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Abstract

In this work, coalescence of gas bubbles is investigated in the presence of gas dissolution and
surfactants through a film drainage model. The study on dissolution is carried out for three
cases considering low Pe, constant mass flux, and variable mass flux applying for all ranges
of Pe. It is seen through the low Pe case that any involved reactions in the system have no
noticeable impact on coalescence. The last two cases indicate that gas dissolution delays the
coalescence time under specific conditions. While the extent of the dissolution effect for the
constant mass flux case depends on the contact time of the two bubbles, the one for the variable
mass flux case considers the important impact of the film saturation in addition to the gas
solubility and Pe. The effect of dissolution seems to be dependent of the tangential mobility
which is strongly influenced by the presence of surfactants. The study is summarized in a map
which exhibits the conditions for negligible effect of surfactants and the complete
immobilization, depending on the extent of the surface tension changes with the total amount
of the surfactants present in the system and how unevenly the surfactants are distributed along
the interface. It is found that some realistic cases require other immobilization mechanisms in

addition to the Marangoni stresses to reach complete immobilization.
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1 Introduction

Multiphase reactors have been commonly used in many industrial processes, such as
hydrogenation, oxidation, and bioreactions. These reactors usually involve gas, liquid, and
solid components which interact with each other, resulting in complex hydrodynamic behaviors
that may influence the effectiveness of the processes. Such systems can be visualized in Figure
1, where gas bubbles are dispersed in a bubble column reactor filled with a liquid continuous
phase together with solid presence. The gas bubbles may serve either as nutrients for
bioreactors or reactants for chemical reactors, which are distributed with various sizes and
velocities. These bubbles interact through collisions which may lead to coalescence and affect
the bubble distribution along the reactor. During this interaction, the bubbles dissolve into the
surrounding liquid medium due to concentration difference. This mechanism potentially
changes the local jump conditions across the bubble interfaces which affects the bubble
coalescence. The complexity of these systems arises with the existence of solid phases, e.g.,
cells in bioreactors and impurities in chemical reactors. As solid phases may act like
surfactants, they tend to attach along the bubble interfaces and change the interfacial properties,
such as the surface tension. This may cause the bubble interfaces to become immobilized,
which eventually affects the coalescence behavior. As coalescence is one of key mechanisms
affecting the distribution of bubbles along a reactor, it is important to study the effects of the

gas dissolution and the surfactant presence on bubble coalescence.

z j d(Z.::E,)

V(25,8 z=z, falzp,8)

o
oI LI ™
NG 5 1 g S
E . .

O
Vilz/8) solid * GGNEY -, 9
/ &E

Vd(zclg)

Gas bubbles
inlet

Figure 1: Evolution of gas bubbles in a multiphase reactor (adapted from Jakobsen, 2008)
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1.1 Studies on Coalescence of Fluid Particles

Coalescence behavior was studied for the first time by Shinnar and Church (1960) and Shinnar
(1961) through a film drainage approach. In their experimental setup, they found that
coalescence occurs within several consecutive mechanisms: a collision between two fluid
particles entraps the continuous phase as a thin film between the particles, the film drains out
due to pressure buildup during the bubbles approach, and the distance between the particles
reaches a critical thickness at which the attractive intermolecular forces start to become
significant and destabilize the interface, leading to a film rupture and resulting in coalescence.
This mechanism implies that coalescence is delayed by the drainage of the film, which seemed
to be inconsistent with the rapid coalescence proposed by Howarth (1964). Instead of the
delayed coalescence, he found that coalescence occurs rapidly when the approaching bubble
velocities are higher than a critical value. Liao and Lucas (2010) clarified this issue by
discussing that the two findings correspond to different approaches of estimating coalescence
behavior based on the film drainage and the energy models, respectively. In comparison to the
critical velocity found by Howarth (1964), Lehr et al. (2002) discovered another critical
approach velocity above which the fluid particles bounce off instead of coalescing. This
analysis seemed to agree with Kirkpatrick and Lockett (1974) and Chesters and Hofman (1982)
who formulated the critical velocity theoretically based on the film drainage approach and the
energy model, respectively. These discrepant arguments were identified to be valid under
different velocity spectrums according to Yaminsky et al. (2010) and Horn et al. (2011). In
Yaminsky et al. (2010)’s study, they observed three different behaviors of air bubble collisions
in water, which were distinguishable based on two approach velocities: 1 um/s and 150 pm/s.
The first one corresponded to a critical speed under which the film tended to stay stable and
after which the coalescence occurred. When the velocities were between 1 um/s and 150 pm/s,
the delayed coalescence was found with apparent dimple. As for the velocities higher than 150
um/s, the dimple was no longer visible and the coalescence tended to occur rapidly. Horn et al.
(2011) completed the analysis with the fourth behavior indicated as bounce which appeared at
even higher velocities. They summarized the four regimes based on Chesters and Hofman
(1982); Klaseboer et al. (2000); Yaminsky et al. (2010); and Del Castillo et al. (2011). The four
behaviors were theoretically studied by Ozan et al. (2021) through their film drainage model
which was coupled with a force balance. In their investigation, the steady-state, the
coalescence, and the rebound are possible to appear depending on the collision kinetic energy.

The film tends to stay stable when the collision energy is low enough to dissipate rapidly. Then,

19



coalescence occurs within intermediate collision energies and rebound show up at even larger
energies which enable the stored film force to blow up, resulting in the kinetic energy acting
reversely to the approach of the particles. They also came up with a formula to determine the
critical velocity at which the rebound starts to occur, which is in accordance with the

experimental results of Duineveld, (1997); Lehr et al., (2002); Ribeiro and Mewes, (2007).

In macro scale, the coalescence behavior is analyzed by estimating the coalescence efficiency
which depends on the drainage time compared to the contact time. When the drainage time is
longer than the contact time, the two colliding fluid particles are estimated to coalesce. Based
on the film drainage approach, Coulaloglou (1975) suggested a formula to estimate the

coalescence efficiency of a gentle collision as

(1)

/1c = exp (_ tdrainage)

contact

The importance of estimating the drainage time leads to multiple types of modelling which can
be grouped based on its deformability and its tangential mobility as suggested by Chesters
(1991); Lee and Hodgson (1968); and Liao and Lucas (2010). Based on the deformability
criterion, the modelling of deformable interfaces is more preferable as they are able to exhibit
dimples which were observed in experimental studies (Klaseboer et al., 2000; Yaminsky et al.,
2010), whereas the non-deformable interface modelling is inadequate for this purpose. Further
investigations were done by Chan et al. (2011) who revealed other possible shapes of deformed
interfaces with the emergence of an additional rim, a local maximum, and multiple maxima
and minima at the interface, called as the pimple, wimple, and ripple, respectively. The
deformable models can be sub-categorized into immobile, partially mobile, and fully mobile,
depending on the mechanisms controlling the drainage (Chesters, 1991; Lee and Hodgson,
1968; Liao and Lucas, 2010). The immobile interfaces are indicated by zero tangential velocity
due to dominating pressure gradients, which give the parabolic flow to the system. When the
tangential velocity appears, the interfaces become partially mobile with an additional flow from
the plug component. When this component overpower the pressure gradients, the parabolic
flow dissipates and the interfaces become fully mobile. Chesters (1991) distinguished the fully
and partially mobile interfaces from their zero and non-zero tangential stresses, respectively.
Although this definition was commonly used, Bazhlekov et al. (2000) introduced different
levels of interfacial mobility through their model based on the extent of the viscous forces by

varying the ratio of the dispersed phase to the continuous phase viscosities.
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Regardless of the tangential mobility of the interfaces, Yiantsios and Davis (1991) revealed
that it is impossible to model coalescence without the inclusion of attractive van der Waals
forces. They also established two rupturing phenomena in their study. One arises with strong
van der Waals forces, which result in film rupture occurring at the centerline, called nose
rupture. The other one, identified as rim rupture, appears with weak van der Waals forces which
allow the capillary forces to act during the film drainage and promote the emergence of dimple
at which the rupture takes place. Further studies were examined by Abid and Chesters (1994)
and Saboni et al. (1995) who considered the van der Waals interactions through the Hamaker
constant to analyze its effect on the coalescence for constant approach velocity and constant
van der Waals forces, respectively. Klaseboer et al. (2000) investigated similar works for
immobile and fully mobile interfaces considering constant approach velocity. Although their
immobile model fits the experimental results, their solution for the fully mobile interface seems
to be inconsistent with the experiment, which was analyzed to have immobilized interfaces due
to contamination to impurities in the system. To complete the model, Ozan and Jakobsen
(2019a) merged the works of Klaseboer et al. (2000) with the one done by Bazhlekov et al.
(2000) to investigate the effects of the van der Waals forces and different degrees of mobility
for constant approach velocity. They introduced three velocity regimes corresponding to the
nose rupture, the rim rupture with dimple and with multiple rims. In their study, the nose
rupture occurs within low velocities where the coalescence time decreases with the approach
velocity. At sufficiently higher velocities, the regime shifts into rim rupture with the emergence
of dimple which slows down the drainage process, indicated by the less significant decreasing
trend of the coalescence time. The third regime was found out when the coalescence time starts
to increase with the approach velocity with multiple rims emerging along the interfaces. In
their first two regimes, the relation between the coalescence time and the approach velocity
seem to match the power law formula suggested by Del Castillo et al. (2011) and Orvalho et
al. (2015) through their experiments.

1.2 Studies on Coalescence with Surfactant Presence

Surfactants are frequently found as impurities in typical chemical reactors. Even in bioreactors
which require a hygienic system, the cells involved in these reactors may also act as surfactants.
These surfactants are able to attach and spread unevenly along the bubble interface, which
creates the surface tension gradient, induces Marangoni flows, and eventually influences the
coalescence behavior. The effect of surfactants on coalescence was theoretically studied by

Alexandrova (2014) and Alexandrova et al. (2018). Alexandrova (2014) considered the
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presence of insoluble surfactants by including a surfactant balance across the interface and
investigated their effects on the film drainage for a constant force. Her study showed that the
drainage rate decreases with higher surface Péclet number and their model with very high
surface Péclet number resulted in no rims. Alexandrova et al. (2018) extended the study by also
investigating the effects of the initial surfactant concentration with different Hamaker constant
to determine the conditions at which the effects of the Marangoni and the van der Waals forces
are more influential. They found two critical limits of initial surfactant concentration. Below
the low limit, the van der Waals forces always become dominant while above the high limit,
the Marangoni forces start to dominate the film drainage and hinder coalescence. Lu et al.
(2018) investigated the surfactant transport mechanisms and their effect on micro-bubble
coalescence. They came up with two mechanisms of surfactant transport, governed by the
Marangoni flows and the local contraction of the meniscus bridge connecting the interfaces.
The two phenomena strongly affect the drainage rate by influencing the local pull of the surface
tension along the bubble interface. While the small-sized bubble tends to keep the surfactants
accumulated within the curved area due to its strong local contraction, the Marangoni flows
appears to pull the fluid away from the joining meniscus, resulting in the migration of the
surfactants towards the back of the bubbles. Ozan and Jakobsen (2019b) studied the film
drainage of viscous interfaces with constant approach velocity in the presence of low surfactant
concentrations to investigate the effects of the Marangoni stresses and the surface viscosities
on the immobilization of the interface. In their conclusion, they proposed regime maps showing
different conditions of the surface Péclet number and the Boussinesq number under which the
Marangoni flows and the surface viscosities predominate the drainage behavior. In addition to
the viscous component of the surface rheology, Ozan and Jakobsen (2020a) extended their
model by considering the viscoelasticity of the interface which is assumed equivalent to the
Upper Convected Maxwell model. They found that the elastic forces appearing on the interface
delay the viscous response of the interface which causes the drainage behavior to initially
follow the inviscid interface. The drainage begins to deviate from the inviscid interface
behavior and approach to the Newtonian one after some time, depending on the surface
Weissenberg number and the Boussinesq number. This delay results in the shifting tangential
mobility which may cause the coalescence time to differ from both inviscid and Newtonian
interfaces, implying that the viscoelasticity of the interface plays an important role on the

coalescence time.
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1.3 Studies on Coalescence with Mass Transfer

There are several types of mass transfer studied in the coalescence of fluid particles. One refers
to the migration of solutes in oil-liquid systems which have been studied experimentally and
theoretically by Ban et al. (2000); Chevaillier et al. (2006); Gourdon and Casamatta (1991);
Kamp and Kraume (2014); Kourio et al. (1989), Kourio et al. (1994); Saboni (2002); and
Saboni et al. (1999). All studies agree to the same conclusion that the solute transfer have two
different effects, either stimulating or hindering coalescence, depending on the direction of the
solute transfer, the surface-activity, and the dominating properties. The former effect appears
when the solute transfers from the dispersed to the continuous phase while the latter one is
caused by the Marangoni stresses emerging due to the contrary direction of the solute transfer
(Gourdon and Casamatta, 1991 ; Kourio et al., 1994). The transfer direction was found to be
not the only factor affecting the coalescence behavior as Saboni (2002) revealed that the solute
transferring from the dispersed to the continuous phase may also decrease the coalescence
tendency when the surface-activity is taken into account. Further works were done by Ban et
al. (2000) and Chevaillier et al. (2006) who found that the solute transferring from the
continuous to the dispersed phase can slow down the drainage rate by stimulating the tangential
velocity to the opposite direction of the film drainage. They also clarified that the effect of
solute transfer from the continuous to the dispersed phase is strongly affected by the approach

velocity while the opposite direction depends more on the concentration gradient of the solute.

Another type of the mass transfer phenomenon corresponds to the dissolution of gas bubbles
in a liquid phase which were studied with various methods. Katsir and Marmur (2014)
examined the impact of CO; dissolution on the coalescence time for a system with purified
water. They analyzed that the dissolved CO: tends to dissociate in water, which then induces
surface charges and promotes electric double layer repulsion, resulting in longer coalescence
time. Farajzadeh et al. (2014) investigated the effect of gas solubility on foam drainage for pure
gases and mixed gases. In their experimental setup, they measured the decreasing volume of
the foam due to coalescence with time. They concluded that the foam drainage rate increases
considerably with the gas solubility. Furthermore, the foams with two components of gases
were found to have a drainage rate between the ones for the two individual components. Li et
al. (2019) studied theoretically and experimentally the behavior of a single rising CO; bubble
for different sizes and found that the mass flux becomes lower with larger bubbles. In addition,
they observed the behavior of two bubbles rising side-by-side to determine their critical

interval, defined as the furthest initial distance between the bubbles which allows coalescence.
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Compared to their setups without mass transfer, the ones with the mass transfer have lower
critical interval which indicates that the mass transfer may decrease the coalescence tendency
with various extents, depending on the mass transfer efficiency. They came up with a

conclusion that the mass transfer phenomena have considerable impacts on bubble behaviors.

1.4 Project Objective

This study aims to investigate the combined effect of gas dissolution and surfactant presence
on bubble coalescence through a film drainage model. The effect of gas dissolution is taken
into account by coupling the model with a component mass balance. This model is initially
examined in the absence of surfactants for three cases: low Pe where the convective mass
transfer is negligible, constant mass flux, and variable mass flux which is applicable to the
entire range of Pe values. While first two cases are carried under constant fluxes, the third case
is investigated by varying Pe and the gas solubility. Then, the effect of surfactants is included
by adding a surfactant balance to the model. In this case, the extent of Marangoni flows
emerging due to surfactants is evaluated through the surface Péclet number (Pey), the initial
concentration of surfactants (Iy), and the effectivity of surfactants in changing the surface

tension (ay).
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2 Physical System and Mathematical Model

This study considers two inviscid bubbles of a single substance A, which collide in a liquid
phase as visualized in Figure 2. The bubbles approach each other with a constant relative
approach velocity, V,,,, = V, — V3, enclosing a thin film of the continuous phase between them.
The system contains surfactants which are confined to the bubble interfaces, i.e., insoluble in
the dispersed and the continuous phases. The mass transfer occurs from the dispersed to the
continuous phase due to the dissolution of the gas with flux of N4 p_,c. This phenomenon
results in the dwindling bubbles and moves the interface position by Az,,; as depicted in Figure
2 (c) where wy 4 and w4 . denote the mass fraction of A in the dispersed and the continuous
phases, respectively. As the bubbles move closer, the film gets squeezed until the minimum
thickness is small enough to stimulate the attractive intermolecular forces to destabilize the

interface, leading to film rupture and consequently coalescence.
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(a) (b) (c)
Figure 2: (a) - (b) The physical configuration of a thin film between two gas bubbles confined
by surfactants (adapted from Ozan and Jakobsen, 2019a) and (c) the dissolution of gas

bubbles from the dispersed phase to the continuous phase

The dispersed and the continuous phases are assumed incompressible and follow the

Newtonian behavior with constant p; and p., respectively. Following Chesters (1991), the

collision is assumed to occur gently, implying that the bubble radii, R, and R,, are much larger

than the film radius, 7. This justifies the two unequal size bubbles to have the same interfacial
curvature as for a particle with an equivalent radius of R,,:
-1

Ro=2(7+ ) @

This relationship originates from the summation of the normal stress balances between two

different size bubbles as given in App. A.2.
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The implementation of R, in the model indicates a symmetrical system around r axis which
holds together with the axisymmetry assumption around the center line, creating equivalent
behaviors within the four quadrants. Therefore, the solution for one quadrant inr = 0 and z >
0 is evaluated through this study to represent the behaviors of the other quadrants. The model
performs the cylindrical coordinates to describe the flow within the film while the curvature of

the interface is described by a curvilinear coordinate system as illustrated in Figure 3.

Z Z
(2) t (b) H

Figure 3: Cylindrical coordinates where the top and the bottom surfaces of a cylindrical disk

in (a) are transformed into curvilinear surfaces in (b), representing the gas bubble interfaces

Figure 3 (a) shows cylindrical coordinates with e,., ey, and e, as the base vectors which are
applicable for the bulk flow in the continuous phase. The curved surfaces in Figure 3 (b)
represent the bubble interfaces which are described in terms of surface coordinates having
tangent and a normal unit vectors, tq, t;, and n, which are perpendicular to each other. The
behaviors at the interface equate the jump conditions between the dispersed and the continuous
phases which are decomposed into tangential and normal components. As an illustration, 7.
and 74 exhibit the tangential component of the bulk stresses acting within the film and the
bubble, while v, and uy, represent the normal component of the bulk velocity and the
interface displacement rate due to mass transfer. To connect the interface conditions with the
bulk conditions, the unit vectors are expressed as functions of cylindrical coordinates and all

operators, e.g., the surface gradient operator, are transformed into cylindrical coordinates.

For positive r and z coordinates, the interface position at z = h(r, t)/2 is defined in the surface

h(r,t)
2

coordinates as r; = re,(0) + ze, = re,(0) + e,. The unit vector n is chosen to direct

from the continuous to the dispersed phase, which is the same direction as positive z in this

case. By choosing t; to direct in positive 1, the right-hand rule gives t, in counterclockwise
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direction which also yields the coordinate permutation of r,0,z as the base permutation.
According to Johns and Narayanan (2007) and Ozan and Jakobsen (2019b), the tangent vectors
are obtained from the partial derivative of r; with respect to r and 6, divided by each length.

Then, the cross product of these tangent vectors yields the normal vector as derived in App.

A.1, giving:
org 10h Jrg
(oo _ T3 . _ 99 _,
L7 org| z’ 27 o, | ¢ 3)
| J1+a(3 %
r 4 \or 0
e +la—he e —la—he
r 2 V4 V4 2 T
nehts 1a;h 7%= 1agh 2 *
1+3(57) 1+3(57)

In the right-hand side of Eq. (4), the positive sign of e, comes from the cross product between
e, and ey which follows the base permutation of coordinates r, 6, z. Meanwhile, the negative
sign of e, is the result of the cross product between e, and e,z which gives the reversed
permutation. These signs are consistent with the direction of n from the continuous phase
towards the dispersed phase, as depicted in Figure 3. When the bubble interfaces deform during

the film drainage, rg also changes which consequently changes the unit vectors as Figure 4.

‘ z
|

(a)

(b)

Figure 4: (a) Perfect spherical and deformed bubbles represented by solid and dashed lines,
respectively (adapted from Yiantsios and Davis (1991)), (b) the unit vectors at a certain
interface position for the perfect spherical interface, and (c) the unit vectors at a

corresponding position for the deformed interface
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The coalescence behavior is investigated through a film drainage model which is derived from
the governing equations and the interface conditions. The governing equations describe the
flow condition within the bulk phases where the bubble interfaces become the boundaries

described by the interface conditions.

2.1 Governing Equations
The governing equations hold for the bulk phases in which the film side flows are formulated
in cylindrical coordinates. In the presence of the mass transfer, a component mass balance is

required in addition to the continuity and the Navier-Stokes equations.

2.1.1 The Continuity Equation
The continuity equation stems from the mass conservation where the rate of mass change in a
system equals to the difference between the mass rates flowing into and out of the system,

described as:

dp
Ze 1V (peve) = 0 ©

The first term in the left-hand side indicates the rate of the mass loss or accumulation in a unit
volume, where p. denotes the mass density of the continuous phase. The convective component
in the second term represents the divergence of the mass entering and leaving the system, driven

by the fluid motion in the continuous phase with the bulk velocity of v.. The incompressible
fluid assumption gives constant p, i.e., % = 0 and Vp,. = 0, simplifying Eq. (5) into
Vv, =0 (6)

In the cylindrical coordinate system, the vector differential operator, V, is defined as
0 10 0

V=e,— - — 7
rar T¢07 a9 252 @)
while v, is assumed to have no 8-component, giving
VC = vrer + vZeZ (8)
By taking the dot product between Eqgs. (7) and (8), Eq. (6) becomes
10 av,
-~ = 9

The complete derivation is discussed in App. A.3.
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2.1.2 The Navier-Stokes Equation
The Navier-Stokes equation originates from the equation of motion for Newtonian fluids which
equates the acceleration/deceleration of a fluid motion with the rate of momentum change due

to the effect of forces acting upon the system, expressed as
d
a (peve) +V: (peveve) = —VP, — V-7, +p.g (10)

The two terms in the left hand-side represent the change of motion comprising the time-
dependent and the convective components. The time-dependent term describes the rate of
momentum accumulation/loss, whereas the convective term shows the momentum transport in
a unit volume (p, v.) which is driven by the fluid motion (represented by v,.). In the right-hand
side, the terms containing P, 7., and g respectively describe the effects of the pressure, the
viscous stress tensor, and the gravitational acceleration on the momentum change. For a

Newtonian fluid, 7. is expressed in terms of the fluid viscosity, u., and v.:
2
Te = —pc (Vv + (V)" + §ﬂc(v V)l (11)

The superscript T and the notation I denote the transpose operator and the identity tensor,
respectively. For a thin film system, the gravity term appears to be negligible compared to the
other terms as shown in App. A.4. Therefore, the last term of Eq. (10) is cancelled out and the
substitution of Eq. (11) to Eq. (10) yields
av,
Pe E +V, Vv, = —VP, + u V?v, (12)
Specifying V and v, as Eqgs. (7) and (8), with constant p. and p. give the r- and z-components

of the Navier-Stokes equation:

v,  dv,  Ov, dP. (0 (10 9%,
T'—COI’l’lpOIleIltZ Pc < ot + UrW + v, E) = —E Hc 5 ;E(T‘Ur) + 922 (13)

v, v, v, oP. (10 / dv,\ 0%,
wreomponentpe (G + v e e n ) = e () v 5 09

The full derivation is explained in more detail through App. A.4.

2.1.3 The Component Mass Balance Equation
The component mass balance describes the distribution of substance 4 in the continuous phase
due to mass transfer, which is expressed in terms of the mass fraction, w, ., as

a (pc wA,c)

T V- (peVewae) = =V ja+14 (15)
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In left-hand side, the first term indicates the rate of mass accumulation of species A while the
second term represents the mass rate change of A due to convection. The right-hand side
represents the contribution of the diffusion and the reaction on the mass balance. Following the

Fick’s law, the diffusive mass flux, j,4, is defined as a function of the concentration gradient:
ja = —PcDapVws, (16)
with Dy denoting the molecular diffusivity, which is considered constant. By applying Egs.

(7), (8), and (16) to Eq. (15), the final expression of the component mass balance for the

incompressible fluid is obtained according to App. A.5 as

(17)

0wy ¢ 0wy ¢ dwac 1 8( awA,c) 02wy . i
ot o Vg P tei\"ar )Y ez | Yo,

2.2 Interface Conditions

The interface conditions are derived according to the law of conservation where the total mass
and the total momentum passing through the interface are conserved. The mass conservation
is described in terms of the velocity fields while the momentum conservation yields the stress
balance across the interface. These conditions are decomposed into the tangential and the
normal components by taking the dot product of each balance with the tangent and the normal

unit vectors.

For a system without mass transfer and surfactants, the mass conservation gives:
Velz=n /2 =u
=U,n + Uty (18)
where u describes the rate of interfacial displacement with U,, and U, standing for the normal
and the tangential velocities of the interface. The tangential element gives the no-slip condition
whereas the normal component results in the kinematic condition. Meanwhile, the momentum

conservation yields:

IT|-n = Ve Ty = (VS.IS)O-+IS Vso

= 2Hon + Vo (19)
Here, V; and T; denote the surface gradient operator and the interfacial stress tensor:
v t, d t,0 T =
T anzor rae 1T C (20)
1+ (5r)

where I is the surface identity tensor:

I; = it + tyt, 21)
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The double brackets in Eq. (19) indicate the jump condition between the bulk phases which
defines the bulk stress tensor ||T|| as [T.|,=p /2 — Talz=n,2 | In this case, the signs of the film

side and the bubble side tensors, +T, and —T, refer to the same and the opposite directions of
n. The two terms in the right-hand side of Eq. (19) respectively represent the effect of the

curvature and the surface tension gradient on the balance.

The inclusion of the mass transfer leads to a jump condition across the interface, i.e., normal
to the interface, which affects the normal component of the interface conditions: the kinematic
condition and the normal stress balance. Meanwhile, the surfactant presence creates the surface
tension gradient along the interface, which changes the tangential mobility of the interface, i.e.,

the tangential stress balance and the no-slip condition.

Although the interface is described by the surface coordinates, the unit vectors t;, t,, and n
are formulated in terms of cylindrical coordinates, as given in Egs. (3) and (4). Therefore, the

final formulation of the interface conditions only contain cylindrical coordinates: r, 8, and z.

2.2.1 No-slip Condition

The no-slip condition refers to the equality of the movement in tangential direction between
the interface and the bulk phase, which is formulated by taking the tangential component of
Eq. (18):

VC|Z=h/2 - tl =u- tl (22)

As derived in App. A.6, applying t; in Eq. (3) to Eq. (22) gives the no-slip condition:
10h
vrlzzh/z + vazlzzh/z _

1+ 33y

Ut (23)

The effect of the mass transfer is initially investigated for tangentially immobile interfaces
which have zero U;. Then, the mobility of the interface is included afterwards with non-zero
U, which is a function of the tangential stress of the dispersed phase, 74, according to the

boundary integral method (Davis et al., 1989; Ladyzhenskaya, 1969; Pozrikidis, 1992):
1 [T
U, = —f @', 0) Tty dr’ (24)
Ha Jo

r' J‘” cosf
21 J, Jr2 4+ (r')2 = 2rr'cosf
Substituting Eq. (25) to Eq. (24) results in

o', 0) =

do (25)
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Teo r cos6
U, = do t, dr’ (26)
Ha \/rz + (r")2% — 2rr'cosH

where 7,4 is obtained from the tangential stress balance, discussed in Section 2.2.4.

2.2.2 Kinematic Condition
The name of kinematic originates from the branch of dynamics that study the motion of bodies
without considering the forces causing the motion. By this definition, the kinematic condition
for a film system refers to the rate of the interface displacement which is analyzed through the
normal component of Eq. (18). In the absence of the mass transfer, the kinematic condition
indicates the equality between the normal velocity of the interface, U,, = u - n, and the normal
bulk velocity, v - n, at the interface position. The mass transfer causes a discrepancy between
the two speeds, which is proportional to the mass flux passing through the interface, N|,p/,,
giving a modified balance:
Nlz=pj2 = —p(u—=v) - n

= —pUp,; "N (27)
with u,,, referring to the rate of interface displacement caused by the mass transfer across the
interface. The negative sign in front of p implies that the mass flux moves to the reversed
direction of n, as illustrated in Figure 2 (c¢). Meanwhile, the negative sign between u and v
represents the speed difference between the bubble interface displacement and the fluid motion.

Equation (27) yields a relation among u, v, and u,,; in normal direction as
u'-n= U, +v)'n (28)

where W, *n = Uy, and v, -n = v, are visualized in Figure 3. Following the physical
configuration in Figure 2 (c¢) and Figure 3, the direction of u,,; is the same as Az,,; which
points to positive n. Meanwhile, v, , has the same direction as V; described in Figure 2, which

is in negative n.

The mass conservation for the dissolution of gas defines N|,—p/, as the total mass flux

transferred from the dispersed phase, which has the same amount as the mass flux entering the

continuous phase. This reformulates Eq. (27) into:

le:h/z = —pUp N =—pg(u—vy) -n=-p(u—vy)-n (29)

with p,; and v, representing the mass density and the bulk velocity of the dispersed phase.
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The general formulation of N|,_j , is composed by the mass flux of the substances involved
in the system, which are driven by the diffusion and the convection mechanisms. Therefore,
the total mass flux is analyzed through a balance between the last term of Eq. (29) and the total

of the diffusive and convective fluxes for all substances, i:

n
~pe(U= V) *n = Y (=peDasVwie - 1 = peye(u—v) -m) (30)

=1
Considering pure component of gas bubbles, as indicated in Figure 2 (c), the dissolution of gas
only gives A as the only substance transferring through the interfaces. Applying this assumption
to Eq. (30) yields:

—pc(u—v) n=—pDypVwyc n—pewyc(u—ve)-n (31

where w4 . indicates the mass fraction of substance A in the continuous phase. With some re-

arrangements, the analysis of Eq. (31) at the interface position, z = h/2, gives:

(1 - ‘UA,c|Z=h/2) (Vc|Z=h/2 —u)'n= _DABVCUA,L'lZ:h/Z "n

(32)

In the left-hand side, u - n = U,, represents the normal velocity of the interface, which is
defined as U, = %3—’: (Johns and Narayanan, 2007; Ozan and Jakobsen, 2019b). The full

derivation in App. A.7 results in:

10h
_ 10h _ vzlz:h/z - 7er|z=h/2

"2t 1 /0h\°
1+7(5)
— -~ ad  —am (33)
1/0h\* (1 - wae| _ 0z lypyy 201 01 lopgp
1 +Z(W> ( Z—h/2>

where the right-hand side indicates the normal bulk velocity in the continuous phase and the

displacement rate of the interface due to the mass transfer.

2.2.3 Normal Stress Balance

The normal stress balance originates from the normal component of Eq. (19) which describes
the conservation of momentum across the interface. The effect of the mass transfer appears on
the balance as a convective term to describe the momentum jump condition driven by u,,,; =

u — v which is specified in Eq. (28). This yields the normal stress balance as
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2Honn+V,o-n = ||T|:nn — ||p((u = v) - n)’| (34)

The first term in the left-hand side contains 2H which describes the twice of the mean curvature

of deformable interfaces. This term is specified as the surface divergence of n:

10 doh
_ y.np_ 10 0h 35
2H Vs'm 2r6r<r 6r> (35)

The negative sign in front of the surface gradient operator indicates that the interface curves to
negative n direction. The detail derivation of 2H can be referred to Chesters and Hofman
(1982) and Ozan and Jakobsen (2020b), which is also provided in App. A.8. As the dot product
of two identical vectors results in n - n = 1, the left-hand side of Eq. (34) simplifies to 2ZHo =
or (Tor)

The second term in the left-hand side of Eq. (34) takes V from Eq. (20) to yield

t, do t,00

—_+__
\m(g_ﬁ)zar r 00

Note that t; - n = 0 and t, - n = 0 since the two vectors are perpendicular to each other.

V.o n= ‘n=0 (36)

In the first term of the right-hand side of Eq. (34), T denotes the bulk stress tensors for
Newtonian fluids, which are given as

T = =PI+ u(Vv + (VW)7) (37)

whereas the double brackets indicate the jump condition between the bulk phases as explained
for Eq. (19). Thus, Eq. (34) becomes:

2Ho = [(T;*n) *n— (Ty - n) - n] = [lp(Up — v)?| (38)

The last term of Eq. (38) describes the normal stress caused by the mass transfer which is
treated further in Section 2.3. Expanding the first term of the right-hand side in Eq. (38) as
derived in App. A.8 yields
o d( 0h 1/0h\*dv, (v, v oh v
2208t 4O S (B ) ()25
2ror\ Or L 1/0h 2\dr/ or dz Or or 0z
+7(5)

+Py — lp(Un, — v)2l (39)

Notice that the normal stress emerging in the dispersed phase only considers the pressure
contribution, Py, since u; < p. for bubbles in liquid system. In addition, the surface tension
changes only to a very small extent. Thus, although the surface tension gradient is important in
the tangential stress balance, as discussed in Section 2.2.4, the change in its value is negligible,

meaning that the surface tension is assumed constant in the normal stress balance, i.e., 0 = gy
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2.2.4 Tangential Stress Balance
The tangential stress balance equates the interfacial stress and the bulk phases stresses along

the interface which is described as the tangential component of Eq. (19):

2Hon -t + Veo - t; = ||T||: nt, (40)

The dot product n - t; = 0 due to their orthogonality, giving no curvature term in the left-hand

side. By applying V in Eq. (20), the second term of the left-hand side in Eq. (40) becomes

sT = 1 1 ah26r+7% 1
[J1+3(57) |

_ 1 do
1 0m\2 0T
i@ @

Here, o describes the surface tension that changes with r for non-uniform distribution of
surfactants. By denoting the tangential stress of the dispersed phase as 7; = —(T; - n) - t; and

referring to App. A.9, the tangential stress balance is formulated as
1 do

[ 1(9hy’ or
1+7(3)
e dh ov, <6vr avz) 1 <ah)2 dh v,
= - 1—=|=— —_— 42
1 1ah2[ 6r6r+6z+6r 4 \0r +6raz t7a (42)
+7(37)
The surface tension gradient, do/dr, appearing in the left-hand side represents the Marangoni

effects due to concentration gradient, dI'/dr, that is caused by uneven distribution of
surfactants on the interface. This implies that the change in the surface tension depends on the

change in the surface excess concentration, which is expressed as

do B do ol
or ol or
Ac OT or

~200 _ 0 43
aror _ Tor (43)

The term do/dT" describes the dependency of the surface tension on the surface excess

concentration which is assumed to be constant and introduced as or. Substituting Eq. (43) to

Eq. (42) yields
ar

or 35 B U dhov, N <0vr 4 avz> " 1 (6h>2 N oh dv, N
1 (0h\? - 1 +1(a_h)2 or or dz  Or 4 \or or 0z ta (44)
1+3(5:) 1+zler
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2.2.5 Surface Excess Concentration Balance
This balance describes the distribution of the surfactants along the interface, which is expressed
in terms of the surface excess concentration, I'. Since the surfactants are assumed to be confined

to the interfaces, the surfactant excess concentration balance reads:

%‘l'vs'(ru)'{'vs'(ll'ls)zo (45)

In the left-hand side, the first term represents the rate of accumulation of ', the second term
where u is defined as Eq. (18) describes the rate of change due to the convection, and the last
term corresponds to the diffusion, where J; stands for the interfacial mass flux of the surfactant:
Ji = —=D;V,I (46)
The right-hand side of Eq. (45) describes the concentration jump condition between the bulk
phases, which appears to be zero since the surfactants are assumed to be confined at the
interface. Implementing u, [, and J; in Egs. (18), (21), and (46) expands Eq. (45) into

ar
T v, [r(unn t Uttl)] ‘v, [(—D,vsm (bt + t2t2>] ~ 0 @

By substituting t;, t,, n, and Vg in Egs. (3), (4), and (20) to Eq. (47), taking the dot product
rules as App. A.1 derives the surface excess concentration balance as

19 oh
ar+_;5;0TU0 1 TU, 9*h TU, 7

z 2 39rz  2r 2
@ @ 1+3(5)
D 10 adr 10T @az_h
S __<T_>___M —0 (48)
R C N T ()

2.3 Non-dimensionalization

The model equations are non-dimensionalized to determine the dominant terms based on the
lubrication theory. The transformation requires the characteristic scales to link the dimensional
and non-dimensional variables with a relation:

»=op (49)
where the left-hand side indicates the dimensional variable and the signs bar and tilde represent
the characteristic scale and the dimensionless variable, respectively. The characteristic scales
are analyzed by taking a clean system without mass transfer as the default case. This implies
that the surfactant effect on the tangential stress balance, Eq. (42), and the mass transfer effect

on the kinematic condition and the normal stress balance, Egs. (33) and (39), are not considered
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when determining the characteristic scales. Then, the determined scales are used to evaluate

the importance of the surfactant presence and the mass transfer on the corresponding equations.

Since the film is thin, the thickness of the film is smaller than the film radius. Introducing
epsilon, €, as a parameter having a small value gives h/7 = € « 1. The film radius is justified
to be much smaller than the equivalent radius of the bubble, R,, for a gentle collision. This
results in:

F=€R,  h=¢eF=¢€’R, (50)
The radial and axial velocity scales, v, and v,, are analyzed by evaluating the continuity
equation in Eq. (9) which signifies the equality of the rate of mass flowing throughout the
system. In terms of dimensionless variables, Eq. (9) is written as

v.| 10 avz 51
= | 737 (F,) (51)

r

The mass conservation indicates that the two terms in the left-hand side should stay, meaning

that both terms have comparable magnitudes:

Uy

Z 52
5 (52)
Substituting Eq. (50) to Eq. (53) yields

U, = €V, (53)

This transforms the continuity equation in Eq. (51) into the dimensionless form:

R DR (54
The time scale is determined through the kinematic condition in Eq. (33) which describes the
displacement of the interfaces with time due to the fluid motion. Since the coalescence time
stems from the drainage of the film which moves the interface position, the relationship among

the length, the velocity, and the time scales are well described in the kinematic condition. In

terms of dimensionless variables, Eq. (33) can be written as
—[~]_@ 10h 1(%>_E(1
1on 1 AlT T 29T Dy n\ 0z ) 72\2
[Eﬁ‘: — 2 ~ 2 +(1—w ) 7\ 2 7\ 2
Ol T e
T 4 \or T 4 \or

By implementing the length and the velocity scales in Egs. (50) and (53), Eq. (55) becomes

ow
d

=1
:>

Q)| =3}
=:

~:

(35)
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Uy

NI =
°’|
=t :‘l

Gl

[ 10h
= (56)

20t (1 a)AC)
JH |46 =

The small value of €2 appearing in the second term inside the square roots makes this term

| S

omitted (e2 « 1). In addition, the last term of the right-hand side indicates that the radial
2
component of the diffusive flux is insignificant compared to the axial component (% < %),

which simplifies Eq. (56) into

10h | | 10h_ N Dyg 1| 0wy, 5
20t |~ 2| T 207 T | T (1—wao)h| 07 ©7)

The significant terms are analyzed based on the default case without mass transfer which is

h

then used to evaluate the importance of the mass transfer. i.e., the last term of Eq. (57). Since

the mass should be conserved, the left-hand side and the first term of the right-hand side in Eq.

| &

(57) should stay as two significant terms with comparable magnitudes, - = v,, which yields

_ h
t=— (58)
vZ
Substituting Eq. (58) into Eq. (57) gives the dimensionless normal velocity of the interface U,:
5 _10h 10h _ 1 1 dwy

= ——= s [ — 5T + —
n =397 = Velz=e =555 Orla=ne + 55 (1 — wacl, ) 0z
Z=h/2

The first two terms in the right-hand side represent the axial and the radial components of the

Z=h/2 (59)

dimensionless normal velocity in the continuous phase, V.,. Meanwhile, the last term

corresponds to the contribution of the mass transfer in the interface displacement rate which

scales with 1/Pe = = glvmg the bulk Péclet number, Pe, as
v,h
Pe = (60)
Dyp

where Pe signifies the ratio between the convective and the diffusive mass transfer rates in the

bulk phase.

The analysis of the pressure scale is based on the film drainage mechanism in which the
movement of the approaching bubbles squeezes the film and results in the pressure gradient in
r-direction. This justifies that the pressure scale stems from the r-component of the Navier-
Stokes equation in Eq. (13) which can be expressed in terms of dimensionless variables by

implementing Eqgs. (50), (53), and (58) to give
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-2 ~ ~ ~ = — — 2~
€EP:V - [0D,  _ 0D, ov,1 Pe| 0P| wu.v€e?|lo (10 Uy |07,
R et TUraE T az] 7o T TR | Fa T )| T R a2

Comparing the last two terms in the right-hand side indicates that the radial deviatoric stress is

insignificant compared to the axial component (”C LEps - T) This yields the remaining terms

2~
+[%£] (62)

The scales in the left-hand side, u_ reflect a Reynolds number which is estimated to be

c

P,
ot

ep.v-h| 07, _ 07, 5 00, | _ Phe
w | 9F T er T2 9z | T wm

small for a thin film according to experimental studies. Thus, the left-hand side of Eq. (62) can

be omitted, leaving the remaining terms in the right-hand side as the significant terms with

- ° =1, to comply with the momentum conservation. This
cYr

comparable magnitudes,

formulates the pressure scale as

p =t (63)
he
and simplifies Eq. (62) into
ob. 92D,
= —— 64
0 ot 622 (59

The characteristic scales acquired in Egs. (50), (53), (58), and (63) are implemented to non-
dimensionalize the remaining equations. For the z-component of the Navier-Stokes, expressing

Eq. (14) in terms of dimensionless variables give

Ezpcﬁrz [aﬁz _ 07, 07, _ KUy [_a_ﬁcl +/"cﬁr63 %i # )] .uc_ﬁzre Iazﬁzl (65)

n ot U ar Tz T e |3z T TR

The right-hand side considers the pressure term as the only significant term since the last two

terms are negligible (””hf & ’;_:zvr, Hebre « “_C r) Dividing the remaining terms with %
€3pcorh

yields a Reynolds number, , in the left-hand side which gives a small magnitude as

c

justified for Eq. (62). Therefore, Eq. (65) becomes
ob,
0= —— 66
0z (66)
The non-dimensionalization of the component balance for the dissolution of gas transforms Eq.

(17) into

Uy Owae awAC 0wy, €210 (~6wAC> 1 0%w,, i
= N: _ 4t — D - ) ) _4a
3 ( FY; + U, + v, ) 4B [ 27 T += 352 + o (67)




2
The radial diffusive term appears to be negligible compared to the axial component (% < %)
The remaining terms are divided with %Z to simplify Eq. (67) into
a(l)A'C - a(l)A'C - a(l)A‘C . 1 az(l)A‘C
9t " "Tor "4z  Pe 022

where Pe is defined in Eq. (60) and Q is introduced as the dimensionless reaction term:

+Q (68)

}_l T, _T,
o=—D_fl1 (69)
vaC pC

The no-slip condition is evaluated by scaling U, with ¥,, transforming Eq. (23) into
L _ | 10h
7.[D,] + €27, l iﬁvzl

2 Tt (70)
Jreel 36

In the numerator part of the left-hand side, the axial velocity term appears to be insignificant

compared to the radial velocity. Additionally, the second term inside the square root is
negligible compared to 1, simplifying Eq. (70) into
rlz=riyz = Us (71)

The normal stress balance is assessed by re-writing Eq. (39) as

-~ 2 -
u.ve3|1 (0h\ 97 U2 (00,\ . u e (07 oh\ = u.vr€ (., 00
P l?(ﬁ) a7 +[C;; (%) +5F (afz)]('ﬁ)Jf—cﬁ (23%)
-— 1P| + —
he 1(h
1+62[—<—) l
4\ or
_ 2 ~ ~ \2 _620-0 1 a Naii
-7, |,0(Un — ‘Un) || =73 ﬁﬁ(rﬁ (72)

The right-hand side indicates that the surface tension is assumed constant, i.e., 0 = gy, as

mentioned in Section 2.2.3. In the second term of the left-hand side, the denominator is
noticeably close to 1 since €? « 1. Then, comparing all terms containing % leaves the

pressure terms as the significant term, hence, reduces Eq. (72) into
5 -
~ 2| _€°00| 1 0 (_0Oh
[p(Tn =) = R | 2FoF <r oF 73)

Notice that ¥, in the third terms of the left-hand side of Eq. (72) transforms into €2%,%. By

bty
he

I1P]| - e*5*

dividing both sides with £ r‘ir’ Eq. (73) becomes
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18] - < vh” (T - va)’|| = €| 19 ( 9k (74)
p n wo, | 2707\ or

The momentum conservation should hold for cases without mass transfer. This requires the

pressure and the curvature terms to stay as significant terms with comparable magnitudes.
Equating both magnitudes yields 7, in terms of the physical properties as

v, =—¢3 (75)

K
and transforms Eq. (74) into

o - 2] = 5o (750 9

Re-evaluating Eq. (76) with ¥, and h in Egs. (75) and (50) estimates the magnitude in the

e3v,.h

second term of the left hand-side to be 10, which is less significant than the coefficient of the
pressure and the curvature terms that is around 1. This implies that the role of the mass transfer

on the normal stress balance is negligible. By referring to section 2.2.3, the double bracket

defines the jump condition in the pressure term as ||P|| = B, — B; which expands Eq. (76) into

_ _ 10 ( _oh
= o =——| F= (77)
Palyoiy = Belicre = 37 6f<r61’ )
Based on Eq. (75), all remaining characteristic scales and the dimensionless numbers in Egs.

(53), (58), (60), (63), and (69) can be formulated in terms of the physical properties as

summarized in Eq. (91).

The non-dimensionalization of the tangential stress balance re-writes Eq. (44) as

00[
T 57

[r+h]

_ i, 5.e2[ ohav, N [aﬁr]_l_ﬁrez [6172] ! oR\’
T Tiery]l R L arer| \wlazl T TR Lor “la\o7
1+e€ lz (W) l
dh o, fas
n | 97 oz fata (78)

) . . 0 . .
Notice that the numerator in the left-hand side stems from a—: which scales with % where g,

stands for the initial surface tension. All terms having a magnitude of €2, which is smaller than

1, are omitted. This reduces Eq. (78) into
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In the right-hand side, the three terms containing 7,62 /h are negligible compared to the one

} + T2, (79)

with a magnitude of ¥, /h, simplifying Eq. (79) into

% or oy avr]

— = + 747 80
arl “hlo atd (80)

The important terms in this stage are analyzed by taking a clean system without surfactants as

the default case, i.e., [' = 0, which needs to satisfy the law of momentum conservation. This

requires the two terms in the right-hand side to stay significant with equal magnitudes:

T = et 81)
Evaluating Eq. (80) with Eq. (81) gives
x h_ l arl a—ﬁf + Talz=r/2 (82)
T UcUr " or 0z Z=h/2
where h, 7, and ¥, are defined in Eqs. (50) and (75), transforming Eq. (82) into
1[_ of] o, 5

Here, the magnitude of the left-hand side appears to be larger than the ones for the two terms

in the right-hand side (1/€2 > 1). This indicates that the left-hand side is more dominant than

: . . . . . oF
the other two terms. However, neglecting the terms in the right-hand side results in Eiz [O"f 7=

0, which is unreasonable for this term to become the largest term and also zero at the same
time. Thus, the right-hand side of Eq. (83) cannot be neglected in this case. By merging 65
with 1/€2, Eq. (83) becomes

,or 9D,

Or 5= = 57 . + Talz=r/2 (84)

~ 1 AG . . . . .
where &% = — 6 = — = is called as the dimensionless dependence hereafter. Equation (84) is
I 27T 7 2 AT

required to determine U, for tangentially mobile interfaces through Eq. (26) which can be

expressed in terms of dimensionless variables:

5 0 1 _f“oo f cosf 40 % di 85)
V. = —T4T T4 r
T g 0 V72 + (#1)2 — 27#'cosH

where the integration variable r’ scales with 7. Substituting Eq. (81) to Eq. (85) results in

7 f”oo f cos@ 40 7. di (86)
Ty df
t 0 V72 + (#1)2 — 27#'cosH ¢
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The notation A* =

denotes the viscosity ratio of the dispersed phase to the continues phase,

which signifies the level of interfacial mobility. Since this study concerns on a collision of gas
bubbles in water, the value of A* is relatively small, which indicates that it is easier for the
interface to move tangentially, reflecting high mobility (high U,) when the system is free from
surfactants. For an initial investigation, this study considers the interfaces to be tangentially

immobile, U, = 0, and the tangential stress balance in Eq. (84) is not required.

The non-dimensionalization of the surfactant excess concentration balance estimates the term

1+ = (ah) =1+ ¢? [ (%) ] as 1 due to the small parameter, €2 < 1, which reduces Eq. (48)

into

a2 r

_ Ul [1~~ 0 hl 7,0 € If‘Un oh
ot

2 " of2 27 OF

D, o [10 ~af I,e%[10T 0ha?h —o0
r2 7o\ o7 72 |4 07 oF aF2|| (87)

Notice that U,, and I scale with ¥, and [},,, respectively, where [}, denotes the surface excess

T

concentration when the critical micelle concentration is reached. Rearranging Eq. (87) and

applying ,., 7, h, and t summarized in Eq. (91) gives

+00Fm64 1._ 9%h TU,0h
2 "oFZ 2F OF

5 I, [10 [ ol +p, fm 10T 0h0%h “o0 (53
"R, 2e2 |7 OF UFF R 407 0F 072 (88)

In the left-hand side, the second and the fourth terms are negligible compared to the first and
the third terms, respectively. Thus, Eq. (88) becomes

ooTpe[olf 10 , I, [10//_ ol
— +-= (7T —-D——|==|7==]| =
iR, [at+faf(r ) IR, 2ez|For \| oF 0 (89)
Dividing all terms with D, results in
p af+1 0 (7)) 10 (_or _ 0 ©0)
“lot "Fary Y| For\ oF)

with Peg =

All characteristic scales and the produced dimensionless numbers are expressed in Table 1

whereas the non-dimensionalized equations are presented in Table 2.
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Table 1: The characteristic scales and the dimensionless numbers of the model equations

Characteristic scales:
_ _ of) _ (o)) — Op
¥ = €R,; h=€%R,; ©,=—¢€3 v, = —e€% Vi, = —€%;
p p T e e PP
R —_— _ (of — _ 0o
0-062 RP RP .uc
Dimensionless numbers:
, €U 1 A6 R T ooR ooR
P=t e o220 g e e D o pe =Tt (g
He €? AT 00€” Pc .ucDAB .ucDI
Table 2: The dimensionless thin film equations
The governing equations
o 1 0 v
Continuity: —— (79,)+—=—==10
7 OF 07
r-component zZ-component
Navier-Stokes: oP. 092D, P,
= — 4+ _—, — —_—
or 0z 07
Component mass Owge  _ Owpe _ Owye 1 0%wy .
balance of gas A: ot U oR 2797  Pe 022 +e
Interface conditions
No-slip condition: Uplz=rje = U,
) ] - oo 2! cos0 L
Tangential velocity: U, = e f f do t, dr
V72 + (#1)2 — 27#'cos0
Kinematic 10h — 5, - 1%5 lsy2 +i 1 0wy .
. §F- vzl _h porlz= P 07 |z_h
condition: 20t 7=3 207 e (1 - Aclz Fi/z) Z lz=

Tangential component

Stress balance: - _ 1 _oh ,OF _ 07, .
Pdlz%_Pclz:g T 2707 r_f ’ GF oFf 97 Z=h/2 +Td|z:h/2

Surfactant balance: | P ar+1a(~fﬁ) Lo (o =0

urfactant balance: es |57 + 237 (FTU) | =552 | F oz ) =
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2.4 Analytical Treatment and The Boundary Conditions

In the absence of the mass transfer, the z-component of the model equations are able to be
solved analytically, resulting in a set of 1-dimensional equations. When the mass transfer is
taken into account, it requires the component mass balance to be solved in 2 dimensions. This
part is treated specifically through the numerical technique, which is discussed further in

Section 3.

2.4.1 The Thinning Equation
The thinning equation expresses the time evolution of the interface displacement, Z—};, which

originates from the evaluation of the kinematic condition by determining the bulk velocity at
the interface. The radial velocity profile is acquired from the r-component of the Navier-Stokes
in Eq. (64) by integrating it twice with respect to z. Then, the radial velocity is applied to the

continuity equation in Eq. (54) to obtain the axial velocity.

According to the z-component of the Navier-Stokes in Eq. (66), there is no pressure gradient
in z-direction. This implies that P stays constant when integrating Eq. (64) with respect to z,
which yields

__10P 3

Ur=5552 +C1Z+C, (93)

Notice that all dP./dr terms transform into d P /dr which represents the gradient of the excess
pressure as explained in Section 2.4.2. Equation (93) is substituted into Eq. (54) to obtain

o7, 1a<faﬁ>~2 10 10 (94)

72 = For\zo7 )T Trar U255 (70)
which can be integrated with respect to Z by noticing that ., #, C;, and C, are independent of
Z, resulting in
172=—%%%(gg—i)f—lli(fcl)iz—lif(fcz )z + C; (95)
The symmetry condition around 7 axis, i.e., at Z = 0, indicates that the radial velocity gradient
in z-direction and the axial velocity are zero:
v,
0z

=0, Tplz=0=0 (96)

Z=0

The implementation of Eq. (96) into Egs. (93) and (95) determines the two constants, C; = 0
and C3; = 0, which give the velocity profiles:
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U, 267’2 +C, O7)
- 110 [ #0P 3 16(”C)” 08
= T3Rar\ 207 )7 TRar ) %)

The constant C, is identified by substituting the no-slip condition from Eq. (71) into Eq. (97),

_ 2
giving C, = U, — %% (g) . Implementing the constant C, to Egs. (97) and (98) formulates the

radial and axial velocity profiles as

+ U, 99)

a2
PO

Finally, evaluating Eqs. (99) and (100) at the interface, Z = h/2, expands the kinematic

condition in Eq. (59) which is derived in App. A.11 to yield the thinning equation:

Oh _ 1 0 (0P, 16(”Uﬁ)+M (101)
9t 12707\ oF 7o\t

The two first terms in the right-hand side represent the parabolic and the plug components of

the flow which are caused by the pressure gradient and the tangential velocity, respectively.

The last term, describing the role of the mass transfer in the balance, is proportional to the mass

flux and defined as
2 1 0wy ¢
Pe (1 _ wA,c|~=~ ) 0z

Notice that positive M refers to mass transfer from the dispersed to the continuous phase.

2i/2 (102)

The solution of Eq. (101) requires two boundary conditions, which follow the symmetry
condition and the gentle collision assumption:
oh
or

oh
’ ot

= = ~Vapp + M=z, (103)

7=0 F=foo
The symmetry condition applies at the center of the radial coordinate, ¥ = 0, where the gradient
of the interface position with r is zero. Meanwhile, the gentle collision refers to the equivalence
between the rate of the interface displacement at large radial distance, at 7, and the approach
velocity, V}lpp, where M is also considered. The initial film thickness, h(r, 0), signifying the

initial distance of two spherical bubbles is expressed as
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2
r
h(T‘, O) = ho() + — (104)
Ry
with h, denoting the initial minimum distance of the two bubbles, which takes place atr = 0,
and the term 12/ R,, resembling a perfect sphere. Applying the characteristic scales in Table 1

transforms Eq. (104) into

E(f; 0) = floo + 72 (105)
where the value of iy, should be sufficiently large to represent a perfect spherical shape, i.e.,

the interface is not deformed yet.

For the immobile case, there is no tangential velocity, U, = 0, which eliminates the second

term of the right-hand side in Eq. (101), giving

oh 1 0 (_0P.
7 Fr h3 |+ M (106)

ot 127 oF
When the interface is fully mobile, the viscosity ratio goes to zero, A* = 0, and the boundary
integral equation in Eq. (86) needs to be rearranged into

7, 2 fr r fﬂ cosf o . dF’ (107)
= . £y dF
‘ o 2mJg V72 + (#1)2 — 27#'cosH ¢

Introducing U, = A*U, as the tangential velocity for the fully mobile case reformulates Eq.

(101) into

A*aii_ A0 Naﬁm 10, . . M
Y — —gﬁ(rUt )+

ot 12707\ OF

oh 19 , .
(5 108
3t 77 (704 ) (109)

implying that the contribution of the pressure gradient is omitted and the effect of the mass

transfer becomes negligible. Here, A* in the left-hand side of Eq. (108) merges into the

. . . .. ~ t t
dimensionless time, giving ¢y« = prial

This rearrangement consequently re-defines the

boundary condition at ¥ = 7, as
oh 8

z = ~Vapp '
I
=7

[ce]

(109)

Ry ¥, Vapp 4+
with V, =V A" ===1%
app,A app Vapy
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2.4.2 The Pressure Equation

The pressure equation stems from the normal stress balance in Eq. (77) which is expressed in
terms of the excess pressure, describing the pressure deviation of the bubble interface to a
perfect sphere. This requires the normal stress balance for a perfect sphere:

20,
~P.o+ Pyo = 2Hop = — (110)
RP

which is transformed into dimensionless variables by implementing the pressure scale from
Table 1 to obtain
—Pep + Pyo =2 (111

Taking the difference between Eq. (111) and Eq. (77) results in the pressure equation:

_ - _ 10 (_oh
~Peo = (=P) + Pap = Pa =2 = == 7=
5> 10 (_oh
T cT 2707\ o7 (112)

Notice that P; is approximately the same as Py for a gentle collision, hence, Py o — Py ~ 0.

Therefore, P = P, — P, , stands for the film side excess pressure. This definition is introduced

. .. = . . = . dP oP ..
to all model equations containing dP./dr which turns into dP /0r since a—: = In addition,
this model requires a disjoining pressure to account for the attractive intermolecular forces
which enable coalescence. For a thin film, the disjoining pressure is given as

I, = A/6mh3 (113)

with A standing for the Hamaker constant which represents the strength of the van der Waals
interactions between the two bubbles. As the film becomes thinner, the van der Waals
interactions get more impactful and accelerate the drainage rate significantly, which leads to a
film rupture, followed by coalescence. The non-dimensionalization of Eq. (113) gives an
additional term to Eq. (112) to become the pressure equation:
10 (_oh\ A
P=2-o(fos |+ 5 (114)
Zfaf<raf> E
with A* =

- 67pr266

are defined through the symmetry condition and the gentle collision:

reflecting the dimensionless Hamaker constant. The boundary conditions

oP -
= =0 |._. (115)
=0
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The symmetry condition indicates that the pressure gradient is zero at the center of r-coordinate
whereas the gentle collision implies that the interface at large radial distance stays undeformed

(no excess pressure).

2.4.3 The Component Mass Balance Equation

The solution of the component mass balance in Eq. (68) requires two boundary conditions for
each r- and z-direction. In r-direction, the axisymmetry and the gentle collision indicate zero
concentration gradient at the center line and at large radial distance, respectively:

a(l)A’C
a7

0wy ¢
=0 or

7=0

=0 (116)

F=Foo

Meanwhile, in z-direction, the boundary conditions stem from the symmetry condition around
r-axis and the solubility condition:

0wy
0z

=0 w | __kHth__
- Aclz=hz — " p.

The symmetry condition holds for Z = 0 where there is no concentration gradient with z

K’ (117)

Z=0

whereas the solubility condition signifies the mass fraction of gas A at the interface as the
solubility of gas A in the continuous phase, introduced as K'. Following Henry’s law, K’ is
proportional to the Henry’s law constant and the partial pressure of species A, notated by kjy
and P, 4, respectively. As the bubbles are assumed to have a single component, P, 4 is the same
as the total pressure of the dispersed phase. The implementation of the second boundary

condition of Eq. (117) formulates Eq. (102) into

M= 2 1 a(l)A'C
"~ Pe(1—K") 07 |z,

(118)

The estimation of M in Eq. (118) considers 3 cases: low Pe which omits the left-hand side of
Eq. (68), constant mass flux where Eq. (68) is not necessary, and variable mass flux which

requires Eq. (68) to be solved in 2 dimensions.

2.4.3.1 Case 1: Low Péclet Number
Low Pe values imply that the diffusive transport dominates the mass transfer mechanism, and

eliminates the left-hand side of Eq. (68):

0=—224c g (119)
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This case estimates the reaction term, @, with a zero- and a first-order kinetics. The zero-order
reaction has no dependence on the mass fraction, w, ., which allows Q to stay constant.

Therefore, Eq. (119) can be solved analytically by assigning the boundary conditions in Eq.

(117), yielding:
1 ., (R
Wy = —EPeQ -\

By referring to App. A.12, evaluating the first derivative of Eq. (120) with Z at the interface

2
+ K (120)

approximates M in Eq. (118) with Pe canceling out each other, resulting in

Qh
- _ 121
M=-G"%y (121)
Substituting Eq. (121) to the thinning equation in Eq. (101) formulates
oh 1 0 ([ 0P._ 10, . Qh
— = —[F—R3 | =—Z=— (7 _— 122
9f 12707 <r o7 > 737 (7R 1-K" (122)

Notice that Q has a negative value since the substance A acts as a reactant, which gives positive

M in Eq. (121), reflecting mass transfer from the dispersed to the continuous phase.

When the reaction follows a first-order kinetic, Q becomes a linear function of w, . and the

analytic solution of Eq. (119) derived in App. A.12 yields
[_Eklpe KI e —fklPe% _ e—\/ —fklPe%
M=2

: ° (123)
Pe (1-K )engr oV TiPey

Applying Eq. (123) to Eq. (101) results in the thinning equation for a first-order reaction:
oh 1 o[ aP_)\ 10, _ .
— = | F—R3 ) == 7
9t _ 127 o7 <r o7 ) 737 (7R )
—fklPe K’ e\/—fklPe% _ e—x/—fk1Pe%
Pe. (1=K") /el -y Tkipel

with k; denoting the first-order reaction rate constant.

42 (124)

2.4.3.2 Case 2: Constant Mass Flux

This case considers the mass flux across the interface, N|,—p/, in Eq. (29), to stay constant,

i.e., constant M in Eq. (118). The effect of the mass transfer is examined by specifying positive
constant values for M without requiring the component mass balance in Eq. (68). To evaluate

some real systems, the estimation of M values for O, and CO- are based on Apps. B.1-B.2.
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2.4.3.3 Case 3: Variable Mass Flux (2D Model)

The variable mass flux in this case considers both convective and diffusive terms in Eq. (68)
to be significant. As the investigation in case 1 reveals insignificant effect of Q, as explained
in Section 4.1, Eq. (68) simplifies into

a(l)A,C - a(l)A,C - aa)A‘C 1 aza)A‘C (125)
ot " ar 279z  Pe 072
where ¥, and 7, are expressed in Egs. (99) and (100). Equation (125) requires the boundary

conditions in Egs. (116) and (117) to obtain the w4 . profiles in 2 dimensions, from which the
name ‘2D model’ originates. The solution for w4 . at a given time are used to estimate M based
on Eq. (118):

_ 2 1 a(l)A’C
~ Pe(1—-K') 0% lzo5)2

(126)
which is applied to Egs. (101) and (103). Here, Pe is able to cover all values and K’ changes
with P; according to Eq. (117).

2.4.4 The Tangential Velocity
The tangential velocity is formulated by substituting 74|;-5/, from Eq. (84) to Eq. (86)

AL ]
V72 + ()2 — 27 cosh

o'~___

For 0zl

cosf ) G I g
e 27
Z=h/2

where % i/ is taken from the first derivative of Eq. (99) with Z as
Z=h/2
o7, _a (1B, (R o
0% \yiyy 02| 207 | \2 off
Z=R/2
_9, oPh (128)
o R/2 o7 2

Substituting Eq. (128) to Eq. (127) gives

7 f~°° J‘ cosf 6 [ ,of 0P hl . (129)
S V72 + (#)2 — 27#'cos@ )

with 6% is the parameter having the estimated values as discussed in Section 4.2 and the term

aT . . . .-
57 requires the solution of the surface excess concentration balance. The symmetry conditions

give no tangential velocity at the center and no velocity gradient at the boundary, which read:
_ U,

= 0, —~
or |.

F=Teo

=0 (130)

tly=g
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2.4.5 The Surface Excess Concentration Balance

Equation (90) is solved by applying the symmetry conditions giving no gradients:

or 0 or _ 0
a7, = ° 7 13h
=0 F=feo
Then, the initial condition is defined as
- - I
F#0) =5 == (132)
" T

The overall model equations are summarized in Table 3. Notice that all equations, except the

component mass balance, are valid at the interface.

Table 3: The dimensionless equations and the boundary conditions

Thinning equation: 6_{1 = i g < oP . > — li( #U.h ) +M
ot~ 12f0F\ oOF 7 Of
Boundary conditions: Initial condition:
oh| oh 0 - _
Er s =V, EH e = —Vapp T |f=f°° h(#,0) = hyy + 7
Pressure equation: P=2- 19 <~ oh > + {.1—*
27 0T\ or 3
Boundary conditions
6_1? =0; P|._. =0
ar Foo T=7To0
Component mass Owa, _ Owa, _ Owa, 1 0%w,,
balance for gas A af, + U aF, t azl ~ Pe 622,
Boundary conditions in 7: Boundary conditions in z:
awi,,c ~ 0. awi,c —0 awf_c ~ 0 wA,c|~_~ _ g
or =0 F=Teo 0Z Z=0 z=h/2
- velocite: | T j cos6 del ,or 6Phld~
Tangential velocity: t = \/TZ () = 277 'cos0 O'F 5% 972 r
Boundary condltlons.
_ U,
Uel._,=0; v
.
Surfactant balance: | Pe IO_IN‘ + 1o (7/TT )l _19 <1’ E) =0
*|lot For: Y| FoF\ oF
Boundary conditions: Initial condition:
oM o M Ly fRO =T =2
or o ot ety m

Since all variables are transformed into dimensionless, tildes in the dimensionless variables are

omitted after this section.
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3 Method

The mathematical problems in this study are solved using numerical computation to estimate
the drainage behavior. The model is initially investigated in the absence of surfactants for three
cases: low Pe, constant mass flux, and variable mass flux which is applicable for any Pe values.
Then, the effect of the surfactant presence is taken into account by including the tangential
mobility to the model and coupling it with the surface excess concentration balance. The
complete model, i.e., Case 3, contains radial and axial components which are solved by
applying a two-step solver. The first part of the solver computes I, P, h, and U;, at a given time
by solving the r-component of Egs. (90), (101), (114) and (129) simultaneously. In this part,
M is taken from the previous time step (assigned as zero initially). The second part of the solver
takes the solutions obtained from the first part to solve the z-component of Eq. (125), resulting
in the 2-dimensional mass fraction profiles. These solutions are used to compute M which is
required in the first part to determine I', P, h, and U, for the next time step. While the two parts
of the solver are required for Case 3, the first two cases do not need the second part since M is

estimated via analytical calculation or assigned as a constant.

In the first step of the solver, the thinning, the pressure, the tangential velocity, and the surface
excess concentration balance equations summarized in Table 3 are solved simultaneously using
the corresponding boundary and initial conditions. In addition, the initial values of P, U, and
M are taken as zero. The discretization of the time derivative follows the second-order
backward differentiation by assigning the initial conditions in the first and the second time
steps. To obtain higher resolution, the spatial derivatives in r-direction are approximated via a
spectral method based on the Chebyshev polynomials (Guo et al., 2013). The tangential
velocity in Eq. (129) is solved by employing the integration matrix [A] as suggested by Ozan

and Jakobsen (2019a) to handle the singularity in the boundary integral kernel, yielding

_[A][_,or aPh

_lAlf o _0Ph 133
t= 7 |%Tor T or 2 (133)

By omitting the subscript t in Uy, the discretization of the domain in r-direction into N, grids,
i.e., N+1 grid points, turns the four evaluated variables into an array of size (N,+1) x 1 and

yields the discretized equations as follows.
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The discretized thinning equation in Eq. (101):

3 2 1
28 gt S = pk-1
ZAt[ ”]hl At oagh

<[ ot o] o] s o]
e () o] s

The discretized pressure equation in Eq. (114):

I:al]:I Pik+1

Pk+1

Uk+1 _I_Mk (134)

A*
=2 [1,1,1, ,1] [dlag ( )] [Dr l]] [dlag(T )] [Dr l]] hk+1 —3 (135)
(Nr+1) h{‘)
The discretized tangential velocity equation in Eq. (133):
1
[6ij] Uttt = T [Ai] of [Dr,ij] It — [ ] ldlag < >l [Dr U] pjett (136)

The discretized surface excess concentration balance in Eq. (90):

3 2 1
2 os  pkr 2k 1 _k—1}
Pes {ZAt[ ”]F‘ aclt toach

+Pe; [dlag( )] [Dr U] [dlag(rl)] [dlag(]"k)] Ukt

[dlag( >] [Dr u] [dlag(rl)] [Dr U] rft =0 (137)

Here, k denotes the time step, i.e., the terms in the (k+1)" time step are unknown. The
subscripts i = 1, ..., (N,+1) and j = 1,..., (N,+1) respectively describe the row and the
column positions of the corresponding elements. The spectral differentiation matrix, D,., is
obtained from the Chebyshev polynomial function and applied to take the derivative with
respect to 7. The notations §;; and diag respectively describe the identity matrix of size (N, +1
x N,+1) and the diagonalization function that arranges its input with size (N,+1) x 1 into a
diagonal square matrix. All matrix operators multiplying the unknown terms are grouped into
[ Bgrij ], where q=1, 2, 3, 4 corresponds to the sequence of Egs. (134)-(137) and r=1, 2, 3,4
specifies the sequence of the unknown variables hf**, P¥*1, UF*1 and T}**. The known parts
of the transient term are defined as hy;; = — é h¥+ ﬁ h¥1 and Thei = — Azt rk+ e Flk 1 By
arranging the unknown and the known terms into the left-hand and the right-hand sides, Egs.
(134)-(137) are rewritten into
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_ Bi1,ij hitt — B12,ij P{* + [ By3,ij ] Ut = —hye + M (138)
| By [P+ Bayy PR = 2[1'1'1'---,1] + A*g (139)
] i : : (Ny+1) (h{‘)

| Baoy [P | Basy |UF | By Tt =0 (140)
- B43,ij Uik+1 + B44,ij Fik+1 = _Fkt,i (141)

Then, by specifying the known terms in the right-hand side as [ RHS,; ], Egs. (138)-(141)

are merged into one equation:

_Bll,ij_ _Blz,ij_ _313,ij_ _314,ij_ [ ple+t rhsy

_321,ij_ _Bzz,ij_ _BZ3.ij_ _324.1'1'_ pftt rhs,;

: o o o : = (142)
_B31,ij_ _B32,ij_ _B33,ij_ _B34,ij_ Ukt Thss;

Bavij| |Bazij| |Bazij| |Baaij e+t | Thsy;

Here, the matrices [Byy;], [Basij], [B2aij]s [Bsvij]s [Bavij], and [Bsyz;;] contain a value of
zero in all of their elements. Combining all matrices [Bg;.;;]| and [rhs, ;| respectively into [Cy]
and [RHS] yields
e
Pik+1

Cfg = RHSf (143)

Uik+1

k+1
l—‘i

with f =1, ...,4x(N,+1) and g = 1, ..., 4x(N,+1) denoting the indices of the corresponding

elements. The boundary conditions in Egs. (103), (115), (130), and (131) are discretized into

3 k+1 2

1
. k+1 _ k k-1 — k
[D “1] hi™ =0, 22z e ~ 3 Mvern T op ey = “Vap + Miany (149)

[Dnlj] Pf* =0, P& = (145)
Ukt = [Dr,mrﬂ) ,-] Ukt = o (146)
[Dr,u] rf*' =o, [Dr.avrﬂ)j] ' =0 (147)
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The rearrangement of the unknown and the known terms of Eq. (144) into the left-hand and

the right-hand sides yields

_ _ k
[Dr,lj] hlk+1 =0, hz;}-rl_l_l) = Pt vy +1) ;/app + M(Nr+1) (148)
2At

where h; is defined as in Eq. (138). The boundary conditions are implemented by substituting
Eqgs. (145)-(148) to the first and the last rows of the corresponding matrices [qu- j] and [rhsq,i]
in Eq. (142) which are re-expressed as [Cfg] and [RHSf] in Eq. (143).

For the thinning equation, the left-hand sides of Eq. (148) is taken to replace [311,1 j] and
[Bll,(NT+1)j] while the right-hand side of Eq. (148) replaces [rhsl,l] and [rhsll(Nrﬂ)].
Defining these conditions in Eq. (143) replaces the 15¢ and the (N, +1)" rows of [Cfg] and
[RHS] into

Ci _ [Dm,- 000...0] ,
4x(Ny+1)
RHS, =0 (149)
Conrrg = “000...00 1] [000...0] l
(Ny+1) 3x(Ny+1)
—Rie,vyt1) = Vapp + M{y, 11
RHS(y, +1) = . (Ny+1) (150)
2At

The boundary conditions for the pressure equation are implemented by replacing [322,1 j] and
[322,(Nr+1) j] with the left-hand sides of Eq. (145) together with the replacement of [rhsz’l] and
[rhsz,(NrH)] by the right-hand side of Eq. (145). Introducing them into Eq. (143) substitutes
the (N,+2)™" and the (2N, +2)™" rows of [Cf,] and [RHS;], resulting in

Covpiyg = “o 00.. 0] [Dm,- 000... o] l
(Ny+1) 3x(Ny+1)
RHS, 42y =0 (151)
Coni2g = “0 00..00 1] [0 00 ...0] l
2x(Ny+1) 2x(Ny+1)
RHSn,+2) =0 (152)

The same procedure is applied for the tangential velocity equation by assigning the left-hand

sides of Eq. (146) to [333,1 j] and [333,(1vr+1) j], and the right-hand side ones to [rh53’1] and
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[7hss ,+1y], which define the (2N,+3)™ and the (3N,+3)"" rows of [C,] and [RHS;] in

Eq. (143) as
Cian+3)g = “0 00.. O] [1 00.. 0] l,
2x(Ny+1) 2x(Ny+1)
RHSZNr+3 =0 (153)
Conng = “o 00.. o] [Dr,(,vrﬂ)j 000.. o] l ,
2x(Ny+1) 2x(Ny+1)
RHS(3NT+3) = O (154)

Lastly, the boundary conditions for the surface excess concentration balance are implemented
by taking the left-hand sides of Eq. (147) to [344,1 j] and [344,(NT+1) j] and substituting the right-
hand side ones to [rhsy, | and [rhs, y,+1y], which replace the (3N, +4)t" and the (4N, +4)™"

rows of [Cfg] and [RHSf] in Eq. (143), giving

C(3N‘r+4)g = 000...00 Dr,lj ,
N 4x(Ny+1)
RHS3NT+4 = 0 (155)
Cmrarg  =[000..00 Dy oy j] ,
- 4x(Ny+1)
RHS(4N7<+4) =0 (156)

By applying Egs. (149)-(156), Eq. (143) is solved to obtain the film thickness, the excess

pressure, the tangential velocity, and the surface excess concentration profiles along r-axis as

_ - r -1 -
k+1
h;
k+1
P;

= Crg RHS (157)

Uik+1

k+1
Fi

The magnitude of MY in Egs. (134) and (150) is assumed to be constant, i.e., M¥ ~ M, for the
first two cases. Specifically for the first case, M is estimated through Egs. (121) and (123) for
the zero- and the first-order reactions, respectively. Meanwhile, the third case takes M¥ from
Eq. (126) which requires Eq. (125) to be solved numerically in two dimensions. Although it
involves 2-dimensional components, the solver is developed in a specific way as described in
Figure 5 where the r- and z- components are solved separately. In this section, the subscript

A, c in wy . 1s omitted for the discretization purposes.
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Inputs

Simulation parameters : N, 1y, 7w, At, N,

Physical parameters

Initial conditions

Vapp, A", A", K', Pe, Peg, ot
19, k%, PO, U°, T°, @O, M°

A 4

Spatial discretization
in r-direction

[DT,ij] and 4]

A 4

A4

Spatial discretization
in z-direction

A4

M computation

M¥ vy, im and vz i,
Matrix building Matrix building

[Crg] and [RHS;]
in Eq. (143)

A 4

Boundary condition
implementation

Eqgs. (149)-(156)

A 4

Problem solving

k+1, pk+1,
hi ’Pi )
k+1, pk+1
U5 T

v, and v, computation

Cormn]
[ WMA =g,

~.
.

in Eq. (165)

A

Boundary condition
implementation

Eq. (168)

A4

Problem solving

k+1

Wim

[Dz’mn|r=ri] and z;,

and [RHS m| _

]

If min (hf*') <107

no
yes
Outputs
Profiles :h,P,U;,and T
Outcome : nose rupture, rim rupture,

Simulation time :

or no coalescence

t = t. for coalescence and

t = 0 for no coalescence

k+1 k+1 k
hi s Pi s wim: [DT,ij]a

r;, Ny, N,, At, K', Pe

Figure 5: Algorithm of the first and the second parts of the solver. The subscripts i = 1, ...

and m =1, ..., N,+1 correspond to the nodes in r- and z- directions, respectively.
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As summarized in Figure 5, the second step of the solver is constructed in addition to the first
step to determine the bulk velocities and the mass fraction profiles within the film. In this step,
the radial discretization component and the solutions for A¥** and P}*? obtained in the first
step are taken to solve a one-dimensional problem in z direction for a fixed value of r. The
dependence of the upper boundary, z = h/2, on r implies that each problem is solved for a

different domain size.

Following the first step of the solver, the spatial derivatives in z-direction are discretized using
the Chebyshev spectral method. The differentiation matrix [D,] and z positions are obtained
for each r value and denoted as [Dz|r=ri] and z|,—,,. The time derivative is approximated by
the first-order backward differentiation. Then, by specifying N, as the number of grids for z-

coordinate, Eq. (125) is discretized at r = 1; as

1 1 _
Y [6mn] Ol ey, — A—twfn|r=ri + diag (vrk,m r=ri) dwfyr=r,

. k k+1
+ diag (vz,m|r=ri) [Dz,mnlrﬂil O r=r,

1
~ Pe l Dz’"‘”lrml lDZ'mn|r=ril wpt =y, (158)

Here, m =1, ...,(N,+1) and n = 1, ..., (N,+1) are the row and the column positions of the
corresponding elements. This defines [Dz_mn|r_r_] as a spectral differentiation matrix of sizes
-
(N,+1) x (N,+1) evaluated at r = r; which takes the derivative with respect to z at r = r;.
The term dw¥, |-=r, describes the derivative of w with respect to r which is evaluated at v = 7.
In other words, dwy|,y, is the i*" element of [da),’illr=1 dw,’illrzmrﬂ] = [dwf‘m]T which
is computed from
dofyy = | Drig| @l 1= 1, Nyt 1)) = 1, N+ 1);
m=1,..,(N,+1) (159)

where [Dr,i j] is taken from the first step of the solver. The bulk velocities, vrk,m|r=r' and

k

vZ’fm|T=ri, in Eq. (158) are obtained by determining the velocity profiles within the film, vy ;,,

and v¥, . from the discretization of Egs. (99) and (100):

z,im>
2
ko1 D...| pk+1 2 _ [hE?
vr,im = E r,ij Pi @ Zim~ — > (160)
. 11 , 1
Vyim = —g;@dpl,i O zim +;®dP2,i O Zim (l61)
i i
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The solutions for h¥** and P}** are taken from the first part of the solver. The element-wise
notation () multiplies each element of the corresponding matrices or arrays located in the

same row, i. The terms dP; ; and dP,; are defined as

dP,; = [Dr,ij

i

dp,; = [Dr,i,-] % o) “ Dr,ij] P{‘“l o) (?)2 (163)

The rearrangement of Eq. (158) into the matrix operator, the unknown, and the known terms

yields

1 1
A_t [6mn] + dlag (vzk'mlr=ri) [Dz,mnlrzril — P_e [ DZ'mn|T=Til [Dz’mn|T=T‘il wrl%+1 _—

1 -
A_twlcnlr:ri - dlag (v;('mlr:ri) dr‘“ﬁnlr:ri] (164)

By defining the matrix operator and the known terms as [Cw,mn|r_r ] and [RHSw’mL_r.], Eq.
- -

i

(164) is rewritten into
[ Comnl,._,, ][wﬁllr:ri]:[ RHS o], ] (165)

The boundary conditions in r-direction are taken from Eq. (116), which are expressed as
w11§l+1|1'=1 = w$n+1|r=2f wrlgl*-llr:rNr = wrlgl+1|r=r(1vr+1) (166)
while the boundary conditions in z-direction stem from the discretization of Eq. (117):

lDz’lnlrzril wfn*-llr:ri =0, wl]f’;il =K’ (167)

r=ri

Equation (166) implies that the problem is solved for i = 2, ..., N,. since the solutions fori = 1

and i = N,.,, are equivalent to the solutions fori = 2 and i = N,., respectively. Then, Eq. (167)
is implemented by replacing the first and last rows of [ Cw,m"|r=r- ] and [ RHSw,m|r=r. ] in

Eq. (165), resulting in

Cw,1n|r=ri = lDZ,lnlrzril, [ RHS“"llr:ri ] =0

Cw,(NzH)nlr:ri:[o ...001](N N [ RHS il ]:K’; =2 N,

n=1,..,(N,+1) (168)
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Finally, Eq. (165) is solved together with the boundary conditions in Eq. (168) by determining

-1

[w,’ﬁllr:n] - [ C(‘)'mnlr:ri ] [ RHS(‘)’mlr:ri ]; L= 2' ."’Nr;
m=1,..,(N,+1);
n=1,..,(N,+1) (169)

and executing Eq. (166). The solution for w}y,t!|,=,, is used by taking the m‘" element of its

o . : .9 . .
derivative with respect to z, which gives a—(: P The result is then used to compute M{‘ in
z=h/2
the first step of the solver which is required to solve the thinning equation at the next time step.
The procedure discussed so far considers the complete model with gas dissolution and

surfactant presence. When a specific case is examined, the model equations are adjusted

according to Table 4.

Table 4: The model equations for specific cases

Cases Adjustment to the Model
Immobile interfaces - The thinning equation becomes Eq. (106)
(U =0) - Egs. (90) and (133) are not required
Fully mobile interfaces - The thinning equation turn into Eq. (107)
1" - 0) - The velocity equation becomes Eq. (108)

- The boundary condition in Eq. (109) is applied

Absence of gas dissolution - Eq. (125) is not required

(M =0) - The second part of the solver is not required
Absence of surfactants - Eq. (90) is not required

(To =0)

The solver computes iteratively to give solutions for the next time steps until the coalescence
is estimated to occur. This behavior is indicated by quick decreases in the dimensionless
minimum film thickness, min (hf*?), which may reach negative values in the simulation.

h¥*1) reaches below 1073 as an

Therefore, the simulation is set to stop the iteration when min (
indicator of coalescence. The time required for one single simulation to satisfy this condition
is considered as the coalescence time. When the gas dissolution is taken into account, it may
cause some increases in min (hf‘“) to a larger value than the initial one. In this case, the

outcome is considered as no coalescence.
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4 Results and Discussion

In this study, the film drainage behavior is examined by considering two phenomena: the
dissolution of gas and the surfactant presence. Each phenomenon is studied separately in
Sections 4.1 and 4.2 by investigating their physical behaviors, i.e., mass fluxes in the presence
of dissolution and tangential mobility for systems with surfactants, and their impacts on the

drainage behavior. Then, the combined effect of both phenomena is analyzed in Section 4.3.

The model is validated by executing four cases which are then compared to the solutions
obtained by Ozan and Jakobsen (2019a). Two of these cases consider the constant mass flux
and the variable mass flux to validate the first and the second parts of the solver, respectively,

for the immobile case. Similarly for the mobile case, each part of the solver is validated by

taking the tangential mobility into account.

107 (c)V

app

=0.09

Figure 6: Time evolution of the film thickness profiles reproduced from Figure 5 of Ozan and
Jakobsen (2019a) for validation of the first part of the solver without considering the mass
transfer (M = 0). The four types of behavior in (a)-(d) respectively correspond to the nose

rupture, the rim rupture with dimple formation and with multiple rims formation (the pimple

and the ripple shapes). The results are obtained at A* = 10, hyo = 10, and 7, = 15.
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Figure 6 presents the time evolution of the film thickness profiles at different V,,,, values,
which are obtained from the first part of the solver for no-flux case (M = 0). Overall, the
results seem to be identical to Figure 5 of Ozan and Jakobsen (2019a). In all subplots, the film
thickness decreases with time due to the drainage until the film ruptures at different times,
shown in the last profiles, after which coalescence is estimated to occur. In Figure 6 (a), the
rupture occurs at the center which is indicated as the nose rupture. This type of behavior occurs

at relatively low V,,,, where the attractive van der Waals forces start to become significant to

destabilize the film and results in coalescence before the capillary forces act upon the system.
As Vy,p increases, the capillary forces become sufficiently stronger to promote rims formation
at the interface before the film is thin enough to allow the van der Waals forces to act
substantially. In these cases, the film ruptures at the position of the rim, which is called the rim
rupture as represented in Figure 6 (b)-(d). The dimple shape in case (b) is commonly known
whereas the other two shapes are discussed further by Chan et al. (2011). According to their
Section 3.1.2, the pimple in case (¢) refers to an additional minimum emerging locally at the
interface while the ripple in case (d) is indicated by the multiple minima and maxima appearing

along the interface.

The second part of the solver is validated together with the first part by setting K’ into zero,
1.e., no mass flux, and comparing the results with the constant flux case for M = 0. The
comparison in Figure 7 shows that the results with the two-step solver, i.e., the 2D solver, fit
perfectly with the constant flux solver. Therefore, all results for the no-flux case in this section

are obtained from the constant flux solver.

Constant flux solver
O 2D solver '

PO §
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Figure 7: Coalescence time as a function of V,,,;, for validation of the 2D solver. All results

are obtained at A* = 10", hyy = 10, and 7, = 15.
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To compare with Figure 4 of Ozan and Jakobsen (2019a), the t. curves in Figure 7 seem to
match well with their A* = 10™* case. The linear decreasing trend of t, within the low Vaop
values is found to give the nose rupture as described in Figure 6 (a). Then, the slope of
log(t;)/10g(Vypp) decreases at around Vg, = 0.01 where the dimple starts to grow along the
interface as represented in Figure 6 (b). This decreasing slope indicates that the drainage rate
is slowed down by the emergence of the dimple which tend to strengthen the resistance of the
interface to the drainage process. Then, the decreases in t. become less significant until ¢,
passes its minimum point and starts to increase with V. In this regime, the multiple rims
appear along the interface as shown in Figure 6 (c)-(d), which delay the drainage rate even

more, resulting in the increasing trend of t..

The mobile solver is validated by reproducing Figures 7 (a) and 10 of Ozan and Jakobsen
(2019a) using the first-step of the solver and the two steps of the solver, respectively. In their
work, the time is scaled with u,; instead of p. that is used in this study. This results in the
different transformation of the dimensionless time, i.e., t.. To yield the same transformation as
their work, the coalescence time obtained in this study needs to be divided by the viscosity
ratio, A*. The results are presented in Figure 8 which seem to be in good agreement with Figure
7 (a) of Ozan and Jakobsen (2019a). The decreasing-increasing trend of ¢, is similarly found
in the mobile case for different extents of mobility. As A* values get smaller, i.e., more mobile
interfaces, the coalescence times approach to the fully mobile case which fits with the results

for A* = 0.1.
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Figure 8: Reproduction of Fig. 7 (a) of Ozan and Jakobsen (2019a) using the first-step of the

solver showing coalescence time for different A* as a function of V,,,,, evaluated at A* = 104,

hoo =2, 7w =30,and M = 0.
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Figure 9 shows the time evolution of the film thickness profiles for partially and fully mobile
cases that are obtained from the two-step solver. The results seem to be in accordance with the
ones obtained in Ozan and Jakobsen (2019a)’s Figure 10 where the pimpling and the wimpling
behaviors in their figure are also found here. While the pimple shape in case (a) is similarly
shown in Figure 6 (c¢) for immobile case, the wimple shape in Figure 9 (b) only shows up when
the interface is fully mobile (A* — 0). This corresponds to the contribution of the parabolic

flow (1" # 0) in hindering the emergence of the wimple as discussed in Ozan and Jakobsen

(2019a).
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Figure 9: Reproduction of Fig. 10 of Ozan and Jakobsen (2019a) using the two-step solver
which shows the time evolution of the film thickness for (a) partially mobile and (b) fully
mobile interfaces, exhibiting the pimpling and the wimpling behaviors, respectively. All

results are obtained at hyy = 2, 7, = 30, and K’ = 0.

4.1 The Effect of Gas Dissolution on Coalescence

The effect of the gas dissolution is investigated for three cases based on 1 mm bubbles in water.
The first case considers low Pe where the convective transport is assumed to be negligible. In
the second case, the mass flux is assumed to be constant and its effect is investigated by varying
M. The third case applies for variable mass fluxes which hold for any Pe values. This case is
studied by observing the behavior of the mass transfer, i.e., the time evolution of M, before the
effects of the gas solubility and Pe on the drainage rate are examined. As the default case, all
results are evaluated for immobile interfaces (U; = 0) with the absence of surfactants.
Specifically for the first case, the negligible convection assumption implies that the reaction
term should stay to balance the diffusive term. This means that the first case only holds for

systems which involve reactions.

65



4.1.1 Case 1: Low Péclet Number

The model in this case is evaluated by estimating M for the zero- and the first-order reactions
as expressed in Egs. (121) and (123). A typical bioreactor system is taken as the base case,
where O, is commonly used as nutrients for cells. Following the typical bioreactor systems
discussed in Lopes et al. (2014), the O> solubility in water at 1-15 bar is taken to estimate K’
which is on the order of 107> — 10™*. Then, by assuming that the dimensionless film thickness
is roughly at h < 0.1, M is estimated to be around 1071* — 107 for the zero-order reactions
and 10716 — 10719 for the first-order reactions. These values are assigned as constant M to

estimate the coalescence times for different V,,,,, which are summarized in Figure 10.
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Figure 10: Coalescence time for different M values as a function of Vg,,,,. All results are

evaluated at A* = 10, hyo = 10, and 7, = 15.

Compared to the no-flux case (M = 0), the coalescence time for M < 10™* seems to be
indistinguishable. As expected from Eq. (101), when M is too small, the effect of dissolution
on the film drainage becomes insignificant. In this case, M depends on the gas solubility, K’,
and the consumption rate of the gas, r,, which are relatively low for bioreactions. The low K’
value results in low concentration gradient within the film, which restricts the diffusive transfer
of the substance. In addition, 74, which serves as the sink term in this case, is expected to
promote larger flux compared to the non-reactive systems by increasing the concentration
gradient. However, this effect becomes less significant when 74 is low. According to Egs. (121)

and (123), M seems to be quite insensitive to the changes in K’ and r4. Thus, changing these
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two parameters to larger values for a system with chemical reactions still yields small M values,

which are below 107

In comparison to reactive systems assumed in this case, Li et al. (2019) observed that gas
dissolution also occurs and influences coalescence in the absence of reactions. In their
experiments, they used CO> which has a solubility of 100 times higher than the O> solubility
and came up with their Eq. (3.2) which describes the relationship between the mass flux of CO»
and the bubble size. According to their expression, the values of M for 1 mm CO; bubbles are
estimated to be on the order of 107 — 1072 (further details are derived in App. 0). Based on
Figure 10, the values of M = 10~* for CO2 bubbles are seen to be influential on the coalescence
time. This implies that the effect of dissolution may not be neglected for gases with high
solubility. In addition, the considerable effect of dissolution also applies for non-reactive
systems according to Li et al. (2019), which cannot be simulated using the low Pe case since
M in this case disappears when there are no reactions. This indicates that the model for low Pe

case may be inadequate to represent the dissolution phenomena on film drainage.

4.1.2 Case 2: Constant Mass Flux

In this case, M is assigned as a constant value which may represent any values of Pe, K', and
reactive or non-reactive systems. The values of M are varied between 1078 and 5 x 10~* with
the results given in Figure 11. While the curves for M < 10~* match the no-flux case, the
results for M > 10~* show slower drainage time compared to the no-flux case. The gas transfer
from the dispersed to the continuous phase shrinks the bubbles out which displaces the
interfaces away from each other. This implies that the rate of the film drainage becomes slower
with higher M. As also described in Eq. (101), when M is constant, the film thickness increases

more with larger M.
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Figure 11: Coalescence time for different M as a function of V,,,,,, showing three different

pp>

patterns. All curves are obtained at A* = 10, hgq = 10, and 7, = 15.

For M > 107%, the extent of M effect on t, seems to change with Vapp, revealing three patterns
which are separated roughly by the dot-dashed lines. At low V3, values, the effect of M in
slowing the drainage rate becomes less significant with V5, until the curves merge at
intermediate Vy,,, values, starting from V;,,,, & 0.006. These cases occur in the decreasing trend
of t. where the contact time between the bubbles gets faster with V4,,,,,. This reduces the period

for the mass flux to occur, which consequently decreases the significance of M effect in
prolonging t.. As M is assumed constant here, the extent of M effect can be connected directly
to the contact time. This is also shown through the boundary condition at r = 1, in Eq. (103)
where M becomes less dominant on the rate of the interface displacement when V,,, is larger.
After passing the intermediate values, at V,,,,, = 0.02, the drainage rate is slowed down by the

emergence of the dimple. This implies that the contact time begins to increase with V,

app- thus,

the curves start to separate again as discussed further in Figure 14.

The slowing down effect of M is also found for very low M values when they are comparable
to Vgpp- As shown in Figure 12, the ¢, curves for M = 1078 and M = 107 appear to deviate
from the no-flux case within very low V,,, values. However, according to Yaminsky et al.

(2010), the coalescence hardly occurs in such low Vg, since the film tends to stay stable at
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Vapp < 1 um/s. This value corresponds to a dimensionless Vp,, of 10~* below which the

visible effect of the mass transfer for M < 10™* may be unrealistic.
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Figure 12: Coalescence time as a function of the approach velocity at very low V,,,,, regime,

showing that smaller M affects the coalescence time when M values are comparable to V,,

At intermediate Vg, values, the effect of M in increasing t. can be seen clearer in Figure 13.

All curves for M < 10™* show similar ¢, which are indicated the same as t, for the no-flux
case. Then, t, starts to increase with M by around 1%-2% for M = 10™* and 8%-14% for M =
5 x 10™*. After this value, higher M seems to give asymptotic trend which may indicate that
the gas dissolves completely into the continuous phase. However, there is no apparent reason
for this behavior to occur in real systems, especially since the mass transfer should reach an
equilibrium state. At this stage, there is no concentration difference between the dispersed

phase and the continuous phase, i.e., no further phase change.
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Figure 13: Coalescence time as a function of M at (a) Vg, = 0.006, (b) V,,, = 0.008, (¢) Vopp
=0.01, and (d) Vppp, = 0.02 with A* = 10, hyo =10, and i, = 15

At high V,,,,, values, V,,, > 0.02, the curves for M > 10~* separate from the no-flux case as

shown clearer in Figure 14. The decreasing trend correspond to the dimple formation at the

interface, which delays the drainage process compared to the linear trend in the first two

patterns discussed above. This allows the mass transfer to occur for longer period and affect

the drainage behavior more significantly. As

app

becomes larger, the dimple becomes more

pronounced, which decreases the drainage rate more, provides longer contact time, and results

in more visible effect of M until multiple rims appear in the increasing trend of ¢t.. In this

regime, all curves increase with approximately the same slope of log(t,) /log (V,
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Figure 14: Coalescence time as a function of V,,,, at high V,,,,, regime, showing that the

minimum ¢t is obtained at lower
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It can be seen respectively from the decreasing and the increasing trends that the curves for
larger M separate at lower V,,, and reach the minimum ¢, at lower Vg, as well. These
behaviors show that the mass transfer favors the interfaces to deform to a larger extent, as can
be seen in Figure 15. In both cases, the thickness profiles show similar behavior until t = 200
at which the interface starts to deform. After this stage, the two cases show different behavior
where the no-flux case gives film rupture already at t = 305 with the deformed radius of r; =
1 while at the same time, the film for M = 5 x 10™* has not reached its critical thickness.
Consequently, the interface for M = 5 x 10™* keeps deforming to a larger r; until the film
ruptures at around t = 465 and r; = 1.8. Therefore, the drainage for higher M reaches the

multiple rim regime, i.e., passes min (t.), at lower V.

Figure 15: Time evolution of the film thickness profiles for (a) the no-flux case (M = 0) and
(b) M =5 x 10* showing wider deformed radius, 74, caused by the gas dissolution. All results

are obtained at V,p,,, = 0.06, A™ = 104, hoo = 10, and 7, = 15.

The results with constant mass flux show that the gas dissolution starts to affect the film
drainage when M > 10~* which is in the range of the approximated M for CO bubbles.
Meanwhile, the dissolution of gasses with low solubility, such as O, seems to have no effect
on the drainage. However, mass fluxes in real systems may not stay constant along the
interfaces and during the interaction. Therefore, an analysis on the variable mass flux case with

2D model is required to conclude the effect of the gas dissolution on coalescence.

4.1.3 Case 3: Variable Mass Flux (2D Model)

In this section, M is computed throughout the simulation as a function of r and ¢ which requires
the second part of the solver in addition to the first part. As the default case, the convective and
the diffusive transfer rates are considered to be equally significant by setting Pe = 1. The gas

solubility is taken as K’ = 10~3 which represent systems such as CO> bubbles dispersed in
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water at 1 bar or Oz bubbles dispersed in water at 100 bar. The results are initially examined
by analyzing the bulk velocities and the mass fraction profiles within the film as presented in
Figure 16.

<107

0 5 10 15 z 0 g 5 10 15 Z 0 5 10 15

r i r
Figure 16: Surface profiles of (a)-(b) the bulk velocities and (c) the mass fraction at t = 100.

The results are obtained at K’ = 107, Pe =1, Vapp = 0.001, A* = 10, hgp =2, and 1, = 15.

All profiles are obtained at t = 100 which show the film behaviors before the bubbles deform.
The radial bulk velocity, v,, along the interface (the dark-blue area in (a)) shows zero values
which is expected for immobile case (U, = 0). These values increase along z-direction and
attain their maximum at z = 0, indicating that there is no further velocity gradient in z-
direction, which is also consistent with the first symmetry condition in Eq. (96). The axial bulk
velocity, v,, follows the second symmetry condition in Eq. (96) which is zero at z = 0 (the
yellow area in (b)). Then, v, decreases to negative values towards the interface which
represents the movement of the upper bubble to negative z. The mass fraction, wy ., at the
interface (the yellow area in (c)) has the same value as K’ = 10~* which then decreases in both

z- and r-directions towards w, . = 0, showing the concentration difference within the film.

The surface profiles presented in Figure 16 seem to fit the expected physical behavior.
However, there are some numerical stability issues encountered during the evaluation of M
behavior, particularly in the rim rupture regime and the mobile solver. The film drainage
behavior presented in Section 4.1.3.1 is obtained from the 2D solver after the numerical issues
are resolved to a certain stage, as discussed further in Section 4.1.3.2. During the attempts of
resolving these issues, some alternative methods of estimating the coalescence time were

examined and discussed in Section 4.1.3.3.
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4.1.3.1 Film Drainage with the 2D Solver

The time evolution of M is introduced in this section to understand the physical behavior of the
variable mass flux across the interface. In Figure 17 (a), it is shown that M decreases with time
throughout the simulation until coalescence is estimated to occur at t. = 2100. For all r
positions, M initially falls by around 10 times to a value of M ~ 5 x 10™* before its behavior
becomes dependent of r. The decreasing trend of M indicates that the mass flux diminishes
during the film drainage. As the gas transfers to the continuous phase, the concentration of the
gas within the film, w, ., increases with time. This reduces the concentration difference of the
gas inside the film which appears in the last term of Eq. (102), resulting in the decreasing M
throughout the time.
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Figure 17: (a) M as a function of time from the smallest to the largest r positions where the
leftmost to the rightmost dashed-dot curves indicate r = 3,r = 5,r = 7,r = 8,and r = 10,
(b)-(c) time evolution of the mass fraction of A within the film against z forr = 3 and r = 5.

All results are obtained at K' = 107, Pe = 1, V,,, = 0.001, A* = 10, hyp =2, and 1, = 15.
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Compared to large r positions, M decreases more significantly at smaller r. This can be
explained through Figure 17 (b)-(c) where w4 . grows faster for smaller r, which reduces the
concentration gradient more quickly. This happens because the film within smaller r is
relatively thinner, which enables the gas to fill these domains more quickly. The dissolved gas
accumulates inside the film until its concentration at the given r reaches w, . = K', which is
indicated as local film saturation. In this case, the gas cannot dissolve further, i.e., no mass
flux, since there is no concentration gradient along z. Therefore, the last term of Eq. (102)
becomes zero, resulting in M = 0. The film saturation locally occurs at different time for
different r. As described in Figure 17 (b)-(c), the local saturation for r = 3 is obtained at t =
100 while at a larger position, at r = 5, the film saturates at t ~ 500. These conditions are
detected in Figure 17 (a) where M for the corresponding r and times reaches below 107°. This
implies that M < 107° is small enough to consider that the film is locally saturated, which also

shows that the film saturates more quickly at smaller 7.

The M behavior is evaluated further for higher 14, values, where the decreasing M also holds

as shown in Figure 18 (a)-(c). In all cases, M at a given time decreases with smaller r and
reaches its minimum value at 7 = 0. Then, the film saturates locally (M < 107°) starting from
the center, which matches the analysis of Figure 17. The local saturation seems to occur at

wider 7 for larger V,,,,,, reachingr = 2.1,r = 2.2,andr = 2.7 at t = 35 for the three velocities

pp>
in cases (a)-(c), respectively. This behavior can be seen more clearly in Figure 18 (d) which
presents the width of saturated film, 74, for the three corresponding V,,,,, as a function of time.
The areas under the three curves represent the saturated domains which increase during the
drainage process. It is clearly seen that g, is relatively wider for larger V,p,,, which implies
that V,,,,, favors the film to saturate more easily. This happens because the film thins out faster
with larger V;,,, before the interfaces deform and start to affect the drainage behavior. As a

consequence, the film is filled by the gas more quickly and reaches the solubility at earlier time.

This effect is magnified by the role of V,

app 10 enforcing the film to flow out of the collision

zone which expands 7y, wider. Especially for the cases with comparable convective and
diffusive transfer rates as investigated here, M is affected by the flow of the film which gets

stronger with the velocity, allowing the film to reach the local saturation more easily.
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Figure 18: Time evolution of (a) - (c) M profiles for different V,,,,, values and (d) the radial
position which separates the saturated and unsaturated film domains. All results are obtained

atK' =103 Pe=1,A* =10 hyy =2, and 1, = 15.

To compare with small r positions, the behavior in large r can be examined from the maximum
values of M which are estimated to occur at r = 7, according to Figure 17. The results in
Figure 19 show that max(M) increases with decreasing V;,,;, and it converges to the same value
for Vypp = 1073 and Vapp = 10~*. This indicates that the rate of decreasing M is relatively

faster for larger V,,;,, which is consistent with the analysis of easier local saturation for larger

Vapp-
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Figure 19: Time evolution of maximum M for different V,,,,. All results are obtained at K' =
102, Pe=1,A* =10 hgo =2, and 1, = 15.

75



After observing the dissolution behavior, now its effect on the film drainage is evaluated by
varying Pe and K'. Figure 20 shows the effect of Pe on max(M) and t.. It can be seen in case
(a) that max(M) behaves differently with Pe, which rises until Pe = 0.004 and declines
afterwards. When Pe < 0.004, the convective transport may not be strong enough to promote
film saturation. Therefore, larger Pe results in more amount of mass crossing the interface
without significantly promoting film saturation, which yields the increasing trend of max(M).
This behavior changes after Pe = 0.004 when the convection is estimated to be influential
enough to favor film saturation. In this case, higher Pe promotes larger mass flux which allow
the film to reach local saturation more easily and eventually stops the mass transfer at earlier
time. Consequently, larger Pe results in the decreasing trend of max(M) due to the implication
from the film saturation. This is also noticed through Eq. (102) where the terms 2/Pe and
dwy ./0z give opposite effects on M. When the former term dominates, larger Pe yields lower
M as indicated by the decreasing trend of max(M). This only occurs when Pe is sufficiently
large to favor saturation. On the other hand, when the term dw, /0z dominates, larger Pe
results in higher M, which corresponds to the increasing trend when the convection is too weak
to influence the amount of the mass flux, i.e., harder for the film to saturate. Depending on the

dominating term, the behavior of M may change with Pe as described in Eq. (102).
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Figure 20: (a) Maximum M at t = 25 as a function of Pe for different V,,,,, and (b) coalescence

time for different Pe as a function of V,, with K =107, A* = 10", hyg =2, and i, = 15

The effect of Pe on M appears to be insignificant on t. as presented in Figure 20 (b).
Considering that the mass transfer from the dispersed to the continuous phase displaces the

interface to the reversed direction of the approach of the bubbles, it is expected for the mass
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transfer to slow down the drainage rate of the film. However, the film saturation may be
impactful on the drainage mechanism in this case. As larger M favors film saturation in the
collision domain, the effect of dissolution disappears already at earlier time, resulting in the
same behavior as the no-flux case afterwards. Thus, the coalescence time for K’ = 1072 is not

really affected by the gas dissolution.

In comparison to K’ = 1073, the results for different K’ are presented in Figure 21. It is shown
that the t, curves differ from the no-flux case only when K’ = 1072 and Pe < 1. Since the gas
concentration needs to reach the solubility for the film to saturate, a system with larger K’
allows more amount of gas to transfer before reaching the film saturation. This implies that the
dissolution occurs for a longer period and becomes more influential to the drainage process
when K’ is large enough to delay the saturation. In addition to K', the dynamic behavior of
saturation is also influenced by Pe and V,,,,,. As discussed in Figure 20, the film saturation is
promoted by Pe and V;,,,, which explains the disappearance of the mass transfer effect at larger
values of both parameters. Based on this analysis, the effect of gas dissolution associated with
the role of film saturation needs to be considered when K’ is sufficiently high and the values of

Pe and V,,,,, are relatively low.
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Figure 21: Coalescence time for different K’ and different Pe as a function of 1, with A" =

10-4, hoo = 2, and Two — 15

The drainage behavior discussed so far is based on the default case with immobile interfaces.

Specifically for bubble collisions, the low viscosity of the bubbles compared to the continuous
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phase result in high mobility of the interfaces. Nevertheless, the drainage behavior is found to
be similar in the mobile cases when the gas dissolution is considered. When the interfaces are
highly mobile, the tangential velocity appears to increase the drainage rate, which thins the film
faster compared to the immobile one. This implies that the film saturates more easily which
reduces the significance of the dissolution effect on t.. Combining this condition with the other
parameters leads to a conclusion that the gas dissolution influences the film drainage when the

local saturation is delayed, which is only possible under specific conditions:

The systems involve gasses with high solubility at relatively high pressure to give K’ > 1072,

which corresponds to the solubility of, for instance, CO; in water at 10 bar.

The transport mechanism needs to be less influenced by the convection, i.e., Pe < 1.

The approach velocity of the bubbles are sufficiently low.

The tangential mobility of the interfaces are relatively low, which may imply a requirement
for immobilization mechanisms to be involved in the system.
The analysis of the 2D case also shows the inadequacy of the model with constant mass flux

as it is not capable to simulate the film saturation occurring during the bubble collision.

As mentioned previously, the results discussed in this section are obtained from the 2D solver
which encountered some stability issues and numerical difficulties for some cases, such as M
behavior for the rim rupture regime or the mobile interface. These issues are discussed further

in Section 4.1.3.2 together with the attempts of resolving them.

4.1.3.2 Several Attempts to Resolve the Numerical Issues

Although the two-step solver is constructed to solve 1D problems separately, there are some
numerical issues encountered during the initial simulations. One is related to small values
involved in this study, such as the computed w, . and M. Another challenge appears due to
different grid points of z coordinate for each r since the domain size in z direction changes

with r due to the interface’s shape.
Implementation of w4 . and M Criteria to Handle Small Numbers

As w, . varies between 0 and K', it may attain very small values close to zero, that are smaller
than the machine accuracy and may be misinterpreted by the solver as small negative values.
This error may accumulate throughout the next computations, resulting in significant negative
values, which are not physical. Therefore, a command is added to the solver to set all small

values, wy . < 1013, into zero, hereafter is called as the w4 o criterion. A similar issue was
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found in the computed M. Despite the physical existence of negative M values, their presence
in this study is contradictory to the assumption that the mass transfer occurs from the dispersed
to the continuous phase. Therefore, a similar command as the wy . criterion is applied in this
case, mentioned as the M criterion. At a later stage of the simulation, the M criterion seems to
cause some inconsistencies in the solver, particularly in the rim rupture regime. One example
of the cases is shown in Figure 22 where the time evolution of the minimum film thickness,
min (h), is compared for three different cases. The no-flux case (K' = 0) represents the
expected behavior while the other two cases, marked with the circle and the triangle symbols,
are obtained for K’ = 1073 with the inclusion and exclusion of the M criterion, respectively.
The thickness at which the curve starts to drop rapidly is defined as the critical min (h) and the

final time obtained at each curve represents the estimated t,.
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Figure 22: The time evolution of the minimum thickness for K’ = 107 at V,,,, = 0.1 evaluated

app
at different parameter settings in comparison to the expected behavior represented by the dot-

dashed curve (obtained for K’ = 0)

Unlike the dot-dashed curve which decreases smoothly, the min (h) for K’ = 1073 with M
criterion seems to be broken off suddenly. In addition, it can be seen that different parameter
settings such as the time step At and the spatial grid N, give inconsistent ¢, with various critical
min (h) values. Meanwhile, min (h) for no M criterion cases look smoother and their critical
min (h) are approximately the same as the one obtained in the no-flux case. By excluding the
M criterion from the particular problematic cases, the estimated ¢, for the whole simulation are

compared to the results before excluding the M criterion, which are shown in Figure 23.

79



| (a) Before correction (M [ | (b) After correction

(ii)
2L v sacncgoy e sy oot 102 L e e oy NEEPEE
1072 1072 10" 102 102 107"

10

Vapp Vapp
Figure 23: Coalescence time as a function of V,,,,, when (a) M criterion is applied to the

whole simulation, showing suspicious results: (i) and (ii) show unexpected decreasing t, for
K' =107 while (iii) shows unreasonable merging curves of t, for all K’ values, (b) M
criterion is excluded from the problematic cases (i)-(ii). All results are obtained at A* = 104,

h'OO = 10, and Too — 15.

In Figure 23 (a), t. for K' = 1073 at (i) Vapp = 0.1 and (i) Vg, = 0.14 are suspected to be
inaccurate, which therefore, are re-evaluated without including the M criterion. Although it
means that the mass transfer is allowed to occur in the opposite direction of the assumed one,
the behavior inside the film may be unpredictable when the dimple emerges, e.g., the
concentration gradients in r-direction, dw, ./0r, may change into negative values. Thus, the
exclusion of the M criterion is still acceptable for the problematic cases. The last results at (iii)
Vapp = 0.18 also seems suspicious since there is no argument that can explain the merging
curves after they separate at around the minimum t.. Moreover, the deformed radius of the
interface for case (iii) appears to be too large (above 50% of r,,) to be considered as the gentle
collision assumed in this study. Therefore, the result for case (iii) is excluded and the corrected
version is given in Figure 23 (b). All of the inconsistencies occurred during the simulation are

explained further in App. C.1.
Re-evaluation of M Criterion to Improve the Numerical Stabilities

Although the corrected results in Figure 23 (b) looks reasonable, there are some other issues
appearing during the simulation. One of them is related to the convergence issues for mobile
cases which are similar to Figure 22. In this case, the estimation of t. does not converge to one
value when the simulation parameters, such as At and N,, are changed, which makes it hard to

estimate t,.

80



Beside the convergence issues, there are some other suspicious behaviors even for immobile
case, such as the time evolution of M for a fixed r value. As presented in Figure 24 (a), some
increases in M appear after t =~ 180 while M is expected to stay as zero due to film saturation.
This behavior also appears in Figure 24 (b) after the M criterion is excluded from the solver
with some decreases in M during the local saturation. These small decreases affect the
behaviors significantly which may mislead the entire analysis of the effect of gas dissolution

as discussed in Figure 25 and 26.

-4 -4
12“><10 12)><10
(a) With M criterion | (b) Without M criterion
10 K =107 1 10 K =103
vV =0.06 | vV =0.1
8 | app 8 | app
6 6
= | = [
4 4
t= 130
27 \ 1 27 l t= 150
0r Il ot ‘[
oL ; ; ] oL ) i A
0 100 200 300 0 100 200 300
t t

Figure 24: Time evolution of M evaluated at r = 1 for (a) with M criterion and (b) without M

criterion. All results are obtained at A* = 10, hgq = 10, and 7., = 15.

Figure 25 shows the change of behaviors when the type of the rupture shift from the nose to
the rim rupture. As discussed in Section 4.1.3.1, the effect of the mass transfer is found to
consistently increase t.. Meanwhile, in Figure 25, the increasing t. due to mass transfer only
holds for the nose rupture regime as if the mass transfer is also able to decrease t. when the
rim rupture occurs in case (d). These competing effects unfortunately can be misinterpreted as
a physical phenomenon through Figure 26. In these film thickness profiles, the final value of
the deformed radius, 14, seems to be a requirement for the film rupture to occur. As the dimple
emerges due to the capillary forces, the same V,,,,, gives the same capillary forces, resulting in
the same final value of r; for both cases at 74 fing = 2.2. When K’ = 1073 increases the film
thickness after the interface deforms, at h = 0.1, r; becomes larger compared to the no-flux
case. This causes the case with K’ = 1073 to reach ry. rinal faster and gives earlier t.. However,
the increasing thickness after t = 120 is found to occur due to computational errors instead of
the physical effect of the mass transfer. This can be detected from the increasing min (h) in
Figure 26 (a) which occurs at approximately the same time as the decreasing M in Figure 24
(b). This type of connection is similarly found in the mobile cases where the increases in min
(h) also begin at min (h) = 0.1 as presented in App. C.1.
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Figure 25: Examples of incorrect results for K’ = 10~ obtained from unstable solver in
comparison to the no-flux case, showing coalescence time as a function of K’ for the nose
rupture regime at (a) V,, = 0.001 and (b) V,,,, = 0.006, and for the rim rupture regime at (c)
Vapp = 0.01 and (d) V,pp = 0.06. All results are obtained at A™ = 10, hyo = 10, and 7, = 15.
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Figure 26: Examples of incorrect results for K’ = 10~ obtained from unstable solver in
comparison to the no-flux case, showing (a) some increases in min (h) for K’ = 10~ and (b)
the same value of 7 74 reached faster for K’ = 107, The same color in subplot (b)
represents the same dimensionless time at which the thickness profiles are obtained and the
first five profiles (from ¢t = 0 to t = 120) show the same behavior between the two cases. All

results are obtained at Vg, = 0.1, A™ = 10, hyo = 10, and 7, = 15.
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The reason behind the instabilities in M, i.e., Figure 24, is because the current M criterion only
applies for a given time step at certain r values. Meanwhile, the computation for the next time
steps may be influenced by the applied M criterion in the neighboring r from the previous time
steps. In other words, the fluctuations in Figure 24 (a) might not come from small numbers
anymore but due to some significant differences in M between the neighboring r values after
setting one of them into M = 0. In the meantime, there seems to be no physical reasoning for
M to raise again once it reaches zero as expected for dissipating flux. Therefore, the M criterion
is changed into a new rule, which is, when M reaches below the limit value at any given time,
it will be set to zero for the rest of the simulation without the possibility of gaining a non-zero
value again. This rule is applied by creating an array of size N, + 1, i.e., the same size as M,
which multiplies M in every time steps. This array is initially set to have a value of one in all
elements. When M () < 10715, the elements of the array at the corresponding r are changed
into zero which enables the corresponding M to stay as zero for the rest of the simulation. After
applying this method, the instabilities of M for small r disappear together with the convergence

issues.
Implementation of Saturation Condition to Solve the Discontinuity of the Solutions

The instability issues discussed so far only concern on r = 1 which are solved already by the
new M criterion. However, similar problems are also found at large r which are shown through
the time evolution of M for different r given in Figure 27. Although the fluctuations in M are
not seen any more in this case, M behaves differently at different positions where it increases
for even nodes and decreases for odd nodes. These different behaviors between the neighboring
r indicate discontinuities in the solutions which are unexpected for a continuous model in this
study. One attempt to solve this issue is by applying a saturation condition. In this condition,
when the value of w, . at a given location is close to K', the film is accepted to be saturated
locally and wy . is set equal to K'. Specifically for this study, the saturation condition is given

-K' . . .- . Ny .
as M < 1075. After applying this condition, the discontinuities for some r points
K

dissapear, unfortunately they still exist in large r values as can be seen in Figure 28.
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Figure 27: Time evolution of M after the implementation of the new M criterion. Both plots
are obtained from the same case. The left and the right plots respectively show more specific

data for even and odd values of 7;.

100

Figure 28: Time evolution of M with the implementation of saturation condition in addition
to the new M criterion. The leftmost to the rightmost curves represent M for the smallest to

the largest 7.
Implementation of the Continuity Equation for v, Computation

The discontinuity described in Figure 28 seems to be related to v, computation. In further
analysis provided in App. C.2, the pressure gradient in the first term of Eq. (95) may be the
main source of the problem. Since the pressure along the interface is found to oscillate, taking
its derivative with r twice magnifies the oscillation. When this term meets z3 in the first term
of Eq. (95), the oscillation becomes more significant especially since the grids of z are different

for each r, hence, having z on the order of 3 increases the difference in the grids.
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One of the attempts was applied by expanding the pressure gradient term and evaluating the
significance of the second derivative. The results show that the second derivative is the main
source of the problem while it cannot be neglected compared to the first derivative. Therefore,

another way was executed by computing v, using the continuity equation in Table 2 with v, as

the input.
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Figure 29: Time evolution of M and surface profiles of v, at t = 100 with the
implementation of the new M criterion, the saturation condition, and the continuity equation

for v, computation

The results in Figure 29 show that the discontinuities in the time evolution of M disappear

completely. However, the surface profiles of v, indicate a discrepancy in the boundary
. . . 10h . .
condition at the interface, i.e., V;|,=p/2 # 330 This may happen because of the different

domain of z for each r. In the analytical calculation, since z is a coordinate, i.e., z does not
depend on r, it can be taken out from the derivative operation with respect to r. However, in
the numerical computation, since v, contains z, using the differentiation matrix to take the
derivative of v, with respect to r in the continuity equation may imply that z is considered to
be dependent of r. As z nodes are different for each r, the term dz/0dr that should be zero is
computed as non-zero in this case. As a result, v, approaches zero towards the boundary instead

of following the interface displacement rate at r = 7.

4.1.3.3 Alternative Estimation of Coalescence Time

The 2D solver developed so far still encounters some unresolved numerical issues as discussed
in Section 4.1.3.2 which makes the solver unable to determine the complete solutions. In
addition, it takes quite long time for one simulation to finish since the two steps of the solver
iterate the computation consecutively throughout the simulation. There are some alternative

methods can be implemented when the 2D model is specifically used to estimate t..
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Saturation Time Criterion

Considering that the film saturation (M — 0) may occur before the film rupture, it is possible
to estimate the coalescence time by neglecting the mass flux after some time. In this case, the
time at which the film saturation is estimated to occur is mentioned as tg,; and the condition
applied to the code is called as the saturation time condition. In Figure 30, some cases are taken
as samples to show at what time approximately K’ can be assumed zero. When K’ is set to zero
at t = ty,;, the resulting coalescence time, t.’, can be plotted against ty,./t. where t, is the
estimated coalescence time without neglecting the mass flux. The results in Figure 30, except
for cases (c) and (f), imply that t. goes to t, when tg,./t. ~ 0.5, meaning that neglecting K’
after roughly half of the simulation time may result in the same t. as the one without neglecting
K'. This method seems to be applicable for different V,,,,, A%, and Pe. Although the sampled
cases are taken when the convergence issues still occurred (notice that t, for K’ = 1073 is
lower than ¢, for the no-flux case in cases (a), (b), and (f)), the general idea can be adapted for

time consideration.
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Figure 30: Coalescence times, t,.', obtained when K' is set into zero after some time (tq;) as
a function of tg, /¢, for different V,,,,,, Pe, and A*. The red dashed lines represent t. for the
no-flux case and the black dashed lines show t, for K’ = 10 without including the saturation

time criterion.
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M Expression

This expression enables the solutions for variable mass flux case to be estimated without
applying the second-step of the solver. The results obtained from the 2D solver show how M
decreases during the film thins out and how the rate of the decreasing M changes with r. These
behaviors can be summarized to estimate M as a function of h and r. As a sample, the results
are taken from one case that gives reliable results, i.e., the nose rupture regime. Then, M for a
single r is plotted in terms of log (M) against h to estimate their relationship for one fixed r
value by using a linear regression. The same procedure is applied for several r positions to
obtain several equations for log(M) = a h + b. The constants a and b are then formulated as
functions of r using suitable regressions. Further details on the estimation of the M expression
are given in Appendix D. Finally, log (M) can be expressed in terms of h and r which is

estimated as

log(M,) = 58290 r~*362p — 68100 124 (170)

The notation M, refers to the M expression for the base case, i.e., K’ = 1073 and Pe = 1. In
addition to the M expression, a saturation condition is applied by setting M = 0 for small r

values. This M expression can be rewritten as

M = ¢ M, = 105829 r~4362p_68100 r—24 (171)

where ¢ is a multiplicator that can be varied to evaluate different magnitudes of M, i.e., various
extent of the mass transfer. The M expression is evaluated at ¢ = 1 as the default case and the

results are compared to the ones obtained from the 2D solver.

Figure 31 presents the time evolution of the film thickness profiles obtained from the 2D solver
and the M expression which shows good agreement between the two cases. The estimated ¢,
from the M expression deviates by 0.5% which is considered to be insignificant. Further
evaluation on the behavior of the mass transfer is presented in Figure 32 where M for different
r is plotted with time. The results from the M expression seem to follow the 2D case with
decreasing trend of M. For the 2D case, M initially reach around 4x10~* before declining
quickly. Compared to this value, the maximum initial M given by the M expression reaches
approximately 4x107>, which is ten times lower than the one for the 2D case. As the film
drains out, the maximum value of M for the M expression becomes slightly higher than the 2D

case, which may counterbalance the difference in the initial M, resulting in similar ¢..
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Figure 31: Time evolution of the film thickness profiles obtained from (a) the 2D case and (b)
the M expression. All results are obtained at V,,,,, = 0.0002, A* = 10, hgg =2, and 1, = 15,
based on K’ = 107 and Pe = 1.
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Figure 32: Time evolution of M for different r, obtained from (a) the 2D case and (b) the M
expression. M from the smallest to the largest r is represented by the leftmost to the
rightmost curves in case (a) and the bottom to the top curves in case (b). All results are

obtained at Vg, = 0.0002, A* = 10, hyg =2, and 1, = 15, based on K’ =107 and Pe = 1.

The M expression is evaluated further for different V,,,, where the results in Figure 33 show
that the rate of the decreasing M gets faster with V,,,,,. This seems to fit with the analysis in
Figure 19 where the slope of max(M) increases with V,,,,. This results in M disappearing faster
for larger V. The disappearance of M in Figure 33 is indicated as the film saturation. This
implies that higher V4, favors film saturation, which is in accordance with the 2D case

discussed in Figure 18.
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Figure 33: Time evolution of M profiles for different V,,;,, obtained from the M expression,

showing the time required for local saturation to occur. All results are obtained at A* = 10,

hoo =2, and 1, = 15, based on K’ = 10 and Pe = 1.

Figure 34 summarizes t. as a function of Vg, for the 2D case and the M expression. It can be
seen that the estimated ¢, from the M expression fits well with the curve for the 2D case. This
implies that the M expression is applicable for different V,,,,, which means that the variable

mass flux model may be solved without using the second step of the solver to save more time

in obtaining the solutions.
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Figure 34: Coalescence time as a function of V,,,,, obtained from (a) the 2D case and (b) the M
expression. All results are obtained at A* = 10, hy, =2, and 7, = 15, based on K’ = 10~ and
Pe=1.
89



The M expression is evaluated further by varying c to estimate ¢, for different extent of mass
transfer, given in Figure 35. It is seen that larger M gives higher t. and the influence of M on
t. gets more significant with decreasing V,;,,,. These behaviors seem to follow the 2D case as

represented by Figure 21.
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Figure 35: Coalescence time as a function of V,,,, for different M expression. All results are

obtained at A* = 10, hyy =2, and 1, = 15.

All results obtained from the M expression seem to follow the behaviors in the 2D case, which
may indicate the M expression as a good approach to estimate the film drainage behaviors for
the variable mass flux case by only using a 1D solver, i.e., the first part of the solver. The
implementation of the M expression does not only give faster solutions compared to the 2D
solver but may also be helpful to avoid any numerical issues encountered in the 2D solver when
solving other cases. Despite its applicability, it may be important to determine the relationship

between ¢ and the physical properties, i.e., K’ and P.
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4.2 The Effect of Surfactant Presence on Coalescence

The model for surfactant cases is validated by comparing the results with Figures 8-11 of Ozan
and Jakobsen (2019b). In their work, they investigated the effect of the surface viscosity, which
is represented by the Boussinesq number, Bo, in the presence of surfactants. By extracting their
results with Bo = 0, i.e., no surface viscosities considered, the coalescence times can be
compared with the ones obtained in this study. It should be noticed that the surface Péclet
number, Peg, in their study is scaled with p, as the implication of the time scale they used. To
match their transformation, Pey in this study should be divided by A* as presented in Figure 36.
It can be shown that the results fit the ones obtained in Ozan and Jakobsen (2019b) both for

Ua = U and for py < Y.
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Figure 36: Reproduction of Ozan and Jakobsen (2019b)’s Fig. 8-11 showing coalescence time
for their Bo = 0 system as a function of Vg, for (a) g = u with A* = 1072 and (b) pg < .
with 1* = 10™*. All results are obtained at of. = —5000, A* = 10, hyo = 2, and 7, = 30.

The study with surfactant presence is conducted by setting the viscosity ratio based on air
bubbles dispersed in water using € = 1072 which yields 2* = 107*. In the absence of
surfactants, the estimated value 1* here represents highly mobile interfaces. The interfaces may
be immobilized by the presence of surfactants with varying degrees, depending on I, o, and
Pe,. The three parameters respectively describe the amount of surfactants present in the system,
the strength of the surfactants in changing the surface tension, and the non-uniformity of the
distribution of the surfactants along the interfaces. By varying these three parameters, the
results are compared to the immobile and fully mobile cases as presented in Figure 37. For

|of| = 5000 in cases (a) and (b), the effect of surfactants appears when I, > 10~>, which
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seems to be in accordance with Figures 8-11 of Ozan and Jakobsen (2019b) for their Bo = 0

case. As the magnitude of o} decreases by 10 times to |op| = 500 in cases (c) and (d), the

surfactants start to affect the system when I, > 10™*, which is 10 times higher than the one in

cases (a) and (b). This behavior is similarly found in cases (e¢) and (f) where the surfactants

need to be present at Iy > 1073 to change t, of a system with |of.| = 50. These results imply

that the surfactants become influential only after the product of |a¢Ty| > 0.05. When this rule

is satisfied, the surfactants start to immobilize the system and change t..
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Figure 37: Coalescence time as a function of
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for different values of Ty, |ot|, and Peg. All

results are obtained at A* = 10™%, 4* =10, hyo =2, and 1, = 30.

The merged parameter |oy.[| appears to represent how much the surface tension changes with

the total amount of surfactants present in the system. When the dependence is weaker, i.e.,

smaller |op|, the changes in the surface tension becomes less sensitive to the surfactant

presence, which implies that the system requires more surfactants, i.e., higher [y, to change the



surface tension. As the dependence becomes stronger (larger |oy|), the surface tension may

change more significantly only by small quantities of surfactants in the system. This
relationship is also described by the term oy % in Eq. (129). Since I scales with [, the product

of oy Ty may result in the same behavior as shown in Figure 38. Therefore, |a{T}| can be used

as a single parameter to be investigated in the next section.
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Figure 38: Coalescence time as a function of I, showing identical curves for fixed values

of the product || All results are obtained at A* = 10™%, A* = 10, hyo = 2, and 75, = 30.

The effect of the surfactant presence is initially investigated by varying Pe; for |af.| = 0.5. The
effect of Peg change the distribution of the surfactants along the interface where higher Peg
results in more uneven distribution of the surfactants on the interfaces. As can be shown in
Figure 39, Peg; = 0.2 in case (a) results in the nose rupture with t. = 20.1. When Pe; increases
to Pe; = 2000 in case (b), the interface deforms with the emergence of the dimple, resulting
in the rim rupture at t. = 131, which indicates slower drainage rate compared to case (a). The
delayed drainage rate implies that Pe; reduces the tangential mobility of the interfaces. Since
Pe, represents the ratio of the convective to the diffusive transfer rates, higher Peg provides
stronger convection to distribute the surfactants more nonuniformly along the interface. This
yields larger excess concentration gradients, which result in larger surface tension gradients,

i.e., stronger Marangoni stresses, and eventually immobilizes the interfaces more significantly.
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(b) Pe_ = 2000

Figure 39: Time evolution of the film thickness profiles for (a) Peg = 0.2 and (b) Peg = 2000.
All results are obtained at |opTy| = 0.5, Vapp, = 0.1, 2* = 10, A* = 10", hgo = 2, and 7, = 30.

The effect of Peg in slowing down the drainage rate is also evident in Figure 40 where the
minimum film thickness starts to behave differently at min(h) = 0.1. For relatively low values
of Pe,, Peg < 20, there is no delayed decreases in min(h) and the nose rupture occurs within
these cases. Meanwhile, the three largest values of Peg shows a delay in the decreasing min(h)
which corresponds to the rims formation as described in Figure 39 (b). As Peg reaches very
high values, the behavior of the film drainage becomes more similar to the one for the immobile
case. This implies that the effect of Peg in increasing the nonuniformity of the surfactant

distribution promotes the Marangoni stresses which causes the interfaces to be more

immobilized.
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Figure 40: Minimum film thickness for different Pe; as a function of time, with |o{.I;| = 0.5,
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Figure 41 shows the time evolution of the surface excess concentration and its gradient for the
corresponding Pe; values. In cases (a) and (b), the surface excess concentration is found to
decrease with time. Compared to Peg = 0.2, where the decrease in the I' profiles only reaches
AT =~ 5x107% Pe, = 2000 decreases the T' profiles up to AT =~ 4.5x 10™° which is
approximately 10 times higher than the case with Pe; = 0.2. This shows that higher Pe, tends
to drive the surfactants further from the center towards 7., which results in higher concentration
gradient as presented in cases (c) and (d). It is clearly seen that Peg; = 2000 results in the
concentration gradient 100 times higher than the one obtained for Pe; = 0.2. This behavior is
consistent with Eq. (129), where larger concentration gradients result in slower tangential
velocity, U;. As also shown in Figure 42, the order of magnitude of U, for Pe; = 2000 is
substantially lower than that of Pe; = 0.2, which consequently reduces the tangential mobility

of the interface.

As the drainage progresses, the I" profiles in Figure 41 (b) change at t > 50, unlike the profiles
in Figure 41 (a) which consistently decreases until coalescence occurs. These different
behaviors correspond to the shapes of the interface. As can be seen in Figure 39 (b), the dimple
starts to appear at t = 50, similarly as the time at which the surfactant concentrations begin to
rise with time. Starting at t = 150, the dimple becomes more visible and the minimum I" occurs
at a further position away from r = 0 until r = 1, at which the film ruptures at t, = 130. The
increasing concentration at r = 0 implies that the surfactants migrate towards the center which
may be caused by some backward flows within the deformed domain. These backward flows
correspond to the negative values of U, which are shown in Figure 42 (b) at t > 50. The impact

of the behavior changes is also shown in Figure 41 (d) within the corresponding times.
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Figure 41: Time evolution of (a)-(b) the concentration and (c)-(d) the concentration gradient
profiles for low and high Pe; values. All results are obtained at V,,,,, = 0.1, |op[| = 0.5, 1" =

10%, A* = 10, hoo = 2, and 7, = 30.

The effect of Peg in reducing the tangential mobility can be shown more clearly in Figure 42.
In comparison to Pe; = 0.2 where U, increases with time, the case with Pe; = 2000 shows
decreasing U, profiles throughout the drainage process. These contrast behaviors seem to occur
due to the contrary effects of the pressure gradients and the surface tension gradients on the
tangential stresses, which are described in Eq. (129). The increasing U, values appear due to
the pressure gradients which keep raising as the film is squeezed by the approaching bubbles.
Meanwhile, the surface tension gradients, i.e., the Marangoni stresses, tend to pull the
tangential flows back to the center, which lowers U; values. The dominance between the two
mechanisms depends on the extent of the Marangoni flows, which scale with Pe;. When Pe
is relatively lower, the nonuniformity of the surfactant distribution becomes less, resulting in
weaker Marangoni flows. Consequently, the tangential mobility is dominated by the pressure
gradients which yield the increasing trend of U, in case (a). On the other hand, as Peg gets
higher, the surfactants are distributed more non-uniformly which promotes Marangoni flows

that may start to act more significantly in reducing U; as shown in case (b).
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Figure 42: Time evolution of the tangential velocity for (a) Peg = 0.2 and (b) Pe; = 2000 with
Vapp = 0.1, |opLp| = 0.5, 2" =10, A* = 10", hyp =2, and 15, = 30

The strength of the Marangoni flows is also found to depend on the product |a{T,| which is
investigated by varying |op-I| for fixed values of Peg. The results given in Figure 43 show
different extent of tangential mobility, i.e., different strength of the Marangoni flows, ranging
from the fully mobile to the completely immobile interfaces. Compared to the fully mobile case
(A* = 0), which represents a clean system without surfactants, the drainage behavior for all
Pe; values remains unchanged when |opI;| = 0.05. This implies that the surfactants are not
influential enough to create surface tension gradients unless |ofIy| > 0.05. When this
requirement is satisfied, the coalescence time becomes distinguishable from that of the fully
mobile case, which indicates that the interface starts to get immobilized by the presence of
surfactants in the system. This immobilizing effect becomes more pronounced with larger
|o1-Ty|, resulting in the t, curves to approach the immobile case. Similarly for Pe, its effect in
immobilizing the interface is shown for fixed values of |ay I} |, for example, at |o1-Iy| = 0.5 or

As the Marangoni stresses grow stronger with |a )| and Pes, the tangential mobility becomes
lower and lower until U, vanishes completely, resulting in the same drainage behavior as the
immobile interface (U, = 0). In this case, |Pesop[| is found to attain the same value on the
order of 103 for Peg, < 200. As Peg gets larger, the distribution of the surfactants may be
uneven enough to create sufficient Marangoni stresses in immobilizing the interface completely
even for smaller |oy[,|, i.e., when the surfactants are present in less quantities or with less
significant impact on the surface tension gradients. For very high Peg values, however, the
drainage behavior becomes independent of Peg. As can be seen in cases (e) and (f), the ¢,

curves look similar for both Pe;, = 2000 and Peg; = 20000. In these cases, the rule of the
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complete immobilization does not apply anymore, leading to a minimum requirement of

|orTy| = 5 instead.
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Figure 43: Coalescence time as a function of V,,,,, for different |ofI)| and Peg. All results are

obtained at A* = 10, 4* = 10*, hyo =2, and 7, = 30.

The effect of surfactants is summarized in Figure 44 where the determining parameters, |ayT}|

and Peg, represent the tangential mobility of the interface. The dotted line at |o{[,| = 0.05
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represents the minimum requirement for the surfactants to start immobilizing the interface,
which seems to be independent of Peg values. Below this condition, the effect of the surfactant
presence appears to be insignificant and the drainage behavior stays the same as the fully
mobile case. This implies that the surfactants need to be present in the system with sufficient
quantities or with adequate effect on the surface tension gradient in order for them to affect the
drainage behavior. When this condition is satisfied, the surfactants start to change the
coalescence time by immobilizing the system, resulting in less mobile interfaces with different
levels of mobility. As Peg and |0 T| get higher, the region may pass the solid line towards the
top zone where U, goes to zero and the interfaces become completely immobilized. This
condition requires specific values of |a{Iy| and Peg which compensate each other. As Peg
increases, the minimum requirement for |ofI,| decreases until Pe > 200 where Pe; is too

larger already to affect the system, hence, |op[;| = 5 needs to be satisfied within this range.

Considering the realistic systems for chemical- or bioreactors, the surface diffusivity of
surfactants may range from 107! to 108 m?/s (Chang and Franses, 1995; Lopez-Esparza et
al., 2006; Pereira et al., 2014). By taking 1 mm air bubbles dispersed in water as the default
case and assuming 0.01 < € < 0.1, Peg can be estimated to range from 1072 to 107. The
surfactants may be present as impurities or cells which are typically low in the concentrations,
giving an estimate for the highest initial concentration as Iy = 0.01I},. Then, by assuming
Ao /AT = —0.5, i.e., the surface tension decreases to half when the critical micelle
concentration is reached, the largest value of |or| can be roughly estimated to reach |op| =
5000 for 0.01 < € < 0.1. This yields the maximum value of |a{I}| to be approximately 50,
which becomes a limit of the complete immobilization in real systems. Therefore, the systems
with Pe < 2 may not be possible to give the complete immobilization since the requirement
for |atTy| = 500 is physically unrealistic. This indicates that the Marangoni flows induced by
the surfactant presence are insufficient to result in the complete immobilization, especially in
systems with |o{l,| =& 50 and Pe; < 20. These cases require other immobilization
mechanism, such as the surface viscosities studied by Ozan and Jakobsen (2019b), to explain

the complete immobilization.
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Figure 44: Conditions at which the complete immobilization is estimated to be obtained. The
solid line indicates the minimum requirement of the product |oy-Iy| as a function of Pe; for
the surfactants to immobilize the system completely. The dotted line reflects the minimum

|o1-Ty| required for the surfactants to affect the system.

4.3 The Combined Effect of Gas Dissolution and Surfactant Presence on
Coalescence
In comparison to the effect of dissolution, the presence of surfactants in the system seems to
be more influential on the drainage behavior. This can be shown by investigating the constant
mass flux together with the surfactant presence. Although it is not the most realistic case, the
constant mass flux can be taken as the extreme case since it is the one that changes the behavior
the most. The results presented in Figure 45 are obtained at |o1.[,| = 0.5 for different Peg and
different M values. For fully mobile case, i.e., no surfactants, there is no apparent effect of
dissolution on the drainage behavior. As the surfactants start to induce the Marangoni stresses,
the drainage rate is slowed down due to the immobilization effect which becomes more
influential with larger Pe. This results in the approaching bubbles to have longer contact
period which allows more mass to pass across interface, i.e., more significant effect of
dissolution on the drainage behavior. Although the effect of dissolution appears at relatively
high V,,,,, in cases (d)-(f), this should be unrealistic since V,,,,, promotes film saturation which

stops the mass transfer at earlier time.
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Figure 45: Coalescence time for different M as a function of V,,,,, for (a) fully mobile, (b)-(¢)
different Peg, and (f) immobile cases. All results are obtained at |o{T| = 0.5, 2* = 104, A* =

10-4, hoo = 2, and Too = 30

The same cases are examined with a different way of plotting as given in Figure 46. It can be
seen that both dissolution and surfactants increase the coalescence time respectively by
enlarging the distance between the bubbles and inducing the surface tension gradients which
immobilize the interfaces. At low V,,, values, the effect of dissolution may appear to be
relatively more significant compared to the surfactants’ effect. As V;,,,, gets higher, the slopes
of t./log (Pe,) increase which implies that the surfactants become more influential on the
coalescence time. On the other hand, the curves merge closer to each other, indicating
negligible effect of dissolution at high V,,,,,. These behaviors also apply for the 2D case with

even less significant effect of dissolution due to film saturation.
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Figure 46: Coalescence time for different M as a function of Pe; for (a) Vgpp, = 0.01, (b) Vo
=0.02, (c) Vapp = 0.1, and (d) V,, = 1. All results are obtained at [orIp| =0.5, A" = 104,
A* = 10_4, hoo = 2, and Too = 30

Based on these results, the dissolution of gas may influence the drainage behavior more
significantly with the presence of surfactant. However, its effect on the coalescence time seems

to be negligible compared to the immobilizing effect of surfactants.
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5 Conclusion

In this study, the behavior of two approaching bubbles is investigated through a film drainage
model by considering the gas dissolution and the surfactant presence in the system. Both
phenomena are found to prolong the coalescence time under specific conditions where the
former tends to enlarge the distance of the two bubbles and the latter creates the Marangoni

flows which decrease the tangential mobility of the interface.

The effect of the gas dissolution is analyzed for three cases: assuming low Pe for negligible
convective transport, constant mass flux, and variable mass flux that applies for all Pe values.
The first two cases seem inadequate to represent the behavior of the gas dissolution. In the low
Pe case, the effect of possible reactions is also studied and found to be negligible. Meanwhile,
the constant mass flux case is unable to model the saturation phenomena during the drainage
which results in the overestimation of the coalescence time. In the third case, where the
component mass balance of the dissolved gas is resolved in two dimensions, it is revealed that
the extent of the gas dissolution effect depends on how much it stimulates the film saturation.
It is concluded that the dissolution starts to affect the drainage behavior when the gas solubility
reaches 1072 kg/kg water and Pe < 1, with relatively low values of approach velocity and

tangential mobility.

In comparison to the gas dissolution, the effect of the surfactant presence appears to be more
influential, especially within large approach velocities. The extent of this effect is determined
by the amount of the surfactants present in the system (I}), their strength in changing the
surface tension (oy), and the nonuniformity of the surfactant distribution characterized by the
surface Péclet number (Peg). The surfactants start to immobilize the system when |op[| =
0.05 by inducing the Marangoni stresses along the interface. The immobilizing effect becomes
more significant with |op[,| and Peg until the tangential velocity disappears, resulting in the
complete immobilization of the interfaces. This condition is obtained at |a{IyPe,| = 103 for
Pe; < 200 and at |op.Iy| = 5 for Pe; = 200. However, for some realistic cases with |op-I| =
50 and Peg < 20, the Marangoni stresses are unable to immobilize the system completely

without other immobilization mechanisms.

For further investigation, it may be important to extend this study by considering the non-
Newtonian fluids which can be encountered in chemical- and bioreactors. In addition, the gas

dissolution may also change the coalescence behavior through other mechanisms, for example,
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the gas may dissociate and create the surface charges that generate the electric double layer
repulsions between the interfaces. In the meantime, the solver developed so far still encounters
some numerical stability issues in resolving the flow within the film, which may need to be

improved for further studies in future.
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Appendix A: Mathematical Derivation

A.1 Vector and Tensor Operations

The mathematical model of the film drainage in this study involves two coordinate systems:
the cylindrical coordinates for the bulk phases and the surface coordinates for the interface of
the bubbles. The radial, angular, and axial components of the cylindrical coordinates are
described by the base vectors: e,., eg, e, while the tangential and normal components of the
surface coordinates are notated by the unit vectors: t;, t,, and n which are defined as functions
of the cylindrical base vectors. In general, the mathematical derivation requires the identity

tensor, I, and the vector differential operator, V, defined in cylindrical coordinates as

o 2 10 0 Al)

~ % ar %790 %25, (A

[ = ZZ el-ej(?ij =e,e, +egeg +e,e, (A.2)
i

In addition, the inclusion of surfactants into the model requires the surface gradient operator

and the surface identity tensor, V¢ and I, which are expressed in the surface coordinate system:

o___ U 0,60

s ,—1+1(@)2 or ' T 08 (A3)
4 \or

IS = t1t1 + tztz (A4)

The flow within the film relates to the bulk velocity in the continuous phase, v,.:

V., = Ve, +vgeg +v,e, (A.5)
In this study, the velocity in 8-component is assumed to be zero (vy = 0), thus the velocity
vector becomes

v, = v.e, +v,e, (A.6)

Cross Product of Two Vectors

The cross product between two vectors, e; X €;, equals to &;;; €, where ¢;j is the permutation
symbol, given as
&jk = 1, ifijk =123,231,0r312

e; X € = &jk€xk Eijk = -1, lfl]k = 321, 132, or 213
&jr = 0, ifany two indices are alike (A7)



This operation is required in Section 2 to derive the normal unit vector, n, in Eq. (4) from the

cross product of the tangent vectors t; and t,:

4 10n
-t 2 = (7]
oh\°
1+37 (c')r)

10h
_ (e‘r X e@) + 7a_(ez X ee)

(A.8)
2

1+(

By implementing the cross product rule in Eq. (A.7), the normal vector n becomes

10h 10h
(grez)ez +5 2 a (529r) € €, — Ewer

n= = > (A9)

Dot Product of Two Vectors

The dot product between e; - €; is equivalent to the Kronecker delta §;; which reads

)

ij =1 ifi=j
e e =4 { 61] J

A.10
ij=0, ifi #j ( )

This operation is frequently involved throughout the derivation to obtain the normal and

tangential components of model equations, which will be shown in more details in Appendices
A2-All

Differential Operations
The differential operation for the cylindrical coordinate system involves the spatial derivatives

ad
of the base vectors 5 &

0 0 0

aer— 0, Weg= 0, aez=0

d d 0

%erzeg, %39 —e,, %ez 0

0 0 0

3767 = 0, PP 0, Eez=0 (A.11)

This operation normally appears in some derivations involving V and vectors such as the
velocity gradient, Vv,, which is derived by applying Egs. (A.1) and (A.6):

9] 16

0
Vv, = (era +e =30 —+e, e ) (v.e, +v,e,)



av, 9] av, 0 1 avr

=e - er+era er17r+era ez-i-era e, v, +eg— ~ 39 ¢
N vr 10v, N v, + av,,

090 T T a9 2T 099 % T %2,

0 av, d
+ezaervr + ezgez + BZEEZUZ

Implementing Eq. (A.11) eliminates the spatial derivative of vectors except for %

simplifies Eq. (A.12) into

av, av

av, av, 2 o
" te,— e e +e,— e

—era er+era ez+e9e9

(A.12)

e,, hence,

(A.13)

where the gradient in 8-direction is neglected due to the axisymmetry assumption.

The involvement of V; in the tangential stress balance and the excess concentration balance

requires the derivatives of n and t; with respect to r and 8 which are derived as

o ol 1 | o 33|
an 5[ ez _E 2 0r e
O 2 J [ a2 J
1+3 (ar) 1+7 (ar)
B 1 L1 ah %1 6na2h
- 4 2 0r or? €z
192h 19h1 1+1(ah>2 21 9no2h
2 0r2 (')h 2 20r?2 4\0r 2 0r 0r?
(')r)
1 /0h\?
[ 1 h l 2 ono2n  19%h 1 , 137
= —_—— —_ — _—, — — _

4 6 oror2 % 20r? 1 /9MN2 1 (0h
l141(0n 14592
1+4(6r) - +4(6r

1[ +1(ah> 2onath 19k 1 1
= —— —_— _——e, — —
or oror? * 20r? 1 /0m2 1 (9hy?
1+z(w) 1+Z(W)
1 '1+1(ah>2"3/26h62h 10%h 1+1(ah)2 '3/2
N 4\or/ | Brarzez 2 0r? 4 \or €r

€

(A.14)
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>
)
Q>|Q)
—
—_
+
Bl =
VS
Q;|Q;
3| =
N——"
N
A\
e — |
|
)
cc|°)
| e———— |
—_
+ N =
= Q)|Q)
S
Q)|Q)
3| =
N——"
N
®
e e —

10h
__ 20r e
T (A.15)
1+7(5)
N
R T ar|Le
a2
W1+3(5) l1+()J
1 1+1(6h)2 _3/210h62h
T2 4 \or 26r6r2er
(., _3/2
D EXi 1 10h1 (ah 1ahah
2 0r? 1 /9MN2 20r2 4 \0r 20r or?
1+Z(W)
i 1 h
~ 11+1(6h) /2 ona2h 1ah 1 ZW
4 4\or aror2 T 202 1 702 1 0m |
143 L 1+2(3)
1[1+1<6h>zl_3/26h6 h,  10% 1 1
= —= —(= e
4 4\or or oz T 261" 1 /0m2 10m\%| *
1+3(3) 112G
1 1+1<6h)2 “onazh 16h1+1<6h)2 s
T4 4 \or ararzer 2 0r? 4 \or €z (A.16)
10h
it1=i 20r e
a0 a0 1 /0h 2 a0 1 /0h z
1+7(3) 1+7(5)
1
= ep (A.17)



A.2 Derivation of Equivalent Radius

Following Abid and Chesters (1994), the equivalent radius, Ry, for a thin film assuming gentle
collision is derived from the normal stress balance of two bubbles with unequal radii, R; and

R,. The upper bubble having the interface position at +2z; has a normal stress balance:

p = 20 0%z, N 10z,
7R, “\orz "7 or (A.18)

while the other bubble located in the bottom position with —z, indicating the interface position

has a normal stress balance:

b _20+ 6222+1622
27 R, “\orz " ¥ or (A.19)
The excess pressure is independent of the coordinate z, % = 0, as indicated from the z-

component of Navier-Stokes equation in Table 2. This implies that the two excess pressures in
Egs. (A.18) and (A.19) are identical and can be defined as one single variable P (P; = P, =
P). Therefore, summing Egs. (A.18) and (A.19) yields

1 ) _ 0(62(21 —7,) +10(Z1 - Zz))

1
2P =2 (— —
d Rl-I_R2 or? r ar

(A.20)

Since the film thickness is defined as the distance between the two bubble, h = z; — z,,

dividing Eq. (A.20) by 2 results in

P2 [1(1+1>] o 62h+1ah

9 2\r, TR T 2\6r2 "7 or

1 al@(@h)
r

=20— ————|r—
URP 2rodr\ or (A.21)

The first term in the right-hand side indicates the excess pressure for a spherical bubble

described in Eq. (110) where =1 (i + i). It is shown that the nondimensionalization of
Ry, 2\Ry Ry

Eq. (A.21) results in the same formulation of the pressure equation as given in Eq. (112) and

-1
R, is defined as 2 (Ri + Ri) , as written in Eq. (2).

1 2



A.3 Derivation of the Continuity Equation

As expressed in Egs. (5) and (6), the continuity equation reads

dp.
at

+V-(pev,) =0 (A.22)

and simplifies into

Vpc+pc(V-v.) =0

ot
pc(V - ve) =0 (A.23)

The implementation of Egs. (A.1) and (A.6) yields
d 10

0
Vv, = (er§+ 9—£+ 62) - (v.e, +v,e,)

d d 10 10
=€y a (Urer) te, - 5 (Uzez) t ey ;% (Urer) +eg: ;%(Uzez)
d d
+e,- & (vrer) +e;- & (vzez)

av, d dv, 0
= (er ) er)?"’ (er 'Eer) v + (er ’ ez)?"’ (er 'Eez)vz
1 dv, 0 10v,
t(eg-e,) -+ (ee '@%) t(eg-e) -

0 v, av, d
+(eg 69 > +(ez er)g+<ez-£er>vr

dav, d
+(e,-e,) = + (ez . £e2> v, (A.24)

Applying the dot product rule and the differential operation in Egs. (A.10) and (A.11) into
Eq. (A.24) results in

av, dav, 1 6vr v, 10v,
V- Ve = 67‘7‘ ar + (er O)Ur + 67-2 ar + (er O)Uz + 697- 69 6 7 + 692 ;%
av,
+ (69 O) zr a + (ez O)UT' zz a + (ez O)UZ

dv, v, 0y,

:W T 0z

(A.25)

Vr

By reformulating the first two terms of the right-hand side of Eq. (A.25): avr = %% (rv,),

T
the substitution of Eq. (A.25) into Eq. (A.23) gives
10 av,
—_ —Z = A.26
ror (rop) + 0z 0 (A.26)

as the final formulation of the continuity equation expressed in Eq. (9).



A.4 Derivation of the Navier-Stokes Equation

The derivation of the Navier-Stokes equation starts from Eq. (10):
d
ot (peve) + V- (peveve) = =VP, = V-1, 4+ p .8 (A.27)

The negligible gravitational forces in the last term of the right-hand side is indicated by
estimating their magnitudes which are assumed constant and only act in z-direction:

kg m kg A28
Peg = Pedy = 1000~ x 9.8 = 9800 — (A.28)

It is found through the nondimensionalization of z-component of Navier-Stokes equation that
the pressure term is the only significant term (shown in Table 2) and its magnitude for € = 0.1

is estimated based on the physical properties given in Table B.1, which results in

- =2.91x107—kg OF  (A29)

o k

5 aB -3 kg
ac= R, %= 72.8x 10 52 0P
0Z €?R, 02 0.1%2x (5x10~*m)? o7 m2s2 of

The gravitational forces in Eq. (A.28) is shown to be much smaller than the magnitude of the
pressure term in Eq. (A.29), thus, the last term of Eq. (A.27) is not considered. Considering
constant p. for an incompressible fluid, Eq. (A.29) can be rewritten as
ov,
Pc a_tc +pV - (veve) = =VP. = V-1, (A.30)
Expanding the second term of the left-hand side of Eq. (A.30) yields
LHSynq = pcV - (Veve)
= pcVe - Ve + peve (V- ve)
= p:Ve - Vv, (A31)

with V - v, = 0 coming from the continuity equation in Eq. (A.23).
For a Newtonian fluid, the deviatoric stress tensor, 7., contained in the last term of Eq. (A.30)

is described as Eq. (11):

2
Tc = _.uc(vvc + (VVC)T) + g.uc(v ’ VC)I (A.32)

Applying V - v, = 0 eliminates the last term of Eq. (A.32). Thus, the substitution of Eq. (A.32)
to the second term of the right-hand side of Eq. (A.30) gives
RHS;pq = =V -1,
= UV - [V + (V)]
=u V-V, + u V- (V)T (A.33)



where the Laplacian of the vectors defines each term of the right-hand side as

uV-Vve = puVeve  and  pcV- (W) = p V(v ve) =0 (A.34)

Applying Egs. (A.31) and (A.33) to Eq. (A.30) results in

V¢
Pec—= +PcVe Vv, = —VP. + /'chzvc A.35
ot

By using V and Vv, defined in Egs. (A.1) and (A.13), elaborating the left-hand side of Eq.

(A.35) gives the first term as

s 0 ( N ) = 617 4 avZ
LHS st :pca Ureé,r T V€, Pc—HT 6t Pc—HT ot (A.36)

and the second term as
LHS7nq = pcVe - VV,

= pc(vrer + vzez)

[ av, av, v, av, av,

era er+era e, + egey T+ezger+ezgez (A.37)

The dot product is taken by applymg Eq. (A.10), yleldmg

LHSan = Pc [Ur(er er) er + vr(er er) ez + Ur(er ee)ee

av, v, av,
+ UT (eT eZ) eT + vT(eT eZ) eZ + UZ (eZ eT') ,r T'

av, v, av,

+ VU, (ez er) ez + vz(ez ee)ee + VU, (ez ez) dz €,
av

+ v, (ez ' ez) a_ZZez]

av, av, av,

= Pc vr(srr?er + vr6rr or ez + Vr5reee + vrdrzger

av, av, av,
+v,.0,,— Py Ze, + vﬁerer +v,0,, — F e, + U252969
av, av,
+ Uzé‘zzger + vz6zz a_ZeZ]
av, av, av avz
= pc vrﬁer+vrﬂez+vz az r+v,— P ] (A38)

By compiling Egs. (A.36) and (A.38) together, the left-hand side of Eq. (A.35) becomes

av av, av, av, av, av,
LHS = pcater+pcatez+pc[vra er+vra eZ+vZa er+vZa ]

B av, av, av, dav, dav, dav,
_pC(atJ’vra tV2 5, )er+p0<at+vrﬁ+vzﬁ>ez (A:39)



Decomposing the right-hand side of Eq. (A.35) gives the first term as

0 10 0
RHS 5t = —VP. = — (er§+ €y ;%-f‘ e, E) P.

) 1P,  aP,
=— (er ) (A.40)

T e,

The pressure gradient in 8-direction vanishes due to the axisymmetry assumption, resulting in

oP., P,

RHS 5t = —e, W — e, E (A.41)

Meanwhile, the second term of the right-hand side in Eq. (A.35) is expanded by taking Vv,
from Eq. (A.13), giving

RHSynq = V2V, = pcV - Vv,

B ( 9] N 10 N d )
~H\ e T80 T %0z

avr 617 vr av avz
Expanding Eq. (A.42), eliminating the gradient in 8-direction, and implementing Eqgs. (A.10)

and (A.11) give

d av, av, vy av, av,
RHSyp4 = Ue [er 3 (er o e.+e.— ar e, + egeg +e,— EP e +e,— Ep )
10 av, av, v, av, av,
+e9-;%<erﬁer+er ar ez+e9e9 +ezger+ezgez>
d av, av, v, av, av,
+ez-£(era—er+era e, +egeg— +eza er+eza )]
a (0v, av, 10v,
= U¢ [(er'er)a (ar>er+(er er) (6T)e2+(e6 e@)_ﬁer
10v, a (0v,
+ (ee ' ee);? - (ee e@) > €r + (ez ez) (E) €
d (0v,
CRRFACY
0%v, 0%v, 10v, 10v, v,
= HUc 6rr62er+6rraze + 80 = r or ——¢€,+ 6pg— aT‘e _699r_2er

0%v, 0%v,
+ 5zzﬁer + 522@‘32
B lazvr 10v, v, azvr azvz 10v, azv

gz e trg e ety p et et e T g e (A43)



Equation (A.43) is simplified by reformulating the 1%'-3™ + %% e — :—; e, into
0%v, 10v, v, 0 (10
— A.44
ety e e =5 1 v e (A4
and the 5™-6" terms aa Ze, + %% e, into
0%v, +16vZ 16( 0172)
arz 2T o %2710 or (A43)
which yields
(10 0%v, 10 / 0v, 0%v,
RHS; 4 = U 7\ 73 (rv.) |e, + 572 + ;a(r W) e, + 572 7 (A.46)

Combining Eqs. (A.41) and (A.46) gives the right-hand side of Eq. (A.35) as

op, 0P,
RHS = —erﬁ— GZE

N (10 v +62vr N 10 ( avz> +62vz (A4T)
Helgr\rar o |8 T g2 O T e " ar ) €2 T 552 ©2 '
Equating Egs. (A.39) and (A.47) results in the Navier-Stokes equation:

(6vr+ E)vr_l_ (')vr) N (6UZ+ avz+ 6172)
Pe\e T Vrar T Ve, ) S TP\ gy TGy TV, )8

dP, oP, 0 (10 10 / 0v, 0%v, 0%v,
e ¢ _ Q€ — == S Pt A48
e > eZaZ+ [6r(r6 (vr)>er+ra (ra )ez+ e, + e,| (A43)

which can be decomposed into:

ov, ov, ov, oP. 0 azvr
r-component: pc( + v, 5 + v, 62) =———+Uc |5 ——( ) 972 | (A49)

ar

z-component: P ( (A.50)

v, ov, 6v2> _ OF, 10 ( avz> 0%v,
B Helror " ar 0z2



A.5 Derivation of the Component Mass Balance Equation

The component mass balance of species A follows Eq. (15):

a(pc(‘)A,c)
ot

where the mass flux j, is estimated by the Fick’s law:

ja= _pcDABV(‘)A,c (A.52)

+ V " (pCVCwA,C) == —V " iA + T'A (ASI)

By having constant p. due to the incompressible fluid assumption, taking p. out of the
differential operator and substituting Eq. (A.52) into Eq. (A.51) yield

dw
Pc —a?’c +p. V- (Vch,c) =—p/V- (_DABVCUA,C) + 1, (A.53)

Elaborating the second term in the left-hand side gives
LHSpq = pcV - (Vch,c) = pc(ve - Vwy) + pc(‘)A,c(v V)
= pc(Ve - Vay) (A.54)

noting that V- v, = 0 as defined in Eq. (A.23). The mass diffusivity, Dyp, in the first term of
the right-hand side of Eq. (A.53) is considered constant, hence, can be taken out of the

differential operator, resulting in

RHS 5 = —p.V - (—DABV(UA,c) = DpppcV - Vwy (A.55)
- DABVZ(UA

where V2 denotes the Laplace operator. Substituting Eqs. (A.54) and (A.55) into Eq. (A.53)

and dividing both sides with p,. formulates

a(l)A' Ts
n "+ V.V, = DygVPw, + . (A.56)

Applying V and v, as Egs. (A.11) and (A.6) expands Eq. (A.56) into

0wy ¢

Jt

0wy, 10wy, 0wy,
+ (vrer + vZeZ) ' (erTC + €g ;WC + e, EP C)

0 dwy 10wy Owy
= Daz ler 'ﬁ(er or T a9 te azc> T e

10 a(,l)A’C 1 a(")A,(: a(")A,C
e (er - ) te,

ar €079 Ty,

9 (er 0wpc o 10@ac a“’A'C) l +h as)
0z Pe

ar +e9r 00 te; 0z



By following the dot product rule in Eq. (A.10), the left-hand side of Eq. (A.57) is derived into

LHS = 6(3?,,; + [vr(er -e,) 6;0:6 + v, (e, eg)%a;)gc +v,.(e, - ez) az Ac
(e, - e) 228 ar “+v,(e, - ee)— ;Ug‘c +v,(e, - €,) ag);,c
- 2o [ o T 160 T 5, T 5, T
T P LY W
dwy ¢ 0wy ¢ dwy ¢

(A.58)

while the right-hand side of Eq. (A.57) is derived by also implementing Eq. (A.11) and

neglecting the gradient in #-direction due to axisymmetric assumption, yielding

Jw 1 /0w d /0w T,
RHS = Dys | (e, - e o (228) 4 (g e0) - (2) 4+ (e, o) o a;“)]+p—A
c

_ [ d a(l)A‘C a(l)AC> d (awA’C> Ty
_DAB_(Srrar( or )+699 ( or +6ZZ@Z 0z +pc

[0%wy, 10wy, 0%wy, i
or? r or 0z? Pe

= Dyp (A.59)

Substituting Egs. (A.58) and (A.59) to the left-hand and the righ-hand sides of Eq. (A.57) gives

a(l)AC a(l)AC a(,l)AC azwAC 16wAC az(l)AC Ty
= 4+ S by, — = - —22 4 “1+=  (A60
ot " oor Z 0z 4Bl or2 ' r or 0z2 c (A-60)
62wA,c 10wapc . _i dwa,c .
The term 5z T 5, in the right-hand side is equivalent to ~o (r o ) which formulates

the mass fraction profile into

0wy . 0w, . 0w, . 10 aa)AC> 02w, . i
, . <_p,, , , Ta _
gt Ty Vi, ~Pas rar(r ar )T o2 |Th (A-61)

c



A.6 Derivation of the No-Slip Condition

The no-slip condition stems from Eq. (22):
Velzznz "ty =u-ty (A.62)

Defining the right-hand side as the tangential velocity of the interface, U;, and substituting t,
and v, in Egs. (3) and (A.6) into Eq. (A.62) result in
10h

e +57-e,
(vre, + v,e,) ——29~ —yj, (A.63)

1+ ()

Elaborating the dot product of the left-hand side in Eq. (A.63) and implementing (A.10) give

v, 0h
LHS = vr(er 'er) +?a_(er'ez)+vz(ez'er)
/ ah r
Or
L. ]
1 _
= W vr(5rr) (67*2) + v, (627*) + (622)
J1+7(5)

vZ oh l
v, (A.64)

,1 4 (g_il> 2 aT

Noting that the left-hand side is evaluated at the interface, z = h/2, substituting Eq. (A.64) to
Eq. (A.63) yields

BRI =

10h
vrlz:h/z +5 2 ar Uzlz h/2

1+ (5)

= Uy (A.65)



A.7 Derivation of the Kinematic Conditions

Referring to Section 2.2.2, the kinematic condition with the inclusion of the mass transfer has

been derived in detail until Eq. (32):

(1-wacl,_, /2) (Velzznz =) 'm = =DasVars| _, - m (A.66)
which can be re-arranged into
(Velz=nsz *m) = (u-m) = - 1 A7 (Va)A,C|Z " n)
B Ac|z—h/2
DysVwy | n

(A.67)

The left-hand side is identified as the normal velocity of the interface, U,,, while the right-hand
side is expanded by employing V, v, and n in Egs. (A.1), (A.6), and (A.8), yielding

(e~ 257¢)

U, = (vrer + vzez) )

1 /0h\>
I+7 (ar)
D d 10 d (e Lo% e )
AB Wy, lowy,c CUA,c) "z " 20r°T
CEPN (er ar 7 s %oz Tone (A%
I+z (ar)
The expansion of the dot product gives
(')h vz doh
vr(er eZ) (eT' er) +UZ(eZ eZ) (eZ eT)
/ (’)h
(’)r
a(l)A'C 1 awAC dh
- a)A,c) 2 l(er eZ)T ~(erer)3 2 or or
wAC 116wAC6h a(l)A,C
+ (eg - ez); —(eg-e))o—mo—+ (e, e,)—
10wy 0h
— A.69
€. e 5, arl (4.69)

Applying Eq. (A.10) formulates Eq. (A.69) into



U = ( 5 vr6h6 t s vzah6 )
n — 1+1(%)2 vr rZ 2 a_r rr vZ ZZ 2 ar zZr
4 \0r
awAC 16wA66h
wAc) ah TZ or ”2 aT‘ aT‘
\J 6r
16(1)AC 116(1)Acah a(l)AC 1a(l)ACah
+ 8¢, — . -

90 %27 90 oar 1°#2 5, %7374, or
v,. 0h
:( zrar”) 1awAcah awAcl

1+5 ( ) (1_“’A6)W[ 27or or oz

Evaluating the right-hand side at the interface position, z = h/2, with some rearrangements

(A.70)

results in
10h
vz|z=h/2 267’ vrlz h/2
n =
1 /0h\?
1+3 (ar)
1 D Jdw 10hdw
* - < T )(A.71)
L+ 2@y (L oncl )\ O oo 2000
4\0r -

The normal velocity U, is derived according Johns and Narayanan (2007) in their Appendix
C. Then, by following Ozan and Jakobsen (2019b)’s derivation for a thin film, the surface

position is described in its implicit form, f = z — h(r,t)/2, and used to determine U,, as

of 10h
U, =9t ___20t 10h (A.72)
IVfI 1 4 20t

1+1(5)



A.8 Derivation of the Normal Stress Balance

The normal stress balance considering the mass transfer is expressed in Eq. (34) as

2Hon-n+ V.o -n = ||T|:nn — ”p((u -Vv)- n)2 ” (A.73)

The left-hand side indicates the dot product of two identical vectors, n - n = 1. The twice of
the mean curvature of deformable interfaces, 2H, stems from the surface divergence of n as

described in Eq. (35), which is derived by applying V in Eq. (A.3) and expanding the dot

product:
t, ad t,o0
2H=-V,'n=—-| ——————+——|'n
1 /0h 20r r 00
J1+3(57)
= ! (t 0 ) 1(t 0 ) (A.74)
B 1 ah 1 aT'n r 2 66“ ’
I+z (Or)
The term (t1 -%n) is derived by substituting Egs. (3) and (A.14) to take the dot product as
1o [ 1ona%h 1%, |
¢ .in_er‘kjﬁez. 3 401 912 €z ~ 2972 Cr ¥
1 =
or dhy’ 1/0h 1 (0h
3@ [+ ] @)
10%h (& )
20r? 8 6r2

@] [

_1f’ih[1+ i) ]

197
2972
147 (ah)
or
while the term (tz ai n) is found by applying Eqgs. (3) and (A.15):
; 10h 10h
2 2

@) G



The substitution of Egs. (A.75) and (A.76) to (A.74) results in

. 19%h / 19k
2H=—Vs'n=— — zarazh —; —LZ
c')h \ 1 /0h
J1+ ) 1+7(3)
10%h
2 67’2 1 10h
1 ah 2 r or
1+— W
-3/2
1 /0h\? 2 2
_ [1+_(_)l 10°h 110k 1+1(%> (A77)
4 \or 2 6r2 27 dr 4\0r
. R : : 1 /0n\? . .
Since —=eK 1 holds as defined in Section 2.3, the term 1 + " (a_r) is approximately 1 and

the curvature is obtained as

19°h 110h 1 @ ;/ Oh
2H =S o= (r )

- A.78
20r2 2rodr 2ror ( )

The complete derivation is discussed in Ozan and Jakobsen (2020b) with Eq. 4.43 of their work
showing the same final expression as Eq. (A.78), which is also consistent with Eq. (7) of

Chesters and Hofman (1982). Substituting Eq. (A.78) to the left-hand side of Eq. (A.73) gives

o 0/ Oh
— —— (2= A.79
LHS = 2Ho = 2r ar( 61’) ( )

The first term of the right-hand side of Eq. (A.73) contains the bulk stress tensors for Newtonian
fluids which are expressed as Eq. (37):
T = =PI+ u(Vv + (Vv)7) (A.80)

where | and Vv are given in Egs. (A.2) and (A.13). The transpose of the velocity gradient,
(Vv)T, equals to the switched components of Vv from (9/0x;)v; to (/9x;)v;:

9 r 4
Vv = ZZ eieja_xivj ;o (W) = ZZ ee; a—xjvi (A.81)
T i

This implies that the last term in Eq. (A.80) can be formulated as
u(Vv + (W)

av, av, av, vy av,
=Uu (2—erer + Werez + Wezer + 27e9e9 + Eezer

av dav,
+ —Zerez + 2 Eezez> (A.82)



Implementing Eq. (A.80) to the first term of the right-hand side in Eq. (A.73) gives

T:nn = |—PI + u(Vv + (VV)T)] :nn = —PL:nn + 4[Vv + (Vv)"]:nn

= [—Pl-n]-n+,u[[VV+(VV)T]'n]'n (A.83)

For gas bubbles in liquid, ¢y is much smaller than u., implying that the deviatoric stress of the

dispersed phase can be omitted. This simplifies the normal stress of the dispersed phase into

Td: nn = _Pd (A84)

By applying Egs. (A.2), (A.8), and (A.10), the evaluation of Eq. (A.83) for the continuous

phase gives the first dot product in the second term of the left-hand side as

—Fl-n=-F (erer t epep + ezez> )

+ ez(ez ' ez) - ez(ez ' er)

- ﬁ [ er6rz - er6rr E

P. [
L1

(o3
zZ 20r "
1 /0h\?
1+3(37)
10h
er(er ' ez) - er(er ’ er)ia + ee(ee ' ez) - eG(eH ' er)za
10h
20r
10h 10h 10h
E + 69692 - e969r EE + ez6zz - ez6zr 55
10h
r3ar & (A.85)

Taking the dot product between Egs. (A.85) and (A.8) yields the double dot product of the

pressure term in Eq. (A.83):

—P.I:nn = [—Pcl'n]-n =

10h
10h (ez_jwer)
Tl et T e
1/0h
1+72Gr 1+3(57)

10h 10h 10h
—er-ezia+er-er(ia) +ez (S ez'erza
'6 1ah+6 (1ah)2+6 5 10h
| 20r " \20r . TI) or
<ah)2+1
| 4\0r

(A.86)



The deviatoric stress term is derived by taking the first dot product between Egs. (A.82) and
(A.8) using the dot product rule in Eq. (A.10):

MC[VV+(VV)T]-n

avr a UZ avZ 7-77- a‘(],r avr
He| 2y erer ¥ gy ere Y G sl Y 2 eoeg kel ke
10h
129, ]-(ez ZWer)
dz 2% L oh
1+3(37)
— KU av, 10h av, v, 1ok
= ; 1(6}1)2 2 ar er‘(er-er)( EE)"‘ or e‘r(ez ez)+ ar ez(er er) <_§E>
+ (=
4 \0r
vy 10h\  0v, ov,
+a_ZeZ(er -er) (-55) + — a er(ez ez) +2 a eZ(eZ ez)

dv, dh +6vz 10v,0h 10v,0h +6vr +2 av,
or or T ar ST T 2 or or 2 20z or 2 9z ooz O |(A8T)

The double dot product is then obtained by taking the dot product between Egs. (A.87) and
(A.8) with the same rule as in Eq. (A.10), resulting in

Mc[VV+(VV)T]:nn=yC[[Vv+(Vv)T]-n].n

_ Ue dv, dh +6vz 10v,0h 10v,.0h +6vr +26vZ
B 1 702 oror T or " T2 9ror? 20z0r 2" oz oz o2
1+7(57)
10h
_(ez—m%)
1 /0h\?
1+37 (E)r)
_ U 'lavr(%) 10v,0h 10v,0h 10v,0h 16vrah+ %
B 1/9m\*| 2 or \or 20ror 20ror 20z odr 20zdr 0z
4\or
1+7(37)
S e L
1+1(@)2 | 2 or \or or or 0z Or 0z
4 \0r
L, ‘1(ah)2 v, (avr avz)( ah) v,
_ 1(oh _on A
2\0r 0r+ az+6r or +262 (A.88)

1+ 3%y



Combining Egs. (A.86) and (A.88) yields the normal stress balance in the continuous phase:

T.:nn = —P.I:nn + u [Vv + (Vv)7]: nn

B U 1(6h)2 v, (avr avz)< 6h) v,
T et ahzlz ar) o T\ T e )Ta ) Tias | (asg)
1+3(57)

The subtraction between Egs. (A.84) and (A.89) gives the jump condition in the first term of
the right-hand side of Eq. (A.73) as

RHS{s; = ||T|l: nn = T,: nn — T;: nn

e 1 (ah)zavr <6vr avz> ( ah> v,
— | Z(= - -z A.90
16h2[2 or) o T\az T )\Tar) T [T (A0
1+7(5)

=P +

The dot product in the last term of the right-hand side of Eq. (A.73) is defined as the normal

velocity in bulk phases, v,,, and the normal velocity of the interface, U,,, which gives:

RHSya = — ||p((a = v) - n)’|
= —llp(u-n—v-n)?|
= —llp(Un — v)?| (A.91)

Finally, Egs. (A.79), (A.90), and (A.91) are substituted into Eq. (A.73) as

2Hon -n = [Tinn — [[p(Ca —v) - m)’|

o 6( E)h)_ P+ U

2ror\ or) T e 1/0m?%| 2
1+7(57)

+ Py — llp(Up —v)?ll =0 (A.92)

1 (ah)z v, N <6vr N avz) ( ah> s v,
or/ or 0z dar dar 0z

Arranging Eq. (A.92) gives the final expression of the normal stress balance as Eq. (39):

) ( 6h) s e 1(6h>2 E)vr+<6vr+6vz>< ah)+2 v,
2ror\ or) " faT e 1,0m2|2\or/ or 0z Or or 0z
1+7(5)

—llp(Uy — va)?ll (A.93)



A.9 Derivation of the Tangential Stress Balance

The tangential stress balance with the presence of surfactants follows Eq. (40):
ZHO'II - tl + VSO' - t1 == ”T”: ntl (A.94)
with [|T|| = [T, — T4]. The dot product between two orthogonal vectors, n and t,, gives zero

to the first term of the left-hand side, simplifying Eq. (A.94) into
Vso -t = [Tclz=h/2:nt1 - lez:h/z:ntl] (A.95)

Substituting V¢ in Eq. (A.3) to the left-hand side of Eq. (A. 95) yields

oy do tz 60

Vot =
7h | ah T 7 ..20r  ro8 | (A.96)

Noting that the dot product of two identical vectors gives 1 and the one between two orthogonal
vectors gives 0, Eq. (A.96) becomes
1 do

141 (gﬁ)z aT' (A.97)

The first term of the right-hand side in Eq. (A.95) is derived by substituting the Newtonian

VSO"t1 =

stress tensor in Eq. (A.80) for the continuous phase:
T.nt, = | =PI + 1, (Vv, + (Vv,)7) ] . nt,

= —PCI: nt1 + HUe [VVC + (VVC)T]: nt1

_[-r1- n] e {[vVC + (V)T n } t (A.98)
By expanding the pressure term of Eq. (A.98) with —P.I-n and t; in Egs. (A.85) and (3),

taking the dot product according to Eq. (A.10) give
ah

1ah e, + 201
—F.ILnty=(-Pl'n |"'t; =——|[—e, = T
ah 2or " Lol (ah)
or
~ P T 1ah <1ah) . . 10h
= 1+1(%)2 €, erzaT‘ €. e, > ar e, e, e, ezZa
4 \or
B B |5 1ok (1ah>2+(S L5 Loh
B 10m\2| T20r TF\20r wnTEE or
HEOR
1+3(37)
~ P, 1ah+1ahl
T 1/0m\Z*| 20r 20r
1+3(57)

=0 (A.99)



The last term of Eq. (A.98) is derived by following the dot product with n described in Eq.
(A.87), then applying Eqgs. (3) and (A.10) to take the dot product with t; as

e [VVC + (V)" ] ‘nt, =y, [[VVC +(Vv,)] n ] ‘1,

dv, dh N av, 10v,0h
or or T or ST T 27or or o7

10h
10v, 0h ov, ov, er+55, €z
——-————e,t—e t+t2—e, | ————
2 0z Or dz dz O 2
1+7 (ar)
_ e [ 0v, 0k v, 10y, (@)Z_Eavr <@) %_I_Ovz oh ]
10m\*| or ar ' ar 4 or \or 4 0z \or 0z 0z Or |
r
1+3(57)

e [ 0hdv, Ov, 1 /0h\%\ dv, 1 /0h\? ohdv, |
:—1+1(6h) _‘EW+W<1‘Z(E) )* 52 <1‘1(5)) or 9z |
or

B L [ @avr+<avr+avz> (1_1(@>2> ohdv,
L (ah) | ar ar " \dz  or 4 \or or 9z (A.100)
or

By substituting Egs. (A.99) and (A.100) to Eq. (A.98), the tangential stress of the film side is

found as
T,:nt; = —P.I:nt; + u.[Vv, + (Vv.)T]: nt,

ahavr+<6vr+6vz> . 1(6h>2 +6h6vz N
or or 0z Or 4 \or or 0z (A.101)

He
1435

=0+

The tangential stress for the dispersed phase in the last term of Eq. (A.95) is defined as 74 =
—(T; - n) - t4. Applying this together with Egs. (A.97) and (A.101) to Eq. (A.95) yields the

tangential stress balance as

1 do
[ 1/am\? 0"
1+7(37)
_ e ahavr+<avr+avz) . 1 (ah)z +6h6vz N
= 2z | or 2\ar ar oz | T (A102)

141 (gi}) dr or



A.10 Derivation of the Surface Excess Concentration Balance

The excess concentration of the surfactant along the interface is given as Eq. (45):

Jt
where J; is defined in Eq. (46):

_F+vs'(ru)+vs'(ll'ls):0

J, =—-D,V,T

Expanding the second term of the left-hand side of Eq. (A.103) yields

LHS;pq = Vs * (Tw)
=u-V, L +T(Vg-u)

| 11
— Unn+Uttll . t—lar‘_{_t_zg + L 4 +Ft2 4
1 /0h 20r r 060 1 /0h 20r r 00
\J1+ (0r) \Jl+ (ar) .
ooon 1 /0h 267‘ r 69 t 1 /0h 267‘ r 006
1+ ( ) 1+ ( )
or or
0

+£ai(t )+_<t2'aag >+£%(t2-t1)

r 06

The term (t1 . aa—rtl) is derived by substituting Eqs. (3) and (A.16) to yield

19 10n0%h 10%
SIS Tk DR ¥ kA X i
or ah

G | [T [

10n0%h  10h0%

___ 40roar? n 4 0r or?

3@ ety
4 \or 4 \or

(A.103)

(A.104)

. IUnn+Uttll

(A.105)

(A.106)



e term | t, - —t, ) 1s computed by substituting Egs. an . to give
Th Zt,) i d by substituting Egs. (3) and (A.17) to gi

¢ at 1 1

2" 750 =€y €y =

00 1 70> 1 70h\? (A.107)
1+3(57) 1+7(5)

Implementing Egs. (A.75) - (A.76) and (A.106) - (A.107), taking the dot product between two

vectors orthogonal to each other as zero, and having t, - t; = 1 simplify Eq. (A.105) into
LHS;pq = Vs - (Tw)

_ U, ar 1 ru, 0%h N r oU,
Jd @ @ @
A g—}rl | U 1 (A.108)
TG TG

The third term of the left-hand side of Eq. (A.103) decomposes by substituting Egs. (A.104),
(A.3), and (A.4) into
LHS3rq = Vs ;1)

=V (=D,V,I) - (et + tztz)l

t, ar t, o
T azor V700
i G

4 \or

The axisymmetry condition eliminates the concentration gradient with respect to 8-direction.

=V, || =D, - (tity + t,t;) (A.109)

By considering constant D;, applying V, from Eq. (A.3) and the dot product rules gives

t1 - (t1t1 + tztz) aF

4 or,

6h ZaT' r 69‘ { ah Zar
1+7 (6r 1+ )



10hd%h
—Dy(t,-ty) |0 0Tl 29r9rz

or 2 3

1+%<3—¢> =T i@y
(’)F (t ) D, 1 61“( 0 ¢ )
- 1 T— 2 Y e

141 ( ar or ! f1+ (gg)zrar 20

dhd2h
_ _DI az 1ar a-r arz DI 1ar
T 1(dm\2|0r2 4dr  1,0m\E| . 1/9h\2rar
1+3(5r) 1+31(5) | 1+3(5)
0h0%h
=—_D’ Lo ( Q)_EE—WW A.110
1 amz2 |rar\" or 46r1 1 /0h\? (A.110)
+3(57) +1(57)
] 2 1 :
Note that t; ot = 0 and t, ot = — according to Egs. (A.106) and (A.107).
+(5)
Applying Egs. (A.108) and (A.110) into Eq. (A.103) results in
or U,  ar 1 ru, 92h s r U,
dat 1 /0h 20r 2 1 ah23/261"2 1 ahZaT
1t R (O TCO N RN RS (D
dh
rv, - ru, 1
2r T 2
1 /0h\? 1/0h
7 ((’)r) 1+Z(W)
D 10 dr 10T @az_h
- _(r_>___6r—6r22 =0 (A.111)
1 0m\2|ror\ or 4 0r 1/0h
I+z ((’)r) 1+1(W)
which is reformulated by using the relation: Ut — + r——= aUt + % = li (rFUt) to yield
10 ah
o 73 (rTU) 1 ru, h TU,  r
ot ony 2[ 1em[7 07 2 ohy’
va@ @) 1+3(5)
D 10 ar 10r @@
s a_(ra_>_2a_a:—ag;zlz —0 (A.112)
rdr\ or r
1+7(57) 1+7(5r)



A.11 Derivation of the Thinning Equation

In this section, all equations are present in terms of dimensionless variables.

The thinning equation in Eq. (101) comes from the kinematic condition in Eq. (59):

10h 10h 1 1 Bw,

= —_——= _ B —— _ + JE—
n 2 at leZ—h/Z 2 a_r vTIZ—h/Z Pe _ aZ
(1 wACl —h/Z)

s (A.113)

at the interface as:

110 ( roP,

ele=n = ‘5?5( 5?)23

by evaluating v, and v, at the interface. Applying z = h/2 into Eq. (100) gives the v, profiles
10
——=—(U)z

10 raPC<h>2
t-=l557\5) |2
2=h/2 ror z=n/2 T Or|20r \2

110 (rdR. \[h) 10 h\ 10 [roP./h\*| h
=———| =— - | ———= — —— == = — (A.114
3r6r<26r )(2) rar(rUt)<2>+r6r 26r(2) 2 ( )
Expanding the last term of the right-hand side in Eq. (A.114) gives
10 raPC<h)2 h 10 ( 7ok (h)2<h>+1 roP.\ 9 <h)2 <h
ror|2 or \ 2 2 ror\ 2or 2 2 r\ 20r )or|\2 2
Thus, Eq. (A.115) becomes
| 119 (9P \[hY 1a(U) R\, 10 (rok <h)3
Velz=h/2 = 7355\ 20r 2 roars Y\ 2 ror\ 20r J\2
1/0P.\ d [/m\*]/h
2 =< 1=((= — A.116
+2<6r>6r[(2)l(2) (A-110)
The first and the third terms in the right-hand side of Eq. (A.116) are summed up into
219 (rdP.\(h) 10 h\ 1/0P.\ad[/m\?]/h
=———| ——= -] ——= — — — |=—|(= — A.117
Vel 3r6r<26r><2) rar(TUt)<2>+2<6r>ar[<2> <2> (a.117)
Expanding the last term of Eq. (A.117) yields
()H0]3)=-3 (2R (3)6)
2\ ar Jor|\2 2) 2 \or 2/)or\2/\2
_1<0PC)2<h>26<h) AlLg
2\ or 2/ or\2 (A.118)
h h

By applying ;—r [(S)B] =3 (5)2 % (E)’ Eq. (A.118) is reformulated into

z=h/2

) (A.115)



1 (c’iPC) G, (h)z (h) _1(0P.\29 (h)3 _2(1(/ 0P\ @ <h>3 (A119)
2\ ar Jor|\2 2/ 2\ oar )J3ar|\2/ | 3|12\ or Jor|\2 '
Then, Eq. (A.119) is substituted to Eq. (A.117) to yield (A.124)

210 (raP.\[h\ 10 R\ 2(1(/8P.\ @ [/h\°
vzlz:h/2=§;§(§W><§) —;E(TUJ<§>+§{E<W>§I<E> l} (A.120)

Merging the first and the last terms of the right-hand side of Eq. (A.120) results in the axial

velocity profiles at the interface:

o _219ron h’ 19 uy(h N
Vzlz=n/2 =3 057 20 \ 2 rore Y\ 2 (A.121)
The evaluation of v, in Eq. (99) at the interface yields
Lok _ _1dh 10P. , (h)z U
29r =2 = T2 |F T \2 t
- z=h/2
_ 10h) 10P. '(h)z (h)z Ly Lo ton,
~ 20r) 20r|\2 2 T 20rt (A.122)

Implementing Eqs. (A.121) and (A.122) to the first two terms in the right-hand side of Eq.

(A.113) gives the kinematic condition as

10h 210 [ror(hY) 19 oy B)_Lon,
20t 3ror|2ar\2 rore Y\ 2 ) 2ar
n 1 1 a(l)A’C

Pe (1 _ 0z |- A.123

6(1 wA,Clz:h/z) Z lz=py2 ( )

The second and the third terms in the right-hand side of Eq. (A.123) are merged into

- %% (rU:h) by following the partial derivative rule. With some rearrangements of the first

term in the right-hand side of Eq. (A.123), the thinning equation is obtained as in Eq. (101):

L1900 %%l 10 uny +m A.124
ot 12 ror| or ror Ot (A.124)

where M describes the interfacial displacement rate due to mass transfer, specified in Eq. (118):

2 1 OJwy,
M=— '
Pe(1-K') o0z

(A.125)

z=h/2



A.12 Derivation of the Component Mass Balance for Low Pe Case

All equations in this section are expressed in dimensionless variable. In the limit of low Pe,
the left-hand side of Eq. (68) disappears due to negligible convective mass rates, yielding Eq.
(119) as

0=—24c o (A.126)

The dimensionless reaction term Q is specified in Table 1 which is also described as a function
of t as Eq. (69):
0= Robea _ :Ta (A.127)
o€? pc Pc

The two boundary conditions are taken from Eq. (117):

0wy, el _kpPyg
4 =
0z z=0 € lz=h/2 Pc

=K' (A.128)

Analytical Solution for Zero-order Reactions
The zero-order reactions consider the consumption rate 7,4 to be independent on w, ., which
gives constant Q. The first and the second integrations of Eq. (A.126) with respect to z yields

the concentration gradient and the mass fraction profiles, respectively, as:

0wy
0z

=—(PeQ)z+( (A.129)
1
wre =—5(PeQ)z* + Gz + Gy (A.130)

By substituting the first boundary condition in Eq. (A.128) to Eq. (A.129), the constant C; is
obtained as

0wy
0z

= —(PeQ) z|Z=O +C,

A.131
=C, =0 ( )

Then, C; and the second boundary condition in Eqgs. (A.131) and (A.128) are applied to Eq.
(A.130) to determine C, as

1
Cz = wA,(,‘lZ:h/z + E(PeQ ) Zz z=h/2

1 h\?
=K’+E(PeQ)<E> (A.132)



The substitution of Egs. (A.131) and (A.132) to Egs. (A.129) and (A.130) results in the
concentration gradient profile as

0wy ¢
0z

= (PeQ)z (A.133)

and the mass fraction profiles as
1 1 h\?
wae =—5(PeQ )z + K’ +E(PeQ)< >

_%(PeQ)[zz—<g>2

Finally, M for the zero-order reaction is obtained by evaluating Eq. (A.133) at the interface

+K' (A.134)

position z = h/2:
a(UA'C
0z

= —(PeQ)g (A.135)

z=h/2

and substituting Eq. (A.135) to Eq. (A.125) to yield the same formula as Eq. (121):

2 1 h Oh
= rea=m| "5 | =G B

Analytical Solution for First-order Reactions

The first-order reactions indicate a linear relationship between 74 and wg . as

Ta = kipac = k1wacpc (A.137)

Here, p . and k; respectively stand for the mass concentration of A in the continuous phase
and the reaction rate constant for first-order kinetics. In this case, the mass balance in Eq.
(A.126) is solved by applying Q and r, in Egs. (A.127) and (A.137) to yield

1 0%w R
O - A,Cc + _A
Pe 0z? Pe

_ 1 azwA,c —klwA,cpc _ 1 azwA,c
" Pe 0z2 p.  Pe 0z2

+ Thyw, (A.138)

The analytical solution of the second-order homogeneous linear differential equation suggests
the reformulation of Eq. (A.138) into its characteristic polynomial form:
1
0=—D?+tk A.139
5D + ks (A.139)
Here, D denotes the differential operator with an order of 2, i.e., there are two solutions for D:
D = +/—tk,Pe (A.140)

The solution for w . is obtained with two unknown constants, C; and C;:

Wae = Cle‘/_fklpez + Cze_‘/_fklPeZ (A.141)



The first derivative of Eq. (A.141) is evaluated at z = 0 by implementing the first boundary
condition of Eq. (A.128) to yield

a(é)xz‘l,(f = \/ _Eklpe C1€ v _Eklpez - _Eklpe Cze_' _Eklpez (A142)
dwy — — — =
oy < . = \/—tk,Pe CjeV~tk:Pez T —tk,Pe C,e~V~thkiPez L,

= 4/ _Eklpe C1 — 4/ _Eklpe Cz

Equation (A.143) implies that C; = C,, thus, applying the second boundary condition in Eq.
(A.128) gives

— J—-tkiPe z -\ -tk Pez
wA’C|z=h/2 Crev z=h/2 e R
= h = h
=C, Iev‘”‘l”ef t+e” ‘“‘1”‘?5] =K' (A.144)

and determines C; and C, as
KI
- -tk PeE - -tk Peﬁ
e "2 +e 2

Implementing Eq. (A.145) to Egs. (A.141) and (A.142) results in the mass fraction and the

concentration gradient profiles respectively:

!
I S emue‘*/‘f"l””l (A.146)
oV-tkiPey | —~TkiPey

(UA,C

a(UAC K’ [ — = — -
— = | —tk,Pe eV —tk,Pez __ | —tk, Pe e—\/—tklPez
0z ,/—Eklpe% n e—«/—fklPe% ] 1 1

e
_ K’ /—EklPe emz_e_/—fklPez (A147)
VTP [ Tkpe |

Then, the concentration gradient in Eq. (A.147) is evaluated at the interface position z = h/2

and applied to Eq. (A.125) to determine M for the first-order reactions:

wo2 1 KNP [t
Pe (1 - K’) exl—fklPe% + e—\/—fklPe%
_ h . h
— 7 / —tkiPe> _ _—-tkiPez
_ J—tkPe K e 2—e 2 (A.148)

Pe  (1-K), [ torel, —J-furel



Appendix B: Parameter Estimation
B.1 Physical Properties and Parameter Conditions

Table B.1: Physical properties for 1 mm O bubbles in water and parameter conditions for

typical bioreactor systems

Parameters Unit Values References

Chemical and physical properties

ky kg/m?.atm 102 (Doran, 2013; Sander, 2015)
Pe kg/m? 10°
Ue kg/m.s 107
R, m 5x10*
o kg/s? 72.8 x 1073
(Doran, 2013; Gomez et al.,
k, mol/L.s 10
2006)
ky 1/s 107 (Lainioti & Karaiskakis, 2013)
(Doran, 2013; Gomez et al.,
DAB mZ/S 10_9
20006)

Operating parameters

Ppa atm 1-15 (Lopes et al., 2014)




B.2 Estimation of M for CO; Bubbles

The estimation of M for CO2 bubbles is made by calculating the mass flux, N|,—p />, of a I mm

CO; bubble according to Li et al. (2019) using their Eq. (3.2):

Nlyenjz = 4x1078(2R,)
=4x1078(0.1)7%%7 =35x 1077 g/cm?.s (B.1)
with Ry, is in cm and N|,—p/, is in g/cm?.s.
The mass flux is assigned to Eq. (29) as
Nlz=h/z = —pUme *n = —p.(u—v,) -n = —3.5x 10"° kg/m?s (B.2)

with the negative sign indicating the mass transfer from the dispersed to the continuous phase.

The dot product results in the normal bulk velocity, v, ,, and the normal interface velocity,

U,= %Z—f: (Johns and Narayanan, 2007; Ozan and Jakobsen, 2019b), which rearranges Eq. (B.2)

into
3.5x10"°kg/m%s 10h
— S ——— B.3
Un =Ven + Pe 20t ®-3)
The non-dimensionalization of Eq. (B.3) gives
oh 3.5x 10" % kg/m?s _ _
Frin 20y + 2 = =2U.,+M (B.4)
Therefore, M can be determined as
3.5x 107° kg/m?.s
M=2 " ke/ (B.5)
VzPc
The velocity scale v, is determined from Eq. (91):
— Op 4 4
v, =—€*=728€"m/s (B.6)

Hc

By assuming 0.01 < € < 0.1 as in App. B.1, ¥, is estimated to range from 7.28 x 1077 —
7.28 x 10~3 m/s. Substituting these values to Eq. (B.5) gives an estimation on the magnitude

of M to be on the order of 107 — 1072,



Appendix C: Analysis of Numerical Issues

In this section, the numerical issues encountered in the two-step solver (the 2D solver) is

discussed.
C.1 Initial Attempts to Resolve the Inconsistencies in the Solver

During the initial trials of the (the 2D solver), the estimated coalescence time, t., for different

K' are presented in Figure C.1.

107 107 107
v
app

Figure C.1: The first trial of estimating t. for 2D case

It can be seen that the t. curves do not follow the expected behavior, represented by K’ = 0.
The t. curve for K’ = 10™ turns up sharply at Vapp = 0.1 while the one for K’ =107 keeps
decreasing with Vg,,,. This may indicate some inaccuracies occurred during the numerical

computation, which can be detected from the minimum film thickness min(h) plot as shown
in Figure C.2. This plot is expected to behave like the no-flux case (K’ = 0), represented by the
blue curve, which decreases smoothly along the time. In addition, all curves should reach

approximately the same critical minimum thickness for the same V,

upp Tegardless of K’ values.

Here, the critical minimum thickness is defined as the minimum thickness at which the
attractive van der Waals forces start to act significantly, giving a fast decreasing trend on the
min(h) values before coalescence is estimated to occur. Figure C.2 shows that the min(h) plots
for K/ = 107* and K’ = 1073 with At = 0.05 drop sharply at earlier critical thickness. These
unexpected behaviors may occur due to the unsuitable parameter settings, for example, the

solver may require smaller At to compute more accurately.
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Figure C.2: The time evolution of the minimum film thickness evaluated at different At
values for (a) K’ = 10 at V,,,, = 0.1 and (b) K’ = 107 at V,,,,, = 0.1 with the blue curve

representing the expected behavior which is obtained for K’ =0

By verifying the behavior of min(h) for other At values and comparing the results with the one
for the no-flux case, it is shown in Figure C.2 (a) that min(h) drops unexpectedly at min(h) =~
0.1 even when At is set to At = 0.01. In comparison, the results for At = 0.005 and At =
0.001 seem to give relatively smoother trends until min(h) ~ 0.03, which is close enough
tothe critical minimum thickness of the no-flux case. Therefore, At = 0.005 is taken to estimate
t. in this case. However, setting At into smaller values may not always result in more accurate
solutions as it is found in Figure C.2 (b) that the two smallest At, at 0.001 and 0.0005, give a
sudden decrease earlier than the larger At values. Furthermore, the results in Figure C.3
indicates that there are still some numerical issues although the parameter At has been adjusted.

1048

102
1073 1072 107"

app

Figure C.3: Coalescence time with adjusted At



Compared to Figure C.1, the results in Figure C.3 seem more reasonable except for the three
cases (i)-(iii). In case (iii), all K' values result in similar t, which seems to be unreasonable for
the curves to merge once again after they separate at around their minimum ¢.. In these cases,
it is found that the interface deforms wider than 50% of 7,,, which indicates that the gentle

collision assumption does not hold for V,,,,, = 0.18, thus, case (iii) is excluded from this study.

Cases (i) and (i1) seem to correspond to Figure C.2 (b), where all At values are unable to satisfy
the two requirements for accurate t, estimate, which are a smooth trend of min(h) and a similar
critical minimum thickness as the no-flux case. Therefore, the two cases need to be investigated

further by evaluating the number of grids for z and the M criterion as presented in Figure C.4.

10 1 = T T T T T T T
[ "\\

—— Kl - U
—9 K'=10"
—v K'=10" (No M criterion) |

10° ¢ \

=
g 107 ¢ Ar=008" e, ;
At=0.017% R
Ny=15 ) At=001 A ]
Sl ‘ | At =0.05)
10 1 3
At=0.010 &
L L at=o01
Z
At =0.001
10-3 1 1 1 1 1 1 1
0 50 100 150 200 250 300 350 400
t

Figure C.4: The time evolution of the minimum thickness evaluated at different N, values

and re-consideration of M criterion for K’ = 10 at Vapp = 0.1 with the blue curve

representing the expected behavior which is obtained for K’ =0

At this stage, the simulation is run for 11 grid points of z domain, i.e., N, = 10. Although the
resulting surface profiles in Figure 16 look smooth enough to indicate that N, = 10 is
sufficient, the two cases, (1) and (ii), in Figure C.3 are re-evaluated at different N, values. As
shown in Figure C.4, min(h) for N, = 15 falls even earlier than the one for N, = 10, which
implies that higher N, does not always result in more accurate estimation of t.. On the other
hand, the decreasing min(h) for N, = 6 looks smoother with unreasonably faster t. as plotted

in Figure C.3. This indicates that N, might be not the source of the problems, leading to the



next attempt which is to exclude the M criterion from the code. Although this criterion was
originally created due to the negative M values appearing to be unexpected direction of the
mass transfer, they are physically acceptable to occur at high V,,,,, since the emergence of the
dimple may change the behavior of M. The results for no M criterion in Figure C.4 show
smoother trend of min(h) where the critical minimum thickness is approximately the same as
the no-flux case. This implies that the current M criterion might result in further instabilities in
the solver, which therefore, needs to be excluded for cases (i) and (ii). By taking At = 0.001

and excluding M criterion, the updated results are shown in Figure C.5.

—5—K'=0

—¥—K =100
K="

—E— K =107

107 10 10™
app
Figure C.5: Corrected t, after re-evaluation of parameter settings and re-consideration of M

criterion

Although Figure C.5 seems to be the most reliable results compared to the previous plots in
Figure C.1 and Figure C.3, there are some other numerical issues detected in Figure C.6 and
Figure C.7 for immobile and mobile cases, respectively, which are discussed in Section 4.1.3.2

as incorrect results.
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Figure C.6: Incorrect results for the immobile case due to numerical issues showing some

increases in min(h) at the same time as the instabilities in M
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Figure C.7: Incorrect results for the mobile case due to numerical issues showing some

increases in min(h) at the same time as the instabilities in M



C.2 Analysis of v, Computation as the Main Source of the Issues

The analytical solution to v, is expressed in Eq. (100) as

_ 110 (7P , 10, _ . 10
U, =—5=32 Z (70, )2 +=—

s e 2
L0 (1822 UL Y PR )
3707\ 207 7 OF 207 \2

The connection between v, computation and the time evolution of M is analyzed by neglecting

term by term of Eq. (C.1). It is found that the unexpected behavior of M dissapears when the
second derivative of the pressure in the first term of Eq. (C.1) is neglected. This can be shown

by expanding the first term into

110 (70P 19%P 110P
st - | )s3—)- - 7 (s3 (C.2)
1+ term 3?0?(26?)2 {6af2+6faf}z
Then, the second derivative term in Eq. (C.2) is excluded to yield
10%F . 1, .. 10| #aP(R\
5= 33 ___(#+0.\s+-—| ——|(= 5 (C.3)
= gare? rar (Ui ; flzaf<2> ]Z

The results given in Figure C.8 show that the discontinuities in case (a) dissappear when the
second derivative of the first term in Eq. (C.1) is neglected. However, Figure C.9 and Figure
C.10 indicate that the second derivative is important in determining the behavior, thus, cannot

be neglected in this case.

180

180

Figure C.8: (a) Unexpected behavior of M due to numerical issues in v, computation and (b)

the expected behavior of M obtained by neglecting the second derivative of the first term in v,
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Figure C.10: Significance of the second derivative term of v, in the rim rupture regime



Appendix D: Estimation of M Expression

D.1 Expression of M(h) for Some r Values

The M expression is estimated by approximating the relationship between M and h for fixed r
positions through the linear regression as shown in Figure D.1 which yields the constants a and

b for the corresponding r as Table D.1.

a -3 -3
y=2Aer02h= 2 betld y=24'x-87e+02 y =B.7° - 4.3e+02 |
B a5 | -35 \l
-3.5 \‘\\ | !
= -4
= S i =
o 4 ) = o -4.5
3 /| 2 3
5 4.5
5
_E
45 i s
e E -5.5
. M00 F130 f1s5
5 = 55 6
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Figure D.1: Linear regression of log (M) and h for fixed r values

Table D.1: The constants a and b obtained from the linear regression of log (M) and h for

fixed r values

r_pos r y = a X o+ b
105 4.0253 logM = 150 h - 2700
110 43779 logM = 95 h - 2000
130 5.8639 logM = 24 h - 870
155 7.8141 logM = 6.7 h - 430
180 9.7428 logM = 2.7 h - 260
200 11.1818 logM = 15 h - 200
227 12.8585 logM = 0.84 h - 140
250 139556 logM = 0.61 h - 120
280 14.8194 logM = 0.48 h - 110
301 15 logM = 0.46 h - 110




D.2 Estimation of M(h, 1)

The resulting constants a and b are plotted against r to determine their relationships in Figure

D.2.
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Figure D.2: Estimation of the constants a and b as functions of r, obtained from power

regression

Finally, the value of M can be estimated as a function of h and r as

ogM = ro® - e D.
1 58290 r~*362p — 68100 r~24 (D.1)



Appendix E: MATLAB Codes

The parameters involved in the MATLAB codes are defined using different notations from the

main report in Section 3 with the corresponding notations shown in Table E.1.

Table E.1: Notations defined in the main report and in the MATLAB code

Notation
Parameters .
Main report MATLAB

The lower limit of r domain at r = 0 7o L
The upper limit of r domain at r =1, Teo R
Number of grids for r N, N
Number of grids for z N, M
Time step At dt
Differentiation matrix for r Dy i D
Differentiation matrix for z evaluated at D

— Zmnly—y, bz
r=rn; i
Relative approach velocity Vapp vapp
Solubility of the gas K' Kp
Dimensionless Hamaker constant A A star
Viscosity ratio A* lambda
Surface Peclet number Pe; Pe s
Dependence ot sigma
Product of dependence and initial surface . .
excess concentration orlo sigma_times GammaQQ
The i*" element of the film thickness at k-1 _—
the (k — 1)*" time step '
The i*" element of the film thickness at Lk -
the k" time step '
The i element of the film thickness at plett Hkpl
the (k + 1)** time step l

ith

The i*" element of the excess pressure at pk-1 pkml

the (k — 1)*" time step



Notation

Parameters
Main report MATLAB
th
The lth e‘lement of the excess pressure at pi .
the k" time step
;th
The i elentlhen‘t of the excess pressure at pi+l Pkpl
the (k + 1)™ time step
.th . .
The i ile@ent of the tangential velocity Uk Uk
at the k™" time step
The i*" element of the tangential velocity [+ Ukpl
at the (k + 1)" time step '
ith
The i ele'ment of the surfaczs ‘excess Fik_l Gamma kml
concentration at the (k — 1)®" time step
The i*" element of the surface excess X
. th o [ Gammak
concentration at the k*" time step
ith
The i ele.ment of the surfaci e?<cess e+t Gammakpl
concentration at the (k + 1) time step
The m*" element of the mass fraction at Wk | wk
the k" time step at the position of r = r; mrE
The m*" element of the mass fraction at
the (k + 1)t time step at the position of i Hyp=r, wkpl
r=r
The i" element of the rate of interface M MT
displacement due to mass transfer '
An array with a value of zero in all .
000..0]| zeros (1, size)
elements [ Lsize ’
An array with a value of one in all 111..1] ones (1, size)
e Llsize 4

elements




E.1 The First Part of the Solver

%$clearing previous outcomes and turning off any warnings when
running the simulation

clear all

clc

close all

warning off

load('integration matrix N 300') %call the integral matrix
that has been stored

%$Step 1 - Specifying domain, number of grids, and time step
L = 0; R =15; tdomain for r (ry and 7Ty)

N = 300; M = 10; S%number of grids for r (N,) and z (N,)
dt= 0.05; $time step (At)

$Step 2 — Cheb function for discretization of r

[Dc, zc] = cheb(N);

%$Step 3 - Mapping function to adjust the domain

[a,b,r] = mapping(L,R,zc);

D = a*Dc; $differentiation matrix for r (D,)

%$Step 4a - Physical parameters

vapp = 0.0006; %approach velocity (Vgpp)

Kp = 107-3; %solubility (K')

Pe =1; $bulk Peclet number (Pe)

A star = 107"-4; S%Hamaker constant (A4")

lambda = 10%-4; %Sviscosity ratio (A4%)

Pe s = 50; $surface Peclet number (Pey)

sigma times Gamma00=-20; %merged parameter (opl})

sigma = -5000; %dependence of the surface tension on the

surface excess concentration (of)
GammaO0O0= sigma times GammaOO/sigma;%initial surface excess

concentration (I})

%Step 4b - Initial conditions

h0ooO = 2; %initial minimum thickness
h0 = h00 + r.”2;

PO = zeros (N+1,1);

w0 = zeros (N+1,M+1);

Uuo = zeros (N+1,1);

GammaO = ones (N+1,1) *Gamma00;

t = 0;

hkml = hO; hk = hO;
Pkml = P0O; Pk = PO;



wk = w0;

wkml = wO0;

dwdz = zeros (N+1,1);

Uk = UO0;

Gammakml = GammaO; Gammak = GammaO;

mass_ flux zero maker=ones (N+1l,1); %San array to multiply the
computed M as a part of the new M criterion
MT = 2/Pe./ (l-wk(:,end)) .*dwdz; %computed M

hstore=[];Pstore=[];tstore=[];MTstore=[];Ustore=[];Gammastore=[];

%%%%%%Integration matrix calculations, called AA in the code
ep=10"-4.2;

% AA is only a function of number of grids, meaning that the
code is run for once, for the defined N (number of grids for r)

% The stored AA is then loaded at the beginning of the code
[Zcheb, rhol] = newforBIMnonsing (r,ep):;

cc = ones (N+1,1);
cc(l)=2;
cc (N+1)=2;

for mm = 0:N
for nn = 0:N
invT (mm+1,nn+l) = 2* (-
1) “mm*cos (mm*nn*pi/N)/ (N*cc (mm+1) *cc (nn+1)) ;
end
end

weights=zeros (N+1,1);
for j=1:N+1
for i=1:2:1length (invT)
weights (j)=weights (j)-2*invT(i,J)/ ((i-1)"2-1);
end
end
weights=weights/a;
W=repmat (weights,1,N+1)"';
AA=Zcheb.*W/2/pi;

[e) o 0 O

% Parts of matrix A that are independent of dt, thus, do not
need to be included in the iteration to save time
I = eye (N+1,N+1); %Identity matrix

All = 3/2*I;
Al4 = zeros (N+1,N+1);

A21 = 1/2*diag(l./r)*D*diag(r)*D;
A22 = T1;



A23 = zeros (N+1,N+1);
A24 = zeros (N+1,N+1);

A31 = zeros (N+1,N+1);

A33 = I;

A34 = -1/lambda*sigma*AA*D;
A4l = zeros (N+1,N+1);

A42 = zeros (N+1,N+1);

freg=20; %defining frequency of saving data

3Starting the iteration
for k=2:(10"8)

t=t+dt;
%Step 5 - Build A and RHS matrices
Al2 = -dt/12*diag(l./r)*D*diag(r)*diag(hk.”3)*D;
Al3 = dt*diag(l./r)*D*diag(r)*diag (hk);

A32

1/lambda*AA*diag (hk/2) *D;

A43 = dt*Pe s*diag(l./r)*D*diag(r)*diag(Gammak) ;
A44 = 3/2*I*Pe s-dt*diag(l./r)*D*diag(r) *D;

RHS1 = 2*hk-hkml/2+dt*MT; $Including M to the model
RHS?2 2*ones (N+1,1)+A star./ (hk."3);

RHS3 = zeros (N+1,1);

RHS4 = 2*Pe s*Gammak - 1/2*Pe s*Gammakml;

A = [All Al2 Al13 Al4; A21 A22 A23 A24; A31 A32 A33 A34; A4l
A42 A43 A4d4];
RHS = [RHS1; RHS2; RHS3; RHS4];

sStep 6 - BCs
A(l,:) = [ D(1,:) zeros(l,3*(N+1))1];

RHS (1) = 0; %dhdr=0 at r=0
A(N+1,:) = [zeros(l,N) 1 zeros(l,3*(N+1))];
RHS (N+1) = ((-vapp + MT (end))*dt + 2*hk (N+1) -

1/2*hkml (N+1))*2/3; %dh/dt=-Vapp + M at r=r inf

A(N+2,:) = [zeros(l,N+1) D(1l,:) zeros(l,2* (N+1))1;
RHS (N+2) = 0; %dPdr=0 at r=0

A(2* (N+1), :) = [zeros(l,N+1l) zeros(l,N) 1 zeros(l,2*(N+1))];
RHS (2* (N+1)) = 0; %P=0 at r=r inf



A(2* (N+1)+1,:)= [zeros(l,2*(N+1l)) 1 zeros(l,N) =zeros(l,N+1)];
RHS (2* (N+1)+1) = 0; %U=0 at r=0

A(3* (N+1), ) = [zeros(l,2*(N+1)) D(end,:) zeros(l,N+1)];
RHS (3* (N+1)) = 0; %dUdr=0 at r=r inf

A(3*(N+1)+1,:)= [zeros(1l,3*(N+1)) D(1,:)]; RHS(3*(N+1)+1) = 0;
$dGammadr=0 at r=0
A(4* (N+1), ) = [zeros(1l,3*(N+1)) D(end, :)]; RHS(4* (N+1)) = 0;

sdGammadr=0 at r=r inf

¥Step 7 - solve
sol=A\RHS;

hkpl = sol (1:N+1);

Pkpl = sol (N+2:end);

Ukpl = sol (2% (N+1)+1:3* (N+1));
Gammakpl = sol (3* (N+1)+1l:end);

%Calling the outcomes from the second part of the solver
[RHSw, Aw, wkpl,dwdz,dwdr, z,vr,vz,Dz] =
code massfracH spec (M,N, hkpl, Pkpl,wk, D, r,Kp, Pe,dt) ;

$Computing M for the next time step
MT = 2/Pe./ (1-Kp) .*dwdz;

%New M criterion
for rr2=1:N+1
if MT (rr2) <= 107-15
mass_ flux zero maker (rr2)=0;
end
end

MT=MT.*mass flux zero maker; %applying the new M criterion

%Defining the solutions as the inputs for the next time step
hkml=hk; hk=hkpl; Pkml=Pk; Pk=Pkpl; wk=wkpl; Uk=Ukpl;
Gammakml=Gammak,; Gammak=Gammakpl;

%Saving data

minhstore (k-1)=min (hkpl) ;
minh=min (minhstore) ;
MTmax (k-=1)=max (MT) ;

if mod(k, freq)==2
minh
hstore=[hstore hkpl];



Pstore=[Pstore Pkpl];

tstore=[tstore t];

MTstore=[MTstore MT];

Ustore=[Ustore Ukpl];

Gammastore=[Gammastore Gammakpl];
end

%Coalescence criterion with critical film thickness of 107-3
[criterion,min pos]=min (hkpl);
if criterion<10”°-3
if min pos==
outcome=sprintf ('nose rupture')
else
outcome=sprintf ('rim rupture')
end
tc=t
break
%No coalescence criterion when film thickness > 1.5 of the
initial minimum thickness
elseif criterion>1.5*h00;
outcome=sprintf ('bye")
tc=0
break
end
end

$Summarizing the saved data
hstore=[hstore hkpl];
Pstore=[Pstore Pkpl];
tstore=[tstore t];
MTstore=[MTstore MT];
Ustore=[Ustore Ukpl];
Gammastore=[Gammastore Gammakpl];

%$Step 8 - plotting

figure

semilogy (r,hstore)
xlabel('r")

ylabel ('h'")

figure
plot (r, Pstore)
xlabel('r")

ylabel ('P")

figure

semilogy (r,MTstore(:,1l:end-1))
xlabel ('r")

ylabel ("MT")



E.2 The Second Part of the Solver

3Specifying the inputs from the first part of the solver and
the outputs from this part

function [RHSw,Aw,wkpl,dwdz,dwdr,z,vr,vz,Dz] =

code massfracH spec (M,N, hkpl, Pkpl, wk,D, r,Kp, Pe, dt)

% Cheb function for discretization of z: only depend on M,
which in here is defined as the number of grids for =z

[Dc2,zc2] = cheb (M) ;

% Mapping function to adjust the domain of z: for each r point

for i = 1:N+1
laz (1) ,bz(i),z(:,1)] = mapping(0,hkpl(i)/2,zc2);
Dz (:,:,1) = az (i) *Dc2;

% velocity profiles for each r point
dP = D*Pkpl;

drP1l D* (r/2.*dP) ;

drpP2 D* (r/2.*dP.* (hkpl/2) ."2);
dwdr = D*wk;

vr(:,1) = 1/2*dP(i)*(z(:,1).72-(ones (M+1,1)*hkpl (1)/2)."2);
end

for ii = 2:N+1

vz (:,11) = -

1/3*(1/r(i1)) *drPl(ii)*z(:,11) ."3+(1/r(ii))*drP2(ii)*z (:,11);
end

%BC for r

vz (:,1)=vz(:,2);

sComputing the mass fraction for each r value

for n = 2:N

% A and RHS

Aw(:,:,n) = eye(M+1l)*Pet+dt*Pe*diag(vz(:,n))*Dz(:,:,n)-
dt*Dz (:, :,n)"2;

RHSw(:,n) = (wk(n,:)*Pe)'-dt*Pe*vr(:,n).*(dwdr(n,:))";

% BCs for =z

Aw(l,:,n) = [Dz(1l,:,n)]; RHSw(l,n) = 0;

Aw (end, :,n) = [zeros(l,M) 1]; RHSw(end,n) = Kp(n);
% solve

wkpl(:,n) = Aw(:, :,n)\RHSw(:,n);
% dwdz at interface

dwdz (n, :)=Dz (end, :,n) *wkpl (:,n);

end



%$Transpose the matrix before getting called to the first part
of the solver
wkpl=wkpl"';

%Mass fraction criterion
for rr=1:N
for zz=1:M+1
if (wkpl(rr,zz))
wkpl (rr,zz)=
%Saturation condition
elseif abs (wkpl(rr,zz)-Kp(rr))/Kp(rr) <=10"-
wkpl (rr,zz)=Kp(rr);

<= -15
0;

end
end
end
wkpl (1, :)=wkpl (2,:); %BC at r=0, dwdr=0
wkpl (N+1,:) = wkpl(N,:); SBC at r inf, dwdr=0

¢

% dwdz at interface

for nn=1:N+1

dwdz (nn) = (wkpl (nn, end) -wkpl (nn,end-1)) / (z (end, nn) -z (end-
1,nn));

end

dwdz=dwdz"

end
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