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Abstract

We study Mean Field Games (MFGs) driven by a large class of nonlocal, fractional and anomalous
diffusions in the whole space. These non-Gaussian diffusions are pure jump Lévy processes with some o -
stable like behaviour. Included are o-stable processes and fractional Laplace diffusion operators (—A)% s
tempered nonsymmetric processes in Finance, spectrally one-sided processes, and sums of subelliptic op-
erators of different orders. Our main results are existence and uniqueness of classical solutions of MFG
systems with nondegenerate diffusion operators of order o € (1,2). We consider parabolic equations in
the whole space with both local and nonlocal couplings. Our proofs use pure PDE-methods and build on
ideas of Lions et al. The new ingredients are fractional heat kernel estimates, regularity results for fractional
Bellman, Fokker-Planck and coupled Mean Field Game equations, and a priori bounds and compactness of
(very) weak solutions of fractional Fokker-Planck equations in the whole space. Our techniques require no
moment assumptions and use a weaker topology than Wasserstein.
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1. Introduction

We study parabolic Mean Field Games (MFGs) driven by a large class of nonlocal, fractional
and anomalous diffusions in the whole space:

—u—Lu+H(x,u,Du)=F (x,m(r)) in (0,T) x RY,
dm — L*m — div(mD,H (x,u, Du)) =0 in (0, 7) x R, (1)
m (0, x) = mo(x), ux, T)y=Gx,m((T)),

where H is a (nonlinear) Hamiltonian, F and G are source term and terminal condition, and m
an initial condition. Furthermore, £ and its adjoint £*, are non-degenerate fractional diffusion
operators of order o € (1, 2) of the form

Eu(x):/u(x+z)—u(x)—Du(x)~Z1‘Z|<1 du(z), 2)
Rd

where (@ is a nonnegative Radon measure satisfying the Lévy-condition f]Rd 1A z)%dp(z) <
oo, see (L1) and (L2) below for precise assumptions. The system is uniformly parabolic and
consists of a backward in time fractional Hamilton-Jacobi-Bellman (HJB) equation coupled with
a forward in time fractional Fokker-Planck (FP) equation.

1.1. Background

MFGs is an emerging field of mathematics with a wide and increasing range of applications
in e.g. economy, network engineering, biology, crowd and swarm control, and statistical learning
[26,22]. It was introduced more or less at the same time by Lasry and Lions [31,32] and Caines,
Huang and Malhamé [27]. Today there is a large and rapidly expanding literature addressing
a range of mathematical questions concerning MFGs. We refer to the books and lecture notes
[1,12,10,23,7] and references therein for an overview of the theory and the current state of the
art. Heuristically a large number of identical players want to minimize some cost depending on
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their own state and the distribution of the states of the other players, and the mean field game
system arises as a characterisation of Nash equilibria when the number of players tends to infinity
under certain symmetry assumptions. The optimal MFG feedback control is almost optimal also
for finite player games with moderate to large numbers of players, and often provides the only
practical way of solving also such games.

In this paper the generic player controls a stochastic differential equation (SDE) driven by a
pure jump Lévy process L; with characteristic triplet (0, 0, u) [3],

dXt =ottdt+st, (3)

with the aim of minimizing the cost functional

T
E /[L(Xs,oes) +F(Xs,m(s))]ds +G (X7, m(T))
0

with respect to the control «;. Here L is the Legendre transform of H with respect to the second
variable, F' and G are running and terminal costs, and m the distribution of the states of the other
players. If u is the value function of the generic player, then formally the optimal feedback control
is af = —DyH (x, Du) and u satisfies the HIB equation in (1). The probability distribution of
the optimally controlled process X; then satisfies the FP equation in (1). Since the players are
identical, the distribution m of all players will satisfy the same FP equation, now starting from
the initial distribution of players mg. This is a heuristic explanation for (1).

What differs from the standard MFG formulation is the type of noise used in the model.
In many real world applications, jump processes or anomalous diffusions will better model the
observed noise than Gaussian processes [34,18,38,3]. One example is symmetric o -stable noise
which correspond to fractional Laplacian operators £ = (—A)?2 for o € (0,2). In Finance the
observed jump processes are not symmetric and o -stable but rather non-symmetric and tempered.
An example is the one-dimensional CGMY process [18] where ‘jl—‘z‘(z) = ‘Zl%e—Gﬁ_Mz_ for
C,G,M >0andY € (0,2). Our assumptions cover a large class of uniformly elliptic operators £
that includes fractional Laplacians, generators of processes used in Finance, anisotropic operators
with different orders o in different directions, Riesz-Feller operators, and operators with Lévy
measures that non-absolutely continuous, spectrally one-sided, have no fractional moments, and
a general behaviour at infinity. We refer to Section 4 for a discussion, results, and examples. We
also analyse the system in the whole space, while many other papers focus on the compact torus.
For control problems and games, the whole space case is usually more natural, but also more
technical.

Main results. Under structure and regularity assumptions on £, H, F, G, mg, we show:

(1) Existence of smooth solutions of (1) with nonlocal and local coupling, see Theorems 3.2
and 3.5.

(i1) Uniqueness of smooth solutions of (1) with nonlocal and local coupling, see Theorems 3.3
and 3.6.

Our assumptions on H, F, G are fairly standard [33,9,1] (except maybe that the problem is
posed on the whole space). For the existence results, we note that the Hamiltonian H (assump-

tions (A3)—(AS5)) can be both nonconvex and noncoercive. Since we consider nondegenerate
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parabolic problems, the order of the equations has to be greater than one and we do not need
or impose semiconcavity assumptions. The proofs of the main results follow from an adaptation
of the PDE-approach of Lions [33,9,1], and existence is much more involved than uniqueness.
Existence for MFGs with nonlocal coupling is proved using a Schauder fixed point argument
and well-posedness, regularity, stability and compactness results for individual fractional HIB
and fractional FP equations of the form:

ou — Lu+ H (x,u, Du) = f (t,x),
oym — L*m +div (b(t, x)m) = 0.

Existence for MFGs with local coupling follows from an approximation argument, the results for
nonlocal coupling, and regularity and compactness results, in this case directly for the coupled
MFG system.

Secondary results:

(iii) Fractional heat kernel estimates, see Theorem 4.3 and Proposition 4.9.
(iv) Fractional HJB equations: Regularity, existence, and space-time compactness of deriva-
tives of classical solutions in Theorem 5.5 and Theorem 5.6.
(v) Fractional FP equations: Well-posedness, space-time compactness of derivatives, C (0, T';
P(R%Y) compactness, and global L* bounds of smooth solutions in Theorem 6.8 (a),
Theorem 6.8 (b) and (c), Proposition 6.6, and Lemma 6.7.

For both equations we show new high order regularity results of independent interest. These
results are obtained from a Banach fixed point argument using semigroup/Duhamel representa-
tion of the solutions and bootstrapping in the spirit of [ 19,20,28]. Key ingredients are very general
fractional heat kernel estimates and global in time Lipschitz bounds for  and L bounds for m.
The heat kernel estimates are based on [25], and we give some extensions, e.g. to operators with
general Lévy measures at infinity and sums of subelliptic operators. To show space-time com-
pactness of derivatives, we prove that they are space-time equi-continuous, combining uniform
Holder estimates in space with new time and mixed regularity estimates for the Duhamel repre-
sentations of the solutions (see Section 5). In the local coupling case, the HIB and FP equations
have less regular data, and regularity can no longer be obtained through separate treatment of the
equations. Instead we need to work directly on the coupled MFG system and apply a more re-
fined bootstrapping argument based on fractional derivatives. These estimates also require better
global in time Lipschitz and L°° estimates the HIB and FP equations respectively. Here we use
a variant of the Lipschitz bound of [5] and provide a new L°°-estimate for the FP equation.

For the Schauder fixed point argument to work and give existence for the MFG system, com-
pactness in measure is needed for a family of solutions of the FP-equation. We prove such com-
pactness essentially through an analysis of very weak (distributional) solutions of this equation:
We prove preservation of positivity, mass, and L'-norms, equicontinuity in time, and tightness.
Our proof of equicontinuity is simple and direct, without probabilistic SDE-arguments as in e.g.
[9,1]. The tightness estimates are new in the fractional MFG setting and more challenging than
in the local case.

This paper is the first to consider fractional MFGs in the whole space. To have compactness
in measure on non-compact domains, a new ingredient is needed: tightness. Typically tightness
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is obtained through some moment condition on the family of measures. Such moment bounds
depend both on the initial distribution and the generator of the process. In the local case when
L; in (3) is a Brownian motion, then the process X; and FP solution m have moments of any
order, only limited by the number of moments of X( and m(. In the nonlocal/fractional case, X;
and m may have only limited (as for o -stable processes) or even no fractional power moments
at all, even when X and m( have moments of all orders. We refer to Section 2.3 for more
examples, details, and discussion. Nonetheless it turns out that some generalized moment exists,
and tightness and compactness can then be obtained. This relies on Proposition 6.5 (taken from
[15]), which gives the existence of a nice “Lyapunov” function that can be integrated against m
and pljz>1.

In this paper we prove tightness and compactness without any explicit moment conditions
on the underlying processes X; or solutions of the FP equations m. This seems to be new for
MFGs even in the classical local case. Furthermore, m is typically set in the Wasserstein-1 space
W of measures with first moments, and compactness then requires more than one moment to
be uniformly bounded. Since our Lévy processes and FP solutions may not have first moments,
we can not work in this setting. Rather we work in a weaker setting using a weaker Rubinstein-
Kantorovich metric dy (defined below) which is equivalent to weak convergence in measure
(without moments). This is reflected both in the compactness and stability arguments we use as
well as our assumptions on the nonlocal couplings.

1.2. Literature

In the case of Gaussian noise and local MGF systems, this type of MFG problems with non-
local or local coupling have been studied from the start [31-33,9] and today there is an extensive
literature summarized e.g. in [1,23,7] and references therein. For local MFGs with local cou-
plings, there are also results on weak solutions [32,35,11,1], a topic we do not consider in this
paper. Duhamel formulas have been used e.g. to prove short-time existence and uniqueness in
[17].

In the case of non-Gaussian noise and nonlocal MFGs or MFGs with fractional diffusions,
there is already some work. In [13] the authors analyze a stationary MFG system on the torus
with fractional Laplace diffusions and both non-local and local couplings. Well-posedness of
time-fractional MFG systems, i.e. systems with fractional time-derivatives, are studied in [8].
Fractional parabolic Bertrand and Carnout MFGs are studied in the recent paper [24]. These
problems are posed in one space dimension, they have a different and more complicated structure
than ours, and the principal terms are the (local) second derivative terms. The nonlocal terms
act as lower order perturbations. Moreover, during the rather long preparation of this paper we
learned that M. Cirant and A. Goffi were working on somewhat similar problems. Their results
have now been published in [16]. They consider time-depending MFG systems on the torus with
fractional Laplace diffusions and nonlocal couplings. Since they assume additional convexity and
coercivity assumptions to ensure global in time semiconcavity and Lipcshitz bounds on solutions,
they consider also fractional Laplacians of the full range of orders o € (0, 2). Regularity results
are given in terms of Bessel potential and Holder spaces, weak energy solutions are employed
when o € (0, 1], and existence is obtained from the vanishing viscosity method. Our setup is
different in many ways, and more general in some (a large class of diffusion operators, less
smoothness on the data, problems posed in the whole space, no moment conditions, fixed point
arguments), and most of our proofs and arguments are quite different from those in [16]. We also
give results for local couplings, which in view of the discussion above is a non-trivial extension.
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1.3. Outline of paper

This paper is organized as follows: In section 2 we introduce notation, spaces, and give some
preliminary assumptions and results for the nonlocal operators. We state assumptions and give
existence and uniqueness results for MFG systems with nonlocal and local coupling in Section 3.
To prove these results, we first establish fractional heat kernel estimates in Section 4. Using
these estimates and Duhamel representation formulas, we prove regularity results for fractional
Hamilton-Jacobi equations in Section 5. In Section 6 we establish results for fractional Fokker-
Planck equations, both regularity of classical solutions and C ([0, T], P(R%)) compactness. In
Sections 7 and 8 we prove the existence result for nonlocal and local couplings respectively,
while uniqueness for nonlocal couplings is proved in Appendix A. Finally we prove a technical
space-time regularity lemma in Appendix B.

2. Preliminaries
2.1. Notation and spaces

By C, K we mean various constants which may change from line to line. The Euclidean norm
on any R?-type space is denoted by | - |. For any subset @ C R" and for any bounded, possi-
bly vector valued, function on Q, we define the L° norms by ||w/||r(g) := ess sup,colw(y)l.
Whenever Q = R9 or Q = [0, T'] x R4, we denote || - lzo(g) == Il - lloo. Similarly, the norm
in L? space is denoted by || - [|Lr(g) or simply || - || ,. We use Cp(Q) and UC(Q) to denote
the spaces of bounded continuous and uniformly continuous real valued functions on Q, often
we denote the norm || - ||, simply by | - ||s. Furthermore, C’b‘ (R?) or Cé’m((O, T) x RY) are
subspaces of Cp, with k bounded derivatives or m bounded space and / bounded time derivatives.

By P (R?) we denote the set of Borel probability measure on R¢. The Kantorovich-Rubinstein
distance do(u1, (£2) on the space P(Rd) is defined as

feLipy | (R9)

douri= swp | [ pdu - pa). )
Rd

where Lipl’l(Rd) = {f : fis Lipschitz continuous and || f||co, | Df llco < 1}. Convergence in
dy is equivalent to weak convergence of measures (convergence in (Cp)*), and hence tight subsets
of (P, dy) are precompact by Prokhorov’s theorem. We let the space C ([0, T']; P(R%)) be the set
of P(R?)-valued functions on [0, 7']. It is a metric space with the metric sup, €[0.7] do(ue(t), v(t)),

and tight equicontinuous subsets are precompact by the Arzela-Ascoli and Prokhorov theorems.
2.2. Nonlocal operators

Under the Lévy condition
(L1): n >0 is a Radon measure satisfying fRd 1A z2dp (2) < oo,
the operators £ defined in (2) are in one to one correspondence with the generators of pure
jump Lévy processes [3]. One example is the symmetric o -stable processes and the fractional

Laplacians,
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a Cd.odz
—(=4)2¢ () =/[¢(x+z) — () —z-D¢(x)1|z|<1]wﬁ, 7 €(0,2).
R4
They are well-defined pointwise e.g. on functions in C;, N C? by Taylor’s theorem and Fubini:
1
L6 ()1 = S 1D lcy scx,1) / 2P dp(@) +2lIllc, / du(z) for xeR?

lz|<1 lz|=1

Let o €[1,2). With more precise upper bounds on the integrals of u near the origin:

2
There is ¢ > 0 such that r° / % Aldu(z) <c forre(0,1), (&)
r
lz]<1
or equivalently, >+ l2l<r |zPdu(z) + r=1te refej<1 121d@ + 17 [ du(@) < c for

r € (0, 1), we can have interpolation estimates for the operators £ in L”.

Lemma 2.1. (L?-bounds). Assume (L1), (5) witho € [1,2), andu € CI%. Then forall p € [1, o],
andr € (0, 1],

1 £2lo ey = C (D2l Lor®™ + | Dull o Do, r) + e w(B)) ©)
where

[Inr|, o=1,
Mo.r = rl=o— 1, l<o<?2.

Proof. For p €[1, co) we split Lu into three parts, L] = fBr u(x+z)—u(x)— Du(x)-zdu(z),

Ly, = fBl\Br u(x +7) —u(x) — Du(x)-zdu(z),and L3 = fRd\Bl u(x +2z) —u(x)du(z). Using
Taylor expansions, Minkowski’s integral inequality, and (5),

1/p
L1l Lo Ry < ( / |Dzu(x>|f’dx> / 217 dp(z) < CID?ullpgayr* 7,
R4 B,

1/p
1Ll o et 52( / |Du(x>|"dx) | Fldn@) = ClDul g,
Rd BI\B,

1/p
L3]I Lp R4y 52(/IM(X)I”dX> ( / >du(1) <2llullrwayn(BY).
Rd Rd\Bl

Summing these estimates we obtain (2.1). The case p = oo is similar, so we omitit. O

Similar estimates are given e.g. in Section 2.5 in [21]. Note that assumption (5) holds for
—(—A)P2 for any B € (0, 0]\ {1} and is related to the order of L.
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Remark 2.2. (a) When p is symmetric, fBl\Br Du(x)-zdu(z) =0,
I L20lLr < 2|ullp / dp(z) < Cllullpr=7,
r<|z|<l1
and || Lullppgay < C(|ID2u lzrr? =@ + ||u||Lpr_”). Minimizing w.r.t. r then yields

a/2

2 1—0/2
ILullr < CIID~ullp" ullp 2,

This result holds for the fractional Laplacian £ = (—A)°/? when o € (1, 2).

(b) When o € (0, 1), a similar argument shows that
ILullr < C(1DullLrr' =" + lullLrr=°).

and we find that || (—=A)7/?ul|,pgay < C||Du|%llul| )~ for o € (0, 1).

We define the adjoint of £ in the usual way.
Definition 2.3. (Adjoint). The adjoint of L is the operator £* such that

(LS. &) r2way= ([ L*g)2ray  forall  f,g e CZRY).

The L£* operator has the same form as £, with the “antipodal” Lévy measure p*:

Lemma 2.4. Assume (L1) holds. The adjoint operator L* is given by
LAu(x) = /u(x +2) —u(x) — Du(x) - 215 <1 dpu*(2),
R4

where u*(B) = uw(—B) for all Borel sets B C R<.

This result is classical (see e.g. Section 2.4 in [21]). Hence all assumptions and results in this
paper for u and L automatically also hold for u* and L* (and vice versa).

2.3. Moments of Lévy-measures, processes and FP equations

Consider the solution X; of the SDE (3) (e.g. with Xg =x € R4 ) and the corresponding FP
equation for its probability distribution m, m, + div(aem) — L*m = 0. If @ € L and (L1) holds,
then it follows that X; (and m) has s > 0 moments if and only if (+1|;~| has s moments [3]:

E|les=/|xlsm(dx,f)<00 — / lz]*du(z) < oo.
R4 Iz]>1
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The symmetric o-stable processes have finite s-moments for any s € (0, o). It is well-known
that smoothing properties of £ only depend on the (moment) properties of (17«1, and hence is
completely independent of the number of moments of (1;~1, X; and m(¢). This fact is reflected
in the ellipticity assumption (L2") in the next section, and follows e.g. from simple heat kernel
considerations in section 4, see Remark 4.8.

In this paper we will be as general as possible and assume no explicit moment assumptions on
wliz>1, X¢, and m(t). The only condition we impose on j117|~1 is (LI).

Note however, that we will still always have some sort of generalized moments, but maybe
not of power type, and these “moments” will be important for tightness and compactness for the
FP equations. We refer to section 6 and Proposition 6.5 for more details.

3. Existence and uniqueness for fractional MFG systems

Here we state our assumptions and the existence and uniqueness results for classical solutions
of the system (1) both with nonlocal and local couplings.

3.1. Assumptions on the fractional operator L in (2)
We assume (LL1) and

(L2’): (Uniform ellipticity) There are constants o € (1,2) and C > 0 such that

I 1 _du 1

———<—=<C—— for <1.
C |Z|d+a ~dz ~ |Z|d+a |Z| —

These assumptions are satisfied by generators £ of pure jump processes whose infinite activity
part is close to a-stable. But scale invariance is not required nor any restrictions on the tail of
w except for (L1). Some examples are «-stable processes, tempered «-stable processes, and the
nonsymmetric CGMY process in Finance [18,3]. Note that the upper bound on fl—’; implies that
(5) holds. A much more general condition than (L.2") is:

(L2): Thereis o € (1, 2), such that
(i) p satisfies the upper bound (5).

(i) There is KL > O such that the heat kernels K, and K} of £ and L* satisfy for K =
Ky, K;: K>0,[[K(t, )1 (ray =1, and

1 1
IDPK (1, ey < K7 PFI=09) forr e 0,7)
and any p € [1, co) and multi-index 8 € Ng where D is the gradient in R?.

The heat kernel is a transition probability/fundamental solution. Under (L.2) Lévy measures need

. 52 \01/2 92 \0d/2
not be absolutely continuous, e.g. £ = —(— 3x_2) — = (— 3x_2) foroy,...,05€(1,2)
i d
satisfies (I.2) with ¢ = min; o; and du(z) = Zflzl ‘Z_‘Iil—ziainj;éi%(dzjl See Section 4 for precise
definitions, a proof that (L2") implies (L2), more exémples and extensions.
In the local coupling case, we need in addition to (L.2) also the following assumption:
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(L3): Let the cone C (a) :={z € B, : (1 — n)|z|lal < [(a, 2)|}. There is B € (0, 2) such that for
every a € RY there exist 0 < n<1landC, >0, and for all » > 0,

/ 2Pv(dz) = Con T 2P,
Cy.r(@)
This assumption is introduced in [5] to prove Lipschitz bounds for fractional HIB equations.
It holds e.g. for fractional Laplacians [5, Example 1] and then also if the inequality of (L.2’)
holds for all z € R?. Since the assumption is in integral form, it also holds for non-absolutely
continuous Lévy measures, spectrally one-sided processes, sums of operators etc.
3.2. Fractional MFGs with nonlocal coupling

We consider the MFG system

—0iu — Lu+ H (x,u, Du) = F (x,m (t)) in (0,T) xR,
dm — L*m — div(mDpH (x,u, Du)) =0 in (0,7) xR, (7)
m (x,0) = mo(x), u@x, T)=G (x,m(T)) in RY,

where the functions F,G : R? x P (Rd) — R are non-local coupling functions, and H :
R? x R x R — R is the Hamiltonian. We impose fairly standard assumptions on the data
and nonlinearities [33,9,1] (but note we use the metric dg and not Wasserstein-1):

(Al): There exists a Co > 0 such that for all (x;,m), (x2,m2) € RY x P (]Rd):
|F(x1,m1) — F(x2,mp)| + |G (x1,m1) — G(x2,m2)| < Co(|x1 — x2| + do(m1, m3)).
(A2): There exist constants Cr, Cg > 0, such that

sup [|F(.m)llc2rey = CF  and sup |G (,m) llys.o(rey = Ca-
mep(R) meP(RY)

(A3): For every R > 0 there is Cg > 0 such that for x € R ue [-R,R],p € Br,x e N(’)V,
lee| <3,

|D*H (x,u, p)| < Cg.
(A4): For every R > 0 there is Cg > 0 such that for x, y € R4, ue [-R,R],p€ RY:
|H (x,u,p) —H (y,u,p) | =Cgr(lpl+ 1) |x —y|.
(AS): There exists y € R such that for all x € R u,veR,u<v, pE RY,
Hx,v,p)—Hx,u,p)=y@V—u).
(A6): mg € W (R?) NPRY).
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Note that convexity or coercivity of H is not assumed at this point and that we identify prob-
ability measures and their density functions (see (A6)).

Definition 3.1. (Classical solution) A classical solution of (7) is a pair (u,m) such that
i) u,m € C(RY x [0, T)), (ii) m € C([0, T]; P(R?)), (iii) Du, D*u, Lu,u;, Dm, Lm,m; €
C(R? x (0, T)), and (iv) (u, m) solves (7) at every point.

Theorem 3.2. (Existence of classical solutions) Assume (LI), (L2), (Al)—(A6). Then there exists
a classical solution (u, m) of (7) such that u € C2’3((0, T) x R and m € C;’z((O, T) x RH) N
C(0,T1; P(RY).

The proof will be given in Section 7. It is an adaptation of the fixed point argument of P.-
L. Lions [33,9,1] and requires a series of a priori, regularity, and compactness estimates for
fractional HIB and fractional FP equations given in Sections 5 and 6.

For uniqueness, we add the following assumptions:

(A7): F and G satisfy monotonicity conditions:

/(F(x,ml) — F(x,m)d (mi —my) (x) =0 ¥my,mye P(RY),
R

/(G (x,m1) — G (x,mz))d (m; —m3) (x) >0 Vmi,my € P(R?).
]Rd

(A8): The Hamiltonian H = H (x, p) and is uniformly convex with respect to p:

1
ac > 0, Eld <D}, H (x,p) <Cly.

Theorem 3.3. Assume (L1), (Al)-(AS). Then there is at most one classical solution of the MFG
system (7).

Since £ and L£* are adjoint operators, the proof of uniqueness is essentially the same as the
proof in the College de France lectures of P.-L. Lions [33,9,1]. For the readers convenience we
give the proof in Appendix A.

Example 3.4. (a) F (x,m) = (p * m)(x) satisfies (A1) and (A2) if p € CZ(RY).
() F(x,m) = [pa ®(z, (p xm)(2))p(x — z)dz satisfies (A1) and (A2) if p € CZ and ® € CL.
(c) Both functions satisfy (A7) if p > 0 and & is nondecreasing in its second argument.
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3.3. Fractional MFG with local coupling
We consider the MFG system

—8u —Lu+H (x,Du)=f (x,m(t,x)) in (0,T) x R?
o,m — L*m —div (mD,,H (x, Du)) =0 in (0,7) x R4 ®)
m (0) =mo,u (x,T) =g (x),

where the coupling term f are local and only depends on the value of m at (x, 7). Again we
impose fairly standard assumptions on f, g and H [33,9]:

(A2’): (Regularity) f € C*(R4 x [0, +00)) with || £ (-, k)| 2 <Cr,and g C3} (RY).
(A2”): (Uniform bound f) || fllc, < Ky for K¢ > 0.
(A3’): (Lipschitz bound H) || DpH|loo < Ly for Ly > 0.

Theorem 3.5. Assume (L1)—(L3), (A3)-(A6), (A2’), and either (A2”) or (A3’). Then there exists
a classical solution (u, m) of (8) such that u € C;’3((0, T)x R and m e Cg’z((O, T) x RHN
C([0, T]; P(RY)).

The proof of this result is given in Section 8. The idea is to approximate by a MFG system
with nonlocal coupling and use the compactness and stability results to pass to the limit. These
results rely on new regularity results. As opposed to the case of nonlocal coupling, it not enough
to consider the HIB and FP equations separately, in this local coupling case, regularity has to
be obtained directly for the coupled system. This requires the use of fractional regularity and
bootstrap arguments.

For uniqueness we follow [33,9] and look at the more general MFG system

—u—Lu+H (x,Du,m)=0 inR? x (0, T)
dm — L*m —div(mDyH (x, Du(t,x),m)) =0 inRY x (0,T) )
m@Q)y=mgo, ulx,T)=G (x),

where H = H (x, p,m) is convex in p and

md2, H  imd> H

(A9 %m(agmH)T i

>0 forall (x, p,m) withm > 0.

Note that when H (x, p,m) = H (x, p) — F (x,m), we recover assumption (AS).

Theorem 3.6. Assume (L1), (A9), and H = H (x, p,m) € C2. Then (8) has at most one classical
solution.

We skip the proof which in view of adjointness of £ and £* is the same as in [33,9]. The minor
adaptations needed can be extracted from the uniqueness proof for nonlocal couplings given in

Appendix A.
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4. Fractional heat kernel estimates

Here we introduce fractional heat kernels and prove L'-estimates of their spatial derivatives.
These estimates are used for the regularity results of Sections 5, 6, and 8. The heat kernel of

an elliptic operator A is the fundamental solution of d,u — Au =0, or u = F -1 (e“‘i), where A

A

is the Fourier multiplier defined by F(Au) = Aii. Taking the Fourier transform of (2), a direct
calculation (see [3]) shows that

F(Lu) = L©)a),

where

LE) = / (™% —1—i& -zl <1)du(2). (10)

R4
We can split Lintoa singular and a non-singular part,
Le) = ( / + / )(e”"s — 1= i& - zlpar) du(@) = L) + Lo (©). 1
lz]<1 z|=1

Note that since i > 0, Re L= f (cos(z -E) — 1) du <0.
We will need the heat kernels K, and K, of £ and L;:

Ko(t,x)=F 1 (£0)  and R, (t,x)=F ' (50), (12)

By the Lévy-Kinchine theorem (Theorem 1.2.14 in [3]), K, and K o~ are probability measures for
t>0:

Ky, Ke >0  and /Kg(x,t)dlez/ka(x,t)dx.
R4 R4

When (L.2°) holds, Re £ and Re [:s < —c|&|° for |€] > 1, and K, and K, are absolutely continu-

ous since [¢'£0)| decays exponentially at infinity. An immediate consequence of assumption (L2)
is existence for the corresponding fractional heat equation.

Proposition 4.1. Assume (L1), (L2), ug € L®RY), and let u (t,x) = Ky (1, -) * ug (x). Then
ue COO((O, T) x Rd) and u is a classical solution of

oou—Lu=0 in Rdx(O,T), u0,x)=ug(x) in R4,

We first show that sums of operators £; satisfying (L1) and (L.2) also satisfy (L1) and (L2).
Let
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L=Li+---+LNy where Lijulx)= /u(x +2z)—u(x) — Du(x) - zlzj<1 dui(z), (13)
Z;
Z; is a d;-dimensional subspace, EBlN:lZ,- =R4, and £; satisfy (L1) and (L.2) in Z;:
(L17): (1) Z; ~R% isa subspace fori =1,..., N, and @f‘ilzl» =R4 forM <N.
(i1) u; > 0 is a Radon measure on Z; satisfying fo 1A z2dui(z) < .

(L27): (i) u; satisfy the upper bound (5) with ¢ = min; o;.
(ii) There are o; € (1,2) and ¢; > 0 such that the heat kernels K; and K of

Li andE;k satisfy for p € [1, 00), B € Ngi, i=1,...,M,andt € (0,7),

—Lgl+-1ya
IDE Ki(t, Moz + IDEKF(t, iz < et~ P09,

First observe that here p =, Widy 71 where 8, ;1 is the delta-measure in Z[.l centered at 0.
It immediately follows that (L.17) and (L2”) imply (L.1) and (L2) (i).

Theorem 4.2. Assume (L17), (L2”) (ii), and L is defined in (13). Then the heat kernel K and K*
of L and L* belongs to C* and satisfy (L.2) (ii) with o = min; o;, i.e.

—LB1+a-1y
IDEK @) oy + IDEK* (1 ) oy < eprt” 7P for e ©.1), peng.

Proof. First note that in this case K (t) = F ! (e"’jl . -etﬁN) =K1(t) *--- % Kn(t) where
Ki(0) 1= Fga(€™) = Ki()8y 51, Ki(t) = F! ().
Fort € (0, T), (L2”) (ii) implies that
_1 _1 _1 _1
||D£Ki(f)||LP(Rd) = IIDZ. Ki(t, ) ez <cit (1B1+(1=5)d) < cpt 7 1BHA=2d) (o 5
for some constant ¢y > 0. Since K; is a probability measure by the Lévy-Kinchine theorem

[3, Thm 1.2.14], ||IK; Ol raey = IIK; (t)||L1(Zj) = 1. By properties of mollifiers and Young’s
inequality for convolutions it then follows that

1 1—-Lyg
1D K (1, Y er = Ky %% DEK -5 Knllee < 1- IDE Killpo(zyy < epr e P9,

Since i =1, ..., M was arbitrary and & Zi = R4, the proof for K is complete. The proof for

1
K* is similar. O
It is easy to check that (L.2") implies (L2)(i). We then check that (L.2") implies (L2)(ii).

Theorem 4.3. Assume (L1), (L2’), and L is defined in (2). Then the heat kernels K and K* of L
and L* belong to C™ and satisfies (L2)(ii): For p € [1,00), B € N¢,

_1 1—-Lya
IDEK (2, ) ey + IDEK* @, oy < cprt P2 for 10, 7).
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Example 4.4. In view of Theorems 4.2 and 4.3, assumption (L2) is satisfied by e.g.

L1 =—(—ARa)"? — (—~ARa)??,

32 \o1/2 92 \o0a/2
R
0x; 0x;
Ce—MZ+—GZ_
L:3u(x):/u(x+z)—u(x)—u/(x)z1|z\<1l4,
|z|1+Y

R
where C,G,M > 0,Y € (0,2), [CGMY model in Finance]

La=L+ L where L satisfy (L2) and L is any other Lévy operator.

We can even take L to be any local Lévy operator (e.g. A) if we relax the definition of £; to
Liu(x) = tr[a; D*u] + b; - Du + fZi u(x +2z) —u(x) — Du(x) - z1j;j<1 du;i(s) for a; > 0.

Remark 4.5. (a) (L2) holds also for very non-symmetric operators where ¢ has support in a cone
in R¢. Examples are Riesz-Feller operators like

/ dz
£3u(x):/u(x—i—z)—u(x)—u(x)zlxlm, a € (0,2).

z>0

We refer to [2] for results and discussion, see e.g. Lemma 2.1 (G7) and Proposition 2.3.

(b) More general conditions implying (L.2) can be derived from the very general results on deriva-
tives of heat semigroups in [36] and heat kernels in [25]. Such conditions could include more non
absolutely continuous and non-symmetric Lévy measures.

We will now prove Theorem 4.3 and start by proving the result for K, the kernel of L.

Lemma 4.6. Assume (L1) and (L2’). Then Igg € C®, and for all B € Nod and p €[1, 00), there
is ¢ > 0 such that

~ 1 1
IDERy (. Dl ey <ct” 7P foran 1> 0.
o ~ B
Remark 4.7. (a) When p = 1, the bound simplifies to ||D)’?K<7 G, t)”Ll(Rd) < ct_‘v*‘.
(b) When |8| = 1, the bound is locally integrable in t when 1 < p < pg := WL_(’. Note that
po> 1.

Proof. We verify the conditions of Theorem 5.6 of [25]. By (L2"), assumption (5.5) in [25] holds
with

1
|x|d+rr ’

0, x| = 0.

x| <1,
vo(|x]) =

Then we compute the integral /g,
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2 ca(e + Dyro — 4y <,
ho(r) :=/1/\|jf—lvo(|x|)dx= oo ’

Rd Cdy—gr 7 r>1,

where ¢y is the area of the unit sphere. Note that Ag is positive, strictly decreasing, and that
ho(r) < A%ho(Ar) for 0 < A <1 and every r > 0. Hence the scaling condition (5.6) in [25] holds
with Cp,, =1 for any 6, > 0. The inverse is given by

1
~2
2—0o)p a
» (T) ) o =<5,
hy (p) = _ 1
e 41 a-a)\ ° ¢
(a + 5) (T) . P22t

Inbothcasest <(2—o0)/cqgandt > (2 —0)/cq4, we then find that hal(l/t) < (Y7, where &
only depends on o and d.
At this point we can use Theorem 5.6 in [25] to get the following heat kernel bound:

Ql—

v

— — _18l
|9 p(t.x + 1y 1| < Collhg ' (1/017P1Y, () = Coot ™7 Vi),
for any ¢ > 0, where b, does not depend on x,

1Ko(lx[)

Y, (x) =1[hg ' (/D17 A o

3

and

r 2, r<l
Ko(r):=r"2 / xPro(lx)dx = —4 { }S o
2—-o0
|x|<r
An integration in x then yields for p € [1, 00),
~p,— P8
188 P&, ] gay < CO,E71 0 [ V(0P dox. (14)

R4

We compute [|Y; || »Rdy- Since hal(l/t) < &' and Ko(r) < zi—dar"’, we can compute the
minimum to find a constant ¢, 4 > 0 such that

@)~4/°,  for|x| <cyat'/®
O = Yl (-x) = [} t . '
=6 e otherwise.

A direct computation then shows that

_(p=hd
/Yt(x)pdxfcd,a,pt o,
R4
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where ¢y 5 p > 0 is a constant not depending on ¢. Combining this estimate with (14) concludes
the proof of the Lemma. O

Proof of Theorem 4.3. Result for K, follows by Lemma 4.6 and a simple computation:

IDPK,|,, = | DFF~! (e'rethn)

o =27 e 5) w7 ()

}LI’

A A 1 1
<IDEF (e )l / FH e ) e nPHA=0) ,
G
The last integral is 1 since F~! (e’ﬁ”) is a probability by e.g. Theorem 1.2.14 in [3]. Since L*
is an operator of the same type as £ with a Lévy measure u* also satisfying (L1) and (L2") (cf.

Lemma 2.4), the computations above show that K also satisfy the same bound as K,. O

Remark 4.8. From this proof it follows that the smoothing properties of £ and K, are indepen-
dent of £,, and then also w1, 1.

By interpolation we obtain estimates for fractional derivatives of the heat kernel.
Proposition 4.9. Assume (L1), (L2), t € [0, T1, s, 0 € (0,2), and |D|* := (—A)*/%. Then
IDF Ko (1) ll 1Ry < ct 77
and if s € (0, 1), then
s _stl
I1DI 3 Ko (6) ey < 1™

Proof. By Remark 2.2 (a) with p = 1 and (L.2), we find that
/||D|‘K“<r>|dx <cDPKT@OI KON, 2 < (ct75) P12 < e

The proof of the second part follows in a similar way from Remark 2.2 (b). O
5. Fractional Hamilton-Jacobi-Bellman equations
Here we prove regularity and well-posedness for solutions of the fractional Hamilton-Jacobi

equation. In our proof we use heat kernel estimates (Section 4), a Duhamel formula, and a fixed
point argument as in [28,19]. The fractional Hamilton-Jacobi equation is given by

{atu—£u+H(x,u,Du)=f(z,x) in (0,T) x RY, (15)

u (0, x) = ug (x) inR4,
where f is the source term and u initial condition. We assume
B1): ug € Cp(R?Y) and f € Cp([0, T] x RY).
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(B2): Thereis an L > 0 such that for all x, y € RY t e [0, T],

[f (@, x) = f(z, )+ Juo(x) —uo(y)| < L|x —y|.

assumptions (L1), (A3)—(AS5), (B1)—(B2) implies that there exists a bounded x-Lipschitz con-
tinuous viscosity solution u of (15) (cf. e.g. [29,30,6,28]).

Theorem 5.1 (Comparison principle). Assume (L1), (A3)—(AS), (B1)—(B2) and u, v are viscosity
sub- and supersolutions of (15) with bounded continuous initial data ug, vy. If ug < vg in RY,
then u < v in R? x 0, 7).

Outline of proof. If # and v are uniformly continuous, then the proof is essentially the same as
the proof of Theorem 2 in [28]. When u and v are not uniformly continuous, the limit (13) in [28]

no longer holds because (in the notation of [28]) @ -+ 0. However, this can be fixed under

RS .
our assumptions, loosely speaking because we can remove all 0(%)-terms before taking
limits by modifying the test function. The modification consists in introducing an exponential

. . C
factor in the quadratic term: eTt |x — y|? for C large enough. O

Remark 5.2. We drop a complete proof here for two reasons: (i) it is long and rather standard, and
(ii) we only apply the result in cases where u and v are uniformly continuous and an argument
like in [28] is sufficient.

Theorem 5.3 (Well-posedness). Assume (L1), (A3)—(AS), and (BI)—(B2).
(a) There exists a (unique) bounded continuous viscosity solution u of (15) in (0, T) x R¢ such
that u (0, x) = ug (x).

(b) llullco < lluolloo + CoT where Co:= ||H(+,0,0)|loo + || flloo is finite by (A3) and (B1).
(c) If also ug € WH> (]Rd), then

1Du (2, ) | oo () < MT,

where My = 2CrT (LCg + T2| Dy £I2, + 1Duol2,)"/?, with Cr from (A4) and R = |ul|oo.
Proof. The proof of (a) is quite standard and almost identical to the proof of Theorem 3 in [28].
Part (b) follows from comparison, Theorem 5.1, and the proof of part (c) is similar to the proof

of Lemma2in [28]. O

Using parabolic regularity (in the form of (L3) [5]) and the method of Ishii-Lions, it is possible
to obtain Lipschitz bounds that only depend on the Cp-norm of f:

Theorem 5.4. Assume (L1), (L3), (A3)~(A5), f € Cp([0, T] x R?) and ug € W (R9). Then

the viscosity solution u of (15) is Lipschitz continuous in x and there is a constant M > 0 such
that forallt € [0, T},

1Du (1, ) o (e < M,
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where M depends on ||u||co, || flloo, d, and the quantities in (A3)—(A5).

Proof. In the periodic case this result is a direct consequence of Corollary 7 in [5]. The original
proof is for a right-hand side f not depending on ¢. For continuous f = f(x,t), the proof is
exactly the same. The result also holds in the whole space case, and this is explained in section
5.1 (see Theorem 6 for the stationary case). O

Similar parabolic results for the whole space are also given in [14]. To have classical solutions
we make further regularity assumptions on the data:

B3): It )l c2ay < C forall 1 € [0, T1.
(B4): ug € Cj(RY).

Note that f needs less spatial regularity than H in (A3).

Theorem 5.5 (Classical solutions). Assume (L1)—(L2), (A3)—(AS), and (B1)—(B4). Then (15) has
a unique classical solution u such that d;u,u, Du, - - - , D3ue Cb((O, T) x Rd) with

3
19rullLoe + llullLoe 4+ | DuflLoe + ...+ [ D ullL> <c,
where c is a constant depending only on o, T, d, and quantities from (L1)—(B4).
To have space-time uniform continuity (and compactness) of derivatives, we assume:

(B5): There is a modulus of continuity w y such that for all x, y € R t,s ¢ [0, T],

If (s, x) = ft. Ml =wps —t[+[x = y).

Theorem 5.6 (Uniform continuity). Assume (L1)—(L2), (A3)—(AS), and (BI)—(B5). Then the
unique classical solution u of (15) also satisfies

lu(t, x) = u(s, y)| + | Du(t, x) — Duls, y)| + |D*u(t, x) — D*u(s, )|
+ [0iu(t, x) — du(s, V)| + [Lu(t, x) — Lu(s, y)| <o (|t —s|+ |x — y)), (16)

where w only depends on o, T, d, and quantities from (L1)—(B5).

Remark 5.7. Imbert shows in [28] that when £ = —(—A)°/2, f =0, and ug € W (R9), there
exists a classical solution u such that |lu|lc, + || Dullc, + |21/ D2u||cb < c. He goes on to show
that when H = H(p) € C*°, then u € C. In this paper we prove results for a much larger class
of equations and nonlocal operators. Our results are also more precise: We need and prove time-
space uniform continuity of all derivatives appearing in the equation, see Theorem 5.6. To do we
need a finer analysis of the regularity in time. A final difference is that our estimates do not blow
up as t — 0. Note that it is easy to adapt our proofs and obtain even higher order regularity, e.g.
treat the case H = H(x,u, p) € C*.

To prove Theorem 5.5 and 5.6, we first restrict ourselves to a short time interval.
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5.1. Short time regularity by a Duhamel formula

Let K be the fractional heat kernel defined in (12). A solution v of (15) is formally given by
the Duhamel formula

v(t, x) =V (v) (z, x)

t

(17
=K@, )*vo () (x) — /K(t =8, )% (H(s,-,v(s,"),Dv(s,-)) — f(s,-) (x)ds,

0

where * is convolution in R?. Note that solutions of this equation are fixed points of .

Proposition 5.8 (Spatial regularity). Assume (L1)—(L2), (A3)—(AS), (Bl)~(B3), and k € {2, 3}.
For Ry >0, let Ry = (1 + K) Ry + 1 with K defined in (L2).

(a) If vo € WK=L.20(R?) with ||vg || w100 < Ro, then there is Ty € (0, T) such that v in (17) has

a unique fixed point v € Cf;*l ([0, To] x RY) with t'/2 Dkv € C ([0, Ty] x RY) and
lllzoe + -+ + 1Dz + 117 DRl < Ry

(b) If vg € W5 (R?) with ||vo|lyk.c < Ro, then there is Ty € (0, T) such that Y in (17) has a
unique fixed point v € C,’;([O, Tol x R?) and

ol + -+ 1D vl < Ry.
In both cases Ty only depends on o and the quantities in (L1)—(B3).

Proof. (a) We will use the Banach fixed point theorem in the Banach (sub) space
X={v:v...., D", 1" Dkv € G ([0, To] x R?) and |v]ll < Ry},

where [[vllx = [[vlli—1 + X 5 11t /° D vlloo and [Vl = Yo g1zt 1P Vlloc.
Letve X.Fori=1,...,dand B e N?, |B| <k —2,

t

BfaxiW(v)=K(t)*afaxivo(x)—/axl.K(t—s)*Bf(H(-,-,v,Dv)—f)(s,x)ds, (18)
0

while for |B| =k — 1,

Y7089 (v) =179, K (1) % 8P vg (x) (19)

t

—tl/“/ax,K(t—s)*af(H(-,-,v,Dv)—f) (5, x)ds.
0
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If w and F are bounded functions, then K (¢, -) * w and fot 0xK (t —s,-) % F (s,-)ds are well-
defined, bounded and continuous by (L2) and an argument like in the proof of [19, Proposition
3.1]. It follows by (A3) and (B3), that the derivatives of ¥ (v) in (18) and (19) are well-defined,
bounded, and continuous. In particular by (L2), for r € (0, T),

1878, K (1) % 88 vollc, < KNI vollc,-

Letu,v e X and t € [0, Tp]. By (A3) and (B3) there is a constant Cg, > 0, such that

Cr,. 0<|Bl<k-2,
B B 1
|3x[H(S’x’“(s’x)’D”“’x””+|3xf(s’x)|5:ch(lﬂ3), Blmk—1, (20)
Crllu —vllig+1, O0=|Bl<k—2,
B _aB !
|07 [H (s, x,u, Dw) | ax[H(s’x’U’DU)]}S{CR1<1+S;)|||u—v|||37|,3|=k_1-(21)

By (L2) [} fga |K (t = s,x) |[dxds < To, [} [ga |95 K (t —s,x) |dxds <k (o) T, "/, and

t

/s_l/°/|8xiK(t—s,x)|dxdsSy(U)TOI_l/G,
0 R4

where k (o) = K% and y (o) = ICfol (1—1)""o t=1/94¢. From these considerations and

Young’s inequality for convolutions on (18) and (19), we compute the norm in X,

d
1 @ oo+ D (100 o+ 3 10£00 @ e+ Y 7000 1) 1)

i=1 1<|B|=k—2 |Bl=k—1
<(1+K)Ry

d
+ Cg, <T0+Z<k(0') Tol—l/a+ Z k(o) T01—1/0+ Z k(o) T0+)/(O')T01_1/U>).

i=1 1<|Bl=k—2 |Bl=k—1

=:¢(To)
Taking Ty € (0, T') such that c¢(Tp) < 1/2, ¢ maps X into itself: By the definition of R,
IV @Il = (4 K)Ro + 3 = R,
It is also a contraction on X. By (21) and |lull; < |lullx—1 < lllulllk,

1Y () = ¥ ()l

d
1-1 1-1
= Cry(Tolue— vl + Y (k@ T u—vli+ Y k@ T u = vljpras
i=1 1<|Bl<k—2

448



O. Ersland and E.R. Jakobsen Journal of Differential Equations 301 (2021) 428470

+ Y k@ To+y@T )l = vllig41))
|Bl=k—1

1
= c(To)llu = vl = Zllu = vill-

An application of Banach’s fixed point theorem in X now concludes the proof of part (a).

(b) We define the Banach (sub) space
X={v:v,Dv,..., D*v € Cp((0, Tp) x RY) and ||v|lx < Ry},

where ||v||x = ZOSIﬁISk ||va||oo. We use (18) with |8| <k — 1, and only the first parts of (20)
and (21). The rest of the proof is then similar to the proof of part (a). O

We proceed to prove time and mixed time-space regularity results. As a consequence, the solution
of (17) is a classical solution of (15).

Proposition 5.9. Assume Ty > 0, (L1)-(L2), (A3)—-(A5), (BI)-(B3), v satisfies (17), and
v, Dv, D*v € Cp([0, Ty] x R?). Then

(a) 8;v e Cp([0, Tyl x RY) and ||9;v||s0 < ¢, where ¢ depends only on o, Ty, d, the quantities in

assumptions (L1)—(B3), and ||Dkv||oof0r k=0,1,2.
Assume in addition D3v € C,([0, Tp] x R9).

(b) v, Dv, Lv, D%y e UC([0, Tyl x R with modulus w(t — s, x — y)=C(t — s|% + |x —
y|), where C > 0 only depends on o, Ty, d, the quantities in assumptions (LI1)—(B3), and
| D*v|| oo for k=0,1,2,3.

(c) If also (BS), then 9;v € UC((0, Tp] x RY), where the modulus only depends on Ty, o, Ty, d,
the quantities in assumptions (L1)—(B5), and the moduli of v, Dv, Lv, D?v.

Corollary 5.10. Under the assumptions of Proposition 5.9 (a), v is a classical solution of (15)
on (0, Tp) x R4.

Follows by differentiating formula (17). To prove Theorem 5.9 we use the Duhamel formula

t

v(t,x)=K (t,")*xvy () (x) — /K (t—s,)*%g(s,)(x)ds, (22)

0
corresponding to the equation
ov(t,x)—Lv(t,x)+ g, x)=0. (23)
The following technical lemma is proved in Appendix B.
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Lemma 5.11. Assume (L1)~(L2), g, Vg € Cp((0, T) x R?), and let

t

D(g)(t, x) =/K(t —s,)*g(s,)(x)ds.
0

(a) P(g)(t, x) is Clwrtte 0,T) and 0, P(g)(t, x) = g(t, x) + L[DP(2)](, x).
(b)IfBe(oc —1,1)and g € UC((0,T) x RY), then
[0, P(g) (2, x) — 3 D(g)(s, Y)| + |LDP()(t, x) — LD(g)(s, y)I
<20+0)lglg,,cp 1x =y

- ~ feand §
+20 408l o1 @slt =D +Elglcy e 517

o—

where ¢ = ﬁTTICflzkl lz"Pdu(z) +4T f\zlzl du(z),

o
o—1

c=2

K / " Bdu)K + 27+ / (),

lz|<1 lz|>1

a—1 o=l o—1
and K =max, ;ci0,7)|t © —§ © |/|t—s| o .

Note that ¢, ¢, and K are finite. We have the following results for (22) and (23).

Lemma 5.12. Assume (L1)—(L2), v satisfies (22), and v, Vv, D?v, g,Vge(y ([0, T] x ]Rd).
(a) d;v € Cp ((0, T) x Rd), and v solves equation (23) pointwise.

(b) If in addition g € UC([0, T] x R%), then 8,v and Lv are uniformly continuous and for any
x,yeR4 1,5€[0,T], k=0,1,2,

10;v(2, x) — dv(s, Y)| + [Lo(t, x) — Lou(s, Y)| < w(|t —s|+ |x — y]), (24)
where w only depends on wg, ||g|lco, ”g”Cb.tC,lx’ I Dvollso, |1D*v0lleo, o, T, and .

Proof. (a) By the assumptions and Proposition 4.1 and Lemma 5.11 (a), we can differentiate the
right hand side of (22). Differentiating and using the two results then leads to

t

8,1):8,(K(t)*vo)—Bt/K(t—s)*g(s)ds
0

t

:L(K(t)*vo)—g(t)—ﬁ/K(t—s)*g(s)ds
0
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t

=—g()+ L K(t)*vo—/K(t—s)*g(s)ds
0

=—g@®)+ Lv(t).

Thus we end up with (23) and the proof of (a) is complete.

(b) By (22), v is the sum of two convolution integrals. The regularity of the second integral
follows from Lemma 5.11 (b). The regularity of the first integral follows by similar but much
simpler arguments, this time with no derivatives on the kernel K (and hence two derivatives on
vo). We omit the details. O

Proof of Proposition 5.9. (a) In view of the assumptions, the result follows from Lemma 5.12(a)
with g (f,x) = H(x, v(t, x), Dv(t, x)) — f(t,x).

(b) By (a) and Corollary 5.10, v solve (15). We show that D?v € UC([0,T] x R?). Let
w = 8)%, XV and w® = w % p for a standard mollifier p.. Convolving (15) with p. and then
differentiating twice (dy, dy,), we find that

,w® — Lw® + a)i.xj (H(f, x,v, Dv) *Pe) = 8x,-xj-f * Pe-

By Lemma 2.1 || Lw¢ |00 < c||w® llc2- and then by properties of convolutions,

4
C
1L lloo < € 3 ID v lloo = —1Dpll 1 1D lloo + (1D vlloo + 1D vlloc)-
k=2

It follows that |9, w€| < g + K, where ¢ = c||Dpll; ||D3v||oo and K > 0 is a constant only
depending on [[v]lo, [ DV]lo, | D*vllcos 1D vlloo, 1D? fllec and Cg > 0 from (A3), with R =
max(||v|co, | DV]loo). We find that

lw(®) = w($)lloo =< lw (1) = wB)lloo + W @) = W (oo + [ (5) = w(s) oo

¢ i
<2[[Dwlloc - € + 13w  [loolt — 5] §2||D3U”oo‘€+(; + K|t —s| < Clt —s[2 + K|t — 5],

where we took € = |t — 5| 2. Since w is bounded, this implies Holder 1/2 regularity in time. The
spatial continuity follows from |w(z, x) — w(z, y)| < | D3v]lso|x — y|. In total, we get (recalling
that w = 9y, E)xjv),

1
|D?u(s, x) — D>v(t, y)| < C(|t — 5|2 + |x — y]),

where C > 0 is only dependent on Ty, o, T, d, the quantities in (L.1)—-(B3), and ||D"v||oo for
k=0,1,2,3. The results for v and Dv follow by simpler similar arguments. Since v, Dv and
D?v are uniformly continuous, by Taylor’s theorem (as in the proof Lemma 2.1) Lv is uniformly
continuous with a modulus only depending on the moduli of v, Dv and D?v.

(¢) By (B5) and the results from (b), 8;,v € UC((0, Tp) x R%) by the equation (15). O
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5.2. Global regularity and proofs of Theorem 5.5 and 5.6

From the local in time estimates, we construct a classical solution # of (15) on the whole
interval (0, T) x R¥. By Theorem 5.3, there is a unique viscosity solution u of (15) on (0, T').
To show that this solution is smooth, we proceed in steps.

1) By Lemma 5.8 (b) we find a Ty > 0 and a unique solution v of (17) satisfying
v, Dv, D*v, D3v € Cy([0, To] x RY) and v(0) = uo,

and by Corollary 5.10, v is a classical solution of (15) on (0, Tp). Since classical solutions are
viscosity solutions, v coincides with the unique viscosity solution # on (0, Tp).

2) Fix tp € [0, T) and take the value of the viscosity solution u of (15) as initial condition for
(17) at t =t9. Then v(#g, x) = u(#p, x) and by Lemma 5.3,

v (0, ) lw1.0 (Ra) < MT- (25)

We apply Lemma 5.8 (a) with k = 2 (translate time t — ¢ — #(, apply the theorem, and translate
back) to obtain a 77 > 0, independent of 7y, such that on

(to, 0 + T1),
we have a unique solution v of (17) satisfying v, Vv, (t — 19)'/? D*v € Cj,. Then

v, Vv, D*v € Cp ((ro £ 104+ T)) X IR{d)

Lemma 5.8 (a) again we find a 7> > 0 such that on the interval

for any &1 € (0, T1). Let §; < %min(To, T1), and take v (tp + 61, ) as initial condition. By

(to + 01,0 + 61 + 12)
there exists a unique solution v of (17) such that for any &, € (0, 7»),
v, Vo, D*v, 1" D30 € Cy((t + 81 + 82, t0 + 81 + T)).
We define T := min(Ty, T1, Tp), and let 8, < %T. Defining § := 81 + 82 < %T, we find that
v, Dv,...,D3veCy((to+8,10+8+T) x RY).

By Proposition 5.9, d;v € Cp, and v is a classical soh~1ti0n of (15)on (tg+36,t9+ 35+ T), therefore

coinciding with # on this time interval. Note that 7 > 0 can be chosen independently of 7y by

(A3), (B3), (B4), and (25).

3) We cover all of (0, T') by intervals from step 1) and 2), repeatedly taking 7o = 0, %T, T, %T,
NoLT with %T > T. We then find that the viscosity solution u is a classical solution with

v
bounded derivatives on (0, T') and the proof of Theorem 5.5 is complete.

4) Theorem 5.6 follows from Theorem 5.5 and Proposition 5.9.
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6. Fractional Fokker-Planck equations
Here we prove the existence of smooth solutions of the fractional Fokker-Planck equation,

along with Cp,, L', tightness, and time equicontinuity in L' a priori estimates. The equation is
given by

_rx . _ : d
{B,m L*m +div(b(t,x)m)=0 in (0,T) x R%, 26)

m (0, x) =mg (x) inRY,

where b : [0, T] x R? — R?, and £ (and hence also £*) satisfies (L1), (L2).
We first show preservation of positivity and a first Cj-bound for bounded solutions.

Proposition 6.1. Assume (L1) and b, Db € Cy((0, T) x R?) and m is a bounded classical solu-
tion of (26).

(a) If mg > 0, then m(x,t) >0 for (x,1) € [0, T] x R4.

(b) If mg € Cp(RY), then |m(t, -)||oo < NV oot g .

In fact this result also holds for bounded viscosity solutions, but this is not needed here. The
result is an immediate consequence of the following lemma.

Lemma 6.2. Assume (L1) and b, Db € C,((0, T) x R?) and m is a bounded classical subsolution
of (26). Then fort € [0, T,

ivb)t
m(t, ) F oo < el @D ool by 27)

Proof of Proposition 6.1. (a) Apply Lemma 6.2 on —m (which still is a solution) and note that
(—mg)T =0. (b) Apply Lemma 6.2 onm and —m. O

Proof of Lemma 6.2. In non-divergence form we get (the linear!) inequality
Om—L'm+b-Dm+ (divb)ym <0,

with Cj coefficients by the assumptions. The proof is then completely standard and we only
sketch the case that divb < 0. Let

a= sup m@x, 0" —|mllso.
(x,0)eQr

XRr(x) = x (%) where 0 < x € Cf, such that x =1 in B and =0 in BS, and
W(x, 1) =mx, 1) = [Im¥ [loo — at — [[m™ oo xr (x).

We must show that a < 0. Assume by contradiction that a > 0. Then there exists a max point
(X, 1) of W such that 7 > 0. At this max point m > 0 (since a > 0) and

my>a, Dm=Dyxg, and L*m <L*xg.
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Hence using the subsolution inequality at this point and divb < 0, we find that
a<m; <L'm+b-Dm+ (divh)m < ||m+||oo(£*XR +b- DXR)-

An easy computation shows that all xz-terms converge to zero as R — oo. Hence we pass to the
limit and find that a < 0, a contradiction to a > 0. The result follows. O

The Fokker-Planck equation (26) is mass and positivity preserving (it preserves pdfs) and
therefore may preserve the L'-norm in time. We will now prove a sequence of a priori estimates
for L! solutions of (26), using a “very weak” (distributional) formulation of the equation.

Lemma 6.3. Assume (L1), mq € Llloc, b, Db € Cp, and m is a classical solution of (26) such that

m, Dm, D*m € Cyp. Then for every ¢ € C°(Qr1), 0<s <t <T,

t
/m¢(x,t)dx=/m¢(x,s)dx+//m(¢t+£¢>—b~qu)(x,r)dxdr. (28)

Rd R 5 Rd

Proof. Note that L¢ € C([0, T]; L' (R?)) by Lemma 2.1 with p = 1. Multiply (26) by ¢, in-
tegrate in time and space, and integrate by parts. The proof is completely standard, after noting
that [ L*m ¢ dx = [ 'm L dx in view of the assumptions of the Lemma. O

Remark 6.4. If in addition m € C([0, T]; L' (R%)), then a density argument shows that (28)
holds for any ¢ € C°.

Next we prove mass preservation, time-equicontinuity, and tightness for positive solutions in
L'. For tightness we need the following result:

Proposition 6.5. Assume (L1) and mq € P(R?). There exists a function 0 < € C2(RY) with
1DV |loo, |D*Y]lo < 00, andl l‘im W (x) = 00, such that
X|—> 00

/\Il(x) mo(dx) < o0, / W(x) u(dx) < oo 29)
R4 R4\ By

Proof. We let g = % and IT = {mo, po} and apply [15, Proposition 3.8]. O
B

Proposition 6.6. Assume (L1), mg € Cp, b, Db € Cyp, and m is a classical solution of (26) such
that m, Dm, D*m € Cp. We also assume m € C([0, T]; LI(RI)), mo >0, and f]Rd modx = 1.

(@)m=>0and [gam(x,1)dx =1 fort [0, T].
(b) There exists a constant coy > 0 such that

do(m (1), m(s)) < co(1 + |bllo)lt — 5|7 Vs.1€[0,T1.
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(c) For  defined in Proposition 6.5 there is ¢ > 0 such that for t € [0, T'],

/m(x,t)w(IXI)dxS/mow(IXI)dx (30)
R4 R4
+ 209 e, + T 1 e, (18, + / 2Pdu@) + T / ¥z du ().
lz]<1 |z]>1

Proof. (a) By Proposition 6.1, m > 0. Let R > 1 and xg(x) = x(%) for x € C such that
0<x <1land x =1in By and =0in B5. We will apply Lemma 6.3 with ¢ = xg and s = 0 and
pass to the limit as R — oo. To do that, we write £ = L + L= flz\<l ot flz\>1 ..., and note
that by Lemma 2.1 with p = oo and u(By) =0,

1 1 1
. 2—0 _~ 2 -0 _ 1\ -
1€xklle, <€ inf (7 251D xle, + '~ = DglDxlle,) < € llxlcs.

and then

1
90k + Lixr b Dxrlic, < % (Ixllcz + 16, 1Dxlc, ) —. 0.

R—o0

Also note that || L' ¢rllc, < 2/(BY) and L'¢g(x) — 0 forevery x € R?. Sincem € C([0, TT;L")
by assumption, it follows by the dominated convergence theorem that,

t
//m,ClXRdxdr — 0.
R—o0

0 Rd
Now we apply Lemma 6.3 with ¢ = xg and s = 0 and pass to the limit in (28) as R — oo:
lim /m(x, H)xr(x)dx = lim /moXR(x) dx + 0.
R—o0 R—o0
R4 R4
The result now follows from the dominated convergence theorem since xg — 1 pointwise and
[modx =1.

(b) Fix a Lip; ; function ¢ (x). For € € (0, 1), let ¢ € C;° be an approximation (e.g. by mollifi-
cation) such that

I¢ —delic, <€lDpllc, —and  [D*eclic, <ce* gl k=0. (31
Applying Lemma 6.3 and Remark 6.4 with ¢ = ¢ (x), then leads to
t
/(m(x, 1) —m(x, $))pe (x) dx = / /m(O + Loe —b- D) (x,r)dxdr.
R4 s R4

455



O. Ersland and E.R. Jakobsen Journal of Differential Equations 301 (2021) 428470

By Lemma 2.1 with p = oo and (31),

I£6elc, < inf (7 1D%clic, + '~ IDdellc, + Iéelc,)

inf
re(0,1)

1
. 2—0 ~ 1—0o l—0o
§crel(r(1)f1)(r . +r +1)||¢||c; <Ce ||¢”C,§’

and hence

/(m(x, 1) —m(x,s))pe(x)dx < Clt —sle' (1 + IBlic,) Idlicrlimllc,r:et-
R4

Then by adding and subtracting (m(x, t) —m(x, s))p(x) terms, we find that

/(m(x, t) —m(x,s)p(x)dx
Rd

< /(m(x,t) —m(x,$)¢e(x)dx +2|mlco, 7119 — Pellc,
R4
<C(t—sle'7 +e)(1 + 1Blc,) el lmllco, ;-

Since [|m|l¢o, 7.1y = 1 by part (a), and ||¢||C]l <2 for Lip, ;-functions, the result follows from
the definition of the dg distance in (4) after a minimization in €.

(c) Let yr(r) = p1 * (¥ A R)(r) for r > 1, where 0 < p; € C2°((—1, 1)) is symmetric and has
f p1dx =1 (a mollifier). We note that o1 % ¢ < ¢ and that ¥ A R is nondecreasing, concave,
and /" v. Standard arguments then show that ¥g € C;°([1, 00)),

O0<yr<R, 0<vyp=<vy'. ¥r=<0, |vzlc, <lpilipil¥ lc,. (32)
YR/ p1xy (SY) as R — oo. (33)

The convergence as R — oo is pointwise. We apply Lemma 6.3 and Remark 6.4 with

P(x, 1) =Pr(x) := YR/ 1+ |x?).

Let £ = L1 + £ as in the proof of part (a), and note that (using also (32) and Lemma 2.1 with
r=1),

IDgrlc, < cl¥llc,, ID*¢rlc, <cllpilli¥lic,, 1£1¢rl < cllpillL ¥ lic, / |z dp.

lz]<1

Next since g is nonnegative, nondecreasing, and subadditive,! we observe that

1 Nonnegative concave functions 4 on [0, 00) are subadditive: h(a + b) < h(a) 4+ h(b) fora,b > 0.
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[VR(r) — YRS < Yr(r—s) forall r,s=>0.

Hence we find that

0r00l = [ [wrt/1+ 142 = vty 1+ )| i)

lz|>1
< /WR(IZI)dM(Z)S / v (lz]) diu(2).
|z]>1 lz]>1

From the estimates above we conclude that

tgn -+ Lor —b- Do < clllc, (Ibllc, + 116} lc, / 2 dp) + / Y (lzh dp.

lz]<1 lz|>1

Inserting this estimate into (28) with ¢ = ¢r, along with m > 0, fm(x, t)dx =1 (by part (a)),
and ¢r(x) < ¥ (/1 +[x[?), we get

/M(x,t)¢R(X)dXS/MO(XW( 1+ [x[?) dx

Rd R

+Tely e, (101, +Iile, [ Pdu)+7 [ wiehdu

lz]<1 lz|>1

By the monotone convergence theorem and (33),

Rlim /m(x,t)qSR(x)dx:/m(x,t)pl*w( 1+ |x|?)dx.
—)OO]Rd Rd

To conclude that (30) holds, we note that pj * ¥ > ¥ — |||/, and

v(xD) <y /14 1x1) < (xD + 1Y lc,-
The proof of (c) is complete. O

Solutions in L' also have a better Cj, bound than the one in Proposition 6.1. This bound is
needed in the local coupling case — see Section 8.

Lemma 6.7. Assume (L1), (L2) (ii), b € Cp, 0 <mg € Cp, and 0 <m € Cp(Q7) is a classical
solution of (26). If m € C(0, T; LY(RY)), then there exists a constant C > 0 only dependent on
d,q,o,T, such that forany 1 < p < pg:= d+all_a’

+d—o)

d—p(l %
Imlic, < 1v [Imolle, + €T

Iblic, |
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Proof. (Inspired by [4, Proposition 2.2]) For any y € RY, let ¢ (s, x) = K(t — s, y — x) where
K is the heat kernel of Section 4. Then ¢ > 0 is smooth, fRd ¢(x,s)dx =1, and ¢ solves the
backward heat equation

{—8,(15—/3(2’):0, s <t, (34)

¢ (x, 1) =by(x),

where the §-measure §, has support in y. Multiply (26) by ¢, integrate in time and space, and
integrate by parts to get

t
/m¢(x,t)dx—/m¢(x—y,O)dx://m(x,s)[q),+£¢—b~D¢](x—y,s)dxds
0

or

t

m(y,t)=m>kK(~,t)(y)+//(bm)(~,s)>kDK(~,t—s)dxds.

0

d—p(l

d)
Then by the heat kernel estimates of (L2) (ii), |DK(s,)|[rr < Cs »° , the Holder and
Young’s inequalities, the properties of K, and ||m(-, t)||qu < ||m||'é;1 lm(, 0= ||m||‘é;1,

t
Im(y, )| < lmolic, + I12lic, / DKt —s)lerllm(, )|, dt

0
d—p(1+d)+po 17#
<lmollc +Ct 27 |blic,Imlic, "
forl<p< WL_U where % + # = 1. Since y is arbitrary, we get after taking the supremum and

dividing both sides by ||m ||gb that

d—p(l+d—o) p/
Imlic, <1V [lmolic, +CT — »  |lblic,]” .

This concludes the proof. 0O

Finally, we state the main result of this section, the existence of classical solutions of (26) that
are positive and mass-preserving.

Proposition 6.8. Assume (L1), (L2), b, Db, D*b € Cy((0,T) x R?), 0 < mo € CZ(RY), and
Jramodx =1.
(a) There exists a unique classical solution m of (26) satisfying m > 0, fRd m(x,t)dx =1 for
te€[0,T], and
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lml Lo + 1 Dml|zoo + | D*mll L + 1;m] L <c,

where ¢ is a constant depending only on o, T, d, and | D*b||« for k =0, 1, 2.

(b) There exists a modulus & only depending on | D*m| oo, | D*b||oo for k =0,1,2, and (L),
such that for s,t € [0, T]and x,y € R4,

|m(t, x) —m(s, y)| + |Dm(t, x) — Dm(s, y)| < a(]t —s|+ |x — y]).

(c) If in addition b, Db € UC((0, T) x R?), then there exists a modulus w only depending on &,
wp, ®pp, || Db||lso, mo, T, o, and d, such that for s,t € [0, T] and x,y € RY,

|L*m(x, 1) = L m(s, y)| + [dm(x, 1) — dm(s, )| < o (s — t] + |x — y]).

Proof. (a) The proof uses a Banach fixed point argument based on the Duhamel formula

m(t, x) =¥ (m) (t, x) (35)

d t
=K*(, ) *mo () (x) — Z/%K* (t —s,°) % (bjm) (s, ) ds,

i=1 0

and is similar to the proof of Theorem 5.5. Here K* is the heat kernel of £*. It is essentially a
corollary to Proposition 5.1 in [19] (but in our case the we have more regular initial conditions
and hence no blowup of norms when  — 0™).

Similar to the corresponding proof for the HJB equation, we first show short-time C!-
regularity using the Duhamel formula. Let Ry = 1 + ||molloo, R1 = 24+ dK)Ro + 1, and the
Banach (sub) space

X={m:m, 1" Dm € C,((0, To) x RY), m € C([0, T1; L' (RY)), and |m|| < R1}, (36)

where ||m|| = lmlco, 1ty + Imlloo + Z?:l ||t1/"8xim||oo. Then if k(o) and y (o) are defined
in the proof of Proposition 5.8 (a), we find from (35) that for p € {1, oo},

t

d
19 (m) (2, ) | o < IIK*IILI||m0I|p+Z/||3x,-K*(t =8, ) 1l1billo lm(s) | p ds
i=17j

-1
< Ro+dk(o)T, °|bllocR1,

and

16178, (m) (¢, )

d t
<7119, K* [l 1 Imollos + Zr”"/naxiK*a — 5, )1 10md;bi + bidjm)llocds
0

i=1
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d t
<KRo+ 3ot [0t =977 [Imclybillos 57017 2l Jds
i=1 0

= KR+ [k@)Toll Dbllow + v @) ™7 bl [dR1,

Computing the full norm, we get

Il (m)|

1-1 _
<@ +dK)Ro+ [M«(o)TO blloe +d*[k(@) Ty Dbl + ()T, ”"nbnoo]]Rl :

:=c(To)

We take Tp > 0 so small that ¢(7p) < 1/2. Then it follows that ¥ maps X into itself by the
definition of R;. It is also a contraction since for m1, my € X, it easily follows that

I (m1) — Y (ma)|| < c(Tp)lmy — mal|.

An application of Banach’s fixed point theorem in X then concludes the proof. Note that we only
needed mqy € Cp and b, Db € Cp, to obtain the result.

We can now repeatedly differentiate the Duhamel formula (17) and use similar contraction
arguments to conclude that if b, Db, ..., Db Cp((0,T) x Rd), then there exists a solution
m € X such that

D*m, ..., D', 15 Dfm € Cp((0, To) x RY)  for Ty > O sufficiently small.

In a similar way as in Proposition 5.9 (a) and Corollary 5.10 for the HIB-equation, it now follows
that m is a classical solution to (26). By Lemma 6.1 and Lemma 6.6 (a), we then have global
in time bounds m in C, N C([0, T]; L'). We can therefore extend the local existence and the
derivative estimates to all of [0, T]. The argument is very similar to the proof in Section 5.9 and
we omit it. Finally, by Lemma 6.6 (a) again, we get that m > 0 and f]Rd m(x,t)dx =1.

(b) Part (b) follows in a similar way as part (b) in Theorem 5.9. We omit the details.

(c) From part (a), (b), and the assumptions, the function g(¢, x) = div(mb) satisfies g, Vg €
Cp((0,T) x RY) and g € UC((0,T) x RY). Lemma 5.11 (b) (with K* instead of K)
then gives that 9,®(g), L*®(g) € UC((0,T) x R9) with modulus only dependent on
0,7T,d,|Igllccs IVElloo and w,. A similar, but simpler argument shows that 9;K; % mo =
LFKF+mgeUC0,T) x R%). Since m = K[ % mo— ®(g), this concludes the proof. O

7. Existence for MFGs with nonlocal coupling — proof of Theorem 3.2

We adapt [33,9,1] and use the Schauder fixed point theorem. We work in C([0, T], P(R?))
with metric d(p, v) = sup,¢o,77 do(u (), v(2)) and the subset
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dou(). 1) _ .

= ’

C:=3ueC(o,71], P(]Rd)) : sup /W(|x|)u(dx, t) <Cy, sup ;
tE[O,T]Rd sFt |s — t|3

(37

where y is defined in Proposition 6.5 and the constants C1, Ca > 0 are to be determined. For
w € C, define S(u) := m where m is the classical solution of the fractional FPK equation

om — L*m —div(D,H (x,u, Du)ym) =0,
[ (0, ) -
m(()’ ) = mO(),
and u is the classical solution of the fractional HIB equation
—0iu — Lu+ H(x,u, Du) = F(x, 1),
(39
u(x, T) =G, u(T)).

Let U := {u : u solves (39) for u € C} and M := {m : m solves (38) for u € U}.

1. (C convex, closed, compact). The subset C is convex and closed in C([0, T], P(RY)) by stan-
dard arguments. It is compact by the Prokhorov and Arzela-Ascoli theorems.

2. (S :C — C is well-defined). By (L.1), (L2), (A1)-(A6), Theorem 5.5 and 5.6, there is a unique
solution u of (39) with
llloos 1 Dulloos -+ » 1D ullo, 18ulloc < Ui, (40)

o, u, Du, Dzu, Lu equicontinuous with modulus w,

where U; depends on d, o and the spatial regularity of ', G and H. The modulus @ depends in
addition on C3 in (37). By the uniform bound in (A2), U is independent of j. By Proposition 6.8
part (a)—(c), for any u € U there is a unique m solving (38) such that

17l cos DM oo, | D*mlloo, 18mlloe < M1, (41)

d;m,m, Dm, L*m are equicontinuous with modulus @,

where M depends on Uj and the local regularity of H but not on . The modulus @ depends in
addition on w. By Lemma 6.6 (b)—(c),

do(m(s), m(t)) < co(1 +[|DpH (-, Du)|lo0)|s — t7,

/m(x,t)lﬂ(IXI)dxS/mmﬁ(lxl)dx
RY RY

+209llc, + T 1 e, (1 DpH ., Dwllc, + / 2Pdu@) +T / V(lzh du o).

lz|<1 |z|>1
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By (40) and (A3), |D,H (x, Du)|os < C, where C is independent of 1. Hence, we take
Cy = [gamoy(xDdx +21¢llc, + T 1¥'lle,€ + [, -, |z|2du(z)) + T [l V(2D du(),
and Cy =co(1 + C‘) and get that S maps C into itself.

3. (S is continuous). We use the well-known result:

Lemma 7.1. Let (X, d) a metric space, K CC X a compact subset and (x,) C K a sequence
such that all convergent subsequences have the same limit x* € K. Then x, — x*.

Define X1 :={f: f, Df, D*f, 8, f, Lf € Cp} and X5 :={f : f, Df, 8 f, L*f € Cp}, equipped
with the metric of local uniform convergence, taken at all the derivatives. Then X and X, are
complete metric spaces. By (40), (41), Arzela-Ascoli, and a diagonal (covering) argument { and
M are compact in X and X, respectively.

Let u, — u €C, and let (u,, m,) be the corresponding solutions of (39) and (38). Take a
convergent subsequence () D uy, — i €U and let L= L1 + L! = (f\z|<1 +f|z|>1 )(...). By
uniform convergence Liuy,, (t,x) — Lyi(t, x), and by dominated convergence Elunk (t,x) —>
LYi(t, x). By (A1), (A3) and for any (¢, x) € (0, T) x R4:

| — 3ii(t, x) — Lii(t,x) + H(x, Dii(t,x)) — F(x, )|
< [Bpttn, (t, x) = Byii(t, X)| + | Lup, (2, x) — Lid(t, x)|
+ |H (x, Dup,) — H(x, Dit)| + | F(x, pn, (1)) — F(x, ()]

— 0,

and |i(T,x) — G(x, w(T))| < |i@(T, x) — un (T, x)| + |G (x, i, (T)) — G(x, u(T))| — 0. This
shows that & solves (39) with u as input. By uniqueness of the HJB equation, compactness of I/
in X1, and Lemma 7.1, we conclude that u,, — u in X.

A similar argument shows that m,, — m € X,. By compactness of C in part 2, uniqueness of
solutions, and Lemma 7.1, we also find that m, — m in C([0, T], P(]Rd)). The map S:C — C
is therefore continuous.

4. (Fixed point). By Schauder fixed point theorem there then exists a fixed point S(m) =m, and
this fixed point is a classical solution of (7) and the proof of Theorem 3.2 is complete.

8. Existence for MFGs with local coupling — proof of Theorem 3.5

1. (Approximation) We follow Lions [33,9], approximating by a system with non-local cou-
pling and passing to the limit. Let € > 0, 0 < ¢ € CZ° with f]Rd ¢ =1, ¢ := Gidqﬁ(x/e), and
for € P(R?) let F.(x, ) := f(x, i % ¢e(x)). For each fixed € > 0, F, is a nonlocal coupling
function satisfying (A1)—(A2), since | DP (11 * ¢pe)lloo < Il ll1 1 DP e lloo = | DP el 0. assump-
tions (L1)—(L2), (A1)—-(A6) then hold for the approximate system

—due — Lue + H(x, Due) = Fo(x,me(t))  in(0,7T) x RY,
ome — L'me —divimeDpH(x, Due)) =0 in (0, T) x R, 42)
m(0) = mo, ux, T)=g(x),
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and by Theorem 3.2 there exists a classical solution (u¢, m.) of this system.

2. (Uniform bounds) Since either (A3") or (A2”) holds, F¢(x, m(t)) is uniformly bounded in €.
In the case of (A3”) this follows from Lemma 6.7 and the estimate

—p(l+d—0) L

d—p(l+d—0o) =
Imelle, = 1v [Imollc, + €T 7 ID,HC. Dudllos | < K “3)
for K independent of €. By Theorem 5.3 (b) and (A3) we then have

luclloo < llglloo + (T = O IFeCme(@)lloo + IH(, 0)loo) < K (44)
for K >0 independent of €, and since F¢ is also continuous, by Theorem 5.4

[Duelloo = C (45)

for C > 0 independent of € (C depends on F, only through its Cp-norm). Under (A3’) m is
bounded and satisfies (43), and this is still true if (A3’) is replaced by (A2”) in view of the
uniform bound on Du, in (45).

3. (Improvement of regularity) The Duhamel formulas for m¢ and Du, are given by

d t
me(t) = K2 () xmo — Z/aiK:(t —8)xme[DpH(-, Duc(s)));ds, (46)
i=1 0

t
Duc(t) = K (1) * Dug — /DxKa(t —8) % (H(:, Due(s)) — Fe(-,me(s,-))ds,  (47)
0

where K, (1) = K, (¢, x) and K} (t) = K} (¢, x) are the fractional heat kernels in R4 correspond-
ing to £ and L£*. Fractional differentiations of these will lead to improved regularity.

Assume that for k € {0, 1,2} and « € [0, 1), there is C > 0 independent of € such that for all
1€[0,T],

e ()l et ey + | Dite ()| ko ay < C. (48)

We will show that for any § € (0, «) and s € (0,0 — 1) there is C>0 independent of € and ¢
such that

||m€(t)||ck.x+a—8(Rd) + ||DM5(I)||Ck.x+a—B(Rd) =< (N:, fors +a —§ <1,

- 49
”mg(f)||Ck+l,s+oz—8—l(]Rd) + ||Due(t)||Ck+l,x+a—6—l(Rd) <C, fors4+a—§>1. “9)

Assume first o € (0, 1) and consider the m-estimate. When (48) holds, then m. D, H (x, Du.)
€ CH*(R?) by the chain rule and (A3), and |D|*~°D*(meD,H (x, Due)) € CYe(RY) for
8 € (0, a) by [37, Proposition 2.7]. Let s € (0, ¢ — 1) and apply | D|*|D|*~% D¥ to (46),
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B me = * - m
DSDC( SDk ¢ K;kt DS-’rO{ (SD]( 0

d t
—Z/|D|xDK;‘(t—s)*|D|°‘*5D’<[merH(-,Due)]ids.
i=17

By Young’s inequality and Proposition 4.9 (heat kernel estimates),

145
1=

_ I4s
1 o

NDFT=2 DEme oo < IIDIT7° DA mgllog + ¢ 11D1*° DX (me Dy H (-, Due)) oo,

and taking § < /2, we get uniform in € Holder estimates by [37, Proposition 2.9],

() € it B (R, fors +a—28<1,
¢ cythstem -l Rdy - fors fa—28> 1.

The case = 0 follows in a similar but more direct way differentiating (46) by | D|* D¥ instead
of |D|*|D|*~% D¥ as above. The estimates on Du. follow similarly.

4. (Iteration and compactness) Starting from (43), (44), and (A2’) and (A3), we iterate using (49)
to find that

||“e(t)||cg(]Rd) + [lme (t)”(;g(Rd) <C
independent of € and ¢ € [0, T]. By Proposition 5.9 and Proposition 6.8, we then find that

|10telloc <U and 0iuc, ue, Due, Dzue, Lue equicontinuous with modulus w,

l0melloo <M and 9;me,me, Dme, L¥m.  equicontinuous with modulus @,

where U, w, M and @ are independent of €. As in the proof of Theorem 3.2, these bounds imply
compactness of (me, ue) in X1 X X (see below Lemma 7.1 for the definitions).

5. (Passing to the limit) We extract a convergent subsequence, (u¢,, m¢,) — (4, m) in X; X
X»>. By a direct calculation the limit (u,m) solves equation (8). This concludes the proof of
Theorem 3.5.

Appendix A. Uniqueness of solutions of MFGs — proof of Theorem 3.3

The proof of uniqueness is essentially the same as the proof in the College de France lectures
of P.-L. Lions [33,9]. Let (1«1, m) and (up, m;) be two classical solutions, and set it = u| — u»
and m = m| — my. By (7) and integration by parts,

— ﬁrﬁdx:/%(ﬁnﬁ) dx:/(atﬁ)nﬁ—l-ft(atrﬁ) dx
R4 R4 R4
=/|:(—£IZ+H(x,Du1)—H(x,Dug)—F(x,m1)+F(x,m2)>r7z
R4
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+ul*m — (Dii,m;D,H (x, Duy) —m2D,H (x, Duz))] dx.
By the definition of the adjoint, fRd (La)m —u (L*m) dx =0, and from (A7) we get

/(_F(x»ml) +F (x,m)d (mi —mp) (x) =0 ¥my,mye P(RY).
R4

For the remaining terms on the right hand side, we use a Taylor expansion and (A8),

/ |:—m1 (H (x, Duy) — H (x, Duy) — (DpH (x, Duy) , Duy — Dul))
Rd

— mz(H (x, Dup) — H (x, Duy) — (DpH (x, Duz) , Duy — Dug))i| dx

< —/M|Du2—Du1|2dx.
2C
Rd

Integrating from O to T, using the fact that m(r =0) =0 and u (¢t =T) = G (x,m (T)) —
G (x,my(T)),

T
/%/ﬁiﬁdxdtz/(G(x,ml (T)) — G (x,m>(T))) (m (x, T) —mo (x, T)) dx >0,
0 R4 R

where we used (A7) again. Combining all the estimates we find that

T
Of—//%cmzmul—Duﬂzdxdt

0 R4

Hence since the integrand is nonnegative it must be zero and Du = Du> on the set {m| > 0} U
{m, > 0}. This means that m; and m; solve the same equation (the divergence terms are the
same) and hence are equal by uniqueness. Then also u| and u; solve the same equation and | =
uy by standard uniqueness for nonlocal HIB equations (see e.g. [29]). The proof is complete.

Appendix B. Proof of Lemma 5.11

a) The proof is exactly the same as in [28]. The difference is that f only needs to be C! in space,
since D, K is integrable in 7.

b) Part I1: Uniform continuity in x for L&(f) and 9, P(f). By the definition of L,

t

LIS, x) = /EK(I —8,:) % f(s,)(x)ds

0
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t
=//[/K(r—s,y+z)—K(r—s,y)—vxK(t—s,y>-z1|z|<1du(z)]f(s,x—y)dyds

0 RI R4
t t
=///()+// / <~-->=:11(t,x)+12(t,x).
0 R4 |z|<1 0 R4 |z|>1

After a change of variables and || K (¢, -)[|;1 =1,

t

it - el [ [ [ke-sn[fem-yra - e -y

0 [z]=1R4

— [ox2 =y +2)+ fs. 02— ) [dydpu(2)ds

<20 flg, cp 1 — %l / dp(2).

lz|>1

Then since and || 2(t, )¢, = 201 fllc, ¢ fi1 A1),

|La(t, x1) — L(t,x2)| < QlL(, )lle,)P |, x2) — L(t, x2)|' P

<4rlfle,qy, [ dn@in -l

lz|>1

By the fundamental theorem, Fubini, and a change of variables,

t 1
Il(t,x):/ / [//VXK(t—s,y—i—az)—VXK(t—s,y)]-zf(s,x—y)dadydu(z)ds,

0 |zl<l R4 O
t 1
=/// / VXK(t—s,y).z[f(s,x—y+oz)—f(s,x—y)]du(z)dydads.
0 0 R9|z|<I
It follows that

t 1

11(t,X1)—11(t,X2)=/ VxK(t—S,y)'/Z[f(s,m—y-'-o'Z)
0 0R

d lzl<1
— fs.xa—y+0z)— (fls,x1—y)— f(s,x2— y))]du(z)dydod&
Since
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If(x1 +02) — f(x1) — fxa+02) — flx)|'PHFP

1-8 _ 1-8 B B
<2 f gy =0l PUFIG, o loal,
we see by Theorem 4.3 and (L 1) that

[11(t, x1) — L1 (¢, x2)|

t

1- —
< [ [k =splards 200157y tn=xal PUAG, [ )
0 Rd ’ lzi<t

<K-2T% / P @I f ey e b —xal' .

lz]<1

Combining the above two estimates, we conclude that
ILLO(NI(. x1) = LISNI x| <l fllc, ,cp a1 —x2]' 7P,

with ¢ = %T“T_IIC[le lzZI'" Pdu(z) + 4T f|z|>1 du(z). By part a), 3; ®(f)(t, x) = f(t,x) +
LIDP(f)](¢, x). Since B

|f(t.x) = fE. N = QIfIe)P1f @) = £ P <20 fllg, ¢ v =317

we then also get that

| @LA1 x1) = 8 PLANE x| < @+ fll g, ep 11 =22l

b) Part 2: Uniform continuity in time. First note that

t s
LO[f1t, x) — LO[f1(s,x) = /ﬁK(r, Jx f(t—7,)dt — /EK(I, Jx f(s—r1,)dt
0 0

N t

=/£K(r,-)*(f(t—r,-)—f(s—r,-))dr—i—/EK(I,~)>1<f(t—r,-)dr.

0 K

Now we do as before: Split the z-domain in two parts, use the fundamental theorem and a change
of variables to get

LK@, )x(f(t—1,)— f(s—1,)
1

:///VXK(r,x—y)-z[f(t—t,y-l—crz)—f(t—t,y)
0 R4 |z|<I1
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- f(S —-T,) + UZ) + f(S - T, )’)]dl/«(z)dyda

+/ / K@x—)Ift—ty+2)—ft—1.y)
R4 |z|>1
Cf Ty 4+ s — T )ldu)dy.

Then we apply the trick

|f(l_TaY+UZ)_f(t_TaY)_f(s_f,)"i‘GZ)‘l‘f(S_T»)’”
<207t =sD' P llg, cp 12DP or dorlr =)' PIFIIE,.

and find using Theorem 4.3 and (L1) that

}/cK(z, de(fe—T.)— fis—1, ~))dt‘
0

g 1+8 B N
[T [ s [ an@]ing, g epti- s

lz<1 |z|=1

In a similar way we find that

(/ﬁK(r, Y f(t—1, ~)dr’

(o2

<[2

o —

(07 = [ A +20 -9 [ dre]ifie,

lzl<1 lz|>1
o=1
<cillflic,lt —sl .

Combining all above estimates leads to
B, ~ o-1
LOLFIE ) = LOLL N5, Sl £, oy @p(t =sD' P 42l flleyle =51

where c is defined above and in the Lemma and

3

o=1  o-1
i=2-2 K / 12" Pduz) max T =71 o7 /dp,(z).
o—1 5,t€[0,T] |t—s|7o
j2i<1 l2iz1

Note that ¢ is finite. Then since
O RLf1, x) — 0, PLf1(s,x) = f(t,x) — f(s,x) + L[], x) — L[ f](s, x),
and | £ (t,x) — £(s,%)| < QI flic,)Pos (|t —s|)! 7P, the continuity estimate for 3, [ £] follows.

468



O. Ersland and E.R. Jakobsen Journal of Differential Equations 301 (2021) 428-470

¢) The proof follows by writing

t

0, ()1, x) = / 0, K (1, 2)g(t — 7. x — 2)dzdr,
0

and then directly compute the difference |3y, ®(g)(t, x) — 9y, P(g) (s, y)I.
The proof is complete.
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