
matrix and

Hess(u)(w) = V(Vu,w) — (Dw)Vu.

Thus, we obtain,

JB (Hess(w)w, AVu) = J

(V(Vu,w),AVu)—J ((Dw)Vu, AVu)
B,

Br

(2.1.8) = JB div((Vu,w)AVu) —JB ((Dw)Vu, AVu)

= r_lj (Vu, w)(AVu, x) — J ((DwW)Vu, AVu).
0B, Br
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We used the equation div(AVu) = 0 for the second identity and the divergence
theorem for the third one.
Now we choose w(x) = p(x) " 1A(x)x. Then

(w(x),x) =x?, Dw=I1+0(xl), div(w)=d+O(lxl).
We proceed to work with (2.1.8) and rewrite the first integral as

J (Vu,w)(AVu,x) :J u(x)’l(AVu,x)z.
9B, 9B,

Now combine the second term in (2.1.6) and the second term in (2.1.8), taking
into account the inequalities for Dw and div(w), we get

rl—dj div(w)(AVu,Vu)—Zrl_dJ ((DwW)Vu, AVu) =
By B

(d—2)I(r) + O(rI(r)).
Moreover, we have

rl_dJ [(AD w Vi, V)| < CTl_dJ rvul? = O(rl(r)),

where C depends on the ellipticity and Lipschitz constants of A and on the di-
mension of the space. Now (2.1.6), (2.1.7), (2.1.8) and the last two inequalities

imply

(rI(r))’ =2r— ¢ LB w(x)"HAVY, x)? + O(rI(1)).

Finally, the last inequality and (2.1.4) give
N/(r)(N() ! = (r1(r)) (r1(r) " = (H/ (1)) (H(r)

_ 2r—2d (AVu, x)? 5 2
" T (J E L, 008 = ([, w0 ) o

The first term is positive by the Cauchy-Schwarz inequality. Therefore
N’(r) > —CN(r)
and the proposition follows. O

Corollary 2.1.9. Suppose that div(A(x)Vu(x)) = 0 in Br,, where A(x) = I+ O(x)
as above. Let also N(r) be the frequency of u. Then there exists D that depends on Ry,
N(Ro/2), the ellipticity and Lipschitz constants of the operator, and the dimension of the

space, such that
J u? < Dy J uf?
BZT T

forany r € (0,Rg/4).

Proof. For any r < Ry/2 we write (2.1.4) and apply the proposition
H/(MH(r) " <21 HE) T+ ¢ =2r IN(1) + ¢ < 2r 'N(Rp/2)eC (Ro—21),
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Integrating H'(r)/H(r) over an interval [p, 2p] for p < Ry/4, we get

J u(xnu(xnzds(xchJ w0lu(x) Pds(x),
9Bap 9B,

where Cn = exp(Cq + CaN(Rp/2)) with Co; = C(Rg). Finally, integrating the
inequality with respect to p from 0 to 7, and using that A~ < p < A we obtain
the required estimate. 0

2.2. Three spheres theorem for elliptic PDEs  Another consequence of the mono-
tonicity of the frequency function is the three sphere theorem. Its simplest version
is the classical Hadamard three circle theorem for analytic functions. It states that
if f is an analytic function on the unit ball in C and

M(r) = max{[f(z]| : [z = 7},
then the following inequality holds
M(r) < M(r1)*M(15)" ™%, where r= Tf‘r%’o‘, T,11,T2 < 1.

The classical proof is based on the fact that the logarithm of the modulus of
an analytic function is subharmonic. It turns out that even without analyticity
a version of the Hadamard inequality holds for harmonic functions and more
generally for solutions to uniformly elliptic equations. One of the first general
results is due to Landis [21].

We derive the three spheres theorem from the properties of the frequency func-
tion, following [13]. Proposition 2.1.5 implies the inequality e™N(2r) > N(r),
which, combined with (2.1.4), gives

TH (1) < ( ZTH’(Zr)) oCr

H(r) H(2r)
Then integrating from r to 2r with respect to dr/r we obtain
(2.2.1) log H(2r) —log H(r) < (clog2 +log H(4r) —log H(2r))e*CT.

Proposition 2.2.2. Assume that L = div(AV-) is a uniformly elliptic operator, A is
symmetric and has Lipschitz entries in a domain Q. Suppose also that A(0) = I and
B(0,4r) C Q. There exist o« > 0 and C > 0 such that for any solution u of Lu = 0 the
following inequality holds

o4 11—
j R < C (J u|2) (J |u|2> .
9By, OB, 9By,

Proof. We collect similar terms in (2.2.1) and take the exponent of both sides to

obtain
x 1—x
J pluffds < C (J ulu2d5> (J ululzdS)
9By, 9B, 9By,

with « = (1 + e*“")~1 5o that « can be chosen close to 1/2 as v — 0. This
inequality and bounds on p imply the required estimate. O
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Assume that A is as above with A(0) = 1. Proposition 2.2.2 and the equivalence
of LP-norms for solutions of elliptic equations (see Corollary 5.1.4 below) imply
the following three ball inequality for supremum norms

251 1—0(1
sup u| < C | sup |u sup [u ,
BZT By BSr

for some C and & € (0,1) depending on A and r but not on .

We can drop the assumption that A(0) = I applying a local change of variables,
balls are replaced by ellipses. Applying the inequality several times and inscrib-
ing ellipses in balls we obtain the following statement. (We omit some technical
details required for an accurate argument.)

Corollary 2.2.3. Let L = div(AV:) be a uniformly elliptic operator with Lipschitz
coefficients in a domain Q. There exist vg > 0, k large enough, C and 3 € (0,1) such
that if B = By is a ball with v < v and B2, C Q then

B 1-p
sup [u|l < C | sup [ul sup [u ,
Bor By Byr

for any u that solves the equation Lu = 0 in Q.
The general version of this result can be obtain by the chain argument.

Corollary 2.2.4. Let L be as above and B C K CC Q, where B is open and K is compact.
There exist C and v € (0,1) that depend only on K, Q), B and the ellipticity and Lipschitz
constants of L such that for any solution u to Lu = 0 in Q the following inequality holds

Y 1—y
sup ful < C (sup |u|> (sup |u> .
K B Q

Proof: Chain argument. Assume that sup u| = 1. For each point x € K there
is a curve y connecting x to some fixed point in B. We then can find a finite
sequence of balls {B]-}].I:1 such that r(B;) < 7o, By C B, Bj1 C 2B;j, sz)- C Q and
x € By = B(x). Applying the previous corollary we see that
sup [u| < sup Ju| < C(sup |u\)ﬁ.

Iterating this estimate we obtain

supu| < Ci(sup [u)P,

By B
for some C; and 31 that depend on C, 3 and the number | of the iteration steps.
Finally, we take a finite cover of K by balls B(x) and get the required estimate. [

2.3. Doubling index We prefer to replace the frequency function by a compara-
ble but more intuitive quantity that we call the doubling index. Let h € C(Q),
such that h does not vanish on any open subset of Q). For any closed ball B such

that 2B ¢ Q we define
maxp |h|

Nn(B) = maxg |h|
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Note that if p is a homogeneous polynomial of degree n and a ball B is centered
at the origin than N, (B) = nlog2. At the same time if we compute the frequency
function Np (1) of this polynomial (defined for the case of the Laplace operator,
A = 1), we get Ny(r) = n. In general, if h is a solution to Lh = 0 in the ball
Bg, then, using the equivalence of norms (Corollary 5.1.4) and the estimate in the
proof of Corollary 2.1.9, we obtain that for r < Ry/4

Cy'NR (1) — C2 < N (By) < CiNy (4r) + Co.

The inequality above and the almost monotonicity of the frequency implies the
following almost monotonicity for the doubling index when 4r < R < Ry,

(23.1) Ni(Br) < C(Nn(Br)+1).

2.4. Doubling index for eigenfunctions The monotonicity of the doubling in-
dex and three sphere theorem hold for solutions of second order elliptic equa-
tions of the form div(AVh) = 0. For eigenfunctions ¢ (x) on compact manifolds
there is no monotonicity of the doubling index and the three sphere inequality
gets a constant that depends on the eigenvalue. As above, we consider the lift
h(x, t) = eﬁtd);\(x) and then apply the results of the previous sections to h that
solves an equation of the form div(AVh) = 0.

Donnelly and Fefferman used the doubling indices in their study of nodal
sets of eigenfunctions on smooth manifolds. One of their celebrating results for
general smooth compact Riemannian manifolds is the following.

Proposition 2.4.1. Let M be a smooth compact Riemannian manifold. There exists 1
and C depending on M such that for any eigenfunction ¢ = by,

Amdr +Ady =0,
the doubling index N (B) < CV/A when B is a ball on M with radius v < ry.

Proof. Let B = B(x,t) be a ball on M. We consider the ball B on M x [-R,R],
R > 1, such that the center of B’ is (x,0) and the radius on B’ is r. We say
that B’ is the lift of B. We note that Ny (B) < N (B') + CVA. Itis enough to
prove the estimate for the doubling index of h on M x [-R,R]. Assume that
maxpm ¢ = [ (xp)] =1 and fix r such that for each point x € M the geodesic ball
B (x) is contained in a chart.
Let B be any ball of radius r/2k on M and B’ be its lift in M x R. Consider

a finite chain {Bj})lzl of geodesic balls in M x [—1, 7] with centers on M x 0 and
equal radii r/2k chosen so that By = B’, Bj1 C 2B; and (xg,0) € Bj. Then, since
Supy; [h| < e", Corollary 2.2.3 implies

sup |h| > c(sup W)/ Be=Cr > c(sup [h))1/Be—CT,

B; 2B; B
It implies that supy, [h| > c¢1, where where ¢; depends on r and M (which also
determine the number of balls in a chain). Then,

e™Asup|dl > cq,
B
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Thus for any ball B of radius at least r and for the corresponding lifted ball B’
we obtain N (B) < C(VA+1) and Ny(B’) < C(VA+1). Finally, the almost
monotonicity of the doubling index for h implies similar estimate for balls of
radius less than r. O

2.5. Cubes A version of the (maximal) doubling index for cubes is used in the
next sections. For a given cube Q C R we denote its side length by s(Q). Then
the volume of the cube is |Q| = (s(Q))4.

Assume that u is a solution to the equation Lu = 0 in a domain Q ¢ R% and
for each cube Q with 2Q C Q define

. B maxoq [u|
(2.5.1) N;L(Q) = :lég log maxg [
We claim that the almost monotonicity of the usual doubling index implies that
the supremum above is finite. By the definition, we have now that if ¢ C Q then
Ni(q@) < NL(Q).

We want to compare the maximal doubling index N7, (Q) defined above to the
doubling index logmax,q |u| —log maxq [u|l. Take a cube q C Q. If q is small,
s(q) < cqs(Q), we first apply almost monotonicity inequality for the doubling
index (2.3.1). Let b be the largest ball inscribed in q then 2q C kgb, where
kq = 2v/d and we have

maxpq [uf maxy,p [ul maxy, B |ul

< Cylog + Cyp,

maxg |u|

where B is a ball concentric with b such that k4B € Q, R = R(B) ~ s(Q). This
implies

N
maxgq [u maxy |u|

C
maxaq [uf maxi, g ful) !
maxq [u| maxp [u]

Now, using that R(B) is comparable to s(Q), we repeat the chain argument from
the proof of Corollary 2.2.4 to obtain the inequality

Y 1—y
max|ul < C <max |u> (max |u|> .
Q B 2Q

with C and « € (0,1) which does not depend on B (for B with R(B) ~ s(Q) the
number of balls in the chain is uniformly bounded). Finally,

Y v/C1
maxg |u maxg [u maxgq [u
Q'gC( B|> <C< q|> '
maxpq [ul maxy, B [ul maxoq [u

For large cubes q with s(q) > cqs(Q) the last inequality follows directly from the
three balls inequality and the chain argument. Thus we obtain

maxpq [ul

(2.5.2) > aiNy, (Q) —ap,

maxq [u

where a; and a; depend on the ellipticity and Lipschitz constants of the operator
only when we assume that s(Q) < 1.
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We also consider eigenfunctions on manifolds and define the doubling index
for eigenfunctions over cubes in a similar way, to prove that the supremum is
finite for this case we can use the monotonicity for the lifted function.

2.6. Remarks on the size of the zero sets of eigenfunctions and the doubling
index In this section we first formulate some results that were proved by Don-
nelly and Fefferman [9]. We assume that M is a real-analytic Riemannian man-
ifold (or that coefficients of the corresponding elliptic operator are real-analytic,
see also [23].)

Lemma 2.6.1. Let L = div(AV:) be a uniformly elliptic operator with real analytic
coefficients defined in the unit cube Qo C R4+, There is constant C = C(L) such that
if Lh =0 in Qg then for any Qq such that 4Q1 C Qo the size of the zero set of h in Q
admits the following estimate

HY(Z(h)N Q1) < CNs(Q1)9,
where N = max{1, N}, (2Q1)}.

We don’t know if this lemma remains true for non-analytic case.

Suppose that ¢ is an eigenfunction on a compact manifold M with real-
analytic metric. Applying Lemma 2.6.1 to the function h(x,t) = ¢dx(x) exp(ﬁt)
on charts and having in mind the bound for the doubling index of h, one obtains
the upper bound for HA(Z(h) "M x [—1,1]). Moreover, since Z(h) is the cylinder
over Z(¢), the upper bound in Yau’s conjecture follows

HI(Z(dr)) < CVA.

This part of the conjecture is open for non-analytic manifolds. The best known
result, see [25], is based on a non-analytic version of the lemma above, the esti-
mate is

HAZ(h) N Qp) < CNAs(Qp)¢

for some A = A(d). It implies a polynomial bound in Yau’s conjecture.
To obtain the lower bound in Yau’s conjecture on manifolds with real analytic
metric, Donnelly and Fefferman proved the following statement.

Lemma 2.6.2. Suppose that M is a real-analytic manifold. There exists Ng such that the
following is true. If & = by is an eigenfunction on M and M is partitioned into cubes
with side length ~ ﬁ_l, M = Uq, then for at least half of these cubes q the doubling
index of & in q is bounded by Ny, Nj)(q) < No.

This lemma can be combined with the next one (applied for the lifted function)
to give the conjectured lower bound for the size of the zero set of eigenfunctions
on real-analytic manifolds.

Lemma 2.6.3. Let L = div(AV:) be a uniformly elliptic operator with smooth coefficients
in the unit cube Qo C RA+L. There exists a function f(N) that depends only on L such
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that if Lh = 0 in Qo, h(0) = 0 and N}, (Q1) < N, where Qq = 1/4Qq, then
HYZ(W) N Q1) = F(N)s(Q1) <.

The last lemma does not require analyticity of the coefficients. A simple quan-
tification of this estimate is known (see remarks in [27]); the statement of 2.6.3
is weaker than Theorem 1.7.1. Detailed discussion of the current state of Yau's
conjecture and related open problems can be found in [29].

We conclude this lecture by formulating an estimate for the size of the zero set
from above which is not as precise as the polynomial bound in [25]. It follows
from earlier results of Hardt and Simon [17].

Lemma 2.6.4. Let L = div(AV:) be a uniformly elliptic operator with smooth coefficients
in the unit cube Qp C R4+, There exists a function F(N) that depends only on L such
that if Lh = 0 in Qo, and Ny, (Q1) < N, where Q1 = 1/4Qq, then

F4(Z(h) N Q1) < F(N)s(Qp).
2.7. Exercises

Exercise 2.7.1. For h harmonic on IR9, define the frequency function of h by
TH'(r)

N(T) 2H(r)’

where H(r) = r1—d f‘x‘:r [h(x)[2ds(x).
(1) Show that if h is a homogeneous polynomial of degree n then N(r) =n.
(2) Let h = Zt:tpkr where py is a homogeneous harmonic polynomial of
degree k and py, pr. # 0. Show that
Im N(r) =1 and Iim N(r)=1L.
T—0 T—00
Remark: 11is called the vanishing order of h at the origin.
(3) Use the fact that N(r) is a non-decreasing function to prove that

RAINGT [y /R\ZNR)
R < <(= :
() =i < ()

Exercise 2.7.2 (Applications of the three ball inequality).
Suppose that h is a non-constant harmonic function in R¢ such that |h| < 1 ona

half-space {x = (x1, xq,xq > 0}. Let m(R) = maxy g [h/.
(1) Show that there exist ¢ > 0 and « € (0, 1) such that for any R > 0
m(R) < Cm(5R)*.
(2) Show that m(R) > cexp(RB) for some 3 > 0.

Exercise 2.7.3 (Log-convex functions).

Let m : Ry — Ry be a continuous function. We say that m is log-convex if
f(t) = In(m(exp(t))) is a convex function. (For example if m(x) =x%,a > 0 then
f(t) = at and m is log-convex.) Warning: usually a positive function g is called
logarithmically convex if log(g) is a convex function.
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(1) Show that if ay are non-negative numbers then

n
m(x) = Z apx®
k=1

is log-convex. Hint: The sum of two log-convex functions is log-convex.

(2) Let u be a harmonic function in the unit ball of R4, we know that
(o]

ulx) =Y K*Vie(x/Ix),

k=0
where Yy is an eigenfunction of the Laplace-Beltrami operator on the unit
sphere S C RY. Show that

m(r) = L u(ry)Rds(y)

is log-convex.
(3) Let K(x,t) be the heat kernel in R¢,

K(x,t) = (4rtt) = V2 exp(—Ix[?/(4t)),

and it satisfies the equation AK(x,t) = 9¢K(x,t). Suppose that u is a
harmonic function in R4 such that u(x) exp(—c\xlz) e 12(RY) for any
¢ > 0. Define

M(t) = de lu(x)K(x, t)dt.

Compute M’(t) and show that MM () > 0 for any m.

Remark: The positivity of all derivatives implies that M(t) is a log-convex function.
This convexity was studied by Lippner and Mangoubi [24] for the case of discrete
harmonic functions.

Exercise 2.7.4 (Reverse Holder inequality for solutions of elliptic equations). Show
that if u is a solution of a uniformly elliptic equation with Lipschitz coefficients,
div(AVu) = 0 in a ball By then for some (any) q > 1 there exists Cq(u) such that
for any ball B C 1/2B

1/4
(|B|1J |u2q) <Cq(u>|8|*1j P,
B B

Remark: It implies that [ is a Muckenhoupt weight and therefore the zero set
has zero Lebesgue measure, |Z(u)| = 0. A similar inequality holds for the function
u—[B|7! [ u and together with the Caccioppoli inequality it implies that |[Vu/|?
is also a Muckenhoupt weight (see [13] for details).

3. Small values of polynomials and solutions of elliptic PDEs

Let P be a non-constant polynomial of one complex variable with complex
coefficients, P € C[z],

1

P(z) = anz™ +an_1z2" " +---+ajz+ag,
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where a; € C and an # 0. As |z| goes to infinity the behavior of P(z) resembles
that of the highest degree term anz™. As we know P(z) has n zeros counting
multiplicities and the set {z : |P(z)| < C} is bounded and contains the zeros. We
use the following notation

Ea(P) ={z:|P(z)| < e “}L

3.1. Classical results of Cartan and Polya A classical result on the size of the
set where a polynomial takes small values is due to H. Cartan. Let P,, denote the
set of all polynomials of degree n with leading coefficient 1,

Prn={plz) =z"+an_1z" '+ - +a;z+ag € Clz]}.

Lemma 3.1.1 (Cartan, 1928). Let p € P then for any a,x > O there exist a finite
collection of balls {B;} such that Ena(p) C U;B; and Z]- r]?‘ < e(2e7 )%, where 1j is
the radius of B;.

In particular, taking o« = 2, one obtains that |[Enq(p)] < 4mel =29, This estimate
is not sharp as the next result shows.

Lemma 3.1.2 (Polya, 1928). Let p € Py then |[Enq(p)l < e 24 forany a > 0.

n

The last inequality is sharp, the equality is obtained when p(z) = z™.

Lemmas of Cartan and Polya deal with polynomials for which the leading
coefficient is equal to one and provide estimates of the set of all points of the
complex plane where the polynomial is small, the proofs of both lemmas and
related results can be found in [30]. We are interested in a local version of such
estimates.

3.2. Remez inequality for polynomials Now we consider polynomials with real
coefficients on the real line and we do not normalize the leading coefficient.

Lemma 3.2.1 (Remez, 1936). Let E be a measurable subset of an interval 1 of positive
measure, [E| > 0. Then for any polynomial P, € RI[x| of degree n

T8l
More precise inequality and its proof is outlined in the exercises below, see

max|Pr ()] < (4“')nmax|Pn(x)

Exercise 3.5.3. The original reference in [33], a proof is also given in a more
accessible paper [4].
We reformulate the inequality in the following way
maxyce Pn(xn)l/*‘
maxxer [Pn (x| ’

for any measurable subset E C I. We normalize Py, such that max; [Pn| =1 and

Bl < 41| (

use the notation
Ean(Pn) ={x e R:|Pn(x)] < e "}
Then the Remez inequality can be written as
[Ean(Pn) NIl < 4lTle™*.
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There are interesting generalizations of the Remez inequality, in particular the
measure of the set can be replaced by another geometric characteristic; higher
dimensional version are also known, we refer the reader to [5,12].

3.3. Propagation of smallness result The main result we prove in these lectures
is the following quantitative propagation of smallness for solutions of elliptic
equation in divergence form. As above we assume that div(AV-) is a uniformly
elliptic operator, A is a symmetric matrix with Lipschitz coefficients on some
domain in R4, We know that a solution to div(AVh) = 0 cannot vanish on a set
of positive measure (see for example Remark after Exercise 2.7.4) and look for a
quantitative version of this result.

Theorem 3.3.1 ([28]). Let h be a solution of div(AVh) = 0 in Q. Assume that
h<e on ECQ,

where |E| > 0. Let K be a compact subset of ) then
(3.3.2) max [h| < Co sup Ih|1—%ex,
K Q

where Coy > 0and o € (0,1) depend on A, |E|, dist(E, 0Q)), and K.

The inequality (3.3.2) can be considered as a version of the three balls theo-
rem where the smallest ball is replaced by a measurable set. The constants in
the inequality depend on the measure of the set and the distance from this set
to the boundary of Q but not on the set itself, which could be an arbitrarily
wild measurable set. The question whether such inequality holds was asked by
Landis, weaker quantitative estimates were obtained by Nadirashvili [32] and
Vessella [36].

First, we formulate the following result (Remez inequality for solutions of el-
liptic PDE, [28]):

Claim: Let Qg be the unit cube in RY. Assume h is a solution to the equation

div(AVh) = 0 in 2Q Then for any cube Q C Qg and any measurable subset E of
Q of positive Lebesgue measure, the following inequality holds

QN ™

(3.3.3) sup |h| < Csup|h|{ C— ,

o . B

where C depends on A only, and N = N7, (Q) is the doubling index defined in (2.5.1).

This statement confirms that in some sense solutions of elliptic equations lo-
cally behave as polynomials with degree bounded by the multiple of the doubling
index. In particular (the lift of) an eigenfunction corresponding to eigenvalue A
behaves as a polynomial of degree Cv/A.

This phenomenon was pointed out in the works of Donnelly and Fefferman,
see for example [11], where, among other results, an interesting Bernstein type
inequality for eigenfunctions is obtained.



22 Quantitative unique continuation

Let us show that (3.3.3) implies Theorem 3.3.1. First we remind that by (2.5.2)
exp(a;N) < e*2sup [hl(sup[h]) !,
2Q Q
for some aj,ap > 0. Suppose that (3.3.3) holds with some constant C, choose
Cq1 = C1(JE|) such that
N _arer, e ¢ - cartlog(CIQUEN!
) S e G=Cq og(CIQIIE[).

Then

Cy eH
sup |h| < Csup [h|exp(a;C1N) < Cysup [h | sup |h sup |h| .
Q E E 2Q Q

This implies the inequality in the theorem for the case QO = 2Q and K = Q with
o= (C;+1)"1and Cy that depends on |E| and on A but not on h. To obtain the
statement of the theorem we use the standard chain argument as in the proof of
Corollary 2.2.4.

In its turn, the inequality (3.3.3) is equivalent to the following local estimate of
the volume of sub-level sets.

Lemma 3.3.4. Suppose that div(AVh) = 0 in 2Q and that supq [h| = 1. Write
N =N} (Q) = 1and
Eq(h) ={x € Q: |h(x)] < e®}.
Then
(3.3.5) [Ea(h)| < Ce Ba/N|Q,

for some positive C and 3 that depend on A only.

3.4. Base of induction We prove Lemma 3.3.4 in the next section using double
induction on a and N. Now we check the base of the induction, considering two
cases a < cgN and N < Ny.

Our aim is to prove the inequality (3.3.5). First we note that for a/N < ¢
the inequality holds trivially. Indeed if we choose the constant C = C(3) large
enough, we get

Ce Pa/N > cePBeo > 1.

Now we want to show that (3.3.5) holds for some 3 and C if we assume that N
is small enough. The lemma below is the base of our induction on N.

Lemma 3.4.1. Assume that h satisfies div(AVh) = 0 in kaQ, supg [h| = 1 and
N{(Q) < No. Let Eq ={x € Q : [h(x)| < e”*}. Then

(3.4.2) [Eal < CeY9Q),

for somey =vy(Nop, A) and C = C(Ny, A).

The estimate on the doubling index implies that sup, ,, [h| = C(Np). We com-
bine this inequality with the oscillation theorem (see Theorem 5.1.5 in Appendix).
Recall that oscq h = supg h—infg h.



A. Logunov and E. Malinnikova 23

Theorem 3.4.3. Let L = div(AV:) be a uniformly elliptic operator in QO and Lh = 0.
There exists T = 1(s) < 1, depending on s and on the ellipticity constant, such that for
any cube Q C Q

oscso h < t(s)oscoh andt(s) = 0ass — 0.
Corollary 3.4.4. Assume that h satisfies div(AVh) = 0 in 2Q, supq [h| = 1 and
N7 (Q) < No. There exist an integer K, and positive b and m that depend on Ny, on the

ellipticity constants of A and on the dimension d such that if Q is partitioned into K¢
smaller equal cubes, Q = Uq, then

sup|h| > b forany q
q

and there exists one cube qq in the partition such that infq [h| > m.

Proof. Since N}, (Q) < Np, we get a lower bound on the supremum of [h| on each
small cube q. Furthermore, assume that h(xg) = maxg > [h| > ¢(Ng) (we replace
h by —h if necessary) and that K is chosen large enough. We take qg such that
xg € qo- Clearly oscqoh < 2 and since K/2qp C Q by the oscillation theorem we
have oscq, h < 27(2/K). Then we conclude

infh =suph—osch > ¢(Np) —2t(2K ) > m,
qo do qo

when m < ¢(Np)/2 and K is large enough. O

In particular, the corollary implies that [{x € Q : [h| < m}| < (1 —-K~9)Ql.
Dividing each q once again into smaller cubes, we get on each new cube the
supremum of |h| is at least b2 and

[ € Q: I < mb}f < (1-K~9)?Ql.
Iterating the corollary we see that
{x € Q:Ihl < mbY < (1—-K Q|

when sup lh| = 1. Thus the estimate (3.4.2) holds for e~® = b'm and y such
thatbY =1—K~ ¢, it completes the proof of the Lemma 3.4.1.

3.5. Exercises

Exercise 3.5.1. Let f € L2(T?), ||f]|;2 = 1. We define the L2-doubling index of f on
a square q by

n(f, q) =log

Assume that T? is partitioned into K? equal squares we say that a square is good
if n(f, q) < 100. Show that

I UGSV

q good * 4

Remark: Here the 1/2 is a very rough estimate. Can you can find a better one?
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Exercise 3.5.2 (Discrete version of Remez inequality). Use the Remez inequality to
show that if P is a polynomial of degree n and S C 1N Z contains n + m points

then
4\ "
max |P| < <||) max |P|.
I m S

Exercise 3.5.3 (Remez inequality for polynomials). Let T, (x) be the Chebyshev
polynomial or degree n, such that T, (cos®) = cos(n6). This sequence can be
defined by

To(x) =1, Ti(x) =%, Taq1(x) = 2xTn (x) — Tu—1(x).

Clearly for each n there is a sequence —1 = X0 < Xp1 < -+ < Xnn = 1 such
that Ty (xn k) = (—1)" 7K.
Suppose that ¢ > 0 and E C I = [-1,1 4+ c] is a measurable set with |[E| = 2. In

this exercise we prove that for any polynomial P of degree n
mIaX|P| <Tha(l+c¢) m]?x [P].

The equality is obtained for example when E = [-1,1] and P = T,,. To prove the
inequality it is enough to assume that E is open and show that

P(1+c¢)<Th(l+¢) méaxIPI.

(1) Show that there are points yy in E such that [x,, x —xn ;| < [yx —y;l and
l+c—xpx214+c—yxfork=0,...,n
(2) Use the Lagrange interpolation formula and the properties of the Cheby-
shev polynomials to show that P(1 +c¢) < T, (1 + ¢) maxg |P|.
(3) Let x > 1, show that T, (2x — 1) < (4x)™.
Remark: This gives a proof of the Remez inequality formulated in the lecture
notes.

Exercise 3.5.4 (Quantitative unique continuation for harmonic functions). We will
use Remez inequality to show the quantitative unique continuation form sets of
positive measure for harmonic functions.
(1) Suppose that h is a bounded harmonic function in the unit ball By. Let
T < 19(d) be small enough. Show that there exists q(r) < 1 and C such
that for any integer n there is a polynomial p, having degree at most n
such that

max [h(x) —pn(x)| < Cq(r)™ max [h(x)].
Ix|<r Ix|<1

Moreover ¢(r) — 0 as r — 0.
(2) Prove that there is 71 = r1(d) such that if E is a measurable subset of 1B
of positive measure, m = |E|, and h is a harmonic function in By then

max [h| < C(max |h|)*(max|h|)'—%,
TlBO E BO

where « depends on m and 1.
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Exercise 3.5.5 (logarithmic capacity). The logarithmic capacity of a compact subset
of the complex plane is defined by
1/n
cap(K) = lim (min m]?x Ip(x)) .

n—oo \pePn
(1) Show that the limit exists.
(2) Prove that cap(Ena(p)) = e~ ¢ for any p € Pn.
(3) Use Polya’s lemma to show that [K| < rtcap(K)? for any compact set K C C.

4. Proof of propagation of smallness result

We now prove Lemma 3.3.4 using double induction on a and N and some
iterative argument. We start with some preliminary result on the distribution of
the doubling index that will help us to carry on the induction step.

4.1. On distribution of the doubling indices The results on the doubling index

that we formulate below are crucial for the proof. Let Qg be the unit cube in R9.
Assume that f € C(Qo) and for any cube q such that 2q C Qg define

maxag ||

N =log ——.
#(q) =log maxg [f|

Warning: We have used the notation Ny (r) for the frequency of h in the ball

B(0, 1) in Section 2. But for the rest of the notes we do not refer to the frequency

function and use N¢(q) for the doubling constant of f in a cube q as defined

above.

Lemma 4.1.1. Let a cube Q C Qq be partitioned into K equal cubes qi, K > 8. Let
Nmin = min N¢(qi) and assume that Npyin is large enough, Nin = No(d). Then
1

K
Nf(Q/z) = gNmin-
Proof. Let maxq ; Ifl = If(xo)l, xo € qi for some i. Then, since N¢(qi) = Nin,
there exists x; € 2q; such that [f(xq)| > eNmin|f(xo)|. At this point, we have
X1 € 2q; C (1/242/K)Q. We find one of the cubes in the partition for which
x1 € q and repeat the step. We end up with a sequence {x;}; such that

[£(x;)] = e Nmin|f(xo)|

and xj € (1/2+2j/K)Q. We repeat this ] = |K/4]| times, such that the last xy is
still in Q. Then

KNmin/8 max [f].
Q/2

which implies the required estimate. O

max|f] > e
Q

For solutions of elliptic equations we can formulate the above result using
the monotonicity of the doubling index and the maximal doubling index N7 (q)
defined by (2.5.1).
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Corollary 4.1.2. Let L = div(AV-) be a uniformly elliptic operator in 2Qq. There exist
constants Ng and Jo such that if Lh = 0 in 2Qg, Q C Qo, Q is partitioned into |4 equal
cubes qi and | > Jo and N*(Q) > Ny, then for at least one cube q in the partition

Nila) < Ny (Q)/2.
We rewrite the inequality (2.5.2) in the following form
Nh(cq) < Np(q) < A1Nn(q) + As.

Then Corollary 4.1.2 follows immediately from Lemma 4.1.1.
Our aim in induction argument is to divide the cube into small cubes and find
a sub-cube with small doubling index.

4.2. Choosing the right notation We fix the ellipticity constant A > 1 and the
Lipschitz constant C and consider second order elliptic operator L = div(AV-) in
the cube 2Q, where Qy is the unit cube in R9. We vary the parameters N > 1
and a > 0 and aim at proving the estimate (3.3.5).
Let
m(w,a) =l{x € Qo : [u(x)| < e sup ul}
Qo
and

M(N, a) = supm(u, a),

where the supremum is taken over all elliptic operators div(AV-) and functions
u satisfying the following conditions in 2Qy:

(i) A(x) = laij(x)]1<ij<a is @ symmetric uniformly elliptic matrix with Lips-
chitz entries and ellipticity and Lipschitz constants bounded by A and C
respectively,

(ii) u is a solution to div(AVu) = 0 in 2Qy,
(iii) N7 (Qo) < N.
Our aim is to show that
(4.2.1) M(N, a) < Ce Pa/N,

The constant 3 > 0 will be chosen later and will not depend on N.

As we remarked in Section 3.4 we can assume that a/N > cg. By Lemma 3.4.1
we can also assume that N is sufficiently large. The proof now contains two main
steps. First, with the help of Corollary 4.1.2 we prove a recursive inequality for
M(N, a). Then we show that the recursive inequality implies the exponential
bound (3.3.5) by a double induction argument on a and N.

4.2.1. Recursive inequality. We show that for some ap > 0and s <1
(4.2.2) M(N,a) < (1—-s)M(N/2,a—Nag) +sM(N, a— Nap).

Fix a solution u to the elliptic equation div(AVu) = 0 with N} (Qq) < N.
Divide Q into J¢ equal subcubes q. Then by Corollary 4.1.2 at least one cube qq
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satisfies N7, (qo) < N/2. We have
m,a) =) [{x€q:u(x)<e *supul}.
q Qo

By the definition of the doubling constant we see that
sup [u| > clj_clN sup |ul.
q Qo
Since N is sufficiently large, we can forget about c¢; above by increasing C; and

we have
—agN

supul > e sup |ul.
q Qo
Define size(q) := [{x € q : Ju(x)| < e~ ¢+aN sup, [ul}l. We continue to estimate

m(u, a) in terms of these sizes

mu, a) < Zsize(q) = size(qp) + Z size(q).
q q7do
We can estimate the first term by size(qp) < J7IM(N/2,a — agN) using the
fact that the restriction of u to the cube 2q corresponds to a solution of another
elliptic PDE which can also be written in divergence form with some coefficient
matrix which has the same bounds for ellipticity and Lipschitz constants.
For the second term, we have
Y size(q) < (J9=1)J IM(N,a—aoN) = sM(N, a— aoN),
a7do
where s = (J4—1)]7¢ < 1. Adding the inequalities for the first and second
terms and taking the supremum over u, we obtain the recursive inequality (4.2.2)
for M(N, a).

4.3. Recursive inequality implies exponential bound We will now prove that
(4.3.1) M(N, a) < Ce Ba/N

for some C large enough and 3 > 0 small enough by a double induction on N
and a. Without loss of generality we may assume N = 2!, where 1 is an integer
number. Suppose that we know (4.3.1) for N = 211 and all a > 0 and now we
wish to establish it for N = 2!. By Lemma 3.4.1 we may assume 1 is sufficiently
large. For a fixed 1 we argue by induction on a with step ap2!. We may assume
that a/N > kgap, where ko > 0 will be chosen later. For a < kgagN the inequality
is true if we choose the constant C large enough. The induction base implies the
inequality for k = ko. We describe the step of the induction from a = (k — 1)ag2!
to a = kag2'.
By the induction assumption we have
M(2%, (k—1)ap2!) < Ce Bk—1ao

and
MY, (k —1)ag2!) < Ce 2B(k—TDao,
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We apply the recursive inequality (4.2.2)
M(2Y, kap2') < C(1—s)e 2B(k—1ao 4 cge—Blk—T)ao,

Our goal is to obtain the following inequality
(1—s)e 2B(k—1ag 4 ge—B(k—T)ao < o—PBkag

for k > ko and some B > 0. Dividing by e *%F we reduce it to
(1—s)e Paolk=2) 4 geBao < q,

The last inequality holds with the proper choice of the parameters: once s < 1
and ag are fixed, we choose {3 to be small enough so that the second term is less
than (1 + s)/2 and then choose kg sufficiently large that the first term is smaller
than (1 —s)/2 when k > kg. This concludes the induction step and the proof of
our main result.

More delicate propagation of smallness from sets of codimension smaller then
one is discussed in [28].

4.4. Exercises

Exercise 4.4.1. Suppose that Lu = 0 in the unit cube Q.

(1) Use the oscillation theorem to show that there exists a constant K which
depends on the Lipschitz and ellipticity constants for L such that if q is a
small cube with Kq € Q and Z(u) N q # 0 then

max q [u

> 2.
maxgq [u

(2) Show that there exists ¢ and By such that if Qg is partitioned into B¢ cubes
q, B > Bp and Z(u) N q # 0 for each q then

Nwu(Q/2) = log 22XQ o g,

- |
maxg /2 [ul

where ¢ depends on K from (1).

Exercise 4.4.2. Assume that m: Z; x Z — R satisfies
m(k,j) < Cforj<4, m(1,j) <e’,

and
1
m(k,j) <m(k—1,2(G—-1)) + Zm(k,i -1).

Prove that m(k,j) < Ce .
Remark: A similar argument is used to derive the estimate in the lecture notes
from the iterative inequality.

Exercise 4.4.3 (Remez inequality for eigenfunctions). (1) Let M be a compact
manifold. Use the lift and the Remez inequality for solutions of elliptic
equations to show that there exists a constant C = C(M) such that for
any eigenfunction ¢, and any compact set E C M, we have the following
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inequality.

max || > C’lmA%XId)AI <C|M|

(2) Let M = S? and B be a small ball on S?, construct a sequence of eigen-
functions ¢, on the sphere with A — oo such that supg [pal/ supp, [Pl
decays as e eV,

Exercise 4.4.4. Apply the Remez inequality for solutions of elliptic equations to
show that if h is a solution of Lh = 0 in kQg then g = loglh| is in BMO and
lgllBMmo(Qy) < CLNY (Qo). Reminder: A function g is said to have bounded mean
oscillation if there exists a constant C such that

5
— —col <C
Qo9

for any cube Q and some constants cq. The smallest C for which the inequality
holds is called the BMO-norm of g.
In particular if a function g satisfies

l{x € Q:lg(x) —cql >yl < Cexp(—AY)IQ)|,
for some cq then g € BMO and [|g|[gmo < c/A.

5. Appendix: Second order elliptic equations in divergence form

5.1. Elliptic operator in divergence form: regularity We study solutions of sec-
ond order elliptic equations in divergence form

Lu:=div(AVu) +cu =0,

where u € W12(Q), ie., [Vu| € [2(Q), Q ¢ RY. The matrix A = A(x) is symmet-
ric and uniformly elliptic, i.e.,

ATIVR < (Alx)v,v) < AP

for any x € Q and any v € R4,

First we assume that the elements of A(x) are measurable bounded functions
(the boundedness follows from the uniform ellipticity condition). We will assume
that ¢ is measurable and bounded, weaker integrability assumptions on c¢ are
sufficient for some of the results below. The equation Lu = 0 is understood in
the integral sense, similarly, we consider the inequalities Lu > 0 and Lu < 0. The
first classical result is the maximal principle, see for example [14, Theorem 8.1].
We use here the standard notation, u™ = max(wu,0).

Theorem 5.1.1 (Maximal principle). Suppose that ¢ < 0 and w € WV2(Q) satisfies
Lu > 0. Then
supu < supu’.
Q 20
We also use the following classical inequality for gradients of solutions of gen-
eral elliptic PDEs in divergence form.
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Theorem 5.1.2 (Caccioppoli inequality). Suppose that Lu =0in Q, Bg C Q,r <R.
Then
1
o < (e i) | i
J, e el ) [

where C = C(d, A\).
Classical iteration methods of De Giorgi and Moser imply the following esti-
mates, see [16, Chapter 4]

Theorem 5.1.3 (Local boundedness). Suppose that Lu > 0 in Q, 2B C Q, then
ut e LS (Q) and

1/2
suput < C <|ZB|1J |u+|2> ,
B 2B
where C depends on d, A and ||c||o-
This gives immediately the equivalence of norms
Corollary 5.1.4. Suppose that Lu = 0 in 2B, where By is the unit ball of RY, then
Cillullizipy < llullie sy < Callulli2(28),
where C depends on d, A and ||c||oo-

Another part of the regularity theory that goes back to De Giorgi and Moser is
the following oscillation theorem (seee [16, Chapter 4]).

Theorem 5.1.5 (Oscillation inequality). Let L = div(AV:) be a uniformly elliptic
operator in Q). There exists q = (/) < 1 such that for any ball B such that 2B C Q

—inf —infu).
sgpu 1% u<q(s;3pu 12r113u)

The difference supg u —infg u is called the oscillation of the function u in B
and denoted by oscp u.

A different way to obtain regularity was discovered by Landis (see [21] for
details) and developed to elliptic equations is non-divergence form with bounded
coefficients by Krylov and Safonov, see [19,21,22,34]. This approach also leads to
the oscillation inequality.

Finally, we formulate the Harnack inequality of Moser for solutions of elliptic
equations in divergence form, see for example [16, Chapter 4].

Theorem 5.1.6 (Harnack inequality). Let u be a non-negative solution to elliptic equa-
tion div(AVu) =0in Q, 2B C Q. Then
supu < Ci%fu, C=C(d4,N).
B

There is a nice proof of the Harnack inequality for solutions of elliptic equa-
tions in divergence form that bypasses the classical iteration methods can be
found in [34]. Note that in all of the results in this section the constants de-
pend on the ellipticity constant only, thus we may apply the inequalities on small
or big scales.
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5.2. Comparison to harmonic functions We turn now to elliptic PDEs in diver-
gence form with Lipschitz coefficients. This smoothness assumption allows us to
freeze the coefficients and consider the equation as a perturbation of the equation
with constant coefficients. Changing coordinates, we can think about constant co-
efficient elliptic operator as a simple transformation of the usual Laplace operator.
More precisely, let u be a solution to

div(AVu) =0,
where A = {a;j(x)}, x € Q and
lai; (x) — aij(y)l < Clx —yl.

Then for any x¢p € Q, we may choose first a ball B;(xp) and then a linear trans-
formation S : B, (0) — B(xg) such that f =uo S is a solution of elliptic equation
div(AVf) = 0 with

A(0) =1, lai(y) — 8yl < Clyl.

Moreover 1/p is bounded, the bound depends on the ellipticity and Lipschitz
constants for A.

We mostly study local properties of solutions and then reduce the problem to
equation of this specific form. Note that when we apply this idea we get inequal-
ities that hold on small scales, the constants depend on the Lipschitz constants of
the coefficients and may grow when we consider large balls.

A classical regularity result implies that if uw € W'2(Q) is a weak solution
of the divergence form elliptic equation as above (with Lipschitz coefficients) and
Q' cc Q thenu € W?2(Q') and then if 9Q’ is smooth then by the trace property
u,|Vul € 12(0Q).
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